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Chapter 1

Introduction

When asked what this thesis is about I usually say either ‘forest-fire models’ or
‘percolation-like problems’. A more precise answer would be ‘self-organised criti-
cality’(SOC) and if we concentrate on the problems (and not on the answers) it is
mainly about the existence of certain processes!.

Self-organised criticality has been a very fashionable subject over the last fifteen
years. Ever since its introduction by Bak, Tang and Wiesenfeld [BTW88] in 1988 it
has attracted a lot of attention. The concept of self-organised criticality is so appealing
because it is a way to explain how complex structures arise from simple dynamics.
It involves self-similarity, which is often observed in nature. This self-similarity, or
scale-free behaviour, manifests itself in the occurrence of power laws: the probability
distribution functions of the main quantities in a system obey a power law. The
concept of self-organised criticality has been linked to sand-piles, earthquakes, forest-
fires, epidemics, biological evolution and the distribution of words in a text. There are
many more examples. General introductions on self-organised criticality are [Bak97]
and [Jen98|.

Traditional models in statistical physics such as the Ising model, or ordinary perco-
lation, also show the power law behaviour which is typical for self-organised criticality.
These models display a phase transition: the parameter of the model can take a crit-
ical value, above and below which the system behaves essentially different. At the
critical value, power law behaviour is observed for the main quantities of the system.
However, this is a fragile situation because we need to fine-tune the parameter to its
critical value. In a self-organised critical model, the system drives itself into a critical
state. There is no need to fine-tune the parameters of the model so in some sense,
the critical behaviour is more robust.

Usually, self-organised critical models are difficult to analyse. Very little is known
rigorously and specifically, as in the case of ordinary critical models, the values of the
exponents in the power laws are hard to derive. Physicists have been able to predict

1Of course, some of the problems in this thesis have a different flavour, but most of them are
derived from the above mentioned processes.
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exponents for many models but in most cases, rigorous mathematical proofs do not
exist. For some models, problems arise at an earlier stage. Before trying to prove
power law behaviour and computing the critical exponents, one needs to worry about
the existence of the model. Existence is meant in a mathematical sense here: usually
it is easy to formulate the model in words, but its mathematical definition should
be internally consistent. Problems with existence arise when one looks at infinite
structures. In our first attempt to study an alleged self-organised critical model, the
problem of existence popped up. It turned out to be a recurrent theme.

From now, this chapter becomes more concrete: it introduces the models that are
discussed in this thesis. Being an introductory chapter, it contains an attempt to de-
scribe how these problems arose. Therefore the reader will find that their presentation
here is in somewhat different order than further on. Chronologically, the chapter on
the monomer-dimer model should be first, but since this chapter is least connected to
the other chapters, we postpone its discussion till later. Further, since most problems
have a strong connection with percolation theory, we present a short introduction to
percolation theory first. Readers familiar with the subject are strongly encouraged to
read this subsection, because it introduces some notation used later on.

1.1 Introduction to percolation theory

The basic example for percolation theory is the wetting of a stone. If we drop a porous
stone into a bucket of water, will the inner part get wet? This question is all about
the geometry of the holes in the stone. Broadbent and Hammersley [BH57] were the
first to pose this question and they introduced the first so-called percolation model.

A two-dimensional version of this model is the following construction. Consider
the graph induced by Z?. The sites, or vertices of the graph are the points of Z2.
A bond, or edge, exists between two sites whenever their Euclidean distance is 1.
Now we declare each bond of the lattice open with probability p and closed with
probability 1 — p, independently of the other bonds. The measure associated with
this model is the product measure with parameter p, denoted by Pp. The interesting
quantities in the percolation model are the clusters of open bonds. An open cluster
(sometimes also called open p-cluster, to emphasize the parameter p) of some bond
e is the maximal connected set of open bonds containing e. Water can only travel
trough open bonds, so the question whether the inside of the stone gets wet becomes
equivalent to the question what the clusters of open bonds look like. The behaviour
of this model depends clearly on the value of p. Some examples can be found below
in Figures 1.1 and 1.2.

The model described above is called bond percolation in two dimensions. We can
also define the same model in general dimension d where the underlying graph is 7,
or instead of considering bonds, we can declare each site open with probability p and
closed with probability 1 — p. Moreover, one can take other two-dimensional lattices
(e.g. the triangular or honeycomb lattice) as the underlying graph, or even trees. In
all the modifications above the bonds or sites behave independent of each other and
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Figure 1.1: Realization of bond percolation where p = 0.25; opens bonds are repre-
sented by black lines.

hence the process is still governed by a product measure. We refer to this type of
percolation by independent percolation. It is a small step to consider mechanisms
where there is some dependence. For example, open bonds may be drawn together,
in the sense that it is more likely that a bond is open if its neighbours are open.
Another famous example is the random-cluster model of Fortuin and Kasteleyn.

One can see that percolation has a very broad scope. Percolation-like models
have been used to study ferro-magnetism and electrical networks but also topics less
related to physics such as forest-fires, epidemics and the growing of water lilies in a
pond. All these models (and many more) have been studied in the literature. Some
terminology: instead of ‘open’ and ‘closed’, other notions like ‘occupied’ and ‘vacant’
or even simpler ‘1’ and ‘0’ are used in the literature, depending on the nature of the
model.

Back to bond percolation in two dimensions. As we can see in Figure 1.1 where
p = 0.25, all open clusters are fairly small. The general behaviour looks very different
from Figure 1.2 where we took p = 0.75. There it seems that most open bonds are
in the same large cluster. At some point there must be a transition between the two
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types of behaviour.
To formalise this statement, we first define the percolation function.

6(p) := Pp(O ¢ o0), (1.1.1)

where O is the origin (0,0). By O + z we mean that there exists an open path from
O to z: a path ej,es,...,e, of consecutive disjoint open bonds such that O is an
endpoint of e; and z is an endpoint of e,. Similarly, O + oo means that there is an
infinite open path. Note that since we work on the infinite lattice, all sites behave
the same so that the choice of O in the definition of the percolation function is not
crucial. An application of the usual zero-one law shows that there is (somewhere) an
infinite cluster a.s. whenever #(p) > 0. In fact, the infinite cluster is unique, in the
sense that with probability 1, there is only one infinite cluster. This was first proved
by Aizenman, Kesten and Newman in 1987 [AKN87a], [AKN87b]; Burton and Keane
provided a more elegant proof in 1989 [BK89].
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Figure 1.2: Realization of bond percolation where p = 0.75; open bonds are repre-
sented by black lines.
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It is clear that §(0) = 0,6(1) = 1 and that 6(p) is increasing in p. We need to for-
malise the observed transition in the behaviour of our model (recall the different types
of behaviour in Figures 1.1 and 1.2). To this end, we define the critical probability

P = inf{p : 8(p) > 0}. (1:11:2)

If p > p. and hence #(p) > 0, we say that p is in the supercritical regime. Likewise,
all p < p. are in the subcritical regime and p, itself is called critical. The value of p,
is different for different percolation models and in general not known. We discuss a

few.
site or bond percolation on Z p. = 1.

bond percolation on the square lattice p, = 1/2
bond percolation on the triangular lattice p. = 2sin(w/18)
site percolation on the square lattice p. ~ 0.593
site percolation on the triangular lattice p.=1/2

The fact that p. = 1 for bond or site percolation on Z is a trivial observation.
Kesten [Kes80] proved the highly non-trivial fact that p. = 1/2 for bond percola-
tion on the square lattice, using among other things the self-duality of the square
lattice. In the same spirit, Russo [Rus81] proved that p. = 1/2 for site-percolation
for any self-matching graph (satisfying certain symmetry conditions). This implies
in particular that p, = 1/2 for site percolation on the triangular lattice. Kesten’s
proof was adapted by Wierman [Wie81] who showed that p. = 2sin(w/18) for bond
percolation on the triangular lattice. Until now, no exact value has been found for the
critical probability of site percolation on the square lattice. Heuristic arguments and
simulations have shown that it is approximately 0.593, see [Hug96] for an overview.

From the definition of p, it is not clear whether the percolation function is positive
at p., or equivalently, whether the percolation function is continuous at the point p.. It
has been shown that 6(p.) = 0 in dimension 2 [Rus81]. This followed from the famous
Russo-Seymour-Welsh arguments [Rus78], [SW78] (see Appendix A). Continuity in
the critical point is also known in high dimensions (d > 19) [HS90], [HS94], [BA91].

For dimensions 3 < d < 19 it is believed that #(p.) = 0 but is has not been proved
(yet). The sketch of 8(p) on the next page is therefore only known to be valid for
d = 2 and d > 19. From this picture the reader may conclude that the percolation
function is continuous. This is indeed the case in all dimensions (of course, except
maybe in the point p. in dimensions 3 < d < 19). Right-continuity was first observed
by Russo [Rus78], whereas left-continuity for p > p. was shown by van den Berg and
Keane [BK84], under the assumption that the infinite cluster is unique.

Percolation theory has been a much explored area over the last couple of decades.
It would go way too far to give an overview of all results in this field. We refer
the reader to Grimmett [Gri99] for a thorough mathematical review up to 1999 or
Stauffer [Sta85] for a more heuristic introduction in the field. In the last 5 years,
an important breakthrough has been made using the so-called stochastic Loewner
evolution technique (SLE), see e.g. [LSW02], [TW04]. In Appendix A we present
some theorems on independent percolation that are used in later chapters.
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Figure 1.3: Sketch of the percolation function 6(p) when d = 2.

1.2 The permanent self-destructive process

This thesis started with a problem posed by Aldous in [Ald00]. Aldous’ paper is on
frozen percolation, but he proposes other, similar models. He introduces ( [Ald00]
Section 5.2) the following intuitive description of a process. Consider the binary tree.
Each edge of the tree is either in state ‘on’ or ‘off’. An edge which is ‘off’ will be
turned ‘on’ at rate 1. When an infinite cluster of edges that are ‘on’ appears, all edges
in this infinite cluster become ‘off” instantaneously. Aldous’ question is whether there
is a (unique) stationary stochastic process satisfying this description. From this the
following question arose: does a similar process as described above exist on ZE
Instead of considering a stationary process, we chose to study a (maybe more
natural) process where at time 0, the system is at rest, i.e. all sites in Z? are ‘off’
or have value 0. A site that is ‘on’ has value 1. All 0’s turn into 1’s at rate 1,
independently. As soon as there is an infinite cluster of sites with value 1, all sites
in this cluster get value 0 simultaneously, and instantaneously. We call this the
permanent self-destructive process. One may guess that this process displays self-
organised critical behaviour, in the following sense: since we start with an empty
configuration (all zeros), up to time i, corresponding to the critical probability of
ordinary percolation p, through p. = 1 — e*, we do not have infinite clusters. But
directly after t. an infinite cluster arises and disappears instantaneously. If self-
organised critical behaviour occurs, we expect that immediately afterwards, a new
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infinite cluster arises and disappears, and so on. The system would be in a critical
state at all times after t.. Before we could answer the question whether such behaviour
occurs, we had to show that the process indeed exists. In [BT01] a one-dimensional
version of this model had been constructed. However, on Z? this turned out to be a
too difficult problem at that moment.

There seemed to be two different approaches to simplify the permanent self-
destructive process:

(i). Introducing dynamics that govern the destruction of clusters. This turns the
model into a forest-fire model and the permanent self-destructive process can
be seen as a limiting case. We explain this in Section 1.3.

(ii). Discretising time, firstly by introducing a two-step model. Suppose instead of
erasing infinite clusters as soon as they appear, we wait until a fixed time. At
that time a catastrophe happens, destroying the infinite cluster. We then enable
vacant sites to become occupied for some time. Repeating this procedure, we
hope to obtain an approximation of the permanent self-destructive process. We
discuss this approach in Section 1.4.

1.3 SOC forest-fire models

Suppose a forest is located on a big square B(n) = [—n,n]?. Trees can grow at a

regular distance from each other, on sites in B(n). There are edges between sites
when their Euclidean distance is 1. Suppose that the land is bare (empty) when we
start at time 0. For a forest-fire model, we need two ingredients: a mechanism to
model the growth of trees, and a mechanism to model fires. The growth mechanism
is fairly simple. Each site in B(n) has a Poisson clock with rate 1 attached to it,
which is independent of the other sites. Whenever a clock rings, a tree tries to grow
at its site. We write ‘tries’ because if a tree is already present, nothing changes.
The fire mechanism is slightly more complicated. Suppose the fires are ignited by
lightning. Each site has another Poisson clock attached (which is independent of the
other clocks), with rate A, governing lightning. Each time such a clock rings, lightning
strikes. If no tree is present at that site, nothing happens. If a tree is present however,
it is set on fire. The fire spreads to neighbouring trees and the entire cluster of the
tree that was hit by lightning burns down. To make life easy, we assume that all trees
in the cluster burn down instantaneously and simultaneously, so that we do not need
to worry about trees growing on the boundary of a cluster that is somewhere on fire.
This assumption is not that outrageous because in practice, the speed of fire is much
larger than the speed at which trees grow. The model described above is a version of
the well-known Drossel-Schwabl forest-fire model [DS92].

Intuitively, it seems likely that the forest-fire model resembles the permanent self-
destructive process when taking the appropriate limits. First we take the size n of
the system to infinity, and then the lightning rate A to zero. As A | 0, the probability
that a finite cluster is hit by lightning goes to zero, so that we may argue that only
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infinite? clusters are set on fire and moreover, that that will happen as soon as they
arise. So intuitively, the behaviour of the forest-fire model should be similar to that
of the permanent self-destructive process, in the appropriate limits. Note that when
we reverse the order of these limits, we are left with a very boring model.

A simpler model, of which it is maybe less evident that it behaves like the per-
manent self-destructive process, is the following. Forget about lightning. Instead,
suppose that fires are created by careless people, running around the boundary of
the forest, throwing their burning cigarettes away. We model this by assuming that
as soon as a cluster of trees touches the boundary of the box B(n), it is set on fire.
Again clusters of trees are destroyed instantaneously. One might argue that although
people do silly things, they are not that stupid; the number of fires thus created could
be too large to be realistic. However, adding another layer of sites on the outside
of the box (i.e. considering the box B(n + 1)), should convince the reader that we
basically consider a model where trees on the boundary are set on fire with rate 1.

Fires only reach the inside of the box, if there is a connection of trees to the
boundary. Near the centre of the box trees are set on fire if they are connected to a
boundary far away, thus mimicking the infinite cluster. So intuitively, the behaviour
near the centre resembles the permanent self-destructive process if the box is large.
Closer to the boundary of course, things look different. It is not clear whether this
is a problem when we look at the overall behaviour. Nevertheless, for both forest-fire
models described above we can prove the same results.

So far, we have started with an empty box. The interesting behaviour occurs
around the critical time {. when very large (system-spanning) clusters are expected to
arise for the first time. Figure 1.4 shows a forest-fire model just before, and just after
the critical time. Trees are represented by black dots. We see that a large cluster
of trees arises and is destroyed. Results concerning the two-dimensional forest-fire
model around the critical time are presented in Chapter 3, Section 3.3.

The problem most studied in the literature is somewhat different. Physicists are
usually interested in the behaviour of the system in steady-state: if we let the process
run forever, do we reach some kind of equilibrium? And if so, what does the typical
configuration in equilibrium look like? In Figure 1.5, one can find a picture of a
system that has run for considerable time. Trees are represented by black dots. We
see ‘patches’ of trees that are essentially sub or supercritical.

However, physicists do not agree whether this picture is the correct one, see for
example [SDS02], [Gra02]. Limitations on computer speed and memory may influence
the outcome. Besides, since we are working with both system size and lightning rate,
changing their ratio changes the behaviour observed. On top of that all, it is not
clear whether the stationary distribution on finite boxes converges (in some sense) to
a steady-state distribution on Z2. This is an example where things are much simpler

2The question is of course, what ‘infinite’ means when we take a limit of finite boxes. See Open
Problem 3.3.3.
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Figure 1.4: Forest-fire model of size 640 x 640, just before (left) and just after (right)
a system-spanning fire. The fire occurred at time 0.94, corresponding to a tree density
of 0.61. On the infinite lattice, the critical density is ~ 0.593.

in one dimension.

On Z, we know that the forest-fire model exists for fixed A. Further, there exists at
least one stationary measure and we have been able to improve a result by physicists
on the cluster-size distribution, see Chapter 3, Section 3.2.

The pictures in this section were created with an adjusted version of [Hon97].

1.4 Self-destructive percolation

Maybe the simplest model to study aspects of the permanent self-destructive process
is what we call self-destructive percolation. Suppose we perform independent site
percolation with parameter p > p. on Z?. This gives us a configuration of occupied
and vacant sites on Z?. In the next step, some catastrophe destroys (makes vacant)
all sites that are in the infinite occupied cluster. Finally, each vacant site becomes
occupied again with probability 4, independently.

If we take the probability p very close to p. and § very small, the model may
behave just like the permanent self-destructive model very shortly after the critical
time. If p is very close to p., the infinite cluster is very sparse; it is likely that a
small § is sufficient to reintroduce an infinite cluster. Similarly, we can introduce a
three-step (with parameters p, d1,d2), four-step and in general an n-step model and
hope that when p | p., n — oo and &;,d2,... | 0 the behaviour will resemble the
permanent self-destructive process.

The two-step model turned out to be interesting (and complicated) enough in
itself. We discuss it in Chapter 2 and prove several properties of the model. Amaz-
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Figure 1.5: Forest fire model of size 640 x 640, assumed to be approaching steady-state.

ingly, the two-step model gave us a hunch about the existence of the permanent
self-destructive process. We formulate a conjecture (see Conjecture 2.4.5) which, if
true, implies that the permanent self-destructive process does not exist. This conjec-
ture, if true, also turns out to have consequences for the two-dimensional forest-fire
model. Unfortunately, we have not been able to prove or disprove this conjecture.

1.5 Frozen percolation

The step to so-called frozen percolation was easily made. Not only did the original
question about the existence of the permanent self-destructive process arise from a
paper about frozen percolation, but it also seemed to be a simpler mechanism to
freeze clusters than to make them disappear.

Suppose that we attach a uniform [0, 1] variable U; to each site ¢ of some graph
G. At time 0, all sites are at rest. At time U;, site ¢ becomes activated, but as soon
as 1 satisfies some criterion, it freezes. One should think of this criterion as the site
being in an infinite active cluster, being in an active cluster of size at least N, or
being connected by a path of active sites to some subset of G. This way, sites change
their state at most twice; the model seems simpler than the forest-fire models where
sites may change their state infinitely many times.

Unfortunately, there is no obvious coupling between forest-fire models and frozen
percolation. One could try to do the following. Suppose that we attach Poisson clocks
to all sites in some box B(n). We consider the forest-fire model where fires start on
the boundary, using the Poisson clocks to govern the growth of trees. We may couple
this forest-fire process and the following frozen percolation process using the same
Poisson clocks: if a Poisson clocks rings for the first time, its corresponding site is
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activated in the frozen process. Further clock rings are ignored. A cluster freezes as
soon as it touches the boundary. However, this direct coupling is of no use. Consider
the following example on B(2).

1

0 2 4
3 5

6 7

Suppose the Poisson clocks ring in the following order:

site 6 (6 burns, 6 freezes), site 3, site 6 (3,6 burn), site 0, site 5,
site 7 (0,3,5,7 freeze, 5, 7 burn), ....

Here site 0 freezes in the frozen process, but site 0 is not set on fire in the forest-fire
process. Alternatively, one may think that the following coupling holds: if a site is
set on fire, and all the sites in its cluster are set on fire for the first time, then the
site freezes as well. A small extension of the previous example shows that this is not
the case. Suppose the Poisson clocks ring in the following order:

site 6, site 3, site 6, site 0, site 5, site 7, as before; then,
site 1, site 2, site 4 (0,1,2,4 on fire for the first time, 2,4 freeze),....

In this case site 1 is in a fire, while at that time, all sites in its cluster burn for the
first time. However, site 1 does not freeze.

Although lacking a direct connection to the forest-fire models, the frozen perco-
lation process is interesting in itself. Probably the most natural version of frozen
percolation is the version where we freeze infinite clusters. However, Benjamini and
Schramm have shown (but did not publish) that the frozen percolation process where
infinite clusters freeze (in a slightly different setting) does not exist on Z*. It may
be interesting to investigate what happens if we freeze clusters as soon as they have
size at least N. Eventually we can send N to infinity. The occurrence of cycles in
the graph Z? makes this a difficult problem; we turn our attention to Z and the bi-
nary tree. On Z dependencies can be handled more easily, so that we can do explicit
calculations, see Chapter 4, Section 4.2.
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On the binary tree, Aldous [Ald00] studied a version of frozen percolation where
infinite clusters freeze. He showed that this process exists and that it is a nice exam-
ple of self-organised criticality (although Aldous does not mention the term SOC): at
all times, finite clusters behave like (have the same law as) ordinary critical percola-
tion clusters, both conditional on being non-empty. So remarkably, at all times, we
observe critical behaviour. We study frozen percolation where infinite clusters freeze
on the tree with slightly different dynamics than in [Ald00], see Section 4.3. Most
surprisingly, because computations became more complicated, our model also shows
critical behaviour.

1.6 The monomer-dimer model

Compared to the rest of this thesis, the section on the monomer-dimer has a different
flavour. For one, its emphasis lies on direct application; it presents an algorithm to
sample (approximately) from the monomer-dimer distribution.

At a superficial glance, a configuration in the monomer-dimer model looks a bit
like frozen percolation when N = 2. It is not the same though. In the monomer-dimer
model, two neighbouring sites may pair up (in a dimer) but whereas two is company,
three is a crowd: no connections of more than two sites are formed. The sites that do
not pair up with a neighbouring site stay on their own (being a monomer). Note that
for frozen percolation on Z? for example, sites may join together in groups of sizes up
to five when N = 2. A precise description of the monomer-dimer meodel on a graph
G = (Vg, E¢) is as follows: let M C E¢ be a subset of edges, such that no two edges
in M share a common endpoint. Such a subset is called a matching and we give it a
weight proportional to its size. We can define the monomer-dimer distribution pu as
follows. For any M C Eg

MMIT(M is a matching)
P:)\( ) 1= ]
Z(A)

where I(-) is the indicator function and Z(A) a normalizing constant.

The monomer-dimer model is used in physics, for example to represent the ab-
sorption of oxygen on a surface. This is best seen by considering the model on the
covering graph (or line graph) of G. The covering graph G is obtained from G in
an easy manner: let the centre points of edges in F¢ be the sites of G and add an
edge between two sites of G whenever their corresponding edges in G share a common
endpoint. Now oxygen molecules are absorbed at the sites of G. Being very large,
an oxygen molecule at some site prevents the absorption of another molecule at a
neighbouring site. This representation is sometimes called the hard-core model. A
few moments of thought should convince the reader that the monomer-dimer model
and the hard-core model obtained from it, are the same.

A main question is as always: what does a typical configuration in the monomer-
dimer model look like? This obviously depends on the value of A\. A large value of
A puts more weight on configurations with a lot of dimers, whereas a small value
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of XA assigns more weight to configurations with mainly monomers. To give a more
accurate answer to this question, we would like to sample from the monomer-dimer
distribution (and preferably, we would like many samples). Computing the probability
distribution and specifically the normalizing constant is not easy. If the graph G has
n edges, there are 2™ possible subsets M, a number that becomes large rapidly. Exact
computations become very hard. An answer to this problem is approximate sampling.
Suppose we can find a Markov chain that has the set of all matchings on G as its state
space, and the monomer-dimer distribution p as its stationary distribution. If we let
this chain run forever, the configuration we eventually see looks like a sample from
ix. The question we try to solve is to determine what point in time approximates
infinity, or equivalently, how long we have to run the chain to obtain an approximate
sample. Chapter 5 addresses this issue.

1.7 List of publications

[1]. van den Berg, J. and Brouwer R. Random sampling for the monomer-dimer
model on a lattice, J. Math. Phys., 41, 2000, 1585-1597.

[2]. Brouwer R. A bicategorical approach to Morita equivalence for von Neumann
algebras, J. Math. Phys., 44, 2003, 2206-2214.

[3]. van den Berg, J. and Brouwer R. Self-destructive percolation, Random Struc-
tures & Algorithms, 24, 2004, 480-501.

[4]. van den Berg, J. and Brouwer R. Self-organised forest-fires near the critical
time, 2004, submitted.

[6]. Brouwer, R. and Pennanen J. The cluster size distribution for the self-organised
critical forest-fire model on Z, 2005, preprint.

Parts of Chapter 2 have been published as [3]. Chapter 3: Section 3.2 is based on
[5]; Section 3.3 is almost identical to [4]. Chapter 5 has been published as [1].
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Chapter 2

Self-destructive percolation

2.1 Introduction

Consider the square lattice Z?, where every site is vacant. Suppose that we make
each site occupied with probability p, independent of the other sites. So far, we
have ordinary independent percolation. We know that if p > p. there is a.s. an
infinite occupied cluster. Now suppose that, by some catastrophe, all sites that are
in the infinite occupied cluster are destroyed. That is, the infinite occupied cluster
becomes vacant again. Finally, each site that is vacant after the catastrophe receives
an independent ‘enhancement’: with probability § each vacant site becomes occupied
again, independently of the other sites. For the motivation behind this model, see
Chapter 1, in particular Section 1.4.

Let P, s denote the distribution of the final configuration. Usually we write ‘1’ for
occupied and ‘0’ for vacant so that we can consider P s as a distribution on {0, 1}32,
with the usual o-field. We note that the origin O is occupied in the final configuration
if either the above mentioned é-enhancement was successful, or O belonged initially
to a non-empty but finite occupied p-cluster. Hence

Pp,s(0 occupied) = § + (1 —6)(p — 0(p))-

Recall that 8(p) is the percolation function for ordinary independent percolation.
As usual, we are interested in whether there is an infinite cluster in the final
configuration. We define a percolation function

6(p, 8) := Pp,s(0 > 0).
It is easy to see that for p < p,, there is no infinite occupied p-cluster and hence
Pp,é = Pp—i—(l—p)ﬁ: (2.11)

where we use the notation P, for the product measure with parameter p. In particular,

for p < cy
nEP d(p,8) = 8(p+ (1 — p)d). (2.1.2)

15
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Clearly the percolation function is increasing in §. Further, it is easy to see that
6(p,0) = 0 and that if § > p. then 6(p,d) > 0. Hence our model displays a phase
transition and we may define a critical probability d.(p) for all p € [0, 1] by

dc(p) := inf{d : 8(p, ) > 0}.

One might be tempted to define a critical probability p.(¢) likewise. However, we
need monotonicity in p to define this probability unambiguously. It is not at all clear
whether the model has this monotonicity (probably not) and we address this issue in
Subsection 2.2.4.

If p > p., we remove a positive fraction #(p) of the occupied sites and we may
intuitively reason that we need a ‘non-negligible’ enhancement to reintroduce an in-
finite occupied cluster. Indeed, we prove d.(p) > 0 for p > p. in Section 2.3. Now
what happens if p approaches p.? The infinite cluster for p close to p. is very sparse
so one may guess that §.(p) is very small. We should be careful that we do not get
too enthusiastic and boldly claim that for any § > 0,

lim 6(p, §) = 8(p.,6) > 0. (2.1.3)
plpe

Although this statement is true on the binary tree (Section 2.6) we conjecture that it
is not true on the square lattice (Section 2.4.3).

Since we are dealing with a percolation-like model, several other ‘natural’ ques-
tions arise. Is the infinite cluster unique? Does the measure possess the association
property? What about exponential decay of cluster sizes? Does our model exhibit an
analogue of the so-called RSW-property? In the following sections we answer some
of these questions.

2.2 Generalisation and basic properties

We now consider the model in a more general context. Let G be a finite or countably
infinite graph. The set of sites of G is denoted by Vz and we let I" be a subset of V¢ or
the symbol co. Let p,d € [0,1]. As we did in the previous section, we make each site
i € Vg occupied with probability p. To this end, we take independent 0-1 variables
(X; : 1 € Vg), each X; being 1 with probability p and 0 with probability 1 — p. Then
we change ones into zeros at each site that is connected to I' by an X-occupied path;
an X-occupied path is a path on which each site j has X; = 1. If I is the symbol oo,
we destroy all infinite clusters. To describe this formally, we define the #-operation
as follows.

X! =

T

{ 1 if X; =1 and there is no X-occupied path from i to T, (2.2.1)

0 otherwise.

Finally, let (Y;,i € Vi) be 0-1 variables, independent of each other and the X;'s,
being 1 with probability § and 0 with probability 1 —4. The final configuration is now
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described by the variables (Z; := X VY; : i € Vg). Let P}[E;r] denote its distribution.
We often omit the superscripts when no confusion is possible.

We now discuss an alternative way to describe the model, namely in terms of Poisson
processes. This is sometimes useful because the Poisson processes allow us to couple
the model at different values of the parameters. We consider the model as if it evolves
in time. Again, let G be a finite or countably infinite graph, Vg its set of sites and I"
a subset of Vz or the symbol co. To each site, we attach independent Poisson clocks
that ring after an exponential waiting time with expectation 1. At time 0, all sites
are vacant. Now each time one of the Poisson clocks rings, its corresponding site
tries to become occupied. We say ‘tries’, because if it was occupied already, nothing
happens. This continues until time 7, which corresponds to the parameter p through
the relation 1 —e™" = p. At time 7, the catastrophe happens: as before, all sites that
have an occupied path to I' are made vacant. Then the process continues and each
time a Poisson clock rings, its corresponding site tries to become occupied. At time
t, corresponding to the parameter & through the relation 1 — e~ =™ = §, we consider
the final configuration. Note that each site that is vacant after the catastrophe, has
time £ — 7 to become occupied again, so that that happens with probability 4.

Remark 2.2.1. All results in this chapter are stated for site percolation on the hy-
percubic lattice Z¢, d > 2 unless stated explicitly otherwise. However, apart from
Proposition 2.3.2, all results are easily adapted to bond percolation on Z¢,d > 2. As
for the two-dimensional case, the results in this chapter (in particular Subsections
2.4.2 and 2.4.3 and Section 2.5) can be adapted to other common two-dimensional
lattices, such as the (bond and site version of the) triangular and honeycomb lattice.

2.2.1 Uniqueness of the infinite cluster

For ordinary percolation on Z? the infinite cluster is unique, in the sense that there
is a.s. only one infinite cluster, whenever the percolation function is positive. This
subsection shows that the same behaviour holds for self-destructive percolation.
Suppose that we work on Z¢. Let I' = oo, i.e. we remove the infinite cluster
after independent percolation with parameter p. Let K denote the number of infinite
occupied clusters in the final configuration. The question is now whether the infinite
cluster is unique, or equivalently, whether Pp 5(K =1) =1 — P, (K = 0) € {0,1}.

Proposition 2.2.2. Consider the self-destructive percolation model on Z2. If8(p,8) > 0
then Pps(K = 1) =1, i.e. the infinite cluster is unique.

We use the following results. The first theorem is proved! by Gandolfi, Keane and
Newman [GKN92]|.

1The theorem in [GKN92| is proved in the bond percolation setting, however, the site version can
be proved similarly.
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Theorem 2.2.3. [Gandolfi-Keane-Newman)] Let p be a probability measure on
{0, l}z‘11 satisfying

(i). w is translation invariant over any z € Z?,
(ii). p satisfies the positive finite energy condition.
Then
p(K=0o0rK=1)=1.
Lemma 2.2.4. The system (Z; : i € Z%) is a factor of an i.i.d. system.
Proof. Let T : & — €1 act as 74 _shift on the probability space. We define a map
¢+ ({0,1} x {0,1)* — {0,1}*" by
$((X:,Y:) :i € Z%)) = (X7 VY3) i € Z%),
using the notation from the beginning of this section. It is easy to see that ¢ is

measurable and that ¢ o T, = T, o ¢. This makes the system (Z; : i € 7Z4%) a factor of
an i.i.d. system. O

Proof. [Proposition 2.2.2] We first check the conditions of the Gandolfi-Keane-Newman
theorem. Translation invariance for Pps follows immediately from the translation
invariance of the underlying Bernoulli measures. As for the positive finite energy
condition, it means the following: for all v € Z¢,

Pps(Zy = 1|2y 1 v' € Z'\{v}) > 0. (2.2.2)

Note that Z, = 1 occurs whenever ¥, = 1 and that the latter is independent of
everything else. Hence, for all v € Z¢,

v

Pps(Yo = 1|Zy : v’ € Z8\{v})
= Pi(Yu=1) =4

Pois(Zy =1|Zy : v € 74\{v})

We conclude that
Pps(K=00r K=1)=1.

By ergodicity (which follows from the fact that the system is a factor of an ii.d system)
it follows that P, s(K = 1) € {0,1}. This shows uniqueness of the infinite cluster for
the self-destructive percolation model on 74, il

Note that the argument above does not work for the self-destructive percolation
model on other graphs. On trees for example, there are infinitely many infinite clusters
whenever the percolation function is positive. The argument is very similar to the
argument for ordinary percolation.

There are other ways to show uniqueness of the infinite cluster on 74, but they
require more properties. An application of an earlier result by Gandolfi,Keane and
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Russo [GKR88] shows uniqueness of the infinite cluster on Z2. Here both the as-
sociation property (Subsection 2.2.3) and ergodicity of the measure under horizon-
tal and vertical translation (separately) are needed. The argument of Burton and
Keane [BK89] works for Z¢,d > 2. It uses however, besides ergodicity, the full finite
energy condition: besides satisfying the positive energy condition, the probability
that a site has eventually value 0, given the configuration on the other sites, should
be positive too. Intuitively this seems to be the case (with (1 — p)(1 — 4) as a lower
bound), but we have not been able to find a proof.

2.2.2 Weak convergence

Let S(n) be the set of vertices that have graph distance n from O. Recall the definition
d,
of Pfé S from the beginning of Section 2.2.

d, n
Lemma 2.2.5. Let d > 2. The measure Pf& Sl convergences weakly (as n — c0)

to Pf;;m] = Pps, that is, for all cylinder events A we have

lim PESM(4) = P, 5(4). (2.2.3)

n—oo

Proof. Since A is a cylinder event it depends on finitely many sites only. We may
assume that A C {0,1}", for some finite subset W. Take n sufficiently large, such
that W is contained in the interior of S(n). We consider the difference :

Z%5(n
PESSOI4) — P, 5(A).

Only configurations such that, for some 7 € W, i is connected by an X-occupied path
to S(n) but not to infinity, contribute to this difference. Hence

‘Pf;;s(nn( A) = Pys( A)J < N [Poli ¢ 8(n)) — Ppli 3 00)).
ieW

Each term on the right converges to zero as n — oo. The fact that W is finite finishes
the proof. O

Remark 2.2.6. Note that the lemma above holds for any graph which is locally finite.
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2.2.3 Association

Recall that a finite collection of 0-1 valued random variables (w; : 1 < i < n) (or its
corresponding probability measure, say i, on {0,1}") is said to be associated (also
called positively associated in the literature) if for all increasing events A, B c {0,1}",

(AN B) > p(A)u(B).
This is equivalent to saying that for all increasing functions f and g on {0,1}",
Eu(f9) 2 Eu(f)Eu(9),

where

Euf)= >, wa)f(z)
ze{0,1}"

Lemma 2.2.7. Let G be a finite graph, and let T’ be a subset of Vg. Then the measure
’P:[ﬁrl is associated.

Proof. The following facts (i) - (iii) for 0-1 valued random variables are well-known
and we present them without proof.

(i). A collection of independent random variables is associated (FKG-Harris inequal-
ity).

(ii). If a collection (w; : 1 < i < n) is associated, a collection (g; : 1 < j < m)
is associated and these two collections are independent of each other, then the
joint collection (w; : 1 < i < mjo;: 1< j < m)is associated.

(iii). If a collection (w; : 1 < i < n) is associated, and f1,..., fi are increasing 0-1
valued functions on {0,1}", then the collection

(Alwrye o wn), ooy fr(wry - wn))

is associated.

We use the random variables X;, Y;, X and Z; as defined in the beginning of this
section. To prove the lemma we need to show that the collection (Z; : i € Vg) is
associated. Recall that Z; = X VY;, so from properties (i)-(iii) above follows easily
that it is sufficient to prove that the collection (X; : ¢ € Vi) is associated.

First some more notation. Let Q = {0,1}V¢. For w € Q we let C(T') = C(T,w)
be the occupied cluster of I' (i.e. the set of all sites which have a path to I' on
which w = 1). For V C Vg, V = V U8V denotes the set which consists of V' and
all neighbours of V, with the convention that @ = §. If W C Vg and A C Q is
increasing, the event {A occurs outside W} will denote the set of all w € Q2 such that
the configuration &, defined by

. { 0 ifieW

Wy otherwise,
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is in A.

Let P, be the distribution of the collection of random variables (X : i € V), that
is, Pp is the product measure with parameter p on . In particular, P, is associated
by property (i) above. Let P} be the measure on ) corresponding with the collection
(X7 :i€Vg).

We have

P,(ANB) = Z’Pp(C(F) = W, AN B occurs outside W)
w

= ZPFP(W
w

> Z'PP(C(I") = W)Pp(A occurs outside W) P,(B occurs outside W),
W

W)Pp(AN B occurs outside W)

I

where we have summed over all subsets W of V; and where the second equality uses
the fact that the event {C(I') = W} depends only on the sites in W. The inequality
uses the fact that P, is associated: note that, for fixed W, the events {4 occurs
outside W} and {B occurs outside W} are increasing.

To simplify notation, let for W C Vi, f(W) denote P,(A occurs outside W) and
g(W) denote P,(B occurs outside W). It is clear that if W C W', then f(W) >
F(W'), and that a similar statement holds for g. So the last expression above equals

> P, (CT) = W) f(W)g(W)
w

= > 3 Pw)fW)g(W)

W we:C(Tw)=w

> Polw) £(C(T, w))g(C(T, w))

I

we

> ) Ppw)f(CT,w) D Ppw)g(C(T,w))
weR wen

= Py(A)P;(B),

where the inequality holds because f(C(T,w)) and g(C(T,w)) are both decreasing
in w (so that we can apply the association property of P, once again), and the last
equality follows from similar arguments as before, but now ‘working backwards’. [

We say that an infinite collection of 0-1 valued random variables (or its corre-
sponding measure) is associated if every finite subcollection is associated.

Corollary 2.2.8. Let G be a locally finite graph and T be a subset of Vg or the symbol
00. Then the measure P}ﬁ;lﬂ] is associated.

Proof. Now we know that ’P}Ef?” is associated for finite graphs G (Lemma 2.2.7), we
apply the weak convergence result (Lemma 2.2.5, or rather Remark 2.2.6) to prove

the corollary. |
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We continue with a second proof of the fact that (X} : i € Vi) is associated
for a finite graph G. We present it here because the method is more powerful and
can be used to prove slightly extended results. The proof uses the BKR inequality
(conjectured by van den Berg and Kesten [BK85], proved by Reimer [Rei00]), which
we will briefly review. Let A,B C {0,1}". We define an event ADB which is, in
words, the event that A and B ‘occur disjointly’. For a configuration w and a subset
K C{1,...,n} we define the cylinder event [w]x by

W]k = {w € Q:w; =w;, foralliec K}
Now we define the event ADB by

AOB = {weQ:3K,LC{l,...,n}, such that K N L = 0,
[wlk € A, [w]e € B}

Theorem 2.2.9. [BKR inequality] Let 4,B C Q = {0,1}" and P a product
measure on ). Then
P(AOB) < P(A)P(B).

First note that events in terms of (X} : ¢ € Vi) can also be written in terms of
(X; : i € Vg). If we formulate the events this way, we are dealing with the product
measure Pp, which allows us to use the BKR inequality. Keep in mind that an event
that is increasing in the collection (X; : i € Vi) is not necessarily increasing in the
collection (X; : 1 € Vg).

Proof. [Second proof of Lemma 2.2.7] Suppose we have an increasing event A and
a decreasing event B in terms of (X : i € V). These events correspond with (not
necessarily increasing or decreasing) events A’ and B’ in terms of (X; : i € Ve). If we
can show that A’ N B’ = A’'0 B’ then we can apply the BKR inequality to obtain
P;(AHB) = P A ri8) = P,(A'DB)
< Pp(A)Pp(B) = Pp(4) Pp(B)-

The inequality above is equivalent to P3(A N B) > P;(A)P;(B) if both A and B
are increasing and we are done. So it is left to show that for A increasing and B
decreasing in terms of (X} : ¢ € Vg) we have

A'NB' =A'0B.

It is immediately clear that (for any two events A’ and B'), A'OB' C A’ NB’. For the
inclusion the other way we should find disjoint subsets K and L such that [w]x C A’
and [w];, C B’ for any configuration w in A’ N B’'. We start with the simplest case.
Let A be the event that X* =1 and B be the event that X, = 0 for some vertices v
and w in V. Then A’ is the event that X, = 1 and v is separated from I' by a set
of vertices S such that for all i € S, X; = 0. By separated we mean that the vertex
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v and the set " are in different components of G\\S. Now B' is the event that either
X, = 0 or w € C('), where C(I') denotes the X-occupied cluster of I' as before.
There are many configurations w in which this could happen, and we have to choose
disjoint sets K and L that guarantee the occurrence of A’ and B'. How to make this
choice? We first distinguish two possibilities.

1. If w € C(T) we take K = C(v) and L = C(T'). Regardless the value of Xy, the
values on the set L imply that X, = 0.

2. If w ¢ C(T) then X, = 0. We take K = {v} UAC(T) and L = {w}.

In both cases, it is easy to see that the sets K and L chosen are disjoint. In general,
for any configuration w that is in the intersection of an increasing event A and a
decreasing event B we can choose the disjoint sets K and L in a similar way. Suppose
that w € AN B, where A is increasing and B is decreasing in terms of the variables
(Xr :i € Vg). Then there are vy,...,v; with X,, = X, =--- = X, = 1 and
U1, V2,. ..,V Dot in C(T), implying the event A. Further, there are wy,ws,...,wn
such that each w; has either X,,, = 0 or w; € C(T) for ¢ € {1,...,m}, implying the
event B. We choose

K = 8CT)U{v;:j=1,...,k}
L = C(P)U{wLW&éaC(F),kE{l,,m}}

Of course we could have taken these sets K and L in the simple case. We hope that
treating the simple case extensively gave the reader more feeling for the method. [

Further remarks on association

One can wonder if we could use the BKR inequality to obtain further results con-
cerning association. What if we do not remove the cluster of I' once, but twice or
more? Suppose that for each i € Vg, in addition to X; and Y;, we assign another
independent Bernoulli variable ¥; with parameter ;. In this case we can look at the
collection ((X} VY;)*VY/:i€ Vg). In words, we perform independent percolation
with parameter p, remove the cluster of ', turn all vertices that now have value zero
to one with probability 4, again remove the cluster of I" and turn all vertices that now
have value zero to one with probability 2. Is the collection (X7 VY;)*VY/ :i € Vg)
again associated? As we have seen before, using the properties (i) - (iii) above, it is
sufficient to show that the collection ((X; V ¥;)* : i € Vi) is associated. Let Py
denote the measure corresponding to this collection.

For the collection ((X} V ¥;)* : i € V) we cannot prove association in general,
but we do have a partial result. We need the following definition.

Definition 2.2.10. A finite collection of 0-1 valued random variables (w; : 1 <% < n)
(or its corresponding probability measure, say u, on {0,1}") is said to be pairwise
associated (also called pairwise positively correlated in the literature) if for all ¢ and
g in {0 n}y

plwi = Lw; = 1) 2 p(w; = Dp(w; =1).
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We can show the following.

Lemma 2.2.11. Let T be any locally finite tree. LetT' be an arbitrary site. The mea-
sure P 5 corresponding to the collection ((XFVY;)*:i€ V) is pairwise associated.

The lemma is proved by a similar method as in the (second) proof of Lemma 2.2.7,
but in a slightly more sophisticated way. Note that the lemma includes the line Z.

In general, the BKR inequality cannot be used to prove pairwise association. In the
following example we cannot find disjoint subsets that imply the events {(X;VY,)* =
1} and {(X}, VY,)* = 0}, respectively. Let I' = {0}.

Xu=1eY, =0

T

X.,=1eY, =0 X,=0eY, =1

\

Xy=1eY, =0 Xp=1leYy=1

/

Xe=1eY, =0

/

To guarantee the event {(X}VY,)* = 1} we need both the values X, and X, whereas
we need either X, or X, for the event {(X} VY,,)* =0}.

Open Problem 2.2.12. For general graphs, is the probability measure Py (pair-
wise) associated?

Remark 2.2.13. All results in the subsection above are also valid if we assign to each
site i € Vg independent Bernoulli variables with (possibly) different parameter values
p(i), 51(3.)! vy i€ VG .

2.2.4 Monotonicity

As we remarked in the introduction, it is easy to see that the percolation function
of the self-destructive percolation model is increasing in 4. For fixed 4, the percola-
tion function is increasing in p on the interval [0,p.] by (2.1.2). Further, if § < p,,
0= 6(1,8) = () < 8(p., §), so that the percolation function cannot be increasing in
pon [0,1]. However, we will show that we do have ‘some sort’ of monotonicity.
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Lemma 2.2.14. Let I' be a subset of Vo or co. For fized r, the family of probability

MEeASUTES

(regpo<r<r)

1-p
is stochastically decreasing in p. That is, if 0 < p’' <p < r, then

[GiT] . [GiT]
Py (r—p)/(1—pr) dominates P "y i _p-

Proof. Recall the ‘time evolution’ point of view from the beginning of Section 2.2.
At time 0 each site of G is vacant. At each site we have a Poisson clock that rings
after an exponential waiting time with expectation 1. If a site is vacant at the time
its clock rings, it becomes occupied. Now at some deterministic time 7 some ‘catas-
trophe’ happens: each site that has an occupied path to I' at time T becomes vacant
instantaneously. Then we move on and each vacant site becomes occupied at rate 1
again.

Fix ¢ and assume that { > 7. We use a coupling argument to show that the con-
figuration at time ¢ is stochastically decreasing in the time 7 at which the catastrophe
takes place. Let Ui(k], for k € {1,2},i € Vg be ii.d. exponentially distributed vari-
ables with mean 1. Then Ui(l) can be seen as the first time that the site ¢ becomes
occupied. If Ui[l) < 7 so that the catastrophe at time 7 turns ¢ vacant, it becomes
occupied again at time 7 + Ui(z).

Now, let 7;(t) denote the state of site ¢ in the final configuration at time ¢. It is clear
from the description above that (7;(t) : ¢ € V) has distribution Py _ -+ | _o-(c-r). We
have that n;(t) = 0 (vacant) if and only if

{Ui(l) > t} or
and there is a path 7 from i to I" such that for each j on , U}l) < ’r} ;

If this condition holds for some 7, then it clearly holds for all 7’ € (r,t). Hence for
fixed ¢, the family of distributions

{Pl—e—r,l_e—u—rJ,U <7< t} p

is stochastically decreasing in 7. We take p = 1 —e™™ and r = 1 — e, so that
(r—p)/(1 —p) =1—e =) to finish the proof of the lemma. O

In words, the lemma states the following. If we fix a time ¢, then the earlier we
remove the cluster of I', the more occupied sites we see in the final configuration at
time t. This should be clear intuitively: if the catastrophe occurs earlier, the cluster of
I is smaller so we remove less. Furthermore, sites have more time to become occupied
again.
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An immediate consequence of this lemma and the obvious monotonicity of Pp s in
4 is the following

Corollary 2.2.15. If p» > p1 and p2 + (1 — p2)d2 < p1 + (1 — p1)é1 then Pp, 5
dominates Pp, 5, -

2.2.5 Other properties

A much used property of ordinary percolation is the exponential decay of the radius
distribution in the subcritical regime and the radius distribution of finite clusters
in the supercritical regime (compare Theorems A.1 and A.2). A natural question
is whether the self-destructive percolation model displays the same behaviour. For
p < pe this trivially holds by (2.1.1), but this is not the interesting case. Recall that
S(n) is the set of sites at graph distance n from the origin.

Open Problem 2.2.16. Is there a positive constant o1 = o1(p,d) such that for all
p, 6 such that 6(-,+) = 0 on a neighbourhood of (p,d),

Pps(0 > S(n)) <e™ ™ 7

Open Problem 2.2.17. Is there a positive constants o2 = o2(p, §) such that for all
p, & such that 8(-,-) > 0 on a neighbourhood of (p, d),

Pp,s(0 < S(n),|Col < po) £ g 2% 7

We have not been able to prove or disprove exponential decay. It would be nice
to have an affirmative answer to Open Problem 2.2.17, because in two dimensions
it implies another much appreciated property: (a form of) the RSW-theorem; more
precisely, it implies the analogue of equation (A.4) when ¢ approaches 1.

The proof of the RSW-theorem breaks down for self-destructive percolation by
lack of control on dependencies: the original proof uses independence between the
area above and below a lowest occupied crossing. However, in our case ‘the infinite
cluster could have been anywhere’, which creates dependencies between these two
areas.

2.3 The critical probability §.(p)

A natural question to ask is whether the self-destructive percolation model is mean-
ingful in the sense that &.(p) is non-trivial, i.e. not equal to zero or p.. From the
definition of the model easily follows that §.(0) = d.(1) = p. and d6.(p.) = 0, but
these turn out to be the only cases.

Lemma 2.3.1. For all p € (0,1), the critical probability 8.(p) satisfies 6.(p) < p. on
£’,d 2.
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Proof. By (2.1.2) we can compute §.(p) explicitly for p < p.. We have

8.(p) = 1‘1°__;’. (2.3.1)

Further, it is easy to see that 6(p,é) > #(6). Hence d.(p) < p. holds for all p. To
prove that strict inequality holds, we use the enhancement method of Aizenman and
Grimmett [AG91]. Recall the variables X; and ¥; from the beginning of Section
2.2. Each site that is occupied in the final configuration is either Y-occupied or X-
occupied but in a finite X-cluster. If the remaining finite X-clusters had no effect on
the percolation probability, the critical value 4.(p) would be equal to p.. We need to
show that the addition of finite X-clusters forms an essential enhancement and hence
shifts the critical value d.(p) strictly below p.. An enhancement is called essential
if there exists a configuration on the graph such that the original configuration does
not have a doubly infinite self-avoiding path, but the configuration enhanced at the
origin does.

Intuitively, it is clear that adding finite X-clusters would be essential. The problem
is however, that ‘adding finite X-clusters’ is not a properly defined enhancement.
Therefore we look at the following. We add a single occupied site with probability
p(1 — p)P where D is the number of neighbours of the site, and repeat this at a
regular distance. We should take the distance large enough to avoid dependencies.
This enhancement can clearly create a doubly infinite path where previously there
was none, so it is essential. The addition of finite clusters of arbitrary size dominates

the above addition of single sites so we may conclude that §.(p) < pe.
O

The more interesting and more difficult question is whether the critical probability
dc(p) is strictly larger than zero. This is clearly not the case for all p because 6.(p.) =
0. But is the critical probability §.(p) positive for all p # p.? Equivalently, for p # p,,
is there a § > 0 such that §(p,4) = 0? The exact computation (2.3.1) provides us
with such a § easily for p < p.. Note that this answers our question for bond or
site percolation on Z where p, = 1. On Z%,d > 2, the answer is affirmative, but the
proof involves tedious iterations. However, on some two-dimensional lattices we have
a more elegant proof.

Proposition 2.3.2. Suppose p > p. and d = 2. For site percolation on the triangular
lattice or the square lattice the following holds.

(i). ¥p > p. 36 > 0 s.t. 6(p,d) =0.

(#). In particular,
if p(1 — &) > p., then 8(p,8) =0.

Hence, 6.(p) > 1 — o
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Proof. Tt is easy to see that (ii) = (i) so we will prove part (ii). Recall the variables
X;, X*,Y; and Z; introduced the beginning of Section 2.2. Suppose we colour all sites
i that have X; = 1 and ¥; = 0, red. So the probability that a site is red is p(1 — §),
independently of the other sites. If p,d satisfy the assumption of our claim, there
will (a.s.) be arbitrary large red circuits around the origin O. Since p > p, these
red circuits will be part of the infinite X-cluster from some point on. This means
that for each j on the red circuits lying in the infinite X-cluster, X; = 0 and since
also ¥; = 0, these circuits eventually have Z-value 0. Moreover, they ‘isolate’ the
origin from infinity. Hence, there is a.s. no infinite Z-occupied path leaving from O,
so 8(p,8) = 0. O

Note that the argument above is based heavily on the fact that for both the
triangular and the square lattice, the original graph is a subgraph of its matching
graph, so that a circuit is at the same time a circuit in the matching graph. In fact,
the proposition holds for all planar lattices with this property. For two-dimensional
lattices lacking this property the argument does not work, but part (i) of Proposition
2.3.2 follows from Proposition 2.3.4.

We proceed with the argument for Z¢,d > 2. The proof is based on ideas from
Chayes and Chayes [CC84] for ordinary percolation. The essential difference is that
we have to control dependencies created by the removal of the infinite cluster. The
overall strategy is as follows. Suppose we can find a §(p) such that the probability
of having an occupied (i.e. with Z-value 1) crossing in a d-dimensional rectangle is
very small. An iteration argument will show that then also the probability of having
an occupied crossing in a larger rectangle is very small. An application of the Borel-
Cantelli lemma then shows that a.s. no infinite cluster exists.

We need the following notation. Let fy(n1,n2,...,Ri,- .., n4) denote the probabil-
ity that in a d-dimensional rectangle [0,n] x [0, n2] X - - - X [0, 4] there is a Z-occupied
path from the (d—1)-dimensional rectangle [0,n1]x---x[0,7;_1] X {0} X [0, nij1] X - X
[0,74] to the (d — 1)-dimensional rectangle [0,71] x -+ - x [0,7;_1] X {ni} X [0,7i41] X
.o+ x [0,n4]- That is, fa(n1,n2,...,ni,...,n4) is the probability that we cross the
rectangle in the ¢-th direction.

Lemma 2.3.3. For each d, all p € [0,1] and all § € [0,1], the probabilities fa(.)
satisfy

(i). For each permutation o on (1,...,d) we have
fd(nlanh Y L T 'l"?.d) = fd(na(l)! Tg(2)r -2 g (G)s=- - :ncr(d))a

where j is such that o(j) = i. In particular, we may always rearrange the
variables such that we consider an occupied crossing in the first direction.

(i). For mi < n; we have

fa(ni,na, ... nq4) < falma,na,...,na),
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and for each j > 1 and n; < m; we have

falna,na, ... 04,00 na) < fa(na, ng,...,mj, ..., nq).

(iii). Suppose p > p.. Then there exist constants v(p) > 0 and C(d) and such that
for alln

fa(4n,8n,8n,...,8n) < C(d)fa(n,2n,2n,...,2n)2 +e @ (23.2)

Proof. The first part of the lemma is easily seen by symmetry and the second part
follows from inclusion. The third part is the hard one. We will prove it first in two
dimensions, so that the method of proof becomes clear. For d = 2, the claim is the
following: for p > p. and f2(n,2n) defined as above, we have for all n,

f2(4n, 8n) < 169 f,(n, 2n)2 + 36n e(FF¥ @), 259

where 1¥(p) is the positive constant obtained from Theorem A.2.

Consider the rectangle [0, 4n] x [0,8n]. We define two disjoint regions containing
parts of the rectangle: let A be the set of vertices {(z1,x2) : 1 > 9n/4} and B the
set of vertices {(z1,22) : &1 < Tn/4}. Let A and 8B denote the boundary of these
regions, respectively. Finally, let R4 = [3n,4n] x [0,8n] and Rg = [0,n] x [0, 8n]. See
figure 2.1.

A
(4n,0)
R
(3n,0)
On/a,0) || Od e
e T I T A
(n,0)
T (0,0) RB
(018”‘)
—_— T2 B

Figure 2.1: A picture of A,B, R4 and Rp.
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If a Z-occupied top-down crossing of the rectangle exists, there must be Z-occupied
top-down crossings in R4 and Rp. If these crossings were independent, we would ob-
tain f2(4n,8n) < fa(n, 8n)2. Unfortunately, this is not the case but we can show that
they are ‘almost’ independent. Suppose that there is no finite X-cluster connecting
R4 and OA and that there exists a Z-occupied top-down crossing in R4. Each site
in this crossing is either Y-occupied, or part of a finite X-cluster that lies completely
inside A. The existence of a crossing with this property depends on the state of the
sites in A only. A similar reasoning can be held for a Z-occupied top-down crossing
in Rp, when we assume that there is no finite X-occupied cluster connecting Rg and
&B. At this point we use independence. Let Cx (i) denote the X-occupied cluster of
some site i. We write A <>y R, to indicate that there exists a finite X-occupied
cluster between 0A and R4. We may write

fg(‘l_’rl, 8n) < 'Pp,a({aA oy RA} U {aB “y RB})
+  Pp,s(3 Z-occupied top-down crossings in R4 and Rp,
OA 455 Ra,0B #; Rp)

< Pps(3 top-down crossing 7 in Ry, st. Viem:Yi=1or
{X: =1and Cx(i) C A})? +2 Pps(0B «; Rp)
< fa(n,8n)% +2 Pps(0B <+ Rp)
< fo(n,8n)% + 36n eCTTHEN, (2.3.4)

The exponential decay as well as the constant ¥(p) in the last inequality follow from
Theorem A.2. We have used that the number of sites in 8Rp equals 18n. It is left to
show that

fa(n, 8n) < 13f2(n, 2n), (2.3.5)

which, together with (2.3.4) proves (2.3.3). Consider the rectangle R4. A top-down
crossing in R4 might lie completely in one of the (seven) rectangles of size n by 2n. If
not, it must cross one of the (six) n by n squares in left-right direction. An example
of both possibilities can be found in Figure 2.2. At least one of the crossings indicated

! 8n ]
i \. /,_..//
I I
S e’ S
2n T
—_———

2n

Figure 2.2: Possibilities for a top-down crossing in [0, 7] x [0, 8n].
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above must occur if R4 has a top-down crossing. This gives us
f2(n,8n) < Tfa(n, 2n) + 6f2(n,n).

Applying parts (i) and (ii) of the lemma shows that fa(n,n) < fa(n, 2n) which shows
(2.3.5) and finishes our proof in two dimensions.

For general dimensions d > 2 we consider again the rectangle [0, 4n] x [0,8n] x
+++ % [0,8n]. Completely similar to the two-dimensional argument we define

A = {(zx1,...,24): 71 > Inf4},
B = {(z1,...,%q): %1 < Tnf4},
0A = {(On/d,za,...,z0)}
0B = {(Tn/4,z2,...,%4)},
Ry = AnN([3n,4n] x [0,8n] x --- x [0,8n]),
Rg = Bn([0,n] x [0,8n] X --- x [0,8n]).

Now we can repeat the computation in (2.3.4) and write
fa(4n,8n,...,8n) < fa(n,8n,...,8n)% +2 Pp (0B ¢5 Rp). (2.3.6)

We need to bound the second term on the right. Once again applying Theorem A.2,
we can take v(p) > 0 s.t.

2P,5(0B <3y Rg) < 2|0Rple " ¥®)
= aven (2:3.7)
where we used the notation |Rpg| for the number of sites in Rp.

We now consider the probability fi(n,8n,...,8nr), the first term on the right of
(2.3.4). Suppose that a Z-occupied crossing in the direction of the first coordinate
exists in [0,n] x [0,8n] x - - x [0,8n]. The projection on the second coordinate of any
such crossing (which is an interval contained in [0, 8n]) lies either completely inside

[kn, (k + 2)n], for some k € {0,...,6},
or contains an interval
[In, (I + 1)n], for some I € {1,...,6}. (2.3.8)

This is the same as saying that an occupied Z-crossing in the first coordinate of [0, n] x
[0,8n]x - - - x [0, 87n] lies either completely inside [0, n] x [kn, (k+42)n] x [0, 8n] - - - [0, 8n],
for some k € {0,...,6} or crosses a rectangle [0, n] x [In, (I+1)n] x [0,8n] x - - - X [0, 8n],
for some { € {1,...,6} in the second coordinate. This gives us

fa(n,8n,...,8n) 7fa(n,2n,8n,...,8n) + 6f4(n,n,8n,...,8n)

=
< 13f4(n,2n,8n,...,8n).
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We have used parts (i) and (ii) of the lemma in the second inequality above. We
may repeat the argument above for the probability f4(n,2n,8n,...,8n). Consider a
Z-occupied crossing in the first coordinate of [0, n] X [0, 2n] x [0, 8n] x - - - X [0,8n]. The
projection on the third coordinate of such crossing must satisfy a statement similar
to (2.3.8) above. It follows that

fa(n,2n,8n,...,8n) < 13f4(n,2n,2n,8n,...,8n).
We iterate this argument and obtain
fa(n,8n,...,8n) <1347 fi(n, 2n,...,2n). (2.3.9)
Combining this with (2.3.6) and (2.3.7) proves part (iii) of the lemma. O
Now we are ready for the general proof of the claim that é.(p) > 0.

Proposition 2.3.4. Consider the hyper cubic lattice Z%, d > 2. If p > p., the critical
probability é.(p) > 0.

Proof. Fix p > p.. We are looking for a § > 0 such that 8(p,é) = 0. The proof uses
part 2.3.2 of Lemma 2.3.3. We consider the probability f3(n,2n,...,2n), where we
write the superscript to emphasize the dependence on §. First we define a, as the
last term in (2.3.2).

an 1= e 0P,

Further, define D = C(d) + 1 with C(d) as in (2.3.2). We choose ny such that for
all n > ng, @, < (55)? Now suppose that § = 0. Then an occupied crossing can
only exist if it is part of a finite X-occupied cluster. This has a probability which is
exponentially decaying in the size of the rectangle, so that we can choose n; > ng

such that for all n > n,,

1
An,2n,...,2n) < 5
Note that fJ (n1,2n4,...,2n;) is a continuous function of 4, since it depends on the

values of finitely many §-variables. Hence we may choose a é > 0 small enough such
that

fg(g,in,...,in) <

2D
We rewrite (2.3.2) as
fa(4n,8n, ...,8n) < Dmax{a,, fa(n, 2n,...,2n)%}. (2.3.10)
Iterating (2.3.10), starting with n; and using a4, < a}, we obtain fori =1,2,...
, , ; 1
4'ny,2-4'ny,...,2-4Pny) < ——.
fa(4'm n ny) < 2D
Hence,
(= =]
> fa#n,2- 4,2 40) < oo (2.3.11)
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Let B(n) be the d-dimensional cube with sides of length n around the origin and
consider the annuli A(4°ny,2-4'n;) = B(2-4in;)\B(4'n,), for i € N. These annuli are
clearly disjoint and if an occupied infinite cluster of the origin exists, it must cross all
the annuli from 8B(4'n,) to 8B(2-4°n,). If there is a crossing of the annulus for some
i, there must also be a crossing in one of the ‘slabs’ of size 4'n; x 2 Aing X x2-4in,.
Hence the probability that a crossing exists in the annulus A(4'n1,2-4'n,;) is smaller
than (2d) f4(4'n1,2 - 4'ny,...,2-4'ny). The sum of these probabilities over all annuli
is finite by (2.3.11) and hence we can apply the Borel-Cantelli lemma, which tells us
that with probability one, there are only finitely many annuli that have an occupied
crossing going from the inside boundary to the outside boundary. We conclude that
6(p,8) = 0, and hence d.(p) > § > 0. U

2.4 Continuity and discontinuity of the percolation
function

We have seen in the previous section that we need a non-trivial é to reintroduce an
infinite occupied cluster in the final configuration. As we mentioned in the introduc-
tion, it is easy to believe that 8.(p) goes to zero as p goes down to p,: for every p > p,
there is an infinite cluster, but that cluster becomes very sparse as p approaches p.
and the fraction of sites we remove goes to zero. On the binary tree, the intuition
turns out to be true (see Section 2.6). However, the geometry of the infinite cluster
seems to play an important role, so that it may be false on other graphs. We will
present a conjecture (supported by computer simulations) from which, if true, it fol-
lows that on the square lattice, there exists a § > 0 such that for all p > p,, there is
no percolation, i.e. 8(p,d) = 0.

In the next subsection, we show continuity of the percolation function outside the
points (p, 6.(p)) and (p.,d). Continuity of the percolation function may not come
as a surprise, but even for ordinary percolation it is not trivial (and in fact believed
but not proved at the critical point in dimensions 3 < d < 19). Subsection 2.4.2
introduces the conjecture on which the claimed discontinuity in dimension 2 is based
and Subsection 2.4.3 shows how this discontinuity follows from the conjecture.

2.4.1 Continuity

Consider the percolation function 8(p, §) for self-destructive percolation on Z¢,d > 2.

Theorem 2.4.1. Let p be a point of continuity for the ordinary percolation function
8(-) and let & be such that either

1. 8(p,6) =0 or
2. there exists an open V > (p,8) such that 8(g,€) > 0 for all (g,€) € V.

Then 6(-,-) is continuous at the point (p,d).
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Note that if §(p.) = 0, the ordinary percolation function is continuous so that then
all p € [0,1] are points of continuity.

Recall once again the ‘time evolution’ version of the model. At each site of our
lattice we have a Poisson clock of rate 1. If such a clock rings, its site becomes oc-
cupied. If it is already occupied nothing happens. If we remove the infinite cluster
at time 7 and consider the final configuration at time ¢ > 7, we have seen that the
configuration at time t has distribution

P‘r,t = ‘Pl—e'T,l—e"('—“') ¥

We define
0(r,t) := P.,(0O 5> o0) = 0(1 —e ™", 1 — e~ *=7)). (2.4.1)
The function
Fint)m (1—eT,1—e )

as well as its inverse

7 (p1,p2) = (=1og(1 — p1), —log((1 — p2)(1 — p1)))
is continuous. So Theorem 2.4.1 is equivalent to

Theorem 2.4.2. Let T be such that 1 —e™" is a point of continuity for the ordinary
percolation function 6(-). Further, let t be such that either

1. g(‘r,t) =0, or
2. there exists an open W 3 (7,t) such that 8(c,s) > 0 for all (0,8) EW.
Then Ei(, -) is continuous at the point (7,t).

This is the theorem we will prove. The advantage of this point of view is that we

now have monotonicity of #(7,¢) in both 7 and ¢ by Lemma 2.2.14. First we will show
continuity for cylinder events.

Lemma 2.4.8. Let 7 be such that 1 — e™" is a point of continuity of the ordinary
percolation function 8(-). Let A be a cylinder event. Then P )(A) is a continuous
Sunction at the point (T,t).

Proof. Let Ag be the (finite) subset of sites determining the cylinder event A. Note
that after the removal of the infinite cluster (if any) at time 7, the configuration on
Ag depends only on the Poisson clocks inside the set Ag between times 7 and ¢. The
conditional probability of A, given the configuration at time 7 on Ag is therefore
a continuous function in ¢ — 7. Since Ag is finite, it is sufficient to show that for
any a € {0,1}45, P;_.-- o(a) is a continuous function in 7. Suppose 7' < 7 and
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let P denote the measure governing the Poisson clocks. We couple the processes at
parameter values 7* and 7 using the same Poisson clocks. This gives us

"Pl_e_w‘o(a) - ’Pi_e_f'u(a)‘ < P(a Poisson clock in Ag rings in the interval 7/, 7])

4 [As [9(1 o i s e—f')] .
If 7 > 7 a similar inequality can be derived, so that

pl—e—T’,O(a) o= Pl—e—',U(Q)\

IA

lim
T

lim |As||t" — 7|
' T

+

lim |A31\9(1 2% B, e
T!=T
0.

I

O

Proof. [Theorem 2.4.2.]  Continuity of 8 at (r,t) means that for any sequence
(7is ti)izo with lim;_ oo (73, t:) = (7, 2),
lim 8(m;,t;) = 8(,1). (2.4.2)

i—oo

Given a point (7,t) we can divide our parameter space into four quadrants.

I = {lzy)iz<ny2t),
I := {lz.g):zzny2th
Ir := {(z,y):z>7y<t},
VI = {(z,y):z<7y<t}

Note that each of these quadrants includes part of the horizontal and vertical axes
trough the point (7,t). Note that it is sufficient to show that the requested convergence
holds along monotone sequences that lie completely inside one of these quadrants.

I) Consider a monotone sequence (7, ¢;)i>o lying inside quadrant I, such that (7;,%;) =
(,t) as ¢ — oo and for all 4, ; < 734; and ¢; > tiy1. Along this sequence the
percolation function is decreasing by Lemma 2.2.14. This implies

O(r,t) < lim B(r;, ;). (2.4.3)

1—+00

We will show that equality holds. Observe that for all ¢ < s,

-

Pr,s(0 = S(n)) =: bu(0, 5) > 8o, 5), (2.4.4)

and

ﬂ]ggo 8.(o,s) = 8(0,s).
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Using (2.4.4), for each n,

lim 8(r, &) < lim Oy (75, 85) = G (7, 1), (2.4.5)
1—00 =00
where we have applied Lemma 2.4.3. Finally, let n — oo in (2.4.5) to show that
8(r,t) > lim; 0 (7%, t;) which together with (2.4.3) shows continuity in quadrant L.

III) Consider a sequence (74,¢;) — (7,t) lying in the quadrant III. Again it is
sufficient that we restrict ourselves to monotone sequences, such that 7; > 7,4, and
t; < tipq. If 8(7,%) = 0, the argument is trivial: by monotonicity

0< lim (i, t;) < 8(r,t) = 0.

So suppose that there exists an neighbourhood of (7, ) where the percolation function
is non-zero. We follow a van den Berg-Keane type argument [BK84]. Let C+, ;, denote
the cluster of the origin at time ¢;, when we remove the infinite cluster at time ;.
Monotonicity of the sequence shows

it '€ Crogyitenys Torall 20 (2.4.6)

Note that for the statement above, we need the ‘time evolution’ point of view, so
that we can couple the process, (using the same Poisson clocks), at all parameter
values. Let, for t > 7, w(r,t) € {0, l}?’d denote the configuration at time ¢, when the
catastrophe occurs at time 7. We would like to compare this configuration with the
configuration we obtain by using the same Poisson clocks, but where no catastrophe
takes place. Let w(t) € {0,1}:"5’d denote the configuration at time ¢, when no catas-
trophe occurs. Further, for v € Z%,w,(t) € {0,1} denotes the value at site v in the
configuration w(t). We have to show that

P(|Cr | = 00,|Cr 1:] < 00, for all 7) = 0. (2.4.7)

Take j so large that g(rj, t;) > 0. Such j exists by the condition in the statement of
the theorem. Suppose that |C | = co. We will show that there exists a k such that
|Cry i | = 0.

Let I; be the infinite cluster in w(7;,t;), that exists a.s. by definition of j. If
O € I; we take k = j and we are done. So suppose that O ¢ I;. By (2.4.6) and the
uniqueness of C.,; (Proposition 2.2.2), I; is contained in Cr,. Hence there is a finite
path 7 from O to some site in I; such that w(7,t) =1 on 7. For every site v on 7, at
least one of the following holds.

(a). The clock of v rings in the interval (7,t).

(b). wy(7) =1 but the occupied cluster of v in w(7) is finite.
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Note that we have used that almost surely, none of the Poisson clocks ring at exactly
time 7 or £. If (a) occurs, we define

i, *=min{i : i > j and the clock of v rings in (7;,%;)}

Note that by monotonicity, the clock of v rings in (7i,%;) for all i > i,. If (a) does
not occur, (b) must occur and there is a finite set K of sites on which w(r) = 0 and
which separates v from infinity. Now define

i, :=min{i : 1 > j and w(7;) =0 on K}.
Note that we have used the finiteness of K in the definition of Z,. Now let

k == maxi,.
vET
Such k exists by finiteness of . From the above procedure it follows that for each v
on 7 at least one of the following holds.

(a’). The clock of v rings in the interval (7%, tx).
(b"). wy(T) = 1 but the occupied cluster of v in w(7y) is finite.

Hence, w(tx,tx) = 1 on w. Further, since ¥ > j, and again by monotonicity,
w(7k,tx) = 1 on I;. Since 7 is a path from O to I; this implies that I; is contained
in Cr, ¢, so that |Cr, ¢.| = 00. This shows (2.4.7).

I1) and IV) Note that, now we have established convergence inside the quadrants
I and III, this includes convergence along both axes through (7,t). We use the mono-
tonicity in 7 and t to obtain convergence for paths that lie in the quadrants II and
IV. Observe, for (7;,t;) — (7, 1) lying in II,

8(mi,t) < O(ri, t;) < B(7,t;).

The sequence (7, t); lies inside quadrant III and the sequence (7,1;); lies in quadrant

I, so both the upper and lower bound in the equation above converge to 6(r,t) for
i — 0o. In the same way, for (7, ;) — (7,t) in IV,

O(r,t;) < 8(ri, ;) < O(mi, t).

Again both the upper and lower bound in the equation above converge to §(r,t). This

shows the required convergence in the quadrants II and IV.
O

Remark 2.4.4. We do not know the value of 8(p,d.(p)), so that the argumentation
above does not show continuity in the point (p,d.(p)). In dimension 2, it can be
shown that if the self-destructive percolation model satisfies the RSW-property (in
particular (A.4) when ¢ approaches 1) 8(p, 6.(p)) = 0 follows for any p. Hence, by the
theorem above, the percolation function will then be continuous in the critical points

(p, 6:(p)), for p € (1/2,1).
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2.4.2 A percolation-like critical value

Finally, it is time to present the conjecture on which our claim of a discontinuity
of the percolation function for the self-destructive percolation model on 72 is based.
Note that the continuity result in the previous subsection holds in all dimensions.
The claimed discontinuity highly depends on two-dimensional arguments. So from
now on, assume that d = 2.

Let n > 0. We consider the rectangle R(n) = [0,2n] x [0,n] centred inside a box
G(n) = [-n,3n] x [-n,2n]. Inserting edges inherited from the square lattice, we
consider G(n) as a graph. Let u = u(n) be the set [0,2n] x {n} and I = I(n) the
set [0,2n] x {0}, i.e. the upper and lower side of the rectangle R(n). Define, in the
notation of Section 2.2,

pn(d) := PE‘%");BG(”)](J + u inside R(n)). (2.4.8)
In words, we have performed critical percolation, then made vacant all sites that have
an occupied path to G(n) and finally gave all sites an independent é-enhancement.
In the notation of Section 2.2, the X-variables are independent Bernoulli variables
with parameter p.; the Y-variables are independent Bernoulli variables with param-
eter 6. Then p,(d) denotes the probability that in the final configuration, there is a
Z-occupied top-down crossing inside the rectangle R(n). See Figure 2.3.

(@) = PO { \

Figure 2.3: A picture of p,(9).

It is straightforward to see that in the final configuration, a site v in R(n) is
Z-occupied with probability

pe = Pp (v 0G(m) + (1 = pe + Ppu(v ¢ 8G(n)))3.

If n grows, v gets further away from dG(n) and the probability above converges to
pe+ (1 — pc)d. Although this is larger than p., there are strong spatial dependencies.
Hence, it is not clear whether the configuration is ‘essentially supercritical’, so that
the probabilities p,(§) converge® to 1 as n — oco. Mind that this problem is not

2Recall that such crossing probabilities do tend to 1 for ordinary supercritical percolation.
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answered by the weak convergence result stated in Lemma 2.2.5. Nevertheless, it is
clear that p,(6) is increasing in § so we define a critical value

be = sup{6 : p,(J) is bounded away from 1, uniformly in n}. (2.4.9)

Conjecture 2.4.5. 4, > 0.

In spite of serious attempts, no proof or disproof of this conjecture has been found.
It is supported by computer simulations, but since the size of the box our simulations
can handle is limited (up to » = 16000), one should be careful interpreting such
results.

Although it is (in our view) a hard problem to decide whether p, () is bounded
away from 1, it is easy to see that p,(d) is bounded away from zero for all § > 0. As
the distance between 8G(n) and OR(n) is of order n, there will be a vacant circuit in
G(n) surrounding R(n) with positive probability, bounded away from 0. This follows
from RSW-arguments for ordinary percolation, compare Corollary A.5. The vacant
circuit prevents occupied sites inside R(n) to be connected to dG(n) and thus from
being removed. Hence the situation in R(n) is like ordinary supercritical percolation
after the d-enhancement. For ordinary supercritical percolation, the probability that
there is an occupied top-down crossing in R(n) tends to 1 as n goes to infinity. We
conclude that p,(d) is bounded away from zero.

The question remains whether p,(8) is bounded away from 1 for some § > 0, or
equivalently, whether 5. > 0. The rest of this subsection is devoted to other, but
similar, critical values. The following lemmas show that the precise form of R(n) and
G(n) are of little importance in the statement (and possible proof) of the conjecture.

Instead of removing occupied sites when they are connected to the boundary
0G(n), we could remove from the boundary of other rectangles. Fix integers ki, ko
and let for each n, Q(n) be the rectangle [0,k1n] X [0, k2n]. Let G,,n > 0 be such
that the Q(n) are contained in G,. Then we define

Pn(6,Gn) 1= PE%%)(1 5  inside Q(n)),
and X
69" := sup{d : pn(6,G,) is bounded away from 1, uniformly in n}.

Obviously, 33" depends on the choice of the graphs G,,. However, it does not seem to
matter much where the boundary G, is exactly, as long as it is sufficiently far from
Q{n). In particular, we prove the following.

Lemma 2.4.6. Let ki,ky and Q(n) be as above. Let | = I(n) denote the lower
boundary [0, kin] x {0} and u = u(n) the upper boundary [0, kin] x {kan} of Q(n).
Further, fix positive constants K; and K. Suppose that Gan 2 Gi.n are rectangles
containing Q(n) such that

min{|v — w| : v € 0Q(n),w € 8Gn} = Kin,
max{|v —w|: v € IQ(n),w € 8G2n} < Kon, (2.4.10)
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where |-| denotes graph distance. Then py(8,G1,5) is bounded away from 1 if and only
if pn(8,Ga.n) is bounded away from 1. Equivalently, 63 > 0 if and only if 62*™ > 0.

Proof. Suppose that G; ,,i = 1,2 are such that they satisfy (2.4.10). We omit the
- subscript n for the rest of this proof.
One of the implications is trivial. Suppose that there exists a § > 0 such that
sup,, pn(6,G2) < 1. It is easy to see, since G; lies inside G, and every site that is
X-connected to G, is also X-connected to 8G1, that p, (6, G1) < pn(6, G2). Hence,

sup ’P}[ﬁ,‘;agll{l + u inside Q(n)) < sup ’Pz[,ff;agzl(l ++ u inside Q(n)) < 1. (2.4.11)

Now suppose there exists a § > 0 such that

suppn(d,G1) < 1. (2.4.12)

Let E, denote the event that there is a X-occupied circuit between 8Q(n) and 8G,
and an X-occupied path from 8Q(n) to 8G,. The event E, has positive probability,
bounded away from zero and one uniformly in n, by the RSW-property of ordinary
percolation and (2.4.10). On the event E,, each site inside Q(n) that is connected
to 8G; by an X-occupied path, is also connected to the X-occupied circuit and 9Ga.
Now we have, for all n,

pa(6,G2) < PEH9(1 5 u inside Q(n) and E,, holds) + P, (ES)
P9 (1 5 u inside Q(n) and E, holds) + P, (ES)

P90 (1 ¢ y inside Q(r))Pp. (En) + Pp, ().

A

In the second inequality we have applied the FKG-inequality: the event E, depends
only on, and is increasing in, the X-variables inside G»\@(n) whereas the event that
there finally exists an occupied crossing in @Q(n) is decreasing in those variables.
Finally we use the assumption (2.4.12) and the fact that P, (E,) is bounded away
from zero and one to conclude that sup,, p,(4,G2) < 1. ]

The previous lemma showed that, given the inner rectangle Q(n), the conjecture
does not change in a crucial way when we move the outer boundary from which
occupied sites are destroyed. Similarly, for the statement (and possible proof) of
Conjecture 2.4.5, the shape of the inner rectangle is not essential as we will prove in the
following lemma. We compare the rectangle R = [0,2n] x [0, n] and the corresponding
probability p,(d) with a rectangle of different size. In the following lemma, we take
this rectangle of size n by 6n (it will be used in the following subsection) but clearly
the lemma can be proved for other sizes as well.

Lemma 2.4.7. Let Ry = Ry(n) be the rectangle [0, 6n] x [0, n] contained in a rectangle
Ry = Ra(n) where the distance between &Ry and OR; ts of order n. Let 1 = I(n) be
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the set [0,6n] x {0} and u = u(n) be the set [0,6n] x {n}. Then

p,(8) := PLEMBRMN o o inside Ry (n))
is bounded away from 1, uniformly in n if and only if pn(d) is bounded away from 1,
uniformly in n.

Proof. One of the implications is quite simple. Suppose that sup, pj,(§) < 1. An
application of Lemma 2.4.6 shows that the probabilities

P;Ei(;n)ia(;(:‘]n)](g &3 u inside Rl (ﬂ.)), (2'4‘13)

are bounded away from 1. Note that it is easier to have an occupied top-down
crossing in R;(n) = [0,6n] x [0,n] than in R(n) = [0,2n] x [0,n]. This implies that
the probabilities

P;[,i?n):aG{s"n(J + u inside R(n))

are bounded by the probabilities in (2.4.13) and hence, bounded away from 1. Another
application of Lemma 2.4.6 shows that then also sup, p,(d) < 1.

The other implication requires a bit more work. Suppose that sup,, pn(8) < 1. In
fact, we will show that

1 — suppl, (§) = inf PLEEVPR2MI( 4 4 inside Ry(n)) > 0. (2.4.14)

We apply the same trick as in the proof of Lemma 2.3.3. An occupied crossing from
I(n) to u(n) lies either completely inside one of the 2n by n rectangles [kn, (k+2)n] x
[0,n] for k =0,...,4, or if it is not inside one of these rectangles, at least one of the
n by n squares [In, (I+1)n] x [0,n] for { = 1,...,4 has an occupied left-right crossing.
We should show that the probability that none of these events occur, is bounded away
from zero. Applying the association property (Lemma 2.2.7) we get

pLRamRRal( sy inside Ry(n)) >
4
11 PE%(");'S’R’(“”(I # w inside [kn, (k + 2)n] x [0, 7))
k=0

4
X HP}E‘;{”);BR’W ({in} x [0,n] ¥ {(I + 1)n} x [0,n] inside [In, (I + 1)n] x [0, n])

(2.4.15)

A direct application of Lemma 2.4.6 (and a translation) shows, by the assumption
sup,, pn(6) < 1, that the terms in the first product on the right of (2.4.15) are bounded
away from zero. Another application of Lemma 2.4.6 (and translation plus a rotation
of the whole system over 90 degrees) shows that for [ € {1,...,4},

inf PIFA™ RN ({in} x [0,m] 45 {(1 + 1)n} x [0,n] inside [in, (I +1)n] x [0,n]) >
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if and only if

iafpﬁg");a@("”([n, 2n] x {0} # [n,2n] x {n} inside [r, 2n] x [0,n]) > 0.
(2.4.16)

Further we observe that the probability of crossing a square is smaller than the prob-
ability of crossing a rectangle in the shortest direction, so that

i%fpfgg"”""‘;("”([n, 2n] x {0} # [n, 2n] x {n} inside [n, 2n] x [0,n])
> inf PLEEIPGt ([0, 2n] x {0} 4 [0,2n] x {n} inside [0, 2n] x [0,7])
> 1-—suppp(d) >0. (2.4.17)

Combining (2.4.17), (2.4.16) and (2.4.15) shows (2.4.14). O

Finally, we present a stronger conjecture, which we used in [BB04b]. Consider the
graph R(n) = [0, 3n] x [0,2n] with the edges inherited from the square lattice. Let {
be the lower side of the rectangle, I = I(n) = [0,3n] x {0}, m = m(n) the horizontal
middle line m(n) = [0,3n] x {n} and u = u(n) the upper side, u(n) = [0,3n] x {2n}.
Then we define

an(8) = PG ¢ m).
At first we thought that sup,, a, (&) < 1 if and only if sup,, p,(8) < 1. That the former

implies the latter is easily seen from an easy comparison argument and Lemma 2.4.6.
However, we have not been able to show the reversed implication.

2.4.3 A discontinuity at p. on Z?7
Recall the definitions of p,(8) and &, from the previous subsection.

Theorem 2.4.8. Let d = 2 and suppose that 6. > 0. Then there exists a 6 > 0 such
that
Vp > pe, 0(p,d) =0.

In words, the theorem states that if Conjecture 2.4.5 holds, then no matter how
small the fraction of sites we remove, no matter how sparse the infinite cluster be-
comes, its geometry prevents a new infinite cluster to arise ‘soon’. The critical prob-
ability 8,(p) stays bounded away from zero, as p goes to p.. In particular this implies
that there exists a § > 0 such that

lim 6(p, 8) # 6(pc, 8).
plpe

In other words, the function 6(-,-) is not continuous at the point (p.,d). The proof
of this theorem is split up in several lemmas. First we need some notation. Let
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n > 0, B(n) = [-n,n]? and B(n) the boundary of the box B(n). We define a
new probability g,(p,8) as follows. Consider the annulus A(n,5n) = B(5n)\B(n).
First make each site in A(n,5n) occupied with probability p. Then make each site
whose occupied cluster inside A(3n,5n) contains a contour (circuit) around B(3n)
vacant. Finally enhance each vacant site with probability §. Now gn (p,8) is the
probability that in the final configuration we cross the annulus A(n,3n), or in other
words, 8B(n) +» 8B(3n). For simplicity, we often write ‘contour in A(3n, 5n)’ instead
of ‘contour in A(3n,5n) around B(3n)’.

Lemma 2.4.9. If § is such that the sequence p,(68) is uniformly bounded away from
1, then the sequence qn(pe, ) is bounded away from 1, uniformly in n.

Proof. Suppose that p,(d) is bounded away from 1. From Lemma 2.4.7 we conclude
that also p/ (6), the analogue of p,(§) on a 6n by n box, is bounded away from 1. In
this proof we write p!, for p},(6) and g, for gn(pc,d). We will show

Pp. (there is no occupied contour in A(3n,5n))

gn <
+ (1= (1=pL)*")Pp.(3 occupied contour in A(3n,5n)).  (2.4.18)

From this the lemma easily follows, once again using the RSW-property.

Analogously to what we did earlier, we let (X; : i € A(n,5n)) be independent
Bernoulli variables with parameter p and (Y; : i € A(n, 5n)) be independent Bernoulli
variables with parameter §. We now define for ¢ € A(n, 5n)

Xr¢ := I(X;=1 and the X-occupied cluster of i in A(n,5n)
does not contain a contour around B(3n)),

X8 := I(X;=1and A X-occupied path in A(n,5n)
from 7 to 8B(5n)),

where I(-) denotes the indicator function. The introduction of the following variables
should not come as a surprise.

zZ8 = X!°VY,
28 = XPPvy,
for all i € A(n,5n). It is clear that for each i € A(n,3n), each X-occupied path from
i to OB(5n) intersects all contours in A(3n, 5n) around B(3n). So on the event that

there exists an X-occupied contour in A(3n,5n) we have for all ¢ € A(n, 3n),

X X1P.
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i=3n-3n)

{-5n,~5n)

Figure 2.4: The annulus A(n,5n). The shaded region is the rectangle R;.

Now we compute

gn = P(3Z%occupied path from dB(n) to 8B(3n))
< P(AX-occupied contour in A(3n,5n))
+ P(3X-occupied contour in A(3n,5n) and
37 _occupied path from 8B(2n) to 8B(3n))
< P(AX-occupied contour in A(3n, 5n))
+ P(3X-occupied contour in A(3n,5n))

x P(3Z5-occupied path from dB(2n) to dB(3n)).  (2.4.19)

In the last inequality we have applied the FKG-inequality: the event {3 X-occupied
contour in A(3n,5n)} is completely determined by, and increasing in, the variables
(X; : i € A(3n,5n)), whereas the event {3Z5-occupied path from 8B(2n) to 8B(3n)}
is clearly decreasing in those variables.

Let Ry,..., R4 be the four n x 6n rectangles whose union is A(2n,3n). More
explicitly, let R; be the rectangle [—3n,3n| x [-2n,—3n]. Let I denote the set
[-3n,3n] x {—3n} and u the set [—3n,3n] x {—2n}. See Figure 2.4. Each occu-
pied path from 8B(2n) to 8B(3n) must contain an occupied crossing of one of the
rectangles Ry,..., R4 in the shortest direction. Furthermore, by symmetry each of
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these rectangles play the same role. In the usual notation, we have

P(3ZB-occupied path from 8B(2n) to dB(3n))

_ P;E_.j'(&n,En};BBwn)] (aB(Qﬂ) o 8B(3n))

7 4
< 1-[1-PYGEPPENG oy inside Ry))|

Pey

(2.4.20)

where we have used the association property (Lemma 2.2.7). The rectangle R; is a
6n by n rectangle so we may apply Lemma 2.4.6, or rather the remark directly before
equation (2.4.11), to the sequence p/, and the probabilities on the right of (2.4.20).
It follows that the term on the right hand side of (2.4.20) is at most 1 — (1 — p},)*.
Combining this with (2.4.19) shows (2.4.18). O

Lemma 2.4.10. If § is such that q,(pc,d) is bounded away from 1, uniformly in n,
then there exists € > 0 such that the family gn(p,€),n = 1,2,... and p € [pe,pc + €],
is bounded away from 1.

Proof. Note that (in a similar way as in the proof of Lemma 2.2.14),

Gn (p, : = i) is decreasing in p for fixed 7. (2.4.21)
Take € so small that (p, +¢€) + (1 — p. — €)e < pc + (1 — pc)8. Then apply (2.4.21)
and the fact that ¢, (p, 7=5) is increasing in . O

Lemma 2.4.11. If§ is such that the sequence p,(8) is bounded away from 1 uniformly
in n, then, with € as in the previous lemma,

0(p,€) = 0,VYp € (pc,pc + €]-

Remark 2.4.12. In fact we prove a much stronger result: let § be such that the
sequence p,(8) is bounded away from 1, uniformly in n. Then, with € as in Lemma
2.4.10,

Ja > 0 s.t. Vp € (pe, pe + €] IC s.t. Vn Pp (O < 0B(n)) < Cn™°. (2.4.22)

Proof. [Lemma 2.4.11] Let § and ¢ be as in the statement of the lemma. Then, by
Lemma 2.4.10, we can find a ¢ < 1 such that for all n and all p € [pc, pc+€], gn(p,€) <
g. Let n > 1 and choose p € (pc,pe + €]. Let C; be a positive constant, depending
on p. Later on, we will make this more precise. Take the variables X;,Y;, X} and Z;,
i € 72 as in the beginning of Section 2.2. In addition we now take for all i € Z?,

X7 := I(X; = 1 and its X-occupied cluster contains no contours around B(Cj logn)),
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and
28 = XCVvY..

Note that on the event that there exists an infinite X-occupied path from dB(C; log 1),
we have X} < X© for all i € Z*\B(C1 logn), since this infinite path intersects all
contours around B(C;logn). So we have

Pp,e(O ++ 0B(n)) P(3Z-occupied path from O to §B(n))

(
(3Z-occupied path from 8B(C, logn) to B(n))
(
(

3 39

3ZC-occupied path from 8B(C; logn) to dB(n))
P( A infinite X-occupied path from 8B(C) logn))
(2.4.23)

+ A A

From standard percolation theory we know that the last term on the right in (2.4.23)

is at most
Ca(p)eP1(P)C1logn

where Cy(p) and B;(p) are positive constants depending only on p. Now we handle
the other term on the right of (2.4.23). Let I = I(n) denote the set of all positive even
integers ¢ with C; logn < 8° < 5 x 3' < n and consider the annuli A(3%,5 x 3*),i € 1.
These annuli are pairwise disjoint so using the obvious domination of X} Chy X 7¢ for
jE A3, 5x3),iel,

P(3Z-occupied path from B(C;logn) to 8B(n)) < Hq;;.—{p, e) < gl, (2.4.24)
iel

where |I| denotes the size of the set I. From the definition of I it is clear that there

exist constants 3 > 0 and C3 > 0, (where the latter is a function of C;) such that

the right hand side of (2.4.24) is at most Can~2. So for all C; > 0, we can find a
C3 > 0 such that for all p € (pc,p. + €] and for all sufficiently large n,

Pp,.s(o “r 3.8(11)) S 0.2 (p)e_lﬂl (p)Ci logn + Cg'n_'snl

The claim (2.4.22) now follows by choosing C; = C1(p) so large that C15:(p) > a2
and finally choosing the multiplicative constant C so large that the inequality (2.4.22)
holds for all n. This proves Lemma 2.4.11. O

Theorem 2.4.8 now follows easily from this lemma, combined with Proposition
2.3.4 (applied with p = p. + €).
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2.5 The permanent self-destructive process on Vi

Informally, consider the following process in time on the square lattice: At time 0 each
site is vacant. Each vacant site becomes occupied at rate 1, independent of the other
sites. But every time an infinite cluster occurs, it is destroyed immediately. After
destruction the process continues and each vacant site becomes occupied at rate 1 as
before. An interesting question is whether this description makes sense.

The permanent self-destructive process can be seen as a limit of a forest fire
model on a finite box in Z2. As above, initially everything is vacant and sites become
occupied by a tree at rate 1. Further, ignition attempts are made at rate A at each
site, independent of the growth of trees. If at the time of such an ignition attempt, the
corresponding site is occupied, the tree is set on fire. A tree burns for an exponentially
distributed time with expectation g, during which it spreads fire to its (occupied)
neighbours at rate k. When a tree is burned down its site is vacant again and becomes
occupied at rate 1 again etc. Special attention is given in the literature to what
happens (to the equilibrium distribution) when we send the size of the box and the
fire spread rate x to infinity, and the ignition rate A and burning time yu to zero,
in some suitable way. It seems, although most of the results are non-rigorous, that
this leads to so-called self-organised critical behaviour, see e.g. [Jen98]. The model
described above is a version of the so-called Drossel-Schwabl forest fire model [DS92].
We deal with this and similar models in Chapter 3.

From a mathematical point of view it is natural to ask whether the forest-fire
process is still well-defined if we take all the parameters equal to the above mentioned
limiting values. We can interpret A = 0 by saying that only infinite clusters will be
ignited. A natural interpretation of k = co and g = 0 could be that these clusters
are burnt instantaneously. These considerations lead to the question above. Is there
a mathematically consistent definition of the permanent self-destructive process that
satisfies the informal description above? The question of existence is closely related
to a problem posed by Aldous [Ald00]. An analogue of this question in the one-
dimensional case is answered affirmatively by van den Berg and Téth in [BT01]. In
that paper some further background can be found.

Formally, our question is as follows:

Question 2.5.1. Do there exists processes x; : Ry — {0,1},1 € 72, defined jointly
on some probability space, with the following properties:

(i). Almost surely, for all i € Z?, x;(0) = 0.

(ii). Almost surely, for all i € Z%,¢ — x;(t) is continuous from the right having left
limits (c.a.d.l.a.g.).

(iil). Let U, i(k) denote the length of the kth interval during which x;(.) equals 0. Then

the random variables (Ui(k))iezg,kel’*l are independent, exponentially distributed
with mean 1.
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(iv). Almost surely, for all ¢ € R, and i € Z? with x;(t™) = 1; if there is an infinite
path 7 from i having x;(¢7) =1 for all j on 7 then x;(t) =0, else x;(t) = 1.

Theorem 2.5.2. If Conjecture 2.4.5 holds, then there are no processes x; : Ry —
{0,1},7 € Z* with properties (i)-(iv) above.

The reason for this is, loosely said, the following. We have seen in the previous
section that if Conjecture 2.4.5 is true, it takes an essential probability, or essential
time, to form a new occupied infinite cluster after removal of an infinite cluster. Let
{ be slightly larger than t,. With positive probability, at some time t € (te,t), an
infinite cluster arises, and is hence destroyed instantaneously. By ordinary percolation
results, there must have been an infinite cluster at some time between ¢, and t, so
there must have been an earlier fire. But it takes an essential time to reintroduce an
infinite cluster, so the fire at time ¢ could not have been there.

Before we prove Theorem 2.5.2 we state a lemma that we need in the proof. Let
k € Nand § > 0. Suppose initially all sites of the square lattice are vacant. We occupy
each site independently with probability p. and then remove all sites whose occupied
cluster contains a contour around the box B(m). Finally we occupy all vacant sites

with probability 6. Let ’P}E:‘g denote the distribution of the final configuration. Recall
the definition of p,,(§) from (2.4.8).

Lemma 2.5.8. If § is such that sup,, p,(8) < 1 (i.e. Conjecture 2.4.5 holds) then

Ym, P;f:g(fl an infinite Z-occupied cluster) = 0.

The proof of this lemma is very similar to (and in fact simpler than) the proof of
Theorem 2.4.8, so we do not present it here.

Proof. [Theorem 2.5.2] Suppose we have § > 0 such that the sequence (p,(d), n € N)
is bounded away from 1. Assume we do have processes x;(-) with the properties (i)-

(iv). We will show that this leads to a contradiction. Let the Ui(k)’s be as in property
(iii).

Now first consider, for each m, the following process: initially all sites are vacant.
Vacant sites become occupied at rate 1. At time t. (defined by the relation 1 —e™t =
De), each site whose occupied cluster contains a contour around B(m), become vacant.

After that, vacant sites become occupied again at rate 1. Let ni(m)(t) be the state of
site ¢ at time £. All these processes with different m can be simply coupled together,
and with the x process, by using the U; variables mentioned in property (iii) of the
x-process. In fact, for this coupling we only use the U(!)’s and U?)’s exactly in the
same way as in the Lemma 2.2.14, with the 7 now equal to t., and with an obvious
modification of ‘catastrophe’: a site ¢ is initially vacant and becomes occupied at time
Uim. If this time is larger than {., it then remains occupied forever. However, if at
time £, its occupied cluster contains a contour around B(m), it becomes vacant, and

remains vacant until time £, + U}g), after which it is occupied forever.
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It is clear that, for ¢t > t., the collection (n§’n)(t), i € 7?) has distribution P}E:},

defined above Lemma 2.5.3, with § = 1 — e~(t=te)  Hence, by that lemma, the
assumption in the beginning of this proof, and because each ngm](t] is increasing in

t > tc, Je > 0 such that for all m we have

P(3 infinite 7™ (t)-occupied cluster for some t < t. +¢) = 0. (2.5.1)

Now back to the x;(t)’s. Let € be as in (2.5.1). Clearly, by property (i) and (iii) of
the y process, there is a.s. no infinite x-occupied cluster before or at time ., and
hence, by property (iv), there are a.s. no site i and time ¢ < t, with x;(t”) = 1 and
xi(t) = 0. If, in addition, there is no ¢ € (fc,t. + &) and site i with xi(t™) =1 and
xi(t) = 0, then x;(t) = I(U}l) <t), j €72, t€ (t tc+e). However, with probability
1, for all t > t. there is an infinite cluster of sites j € 7?2 with UJ(” < t. This gives
a contradiction with property (iv). So, almost surely, there is a t € (t.,t. +¢€) and a
site i s.t. x;(t~) =1 and x;(t) = 0. And hence, there is a i € (t, ¢ +¢€) such that

P(3i € 22 and s € (it +¢) with xi(s™) = 1, xi(s) = 0) > 0. (2.5.2)

Fix such £. Now, with exactly the same argument we can prove that, almost surely,
the following event occurs:

3s € (t, (tc +1)/2) and an i € Z? with x;(s™) = 1, xi(s) = 0.

But if that event occurs, then, according to the required properties of the x-process,
there is an infinite path on which the x-values changes from 1 to 0 at that time s.
But such path intersects, for some n, all contours around B(n). By similar arguments
as in the proof of Lemma 2.2.14 and Lemma 2.4.11 we conclude that a.s.

Im s.b. x;(8) < nS™(2),for all j € 2% and t > (e +1)/2. (2.5.3)

Combining (2.5.1) and (2.5.3) contradicts (2.5.2). O

2.6 The binary tree

2.6.1 The rooted binary tree

We turn our attention to the rooted binary tree 7. This is the infinite tree in which
one site, which we call the root, has two neighbours, and all other sites have three
neighbours. The root will simply be denoted by O and its two neighbours by 1 and 2.
The sites 1 and 2 can be considered as roots of the subtrees 7[1] and 7 [2], respectively,
see Figure 2.5.

For ordinary site percolation on 7 with parameter p it is well-known that the critical
probability equals p. = 1/2 and that for p > 1/2

3= %.
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Figure 2.5: The rooted binary tree 7" and its subtrees 7[1] and 7 [2].

In particular 8(p.) = 0. In fact, using that 77[1] and 7[2] are disjoint copies of T
one has that 6(p) satisfies

6(p) = p(1 - (1= 6(p))?). (2.6.1)

We study the probability measures P[ i and the function 6(p,6) = 'P[T joc] (0 4 o0)
for the self-destructive process on the tree. Omne noticeable dlfference between the
binary tree and the square lattice is that on the binary tree there is no unique infinite
cluster for ordinary percolation. In fact, there are infinitely many infinite clusters,
which are all removed in self-destructive percolation model.

We show that for 7 the analogue of Proposition 2.3.2 is true, but also that the
intuitive picture is correct, in the sense that d.(p) | 0 as p | p.. In other words, the
limit (2.1.3) holds for T; this is in contrast to what we conjectured for the square
lattice (Section 2.3 and Subsection 2.4.3).

Theorem 2.6.1. On the rooted binary tree T we have
(i). ¥p > p. 36 >0 s.t. 0(p,8) =0.
(#). If p(1 — &) > p., then 8(p,d) = 0.

(iii). For all § > 0, there exists a p > p. and a > 0 such that for all p € [p., D),
f(p,d) > a.

(iv). Moreover,

lim 0(p, 5) = 0(pc. 8) (=6(pe + (1 - pe)s) > u). (2.6.2)

Proof. As for ordinary percolation it is natural to use the fact that 7[1] and 7[2] are
copies of 7. The removal of infinite clusters introduces dependencies between these
copies, which complicates things. By defining suitable classes of random variables
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these complications can be handled quite smoothly: let (X; :¢ € Vi), and (Y; : i €
Vr) be as in the beginning of Section 2.2. So the X;’s, are i.i.d. Bernoulli variables
with parameter p, and the Y;’s i.i.d. Bernoulli variables with parameter 4. The family
of X;’s is independent of the family of Y;’s. We also define the X} and Z;, i € Vir as
in Section 2.2 with I' = co. In addition to our *-operation we define a *+-operation
on our variables by

*+
X;

1 if X; =1 and there is no X-occupied path from i to oo or to O,
0 otherwise.

It is clear from this definition that X;* = 0.
We also introduce the ‘natural analogues’ of these variables for 7[1] and 7[2]. Let
k € {1,2}. Then for ¢ € V) we define

XI[H = 1 if X; =1 and there is no X-occupied path in 7[k] from 7 to oo,
‘ - 0 otherwise,

and
1 if X; =1 and there is no X-occupied path in 7[k] from
Xtk = i to oo or k
0 otherwise.

Further, for i € V) and k € {1,2},
Z;|k] = X} k]| VY;,

and
Z,-'" [k] = X;‘*[k] vY;.

We proceed with the proof of Theorem 2.6.1. Note that if the Z-occupied cluster
of O is infinite then the following event A must occur:

A:={Xo VYo =1and 3i € {1,2} s.t. ¢ is on an infinite Z[i]-occupied path in Ti]}.

Hence
8(p,8) < P(A) = (p + (1 — p)é) [26(p, §) — O(p, 8))*]- (2.6.3)

On the other hand, if A occurs and the X-occupied cluster of O is finite then the
Z-occupied cluster of O is infinite. This gives

8(p, 8) > P(A) — 8(p) = (p+ (1 - p)é) [26(p, §) — b(p, 6))*] — O(p). (2.6.4)
We can improve the quite trivial upper bound (2.6.3) as follows. First define the event

B = {Xo0 =1,Yp =0 and 3 € {1,2} s.t.  is on an infinite Z[i]-occupied
path in 77¢] and 3 — ¢ is on an infinite X-occupied path in 73 —i]}.
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It is easily seen that B C A, but also that if B-occurs, then Zp = 0 so that O is not
on an infinite Z-occupied path. Hence

8(p,5) < P(A) — P(B). (2.6.5)

Now,

P(B) p(l1 —9) x
[20(p, 6)6(p) — P(i is on both an infinite Z[i]-occupied path

and on an infinite X-occupied path in 73], € {1,2})]

> p(1-14)x
[26(p, 6)8(p) — P(i is on an Z[i]-occupied path in Ti,i € {1, 2})]
= p(1-6)[20(p,5)8(p) - 6(p,)]- (2.6.6)

This, together with (2.6.5) and the expression for P(A) in (2.6.4) gives
8(p,5) < (p+ (1 — p)5)[26(p, 6) — 8(p, 6)*] — p(1 — 6)[26(p, )6 (p) — 8(p,)*]- (2.6.7)
Hence, if 6(p,d) > 0,
1< (p+ (1-p)8)[2—6(p,8)] — p(1 - 6)[20(p) — 0(p ). (2.6.8)
Using (2.6.1) and elementary manipulations, the inequality above is equivalent to
1<2(1—p+ pd) — 66(p, 6). (2.6.9)

Summarizing, (p, ) > 0 implies that 1 < 2(1—p-+pé), or equivalently, that p(1-4) <
1/2 = p,. This proves part (ii) (and hence also part (i)) of the lemma.

Before we prove parts (iv) and (iii), it is useful to note the following. When p
is larger than but very close to pc, then 8(p) is close to 0 so that both (2.6.4) and
(2.6.3) are similar to the equation (2.6.1), with 6(p + (1 — p)d) as one of its solutions.
One would like to conclude from this that if p | p., then 8(p,d) — 0(pc + (1 — pc)d),
which as we observed earlier, equals 6(p.,8). The trouble is of course that when we
take 8(p,d) = 0 the above inequalities are also satisfied. However, if we can prove
that liminf,, 8(p,d) > 0, then the above argument works and we get part (iv) of
the theorem. The positivity of liminf,,,, #(p,d) follows immediately from part (iii)
which we will prove now:

Let, for n > 1, A, be the event that there is a Z-occupied path of length n from
0, and B, the event that there is a Z*-occupied self-avoiding path of length n from
O. Let E be the event that the X-occupied cluster of O is infinite. Similarly An[k],
B, [k] and E[k] are defined for k = 1,2, in the obvious way. For instance, By[1] is the
event that there is a Z*[1]-occupied path of length n from 1 in 7[1]. We consider,
for each n, the probabilities of the combinations of occurrence or non-occurrence of
these events:
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fi(n) = P(-E,-A,,—B,).
fo(n) = P(E,-A,,-B,).
f3(n) = P(=E, Ay, By).
fa(n) = P(-E A, By).
fs(n) = P(E,An By).

These probabilities depend on p and § of course, but we have omitted these in our
notation. One might expect eight combinations, but some do not occur. For in-
stance, B,, implies A,. One can check that, for p > p., § > 0, and fixed n, each of
fi(n), ..., fs(n) is positive and that their sum equals 1.

Also note that, for fixed n, the occurrences/non-occurrences of A, 1, B,y1, E are
completely determined by those of A, [k], Bn[k], E[k], for £ = 1,2 and X and Yp.
To illustrate this, suppose the events —FE[1] , =A,[1], =B,[1] occur and also the events
-E(2] , A,[2], 7B,[2], and Xo = 1. This has probability pfi(n)f4(n). It is not hard
to check that then -~FE, A, and —~B,; occur. The same holds when we exchange
the roles of T[1] and 7T72]. This gives a contribution 2pf;(n)fs(n) to fa(n + 1). An-
other contribution to f4(n+ 1) comes from the simultaneous occurrence of the events
=E[1],-A,[1], ~Bn[1],~E[2], An[2], Br[2], X0 = 1 and ¥p = 0, or the same events
with the roles of ‘1’ and ‘2’ reversed. This contribution is 2p(1 — 8) f1(n) fa(r). We
have

faln+1) > 2p(1 - 8)fi(n)fa(n) + 22 (n) fa(m). (2.6.10)

It is easy to find all contributions but the above is enough for our purpose.

It is easy to see from the definitions that the functions fi(r) and fz(n) are in-
creasing in n and that f3(n) and fs(n) are decreasing in n. By this monotonicity
their limits (as n — o0o), which we denote by fi, fo, f3, f5, exist.

Clearly these limits depend on the values of p and 4. Since the sum )", f;(n) = 1, also
the limit f; of the sequence f4(n) exists. Moreover, the limits satisfy the analogue of
equation (2.6.10).

We now proceed with the proof of the theorem. Let § > 0 be given. Suppose that
p is such that §(p,é) = 0. Hence f3(n)+ fa(n) + f5(n) = 0, fi(n) - 1 —8(p) and
fa(n) = 6(p) as n — co. Choose € > 0 such that (1+46(1—4))(1—¢) > 1. The reason
for this choice of € will become clear later. Because of the convergence of fi{n) to
1 —0(p), we can find an ng such that Vn > ng, fi(n) > 1 — 8(p) — . Applying this to
(2.6.10) we get for all n > ng:

Hn+1) > 2p(1-0)fa(n) + W] L -0p) —o). (2611
Now we use
] =

» pfd(n)s

fa(n) > 06
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which can be obtained easily from the definitions.
Applying this to (2.6.11) we obtain for all n > ng,

faln+1) > (2p+26(1 - 6)(1 — p)) (1 - 6(p) —€) fa(n).

If now
(2p+26(1—-68)1—p))(1—8(p) —€) > 1, (2.6.12)

we obtain f4(n +1) > fa(n) for all n > ng, which together with f4(rn) > 0 for all n,
contradicts the assumption that, for the chosen value of p, fa(n) = 0.

At p = p. = 1/2 inequality (2.6.12) is satisfied (we have chosen our € accordingly)
and hence, by continuity, there is a § > p. such that the inequality is satisfied for all
p € [pe, |- By the above mentioned contradiction we conclude that 6(p,d) > 0 for p
in this interval. Summarizing, we have proved the following:

6 > 0,3p" > p. such that Vp € [pe,p'], 8(p,d) > 0. (2.6.13)

From this we get part (iii) of the theorem as follows: let § > 0. By (2.6.13) we can
find a p > p. that satisfies 8(p,8/2) > 0 and further (by taking p sufficiently close to
Pe)s
P+ (1—-p)6/2 < pc+ (1 —pe)d,
and hence p+ (1 —p)8/2 < p+ (1 —p)d for all p € [p,,p]. Corollary 2.2.15 now implies
that for all p € [p, ], 0(p,8) > 0(p,6/2), which is strictly positive.
O

Remark 2.6.2. Gathering all the terms, it is possible to obtain a full iterative scheme
in the sense that we can write f;(n + 1), in terms of fi(n),i = 1,...,5. Hence, for
fixed p and 4, we can find an approximation of 8(p, §) using the iterative scheme. The
limits fy, ..., f5 satisfy similar relations. Unfortunately, since these relations contain
quadratic terms, it is not possible to determine fi, ..., fs for general p and § uniquely.

2.6.2 The regular binary tree

Now we have Theorem 2.6.1 for the rooted binary tree, it is easy to obtain similar
results for the Bethe lattice B, the tree where each site has exactly three neighbours.
That graph is in fact nicer because all sites are ‘equivalent’. Note that if we delete
a site and its three edges from B, three separate copies of 7 are left. For ordinary
percolation this gives immediately that the probability that a given site is in an infinite
occupied cluster equals p (the probability that the site itself is occupied) times the
probability that at least one of its three neighbours is in an infinite occupied cluster
in its corresponding copy of 7. So

85(p) =p(1— (1 - 0" (p)*),

where we write the superscript to indicate the graph under consideration. In partic-
ular B has the same critical probability 1/2 as 7. For our model ‘with destruction’
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the situation is more complicated, but we can still immediately get an inequality as
follows. Using the description with X and ¥ variables in Section 2.2, it is clear that
if a site © has X; = 0, then each infinite X-occupied cluster belongs to exactly one of
the three above mentioned copies of 7. A few seconds thought then yields

6%(p,6) 2 (1 - p)6(1 — (1 - 67 (p,6))*).

The factor § comes from the fact that ¥; has to be 1 when X; =0 and Z; = 1. This,
combined with part (iii) of Theorem 2.6.1, immediately gives an analogue for B of
that part of the theorem. The analogue for B of the second part of the theorem can
then be obtained from the analogue for B of the first part, in exactly the same way
in which we have derived part (iv) for 7 from part (iii) for 7. Part (i) and (ii) for B
also follow easily from their analogues for 7.
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Chapter 3

Self-organised forest-fire
models

3.1 Introduction

Consider the following, informally described, forest-fire model. Each site of the lattice
7¢ is either vacant or occupied by a tree. Vacant sites become occupied at rate 1,
independently of anything else. Further, sites are hit by lightning at rate A, the
parameter of the model. When a site is hit by lightning, its entire occupied cluster
instantaneously burns down, that is, becomes vacant.

This is a continuous-time version of the Drossel-Schwabl model which has received
much attention in the physics literature. See e.g. [BJ05], [DS92], [Gra02], [SDS02],
and sections in the book by Jensen [Jen98]. For comparison with real forest-fires
see [MMT98]. The most interesting questions are related to the asymptotic behaviour
when the lightning rate tends to 0 in steady state. It is believed that this behaviour
resembles that of ‘ordinary’ statistical mechanics systems at criticality. In particular,
it is believed that, asymptotically, the cluster size distribution displays power-law
behaviour. Heuristic results confirming such behaviour have been given in the litera-
ture, but the validity of some of these results is debatable [Gra02] and apart from the
one-dimensional case, very little is known rigorously. Section 3.2 handles the cluster
size distribution in steady state on Z. Although it was known that this distribution
follows a power law [DCS93], [Dro96] no rigorous results had been proved.

Most literature handles the stationary distribution of forest-fire models on finite
volumes in dimension 2, specifically when the volume tends to infinity. It would be
interesting to study the stationary distributions directly on Z2, but usually one does
not know whether a stationary distribution exists or even if it does, when it is reached.
QOur goal is more modest and we address some basic problems which, surprisingly, have
so far been practically ignored, although their solution is crucial for a beginning of
rigorous understanding of these models. In Section 3.3 we investigate what happens
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if in the two-dimensional case, we start our process from an empty lattice. Around
the critical time, corresponding to the critical probability for ordinary percolation,
interesting behaviour may occur. It can be argued intuitively that the system stays
in a critical state from the critical time on, meaning that we see large fires at all
times. Nevertheless, the rigorous results suggest different behaviour. We remind the
reader of the permanent self-destructive process (Section 2.5) which can be seen as
the limiting case of the forest-fire model when the lightning rate tends to zero. For
the permanent self-destructive process, similar intuition as mentioned above applies,
but the rigorous results suggested otherwise.

3.2 The cluster size distribution on Z

3.2.1 Introduction and background

This section discusses the forest-fire model in one dimension. In time, trees can grow,
or disappear by fire. Let Q = {0,1}* be the state space. A ‘1’ represents a tree
and a ‘0’ represents a vacant space. To each site of Z we assign a Poisson process
with rate 1, independently of the other sites. If such a Poisson clock rings, there is a
birth attempt. If the site is empty, a tree grows. If a tree is already present, nothing
happens. Further, to each site we assign a Poisson process with rate A, independently
of the other sites. If such a Poisson clock rings, there is a lightning attempt. The
lightning destroys instantaneously all the trees that are in the cluster of the site that
is hit. If the site was vacant, nothing happens. In what follows, a Poisson event is the
ring of a Poisson clock (either a birth attempt or a lightning attempt). It is expected
that this model displays so-called self-organised critical behaviour as the lightning
rate A goes to zero.

If we start from any configuration with infinitely many vacant sites on both
half-lines, with probability one, infinitely many of those sites in Z stay vacant dur-
ing the time interval [0,t]. This ‘breaks up’ the line in finite pieces, and hence
the process is easily constructed (for example by using a graphical representation,
see [Dur88], [Lig85]). Note that the existence of the process on an infinite volume is
not clear at all in higher dimensions, since a site may in principle be influenced by
infinitely many Poisson events in finite time. Although the existence of the process
on Z is relatively easy, it is not immediately clear whether there exists a stationary
(in time) translation-invariant (in space) measure. We come back to this issue later.
For now, let i) denote any stationary translation-invariant measure.

For any w € §, we write w = (---w_jwows -+ -) where w; € {0,1} denotes the
state of the site at position i. In short notation, we write px(0) = pa(wo = 0) for the
probability that the origin is empty in the steady-state, and px (1) for the probability
that the origin is occupied. It seems likely that the probability that a site is empty
goes to zero as the lightning rate goes to zero. This is indeed the case and the speed
at which this happens is known: it has been proved in [BJ05] that there exist positive
constants A; and A, such that for A < 1 and any measure g invariant under the
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dynamics,

< pa(0) < (3.2.1)

A Az
In(1/X) In(1/X)

This forest-fire model is closely related to the well-known Drossel-Schwabl forest-
fire model [DS92]. In that model the state space is large but finite, the speed of fires
is finite and time is discrete. The self-organised critical behaviour is expected when
the volume and the speed of fires go to infinity, and the lightning rate to zero in a
suitable way. In dimension 1, the behaviour of this model has been studied in [DCS93]
but the results are not rigorous and some need significant correction. Van den Berg
and Jarai [BJ05] have studied our version of the model rigorously. For the overall
behaviour, it does not matter much which model we consider. The proof of the main
result can easily be adjusted to the Drossel-Schwabl model.

The forest-fire process has ‘natural scales’. If we consider a string of length n,
there is a non-trivial (i.e. bounded away from zero and one) probability that all sites
grow a tree in a time interval of length In(n). If the lightning parameter is of order
1/(nln(n)), there is also a non-trivial probability that a lightning attempt occurs
in this string. This and other considerations ( [BJ05], [DS92]) lead to the following
definition of a characteristic length: spmaz = Smaz(A) is the integer satisfying

1

Smazx In Smaz < X < (Smaz + 1) ]-n(sma:: =t 1) (322)

Our result concerns p(s), where
p(8) == pa(wo = Oyw; = - = ws = L,wey1 = 0).

The probabilities p(s),s > 0 are called the cluster size distribution in [DCS93], al-
though strictly speaking, they are not a distribution but the probabilities of the event
that the origin is the left-boundary of a cluster of size s. From p(s), it is easy to
recover the true cluster size distribution. By translation invariance, the probability

that a fixed site is in a cluster of size s is sp(s).
In [DCS93] it was shown that for fixed s, the probabilities p(s) satisfy

p(s) ~ pA(0)s 72, (3.2.3)
where the symbol ‘~’ means that the quotient of the left and right side is bounded
from above and below as A | 0. Further, it is an ‘ansatz’ in their paper that (3.2.3)
holds for s up to $ma.. Although this ansatz led to a correct prediction in [DCS93]
of the asymptotic behaviour (3.2.1) of 1 (0), it was shown in [BJ05] that (3.2.3) does
not hold for s of the order s;,4,. This raises the question for which s < 8,42 (3.2.3)
does hold. In this section we partly answer this question by showing that, loosely
formulated, (3.2.3) holds for s up to s¥/2, and hence (by (3.2.1))

p(s) = s7%/In(1/) for all s up to 5/3,.

A precise formulation is stated in the following section. Section 3.2.3 handles some
preliminaries and in Section 3.2.4 we give the proof of the main result. In Section 3.2.5,
we address the issue of the existence of a stationary translation-invariant measure for
the one-dimensional forest-fire process.
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3.2.2 Statement of the main result
The main result is as follows.

Theorem 3.2.1. Let o < 1/3. There eists positive constants By and By such that
for all A < 1 and any stationary, translation-invariant measure py of the forest-fire
model with parameter A on Z,

B,

TN (3.2.4)

< —=0) < B,
< pr(wo =0,wy =+ =ws = Lwg41 =0) < s2In(1/X)’

Jor all s < 8% 4z-

The theorem above is only useful when there is at least one stationary translation-
invariant measure for the one-dimensional forest-fire model. We will show that this
is the case in Section 3.2.5.

3.2.3 Preliminaries

Note that on a finite interval, the total rate of the Poisson processes assigned to
the sites in this interval is finite. This implies that the probability of two Poisson
events occurring inside this finite space interval in a time interval of length ¢ is o(t),
as t | 0. We repeatedly use this fact when proving statements about the stationary
measure. However, when we consider Z, infinitely many Poisson events occur in any
time interval; far away a tree could be hit by lightning and the fire thus started could
travel over a very large distance, creating long-range dependencies. We have no a
priori bound on these dependencies. Unfortunately, this complicates the argument.
In the rest of this section, we show that in some sense ‘there are enough vacant sites
at all times’, which gives us a bound on the size of clusters, and hence a bound on the
size of fires. We make this precise in Proposition 3.2.4. We need an auxiliary model
where destructions are local.

The model with local destructions is coupled to the original one by using the same
Poisson clocks. The state space is {0,1}% as before. Each time a growth clock rings,
a tree tries to grow. As for the lightning attempts: a lightning attempt destroys a
tree (if present) instantaneously. The difference to the original model is that the rest
of its cluster remains intact. Each site thus behaves independently of the other sites.
Hence the distribution of the configuration at time ¢ converges to vy, which is the
product measure with density 1/(\ + 1), as t — oo. This happens for any initial
configuration. Now suppose that we take a configuration z in {0,1}? and start both
the processes from that configuration. Using the same Poisson events for both models
gives us a natural coupling. Let n®(t) denote the configuration at time ¢ when we
start in configuration z for the model with local destructions. For the original model
we define w?®(t) likewise. Then from the definition of the processes it should be clear
that for all initial configurations = € {0,1}%, and all times ¢ > 0,

WA (8) < 1°(2). (3.2.5)
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Consider the interval I = [iy,i,,] C Z of length m. We define for any configuration
ze40,1}%,

w=yx] = max{j <i —2:z;+zj41 =0},
iy =dp[z] = min{j >4, +2:2j_1+z; =0},
Si(e) = i) (3.26)

In words, Sy(z) is the smallest set of consecutive sites containing the interval [i1, im],
two consecutive zeros to the left of ¢; and two consecutive zeros to the right of 7,,.
In many of the applications below, I will be the set determining some cylinder event.
We prove the following lemma.

Lemma 3.2.2. For any A < 1, any stationary measure uy and any interval I =
[i1,%m), there exists a D = D(A) € (0,1) such that for all s > m + 4,

#a(|S1| > s) < 2Dl

Proof. Let I be as in the statement of the lemma. Let p) be a stationary measure
and let z € {0,1}*. Let P\ denote the measure governing the Poisson clocks. By
(3.2.5), for any t > 0,

PalSr(w®(8)] = s) < Pa(ISr(n"(2))] > s) (3.2.7)

This inequality remains valid if we integrate over = with respect to p. The left side
of (3.2.7) is then simply p)(|S7| > s). Recall that the n-process converges to its
stationary measure v for every initial configuration, when we take the limit t — co.
Taking this limit, we obtain

ma(S1l = s) < wa(|S1] = 5). (3.2.8)

Suppose the size of Sy is at least s. Then there are at least |(s — m)/2] sites in Sy
directly to the right of ¢, (or directly to the left of i;). These sites can be divided into
disjoint pairs, where each pair, apart from the right-most (or left-most, respectively),
has at least one occupied site, by definition of S;. This gives us

A2\ Ls—m)/4]-1
>s8) <21 - (—— ; 2
(s 2 9) <2(1- (135)°) (3:29)
Combining (3.2.8) and (3.2.9) proves the lemma. O

Note that in the proof above, we did not need translation invariance for p5.

Remark 3.2.3. An immediate consequence of Lemma 3.2.2 is that occupied clusters
are a.s. finite.



62 Self-organised forest-fire models

Lemma 3.2.2 gives us the tools to bound influences from far away. When the initial
configuration is drawn from g, we define P#* to be the measure governing this initial
configuration and the Poisson clocks, hence determining the forest-fire process. Recall
that w(t) denotes the state of the model at time ¢. To make the statement at the
beginning of this subsection precise we prove the following:

Proposition 3.2.4. Let I be an interval [iy,im] C Z and let £ > 0. Recall the
definition of Si(w) and let M(I,w(0),t) denote the number of Poisson events occurring
in the set S;(w(0)) in the time-interval [0,t]. For any stationary measure px and

interval I,
P (M (I,w(0),£) > 1) = o2),

astl 0.

Proof. For fixed sets S; it is immediately clear that the probability of two or more
Poisson events in S; is o(t) as ¢ | 0. But now S; is random; at this point we use that
the size distribution of Sy decays exponentially. Further, we use that for a Poisson
process X () with EX (t) = at we have P(X (t) > 1) < (at)*.

PHEA(M(I,w(0),t) > 1)
< Y PAM(Lw(0),8) > 11 1S1(w(0)] = Hpa(ISr(w(O))] = 1)

i>m+4
< Y PO+ DEm(Si1(@(0)] = )-
j>m+4
The sum over j is finite by Lemma 3.2.2, which proves the proposition. a

3.2.4 Proof of the main result

The proof of our main result is based on ideas from [Pen00]. We introduce some
notation and state some lemmas first. From now, let A > 0 be fixed and suppose that
i1 is a stationary translation-invariant measure. In what follows, when we write o(t),
we implicitly take the limit ¢ | 0.

In the proof of the main theorem, we need to bound the probability of the event
that a tree on the edge of a cluster is burnt. The next lemma shows that although
large clusters may arise, the probability that a boundary tree is on fire is not that
large.

Define fori € Zand t > 0,

Bf (t) = {wi(0)=0,wi41(0) = L,wit1(t) = 0},
B;(t) = {w‘(O) = U, w,;_l(O) = l,w,;_l(t) = 0}

Note that by translation invariance, the probability of B;(t) does not depend on i.
The same holds for B; .
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Lemma 3.2.5. Let B (t), B (t) be defined as above. Then for alli andt > 0,

PEA(BH(t) < At+o(t),
PUN(BI (1) < M+ olt).

Proof. We prove the lemma only for B (t). The proof for B; (t) is completely similar.
Note first that we can bound the possibility that more than one Poisson event influ-
ences the event B; (£). This will give us for example, that the event that the site i +1
is occupied, becomes vacant, again becomes occupied and again vacant (which is in
principle possible by the definition of B;" (¢)) has probability o(t). We take I = {i+1}
and apply Proposition 3.2.4:

PH(BF(t) < P"BF ()N M({i+1},w(0),t) <1)+o(t) (3.2.10)

On {M({i + 1},w(0),t) < 1}, only Poisson events occurring inside Sy; ;) can cause
Bt (t) to occur: the two zeros on the left and right boundary of Sy; 11} (and the fact
that at most one of these turns into a one) prevents fires from the outside to reach
i+ 1. For the same reason,

P (B (t) N M({i + 1},w(0),t) = 0) = 0. (3.2.11)

Now, using that the cluster of site 7 is finite a.s. we consider all possibilities that
cause B;"(t) to occur. Let L; denote the event that site j is hit by lightning in the
time interval [0,¢]. We get

P (B () N M({i + 1},w(0),¢) = 1)

< D PR @0) = 0wira(0) =+ = wisy(0) = 1 and L;)
j=0
= ) malw_j=0,w_j41 = =wp = 1)P*(L;)
i=0
< pa(1)AE+ o(t) < At + of2). (3.2.12)

Once more, we have used translation invariance in the equality above. Combining
(3.2.10), (3.2.11) and (3.2.12) proves the lemma. O

We now concentrate on what happens in a finite string. Define
n—1
Qulk] = {weQ:> wi=k},
i=0

We consider the event that in a string of n consecutive sites there are exactly k
occupied sites, and the ends of the string are empty. We define for k < n — 1,

Af = {w € Qu[k] : wp = wn1 = 0}. (3.2.13)
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Note that we are particularly interested in A7 ,. The proof of the main theorem
is based heavily on the following relation for the AX’s.

Lemma 3.2.6.

‘M(Aﬂ) - w0y, (3.2.14)

(3.2.15)

ia(at) -

Note that the event A9 contains only configurations that are equal to zero to on
[0,n —1].

Proof. For any measurable A C {0,1}* and any ¢ > 0, we have
PHA(w(0) € A) = PH(w(t) € A),

and hence
P (w(0) ¢ A, w(t) € A) = P (w(0) € A,w(t) € A). (3.2.16)
We refer to equation (3.2.16) as the ‘steady-state equation’. We refer to the Lh.s. of
(3.2.16) as ‘going in’ side and to the r.h.s. as ‘going out’ side, for obvious reasons.
We first show (3.2.14). To this end, we apply (3.2.16) to A ={w € Q:wp =w) =
-+ = wWp_2 = 0,w,_1 = 1}. Now on the ‘going in’ side of the steady-state equation
for A we get the following contributions.

e At time 0 we see the configuration {wo(0) = --+ = wp—1(0) = 0} and a tree
grows at site n — 1 in the time interval [0, £].

e We see a configuration at time 0 where there is a cluster of trees with rightmost
site between 0 and n — 3 and this cluster is burnt during the time interval [0, ].
This has probability at most A(n — 2)t + o(t) by Lemma 3.2.5.

All other possibilities have probability o(t) by Proposition 3.2.4. From the above we
conclude that the Lh.s. of (3.2.16) is at least

prlwo =+ = wn_1 = 0)t + ot)
and at most
pa(wo =+ = wn_1 = 0)t + (n — 2)At + oft). (3.2.17)

On the ‘going out’ side of the steady-state equation we get contributions from
growing trees and fires as well.

e A tree grows on one of the vacant sites, which gives us a factor
(?’B —Dprlwo =+ =wpn-2=0,wpn_1 = 1)ﬁ+0(f}).

e The tree on site n—1 is burnt. This gives us a contribution of exactly P#*(B;}_,(t)),
which is at most At + o(t) by Lemma 3.2.5.
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All other possibilities have probability o(t) by Proposition 3.2.4. We conclude that
the r.h.s of (3.2.16) is at least

(n—Dpa(wo =+ =wp_2 = 0,wn_1 = 1)t + o(t)
and at most
(n = l)p)\(wg = =Wh_2 = 'U, Wp—-1 = l)t + At + O(t) (3218)

Combining (3.2.16), (3.2.17) and (3.2.18) we obtain
‘m(wu = =wp 1 =0)t—(n—Dpr(wo =+ =wp—2 =0, w1 = l)tI < Ant+o(t).

We divide by ¢ and subsequently let £ | O:

‘ﬂ)(wg =ee=Who1 = 0) == (n == 1)#,,\(&)0 =i =wpo=0wph_1 = l)‘ < An.
(3.2.19)
Note that
#J\(wﬂ = =wpa=0w, 1= 1] + ,U,\(wu = =Who1 = U)
= mi(wp=--=wn_2=0). (3.2.20)

Now, combining (3.2.20) with (3.2.19) we obtain

n—1
be)

ux(A3) —

Iterating (3.2.21) we get (3.2.14).

Now take n—1 > k > 0. As before, we consider the steady-state equation (3.2.16),
but now for the event A% to prove (3.2.15). Again we ignore multiple Poisson events
using Proposition 3.2.4.

On the ‘going in’ side of the equation we obtain the following contributions.

pa(AS_)] < A (3.2.21)

e A tree grows in a configuration with k — 1 trees. There are n — 2 — (k — 1)
possible locations; recall that there are no trees allowed at site 0 orn — 1 in a
configuration in A%,

o The possibility to get into a configuration in A® by a fire is contained in
U (B (t) U B, ,(t)) so applying Lemma 3.2.5 gives a contribution of at most
2(n — 1)At + o(t).

The total contribution on the ‘going in’ side is at least

(n—k = Dua(457)t +o(2)
and at most
(n—k — Dpa(AF D)t + 2(n — 1) At + oft). (3.2.22)

On the ‘going out’ side of the equation we get the following contributions.



66 Self-organised forest-fire models

e In a configuration in A% a tree grows. There are n — k possible locations.

e The possibility to leave a configuration in A% by a fire is contained in
UP(B; (t) U B 4(t)). As before, Lemma 3.2.5 bounds this probability by
2(n — 2)At + o(t).

The total contribution on the ‘going out’ side is at least
(n = k)ua(A7)t + oft)

and at most
(n — k)pa(A)t + 2(n — 2)At + o). (3.2.23)

Combining (3.2.16), (3.2.22) and (3.2.23) and subsequently dividing by ¢ (and n — k)
we obtain as t | 0,

|ea(48) - e (ab )| < 2=

This proves (3.2.15). O
Now we are ready for the proof of Theorem 3.2.1.

Proof. [Thm 3.2.1] Note that {w € Q: wp =0,w; =+ =wp = L,wny1 =0} = A7 5.
We apply (3.2.14) and (3.2.15) repeatedly to obtain

12 n w1 (0) - nA nZHiITIA

n -_— _—— - . —
|‘“"(Aﬂ+ﬂ) 23 ntint2l=at+l’ &

b

which tells us

lir(4342) B 5| < nlatn+ D+ 1+ DA

(m+ D(n+2
The question is now for which cluster sizes the error can be bounded uniformly in A.
Using (3.2.1), the relative error is

(n+1)(n+2)4n[ln(n+1)+ 1]+ 1)A 23 ln
#(0) -

Now choose o < 1/3 and suppose that n < s,,.. The right hand side is dominated
by as3®-1In(1/X). By definition of syqaz (3.2.2) this dominating factor goes to zero

max

as A | 0 and this proves Theorem 3.2.1. O

(m)AIn(1/X).
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3.2.5 Existence of a stationary translation-invariant measure

Proposition 3.2.7. For the forest-fire model with parameter X on Z, there exists at
least one stationary, translation-invariant measure.

Since the forest-fire process is not a Feller process, the proposition does not follow
from the standard theory, see for example [Lig85].

Proof. Fix XA > 0. Let w(-) denote the forest-fire process on Z. Let & € N and let
w®)(.) be an auxiliary forest-fire process where on [—k, k| we have the dynamics of
the ordinary forest-fire process, but with the understanding that we consider sites —k
and k to be neighbours i.e., we consider the forest-fire process on a one-dimensional
torus embedded in Z. For instance if —k and k are both occupied we consider them to
be in the same occupied cluster for this process. Outside the interval [k, k] nothing
happens, i.e. all sites are kept vacant.

Essentially, w(*) is just the forest-fire process on a circle with 2k + 1 sites. This is
a Markov chain with a unique stationary distribution which we denote by p*¥), Note
that by the above description,

p® (w® = 0) =1 for all i with |i| > k.

By standard arguments the sequence p®) k =1,2,... has a weakly convergent sub-
sequence u*:) i = 1,2... . We denote its limit by p. By the above mentioned
correspondence to circles, where we have rotation invariance for p®) k> 0, it fol-
lows immediately that p is translation invariant. We will show that p is a stationary
distribution for the process w(-).

First some notation. Let v be a distribution on {0,1}%, assigning infinitely many
zeros to both half-lines (so that the process starting in a configuration drawn from this
distribution exists). Let P” denote the law governing all Poisson processes and the
initial configuration. In particular, P” (w(t) € -) is the distribution of the configuration
at time ¢ for the forest-fire process starting in a configuration drawn from v. Similarly,
when v(k) is a distribution on {0, 1}[=%*] we write P*®*) (w*)(¢) € -) for the auxiliary
process w(*), starting in a configuration drawn from v(k). For a distribution v on
{0,1}% and a subset J of Z we denote by v; the restriction of v to J, i.e. its projection
on J.

To show that p is a stationary distribution for the process w(-), it is sufficient to
show that for all cylinder events A and all t < 1,

PH(w(t) € A) = u(A). (3.2.24)

So let A be a cylinder event and t < 1. Let I = [i1,1,,] be an interval such that A
is determined by the configuration on I. Take positive integers L and N. We define
J=J(L) = [iy — L,i,m + L] and let k > max{|¢; — L|, |im + L|}. If the ordinary forest-
fire process w(-) and the auxiliary process w*)(-) start with initial configurations
which agree on J and we use the same Poisson clocks, then the only way to have
disagreement between w(t) and w(¥)(t) on I is by influences (fires) from outside J.
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These fires can only reach [ if all sites in the interval [i; — L,4;) that were vacant at
time 0, become occupied before time ¢, or if all sites in the interval (i,,,im + L] that
were vacant at time 0 become occupied before time ¢. If in both intervals the number
of zeros is at least N, the above event clearly has probability at most 2¢V.

Now we couple the process w(-) with initial distribution g and the auxiliary pro-
cess w*)(-) with initial configuration x*) by using the same Poisson clocks and by
optimally coupling p; and ,uE,kJ. Using such coupling and the argument from the
previous paragraph, gives

[Pr(t) € 4) - u®(4)| = [Prw(t) € 4) - PV wB(e) € 4)

< dv(ug, i) + 26N + p(Br(L,N)), (3.2.25)

A

where dy denotes variational distance! and
Br(L,N) = { less than N vacant sites in [i; — L,#1) or in (im,im + L]}

Now let k — oo along the subsequence mentioned in the beginning of this section.
Since p(*) converges weakly to u along that subsequence, (3.2.25) then becomes

PH(w(t) € A) - w(A)| < 2V + u(Br(L, N)). (3-2.26)

Now we let L — co. By exactly the same reasons as in the beginning of Section 3.2.3,
 is dominated by a product measure with a positive density of zeros. Hence, the last

term in (3.2.26) goes to zero as L — co. Finally, we let N — oo to finish the proof.
d

It has been pointed out by F. Redig, that the proposition may follow from the
more general theory of ‘almost Feller’ processes, a notion developed by him and C.
Maes.

3.3 Forest-fires near the critical time on Z?

3.3.1 Motivation

In this section we restrict ourselves to dimension 2, that is, we consider the forest-fire
process on Z*. It seems to be taken for granted in the literature that, informally
speaking, as we let A tend to 0, the steady-state probability? that a given site is
vacant, stays away from 0. But is this really obvious? (Is it even true?). In the
one-dimensional case, we have seen that this probability goes to zero. However, it
is believed in the literature that the system behaves differently in dimension 2. The
intuitive reasoning seems to be roughly as follows:

1See also Section 5.2.1 for results on couplings and variational distance.
2The steady-state measure is not necessarily unique, so that strictly speaking, it would be appro-
priate to speak from a steady-state probability.
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“If the limit of the probability to be occupied was 1, then the system would have an
‘infinite occupied cluster’. But that cluster would be immediately destroyed, bringing
the occupation density away from 1: contradiction”.

Of course this reasoning is, mildly speaking, quite shaky. A rigorous solution of this
problem is necessary for a clear understanding of the forest-fire model.

The problems investigated in this section are, although not the same as the one
just described, of the same spirit. Instead of looking at the steady-state distribution,
we start with all sites vacant and look at the time ¢, at which, in the modified model
where there is only growth but no ignition, an infinite cluster starts to form. Intuitive
reasoning similar to that above makes plausible that, informally speaking, for every
t > t., the probability that the origin O burns before time ¢ stays away from 0 as A
tends to 0. Continuing such intuitive reasoning then leads to the ‘conclusion’ that,
again informally speaking, if we take m sufficiently large and replace the event {O
burns before time ¢t} by the event

{some vertex at distance < m from O burns before time ¢},

the corresponding probability will be, as A tends to 0, as close to 1 as we want. We
relate this to problems which are closer to ordinary percolation. In particular we show
that, under a percolation-like assumption (which we believe to be true), the above
‘conclusion’ is false. We hope our results will lead to further research and clarification
of the problems above.

3.3.2 Formal statement of the problems

So far, we have not yet defined our model precisely. We now give this more precise
description, formulate some of the above mentioned problems more formally, and
introduce much of the terminology used in the rest of this section.

We work on the square lattice Z*. To each site we assign two Poisson clocks:
one (which we call the ‘growth clock’) having rate 1, and the other (the ‘ignition
clock’) having rate A. All Poisson clocks behave independently of each other. A
site can be occupied by a tree or vacant. These states are denoted by ‘1’ and ‘0,
respectively. Initially all sites are vacant. We restrict ourselves to a finite box B(n) :=
[-n,n]>. In our theorems we consider the behaviour as n — co. The dynamics
is as follows: when the growth clock of a site rings, that site becomes occupied
(unless it already was occupied, in which case the clock is ignored); when the ignition
clock of a site v rings, each site that has an occupied path in B(n) to v, becomes
vacant instantaneously. Note that this means that if v was already vacant, nothing
happens. Now let 7] (t) = 7,(t) € {0,1} denote the state of site v at time ¢, and
define 7(t) = #™(t) := (9} (t),v € B(n)). Note that, for each n, (7"(t),t > 0) is a
finite-state (continuous-time) irreducible Markov chain with state space {0,1}2("),
The assignment of Poisson clocks to every site of the square lattice provides a natural
coupling of the processes 7™(-),n > 1 with each other, and with other processes (see
below).
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For m < n, we often use the informal phrase “n™ has a fire in B(m) before time
t” for the event

{3v € B(m) and 3s < ¢ such that 5} (s~) =1 and 77 (s) = 0}.
Similarly, we use “n™ has at least two fires in B(m) before time ¢” for the event
{3v,w € B(m) and 3s <u < ts.t. ny(s™) =ny(u")=1and n(s) = ny(u) = 0}.

Note that we allow v and w to be equal.

Let P be the measure that governs all the underlying Poisson processes mentioned
above and hence, for all n simultaneously, the processes 7" (-). Often, when there is no
need to explicitly indicate the dependence on A, or when we consider events involving
the growth clocks only, we will omit this subscript.

It is trivial that for all times ¢ and all n,m the probability that ™ has a fire in
B(m) before time ¢ goes to 0 as A J 0, and hence for all m > 0 and all t > 0,

lim lim Px(n™ has a fire in B(m) before time t) = 0.

n—oo ALD

A much more natural (and difficult!) question is what happens when we reverse
the order of the limits. For the investigation of such questions it turns out to be very
useful to consider the modified process o(t) on the infinite lattice, which we obtain,
loosely speaking, if we obey the above mentioned growth clocks but ignore the ignition
clocks:

Uv(t) = jr{l:]‘u: growth clock at v rings in [0,t]}s

where I denotes the indicator function. It is clear that, for each time ¢, the g,(t), v €
72, are Bernoulli random variables with parameter 1 — exp(—t). So, if we define ¢,
by the relation p, = 1 — exp(—t.), where p. is the critical value for ordinary site
percolation on the square lattice, we see that o(t) has no infinite occupied cluster
for t < t. but does have an infinite cluster for ¢ > t.. To illustrate the usefulness of
comparison of p with o (and as an introduction to more subtle comparison arguments),
we show that

lim sup lim sup P (™ has a fire in O before time t) < (1 —e™"), (3.3.1)
Al0 n—oo

where 6(-) is the percolation function for ordinary site percolation. The argument is
" as follows: let C;(O) denote the occupied cluster of O in the configuration o(t). It
is easy to see from the process descriptions above that in order to have a fire in O
before time ¢ in 9", it is necessary (but not sufficient) that at least one of the ignition
clocks in the set C;(Q) has rung before time t. Note that this gives us a bound on
the probability that 7™ has a fire in O before time ¢ which is independent of n. Using
the independence of the different Poisson clocks, we have
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Pa(n™ has a fire in O before time ¢)
< i'PAUC't(ON =k and Jv € C,(O) that has ignition before time ¢)
+k=;(JC:(O)| = 00)
= i P(|C(O)| = k)(1 — e 2*) + 6(1 — e7%).
k=1

Note that, in the r.h.s. above, the first term clearly goes to 0 as A — 0 (by bounded
convergence). The desired result follows.
In particular, we have for each m and each ¢ < i,

lim lim Py (n" has a fire in B(m) before time ¢) < |B(m)|8(1 —e~*) =0, (3.3.2)

A0 n—oo
where |B(m)| denotes the number of sites in B(m). Up to and including time i,
the forest-fire model shows no surprising behaviour, but what happens right after t,?
Intuitively one might argue as follows:

“If the l.h.s. of (3.3.2) is O for some ¢ > {., then roughly speaking, the system
at time ¢ looks as in ordinary percolation with parameter 1 — exp(—t), so that an
infinite occupied cluster has built up, and this cluster intersects B(m) with positive
probability. But an infinite cluster has an infinite total ignition rate and hence catches
fire immediately: contradiction. Hence for each t > ¢, the L.h.s. of (3.3.2) is strictly
positive.”

As we said before, such reasoning is very shaky. Its conclusion is correct for the
directed binary tree, see Lemma 3.4.1. We have some inclination to believe that the
conclusion also holds for the square lattice, but prefer to formulate this as an open
problem, rather than a conjecture:

Open Problem 3.3.1. Is, for all ¢ > {,,

Tt—hoo

ﬁ?;}onf lim inf Py (n™ has a fire in O before time t) > 07 (3.3.3)

Believing the answer to the above problem is affirmative, it is intuitively very
tempting to go further and ‘conclude’ that also the answer to the following problem
is affirmative:

Open Problem 3.3.2. Is it true that for all ¢ > £, and each £ > 0 there exists an m
such that

]jJ/I\l.L:})nf lim inf Px(n™ has a fire in B(m) before time t) > 1 —¢? (3.3.4)
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The intuitive and again shaky reasoning here is, roughly speaking, that if the an-
swer to Problem 3.3.1 is affirmative, there will be a positive density of sites that burn
before time t, and hence the probability of having such a site in B(m) will tend to
1 as m — co. Our main result, Theorem 3.3.4, indicates that the behaviour of the
process may be considerably different from what the above intuition suggests.

At this point, one could wonder whether it is really necessary to first restrict to
finite n, so that we have the annoying ‘extra’ limit n — oo in our theorems and
problem formulations.

Open Problem 3.3.3. Is the forest-fire model well-defined on the infinite lattice for
each A > 07

For sufficiently large A one can easily see that this is true. Using domination by
suitable Bernoulli processes one can, for such A, make a standard graphical construc-
tion. However, for our investigation (where we let A approach 0) this is of no use.
In Section 3.5.2 we consider a slightly modified process that is defined on the infinite
lattice. In this modified process occupied clusters with size larger than or equal to L
(the parameter of the model) are instantaneously removed. For that model we have
results very similar to those for the original one.

3.3.3 Statement of the main results

We remind the reader of the percolation-like critical value, denoted by Sc, which
plays a major role in the statement of our main results. See Subsection 2.4.2 for its
definition (2.4.9) and more background.

We are now ready to state our main results:

Theorem 3.3.4. If . > 0, then there exists a t > t. such that for all m,

lim sup linlinf'P;\(n“ has a fire in B(m) before time t) < 1/2. (3.3.5)
/\Jrﬂ n—oo

The key to Theorem 3.3.4 is the following proposition:

Proposition 3.3.5. If 8. > 0, then there ezists a t > 1. such that for all m,

I}i% limsup Pa(n" has at least 2 fires in B(m) before time t) = 0. (3.3.6)

The proofs of the above proposition and theorem are given in Section 3.3.4.

Remark 3.3.6. In the model at hand the square lattice plays the role of space. Com-
pletely analogous results can be proved in the same way, for all planar graphs for
which the results in Subsection 2.4.3 (in particular Lemma 2.4.9) hold.
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3.3.4 Proofs

The proof of our main theorem (Theorem 3.3.4) depends heavily on Proposition 3.3.5.
For the proof of the proposition we need two auxiliary models. One of these, the ‘pure
growth’ model o(t), was already introduced in Section 3.3.2. The other, which has
the same growth mechanism but where removal of trees takes place at time ¢, only,
is described below.

Removal at ¢, only

Let I denote the set of all positive even integers ¢ and consider the annuli A(3¢, 5-31) :=
B(5-3")\B(3%),i € I. Note that these annuli are pairwise disjoint. In the process we
are going to describe, again every site can be vacant (have value 0) or occupied (value
1). By a ‘surrounding ¢ cluster’ we will mean an occupied circuit C' around O in the
annulus A(3', 5-3"), together with all occupied paths in A(3¢,5-3') that contain a site in
C. The process is completely determined by the Poisson growth clocks introduced in
Section 3.3.2, in the following way. Initially each site is vacant. Whenever the growth
clock of a site rings, the site becomes occupied. When it is already occupied, the
clock is ignored. Destruction (1 — 0 transitions) only takes place at time t.: at that
time, for each positive even integer i, each ‘surrounding i cluster’ is instantaneously
made vacant. After ¢, the growth mechanism proceeds as before. Note that this
model is closely related to the model associated with the variables (Z¢ : i € Z2) from
Subsection 2.4.3. Let &,(t) denote the value of site v at time ¢. Earlier in this paper
we mentioned an obvious but useful relation (comparison) between the pure growth
process o(-) and the forest-fire process 5(-). There is also a useful relation between
&(-) and 7(-), but its statement and proof are less straightforward, see Lemma 3.3.8
later in this section. Another lemma involving the process £(-) that will be important
for us is the following.

Lemma 3.3.7. If§. > 0, then there ezist v <1 and € > 0 such that for all i € I,

P(8B(3") — 0B(3 - 3') in the configuration &(t, + £)) < 7. (3.3.7)

The proof of this lemma is very similar to that of Lemma 2.4.9. The probabilities
above correspond to gs: (pe, ), with § = 1—e~. The modifications needed to go from
discrete to continuous time are straightforward.

Proof of Proposition 3.3.5

Fix m. Since the probability in the statement of the proposition is monotone in m,
we may assume that m is of the form 3' for some even positive integer I. So each
annulus A(3%,5-3"), i € I, defined above, is either contained in B(m) or disjoint from
B(m).
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Let 7 = 7(n, m) be the first time that ™ has a fire in B(m), more precisely,
7= inf{t : Jv € B(m) s.t. 73(t) =0 and 75 (t7) = 1}.

Next, define for A € (0,1),

1
KQ) = 3
1
AR(),K) = BEMN\BKN): (3:38)
Further, define the following events:
By = B;(A) := {no ignitions in B(K(})) before or at time 7}
By =By()) = {o(t.) has a vacant *-contour in A(k(A), K(A))},

where by “*-contour’ we mean a contour (surrounding 0) in the matching lattice (i.e.
the lattice obtained from the square lattice by adding the two ‘diagonal edges’ in each
face of the square lattice).

We will use the following relation between the forest-fire process n(-) and the
auxiliary process £(-) described in the previous subsection.

Lemma 3.3.8. Let A € (0,1). On By N By we have, for allt > 7, allv € B(k(M\)\
B(m) and all n, that
7y (8) < &u(t)-

Proof. [Lemma 3.3.8]. Suppose By N By holds. Take n, ¢ and v as in the statement of
the lemma. Obviously, we may assume that k() > m. To simplify notation we will,
during the proof of this lemma, omit the superscript » from 7, and the argument A
from k and K. Suppose £,(t) = 0. We have to show that then also 7,(t) = 0. Since
&u(t) = 0, the growth clock of v does not ring in the interval (te,t], and we assume
that just before ¢, the occupied ¢-cluster of v surrounds B (m). If not, the desired
conclusion follows trivially. From the definitions of the processes it then follows that
the occupied o-cluster of v at time ¢, which we will denote by C7 (t.), surrounds
B(m). By B; we have that CJ(t.) is in the interior of a vacant (that is, having
o(t.) = 0) *-circuit in A(k, K). Clearly, 7 = 0 on this circuit during the time interval
(0, t), which prevents fires starting in its exterior to reach its interior. From this, and
the event B;, we conclude that 7 > ., and that n(t.) and o(t.) agree in the interior
of the circuit. In particular, the occupied n-cluster of v at time %, denoted by CI(t.),
equals the above mentioned set CJ (t.). From B it follows that at time 7 a connected
set is burnt which contains sites in B(m) as well as in the complement of B(K). But
then it also contains a site in C7(t.), because C7(t.) surrounds B(m) and lies inside
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B(K). So the whole set C¥(t.), and in particular v, burns at some time s € (¢.,7].
Since the growth clock of v does not ring between time £, and ¢, it follows that indeed
7s(t) = 0. This completes the proof of Lemma 3.3.8. O

Now we go back to the proof of the proposition. Assume &, > 0. Choose ¢ and ~
as in Lemma 3.3.7. By (3.3.2) it is sufficient to prove that

l’\i.lna limsup P, (7" has at least 2 fires in B(m) in (¢.,t. +¢)) = 0. (3.3.9)

n—rco
Define, in addition to B; and B, above, the event
B; = {no ignitions in B(K(A)) in the time interval (0, . + ¢)}.
We have
P(at least 2 fires in B(m) in (t.,t. +¢€))

< P({at least 2 fires in B(m) in (t,t. +€)} N B; N By)
+ P(Bf) + P(BS). (3.3.10)

Now note that B; does not depend on n, and that
P(BS) < A |B(K(W)| (te+€) =0, as A L0, (3.3.11)

by the definition of K () (3.3.8).
Next, note that the probability of Bz does not depend on n either:

P(BS) < P{OB(k(N)) < OB(K(N)) in o(t.)} — 0, as A L0, (3.3.12)

by a well-known result from ordinary percolation and the fact that K(\)/k()\) — oo
as AL 0.

Finally, we handle the event in the first term on the right hand side of (3.3.10).
Since we will take limits as A | 0, we may restrict to A’s for which k(A) > m. Then
we have the following relation between events:

{{at least 2 fires in B(m) in (t;,t. +¢€)} N Bin Bz}

= {{7‘ € (terte +¢) and at least 1 fire in B(m) in (1, te +€)} N By N 32}
C {{8B(m) > dB(k(A)) in n™(s) for some s € (1,t. +¢&)} N By N By}
C {8B(m) © 0B(k(N)) in £(te + &)}, (3.3.13)

where the second inclusion follows from Lemma 3.3.8 (and the monotonicity of £(t)
for ¢ > t.), and the first inclusion holds because, by the event By, fires in B(m) before
time £, + €, can only arrive from outside B(K(A)). To handle the probability of the
last event in (3.3.13), first observe that, for each ¢, the random variables &,(t), t > 0,
v € A(3%,5-3%) are completely determined by the Poisson clocks assigned to the sites
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inside the annulus A(3',5 - 3'). We use the notation I(A) for the set of all positive
even integers j with m < 37 < 5-37 < k(}). Since the annuli A(3",5 - 3%), i € I(A)
are disjoint, we get from Lemma 3.3.7 that

P{8B(m) +» 8B(k(N)) in &(t. +¢€)} <M. (3.3.14)

Combining (3.3.13) and (3.3.14), and using that k(A), and hence also |I(A)| goes to
oo as A} 0, we get

lim lim sup P ({at least 2 fires in B(m) before time (. +¢€)}NBiNBy) =0. (3.3.15)

A0 oo

Combining (3.3.10), (3.3.11), (3.3.12) and (3.3.15) completes the proof of Propo-
sition 3.3.5.

O
Proof of Theorem 3.3.4
Suppose 8. > 0 and that for all ¢ > ¢, there exists an m = m(t) such that
limsup liminf P, (fire in B(m) before time ¢) > 1/2. (3.3.16)

Al0 n—+od

We will show that this leads to a contradiction. Choose ¢ as in Proposition 3.3.5.
Now take u € (f,t). By (3.3.16) there exist an integer mg and an a(u) > 0 such that

limsup liminf Py (fire in B(my) before time u) > 1/2 + a(u). (3.3.17)

Al0 T—ro0
By (3.3.1) and the continuity of 6 we can choose an s € (¢, u) with

limsup liminf P (fire in B(mg) before time s) < a(u)/2. (3.3.18)

A0 n—rod
By (3.3.16) there exists an m; (which we can choose larger than mo) such that

limsup liminf P, (fire in B(m1) before time s) > 1/2. (3.3.19)

ALO n—oo
Clearly,

P(fire in B(myp) before time u)
< P(fire in B(m;) before time s and fire in B(my) between times s and u)
+P(fire in B(my) before time s)
+P(no fire in B(m;) before time s). (3.3.20)

This inequality stays valid if we take the liminf,_, on both sides. Then we replace
the ‘liminf’ by a ‘limsup’ in front of the first and last term on the right hand side.
Finally, we take the limsup, o on both sides.
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Then, by Proposition 3.3.5, the first term on the r.h.s. will vanish. Using this, and
applying (3.3.18) and (3.3.19) to the second and the third term, respectively, yields

limsup liminf P(fire in B(my) before time u) < 1/2 + a(u)/2,

f\lU N—roo

which contradicts (3.3.17). This completes the proof of Theorem 3.3.4.

3.4 The binary tree

In this section we consider the same dynamics as for the process 7 in the previous
section, but now we take the binary tree instead of the square lattice. Moreover, we
restrict ourselves to the directed binary tree. On the directed binary tree we can make
use of iteration arguments which made it possible to obtain some results.

By the infinite binary directed tree, denoted by 7, we mean the tree where one
site (called the root) has two edges, all other sites have three edges, and where all
edges are oriented in the direction of the root. The root will be denoted by O. By
the children of a site v we mean the two sites from which there is an edge fo v. (And
we say that v is the parent of these sites). By the first generation of v we mean the
set of children of v, by the second generation the children of the children of v etc..
The subgraph of 7 containing O and its first n generations will be denoted by 7 (n).

Let us now describe the model in detail. Because it is not clear whether the
forest-fire process exists on 7', we restrict ourselves to finite subtrees 7(n). Initially
all sites are vacant. As in the original model vacant sites become occupied at rate
1 and occupied sites are ignited at rate A. When a site v is ignited, instantaneously
each site on the occupied path from v in the direction of the root is made vacant.

The forest-fire interpretation is not very natural here. More natural is the inter-
pretation in terms of a nervous system: replace the word ‘site’ by ‘node’, ‘occupied’
by ‘alert’, ‘vacant’ by ‘recovering’ and ‘ignition’ by ‘arrival of a signal from outside
the system’. Then the above description says that whenever an alert node v receives
a signal (either from a child, or from outside the system), it immediately transmits
it to its parent (except when v = O, in which case it ‘handles’ the signal itself), after
which it needs an exponentially distributed recovering time to become alert again.

As before we use ‘1’ to represent an occupied (‘alert’) and ‘0’ to represent a vacant
(‘recovering’) vertex. Let (,(¢) € {0,1} denote the state of vertex v at time t. If we
want to stress dependence on n we write ().

As we have seen before, the processes ("(-) can be completely described in terms
of independent Poisson growth and ignition clocks, assigned to the sites of 7.

Recall that site percolation on the binary tree has critical probability 1/2, and
percolation probability function 8(p) = (2p — 1)/p, for p > 1/2. Combining this with
the same arguments that led to (3.3.1) shows that, if we first let » — oo and then
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A 1 0, the probability that the root burns before time In(2) goes to 0, and, moreover,
that for ¢ > In(2)

1— 2t
lim sup lim sup P (O burns before time t) < S (3.4.1)

Al0 T—hO0 1—e

A nice feature of the binary tree is that we can (quite simply in fact) also prove a
lower bound (compare with Open Problem 3.3.1 for the square lattice):

Lemma 3.4.1. For all t > In(2),

1
ﬁl}\lli{}nf limsup PA(C" has a fire in O before time t) > 3

n—+oo
Note that this lower bound is half the upper bound (3.4.1).
Proof. Define the functions
F(t) := Pr(C™has a fire in O before time ), for ¢ > 0,
and
ga(s,t) = f(t) — fa(s), for 0 < s <,

i.e. the probability that the first time that O burns is between s and ¢.
Fix a t > In(2) and take £ € (In(2),t). Suppose that

11-2¢¢
lim 1nf]1m5up ) < ——?-—. (3.4.3)
Al0 n—oo 21—e"
We will show that this leads to a contradiction. By (3.4.3) there exist an a > 0 and
a sequence (A;, i = 1,2,--), which is decreasing, converges to 0 and has, for all ¢

110"
limsup i (t) < B TR g (3.4.4)
n—oo 21—et
Fix j large enough such that
e~ M1 +20(1 - 7)) > 1. (3.4.5)

The reason for this choice will become clear later.

Observe that, if v and w are the children of O, the processes (77(-) and (3+(:)
are independent copies of (3(-) and are also independent of the Poisson clocks at O.
Also observe that, to ensure that the first fire at the root occurs between times t and
t, it is sufficient that the growth clock of O rings before time t, no ignition occurs at
the root before time £, at least one of its children burns between times t and t and
none of its children burn before time . Hence, by these observations,

(@) > (1 —e e [ga(E ) + 20n(E 1) (1 - f2®)]- (3.4.6)
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Now we take A equal to A; in (3.4.6), and apply (3.4.4), noting that f(t) > f({).
This gives that (with the abbreviation gy, for gi" (t,t), k =1,2,---) for all sufficiently
large n

(1—e e Mg, (1- £23(3))
gn - [ ML+ 2a(1 - )] (3.4.7)

IV

n41

IV

However, the factor behind g, in the r.h.s. of (3.4.7) does not depend on n and is, by
(3.4.5), strictly larger than 1, so that the sequence of g,,’s ‘explodes’: a contradiction.

Hence

11—2e~t
]_ir)rhiénf lim sup f2(t) > ot ol (3.4.8)

n—oo 21- E_E

This holds for each £ € (t,,¢). Letting £ 1 ¢ in (3.4.8) completes the proof of Lemma
3.4.1. O

By a similar ‘independent copies’ observation as used a few lines above (3.4.6)
(now for all sites in the m—th generation of the root), Lemma 3.4.1 immediately
gives the following corollary (compare with Theorem 3.3.4 and Proposition 3.3.5):

Corollary 3.4.2. For allt > In(2), all € > 0 and all k, there exists an integer m
such that

lirﬁionflimsup Pi(C™ has at least k fires in T(m) before time t) > 1 —e.

n—oo

3.5 Modified models

As we mentioned in the introduction of this section, the double limit n - coand A L 0
is somewhat annoying. Therefore we study modified models that involve only one
parameter. Although these modified models are seemingly simpler than the original
one we think the problems are, essentially, as hard as before.

3.5.1 Ignition of sufficiently large clusters

Consider the following alternative forest-fire model. Again we work on the square
lattice. In this model the growth mechanism is the same as before (that is, vacant
sites become occupied at rate 1), but the ignition mechanism is different: instead of
the ignition rate A we have an (integer) parameter L. The ignition rule now is that
whenever a cluster of size > L occurs, it is instantaneously ignited and burnt down
(that is, each of its sites becomes vacant). A very pleasant feature of this model is
that, since the interactions now have finite range, it can be defined on the infinite
lattice using a standard graphical construction. This frees us from the necessity to
first work on B(n) and later take limits as n — oo so that we are left with the single
limit L — oo. As before, we start at time 0 with all sites vacant. Let qLL] (t) denote
the value (0 or 1) of site v at time ¢{. The analogue of Open Problem 3.3.1 is:
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Open Problem 3.5.1. Is, for all t > £,

H[,m inf P(n[*! has a fire in O before time t) > 07 (3.5.1)
—o0

Similarly, there is a straightforward analogue of Open Problem 3.3.2.
We have, with J. as before, (2.4.9), analogues of Theorem 3.3.4 and Proposition
3.3.5.

Theorem 3.5.2. If@c > 0, then there ezists a t > t. such that for all m,

liI{nian{n[L] has a fire in B(m) before time t) < 1/2. (3.5.2)
— 00

Proposition 3.5.3. If 8. > 0, then there exists t > t, such that for all m,

lim P! has at least 2 fires in B(m) before time t) = 0. (3.5.3)

L—oo

Theorem 3.5.2 follows from Proposition 3.5.3 in the same way as Theorem 3.3.4
from Proposition 3.3.5. The proof of Proposition 3.5.3 is very similar to that of
Proposition 3.3.5 and we only indicate the main modifications: instead of (3.3.8) we
define

i

Kr L3,
Br = LMY

Next, the events B;, By are replaced by the single event
Bj := {o(t.) has a vacant *-circuit in A(kg, KL)},

and Lemma 3.3.8 is replaced by the following lemma, whose proof is a straightforward
modification of that of the former.

Lemma 3.5.4. On Bs we have, for all t > 7 and all v € B(kr) \ B(m) that

niH(2) < & (). (3.5.4)

Of course we take m as before, and 7 = 7(L,m) is now defined as the first time
that 7l*! has a fire in B(m). The proof of Proposition 3.5.3 now proceeds as before.
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3.5.2 Fires that start on the boundary

Yet another model that serves as a forest-fire model is the following. On a box B(n)
we let trees grow with rate 1, independently, as in our original model. At time 0 every
site is vacant. As soon as an occupied cluster touches the boundary, it is destroyed
instantaneously. Although this process is, like the original one in Section 3.3.2, defined
on finite boxes, whose size tends to infinity, it has only one parameter, like the model
in the previous subsection. Let n{,an](t) denote the state of site v at time t. Again
we can pose similar questions and prove analogues of the results as for the original

forest-fire model.

Open Problem 3.5.5. Is, for all ¢ > ¢,

lim inf P (7!°" has a fire in O before time ¢) > 07 (3.5.5)

n—+o0

‘We have

Theorem 3.5.6. If be > 0, then there exists a t > t. such that for all m,

liminf P(!®") has a fire in B(m) before time t) < 1/2. (3.5.6)

n—+oo

Proposition 3.5.7. If§. > 0, then there exists an t > tc such that for all m,

lim P has at least 2 fires in B(m) before time t) = 0. (3.5.7)

TT—FO0

Given Proposition 3.5.7 the proof of Theorem 3.5.6 is a straightforward analogue of
that of Theorem 3.3.4. The proof of Proposition 3.5.7 is similar to that of Proposition
3.3.5; modifications of the same nature as for Proposition 3.5.3 are needed. This time
replace the pair of events B, B; by the event

B3 = {3 vacant *-circuit in A(v/n,n) in o(t.)}. (3.5.8)

Analogously to Lemma 3.3.8 we then obtain, with 7 = 7(n, m) now the first time that
7l has a fire in B(m):

Lemma 3.5.8. On the event Bz we have for all v € B(y/n)\B(m) and all t > T,
that

m() < 6,(b).

Using this lemma, we can practically repeat the proof of Proposition 3.3.5.
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Chapter 4

Frozen percolation

4.1 Introduction

Let G be an arbitrary graph and let N > 2 be an integer. We attach a random
uniform [0, 1] number U; to each site ¢ of G, independently. Informally, the frozen
percolation model can be described as follows. At time 0 all sites are at rest, or
coloured white. At time Uj, the site 7 becomes active, or coloured green. If a site is
in a cluster of green sites that has size at least N, this cluster freezes, or becomes red,
instantaneously. The term frozen percolation was firstly introduced by Aldous [A1d00]
in a slightly different setting'. We discuss his results briefly in Section 4.3.

We use both the terminology of freezing and of the colours in what follows,
whichever seems more appropriate. So, how does our model evolve in time? Some
sites get activated and never freeze, others will freeze at the moment that they are
activated and some after they were activated. It follows from the above description
that at time 1 all sites are green or red.

4.1.1 Existence of frozen percolation models

It should be clear that the frozen percolation model exists for finite graphs G and
any N. In particular, when N is larger than the number of sites in G, each site turns
green at some point, and stays green forever. As soon as we take the underlying graph
infinite, existence of the model is not immediately clear.

The existence of the frozen percolation model is relatively easy on Z. For any time
t < 1, there will be infinitely many sites 7 on the left and right half lines that have

!Aldous freezes infinite clusters. Readers familiar with Aldous’ work should note that in his
description, the boundary of a frozen cluster is by definition at rest at the time a cluster freezes,
and stays at rest forever. In our description however, at the time when a frozen cluster arises, its
boundary can be either at rest (and allowed to get activated and even frozen later on), or already
frozen.

83
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U; > t. This ‘breaks up’ the line in finite pieces; the state of any site at time ¢ then
depends on finitely many variables only and this is sufficient to show existence.
More or less the same reasoning can be used to show that the process can be
constructed on Z¢, for fixed N. We use the standard construction for finite range
particle systems, see e.g. [Lig85]. Suppose that a configuration w € {white, green, red
}zd at time s is given. We should show that for all times ¢ > s, we can determine the
state of an arbitrary site, say O, at time t, by looking at w on a finite subset V C z4
and the U-values on V. Consider the box B(N) = [-N, N)¢ and let for z € (2NZ)*

B, =z + B(N).
We define for z € (2NZ)?,

’ v {1 ifFzeB:U. s,
71 0 otherwise.

Note that the Y-variables are independent. We define z1, =2 € (2NZ)¢ to be neigh-
bours if there exist z; € By, and 22 € By, such that the graph distance between z; and
2y is smaller than 2N. The thus constructed block variables (Y : = € (2NZ)?) form
a percolation process on the graph G, where G is the graph induced by 74, with extra
connections between two point z; = (21,,21,,---,21,) and 22 = (22,,22,,-.-,22,) if
max;-i,..d|z1; — 22;| £ 1.

Now take ¢ — s so small that 1 — (1 — ¢ + .s)(zN}d is smaller than the critical proba-
bility of this percolation process on G. Mind that the length of the interval [s, ] does
not depend on s. The choice of ¢ makes our process subcritical, so that any cluster of
blocks with Y-value 1 (in particular the cluster of Yp) is finite, and separated from
infinity by a boundary of blocks with ¥-value 0. The set V mentioned above is the
set of all sites within the blocks in this boundary around the cluster of Yp and its
interior. Given that for all sites z in any block in the boundary, U; ¢ [s,t], the sites
outside V' cannot influence the colour of site O in the time interval [s,¢]. Repeating
this argument starting from the configuration at time ¢, we construct the process for
all times.

Now we consider infinite graphs, it is tempting to take N equal to infinity, i.e. only
infinite clusters are allowed to freeze. On Z, this does not lead to interesting behaviour:
all sites in Z stay green up to time 1 and at time 1, every site becomes red. On a
(regular) binary tree, the process does exist in the slightly different form presented
by Aldous [Ald00]. Benjamini and Schramm have shown (but not published) that on
72, the frozen percolation process where infinite clusters freeze (in Aldous’ setting),
does not exist. See also [BT01]. See Subsection 4.3 for a frozen percolation model
where infinite clusters freeze on the tree, using our dynamics.

4.2 Frozen percolation on 7Z

This subsection is meant as an appetizer for the frozen percolation process on the
tree, in the next subsection.
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As was mentioned in the introduction, the frozen percolation process exists on Z
for any value of N. By modifying on a null set, we assume that all U;,i € Z are
different. For each i € Z, we define Y; = Y;(V) as the time that site ¢ freezes, with
Y; = oo if @ never freezes. Fix N and let the set W(t) be defined as the set of all
sites that are at rest at time ¢. Further, let the set G(¢) be defined as the set of all
activated (but not yet frozen) sites at time ¢. We are particularly interested in R(t)
that is defined as the set of all frozen sites at time ¢. Clearly, the behaviour of this
set again depends on the parameter N. From the above description we have for each
it € Z with Y] < oq,

i € W(t) for t € [0,U;),
i€ G(t) for t € [Uy, Y5),
i € R(t) for t € [v;, 1], (4.2.1)

In the next subsection, we explicitly compute the probability that a given site is
in R(t), when N =2,

In the final configuration, a frozen cluster has size between N and 2N —1 and it is
separated from other frozen clusters by 0 to NV — 1 activated sites®. So by translation
invariance, .

1>P(0eR(1) > N1’
so that at least half of the sites are eventually frozen if we let the parameter N to
infinity. As was mentioned before, taking NV equal to infinity gives us no interesting
behaviour: every site ¢ becomes activated at time U; and at time 1 all sites turn red
instantaneously. The question is whether the behaviour is different if we start with
fixed N, compute the probability that a site is red and then send N to infinity. Can
we find an upper bound in (4.2.2) that is strictly smaller than 1 if N goes to infinity,
or equivalently, do we see green sites in the final configuration as N grows large? We
will answer that question affirmatively in Subsection 4.2.2. As a bonus, we also obtain
a better lower bound than the one in (4.2.2), see Remark 4.2.4.

(4.2.2)

4.2.1 Exact computations for N = 2

In this subsection we perform some explicit computations when N = 2. In particular,
we compute the probability that a given site, say 0, is frozen before (or at) time ¢.
Let

F(t) :==P(0 e R(t)).

Lemma 4.2.1. The probability F(t) that a given site is frozen before (or at) time ¢
s given by

1
F(t) =4t +4e - 553 +dte™" + 2¢7% — 6.

2Note that if a site freezes at time t1, and a neighbouring site freezes at time t2 > #; they are
considered to be in two different red clusters, even though in the final configuration it may not be
possible to distinct between the two.
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In particular, the probability that a given site is eventually frozen equals F(1) =
842 —21~088

In the proof of this lemma, we turn to the half-line first. Instead of considering Z
we restrict the process to 0,1,.... The dynamics stays the same. This way, we only
need to consider events where site 0 freezes together with site 1 (and possibly site 2).
We have a combinatorial argument to find the probability that site 0 is eventually
frozen on the half-line. This result also follows from the formula on the half-line for
general t, obtained in the proof of Lemma 4.2.1, but we have included it here to give
the reader more feeling for the model. We write P to indicate that we work on the

half-line.
Lemma 4.2.2. On the half-line, Pr(0 € R(1)) = 2.

Proof. Now that we look at the final configuration, the actual times at which sites are
activated are not important any more. The only thing that matters is the order in
which sites are activated. Since the variables (U; : i > 0) are uniform and independent,
it now becomes a matter of counting. Below we list possible events that cause site 0
to freeze and their respective probabilities.

event probability
Up < 1/2
U; < Up and Uy < Us 1/3'
Us < U <y < Uy 1/4!
Us<Uy < Uy <y and Us < Uy 3/5!
Uy <Us<Us <Ua < Uy < Uy 1/6!

U5<U4<U3<U2<U1<UgandU4<U5 5/7T

The events above are disjoint and it is not hard to see that, going on like this, we
obtain all possibilities. Hence

= 3 %k—-1 2
P(0eR(1) = Z(gk)z+(zk+1)zzé‘

k=1

O

Proof. [Lemma 4.2.1]. For the result on the full line Z, we turn to the simpler case

on the half-line first. The main observation is that Yy, the time that site O freezes on

7, is the minimum of the time that 0 freezes together with 1 and the time 0 freezes
—

together with —1. So, let for all i € Z, Y; denote the time that ¢ freezes on the right

—

half-line ©,7 + 1,... when the left half-line ...,i—2,i—11is ignored. Likewise, let Y;
denote the time that i freezes on the left half-line when the right half-line is ignored.
The time Y; that site Z freezes can be written as

— =
Y; = min{Y;, Y;}. (4.2.3)
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We establish a recursive relation:
-
Fh(t) = ’Ph(YDS t)
— —
= Pr(Uy si<t)+ Pu(Yi> t,Up < t,U; <)
— -3
= Pr(Up <Y1<t) + Pu(Up < 2) [’Ph(Ul <) —Pu(Uh €1, 71< t)} . (4.2.4)

By symmetry, we can establish a similar equation for Py, (Yp< t) on the half-line
-3
+++,—1,0. Evaluating the r.h.s. of (4.2.4) we obtain, using Py(¥1< t,U; < t) =
-
Pr(V1< ),

Fu(t) = /ﬂ t[Fh(t) — Fy(s)lds + t(t — Fu(2))

¢
- f Fi(s)ds. (4.2.5)
0
Differentiating with respect to ¢ we obtain the following differential equation.
dFy(t
;t( ) oy Fr(t). (4.2.6)

Using F},(0) = 0 as a boundary condition, equation (4.2.6) has

Fp(t) =2t —2+2e7? (4.2.7)

—
as its solution. By symmetry, Y, also has distribution function Fy(t). Note that
Fy(1) = 2 was already computed in Lemma 4.2.2.

Now, using (4.2.3) and (4.2.7) we compute
—
Ft)=P(Yo <t) = Pmin{¥,, Yy} <t)

—t —
2FR(t) - P(Yo< £, o< #). (4.2.8)

We use (4.2.4) to compute the last term on the right:
— — ¢
Ph<t, Vo< t) = / [F(t) — Fi(s)Pds + t[t — Fi(t))?
0
L
+ 2(t- Fu(t) f [Fa(t) — Fa(s)ds. (4.2.9)
0

Combining (4.2.8), (4.2.9) and (4.2.7) proves the lemma.
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Remark 4.2.3. A question that comes to mind immediately is the following: can we
repeat the computation above for N > 27 In principle we could compute P (0 € R(1))
for N > 2, analogously to Lemma 4.2.2. An integral equation like (4.2.5) is easily
established for N > 2. Provided we can solve the equation (in practice, a problem
already for N = 3) a result like (4.2.7) can be obtained. Nevertheless, it is much
harder to take the final step from the half-line to the full line: if the site 0 freezes
on the full line together with sites both on the left and on the right, it does not
necessarily freeze on one of the halflines, so that (4.2.3) does not hold. There are
more possibilities to take into account. In theory, one can obtain a result like Lemma
4.2.1, but the computations get much more involved.

4.2.2 Green clusters have positive mass as N — oo

The frozen percolation model on Z with N egual to infinity, behaves differently from
the model where we take N approaching infinity. If we freeze infinite clusters, there
are no green sites in the final configuration. If we start with finite N and let N
approach infinity, are there any green sites in the final configuration? More precisely,
is the fraction of green sites bounded away from 0 as N goes to infinity? There is
a simple argument to answer this question affirmatively, using the same basic idea
as the argument below. However, it is less precise and therefore gives a much worse
lower bound for the fraction of green sites than the one obtained in (4.2.13) below.
Therefore, we present the more involved computation. We bound PN(0 € G(1)),
where we use the superscript to emphasize the dependence on N. By translation
invariance,

PYOCGM) = 3 iPY(0i-1C o) {-1i} C R)
- i iPN(-1 e R(Uy),i € R(U_,))-
= (4.2.10)

By definition, if j € R(U;) then U; < U; and j is frozen before i is activated.
Furthermore, i ¢ R(U; ).

The probability that site —1 freezes before site 0 is activated, is bounded from
below by the probability that site —1 freezes while at that time both the external
boundary points (site 0 and some other site in [N — 1, —2N]) of its red cluster are
not activated yet:

PN(-1€ RW;)) 2 Y PY(-N - 4, -1 € Rlemin{Us, Urv—s-1} 7))
J (4.2.11)
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If j = 0, the probability above is equal to

2
N (mi U)o
PY (min{Up, U_n_1} > max{U_n,...,U_1}) RESOES)
However, the site —1 can also freeze in a larger cluster of size N + j, where j €
[1,...,N — 1]. The order at which the sites U_n_j,-..,U_1 are activated is now

important: the cluster on [-N — j,—1] freezes (with both its external boundary
points at rest) if and only if

min{Up, U_n_j_1} > max{U_n_j,...,U_1} and
the site ¢ such that U; = max{U; : j € [-N — j,—1]} is in [-N, —j — 1].
So for j € [0, N — 1], the corresponding term in (4.2.11) is
2 N+j-2
(N+j+2)(N+j+1) N+j

so that

N—-1 i
N-j 1
N
¥ . 2.12
PR Z (N+7+2) N+]+1)N+_} R edd)

j=

By symmetry, the same lower bound holds for PY (i € R(U;_,)), for all i. Note
that the event {—1 € R(Uy )} depends on variables (U; : 7 < 0) only, and the event
{i € R(U;_,)} depends on the variables (U, : j > i —1). So for i > 1 these events are
mdependent and we apply this in (4.2.10) to compute
N-1
PY0e6(1)) = ) iPV(-1€R(Uy),i€R(U,))
i=1
N-1
> iPN(-1e R(U)) - PN € R(UL,))
i=2
N-1

2 —2) (N
> ;e‘(leJrl) =(N2(2;)(+1;1)_}1/8, ——

IV

if N — oo. We have used (4.2.12) in the last inequality. This shows that green
clusters indeed have positive mass if N grows large.

Remark 4.2.4. Note that by translation invariance, multiplying each term in the sum
in (4.2.11) by N + j gives us a lower bound for the probability that a site freezes, by
assuming that it freezes while at that time both boundary points of its cluster are at
rest:

N-1
N 2(N - j) _ i
PN(0 e R(1) J§=j N+;+1)(N+j+2)_’2 21n(2) = 0.61,

as N — oo, which is already a better lower bound than (4.2.2) for the probability
that a given site eventually freezes.
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4.3 Frozen percolation on the tree

It is a priori not clear that the frozen percolation process where infinite clusters freeze
exists on the regular binary tree. In a slightly different setting Aldous [A1d00] proved
that a form of this process indeed exists and we will discuss his result briefly in the
next subsection. Later we discuss the existence of the process on the binary tree for
our version of frozen percolation.

4.3.1 Description of Aldous’ result

Informally, the model considered by Aldous is as follows. Assign a uniform, indepen-
dent 0-1 variable U, to each edge e of the regular binary tree. Let Ay = (. For each
edge e, at time t = U, set A; = A,- U{e} if each end-vertex of e is in a finite cluster
of A;-; otherwise set A; = A;-. That is, the boundaries of infinite clusters will never
join the process. In the final configuration, there are infinite clusters, finite clusters
and boundary edges in between. Aldous shows that this process exists by first ‘guess-
ing’ what the distribution function of the time that an edge joins the process should
be on the directed tree. Heuristic arguments suggest that this distribution function
should be

0 te[0,1/2)
) 1-5 te[1/2,]]
Gy = : " lct<oo (43.1)
1 t = oo.

Then (4.3.1) is used to construct a process on the undirected tree and finally Aldous
shows that the model indeed meets with its intuitive description. We follow this line
of reasoning below.

The model proposed by Aldous is meant as a model for polymerisation. In this
model a polymer is made up of molecular units, where each unit is capable of forming
three bonds. Before the critical time, there are only finite polymers (the sol) and later
on infinite polymers (the gel) are observed. Aldous’ model displays the behaviour
observed by chemical physicists: beyond the gel point, the number of small polymers
decreases but their average size retains a constant value. Formally, this means that at
any time t > t.(where t. corresponds to the critical time of ordinary percolation on the
tree), finite clusters of edges that have joined the process have the same distribution
as critical percolation clusters. See Proposition 11 of [A1d00]. It is a perfect example
of self-organised criticality (although Aldous does not mention SOC).

A priori, we see no reason why the boundary of infinite clusters should not join
the process. Computations turn out to be harder if they do and we do not get
such nice results as Aldous did. Nevertheless, it seems worth to try to construct
the frozen percolation process where boundaries of infinite clusters are allowed to
join the process. From now on, we refer to frozen percolation using our dynamics as
modified frozen percolation to distinguish between the two versions. It is interesting
to see whether the self-organised critical behaviour observed in Aldous’ model is ‘a
coincidence’, in the sense that a small perturbation of the dynamics causes the critical
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behaviour to disappear. In the same spirit (see also Remark 4.3.11), we chose to study
the site version of the modified frozen percolation model. We will see in Subsection
4.3.4 that, although the perfect correspondence to ordinary critical percolation is lost,
the modified frozen percolation process still behaves critically.

4.3.2 Heuristics and computational arguments on the directed
tree

Consider the directed rooted binary tree T, whose root O has degree 2 and all other
vertices have degree 3. Let each edge be directed away from the root. To each
site, we assign a random uniform [0, 1] number U; independently. The dynamics is
as before, but we now freeze infinite directed rays: at time 0 all sites are at rest
(coloured white). Each site i becomes activated (green) at time ¢+ = U;, but as
soon as ¢ is in an infinite (directed) active cluster, this cluster freezes (becomes red)
instantaneously. In this subsection, we argue what the behaviour of the directed
modified frozen percolation process should be like. Later on, we use these heuristic
arguments to formally construct the modified frozen percolation process.

Let 1 and 2 be the children of O. We use 77i], ¢ = 1,2 to denote the subtree that
has site { as its root, see Figure 4.1. If the root O is activated, it freezes as soon as one

yﬁﬁ

= 0 TM2)

‘o

Figure 4.1: The rooted binary tree 7 and its subtrees 7[1] and 772].

of its children freezes. Suppose Y is the time that site O freezes. If O never freezes,
we take Y equal to infinity. Since 771] and 772] are isomorphic to 7", we require that
the time ) (Y2) that site 1 (2) freezes in TT[1] (77[2], respectively) is distributed like
Y. Furthermore, a site cannot freeze before it is in an infinite cluster of activated
sites so Y should be at least 1/2, by ordinary percolation results. To formalise these
statements, define I to be [1/2, 1] U {oo}. Let ®(z,y, 2) be the following function on
IxIx[0,1].

zifz >z
®(z,y,2) =S yifz<z<y (4.3.2)
oo otherwise.
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The heuristic arguments above require that
Y £ &(min{Y;, Yz}, max{¥1, Y2}, Uo). (4.3.3)
The following lemma shows which distribution functions satisfy equality (4.3.3).

Lemma 4.3.1. Let F be a (possibly defective) probability distribution function, of an
I-valued r.v. with the following additional properties: F is continuous and differen-
tiable with strictly positive derivative on [1/2,1] and has F(1/2) = 0. Let (Y1,Y2,U)
be independent random variables, Y1,Yz each having probability distribution function
F and U having the uniform distribution on [0,1]. Then,

®(min(Y3, Y2), max(Yy,Y2),U) again has probability distribution function F,

if and only if
t<1/2
In(2t) 1/2<t<1
In(2) 1<t<oo
t =oco.

(4.3.4)

Proof. The equation F(t) = P(®(min(Y1,¥;), max(Y1,¥2),U) < 1) is equivalent to
t t
F(t) = [ P(t > min(Y;,Y2) > s)ds +/ P(min(Y3,Y2) < s < max(Y;,Yz) < t)ds.
0 0
Since both Y; and Y» have probability distribution function F' this is equivalent to

F(t)

]U [2F(t) - F(t)® — 2F(s) + F(s)*] ds +2 /D (F(t) - F(s))F(s)ds

{2F(t) - F(t)?] + 2F (1) f " oo f "OF(s)+ F(s)2ds.  (43.5)

Differentiating with respect to ¢ we obtain

dF(t) dF(t) dF(t) [*
= g R FO) + 25 fﬂ F(s)ds. (4.3.6)

Since F has positive derivative on [1/2,1], we may divide (4.3.6) by d—f;.-gﬂ. The
remaining integral equation has F(t) = In(t) +C, for some constant C, as its solution.
Finally, we use F(1/2) = 0 to obtain C' = In(2).

The reversed implication follows from straightforward calculation. ]

Note that the solution above is defective, i.e. has mass in infinity. We can interpret
this distributions as the probability that a vertex freezes before time {, as we have
seen above.
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When we release the restriction that F' must be differentiable with positive deriva-
tive on [1/2,1] in the lemma above, we obtain more solutions. One of these is

F(t) :{ ° :i;“ (4.3.7)

We have the following heuristic argument to rule out the zero solution (4.3.7) as a
candidate. We approximate the directed process by considering processes on finite
directed trees. As before, an independent uniform [0, 1] variable U; is attached to
each site i € 7. Let P denote the measure governing the U-variables in 7. The root
of the tree O is said to be at level 0 and a site is at level (depth) n if its distance to
the root is n. For each n, the dynamics is as follows. Let T(n) denote the first n + 1
levels of the tree. At time O all sites are at rest. Each site becomes activated at time
U; and as soon as there is a directed path of activated sites to the leaves of the tree
(i.e. level n) this path freezes. For fixed n this process exists and as we did on Z, we
can define sets evolving in time to formalize the dynamics. Let W, (0) := Vi (y, all
vertices of 7(n), G(0) := 0 and R(0) := 0. For ¢ > 0,

Whit) = {ieT(n):U; >t}
Gn(t) = {i€T(n):U; <tand for all paths m = 4,1s,...,i; with ix on level n,
dj € {2, ceey k} with U; > tor Uj, < max{Ug, 5 B— U,:k_1})

Ra(t) == {ieT(n):U;i<tandi¢G(t))
(4.3.8)
Analogously to the previous subsection we define
F,(t) := P(O € R,(2)).
Lemma 4.3.2. For allt € [1/2,1], we have
, 1
limsup F,(t) > 1 - —. (4.3.9)
n—oo 2t

Note that the lower bound in (4.3.9) is exactly half the ordinary percolation func-
tion on the binary tree. Further, it is equal to the distribution G (4.3.1) on the
directed tree that drops out in Aldous model, corresponding to the distribution F
(4.3.4) in our case. We have seen a lower bound like this before, recall Lemma 3.4.1.
The proof of this lemma uses the same ideas as the proof of Lemma 3.4.1 and is in
fact simpler so we do not present it here.

At this point, it is not clear whether F,(t) converges as n tends to infinity. Even
if it does, it is not clear that its distribution converges to the infinite process we
described above. Nevertheless, Lemma 4.3.2 suggests that we can rule out the solution
(4.3.7). In view of the heuristic arguments, we propose the distribution F' (4.3.4). as
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a candidate for the directed modified frozen percolation process. From now on, let F
denote the distribution function in (4.3.4).

So far, our arguments (apart from Lemmas 4.3.1 and 4.3.2) are non-rigorous. We
have inferred what the distribution of the time that a site freezes should be, if the
modified frozen percolation process exists on the directed binary tree. However, there
are still many questions. Does the modified frozen percolation process exist on the
directed binary tree? If so, can we use the directed process to construct the modified
frozen percolation process on the Bethe lattice B? On the Bethe lattice, where each
site has degree three, we can consider each site as being attached to the roots of
three directed subtrees. It is not clear however, whether the directed processes exist
simultaneously: does there exists a unique translation invariant law of the states of
the sites at time ¢,0 < ¢ < 1, for all directions simultaneously? Finally, if the modified
frozen percolation process can be constructed on B, does it display critical behaviour?

In the following subsection we construct the modified frozen percolation model on
B. We follow Aldous [Ald00] but we need to make several non-trivial adjustments.

4.3.3 The frozen percolation process on B

From now on we consider the Bethe lattice B where each site has degree 3. There is no
natural sense of direction as there was on the rooted directed tree, so that we cannot
apply the results from the previous subsection directly. We solve this by directing the
adjoined edges of a site ¢ outward. The children of i, called i;,i> and i3 here, form
the roots of directed subtrees 7i1], T[i2] and T[is], where the direction of the edges
is inherited from the edges leaving from ¢, see Figure 4.2.

We define Y;_,;, to be the time that i; freezes in the directed subtree 7i]. We
use the subscript i — i; to indicate that we consider i; to be the root of the directed
subtree leaving from i;, where the direction of the edges is inherited from the edge
i — 4;. The variables Y;_,;, and Y;_,;, should be likewise. In what follows, if we write
Y;—; it is implicit that i is a neighbour of j.

The following lemma shows that we can define the variables Y;_,; forall < € B and
all j € 8{i}, in a consistent manner. Recall that §{i} denotes the set of children of .

Lemma 4.3.3. There ezists a joint law for (Ui, Yin;) : ¢ € B,j € 0{i}) which is
invariant under automorphisms of the tree and such that for each i € B and each
j € 8{i} we have

(%)-

Y, has distribution function F.
(7).
Yj—i = ®(min(Yi_k, Yin1), max(Yiok, Yiot)s U:) as., (4.3.10)
where {k,1} = 8{i}\ {7}

(iii). For each finite connected set S C B, the variables (Yinj:1€ 5,5 ¢8) are
independent of each other and independent of the collection (U; : i € S).
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Figure 4.2: The site i, and the three subtrees T[i;], 7[i2] and 7T[is) leaving from its
children.

Proof. Let O be the root and let n > 1. Define V<n to be the set of sites at distance
at most n from O. Let V;, be the set of sites at distance n. Take (U; : i € Ven)
independent of each other. Then take (Yj_n; :j € Vp,t € V1) independent of
the above mentioned U;’s and independent of each other, with each Y;_: having
probability distribution F. We apply equation (4.3.10) successively to define Y:,; for
all sites ¢, j € V<, and by Lemma 4.3.1 all these have law F. Asn increases, the joint
laws are consistent and hence we can apply the Kolmogorov consistency theorem to
obtain a joint law for ((U;,Y;—,;) : i € B,j € 8{i}). Automorphism invariance of this
law is straightforward. Part (iii) of the lemma easily follows from the construction. [

Corollary 4.3.4.
P(3i,k € B,l € 8{k} s.t. U; = Y1) = 0.

Proof. Since the number of sites in B is countable it is sufficient to show that for
fixed ¢,k and | with [ € 8{k}, U; # Yj_,; almost surely. By automorphism invariance,
we may assume that ¢ = O. We take n so large that the site k is in V<n. By the
construction in the proof of Lemma 4.3.3, ¥,._,; must be equal to one of the Y-values
in (Yyo4 : v € Vp,w € V,,41) or infinity. Since n is fixed, we can modify on a null set
so that U; is different from the values (Y,_,,, : v € V,,,w € Vi41) almost surely. It
follows that U; # Y;_,;, almost surely. O
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The process on B can now be described by the following: We define for each i € B,

Z; = min{Yj,;:j € 0{i}}
= min{Yg._,j 1j € 3{5},}};_}:,: > Ui}, (4.3.11)

where we take Z; = oo if the minimum does not exist. The equality follows from
(4.3.10). The last expression seems more complicated but we use it later on, since we
want to make use of the fact that U; is independent of ¥;,;.

We define W(0) := Vi, G(0) := 0 and R(0) := 0. These evolve in time as follows:
for t € [0,1],

W(t) = {ieB:U;>t},
G(t) = {ieB:U; <t Z; >t}
R(t) = {ieB:2 <t} (4.3.12)

One should think of the set W(t) as the set of white (at rest) sites; of G(t) as the
set of green (activated but in a finite cluster) sites and R(t) as the set of sites that
are red (frozen infinite clusters) at time {. We use this terminology from now on.

From the definition immediately follows that for all sites 7, with Z; < oo,

i € W(t) for t € [0,U;),
i € G(t) for t € [U;, Z:),
i€ R(t) for t € [Z;, 1]

If Z; = oo, clearly
i€ W(t) for t € [0,U;),
i€ G(t) for t € [Us, 1)

This description gives us the following:
Lemma 4.3.5. For every vertez v and for every pair of neighbouring vertices v ~ w,
(i). The probability that a vertez is eventually not frozen equals

P(v e 6(1)) = gm(z)z _ % ~0.22,

s0 that the probability that a vertez is eventually frozen equals
Pve R(1)) =1-P(ve G(1) =0.77.

(i). The probability that both v and w are eventually frozen but in different frozen
infinite clusters equals

Plv,w € R(1), Zy # Zu) = 3In(2) — 2 & 0.079.
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Proof. The lemma follows easily from the definition of Z;’s (4.3.11) and Y._,.’s (4.3.10)
and the distribution F' (4.3.4). For example, part (i):

PveG(l)) = P(Z, =)
P(Vj € M{v} : You; < Ui or Yy ;= 00)

Il

[, ImCs) +1 - In@)ds + 51~ m(z))* = Fn2)* - 5.

The other statement is proved similarly. O

In contrast to the finite tree where it was clear that the sets W(t), G(t) and R(¢) fit
their intuitive description, we need to prove this in some detail here. So far, we have
constructed a process, but it is not clear that it acts like the informally described
modified frozen percolation process. The following lemmas show that only infinite
clusters join R(-) and that there are no infinite green clusters in G(-), almost surely.

Lemma 4.3.6. Let S;(Z) denote the cluster of i in G(s), considered as a set of sites.
Almost surely, Vi € B with Z; < oo,

(i). 5,-() € R(Z:)

(i). 18- ()] = o0

Proof. Since the number of sites in B is countable, it is sufficient to show that a.s. (i)
and (ii) hold for some fixed ¢. Choose an arbitrary site #, with Z; < co. By definition
of Z; (4.3.11), there exists a site j € {i} such that ¥;_,; > U; and Z; = Y;,;. Using
(4.3.10) repeatedly there exists an infinite self-avoiding path i =: jo,7 =: j1,j2,...
such that

Z‘i == K—}J — Yt‘,l—}jg = lsz—l-jg ="ty (4'313)
and
Uj, < Z; for k > 0, almost surely. (4.3.14)

Note that we have used Corollary 4.3.4 to obtain a strict inequality in (4.3.14). In
the directed subtree where the direction is given by i — j, each site j; has only two
children. One of them is ji;1; let vx;1 be the other child, for £ > 0. By (4.3.10) we
have for all k > 0,

Yiisvrgr > Zi O Vi vy < T, (4.3.15)

We need to show that the path ji, j2, ... constructed above has Z;, = Yj, ;... (= Z;)
for all £ > 0. By definition

Z;, = min{Y 0 1 w € {Fry1. k-1 V641 } Yieow = Us
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By (4.3.13) and (4.3.15), the minimum cannot be achieved taking w equal to vk41.
So suppose that U, < Yj, ., < Z;. Applying (4.3.10) and (4.3.15) repeatedly we
obtain

Yiisivs =Y 1o ==Y =Yiqw < &, (4.3.16)
for some w € 8{i},w # j. From (4.3.10) also follows that Y;_,,, > U;, which implies
Z; < Yi,w < Z;, a contradiction. This shows that Z; = Z; = Z;, = --- which

together with (4.3.14) shows that an infinite path contained in S, (7) joins R(Z;) at
time Z;. This proves part (ii) of the lemma. '

Now suppose that we have a site vx in S, (¢) that is adjacent to the infinite path
40,1, - - - at the site jr_; for some k > 0. Because vy, € S,- (), we have that U,, < Z;
and further that Z,, > Z;. We need to show that equality‘holds here. But this follows
easily from the above, since Yy, ;. _, = Yj,_, 55, = Zj,_, = Z:i by the construction
of the infinite path above, and hence Yy, ;._, > U, and

Z‘i S ka S Yv;,—»jk_l == Z =

Jk—1 =

i
We repeat this argument ‘working to the outside of S,- ()’ so that we obtain that
S,-(¢) € R(Z;), which proves part (i) of the lemma. O

Lemma 4.3.7. Almost surely, there is no infinite component in G(t) for t € [0,1).
Proof. Suppose there exist t € [0,1) and ¢ € B such that

Si(i) C G(t) and |S:(2)| = oo.
Then Z; > t, by definition. We will show that almost surely, all j € S,(¢) have
Z; = Z;, so that if an infinite green cluster exists at some time-point, it will exist in
a time-interval of positive length. Suppose that there is a k € S;(7) with Z;. € (¢, Z;).
This means that S;(i) = Si(k) C SZE (k) € R(Z) almost surely, by Lemma 4.3.6.
So i € R(Z) and this contradicts the fact that Z; > Z,. We conclude that almost
surely, all j € S;(i), Z; > Z; so that S;(i) C G(Z;).

From the above argument follows that if G(¢) contains an infinite component, then
there exist two rationals ¢; < ¢2 such that G(s) contains an infinite component for all
8 € [t1,t2]. Since the number of such pairs #,,%> is countable, it is sufficient to show
that for fixed £; < {2,

P(3 an infinite component which, Vs € [t1,12], is in G(s)) = 0. (4.3.17)

For t; € [0,1/2] the above easily follows from ordinary percolation results.
Now suppose t; € [1/2,1) and let ¢35 € (t1,1]. Then fix a site ig and a path
T =14g,%1,+--,in—1 Of length n. Add direction to the subtree leaving from ¢, consistent
with ig — ;. Let for j € [2,n—1], v; denote the child of i;_; that is not on 7. Consider
P(Vs € [t1,t2] Vi€ w11 € G(s))
P(Vj‘ (S [U,R = 11 : U,'j <t; and Z‘i,‘ > tg)
< P(Vje[l,n—2]:U; <t and either Y;,q;,, 22 0r Yi; oy, < Ui,)

= [P(Ui, <t and either Y;, 44, >t 0r Y5y 0, < Uy)]™ (4.3.18)
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The inequality follows from (4.3.11) and the equality from automorphism invariance
and the independence property, see Lemma 4.3.3, part (iii). Now using the knowledge
about the distribution of ¥, ,,, (recall that it is equal to F, (4.3.4)) the last term in
(4.3.18) equals

b n—-2 - n—2
[ /1 B In(2s)ds + t1[1 — In(2£3)]] """ = [1/2 + t1 In(¢1 /t2)]

Summing over all 3 - 2" possible paths leaving from iy we obtain

P(3 path 7 of length n leaving from 4o such that ¥j on 7 : U; < t; and Z; > tg)
< 12(1+ 2t In(ty /t2))" 72 (4.3.19)

Note that {3 > t; so that In(t;/t;) < 0. Applying (4.3.19), we get

P(3 infinite path 7 from 4o which, Vs € [t1,%2], is contained in G(s))
< lim 12(1+ 2t In(t /1) = 0.

We sum over all i to show (4.3.17) for ¢; € (1/2,1). This finishes the proof of the
lemma. O

Summarising, we have constructed a process on the binary tree with the following
properties. At time 0, all sites are at rest. Each site i becomes activated at time Ui,
where U; is a uniform U[0, 1] random variable (chosen independently for each 7). As
soon as a site is in an infinite activated cluster at some time ¢ < 1, it freezes. In the
following subsection we will see that the modified frozen percolation process displays
some features of critical behaviour.

4.3.4 Critical behaviour

Aldous shows for his dynamics that finite non-empty clusters (which are the analogue
of green clusters in our terminology) are distributed as ordinary critical percolation
clusters conditional on being non-empty. Remarkably this holds for all t > 1 /2. His
frozen percolation process behaves like a critical system at all times (after the critical
time), so that it is a nice example of self-organised criticality.

In our case, the distribution of green clusters is different: suppose that S is an
arbitrary finite connected set of sites such that S| > 1; let &S denote its boundary.
If v is a neighbour of w we write v ~ w.

Lemma 4.3.8. S C G(¢) if and only if
(a). Vwe S:U, <t and

(b). Yu & S such that v ~ s for some s € S, we have either Yo < U,
or Ys_,, > t.



100 Frozen percolation

Proof. One of the implications is trivial. Suppose S C G(t). Then (a) and (b) hold
by definition of G(t) (4.3.12). The reversed implication is only slightly more difficult.
Suppose that (a) and (b) hold. Then, ‘working from the outside in’, we can recursively
find all Yy, u, for all wy € S, we € 8{w;} using (4.3.10). It is easy to see that all
Y-values thus obtained are in (£,1] or equal to oo, so that S C G(t). O

If we want to compute the probability that S C G(t), i.e. by Lemma 4.3.8 the
joint probability of (a) and (b) above, the actual geometry of the set S may be of
importance. Not surprisingly, for ¢ < 1/2 we find

P(S € G(t)) =%,

Now suppose ¢ > 1/2 and consider (a) and (b). Every w € S that has two neighbours
v1,v2 in 85, contributes a factor

t In(2s)%ds + 2(1 — In(2t)) t In(2s)ds + t(1 — In(2t))? = ¢ — In(2t).
1/2 1/2

Note that the contribution of such w to the joint probability of (a) and (b) only
depends on Uy, Yy, and Yy s.,, by part (iti) of Lemma 4.3.3. Intuitively, this
factor can be explained by considering w to be activated, but not frozen in the directed
subtree where w is the root, and v; and v, are its children.

Further, every w that has only one neighbour v in S contributes a factor

t In(2s)ds + t(1 — In(2t)) = 1/2.
1/2

The contribution of such w to the joint probability of (a) and (b) only depends on
U, and Y,_,,. The occurrence of the factor ‘1 /2’ is quite surprising. We have no
intuitive explanation, but it is the reason for the critical behaviour observed (see for
example equation (4.3.21) and Lemma 4.3.9) later on. Finally, every w € S that has
no neighbours in &S contributes a factor ¢. Define

n(0):=#{we S: #{vedSv~uw}t= 0},
n(1) :=#{w e S : #{ve 8S,v ~ w} = 1},
n(2) :=#{w e S : #{v € 8S,v ~ w} = 2}.

Note that for any connected set S we have n(0) + 2 = n(2). For any connected set S
such that |S| > 1,

P(S CG(t)) = (¢ -—ln(2t))“(2)(%)n(l)t“(°). (4.3.20)

From this we can see that the distribution of green clusters is not the same as
distribution of ordinary percolation clusters (for any parameter value), because not
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only the size but also the geometry of a cluster plays a role. Nevertheless, by (4.3.20)
we have for all £ > 1/2, and all sites v and w

1-n(2)\2 /1)
P(3 green path from v to w at time t) = (Tn()) (5) ; (4.3.21)

where 7(v,w) is the number of sites in the path from v to w. This is the most
remarkable similarity to ordinary critical percolation; there the probability that the
path from v to w is contained in an open cluster equals (1/2)" ("),

Arbitrary green clusters are also critical in some sense:

Lemma 4.3.9. Let E denote the expectation with respect to the law of the frozen
percolation process. Fiz a site O and let Go(t) denote the green cluster of O at time
t. We consider V,, the set of sites at distance n from O. Then there exist positive
constants A, and As such that for all n,

A < Elgo(t) n VnJ < As. (4322)

Proaf.

E|Go(t) N V| 3" PlveGo()

veEVL
= Z P(the unique path from O to v is in G(t))
veVy

~ 3. 2“‘1(%)"_1@ — In(28))? = 3(¢ — In(2£)).

(4.3.23)

The last factor is bounded from above and below for ¢ € [1/2,1], which proves the
lemma. 0

Similar behaviour is observed for ordinary critical percolation (see [Gri99], Section

10.1).

4.3.5 Dependencies

Any two sites v and w in the tree, are connected by a unique path. The dependence
between the colours of sites v and w at time ¢, decays exponentially in 7(v, w), the
number of sites between v and w. Although we did not mention this in Section 4.2,
this is also true on the line Z.

Lemma 4.3.10. There ezists a constant A € (0,1) such that for all sites v and w
and all t € [0,1], and for any Ci(t) € {W(t),G(t), R(t)},k=1,2,

|P(1; € Ci(t),w € Co(t)) — P(v € C1 (1)) P(w € Co(t))| < 5ALTHS). (43.24)
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Proof. For t < 1/2, sites can only be white or green and the transition from white to
green happens independent of the other sites. In fact, the left hand side of (4.3.24)
equals zero. So suppose t > 1/2 and let v = 41,42, ...,in =W denote the unique path
between v and w. We may assume that n > 12, otherwise there is nothing to prove.
Define the following events:

E, = {3j€ (3n/4,n) :min{U;,,Ui,,} > Zi;,, }
Ey, = {Hk [ (0, ﬂ/4) 2 miﬂ{Uik,Uu_z} > ng_l}

If min{U;;, Uy, } > Zij,, for some j, it follows that Z;,,, = Yi, 41445 where a;1
is the child of ;41 not lying on the path from v to w. So if E; occurs for some j,
it only depends on U, U;,,,, Ui;,, and the U-variables in the subtree leaving from
aj+1. Fix j € (3n/4,n). Taking disjoint sets of three consecutive sites on the path
from v to w, we arrive at

P(ES) < (1- P(Yiysssaye, < min{Us, Uiy }) 2, (4.3.25)

by automorphism invariance. A similar reasoning holds for E5. Further, on E, N Es,
the colours of v and w are independent: suppose we cut the tree in two parts by
removing any edge (i1,i141) with n/4 < < 3n/4 — 1 on the path from v to w. The
occurrence of By and Eo ensure that the U-variables on the part containing v (w)
determine the colour of v (w, respectively) uniquely. If E) occurs for some j, at least
one of the sites i; and i;2 is at rest at time ¢, or site 141 is frozen without i; or i; 2 at
time ¢. In both cases, the configuration on i;,;41,%;+2 prevents anything happening
on the part of the tree containing v to influence the colour of w. We compute

P(v € Ci(t), w € Ca(2))
= P(v e Ci(t),w € Ca(t), Br, E2) + P(v € Ci(t), w € C2(t), BT U E3)
= P(veCi(t)NE)P(w € C2(t) N E1) + Plv € Ci(t), w € Cat), BT U E3)
= [P(veCi(t) - PveCit) NEs)] [Plwe Ca(t)) —P(w e la(t) N Ef)]
+ P(v e Ci(t),w € Ca(t), BS U ES). (4.3.26)

From (4.3.26) we obtain
[P(v € C:(0), 0 € Caft) — Plo € Cu(E)P(w € Ca(t))| < 5P(ED)- (4.3.27)

The only thing we need to show now, is that the probability on the left side of
(4.3.25) is bounded away from 1. We use that by (4.3.4),
1
P(Yi; 11205, <min{Ui;, Uiy, }) =2 (1 — s)In(2s)ds > 0.
1/2

This allows us to define the required constant A. O
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Remark 4.3.11. One may wonder why we took the site version of the model, whereas
Aldous’ model is stated in terms of edges. The first reason is that we studied the
frozen percolation model on Z using the site version and we wanted to keep the models
consistent. The second reason is that we wanted to see whether a perturbation in the
dynamics would cause the critical behaviour to disappear. The third (and in practice
maybe the most important) reason is that the edge version introduces dependencies,
which make it harder (if not impossible) to construct the model.

Up to a certain point, we could just as well have taken the edge version of the
process. Then, we replace each edge e of the tree by two directed edges € and €.
We attach an independent U[0, 1] variables U, = U= = U< to each edge. Intuitively,
we need variables Y- and Yo that represents the time a directed edge freezes in

the directed subtree, where the direction is inherited from € or €. We can define a
relation similar to (4.3.10) which Y= and Y. have to satisfy (recall the definition of
¢ in (4.3.2)):

Y, = @(min(Y, Y2 ), max(Y, Yz ), Ue), (4.3.28)

where e_; and é; are the children of the directed edge e. We follow the heuristic
arguments from Subsection 4.3.2, using (4.3.28). The distribution F(¢) = In(2t) for
t > 1/2 that drops out (compare Lemma 4.3.1) for the edge version is the same as
for the site version. The analogue of Lemma 4.3.3 can be proved similarly. However,
problems arise because the edge version of frozen percolation carries more dependen-
cies that the site version. Particularly, the analogue of Z; (see equation (4.3.11)) for
the edge version of the model is not easily defined.

Open Problem 4.3.12. Is it possible to construct the edge version of the frozen
percolation process?
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Chapter 5

Random sampling for the
monomer-dimer model on a
lattice

5.1 Introduction

The monomer-dimer model, described below, originates from statistical physics where
it has been used to study the absorption of oxygen molecules on a surface and the
properties of a binary mixture. See Heilmann and Lieb [HL72] for further background
and references. More recently, the model has also drawn much attention in the fields
of operations research, combinatorics and graph theory [JS96], [KK97).

Consider a finite, undirected graph G = (Vg, E¢), where Vg is the set of vertices
of G and Eg is the set of edges. A matching on G is a subset M C E¢ such that no
two edges in M have a common endpoint. Suppose that the model parameter A is
positive. Now assign to each matching a probability proportional to AI™!, where | M|
is the size of M.

Alternatively, define the state space Q) = {0,1}"¢. Elements of £, called config-
urations on Eg, are typically denoted by w = (w, : e € E¢). The monomer-dimer
distribution with parameter A for G is then defined as

ol Ml (w is allowable)

where ‘w is allowable’ means that the set {e : w, = 1} is a matching and Z()) is
the normalizing factor, or partition function. Consider a ‘1’ as presence and a ‘0’ as
absence of an edge. It should be clear that the two descriptions (one with state space
the set of all matchings, the other with state space {0,1}%¢) are equivalent, and both
descriptions will be used in this chapter.
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To continue, we need more terminology and notation. If two vertices ¢ and j are
adjacent, we write i ~ j. Note that also i ~ i. The degree deg(v) of a vertex v is
defined as the number of edges that have v as an endpoint. If two edges e; and e
share a common endpoint, we write e; ~ ey. Let in the rest of this section, A be a
subset of Eg. We denote the set {0, 1}"“‘ by Qa. Similarly, if w € Q, then wa denotes
the restriction of w to A, i.e. the element (we : € € A) of Qa. Hw,w' € Qa we call e
an edge of disagreement with respect to (w, w') if we # w}, and we denote the set of all
such edges by Da(w,w'). The boundary 8A of A consists of all elements e € Ec\A
such that e ~ €' for some e’ € A.

Let a € Qga, so « is a configuration on the boundary of A. The monomer-dimer
distribution for A with boundary condition o is defined as follows:

% (w) = Al I (w is allowable w.r.t. @)
Ha ZA{A) 1

where ‘allowable with respect to o’ means that the set {e € A 1w, =1} U{e € dA:
o, = 1} is a matching.

It is easy to check that the monomer-dimer model satisfies the following spatial
Markov-property: let o denote a random configuration on Ec and let A C Eg. Then
the conditional distribution of oa, given gg.\a equals p3#, and hence depends only
on ggA-

A paper by van den Berg [Ber99] shows that the monomer-dimer model on a
lattice has certain very strong spatial mixing properties. In Section 5.3 we explicitly
show how this can be used to improve, for ‘nice’ subgraphs of a lattice, earlier results
by Jerrum and Sinclair [JS96] concerning the generation of (approximate) random
samples.

5.2 Preliminaries

In this section we give the background needed in Section 5.3. First we present some
general and quite well-known results on coupling and variational distance. Then we
will state the earlier mentioned result by Jerrum and Sinclair. Finally we present and
prove a result which is very similar to, but more convenient for our purpose than, a
result by van den Berg [Ber99]. Throughout this section {2 denotes an arbitrary finite
set.

5.2.1 Coupling and variational distance

Suppose we have two probability distributions p1 and 2 on Q. Their variational
distance dy (g1, p2) is defined by:

dy (1, p2) = % > I (w) = p2()l- (5.2.1)
wefl
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Another but equivalent definition of variational distance is the following:
dv (w1, pi2) = mmax |1 (A) — pz(A)]-

This equivalence is quite easy to check.
Suppose we have two probability distributions y; and g on Q. A coupling P of
1 and pg is a distribution on € x Q which has the following properties:

Z 'P(thg) = ,ug(ng for all Wy € Q,
w1 €N

and
Z Plwi,wa) = py(wi) for all w; € 0,
wa e

Le. the marginal distributions of P are y; and p. Similarly, one can define couplings
of more than two probability distributions. A trivial example of a coupling is the
product coupling gy X ps.

Define the event ‘unequal’ as the set {(w1,ws) € @ x Q : wy # wy}. Likewise
we define the complementary event ‘equal’ as {(w;,ws) € 2 x Q : w; = wz}. The
following results, Propositions 5.2.1 and 5.2.4 and Lemma 5.2.3 are quite standard
and not difficult to prove.

Proposition 5.2.1. Let py, us and ps be probability distributions on Q and let P12
and Py 3 be couplings of p1 and po, and of py and ps, respectively. Then there exists
a coupling P13 of p1 and p3 with the following property:

Py ,3(unequal) < Py a(unequal) + P 3(unequal). (5.2.2)

Proof. Suppose we first sample an element z, from the distribution t1(+), then sam-
ple an element yo from the conditional distribution P; 5(z0,-)/ t1(zp) and finally an
element zp from the conditional distribution Ps 3(y, )/ H2(yo). Intuitively, the distri-
bution of the pair (o, 29) is a candidate for the coupling we are looking for. More
formally, define the following ‘3-coupling’ P1,2,3 of p1, o and ps.

Pr23(z,y,2) = 12 () if H2(y)l >0
0 otherwise.

It is easy to check that Zy,z Pr2a(z,y,2) = pi (), Zz,z P12,3(2,y,2) = pa(y) and
2 ey P1,2,3(2, 9, 2) = ps(z), so that P; » 3 is indeed a coupling of 1,2 and ua. From
this immediately follows that P; 3 defined by

Pra(z,2) =Y Prasl(z,y,2),
Yy



108 Random sampling for the monomer-dimer model on a lattice

is a coupling of y; and p3.
We also have 3 P123(x,y,2) = Paa(y,2) and 32, P12a(z, 0, z) = Pi2(z,y).
Property (5.2.2) easily follows from the above, using

{(a:,y, z): T # z} c {{(may! z) 1o # y} U {(xry:z) Yy # z}} (523)
O

Remark 5.2.2. Note that for any ‘3-coupling’ pi23 of w1, p2 and ps, the two-
dimensional marginals satisfy

Z#l,2,3($ #z) < Z,um,a(x £y)+ 2#1,2,3(9 # z),
y z E

by (5.2.3).

We proceed with a lemma that states the basic properties of variational distance.
Lemma 5.2.3. Let u, i’ and v be probability distributions on Q. We have:
(i). dv(p,v) 20
(ii). dv(pu,v) =dv(v,p)
(iii). dv(p,v) < dv(p,p') +dv(y',v)
(iv). dy (v + (1 — 7' v) < vdv (i, v) + (L= 7)dv (i, v) for all v € [0,1]
Proof. The first two properties follow directly from the definition of variational dis-
tance, the third property follows from applying the triangle inequality on each term

in the sum in (5.2.1). The fourth property can be seen easily by writing out the
definition. O

The following proposition relates the notions of variational distance and couplings.
Recall the notions ‘equal’ and ‘unequal’ defined earlier.

Proposition 5.2.4. For all probability distributions p and v on §:

dy(p,v) = rr}gn P(unequal),

where the minimum is taken over all couplings P of p and v.

Proof. Let P be a coupling of p and v. It is a useful (for those not yet familiar
with these notions) and fairly easy exercise to show that dy (g, v) < P(unequal). To
complete the proof, we need to construct a coupling P for which

dy (u, v) = P(unequal). (5.2.4)

To achieve this, define _
P(x, ) = min{p(z), v(z)}- (5.2.5)
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With this definition, the probability ’ﬁ(equal) is fixed and hence its complement
P(unequal) is fixed too. Any coupling satisfying (5.2.5) also satisfies (5.2.4). We still
have to define P(z,y) for = # y in such way that P is truly a coupling. In general,

there are several ways to do this. For example, we can define

B(z,y) = LA@) = min{u(@), v(2)}] [v(y) ~ min{u(y), v(v)}]
= ﬁ(unequal]

for all  # y. Straightforward calculation shows that P is indeed a coupling. O

A coupling that reaches the minimum in Proposition 5.2.4 is called optimal. For
an extensive treatment of coupling methods, see [Tho00] or [Lin92).

5.2.2 Mixing times and the Jerrum-Sinclair result

Suppose we have an ergodic Markov chain on Q. Let 7 be the stationary distribution
of this chain and let = € Q. Let u®* be the distribution of the Markov chain at time
¢ when it has started in initial state z. Let ¢ > 0. Define the mizing time with respect
to initial state x of the Markov chain as follows:

T=(€) = mtin{dv(,ux’t‘,?r) < e forall ¢ >¢}. (5.2.6)

The (total) mizing time of the Markov chain is then defined by

T(e) = max Tz (€). (5.2.7)
Jerrum and Sinclair [JS96] have studied the mixing time of a suitable Markov chain
for the monomer-dimer model. More precisely, they have proved the following: let
G = (Vg, Eg) be a finite graph and let Q = {all matchings on G}. Consider the
monomer-dimer distribution with parameter A > 0 on . Denote this distribution
by mx. To sample from this distribution, Jerrum and Sinclair apply the Metropolis
algorithm implemented to the monomer-dimer model: they study a specific Markov
chain me(A) that has stationary distribution 7y. A transition M — M’ in the Markov
chain me() is described as follows:

(). With probability 1 let M’ = M; otherwise

(ii). Choose uniformly at random an edge e = (u,v) € Eg.
Define M’ as follows:

MUe if v unmatched in M and v unmatched in M,
M\e ifee M,
M'= ¢ (MuUe)\e' if either u or v (but not both) is matched

and €’ is the matching edge,
M otherwise.
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(iii). Move to M' with probability min{1, %%%)}

Note that mc()) is aperiodic because P(M, M) > 1/2 for all matchings M. The factor
1/2 is not essential, any number in (0,1) will do in (i). It is also clear that mec()) is
irreducible (because all matchings communicate through the empty matching), and
it is easy to check that mc()) satisfies the detailed balance condition

ma(M)P(M, M') = my(M")P(M', M),

for all matchings M, M'. We conclude that me()) has stationary distribution 7y and
the process is reversible under this distribution. Furthermore, for any initial state,
the distribution of the state converges to 7x. By a clever application of the so-called
canonical path method, Jerrum and Sinclair obtained the following bound for the
mixing time of me(A)-

Theorem 5.2.5. [Jerrum, Sinclair] The mizing time of me()) satisfies' :
7(e) < 4|Eg|nX (nln (4n) + nln (A)+InE™), (5.2.9)
where N = max{1,A} and n = [|Vg|/2].

5.2.3 A result on spatial dependencies

The following theorem is very similar to a result in Section 3 of [Ber99], the ideas
of which go back to [Ber93] and [BM94], but slightly stronger and more convenient
for our purposes. Therefore we give a fairly detailed proof. Recall the definitions of
D(w,w') and deg(v) from Section 5.1.

Theorem 5.2.6. Let u, for a given value of A, be the monomer-dimer distribution
on a graph G = (Vg, Eg)- Let A C Eg and let a,B € Qaa. Then a coupling PA,o8
of u% and X eists such that

Enop(#{e € A:e edge of disagreement}) < 2¢A|Daa(; B)l: (5.2.10)

where Ea op denotes expectation with respect to Pa,a,p and
¢ equals maxyea{deg(v)} — 1.

Proof. Let A, and B8 be as in the statement of the theorem. We construct the
desired coupling Pa a,g on Qa x Q4 as follows. Let z and y be independent random

configurations with distribution p and p:i, respectively. Modify these configurations
in the following way: for every & € Daal(a, B) define the set

S(e,z,y) = {ee€ Da(z,y):3 asequence Em~me~eEg~rvEg=E
of distinct edges in A, with Vi € {1,...,n} : Te; # Yei }-

1In fact, Proposition 2.14 of Jerrum and Sinclair [J596] states
7(e) < 4|Eg|nX (n(ln(r) + In(A")) + In(e™1)). (5.2.8)
However, we could only verify the proof when the factor In (n) is replaced by In(4n}, in (5.2.8).
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We call such a sequence a path of disagreement of length n from v to e, where v is
the common endpoint of € and e;. Let Dgﬁ be the union of paths of disagreement
leaving from Dya (e, 8):

DL = Usenpn (i 5(6,2,3).

The modified configurations & and § are defined by:

z!y ?

. z, ifec DB
- Y. otherwise,

Je = yeforalleecA.

Note that the configurations & and ¢ only differ from each other on D;’f and further-
more,
Dg’; equals Dg"f ;
We define Pa o g as the distribution of the pair (Z,§) constructed as above.
Lemma 5.2.7. The distribution of Pa,a,p defined above is indeed a coupling of p%
B
and iy -

Proof. Tt is sufficient to show that & has distribution ¢4 and that § has distribution
p:i. The latter follows trivially since § = y. As for &, we introduce auxiliary configu-
rations & and §. In words (&, §) is the pair of configurations obtained from (z,y) by
exchanging x and y on the set of edges that do not have a path of disagreement to
Dsa(a, 8). More precisely,

. { z. if e DIP

Fo = :
£ Ye otherwise,

. ye ifee Db

e = z. otherwise.

By appropriate use of the Markov property (see Lemma 5 in [Ber99]) the pair (Z, )
has the same distribution as the pair (z,y). Finally from the definitions it follows
that & = #. Hence & has distribution p3. O

‘We now show that the coupling Pa « g has property (5.2.10). First recall (see the
remark just before Lemma 5.2.7) that the left side of (5.2.10) is equal to the expected
size of Dg‘f , where z and y are drawn independently from u% and ,ui, respectively.
Therefore we study the paths of disagreement for the pair (z, y). So consider an edge
€ € Dga{a, 3), say € = (v1,v2). Observe that if a path of disagreement of length k
leaving from wv; exists, then this path is unique. Otherwise, as one can easily check,
there would be three distinct edges which share a common endpoint, and on each
of them = # y. But then at least two of these edges have either z = 1 or y = 1,
which contradicts the fact that z and y are allowable configurations. Similarly, a
path of disagreement leaving from vy is unique. Define [;(€) for ¢ = 1,2 as the path
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of disagreement of maximal length, starting from v;. From the above observations we
conclude that the left side of (5.2.10) is at most

S Baasll(@)]+ @)

g€Dpa (@,B)

= Y D 2Pas(u@ = k) (5.2.11)

éeDpa(a,8) k=1

To complete the proof of Theorem 5.2.6 we must, in view of (5.2.11), bound the
probability
P(l;(é) has length > k).

Before we do this, we state a simple general lemma. Consider the monomer-dimer
model on the very special ‘star-shaped’ graph, which consists of » edges and n + 1
vertices, one of which (the ‘centre of the star’) has one edge to each of the other
vertices. It is clear that each allowable configuration on this graph has either no
edges or one edge with value 1, and the latter has probability An/(1 + An). This
probability is increasing in n. That observation, together with the Markov property
mentioned in Section 5.1 implies immediately the following:

Lemma 5.2.8. Consider the monomer-dimer model with parameter A on an arbitrary
finite graph G. Let v be a vertex of G and let A be a subset of the edges adjacent to
v. Then the conditional probability that there exists an edge in A with value 1, given
the values of all edges outside A, is at most

A4
1+ XA

We now proceed with the proof of Theorem 5.2.6. Suppose a path of disagreement
of length k exists. What is the conditional probability that a path of length & + 1
exists? Let e; ~ --- ~ ex = e be the unique path of length k leaving from v, so
that € ~ e;. By the uniqueness property mentioned before, we have that the path
of disagreement of length k + 1 (if it exists) is an extension of the path of length k.
Define
Adj(e) ={be A:b~eand b¥ ex_1}.

Note that |Adj(e)| < ¢, with ¢ as in the statement of the theorem.

By assumption, =, = 0 and y. = 1 or vice versa. Without loss of generality we
assume the former. Since y is a matching, we have y, = 0 for every edge b € Adj(e).
Hence we have a path of disagreement of length k+1 if and only if an edge a € Adj(e)
exists with ¢, = 1. By Lemma 5.2.8 above, the (conditional) probability of this event
is at most Ac/(Ac+ 1). Iterating the above we get

Ac
Ac+1

PA,e,5(11(€) has length > k) < ( )k (5.2.12)
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Combining (5.2.12) with (5.2.11), it follows that the left side of (5.2.10) is at most

= Ac k
2 D D) =2 IDoa( )l
éeDoa(a,8) k=1

This completes the proof of Theorem 5.2.6. O

Remark 5.2.9. In Section 5.3, we will only work with d-dimensional hypercubes A.
For such sets A, each edge on the boundary 8A has exactly one vertex in common
with an edge in the box A. For these special cases, the above result is improved by
a factor 2, so that

EA o,5(#{e edge of disagreement}) < A(2d — 1)|Daa (a, 8)|, (5.2.13)

for every hypercube A.

5.3 Random sampling on subgraphs of the d-dimensional
lattice

5.3.1 Description and motivation of the method

In Subsection 5.2.2 we stated the Jerrum-Sinclair result. This result holds for general
graphs. In the present section we study certain specifically ‘nice’ graphs, say a d-
dimensional torus, described below. Suppose we want to sample (approximately)
from the monomer-dimer model for such a graph. According to the Jerrum-Sinclair
result, Theorem 5.2.5, we can do this by running the Markov chain mec()) a number
of steps given by (5.2.9). For the torus this is, for fixed A and ¢, asymptotically of
the order (volume)®In(volume). Here ‘volume’ is the number of edges in the graph,
or the number of vertices, since for these graphs these differ by a constant factor.

Can the bound on the number of steps of the Markov chain, for these spe-
cial graphs, be improved? There are several possibilities. One approach is to use
logarithmic Sobolev inequalities; the results on spatial dependencies in Subsection
9.2.3 imply a mixing condition which in turn, following a quite general theory de-
veloped by Stroock and Zeglarinski [SZ92], could lead to a mixing time of order
(volume) In(volume). We write could because there is an extra, quite subtle condition
which has to be checked to obtain such a bound from the Stroock-Zegarliriski the-
ory. See Theorem 1 in the survey paper by Frigessi, Martinelli and Stander [FMS97].
This result would be very interesting, but when one really wants to generate random
samples, it is not sufficient to know the asymptotic order of the mixing time, but one
needs an explicit upper bound to carry out the algorithm. To get reasonable explicit
bounds from the Stroock-Zeglarinski theory is probably a lot of work though in our
opinion, certainly worth the effort.

However, in this work we follow a somewhat different approach, which is based
on a small modification of coupling and rescaling arguments, that have become quite
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standard, see [AH87],[MO94]. This approach has the advantage that it gives, with
relatively simple and few computations, an explicit bound whose asymptotic order is
only a little bit worse than the above mentioned (volume) In(volume); we get an extra
factor of the order In(volume).

Our approach is to combine (using rescaling and coupling arguments) the result
of Jerrum and Sinclair (Theorem 5.2.5) with the result on spatial dependencies from
Subsection 5.2.3. Although this approach applies to a larger class of graphs, we
concentrate for simplicity on a graph I', which corresponds to a d-dimensional torus.
See Remark (iii) in Subsection 5.3.4. More precisely, let N be a positive integer, and
define T" as the pair (Vi, Er), where the set of vertices is defined as

VI‘ . {01"'7N}d$
and the set edges Er is
Er = {(v1,v2) : v1,v2 € Vr and |v; —v2| =1 mod (N - 1)}. (5.3.1)

We would like to sample from the monomer-dimer distribution 7 (with parameter
A) on this graph.

One way of approximately sampling from this distribution on I' is the following.
Let A be a d-dimensional cube of length I. Here ! depends on d and A; a suitable
value will be determined later. More precisely, A is the following set of edges.

A = {(v1,v2) 1 v1,12 € {0,...,0}* and |v; —v2| = 1}.

Let )?(t),t =0, 1,...beaMarkov chain with state space {0, 1}Pr, which starts in some
configuration xo on I'. Its transitions are described as follows. Suppose X (t) = =
Choose uniformly at random a vertex ¢ € V. Let A(i) be the box A shifted by 7 in
the torus, i.e.

A(3) = {((v1 + 1) mod N, (vo +14) mod N): (v1,v2) € A}.

Consider the monomer-dimer distribution on A(i) with boundary condition x4 (;) and
parameter A, denoted by pza(‘:)“’. Now sample a configuration # from this distribution.

Then at time £ + 1 the configuration becomes

s _ [ X®). ifedA),
X(Hl)e_{ z.  ifeec Afi).

It can be proved, using the spatial mixing properties mentioned before, that for
sufficiently large ! the mixing time of this Markov chain is of order O(|Vr|-In |Vp|) for
fixed ), i.e. of the same order as we mentioned above in connection with logarithmic
Sobolev inequalities.

However, a problem arises when one actually tries to execute this algorithm. How

BA(1)

to compute the distribution pz(i) ? Even for relatively small I, this is a huge problem.

(5.3.2)
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If for example d = 2 and the length of the hypercube is 10, the state space has already
more than 2'% elements. In practice, this algorithm cannot be used.

One way to proceed now would be to use certain comparison theorems to obtain
a bound on the mixing time of the Markov chain me(A) for this this model from
the bound on the mixing time of the above ‘block dynamics’ (see [DSC93], [RT98]
and [Mar97]). However, these comparison arguments do not involve the two mixing
times directly, but indirectly via the spectral gap or logarithmic Sobolev constant.
Since the relation between the mixing time ((5.2.6)-(5.2.7)) and these quantities is
not tight, this method would introduce a factor of the order ‘volume’, so the final
result would be of the order (volume)? In(volume).

Therefore we do the following: Instead of drawing a configuration ezactly from the

distribution f‘?(?)m mentioned before, we will sample approzimately from this distri-

bution. In other words, we replace each (macro) step in the Markov chain X (¢) by
a number of (micro) steps, where each micro step corresponds to a transition of the
Markov chain mc(A) on A(i) with boundary condition zga (i), studied by Jerrum and
Sinclair. It will turn out that for fixed § and A, the total number of steps needed to ob-
tain a ‘é-close’ approximate sample from 7t is at most of order (volume) In(volume)?2.
See Corollary 5.3.3 at the end of this section.

More precisely, the modified Markov chain, which we denote by X (¢),t=0,1,...
has the same state space and initial state as X (), but the transitions are now as
follows. Let § > 0 and suppose X (f) = z. As before, choose uniform at random a
vertex ¢ € I'; determine the box A(¢), and consider the monomer-dimer distribution

uzﬂ(“.‘)“". We will approximate this distribution. To do this we first define

_ 8 (AL=Cd - Djoal

=3 e ) (523

The choice of this value will become clear later. Now consider the (auxiliary) Markov
chain mc(A) with respect to the monomer-dimer model on A(z), with boundary con-
dition z5a(;) as described in Subsection 5.2.2. Although the initial state does not
matter to the computation below, it is natural to take it equal to Ta(i)- Denote the
distribution of this chain at time ¢ by vgfi). Let Ay be the set of vertices which are
endpoints of edges in A. Theorem 5.2.5 now gives us that VR’(’U converges to MZ"(’:}“)
and that i
dv(”a'(jp#;(?)m) e, (5.3.4)
where T is the minimal number of steps that the Markov chain has to take, given by
T = |AllAv|X [JAv|In(2|Av]) + |Ay|In(X) + 2In(™1)] (5.3.5)

where A’ = min{1, A}. Let & be the configuration on A(¢) after 7' transitions of me(A);
this is a sample of vg’{f,). Now take

[ X(®)e ifed AQ),
X(”I)B_{ 5. ifee Af).
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This completes our description of a (macro) step in the Markov chain X(t). In the
next section we will give an upper bound on the number of macro steps after which
the variational distance between u!, the distribution of X (t) and nr becomes smaller
than 6. The total number of micro steps needed then simply follows from multiplying
this number by T from (5.3.5).

5.3.2 A bound on the number of steps

In this subsection we will bound the number of steps of the Markov chain X (t) to
approximately reach the stationary distribution 7p. First, we define a suitably coupled
system (X (t),Y(t)),t = 0,1,--- where X(t) is the Markov chain introduced in the
previous subsection, and Y (t) is a Markov chain with the same transition probabilities
as X (t), also introduced in the previous subsection, but which starts, and hence stays,
in the stationary distribution wp. Using the results in Section 5.2, we will obtain an
upper bound for the variational distance between the distributions of X (t) and Y'(t)
for every time ¢{. This is done by studying the number of edges of disagreement
|Dr(X(t), Y (2))]-

More precisely, let X (0) = zo and let ¥ (0) be drawn from the distribution 7.
Suppose at time ¢, X(t) = z and Y(t) = y. Now we follow the description of a
transition of X (t) given in the previous subsection. However, instead of sampling a
single configuration # on A(4), we now sample a pair (&,#) as follows. First consider
the following three distributions on Qa ) vi’é), pi“"(?)“’ and pyA“’(‘?){”. From now on,
we omit the subscript A(:). Let

Popt,pom 170500 (5.3.6)
be an optimal coupling of #7** and p®2a(). Further let
Puzoaw yroa)
be a coupling of u*#4() and p¥24% which satisfies Theorem 5.2.6. Finally, let
Pr. uvoac (5.3.7)

be a coupling of ¥T** and u¥#2( obtained from the previous two as described in the
proof of Proposition 5.2.1. The expectation with respect to the distribution in (5.3.6)
is denoted by E,, ,1.= ,#sas. The expectations for the other couplings are denoted

likewise. Now, sample a pair (%, §) from the last coupling (5.3.7). Take

[ X(). e A [ Y(@). ifegAl
X(t+1)e_{§:e ifeeAEig Y(HI)B_{gB() ifeiAEig.

This completes the description of the transitions of the pair (X(t),Y()). Note that
# has been drawn from vT"® so that the Markov chain X(t) has indeed the same
transition probabilities as in Subsection 5.3.1. Similarly, note that Y (¢) has indeed
the distribution #r for each ¢.
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Recall that u* denotes the distribution of X (¢). Let N(t) denote the expectation
of |Dr(X(t),Y (t))]. Using Proposition 5.2.4 we have

dy (u',mr) < P(X(t) £ Y (1)) < N(2). (53.8)

Therefore we will study N(¢). In particular, we study the change in this quantity
after one macro step of the coupled Markov chain. Using a property analogous to
equation (5.2.2) in Proposition 5.2.1 we get
E,r= voae (#{e € A(2) : e edge of disagreement})
< By ure yoac (#{e € A(i) : e edge of disagreement)

+ B eoa0) yveam (F#{e € A7) : e edge of disagreement). (5.3.9)

So we need upper bounds for the expectations in (5.3.9). By Theorem 5.2.6 and
equation (5.2.13)

E zanw yveacs (F{e € A(i) : e edge of disagreement) < M(2d—1)|Daaiy(Taa(), Yoa())!-

(5.3.10)
Because the coupling Pops,yﬁ".:,; sai is optimal, we have
Eptur= yroac (#{e € A(3) : e edge of disagreement)
< |A(%)i E Popt,uf.z,p%a.(s) (unequal]
= JAG)| - dy (7, prono)
g & |al): (5.3.11)

The last inequality follows from (5.3.4). Together, inequalities (5.3.9) to (5.3.11) yield
E, 1. voac (F#{e € A(i) : e edge of disagreement})
< e |A(E)] + A(2d — 1)|Doa iy (zaa gy, Yoa )l (5.3.12)
We now state and prove the following lemma concerning N ().

Lemma 5.3.1.
N(t+1) <b N(t) +£|lA|, (5.3.13)

where

|A] — A(2d — 1)|8A]

b=1- |Er|

(5.3.14)

Proof. Let n(t) = |[Dp(X(t),Y(¢))]. Note that the expectation of n(t) is equal to
N(t). Suppose that X(t),Y(t),i and hence A(i) are known. Consider the condi-
tional expectation of the number of edges of disagreement that disappear during the
transition ¢ — £+ 1:

BEln(t) —n(t+1)|X(t) = z,Y(t) = 4, A(i) = 4]
= |Da(za,ya)| — Byr= yvoa (|Da(Z, §))-
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By (5.3.12) this is larger than or equal to
|Da(za,y4)| — €lAl = A(2d — 1)|Daa(za4, yoa)|-
Averaging over A we get

En(t) —n(t+1)|X(@¢) =z,Y(t) =y
> E(|Dag)(zag) ¥aw)| — €lA] — A(2d = 1) E(|Daa i) (Taaiy Yaa@)l)s
(5.3.15)

where the expectation on the right refers to the distribution of A(#). Recall that
this is the uniform distribution, so that by symmetry each edge of Er has the same
probability, |A|/|Er|, to belong to A(Z). Similarly, the probability that a given edge
belongs to AA(4) equals |§A|/|Er|. Filling this in in (5.3.15) we obtain

Al - A(2d - 1)|2A
Bln(®) - n(t+ DIX@) = 2, Y () = 31 > N©) (2 (|E NPELY .
r|
Taking expectations and dividing by N(t) we get
N(t) — N(t+1) |A] — M2d — 1)|0A]
- —
NGO = ( IBr ) —elal,
from which the lemma follows immediately. O
For the moment we assume that the following inequalities hold.
- —1)|8A
i~ DI ARE=DIOA] oy (5.3.16)

|Er|

Iterating equation (5.3.13), we get

t
N@E+1) < BHYUEp|+elA]Y ¥
i=0
= bt+1
bH_lIE['l + “m—slﬂl

bt+1|EP| + (l _ bt-{-l)g.
Here we used the definitions of € and b, equations (5.3.3) and (5.3.14), and the fact

that N(0) < |Er|.
With (5.3.8) this gives

b @a

dv (p',mr) < B'|Br| + (1 - b)5. (5.3.17)



5.3 Random sampling on subgraphs of the d-dimensional lattice 119

If we want to find ¢ such that the above mentioned variational distance is smaller
than 4, it suffices to solve

b|Er| < g (5.3.18)

Taking logarithms on both sides of (5.3.18) and using that In(1 — z) < —z for 0 <
x < 1, we find that (5.3.18) holds if

i _|BrlIn(2|Erjs—)
= TA = A(2d — D|GA[

(5.3.19)

Recall that every step of the Markov chain X (#) is in fact a macro step which corre-
sponds with T’ micro steps in some box A(i), where T is given by (5.3.5). Hence the
total number of micro steps 7(§) after which the distribution of X (t) has variational
distance < ¢ from 7r is at most T times the right side of (5.3.19), i.e.

@) < |AIAVIY - [[Avin@Ay]) + [Av]n(X) + 21 x

( | Er|In(2|Ep|6~*) )

|A] — A(2d — 1)]84 (5.3.20)

where & = £(4) is defined as in (5.3.3) and M’ = max{1,A}. Optimization consider-
ations on a simplified modification of the right side of (5.3.20) lead to the following
choice of the length [ of A:

1:= [A(dd +2)]. (5.3.21)

Note that |Ay| = (I +1)4,|A| = dI(l + 1) and |8A| = 2d(I + 1)4~! so that with I
as in (5.3.21),

|Ay| = ([A(4d +2) +1])4, (5.3.22)
[A] = d[A4d +2)]([A(4d +2)] +1)471, (5.3.23)
|8A| = 2d([A(4d +2)] +1)4L. (5.3.24)

Using (5.3.22)-(5.3.24), it is easy to check that for every A > 0 and every d > 2, the
above choice of / implies the upper bound in (5.3.16). The lower bound in (5.3.16)
is satisfied if |Ep| > |A|. Using (5.3.22),(5.3.23), (5.3.24) and (5.3.3), we can now
express the upper bound (5.3.20) on 7(d) completely in terms of §, A, d and |Er|.

5.3.3 Summary of the algorithm and the main result

Concluding, we can state the following. Let 0 < § < 1 and A > 0. Consider the
monomer-dimer distribution 7r with parameter A on the d-dimensional torus I, as
described in Subsection 5.3.1. Take I = [(4d + 2)A] and let A be the hypercube
with length [ + 1 as described in Subsection 5.3.1. Compute ¢ from (5.3.3). Finally,
compute T" for the above choice of [ as in (5.3.5). Consider the Markov chain X(t)
with state space {0,1}”" with transitions as follows: choose uniformly at random a
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vertex i € I and consider the box A(i) = (i+ A). On this box, run the Markov chain
me()) described in Section 5.2.2 for T steps, with the current X(t) values on the
boundary fixed. These steps are called micro steps. This completes one transition, or
macro step, in the chain X ().

Theorem 5.3.2. In the algorithm described above, the number of micro steps T(6)
after which the distribution of X (t) has variational distance at most § from the sta-
tionary distribution nr satisfies

|Er|In(2|Er|5—")
€ (1A| - A(2d —P1);aA|)
AllAvIY - [|av|@|Av]) +Av|In(X) +21n(e)] x

|Ep|In(2|Er|6—1)
(IAI : A(2d - 1)|3A|)’ (5.3.25)

7(9)

A

where |Avy|,|Al,|0A| and € are given by (5.3.22),(5.3.23), (5.3.24) and (5.3.3), re-
spectively, and A’ = max{1, A}.

This result gives immediately (note the dependence of ¢ on |Er|):

Corollary 5.3.3. For the algorithm above, if A, d and & are fived, 7(5) satisfies

7(5) = O(|Brl n(|Er)*) (5.3.26)

5.3.4 Remarks

(i). Since the definition of the Markov chain X (t) depends on 4, it is strictly speaking
not correct to call 7(§) in (5.3.20) its mixing time.

(ii). From (5.3.26) it follows that for fixed A and §, on a large torus our bound is
considerably better than the bound of Jerrum and Sinclair in Theorem 5.2.5.
Note that on a torus, the number of edges equals the dimension times the
number of vertices, so |Er| = d|Vr|. However, our bound in (5.3.20) involves
a factor A2¢)/, whereas the bound of Jerrum and Sinclair is linear in A, which
is important in certain applications [JS96]. Hence if the size of the torus is
relatively small with respect to A, their bound is better than ours.

(iii). The algorithm in the previous subsection was described on a torus I'. A similar
result is still valid when the algorithm is applied to a sufficiently nice finite
subset of Z¢, for instance a hypercube H = (Vy, Eg) where Vg = {0,..., m}?
and Eg = {(v1,v2) : v1,v2 € Vg and |v; —vp| = 1}. Since H is not a torus, the
box A(i) must now be defined as A(:) N Eg, where i is now the center of the
box A(i). The fact that in some cases A(%) consists of roughly |A[/ 2¢ elements
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(when i is ‘close to a corner’) leads to an increase of the size of a suitable A.
This in turn leads to a number of micro steps needed in the procedure which is
a constant (depending on the dimension d) larger than for the torus.

. One may think of several modifications of our computations to improve the

right hand side of (5.3.25). For instance it would be interesting and worth
trying to improve Theorem 5.2.6. As to alternative methods, see the remark
about logarithmic Sobolev inequalities in the beginning of this section.
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Appendix A

Some theorems from
percolation theory

This appendix contains a short discussion of some well-known theorems in the field of
percolation theory on Z%. We assume that d > 2. For p < p., all clusters are a.s. finite
by definition. Even stronger, it can be shown that the distribution of the radius of
clusters decays exponentially. Let S(n) be the sphere of radius n, i.e. S(n) contains
all sites that are at graph distance n from the origin O. The following theorem was
proved independently by Menshikov [Men87] and Aizenman and Barsky [AB87].

Theorem A.l. Let p < p.. There exists a ¢(p) > 0 such that
Pp(0 = S(n)) < e ¢P),
for all n.

Clearly, for p > p. such a result cannot hold. However, if we restrict ourselves to
connections that do reach S(n) but do not reach infinity, we have a similar result.
Let Co denote the cluster of the origin and let |Cp| denote its size.

Theorem A.2. Let p > p.. There ezists a 9(p) > 0 such that
P,(0 — 8(n), |Col < 00) < &=,

for all n.

This theorem is due to Chayes, Chayes, Grimmett, Kesten and Schonmann [CCG*89]
and Chayes,Chayes and Newman [CCN87].

Much used features of ordinary independent percolation in dimension 2 are the
Russo-Seymour-Welsh theorem and its consequences [Rus78], [Rus81], [SW78]. Let
R(n,m) denote the rectangle [0,n] x [0, m] and let LR [R(n, m)] denote the event that
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there exists an open left-right crossing in the rectangle. An open left-right crossing is
an open path of edges from {0} x [0,m] to {n} x [0,m] inside the rectangle. We use
the notation B(n) for R(n,n).

Theorem A.3. [RSW]| There ezists a function = : [0,1] — [0, 1] independent of n,
satisfying w(e) — 1 as € — 1 and w(e) > 0 when € > 0 such that

Po(LR[B(n)]) > ¢ = P,(LR[R(3n,n)]) > n(e)- (A.4)

This theorem is very useful since it provides lower bounds for crossing probabilities
that do not depend on n. For example, if 8(p) > 0 it is not so hard to show that the
probability of crossing a square goes to 1 using uniqueness of the infinite cluster. The
RSW theorem now shows that also the probabilities of crossings in rectangles goes
to 1. A much used consequence of the RSW-theorem is the following: Let O(n,3n)
denote the event that inside the annulus A(n,3n) = B(3n)\B(n) there is an open
circuit (path returning to its starting point) around B(n).

Corollary A.5. There ezists a function n’ : [0,1] — [0, 1] independent of n, satisfying
7'(€) = 1 ase — 1 and w'(e) > 0 when € > 0 such that

Po(LR[B(n)]) > ¢ = Pp(O(n,3n)) > 7'(e).

An application of the Borel-Cantelli lemma shows that at parameter value p,,
there will be infinitely many open circuits around each point in the lattice.
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Samenvatting

Percolatie, bosbranden en monomer-dimers

Dit proefschrift behandelt een aantal kanstheoretische modellen: Zelf-vernietigende
percolatie, het zelf-organiserende bosbrand model, bevroren percolatie en het monomer-
dimer model. Hoofdstuk 5, over het monomer-dimer model staat min of meer op
zichzelf en we bespreken het later. De overige hoofdstukken hebben een aantal
overkoepelende thema’s. Een daarvan is zelf-organiserend kritiek gedrag. Zelf-organi-
serend kritiek gedrag is een populair onderwerp omdat het kan verklaren hoe complexe
structuren ontstaan uit simpele basisprincipes. Het geeft een wiskundige verklaring
voor een in de natuur veelvuldig voorkomend gegeven, namelijk dat veel biologische
en geologische systemen er op elke schaal hetzelfde uitzien (een fractale structuur
hebben). Denk bijvoorbeeld aan de fjorden van Noorwegen, of de vorm van een
slakkenhuis. Wiskundig gezien uit zich dit in het voorkomen van machtswetten: De
dichtheden van de belangrijkste grootheden in de modellen volgen een machtswet.
Als voorbeeld nemen we het bosbrandmodel. Een belangrijke grootheid is daar de
grootte van dicht bij elkaar gelegen bomen, de grootte van een cluster. Laat p(s) de
kans zijn dat het cluster van een bepaald punt s bomen bevat. Als zelf-organisered
kritiek gedrag voorkomt, dan moet er een constante T zijn zodat

p(s) =577
In het algemeen zijn dit soort uitspraken moeilijk te bewijzen, maar voor het één-
dimensionale bosbrandmodel kunnen we laten zien dat

p(s) =577,

voor waarden van s die niet te groot zijn, zie Sectie 3.2. Zelf-organiserend kritiek
gedrag wordt geassoci€erd met o.a. bosbranden, aardbevingen, epidemieén, zand-
hopen, evolutie en de verdeling van woorden in een text. Niet alles hiervan is
wiskundig bewezen. Vaak is het observeren van een machtswet al genoeg om zelf-
organiserend kritiek gedrag te suggereren.

De term zelf-organiserend kritiek gedrag valt uiteen in ‘zelf-organiserend’ en ‘kri-
tick gedrag’. In sommige traditionele modellen in de statistische fysica, als het Ising
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model of onafhankelijke percolatie, vinden we ook de bovengenoemde machtswetten.
Het gedrag van deze modellen hangt af van de waarde van een parameter (in het Ising
model de temperatuur, in het percolatiemodel de kans dat een punt bezet is). We
zien een fase-overgang bij een kritieke waarde van de parameter. Dat betekent dat
het gedrag van het model essentieel anders is bij het vastleggen van de parameter
boven en onder deze kritiecke waarde. In het percolatiemodel bijvoorbeeld, is er boven
de kriticke waarde met kans één een oneindig cluster van bezette punten; onder de
kritieke waarde zijn alle clusters van bezette punten met kans één eindig. Wanneer de
parameter deze kritieke waarde aanneemt, zien we de machtswetten verschijnen. Dit
is echter een instabiele toestand, want met een kleine verandering van de parameter
gelden de machtswetten niet meer. Deze instabiele toestand noemen we kritiek. Een
zelf-organiserend kritiek systeem is robuuster. Het is niet nodig de parameter heel
nauwkeurig te kiezen om de machtswetten te observeren, deze zijn inherent aan de
dynamica van het systeem. Het systeem stuurt zichzelf naar een kritieke toestand,
vandaar de term zelf-organiserend.

Een ander overkoepelend thema in dit proefschrift is het bestaan van processen.
‘Bestaan’ is hier bedoeld in zijn wiskundige context: De regels die het proces definiéren
moeten consistent met elkaar zijn. Zodra we het over oneindige structuren hebben is
het bestaan van een proces vaak een probleem. Hoewel het in dit proefschrift misschien
niet altijd even duidelijk naar voren komt, zijn de problemen rond het bestaan van
processen vaak van invloed geweest op de (al dan niet beantwoorde) vraagstukken.

Het probleem waar vele andere uit voort zijn gekomen is het permanent zelf-
vernietigende percolatie proces. We kunnen dit intuitief als volgt beschrijven. We
bekijken het twee-dimensionale rooster 72 in de tijd. Alle punten zijn ‘inactief’ op
tijdstip 0. Onafhankelijk van elkaar worden de punten ‘actief’ en zodra een punt in
een actief oneindig cluster zit, maken we dat actieve cluster in zijn geheel weer inac-
tief. Het is de vraag of dit proces bestaat. Dit is een interessante vraag omdat de
intuitieve beschrijving doet vermoeden dat dit process zelf-organiserend kritiek gedrag
vertoont. Tot de kritieke tijd (corresponderend met de kritieke waarde van gewone
onafhankelijke percolatie) zijn er geen oneindige actieve clusters. Meteen daarna
ontstaat een oneindig actief cluster en dit cluster wordt inactief gemaakt. Omdat
het oneindige cluster erg ‘dun’ was op dit tijdstip, lijkt het waarschijnlijk dat meteen
daarna opnieuw een oneindig actief cluster ontstaat dat inactief wordt gemaakt, en-
zovoorts. Het systeem zou dan in een kritieke toestand blijven; een typisch voorbeeld
van zelf-organiserend kritiek gedrag. Het permanent zelf-vernietigende proces is de
inspiratiebron geweest voor de hoofstukken 2,3 en 4.

Hoofdstuk 2 bespreekt zelf-vernietigende percolatie. In dit model wordt eenmaal
onafhankelijke percolatie uitgevoerd, dan wordt het oneindige bezette cluster verni-
etigd en vervolgens wordt elk punt weer onafhankelijk bezet met een kleine kans. We
bespreken algemene eigenschappen als monotoniciteit, associativiteit en continuiteit
van de percolatie functie. Verder bestuderen we een eigenschap in dimensie 2 (die
we noch kunnen bewijzen, noch ontkrachten) waaruit volgt dat de percolatie functie
een discontinuiteit heeft. Verder volgt uit deze eigenschap dat het permanent zelf-
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vernietigende percolatie proces niet bestaat. De eigenschap heeft ook gevolgen voor
de bosbrandmodellen, die we bestuderen in hoofdstuk 3.

Zoals gezegd handelt hoofdstuk 3 over bosbrandmodellen. We bekijken een (eindig)
vierkant bos, waar de roosterpunten door bomen bezet kunnen worden. Af en toe slaat
de bliksem in waardoor een bosbrand ontstaat. We zijn het meest geinteresseerd in
het limietgedrag als de grootte van het systeem naar oneindig gaat, en de intensiteit
van de blikseminslagen naar nul. Dit zou een benadering kunnen zijn van het per-
manent zelf-vernietigende proces (hoewel we in hoofdstuk 2 hebben gezien dat dat
waarschijnlijk niet bestaat in dimensie 2). Fysici hebben bosbrandmodellen uitge-
breid bestudeerd, hoewel de resultaten wiskundig gezien meestal discutabel zijn. Zij
concentreren zich veelal op het gedrag van het bosbrandmodel in de evenwichtsverdel-
ing. Wij bestuderen deze evenwichtsverdeling in dimensie 1, en berekenen expliciet
de verdeling van de clustergrootte. In dimensie 2 concentreren we ons niet op de
evenwichtsverdeling, maar op het gedrag van het bosbrandmodel als we beginnen
met een leeg bos. Het interessante gedrag moet dan te zien zijn rond de kritieke
tijd, corresponderend met het kritieke punt van gewone onafhankelijke percolatie. De
bovengenoemde eigenschap impliceert voor de bosbrandmodellen dat na een grote
brand, het een tijdje duurt voordat er opnieuw een grote brand voorkomt. Dit zou
Juist een teken zijn dat het twee-dimensionale bosbrandmodel geen zelf-organisered
kritiek gedrag vertoont.

Hoofdstuk 4 gaat over bevroren percolatie. In tegenstelling tot bosbrandmodellen
waar punten oneindig vaak van toestand kunnen wisselen, gebeurt dit in een bevroren
percolatie model maximaal twee keer. In het bevroren percolatie model zijn punten
van een willekeurige graaf in rust op tijd 0. Op een gegeven moment worden ze ge-
activeerd (dit gebeurd onafhankelijk van de andere punten) en zodra een punt in een
cluster van oneindig veel actieve punten zit, bevriest het gehele cluster. Omdat daar
oneindig veel punten bij betrokken zijn is het bestaan van bevroren percolatie mod-
ellen niet duidelijk. Aldous [Ald00] heeft laten zien dat een vorm van het bevroren
percolatie proces bestaat als we de binaire boom als onderliggende graaf nemen. Het
mooie van dit model is dat het zelf-organiserend kritiek gedrag vertoont: Op alle tijd-
stippen na de kritieke tijd zijn hebben de eindige niet-lege clusters dezelfde verdeling
als kritieke onafhankelijke percolatie clusters. We zien ongeveer hetzelfde gedrag voor
onze versie van bevroren percolatie. We kunnen de dynamica zo aanpassen dat clus-
ters bevriezen zodra ze in een actief cluster van grootte N zitten. Dit maakt dat de
modellen bestaan, en in dimensie 1 kunnen we zelfs concrete berekeningen doen.

In hoofdstuk 5 ligt de nadruk op directe toepassing. Het bespreekt een methode
om bij benadering te trekken uit de monomer-dimer verdeling. Het is niet mogelijk
exact te trekken uit deze verdeling voor grote of middelgrote systemen, omdat de
rekentijd te lang wordt. We beschrijven een Markov-keten die de monomer-dimer
verdeling als stationaire verdeling heeft. In dit hoofdstuk bepalen we wanneer er
genoeg stappen in de Markov-keten gedaan zijn; met andere woorden, wanneer de
verdeling bij benadering de stationaire verdeling is.



134 Samenvatting



