


E
ditio
N

2"

I'H
MA
T
H C
E
N
T
R




Centre,97Wr.w _
LIy 1 N the pm cedum 8 mcCs
EL XO-machine-code proc edu res,

The texts of the procedures have been edited by an
rogram written by He L. Oudshoo:
G C. Jo M, Nogs

qredeiiej,

a 2122) which were

ndling of the row norms in te pivot selection,

Qi ' 9 "

The guthor is indebted to Prof, Dr. Ir. A. van Wijngs
Dr, F, E, J. Krus eman Aretz for invaluable suggestion .1
to B J Mailloux M, S 'or carefully reading the manuscript and

arden and PI‘Of

crcma, F J o -' van de Bosch W. Hoffmam
e Jong, L. Meertens, R, P. Ne derpe
Wiggers for the ir help in writing

van der Horst,
m, J, van der Velden
texts and in

mnuscript, and to D, Zwarst
ding of this booklet.



CONTENTS

PREFACE N _ S . 1
ACKNUWI.ED eHaM B TS | | | _ "
CONTENTS - | , - 2 ~ 3
NOTATIDNS R - - 4
INTRDDUCTIEIN -- o .- . f 5 — 6

Section 200 Scalar products : ’ ’ . 8 -~ 11

| - mca 2000 vecvec - N _ o 8 -9
~ mca 2002 tamvec o ' "
e mca 2003 matmat L | - 1
mes, 200)4 Lammat | | | | "
mca 2005 mattam | om

mca 2006 seqvec , - 10 — 11
mea. 2“8 sca.;prd1 S | | | b

Section 201 Elimination | . 12 - 13
., mea 2010 elmvec | R . - i "o
. mea 2011 elmveccol " | | 1

- mca 2012 elmcolvec - . no
~ mca 2013 elmcol . _ - | r
- meca 2014 elmrow B . o Z
nca 2019 mxe J J ‘ t

b - 15

"
0"
"
0" o
'
o

16 — 17

18--39

ction Irlangulax decosition with partial pivoting 19 - 23
_ lca. 2100 ‘b - - 20 - 21
. mee. 2101 s0l o IR S "
-+ mca 21& de‘bBOl o S L

"




Section 211 Elimination with complete pivoting 2L — 31

- meca 2110 rnkelm 26 — 27

i, TGS &, 21 l 1 S0 le ]_Iﬂ 2 8 — 29
"

mca 2112 rnksolelm
mca 2113 solhom "

mea 2114 invelm 30 — 31

Section 212 Band matrices 33 — 39

mca 2120 detbnd 34 — 35

meca 2121 solbnd 36 - 37

meca 2122 detsolbnd | 38 — 39

CHAPTER 22 POSITIVE DEFINITE SYMMETRIC LINEAR SYSTEMS 4O — 69

AND MATRIX INVERSION
Section 220 Cholesky decomposition without pivoting L1 — 47
mca 2200 detsym2 L2 — 43

mca 2201 solsym2 "
mca 2202 detsolsyme "
mca, 2203 invsyme "
mca 2204 detinvsym2 '
mca 2205 detsyml Ly — 45
mca 2206 solsym]
mca 2207 detsolsyml "
mea 2208 invsyml L6 —~ 47
mca 2209 detinvsyml "

Section 221 Cholesky decomposition with pivoting 48 —~ 59
mca 2210 rnksym20 | 20 — 51
meca 2211 solsym20 | "
mca 2212 rnksolsym20 52 — 53

mea. 2213 invsym20 "
meca. 2214 rnkinvsym20 "

mea 221a solsymhom20 54 — 55
mca 2215 rnksymiO 56 — 57
mca 2216 solsymiO _ 58 = 59

mca 2217 rnksolsymiO
mca 2218 invsymilO L
mca 2219 rnkinvsymlO "

Section 222 Cholesky decomposition for band matrices
mca 2220 detsymbnd
mca 2221 solsymbnd
mca 2222 detsolsymbnd "

Section 224 Least-squares problems 65 — 69
mca 2240 lsaqdec 66 — 67
mes. 2241 lsqsol 68 — 69
mca 2242 lsqdglinv "

mca 2243 lsqdecsol "

REFERENCES 70
APPENDIX. TIMES FOR THE MC ALGOL 60 SYSTEM FOR THE X8 71 — T3



NOTATIONS

References are given between the square brackets "[" and "]".
" : " denotes the integer division symbol " * " [1,3.3.4.2.].
'goto" denotes the same symbol as "go to", [1,L4.3. ]

"O" denotes a null vector, the number of elements will be clear from
the context., '

" min " nmc‘ “) denotes the function whose value is the minimum
aximim) value of its two operands.

'he prime symbol " ! " denotes trmaposition of a matrix,
"M d.enotes the matrix considered and " n " denotes its order,
unless stated o*bherwise.

INITIONS

‘dimension"” of an array is the number of its subscripts (see also
[1,5 2.3.2.]). Thus we speak sbout "one—dimensional" and "two—
dimensional™ arrays. The first subscript of a two—dimensional array is
alled the "row index" and the second the "column index".

The i-th "row" ("column") of a two—~dimensional array is the set of its
elements for which the row (column) index equals 1.

* “upper triangle” of a matrix or of a two—dimensional array is the

aet of its elements for which the first subscript does not exceed the
aecond

L "unlt triang r’ matrix is a triangular matrix whose diagonal
L.eme -ﬁ-ts are equal to 1.

We use the following vector norms [2, p.80] [3, p.55] : the "one—
orm"”, i.e. the sum of the absolute valuea of the elements of the
vector; the "Euclidean norm", i.e. the aquare root of the sum of their
squares; a.nd the "1nf1n1ty—norn" ; 1.e. their . absolute value.
We use th llowing mat: orms i.e. the
paximym one—norm of ita rows, the "maximum-r _rm" ’ 1.e. 't.he maxinum
absolute mlue of i'bs elements, "

TiH trix norm, Rel&tive to eranceﬂ ms _t be chosen ama
should be chosen not smalle



INTROIDUCTION

Chapter 20 contains a set of procedures for vector operations., Most of
these are used in the subsequent chapters; some procedures of section
201 and 203 will be used in procedures for calculating eigenvalues and
eigenvectors (to be published), A vector is given elther in a onew
dimensional array or in a row or columm of a two-dimensional array.
In the former case, we often use the same name for the vector as for
the array if the whole array is used for the vector.,

Capter 21 contains a set of procedures for solving linear systems and
for Inverting matrices, The matrix is given in s two—dimensional
array, the columms and rows of which correspond with the columms and
rows of the matrix, A band matrix, however, is given in a one-
dimensional array. For detalls, see sections 212 and (for the
positive~definite symmetric case) 222,

Chapter 22 deals with the special case of positive—~definite symmetric
matrices and, moreover, contains a section for solving linear least—
squares problems, Of symmetric matrices and upper~triangular matrices
only the upper triangle will be given or delivered, either in the
upper triangle of a two-dimensional array (in which case the
remain part of the array is not used) or in s one~dimensional
array [8]. In the latter case, the (1, j)=th element of the matrix
18, for 1 < j, the array element whose subscript equals

(J=1)xJ : 2+ 1, Thus, the memory space occupled by the matrix 1is
cut nearly in half., A drawback 1s that the elements in a row of the
upper triangle are not linear functions of the running subscript, so
that speclal procedures for the vector operations are needed,

In each chapter, we give a survey of its contents and some numerical
considerations and comparisons, The chapters are subdivided into
sections in each of which we give a more detalled survey of its -
contents and explain the numerical methods used. Each section contains
one or more procedures, For each procedure, we give a description

in which the required data, the delivered results and the (directly or
indirectly) used nonlocal procedures are mentioned, The data of the
procedures are given by actual parameters whose corresponding formal
parameters are elther specified real or integer and called by wvalue )
or specified array or integer array and called by name. The results of
the procedures are delIvered elther as the value assigned to the
procedure identifier (of type real or integer), or in arrays
corresponding to formal perameters specified array or integer array.
Some arrays are used as well for data as for Tesults.
For each formal parameter specified array or Integer array, we glve
the "minimal declaration”, i.,e. a declaration with the approprisate
number of bound pairs, where each pair indicates the range which is
actually used by the procedure, Of course, the declaration of the
corresponding actual parameter may contain smaller lower bounds and
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greater upper bounds. (The descriptions of the procedures of sections
202 and 203 contain two minimal declarations of the same parameter
with the meaning that the declaration of the corresponding actual
parameter has to include both of them.) Sometimes not all elements of
the array indicated by the minimal declaration are used. In the
descriptions, we always mention which part is used for the data and
which part for the results, so that it is always clear which elements
are not used at all and which elements are left unchanged. Only in
some cases shall we expliclitly state that some elements are left
intact, if it is important for the applications.



CHAPTER 20

VECTOR OPERATIONS

This chapter contains procedures for calculating scalar products, for
adding a multiple of a vector to another vector, for interchanging two
vectors and for rotating two vectors,

Each of the vectors is given by means of a pair of subscript bounds
and either a two-dimensional array identifier with a row or colum
number or a one-dimensional array identifier. The procedures which use
only one—dimensional arrays, have some extra facilities., Some of these
procedures handle rows of upper— triangular or symmetric matrices
given in a one~dimensional array, which are represented in a special
way, viz, with linearly increasing spacing of the successive elements.
Compared with the technique of defining the vectors by means of
subscripted variables explicitly depending on a bound varisble , as 1s
common for scalar product procedures [1,4,7.2, and 5.4.2,] [5] [6]
[10], our technique is less flexible, but more efficient (at least in
the MC ALGOL 60 system for the X8); moreover, our procedures may well
be written as machine—code procedures in which the elements of the
vectors are selected more efficiently on account of their equidistant

(or linearly increasing) spacing in the memory. As to the lesser
flexibility, instead of one procedure we need a set of procedures for

the most important applications., As to the machine-~code procedures,
1T explicit bound variables were used, the more efficient element
selection would be possible only if the subscripts were linear (or s

in the case of linearly increasing spacing , quadratic) functions of

the bound variable, but this requirement is eas 11y violated and
difficult to check,

Our procedures avoid this difficulty.
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comment mca 2000;
real procedure vecvec(l, u, shift, a, b); value 1, u, shift;
integer 1, u, shift; array a, b;
begin integer k; real s;
S.= O,
for k:= 1 step 1 until u do s:= a[k] X b[shift + k] + s;

end vecvec;

:I\___.-::ﬂ;: '|l.
i
: 4 ,
i, L’f’f N }.1.# % -';;%

comment mca 2001;

real procedure m‘bvec(l, u, i, a, b); value 1, u, 1; integer 1, u, 1;

E_rﬂ 8, b;
begin integer k; real s;
s:= O;

for k:= 1 step 1 until u do s:= a[i,k] X b[k] + 8; matvec:= s
end matvec,

1; Integer 1, u, 1i;

+ 8; tamvec:= s

. — b
S E
; n 3
i il CERR f_fﬁ
o i ) . a@, I
E-x} it a5 II‘ gsﬁ‘?.;ﬂ:.‘_.._ S i A1 P
. Sath TR ERT R 2 f".i" BT
comen mca 2003 ’ e ’ dgrlh&:f i l%? W j”

real procedure matmat(l, u, i, Js &, b); value 1, u, i, J;
integer l 11, ij JJ EE a, b,
begin integer k; real s;

8.= O,

for k:= 1 s tep 1 until u do
end ma.tmt,

s:= a[i,k] X b[k,j] + 8; matmat:= s

eal Eroced 'l:a.mmat(l, u, i, J, a, b); value 1, u, i, J;
integer 1, u, 1, J; array a, b;
‘9_& integer k; real

8S.= O, -

for k:= 1 step 1 until u do s:= alk,1] X b[k,j] + s;

GE mu......

comment mca 2005;
real procedure mattam(l, u, 1, Jj, a, b); value 1, u, 1, J;
integer l, u, 1, J; a, b;
begin 1nte5er k; re -
S:= 03
for k:= 1 ste ep 1 until u do
end ma‘ttam,

s:= ali,k] X b[Jj,k] + 8; mattam:= s




Section 200 Scalar Eroducts

The procedures of this section calculate the scalar product of two
vectors, each of which is given either as (a part of) a one—
dimensional array or as row or columm of a two—dimensional array. If
the lower bound of the running subscript 1s greater than the upper
bound, then O is delivered as scalar product.

The lower and upper bound of the running subscript are gilven by two
parameters; '
vecvec and seqvec feature the additional possibility of shifting the
range of the running subscript of the second vector; in scaprdl,
moreover, the spacings of the vectors are arbitrary constants; in
seqvec the spacing of the successive elements of the first vector
Increases linearly. (The latter procedure is used for symmetric or
upper—triangular matrices given in one-dimensional arrays.)

In the MC ALGOL 60 system for the X8 the procedures mca 2000 to 2005
are avalilable as machine—code procedures (which are about 7 times
Taster than the corresponding equivalent ALGOL procedures , See

Appendix).

Description mca 2000 |
vecvec:= scalar product of the vectors given in array a[l:u] and

array b[shift + 1 : shift + ul.

Description meca 2001
~ matvec:= scalar product of the row vector given in array a[i:1, 1l:u]

and the vector given in array b[1l:ul.

Description mca 2002 '
tamvec:= scalar product of the column vector given in

array all:u, 1:1] and the vector given in array b[l:u].

Description mca 2003 ‘
~-matmat:= scalar product of the row vector given in array a[1:1, 1l:u]
and the column vector given in array b[l:u, j:jl.

Description mca 200k
tammati:= scalar product of the columm vectors glven in

array al[l:u, 1:1] and array bll:u, j:jl.
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t mca 2006;

CO e
5 L%M Beqvec(l} Uy il, Bhift) &, b): value L, u, 11’ Bhift:
E‘.P.EEEE u, il, Bhift: array a, b;
'29.5.1_11 real a3

s:= O3

for 1l:= 1 ste luntilug_g_
begin s:= a[il] X b[1 + shift] + s; 11:= 11 + 1 end;
seqvec:= 8

end seqvec;

rocedure scaprdi(la, sa, lb, sb, n, a, b);
a, sa, 1lb, sb, n; integer la, sa, lb, sb, n; array a, b;

ﬁ teger k;
' real s,

for k:= 1 step 1 until n do
¢ = —[ﬁlx b[1b ]+B, la:= la + sa; 1lb:= 1b + sb end;
scaprd'l = 8
end scaprdl;
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Description mca 2006

seqvec:= scalar product of the vectors given in
array alil : 11 + (W + 1 =1) x (u=1) ¢ 2] and

array blshift + 1 : shift + ul , Where the elements of the first vector
are &[il+ (.j + 1“1) X (qj """"l) . 2] forj = l,oou, U,

Description mca 2008
scaprdl:= scalar product of the vectors given in

array almin (la, la + (n — 1) x sa) : max (1a, 1la + (n - 1) X =g, )]
and array blmin (1b, 1b + (n = 1) x sb) - max(1lb, 1b + (n = 1) x sb)],
where the elements of the vectors are

alla + (J = 1) X =al] and bl1b + (§ = 1) X sb] for j =

] 5600y Ne



Jr» X;




Section 201 Elimination

The procedures of this section perform a Gausslan ellmination on a
vector. More precisely, a multiple of one vector is added to another
vector. Each vector is given either as a one—dimensional array or as
row or column of a two—dimensional array. The lower and upper bound of
the running subscript are given by two parameters; elmvec features

the additional possibility of shifting the range of the running
subscript of one wvector.

Description mca, 2010

elmvec adds x times the vector given in array b[shift + 1 : shift + ul
to the vector given in array all:u].

Description mca 2011
elmveccol adds x times the colum vector given in array bll:u, 1:1] to

the vector given in array al[l:ul.

Descrigtion mca 2012

elmcolvec adds x times the vector glven in array b[l:u] to the columm
vector given in array all:u, 1:1].

Description mca 2013
elmcol adds X times the colum vector given in array bll:u, J:J] to
the column vector given in array all:u, 1:1].

Description mca 2014

elmrow adds X times the row vector given in array b[j:j, 1l:ul to the
row vector given in array ali:i, 1l:ul.

Description mca 2019 '
maxelimrow adds x times the row vector glven in array blj:j, Ll:ul] to

the row vector given in array a[i:1, 1l:ul].
Moreover, maxelmrow:= the value of the second subscript of an element

of the new row vector in array a which is of maximum absolute value.
If, however, 1 > u, then maxelmrow:= l.
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comment mca 20203

procedure ichvec(l, u, shift, a); value 1, u, shift;
integer 1, u, shift; array a;

begin real r;

for l:= 1 steﬁ 1 until u do

e

begin r:= all]; al[l]:= a[l + shift]; a[l + shift]:= r end
end ichvec;

comment mca 2021;
procedure ichcol(l, u, 1, j, a); value 1, u, 1, J; integer 1, u, 1, J;
axrray a.;
begin real r;
for 1l:= 1 step 1 until u do
begin r:= all,1]; a[l,1]:="a[1,3]; a[l,j]l:= r end
end ichcol;

comment mca 2022;
procedure ichrow(l, u, 1, Jj, a); value 1, u, 1, J; integer 1, u, 1, J;
array a;
begin real r;
for l:= 1 step 1 until u do
begin r:=al[1,1]; ali,1]:=al[Jj,1]; alj,1]:= r end

end ilchrow;

comment mca 2023;
rocedure ichrowecol(l, u, 1, Jj, a); value 1, u, 1, Jj;
iInteger 1, u, i, J; array a;
begin real r;

Tor l:= 1 step 1 until u do

begin r:= ali,l]; ali,1]:= a[l1,3]; al[l,j]l:=r end
end ichrowcol;

comment mca 2024;
procedure ichseqvec(l, u, il, shift, a); value 1, u, 11, shift;

Jfor l:= 1 step 1 until u do

begin r:= a[il]; alil]:= all + shift]; a[l + shift]:= r:

il:= 11 + 1
end
end ichseqvec;

comment mca 2025;
procedure ichseq(l, u, il, shift, a); value 1, u, i1, shift;
integer 1, u, il, shift; array a;

begin real r;
for I:= 1 step 1 until u do

begin r:= alill; a[ill:= alil + shift]; a[il + shift]:= r;
1l:= i1l + 1 |
end
end 'fgﬂseq;
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Section 202 Interchanging

The procedures of this section interchange the elements of two
vectors. Each vector 1s given either as (a part of) a one—dimensional
array or as row or columm of a two—dimensional array. The lower and
upper bound of the running subscript are given by two parameters;
ichvec and ichseqvec feature the additional possibility of shifting
the range of the running subscript of the second vector; in ichseqvec
and lchseq the spacing of the successive elements of one or both of
the vectors increases linearly. (The latter procedures are used for
symmetric matrices given in one~dimensional arrays.)

Description mca 2020
ichvec interchanges the elements of the vector given in array a[l:u]
and array a[shift + 1 : shift + ul.

Description mca 2021
ichcol interchanges the elements of the columm vectors given in

array all:u, 1:1) and array all:u, j:jl.

Description mca 2022
ichrow interchanges the elements of the row vectors given in

array al[i1:1, 1l:u] and array alj:Jj, 1l:ul.

Description mca 2023
lchrowcol interchanges the elements of the row vector given in
array a[i:1, 1l:u] and the column vector given in array all:u, j:3jl.

Description mca 2024

ichseqvec Interchanges the elements of the vectors given in
a.rraza[il : 1l + (u+1-1) X (u-1) _;_2] and

array al[shift + 1 : shift + u], where the elements of the first
vector are alil + (J + L - 1) X (J~-1) : 2] for J=1,..., u.

Description mca 2025

ichseq Interchanges the elements of the vectors given in
array a[il : 11 + (u+ 1 - 1) X (u—=1) : 2] and

array alshift + il : shift + 11 + (u+ 1 - 1) X (u—=1) : 2],
where the elements of the vectors are

al[il + (J+1—-1) X (3 —=1) : 2] and

alshift + 11 + (J+1—-1) X ({3~1) : 2] for J =1,..., u.



e o > u, j. ) 'j
for l:= 1 step 1 until u do
begin x:= al 1,1]; vs ' —
' l; y:=all,j]; a[l,1]:=> .
a[l,J]I“chmxX;J, [)] XXc+y)(3,

end
end rotcol;

COmment mesa 2032 9
edure rotrow(l, u, i, Jj, 2, ¢, 8); value 1, u, i, j, c, s;
== u, 1, Jj; real c s 8; axray a; T
2gin real x, y;
for 1:= 1 step 1 until u do
aldi,

\

x:= a[1,1]; y:= al §;1]; ‘= 3 .
&J,l}:m v )(,c D . XJ; ]: &[i,l].m XX c+yX 8;

end rotrow;
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Section 203 Rotation

The procedures of this section perform a rotation on two vectors, x
and y (say); i.e. the two vectors are replaced by cx + sy and ey — SX,
where ¢ and 8 are two given real values. Each vector is glven as row
or columm of a two—dimensional array. The lower and upper bound of the
running subscript are given by two parameters. (These procedures are

to be used 1In procedures for calculating eigenvalues and elgenvectors
(to be published).)

Description mca 2031

rotcol replaces the colum vector x given in array all:u, 1:i] and the

colum vector y given in array all:u, j:J] by the vectors cx + sy and
Cy - BX.

Description mca 2032
rotrow replaces the row vector x given in array al[i:i, 1l:u] and the

row vector y given in array al[Jj:J, 1l:ul] by the vectors ex + sy and
Cy — Bxc



CAPTER 21
LINEAR SYSTEMS AND MATRIX INVERSION

This chapter contains procedures for solving systems of linear
equations and for matrix inversion. Moreover, section 211 contains =a
procedure for calculating the rank of a matrix and a procedure for
so0lving a homogeneous linear system. -

In section 210 triangular decomposition with partial pivoting is used
and in section 211 Gaussian elimination with complete pivoting. The
procedures of section 212 solve linear systems whose matrices are in
band form, by means of Gaussian elimination with partial pivoting. °

In exceptional cases, partial pivoting may yield useless results sy even
for well—conditioned matrices; this may occur only for large matrices
whose order (or in the case of band matrices » band width) is not much
smaller than the number of binary digits in the number representation
[2, p.97] [3, p.212]. Complete pivoting, however, always ylelds good
results for well—conditioned matrices; a "condition number" (1. e. a
norm of the matrix times a norm of its inverse) is a measure of the
relative accuracy of the solution [2, p.91]. Moreover, complete

pivoting is indispensable for calculating the rank of a matrix and for
s80lving homogeneous systems.

For large order n the computation time for solving linear systems and
for matrix inversion is proportional to n cubed.

Complete pivoting requires some extra time for the pivot selection,
which, for large n, is a nearly constant (small) fraction of the total
computation time. In the MC ALGOL 60 system for the X8, the partial
pivoting procedures of section 210 are muech faster than the complete
pilvoting procedures of section 21 1, because the procedures mca 2000 to
2005 are available in machine—code.

The procedures of section 212 » Tor solving linear systems whose -
matrices are in band form, save a considerable amount of computation
time and memory space, if the band width 1s much smaller than n. For
large matrices, the computation time is proportional to n X band width

X The’nunber of diagonals on or to the left of the main diagonal.
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Section 210 decomposition with partial pivoting

This section contains procedures for solving linear systems and for
inverting matrices:

detsol solves a system of linear equations and calculates the
determinant of the system;

detinv calculates the inverse and the determinant of sa matrix;

det calculates the determinant of a matrix; |

sol solves a system of linear equations and inv inverts a matrix,
provided the matrix is given in the triangularly decomposed form
produced by det, One call of det followed by several calls of sol ma.y

be used to solve several linear systems having the same matrix but
different right hand sides,

The method used in det is triangular decomposltion with stabilizing
:f-m]f 1n}:erglizmea, also called "partial pivoting" {2, p.115] [3, p.201]
43 [5] [6].

The method yilelds a lower=triangular matrix L and a unit upper-

triangular matrix U such that the product LU equals the given matrix M
with permuted rows.

The process is performed in n steps, The k~th step, k = 1,.0., n,
produces the k—th column of L; subsequently, the "pivot" 1s selected
in this column; the pivotal row and the k=th row of M (and thus also

of L) are Interchanged; finally, the k~th row of U is produced, That
element of the k—th columm of L is chosen as pivot, whose absolute

value divided by the Euclidean norm of the corresponding row of M is
maximal, Thus, matrix M is "equilibrated' in this pivoting strategy
such that the rows effectively obtain unit Euclidean norm, No test for
singularity of M is performed, 4

The determinant equals the product of the diagonal elements of L or
minus this value, if the number of proper interchanges is odd,

After the triangular decomposition, sol obtains the solution x of the
linear system Mx = b by first permuting the elements of b in the same
way as the rows of M, then calculating y such that Ly equals b with

permuted elements (forward substitution), and finally calculating x
such that Ux = y (back substitution).

The method used in inv is as follows., The inverse, X, of the product
LU is calculated from the conditions that XI. be a unit upper-
triangular matrix and UX a lower—triangular matrix [L, p.34-38].
Subsequently, in correspondence with the interchanges applied on the

rows of M, the same interchanges are carried out in reverse order on
the columns of X, in order to obtain the inverse of M,
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Description meca 2100
det:= determinant of the n—th order matrix M given in

array al1:n, 1:n], and the triangular decomposition of M i1s performed.,

The resultling lower—triangular matrix and unit upper—triangular matrix
with i1ts unit diagonal omitted are overwritten on a.

The pivotal indices are delivered in integer array p[i:n].
det uses mattam, matmat and ichrow (chapter 20).

Descrigtion meca 2101

sol should be called after det and solves the linear system Mx = b,

where M is the n—th order matrix whose triangularly decomposed form
and pivotal 1ndices, as produced by det, are given in ‘
array all:n, 1:n] and integer array p[1:n], and where b is the vector
glven as array bl1:n]. The solution vector x is overwritten on b.

sol leaves a and p intact, so that, after one call of det, several

calls of sol may follow for solving several systems having the same
matrix but different right hand sides.
sol uses matvec (mca 2001).

Description mca 2102

detsol:= determinant of the n—th order matrix M given in

array al1:n, 1:n], and the triangular decomposition of M 1s performed.
Moreover the linear system Mx = b 1s solved, where vector b is given
as array b[1:n]. The solution vector x is overwritten on b, and the

triangularly decompcsed form of M is overwritten on a.

detsol uses det, sol and, indirectly, also mattam, matmat, matvec and
ichrow (chapter 20).
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comment mca 2103;

procedure inv(a, n, p); value n; integer n; array =a; integer array Dp;
begin integer Jj, k, ki;
real r;
array vii:n];
for k:=n ste — 1 untll 1 do
B—é—gin kl:= 1:
for J: mnate - 1 until k1 do
begin alJ,k1]:= v[J]; v[j]l:= — matmat(kl, n, k, j, a, a) end;
r:= alk,k];
for j:=n step — 1 until k1 do |
begin alk,JI:= v[j]; v[Jl:= — matmat(kl, n, J, k, a, a) / r
end;
vik]:= (1 — matmat(kl, n, k, k, a, a)) / r
end;
for j:i=n 8 tep — 1 until 1 do a[J,1]:= v[Jjl;
f'ork*-n-—-l step — 1 until 1 do
begin ki1:= p[k]; if k1 ¥ k then ichcol(1l, n, k, k1, a) end
end inv;

<

_ . L
reﬁ 2 ocedure de't.inv(a., n); value n; integer n; array a;
begin integer pl1:n];
- detinv:= det(a, n, p); inv(a, n, p)
end detinv;
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Description meca 2103
inv should be called after det and calculates the inverse of the

matrix whose triangularly decomposed form and pivotal indices, as
produced by det, are given in array all:n, 1:n] and

integer array p[1:n]. The calculated inverse is overwritten on s.
inv uses matmat and ichcol (chapter 20).

Description mca 2104
detinv:= determinant of the n—th order matrix given in

al1:n, 1:n]. Moreover, the inverse of this matrix is calculated
and overwritten on a,

detinv uses det, inv and, indirectly, also mattam, matmat, lchrow and
ichcol (chapter 20). *
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'he method used, in rnkelm, is Gaussian e?éw?+¢tidn'w1th.COullete
ivoting (2, -973 [3: P 212] WhiCh yields a lower—triangular ms trix L
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In solhom, a solution x of the homogeneous system Mx = O, where M 1is
an n X m matrix of rank r, 1s obtained as follows. lLet V be the
r—th order upper—triangular matrix consisting of the first r columns
of the maitrix U produced by rnkelm and W the r X (m — r) matrix
consisting of the remaining part of the first r rows of U (the other
rows of U are negligeable). First, the system Vy = minus the k—th
column of W, where k is a given positive integer < m — r, 1s solved
(back subtitution). Then the vector y and the k—th unit (m — r) —
vector are combined to form a single m—vector; its elements are then
Interchanged in reverse correspondence with the interchanges of the
colums of M, in order to obtain a solution vector x. The solution
vectors thus obtained for k = 1,..., m — r form a complete set of
linearly independent solution vectors of the homogeneous system.

The method used in invelm is Gauss—Jordan elimination with complete
pivoting. This method introduces the zeros not only below but also
above the main diagonal. At each stage, the element of greatest
absolute value of the remaining submatrix is chosen as pivot. (Here,
the matrix 1s not equilibrated, because this would not leave the
inverse invariant.) After completing the elimination, the rows and
colums are interchanged in reverse correspondence with the
interchanges of the columms and rows of M.,
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comment mca 2110;
integer procedure rnkelm(a, n, m, aux, ri, ci); value n s I
Integer n, m; array aux; Integer array ri, ci;
begIn Integer T, J, p, a, ¥, ©1, Jorit;
' real crif, rnorm, max, aid, det, eps, minpiv, pivot;
array norm[1:n];
crits= O;
for p:= 1 step 1 until n do
begin rmorm:= max:= abs(alp,1]); jerit:= 1;

for q:= 2 step 1 until m do |

Begin ald:= 353(&[13:9.]); rnorm:= rnorm + aid;
If aid > then

begin max:= ald; jerit:= q end

end;

norm[pl:= rnorm:= 1 / rnorm; if max X rnorm > crit then
begin crit:= max X rnorm; i:= p; J:= jerit end

end;

eps:= aux[0]; det:= 1; minpiv:i= crit;

for r:= 1 step 1 until n do _

begin if crit < eps then goto rank; ri:=  + 1;
“Ifcrit < minpiv then minpivi= crit; if i + r then

begin det:= — det; norm[1i]:= norml r]; Ichrow(1, m, r, 1, a)
end;

If 5 # r then
begin deti= = det; ichcol(1, n, r, j, a) end;
rilrl:= 1i; cilr]:= J; plvot:= alr,r]; det:= det X pivot;
crit:= 0; if r1 < m then . "'
begin for q:= r1"step T until m do alr,ql:= alr,q] / pivot;
— for p:= rl step 1T wmmTIT 1 do

begin jerit:= mermrow(ﬂTm, P, r, a, a, — alp,rl]);

ald:= abs(alp,jerit]) X normlpl; if aid > crit then

begin crit:= gid; is= p; j:= Jcrir_e_r_l_d_

end

mi ation;

rank: rmkelm:= r — 1; aux[1]:= 1 / minpiv; aux[2]:= crit;
aux[ 3] := det
end rnkelm;
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Description mca 2110
rnkelm:= rank, r, of the n X m matrix M given in array a[1:n, 1:m].

In array aux[0:3] one must give a relative tolerance, aux[0].

The Gaussian—eliminated form of M 1s overwritten on a, and the pivotal
row and column indices are delivered in integer array ri, cif[i:r].
Moreover,

aux[1]:= reciprocal of the minimum absolute value of "pivot / one—norm
of the corresponding row of M";
aux[2] := maximum absolute value of "element of the remaining

(n —r) X (m — r) submatrix / one—norm of the corresponding row of M"
if r <min(n, m), and otherwise 0;

aux[3]:= determinant of the principal submatrix of order r.

rnkelm uses maxelmrow, ichrow and ichcol (chapter 20).
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comment mca 2111;
procedure solelm(a, n, ri, ci, b); value n; integer n; array a, b;
integpr array ri, ci;

begin integer r, cir;

real Ws
sol(a, n, ri, b);
for r:=n step — 1 until 1 do
begin cir:= cilr]; If cir # r then
begin w:i= b[r], DBlrl:= blcir]; blecirl:= w end

end
end solelm;

comment mca 2112;
integer procedure rnksolelm(a, n, aux, b); value n; integer n;
array a, auxX, b;
begin integer rank;
integer array ri, cil[1:n];
rank:= rnksolelm:= rnkelm(a, n, n, aux, ri, ci);
if rank = n then solelm(a, n, ri, ci, b)
end rnksolelm;

comment mca 2113;
procedure dure solhom(a, rank, m, k, ci, x); value rank, m, k;

integer rank, m, k; array a, x; integer array ci;

begin Integer r, rk;
_L w:

for r:= rank ste E]-- 1 until 1 do x[rl:= — (matvec(r + 1, rank,
LT, T

¥

forr==rank+ 1 step 1 until m do x[r]:= 0; x[rk]l:= 1;
f‘orr= rank ste --lun‘bil1do
'beink'u cilrx :l fk¥ then

' begin W= x[rT- x[r]l:= x[k]; x[k]l:= w end

end
end sol.hom,
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- Description mca 2111

solelm should be called after rnkelm (but only if the rank delivered
equals n), and solves the linear system Mx = b s where M 13 the n—th
order matrix whose Gausslan—eliminated form and pivotal row and colum
indices, as produced by rnkelm, are given in array al[1:n, 1:n] and
integer ay ri, ci[1:n], and where b is the vector given as

array b[1:n].

The solution vector x is overwritten on b, and sol leaves the other
data invariant, so that, after one call of rnkelm, several calls of
solelm may follow for solving several systems having the same matrix
but different right-hand sides.

solelm uses sol (mca 2101) and, indirectly, also matvec (mca 2001).

Description mca 2112

rnksolelm:= rank, r, of the n—th order matrix M given in

array al[1:n, 1:n].

In array aux[0:3] one must give a tolerance, aux[O].

If r = n, the linear system Mx = b 18 solved, where b is the vector
glven as array bl[1:n], and the solution vector x is overwritten on b.
The Gausslan—eliminated form of M 1s overwritten on a.

Moreover,

aux[1]:= reciprocal of the minimum absolute value of "pivot / one-norm
of the corresponding row of M";

aux[2]:= 03

aux[3]:= determinant of M,

If, however, r < n, then no solution i1s calculated and the effect of
rnksolelm 18 the same as that of rnkelm,

rnksolelm uses rnkelm, solelm and, indirectly, also sol (mca 2101),

matvec, maxelmrow, ichrow and ichcol (chapter 20).

Description mca 2113
solhom should be called after rnkelm and calculates the k—th solution

vector of the homogeneous system Mx = O, where M 1s the matrix whose
Gaussian—eliminated form (or rather its first rank rows) and pivotal
columm indices, as produced by rnkelm, are given in

array al1: rank, 1:m] and integer array ci[1: rank], rank being the
rank of M delivered by rnkelm, The given integer k must satisfy

1 <k <m - rank.

The solution vector is delivered as array x[1:m].

Calling solhom consecutively with k = 1,..., m — rank, one obtains a
complete set of linearly independent solution vectors of the
homogeneous system.,

solhom uses matvec (mca 2001).
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comment mca 2114;
real procedure invelm(a, n, aux); value n; integer n; array a, aux;
begin integer p, q, r, 1, J;
real t, w, det, pivot, co, tol, max;
integer array ri, ci[1:n];
1:= J:= 1; pivot:= abs(a[1,1])3
for p:= 1 step 1 until n do
for q:= 1 step 1 until n do 1if abs(alp,q]) > pivot then
begin 1:= p; J:= q; pivot:= abs(a[p,q]) end;
max:= pivot; det:= 1; co:= O0; tol:= aux[0] X max;
for r:= 1 step 1 until n do

begin i1f pivot < tol then

egin det:= 0; aux[1]:= — r + 1; goto exit end;
if 1 ¥ r then
begin det:= — det; ichrow(1, n, r, 1, a) end;
1f J % r then "
begln det:= — det; ichecol(1, n, r, j, a) end;
rilrf:= 1; cilrl:= J; w:= a[r,r]; det:= det X w;
alr,rl:= 1/ w;
for q:=n step — 1 until r + 1, r — 1 step — 1 until 1 do
alr,al:= alr,q] / w; pivot:= O;
for p:= 1 step 1 until r - 1 do

begin t:= — alp,r]; alp,r]l:= 0; elmrow(1, n, p, r, a, a, t)

end;
;_g_g_p:mr+1ste1untiln_;_i9_ |
begin t:= — a[p,ri; alp,r]:= 0; elmrow(i, r, p, r, a, a, t);
- q:= maxelmrow(r + 1, n, p, r, a, a, t);
if abs(alp,ql) > pivot then
. begin 1:= p; J:= q; pivot:= abs(a[p,q]) end
end elimination; '
for p:=n step — 1 until 1 do
begin for q:= 1 step 1 until n do if abs(al[p,q]) > co then co:=
abs(alp,ql); r:= cilpl; if r # p then ichrow(1, n, p, r, a)

for step — 1 until 1 do

begin r:= rilq]; 1f r § q then ichcol(1, n, q, r, &) end:
ux{1]:= max X co; . T
exit: Invelm:= det

end invelm;
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Description mca 2114

invelm:= determinant of the n—th order matrix M given in

array a[1:n, 1:n]. In array aux[0:1] one must give a relative
tolerance, aux[O].

The inverse of M is calculated and overwritten on a, and aux[1]:= the
product of the maximum-norm of M and that of its calculated inverse,
this being a condition number of M.,

If, however, M is singular (more precisely, 1f, at some stage, the
absolute value of the pivot is smaller than auwx[0] X the maximumnorm
of M), then the calculation is discontinued, invelm:= 0, and aux[1]:=
minus the rank of M.

invelm uses elmrow, maxelmrow, ichrow and ichcol (chapter 20).
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Section 212 Band matrices

The procedures of this section solve a system of linear equations
whose matrix is in band form and / or calculate the determinant of a
band matrix:

detsolbnd solves a system of linear equations and calculates the
determinant of the system;

detbnd calculates the determinant;

solbnd solves a system of linear equations whose matrix is given in
the Gausslan—eliminated form produced by detbnd.

One call of detbnd followed by several calls of solbnd may be used to
solve several linear systems having the same matrix, but different
right—hand sides.

The method used is Gaussian elimination with stabilizing row
interchanges (partial pivoting) [2, p.94] [3, p.204] [7]. Complete
pivoting is superfluous if the band width is small (certainly if it
18 much smaller than the number of binary digits in the number
representation).

If the given matrix M has lw nonzero codlagonals to the left and rw
to the right of the main diagonal, then the Gaussian elimination
yields a unit lower—triangular band matrix L of Gaussian multipliers
having lw nonzero codlagonals, and an upper—triangular band matrix U
of the resulting equivalent system having lw + rw nonzero codiagonals.
The Gaussian elimination is performed in n steps. In the k—th step,

K = 1ye0.5 Ny, & "pivot" is selected in the k—th columm of the
remaining submatrix of order n — k + 1 (which colum contains at most
lw + 1 nonzero elements); then the pivotal row is interchanged with
the k—~th row; subsequently, the k—th "unknown" 1s eliminated in the
last n — k rows (at most the first lw rows of which are involved).
The pivot is selected in such a way that its absolute wvalue divided by
the Euclidean norm of the corresponding row of M, is maximal. Thus,
matrix M is "equilibrated" in this pivoting strategy such that the
rows effectively obtain unit Euclidean norm.

If M is singular (i.e. if, in some step, the absolute wvalue of the
pivot 1s smaller than a given relatlve tolerance times the Euclidean
norm of the corresponding row of M), then the elimination i1s
discontinued and O is delivered as the determinant value.

The solution x of the linear system Mx = b is cobtained by carrying out
the corresponding eliminations on b, thereby ylelding a vector y
(say), and then solving the system Ux = y (back subtitution).
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=T ,. rocedure detbnd(a, n, lw, rw, aux, m, p); value n, lw, rw;
Integer n, . w ) TW; integ er array p, array &, m, auxX;
eTe Toteger 1, 3, %, KK, KKT- tk, B, Tk, 1v1, £, q, v, w1, 2, tu,

nrwi=n - rw; lwlis= 1lw + 1; qi= 1w - 13
for i*m 2 step 1 until 1w do
be egin qi= q = 13 Twe= 1w + W13 »
o r J'm 1w == q S‘bep 1 until iw dO ﬂ.[.j]"'m 0,

norm:= 0; iwi= = w2; qi=nrv + w = 15 Jji= rw — 1;
frr 11= 1 step 1 until
begin iw:= 1w + w; IT 1 <"Iw1 then iw:= iw — 1;
~ri= v{i]:= sqrtTTrecvec(iw,T'+ (1f 1 < 1w then j + 1 else
if 1> nrw then q=-1elsewl), O, a, a));

kKe= == w1, mk'w - 1W;

then : 1, jke= kki= kk + w; mki:= mk + 1lw;
K1V / v[k], pkw k, kkl:= kk + 1;

Fwi; mmk + 1 '—k]'m r:= al[ik]; alik]:= 0;
~ ri= a:ns(r) / v[:L], if r > s then
I *- si= r; pke= 1 e end

hen mint= s8; 1f s < eps then

tbnd:=0; aux[1]:=1 « k; auX[Z]:= s; goto end end;
- J2 o= W2 == ‘I, p[k] = pk, if pk ﬁ—then
egin vipKl = k], ﬂ('@ ﬂ( - K3

T chveclkk ; . W ﬁ( X wl, a,), de; ’t"m — de't:

~s= a[kk]; det:= r X det; iwe:= kkl1; lwit= f - k + nk
- mK + L ste: ,' 1 un‘bil _ lw‘! do
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Description mea 2120

detbnd:= determinant of the n—~th order band natrix M having lw
codiagonals to the left and rw to the right ot the maian diagonal, and
which is given in array a[1: (1w + rv) X (n — 1) + n] in such a way
that the (i, j)—th element of M is a[(lw + rw) X (£ = 1) +« J] for
i=1.0.s nand j = max(1, 1 — lw),..., min(n, 1 + rw). The values of
the remaining elements of a are irrelevant. In array aux[0:2], one
mist glve a relative tolerance, aux[0].

The upper—-triangular band matrix U resulting from the Gausslian
elimination is delivered in a such that the (i, j)—th element of U is
al(lw+ rw) X (£ -~ 1) + J] for 1 = 1,..., n and

j=1,0.., min(n, 1 + 1w + rw); the matrix 1L, of Gaussian
multipliers, is delivered in array m{1 : lw X (n — 2) + 1] such that
the i~th multiplier of the j—th step is m[iw x (j—-1) + 1 — Jl

for J=14ec., 0 —1landi=J3+ 1,..., min(n, J + 1w);

the pivotal indices are delivered in integer array pl1:nl.

Moreover,

aux[2]:= minimum absolute value of "pivot / Euclidean norm of the
corresponding row of M";

aux[1]):= 1 / aux[2].

If, however, M 1is singular, then the Gaussian elimination 1s
discontinued, detbnd:= 0, aux[1]:= minus the previous step number,
and aux[2]:= absolute value of the last (rejected) pivot / Euclidean
norm of the corresponding row of M.

detbnd uses vecvec, elmvec and ichvec (chapter 20).
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comment mca 2121;
procedure solbnd(a, n, 1w, rw, m, p, b); value n, lw, rw;
integer n, 1lw, rw; integer array p; array a, b, m;
begin lirteger f, 1, k, kk, w, wil, w2, shift;
real s;
f:= lw; shift:= — 1w wlit= 1w — 13
for k:= 1 step 1 until n do
begin 1f £ <n then f:= f + 1; shift:= shift + wl; 1i:= p[k];
s:=b[1]; if 1 # k then
begin b[i]:= b[k]; blk]:= 8 end;
elmvec(k + 1, f, shift, b, m, — 8)
end;
wiit=lw + xw; wi=wl + 13 kk:=(n + 1) X w — wi; w2i= — 13
shift:= n X wi; |
for ki=n step — 1 until 1 do
begin kk:= kk — w; shift:= shift — wi;
1f w2 < wl then w2:= w2 + 1;
blkl:= (b[k] = vecvec(k + 1, k + w2, shift, b, a)) / alkk]

end
end solbnd;
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.

bk + 1] s= b[k + 13 - b[k] X 8
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Description mca 2122

detsolond:= determinant of the n—th order band matrix M having 1w
codiagonals to the left and rw to the right of the main diagonal, and
which 1s given in array al[1 : (lw + rw) X (n — 1) + n] in such a way
that the (1, j)—th element of M is a[(lw + rw) X (1 - 1) + j] for
1=1,..., nand jJ = max(1, 1 — 1lw),..., min(n, 1 + rw). The values of
the remaining elements of a are irrelevant. In array aux[(0:2], one
must give a relative tolerance, aux[0]. '

The solution vector x of the linear system Mx = b s Where b 1s the
vector given as array bl1:n], is calculated and overwritten on b.

The upper—triangular band matrix U resulting from the Gaussian
elimination 1s overwritten on a (in the same way as in detbnd).
Moreover,

aux(2}:= minimum absolute value of "pivot / Euclidean norm of the
corresponding row of M";

aux[1]:= 1 / awx[2].

If, however, M i1s singular, then the Gaussian elimination 1is
discontinued, detbnd:= 0, aux[1]:= minus the previous step number,
aux[2]:= absolute value of the last (rejected) pivot / Euclidean norm
Oof the corresponding row of M, and no solution vector is calculated.
detsolbnd uses vecvec, elmvec and ichvec (chapter 20).
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CHAPTER 22
POSITIVE DEFINITE SYMMETRIC LINEAR SYSTEMS AND MATRIX INVERSION.

This chapter contains procedures for solving systems of linear
equations and for matrix inversion, provided the matrix is positive
definite symmetric. Moreover section 221 contail..s procedures for
calculating the rank and solving a homogeneous system whose matrix 1is
- positive definite symmetric, and section 224 contains procedures for
s8olving linear least squares problems.

In sections 220 and 222 (the latter section deals with band matrices)
the ordinary Cholesky method is used and in section 221 Cholesky with
pivoting along the main diagonal. The latter method is indispensable
for determining the rank of singular positive semidefinite symmetric
matrices and for sclving homogeneous systems.

Section 224 uses Householder transformations with pivoting [10].

For large order n, the computation time for solving linear systems and
for matrix Inversion is proportional to n cubed, snd about one half
of the time required for the general case (sec chay*er 21).

Pilvoting along the main dlagonal requires extra computation time which
18 proportional to n squared, and, thus, small with respect to the
total time for (very) large n.

The procedures exist in two versions; one version uses the upper
triangle of a two—dimensional array for the matrix and the other a
one-dimensioral array, 80 that, in the latter case, the memory space
occupled by the matrix is cut nearly in half [8]. In the oune—
dimensiocnal array, the elements of the upper triangle of the matrix
are equidistant in the columms but not in the rows, so that special
procedures for hanaling these rows are needed.

In the MC ALGOL 60 system for the X8, a large positive definite
symmetric matrix given in a two—dimensional array is inverted faster
than one glven in a one—dimensional array, because the procedures

mea 2000 to 2005 are available in machine—code, but mea 2006 is not.
A similar statement holds for solving many (at least n/2, say) linear
systems having the same positive definite symmetric matrix s but
different right~hand sides.

The procedures of section 222, for solving linear systems with
positive definite symmetric band matrices, save a considerable amount
Of computation time and memory space, if the band width is much
smaller thsn n.

For large matrices, the computation time is proportional to n X the
square of the band width.



Section 220 Cholesky decomposition without pivoting

'Mis section contains procedures for solving linear systems and for
inverting matrices, provided the matrices are positive definite
symmetric:

detsolsym2 and detsolsyml solve a system Of linear equations and
calculate the determinant of the system;

detinvsym?2 and detinvsyml calculate the determinant and inverse of a
matrix;

detsym2 and detsyml calculate the determinant of a matrix.

The other procedures of this section are to be used in combination
with detsym2 or detsyml for solving a linear system (or several
systems having the same matrix but different right—hand sides) or for
inverting a matrix.

The method used is Cholesky's square—root method without pivoting

[2, p.117] [3, p.229] [4] [5] [8]. If the given symmetric matrix M is
positive definite, then the method ylelds an upper—triangular matrix
U, the "Cholesky matrix" of M, such that U'U equals M; moreover, the
determinant of M is delivered, calculated as the product of the
squares of the diagonal elements of U (and, thus, always positive).
The process is completed in n stages, each stage producing a row of U,
However, the process is discontinued if at some stage, k, the k—~th
diagonal element of M minus the sum of the squared elements of the
k~th columm of U (the sqrt of this quantity being the k—th dlagona.
element of U) is not positive, meaning that M, perhaps modified by
rounding errors, is not positive definite. In that case, instead of
the determinant, minus the last stage number k is delivered.

The solution of the linear system U'Ux = b 1s obtained by solving
U'y = b (forward substitution) and Ux = y (back substitution).

The inverse, X, of U'U is obtained from the condition that UX be a
lower—triangular matrix whose main diagonal elements are the
reciprocals of the diagonal elements of U [4, p. 34-38].

The procedures mca 2200 — 2204 use the upper triangle of a two—
dimensional array a[1:n, 1:n] in which the upper triangle of Mor U
mist be given and the upper triangle of U or X is8 delivered. Thus,
ali, 3] is the (i, j)—th element of the matrix only for 1 < j. The
elements a[i, j] for i > j are neither used nor changed.

The procedures mca 2205 — 2209 use a one—dime s8ional
array alt : (n+ 1) Xn : 2] in which the upper triangle of M or U
mist be gliven and the upper triangle of U or X 18 delivered in such a
way that the (1, J)—th element of the matrix i1s al(3 —1) x J:2+1i]
for 1 <1 < J<n.




'("", k-1, k, k, a2, a); if r < O then
£ ‘ * en-d en.d.’
O Il dO a[k’.j] = (a[k,J] o

f QY J* = k + E st&_ 1

a, b;

= (b[1] — tamvec(1, 1 — 1, 1
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do bli]:= (b[1] — matvec(1 + 1, n, 1,

; array &, b;

= 11 step 1 ._=_--et11 n do uldl:= al1,3]1;
'n step — 1 until 11 do af[1,3]:= — (tamvec(i1, J, I,
atvec(y + T, n, Js &, u)) X r;

“" Il, i, a) u)) X r

vsym2(a, n); value n; integer n; array a;
(a, n); _:g_{ det > 0 then invsynﬁ(a., n)




Description mca 2200

ets eterminant of the n=th order positive definite symme
matrix M whose upper triangle is given in array al[l:n , 1:n].

Moreover, the Cholesky matrix of M is calculated and overwritten on
the upper triangle of sa,

If, however, M is not positive definite, the Cholesky decomposition is

discontinued and detsym2:= minus the last stage number.
detsym2 uses tammat (mca 2004),

Description mca 2201
solsym? solves the n—th order linear system U'Ux = b, where U is the
upper—triangular matrix, given in the upper triangle of

array all:n, 1:n], and b is the vector given as array b[1:n].

The solution vector x is overwritten on b.

If U is the Cholesky matrix of a positive definite symmetric matrix M,
as produced by detsym2, then the calculated solution vector x is the
solution of the linear system Mx = b,

solsym? leaves the elements of a invariant, so that after one call of
detsym2 several calls of solsym2 may follow for solving several
linear systems having the same matrix but different right-hand sides,
solsym? uses matvec and tamvec (section 200).

Description mca 2202

detsolsym2:= determinant of the n=th order positive definite symmetric
matrix M whose upper—triangle is given in array al1:n, 1:n].

Moreover, detsolsym? solves the linear system Mx = b, where the vector
b 1is given as array b[1:n]. The solution vector x is .verwritten on
and the Cholesky matrix of M is overwritten on the upper triangle

of a, If, however, M is not positive definite, then the Choleﬁsky
decomposition is discontinued, no solution is calculated, and
detsolsym2:= minus the last stage number,

detsolsym?2 uses detsym2, solsym2 and, indirectly, also matvec, tam
and tammat (section 2005.

Description mce, 2203 |
nvsym? calculates the inverse, X, of the :-trix U'U where U 1

array al1 I, 1:n]., The upper +tri _
Invsym2 uses matvec and tamvec (section 200).

Des cription mca. 2201+

Moreover, the upper trimle of the inverae of M :Ls calculated and
overwritten on a. e
If, however, M is not positive definite, the C olesky e composition 1s
dis continued and detinvsym2:= minus the l st stage n nn -
detinvsym?2 uses detsym2, invsym2 and, Indirect. also matve

and tammat (section 2005




kk, a, a))/r,

Kjim k) + 3
o -- i'

ralue n; integer n; array a, b;
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Description mca 2205

detsyml:= determinant of the n—th order positive definite symmetric
matrix M whose upper triangle is given in

array a[1 : (n+])><n_5_2].

Moreover, the Cholesky matrix of M is calculated and overwritten on a.
1f, however, M 1s not positive definite, the Cholesky decomposition is

discontinued and detsyml:= minus the last stage number.
detsym] uses vecvec (mca 2000).

Description mca 2206 1
solsym]l solves the n—th order linear system U'Ux = Db 5 where U 18 an

upper—triangular matrix, given in array all : (n + 1) X n : 2] and b
is given as array bli1:n].

The solution vector x is overwritten on b.

If U 1s the Cholesky matrix of a positive definite symmetric matrix M,
as produced by detsyml, then the calculated solution vector x is the
solution of the linear system Mx = D.

solsym]l leaves the elements of a invariant, so that after one call of
detsyml several calls of solsyml may follow for solving several linear
systems having the same matrix but different right-hand sides.

solsyml uses vecvec and seqvec (section 200).

Description mca 2207
detsolsyml:= determinant of the n—th order positive definite symme

matrix M whose uppexr triangle is given in

array al1 : (n + 1) X n : 2].

Moreover, detsolsyml solves the linear system Mx = b, where the vector
b 1s given as array bl1:n].

The solution vector x 18 overwritten on b and the Cholesky matrix of M
i8 overwritten on a.

I1fy, however, M is not positive definite, then the Cholesky
decomposition 1s discontinued, no solution is calculated, and
detsolsyml:= minus the last stage number.

detsolsyml uses detsyml, solsyml and, indirectly, also vecvec and
seqvec (section 200).




-y e ;ﬂﬁ (a 5 n) - mlue n; :Ln‘t,eser n; w a;
2 - 1, 11, 11, g, iJ: JJs

begtn 3j:= 1] — 1; 13:= 1) < I3

al1j):= — (vecvec(11, 3, 33 — 4, u + 8 -
l’ 353, 0 8 u)),x ; y U, a) seqvec(j + 1,
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Description mca 2208

Iinvsyml calculates the lnverse, X, of the matrix U'U, where U is an
upprer—-triangular matrix, given in array all : (n + 15 Xn: 2].

The upper triangle of X 13 overwritten on a.

invsym] uses vecvec and seqvec (section 200).

Description mca 2209
detinvsyml:= determinant of the n—th order positive definite symmetri
matrix M whose upper triangle 1s given in

array al[1 : (n + 1) X n : 2],
Moreover, the upper triangle of the inverse of M is calculated and

overwritten on sa.

1f, however, M 18 not positive definite, then the Cholesky
decomposition 1s dilscontinued and detinvsyml:= minus the last stage
detinvsyml uses detsyml, invsyml and, Indirectly, also vecvec and
seqvec (section 200).
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A homogeneous linear system Mx = O, where M is an n—th order positive
semidefinite symmetric matrix of rank r, is obtained as follows.

Let V be the r—th order upper—triangular matrix consisting of the
first r columms of the pivot—Lholesky matrix U of M and W the

r X (n — r) matrix consisting of the remaining part of the first r
rows of U (the other rows of U are negligeable). First, the system
VY = — W is solved (back substitution). Then Y and the (n — r)—th
order identity matrix are combined to form a single r X n matrix; its
rows are then interchanged in reverse correspondence with the
interchanges of the rows and colums of M. The colums of the
resulting matrix form a complete linearly independent set of solution
vectors of the homogeneous system.

The procedures meca 2210 — 2214 and 221a use the upper triangle of
two—dimensional array al1:n, 1:n] in which the upper triangle of M or
U must be given and the upper triangle of U or X is delivered.

Thus al[i, j] is the (i, j) — th element of the matrix only for i < J.
The elements afi, j] for i > j are neither used nor changed. (Only
mca 221a delivers a rectangular matrix involving some elements in The
lower triangle of a as well.)

The procedures mca 2215 — 2219 use a one—dime
al1 : (n+ 1) X n : 2] in which the upper tri

given and the upper triangle of U or X is delivered, in such a way
that the (1, j)—th element of the matrix is a[(j — 1) X jJ : 2 + 1] for
1 <1<J<n.
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corment mca 2210;
integer procedure rnksym20(a, n, p, aux); value n; integer n;
integer array p; array &, aux;
begin integer k, 1, Jj, pk; real w, max, m, t, r, d, norm, epsnorm;
d:= 1; norm:= Q3
for i:= 1 step 1 until n do if al[1,1] > norm then norm:= a[i,1];

epsnorm:= aux[0] X norm; aux[1):= norm; m:= 0;
for k:= 1 Sstep 1 untlil n do

A———

egl r i:=k step 1 until n do
t:= abs(al1,1]); If + > m then m:= t;
for ji=1 + 1 step 1 until n do
begin t:= a[1,jl:= a[I,J] — tammat(1, k — 1, 1, J,

8, a); t:=abs(t); if t > m then m:= t

end
end;
goto end
end;
ﬁ_ﬁ] := pk; di= 4 X max; if pk =|- k then
begin icheol(l, k — 1, k, pk, a);
o iChI'OWCOl(k + 1, pk — 1, k, rk, a‘-).;
lchrow(rk + 1, n, k, pk, a); alpk,pkl:= alk, k]
m:k]:"‘ r:= sqrt(max);
for jJ:=k + 1 step 1 until n do
begin w:= a[k,,jl:= (ak,.j — tamnat(l, k -1, ky, j, a, a)) /
r; alj,dli=alj,j]l —wx w

blil; pl:=pl1];
{1):= (b[pi] — tamvec(1, 1 ~ 1,
_ _j;'_{ pi + 1 then b[: 1]l:= r

i, a, b)) / a[i,i];

or 1:=n step - 1 until 1 do
begin pi:= p[1]; 1f pi r 1 then

begin r:= b[1]; b[1]:= bIp1l; blpi]:= r end
end '

end solsym2(;
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Description mca 2210

rnksym20:= rank, r, of the n—th order positive seml—definite symmetric
matrix M whose upper triangle is given in array al[1:n, 1:nl.

In array aux[0:3], one must given a relative tolerance, aux[0].

The pivot—~Cholesky matrix of M is overwritten on the upper triangle
of a, and the pivotal indices are delivered in integer array pli:r].
Moreover,

aux[1]:= the maximum diagonal element of M;

aux[2]:= the maximum absolute value of the elements of the remaining
submatrix of order n — r if r < n, and otherwlise O;

aux[3]:= determinant of the principal submatrix of order r.

However, if M is not positive semidefinite, then rnksym20:= minus the
last stage number.

rnksym20 uses tammat, ichcol, ichrow and ichrowcol (chapter 20).

Description mca 2211

solsym20 should be called after rnksym2Q (but only if the rank equals
n), and solves the n—th order linear system Mx = b, where M 18 the
positive definite symmetric matrix whose pivot—Cholesky matrix and
pivotal indices, as produced by rnksym20, are given in the upper
triangle of array all:n, 1:n] and in integer array pl1:n], and where b
1s the vector given as array bl[1:n].

The solution vector x is overwritten on b.

solsym20 leaves a and p invariant, so that after one call of rnksyme
several calls of solsym20 may follow for solving several linear
systems having the same matrix but different right—hand sides.
solsym20 uses matvec and tamvec (section 200). '




value n; integer n; integer array p;
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Description mca 2212
rnksolsmo:r- rank, r, of the n—th order positive semidefinite

Symmetric matrix M whose upper triangle is given in array al[l:n, 1:n].
In array aux[0:3)] one must give a relative tolerance, aux[0].

If r = n, the linear system Mx = b 1is solved, where b is the vector
glven as array bl1:n], and the solution vector x is overwritten on b.
The pivot—Cholesky matrix of M is overwritten on the upper triangle
of a. Moreover, -

aux[1]):= the maximum diagonal element of M;

aux[2]:= 0;

aux[3]:= determinant of M.
However, 1f 1 <r <n (M positive semidefinite) or r <0 (M not
positive semidefinite), then no solution vector is calculated and the
results of rnksolsym20 are the same as those of rnksym20.
rnksolsym20 uses rnksym?20, solsym20 and, indirectly, also matvec,
tamvec, tammat, ichcol, ichrow and ichrowcol (chapter 20). -

Description mca 2213

Invsym20 should be called after rnksym20 (but only if the rank equals

n), and calculates the inverse, X, of the n—th order positive definite
symmetric matrix M whose pivot—Cholesky matrix and pivotal indices, as
produced by rnksym20, are given in the upper triangle of

axrray al1:n, 1:n] and in integer array pl[1:n].

The upper triangle of X is overwritten on a.

invsym20 uses invsym2 (mca 2203), ichcol, ichrow, ichrowcol

(section 202) and, indirectly, also matvec and tamvec (section 200).

Description mca 2214
rn.kinvsm := rank, r, of the n—~th order positive semi—definite
symmetric matrix M whose upper triangle is given in array a[1:n, 1:n].

In array aux[0:3] one must give a relative tolerance, aux{0]. -
If r = n, the upper triangle of the inverse of M is calculated an
overwritten on a,

Moreover,

aux[1)]:= the maximum diagonal element of M;

aux[2]:= 0;

aux[3]:= determinant of M.

However, 1f 1 <r < n (M positive semidefinite) or r < O (M not
positive semidefinite), then no inverse is calculated and the re sults
of rnkinvsym?0 are the same as those of rnksymeO.

rokinvsym20 uses rnksym20, invsym20 and, indirectly, also invsyme
(mca 2203), matvec, tamvec, tammat, ichcol, ichrow and lchrowcol
(chapter 20).
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comment mca 221a;
integer procedure solsymhom@0(a, n, aux); value n ; Integer n;
array &, aux;
begin integer i, pd, J, rank;
real r;
Integer array pl1:n];
gsolsymhom20:= rank:= rnksym20(a, n, p, aux):; if rank > O then

begin for i:= rank + 1 step 1 until n do
for J:= rank + 1 step 1 until n do af1,j]:= if 1 = j then 1

else 0O;

foriurwkat ]--‘luntilldo

beg}_n re= - 8 >
for jJ:= rank + 1 step 1 until n do a[i,j]l:= (ali,j] +

matmat(i + 1, rank, 1, j, a, a)) / r
end,

for,jmra.nk ) — 1 until 1 do *
begin pjs= plJ l if pJ ¥ J then ichrow(rank + 1, n, J, pj, 2)

end
end s8olsymhom20;
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Description mca 221a
solsymhomP0 solves the homogeneous linear system whose n—th order

positive semidefinite symmetric matrix M is given in the upper
triangle of a: al1:n, 1:n].

In array aux[0:3] one must give a relative tolerance, aux[O].
solsymhom®0:= rank, r, of M, calculated by means of rnksymc0.
Subsequently, a complete set of n — r linearly independent solution
vectors of the homogeneous linear system is calculated and delivered
in the last n — r columns of a. The first r columms of the pivol-
Cholesky matrix of M are delivered in the first r columms of a.
Moreover, the same results are delivered in aux as Dby rnksym20,
However, if rnksym20 delivers a negative (integral) value, indicating
that M 1is not positive semidefinite, no solution of the homogeneous
system is calculated and only the results of rnksym20 are delivered.
solsymhom20 uses rnksym20, matmat, ichrow and, indirectly, also
tammat, ichcol and ichrowcol (chapter 20).
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comment mca 2215;
Integer procedure rnksymi0(a, n, p, aux); value n; integer n;

inteﬁer arxray p; / 8, aux; -
beﬂ nteger k, s KK, Kj, pp, 1, J, JJ, t, low, up;

real norm, epsnorm, m, max, d, r, w;

5 norm:= O3 kk:= O;

1 8tep 1 until n do

:=kk + k; If a[kk] > norm then norm:= a[kk] end;
:= aux[0] X norm; aux[1]:= norm; m:= 0; kk:= 0;

for ki= 1 step 1 until n do

begin max:= epsnorm; t:= kk;
oY J:= Kk s8tep 1 until n do

i:= k step 1 until n do
begin kk:= kk + 1; low:= kk — 1 + 1; up:= low + k —2;
r:= abs(alkk]); if r > m then m:= r; kj:= kk + 1;
for j:= 1 + 1 step 1 until n do
begin r:= alkj]:= a[kJ] = vecvec(low, up, kj — kk,
a, a); ri=abs(r); if r > m then m:= r;
kj:=kJ + J
end
end;
mgoto end
end;
kik:= kk + k; low:=kk — k + 1; up:= kk — 1; plk]:= pk;
d:= 4 X max; ifpk+kthen
begin ichvec(low, up, pp — pk — kk + k, a);
ichseqvec(k + 1, pk — 1, kk + k, pp — pk, a);
ichseq(pk + 1, n, pp + k, pk — k, a); alppl:= a[kk]
end; ,.
alkk]:= r:= sqrt(max); kj:= kk + k; Jj:= kk;
for j:=k + 1 step 1 until n do
begin wi= a[kj]:= (
r; Jy:= 33+ 35 aldili= aldd] — wx w; kj:= k3 + 3
end
end;
ki=n + 1;
end: aux[2]:= m; aux[3]:= 4; |
rnksymiO:= if m <2 X epsnorm then k — 1 else — k
end rnksym10; "

a[EJI — VCE?QC(].W, up, k.j - kk: = a)) /
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Description mca 221
symlO:= , Ty OFf the n—th order positive semidefinite symmetrilc
matrix M whose upper triangle is given in

all1 : (n + 1) Xen : 2]. In array aux[0:3] one must give a
relative tolerance, aux[O].
The pivot—Cholesky matrix of M 1s overwritten on a and the plvotal
indices are delivered in integer array pli:rl.
Moreover,
aux[1]:= the maximum diagonal element of M;
aux[2]:= the maximum absolute value of the elements of the rems
submatrix of order n — r if r < n, and otherwise O;
aux[3]:= determinant of the principal submatrix of order r.
However, if M is not positive semidefinite, then rnksymiO:= minus the
last stage number.
rnksym]10 uses vecvec, ichvec, ichseqvec and ichseq (chapter 20).
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comment mca 2216;
procedure solsym10(a, n, p, b); value n; integer n; array a, b;
integer array p; -
begin integer i, 11, pi; real s;

1ii:= O3

for 1:=1 st luntiln_c_i_g_

e ; ple=pli]; 1i:= 11 + 1;
_L‘B'[i] : = (b[pi] — vecvec(l, 1 — 1, 11 -1, b, a)) / al[ii];
if pi + 1 then blpil:= s

end,
fori.=n F--Juntil]do

be n b[1]7= (b[1] — seqvec{(i + 1, n, 11 + 1, O, a, b)) / aliil;
i = {1 — 1

end;

for i:= tep -1 until 1

begin pi = p 1]; if p1 % 1 'then
begin s:= b[1]; bl[1]:= b[pi]l; blpil:= 8 end
end
end solsymiO;

uu comment mca 2217;
ger procedure rnksolsymiO(a, n, b, aux); value n; integer n;

E.-‘EX » b, aux;

begin integer rank; integer array pli:n];
rnksolsym10:= rank:= rnksymiO(a, n, p, aux);
if rank = n then solsymiO(a, n, p, b)

end rnksolsymiO;

comment meca 2218;

E:_r_‘_qcedure invaymIO(a, n, p); value n; integer n; integer array p;

in'be er 1, 11, pi, pp; real r,
invsymi(a, n); ii:=(n + 1) X n : 2;
for 1:=n te — 1 until 1 do
begin pi:= p[1i]l; if pi F 1 then
begin pp = (pl + 1) X pi : 2;
ichvec(ii — 1 + 1, i1 — 1, pp — pi — 11 + i, a);
ichseqvec(i + 1, pi — 1, i1 + i, pp — pi, a);
ichseq(pli + 1, n, pp + 1, pl - 1, a); r:= a[ii];
a[11]:= a[ppl; alppl:=r
end;
1ii= 11 —~ 1

end
end InvsymiO;

comment mca 2219;

integer procedure rnkinvsymiO(a, n, aux); value n; integer n;
a.rrax 8, aux;
begin integer rank; integer array pli:n];
rnkinvsymiO:= rank:= rnksymiO(a, n, p, aux);
if rank = n then invsymi0O(a, n, p)
end rnkinvsym 103
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Description mca 2216
s01sym10 should be called after rnksymiO (but only if the rank equals

n), and solves the n—th order linear system Mx = b, where M is the
positive definite symmetric matrix whose pivot—Cholesky matrix and
pivotal indices, as produced by rnksymiO, are given in .

array all : (n + 1) X n : 2] and in integer array pl1:n], and where b
1s the vector given as array b[1:n].

The solution vector x is overwritten on b.

s0lsymlO leaves a and p invariant, so that after one call of rnksyml0O
several calls of solsyml10 may follow for solving several linear
systems having the same matrix but different right—-hand sides.

solsymi0O uses vecvec and seqvec (section 200).

Description mca 2217

rnksolsymiO:= rank, r, of the n—th order positive semidefinite
symmetric matrix M whose upper triangle i3 given in

array all : (n+ 1) X n : 2],

In array aux[0:3] one must give a relative tolerance, aux[0].

If r = n, the linear system Mx = b 18 solved, where b is the vector
given as array b[1:n], and the solution vector x is overwritten on b.
The pivot—Cholesky matrix of M is overwritten on a.

Moreover, aux[1]:= the maximum diagonal element of M; aux[2]:= 0;
aux[3]:= determinant of M,

However, 1f 1 <r <n (M positive semidefinite) or r <0 (M not
positive semidefinite), then no solution vector is calculated and the
results of rnksolsymlO are the same as those of rmnksymiO.
rnksolsyml10 uses rnksyml0, solsymi0O and, indirectly, also vecvec,
seqvec, ichvec, ichseqvec and ichseq (chapter 20).

Description mca 2218

Invsym10 should be called after rnksymlO (but only if the rank equals
n), and then calculates the inverse, X, of the n—th order positive
definite symmetric matrix M whose pivot—Cholesky matrix and pivotal
indices, as produced by rnksymiO, are given in

array alt : (n+ 1) Xn i2] and in integer array pl1:n].

The upper triangle of X 1s overwritten on a.

invsym10 uses invsyml (meca 2208), ichvec, ichseqvec, ichseq

(section 202) and, indirectly, also vecvec and seqvec (section 200).

Description mca 2219
- rnkinvsym]O:= rank, r, of the n—th order positive semidefinite

symmetric matrix M whose upper triangle is given in

array al1 : §n+ 1) X n : 2].

In array aux[0:3] one must give a relative tolerance, aux[0].

If r = n, the upper triangle of the inverse of M 18 calculated and
overwritten on a.

Moreover, aux[1]:= the maximum diagonal element of M; aux[2]:= O;
aux[3]:= determinant of M.

However, if 1 <r <n (M positive semidefinite) or r < 0 (M not
positive semidefinite), then no inverse is calculated and the results
of rnkinvsym10 are the same as those of rnksymioO.

rnkinvsym10 uses rnksym10, invsyml10 and, 1lndirectly, also invsyml
(mca 2208), vecvec, seqvec, ichvec, ichsegvec and ichseq (chapter 20).



Section 222 Cholesk:

decomposition for band matrices

The procedures of this section solve a system of linear equations

and / or calculate the determinant of a matrix, provided the matrix is
a positive definite symmetric band matrix: ,
detsolsymbnd solves a system of linear equations and calculates the
determinant of the system;

detsymbnd calculates the determinant of a matrix;

solsymbnd solves a linear system whose matrix is given in the
Cholesky—decomposed form produced by detsymbnd.

Une call of detsymbnd followed by several calls of solsymbnc

used to solve several linear systems having the same
different right-hand sides.

The method used 18 Cholesky's square—root method without pivoting (see
section 220 and [9]). If the given symmetric band matrix M is positive
definite, then the method ylelds an upper—-triangular ba.nd matris

the "Cholesky matrix" of M, such that U'U equals M; moreover, the
determinant of M is delivered, calculated as the product of the
squares of the dlagonal elements of U (and, thus, always positive).
The number of nonzexro dlagonals of U is the same as that of the upper
triangle of M. The process is completed iIn n stages, each stage
producing a row of U. However, the process is discontinued 1f at some
stage, k, the k—th dlagonal element of M minus the sum of the squared
elements of the k~th colum of U (the sqrt of this quantity being the
k—th diagonal element of U) 1s not positive, meaning that M, per
modified by rounding errors, 1s not positive definite. In that case
instead of the determinant, minus the last stag

delivered.

re number k 1is

The solution of the linear system U'Ux = b is obtained by solving
Uy = b (forward substitution) and Ux = y (back substitution).

array all (n - 1) X w + n] for the upper triangle of M a.ni U,
n is the order of the matrix and w the number of non—zero -a
above the main diagonal; the (i, J)—th element of matrix M or U is
al(J — 1) Xw+ 1] for § = 1,..., n and 1 = max(1, J - W),-- .5 J; the
other elements of a are neither used nor changed.




62

comment mca 2220;
real procedure detsymbnd(a, n, w); value n, w; integer n, w; array a;
'begin in‘beﬁ ,j, k, Jlm.x, kk, k.j, W1, Btart!
real r, det.,
det:= 1; jmax:= w; wit=w + 1; kKi= — w;
for k:= 1 step 1 until n do
begin if k + w > n then jmax:= Jmax — 1; kk:= kk + wi;
start:= kk o k + 1)
r:= a[kk] — vecvec{if k < w1 then start else kk — w, kk —
1, O, a, a); :Lfr<0then
de't.aymbnd = — k; m‘bo end end;
de-t = r X det; alkkl:= r:= sqrt(r); kj:= kk;
for J:= 1 step 1 until jmax do
begin kj:= kJj + w;
a[k,j] = (a.[k.j] — vecvec(if k + J < w1 then start else kk

"""'W""J, “1,k3“k1[,a, a) 71‘

end
end ;
end

4] ,n.d-: -t det.;

end detsymbnd;

[k] = ('b[k] - v*ecvec(_:!._f_ k <wl then 1 else k —w, k - 1, kk
-k, b, a)) / alkk]

for k.nn tep — 1 until 1 do
u n 1f imad [<]w then imax:= imax + 1: 3
blk]:= (b k] — acaprd1(kk +w, w, K+ 1, 1, imax, a, b
a[kk], kk, kk......'w] 3 J b > J J )) /

detsolaymbnd(a, n, w, b); velue n, w; integer n, w;

begin real det;
detsolsymbnd:= det:= detsymbnd(a, n, w);
if det > O then solsymbnd(a, n, w, b
end Jetsolsymbnd; » s Vs P)
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Description mca 2220
detsymbnd:= determinant of the n—~th order positive definite symmetric

band matrix M having w codiagonals on each 8ide of the main diagonal,
and whose upper triangle i1s given in array a[1 : (n — 1) X w + n].
Moreover, the Cholesky matrix of M is calculated and delivered in a.
If, however, M 1s not positive definite, then the Cholesky decom—
position 18 discontinued, and detsymbnd:= minus the last stage number.
detsymbnd uses vecvec (mca 2000).

Description mca =221

solsymbnd solves the n—th order linear system U'Ux = b, where b 1s the
vector given as array b[1 : n], and U is the upper—triangular band
matrix having w codiagonals, and which 18 given in

array a[1 : (n — 1) X w + n].

The solution vector x 1s overwrlitten on b.

If U 18 the Cholesky matrix of a positive definite symmetric band
matrix M, as produced by detsymbnd, then the calculated solution
vector x 18 the solution of the linear system Mx = Db,

solsynmbnd leaves the elements of a invariant, so that after one call
of detsymbnd several calls of solsynbnd may follow for solving several
linear systems having the same matrix but different right—hand sides.
solsymbnd uses vecvec and scaprdl (section 200).

Description mca 2222

detsolsymbn eterminant of the n—th order positive definite
symmetric band matrix M having w codiagonals on each side of the main
diagonal, and whose upper triangle is given 1in

array al[1 : (n — 1) X w + n].

Moreover, the solution vector x of the linear system Mx = b, where b
is the vector given as b[1:n], is calculated and overwritten on
b, and the Cholesky matrix of M i3 delivered in a.

If, however, M is not positive definite, then the Cholesky
decomposition is discontinued, no solution is calculated, and
detsolsynmbnd:= minus the last stage number.

detsolsynbnd uses detsymbnd, solsymbnd and, indirectly, also vecvec
and scaprdl (section 200).




Section 224 Least—squs problems

This section comtains procedures for solving linear least—squares
problems:

1sqdecsol calculates the solution x of a least—squares problem Mx — b
and, moreover, the maln dlagonal of the inverse of the product M*M;
lsqgdec performs the Householder triangularisation of M and calculates
its rank;

1sgsol and lsqdglinv are to be used in combination with lsgdec for
solving a linear least—squares problem (or several problems having the
same matrix M but different right—hand sides) or for calculating the
main diagonal of the inverse of M'M. : '

Apart from some changes and adaptations to our vector procedures,
lsqdec and 1sgsol have been derived from [10]. However, our procedures
do not perform iterations for improving the solution; these iterations
would be of limited value, as 1s pointed out in [11].

The method is Householder triangularisation with column interchanges.
Let M have n rows and m colums; lsqdec produces an n—th order
orthogonal matrix Q and an n X m upper—triangular matrix R such that R
equals QM with permuted columms. Matrix Q is the product of at most m
orthogonal symmetric n—th order "Householder matrices'", which are of
the form I — sww', where I 18 the identity matrix, w a columm vector
and 8 a scalar. Matrix M i1s reduced to R in (at most) m stages. In the
k—-th stage, the desired zeroces are introduced in the k—th columm of
the matrix as follows: first the "pivotal" column, 1. e. the columm
having maximum Euclldean norm, 18 selected from the remaining

(n -k + 1) X (m—-k + 1) submatrix, and the pivotal and the k~th
columms are interchanged; then the k—th Householder matrix is
calculated and postmultiplied by the remaining submatrix.

The k—th Householder matrix is chosen such that this
postmultiplication introduces the desired zeroes in the k—th column,
and the first k — 1 elements of w are zero.

If at some stage k the Euclidean norm of the pivotal columm is smaller
than some tolerance, viz. a given relative tolerance times the maximum
of the Euclidean norms of the columns of M, then the process 1is
discontinued, and k — 1 18 delivered as the rank of M; otherwlse, the
rank equals m.

In lsqgsol, the least—squares solution x of the problem Mx — b 1s
obtained by first calculating y = Qb, then solving the triangular
system consisting of the first m equations of Rx = y (back
substitution), and finally interchanging the elements of x in "reverse
correspondence” with the interchanges of the columms of M, 1. e. the
same Interchanges are carried out in reverse order. As by—product the
last n — m elements of y are delivered; the sum of the squares of
these elements is approximately equal to the square of the Euclidean
norm of the residue vector Mx - D.

In lsqdglinv, the main diagonal of M'M is obtained by calculating the
inverse of R, from this the main diagonal of the inverse of R'R, and
then interchanging the calculated diagonal elements in reverse
correspondence with the interchanges of the columms of M.
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comment mca 2240
Integer procedure lsqdec(a, n, m, aux, aid, ci); value n, m;
integer n, m; array a, aux, ald; integer array ci;
begin integer Jj, k, kpiv;

real 'b.eta, '.-.--E.m-"# norm, w, eps, a-kks aidk;

array sum[1:m];

norm:= 0; lsqdec:= m;

for k:= 1 step 1 until m do

M w:= Sum k]:m -mw; I, k, k, a, a);

if w > norm then norm:= w

end;

wi= aux[1]:= sqrt(norm); eps:= aux[0] X w;

for k:= 1 step 1 until m do

begin sigma:= summrkpiv: = K; (1

for jJ:=k + 1 ate;F 1 until m do if sum{j] > sigma then
n sigma:= gum J]; k piv:= T@;
k then

begin sum[kpiv]:= sum([k]; ichcol(1, n, k, kpiv, a) end;

cilkl:= kpiv; akk:= al[k,k]; sigma:= te mat(k, n, k, k, a, a);
wi= sqrt(sigma); aidk:= aid[k]:= if akk < O then w else — w;
1f w < eps then T
begin lsqdec:=k — 1 g0Lo enddec end; -
‘Fe-g‘t'a.Ta 1 / (sigma — akk X aidk); aﬁ_;k]:m akk — aldk;
for J:=k + 1 step 1 until m do
begin elmcol(k, n, J, k, a, a, — beta X
a, a)); sum[{Jl:= sum[Jj] - alk, j] A 2
end
end for k;
enddec: aux[2]):= w
end lsqdec;

w; mu.:: Il, k’ j.’
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Description mca 2240
1sqdec:= rank, r, of the n X m matrix M give.. in array al1:n, 1:m].

In array aux[0:2] one must give a relative tolerance, aux[0].
The pivotal column indices are delivered 1n integer array ci[1 : rl,
the (r first) diagonal elements of the upper—triangular matrix R in
array aid[1 : r], and the other elements of the upper triangle of R in
array a, together with the vectors w of the Householder mairices.
Moreover,

aux[1]:= the maximum Euclidean norm of the columms of M,

aux[2]:= the absolute value of the r—th dilagonal element of R.

lsqdec uses tammat, elmcol and ichcol (chapter 20).




ment meca 2241 ; =
procedure lsqsol(a, n, m, aid, ci, b); value n, m; integer n, m;

array a, ald, b; integer array ci;
begin integer?k, cik;

for k:= 1 step 1 until m do elmveccol(k, n, k, b, a, tamvec(k,
n, k, a, b (a1dlk] X alk,k]));

for ki=m step — 1 until 1 do blkl:= (b[k] — matvec(k + 1, m, k,
a, b)) / aldlk]; o

for k:=m step — 1 untlil 1 do
begin cik:= ci[k]; If cik $ k then
begin w:= blk]l; blk]l:= blecik]; blcik]:= w end

k:= 1 step 1 until m do

begin die -.- 1/ aid[kT;

for j:=k + 1 step 1 until m do diag[jl:= — tamvec(k, J — 1,
a.i'""_;Fd 3

end;
for k:=m step — 1 until 1 do
begin cik:= cf[k]; 1f cik 4 k then
begin w:= diaglk]; diag[k]:= dlag[cik]; diag[cik]:= w end
end 3 '
end lsqdglinv;

snt mea 2243 ;

integer procedure lsqdecsol(a, n, m, aux, diag, b); value n, m;
integer n, m; array a, aux, diag, b;
m] ;
ci[1:m];

raxnk Ool:= lsqdec(a; n, m, aux, aidqd, Ci);
1f rank = m then |
begin 1sqdglinv{a, m, aid, ci, diag); lsqsol(a, n, m, aid, ci, b)
end
end lsqdecsol;



Description mca 2241
T should be called after 1sqdec (but only if the rank equals m),
and calculates the least=squares solution x of Mx — b, where b is the
vector given as. array bl1:n], and M is the n X m matrix whose
Householder~triangularised form R, with the vectors w of the
Householder matrices and the pivotal indices, as produced by lsqdec,
are given 1n array al1:n, 1:m], aid[1:m] and integer array cil1:m].
The solution Vector x is overwritten on the first m elements of b, and
the last n - m elements of y are overwritten on the last n - m
elements of b,

1sqsol leaves the elements of a, aid and ci intact, so that, after one
call of lsqdec, several calls of 1lsqsol may follow for solving several
least=~squares problems having the same matrix M but different right—
hand sides b,

1sqsol uses matvec, tamvec and elmveccol (chapter 20),

Description mca 2242 J,
[sqdglinv should be called after lsqdec (but only if the rank equals
m), and calculates the main diagonal of the inverse of M'M, where M is
the metrix whose Householder-triangularised form R with the pivotal
indices, as produced by lsqdec, are given Iin

array al[1:m, 1:m], aidl1: % and integer array cil1:m].

The celculated main diagonal is delivered in array diagl[1:m]; the
elements of a, aid and cil are left intact.

1sqdglinv uses vecvec and tamvec (section 200).

Description mca 2243 .
Tsqdecsol:= rank, r, of the n X m matrix M given in array a[1:n, 1:ml.
In array aux[0:2] one must give a relative tolerance, aux(0].

If ¥ = m, then the least-squares solution x of Mx — b, where b is the

the last n — m elements of b; moreover, the ms
inverse of M'M is delivered in array diagl1 em] .
However, if r < m, then no solution and main diagonsal
and the elements of b and diag are left unchanged.
In either case,
aux[2]:= the absolute value of the r—th dliagonal el
elements of a are altered,
1sqdecsol uses lsqdec, lsgsol, lsqdglinv and,
matvec, tamvec, tammat, elmve ccol, elmcol and
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CHAPTER 21 LINEAR SYSTEMS AND MATRIX INVERSION

The formulas for this chapter hold for nonsingular matrices, unless
stated otherwise.

€10 Triangular decomposition with partial pivoting

mca 2000 to 2005 mca 2000 to 2005

in machine—code in ALGOL 60
mca 2100 det (.033><n+3.1+)><n4\2 (.22><n+2.9)><n4\2
mca 2101 sol {.0914- Xn+ 4,5 Xn (.55 X n + 2.9) X n
mca 2102 detsol 033 Xn+3.5)XnA2 (.2Xn+3.5)XnA2
mea 2103 inv (.061 ><n+3.ll»§ XnA2 (U43Xn+1.9) XnA?2
mca 2104 detinv (.94 X n+6.8) XnA2 (.65Xn+4.8)XnAp2

Section 211 Elimination with complete pivoting
The formula for rnkelm holds y 1f n and m are nearly equal and the rank
equals min(n, m); the formula for solhom holds, provided the rank is
not nmuch smaller than m,

mca 2110 rnkelm (.51 Xn+ L4.2) XnX (m -n/3)
mca 2111 solelm (.100X n + 4.8) X n

meca 2112 rnksolelm (.34 ><n+29)><n/t\2

mca 2113 solhom (.046 X rank + 2.9) X

mca 2114 invelm (.95 X n 57)><n4\2

Section 212 Band matrices

Here w 18 the band width, thus, w = lw + rw + 1.
The formulas for this section hold only if w is much smaller than n.

mca 2120 detbnd 5.56 X lw + 2.3) X w X n
mca 2121 solbnd T X 1Iw+ .1 X rw+ 4.2) Xn
mca 2122 detsolbnd (.55 X 1w + 2.9) X w X n



CHAPTER 22 POSITIVE DEFINITE SYMMETRIC LINEAR SYSTEMS AND MATRIX
INVERSION

The formulas for this chapter hold for nonsingular matrices, unless
stated otherwise.

Section Cholesky decomposition without pivoting

.....

mca 2200 detsym? (016 X n + 1.2) Xn A2
mea 2201 solsym2 .092 X n + 4,1) X n

mca 2202 detsolsym2 016 X n + 1.3) X n A 2
mca 2203 invsym2 (032 Xn + 1.7) XnA?2
mea 2204 detinvsyn2 (048 X n + 2.9) X n A 2
mca 2205 detsym] (016 Xn + 1.0) XnAZ2
mca 2206 solsym] (.30 X n + 3.33 X n

mca, 2207 detsolsyml (.016 X n + 1.3) X n A2
mea 2208 invsyml (104 X n + 1.4) X n A2
mca 2209 detinvsyml (.120 X n + 2. 4) X n A 2

Section Cholesky decomposition with pivoting

The formula for solsym20 holds, if the rank equals n — 1.

meca 2210 rnksym20 (016 X n +2.6) X n A2
mca 2211 solsym20 (.092 X n + 5.6) X n
mca 2212 rnksolsym20 €.016 Xn+2.T) XnA?2
mca 2213 invsym20 032 X n +2.8) XnA?2
mca 2214 rnkinvsym20 (.048 X n + 5.4) X n A 2
mca 221a solsymhom20 (.016 X n + 2.9) X n A 2
mca 2215 rnksymilO (.016 X n +2.0) Xn A2
mca 2216 solsyml0 (.30 Xn + 4.,8) xn
meca 2217 rnksolsyml0 (.016 X n + 2.3) X n A 2
mca 2218 invsymiO (.10 X n +.2.2) X n A 2
mca 2219 rnkinvsymi0 (.120 X n + 4.2) X n A 2
ction Cholesky sposition for band matrices

The formulas for this section hold only if w is much smaller than n.

mca, 2220 detsymbnd (.036 X w + 2.4) X wXn
mca 2221 solsymbnd (.67 X w+ 4.8) X n
mca 2222 detsolsymbnd (.036 X w + 3.1) X w X n

Least—squares problems

mca 2240 lsqdec (.50 X m + 2. 2; X mX (n —m/3)
mca 2214 lsgsol (.75 Xm+ 1.0) X n

mca 2242 1lsqdglinv (016 X m+ 1.1) X mA2

mca 2243 lsqdecsol (.50 Xm+ 4.1) X mX (n — m/3)

13



