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SECTION : 6.1 (JANUARY 1976)

AUTHUR: DoToWINTER,

INSTITUTE: MATHEMATICAL CENTRE.

RECEIVED: 751208,

BRIEF DESCRIPTION:
THIS SCCTION CONTAINS TWO PROCEDURES:
1) PI: DELIVERS THE VALUE OF PI;
2) E£3 DELIVERS THE VALUE OF Ee

KEYWORDS*
MATHEMATICAL CONSTANTS
PI
E
SUBSECTIONs PI
CALLING SEQUENCE:
THE HEADING OF THE PROCEDURE LS

WREAL™ RPROCEDURE®™ PI;
“CODE"™ 30006;

PI:= THE CONSTANT PI IN 48 BITS PRECISION.

LANGUAGE: COMPASS

SUBSECTION: E
CALLING SEQUENCE:
THE HEADING OF THE PROCEDURE 1IS:

WREAL®" "PRQOC EDURE™ Ej
"CODE"™ 30007;

Et= THE CONSTANT E IN 48 BITS PRECISION

LANGUAGE: COMPASS

PAGE 1



SECTINON t 66l (JANUARY 1976) : PAGE 2

SOURCE TEXTS:

THE SOURCE TEXTS GIVEN HERE ARE NOT THE ACTUAL SOURCE TEXTSs AS
THESE PROCEDURES ARZ WRITTEN IN COMPASSe EVENs THE TEXTS GIVEN

HERE DO NOT GIVE THE SAME RESULTS ON THE CDC CYBER SYSTEM» SINCE
THE ALGOL=60 COMPILECR CANNOT READ THE CONSTANTS IN 48 BIT PECISION.

"CODE" 30006;
"REAL® WPRJCEDURE"™ PI;
PIts 3,14150265358979;

"CODE" 3Q007;
"REAL" "PRICEDURE" E;
Ei= 2,71828182845905;



SECTION : b6e2 (JANUARY 1979)

AUTHUR? DoToWIMNTER.

INSTITUTE: MATHEMATICAL CENTRE»AMSTERDAM.

RECEIVED: 751208,

BRIEF DESCRIPTLION:
THIS SECTION CONTAINS SEVEN PROCEDURESS

PAGE 1

A) MBASE: DELIVERS THE BASE OF THE ARITHMETIC OF THE COMPUTER;
B) ARREB: DELIVERS THE ARITHMETIC ERROR BUUND OF THE COMPUTER;
C) DWARFr DELIVERS THE SMALLEST (IN ABSOLUTE VALUE) REPRESENTABLE

REAL NUMBER;
D) GIANT: DELIVERS THE LARGEST REPRESENTABLE REAL NUMBER;
E) INTCAP: DELIVERS THE INTEGER CAPACITY;
F) OVERFLOW? TESTS WHETHER A VALUE IS AN OVERFLOW VALUE:
G) UNDERFLOW: TESTS WHETHER A VALUE IS AN UNDERFLOW VALUE;
FOR A DETAILED DESCRIPTION SEE METHOD AND PERFORMANCE.
KFYWORDS ¢
ARITHMETIC CONSTANTS
MACHINE CONSTANTS
OVERFLOW
UMDERFLJW
SUBSECTION: MBASE
CALLING SEQUENCE:
THE HEADING OF THEC PROCEDURE IS:
UINTEGERY "pROCEDURE"™ MBASE;
WCODE® 30001;
MBASE:= 2, THE BASE OF THE ARITHMETIC OF THE CYBERe

LANGUAGE® COMPASS

SUBSECTION: ARREB
CALLING SEQUENCE:
THE HEADING OF THE PROCEDURE ISt
WREAL® "PROCEDURE™ ARREB;
wCODE™ 30002;
ARREBt= 2 *% (=47)y THE ARITHMETIC RELATIVE ERROR BOUNDe

LANGUAGE: CUMPASS



SECTINN ¢ hHe2 (DECEMBER 1979) PAGE 2

SUBSECTION: DWARF
CALLING SEQUENCE:
THE HEADING OF THE PROCEDURE ISt
"REAL™ "PROCEDURE"™ DWARF;
“CNDE" 30003;
DWARF t= THE SMALLEST (IN ABSOLUTE VALUE) REPRESENTABLE REAL NUMBER.
LANGUAGE: COMPASS
SUBSECTION: GIANT
CALLING SEQUENCE:?
THE HZADING OF THE PROCEDURE IS:
"REAL" "PROCEDURE™ GIANT;
"CODE™ 30004;
GIANT:= THE LARGEST REPRESENTABLE REAL NUMBERe

LANGUAGE : COMPASS

SUBSECTIONs INTCAP

CALLING SEQUENCE:
THE HEADING OF THE PROCEDURE ISt
WINTEGER™ ®"PROCEDURE"™ INTCAP;
“CODE" 30005;
INTCAPt= THE IMTEGER CAPACITY.

LANGUAGE 3 COMPASS

SUBSECTION: UVERFLOW
CALLING SEQUENCE:
THE HEADING OF THE PROCEDURE 1IS:
"BOOL EAN" "PROCEDURE"™ OVERFLOW(X); "VALUE" X; "REAL"™ X;
wCODE™ 30008;
THE MEANING OF THE FORMAL PARAMETER IS:
X: <REAL VARIABLE>;
CONTAINS THE VALUE TO BE TESTEDe

OVERFLJIW DELIVERS ™"TRUE™ IF X CONTAINS AN OVERFLOW VALUEs AND
WFALSE" OTHERWISE.

LANGUAGE: CDOMPASS



SECTION : 662 (DECEMBER 1979) PAGE 3

SUBSECTION® UNDERFLOW
CALLING SEQUENCE:

THE HEADING OF THE PRACEDURE ISt
"BOOLEAN® WPROCEDURE™ UNDERFLOW(X); WVALUE® X; WREAL® X;
"CODE" 30009;

THE MEANING OF THE FORMAL PARAMETER IS:
Xt <REAL VARIABLE>;
CONTAINS THE VALUE TO BE TESTED.

UNDERFLOW DELIVERS ™"TRUE"®™ IF X CONTAINS AN UNDERFLOW VALUE», AND
"FALSE" OTHERWISE.

LANGUAGE s COMPASS
METHOD AND PERFORMANCE:

THE PRUCEDURES DELIVER THE FOLLOWING VALUESs THAT ARE ESSENTIALLY

MACHINE DEPENDENT!

1) MBASE: 2;

2) ARREB: 2%%(=47);

3) DWARF 2%%48%2%%{=1022);

4) GIANT: (24%%48«]1)%2%%1022;

5) INTCAP: 2%%48w2,

FOR MBASE, DWARF AND GIANT THE VALUES ARE CLEAR, WE EXPLAIN THE

OTHERS HERE:

ARREB: THIS IS THE SMALLEST POSITIVE NUMBER SO THAT 14+ARREB"=1;

INTCAP: THIS IS THE LARGEST POSITIVE NUMBER SO THAT THE FOLLOWING
BOOLEAN EXPRESSION DELIVERS "TRUE™ FOR EVERY INTEGER It

WIF® ICO MOR® IDINTCAP WTHEN® MTRUE® WELSER I=1"sI;
THE CORRECT VALUE IS NOT 2#%#%48=1, AS IN THE CYBER ARITHMETIC
InJ IF I=2%%48 AND J=2#%48=1,

WARNING: DWARF IS NOT VERY USEFUL WHEN TRAPPING UNDERFLOW VALUESS
ABS(X) >= DWARF NEARLY ALWAYS DELIVERS TRUE EVEN IF ABS(X) IS
SMALLER THEN DWARF DOUE TO THE ARITHMETICe ONE SHOULD USE:
ABS(X) > DWARF (AND ONE TRAPS NON=UNDERFLOW VALUES T0O) OR
THE PROCEDURE UNDERFLOWe

NOTE* AS THE ALGAL 60 ERRORMESSAGE "ARITHMETIC OVERFLOW®
IS NOT ISSUED AT THE MOMENT THE OVERFLOW VALUE
IS CREATED BUT WHEN SUCH A. VALUE IS USED» THE
PROCEDURE OVERFLOW IS WELL=DEFINEDe



SECTION : 062 (DECEMBER 1979) PAGE 4

SXAMPLE 0OF USE:

HERE WE GIVE AN EXAMPLE OF USE OF THE PROCEDURES OVERFLOW AND
UNDERFLOW?

“BEGIN"
"BOOLEAN" "PROCEDURE"™ OVERFLOW(X); ®CODE® 30009;
"BOOLEAN® MPROCEDURE®™ UNDERFLOW(X); "CODE™ 300083
"REAL" "PROCEDURE™ DWARF; "CODE®" 30003;
"REAL"™ X» Y3
Yi= 0; Xt= 1 / Y;
"IF® OVERFLOW(X) "THEN" OQUTPUT(61, " ("R ("UVERFLOWMIM, /")4");
Xt= DWARF;
NIF" UNQT"™ UNDERFLOW(X) "THEN"
QUTPUT(61, W(WM(WNQ UNDERFLOW WITH DWARF®)%, /m)H);
X1m X / 23
WIF" X %= 0 "THEN®
QUTPUT( 61y "(M""(WDWARF / 2 “= QM)"y, /M)1);
WIF® UNDERFLOW(X) ®THEN®
QUTPUT(61s "(""("DWARF /7 2 IS UNDERFLOW™)®, /n)%);
WIFW X % 2 = 0 "THENY
QUTPUT(61, "(""("BECAUSE (DWARF / 2) * 2 = Qm)n, /)W)
REND™

RESULTS ¢

OVERFLOYW

NO UNDERFLOW WITH DWARF
DWARF /7 2 *= 0

DWARF / 2 IS UMDERFLOW
BECAUSC (DWARF / 2) * 2 = 0



SECTINN ¢ 6,2 ( JANUARY 1976) PAGE 5

SOURCE TEXTS:

THESE ARE NOT THE ACTUAL SOURCE TEXTS», AS THESE PROCEDURES ARE
WRITTEN IN COMPASS, MOREOVER, THE RESULTS NEED NOT BE THAT OF THE
ACTUAL PROCEDURESe

“CODE" 30001;
WINTEGERY "PROCEDURE™ MBASE;
MBASEta 2;

"CODE™ 30002;
"REAL" "PROCEDURE" ARREB;
ARREBt= 2#%(=47) 3

“CODE"™ 30003;
WREAL"™ "PRNCEDURE"™ DWARF;
DWARFt= k4 gh2%kk (=1022);

wCODE" 39004;
"REAL™ "PROCEDURE™ GIANT;
GIANT: = (2%%48=1)%2%%1022;

"CODE" 30095;
PINTEGER"™ "PROCEDURE™ INTCAP;
INTCAPt = 24%48=2;

THE SOURCE TEXT OF OVERFLOW AND UNDERFLOW ARE NOT GIVEN HERE, AS
THESE EVEN CANMNOT BE SIMULATED IN ALGOL=60,






SECTION 2 ve4sel (DECEMBER 1979)

AUTHOR: PoWeHEMKER,

CONTRIBUTOR: FeGROEN,

INSTITUTEs MATHEMATICAL CENTRE», AMSTERDAM,.

RECEIVED: 740620,

REVISED: 781101 BY N.M.TEMME AND R MONTIJM,

BRIEF DESCRIPTION:

THIS SEZCTION CONTAINS THREE PROCEDURESt TAN, ARCSIN,

TAN COMPUTES THE TANGENT FOR A REAL ARGUMENT Xo
ARCSIN COMPUTES THE ARCSINE FOR A REAL ARGUMENT Xe
ARCCOS COMPUTES THE ARCCOSINE FOR A REAL ARGUMENT Xe

KEYWORDS:

TANGENT,
ARCSINE,
ARCCOSIHE.

PAGE 1



SECTINN t He4el (DECEMBER 1979) PAGE 2

SUBSECTION: TANe

CALLING SEQUENCE:

THE HEADING OF THE PROCEDURE READS:
UMREAL™ “PROCEDURE" TAN(X); "VALUE" X; "REAL"™ X;
"CODE™ 351203

TAN 3 DELIVERS THE TANGENT OF THE ARGUMENT Xe

THE MEANING OF THE FORMAL PARAMETER 1S:
X3 <ARITHMETIC EXPRESSION>;
ENTRYs THE (REAL) ARGUMENT DF TAN(X),

PROCEDURES USED ¢ OVERFLOW = CP 30009,
GIANT = CP 306004,

METHOD AND PERFORMANCE :

THE FORMULA TAN(X) = SIN(X) 7/ COS(X) IS USEDe IF COS(X) = O THEN
THE VALUE OF GIANT (SEE SECTION 6e2) IS DELIVEREDs

EXAMPLE OF USEs

PBEGIN® "REAL®"PROCEDURE™ TAN(X); "CODE"™ 35120;
QUTPUT( 61y (" /("ARCTAN(TAN(L) )= ") ", 4Do14D" )", ARCTAN(TAN( 1))
QUTPUT(O6L " (/" ("ARCTAN(TAN(Q) )= M)W, 4+De14D" )", ARCTAN(TAN(O))
OUTPUT (61, (/W (NTAN(ARCTAN(O))= ®)%,4D,14D") ", TAN(ARCTAN(O))
OUTPUT( 61 ™( /" ("TANCARCTAN(L) )= )%, 4D o14D" )", TAN(ARCTAN(1))
llEND n

)3
)3
)3
)5
DELIVERS

ARCTAN(TAN(1))= +1,00000000000000
ARCTAN(TAN(D) )= +0,00000000000000
TANCARCTAN(Q))= +0,00000000000000
TANCARCTAN(1) )= +1,00000000000000



SECTION ¢ 6s4el (DECEMBER 1979) PAGE 3

SUBSECTIAN : ARCSIMe

CALLING SEQUENCE:

THE HEADING OF THE PROCEDURE READS:
WREAL" "PROCEDURE™ ARCSIN(X); "VALUE"™ X; "REAL" X;
“CODE" 35121;

ARCSIN @ DELIVERS THE ARCSINE OF THE ARGUMENT X

THE MEANING OF THE FORMAL PARAMETER IS:
X3 <ARITHMETIC EXPRESSION>;
ENTRY: THE (REAL) ARGUMENT OF ARCSIN(X)s ABS(X)<=l,

PROCEDURES USED : NONEe

METHOD AMD PERFDORMANCE @

FOR ABS(X) < 0e8 WE USE THE FORMULA :
ARCSIM(X) = ARCTAN( X / SQRT ( 1 = X * X ),
FOR 0,8 <= ABS(X) < 1 WE USE THE FORMULA 3
ARCSIN(X) = SIGN(X) * ( PI/2 = ARCTAN( SQRT( 1/( X * X) = 1)))e
FOR ABS(X) = 1 THE VALUE S1GN(X) * PI/2 IS DELIVERED.
THE VALUES ARE COMPUTED WITH A RELATIVE PRECISION OF ABOUT M=13,

EXAMPLE IF USE @

"BEGIN" "REAL""PROCEDURE"™ ARCSIN(X); "CODE" 35121;
OUTPUT(6Ly (P /R(MARCSIN(SIN(L))= W)W, +D14D% )", ARCSIN(SIN(1)));
QUTPUT{ 61, (/" ("ARCSIN(SIN(O) )= ™)"y+De14D" )", ARCSIN(SIN(O)));
OUTPUT (61, (/1 ( WSIN(ARCSIN(O))= ")n,+Da14D") "y SIN(ARCSIN(O)));
QUTPUT (61, ™("/"("SIN(ARCSIN(L) )= M)M,4Do14D" )", SINC(ARCSIN(1)));

WEND"® :

DELIVERS 3

ARCSIN(SIN(1))= +0499999999999990
ARCSIN(SIN(O))= +0,00000000000000
SIN(CARCSIN(O))= +0,00000000000000
SIN(ARCSIN(1))= +1,00000000000000



SECTIIN 2 6440l (DECEMBER 1979) PAGE 4

SUBSECTIONt ARCCNOS,

CALLING SEQUENCE:

THE HEADING OF THE PROCEDURE READS:
"REAL™ PPROCEDURE® ARCCOS(X)j; MVALUE®™ X; WREAL®™ X;
wCODE™ 351223

ARCCNOS : DELIVERS THE ARCCOSINE 0OF THE ARGUMENT Xe

THE MEANING OF THE FORMAL PARAMETER ISt
X3 <ARITHMETIC EXPRESSIOND;
ENTRY: THE (REAL) ARGUMENT OF ARCCOS(X)» ABS(X)<=1l.

PROCEDURES USEDs NONEe

METHOD AND PERFORMANCE

FOR 0 < X < 1 WE USE THE FORMULA:2
ARCCOS(X) = 2 * ARCTAN( SQRT( (1 = X) / (1 + X)))e
FOR =1 < X <= 0 WE USE THE FORMULA:
ARCCOS(X) = PI = ARCCOS(=X),
FOR X = 1 THE VALUE 0 IS DELIVERED.
FOR X = =1 THE VALUE PI IS DELIVERED.
THE VALUES ARE COMPUTED WITH A RELATIVE PRECISION OF "=13,

EXAMPLE 0OF USE:

"BEGIN® "REAL""PROCEDURE™ ARCCOS(X); “CODE" 35122;
QUTPUT( 61, (M /" (™ARCCOS(COS(1))= M)"y+Del4D" )", ARCCOS(COS(1)));
QUTPUT(61,R(M/™(WARCCOS(COS(0) )= ")",4De14D")"p ARCCOS(COS(0)) )
QUTPUT (61, (/" ("COS(ARCCOS(0))= )"y +De14D")*,COS(ARCCOS(0)));
QUTPUT( 61" (" /" ("COSCARCCOS(1))= ") "y 4D o14D" )", COS(ARCCOS(1)));
HWEND®

DELIVERS @

ARCCOS(COS(1))= +1,00000000000000
ARCCOS(COS(0))= +0.,90000000000000
CNS(ARCCOS(0))= +0,00000000000001
COS(ARCCOS(1))= +1,00000000000000



SECTINN : Oe4el (DECEMBER 1979) PAGE

SOURCE TEXTS:

wCNDE™ 351203
WREAL"™ "PROCEDURE™ TAN(X); ™VALUE" X; "REAL"™ X3
WBEGIN" "RCAL" U;
®BOOLEAN® "PROCEDURE™ OVERFLOW(X); "™CODE"™ 30009;
"REAL" "PROCEDURE™ GIANT; WCODE"™ 30004;
Us= SIN(X)/COS(X);
TANsa RIF® QVERFLOW(U) ®THENW® GIANT ®ELSE®™ U
WEND®™ TAN;
” EDP"

"CODE" 35121;
WREAL®™ WpROCEDURE™ ARCSIN(X)s; ™VALUE" X; "REAL"™ X;
"BEGIN® MREAL"™ U; Usz= ABS(X);
ARCSIN:= "IF"™ UCQoe8 "THEN" ARCTAN(X/SQRT(1l=X*X)) "ELSE"
SIGN(X) * ( MIF® Us]l W®THEN® 1,57079632679489 MELSE™
( 1e57079632679489 = ARCTAN(SQRT(L1/(X*X)=1))))
WEND" ARCSIN;
n EDP "

“CNDE" 351223
"REAL" ®PRUCEDURE"™ ARCCOS(X); WVALUE"™ X; "REAL" X;
WBEGIN" "RZAL"™ UsV; Uls ABS(X); Vs= (1=U)/(1+U);
Ve= PIF® V =( RTHEN™ Q "ELSE"
WIF® U+lsl "THEN"™ 1657079632679489 "ELSE®
2*ARCTAN(SQRT(V));
ARCCOS3= WIF® X>0 "THEN®™ V WELSEM 3,14159265358979 = V
WEMD"™ ARCCAS;
llEDPII






SECTION 3 be4e2 (DECEMBER 1979)

AUTHOR: PeWeHEMKER,

CONTRIBUTORt FoGROENS

INSTYITUTE: MATHEMATICAL CENTRE, AMSTERDAM.

RECEIVED: 730921,

REVISED: 781101 BY NMeMoTEMME AND ReMONTIJNe

BRIEF DESCRIPTION?

PAGE

THIS SECTION CONTAINS SIX PROCEDURES FOR THE COMPUTATION OF

HYP ERBOLIC FUNCTIONS.

SINH COMPUTES FOR A REAL ARGUMENT X THE VALUE OF
CNOSH COMPUTES FOR A REAL ARGUMENT X THE VALUE OF
TANH COMPUTES FOR A REAL ARGUMENT X THE VALUE OF
ARCSINH COMPUTLS FOR A REAL ARGUMENT X THE VALUE
ARCCOSH COMPUTES FOR A REAL ARGUMENT X THE VALUE
ARCTANH COMPUTES FOR A REAL ARGUMENT X THE VALUE

KEYWORDS 3

HYPERBOLIC
HYPERBOLIC
HYPERBOLIC
HYPERBJLIC
HYPERBOLIC
HYPERBOLIC

SING,
COSINE»
TANGENT,
ARCSINE,
ARCCOS INE»
ARCT ANGENT»

SINH(X) e
COSH(X) e
TANH(X) e
OF ARCSINH(X)e
OF ARCCOSH(X)e
OF ARCTANH{X) .



SECTION : Hebe2 (DECEMBER 1979) PAGE

SUBSECTION 3 SINHe

CALLING SEQUENCE :

THE HEADING OF THE PROCEDURE READS ¢
BREAL® "PROCEDURE™ SINH(X); ®VALUE® X3 ®REAL®™ X;
"CODE™ 35111;

SINH : DELIVERS THE HYPERBOLIC SINE OF THE ARGUMENT Xe

THE MEANING OF THE FORMAL PARAMETER 1S @
X: <ARITHMETIC EXPRESSIOND>;
ENTRY: THE (REAL) ARGUMENT OF SINH(X)e

PROCEDURES USED s OVERFLOW = CP 30009,
GIANT = CP 30004.

METHOD AND PERFORMANCE 3

IF ABS(X) < Qel THEN SINH(X) IS CALCULATED BY MEANS OF AN
ECONOMIZED TAYLOR SERIESe
IF Oel <= ABS(X) < 03 WE USE THE FORMULA 3
SINH(X) = 3 % SINH ( X/3 ) + 4 * SINH ( X/3 ) #% 3
IF Qe3 <= ABS(X) < 1745 THEN WE USE THE FORMULA
SINHIX) = 0e5 * ( EXP(X) = EXP({=X) )
IF X >= 175 THEN WE TAKE SINH(X) = SIGN(X) * EXP{ X=LN(2) ).
IN THE CASE OF OVERFLOW (IsEes ABS(X) > 74106 (APPROXIMATELY))
THEN THE VALUE SINH = SIGN(X) * GIANT ( SEE SUBSECTION He2)
IS DELIVERED
THE VALUES ARE CNOMPUTED WITH A RELATIVE PRECISION OF ABOUT ®=13,

EXAMPLE OF USE :

SEE EXAMPLE OF USE NF THE PROCEDURE COSH (THIS SECTION).
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SUBSECTION : COSHe

CALLING SEQUENCE

THE HEADING OF THE PROCEDURE READS
"REAL" "PROCEDURE™ COSH{X); "VALUE"™ X; "REAL" X;
"CODE™ 35112;

CoSH ¢ DELIVERS THE HYPERBOLIC COSIME OF THE ARGUMENT Xe

THE MEANING OF THE FORMAL PARAMETER IS 3
Xt CARITHMETIC EXPRESSIOND;
ENTRY: THE (REAL) ARGUMENT OF COSH(X)s

PROCEDURES USED ¢ SINH = CP 3F1l11,

METHOD AND PERFORMANCE 3

1F ABS(X) € 17,5 THE FORMULA COSH(X) = 05 * ( EXP(X) + EXP(=X) )
IS USED ELSE COSH(X) = SINH(ABS(X)).
THE VALUES ARE COMPUTED WITH A RELATIVE PRECISION OF ABOUT ®=13,

EXAMPLE OF USE 3

THE FOLLOWIMG PROGRAM TESTS FOR X s =20y =25 =1y Ouls 03 THE
RELATION : SINH(2 * X) = 2 * SINH(X) * COSH(X) = O,

WBEG IN®MREAL® X3 ’
WREAL"PPROCEDURE®™ SINH(X); "CODE"™ 35111;
WREAL""PROCEDURE®™ COSH(X); "CODE™ 35112;

AFOR® X t= =20, =2, =1y O0els, Q0e3 ™DOP
NUTPUT(61," ("/5+2ZDeDs3Bs+DeDM"43DM )" X»SINH(2 * X)
w 2 % SINH(X) * COSH(X) );

"END ”

QUTPUT 3

=20600 +601"+003
=2400 =]lel"=013
=1,00 =]o 4014
+0e10 +0,0%4000
+0e30 +00"+000
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SUBSECTIIN : TANH,.

CALLING SEQENCE ¢

THE H:ADING OF THE PROCEDURE READS :
"REAL"™ "PROCEDURE™ TANH(X); M"VALUE™ X; "REAL" X;
"CODE™ 35113;

TANH ¢ DELIVERS THE HYPERBOLIC TANGENT OF TH ARGUMENT Xe

THE MEANING OF THE FORMAL PARAMETER IS ¢
X3 CARITHMETIC EXPRESSIOND>;
ENTRY: THE (REAL) ARGUMENT OF TANH(X)e

PROCEDURES USED ¢ SINH = CP 35111,

METHOD AND PERFORMANCE :

IF ABS(X) < 0oGO5 THE TANH(X) IS CALCULATED BY A TRUNCATED
POWER SERIES (TAYLOR'S FORMULA),
IF 0e0U5 <= ABS(X) < 0Oe3 WE USE THE FORMULA 3
TANH(X) = SIMH(X) 7 COSH(X)e
IF 0e3 <= ABS(X) <= 17,5 WE USE THE FORMULA 3
TAHH(X) = ( 1 = EXP( =2 % X ) ) / (1 + EXP( =2 % X ) ),
IF ABS(X) > 175 THE VALUE SIGN(X) IS DELIVERED.
THE VALUES ARE COMPUTED WITH A RELATIVE PRECISION OF ABOUT "=13,

EXAMPLE OF USE :

THE FOLLOWING PROGRAM CHECKS FOR X = =100, =10, 0» 2s 5 THE
RELATION 3 1 = TANH(X) *% 2 = 1 / COSH(X) ** 2 = Q,

WBEGIN™ "REAL"™ X ;

"REAL"™ WPROCEDURE"™ COSH(X); "CODE" 35112;

WREALM® ®WPROCEDURE™ TANH(X); "CODE®™ 35113;

"FOR™ X t= =100, =10, 0» 2, 5 ®"DO"

QUTPUT(61 5" ("/»+22ZD53B5 +DeD"+3D") "y Xy 1=T ANH (X) ##2=1 /COSH( X) *%2) ;
" EN D"

RESULTS ¢

=100 ~5,5"=087
=10  +1,2"=014
+0  +0.,0"+000
42 +9,8"=015
+5 =3, 4n=015
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SUBSECTION 3 ARCSIMHe

CALLING SEQUENCE :

THE HEADING OF THE PROCEDURE READS @
PREAL®™ WPROCEDURE® ARCSINH(X); ®VALUE® X3 MREAL"™ X;
"CODE"™ 35114;

ARCSINH 3 DELIVERS THE INVERSE HYPERBOLIC SINE OF THE ARGUMENT Xe

THE MEANING OF THE FORMAL PARAMETER IS
X3 <ARITHMETIC EXPRESSIOND;
ENTRY: THE (REAL) ARGUMENT OF ARCSINH(X)e

PRAOCEDURES USED ¢ LOG ONE PLUS X = CP 35130,

METHOD AND PERFORMANCE

IF ABS(X) <= "10 WE USE THE PROCEDURE LOG ONE PLUS X (SEE SECTION
6e4e3¢) BY WRITING :
ARCSINH(X) = LN ( X + SQRT ( X * X + 1 ) ) =
LNCI+X+X*%2 /(1 +SQRT(1+X*%2)) ),

IF ABS(X) > "10 Wk USE THE FORMULA 1
ARCSINH(X) = SIGN(X) * ( LN(2) + LN ( ABS(X) ) )

THE VALUES ARE COMPUTED WITH A RELATIVE PRECISION OF ABOUT "=13,

EXAMPLE OF USE 13

"BEGIN®
WREAL"™ "PROCEDURE™ SINH(X); MCODE® 351113
WREAL® ®PRNCEDURE"™ ARCSINH(X); "CODE"™ 3511
OUTPUT(61s"("/5Del4D") "y ARCSINH(SINH(0,01)
QUTPUT( 615" ("/5Del4D")", ARCSINH(SINH(0,05)
OUTPUT(615%(™/ 5De 14D") By STNH({ARCSINH(D,05)
QUTPUT(615M"("/5De14D") "y SINH(ARCSINH(0,01)

"END"

43
))
))
))
)

“e e wo o

DELIVERS

+0,01000000000000
+005000000000000
+0,05000000000000
+0.01000000000000
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SUBSECTION : ARCCOSHe

CALLING SEAQUENCE

THE HEADING OF THE PROCEDURE READS
WREAL" "PROCEDURE'™ ARCCOSH(X); M"VALUE"™ X; "REAL" X;
"CODE" 35115;

ARCCOSH : DELIVERS THE INVERSE HYPERBOLIC COSINE OF THE ARGUMENT Xe

THE MEANING OF THE FORMAL PARAMETER IS @
X3 <ARITHMETIC EXPRESSIOND;
EMTRY2 THE (REAL) ARGUMENT OF ARCCAOSH(X)s» X >= 1,

PROCEDURES USED : NOHE.

METHOD AND PERFORMANCE

IF X = 1 THE VALUE O IS DELIVERED.
IF 1 < X <= "10 WE USE THE FORMULA 3

ARCCOSH(X) = LN ( X + SQRT ( X * X = 1 ) ),
IF X > "10 WE USE THE FORMULA :

ARCCOSH(X) = LN(2) + LN ( X )e
THE VALUES ARE COMPUTED WITH A RELATIVE PRECISION OF ABOUT ¥W=13,
IF X IS CLOSE T 1, SAY X = 1+Y, Y>0, AND Y IS KNOWN IN GOOD
RELATIVE PRECISION, THEN IT IS ADVISED TO USE THE PROCEDURE
LOG ONE PLUS X (SEE SUBSECTIDON 6e4¢3) BY WRITING
ARCCOSH(X) = LN( 1 + Y + SORT( Y*(Y+2) ) ).
EXAMPLE ¢ X = EXP(T)» T > 0» T IS SMALLe THEN Y = EXP(T)=1 IS
AVAILABLE IN GO0OD RELATIVE ACCURACY, Y = 2%EXP(T/2)*SINH(T/2)e

EXAMPLE QF USE ¢

"BEGIN®
WREAL" "PROCEDURE"™ COSH(X); "CODE" 35112;
WREAL® WPROCEDURE® ARCCOSH(X); M™CODE™ 35115;
JQUTPUT(615" ("7 »De14D") " ARCCOSH(COSH(0,01)))
DUTPUT(615"("/5De14D") "y ARCCOSH(COSH(0605)))
OUTPUT(61s "("/5Del4D")*,COSH(ARCCOSH(1401)))
OUTPUT(61 5" ("7 »De14D") "y COSH(ARCCOSH(1,405)))

"END"

DELIVERS 3

+0600999999999958
+0 004999999999999
+1401000000000000
+1.05000000000000
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SUBSECTION 3 ARCTANH,

CALLING SEQUENCE :

THE HEADING OF THE PROCEDURE READS ¢
WREAL® "PROCEDURE® ARCTANH(X); “VALUE"™ X; "REAL"™ X;
"CADE" 321163

ARCTANH @ DELIVERS THE INVERSE HYPERBOLIC TANGENT OF THE ARGUMENT

THE MEANING OF THE FORMAL PARAMETER IS @
X3 <ARITHMETIC EXPRESSIOND>;
ENTRY: THE (REAL) ARGUMENT OF ARCTANH(X).

PROCEDURES USED : L3OG OME PLUS X = CP 35130,
GIANT = CP 30004

METHOD AND PERFORMANCE

1F ABS(X) <€ 1 WE USE THE PROCEDURE LOG OME PLUS X (SEE SECTION
60463) BY WRITIMG ARCTANH(X) = Qo5 * LN({ 1 + X )/( 1 = X ))=
065 % LN(142%X/(1=X))o

IF ABS(X) = 1 THE VALUE IS SIGN(X) #* GIANT (SEE SECTION 6e2)e

THE VALUES ARE COMPUTED WITH A RELATIVE PRECISION OF ABOUT ®R=13,

EXAMPLE OF USE :

"BEGIN" ‘
RREAL® ®PROCEDURE® TANH({X); WCODE® 351133
WRCAL" "PROCEDURE"™ ARCTANH(X); "CODE™ 35116;
QUTPUT(61s™("/5De14D" )", ARCTANH( TANH({0001)))
OUTPUT(615" (" 7,De14D")"s ARCTANH(TANH(0,05)))
DUTPUT (6157 (" /sDel4D") ", TANH(ARCTANH(0.05)))
QUTPUT( 61" ("7 5Del4 D), TANH(ARCTANH(0401)))

"END"

H
H
.
H
.
3

DELIVERS 3

+0001000000000000
+0005000000000000
+0005000000000000
+0,01000000000000

Xe
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SAURCE TEXTS

"CADE" 35111;
WREAL® WPROCEDURE® SINH(X); ®VALUE®™ X; M"REALW™ X;
"B EGIN" MREAL" AX,Y;
AX:= ABS(X);
NIF" AX < 0e3 MTHENM
WBEGIN™ Yim MIFW AX < Qol "THEN™ XkX "ELSE®™ X*X/9;
Xs= ((( 00001984540 * Y ¢+
0.0083333331783 )* Y +
0016666666666675)* Y +
1.0 )k X
SINHts "IF® AX < Q0el "THEN" X "ELSE"®
X % ( 10 + 0014814814814815 * X * X )
WEND" MELSE® ®IFM AX < 17,5 "THEN®
WBEGIMN" AXts EXP( AX ); SINHz= SIGN(X) * o5 % ( AX =1/AX ) MEND®
WELSE™ "IF" AX > 742036063037970 "THEN®
"BEGIN™ "REAL"™ "PROCEDURE" GIANT; "CODE"™ 30004;
SINHs= SIGN(X)*GIANT
|IEND" "ELSE"
SINH:= STGN(X)*EXP(AX= 69314 71805 59945)
MEND"™ SINH;
"E JP"

"CODE" 351123
WREAL"™ "PROCEDURE™ COSH(X); "VALUE" X3 B®REAL™ X3
RIF® ABS(X) < 175 WTHEN"
WBEGIN"™ Xtm EXP(X); COSHi= 0e5 * ( X ¢ 1/X ) WEND™ “ELSE®
"BEGIN" "REAL"™ "PROCEDURE" SINH(X); "CODE"™ 35111;
COSHs= SINH(ABS(X))

"END™ COSH;

” EDP"

"CODE" 35113;
WREAL™ ®PROCEDURE™ TANH(X)3; "VALUE" X; "REAL" X3

YBEGIN® WREALWAX;"REAL"™ "PROCEDURE"SINH(X); "CODE®™ 35111; AX:= ABS(X);

MIFM AX £ 0,005 "THEN®
WBEGIN® "REAL™ Y; Yt= X*X; TANHi= X % ( 1 = Y *
(+33333333333333 = Y *
(+13333333333333 = Y *
+05396825396825 1))
WEND® WELSE® WIF® AX < 003 WTHEN®
"BEGIN® MWREAL"™ SH;
SHim SINH(X);
TANHt= SH/SQRT (1+SH*SH)
WENDM WELSEM
WIF® AX > 1745 "THEN® TANH:= SIGN(X) “ELSE"
"BEGIN" AXt= EXP(=2%AX); TANHt= SIGN(X)*(1=AX)/(1+AX) “END"
WEND® ;
llE;’]p"
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MCODE" 351145
"REAL" "PROCEDURE™ ARCSINH(X); WVALUE® X; MWREAL® X;
WIFM ABS(X) > "10 "THEN" ARCSINHt= SIGN(X)#*(0.69314 71805 5995+
LNCABS(X))) WELSE®
"BEGIN"™ WREAL" Y; "REAL" "PROCEDURE" LOG ONE PLUS X(X); "CODE" 351303
Yim X#X; ARCSINHt= SIGN(X)*LOG ONE PLUS X(ABS(X)+Y/(1+SQRT(14Y)))
mEND™ ARCSINH;
wEQPN

"CODE"™ 35115;
WREAL®™ MWPROCEDURE®™ ARCCOSH(X); PVALUE® X; "REAL" X;
ARCCOSHz= "IF® X L= 1 WTHEN" O "ELSE"®
NIFN X > "10 "THEN" 0669314718055995 + LN(X) "ELSE"
LNCX+SQRT((X=1)*(X+1)));
nEQPN

"CODE" 351163
"REAL™ "PROCEDURE" ARCTANH(X); "VALUE® X; ®WREAL™ X;
WIF® ABS(X) >= 1 BTHEN"
"BEGIN" "REAL"™ "PROCEDURE"™ GIANT; "CODE"™ 30004;
ARCTANH:=s SIGM(X)*GIANT
WEND® WE| SE®
WBEGIN®™ “RL AL" AX; "REAL™ "PROCEDURE™ LOG ONE PLUS X(X); "CODE™ 35130;
AX:= ABS(X); ARCTANH:= SIGN(X)*¢5%L0G ONE PLUS X(2%AX/(1=AX))
"END"™ ARCTANH;
REOQPW
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AUTHOR 3 NeMe TEMME,

CONTRLIBUTAOR : Re MINTIJMNe

INSTITUTE ¢ MATHEMATICAL CENTRE.

RECEIVED = 780801,

BRIEF DESCRIPTION 3

PAGE 1

THIS SECTION CONTAINS THE PROCEDURE LOG ONE PLUS X FOR

THE COMPUTATION OF LN(1+X) FOR X > =1,

KEYWORDS : LOGARITHMIC FUNCTIONe

CALLING SEQUENCE 3
THE HEADING DOF THE PROCEDURE READS :

WREAL" "PROCEDURE™ LOG ONE PLUS X(X); PVALUE®™ X; "REAL® X3

nCODE" 351303

LOG ONE PLUS X ® DELIVERS THE VALUE OF LN(i+X);

THE MEANING OF THE FORMAL PARAMETER IS
X3 <ARITHMETIC EXPRESSION>;

ENTRY ¢ THE ARGUMENT OF LN(1+X)s X > =1,

PROCEDURES USED : MOMEe

RUNNING TIME * THE ALGORITHM NEEDS 9 MULTIPLICATIONS.

METHOD AND PERFORMANCE @

FOR X < =0,2928 OR X > 004142 THE PROCEDURE USES
THE STANDARD FUNCTION LNs FOR =0,2928 <= X <= 04142 A

POLYNOMIAL APPROXIMATION IS USEDse

WE USE AN APPROXIMATION BASED ON THE BEST APPROXIMATON FOR
THE INTERVAL 1/SQRT(2)=1 <= X <= SQRT(2)=1, OF WHICH THE

COEFFICIENTS ARE GIVEN IN HART (1968);

CFs Po

111, INDEX 2665

THE PRUCEDURE LOG ONE PLUS X COMPUTES LN(1eX) WITH RELATIVE

ACCURACY COMPARABLE WITH THE MACHINE ACCURACY.



SECTION 2 0ebe3

AS IS

(DECEMBER 1978) PAGE 2

WELL KNOWN», FOR SMALL ABS(X) RELATIVE ACCURACY IS LOST

WHEN COMPUTING LN(1+X) BY USING THE STANDARD FUNCTION LNe
THE PROCEDURE IS USED IN THE PROCEDURES ARCSINH AND ARCTANH,
SECTION bebele

REFEREMNCES ¢

EXAMPLE OF USE 3

1ART» JoFo CSe
WILEY,

(1968), COMPUTER APPROXIMATIONS,

MEW YORKe

WE COMPUTE LN(EXP(X)) FOR SMALL POSITIVE X, IN ORDER TO
PRESERVE RELATIVE ACCURACY WE WRITE

LN ( EXP(X) )

= LN ( 1+ EXP(X)=1 )
= LN ( 1+ 2% EXP(X/72)% SINH(X/2) )

THE FOLOWING PROGRAM

RBEGIN® RREAL® X,Y;
WREAL"™ M"PRICEDURE"™ SINH(X) ;5 "CODE™ 351413
WREAL™ "wPROCEDURE®™ LOG ONE PLUS X(X); "CODE"™ 35130;

NEJRY Xim Nel,

"e1Qy "=50, "=100, ®=250 *DONM

WBEGIN® Y= LJG ONE PLUS X( 2%EXP(X/2)#SINH(X/2) );
OUTPUT (615" ("N 7") 05 Y)

"EN DY

BEND™;

PRINTS THE FOLNWING RESULTS 3

+1,0000000000000"=001
+1,0000000000000"=010
+160000000000000"=050
+10000000000000"=100
+1,0000000000000"=250

SUURCE TEXT =
"CODE™ 351303
"REAL"™ "PROCEDURE™ LOG ONE PLUS X(X)3; "VALUE"™ X; "REAL"™ X;
WCOMMENT®™ COMPUTES LN(1+X) FOR X > =13

WIF" X = 0 ®THEN™ LOG UNE PLUS X:= Q MELSE"

WIF® X £ =0,2928 "OR"
WBEGIMN™ "REAL™
Zi= X/(X+42);
LOG ONE PLUS

(
(
(
(
(

WENDR

260666 66666
40000 00012
+28571 4N915
«22223 82333
«18111 36267
616948 21248
LAG INE PLUS
” EUPH

Yo 13
Yim Z%7;
Xtm Z%(2+4

63366 +
06045 +
90488 +
2791 +
967 +

)

X > 064142 "THEN" LOG ONE PLUS X:= LN(1+X) "ELSE"

Y&
Y %
Y *
Y%
Yk
Y #
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AUTHOR(S) : HeFIOLET»> NeTEMME,

INSTITUTE ® MATHEMATICAL CENTRE.

RECEIVED: 740628,

BRIEF DESCRIPTION
THIS SECTION CONTAINS FOUR PROCEDURES :

Ao

EI CALCULATES THE cXPONENTIAL INTEGRAL DEFINED AS FOLLOWS (SEE
ALSO REFL1] » E% (5+101)) 3 CI(X) = INTEGRAL (EXP(T)/T DT) FROM
T==INFINITY TO T=X » WHERE THE INTEGRAL IS TO BE INTERPRETED AS THE
CAUCHY PRINCIPAL VALUEes ALSO THE RELATED FUNCTION E1(X)» DEFINED BY
THE INTEGRAL (EXP(=T)/T DT) FROM T= X TO T= INFINITYs FUR POSITIVE
X (REF[11s EQe(5s1+2)) CAN EASILY BE OBTAINED BY THE RELATION

EL(X) = = FY(=X)es FOR X=20 THE INTEGRAL IS UNDEFINED AND THE
PROCEDURE WILL CAUSE OVERFLOWe

Be

EIALPHA CALCULATZS A SEQUENCE OF INTEGRALS OF THE FORM
INTEGRAL( EXP (=X*T)%*T*%*I DT )

FROM T=1 TO T= INFINITY,

WHERE X IS POSITIVE AND I = 0OseeesNe

(SEC ALSO REF[11, EQe (5ele5))e

Ce
FNX COMPUTES A SEQUENCE OF TINTEGRALS E(NsX)»
NaN1ly, Nl+lsoeeesMN2» WHERE XD0 AND N1, N2 ARg POSITIVE INTEGERS WITH
N2>=N1; E(NoX) IS DEFINED AS FOLLOWS:

E(MpX)= THE INTEGRAL FROM 1 TO INFINITY OF EXP(=X * T)/ T*%N DT
(SELC ALSD REFIL1)s EQe(561le4));

De

NONEXPENX COMPUTES A SEQUENCE OF INTEGRALS

EXP(X)*E(NsX)» NmN1ly, N1+lreeesN2» WHERE X>0 AND N1, N2 ARE POSITIVE
INTEGERS WITH N2<=Nl; E(NsX) IS DEFINED UNDER C)e

KEYWORDS @

EXPONENTIAL INTEGRAL»
SPECIAL FUNCTIONS,
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SUBSECTION & EIs

CALLING SEAQUEMNCE 1

THE HEADING OF THE PROCEDURE READS:
YREAL" "PROCEDURE™ EI(X);
BVALUE® X;®REAL®™ X;

EI: DELIVERS THE VALUE OF THE EXPONENTIAL INTEGRAL;
THE MEANING OF THE FORMAL PARAMETER IS 3
X3 <ARITHMETIC EXPRESSIOND>;
THE ARGUMENT OF THE INTEGRALe
PROCEDURLS USED
CHEPAOLSER = CP31046 »

POL = CP31D40 »
JFRAC s CP35083 »

RUNNING TIME 2 CIRCA 3,2"=3 SECe

LANGUAGE t ALGOL 60,

MeTHOD AND PERFORMANCE @

THE INTEGRAL IS CALCULATED BY MEANS OF THE RATIONAL CHEBYSHEV
APPROXIMATIONS GIVEN 1IN REFERENCES [11 AND [21. ONLY RATIOS OF
POLYMOMIALS WITH EQUAL DEGREE L ARE CONSIDERED. BELOW»THE DIFFERENT
INTERVALS ARE LISTED» TOGETHER WITH THE CORRESPONDING DEGREE L AND
THE NUMBER OF CORRECT DIGITS OF THE APPROXIMATIONS

[=INFINITY,=4] 6 15,1
[=45=1] 7 1649
[=2, 01 5 1865
[ 0s 61 7 1562
[ 6,121 7 15,1
[12,24]] 7 1560

[ 24, +INFINITY] 7 15:9 »
VARIOUS TESTS SHOWED A RELATIVE ACCURACY OF AT LEAST ®=}13, EXEPT
IN THE NEIGHBOURHOOD 0OF X=e37250 , THE ZERDN OUF THE INTEGRAL, WHERE
ONLY AN ABSOLUTE ACCURACY OF ,3"=13 IS REACHED . IN SOME OF THE
INTERVALS » THE RATIONAL FUNCTIONS ARE EXPRESSED EITHER AS RATIOS
OF FINITE SUMS 0OF CHEBYSHEV P©OOLYNOMIALS OR AS J=FRACTIDNS, SINCE
THE ORIGINAL FORMS ARE POORLY CONDITIONED.

REFERENCES ¢ SEE REFZRENCES [11, [21 AND [31 OF THE PROCEDURE
NONEXPEMX (THIS SECTION).
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EXAMPLE OF USE 3

WREGINY
WCOMMENT™ THL COMPUTATION OF El(e5);
WREAL® ®PROCEDURE®™ EI(X);"CODE™ 35080;
OUTPUT (61, " (MNP) "y =ET(=e5))

"END"

DELIVERS ¢
+5¢5977359477616%"=001 ®
SUBSECTION 3 EIALPHA.

CALLING SEQUENCE :
THE HEADING OF THE PROCEDURE READS 3
WPROCEDURE® EIALPHA(XsNsALPHA);
WVALUE™ Np X; "INTEGER™ N3"REAL™ X; "ARRAY®™ ALPHA;

THE MEAMING DOF THE FORMAL PARAMETERS IS 3

X3 <ARITHMETIC EXPRESSIOND;
THE REAL X OCCURING IN THE INTEGRAND
Nz <ARITHMETIC EXPRESSION>;

THE INTEGER N OCCURING IN THE INTEGRAND;
ALPHA: <ARRAY IDENTIFIERD;
BARRAY™ ALPHALO:NI];
THE VALUE OF THE INTEGRAL(EXP(=X*T)#T#%*]I DT) FROM T=1 TO
T=INFINITY IS STORED IN ALPHALIl.

PROCEDURES USED : MNONE.

RUNNING TIME t CIRCA ( & + N * o8 ) % Ha=f SEC,

LANGUAGE : ALGOL 60

METHUD AND PERFORMANCE 3
THE INTEGRAL IS CALCULATED BY MEANS OF THE RECURSION FORMULA
ACN1:=AT01 + M * A[N=l] / X, WITH ALOl:= EXP(=X)/Xe FOR X CLOSE TO
ZERO, EIALPHA MIGHT CAUSE OVERFLOWs SINCE THE VALUE OF THE INTEGRAL
IS INFINITE FOR X=0, THE PROCEDURE IS MNOT PROTECTED AGAINST THIS
TYPZ OF OVERFLOWe THE MINIMAL VALUE FOR THE ARGUMENT X DEPENDS ON
THE PARAMETER N @
N=20 X CIRCA R=l4
N=15 X CIRCA "=18
N=10Q X CIRCA "=28
N= 5 X CIRCA P=53
THE RECURSION FORMULA IS STABLE AMD VARIOUS TESTS EXECUTED ON THE
CD CYBER 7228 SHOWE:D A RELATIVE ACCURACY OF AT LEAST «2%=12.



SECTIAN 3 665,1 (SEPTEMBER 1974) PAGE 4

EXAMPLE OF USE 3

"BEGIN®
"PROCEDURE™ EIALPHA(X,Ns ALPHA) ;"CODE" 35081;
WINTZGER" K;"REAL™ M"ARRAY" Af0351;
CIALPHA(425555A) 3
WFIR" K:=0 WSTEPYW 1 WUNTIL®™ 5 wDO"
OUTPUT (615" ("DBBBsNs /") "sK»ALKI);

"END"

DELIVERS :

. +361152031322856"+000
+165576015661423"+001
+1.2772332842371%+002
+15357951442168"+003
+204575837510601"+004
+409151986541516"+005 .

>

M Hwro -

REFERENCES: SEE REFERENCE [11 OF THE PROCEDURE NONEXPENX(THIS SECTION),
SUBSECTIONS ENX,

CALLING SEQUENCE:

THE HEADING OF THE PROCEDURE READS 3
WPROCEDURE® ENX(X» Hls N2» A)3;
"YALUE"™ X, N1, M23; "REAL"™ X; "INTEGER"™ N1, N2; "ARRAY"™ A;

THE MEANING OF THE FORMAL PARAMETERS IS
X 3 CARITHMETIC EXPRESSIOND>;
- ENTRY: THE (REAL) POSITIVE X OCCURING IN THE INTEGRAND;
N1, M2: <ARITHMETIC EXPRESSIOND>;
ENTRYs LOWER AND UPPER BOUND» RESPECTIVELY» OF THE INTEGER
N OCCURING IN THE INTEGRAND;
A <ARRAY IDENTIFIERY>;
WARRAY"™ ALN1:N21;
EXIT: THE VALUE OF THE INTEGRAL(EXP (=X * T)/T*%I DT) FROM
T=1 TO T= INFINITY IS STORED IN AlIle.

PROCEDURES USED:
EI = CP35080,
NINEXPENX = CP35087,

RUNNING TIME:
DEPZNDS STRONGLY ON THE VALUES OF Xs N1s AND N2, WITH A MAXIMUM
OF ROUGHLY ( 5 + o1 * NUMBER OF MNECESSARY ITERATIONS ) MSEC»

- LANGUAGE: ALGOL 60

METHOD AND PERFORMANCE:
SEE METHOD AND PERFORMANCE OF THE PROCEDURE NONEXPENX(THIS SECTION)
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SUBSECTION: NONEXPENXe

CALLING SEQUENCE:

THE HEADING OF THE PROCEDURE READS ¢
"PROCEDURE"™ NOMEXPENX(X» Nl» N2» A);
"WALUE™ X» N1, N23; "REAL"™ X3 ®INTEGER®™ N1, N2; ®WARRAY® Aj;

THE MEANING UF THE FORMAL PARAMETERS IS @
X <ARITHMETIC EXPRESSIOND>;
ENTRY: THE (REAL) POSITIVE X OCCURING IN THE INTEGRAND;
N1, N23 <ARITHMETIC EXPRESSIOND;
ENTRY: LOWER AND UPPER BOUND, RESPECTIVELY», OF THE INTEGER
N NCCURING IN THE INTEGRAND;
As <ARRAY IDENTIFIER>;
WARRAY"® AIM1:N2];
EXIT: THE VALUE OF EXP(X) # INTEGRAL(EXP(=X*T)/T#%] DT)
FROM T=1 TO T=INFINITY IS STORED IN A[Ile

PROCEDURES USED:
EMX = CP35086e

RUNNING TIHE:
DEPENDS STRONGLY ON THE VALUES OF X, N1, AND N2, WITH A MAXIMUM
OF ROUGHLY (5 + o1 * NUMBER OF NECESSARY ITERATIONS) MSEC,

LANGUAGE: ALGOL 60,

METHOD AND PERFORMANCE:
THE SEQUENCE OF INTEGRALS IS GENERATED BY MEANS OF THE RECCURENCE
RELATIONs
E(N#1sX) = (EXP(=X) = X % E(NsX))/No
FOR REASONS OF STABILITY THE RECURSION STARTS WITH E(NO»X)s WHERE
NO=ENTIER(X+e¢5)» (SEE ALSO REF[51)e THE INTEGRALS ARE THEN COMPUTED
BY BACKWARD RECURRENCE IF NKNO AND BY FORWARD RECURRENCE IF N>NOe
TG OBTAIN THE STARTING VALUES E(NO»X) OF THE RECURSION THE
FOLLOWING CASES ARE DISTINGUISHED:
A) NO = 1t THE PROCEDURE EI IS USED (SECTION 665);
B) NO<=10: A TAYLOR EXPANSION ABOUT X=NO IS USED, WHICH MADE IT
NECESSARY TO STORE THE VALUES OF E{NsN) IN THE PRDCEDURE
FOR N= 25 356002103
C) NO >10: THE FOLLOWING CONTINUED FRACTION IS USED:
EXPIX)EE(NsX) 3 L/7(X+N/(L+17(X+(N+1)/(L4600))))>
(SEE ALSD REF[41s EQe(2.3));
THE CASES A) AND B) ARE TREATED IN ENXs WHILE NONEXPENX EVALUATES
THE CONTINUED FRACTION IN CASE C)e
ENX CALLS FOR NONEXPENX IN CASE C)e
NONEXPENX CALLS FOR ENX IN THE CASES A) AND B)e
VARINUS TESTS SHOWED A RELATIVE ACCURACY OF AT LEAST 50«14,
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REFERENCES 2

[11sMeABRAMOWITZ AND ToAeSTEGUNe
HANDBOOK OF MATHEMATICAL FUNCTIONS
DOVER PUBLICATIONS, INCe NEW YORK (1965).

[2]7 WedeCODY AND HeCeTHACHER» JRs

RATIONAL CHEBYSHEV APPROXIMATIONS FOR THE EXPONENTIAL INTEGRAL
E1(X) e

MATHe COMPe 22 (JULY 1968)s 641=649,

[3] WeJeCODY AND HoCoeTHACHER, JRs
CHEBYSHEV APPROXIMATIONS FOR THE EXPONENTIAL INTEGRAL EI(X).
MATHes COMPs 23 (APRIL 1969), 289=303,

[41eWeGAUTSCHT,
EXPONENTIAL INTEGRALS.
CACM» DECEMBER 1973, Pe761=7636

[5]eWeGAUTSCHI,
RECURSIVE COMPUTATION OF CERTAIN INTEGRALS.
JACMs VOLeBs 19615 Poe21=40.

EXAMPLE 0OF USEs

IN THE FOLLOWING PROGRAM WE COMPUTE THE VALUES OF
E(40s1el)s E(41s51el)s E(425101) AND EXP(X)*E(1550el1)0

WBEGIN®
"PROCEDURE™ ENX(Xs, N1ls N2»
"PROCEDURE" NONEXPENX(X», N1, N2»

A); "CODE" 350863
A); “CODE™ 35087;
PINTEGER® I3

WREAL™ "ARRAY™ A[402421, B(1:11;

ENX(1lels 40» 425 A);

"EFOR"™ It= 40, 41, 42 ®DO%

OUTPUT (61 M (4B " (ME(")M,DDs" (Mplel)= M)Wy N/™)®,15A[11);

NONEXPENX(50els 15 1, B);

OUTPUT(615"("/54Bs " ("EXP(5061)*%E(155001)m ")"yN")"B[11)3;
WEND®

THIS PROGRAM DELIVERS:

E(40s1lei)= +B862952134128634"=003
E(41ls1el)= +8,0936587235982"%=003
E(4251el)= +7,9016599781006"=003

EXP(50e1)*E(1550e1)=2 +1,9576696324723"=002
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SOURCE TEXT(S):

"CODE™ 350803
WREALY wPROCEDURE™ EI(X);"VALUE"™ X;"REAL" X;
WBEGIN® MREALM™ WARRAY® P,Ql0:71;
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WREAL® "PROCEDURL™ CHEPOLSER(N»X»A);;"CODE™ 31046;
WREAL? "PROCEDURE™ POL(N»pXsA);"CODE™ 31040;
NREAL™ "PROCEDURE™ JFRAC(N»A»B);"CODE"™ 35083;

WIF® X>24 "THEM®

"BEGIN" P[0J:= +1,00000000000058 3Q0112= 1099999999924131
Pl113=X=3,00000016782085 50[213=2=2,99996432944446
PL2]3uX=5,00140345515924 35Q031:=2=7,90404992298926
PL3]:mX=7,4928916779288¢4 3004]1:224,31325836146628
P{4]:8X~3,08336269051763"+1;Q[5]1:= 2,95999399486831"+2;
P[5]1:=X=1,39381360364405 3QL6 13 ==64 74704580465832 H
P[61:=X+8,91263822573708 5Q07)3= 1,04745362652468"+3;
P[7]122X=5,31686623494482%"+1;

EI:=EXP(X)*(1+JFRAC(T5QsP)/X) /X

WEND® ®ELSE® ®WIF® X>12 PTHEN®

WBEGIN" P[C]1:=s +9699994296074708"=1;0Q0[11:= 1,00083867402639 H
PL113=X=1,95022321289660 5002]1:3=3,43942266899870 3
PL213=X+1.75656315469614% 5Q0312= 2,89516727925135%+1 3
PL311=X+1.,79601688769252"+1;Ql 413 7,60761148007735%+2;
Pl4]2aX=3,23467330305403"+1;Q(5]13= 257776384238440"+1;
PL51:s)X=8, 28 561994140641 5061 5,72837193837324"+13;
PL6]2=X=]o,86545454883399%+1;0[711= 6,95000655887434R+1;
P[T7):=X=3,48334653602853 H

EI:=EXP(X)*JFRAC(75Q5P) /X

"END" "ELSE" "IFH x>6 "THEN"

WBEGIN® P[01t= +1.,00443109228078 50113 = 5,27468851962908%=1;
PL1]:=X=4,32531132878135"+15Ql2]:= 20736241196889328"+3;
PL2]22X+6,01217990830080"+1;Q03]12= 1,43256738121938"+1;
PL313=X=3,31842531997221"+15Q[4]3= 1.,00367439516726%+3;
PL4]:=X+2650762811293560"+1;Q[51:==6,25041161671876 5
PL51:=X +9,30816385662165 30[613= 3,00892648372915%+2;
P[6]3=X=2519010233854880"+15Q07]13= 3,93707701852715 3
PL713=X=2,1808638152072¢% ;

EIz=EXP(X)*JFRAC(75,Q5P) /X

"END™ MELSEM™ "IF" X>0 "THENY

WBEGIN® WREAL® T,R,X0sXMXO0;
PL013==1,95773036904548"+83;Q[012:==8,26271498626055"+7;
PL1]):= 3,892804213112017+63Ql11t= B.91925767575612"+7;
PL2]13m=2421744627758845"+75Ql213%=2,49033375740540%+7;
P[3]38=1,19623669349247"+5;Q[313= 4,28559624611749"+¢63
Pl41:2=2449301393458648"+5;Q[4]13=2=4,83547436162164"+5;
PL5]3 ==ée21001615357070"+33Q0513= 3,57300298058508"+4
PL613==5,40142265521085%+2;Q(6]13==1,60708926587221%+33
P[7]:==84,66937339951070 5Q[713= 3,41718750000000™+13

X0:mo372507410781367;

Ti=sX/3=1;

R3=CHEPOLSER(7s ToP)/CHEPOLSER( 75T»Q) 3

XMXQ2w( X=400576229586/1099511627776)=e767177250199394%=123

e o We Wo

WCOMMENT™
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b

WIFY ABS(XMX0)>e037 "THEN" T:=sLN{X/XO0) "ELSE"
RBEGIN® WREAL™ 7,123
) PLO)2= ,837207933976075%+1;Q[01t= ,418603966988037"+1;
PL1]:==e552268740837103%+15;Q(11:==,465669026080814"+1;
P[2]13= ¢569955700306720 5Q02]3= L1%+1;
212 XMXO/ (X+X0);3221m7%7;
T:=sZ*POL(25,Z225P) /POL(25225Q)
nENDM;
EIts T+XMXO*R
WENDM WE|SEM
NIFW X>=]l WTHEN®
WBEGINY MREAL"™ Y3
PIOJ2==4,41785471728217"+4;Q0012= 7.65373323337614%M44;
PL1ll:= 5,77217247139444"+4;Q011:= 3,25971881290275" +4;
P[21:= 9,93831388962037"+33Q[2]s= 6,10610794245759"+3;
P[31s= 1,84211088668000"+3;Ql311= 6,35419418378382"+2;
PL41:s 1,01093806161906%+2;Q[411= 3,72298352833327"+1;
PL51:= 5,03416184097568 5Q[51:= 13
Y:me=X3
EIs=LN(Y)=POL(5,YsP)/POL(55Y5Q)
NSND" WELSEM NIEW XD eh WTHEN®
"BEGIN™ WREALY Y3
PlOls= Bo6T7745954838444"=83Q[01ts 13
PL1]3= 9,999955193(:1390"=1;Q011t= 1,28481935379157%+1;
P[21s= 1,18483105554946"+13QL2]13= 5,64433569561803%+1;
PI313= 4,55930644253390"+1;Q[31:= 1,06645183769914"+2;
PL41%= 6,99279451291003"+15;Q[l412= 8,97311097125290%+1;
P{511= 4,25202034768841"+1;Q[51:= 3,14971849170441%+1;
Pl61:= B,83671808803844 5Q[613= 3,79559003762122 H
PL71:= 4,01377664940665%=1;00[T7]:= 9,08804569188869"=2;
Ytmel /X5
EItm=lXP(X)%PJL(T75Y»P)/POL{T5Y5Q)
RENDM WELSE®
"BEGIN" “REAL™ Y;
P[0]18:=~9,99999999998447W=] QL Js= 1;
Pl11:==2,66271060431811"+1;Q(112= 2,86271060422192%+1;
PL2]:m=2,41055827097015"+2; QL 2]1:= 2,92310039388%33"+2;
PL3138~84,95927957772937"+2;Q0313= 1,33278537748257%+3;
P[4]3m=]1,298B85688746484%+3;Q[41t= 2,77761949509163%+3;
P[5]:m=5,45374158883133"+2;Q[512= 2,40401713225909"+3;
PL6]:18=5,56575206533869 3Ql61t= 6,31657483280800"+2;
Yime] /X3 ’
Eltm=mp XP{X)RYR({14+Y*POL(6,Y5P )/ POL(65Y5Q))
HEND "
MEND" EQ;
nEQP®
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»CODE® 35081;
"PROCEDURE™ EIALPHA(XsNy ALPHA);

(SEPTEMBER 1974)

PAGE 9

WYWALUE® XpN;"REAL"™ X3 "INTEGER"™ N;"ARRAY" ALPHA;

WBEGIN® WREAL® AsByC;MINTEGER® K;
C3ml/X;A8mEXP (=X)3;
Bs=mALPHAL[Q]:=A%C;

WEJRY Kie)l U"STEP™ 1 WUNTIL®
ALPHA[K]t=Bs= (A+K%B ) *C

WEND™ CIALPHA3

IIE JPN

N

WCODE™ 350863

WPRUCEDURE™ ENX(X» Mls N2» A);
WYALUE® X» N1, N2;
WREAL™ X; "INTEGER™ N1, N2;

RIF® X<= 1.5
"BEGIN®
WREAL"™ "PROCEDURE™ EX(X);
"REALY W, E3 ®INTEGER®™ I;
Wim =F I(=X);
OIF® Nl=1 “THENY A[lJ:sW;
WIFY NZ>L MTHEN™ Ez= EXP(=X);

BTHEN®

"DOII

"ARRAY™ A3

“CODE"™ 35080;

BFOR® It=2 BSTEP® ] MUNTIL® N2 ®DOW®

"REG IN®
Wem (E = X % WI/(I = 1);
WIF® I>= N1 YTHEN® ALI]s=y
REND™

HENDWM #3| SEW
UBEGIN" MINTEGER™ I, Nj
N3=sENTIER(X+¢5);
"IFY NQal0 WTHEN®
“BEGIN® "REAL™ Fy W1, Ts H;
PREAL"™ WARRAY"™ P[23191;
Pl 213=,37534261820491 %=1
Pl 31:m,89306465560228"=2;
PL 4134 24233983686581L"=2;
Pl 513=,70576469342458%=33
Pl 61:=,21480277819013%=33
PL 71:=,67375807781018"=4;
P[L 813=,216007301599758=4;
PL 91t=e70411579854292% =53
PL1013m,23253026570282% =53

"REAL™ Wy

Es AN3

k3

Pl11]13»,135335283236613 H
Pl121:ms49787068 36786397=];
PL131:=,183156388887342"=13
Pl1612=,673794699908547R=2;
PI151:w,247875217666636%"=2;
Pl161:3,911881965554516%=3;
PL1713®8,335462627902512%=3;
PL1813=,123409804086680%=3;
P{19138,453999297624848M=4;
NCOMMENT™
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F:= Wt= PINI;
Et= P[M+9];
Wlis Ti= 13
His YN 3
NFORM® TtsN=l, I=1 MWHILE®™ ABS(W1)>®=15 % y #pQgm™
"BEGIN"
Fim (E = I % F)/N;
Tim =H * T / (N=]);
Wlt= T * F; Wi= W + W1
WEND®
"END" "E LSE"
WBEGIN®
WPROCEDURE™ NONEXPENX(Xs N1, N2s A); "CODE"™ 35087;
"ARRAY" BLN2N31;
NONEXPENX(Xs N» Ns» B)j;
Wi= BINJ * EXP(=X)
NENDY 3
WIFY N1=N2 & Nl=sN "THEN" A[CN]:sW "ELSE"
"BEGIN"
Et= EXP(=~X);
AN :=y 3
WIF" NC=N2 & ND>=N1 "THEN" ALN]l:=y;
PFOR® I3= Ne—l1 WSTEP® =] ®UNTIL® N1 "DOW®
"BEGIN"
Wem (E = I * W)/X;
WIFY I<= N2 "THEN"™ A[Ilt= W
FEND®;
W:=AN;
WFOR® T:=N+1 "STEP" 1 M"UNTIL" M2 "DO"®
"BEG IN"
Wem (E = X % W)/(I = 1);
WIF® I>aN1 "THEN® A[I]:s=y
"END"
REND®
WEND™ ENX;
wEQPY
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"CNDE"™ 35087;
WPROCEDURE"™ NONEXPENX(Xs Nl1s N2» A);
RVALUE® X» N1, N2;
NREAL™ X3 WINTEGER®™ N1, N2; "ARRAY™ Aj
"BEGIN" "INTEGER"™ Is N; "REAL"™ Ws» AN;
Nitm RIFW X{=] 5 ATHEN® 1 WELSE® ENTIER(X+,5);
nIFY N<=1lQ WTHEN®
"REGINT
"PROCEDURE"™ ENX(X» Nls N2s A); ®CODE™ 350863
MARRAYR BIN:NJ;
ENX(X» Ns N» B);
We:= BLM] #* EXP(X)
RENDW wE| SER
" BEGINY
WINTEGER" Ky K13
"REAL"™ UE», VE» WEs» WE1l, UN, VO, WO» WO1ls Ry S;
UEs=1; VE®= WEs= 1/(X+N); WEl:=0;
UOs=l; VO:es =N/(X * (X + N + 1)); WOl:t= 1/X; WO:= VO + WO1;
t= (WE + WO)/23
Kltsl;
RFOR® Kt=Kl WWHILE® WO=WEDP=15 * | & WEDWEL & WO<WOl »DO%
"BEGIN®
WEl:= WE; WOl:=WO;
Rt= N+K; St= R + X + K3
UEt= 1/(1=K¥k (Re=])*UE/ ((S=2)%*S));
J0s= 1/ (1=K* R *UD/( S * S=1));
VE:= VE % (UE=l);

VOs= VO * (UD=1);
WEt= WE + VE;
WO:= WO + VO3
Wi= (WE + WO)/2;
Klt=s K1 + 1
HWEND
"END";
AN:=y;

WIF® N<=N2 & N>=N1 RTHEN® A[CN]t=W;
"FOR® Itm Ne] ®STEPW" =1 "UNTIL® N1 "DO®
" BCGIN®
Wiz (1 = 1 & W)/X;
BIFR I<= N2 WTHEN® A[LIJss=W
WEND" ;3
Wi=AN;
"FURM™ Is= N+1 M"STEP® 1 "UNTIL"™ N2 "DO"
RBEGIN®
Wsm (1 = X * W)/(I = 1);
WIFY I>=M1 "THEN" ALI]:=y
NEND®
WEND" EXPENX;3

"EJP"
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AUTHOR(S) ¢ HeFIOLETs NeTEMME,

INSTITUTE® MATHEMATICAL CENTRE,

RECEIVED: 740317,

BRIEF DESCRIPTION:
THIS SECTION CONTAINS TWO PROCEDURES:

THE PROCEDURE SINCOSINT CALCULATES THE SINE INTEGRAL SI(X) AND
THE COSINE INTCGRAL CI(X) DEFINED BY

SI(X) = INTEGRAL FROM O TO X OF SIN(T)/T DT
AND

CI(X) = GAMMA + LN(ABS(X)) +

INTEGRAL FROM 0 TO X OF (COS(T)=1)/T DT»

WHERE GAMMA DENOTES EULER®S CONSTANT
(SEE [1] EQe 5e¢2e1 AND 5422);

THE AUXILIARY PRICEDURE SINCOSFG CALCULATES F(X) AND G(X)
DEFINEZD BY

FIX) = CI(X) * SIN(X) = (SI(X) = PI /7 2) * COS(X)
AND

G(X) ==CI(X) * COS(X) = (SI(X) = PI / 2) * SIN(X);
FOR X=0 THE VALUES 0OF CI(X)» F(X) AND G(X) ARE UNDEFINED;

THE FOLLOWING RELATIONS CONCERNING NEGATIVE X ARE VALID:
SI(=X) = =SI(X)s CI(=X) = CI(X)s F(=X) = =F(X)s G(=X) = G(X)o

KEYWORDS: SINE INTEGRAL,
COSINE IMTEGRAL.

SUBSECTION: SINCOSINT,

CALLING SEQUENCE:

THE HEADING OF THE PROCEDURE READS :
"PROCEDURE® SIMCOSINT(X»SI»CI); "VALUE"™ X; "REAL" X» SI» CI;

THE MEANING OF THE FORMAL PARAMETERS 1S 3

X 1 <ARITHMETIC EXPRESSION>;

ENTRY: THE (REAL) ARGUMENT OF SI(X) AND CI(X);
SI: {VARIABLE>;

EXIT: THE VALUE OF SI(X);
CI: <VARIABLE>;

EXIT: THE VALUE OF CI(X)e
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PROCEDURES USED:

SINCOSFG

= CP35385,

CHEPOLSER = CP31046s

RUNNING TIMC:

WIF® ABS(X) <= 4 “THEN" ABOUT 3.8 MSEC

WELSE"™ ABOUT 765 MSEC o

LANGUAGE: ALGOL 60,

METHOD AND PERFORMANCE:

SEE MCTHOD AND PERFORMANCE OF THE PROCEDURE SINCOSFG
(THIS SECTION).

SUBSECTION: SINCOSFGe

CALLING SEQUENCE:

THE HEADING OF THE PROCEDURE READS 2
"PROCEDURE™ SINCNSFG(XsFsG)3 WVALUE®™ X3 "REAL™ X» F»s» Gj

THE MEANING OF THE FORMAL PARAMETERS IS 3

X3
Fs

Gs

<ARTTHMETIC EXPRESSION>;

ENTRY: THE (REAL) ARGUMENT OF F(X) AND G(X);
<VARIABLE>;

EXIT: THE VALUE 0OF F(X);

<VARIABLE>;

EXITs THE VALUE OF G(X),

PROCEDURES USED:

SINCOSINT = CP350D84»
CHEPOLSER = CP31046,

RUNNING TIME:

#IF® ABS(X) <= 4 “WTHEN"™ ABOUT 47 MSEC

WELSE" ABOUT 605 MSEC »

LANGUAGE? ALGOL 60,
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METHOD AND PERFORMANCE:

IF ABS(X) <= 4 THE SINE AND COSINE INTEGRALS ARE REPRESENTED BY
TRUNCATED CHEBYSHEV SERIESe ON THIS INTERVAL THE FUNCTIONS F AND G
ARE CALCULATED BY MEANS OF THE EQUATIONS GIVEN IN THE BRIEF
DESCRIPTINON,
IF ABS(X) > 4 T4E FUNCTIONS F AND G ARE REPRESENTED BY TRUNCATED
CHEBYSHEV SERIES. IM THIS CASE THE SINE AND COSINE INTEGRALS ARE
COMPUTZD BY MEANS OF THE FOLLOWING RELATIONS:

SI(X) = PT / 2 = F(X) * COS(X) = G(X) * SIN(X)
AND

CI(X) = F(X) * SIN(X) = G(X) * COS(X)e
THE FUNCTION VALUES ARE COMPUTED WITH A RELATIVE PRECISION OF
ABOUT "e13,
WHEN USING THE PROCEDURE SINCOSINT FOR LARGE VALUES OF X » THE
RELATIVE ACCURACY MAINLY DEPENDS ON THE ACCURACY OF THE FUNCTIONS
SIN(X) AND COS(X)e

REFERENCES:

[11eMeABRAMOWITZ AND IoSTEGUN (EDSe)»1964s

HANDBODK OF MATHEMATICAL FUNCTIONS WITH FORMULAS, GRAPHS AND
MATHEMATICAL TABLES.

APPLe MATHs SERe 555 UeSeGOVTe PRINTING OFFICE,WASHINGTONs DeCoe

[21sReBULIRSCHs
NUMERICAL CALCULATION 0OFf THE SINE, COSINE AND FRESMEL INTEGRALS
HANDBOOK SEZRIES SPECIAL FUNCTIONS.
NUMe MATHe 9» 1967, PP380-=385,

EXAMPLE OF USE?

IN THE FOLLOWING PROGRAM WE COMPUTE THE VALUES OF SI(X)s CI(X)»
F(X) AND G(X) FOR X = 1;

“BEGIN®
"PROCEDURE™ SINCOSINT(X, SI, CI); "CODE™ 35084%;
"PROCEDURE'™ SINCOSFG(X» F» G)3 "CODE" 350853
MREAL"® SI, CI» Fs» G3

SINCOSINT(1ls SIs CI);
SINCOSFG{1y F» G)3

QUTPUT (61" (¥4B, "("SI(1l)m ")"yNy2B"("CI(1)= ")y N/")MySI,CI)s
QUTPUT(61,M(M4B, (" F(Ll)m ")MyNy2B,"(" G(1l)m ")M,N ")W, Fy G)3
NEND"
THIS PROGRAM DELIVERS:

SI(l)= +9,4608307036717"=001 CI(1l)= +3,3740392290097"=001
F(l)ms =2,2725525318067"=001 G{l)= =9,7840157048430%=001
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'~ SDURCE TEXT(S):

"CODE™ 35084;
"PROCEDURE" SIMCOSINT(X»SI»CI); "VALUE"™ X; "REAL™ X»SI»CI;
WBEGIN® WREAL® ABSXsZsF»sG;
WPROCEDURE"™ SINCOSFG(X»FsG); ™MCODE™ 35085;
WREAL" "PRICEDURE"™ CHEPOLSER(NsXsA); "CODE™ 310465

ABSXs= ABS(X);

"IF" ABSX £= 4 "THEN®

WBEGIM™ “REAL™ "ARRAY" AL0:101; "REAL™ Z2;
ALO] 3= 42,7368706803630%+00; A[11t==1,1106314107894"+00;
AL2] 1=21,4176562194666%"=01; A[312e=1,02526525791747=02;
AL4] :m44,6494615619880"=04; A[513==1.4361730896642"=05;
AT 6] 3=243,2093684948229"=07; AL713==5,4251990770162%=09;
ALB] 1=+7,1776268639895%=11; A[911a=7,6335493723482"=13;
Al10]1:=46,6679958346983"=15;
L= X 7 4; 12:= 7 * I3 G:s I2 +12 = 1;
SIt= Z % CHEPOLSER(10sG»A);
ATO] 3=42,9659601400727"+00; A[113==9,4297198341830"=01;
Al2] :=48456110342738169"=02; A[3]2s=4,7776084547139"=03;
AL4] 31=+41.7529161205146"=04; Al[512t==4,5448727803752"=06;
AL6] 1=48,73515839180060%=08; A[7]13=1,2998699938109"=09;
A[8] 3=4165338974898831"=11; A[9]i==1,4724256070277"=13;
AL101:m+1,1721420798429%"~15;
Clt= ,577215664901533 + LN(ABSX) = Z2 * CHEPOLSER{10,GsA)

WEND® WELSE®

WBEGIN® "REAL™ CX»SX;
SINCOSFG{XsFs6G);
CXs= COS(X); SX3= SINI(X);
SIte 1,570796326794897; "IF®™ X<Q "THEN® SIt= «=3];
SI:» SI = F % CX = G * SX; '
CIt= F % SX = G * CX

WEND®

WENDY SINCOSINT;
1] EDP"
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"CODE"™ 350853
WPROCEDURE™ SINCOSFG(XsFsG);
WBEGIN" "REAL" ABSX»SISCI;
"PROCEDURE" SINCOSINT(XsSI»CI);
WREAL"™ WPROCEDURE®™ CHEPOLSER(Ns X,

BVALUE®

ABSX:= ABS(X);
WIF® ABSX <= & "THEN"
"BEGIN™ "REAL"™ CX»SX3
SIMCOSINT(X»SIsCI);
CX:= COS(X);
Fts CI % 3X = SI * CX;
Gtw=CI * CX = SI * SX
WEMDR ®ELSEY
“BEGIN® WREZAL" "ARRAY"™ A[0:23];
AL0] t=+9,6578828035185"=01;
A[2] 3==7,3143711748104"=03;
AL4] :1m=0,8657685732702%=05;
AL6] :=+40,8240257322526"=06;
AlB] 31=+1,0063435941558%=07;
AL1013==3,89762826875288"=08;
Al12]13m=] 4104344875897 "=00;
Al1413=+2,5699831325961"=103;
AL1613=42,8970031570214%=11;
A[18]3==],0437693730018"=12;
AL20]3m=5,2214239401679"=13;
AL221t==3,8470012979279%=14;

Fi= CHEPOLSER(22», 8/ABSX=1l, A)

AfO]
AC21]
AC4]

I1m+252801220638241%=01;
tm=3e 5107157280958"=03;
taml 356729451168627=04;
AL6] :m41,1170629343574"=05;
ALB] :m+4,4317473520398"=07;
AC10]3==5,9243078711743%=08;
Al12]11==5,0256827540623"=09;
Al141:2+3,6306990848979%=10;
AL1613=+8465530309424048"=11;
Al1813=+1,7133662645092%=12;
AL20]:=3=1,2930281366811"=12;
AL22]3m=) ¢ 8415468268314%=13;

|IC DD E "

PAGE 5

X3 WREAL™ X»F»G;3
35084;

A); WMCODE™ 310463

SXtw SIN(X); SIt= SI = 1¢570796326794897;

ALl1]
A[3]
AL5]

tmeby 3060B 37778 597"=02 3
1=241,4705235789868"=033
1m=2,2743202204655"=05;
ALT] :==1,8973430148713"=06;
AL9] :=+8,0819364822241%=08;
AL111:=41,0335650325497"=08;
Al13]1:w=2,5232078399683"=10;
A[15132=1,0597889253948%=10;
Al17]1:==4,1023142563083%=12;
AL191:=+1,0994184520547"=12;
AL21]1:=+1,7469920787829"=13;

!/ X3

1um2,6869727411097"=023
$2+1,2398008635186"=03;
tm=1,0664141798094%=05;
AL7]1 2m=3,1754011655614"=06;
A[9] :=+45,5108696874463"=08;
Al111:=+202102573381555%=08;
Al13131=+43,1519168259424"=10;
AL15]:8=242974764234591"=10;
AL17138=2,1183067724443"=113
A[1913=+1,7238877517248R=12;
Al211:=45,7472339223731"=13;
AL23]1:2+43,5937256571434"=14;

All]
AL3]
AL51

Gs= 4 * CHEPOLSER(23, 8/ABSX=1s A) / ABSX /ABSX

REND®
WEND" SINCOSFG;
WEQP "
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AUTHOR(S) 3 Do Te WINTERsNeMeTEMME,

INSTITUTEZ: MATHEMATICAL CENTRE

RECEIVEDt 730727

BRIEF DESCRIPTION:

THIS SECTION CONTAINS THE FOLLOWING PROCEDURES:

PAGE 1

RECIP GAMMA: THIS PROCEDURE CALCULATES THE RECIPROCAL OF THE GAMMA
FUNCTION FOR ARGUMENTS IN THE RANGE [o5s1051; MOREQOVER ODD AND

EVEN PARTS ARE DELIVERED;
GAMMA3 THIS PROCEDURE CALCULATES THE GAMMA FUNCTION;

LOG GAMMA: THIS PROCEDURE CALCULATES THE NATURAL LOGARITHM OF THE

GAMMA FUNCTION FOR POSITIVE ARGUMENTS.

INCOMGAM t COMPUTES THE INCOMPLETE GAMMA FUNCTIONS CORRESPONDING

TO THE DEFINITIONS 6s5¢2 AND 60563 IN REFERENCE [11]e
THE COMPUTATIOMS ARE BASED ON PADE=APPROXIMATIONSe

LET B(XsP»Q) = INTEGRAL FROM O TO X OF Th*(P=]l)#(1=T)%%(Q=] )*DT,

P>0s Q>0, 0<=X<=1; B IS CALLED THE INCOMPLETE BETA FUNCTIONe

LET I(XsPsQ) = B(XsP»Q)/B(1sP»Q); I IS CALLED THE INCOMPLETE BETA

FUNCTION RATIO.

INCBETA = COMPUTES I(X»P»Q); 0<=X<=1l, P>0» Q303

1BPPLUSN: COMPUTES I(XsP+NsQ) FOR N=O(1l)INMAXs, 0<=X<=1l, P>0»
IBQPLUSN3 COMPUTES I(XsP»Q+N) FOR N=O(1)NMAXs, 0<=X<=l, P>0,
THE REMAINING FOUR PROCEDURES ARE AUXILIARY PROCEDURES

FOR INCBETA, IBPPLUSN AND IBQPLUSN.

KEYWORDS*

GAMMA=FUNCTION,

INCOMPLETE GAMMA=FUNCTION,
PADE=APPROXIMATION,

CONTINUED FRACTION,

INCOMPLETE BETA=~FUNCTION,
INCOMPLETE BETA=FUNCTION RATIO,

Q>03
Q>0
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SUBSECTION 3 RECIP GAMMA,

CALLING SEQUENCE:

THE HEADING OF TYIS PROCEDURE ISt
WREAL® mPROCEDURE® RECIP GAMMA( X, 0ODDs» EVEN);
"YALUS" X; "REALM™ X, 0ODD» EVEN;

RECI® GAMMAt= 1/GAMMA(1=X)e

THE MEANING OF THE FORMAL PAPAMETERS ISt
X: <ARITHMETIC CXPRESSION>;
THE ARGUMENTs THIS ARGUMENT SHOULD SATISFY =¢5 <= X (K = o5
(ACTUALLY THE GAMMA FUNCTION IS CALCULATED FOR 1 = X» IeEe IF
ONE WANTS TO CALCULATE 1/GAMMA(1), ONE HAS TO SET X TO 0);
0DD: <IDENTIFIERD>; )
£EXIT® THE 0ODD PART OF 1 / GAMMA(l « X) DIVIDED BY (2 * X)3 IeEe
(1 7 GAMMA(L = X) = 1 / GAMMA(L1 + X)) / (2 * X)3;
EVEN: <IDENTIFIERD>;
EXIT: THE EVEN PART OF 1 / GAMMA(1l = X) DIVIDED BY 2; IeEe
(1 /7 GAMMA(L = X) + 1 / GAMMA(Y + X)) /7 23

PROCEDURES USED: NONE.

REQUIRED CENTRAL MEMORYs

SXECUTION FIELD LENGTH: AN ARRAY OF 12 ELEMENTS IS USED.

LANGUAGc: ALGOL=60,

METHOD AND PERFORMANCE:

THE RECIPROCAL OF THE GAMMA FUNCTION IS APPROXIMATED BY A TRUNCATED
CHEBYSHEV SERIES. 0ODD AND EVEN PART ARE CALCULATED SEPARATELYe. THE
COEFFICIENTS OF THE CHEBYSHEV SERIES AS GIVEN IN THE PROCEDURE TEXT
SHOULD GUARANTEE A PRECISION OF 14 DECIMAL DIGITS» HOWEVER AS THESE
COEFFICIENTS CAN NOT BE READ IN FULL PRECISION UNDER CD=ALGOL
VERSION 3, THIS PRECISION CAN NOT BE GUARANTEED. A PRECISION OF 13
DECIMAL DIGITS HOMWEVER WILL BE OBTAINEDe MOREOVER FOR THE ARGUMENT
1l (I¢Ee X = 0) EVEN AND RECIP GAMMA BOTH YIELD THE CORRECT VALUE.
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EXAMPLE OF USE:?
THE FOLLOWING PROGRAM:
"BEGIN" "REAL"™ X» 0DDs EVEN;
WREAL® ®PROCEDURE™ RECIP GAMMA(X», 0ODD» EVEN); WCODE®™ 350603
Xs= RECIP GAYMA(e4» ODD» EVEN);
QUTPUT (61, "(n®(m0,4") "y 3(N)y, /™))% X, ODDs EVEN);
Xte RECIP GAMMA(Os, 0ODDs EVEN);
QUTPUT( 61, R(RM(Mp.LP )R, 3(N)M)"y X, ODDs» EVEN)
nENDN
YIELDS THE FUOLLOWING RESULTS:
4 +667150497244208%=001 =5+6944440692994R=001 +8,9928273521406"=001
«0 +1.0000000000000"+000 =5,7721566490154"=001 +1.0000000000000%+000

SUBSECTION : GAMMA.

CALLING SEQUENCEs

THE HEADING OF THE PROCEDURE 1S3
"REAL" "PROCEDURE"™ GAMMA(X)3; RVALUE® X; WREAL® X;

GAMMAt= THE VALUE OF THE GAMMA=FUNCTION AT X

THE MEANIMG OF THE FORMAL PARAMETER IS:

X3 <ARITHMETIC EXPRESSION>;
THE ARGUMENT, IF ONE 0OF THE FOLLOWING THREE CONDITIONS IS
FULFILLED OVERFLOW WILL OCCUR:
l: THE ARGUMENT IS T0OO LARGE (> 177);
23 THE ARGUMENT IS A NON=POSITIVE INTEGER; .
33 THE ARGUMENT IS T0OO *CLOSE® TO A LARGE (IN ABSOLUTE VALUE)

NOM=POSITIVE INTEGER. '

PROCEDURES USED:
RECIP GAMMA = CP35060
LOG GAMMA = CP35062.

REQUIRED CENTRAL MEMORY:
EXECUTION FIFLD LENGTH: NO AUXILIARY ARRAY'S ARE DECLARED.

LANGUAGE? ALGOL=60.
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METHOD AND PERFORMANCE:
. WE DISTINGUISH BETWEFN THE FOLLOWING CASES FOR THE ARGUMENT X3
0 X < o512
' IN THIS CASE THE FORMULA GAMMA(X) * GAMMA(l=X) = PI / SIN(PI%*X)
IS USEDe HOWEVER THE SINE FUNCTION IS NOT CALCULATED DIRECTLY
ON THE ARGUMENT PI*X BUT ON THE ARGUMENT PI*(X MOD +5), IN THIS
WAY A BIG DECREASE OF PRECISION IS AVOIDEDs THE PRECISION HERE
DEPCNDS STRONGLY ON THE PRECISION OF THE SINE FUNCTION; HOWEVER
A PRECISION BETTER THAN 12 DECIMAL DIGITS CAN BE EXPECTED IN
THE GAMMA FUNCTTIONe
o5 <= X <= 1,5
HERE THE PROCEDURE RECIP GAMMA IS CALLEDe A PRECISION OF MORE
THAM 13 DECIMAL DIGITS IS OBTAINED; MORENVERS GAMMA(l) = 1,
le5 < X <= 221
THE RECURSION FURMULA GAMMA(1l + X) = X % GAMMA(X) IS USED.
THE PRECISIOM DEPENDS ON THE NUMBER OF RECURSIONS NEEDED» A
PRECISION BETTER THAN 10 DECIMAL DIGITS IS ALWAYS DOBTAINEDe THE
UPPERBOUND OF 22 HAS BEEN CHOSENs, BECAUSE NOW IT IS ASSURED
THAT FOR ALL INTEGER ARGUMENTS FOR WHICH THE VALUE 0OF THE GAMMA
FUNCTIUON IS REPRESENTABLE (AND THIS IS THE CASE FOR ALL INTEGER
ARGUMENTS IN THE RANGE [1,221)», THIS VALUE IS OBTAINEDs» IeEe
GAMMA(I) = 1 * 2 % 460 * (I = 1)
X > 22:
NOW THE PROCZDURES LOG GAMMA AND EXP ARE USEDe THE PRECISION
STRONGLY DEPENDS ON THE PRECISION OF THE EXPONENTIAL FUNCTION,
AND NO BOUND FOR THE ERROR CAN BE GIVEN.

EXAMPLE OF USE:
THE PROGRAM:
WBEG IN" "REAL"™ X;
"REAL"™ "PROCEDURE®™ GAMMA(X); ®CODE®™ 35061;
WEOR" Xtm =Be5, o255 1le5» 22, 50 "DO®
OUTPUT (61, "("+2Z62D3Bs N» /")", X» GAMMA(X))
"END"

YIELDS THE FOLLOWING RESULTS:

<850 =266335215159963"=005
+e25 +366256099082219"+000
+1e50 +868622692545276%=001
+22600 +561090942171709"+019
+50600 +600828186403422"+062
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SUBSECTION ¢ LOG GAMMA,

CALLING SEQUENCE:

THE HEADING OF THE PROCEDURE ISt
WREALY™ "PROCEDURE™ LNG GAMMA(X); "VALUE®" X; ®REAL" X;

LOG GAMMAs:= THE NATURAL LOGARITHM OF THE GAMMA FUNCTION AT Xe

THE MEANING OF THE FORMAL PARAMETER ISt
X:  <ARITHMETIC CXPRESSION>;
THE ARGUMENTe THIS ARGUMENT MUST BE POSITIVE.

PROCEDURES USED: NONE,

REQUIRED CCNTRAL MEMORY:

EXECUTION FIELD LENGTH: AN ARRAY OF 18 ELEMENTS IS USED.

LANGUAGE: ALGOL=60e

METHOD AND PERFORMANCE:

WE DISTIGUISH BETWEEN THE FOLLOWING CASES FOR THE ARGUMENT X (IN

MOST CASES NOTHIMG IS SAID ABOUT P°PRECXSION» AS THIS HIGHLY DEPENDS

ON THE PRECISION OF THE NATURAL LOGARITHM; HOWEVER, A PRECISION

BETTER THAN 11 DECIMAL DIGITS IS ALWAYS fABTAINED):

0 <X <1
HERL THE RECURSION FORMULA (LOG GAMMA(X)=L0DG GAMMA(1l +X)=LN{X)} )
IS USED,

1 <= X <= 23
ON THIS INTERVAL THE TRUNCATED CHEBYSHEV SERIES FOR THE
FUNCTION LOG GAMMA(X) / ((X=1)%(X=2)) IS USEDs IN THIS WAY A
PRECISION BETTER THAN 13 DECIMAL DIGITS IS ASSURED.

2 < X <= 13:
THE RECURSION FORMULA LDG GAMMA(X) = LDOG GAMMA(1l=X) + LN(X) IS
USEDo

13 < X &= 22:
AS FOR X € 1 THE FORMULA LOG GAMMA(X) = L0OG GAMMA(L+X)=LN{X) IS
USEDe

X € 22t
IN THIS CASE LOG GAMMA IS CALCULATED BY USE OF THE ASYMPTOTIC
EXPANSION FOR LOG GAMMA(X) = (X = o5) * LN(X) o
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EXAMPLE 0OF USE:
THE FOLLOWING PROGRAM:
UBEGIN™ "REAL"™ X;
WREAL® MPROCEDURE®™ LOG GAMMA(X); ™CODE®™ 35062;
"FOR™ Xt= ¢25, 1e5 125 15, 80 "DO"
QUTPUT(61, "("+2Z+2D3Bs N» /™))", X, LOG GAMMA(X))

IIEND"

YIELDS THE FOLLOWING RESULTS:

+¢25
+1 .50
+12,00
+15,00
+80,00

SUBSECTION ¢

+162880225246981"+000
=102078223763524"=001
+1.7502307845874%+001
+265191221182739"+001
+206929109765102%+002

INCOMGAM o

CALLING SEQUENCE:

THE HEADING OF THE PROCEDURE READS:?
"PRICEDURE™ INCOMGAM(X»AsKLGAMs GRGAMs GAMEPS);
NVALUE" X»AsEPS; "REAL"™ XsA»KLGAMGRGAMsGAMsEPS;

THE MEANING OF THE FORMAL PARAMETERS ISt

X1
Al

KLGAMS:

GRGAMz

GAM 2

EPSs

<ARITHMETIC EXPRESSION>;

THE INDEPENDENT ARGUMENT X» X>=0;

<ARITHMETIC EXPRESSION>;

THE INDEPENDENT PARAMETER As AD0;

<VARIABLE>;

EXIT: THE INTEGRAL FROM O TO X OF EXP (=T )k Tk {A=1)%DT
IS DELIVERED IN KLGAM;

<VARIABLE>;

EXIT: THE INTEGRAL FROM X TO INFINITY OF EXP(=T)*

TH% (A=1)*DT IS DELIVERED IN GRGAM;

<ARITHMETIC EXPRESSIOND;

ENTRY: THE VALUE OF THE GAMMAFUNCTION WITH ARGUMENT A,
FOR THIS EXPRESSION THE "REAL™ "PROCEDURE"™ GAMMA(X);
WCODE™ 35061 MAY BE USED;

C<ARITHMETIC EXPRESSIOND;

ENTRY: THE DESIRED RELATIVE ACCURACY. THE VALUE OF EPS
SHOULD NOT BE SMALLER THAN THE MACHINE ACCURACYs

WHICH IS ABOUT R=l4,
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PROCEDURES USED® NONE,

RUNNING TIMEt DEPENDS OM THE VALUES OF X»AsEPS,
FOR THE EXAMPLE BELOW THE EXECUTION TIME IS 0,003 SECe

LANGUAGE: ALGIL 60

METHOD AND PERFORMANCE:

FOR THE METHOD SEE REFERENCE [4Je THE RELATIVE ACCURACY OF THE
RESULTS DEPENDS NOT ONLY ON THE QUANTITY EPSs BUT ALSO ON THE
ACCURACY OF THE FUNCTIONS EXP AND GAMMA., ESPECIALLY FOR LARGE
VALUES OF X AND A THE DESIRED ACCURACY CANNOT BE GUARANTEED.

REFERENCES:
SEE REFERENCES [1l] AND [4] OF THE PROCEDURE IBQPLUSN(THIS SECTION).

EXAMPLE OF USE:

WBEGIN® ®WREAL® P,Q;
"PRJCEDUREY INCOMGAM(X»AsKLGAMsGRGAMsGAMs EPS)

"CADE" 350303

INCOMGAM( 3545 Py Qp 1%2%3,2%% (=48));
WCOMMENT® 1%2%3 = GAMMA(4);
QUTPUTIGL»" ("7 " ("KLGAM AND GRGAM AREM™)",
/52(NIR)R,P,Q);

WEND®

DELIVERS:

KLGAM AND GRGAM ARE
+201166086673066"+000 +3,8833913326934"+000.
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SUBSECTINN : INCBETA.

CALLING SEQUENCE:
THE HEADING OF THE PROCEDURE READS ¢
YREAL"™ "PROCEDURE"™ INCBETA(XsP»QsEPS);
WVALUE® X»P»QsEPS; YREAL™ XsP»QpEPS;
INCBETA DELIVERS THE VALUE OF I(X»P»Q);

THE MEANING OF THE FORMAL PARAMETERS IS 3

Xt <ARITHMETIC EXPRESSIOND>;

THE ARGUMENTs THIS ARGUMENT SHOULD SATISFY Q0<=X<=1;
Pt CARITHMETIC EXPRESSION>;

PARAMETER® SEE DEFINITION IN BRIEF DESCRIPTION; P>0;
Q: <ARITHMETIC EXPRESSIOND>;

PARAMETER: SEE DEFINITION IN BRIEF DESCRIPTION; Q>03
EPSt <ARITHMETIC EXPRESSIOND>;

ENTRY: THE DESIRED RELATIVE ACCURACY; EPS SHOULD NOT BE

SMALLER THAN THE MACHINE ACCURACY,

PROCEDURES USED: GAMMA = CP 35061,

REQUIRED CEMTRAL MEMORY:
EXECUTION FIELD LENGTH: NO AUXILIARY ARRAYS ARE USEDe.

METHOD AND PERFORMANCE:

THE INCOMPLETE BETA FUNCTION I(X»P»Q) IS APPROXIMATED BY THE
CONTINUED FRACTION CORRESPONDING TO FORMULA 26658 IN REFERENCEL1].
IF X > 45 THE RELATION I(XsP5Q) = 1 = I(1=X,QsP) IS USEDe IT IS
ADVISED TO USE IN INCBETA ONLY SMALL VALUES OF P AND Q» SAY
0<P<= 5 0< Q <=5, FOR OTHER RANGES OF THE PARAMETERS P AND Q
THE PROCEDURES IBPPLUSN AND IBQPLUSN CAN BE USEDe

INCBETA SATISFIES INCBETA = X IF X = 0 OR X = 1, WHATEVER P AND Q.
THERE IS NO COMTROL ON THE PARAMETERS XsP»Q FOR THEIR INTENDED
RANGES.»
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REFERENCES: SEE REFERENCES (11, [21 AND [3] OF THE PROCEDURE
IBQPLUSH (THIS SECTION).

EXAMPLE IF USE:
THE FOLLUWING PROGRAM:
WBEGIN® WREAL™ ®PROCEDURE®™ INCBETA(XsP,QsEPS); WCODE"™ 35050;
OUTPUT (61, "{"N")®, INCBETA(e3s1lo4s LeS5s2%*(=46)))
NENDW
YIELDS THE FOLLOWING RESULT:

+207911593308577%=001.
SUBSECTION 3 IBPPLUSH.

CALLING SEQUENCE:
THE HEADING OF THE PROCEDURE READS @
WPROCEDURE™ IBPPLUSN(XsPsQsNMAX,»EPSsI); ®VALUE® X,PrQsNMAX,EPS;
WINTEGER" NMAX; YREAL"™ XsP»QsEPS; WARRAY® I;

THE MEANING OF THE FORMAL PARAMETERS IS @

X3 CARITHMETIC EXPRESSIOND>;
THE ARGUMENTe THIS ARGUMENT SHOULD SATISFY 0<=X<=1;
P <ARITHMETIC EXPRESSIOND>;

PARAMETERz? SE& DEFINITION IN BRIEF DESCRIPTION; P>0.
IT IS ADVISED TO TAKE 0<P<=1;
: <ARITHMETIC EXPRESSIOND;

PARAMETER: SEE DEFINITION IN BRIEF DESCRIPTIDN; Q>0;

NMA X2 <ARITHMETIC EXPRESSION>;
NMAX INDICATES THE MAXIMUM NUMBER OF FUNCTION VALUES
I(XsP+H»Q) TO BE GENERATED;

EPSs <ARITHMETIC EXPRESSIOND;
ENTRY: THE DESIRED RELATIVE ACCURACY; EPS SHOULD NOT BE
SMALLER THAN THE MACHINE ACCURACY;

I: <ARRAY IDENTIFIER>;
WARRAY® TLO3NMAXI3 NMAX>=0;
EXIT: ICM] = I(XsP+NpsQ) FOR N=Q(1)NMAXs
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PROCEDURES 'ISED:

IXQF IX = CP 35053;
IXPFIX = CP 35054
BOTH PRAOCEDUKES IXQFIX AND IXPFIX CALL FOR
INCBZTA = CP 350503
FIRWARD = CP 35055;
BACKWARD = CP 35056,

REQUIRED CENTRAL MEMORY:
EXECUTIOM FIELD LENGTH: AN ARRAY OF NMAX + 1 ELEMENTS IS TO BE
INSEZRTED BY THE USERe AN AUXILIARY ARRAY OF ENTIER(Q) + 1
FLEMENTS IS DECLARED IN THE AUXILIARY PROCEDURES,

METHOD AND PERFORMAMNCE:
SEE REFCREMCF [2] AMD (3]s IN [2) THE PROCEDURE IBPPLUSN IS

CALLED INCOMPLETZ BLCTA Q FIXEDe THERE IS NO CONTROL ON THE
PARAMETZRS X»PsQsNMAX FOR THEIR INTENDED RANGESe

REFERENCES: SEE REFERENCES [13s [2]1 AND (31 OF THE PROCEDURE
IBQPLUSN (THIS SECTION),
EXAMPLE OF USE:
THE FOLLOWING PROGRAM:
WBEGIN® MREAL™ WARRAY™ ISUBX[0:21;
"PROCEDURE™ IBPPLUSN(XsPsQsNMAXSEPS»1); "CODE™ 35051 ;
IBPPLUSN(e35e451e55292%%(=46), ISUBX);
QUTPUT(6L "™ (W3 (N)® )", ISUBXIOTsISUBXIL1,ISUBXI2])
nENDY
YIELDS THE FOLLOWING RESULTS:

+7:216708741C147"=001 +2,7911593308576"=001 +9,8932849957944"=002,



SECTION t 666 (SEPTEMBER 1974)

SUBSECTION : IBQAPLUSH,

CALLING SEQUEMNCE:

THE HEADING OF THE PROCEDURE READS 3

PAGE

"PROCEDURE"™ IBQPLUSN(XsPsQsNMAX,EPSsI); ®VALUE® X, PsQs NMAX, EPS;

MINTEGER® NMAX; "REAL"™ XsPsQ,EPS; "ARRAY™ I;

THE MEANING OF THE FORMAL PARAMETERS IS :
X1 <ARITHMETIC EXPRESSIOND;

THE ARGUMENTe THIS ARGUMENT SHOULD SATISFY 0<&=X<s=lj;

Pz CARITHMETIC EXPRESSIOND;

PARAMETER® SEE DEFINITION IN BRIEF DESCRIPTION;

Qs <ARITHMETIC EXPRESSIOND>;

PARAMETER: SEE DEFINITION IN BRIEF DESCRIPTION;

IT IS ADVISED TO TAKE 0<Q<=1;
NMAX: <ARITHMETIC EXPRESSION>;

NMAX INDICATES THE MAXIMUM NUMBER OF FUNCTIDN VALUES

I(XsP»Q+N) TO BE GENERATED;
EPS: <ARITHMETIC EXPRESSION>;

ENTRY: THE DESIRED RELATIVE ACCURACY; EPS SHOULD NOT BE

SMALLER THAN THE MACHINE ACCURACY;
I: <ARRAY IDENTIFIERD>;
MARRAY™ I[O0:NMAX]; NMAX>=0;
EXITs IIN] = I(X»P»Q+N) FOR N=O{1)NMAXs

PROCEDURES USED?*

IXQFIX = CP 350533
IXPFIX = CP 35054,
BOTH PROCEDURES IXQFIX AND IXPFIX CALL FOR
INCBETA = CP 35050;
FORWARD = CP 35055;
BACKWARD = CP 35056.

REQUIRED CEHTRAL MEMORY:

EXECUTION FIELD LENGTH: AN ARRAY OF NMAX + 1 ELEMENTS IS TO BE

INSERTED BY THZ USERe AN AUXILIARY ARRAY OF ENTIER(P) + 1

ELEMEMTS IS DECLARED IN THE AUXILIARY PROCEDURESe

METHOD AND PERFORMANCE:

SEE REFERENCE [21 AND (3], IN [21 THE PROCEOURE IBQPLUSN IS
CALLED INCOMPLETE BETA P FIXEDe THERE IS NO CONTROL ON THE
PARAMETERS XsP»QpyNMAX FOR THEIR INTENDED RANGES.

11
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REFERENCES:
[11eMe ABRAMOWITZ AND IoAeSTEGUN (EDse)s
HANDBONK OF MATHEMATICAL FUNCTIONS.
DOVER PUBLICATIONSs INCes NEW YORK, 1965
[21eWsGAUTSCHIe COMMoAeCeMe 7» 19645 ALGORITHM 2225 P 1436
[31eWeGAUTSCHIs SIAM REVe 95 1967, PP 24=82,

[(4JeYoLe LUKEe SIAM Js» MATHe ANALe VOLels 1971, PP. 266=28l.

EXAMPLE NF USE:
THE FOLLOWING PROGRAM:

"BEGIN™ "REAL"™ "ARRAY" ISUBX[0:21;
WPROCEDURE™ IBQPLUSN(XsPsQsNMAXSEPS,1); "CODE™ 35052;
IBQPLUSN( 0351 e45 0522 s2%* (=46) 5 ISUBX);

QUTPUT(6L1s" ("3 (N)")", ISUBXTOT»ISUBXI1I,ISUBXL2])
WENDW

YIELDS THE FOLLOWING RESULTS:

12

+809449529793325"=002 +2.7911593308576"=001 +4+4728681067173%=001,

THE REMAINING PROCEDURES AND SUBSECTIONS ARE:

SUBSECTION : IXQFIXe
SUBSECTION ® IXPFIXe
SUBSECTION s FORWARD,
SUBSECTION : BACKWARD.

THESE AUXILIARY PROCEDURES ARE NOT DESCRIBED HERE. MORE INFORMATION

CAN BE FOUND IN REFERENCE [2]s WHERE THE PROCEDURES FORWARD AND
BACKWARD HAVE THE SAME NAME, WHILE IXQFIX AND IXPFIX ARE CALLED
ISUBXQFIXED AND ISUBXPFIXED RESPECTIVELYe IN THE PROCEDURE
BACKWARD WE CHANGED THE STARTING VALUE NU FOR THE BACKWARD
RECURRENCE ALGORITHM, THE NEW VALUE OF NU IS MORE REALISTIC.
ITS COMPUTATION IS BASED ON SOME ASYMPTOTIC ESTIMATIONS. ALSO
THE INITIAL VALUE R=0 IS CHANGED INTO R=Xe.



SECTION : 645 (SEPTEMBER 1974)

SOURCE TEXT(S) ¢

nCODE®™ 35060;
"REAL"™ "PROCEDURE"™ RECIP GAMMA(Xs, 0DDs EVEN);
BVALUE® X; WREAL®™ X, 0ODDs EVEN;
"BEGIN® "INTEGER"™ I;
"REAL" ALFA, BETA» X2;
WARRAY" B8[13121;

BL 11s= =,28387 65422 76024; Bl 21t= =,07685
BL 31:= +,00170 63050 71096; BL 4l:= +,00127
BL 51:= +,00007 63095 975863 B[ 61t= =,00000
Bl 713= =,00000 u8659 20800; B[ 81t= =,00000
B[ 91:= +,00000 00017 451365 B(1012= +.,00000
B{11l13= +,00000 00000 09161; BL[1l2]:= =,00000
X23= X * X * 83

ALFAt= =, 00000 00000 0Q001; BETAzs 0;

WEQRY I:= 12 “STEP® = 2 MUNTIL® 2 »DO"™

28408 447863
19271 36655;
49717 367043
00331 26120;
00002 42310;
00000 00170;
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"BEGIN" BETA:= ~(ALFA * 2 ¢+ BETA); ALFAs= = BETA % X2 = ALFA + B[I]

WEND®™;

EVENz= (BETA 7 2 + ALFA) * X2 = ALFA + 092187 02936 50453;

ALFAt= =,00000 00000 00034; BETA:= 0;
"FOR" Is= 11 WSTEP" = 2 WUNTIL® 1 ®DQOW®

RBEGIN" BETAt= =(ALFA % 2 + BETA); ALFAt= = BETA #% X2 = ALFA + B[I]

wWENDY ;
UDD:= (ALFA + BETA) #* 2;
RECIP GAMMAt= QDD * X + EVEN

WEND" RECIP GAMMA;

"EUP"

"CNDE"™ 350613
WREAL® ®PROCEDURE® GAMMA(X); ®VALUE®™ X; ®REAL®™ X3
WBEGIN® "REAL®™ Y, S F» Gs 0DDs EVEN; '

#BOOL EAN™ INV;
WREAL™ ®WPROCEDURE® RECIP GAMMA(X», ODD» EVEN);
WVALUE®™ X3 ®“REAL™ X, 0ODDs, EVEN;

“CODE"™ 35060;

"REAL" "PROCEDURE" L0G GAMMA(X)3 "VALUE" X3 WREAL®™ X;

RCODE® 350623

WIF® X € o5 "THEN®

WBEGIN®™ Y:= X = ENTIER(X / 2) * 2; S3= 3,14159 26535 89793
WIFW Y >= 1 MTHEN® ®BEGINW® St= = S; Yis 2 = Y WEND¥®;
BIFM ¥ >= o5 WTHEN® Y3am 1 = Y3 INVie PTRUE"; Xis 1 = X;

Fis § / SIN(3014159 26535 B979 % Y)
" EN D"
WELSE® INVi=s BFALSER;

WIF® X > 22 "THEN™ G3= EXP(LOG GAMMA(X)) “ELSE™®

YBEGIN" S3= 1;
NEXT3 MIF® X > 1,5 PTHENR

WBEGIN" Xt= X = 13 St=s S % X; "GOTO™ NEXT WENDY;

G3= § / RECIP GAMMA({1 = X, 0ODD» EVEN)
"EN D";
GAMMAs= ®IF® TNV RTHEN® F / G WELSE® G

WEND™ GAMMA;

"EUP"
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WCODEY 35062;
WREALM™ "PRDCEDURE® LJIG GAMMA(X); MVALUE® X; RREAL® X;
WIF® X > 13 "THEN"®
"BEGIN" WRLALM™ Ry, X2;
R:=s 1;
NEXTs BIF® X <= 22 WTHEN®
WBEGIN™ R:= R /7 X; Xz= X + 1; "GOTOW NEXT "END";
X23m = 1 / (X * X); Rs= LN(R);
LOG GAMMAS= LN(X) * (X = o5) = X + R + ,91893 85332 04672 +
(((o59523 80952 38095"=3 % X2 + 79365 07936 50794"=3) * X2 +
027777 77777 77778"=2) * X2 + 083333 33333 33333"=1) / X
IIENDM
WELSE®
WBEGIN®™ "REAL®™ Y, Fp UDs Uls Us I;
WINTEGER" I;
WARRAY" B[13181;
F:= 1; UOt= Uli= 0;
B[l 113= =o07611 41616 704358; B[ 21z= +,00843 23249 659328;
BL 31:= =300107 94937 263286; B[ 413= +,00014 90074 800369;
Bl 513= =,00002 15123 998886; BL 611= +,00000 31979 3298613
BL 71t1= =,00000 04851 693012; B[ 813= +,00000 00747 148782;
BL 91:= =,00000 00116 382967; B[1l0l:=s +,00000 00018 294004%;
B8{ll11:= =400000 00002 896918; BL1l2]1:= +,00000 00000 461570;
B[13]t= «=,00000 00000 073928; BL[l4lt= +,00000 00000 011894%;
BL[151t= «=,00000 00000 001921; B[16]1t= +.,00000 00000 000311;
Bl17]:= =4,00000 00000 000051; B[181:=s +,00000 00000 0000083
HIFI! x < 1 "THEN"
NBEGIN® Ft= 1 / X3 X3= X + 1 %END®
"EL SEW
NEXT: ®IF®" X > 2 #"THEN®
"BEGIN" Xs= X = 1; Fets F % X; "GOTO"™ MEXT "END®;
Ft= LN(F); Yt= X + X = 3; Zt= Y + Y3 :
WEORM T:a 18 WSTEPY « ] WUNTIL® 1 wDQw
"BEGIN™ Us=s UQ; UO:= Z % UO + BLI] = Ul; Ul:=s U "END™;
LOG GAMMAs= (UO * Y 4 049141 53930 29387 = Ul) * (X = 1) * (X = 2)
+ F
WEND® LO5 GAMMA;
wEQP®



SECTION t 646 (MARCH 1977)

"CODE"™ 35030;
#"PROCEDURE®™ INCOMGAM(X» AsKLGAM»GRGAMyGAMS»EPS) ;
BVALUE™ Xp ApEPS; "REAL™ XpAsKLGAM» GRGAM»GAMHEPSS
WBEGIN® "REAL"™ CN»C1lsC25sD05D15D25sX25AX9PsQsRySsR1yR25 SCF;
"INTEGER™ Nj
Stm EXP(=X + A % LN(X)); SCFt= "+300;
nIF® X <= (®IF" A < 3 WTHEN® 1 "ELSE™ A) PTHEN®

"BEGINY X2t=s X * X; AXs= A * X3 DOs= 1; Pt= A; CO3= S

Dlt= (A+1 )k (A+2=X); Cle=((A+1l) * (A+2)+X) * §;
R2:= C1/D1;

WFOR™ N:= 1, N+1 "WHILE"™ ABS((R2=R1)/R2) > EPS "DO"

"BEGIN® Pt= 2+4P; Q= (P+l) * (P*(P+2)=AX);
Riwm M % (N#A) * (P42) * X2;
C2:= (Q%C1 + R*CO)/P; D2:= (Q*D1 + R*DQ)/P;
Rli=R2; R21=C2/D2;
COs=Cl; Cl:=C2; DO:=D1; D1:=D2;
WIF"® ABS(C1l) > SCF "QR" ABS(D1l) > SCF ®THEN®
"BEGIN" CO:= CO/SCF; Cl:= Cl/SCF;
DOs= DO/SCF; D1ls= D1/SCF
"E ND"
WEND"; KLGAM:=s R2/A; GRGAM:= GAM = KLGAM
"END" "EL SE"
WBEGIN® CQt=A%S; Clt=(l+X)* CO; Q3= X +2 = A;
DOt= X; Dl:= X % Q; R2:= C1/D1;
WEQR® *N:=1, N+1 "WHILE"™ ABS((R2=R1)/R2)DEPS nDQ"
"BEG IN" Qt= 2 + Q3 Rt=s N * (N+1l=A);
C2t= Q*C1l=R¥CQ; D2t= Q*D]1=R*DO;
R1:=R2; R2:=C2/D2;
CO0s=C1l; Cl:=C2; DO:=Dl; Dl:s=D2;
RIF® ABS(Cl) > SCF ®QOR® ABS(D1l) > SCF WTHEN®
WBEGIN® COt= CQ/SCF; Cls= C1l/SCF;
DOs= DO/SCF; Dl:= D1/SCF
"END ”"
REND®; GRGAM3= R2/A; KLGAM3= GAM = GRGAM
[}] END"
WEND" INCOMGAM;
"E JP"
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"CODE™ 35050;

WREAL™ ®PRICEDURE® TIHCBETA(X»P»QsEPS);

UYALUE"™ X,Py Qe EPS; "REAL"™ X»PsQeEPS;

"BEGIN" "INTEGER™ MsN; "REAL"™ GsFsFNsFN1yFN2sGNy GN1oGN2sDN»s PQ;
BBOOL EAN® N EVEN,RECUR;

WREALY™ “PROCEDURE™ GAMMA(X); "VALUE™ X; "REAL" X;
"CODE" 35061;

RIFM X=0Q WOQR® X=1 WTHEN® INCBETAst= X ®WELSEW
WBEGIN™ MIF" X>e5 "THEN®
"BEGINY Ftm P; Pitm Q; Qi=m F; Xi¢s leX; RECURz= ®TRUEMMEND™
WELSE" RECURt=s WRALSE";
Gi= FN2t= 0; Mt= 0; PQt= P+Q; Fte FNlt=s GNliwm GN2t= 1;
N GVEM:=s "FALSE";
UBEOR" Ns= 1,M+1 "WHILE"™ ABS((F=G)/F) > EPS "pQ"
RBEGIN® WIF® N CVEN RTHEN®
"BEGIN" Mtw M+41; DNtw MkX*(Qu=M)/(P+N=1)/(P+N) "END"
WELSEY DNiwm «Xk(P+M) *(PQ+M)/(P+N=1)/7(P+N);
Gt= F; FNt= FN1+DN*FN2; GNt= GN1+DN*GN2;
N EVEN:= “ M EVEN; Fi=s FN/GN;
FNZ2:= FN1; FNl:= FN; GN2:= GN1; GNl:s GN
"END";
Fim FHXk*kPHk(1=X)**Q*GAMMA( P+Q) /GAMMA (P +1)/GAMMA(Q);
WIF"® RECUR "THEN®™ Fis 1«F;
INCBETAs= F
"END"
WEND® INCBETA;
"EDP"

"CODE" 35051;

WPROCEDURE™ IBPPLUSN(XsP»sQs NMAXSEPS»I); RVALUE™ XsP»QsNMAX, EPS;
WINTEGER" NMAX; "REAL"™ XpP»Q,EPS; '"ARRAY"™ I3

WBEGIN" "INTEGER" M;

"PROCEDURE®™ IXQFIX(XsPsQsNMAX>EPS»I); ®WVALUE™ XsP»QsNMAXSEPS;
WREAL™ X,P»Qs EPS; "INTEGER™ NMAX; "ARRAY" I;
"CODE™ 35053;

WPROCEDURE® IXPFIX{XsP»QsNMAXsEPS»I); ®VALUE® X,PsQsNMAXSEPS;
"REALY™ XpP»Qs EPS; “INTEGER"™ NMAX; "ARRAY® I;
"CODE" 350%4;

WIFM X=0 WORW X=1 WTHEN®
"BEGIN® WFOR™ Ntw= O "STEP®™ 1 WUNTIL® NMAX #DO" I[NJ]3= X "END"
WELS Tn
MBEGIN® MIFM X <®o5 "THEN" IXQFIX(XsP»QsNMAXsEPS»I) "ELSE"
WBEGIN® IXPFIX(1=XsQsPsNMAXSEPS,I);
"FOR® Ni= O WSTEP® 1 WUNTIL™ NMAX "DO" I[NIzs 1=ILN]
nENDY
"END"
WEND® IBPPLUSN;
"EDP”
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"CODE™ 35052;

"PROCEDURE" IBQPLUSN( XsPsQsNMAXSEPSsI); "VALUE" XsP»QsNMAX,EPS;
"INTEGER™ NMAX; ®RLAL™ X»P»QsEPS; MWARRAY® I;

"BEGIN® "INTEGER™ Nj;

WPROCEDURE" IXQFIX(XsPrQsNMAXSEPS»I); "VALUE" XsPsQsNMAXSEPSS
"REAL"™ XsPsQsEPS; WINTEGER® NMAX; ™ARRAY® I
“CODE™ 35053;

"PROCEDURE™ IXPFIX(XsP» Qs NMAXs EPS»I); "VALUE" X»PsQsNMAX,»EPS;
"REAL" XsP»Q,EPS; "INTEGER™ NMAX; ®ARRAY® I;
"CODE" 350543

"I'F" x.o NOR" }(.l I'THEN"

"BEGIN' "FOR™ Nt= O "STEP® 1 ®UNTIL'™ NMAX ®"DO® TUNJts X WEND®

WELSER

NBEGINY MIFW X <me5 WTHENY IXPFIX(XsPsQsNMAX,EPS,I) WELSE™
WBEGIN" IXQFIX(1l=X»QsPsNMAXsEPSsI);

WEOR® Nt= O ®STEP®™ 1 WUNTIL®™ NMAX ®WDOM ICNJs= 1=I[N]

"END"

OIEND"

"WEND" IBQPLUSN;

wegepn

"CIDE™ 35053;

"PROCEDURE™ IXQF IX(XsPsQsNMAXsEPS»I); "VALUE™ X»PsQs NMAXs EPS;
WREAL™ X»P»QsEPS; "INTEGER™ NMAX; WARRAY®™ I;

WBEGIN® "INTEGER"™ MsMMAX; "REALY S,IQ0,IQ1,Q0;

WREAL"™ "PROCEDURE"™ INCBETA(XsP»QsEPS);
"YALUE"™ XsPsQpEPS3 "REAL®™ XsPsQsEPS;
WCODE" 350503

"PROCEDURE" FORWARD(X»PsQs105I1sNMAX,I);

"YALUE™ XsP»Qs 10, I1oNMAX; "INTEGER™ NMAX; WREAL® X,»P»QsI0sI1;
RARRAYP I3

wCODE™ 35055;

"PROCEDURE" BACKWARD(X»P»Qs 105 NMAX» EPS»I);

WVALUE® X»PsQsI0sNMAXs EPS; WINTEGER™ NMAX; WREAL® X»sPsQ» IOSEPSS
WARRAY® I;

wCODE" 350563

M:= ENTIER(Q); S3= Q=M; QOt= WIF® S>0 WTHENW 5 WELSE™ S+1;

HMAXt=s "IF® S>0 "THEN® M WELSE® Mw]l;

IQ0:= INCBETA(XsP5Q0,EPS);

WIF" MMAX>0 "THEM"™ IQls= INCBETA(XsP»QO0+1sEPS);

WBEGIN® WARRAY? IQLOSMMAXI;
FORWARD(X»P»Q0,IQ0»IQLlsMMAX,1IQ);
BACKWARD (Xs P» Qs TQLMMAX 15 NMAX» EPS»1)

"EN D"

WENMD™ IXQFIXS

NEOPN

17
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"CODE" 35054

mPRAOCEDURE™ IXPFIX(Xs» PsQsNMAXsEPSsI); "VALUE™ X»Ps Qs NMAXs EPS;
MREAL® X,P,Q, EPS; WINTEGER® NMAX; ®WARRAYM I;

nBEGIN" "INTEGER™ M,MMAX; "REAL™ S,P0,10,11,120,1Q1;

WREAL"™ "PROCEDURE" INCBETA(X,P»Q,EPS);
"YALUZ" XsP»QsEPS; "REAL" X»P»Q EPS;
WCODE® 350503

WPROCEDURE"™ FORWARD(XsP»QsI0»I1sNMAX,I);

"VALUE™ XsPsQsI0,I1oNMAX; "INTEGER™ NMAX; "REAL" X»PsQs 10,113
WARRAY® I3

"CODE" 350553

nPROCEDURE™ BACKWARD(XsP»Qs I0s NMAX,EPS,I);

"YALUE™ X»P»QsI0sNMAXs»EPS; MINTEGER™ NMAX; "REAL® X»P»Qs IQSEPS;
"ARRAY" I;

wCODE"™ 350563

Mt= ENTIER(P); St= P=M; POt= WIF® S>0) ATHEN® S WELSEW S+1;
MMAXts NIF® S>0 "THEN® M "ELSEY" M=1;
I0:= INCBETA(XsPO»QrEPS);
11:= INCBETA(X»P0»Q+1,EPS);
NBEGIN® WARRAY™ IP[OIMMAX];
BACKWARD (X» PO» Qs IC o MMAX»EPS,IP); IQ0:= IPCMMAXI;
BACKWARD(Xs POs Q+ 151 1o MMAX» EPS»TIP); IQl:= IPLMMAX]
WEND™
FORWARD(XsP»QsIQD»IQLoNMAX,I)
WEND™ IXPFIX;
"EDP"

#CNDE" 35035;
"PRAOCEDURE™ FORWARD(X»P»QsI0,I1,NMAX,I);
WYALUE™ XsPsQsI0s11sNMAX; "INTEGER™ NMAX; "REALM™ X»P»Qs 10,113
WARRAY" I;
WBEGIN® WINTEGER™ MsM; “REAL"™ Y,R»S;
If01z= I0; "IF™ NMAX > O "THEN" I[11:= I1;
M:=s NMAX=1l; R:=s P+Qwl; Yis l=X;
BEOR® Nt= ) WSTEP™ 1 WUNTIL™ M ®wDQW
"BEGIN™ St:m (N4R)*Y;
I[N+11:= ((N+Q+S)*I[NJ=S*I[N=1])/7(N+Q)
NEND "
WEND®™ FORWARD;
wEQgpn
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wCcnbe" 350563
"OROC GDURE" BACKWARD(X» 2y Qs 05 NMAX, cPS»T) ;5
MVALUS® XsP»QsIUsNMAX, EPS; NINTEG:ZRM™ NMAX; M™RcAL™
"ARRAY" I;
WBEGIN® "INTTGERY Myil,NU; "REAL™ R,PQ5Y,LNOGX;
"ARRAY" IAPPROX[O:NMAX];
ICGYs= I0; MIF™ HMAXDO "THEN®
"BEGINYMFOR® Nz= 1 "STEP® 1 "UNTIL™ NMAX wDO"
PQ:= P+Q=1; LAOGX:s LN(X);
R3= NMAX+(LN(LP3)+Q*LN(NMAX))/LOGX;
HUt = ENTIER (R=Q*LN(R)/LOGX);
L1 Ni= MlJ; Rim X3
L2 Via (N+PQ)*X; Ri= Y/ (Y+(N+P)*(1=R));
PIF® N<= NMAX "THEN" I[N]ts R; Niw Ne=l;
WIF" N >= 1 "THEN" "GOTO™ L2; R:= IO;

PAGE 19

XsP»Qr IUSEPS;

IAPPROXINl:= 03

WEJIR™ Ni= 1 "STEP"™ 1 M"UNTIL"™ NMAX "D3" Ri= L[N1r= IONI*R;

TFOR® Nt= 1 MSTCP™ 1 WUNTIL® NMAX ™DO®

"IF" ABS((IL[HI=IAPPROXIN]) /ILN]1) > EPS ®“THEN"

WBCZGIN® "FORM™ M:m L M"STEPW 1 "UNTIL" NMAX

npQon

IAPPRIX[MIs= I[MI; NUs= NU+5; "GOTO" L1

"END®
nENDY
MEMD" BACKWARD;
'IEUP"
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AUTHOR: SePeNe VAN KAMPEN,
INSTITUTE: MATHEMATICAL CEMTRE.
RECEIVED: 740410,

BRIEF DESCRIPTION:
THIS SECTION CONTAINS FIVE PROCEDURES:

A) THE PROCEDURE ERRORFUNCTION COMPUTES THE ERROR FUNCTION AND
COMPLEMENTARY ERROR FUNCTION FOR A REAL ARGUMENTs IoEe
ERF(X) = 2 / SQRT(PI) * INTEGRAL FROM O TO X OF EXP(=T #*% 2)DT
AND
ERFC(X) = 2 / SQRT(PI) * INTEGRAL FROM X TO INFINITY OF
EXP(=T %% 2)DT
= ] e ERF(X},
(SEE EoGe [1] EQo 7Telel AND 7sl1le2);
THESE FORMULAS ARF RELATED TO THE NORMAL OR GAUSSIAN PROBABILITY
FUNCTION:
P{X) = 1 / SQRT(2 * PI) * INTEGRAL FROM = INFINITY TO X OF
EXP(=T *% 2 / 2)DT
= (1 4+ BERF(X / SQRT(2))) /7 2
AND
aix) = 1 / SQRT(2 * PI) #* INTEGRAL FROM X TO INFINITY OF
EXP(=T #®% 2 7 2)0T
s ERFC(X / SQRT(2)) /7 2.
(SEE EeGoe [1) EQe 2662e25 260263 AND 26.2.29).

B) THE AUXILIARY PROCEDURE NONEXPERFC COMPUTES
EXP(X #% X) * ERFC(X)o

C) THE PROCEDURE INVERSE ERROR FUNCTION CALCULATES THE INVERSE OF
THE ERROR FUNCTION DEFINED BYs
Y = INVERF(X)»
WHERZ
X = ERF(Y) =
= 2 / SQRT(PI) * INTEGRAL FROM O TO Y OF EXP{(=T *% 2) DT»
(SEE THE PROCEDURE ERRORFUNCTION (THIS SECTION) )e

D) THE PROCEDURE FRESNEL CALCULATES THE FRESNEL INTEGRALS C(X) AND
S(X) DEFINED BY
C{(X) = INTEGRAL FROM O TO X OF COS(PI / 2 * T # T)DT
AND
S(X) = INTEGRAL FROM O TO X OF SIN(PI /7 2 * T % T)DT
(SEE (11 £EQe 7636l AND 74342);
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E) THE AUXILIARY PROCEDURE FG CALCULATES F(X) AND G(X) DEFINED BY
F(X) = (0e5 = S(X))ICOS(PI 2 ¥ X * X) =
2 ¥ X * X)
2
2

(065 == CIX))ISIN(PI

~~

AND
G(X) = (0e5 = C(X))COS(PI /
(05 = S(X))SIN(PI /
(SEE [1] EQe Te3e5 AND T7e3e5)e

* X & X) +
* X % X)

KEYWORDS$
ERROR FUNCTION,
COMPLEMENTARY ERROR FUNCTIQON»
NORMAL PROBABILITY FUNCTION,
GAUSSIAN PROBABILITY FUNCTION,
FRESNEL INTEGRALS»
INVERSE ERROR FUNCTION.
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SUBSECTION: ERRORFUNCTION.

CALLING SEQUEMCE:

THE HEADING OF THE PROCEDURE READS 2
WPROCEDURE™ ERRURFUNCTION(X» ERF» ERFC);
OVALUE™ X; "REAL"™ X, ERF, ERFC;

THE MEANING OF THE FORMAL PARAMETERS IS
X: <ARITHMETIC EXPRESSION>;

ENTRY: THE (REAL) ARGUMENT OF ERF(X) AND ERFC(X);
ERF3 <VARIABLE>;

EXITs THE VALUE OF ERF(X)»
ERFC: <VARIABLE>;
EXIT: THE VALUE OF ERFC(X)e

PROCEDURES USEDs NOINEXPERFC = CP35022,
RUNNING TIME: ABOUT 0,001 100 SECe
LANGUAGE: ALGOL 60,

METHOD AND PERFORMANCE:

SEE METHOD AND PERFORMANCE OF NONEXPERFC (THIS SECTION).
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SUBSECTION: NONEXPERFCe

CALLING SEQUENCE:

THE HEADING OF THE PROCEDURE READS :
WREAL™ ®WPROCEDURE™ NONEXPERFC(X); "VALUE" X; ®REAL®™ X3

NONEXPERFC DELIVERS THE VALUE OF EXP(X * X) * ERFC(X)3

THE MEAMING OF THE FORMAL PARAMETERS IS @
X3 {ARITHMETIC EXPRESSIOND;
ENTRY: THE (REAL)} ARGUMENT OF NOMEXPERFCs

PROCEDURES USED: ERRORFUNCTION = CP35021s
RUNNIMG TIMEs ABOUT 0,000 900 SECs
LANGUAGE: ALGOL 60.

METHOD AND PERFORMANCE:

IF ABS(X) <= 05 THE VALUES OF ERF(X) AND ERFC(X) ARE COMPU
THE PROCEDURE ERRORFUNCTION BY MEANS OF RATIONAL CHE
APPROXIMATION AS GIVEN IN T[2]e ON THIS INTERVAL THE VA
NONEXPCRFC(X) = EXP(X * X) #* ERFC(X) IS COMPUTED BY CALLIN
PROCEDURE ERRORFUNCTION.

IF ABS(X) > 0e5 THE VALUES OF ERF(X) AND ERFC(X) ARE COMPU
CALLING THE PROCCDURE NONEXPERFC», WHILE THE VALUE OF NONEXPE
IS COMPUTED BY MEANS OF RATIONAL CHEBYSHEV APPROXIMATIONS AS
IN [2]1,

THE COMPUTED VALUES OF ERF(X) AND ERFC(X) ARE COMPARED WITH

PRECISION VALUES USING 4000 PSEUDO=-~RANDOM ARGUMENTS. IT AP
THAT ERF(X) IS COMPUTED WITH AN AVERAGE RELATIVE ERROR 1.
AND A MAXIMUM RELATIVE ERRDOR 1635"=1l4,

IFX < 6 ERFC(X) IS COMPUTED WITH AN AVERAGE RELATIVE

8,87"=15 AND A MAXIMUM RELATIVE ERROR 1,55"=13,

IF X <= 26 ERFC(X) IS COMPUTED WITH AN AVERAGE RELATIVE

5eT1lW=1l4 AMND A MAXIMUM RELATIVE ERROR 2,70"=12.

IF X > 26 ERFC(X)=0, BECAUSE IN THIS CASE ERFC(X) IS LESS TH
SMALLEST REPRESENTABLE POSITIVE NUMBER ON THE CD CYBER 73=28,
FOR THIS REASON IT IS ADVISABLE TO COMPUTE FOR X > 26 NONEXPE
INSTEAD DOF ERFC(X)e

IF X € =262 THE PRNCEDURE NONEXPERFC WILL BE TERMINATED ABNO
BY CAUSE OF OVERFLOWe

REFERENCES: SEE REFERENCES [1] AND (21 OF THE PROCEDURE FG (THIS
SECTION),

PAGE

TED IN
BYSHEV
LUE OF
G THE
TED BY
RFC(X)
GIVEN
HIGHER
PEARED
93n=)5
ERROR
ERROR
AN THE
RFC(X)

RMALLY
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EXAMPLE OF USE: -

WE COMPUTE THE VALUES OF
ERF(1) = 0084270 07929 49714 86935
CRFC(1) = 0,15729 92070 50285 1307
AND NONEXPERFC(100) =
EXP (100 # 100) * ERFC(100) = 05416 13782 89843 2905"=2;

PBEGIN®
"PROCEDURE"™ ERRORFUNCTION(Xs ERF, ERFC); ™CODE™ 350213
“REAL® wPROCEDURE™ NONEXPERFC(X); ®CODE™ 35022;

PREAL" ERFy, ERFCs P

ERRORFUNCTINN(1, ERF» ERFC);
P:= NONEXPERFC{100);
QUTPUT (61, m(nn(n ERF(1) = ")", +D.50B5DB5Ds /»
n(m ERFC(1) = m)", +D,5DB5DB5Ds /»
n(m NONEXPERFC(100) = ")%, +,5DB5DB5D"+D¥ )%,
ERF» ERFC» P);
ngENDY

THIS PROGRAM DELIVERS:
ERF(1) = +0+84270 07929 49710

ERFC(1) = +0,15729 92070 50280
NONEXPERFC(1UD) = +,56416 13782 98940%=2,
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SUBSECTION ¢ INVERTE ERROR FUNCTION.

CALLING SEQUENCE:

THE HEADING
" PROC EDURE™

OF THE PROCEDURE READS:
INVERSE ERROR FUNCTION( X, ONEMINX» INVERF);

"VALUE" X» ONEMINX; ®REAL®™ X, ONEMINXs, INVERF;

THE MEZANING

OF THE FORMAL PARAMETERS IS :@

X: <ARITHMETIC EXPRESSIOND;
ENTRY ¢

THE ARGUMENT OF THE FUNCTION INVERF;

IT IS NECESSARY THAT =1 < X < 13

IF  ABS(X) > Qe8 THE VALYUE OF X IS NOT USED IN THE
PROCEDURE;

ONEMINXt <ARITHMETIC EXPRESSION>;
ENTRY:

IF ABS(X) <= 0.8 THE VALUE OF ONEMINX IS NOT USED IN
THE PROCEDURE; IF ABS(X) > 0e8 ONEMINX HAS TO CONTAIN
THE VALUE OF 1 - ABS(X); IN THE CASE THAT ABS(X) IS IN
THE NEIGHBOURHOOD OF 1s CANCELLATION OF DIGITS TAKE
PLACE IN THE CALCULATION OF 1 = ABS(X); IF THE VALUE
1=ABS(X) IS KNOWN EXACTLY FROM ANDTHER SOURCE, ONEMINX
HAS TN CONTAIN THIS VALUEs WHICH WILL GIVE BETTER
RESULTS;

IMVERFs <VARIABLE>;
EXITs THE RESULT OF THE PROCEDURE.

PROCEDURES USFD:

CHEPOLSER = CP31046,

RUNNING TIMEs ABOUT 0,003 800 SEC,

LANGUAGE: ALGOL

60
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METHOD AND PERFORMANCE::

THE FUNCTION VALUE INVERF IS CALCULATED ON DIFFERENT INTERVALS BY
MEANS OF CHEBYSHEV POLYNDMIALS, OF WHICH THE CDEFFICIENTS ARE GIVEN
IN (13
ON THE COMPUTED RESULTS WE USED THE TESTS:

EPSl:= ABS(ERF(INVERF(X)) /7 X = 1),

EP32:= ABS(IMVERF(ERF(Y)) / Y = 1),

EPS38s ABS((1l = ERF(INVERF(l = X))) /7 X = 1)
IF ABS(X) < 0,9 UPPER BOUNDS FOR EPS1 AND EPS2 ARE 7ol"=15 AND
401%~14 RESPe
IF 069 < ABS(X) < 1 CANCELLATION OF DIGITS TAKE PLACE IN THE
CALCULATION OF 1 = ABS{X)e THIS CANCELLED DIGITS ARE ALSO LOST IN
THE RESULTs IF THE VALUE OF 1 = ABS(X) IS KNOWN EXACTLY AND GIVEN
IN ONEMINX » EPS1 AND EPS2 HAVE THE SAME UPPER BOUND AS BEFORE.
IF ABS({X) <= 0¢99 AND THE VALUE OF 1 = ABS{X) IS KNOWN EXACTLY
EPS3 K= 3667=14,
FOR "=300 <= 1 = ABS(X) < "=2 WE FOUND EPS3 <= 2,2%=ll,

REFERENCES®

1o ANTHOMNY Jo STRECOK,.
ON THE CALCULATION OF THE INVERSE OF THE ERROR FUNCTIONe
MATHe OF COMPes» Ve 22» 1968, PPl44 = 158,

EXAMPLE OF USE:®

IN THE FOLLOWING PROGRAM WE COMPUTE THE VALUES OF INVERF(0.6) AND
INVERF{l = "=150)3

RBEGIN®
WPROCEDURE™ INVERSE ERROR FUNCTION(X» ONEMINX, INVERF);
"CODE" 35023;

RREAL® INVERF1l, INVERF2;

INVERSE ERROR FUNCTION(Qe6, 0Os INVERFL);
INVERSE ERROR FUNCTION{(1l, "=150, INVERF2);

QUTPUT( 61, (0w (» X = %)%y, $DeDp "(M 1 = X = ")H, +De3D"+2ZDs
w{n INVERF = ")", +,5DB5DB5D"+Dy /%)%,
0obs Oe4» INVERFL);
QUTPUT(61,W(RR(R X = W)8y, 4DeDs W(® L = X = W)W, 4+D3D"+21Ds
® (% INVERF = ®)u, +,5DB5DB5D"+Ds /%)%,
1 = "=150, "=150, INVERF2)
REND®

THIS PROGRAM DELIVERS:

X ® $0e6 1 = X = +4,000" =1 INVERF = 4,59511 60814 50000"+0
X = 41,01 = X = +1,0007=150 INVERF = +,18490 44855 D0090%+2
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SUBSECTION: FRESNEL.

CALLING SEQUENCE:

THE HEADING OF THE PROCEDURE READS 3
"PROCEDURE™ FRESMEL(Xs C» S); WVALUE® X3 ®REAL®™ X» C» S3;

THE MEANING OF THE FORMAL PARAMETERS IS 3

X1 <ARITHMETIC EXPRESSIOND>;

ENTRY: THE (REAL) ARGUMENT OF C(X) AND S(X);
C: <VARIABLE>;

EXIT: THE VALUE OF C(X)3;
S3 <VARIABLE>;

EXIT: THE VALUE OF S(X)e
PROCEDURES USED: FG = CP35028,
LANGUAGE: ALGOL 60e

METHOD AND PERFORMANCES
SEE METHOD AND PERFORMANCE OF THE PROCEDURE FG (THIS SECTION),

REFERENCES
SEE REFe [1] AND [3] OF THE PROCEDURE FG (THIS SECTION).
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SUBSECTION? FGe -

CALLING SEQUENCE:

THE HEADING OF THE PROCEDURE READS 1
"PROCEDURE™ FG(Xs Fp G); P"VALUE®™ X; "REAL™ Xs F»s G;

THE MEAMING OF THE FORMAL PARAMETERS IS @

X3 <ARITHMETIC EXPRESSIOND>;

ENTRY: THE (REAL) ARGUMENT OF F(X) AND G(X);
Fs <VARIABLE>;

EXIT: THE VALUE OF F(X);
Gs <VARIABLE>;

EXIT: THE VALUE OF G(X)e

PROC EDURES USED: FRESMEL = CP35027.

RUNNING TIME:

ABOUT 0,001 400 SEC.

LANGUAGE: ALGOL 606

METHOD AMD PERFORMANCE:

IF ABS(X)
CHEBYSHEV
FUNCT IONS
THE BRIEF
IF ABS(X)
CHEBYSHEV
INTEGRALS

<m 1,6 THE FRESNEL INTEGRALS ARE COMPUTED WITH RATIOMAL
APPROXIMATIONS AS GIVEN IN [33e ON THIS INTERVAL THE
F AND G ARE CALCULATED BY MEANS OF THE EQUATIONS GIVEN IN
DESCRIPTION, '

> 1¢6 THE FUNCTIONS F AND G ARE COMPUTED WITH RATIONAL

APPROXIMATIONS AS GIVEN IN [31., IN THIS CASE THE FRESNEL

ARE COMPUTED BY MEANS OF

C(X) = 0e5 + F(X)SIN(PI 7 2 * X * X) = G(X)COS(PI / 2 * X * X)

AND

S{X) = De5 = F(X)COS(PI /7 2 % X % X) = GI(X)SIMN(PI /7 2 % X % X)oe

IF X < 0 WE USE THE RELATIONS

C {=X)

s =C{X)s S(=X) = =5(X}s Fi=X) » =F(X) AND G{=X} = =G(X),

THE FUNCTION VALUES ARE COMPUTED WITH A RELATIVE PRECISION OF
ABOUT "=lé,
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REFERENCES?

[11eMa ABRAMOWITZ AND I6A»STEGUN (EDs)e
HANDBOOK OF MATHEMATICAL FUNCTIONS.
DUVEK PUBLICATIONSs INCes NEW YORKs 1965,

[21eWeJs CODY,
RATIONAL CHEBYSHEV APPROXIMATIONS FOR THE ERROR FUNCTION,
MATHe COMPe Ve 235 1969, PP631=637,

[3]1eWedoCNDYe
CHEBYSHEV APPROXIMATIONS FOR THE FRESNEL INTEGRALSe
MATHe COMPs Ve 22» 1968, PP&450=453,

EXAMPLE JF USE:

IN THE FOLLOWING PROGRAM WE COMPUTE THE VALUES OF C(X)» S{(X)» F(X)
AND G(X) FOR X = 13

"BEGIN®
"PROCEDURE™ FRESNEL{X» C» S); RCODEM 35027;
WPROCEDURE®™ FG(Xs F» G); "CODE™ 350283
WREAL" C» S5 Fs G3

FRESNEL(1s C» S)3
FG(ls Fs G)3

QUTPUT(61, m(mn(m C(1) = n)u, +,5DB5D,
" (n S(1) = ") +4,5DB50, /)%y, C» S)3
ODUTPUT (61, ®(®R(n F(1) = #)%, +,5DB5D,s
nww G(1l) = ")%, +,5DB5D"}"™y Fys G)
IIEND "

THIS PROGRAM DELIVERS:

C(1l) = #o77989 34004 S(1) = +,43825 91474
F(1l) = +427989 34004 G(l) = +,06174 08526



SECTION : 067

SOURCE TEXT(S) 3
"CODE® 35021;

(OCTOBER 197%)

"PROCEDURE™ ERRORFUNCTION(Xs
WYALUE® X; ®REAL™ X, ERF» ERFC;
"IF® X > 26 WTHEN"® "BEGIN" ERF:=

WBEGIN"™ "REAL"™ ABSX», C»

"REAL® %WPROCEDURE®™ NONEXPERFC(X);

ABSX3= ABS(X);

Py Q3

WIFY ABSX <= 0,5 "THEN"

WBEGIN® Ci= X % X;

Ptes ((=0,35609 84370 18154"=1 #* (
069963 83488 61914"+1l) * C + 0021979 26161 82942%+2) * C

00 24266 T9552 30532"+3;

Q= ({C +

0015082 79763 04078%+2)

0021505 88758 69861"+3;

ERF:= X % P / Q3

WEND® WELSEW

13
NIF® X € =55 UTHEM" "BEGIN™ ERF3= =];

ERF» ERFC);

wCODE®™ 35022;

ERFCt= 1 = ERF

WBEGIN® ERFC:s EXP(=X % X) * NONEXPERFC(ABSX);

ERF:a 1 = ERFC;

WIF® X < O MTHEN®

“BEGIN™ ERF3= =ERF;

WEND®
WEND®" ERRORFUNCTION;
nEopw

"CODE™ 350233

WPROCEDURE™ INVERSE ERROR FUNCTION(X»
RBEGIN™ ®REALY ABSXs P, BETAX;

WREALT™ ®ARRAY® A[O = 2313

“REAL"™ "PROCEDURE"™ CHEPOLSER(Ns X»o A);

ABSXz= ABS(X)3;

ERFC3= 2 = ERFC "END™

ONEMINX» INVERF);
"WALUE" X, ONEMINX; P"REAL® X, ONEMINXs INVERF;

®CODE™ 31046;

PAGE 11

ERFCz= 0 “END®™ “ELSE®
ERFCs= 2 WENDY WELSE™

+
+

* C + 091164 90540 451497"+2) % C +

WIF® ABSX > 0e8 WAND™ ONEMINX > Qo2 "THEN" ONEMINX:= Q;
WIFT® ABSX <= Qs8 "THEN"

WBEGIN®™
Al 01s= 0.99288
Al 21:= 0601607
Al 413= 0,00049
Al 613= 0,00002
AL 81:= Q,00000
AL101s= 0,00000
AC1213= 0,00000
All4313= 0,00000
ALl61:= 0,00000
AL181:= 0.00000
AL20]3= 0,00000

53766
81993
96347
03918
09380
00461
00023
00001
00000
00000
00000

18941;
42100;
30236;
127663
814133
59699;
715015
25549;
067953
003743
000213

INVERF¢=» CHEPOLSER(21, X #* X

!lEND " llEL SEN

WIFY ONEMINX >s 25%=4 WTHEN®

" BEG IN®

Al 131:= 0612046
Al 31:= 0,00268
ALl 51:= 0,00009
AL 71t= 0,00000
AL 91:= 0,00000
AC1ll:= 0,00000
All31s= 0,00000
A{151:= 0,00000
Al1713:= 0,00000
AC19]:= Q,00000
AL2113= 0,00000

75161
67044
88982
43272
02067
00104
00005
00000
00000
00000
00000

/ 0632 = 1o A) * X

431043
371623
18599;
71618;
347205
166803
439283
291383
015913
000883
000053

mCOMMENT®
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AL 0l:= 0,91215 8803%
Al 2]1:= 0.,00043 35564
Al 41:= (0,00000 26257
Al 6]1t= =0,00000 00124
AL 81:1= =0,00000 00005
AL101:= 0,00000 00000
Al121:= ~U,00000 00000
ALl413=  0,00G000 00000
BETAX:= SQRT(= LN((1 +

INVERFi=s "WIF® X <« O "THEN® = BETAX

NEND® WELSE®

1977)

17554;
72949;
510763
0606235
40125;
34384;
014583
000533

AC151s=

=0601626
0.,00021
=0, 00000
0.,00000
=0,00000
000000
«0,00000
0.,00000

ABSX) * ONEMINX));
P:m =],54881 30423 7326 * BETAX + 2656549 01231 4782;
Pt= CHEPOLSER(15, P» A)3

WIEN ONENINX >= 5"=l6 WTHEN®

NBEGIN®
AL 01t= 0.,95667 97090
AL 213= =0,00437 42360
Al 4]3= «0,00001 09610
Al 613= 0,00001 05623
AL 81:= 0,00000 04324
A[10):= ~0,00000 00438
All1213= =0,00000 00039
Al143t= 0,00000 00002
AL161:= 0,00000 00000
All813= «~0,00000 00000
AL2013= =(,00000 000QGO
AL22]1:= 0,00000 00000
BETAX:= SQRT(= LN((1 +

WENDY MWELSC"™ “IF" ONEMINX >=

MBEGIN®
AL 0J:= 0698857 50640
Al 2]:= =0,00175 11651
Al 41t= 0,00001 56648
Al 612= =0,00000 00371
AL 81:= =(,00000 00001
A[101:= 0,C0000 00000
Al1213= =0,00000 00000
BETAX:= SQRT(= LN((1 +

WENDY MELSE™ INVERFs= SIGN(X) * 26

"END" INVERSE ERROR FUNCTION;
nzopn

204933
975083
22307;
36068;
84498;
91537;
91289;
729233
31834;
020363
002203
00014;

Al 11z=
Al 31:=
ALl 513=
Al 713=
AL 91:=
Alll]l:z=
Af13]1:=
Al[151:=
Al17]1:=
Al1913=
Al21]1=
AC23]z =

=0,02310
=0,00057
0,00002
0,00000
=0 00000
=0 00000
=0, 00000
000000
0,00000
=0,00000
=0,00000
000000

ABSX) * ONEMINX));
Pt= =0,55945 76313 29832 * BETAX + 2628791 57162 63363
Ps= CHEPOLSER(23, P» A);
INVERF2=m nIFn X < O WTHEN" = BETAX * P "ELSE™ BETAX * P

66189;
027633
71404 ;
35790 ;
76812;
00380;
00009;

Al 11:=
AL 3]:=
Al 513=
AL 71:=
Al 91:=
ACll13=

3013 "=294 MTHEN"

0,01085
0,00002
=0 00000
0000000
=0,00000
=0+00000

ABSX) * ONEMINX));
P:s =9,19999 23588 3015 / SQRT(BETAX) + 2.79499 08201 2460;
Ps= CHEPOLSER(12» P» A)j;
INVERFs= ®IF® X < O "THEN®™ - BETAX % P ®“ELSE®" BETAX * P

62818
44385
30210
00624
00014
00000
00000
00000

70043
65034
51085
27544
00205
00176
00001
00001
00000
00000
00000
00000

77051
11969
05190
00012
00000
00000

PAGE 12
H

676643
70074
910503
06609;
23208;
33584;
00810;
000203

* P MELSE"™ BETAX * P

09065;
226513
470253
123303
30337;
84010
869323
32817;
01670;
00965 ;
00010;
000063

84599;
93207;
41687;
174313
11937;
000663
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RCODE® 350225

(OCTOBER 19

WREAL" "PROCEDURE"™ NONEXPERFC(X); ®V
"BEGIN™ "REAL™ ABSX, ERF» ERFC», Cs P
"PROCEDURE®™ ERRORFUNCTION(X», ERFs ERFC); WCODE®

ABSXz= ABS(X)3;
ABSY 43 (o5

WIFn

UTHEN®

74)

ALUE®" X; "REAL®
s Q3

"BEGIN® ERRORFUNCTION(X» ERFs ERFCI3
NONEXPERFCt= EXP(X * X) # ERFC

WEND® WELSEC™

WIF® ABSX < 4

MWBEGIN® Ci=
0656419
0043162 22722
033932
(30045
Q= ((CLL(C +
0s12782 72731
027758 54447
0093135 40948
06 30045 92609

"THEN"

Pi= (({L((
78974"+0) * C

(=0s13686 48573
+ 0.,72117 58250

20567"+2) * C + 0,15298 92830

34344743) * C
201627+3;

96294"+2 )
43988%+3)
50610"+3)
56983%+3;

* * ¥

C
c
C

NONEXPERFCs= "IF® X > 0 "THE
EXPIX # X) # 2 = P / Q

WEND® WELSEY
WBEGIN® C:=» 1 / X
0,27866 13086
049473 09106
Q:= (((C +
019873 32018
0,19130 39261
3a (C % (=P)

"ENDR

WEND® NONEXPERFC;
nEopn

WCODE" 35027;

/7 X; pim (
09648%=0) * C

+ 045191 89537

+

0. 77000 15293
063898 02644
+ 0,79095 09253

+

N* P /7 Q "ELSEY

((0s22319 24597
+ 0622695 65935

23251%=1) #* C + 0,29961 07077

17135%+1) * C
07830%+0) * C
/ Q + 0,56418

WPROCEDURE® FRESNEL(X» C» S)3 ®VALUE

WBEGINY ®REAL™ ABSX,

X3s X4 Ap Ps Q

"PRACEDURE™ FG(Xs Fs» G); "CODEY

ABSX3= ABS(X);

"IF® ABSX <= 1,2 WTHEN®

WBEGINY As= X * X; X33= A * X5 X
P {((5,47711 38568 2687"=6
* X4 ¢+ 176193 95254 3491%=2

* X4 + 13

Q3= (((1,18938 90142 2876%=7
* X4 + 109957 21502 5642"=3

* X6 + 13

C:m X &% P / Q3

P2m (((6471748 46662 5141"=7
* X4 + 3,87782 12346 3683%=3
* X& + 5,23598 77559 8299%=]

+ 010516 75107
+ 0,10620 92305

PAGE 13
X3
350215
8271 7%=6 * C +
88309%+1) * C +
46940"+3) * C +
11873%+3) * C +
52295%+2) * C +
656317+3) * C +
27898"+3) # C +

34185%=1 % C +
39687%=0) * C +
03542"=23

06793%+1) * € +
2846 8%=]13

95835 47756) / ABSX;
NONEXPERFCz2= wIF™ X > O "THEN™ C MELSE"™ EXP(X % X) *# 2 = C

B X3 ®WREAL®™ X
s F» Gs Clp, S1;
3%5028;

bim A * A;

% X4 = 5,28079
)} % X4 = 1,99460

Cr S$3

65137 2623"=4)
89882 6184%=1)

# X4 + 1055237 88527 6994"=5)

) ¥ X4 + 4,72792

11201 0453%=2)

# X4 = Bo45557 28435 2777"=5)

) ¥ X4 = 7,07489

e
2

91514 4523%=2)
WCOMMENT®
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Qim (((5,95281 22767 8410"=8 * X4 + 9,62690 87593
* X4 + 8417091 94215 2134%=4) % X4 + 4,11223 15114
* X& + 1;
St= X3 *x P / Q

MENDNW WELSEW

WIF" ABSX <= le¢6 "THEN®

"BEGIN® At= X % X; X33= A % X3 X4t=m A % Aj

Pla(({((=5,68293 31012 1871"=8 * X4 + 1.,02365 43505
* X4 = 6071376 03469 4922%"=4) * X4 + 1.91870 27943
* X4 = 2407073 36033 5324"=1) * X4 + 1,00000 00000
Q= ((((4.41701 37406 5010"=10 * X& + B.77945 37789
* X4 + 1,01344 63086 6749%=5) * X4 + T7.88905 24505
* X& + 3,96067 49695 2323%"=2) * X4 + 1;

Cia X * P / Q3

Pe= (({(=5,76765 81559 3089"=9 * X4 + 1,28531 04374
* X4 = 1509540 02391 1435%"=4) * X4 + 4430730 52650
* X4 = 7437765 91401 0191"=2) * X4 + 5,23598 77559
Qt=((((2,05539 12445 8580P=10 * X4 + 5.,03000 58124
* X4 ¢ 6,87086 26571 8620"=6) * X4 + 6018224 62019
* X4 + 3553398 34276 7472"=2) * X4 + 1;

Si= X3 * P / Q
WENDW ®MELSEW
WIFY ABSX < "15 WTHEN®
"BEGIN™ FG(Xs Fs» G);
Az= X * X;
Asm (A = ENTIER(A / 4) * 4) * 1,57079 63267 9490;
Cl:= COS{A); Sl:= SIN(A);
Arm OIF® X £ O "THEN" =005 "ELSE" 065;
Ce= F % S1 = G * Cl + A;
Stm =F % C] = G % S1 + A
M"END® YELSE" C3= Sim SIGN(X) * 065

WEND" FRESNEL;

mEQP®

"CODE" 35028;
"PROCEDURE"™ FG(Xs Fp G)3 "VALUE™ X3 "REAL® X, F» G;
WBEGIN® MREAL® ABSXs C» S» Cls Sls Ap XINVs X3INV, Cés Ps

"PROCEDURE™ FRESNEL(Xs Cs S); ®CODE®™ 350273

ABSXt= ABS(X);

BIF® ABSX <= 1.6 WTHEN®

WBEGIN® FRESNEL(Xs» Cs S);
Asm X % X % 1,57079 63267 94903 Cl:= COS(A); Sl:=
At= BIF® X £ 0 WTHEN® =05 ®ELSE® 0,5;
Pta A = C; Q3= A = S3;

:-Q*Cl-P*SI;

Gs:= P * C1l + Q * S1

REND® ®E| SER

WIF" ABSX <= 1,9 "THEN®

WBEGIN® XINVe= 1 / X; A:= XINV * XINV;
X3INV:e A * XINV; C4ts A % Aj

PAGE 14
3

90 34" =p)
2384 "=2)

6106%=5)
1747%=2)
0111"+03
2369%=8)
2360"n=4)

2725%=6)
43671=3)
8 344"=1;
6612%=8)
5473%=4)

SIN(A)3

WCOMMENTY
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3
Pt= (((1le35304 23554 0388%+1 * C4 + 6,98534 26160 1021%+1)
¥ C4 + 4480340 65557 7925"+1) * C4 + B8,03588 12280 3942"+0)
¥ C4 + 3,18309 26850 4906"=1;
Q:= (((6655630 64008 3916"+1 * C& + 2,49561 99380 5172"+2)
* C4 + 1e57611 00558 0123M+2) * C4 + 2655491 A1843 57957+1)
* C4 +1;
F:= XINV * P / Q;
Pis(({(2,05421 43249 8501"+1 * C& + 1,96232 03797 1663M+2)
* C4 + 1,99182 81867 8903"+2) * C4 + 5,31122 81348 0989"+1)
* C4 + 4044533 82755 0512"+0) * C4 + 1001320 61881 0275%=1;
Q:=((((1e01379 48339 HK0O3"+3 * C4 + 3,48112 14785 6545"+3)
* C4 + 2054473 13318 1822%+3) * C4 + 583590 57571 6429"+2)
* C4 + 4453925 01967 3689m+1) * C4 + 1;
G:= X3INV * P / Q
"END" ” EL SEII
RIF® ABSX <= 2,4 "THEN"
"BEGIN" XIMV:=s 1 / X; A= XINV * XINV;
X3INV:= A % XINV; Cé:= A * A;
Pea((((7e17703 24936 5140042 % C& + 3,09145 16157 4430"+3)
* C4 + 1,93007 64078 6716"+3) * C4 + 3,39837 13492 69841+2)
* Ch + 1695883 94102 1969"+1) * C4 + 3,18309 88182 2017"=1;
Q= ((((3,36121 69918 0551"+3 * C4 + 1.09334 24898 8809%+4)
* C4 + 6,33747 15585 1144"+3) * C4 + 1,08535 06750 0650"+3)
* C4 + 6518427 13817 2887"+1l) * C4 + 13
F:=s XINV * P / Q35
P3=((((3,13330 16306 8756W+2 * C4 + 1.59268 00608 5354%+3)
* C4 + 9,08311 74952 9594%"+2) * C4 + 1640959 61791 1316"+2)
* C4 + 711205 00178 9783"+0) * C& + 1,01321 16176 1805%=]1;
Q= ((((1,15149 83237 6261"+4 * C4 + 2,41315 56721 3370%+4)
* C4 + 1,06729 67803 0581%+4) * C4 + 1.,49051 92279 7329"+3)
* C4 + 7017128 59693 9302"+1) * C4 + 1;
G:= X3INV * P / Q
REND® ®ELSCS
WBEGIN" XINVs= 1 / X; Ass= XINV * XINV;
X3INV:= A % XINV; Céhi= A * Aj
Pim((((2,61294 75322 5142"+4 * C4 + 613547 11361 4700"+4)
* C4 + 1034922 02817 1857%+4) % C4 + Bel6343 40178 4375%"+2)
* C4 + 1064797 71284 1246"+1) * C4 + 9,67546 03296 7090%=2;
Q:=((((1s37012 36481 7226"+6 * C4& + 1,00105 47890 0791"+6)
* C4 + 1065946 46262 1853%+¢5) * C4 + 9,01827 59623 1524%+3)
* C4 + 1o73871 69067 3649"+2) * C4 + 1;
tm (C4 * (=P) / Q + 0531830 98861 83791) * XINV;
Ps=(((({1e72590 22465 4837"+6 * C& + 50,66907 06166 8636%+6)
* C4 + 1.77758 95083 8030R+H) * C4& + 1,35678 86781 3756"+5)
¥ C4 + 387754 14174 6378%+3) * C4 + 4031710 15782 3358%+1)
% C4 + 1,53989 73381 9769"=1;
Q3=({(((1.40622 44112 3580%+8 * C4 + 9,38695 86253 1635%+7)
* C4 + 1,62095 60050 0232%+7) # C4 + 1,02878 69305 6688"+6)
* C4 + 2,69183 18039 6243%+4) * C4 + 2,86733 19497 5899%+2)
* Ch + 1;
Gt= (C4 * (=P) 7 Q + 0,10132 11836 42338) # X3INV
"END®

"ENDY FG;
"EOP"
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AUTHORS: Me BAKKER AND NeMe TEMME.
INSTITUTE: MATHEMATICAL CENTRE.
RECEIVED: 780601,

BRIEF DESCRIPTION:
THIS SECTION CONTAINS THE FOLLOWING PROCEDURES:

BESS JO;
COMPUTES THE ORDINARY BESSEL FUNCTION OF THE FIRST KIND OF
ORDER ZERO WITH ARGUMENT X;

BESS J1;
COMPUTES THE ORDINARY BESSEL FUNCTION OF THE FIRST KIND OF
DRDER ONE WITH ARGUMENT X;

BESS J;
GENERATES AN ARRAY OF ORDINARY BESSEL FUNCTIONS OF THE FIRST
KIMD OF DRDER L (L = 0seeesN) WITH ARGUMENT X;

BESS YOl;
COMPUTES THE ORDINARY BESSEL FUNCTIONS OF THE SECOND KIND OF
ORDERS ZERD AND ONE WITH ARGUMENT X3 X > 03

BESS Y; :
GENERATES AN ARRAY OF ORDINARY BESSEL FUNCTIONS OF THE SECOND
KIND 7F ORDER L ( L = OseoeN) WITH ARGUMENT X3 X> O;

BESS PQO;
THIS PROCEDURE IS AN AUXILIARY PROCEDURE FOR THE COMPUTATION OF
THE ORDINARY BESSEL FUNCTIONS OF ORDER ZERO FOR LARGE VALUES OF
THEIR ARGUMENT;

BESS PQls
THIS PROCEDURE IS AN AUXILIARY PROCEDURE FOR THE COMPUTATION OF
THE ORDINARY BESSEL FUNCTIONS OF ORDER ONE FOR LARGE VALUES OF
THEIR ARGUMENT.
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KeYWORDS: BESSEL FUNCTION,
ORDIMARY BESSEL FUNCTION OF THE FIRST KIND»
DRDINARY BESSEL FUNCTION OF THE SECOND KIND.

REFERENCES*
[11 ABRAMOWITZ, Mes» AND STEGUNs Is (EDS)»
HANDBOOK OF MATHEMATICAL FUNCTIONS WITH FORMULAS, GRAPHS AND
MATHEMATICAL TABLESe APPLe MATHe SERs 555 UeseSe GOVTe PRINTING
OFFICE» WASHIMNGTONs DeCo (1964),

[21 CeWe CLENSHAW,
CHEBYSHEV SERIES FOR MATHEMATICAL FUNCTIONSs NATe PHYSe LABo
MATHe TABLESs VOLe 5s HER MAJESTY?®S STATIONARY OFFICEs
LONDON (1962) .

[3] We GAUTSCHI»

COMPUTATIONAL ASPECTS OF THREE TERM RECURRENCE RELATIONS,
SIAM REVIEWs VULe 95 24=82 (1967),

SUBSECTION: BESS J0e

CALLING SEAQUENCE:
THE HEADING OF THE PROCEDURE READS :
YREAL™ "PROCEDURE"™ BESS JO(X); "VALUE™ X; "REAL"™ X;
WCODER 35160;

BESS JO DELIVERS THE ORDINARY BESSEL FUNCTIDN OF THE FIRST KIND OF
ORDER ZERN WITH ARGUMENT X;

THE MEANING 0OF THE FORMAL PARAMETERS IS:
X: <ARITHMETIC EXPRESSION>;
THE ARGUMENT OF THE BESSEL FUNCTION,
PROCEDURES USED?

BESS PQ0 = CP 35163,

REQUIRED CENTRAL MEMORY:

MO ARRAYS ARE 11SZDe
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RUNNING TIME:

FOR ABS(X) < 8% LESS THAN 3 MS»

FOR ABS(X) >= 8t LESS THAN 5 MS, ON THE CYBER 73/28.
METHOD AND PERFORMANCE:

CHEBYSHEV SERIES FROM [21.

EXAMPLE OF USE:

THE PROGRAM

WBEGINP WREAL® X;
WREAL™ "PROCCGDURE®™ BESS JO(X); ™CODE"™ 35160;
Xte 153 OQUTPUT(61,"("/5Ds6B=s14D "=ZD®)",
X» BESS JO(Xx))

BENDW®

PRINTS THE FOLLOWING RESULTS:

1 ¢ 76519768655794" 0
SUBSECTION: BESS Jioe

CALLING SEQUENCE:
THE HEADING OF THE PROCE DURE READS: ’
WREAL®™ "PROCEDURE®™ BESS JL(X); "VALUE™ X; "REAL® X;
"CODE" 35161;

BESS J1 DELIVERS THE ORDINARY BESSEL FUNCTION OF THE FIRST KIND OF
ORDER ONE WITH ARGUMENT X;

THE MEANING OF THE FORMAL PARAMETERS 1S3
Xt <ARITHMETIC EXPRESSION>;
THE ARGUMENT OF THE BESSEL FUNCTION
PROCEDURES USED:

BESS PQl = CP 35166.

REQUIRED CENTRAL MEMORY:
NO ARRAYS ARE USED.
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RUNNING TIMEs

FOR ABS(X) < 8¢ LESS THAN 3 MS,
FOR ABS(X) >= 8: LESS THAN 5 MS», IN THE CYBER 73/28.

METHOD AND PERFORMANCE:
CHEBYSHEV SERIES FROM [2].

EXAMPLE OF USE:
THE PRIGRAM

WBEGIN" “REAL"™ X;
WREAL"™ "PROCEDURE"™ BESS J1(X); "CODE" 351613
Xt= 13 OUTPUT(61,0("/5D»6B=s14D W=ZDW)",
Xs BESS J1(X)))

"EN pn

DELIVERS THE FOLLOWING RESULTS:
1 044005058574492" 0

SUBSECTINNS BESS Je

CALLING SEQUENCE:

THE HEADING OF THE PROCEDURE READS 3
"PROCEDURE® BESS J(XsNsJd); ®VALUE®™ X5N;
WINTEGER™ Nj; M"WREAL"™ X; MARRAY" J;
"CODE" 35162;

THE MEANING OF THE FORMAL PARAMETERS ISt
Xt <ARITHMETIC EXPRESSIOND>;
THE ARGUMENT OF THE BESSEL FUNCTIONS;
N3 <ARITHMETIC EXPRESSIOND>;
THE UPPER BOUND OF THE INDICES OF ARRAY J; N >= 03
J: <ARRAY IDENTIFIERD>;
YARRAY" JLO:M];
EXIT: JIL] IS THE ORDINARY BESSEL FUNCTION OF THE FIRST KIND OF
ORDER L AND ARGUMENT Xo

PROCEDURES USED® START = CP 351853
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REQUIRED CENTRAL MEMORY: NO AUXILIARY ARRAYS ARE DECLAREDs

RUNNING

t 6096l (DECEMBER 1978)

TIME:

PAGE 5

ROUGHLY PROPORTIONAL TO THE MAXIMUM OF 16359 * X + 72 AND N + 18.

METHOD AMND PERFORMANCE: MILLER®S ALGORITHMs SEE [31.

EXAMPLE
THE
“BEG

REND
DELI

1.0
5.0
10,0
2540

OF USE:
PROGRAM

IN® ®“REALY™ X; ©"ARRAY®" J[0:11;
"REAL" "PROCEDURE"™ BESS JO(X); "CODE"™ 35160;
PREAL® ®PROCEDURE®™ BESS J1(X); ®CODE®™ 35161;
"PROCEDURE™ BESS J(XeNsds); nCODE® 351623
WEQOR" X:s 155,10,25 "DO"
WBEGIN® BESS J(X»1lsJ);

QUTPUT(61s"("2ZeDs 2(BB=eD"=ZD) /™) "y
Xs JIO1 = BESS JO(X)5sJ[1] = BESS J1(X))

" END "
L]

VERS THE FOLLOWING RESULTS:

e2"=13  ,2"=13
8=l mol4Mmll
mehMall  G4Mell
mplftmll =mgQNml5
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SUBSECTIOMN® BESS YOle

CALLING SE£QUENCE:

THE HEADING 0OF THE PROCEDURE READS @
WPROCEDURE® BESS YO1(X»YCGsY1l); ®VALUE™ X; "REAL"™ X»YO0sY1;
“CODE"™ 35163;

THE MEANING OF THE FORMAL PARAMETERS ISt
Xt <ARITHMETIC EXPRESSION>;
THE ARGUMENT OF THE BESSEL FUNCTIONS; X > 0;
YO: <VARIABLED>;
EXITs YO HAS THE VALUE OF THE ORDINARY BESSEL FUNCTION OF THE
SECOND KIND OF ORDER O AND ARGUMENT X3
Y1t <VARIABLE>;
EXIT: Y1 HAS THE VALUE OF THE ORDINARY BESSEL FUNCTION OF THE
SECOND KIND OF ORDER 1 AND ARGUMENT Xe

PROCEDURES USED:
BESS JO = CP 35160,
BESS J1 = CP 35161,

BESS PQ0 = CP 35165,
BESS PQl = CP 35156,

REQUIRED CENTRAL MEMORY: NO AUXILIARY ARRAYS ARE DECLAREDe.

RUNN ING TIME:
ABOUT 15 MS, ON THE CYBER 73/28,

METHOD AND PERFORMANCE:
CHEBYSHEV SERIES FROM (21,

EXAMPLE OF USE:
THE PROGRAM

WBEGIN™ "REAL"™ X»YO0s Y13
"PROC EDURE™ BESS YUl(X»YOsY1l)3 "CODE" 35163;
X3= 1; BESS YO1(X»Y0QsY1);
QUTPUT(615"("/54BDeDs2(B=e14D"=ZD)")"5X5Y0s Y1)
"ENDII
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DELIVERS THE FOLLOWING RESULTS:
140 988256964215676" =1 =¢78121282130028" 0

SUBSECTION: BESS Ye

CALLING SEQUENCE:

THE HEADING OF THE PROCEDURE READS:
"PROCEDURE" BESS Y(XsN»Y); "VALUE® X,Nj3
WINTEGER® N3 ™REAL"™ X3 ™ARRAY" Y;
"CODE" 35164;

THE MEANING OF THE FORMAL PARAMETERS ISt
Xt <ARITHMETIC CXPRESSION>;
THE ARGUMENT; THIS ARGUMENT SHOULD SATISFY X > 0;
N: <ARITHMETIC EXPRESSIOND;
THE UPPER BOUND OF THE INDICES OF THE ARRAY Y; N >= 03
Ys <ARRAY IDEMTIFIERD>;
"ARRAY" Y[O:N];
EXIT: YL1] 1S THE VALUE OF THE ORDINARY BESSEL FUNCTION OF THE
SECOND KIND OF ORDER I (I = UseeesN) AND ARGUMENT X

PROCEDURES USED:
BESS Y01 = CP 35163,

REQUIRED CENTRAL MEMORY: NO AUXILIARY ARRAYS ARE DECLAREDe

RUNNING TIME?
DEPENDS ON N; SEE BESS YQle

METHOD AND PERFORMANCE:

YL[OJ AND YU1ll ARE COMPUTED BY USING BESS YOl (CP 35163); THE
REMAINING Y[I]1 ARE COMPUTED BY USING THE RECURRENCE RELATION
YOI+1l1:= YII] * 2 2 I/X = Y(I=11, I >= 1,
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& XAMPLE 0OF USE:
THE PROGRAM

"BEGIN® "ARRAY"™ Y[Q:21;

"PROCEDURE" BESS Y(XsN»Y); "CODE™ 35164;

BESS Y(1,2,Y);

QUTPUT (615" ("3 (=e14D"=7ZD)") ", Y[01s Y[11, Y[2])
nEND"

PRINTS THE FOLLOWING RESULTS:

808256964215676"= 2 =7,8121282130028"= 1 =1,6506826068162" 0

SUBSECTION: BESS P10

CALLING SEQUENCE:

THE HEADING OF THE PROCEDURE READS?
"OROCEDURE" BESS PQO(XsP0»Q0); "VALUE™ X; "REAL"™ X5P0,Q0;
"CODE™ 35165;

THE MEANING OF THE FORMAL PARAMETERS IS:
X: <ARITHMETIC EXPRESSIOND;
THE ARGUMENT; THIS ARGUMENT SHOULD SATISFY X > 03
POt <VARIABLED>;
EXIT: PO CHORRESPONDS WITH THE FUNCTION P(Xs0) DEFINED
IN [1,FORMULAS 9s2e5 AND 9426613
Q0: <VARIABLED;
FXITt QO CORRESPONDS WITH THE FUNCTION Q(X»0) DEFINED
IMN [15FNRMULAS 9¢205 AND 9626616

PROCEDURES USED:

BESS JO = CP 35160,
BESS Y01 = CP 35163,

REQUIRED CENTRAL MEMORY:

N7 ARRAYS ARE USEDe

RUNNING TIME:

ABOUT 15 MS, ON THE CYBER 73/28,
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METHOD AND PERFORMANCE s

FOR X >= 8 CHEBYSHEV SERIES FROM (21,
FOR X € 8 WITH BESS JO AND BESS YOle

EXAMPLE OF USE:

SEL SUBSECTION BESS PQle

SUBSECTION: BESS PQle

CALLING SEQUENCE

THE HEADING OF THt PROCEDURE READS:

"PROCEDURE™ BESS PQl(X»P1l,Q1l); "™VALUE"™ X; "REAL™ X,P1ls0Ql;

"CODE"™ 351663

THE MEANING OF THE FORMAL PARAMETERS ISt
Xt <ARITHMETIC EXPRESSION>;

THE ARGUMENT; THIS ARGUMENT SHOULD SATISFY X > 03

Plt <VARIABLE>;
EXITt P1 CORRESPONDS WITH THE FUNCTION P(X»1)
IN [1,FORMULAS 9e26¢5 AND 942461;
Ql: <VARIABLED>;

EXIT: Q1 CORRESPONDS WITH THE FUNCTION Q(X»1)
IN [1,FORMULAS 9625 AND 9¢2461e

PROCEDURES USED?
BESS J1 = CP 35161,
BESS YOl = CP 35163,

REQUIRED CENTRAL MEMORY:
NO ARRAYS ARE USED.

RUNNING TIME:
ABOUT 15 MS», ON THE CYBER 73/28,

METHOD AND PERFORMANCE:
FOR X >= 8 CHEBYSHEV SERIES FROM [2]1»
FOR X < 8 WITH BESS J1 AND BESS YO0le

DEFINED

DEFINED

PAGE 9
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EXAMPLE OF USE:
FROM THE WRONSKIAN RELATION [1,9.1.161 IT CAN BE SHOWN THAT
PO * P1 + Q0 * Q1 = 1, WHATEVER Xo IN THE FOLLOWING PROGRAM WE
VERIFY THIS RELATIONs

BBEGIN® MREAL™ XsPsQsR»5S;
"PRICEDURE" BESS PQO(XsP0,Q0); “CODE™ 35165;
"PROCEDURE" BESS PQl(XsP1,Q1l); "CODE"™ 35166;
"EQOR" X3= 1,355,10 RDO"
"BEGIN® BESSPQO(XsP»Q); BESSPQL(XsR»S);

DUTPUT(61s"("BBsDe2D"+3D" )", ABS(P*R + Q*5 =1))

ngNp "

WEND®

THE RESULTS ARE:
49 7"=01l4% 4026"=014 5,68"=014 T,11"=015

SOURCE TEXT(S):

"CODEM 351603
AREAL® WPROCEDURE® BESS JO(X); ®VALUE™ X3 ®“REAL®™ X3
WIF® X=0Q "THEN" BESS JOs= 1 WELSE®
WIF"™ ABS(X) < 8 "THEN"
HBEGIN® ®WREAL®™ Z, Z2, AR, BO» Bls B2;
Xtm X/8; Zim 2% X%kX = 1; 7Z23:= 7 + 7;
Bl:=s B2:=s (3
WEQRM ARimey 7588 5%=]1 5, +,4125321 fan] 3y
194383469 Rwlly, +4784869631% H=]0y
=¢267925353056 Be By +o7608163592419 "= 7,
=l 76194690776215%= 5, +,3246032882100%1"= 4,
= 46062616620628 "= 3, +,48191800694676 "= 2,
=s34893769411409 "= 1, +,158067102332097 »
=537009499387265 "= 0, +5265178613203337 »
e 87234423528 5222"= 2 "DON
RBEGIN® BOst= 7Z2%Bl=B2+AR;
B2:= Bl; Bl:= BO
"ENDY 3
BESS JO:= Z#B1l = B2 + 15772 79714 7489
WEND® MELSEW
MBEGIN® "REAL®™ C» C7ISXs SINXs PO, QO3
"PROCEDURE"™ BESS PQO(X, PO», QO); "CODE® 35165;
Xte ABS(X)3 Ci= o79788 45608 02865 / SQRT(X);
COSXt= COS(X=,70685 83470 57703% 1);
SINX3a SIN(X=s70685 83470 57703" 1);
BESS PQU(Xs PO» Q0);
BESSJOs= C * (PO * COSX = Q0 * SINX)
MEND®" BESS JO3

wzgpn
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wCODE™ 35161; :
"REAL® "pROCEDURE™ BESS J1(X); "VALUE™ X; "REAL®™ X;
WIF® X=0 WTHEN®™ BESS Jlt= () WELSE®™
WIFM® ABS(X) < 8 WTHEN™
NBEGIN® “REAL® Z, Z25 ARy B0y Bl, B2;
Xt=m X/83 Ztm 2%X%X = 13 Z2t=s Z + 1;
WCOMMENT® COMPUTATION QF J1;
Bl:= B2:= 0;
"EFQR" AR:a
=g19554 Rw]5, 401138572 Rel3s
~e37774042 "wl2, 442528123664 Nwl0s
=e94242129816 e 9, +42949707007278 M= 7,
e 76175878954003 "= 6, +,158870192399321%= 4,
«e260444389348581"= 3, +,324027018268386%= 2,
~e291755248061542"= 1, +,177709117239728%= Q5
=e661443934134543%= 0, +,128799409885768"+ 1,
-9119180116054122"+ 1 #DQO®
"BEGIN® BOt= Z2%Bl=B2+AR;
B2:= B1l; Bl:e BQ
WEND";
BESS Jlts X * (7 * Bl = B2 + o64835 87706 05265)
WEND® WELSE™
WBEGIN® "REAL"™ C», CNSXs SINX» Ply, Q13 "INTEGER® SGNX;
“PROCEDURE"™ BESS PQl(X, Pl, Q1); "CODE"™ 351663
SGNXt= SIGN(X); Xt= ABS(X);
Cis ,79788 45608 02865 / SQRT(X);
COSX:= COS(X=eT70685 83470 57703"+1);
SINX3= SIN(X=370685 83470 57703%+1);
BESS PQl(Xs, Pl, Q1)
BESS Jl:= SGNX % C * (P1*SINX + Q1#COSX)
wEND" BESS J1;
REQPR

wCODE™ 351623
"PROCEDURE™ BESS J(Xs N» J); "VALUE™ X» N;
WREAL"X; "INTEGER™ N; ®WARRAY® J3;
RIFF X=0 "THEN"™
WBEGIN® J[01:= 1;
WFOR" Ni= N "STEP™ =1 "UNTIL®™ 1 *DO" J[NIs= 0
WEND® MELSE®
TCOMMENT®™
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°
»

WBEGIN""REAL™ X2s Ry S; "INTEGER" Ly Ms» NU» SIGNX;
WINTEGER"™ "PRAOCEDURE" START(X»NsT); "CODEY™ 35185;
SIGNXt= SIGN(X); X3= ABS(X);

R:m Stm Q3 X2tmw 2/X; L= 03 NUs®s START(X»Ns0);
MEJRM M:= NU NSTEPM =1 nUMTIL®™ 1 "DOW
PBEGIN'" Rim 1/ (X2%M=R);
Litm 2=|3 Stm R#&(L+S);
nIFR" M{=N "THEN® J[Ml:= R
" E”D II;
J[0Jt=s Rs= 1/7(1+S);
WEQR® M= 1 WSTEP® 1 WUMTIL™ M wpQ®
JIMl:= R3:= R*J[M];
WIF" SIGNX < O "THEN"
REQR® M3=s 1 MSTEPW 2 WUNTIL®
JIH1t= =J[M];
WEND" BESSELJ;
" ”UP"

N ®pQow

"CODE"™ 35163;
"PROC EDURE™ BESS YOl(Xs YO,
WIF® X< 8 M"THENY®
®BEGIN® WREAL®™ 7, Z2s, Cs» LNXs ARy, BOs Bls
WREAL™ “PROCLCDURE"™ JO(X); ®“CODE"™ 35160;
WREAL® “PROCEDURE™ J1(X); "CODE®" 35161;
Ctm 463661 97723 675813 LNXt= C * LN(X);

Y1); "VALUE®™ X; "REAL"™ X, Y0, Y1;

B2;

Citm C/X; Xtm X/8; Z1m 2%X#X = 1; 121m 7 4+ 7;
WCOMMENT® COMPUTATION OF YO;
81 = BZ'- 0,
WEOR® ARts +,164349 ¥®=]l4,
=g 3747341 =13, +,402633082 "amlly
=e15837552542 "w Q, +,524879478733 M= 8,
=214407233274019 "= b5 +,32065325376548 "= 5,
~e5632(:7914105699%= &4, +,753113593257T774%= 3:
= T28T79624795521 Y= 2, +.471966895957634"= ]
=e177302012781143"= 0y +,261567346255047"= 0,
+6179034314077182%8= 0y =o274474305529745% DO
RREGIN® BOt= Z2#Bl=B2+AR;

B23:= Bl; Bls:= BO

HEND";

YOss LNX * JO(8*X)+Z*Bl=B2=,33146 11320 3285F=};
WCOMMENT® CUMPUTATION OF Y13

Bls:= B2:= 03

"COMMENT®
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"FOR" ARs=
+e42773

+e121143321 N"=11,
+0187547032473 e 8,
+6141662436449235"= 5,

"wl5,

(DECEMBER 1978)

=e2440949 =13,
=¢5172121473 "=10»
=¢5688440039919 "= T,

=9283046401495148%= 4,

+0440478629867099%= =+51316411610611 "= 2,
+423191803533369 "= =9226624991556755"= 0,
+e675615780772188 "= =e767296362886646"%= 0,
~e128697384381350%= 0" DO®
"BEGIN® BO3= 72%Bl=B2+ARj

B2:= Bl; Bl:= BO
"END ll;
Ylte LNX * J1(X*8)=C + X * (Z*B1l=B2+,20304 10588 593425%=])

WEND® WELSE®

nBEGIN" ®REAL"™ C, COSX» SINX» PO, Q0» Pl, Q1;

"PROCEDURE" BESS PQO(X, PO» QO); "CODE"™ 35165;
WPROCEDURE™ BESS PQl(X» Pl, Ql)3 “CODE™ 351663
C3m ,79788 45608 02865 / SQRT(X);
BESS PQO(X», PO, QO0); BESS PQl(X, Pl, Ql);
Xtm X=o70685 83470 5770313 COSXt= COS(X); SINXt= SIN(X);
YOt= C * (PO®SINX + QO*COSX);
Y1:= C * (Q1*%SINX = P1*COSX)
"END" BESS YO01;
REQP®

WCODE"™ 35164;

"PROCEDURE™ BESS Y(Xs» Ns Y)3 "VALUE™ X, Nj;

RREAL®™ X3 ®INTEGER™ N; ®MARRAY® Y;

HBEGIN™ WINTEGER™ I; “REAL™ YO, Y1, Y2;
"PROCEDURE"™ BESS YO1l(X» YO» YLl); "CODE™ 35163;
BESS Y0l(X» YO0, Y1); Y[Olz= YO;

BIF" N > 0 "THEN® Y[1l:= Y1 ;
Xtm 2/X;
WEQR" I:=2 NSTEP™ 1 "UNTIL™ N wOQ®
WBEGIN® Y[I1%= Y2t= (I=]1)kXkY]l = YQ;
Y0t=s Y1; Yls= Y2
" EN Dl'
WENDY BESS Y3
nEopw
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WCODE™ 35165;
WPROCEDURE™ BETS PQO(Xs POy Q0);
WWALUE"™ X3 "REAL" X» PO» QO3
RIF® X < 8 WTHENP
WBEGIN" "REAL" B, C0OSX» SINXs JOX» YO;
WREAL"™ "PROCEDURE" JOo(X); "CODE®™ 35160;
"PRQC EDURE" BESS YO1l(X» YO, Yl); ™CODE" 35163;
Bt= SQRT(X) * 1,2533 14137 31550;
BESS YOl(Xs YO0, JOX); JOXs= JO(X);
Xim X=o78539 81633 97448; COSX:= COS(X); SINX:s SIN(X);
POt= B * (YC * SINX + JOX * COSX);
Q0= B * (YO * COSX = JOX * SINX)
NEND® “ELSEM
"BEGIN"™ "REAL" X2» AR, BOU», Bl, B2, Y;
Y3z B/X; Xim 2%YkY=l; X2t= X+X5 Blt= B23= 0;
"FORM AR:=

=s10012 =15, +¢67481 15y
=9 506903 We=lbs +64326596 F=l3,
=e43045789 "=12s +4516826239 f=ll,
~e 7864091377 =105 +¢163064646352 e B,

=¢5170594537606 "= T, +,30751847875195 "= 5,
=¢536522046813212"~ 3 WDQO"®
WBEGIN" BOt= X2 * Bl = B2 + AR;
B2:= Bl; Bl:= BO
"E ND ";
POs= X * Bl = B2 + 099946034934752;
" COMMEMT™ COMPUTATION OF QO;
Bl:= B2:= Q;

"EQOR" ARte

~60999 Rewl5s 40425523 Re=lby
~93336328 "=13, +030061451 "el2s
=9320674742 "elly 464220121905 ° "=l0s

=e72719159369 %= 9, +,1797245724797 "= 7,
=0 74144084110606 "= 65 +,683851994261165"= 4
"DU"
"BEGIN® B0tw X2 % Bl = B2 + AR;
B23= Bl; Bli= BO
NE ND ";
QOt=(X * Bl = B2 =,015555854605337) * Y
"END" BESS PQO;
nEQPR

14
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"CODE™ 35166;

(DECEMBER 1978)

"PROCEDURE" BESS PQL(X, Ply Ql);
"VALUE" X3 "REAL"™ X» Pl, Ql;

WIF® X < 8 MTHEN®

"BEGIN" "REAL"™ B, CJISXs SINX, J1Xs, Y13

WREAL" "PROCEDURE™ J1(X);
"PROCEDURE" BESS YOl(Xs

"CODE" 35161;
Y0, Y1); "CODE"™ 35163;

Bt= SQRT(X) * 1,253314137 31550;
JiX:= J1(X);

BESS YOl (X, J1X» Y1);

Xtm Xeo 78539 81633 97448;

COSXs= COS(X);

Plt= B * (J1X * SINX = Y1 * COSX);
Qlt= B * (J1X * COSX + Y1 #* SINX)

"END"™ “ELSE"

"BEGIN" "REAL" X2, AR, BO» Bly B2, Y;
Ytm= 8 / X3 Xtm 2 ¥ Y % Y = 15 X2 t= X ¢+ X3
" COMMENT® COMPUTATION OF P1;

Bli= B2:= 0;

"FOR" ARt= +,10668"=15

=e 72212

-0 4684224
=¢570486364
=9187189074911

R=l5,
"-13 »
"=11,
R= 8,

=e 39872843004889 "= 5,

npgn

"BEGIN" BO:= Bl #* X2 =

B23= Bl; Bl:= BO

"END™;

+4545267
+046991955
+881689866
+e6177633960644
+,89898983308594

B2 + ARj;

Pli=s X % Bl = B2 + 1,0009030408600137;
"COMMENT™ COMPUTATION OF Q13

Bls= B2t= 03
"EOR® AR:=
=910269

=9 456125
~932643157
=94686363688

=3 2095978138408

"-15’
"elby
"=12s
"=]10,
e T,

+065083
+¢3596777
+0351521879
+82291933277
+091386152579555

=996277235491571 "= 4 WD(QON
"BEGIN® BOt= X2 * Bl = B2 + AR;
B2:= B1l; Bls= BO

"E ND ";

SINXz= SIN(X);

Nelby
Ne]2,
w10,
W 7
s 3

el 5p
=13,
Rwlly
e 9’
e 6,

Qls=(X * Bl = B2 + o46777787069535" =1) * Y

®END" BESS PQ1;
nEOPn

PAGE

15
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AUTHORS: Me BAKKER AND MeMs TEMME.
INSTITUTE® MATHEMATICAL CENTRE.
RECEIVED: 750201,

BRIEF DESCRIPTION:
THIS SECTION CONTAINS THE FOLLOWING PROCEDURES:

BESS 10;
COMPUTES THE MODIFIED BESSEL FUNCTION OF THE FIRST KIND
OF ORDER ZERO WITH ARGUMENT X3

BESS I1;
COMPUTES THE MNDIFIED BESStEL FUNCTION OF THE FIRST KIND
OF ORDER ONE WITH ARGUMENT X;

BESS I;
GENERATES AN ARRAY OF MODIFIED BESSEL FUNCTIONS OF THE
FIRST KIND OF ORDER L (L = 0» oees» N) WITH ARGUMENT X3

BESS KO1;
COMPUTES THE MODIFLED BESSEL FUNCTIONS OF THE THIRD KIND
OF ORDERS ZERO AND ONE WITH ARGUMENT X; X > 03

BESS K;
GENERATES AN ARRAY NF MODIFIED BESSEL FUNCTIONS OF THE THIRD
KIND OF ORDER L ( L = 0» eoes N) WITH ARGUMENT X; X > 03

NONEXP BESS I0;
DOES THE SAME AS BESS 10, BUT THE RESULT IS MULTIPLIED
BY EXP(=ABS(X));

NONEXP BESS 1I1;
DUES THE SAME AS BESS 11, BUT THE RESULT IS MULTIPLIED
BY EXP({=ABS(X));

NONEXP BESS I;
DOES THE SAME AS BESS I, BUT THE ARRAY ELEMENTS ARE
MULTIPLIED BY EXP(=ABS(X));

NONEXP BESS K013
DOES THE SAME AS BESS KOl, BUT THE RESULTS ARE MULTIPLIED
BY EXP(X)3
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NONEXP BESS K3
DOES THE SAME AS BESS Ks BUT THE ARRAY ELEMENTS ARE
MULTIPLIED BY EXP(X)e

KEYWORDSs BESSEL FUNCTIONS,
MODIFIED BESSCL FUNCTIONS,
INTZGER ORDERe
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SUBSECTION: BESS I0e

CALLING SEQUENCE:

THE HEADING OF THE PROCEDURE READS:
WREAL" "PROCEDURE®™ BESS I0(X); MVALUE"™ X; "REAL" X;
“CODE"™ 351703

BESS I0 DELIVERS THE MODIFIED BESSEL FUNCTION OF THE
FIRST KIND OF ORDER ZERO WITH ARGUMENT X;

THE MEANING OF THE FORMAL PARAMETERS ISt
Xt <ARITHMETIC EXPRESSION>;
THE ARGUMENT OF THE BESSEL FUNCTION.
PROCEDURES USED:

NONEXP BESS 10 = CP3517%

REQUIRED CENTRAL MEMORY3
NO ARRAYS ARE USED.

RUNNING TIMES

FOR X = 0 BESS 10 IS ASSIGNED ITS VALUE IMMEDIATELY;

FOR 0 < ABS(X) <= 15,0 17 MULTIPLICATIONS AND ONE DIVISION
ARE REQUIRED; )

FOR ABS{X) > 15,0 11 MULTIPLICATIONS, 3 DIVISIONS, ONE
EVALUATION OF THE SQUARE ROOT AND ONE EVALUATION OF THE
EXPONENNTIAL FUNCTION ARE REQUIREDe

&
METHOD AND PERFORMANCE : RATIONAL APPROXIMATION, SEE [61.

EXAMPLE OF USE:
THE PROGRAM

"BEGIN" "REAL"™ X;
“REAL" “PROCEDURE" BESS IO(X); "CODE"™ 35170;
X3= 13 DUTPUT(61,®(®/,D5 6B=s14D"=ZD% )",
Xs BESS IO(X))

WEND

PAGE 3
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PRINTS THE FOLLOWING RESULTS:
1 +12660658777520% 1

SUBSECTION: BESS Il.

CALLING SEQUENCE:s
THE HEADING OF THE PROCEDURE READS:
"REAL™ "PROCEDURE™ BESS I1(X); WVALUE® X; ®REAL® X;
®CODE®™ 35171;

BESS Il DELIVERS THE MODIFIED BESSEL FUNCTION OF THE
FIRST KIND OF ORDER ONE WITH ARGUMENT X;

THE MEANING OF THE FORMAL PARAMETERS IS:
X3 <ARITHMETIC EXPRESSION>;
THE ARGUMENT OF THE BESSEL FUNCTION.
PROCEDURES USED:

NONEXP BESS 11 = (CP35176.

REQUIRED CENTRAL MEMDRY?
NO ARRAYS ARE USEDe

RUNNING TIME:

FOR X = 0 BESS T1 IS ASSIGNED ITS VALUE IMMEDIATELY;

FOR 0 < ABS(X) <= 15,0 17 MULTIPLICATIONS AND ONE DIVISION

ARE REQUIRED;

FOR ABS(X) > 1560 12 MULTIPLICATIONS, 3 DIVISIONS, ONE EVALUATION
JF THE SQUARE ROOT AND ONE EVALUATION OF THE EXPONENTIAL FUNCTION
ARE REQUIRED.

METHOD AND PERFORMANCE: RATIONAL APPROXIMATION, SEE [61,
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EXAMPLE OF USE:
THE PROGRAM

"BEGIN" "REAL"™ X;
“WREAL® ®PROCEDURE"™ BESS I1(X); "CODE" 35171;
Xt= 13 OUTPUT(61,"("/»Ds6B=e14D"=2ZD")"s
Xs BESS Il(X))

WEND"

PRINTS THE FOLLOWING RESULTS:?
1 ¢56515910399252" 0

SUBSECTION: BESS Ie

CALLING SEQUENCE?:

THE HEADING OF THE PROCEDURE READS:
"PROCEDURE™ BESS T(X» N» I); "VALUE® X, N;
RINTEGER™ N; "REAL"™ X; ™ARRAY" I;

“CODE"™ 35172;

THE MEANING OF THE FORMAL PARAMETERS ISt
Xt <ARITHMETIC EXPRESSION>;
THZ ARGUMENT OF THE BESSEL FUNCTIONS;
N: <ARITHMETIC EXPRESSION>;
THE UPPER BOUND OF THE INDICES OF THE ARRAY I;
It <ARRAY IDENTIFIERD>;
"ARRAY" I[O : NI;

EXIT: ICL) POSSESSES THE VALUE OF THE MODIFIED BESSEL FUNCTION
OF THE FIRST KIND OF ORDER L (0 <= L <= N)o,

METHOD AMD PERFORMANCE: SEE NON EXP BESS I (THIS SECTION).

PROCEDURES USED 3

NONEXP BESS I = CP 35177,

REQUIRED CENTRAL MEMORY:
NO AUXILIARY ARRAYS ARE USED.
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RUNNING TIME:

RNUGHLY PROPORTIONAL TO THE MAXIMUM OF
1359 % X + 72 AND N + 18,

EXAMPLE OF USE : THE FOLLOWING PROGRAM CHECKS FOR X = 1 (1) 20
THE WRONSKIAN RELATION

X % (I[N = 1] % K[N] + IIN] *# K[N = 1]) = 1 = 0
FOR N = 1 (1) 5; THE PROGRAM READS:

WBEGIN® WREAL™ X; MINTEGER® Nj; ®ARRAY® ], k£0!5]§
"PROCEDURE"™ BESS I(X», Ny I); "CODE®™ 35172;
"PROCEDURE"™ BESS K(Xs MNs K); ™CODE"™ 351764;

WEQR™ X3= 1 "STEPW 1 WUNTIL® 20 ®pOQW
"BEGIN" OQUTPUT(61,%("/2D") ", X);
BESS I(Xs 55 I); BESS K(Xs 5» K);
“FOR" Nt= 1, 2, 3, 45 5 "DO®
OUTPUT(61,"("BBw= D"*=ZD") ",
X % (ILCN] * KIN = 11 + I[N = 1] % KIN]) = 1)
"EN D“
BEND®

THE RESULTS ARE:

1 0" O o0 0 =y TMmlly =y MMmlly w,TW=]l4y
2 Nt L) «0" 0 o0® O 0" 0 0" 0
3 o M=l 4 o T=14 0" 0 «0" O 00" O
4 Al U 0" O «O" 0 «0" O 0" O
5 0" 0 o TH=14 o TH=14 0" 0 0% 0
6 0" 0 « 0" 0 o U 0 0% 0 g THall
7 o0" O 00" 0 0" O 0" 0 00" 0
B welMm]l3d =glWw]l3d =mglf=m]l3d wylfm]l3 =gl"=13
9 0" 0 0" 0 e0P 0 =g7N=]lly =,7%=14
10 0" 0 00" O 0" 0 O™ 0 o0® O
11 0" 0 0" 0 00" O «0" 0O 00" O
12 0" O P L] 0" O «0® O 0" 0
13 o ?W=14 e V=14 0% 0 o TH=14 0" O
14 0" 0 o TW=14 o0" O 00" O 0" O
15 0" 0 20" O 20" O 20" O «0" O
16 0" O 0" O «O® O 00F 0 =g7R=14
1?7 e TM=14 0" 0 0" O 0" O 0" 0
18 o TW=14 o0® O 0" 0 o0" 0 =pTN=1l4
19 e =14 20" 0 0" 0 o0" O «0" 0
20 0" 0 «0" O «0% O oOF 0 =,7"=14
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SUBRSECTION: BESS KOle
CALLING SEQUENCE:

THE HEADING OF THE PROCEDURE READS:
WPROCEDURE™ BESS KOl (Xs KO» K1); "VALUEM™ X3 "REAL" Xs KO» K1j
WCODE® 35173;

THE MEANING OF THE FORMAL PARAMETERS IS:
X: <ARITHMETIC EXPRESSIOND;
THE ARGUMENT OF THE BESSEL FUNCTIONS; X > 03
KO: <VARIABLE>;
EXIT: KO HAS THE VALUE OF THE MODIFIED BESSEL FUNCTION
OF THE THIRD KIND OF ORDER O WITH ARGUMENT X;
K1t <VARIABLE>;

EXIT: K1 HAS THE VALUE OF THE MODIFIED BESSEL FUNCTION
OF THE THIRD KIND OF ORDER ONEe

PROCEDURES USED?
NONEXP BESS KO1 = CP35178

REQUIRED CENTRAL MEMORY?
NDO ARRAYS ARE USEDs

RUNNING TIMEs DEPENDS ON THE VALUE OF X;
THE GLOBAL VALUES IN MILLISECONDS ARE?

0 € X €8 165 H 262 MS»
1e5 < X <= 5,0 3 505 MS»
5.0 < X 3 2¢3 MSy ON THE CYBER 73/28.

METHOD AND PERFORMANCE:

FOR THE COMPUTATION OFf KO AND K1 THREE DIFFERENT METHODS

ARE USED DEPENDING NN THE VALUE OF X3

FOR 0 < X <= 165 KO AND K1 ARE. EVALUATED BY MEANS OF TAYLOR SERIES
EXPANSIONS (SEE [11» Pe 375, FORMULA 9+6413);

FOR X > 15 KO AND K1 ARE COMPUTED BY MEANS OF A CALL

OF THE CODE PROCEDURE NONEXP BESS XO1 (SEE DESCRIPTION AHEAD)

AND MULTIPLICATION BY EXP(= X)s
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EXAMPLE OF USE$ THE PROGRAM

WBEGIN® "REAL"™ X, KOs K1;
"PROCEDURE" BESS KOl(X» KOs K1)3; "CODE™ 35173;
WEQR® Xt= 45, le5s 265 "DO"
"BEGIN" BESS KOl (X» KOs Kl);
OUTPUT (619" ("7 4BDeDs» 2(B=s14D"=ZD)" )"y Xs KOs K1)
"END"
RENDW

PRINTS THE FOLLOWING RESULTS:

0e5 692441907122766" 0 616564411200033% 1
le5 021380556264754" 0 ,27738780045683" 0
205 62347553200366" =1 ,73890816347746" =1

SUBSECTIONS BESS Ke

CALLING SEQUENCE:

THE HEADING OF THE PROCEDURE READS?
"PROCEDURE™ BESS K(Xs N» K); ®VALUE™ X» N;
®INTEGER™ N; ®"REAL"™ X; "ARRAY™ K3

“CODE" 35174;

THE MEANING OF THE FORMAL PARAMETERS ISt
Xt: <ARITHMETIC EXPRESSIOND;
THE ARGUMENT OF THE BESSEL FUNCTIONS; X > 03
N$¢ <ARITHMETIC EXPRESSION>;
THE UPPER BOUND OF THE INDICES OF THE ARRAY K; N >= 0;
K: <ARRAY IDENTIFIERD>;
WARRAY" K[O s NI
EXITs KLI) POSSESSES THE VALUE OF THE MODIFIED BESSEL FUNCTION
OF THE THIRD KIND OF ORDER I (0 <= I <= N)o

PROCEDURES USED: KOl = C(CP 35173

REQUIRED CENTRAL MEMORY:
NO AUXILIARY ARRAYS ARE USED.

RUNNING TIME

DEPENDS ON THE VALUE OF X (SEE TABLE BELONGING TO BESS KOl)
AND No
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METHND AND PERFORMANCE @

KLOls ooes KINI ARE COMPUTED ACCORDING TO THE RECURRENCE RELATION
KEI + 13 = K[II = 11 + (2 * I /7 X) * K[I1s I = 25 e0es N»

(SEE [11» Pe 3765 FORMULA 9664626)e

EXAMPLE OF USEt THE PROGRAM

WBEGIN" WARRAY™ K[O = 21; "REAL"™ X;
“PROCEDURE"™ BESS K(X» N» K); "CODE®™ 35174;
WFOR" Xtm o5, 160» le5s 200 "DO®
WBEGIN® BESS K(Xs 25 K)3;

DUTPUT(615"("/DeDs3(BBe12D"=D) ™) "5 XsK)

" END"
BEND®
PRINTS THE FOLLOWING RESULTS:
0e5 924419071228"0 ,165644112000"1 ,755018355124"1
1e0  +421024438241%0 o601907230197°C .162483889864"1
le5 6213805562648"0 277387800457"0 5836559632570
2e0 113893872750"0 0139865881817"0 +2%3759754566"0
SUBSECTION: NONEXP BESS I0e
CALLING SEQUENCE:
THE HEADING OF THE PROCEDURE READS:
WREAL® "PROCEDURE"™ NONEXP BESS I0(X); ®"VALUE®™ X; PREAL®™ X;

"CODE™ 351753

NUNEXP BESS IO DCLIVERS THE MODIFIED BESSEL FUNCTION OF THE
FIRST KIND OF ORDER 0 WITH ARGUMENT X MULTIPLIED BY EXP(=ABS(X))e

THE MEANING OF THE FORMAL PARAMETERS ISt
Xt <ARITHMETIC EXPRESSION>;
THE ARGUMENT OF THE BESSEL FUNCT IONe.
PROCEDURES USED:

BESS I0 = CP35170.
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REQUIRED CENTRAL MEMORY:
NO ARRAYS ARE USEDe

RUNNING TIME:
FOR X = 0 NDNEXP BESS I0 IS ASSIGNED ITS VALUE IMMEDIATELY;
FOR O < ABS(X) <= 15,0 18 MULTIPLICATIONS, ONE DIVISION AND
ONE EVALUATION OF THE EXPONENTIAL FUNCTION ARE REQUIRED;
FOR ABS(X) > 15,0 10 MULTIPLICATIONS, 3 DIVISIONS AND MANE
EVALUATION OF THE SQUARE ROOT ARE REQUIRED.

METHOD AND PERFORMANCE:

SEE [61.

EXAMPLE OF USE:

THE PROGRAM

WBEGIN® ®REAL® X3
"REAL" "PROCEDURE™ NONEXP BESS I0(X); ™CODE™ 35175;
X3m 13 OUTPUT(615"("/5Ds6B=e 14D"=2D") ",
X» NONEXP BESS I0(X))

REND®

PRINTS THE FOLLOWING RESULTS:

1 «46575960759364" 0

SUBSECTION: NONEXP BESS Il,

CALLING SEQUENCE:

THE HEADING OF THE PROCEDURE READS:
"REAL"™ "PROCEDUREM" NONEXP BESS Il(X); "VALUE"™ X3 WREAL® X;
®CODE™ 35176;

NONEXP BESS I1 DELIVERS THE MODIFIED BESSEL FUNCTION OF THE
FIRST KIND OF ORDER 1 WITH ARGUMENT X MULTIPLIED BY EXP{=ABS(X))e

THE MEANING OF THE FORMAL PARAMETERS ISt
X3 <ARITHMETIC EXPRESSION>;
THE ARGUMENT OF THE BESSEL FUNCTION.
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PRICEDURES USED:
BESS I1 = (CP35171,

REQUIRED CENTRAL MEMORY:
NO ARRAYS ARE USEDe

RUNNING TIME:
FOR X = 0 NONEXP BESS I1 IS ASSIGNED ITS VALUE IMMEDIATELY;
FOR 0 < ABS(X) <= 15,0 18 MULTIPLICATIONSs ONE DIVISION AND ONE
EVALUATION OF THE EXPONENTIAL FUNCTION ARE REQUIRED;
FOR X > 150 11 MULTIPLICATIONS, 3 DIVISIONS AND ONE
EVALUATION OF THE SQUARE ROOT ARE REQUIRED.

METHOD AND PERFORMANCE:

SEE (61,

EXAMPLE OF USE:

THE PROGRAM

BBEGIN® WREAL® X;
"REAL" "PROCEDURE"™ NONEXP BESS Il(X); "CODE"™ 35176;
Xt= 13 OUTPUT(61,7("/5D56B=g14DN=7D" )",
X» NONEXP BESS I1(X)) :

WENDW

DELIVERS THE FOLLOWING RESULTS:

1 ¢20791041534972% 0

11
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SUBSECTION: NONEXP BESS I,

CALLING SEQUENCE:

THE HEADING OF THE PROCEDURE READS?

"PROCEDURE™ NONEXP BESS I(Xs N» I); ®VALUE™ X» N;
WINTEGER" N; ®REAL"™ X3 "ARRAY" I;

"CODE" 35177;

THE MEANING OF THE FORMAL PARAMETERS IS:
X3 <ARITHMETIC EXPRESSIOND;
THE ARGUMENT OF THE BESSEL FUNCTIONS;
Nt <ARITHMETIC EXPRESSION>;
THE UPPER BOUND OF THE INDICES OF THE ARRAY I; N >= 0;
I: <ARRAY IDENTIFIERD;
®ARRAY®™ T[O:NJ1;
EXITt ILL] POSSESSES THE VALUE OF THE MODIFIED
BESSEL FUNCTION OF THE FIRST KIND OF ORDER L (L=0sesesN)
MULTIPLIED BY EXP (= ABS(X))e

PROCEDURES USED: START = CP 35185;

REQUIRED CENTRAL MEMORY:
NO AUXILIARY ARRAYS ARE USED.

RUNNING TIME:
ROUGHLY PROPORTIONAL TO THE MAXIMUM OF 10359%X + 72 AND N+18,

METHOD AND PERFORMANCE: SEE [51].

EXAMPLE 0OF USE: THE PROGRAM

WBEGIN™ MREAL™ X; "ARRAY" I[022];
"PROCEDURE"™ NONEXP BESS I(X» N» I); WCODE®™ 35179;
WFOR® Xt= 455 1le0s» le5s 240, 2.5 "DO"
"BEGIN" NONEXP BESS I(X» 25 I);
QUTPUT( 61, "("/»4BZeDs3(B=p12D"=D)" )", X,
I{01, I[11, I[21)
WEND"
WEND®
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PRINTS THE FOLLOWING RESULTS:

o5 ¢152410938577" 1 ,273100970821% 1 ,124481482186% 2
1e0 0114446307981" 1 6163615348626" 1 +441677005233% ]
le5 0958210053295" 0 +12431658735%" 1 ,261576455136" 1
200 6841568215071" 0 +103347684707% 0 ,187504506214% 1
265 #759548690328™ 0 ,900174423908" 0 147968822945 1
SUBSECTIONS NONEXP BESS KOl.
CALLING SEQUENCE:
THE HEADING OF THE PROCEDURE READSS
®PROCEDURE™ NOMNEXP BESS KO1(X» KOs Kl)3

"YALUE" X; "REAL"™ X,

"CODE"™ 351783

THE MEANING OF THE FORMAL PARAMETERS ISt

). &3

KO3

K1t

KOs

K13

<ARTTHMETIC EXPRESSIOND>;
THE ARGUMENT OF THE BESSEL FUNCTIONS; X > 0;

<VARIABLE>;

EXIT¢ KO HAS THE VALUE OF THE MODIFIED BESSEL FUNCTION

PAGE 13

OF THE THIRD KIND OF ORDER O WITH ARGUMENT X MULTIPLIED

BY EXP(X);

<VARIABLE>;
EXIT:

THE THIRD KIND OF ORDER 1 MULTIPLIED BY EXP(X)e

PROCEDURES USED:

K1 HAS THE VALUE OF THE MODIFIED BESSEL FUNCTION OF

BESS K01 = CP35173.

REQUIRED CENTRAL MEMORY?

NO ARRAYS ARE USEDe

RUNNING TIME:

DEPENDS ON THE VALUE OF X; BECAUSE OF THE STRONG

INTERDEPEMDENCE OF THE BESS KO1 ( = CP35173) AND NONEXP BESS KO1
THE READER IS REFERRED TO THE TABLE OF RUNNING TIMES BELONGING

TO BESS K01,
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METHOD AND PERFORMANCE:

(DECEMBER 1978)

FOR THE COMPUTATION OF KO AND K1 THREE

DIFFERENT METHODS ARE USED DEPENDING ON THE VALUE OF

FOR 0 € X <= 1,5 KO AND K1 ARE COMPUTED BY MEANS OF

MULTIPLICATION OF THE MODIFIED BESSEL FUNCTIONS OF ORDER

ZERQ AND ONE (SEE DESCRIPTION OF KO) BY EXP(X)3
FOR 165 < X <= 5 KO AND K1 ARE COMPUTED BY

THE EVALUATION OF THEIR INTEGRAL REPRESENTATIONS (SEE (11,

X3

PAGE 14

Pe 3765, FORMULA 9.6¢23) BY MEANS OF THE TRAPEZOIDAL RULE (SEE [2]1);
FOR X > 5 KO AND K1 ARE COMPUTED BY MEANS OF
A FINITE CHEBYSHEV SERTIES EXPANSION (SEE [31s P,

EXAMPLE DOF USE: THE PROGRAM

®BEGIN® WREAL® X, K1;
"PROCEDURE"™ MOMEXP BESS KO1(X» KO» K1); “CODE™

"EFORY X:i® o5, 1le0»
"BEGIN" MON EXP BESS KOl(X»

1e5,

200,

2.5 "Dgn

KOs K1);

BUTPUT(61sM( "/ 54BZeDs2 (58w, 14D"=ZD ) ") "y

Xs

"EN D"

WEND®

PRINTS THE FOLLOWING RESULTS:

5
1.0
165
200
25

SUBSECTION:

KOs K1)

¢15241093857739"
+11444630798069%
95821005329496"
+84156821507078"
¢75954869032810"

NONEXP BESS Ke

CALLING SEQUENCE:

OO O+

+27310097082118"
16361534 8626330
¢12431658735525"
+10334768 470687
+90017442390788%

THE HEADING OF THE PROCEDURE READS:
"PROCEDURE" NONEXP BESS K(Xs NoK); MVALUE®™ X, N;

WINTEGER"™ N3

WCODE®™ 35179;

"REALY™ X3 "ARRAY™ K;

339 AND [41)e

35178;

O s g0 b
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THE MEANING OF THE FORMAL PARAMETERS ISt
X <ARITHMETIC EXPRESSIOND>;
THE ARGUMENT OF THE BESSEL FUNCTIONS; X > 03
Nt <ARITHMETIC EXPRESSIOND;
THE UPPER BOUND OF THE INDICES OF THE ARRAY K; N >= 0;
K:  <ARRAY IDENTIFIER>;
BARRAY® KLO3NI1;
EXITs KLI1 POSSESSES THE VALUE OF THE MODIFIED BESSEL
FUNCTION OF THE THIRD KIND OF ORDER I (I = 0 eses N)
MULTIPLIED BY EXP(X)e

PROCEDURES USED:
NONEXP BESS KO1 = CP 35178e

REQUIRED CENTRAL MEMORY: NO AUXILIARY ARRAYS ARE USEDs

METHOD AND PERFORMANCE:?
KLOJ AND K[13] ARE COMPUTED BY USING NONEXP BESS KOl (CP 35178),
WHILE K[21s eees KL[N] ARE COMPUTED ACCORDING TO THE
RECURRENCE RELATION
KET+1]=KLTI1+(2%1/X)*K[1], ID=2
(SEE [11s Pe 3765 FORMULA 9+6+26)¢

EXAMPLE OF USE:
THE PROGRAM

WRBEGIN™ ®REAL™ X; “ARRAY™ K[0:11;
WPROCEDUREY NONEXP BESS K{(Xs N» K); "CODE™ 35179;
REQOR® X3m 65, Le0s 1le5s 2,0 ®DOW
“BEGIN® NONEXP BESS K(Xs 2, K);
DUTPUT(61s "(%/5 ZeDs 3 5Be14D"D) M) "5 XsK)
"END"
WEND™
PRINTS THE FOLLOWING RESULTS:

¢S5 015241093857739%1 ,27310097082118%1 ,12448148218621%2
1s0 £11444630798069"1 +16361534862633%1 +4416770052333471
le5 095821005329496"0 +12431658735525"1 ,26157645513649%1
2.0 +84156821507078"0 ,10334768470687"U ,18750450621395"1
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SOURCE TEXT(S)?
"Cobe™ 351703

"REAL"™ "PROC EDURE"

021058
4438071
+e47944
+943512
+30093
+016022
+465485
+020259
+046307
+075433
+.83079
+657166
4421641
+035664
+014404

07228
52423
02575
59712
11271
46793
83700
10841
62847
73289
25418
11305
55723
44822
82982

(DECEMBER 1978)

BESS I0(X); "VALUE" X; "REAL" X;

WIF® X= 0 ®THEN™ BESS I0:=]1

WELSE" WIF™ ABS(X) < = 15,0 "THEN"

"BEGIN" "REAL"™ Z, DENOMINATOR, NUMERATOR;
Zt= X¥X3 NUMERATOR:=
(2R (2R (2% (ZR(ZR(ZH(Z*
(ZR(ZH(ZH(ZH(TH(ZH(L*

90567
45326
48300
62668
12960
95361
96785
43397
21000
48189
09429
63785
61227
44025
27235

DENOMINATOR:= (Z*(Z*

(Z~e30764 69126 82801
+034762 63324 058862
82982 27235

= 414404

"-z 2
R=19)
"=16)
f=13)
"=10)
R=(07)
"=05)
"2 )
"+00)
"4+02)
"+04)
"+06)
"+08)
®+09)
"+10);

"04 )
"07)
"10);

BESS IO:= =NUMERATOR/DENOMINATOR;

“WEND" MELSE

"

RBEGIN™ WREAL® WPROCEDURE™ NONEXP BESS IO(X); ®CODE®™ 35175;
BESS I0t= EXP({ABS(X)) * NONEXP BESS I0(X)

“EN D"
"EOP

"

PAGE 16
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WCODEW 35171; :
WREAL®™ "PROCEDURE"™ BESS IL(X); "VALUEY X; "REAL®™ X;
BWIFYW X=(Q “WTHEN" BESS Il:=0 “ELSE"
RIFW ABS(X) <= 15,0 WTHEN®
"BEGIN™ ®REAL"™ Z, DENOMINATOR, NUMERATOR;
Zim X*X;
DENOMINATOR: =
Tk (Z=e22258 36740 00860 ©¥4)
+013629 35930 52499 "7;
NUMERATOR: =
(Zk(ZH (I (2R (IR (ZH(7%

(2 (ZR(ZR{LZ*(ZR(Z (L%

020717 57672 32792 W=26
+625709 19055 84414 "=23)
+030627 92836 56135 "=20)
+026137 27721 58124 W=17)
+e17846 93614 10091 "=14)
+496362 88915 18450 ¥=12)
+e41006 89068 47159 "=09)
+013545 52288 41096 P=06)
4033947 28903 08516 "=04)
4962472 61951 27003 "=02)
+080614 48788 21295 "=00)
+o68210 05679 80207 ®+02)
+634106 97522 84422 "+04)
+084070 57728 77836 1"+405)
+068146 79652 62502 "+06);

. BESS Ilt= X*(NUMERATOR/DENOMINATOR)
RENDM WELSE® ‘
WBEGIN™ ®REAL™ "PROCEDURE" NONEXP BESS I1(X); "CODE" 351763
BESS Il:= EXP(ABS{X))®MONEXP BESS I1l(X)
BEND® 3

nEQP®

“CODE"™ 35172;
RPROCEDURE® BESS I(X» N» I)3
WYALUE™ X, N; "IMTEGER®™ N; ®REAL"™ X; ®"ARRAY® I;
WIF® X = Q0 WTHEN®
"BEGIN" I[0J3= 1;
WFOR® Nt= N WSTEP® = 1 WUNTIL™ 1 "DO" I[Nls= 0;
WEND®™ "EL SEn
"BEGIN™ "REAL"™ EXPX; :
RPROCEDURE® NONEXP BESS I(X» N» NONEXPI); ®CODE® 351773
EXPX2=s EXP(ABS(X))3 NONEXP BESS I(Xs N» I);
®FOR® N:= N "STEP® = 1 "UNTIL" O ®DQO"
ICNJs= ILN] * EXPX
REND® BESS 15
wgEQpY
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"CODEY™ 35173;
WPROCEDURE®™ BESS KOl(Xs KOs K1); ®VALUE® X; WREAL® X, KO, K1;
NIFN X K= 1,5 "THEN®
WBEGIN® WINTEGER"™ K; "REAL™ Cs» Dy Rs S» SUMO» SUMl, To»
TERM» TO» T1;
SUMD:= Dtm LN(2/X) =,5772156649015328606;
SUM1zt= Cim =] =2 * D; R3s TERMiwms 1; Ti=s X * X/4&;
"FORM Kim 1,K+1 "WHILE®" ABS(TO/SUMO) + ABS(T1/SUM1) >
fal5 wpQn
"BEGIN® TERM3= T # TERM ®* R % R; D:= D + Rj
C:ms C = R; Rs= 1/(K#1l); Css C = R;
TOts TERM * D; Tls= TERM * C * Rj
SUMOt= SUMO + TO; SUMls= SUM1 + T1
WEND W3
KO:= SUMO; Kls= (1 + T * SUM1) 7 X
WEND® WE|SEW®
WBEGIN® "REAL®™ EXPX;
"PROCEDURE?” NONEXP BESS KOl(Xs KOs K1); *CODE®™ 35178;
EXPXtm EXP(= X);
NONEXP BESS KO1(Xs, KOs, K1); Klss EXPX #* K1; KOt= KO * EXPX
BEND®™ BESS KO1;
"EDD”

WCODE® 35174;

"PROCEDURE™ BESS K(Xs Np K); "VALUE™ X» N;

HREAL® X; "INTEGER®" N; "ARRAY®™ K;

"BEGIN® “INTEGER"™ I; "REAL"™ KO» Kl, K2;
"PROCEDURE® BESS KO1(X», KO» K1); ™CODE™ 35173;
BESS KO1l(Xy KO, K1); K[OJ:s= KO3 "WIF™ N > O "THEN® K[1]2s=s K13
Xsim 2 /7 X3
REQR® T:1= 2 WSTEP® ] ®UNTIL®™ N npO"™
WBEGIM® K[IJts K2te KO + X * (I=l)% K1; -

KOt= Kl; Klte K2
"END "
®END®™ BESS K3
nE ﬂ pn

nCADE" 35175;

WREAL" “PROCEDURE"™ NONEXP BESS IO(X);

"VALUE™ X; WREAL™ X;

WIFM Xa O "THEN™

NONEXP BESS I0:=1 ®ELSE"

WIFEW ABS(X) <= 15,0 MTHENW

"BEGIN®™ WREAL"™ "PROCEDURE"™ BESS IO(X); "CODE®™ 35170;
NONEXP BESS IO:= EXP(=ABS(X))*BESS I0(X)

"END" "ELS E"

®BEGIN® WREAL™ SQRTXs AR» BRy BR1, BR2» Z» 22, NUMERATOR,
DENOMINATOR;
Xt =ABS(X); SORTXt= SQRT(X);

WCOMMENT ™
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BR1t= BR2:= (; Zt= 30/X=1; Z23= Z+Z;
WFOR" AR:m ,24392 60769 778,
=e11559 19781 04435 "3,
+078403 42490 05088 "4,
=o14346 46313 13583 "6 npO®
"BEGIN® BR:a Z2%BR1=BR2+AR; BR2t= BR1l; BR1:= BR WEND®;
NUMERATOR:= Z%BR1=BR2+,34651 98333 57379 "6;
BR1l3= BR23= 0;
"FOR® AR:=s 1, =,32519 73333 69824 "3
+020312 84361 00794 "5,
=e36184 77792 19653 "6 "DO"
WBEGIN® BRt= Z2#%BR1 = BR2 + AR;
BR2s= BR1; BR1l3:= BR
" END";
DENOMINATOR3= Z*BR1 = BR2 +.86566 52748 32055 %63
NONEXP BESS I0:= (NUMERATOR/DENOMINATOR) /SQRTX;
WEND "3
“EDP"

WCODE®™ 351763
WREAL"™ ®PROCEDURE™ NONEXP BESS I1(X); "VALUE®" X; ®REAL" X;
WIFY X=0 YTHEN"™ NONEXP BESS Ilt= 0
BELSE® WIF® ABS(X)> 15.0 BTHEN®
"B EGIN® "INTEGER" SIGNX
WREALY ARy BRs BR1l, BR2s I, 12»
SQRTXs DEMOMINATOR, NUMERATOR;
SIGNXt= SIGN(X); X3m ABS(X); SQRTXt= SQRT(X);
Ii= 307X = 1; Z2 s Z + Z;
BR13= BR2t=s 0}
®EQOR® ARim
4614940 52814 740 941,
~g 36202 64202 42263 "+3,
+022054 97222 60336 ¥+5,
=,40892 80849 44278 n+p "DOM
"BEGIN®™ BRz= Z2 * BR1 « BR2 + AR;
BR2:= BR1; BRl:= BR
®ENDY ;
NUMERATORt= Z * BR1 =BR2 +,10277 66923 71524 "7;
BR1:= BRZ23s= 03 "FJDR" AR:= ],
=563100 32005 51590 "3,
4049681 19495 33398 ®5,
=510042 54281 33695 #7 wpQOn
"BEGIN™ BR:m 22 #% BR1 = BR2 + AR; BR23= BR1l; BR1:=BR MEND";
DENOMINATORt= Z # BR1 = BR2 +,26028 87678 9105 =73
MOMEXP BESS Ilts ({NUMERATOR/DENDMINATOR) /SQRTX) #® SIGN X
WEND® WELSEY
WBEGIN" “REAL" "PROCEDURE™ BESS I1(X)3 "CODE"™ 35171;
NONEXP BESS Il:= EXP{=ABS(X))*BESS I11(X)
REND™;
HEQPW
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"CODE" 35177;

MPROCEDURE™ NONEXP BESS I(X» N» I); ®VALUE® X» N3
"INTEGER" N3 "REAL™ X; "ARRAY" I;
WIF® X = 0 "THEN®
"BEGIN" I[0]t= 1; "FOR" Nt=s N "STEP"™ « 1 "UNTIL® 1 ®pQ"®
IlNlz= O
WEND® " LSE®
WBEGIN" "INTEGER™ K; "REAL"™ X2, Ry, S; "BOOLEAN" NEGATIVE;
WINTEGER®™ ®PROCEDURE™ START(XsN»T); ®CODE®™ 35185;
MEGATIVEt= X < 05 X:= ABS(X);
Rim S3ms O; X2:= 2/X; K:s START(X»Ny1l);
"EFOR" K3s K "STEP"™ = 1 "UNTIL"™ 1 "DO"
WBEGIN® R3= 1 / (R + X2 * K); St= R * (2 + S);
RIF® K <= N "THEN" I[Kl:= R
" END" ;
I[01z= R2= 1 / (1 + S);
"IF" NEGATIVE "THEN®
"BEGIN® “FOR" K:= 1 "STEP®™ 1 ®"UNTIL™ N ®DO®
I[K]t® R:m = R * J[K]
WENDW WE|SE®
WEFOR" Kt=1l "STEP®™ 1 WUNTIL®™ N "DO"™ I[K]l:= R3= R * I[KI];
WEND™ NONEXP BESS I;
” EDP“

wCODE™ 35178;

20

"PROCEDURE"™ NONEXP BESS KO1l(Xs, KOs KL);"VALUE™ X;"REAL"™ X, KO» K13

NIF" X <= 1¢5 "THEN"

WBEGIN® WREAL® EXPX;
"PROCEDURE™ BESS KOl(X, KOs K1); "CODE"™ 35173;
EXPX3= EXP(X); BESS KO1(Xs, KO» K1); KO3= KO * EXPX;
Kls=s EXPX * K1

WEND® WELSE®™ WIFM X <= 5 WTHEN® '

YBEGIN®" " INTEGER™ R; "REAL"™ T2, FAC» S1» S2» TERMls TERM2,
SQRTEXPR», EXPH2, X2;
Slt= o5; S23=0; Rt= 03 X23= X + X;
EXPH2t= 1 7/ SQRT(5 * X);
"FORM FAC:m 490483741803596,
¢67032004603564, 040656965974060, 220189651799466»
082084998623899M=1, 427323722447293%=1, +74465830709243%=2,
e16615572731739"=2, +30353913807887"=3, £45399929762485"=4,
0935951326416500"=5, ,+55739036926944"=6, +45753387694459"=7,

©307487987958650"=8, 016918979226151"=9, ,762186519451279=11,

028111852987891"=12, +84890440338729"=14, »2098791048793"=15,
042483542552916"=17 "DO"
"BEGIN" R3= R 4+ 1; T2:= R * R / 10;
SQRTEXPRt= SQRT(T2 / X2 + 1);
TERMlt= FAC / SQRTEXPR; TERM2:= FAC * SQRTEXPR # T2;
Sl:= S1 + TERM1; S2:= 52 + TERM2
” EN D H

"COMMENT®
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KQs= EXPH2 * S1; Klt= EXPH2 % S2 % 2
WENDN ME| SER
WBEGIN® "INTEGER" R;
BREAL® BRy BR1ls, BR2» CR» CR1», CR2s DRy, ERMINl» ERPLUS1» ER»
FOs Fls EXPXs Ys» Y25
Yim 10 / X = 1; Y2:= Y + Y; Rit= 30;
BR1s= BR2t= CRl3= CR2t= ERPLUS1t= ER3= 0
BEOR® DRtm ,27545% = 155 =,1T72697" = 14, 41136042 " = 13,
=o 7883236 " =13, 058081063 " =]2,
=e457993622 " =11, 93904375576 " =10,
=936454717921 B = 9y 379299645568 ® - 8)p
=s450473376411 " = 75 o53257510850049 " = &,
=el11106685196665" = 4, 026953261276272 " = 3,
=11310504646928" = 1 »pg"
WBEGIN® Rt=s R = 25 BRt= Y2 % BR1 = BR2 + DR;
CRt= CR1 * Y2 « CR2 + ER;
ERMINl:= R % DR + ERPLUS1; ERPLUS1:= ER; ER:= ERMINI;
BR21= BR1; BR1t=s BR; CR23= CR1; CR1l:= CR
WEND®;
FQ:= Y * BR1 = BR2 + .9884081742308258;
Fli= Y % CR1 = CR2 + ER / 2;
EXPXts SQRT{1s5707963267949 / X)3 KOts FQ3= FO % EXPX;
Kltm (1 4+ o5 /7 X) ®# FO + (10 /7 X /7 X) #* EXPX * F1
WEND® KO;
nggpn

WCODE® 35179;
"PROCEDURE™ NONEXP BESS K{Xs Ns K); "VALUE® X, N;
"REALY X3 *INTEGER™ N; "ARRAY" K;
"BEGIN® ®INTEGER® I; WREAL® KO» Kl, K2;
“PROCEDURE" NONEXP BESS KO1l(Xs KOs K1); ®CODE™ 35178;
NONEXP BESS KO1l(Xs KO» K1l);
K[013= KO3 "IF® N> O "THEN" K[1]it= K1; Xt= 2 / X3
BEOR® It= 2 WSTEP® ) WUNTIL® N ®DQ®
BBEGIN® K[I)t= K2:= KO + X % (I=1)% K1;
KOs3= K13 Kli= K2
RENDR
WEND"™ NONEXP BESS K;
ngQPH
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AUTHORS ¢ MoBAKKER AND NeMoTEMMEe
CONTRIBUTOR? ReMONTIJN,
INSTITUTE: MATHEMATICAL CENTRE,
RECEIVED: 781101,

BRIEF DESCRIPTION:

THIS SECTION CONTAINS THE PROCEDURES:
BESS JAPLUSN:

THIS PROCEDURE CALCULATES THE BESSEL FUNCTIONS
OF THE FIRST KIND OF ORDER A+K (0<=K<=Np, 0<=A<1l)} AND
ASSIGNS THEM TO AN ARRAYe THE ARGUMENT MUST BE NON=NEGATIVE.

BESS YAQl:

THIS PROCEDURE CALCULATES THE BESSEL FUNCTIONS
OF THE SECOND KIND (ALSO CALLED NEUMANN?®S FUNCTIONS)
OF ORDER A AND A+1 AND ARGUMENT X>0.

BESS YAPLUSN:

THIS PROCEDURE GENERATES AN ARRAY OF BESSEL FUNCTIONS OF THE
SECOND KIND 0OF ORDER A+Ns N=0s 15 25 eees NMAXs AND
ARGUMENT X>0,

THE BESSEL FUNCTIONS OF THE SECOND KIND CORRESPOND TO THE
FUNCTION DEFINED IN FORMULA 9.1.,2 OF REFERENCE [11,

BESS PQAO1:

THIS PROCEDURE IS AN AUXILIARY PROCEDURE FOR THE COMPUTATION OF
THE BESSEL FUNCTIONS FOR LARGE VALUES OF THEIR ARGUMENT,

BESS ZEROS:

THIS PROCEDURE CALCULATES THE FIRST N ZEROS OF A BESSEL FUNCTION
OF THE FIRST OR THE SECOND KIND OR ITS DERRIVATIVE.

START:

THIS IS AN AUXILIARY PROCEDURE WHICH COMPUTES A STARTING VALUE
OF AN ALGORITHM USED IN SEVERAL BESSEL FUNCTION PROCEDURES.
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KEYWORDS:

BESSEL FUNCTIOM, BESSEL FUNCTION OF THE SECOND KIND, NEUMANN'S
FUNCTIONs ZEROS 7JF BESSEL FUNCTIONS.

REFERENCES:

[1]Je ABRAMOWITI» Mes AND STEGUN» Ie (EDS)»
HANDBOOK OF MATHEMATICAL FUNCTICNS WITH FORMULAS, GRAPHS AND
MATHEMATICAL TABLES,
APPLo MATHe SERe 555 UeSe GOVTe PRINTING OFFICE»
WASHINGTONs DeCe » 1974,

[2]le GAUTSCHI, Wes COMPUTATIONAL ASPECTS OF
THREE TERM RECURRENCE RELATIONS.
SIAM REVIEW, VOLUME 9(1967)» NUMBER 1, Pe24 FFo

[31e TEMMEs NeMe ON THE NUMERICAL EVALUATION OF THE
ORDINARY BESSEL FUNCTION OF THE SECOND KINDs
Je COMPs PHYSe» 21» Pe 343 FF,» 19760

[41e WATSONs, GeNe
A TREATISE ON THE THEORY OF BESSEL FUNCTIONS,
CAMBRIDGE UNIVe PRESSs LONDON AND NEW YORKs, 1945,

[51e TEMME, NeMe» SPECIALE FUNCTIES, IN3
COLLOQUIUM NUMERIEKE PROGRAMMATUUR,
JoCePo BUS (REDe)» MC SYLLABUS 29.1B»
MATHEMATICAL CENTRE, AMSTERDAMs» 1976.

[61e TEMMEs NeMes» AN ALGOLRITHM WITH ALGOL 60 IMPLEMENTATION

FOR THE CALCULATION OF THE ZEROS OF A BESSEL FUNCTION,
REPORT TW 179 MATHEMATICAL CENTREs, AMSTERDAM» 1978.

SUBSECTION: BESS JAPLUSM,

CALLING SEQUENCE:
THE HEADING OF THE PROCEDURE READS:

"PROCEDURE™ BESS JAPLUSN(As X» N» JA);
WVALUE" A» X» N;

"INTEGER"™ N3 UREAL™ As X3 "ARRAY" JA;
WCODE®™ 351803
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THE MEANING OF THE FORMAL PARAMETERS ISt
A: < ARITHMETIC EXPRESSION > ; .
THE NONINTEGER PART OF THE ORDER; 0 €= A < 1;
Xt < ARITHMETIC EXPRESSION >;
THE ARGUMEMT VALUE; X > = 03
N2 < ARITHMETIC EXPRESSION >;
THE UPPER BOUND OF THE INDICES OF THE ARRAY JA;
JA? < ARRAY IDENTIFIER >3
wARRAY"™ JALOQ3N]1;
EXIT: JACK] IS ASSIGNED THE VALUE OF THE BESSEL
FUNCTION OF THE FIRST KIND JIK+Al(X)»s
D < = K< = Ng

PROCEDURES USED:

BESS J m CP 35162,
SPHER BESS J = CP 35150,
GAMMA = CP 35061,
START = CP 35185,

REQUIRED CENTRAL MEMORY: NO AUXILIARY ARRAYS ARE DECLARED.

METHOD AMD PERFORMANCE:

IN ALL THE CASES THE BESSEL FUNCTIONS ARE COMPUTED
ACCORDING TO THE MILLER METHOD DISCRIBED IN [2s Pe46=52],
THE STARTING VALUE IS COMPUTED BY THE PROCEDURE START.

RUNNING TIMEs ROUGHLY PROPORTIONAL TO THE MAXIMUM OF
X AND No

EXAMPLE OF USEs

WBEGIN® ® INTEGER™ N; "REAL™ A, X; *"ARRAY™ JA[03213
- "PROCEDURE™ BESS JAPLUSN(A, Xs N» JA); "CODE™ 351803
Xtm 25 At= o783 Ni= 23
BESS JAPLUSN(As X» N» JA)3
QUTPUT(61, ™("/p "(n)XaW)ND, 3BU(WA=®)®,DDy, 3B™("Nw#)nD,
/s 3(3B=u14D%"=ID)" )", X» A» N» JALOIs JAL1l1, JAL[2]1)
WEND®

RESULTS:

Xe2 A= o78 N=2
957306126928364%0 ,41529475124424% 0 16616338793111% O
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SUBSECTION: BESS YAOl.

CALLING SEQUENCE:
THE HEADING OF THE PROCEDURE READS:
WPROCEDURE™ BESS YAOL(As X» YAs YALl);
"VALUE™ As X3 "REAL"™ Ay X» YA, YAL;
"CODE™ 35181;

THE MEANING OF THE FORMAL PARAMETERS ISt

A2 <ARITHMETIC EXPRESSIOND;

THE ORDER;
X <ARITHMETIC EXPRESSION>;

THE ARGUMENT. THIS ARGUMENT SHOULD SATISFY X>0;
YAz <VARIABLED>;

EXIT: THE NEUMANN FUNCTION OF ORDER A
. AND ARGUMENT X3
YAlt <VARIABLE>;
EXIT: THE NEUMANN FUNCTION OF ORDER A+le

PROCEDURES USED®

RECIP GAMMA = CP 35060;
BESS PQAG1 = CP 35183;
SINH = CP 35111,

REQUIRED CENTRAL MEMORY: NO AUXILIARY ARRAYS ARE DECLARED.

METHOD AND PERFORMANCE:

FOR 0<X<3 THE BESSEL FUNCTIONS ARE COMPUTED BY USING TAYLOR
SERIESe THE METHOD IS DESCRIBED IN REFERENCE [31.

FOR X>=3 THE PROCEDURE CALLS FOR THE PROCEDURE BESS PQAO1

(SEE SUBSECTION BESS PQAQl)e

THE RELATIVE ACCURACY IS ABOUT "=13, EXCEPT FOR LARGE VALUES OF X;
IN THAT CASE THE ACCURACY MAINLY DEPENDS ON THE ACCURACY OF THE
FUNCTIONS SIN(X) AND COS(X)e
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EXAMPLE OF USEs -

THE PROGRAM?

"BEGIN" "REAL"™ P, Q;
"PROCEDURE" BESS YAOl(A» X» YAs YAl); "CODE" 35181;
BESS YAQCL1(G» 15 Py Q)3
QUTPUT(61s "(n2(N)M)%, Py Q)

"END"

YIELDS THE FOLLOWING RESULTS

+868256964215677"=002 =7,8121282130028"=001,

SUBSECTION: BESS YAPLUSHNe

CALLING SEQUENCE:
THE HEADING OF THE PRNCEDURE READS:?
WPROCEDURE"™ BESS YAPLUSN(A, Xs» NMAX, YAN); WVALUE"™ A» X» NMAX;
"REAL" A, X; "INTEGER"™ NMAX; "ARRAY®" YAN;
"CODE" 351823

THE MEANING OF THE FDRMAL PARAMETERS IS:

Az CARITHMETIC EXPRESSION>;
THE ORDER;
X3 <ARITHMETIC EXPRESSION>;

THE ARGUMENT; THIS ARGUMENT SHOULD SATISFY X>0;
NMA X3 <ARITHMETIC EXPRESSION>;
THE UPPER BOUND OF THE IMODICES OF THE ARRAY YAN;
YAN? <ARRAY IDENTIFIERD;
WARRAY" YANCO:NMAX]; NMAX>=0;
EXIT: THE VALUES OF THE BESSEL FUNCTIONS OF
THE SECOND KIND OF ORDER A+Ks FOR THE ARGUMENT X
ARE ASSIGNED TO YANLK1,0<{=K<=NMAXs

PROCEDURES USED: BESS YAOl = CP 35181,

REQUIRED CENTRAL MEMORY$ NO AUXILIARY ARRAYS ARE DECLARED.
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METHOD AND PERFORMANCE?
THE RECURRENCE RELATION
YANICN+1]l=s =YANIN=11] + 2%(N+A)*YANIN]I/X
IS USEDe THE INITIAL VALUES ARE OBTAINED FROM THE
PROCEDURE BESS YAOl, THE RECURRENCE RELATION IS NUMERICALLY
STABLE IN THE FORWARD DIRECTION (IF A >= 0),
EXAMPLE OF USE:
THE PROGRAM:
"BEGIN™ "ARRAY" YAN[O0:21];
®PROCEDURE®™ BESS YAPLUSN(A, X» NMAX» YAN); ®CODE®™ 35182;
BESS YAPLUSN(O0s» 1, 2, YAM);
OUTPUT (61, "("w3(N)®)", YANLOJ» YAN[11s YANL[21])
"END®
YIELDS THE FOLLOWING RESULTS

4882569642156 77"=002 =7,8121282130028"=001 =1,6506826068163"+000,

SUBSECTION: BESS PQAQl,

CALLING SEQUENCE:
THE HEADING OF THE PROCEDURE READS?
"PROCEDURE™ BESS PQAO1(A, X» PA» QA» PAls QAl); MVALUE™ X, A;
"REAL" X, A» PA, QA», PAl, QAl;
"CODE" 35183;

THE MEANING OF THE FORMAL PARAMETERS IS:

Az <ARITHMETIC EXPRESSIOND;

THE ORDERj
X3 <ARITHMETIC EXPRESSION>;

THE ARGUMENT e THIS ARGUMENT SHOULD SATISFY X>0;
PA: <VARIABLE>;

EXIT: THIS FUNCTION CORRESPONDS TO THE FUNCTION
P(X, A) DEFINED OM P, 205 OF REFERENCE (41,
SEC ALSO REFERENCE [11, FORMULA 9e266;
QA: <VARIABLE>;
EXIT: THIS FUNCTION CORRESPONDS TO THE FUNCTION
Q(Xs A) DEFINED ON Po205 OF REFERENCE [41e
SEE ALSO REFERENCE [11, FORMULA 902,63
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PAl: <VARIABLE>;
EXIT: THE FUNCTION P(X» A+l);
QAl: <VARIABLE>;
EXIT: THE FUNCTION Q(X» A+l)e
PROCEDURES USEDs
BESS JAPLUSN = CP35180,
BESS YAOl - CP35181.,
REQUIRED CENTRAL MEMORY: NO AUXILIARY ARRAYS ARE DECLARED.

METHOD AND PERFORMANCE:

X< 31
PAs QA» PAl, QA1 ARE COMPUTED FROM THE RELATIONS
PA = B * (YAD * S + JAO * C),
QA = B * (YAO * C = JAO * S),
PAl = B # (JAl *# S = YAl * (),
QA1 = B * (JAl * C + YAl * S),
WHERE
B = SQRT(HALFPI #* X),
C = COS(X = HALFPI * (A + o3)),
S = SIN(X = HALFPI * (A + ¢5))»
HALFPI = 1457079 63267 9489,
YAO = Y[LAI(X)»
YAL = Y[A + 11(X)s
JAO = JLAI(X),»
JAL = JLA + 11(X)3
X >= 33

THE METHOD IS DESCRIBED IN REFERENCE [31s IT DEPENDS ON USING
A MILLER ALGORITHM FOR CONFLUENT HYPERGEOMETRIC FUNCTIONS.
THE ACCURACY IS ABOUT m=13 AND IS BETTER FOR LARGE Xe

THE FUNCTIONS PA AND QA CAN ALSO BE USED FOR THE COMPUTATION
OF THE BESSEL FUNCTION J OF THE FIRST KINDe.

SEE REFERENCE([11» FORMULA 94245,
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EXAMPLE OF USL:

FRONH SIME PROPERTIES OF THE BESSEL FUNCTIONS IT CAM BE PROVED
THAT PAXPAL+QA¥QAl=1s WHATEVER X AND Ae IN THE FOLLOWING PROGRAM
WE VERIFY THIS RELATION.

"BEGIN™ "REAL"™ Ay X, Py Qs R, S
"PROCEDURE" BESS PQAOL(A, X» PA» QAs PAl, QAl); ®CODE®™ 35183;
WFJR® Xte 1, 3, 5, 10s 15, 20, 50 "DO"
"BEGIN® BESS PQAOL(O» X» Py 2 Ry S);
QUTPUT (61s "("BBs De20"+3D")", ABS(P*R+Q*S=1))
®END®
WENDM

THIS PROGRAM GIVES THE FOLLOWING RESULTS:
le42M=014 7411"=)15 7611%=015 7411015 1s427=014 0.00%+000 2,13P=yl4,

SUBSECTINN: BESS ZERQOS,

CALLING SENUENCE?

THE HEADING DF THE PROCSDURE READS!
WOR(CEDUREM BESS ZEROS(AsN»ZyD);
"YALUE" Ay NyDj; "REAL™ A3

PINTEGER" N»D; "ARRAY" Z;

MCODE" 351843

THE MEANING OF THE FORMAL PARAMETERS ISt

At <ARITHMCTIC EXPRESSION>;

THE ORPDER OF THE BESSEL FUNCTION, A>=0,
M CARYTHMITIC EXPRESSIIND;

THE NUMBLR OF ZEROS TO BE EVALUATED, N>=1, .
I3 <ARRAY IDINTIFIER>;

WARRAY" Z[1:M13;
EXITt Z0J1 IS THE J=TH LERD OF THE
SELECTED BESSEL FUNCTNON;
D: CARITHMGTIC EXPRESSIOND;
THE CHOICE OF D DETERMINES THE TYPE OF THE
BESSEL FUNCTION OF WHICH THE ZEROS ARE COMPUTED!
IF D=1 THEN JA »
IF D=2 THEN YA »
IF D=3 THEN JA=PRIME,
IF D=4 THCN YA=PRIML,
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PROCEDURES USED: BLESS PQAOL = CP 35183,
REQUIRED CCMTRAL MEMMORY: NO AUXILIARY ARRAYS ARE USED.

RUNNING TIME: DEPENDS ON THE VALUES OF A AND N AND ON
THE MUMBER OF ITERATIONS IN THE ALGORITHM,.
FROM TESTS IT FOLLOWS THAT FOR EACH ZERO AT MOST 3
EVALUATIONS OF THE PROCEDURE BESS PQAO1 ARE NEEDED.

METHOD AND PERFORMANCE :

A FIRST APPROXIMATION OF THE ZEROS OF THE SELECTED BESSEL
FUNCTION IS CALCULATED BY MEANS 0OF THE ASYMPTOTIC EXPANT IONS

( SEE THE FORMULAS 9654125 905613 ( FOR A < 3 ) AND 9.5.:22»
Qe524( FOR A >= 3 ) OF REF [1] )e THIS VALUE IS CORRECTED BY THE
USE OF A FOURTH DRDER NEWTON=RAPHSON METHOD AS DISCRIBED ON Ps 179
OF REF [6Js MORE DETAILS CAN BE FOUND IN REF [7].

A RELATIVE PRECISION 0OF 13 DIGITS IS PERSUED.

THE COMPUTATIOM OF A ZERO IS TERMINATED IF THIS ACCURRACY

IS ACHIEVED OR IF MORE THAN 5 ITERATIONS ARE NEEDED.

THE PRICEDURE DOES NIT CHECK ON THE RANGE OF THE PARAMETERS

AsN AND De

EXAMPLE 0OF USEs
THE PRIGRAM

"BEGIN™ "REAL®™ A; "INTEGERY™ N,D; ™ARRAY" Z[1:21;
"PRACENURE"BESS ZEROS(AsNsZ,»D); "CODE™ 351843
At=3,14; Ni= 23 Die 23
BESS ZEROS(AsN»Z»D);

OUTPUT (61, "M Ny /o N")"»Z01]51202])

RWEND®

PRINTS THE FIRST TWO ZEROS OF THE BESSEL FUNCTION Y OF
THE ORDER 3414; THE RESULT IS:

+406847847078799%+000

+8,2765898338392"+000
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SUBSECTINN: START.

CALLING SCEQUENCE:

THE HEADING OF THE PROCEDURE READS?
"INTEGER" “PROCEDURE® START(XsN»T);

"VALUE" XoNo T35 "REAL™ X;
RINTEGER™ N»T;
"CODE" 35185;

" START:= A STARTING VALUE FOR THE MILLER ALGORITHM
FOR COMPUTING AN ARRAY OF BESSEL FUNCTIONS;

THE MEANING OF THE FORMAL PARAMETERS ISt

X3 CARITHMETIC EXPRESSION>;

THE ARGUMENT OF THE BESSEL FUNCTIONS» X > 03

N <ARITHMETIC EXPRESSIOND>;

THE NUMBER OF BESSEL FUNCTIONS TO BE COMPUTEDs N >= 03

T2 <ARITHMETIC EXPRESSION>;

THE TYPE OF BESSEL FUNCTION IN QUESTION,
T = 0 CORRESPONDS TO ORDINARY BESSEL FUNCTIONS,
T =1 CNRRESPONDS TO MODIFIED BESSEL FUNCTIONS.

PROCEDURES USEDt NONE.

REQUIRED CENTRAL MEMORY:® NO AUXILIARY ARRAYS ARE DECLARED,

METHOD AND PERFORMANCES

THE PRNCEDURE IS CALLED IN THE FOLLOWING PROCEDURES?

BESS J CODE
NON EXP BESS I CODE
BESS JAPLUSN C ODE
BESS KAPLUSN CODE
NON EXP BESS IAPLUSN CODE
SPHER BESS J CODE

NON EXP SPHER BESS I CODE

35162
351717
35180
35192
35193
35150
35154,

10
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IN THESE PROCEDURES AN ARRAY OF BESSEL FUNCTIONS IS GENERATED
BY USING MILLER 'S ALGORITHM (SEE REF[5])e FOR STARTING THIS
ALGCORITHM ONE NEEDS AN INTEGER NU WHICH CAN BE COMPUTED BY USING
GAUTSCHI *S ESTIMATES OF THE ERROR ( SEE REF(5,FORMULA (5411)1 )
WE COMPUTE THIS STARTING VALUE NU BY USING ASYMPTOTIC APPROXIMA=
TIONS OF THE BESSEL FUNCTIONS, AS GIVEN IN REF[1l, FORMULA 9e¢3.7s
963685 9e7eTs AMD 9¢T7e81e GAUTSCHI USED DIFFERENT FORMULAS, BUT
THOSE USED HERE GIVE FOR LARGE X AND N MORE REALISTIC ESTIMATES.
THE PERSUED ACCURACY IN THE ABOVE MENTIONED PROCEDURES IS ABOUT
=14 o FOR OBTAINING AN ACCURACY OF "=D THE NUMBERS 36 AND 18
APPEARING IN THE FOURTH AND SIXTH LINE OF THE SOURCE TEXT OF START
- SHAQULD BE REPLACED BY (D+1)%* LN(10) AND o5*%(D+1)#% LN(10),
RESPECTIVELYe. FOR MODIFIED BESSEL FUNCTIONS THE ACCURRACY IS IN A
RELATIVE SENSE; FOR ORDINARY BESSEL FUNCTIONS THE ACCURRACY IS
ABSOLUTE IF THE DRDER OF THE BESSEL FUNCTION IS SMALLER THAN X
OTHERWISE IT IS RELATIVE,.

RUNNING TIME: MNEGLECTABLE If COMPARED WITH THE TIME NEEDED
FOR THE BESSEL FUNCTION PROCEDURESs

EXAMPLE OF USE: SEE THE ABOVE MENTIONED PROCEDURES

SOURCE TEXT(S)3

"CODE"™ 351803
"PROCEDURE™ BESS JAPLUSN(A, X» N» JA); "VALUE" As X» N;
WINTEGERM™ N; PREAL®™ X, A; WARRAY® JA;
WIF® X = 0 "THEN"
"BEGIN"® JA[Ql:= "IF® A = 0 "THEN®" 1 ®ELSE" 0;
UEOR" Nets N "STEP" =1 “UNTIL"™ 1 "DO"™ JAIN]t= ©
WEND® ®ELSE™
WIFM A = O WTHEN"
"BEGIN" "PROCEDURE™ BESS J(X» N» J)5 "CDDE" 35162;
BESS J(Xs N» JA)
WEND® WELSE"
WIF" A = o5 "THENP
"BEGIN"™ "REALY S;
"PROCEDURE® SPHER BESS J(X» N» J)3; ®CODE®™ 35150;
St= SQRT(X) * 797 884 560 802 865; MCOMMENT®™ 5 = SQRT(2X / PI);
SPHER BESS J(Xs N» JA);
"FOR" Nta N WSTEP™ = 1 "UNTIL"™ O ®DO"™ JALNI3= JALN] * S
WEND® WELSE® ‘
WCOMMENT®
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"BEGIN®™ "REAL" A2» X2» Ry Ss Ly LABDA; "INTEGER"™ Ky, My NU;
WREAL™ "PROCEDURE®™ GAMMA(Y); RCODE™ 35061;
MINTEGER" "PROCEDURE™ START(X,NyT); "CODE™ 35185;
Lem 15 NU:s START(XsNs0);
WEQR® Mts 1 "STEPY 1 "UNTIL" NU "DQ"
L1s L * (M+A) /7 (M+1); Ri=s Ste 0; X2t= 2 / X; Kis =1; A2t= A + A;
MEQR® M:s MU+NU WSTEP" = 1 WUNTIL® 1 ®DO®
WBEGIN® Piw 1 / (X2 * (A + M) = R);
WIFM K = 1 "THEN® LABDAt= O MELSEM
MBEGIN® Lt L * (M + 2) / (M + A2); LABDAt= L * (M + A) WEND";
Si= R % (LABDA + $); K:w =K;
WIFU MCe N "THEN® JA[M12s R
WEND" 5
JACOJ:tw Rim 1 / GAMMA(L + A) / (1 + S) / X2 ** A;
WEOR™ Mim 1 WSTEP® 1 WUNTIL® N ®DO" JACMl:= Ris R % JALMI;
"END" BESS JAPLUSN;
mEQP®

nCODE™ 35181;
"PROCEDURE" BESS YAOL(AsXs YAsYAL) 3WVALUE® AsX; MREAL™ Ay X» YAsYAL;
RIF® A = Q0 "THEN"
"BEGIN'" “PROCEDURE" BFESS YOl(X»YOs,Y1l); "CODE" 35163;
BESS YC1l(XsYAsYAL)
REND® WELSEN®
"BEGIN® "REAL™ BsCpDsEsFsGoHsPsPIpQpRyS;MINTEGER" NyNA;

"BOOLEAN" REC,REV;

PIl: w4k ARCTAN(1) ;NAS=ENTIER(A+s5)5RECE8AD= 55

REVI=AL=o5;PIF" REYV ®OR® REC WTHENM At =A=NAj

NIFN Amey5 WTHEN®

"BEGIN" P:=SQRT(2/PI/X);F:mP%xSIN(X);G3m~pkCOS(X) M"END" YELSE"

NIFM X<3 RTHEN"

"BEGIN" ®REAL"™ ®“PROCEDURE"™ RECIP GAMMA(X,NDD,EVEN); "CODE™ 35060;
WREAL"™ WPROCZDURE™ SINH(X); "CODE™ 35111;
B:mX/2;0ts=L}N(B);Et=A%D;

Ci=®IF® ABS(A)<P=B WTHEN™ 1/PI WELSE™ A/SIN(A*PI);
Szan IFn ABS(E)K"W=8 WTHEN® 1 "ELSE" SINH(E) /E;
E:=EXP(E);G:=RECIP GAMMA(A, P, Q) *E;Ex=(E+1/E)/2;
Fi1m2kCk(P*E+Q%SkD);Et=mA%A;
Pt aGkC3;Q3m]1/G/PI;C3=A%PI/2;
RtanIFn ABS(C)<Me=8 WTHEN" 1 WELSE™ SIN(C)/C;R:=PI*C*R*R;
im];Dt==BkB;YAT aF+R*¥Q;YAls=P;
WFOR® Nt=s]l,N+1 WWHILEW™
ABS(G/(1+ABS(YA)))+ABS(H/(1+ABS(YAl)))>"=15 nDQO"
"BEGINY Fis(FkN+P+Q)/(N%N=E);C:=C*D/N;
P3sP/(N=A); Q3=Q/(N+A);
GimCH*(F+R*Q) ; HimCkP=N%G;
YA:sYA+G;YAL: msYAL+H;
"END";
Fta=YA;Gt==YAL/B

"END®" “ELSE"

NCOMMENT®
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s

"BEGIN® "PROCEDURE™ BESS PQAD1(A»X»PAsQAs PA1»QALl); "“CODE" 35183;
BeaX~PI*(A+¢5)/2;Ct=CO0S(B);Ss=sSIN(B);
D1=SQRT(2/X/P1);

BESS PQAO1(AsXsP»QsBsH);
FimD*R(PkS+Q*C);G:mD%¥( HkS=B*(C)

WENDM;

HIF® REV "THEN®

"BEGIN® X:m2/X; NATmesNA=];

"EOR" N:=Q "STEP" 1 “UNTIL"™ NA "DOW
WBEGIN® Hi=X* (A=N)*F=G;GtsF;Ft=H NENDW
WENDM WELSE"™ ®IF®™ REC "THEN®
"BEGIN" X:m2/X;
"FUR" N:-l HSTEP" 1 "UNTILII NA llDO"
WBEGIN® HimX®(A+N) *G=F;FtuG;Gt=H "END"
WENDY;
YAt=F;YAl:=G
HEND™ BESS YAOl;
nE QPN
"CODE" 35182;
"pROCEDURE™ BESS YAPLUSN(A, X» NMAXs, YAN); "VALUE"™ Ay, X» NMAX;
WREAL®™ A, X; WINTEGER™ NMAX; WARRAY®™ YAN;
NREGIN' "WINTEGER™ i3 MREAL" Y1l;

"PROCEDURE" BESS YAUl(A» X» YAy YAl); "CODE"™ 35181;

BESS YAOl(A» X» YAN[Ol, Yl); At= A=1; X3= 2/X;

RIF® NMAX > O "THEN" YAM([1]1:= Y];

NEQRY Niw 2 WSTEP™ 1 #WUNTIL®™ NMAX nDO®

YANIN]:= «=YAN[M=2] + (A+N)%XkYAN[N=]l]

WEND® BESS YAPLUSN;
"EQPN

"CODE® 35183;
"PROCEDURE"™ BESS PQAOL(A»XsPA»QAsPAL,QAL);¥VALUE® A,X3
NREAL™ ApXsPAsPAL»QA,0ALs
WIF®Y A s O "THEN"
"BEG IN" "PROCEDURE"™ BESS PQO(X»P0,»Q0); "CODEM™ 35165;
WPROCEDURE® BESS PQl(X»P1,Ql); MCODE®™ 35166;
BESS PQO(XsPAs0OA); BESS PQL(XsPA1»QA1)
WEND® WELSEM
"BEGIN" "INTEGER"™ NypNA; "REAL™ By PI», PO» QO 3 WBOOLEAN® RECs REV;
PIt= 4 % ARCTAN(1);
REV t A=y 53" IFN REV WTHEN" At mwjAmw];
REC:mA>m ¢5;"IF" REC "THEN"
WBEGIN® NAt=ENTICR(A+e5);At=A=NA BEND™;
WIFY Amey5 NTHENY
"BEGIN" PA:=PAl:=]1;QAs=QAl:=0 "END" M"ELSE®
WIF™ X >= 3 "THEN"
WCOMMENT®w
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WBEGIN® MREAL™ CyDsE»FsGoHsP»Q»R»S;
Ciwg25 = A%A; B8:w X 4 X; Fim Rim 1; Gim =X; S:= 03
Etm (X%COS(A®PY)/PI*"15) %%2;
WFEOR™ Ntm2,N+1 "WHILEM™ (P*P + Q%Q)*N*NLE wDQ"
"BEGIN" Dis(M=1+C/N);
ts (2 * N* F + B % G=D % R) / (N+ 1);
Q3= (2 * N % G =~ B * F =D * S) / (N + 1);
R3= F; Fi= P; Si= G; Gt= Q
“END";
Es= F * F + G * G;
Pt= (R * F + S * G) /7 E3
Qt= (S * F = R * G) / E;
F:ms P; G:= Q;
PEORM NimNel "WYHILE™ N>0 "pO"
RBEGIN® Ri1s(N+1l )% (2=P)=2;S3=B+(N+1)*Q;D1s(N=1+C/N)/
(R¥kR+S*S);PtuD*R; Q:mD*S;EzmF;
FsmpPhk( E+l)=G*Q;GmQ* (E+1)+ P*G
"END";
Ft=l+F; D3ImF*F + G*Gj
PA:eF /D;QAt==G/D;DtuA+,5=P;Q:=Q+X;
PAl:=(PA¥%Q=QA*D)/X; QAl:=(QA%Q+PA*D) /X
REND®W ®WELSE™
"BEGIN"™ "REAL™ C» S» CHI» YA, YAL; "ARRAY"™ JALO:11];
"PRACEDURE™ BEJS JAPLUSN(A, X» N» JA); "CODE"™ 35180;
"PROCEDURE" BESS YAOL(A» X» YA, YAl); "CODE"™ 35181;
Bt= SQRT(PI * X / 2);
CHItm X = PI * (A / 2 + o25); Ct3= COS(CHI); S:= SIN(
BESS YAOL(A, X» YAs YAl); BESS JAPLUSN(A, X» 1, JA);

CHI);

PAGE

PAt= B * (YA * S + C * JA[0]); QAt= B * (C * YA = S * JA[0]1);

PAlts B # (S * JA[1] = C * YAl);
QAl3w B * (JALL] * C + YAL * §S)
" EN D" ;
WIFM REC NTHEN®
"BEGIN" Xte2/X;Bis(A+l)RY;
"EOR® N:=l ®STZP® 1 WUNTIL™ NA #pQw
"BEGIN" POtsPA~QAL*B; QU1=QA+PAL#B;
PA1=PAL;PALI=PO; QA1=QA1; QALl1=Q0; Bi=B+X
" EN D"
mEND";
NIFM REV "THEN®
"BEGIN" PO:=PAL;PAlt=PA;PA1=P0;Q01=0A1;QAL:eQA; QA =Q0
"END" BESS PQAO1;
"E :]P "

NEND®

14
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CODE"™ 35184;
PROCEDURE" BESS ZEROS(AsNsZsD)3 WVALUE® ApNsD; PREAL™ A3 MARRAY® 73
" INTEGER™ NyD;
COMMENT™ COMPUTES Z[11s06¢ZINIsTHE FIRST N ZERQS OF A BESSEL FUNCTIDN,
THE CHOICE OF D DETERMINES THE TYPE OF THE BESSEL FUNCTION
IF D=l THEN JA ELSE ‘
IF D=2 THEN YA ELSE
IF D=3 THEM JA=PRIME ELSE
IF D=4 THEN YA=PRIME,.
A IS THE ORDER OF THE BESSEL FUNCTIONs IT MUST BE NON=NEGATIVE.;
BEGIN® WREAL™ AAyA25BsBBsCsrCHISC Op MU» MU25MU3,MUGsPsPI,PA,PALsPOsPLsPP1s
Q,QA,QA15Q15Q015RO» ST ToTTHUsVoWsXsXXsXbs Y3 "INTEGER" J5S3

WREAL® ®WPROCEDURE™ FI(Y); ®WVALUE®™ Y; “REAL™ Y;
"COMMENT® COMPUTES FI FROM THE EQUATION
TAN(FI)=FI=Y , WHERE Y>=0Q,
THE RELATIVE ACCURACY IS AT LEAST 5 DIGITS;
RIFN Y= ®THEN" FIt=0 "ELSE"™
nIFH Y>H5 WTHEN® FIt=1,570796 M“ELSEn
"BEGIM"™ "REAL" RyP,PP;
RIFRN Y<1 WTHEN®
"BEGIN® Pte(3%Y)k%(1/3); PPtuP*p;
PimPk( 1+PP*(=2104PP*(27=2%PP))/1575)
"END" "ELS E"
WBEGIN® Pt=l/(Y+1e570796); PP3=sP*pP;
Pim 16570796=P*(1+PP*(2310+PP*(3003+PP*(4810+PP*
(8591 +PP%16328))))/3465)
"WEND "3
PPt=(Y+P)®(Y+P); R2=(P=ARCTAN(P+Y))/PP;
FItmPe(1+PP)*R*(L+R/(P+Y))
WENDY FI;

RPROCEDURE™ BESS PQAOL(A,XsPAsQAsPA1,QA1); ®CODE™ 351833

"REAL® "PROCEDURE" R;
"BEGIN" BESS PQAOL(A»X»PAsQA, PAL1,QAL);
CHIt=X=PI*(A/2+0625);
ST $=SIN(CHI); CDO:=COS(CHI);
R:= ®IF" D=l "THEN" (PA*CO=QA*S5I)/{(PA1%SI+QA1%C0O) “ELSE"
WIF® D=2 "THEN" (PAXSI+QA*CO)/(QA1*SI=PA1%CO) WEL SEW
RIFW D=3 "THEM" A/X=(PA1#SI+QA1%C0O)/(PA%CO=QA*SI) "ELSE"
A7X=(QAL*ST=PAL*CO) /(PA*STI+QA*C()
” END" R;
RCOMMENT®
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PIt=4%ARCTAN(1); AAt=A%A; MUs=4%AA; MU231sMURMU;

MU3 3 =MUXMU2 ;3 MU4:=MU2*MU2;

"IF" D<3 "THEN®

RBEGIN® Pt=7%MU=~31; POt sMU=1;
Pl3=4%(253%MU2=3722%MU+17869)/15/P*P0Q;

Ql:=8%( R3*kMU2«= 982%MU+ 3T779)/ 5/P

"END" "ELSE"

RBEGIN® P2=74%MU2+824MU=9; POt=MU+3;
PLl:=(4048*%MU4+131264%MU3=221984%MU2-417600%MU+1012176)/60/P;
Ql:=1e6%(83%MU3+2075%MU2=3039%MU+3537) /P

NENDW;

Ti1=nIF" DelnQR"Dug "THENT 0,25 MELSE"™ 06755 TT2m4*T;

NIFM D3 MTHEN®

"BEGIN" PPl:= 5/48; QQl:=s =5736 "END" M"ELSE"™

WREGIN® PPli==7/48; QQlt= 35/288 WENDW;

tw 3%PI/8; BR:m NIFN Ada3 NTHENT™ A *%(«=2/3) WELSE™ 0,0 ;

NFORN Stw]l MSTEP®™ 1 "UNTIL" N "DO"

WBEGIN® "IF" A=sQWAND"S=1RWANDWD=3 WTHENW
MBEGIN® XsteN; Jt=mQ MEND™ WELSE®
MBEGIN® "IF" S D>m 3%A =8  WTHEN®

"BEGIN" B:=(S+A/2=T)#PI; C:=1/B/B/64;
Xt=B=1/B /8% (PU=P1l*C)/ (1=Q1*C)
WEND® WEL SET
NBEGIN"™ WIFw S=] "THEMY
PBEGIN' Xt= M"IF" Dm] WTHEN®™ «=2,33811 "ELSE®
WIF" De2 N"THEN® «1,17371 "ELSE"
WIF" Dm3 YWTHEN™ =]1,01879 "ELSEM =2,2944%4
IIEND" llELSEII
WBEGIN® Xt= Y*(4%S=TT); Vis 1/X/X;
Xtm woX®k(2/3)%(1+V*(PP14QQ1%*V))
WEND "3
UstsX%BB; ViaFY(2/3%(=U)%%*1,5);
W3=l/COS(V); XX3t=l=WkW; C3sSQRT(U/XX);
Xsmyk(A+C 7A7U*
("IF" D3 "THEN" =5/48/U=C*(=5/24/XX+1/8)
RELSER  T77648/U+C*(=7/247XX+3/8)))
WEND"; J3=0;
L1l: XXtmXkX; X4:mXXkXX; A2:=AA=XX; ROt=R; Js=J+l;
"IF"® D<3 "THEN"®
WBEGIN® U3sR0O; P3=(l=4%A2)/6/X/(2%A+1);
Qe (2% (XX=MU)=l=6%kA)/ 37X/ (2%A4]1)
"END" "ELSE" “
"BEGIMY Utms=XX*RO/A2; Vi=2%XkA2/ (AA+XX)/3;
Wi=A2%A2%A2s
Q: =VE(1+{ MU2+32%MURXX+48%X4) /732/W);
PraVk(1l+(=MU2+40%MUk XX+48%X4)/64/W)
RENDM;
Wi=U*(1+P%RO) /(14Q*RO); X taX+W;
WIFN ABS(W/X)>"=13 "ANDWJLS5 WTHEN® wGQOTO" L1
MEND"; Z[S1t=X
WENDW
END"™ BESS ZERDS;
llEOpn
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CODE" 35185;
INTEGER" "PROCEDURE™ START(XsNsT); "VALUE" XsNoT; "REAL"™ X;
WINTEGER®™ N»T;
BEGIN™ "REAL"PsQsR,Y; WINTEGER" §;
Stm 2%T=l; P:=s 36/X=T; R3s N/X; "IF" R>1 "OR" Tsl "THEN®
"BEG IN" Qt= SQRT(R*R+S); R3= RkLN(Q+R)=Q "END" "ELSE"™ Rt= 0;
Qt= 18/X+R; Rt= WIFW pP>Q MTHEN® P WELSE™ Q;
P:m SQRT(2*(T+R)); P2:= Xk((L+R)+P)/(1+P); Yi= QO;
"FOR" Q:= Y, Y "WHILE™ P>Q "OR"™ p<Q=1 "DQ"
"BEGIN™ YiteP; P3= P/X; Q3= SQRT(P*P+5); Pt= X*(R+Q)/LN(P+Q) PENDW;
STARTta nIF" Tal "THEN"™ ENTIER(P+1) "ELSE" «ENTIER(=P/2)%*2
END" START;
"EOP "
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AUTHORS? M¢BAKKER AND NoMoTEMME,

INSTITUTE: MATHEMATICAL CENTRE.

RECEIVED?® 781101,

BRIEF DESCRIPTION:
THIS StCTION CONTAINS THE PROCEDURES?
BESS IAPLUSN:

THIS PROCEDURE GENERATES AN ARRAY OF MODIFIED
BESSELFUNCTIONS OF THE FIRST KIND OF ORDER
A+Ny Nu=Dy oo0s NMAX, 0 < = A < 1 AND ARGUMENT X > = Q.

NONEXP BESS IAPLUSN:

THIS PROCEDURE GENERATES AN ARRAY OF MODIFIED
BESSEL FUNCTIONS OF THE FIRST KIND OF ORDER
A+ Ny N = 0y osesr NMAX, 0<=A <1 AND ARGUMENT
X > = 0 MULTIPLIED BY THE FACTOR EXP(=X)e
THUS, APART FROM THE EXPONENTIAL FACTOR THE
ARRAY ENTRIES ARE THE SAME AS THOSE COMPUTED
BY BESS IAPLUSNe

BESS KAOQlt?

PAGE 1

THIS PROCENURE CALCULATES THE MODIFIED BESSEL FUNCTIONS OF THE

THIRD KIND OF ORDER A AND A+1, AND ARGUMENT X, X>0;
BESS KAPLUSN:?

THIS PROCEDURE GENERATES AN ARRAY OF MODIFIED BESSEL FUNCTIONS

OF THE THIRD KIND OF ORDER A+Ns N=0s 1, eess NMAX, AND
ARGUMENT X>0e

THC MODIFIGD BESSEL FUNCTIONS CORRESPOND TO THE FUNCTION

DEFINED IN FORMULA 9.6.2 OF REFERENCE[11;
NONEXP BESS KAOQ1:

THIS PROCEDURE CALCULATES THE MODIFIED BESSEL FUNCTIONS OF THE

THIRD KIND OF ORDER A AND A + 1, AND ARGUMENT X» X > 0,
MULTIPLIED BY THE FACTOR EXP(X)e THUS, APART FROM THE

EXPONENTIAL FACTOR, THE FUNCTIONS ARE THE SAME AS THOSE

COMPUTED BY BESS KAOl;
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NONEXP BESS KAPLUSN:

THIS PROCEDUPE GENERATES AN ARRAY OF MODIFIED BESSEL FUNCTIONS
OF THE THIRD KIMD OF ORDER A + My N = 0y lreees NMAX, AND
ARGUMENT X>0 MULTIPLIED BY THE FACTOR EXP(X)e THUS» APART FROM
THE EXPONENTIAL FACTOR, THE FUNCTIUNS ARE THE SAME AS THOSE
COMPUTED BY THE PROCEDURE BESS KAPLUSN.

KEYWORDS 3

BESSEL FUNCTIOM»
MODTIFIED BESSEL FUNCTION,
MODIFIED BESSEL FUNCTION OF THE THIRD KINDs

REFERENCES:

[1]. ABRAMOWITZ» Mes AND STEGUN» Ie (EDSe)»
HANDBOOK OF MATHEMATICAL FUNCTIONS WITH FORMULASs GRAPHS AND
MATHEMATICAL TABLES.
APPLe MATHe SERe 55, UeSe GOVTe PRINTING OFFICE,
WASHINGTON, DeCe (1964)s

[2le GAUTSCHI» Wes COMPUTATIONAL ASPECTS
OF THREE TERM RECURRENCE RELATIONS,
SIAM REVIEW», VOLUME 95 (1967)s NUMBER 15 Ps24e

[(31e TCMME, NeMe» ON THF NUMERICAL EVALUATION OF THE

MODIFIED BESSEL FUNCTION OF THE THIRD KINDe
Jo COMPs PHYSICS», VOLs 19 (1975)s NUMBER 3, Pe 324,

SUBSECTION: BESS TAPLUSH,

CALLING SEQUENCE:
THE HEADING OF THE PROCEDURE READS:

"PROCEDURE" BESS IAPLUSN(A» X» Ny IA);
HYALUE™ X» N» A; "REAL"™ X» A;
MINTEGER™ N; WARRAY™ IA;

"CODE"™ 351903
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THE MEANING OF THE FORMAL PARAMETERS 1IS:
At < ARITHMETIC EXPRESSION >;
THC NONINTEGER PART OF THE ORDER OF THE
. BESSEL FUNCTIONS; 0 < = A < 1;
X3 < ARITHMETIC EXPRESSION >;
THE ARGUMENT OF THE BESSEL FUNCTIONS; X > = 0;
Ns < ARITHMETIC EXPRESSION >;
THE UPPER BOUND OF THE INDICES OF THE ARRAY IA; N>= 0;
IA: < ARRAY IDENTIFIER >;
"ARRAY" TALOIN1; N > = O;
EXITs THE VALUES OF THE MODIFIED BESSEL FUNCTIONS
OF THE FIRST KIND », OF ORDER A+K AND ARGUMENT X,
ICA+K1I(X) ARE ASSIGMED TO THE ARRAY IA.

PROCEDURES USED:

NONEXP BESS IAPLUSN = CP 35193,
BESS I = CP 35172,
NONEXP SPHER BESS I s CP 35154,

REQUIRED CENTRAL MEMORY: NO AUXILIARY ARRAYS ARE DECLARED.
METHOD AND PERFORMANCE: SEE SUBSECTION NONEXP BESS IAPLUSNe

RUNNING TIME:
ROUGHLY PROPORTIONAL TO THE MAXIMUM OF X AND Ne

EXAMPLE OF USE:

"BEGIN" "REAL" X» A; "ARRAY" IA[OQ:2] ;
WPROCEDURE™ BESS IAPLUSN(A, X» N» IA); PCODE"™ 35190;
A3z= 4255 X3= 23 BESS TAPLUSN(As, X» 2, IA);
OUTPUT(61,"("2(48DeDD)» /s 3(4B=¢14D"=ZD)")",
As X» IAL01, IAL11, IAL2])

"END"®

PRINTS THE FOLLOWING RESULTS:
0525 2000

«22033544516736% 1 +13401967589829" 1 ¢52810850294501"

PAGE 3

0



SECTION 3 601062 (DECEMBER 1978) PAGE 4

SUBSECTION: NONEXP BESS IAPLUSN,

CALLING SEQUENCE:
THE HEADING OF THE PROCEDURE READS?

"PROCEDURE®™ NONEXP BESS IAPLUSN(A, Xs Ns IA);
"VALUE®™ A X» Nj

WREAL®™ A» X3 ®INTEGER® N; WARRAY® IA;

"WCODE"™ 35193;

THE MEANING OF THE FORMAL ©°ARAMETERS IS:
At < ARITHMETIC EXPRESSION >3
THE NONINTEGER PART OF THE ORDER A+Ny, 0 < = A < 1;
X: < ARITHMETIC EXPRESSION >3
THE ARGUMENT OF THE BESSEL FUNCTIONS; X >= 03
Nt < ARITHMETIC EXPRESSION >3
THE UPPER BOUND OF THE INDICES OF THE ARRAY IA; Nd= 03
IA: < ARRAY IDENTIFIER >3
"ARRAY" IA[LO:N]; N > = 0;
EXIT® IALKI HAS THE VALUE 0OF
THE MODIFIED BESSEL FUNCTION OF THE FIRST KIND OF
ORDER A + K AND ARGUMENT X MULTIPLIED BY
EXP (=X)s 0 < = K < = N

PROCEDURES USED:

NONEXP BESS 1 = (P 35177
NONEXP SPHER BESS I = CP 35154
GAMMA = CP 35061
START = (P 35185

REQUIRED CENTRAL MEMORY: NO AUXILIARY ARRAYS ARE DECLARED.

METHOD AND PERFORMANCE:
IN ALL THE CASES THE BESSEL FUNCTIONS ARE COMPUTED ACCORDING TO

THE MILLER METHOD DESCRIBED IN [2, Pe46=52]e THE STARTING VALUE
IS COMPUTED BY THE PROCEDURE START (SECTION 6¢10e.1)e

RUNNING TIME: ROUGHLY PROPORTIONAL TO THE MAXIMUM OF X AND N,



SECTION : 661062 (DECEMBER 1979) PAGE

EXAMPLE OF USE:
THE PROGRAM
WBEGIN® WREAL™ X, A; WARRAY™ IA[032];
"PROCEDURE™ NOH EXPBESS IAPLUSN(As X» N» IA); "CODE"™ 35193;
Atm 425; X3s 2; NON EXPBESS IAPLUSN(A, X 2» 1A);
ODUTPUT(61," ("2 (4BDeDD)y /53(4B=os14D"=2D)" )",
A» X» IALOl, TAC11, IAL21)
llEND "
PRINTS THE FOLLOWING RESULTS:
0625 2.00
029819159878790" 0  +18137590796974" 0 071471713825726"
SUBSECTION: BESS KAOle

CALLING SEQUENCE:
THE HEADING OF THE PRNOCEDURE READS:
"PROCEDURE™ BESS KAOl(A» Xy KAs KALl); "VALUE™ A, X;
UREAL" A, X» KAs» KA1;
“CODE" 35191;

THE MEANING OF THE FORMAL PARAMETERS ISt

As <ARITHMETIC EXPRESSION>;

THE ORDER;
Xs <ARITHMETIC EXPRESSION>}

THE ARGUMENT. THIS ARGUMENT SHOULD SATISFY X>0;
KA <VARIABLE>;

EXITs THE VALUE OF THE MODIFIED BESSEL FUNCTION
OF THE THIRD KIND OF ORDER A AND ARGUMENT X;
KAlz <VARIABLE>;

EXIT: THC VALUE OF THE MODIFIED BESSEL FUNCTION OF THE
THIRD KIND OF ORDER A+l AND ARGUMENT Xe

PROCEDURES USED:

RECIP GAMMA = CP 35060;
NONEXP BESS KAOl = CP 35194;
SINH = CP 35111,

REQUIRED CENTRAL MEMORYt® NO AUXILIARY ARRYS ARE DECLARED.

-1
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METHOD AND PERFORMANCES

FOR 0<X<41 THE B&SSEL FUNCTIONS ARE COMPUTED BY USING TAYLOR

SERIESe THE METHUD IS DESCRIBED IN REFERENMCE [3]e FOR X>=1 THE
PROCEDURE CALLS FOR THE PROCEDURE NONEXP BESS KA ( SEE SUBSECTION
NONEXP BESS KA)e THE RELATIVE ACCURACY IS ABOUT "=13, EXCEPT FOR
LARGE VALUES OF X; IN THAT CASE THE ACCURACY ALSO DEPENDS ON THE
RELATIVE ACCURACY OF THE EXPONENTIAL FUNCTIONe IF ONE IS INTERESTED
IN THE MODIFIED BESSEL FUNCTION OF THE THIRD KIND TIMES THE FACTOR
EXP(X)s» THE PROCEDURE NONEXP BESS KA SHOULD BE USEDe

EXAMPLE NF USE:

THE PROGRAM?

"BEGIN®" "REAL" P, Q;
"PROCEDURE"™ BESS KAO1(As X» KA, KAl); WCODE® 351913
BESS KAC1(0» 1» Py Q)3
QUTPUT(61s "("2(N)")%, P, Q)

"END "

YIELDS THE FOLLOWING RESULTS

+462102443824071"=001 +640190723019724"=001,

SUBSECTION: BESS KAPLUSNe

CALLING SEQUENCE:
THE HEADING OF THE PROCEDURE READS:
"PROCEDURE" BESS KAPLUSN(A, X» NMAX» KAN); "VALUE"™ A, X» NMAX;
"INTEGER™ NMAX; "REAL"™ A, X; MARRAY" KAN;
"CODE"™ 35192;

THE MEANING OF THE FORMAL PARAMETERS 1IS:

At <ARITHMETIC EXPRESSION>;
THE ORDERe IT IS ADVISED TO TAKE A >= 03
X3 <ARITHMETIC EXPRESSIOND;

THE ARGUMENTe THIS ARGUMENT SHOULD SATISFY X>0;
NMAX= <ARITHMETIC EXPRESSIOND>;
THE UPPER BOUND OF THE INDICES OF THE ARRAY KAN;
KAN? <ARRAY IDENTIFIERD;
"ARRAY" KANLO3NMAX]; NMAX>=0;
EXIT: THE VALUE OF THE MODIFIED BESSEL FUNCTION
OF THE THIRD KIND OF ORDER N+A IS ASSIGNED TO KANINI,
0 <= N <= NMAX.
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PROCEDURES USED: BESS KAOL = CP 35191,

REQULIRED CENTRAL MCMORYt NO AUXILIARY ARRAYS ARE DECLARED

METHOD AMD PERFORMANCE:

THE RECURRENCE RELATION KANCN+11=KANIN=11+2%(N+A)*KANLNI/X IS USEDe.
THE STARTING VALUES ARE OBTAINED FROM THE PROCEDURE BESS KAO1.

IF A>=0, RECURSION IS NUMERICALLY STABLE IN THE FORWARD DIRECTION.
IF ONE IS INTERESTED IN THE MODIFIED BESSEL FUNCTIONS OF THE THIRD
KIND TIMES THE FACTOR EXP(X), THE PROCEDURE NONEXP BESS KAPLUSN
SHOULD BE USEDe

EXAMPLE OF USE:

THE PROGRAM:?

#BEGIN™ "wARRAY"™ KANCO:2]1;

"PROCEDURE"™ BESS KAPLUSN(A, X» NMAX, KAN); RCODE™ 35193;
BESS KAPLUSN(D, 1s 2, KAN); :
OUTPUT (61, "("3(N)")m, KANLOl, KANC11, KANL2])

nENDN

YIELDS THE FOLLOWING RESULTS

+442102443824071%=001 +6+0190723019724"=001 +1,6248388986352"+000.
SUBSECTION: NONEXP BESS KAOle

CALLING SEQUENCE:
THE HEADING OF THE PROCEDURE READS?
"PROCEDURE™ NONEXP BESS KAOl(A» X» KAp KAl);

WYALUE™ Ay X3 "REAL® Ay X» KA» KAL;
"CODE™ 351943
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THE MEANING OF THE FORMAL PARAMETERS 1IS:

Az <ARITHMETIC EXPRESSIOND;

THE ORDER;
X3 <ARITHMETIC EXPRESSIOND;

THE ARGUMENTs THIS ARGUMENT SHOULD SATISFY X>0;
KA <VARIABLE>;

EXIT: KA HAS THE VALUE OF THE MODIFIED BESSEL
FUNCTION OF THE THIRD KIND OF ORDER A
AND ARGUMENT X TIMES THE FACTOR EXP(X);
KA1z <VARIABLE>;
EXIT: THE VALUE OF THE MODIFIED BESSEL FUNCTION OF THE
THIRD KIND OF ORDER A+l AND ARGUMENT X TIMES THE
FACTOR EXP(X)e

PROCEDURES USED: BESS KAOl = CP 35191,

REQUIRED CENTRAL MEMDRY: NO AUXILIARY ARRAYS ARE DECLARED.

METHOD AND PERFORMANCE:

FOR 0<X<1 THE PROCEDURE NONEXP BESS KA CALLS FOR THE PROCEDURE
BESS KAOle FOR X>=1 THE BESSEL FUNCTIONS ARE COMPUTED WITH A
MILLER ALGORITHM FOR CONFLUENT HYPERGEOMETRIC FUNCTIONS.

THE METHOD IS DESCRIBED IN REFERENCE [31.

FOR ALL VALUES OF X CONSIDERED (X>0) THE FUNCTIONS

DELIVERED ARE EQUAL TO THE VALUES COMPUTED BY THE PROCEDURE

BESS KAOQl» APART FROM AN EXPONENTIAL FACTORe THE RELATION BETWEEN
THE TWO PROCEDURES WILL BE DESCRIBED BY THE PROGRAMt

"BEGIN"™ WREAL™ A, X» KAp NEKA, KAl, NEKA1;
"pROCEDURE™ BESS KAU1(A» Xs KAs KAl); "CODE"™ 35191;
"PROCEDURE™ NONEXP BESS KA(A» X» KAs KAl)3 RCODE® 35194%;
Atm 35 Xie 3,143
BESS KAO1(A, X» KAp KAL);
NOMEXP KA 01(As X, NEKA» NEKAL)

WEND®

THEN WE HAVE

KA = EXP(=X)%*NEKA» KAL = EXP(=X)#NEKAle THE RELATIVE ACCURACY IS
ABOUT %13,
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EXAMPLE OF USE:

THE PROGRAM:

WBEGIN" "REAL" Py, Q3
WPROCEDURE® MNONEXP BESS KA(A» Xp KAy KAl); ®CODE™ 35194%;
NONEXP BESS KA(O, 2s P» Q)3
QUTPUT( 6L, "("2(N)M")"y Py Q)

REND®

YIELDS THE FOLLOWING RESULTS:

" 864156821307073"=001 +1.0334768470687"+000,

SUBSECTION: NONEXP BI3SS KAPLUSNe

CALLING SEQUENCE:
THE HEADING OF THE PROCEDURE READS:
"PRUCEDURE®™ NOMNEXP BESS KAPLUSN(A» X» NMAX», KAN);
"VALUE"™ A, X» NMAX; ®REAL®™ A, X; ®INTEGER®™ NMAX; BARRAY® KAN;
"CODE™ 351953
NONEXP BESS KAPLUSN GENERATES AN ARRAY OF MODIFIED BESSEL FUNCTIDNS
THE THIRD KIND OF ARGUMENT X AND ORDERS A+N» N=0» 1seee2 NMAX TIMES
THE FACTOR EXP(X).

THE MEANING OF THE FORMAL PARAMETERS IS:

At CARITHMETIC EXPRESSIOND;
THE ORDER, IT IS ADVISED TO TAKE A >= 0;
X: <ARITHMETIC EXPRESSION>;

THE ARGUMENTe THIS ARGUMENT SHOULD SATISFY X>03
NMAXs <ARITHMETIC EXPRESSION>;
THIS PARAMETER SHOULD SATISFY NMAX>=0; NMAX INDICATES THE
MAXIMUM NUMBER OF FUNCTION VALUES TO BE GENERATED;
KAN <ARRAY IDENTIFIER>3
MARRAY® KANLOSNMAX1; NMAXD=0;
EXIT: KANCN] IS THE MODIFIED BESSEL FUNCTION OF THE THIRD
KIND OF ORDER N+A AND OF ARGUMENT X (N=0(1l)NMAX)
TIMES THE FACTOR EXP(X)e

PROCEDURES USED: NONZXP BESS KA = CP 35194,

REQUIRED CENTRAL MEMORY® NO AUXILIARY ARRAYS ARE DECLARED.
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METHOD AND PERFORMANCE:

THE RECUPRENCE RCLATION KANIN+11=KANIN=11+2%(N+A)*KANIN1I/X IS USED.
THE STARTING VALUES ARE OBTAINED FROM THE PROCEDURE NONEXP BESS KA
IF A>=0, RECURSION IS NUMERICALLY STABLE IN THE FORWARD DIRECTION.
FOR ALL VALUES OF X AND NMAX CONSIDERED (X>0) THE FUNCTIONS
DELIVERED ARE EQUAL TO THE VALUES COMPUTED BY THE PROCEDURE

BESS KAPLUSM, APART FROM AN EXPONENTIAL FACTORe THE RELATION BETWEEN
THE TWO PROCEDURES WILL BE DESCRIBFD BY THE PROGRAM:

«  WBEGIN™ MREAL"™ X, A; "ARRAY" KA, NEKALO:101;
"PROCEDURE"™ BESS KAPLUSN(A» X» NMAX, KA); "CODE"™ 35193;
WPROCEDUR E® NONC XP BESS KAPLUSN(As X» NMAXs KAN); ®CODE® 3519%;
X3m 2,785 Aim 4963
BESS KAPLUSN(A», X» 10» KA);
NONEXP BESS KAPLUSN(As X 10, NEKA)
REMDM

THEN WE HAVE KALH] = EXP(=X)*MEKAIN]s N=0» 15 oses 10

EXAMPLE OF USE3

THE PROGRAM:

"BEGIN"™ "ARRAY'" KANLO$21];

BPROCEDURE®™ NONEXP BESS KAPLUSN(A, Xs NMAX» KAN); WCODE® 35195;
NOMEXP BESS KAPLUSN(O0» 55 25, KAN);
QUTPUT(61, " ("3 (N)") " KANLOI, KANL1]l, KAN[21)

L1} EN D"

YIELDS THE FOLLOWING RESULTS:

+504780756431352"=001 +6,0027385878831"=001 +7,8791710782884"=001¢
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SOURCE TEXT(S)3

"CNDE" 35190;
“COMMENT" COMPUTATION OF ILAI(X)» » IIN+AJ(X);
"PROCEDURE"™ BESS TIAPLUSN(Ay, Xso N» IA); "VALUE®™ Ay X» N3
WINTEGER™ M; WREAL™ X» A; "ARRAY" IA;
WIF" X= 0 WTHEN®
"BEGIN" IA[Q]1s= M"IF" A= O "THEN" 1 "ELSE" 0;
WEQOR®™ Nta N WSTEP® =] WUNTIL® 1 ®D0O® IA[NIz= 0O
NENDM™ WELSE® NIFW A= 0 ®THEN®
WBEGIN® "PROCEDURE" BESS I(Xs N» I); ®CODE"™ 35172;
BESS I(X» N» IA);
WENDR® WELSEW WIFR Am o5 WTHEN®
WBEGIN®™ “WREAL™ C;
n"PROCEDURE™ NONEXP SPHER BESSI(Xs» Ns 1); "CODE®™ 35154;
Ci= o797 884 560 802 865 * SQRT(ABS(X)) * EXP (ABS (X))
NOMNEXP SPHER BESSI(Xs Ns IA);
WEFQOR®" Nte N ®STEP® =] ®UNTIL® O "DO" IAIN]l:= C*IALCN)
"END " "ELS E"
RBEGIN® MREAL® EXPX;
"PROCEDURE™ NOMEXP BESS IAPLUSN(A, X» N» IA); ®“CODE" 35193;
EXPX3= EXP(ABS(X));
NONEXP BESS IAPLUSN(A» X» N» IA);
WEQR® Ni= N WSTEPR «] WUNTIL® O WDOM™ IALNIs= EXPX % TALN]
WEND® BESS IAPLUSN;
nEQP®

wCODE™ 35191;

"PROCEDURE"™ BESS KAO1(As Xs KAy KALl); ®"VALUE™ A, X;

WREAL™ Ay X» KAy KAL;

WIF® A = O WTHENW

WBEGIN®™ "PROCEDURE™ BESS KOl(X»KOpK1); "CODE"™ 35173;
BESS KOl (XsKApKALl)

NEND" WELSE"

WBEGIN®™ WREAL®™ Fy G» Hy PI; WINTEGER™ Ny, NA; "BOOLEAN™ REC» REVS
PI:e 4 % ARCTAN(1);
REVze A € =45; ®IF" REV "THEN" Ats wAw];
RECs= A >= ,5; RTIFP REC WTHEN®
"BEGIN" NAt=ENTIER(A4,5); At=ms A = NA "END";
WIFY A = o5 YTHEN® F3= G:e SQRT(PI /7 X / 2) * EXP (=X) WELSE®
WIEN X ¢ 1 MTHENY
BB EGIN® RCOMMENT®
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H

WREAL™ Al, By, C» Ds» Es P» Q» S3
RREAL"™ "PROCEDURE"™ RECIP GAMMA(X, 0DD», EVEN); "“CODE"™ 35060;
"REAL"™ "PROCEOURE™ SINH(X); "CODE" 351113
- Bt=X/23Dtu=|N(B);ES=A%D;Ct=A%P];
CienIF® ABS(C)M=15 "THEN®" 1 "ELSE™ C/SIN(C);
StanIFn ABS(E)K"=15 "THEN" 1 ®"ELSE" SINH(E)/E;
Et1=EXP(E);AL$=(E+1/E)/2;G1=RECIP GAMMA(A, Py Q) *E;
KAt=sFt=Ck(P*A1+Q%SkD) ;Es mARA;
Pimg5%G*(C;Q:me5/G;Ctml;D2mB*B; KAl2 =P
"FOR" N:sly,N+1 "WHILE"™ H/KA+ABS(G)/KAl>"=15 npQ"
WBEGIN® Fi=s(F *N+P+Q) /(NkN=E);Ct=C*D/N;
PiaP/(N=A)3;Q:=Q/7(N+A);G:=Ck(P=N%F);
HimCkF;KA:sKA+H; KAl: =KA1+G
"END";
F1eKA; G1=KAL/B
NEND® WELSE"™
WBEGIN®™ MREAL"™ EXPON;
WPROCEDURE™ NONEXP BESS KAO1(As» Xs» KAs KAl); WCODE® 35194;
EXPONt= EXP(~X); NONEXP BESS KAOl(As X» KAy KAl);
tm CEXPON * KA; G:= EXPON * KAl
"END"; .
RIF® REC ®THEN®™
"BEGIN® X:= 2 /7 X;
"EFQR"™ Nss 1 "STEP"™ 1 "UNTILY™ NA "DgQ"
WBEGIN® Hi= F + (A + N) * X * G; Ft= G; G3= H WEND®
WENDY;
wIF® REV ®THEN" "BEGIN" KAl:= F; KAs= G "END®™ “ELSE"
"BEGIN" KAt= Fj; KAls= G "END™
REND® BESS KAD1;
"EUP"

"CODE™ 351925
WPROCEDURE® BLSS KAPLUSN(As Xs NMAXs KAN)3 MVALUE™ As X» NMAX;
WREAL"™ A, X; "INTEGERY™ NMAX; "ARRAY"™ KAN;
"BEGIN" "INTEGER" N3 "REAL™ K1;
RPROCEDURE™ BESS KAOl(A» X» KA, KAL)3®CODE™ 351913
BESS KAOl(As X KAN[Ol» K1l); A3= A=]1; X3= 2/X;
nIF" NMAX > 0 "THEN" KAN[1l:= K1;
"FOR"™ Nt= 2 "STEP"™ 1 ®UNTIL" NMAX "DQO"
KANCN1t= KAN[N=2] + (A+N) * X * KANIN=1]
WEND™ BESS KAPLUSN;
” EUP"
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"CODE™ 351933
RCOMMENT? COMPUTATION 0OF NONEXPONENTIAL MODIFIED BESSEL
FUNCTIONS OF FRACTIONAL DRDER;
WPROCEDURE"™ NONEXP BESS IAPLUSN(A» Xs N» IA); "VALUE"™ As» X» Nj
WREAL®™ X, A; WINTEGER"™ N; WARRAY® IA;
NIF® X= O "THENY
WBEGIN® IA[O1:= ™IF® A= O WTHEN® 1 “ELSE" 0;
"FORM" Ni= N "STEP" =] "UNTIL" 1 "DO™ IA[NIt= O “END"
WELSE® RIF® A= () WTHEN®
WBEG IN® "PROCEDURE™ NONEXP BESSI(X, N» I); “CODE™ 35177;
NONEXP BESSI(Xs Ny IA)
WEND™ YELSEM WIFM A= o5 WTHEN®
"BEGIN" ™REAL"™ C;
WPROCEDURE™ NONEXP SPHER BESSI(X», Ns I); "CODE™ 35154;
Ci= o797 884 560 802 865 * SQRT(X);
NONEXP SPHER BESSI(X» N» IA)3
"FOR™ Nsw N PSTEP® =] ®WUNTIL™ 0 "DO"™ IAINIz= C * TA[N]
"END" "ELSE"
"BEGIN" "INTEGER" Ms, NU; "REAL"™ Ry S» LABDA» Ls» A2, X23
WREAL™ ®PROCEDURE®™ GAMMA(X)3; ®CODE™ 35061;
WINTEGER™ "PROCEDURE"™ START(X,N»T); "CODE"™ 351853
A23= A+A; X23:m 2/X; L3=l;
NUs= START(XsN»1) 3 R3= S3= 03
“FOR" Mt= 1 WSTEP®" 1 ®UNTIL™ NU "DO™ L= L * (M+A2)/(M+1);
"FORY M:= NU “STEP®™ =] ®UNTIL®" 1 nDQO¥
WBEGIMN" R:= 1/(X2 *(A+M)+R); L= L*x(M+1)/(M+A2);
LABDAz= L*(M+A) * 23 St= R * (LABDA + S)3;
"IF" M <= N "THEN™ IA[Ml:= R
"EN D" H
IAC(O]s= R3m 1/7(1+S)/GAMMA(L+A}/X2 #*%A;
WEFOR® Mt=m ] WSTEP™ 1 WUNTIL"™ N #D0" IA[M]ls= Rsza IA[M] # R;
WEND™;
llE Iap "

RCODEW 35194;
"PROCEDURE™ NONEXP BESS KAOL(A» X» KAy KALl); "VALUE® A, X;
WREAL"™ Ay X» KAp KAL;
"IF® A = 0 BWTHEN®
"BEGIN® ®PROCEDURE"™ NONEXP BESS KOl(X»KOsK1); ®"CODE™ 351783
NONEXP BESS KOl (X»KAsKAl)
nENDW MELSEV
WBEGIN® WREAL®™ Fy G, Hs PI; WINTEGER™ N» NA; ®BODOLEAN® REC, REV3
PIt= 4 &% ARCTAN(1);
REVim A & =g5; WIF® REY "THEN® Atw =A=];
REC3= A D>= ,5; "IF" REC "THEN"
HBEGIN® NAt=ENTIER(A+,5); Atm» A = NA MEND";
WIF® A @ =5 WTHEN® Fim Gie SQRT(PI /7 X 7 2) WELSE®
nIF® X < 1 "THEN"
®WBEG IN® WCOMMENT®
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H

RREAL® EXPON;
"PROCEDURE" BESS KAOL(As Xs KAy KAL) ;®CODE®™ 351913
EXPON:= EXP(X); BESS KAOl(As, X» KAy, KALl);
. Fit= EXPON * KA; G3= EXPON * KA1l
WEND® ®“ELSE®
WREGIN® nREAL™ By, Cp E» Py Q;
Cimg25=A%A3BeaX+X;6tm]l;Fta0;E8aCOS(A%PI) /P RY%"15;
RFOR® Nis1lyN+1l ®PWYHILE® H*NCE ®pQ®
WBEGIN® Him(2%( N+X) *¥G=(N=1+C/N)*F)/(N¢+1);F:=G;
1w
"END
Pt= Q3= F / G; Et= B = 2;
HEQOR™ Ni:=mNp N=l “WHILE® NDO wDOW
"BEGINY Pse(N=l+C/N)/(E+(N+1)*(2=«P));QimpPk(14+Q) VENDY;
Fe=SQRT(PI/B)}/{1+Q);G3aF*(A+X+45=P)/X
WENDY;
MIF® REC MTHEN®
NBEGIN" X3= 2 / X3
REOR® Ni= 1 ®WSTEP® 1 ®WUNTIL®™ NA nDQO"
WBEGIN® Ht= F + (A + N) % X % G; F3e 6; G:e H WENDW
NENDY; .
RIF® REV ®THEN™ M"BEGIN® KAlt= F; KAt= G WENDW WE[SER
"BEGIN® KAs= F; KAl:=s G "WEND®™
WEND" NONEXP BESS KAO1;
"EQP"

WCODE™ 35195;
"PROC EDURE" NONEXP BESS KAPLUSN(A, Xs» MMAX», KAN);
"VALUE™ A» X» MMAX;
WREAL® A, X; WINTEGER™ NMAX;3; "ARRAY" KAN;
WBEGIN®™ “INTEGER™ N; "REAL" K1;
"PROCEDURE"™ NOHEXP BESS KA(As» X» KAs KA1l); "VALUE" As X3
"REAL®™ A, X» KAs KAl3 ®CODE® 35194;
NONEXP BESS KA(As Xs KAN[Ols K1)3 A= A=l; Xt= 2/X;
"IF® NMAX > 0 "THEN" KAN[1llzs K1;
“FOR" Ne= 2 "STEP" 1 "UNTIL"™ NMAX "DO™
KANCNIs= KANIN=21 + (A+N)#*X#KANCN=1];
REND® NONEXP BESS KAPLUSN;
WEQP™
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AUTHORS Me BAKKERe
INSTITUTE: MATHEMATICAL CENTRE.

BRIEF DESCRIPTIONS
THIS SECTION CONTAINS THE PROCEDURES

SPHER BESS J:
THIS PROCEDURE CALCULATES THE SPHERICAL BESSEL FUNCTIONS
JOK+e51( X)*SQRT(PI/ (2%X))9sK=0s sees No WHERE JI[K+e51(X)
DENOTES THE BESSEL FUNCTION OF THE FIRST KIND OF ORDER K+#e5;
X>= 0;

SPHER BESS Ys
THIS PROCEDURE CALCULATES THE SPHERICAL BESSEL FUNCTIONS
YIK+e S J(X)*SIMT(PI/(2%X))» K=0s sees N» WHERE Y[K+o51(X)
DENOTES THE BESSEL FUNCTION OF THE THIRD KIND OF ORDER K+e353
X SHOULD BE POSITIVE;

SPHER BESS I:
THIS PROCEDURE CALCULATES THE MODIFIED SPHERICAL BESSEL
FUNCTIONS I[K+o51(X)*SQRT(PI/(2%X)))s K=0s» enes N»
WHERE I[K+¢51(X) DENOTES THE MODIFIED BESSEL FUNCTION OF THE
FIRST KIND OF ORDER K+¢55; X>=0;

NONEXP SPHER BESS 1I:
THIS PROCEDURE CALCULATES THE MODIFIED SPHERICAL BESSEL
FUNCTIONS MULTIPIED BY EXP(=X)
EXP(=X)%I[K+o51(X)*SQRT(PI/ (2%X))» K=0s» oceesN»
WHERE ICK+¢51(X) DENOTES THE MODIFIED BESSEL FUNCTION
QF THE FIRST KIND OF ORDER K+e¢33 X>= 0;

SPHER BESS K3

THIS PROCEDURE CALCULATES THE MODIFIED SPHERICAL BESSEL
FUNCTIONS

KLI+e51(X)*SQRTIPI/(2%X))» I®0s osesNs
WHERE K[I+o51(X) DENOTES THE MODIFIED BESSEL FUNCTION
OF THE THIRD KIND OF ORDER I+e5; X>0;

NONEXP SPHER BESS Kt
THIS PROC EDURE CALCULATES THE MODIFIED SPHERICAL BESSEL
FUNCTIONS MULTIPLIED BY EXP(+X)
EXP(+X)#K[I+651( X)#SQRT(PI7 (2%X))s I=0s oees» N»
WHERE K[I+o51(X) DENOTES THE MODIFIED BESSEL
FUNCTION OF THE THIRD KIND OF DRDER I+.53 X>0;
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KEYWORDS ¢

BESSEL FUNCTIONS,
SPHERICAL BESSEL FUNCTIONS,
MODIFICD SPHERICAL BESSEL FUNCTIONS.

REFERENCES:

[11e ABRAMOWITZs Mes» AND STEGUN» I. (EDS)»
HANDBOOK OF MATHEMATICAL FUNCTIONS WITH FORMULAS, GRAPHS AND
MATHEMATICAL TABLES»
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WASHINGTONs DeCe » 1974

(21 GAUTSCHI» Wes COMPUTATIONAL ASPECTS OF
THREE TERM RECURRENCE RELATIONS.
SIAM REVIEW» VOLUME 9(1967)s NUMBER 1s Pe24% FFe

SUBSECTION: SPHER BESS Jo

CALLING SEQUENCE?s

THE HEADING OF THE PROCEDURE READS:

"PROCEDURE"™ SPHER BESS J (Xs N» J); "VALUE™ X» N;
WREAL" X; "INTEGER"™ Nj; "ARRAY® J;

WCODE®™ 351503

THE MEANING OF THE FORMAL PARAMETERS ISt
Xt < ARITHMETIC EXPRESSION >;
THE VALUE OF THE ARGUMENT; X > = 03
N: < ARITHMETIC EXPRESSION >;
THE UPPER BOUND OF THE INDICES OF THE ARRAY J; N > = 03
Jt < ARRAY IDENTIFIER >;
"ARRAY*" JCO3N1;
EXIT: JIK] HAS THE VALUE OF THE SPHERICAL BESSEL FUNCTION
JIK+e51(X) * SQRT(PI/(2%X))» 0K = K £ = N;

PROCEDURES USED: START = CP 35185,

REQUIRED CENTRAL MEMORY: NO AUXILIARY ARRAYS ARE DECLARED.
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METHOD AND PERFMRMANCE:

AT FIRST THE RATIO OF TWO CONSEQUENT ARRAY ELEMENTS
IS COMPUTED BY MEANS OF A BACKWARD RECURRENCE
FORMULA USING MILLER ®S METHOD (SEE[2, Pe46=521)
AND HENCE ALL THE ARRAY ELEMENTS ARE COMPUTED SINCE
THE ZEROTH ELEMENT IS KNOWN TO BE SIN(X)/Xe

THE STARTING VALUE IS COWPUTED BY START,

RUNNLING TIME:
ROUGHLY PROPERTIONAL TO THE MAXIMUM OF X AND N,

EXAMPLE OF USE:
THE PROGRAM

"BEGIN® ®“REAL®™ X ; ™ARRAY™ J[032]1; "INTEGER™ N;
“PROCEDURE®™ SPHER BESS J (X» Nso J)3; "™CODE™ 35150;
X3m 1o5; N3= 2; SPHER BESS J(X» N» J)3
QUTPUT(61, n(P/, M("Xa®)® DDy B¥("Ns=®)"D,
3(3Bmp14D"=ZD) ") "y X» Ns» JL[0]» JL11s JL21)

"END"

PRINTS THE FOLLOWING RESULTS:

X®le5 Nm2
0664996657T73603%"0 3961729707122"0 »12734928368841%0

SUBSECTION: SPHER BESS Y,

CALLING SEQUENCE:

THE HEADING OF THE PROCEDURE READS:

WPROCEDURE™ SPHER BESS Y{(Xs N» Y); U"VALUE™ X, N;
PREAL™ X3 WINTEGER® Nj; WARRAY® Y;

mCODE®™ 35151;

THE MEANING OF THE FORMAL PARAMETERS IS :
Xt < ARITHMETIC EXPRESSION >3

THE ARGUMENT OF THE BESSEL FUNCTIONS; X > 03
N2 < ARITHMETIC EXPRESSION >3

THE UPPER BOUND OF THE INDICES OF THE ARRAY Y3 N > = 03
Y3 < ARRAY IDENTIFIER >;

WARRAY®™ Y[O:NI;

EXIT: YIK] HAS THE VALUE OF THE K=TH SPHERICAL

BESSEL FUNCTIOM OF THE SECOND KINDj;

PAGE 3
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PRNCEDURES USEDs NONE.
REQUIRED CENTRAL MEMORY: NO AUXILIARY ARRAYS ARE DECLARED»

METHOD AND PERFORMANCE:@

YLO) AND Y[1] ARE GIVEN IN [1, Pe438s FORMULA 10elel2]
AND Y[21s oee» YIN] ARE COMPUTED BY USING THE
RECURRENCE FORMULA

YIKIt® ((2kK=1)/X) * Y[K=1] = Y[K=2]p K > = 2,

EXAMPLE OF USE:
THE PRJIGRAM

"BEGIN" "REAL"™ X; "INTEGER™ N; "ARRAY" Y[0:21];
"PROCEDURE" SPHER BESS Y(X» N» Y); "CODE" 35151;
X3= 15707 96326 79489; WCOMMENT® X= PI/2; N3= 23
SPHER BESS Y(X, N» Y);
OUTPUT (615 "("5(4B=410D"=ZD)")"y X» Ns» Y)

PEND®

PRINTS THE FOLLOWING RESULTS:

¢15707963271"1 ,2000000000"1
=s62236495497=13 =,6366197724"0 =,1215854200"0

SUBSECTION: SPHER BESS I

CALLING SEQUENCE:

THE HEADING OF THE PROCEDURE READS:

"PROCEDURE™ SPHER BESS I(X, N» I} “VALUE"™ X» Nj;
WREAL®™ X; WINTEGER™ N3 MARRAY® I;

"CODE® 35152;

THE MEANING OF THE FORMAL PARAMETERS IS:
Xt < ARITHMETIC EXPRESSION >;
THE ARGUMENT OF THE BESSEL FUNCTIONS; X > = 0;
N: < ARITHMETIC EXPRESSION >3
THE UPPER BOUND OF THE INDICES OF THE ARRAY I3 N > = 03
It < ARRAY IDENTIFIER >3
®ARRAY®™ I[O3N]1;
EXIT: ICK) HAS THE VALUE OF THE MODIFIED SPHERICAL
' BESSEL FUNCTION AS DESCRIBED IN [1, CHo10021e

PAGE
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METHOD AND PERFORMANCES
AT FIRST THE NINEXPONENTIAL MODIF IED SPHERICAL BESSEL FUNCTIONS
ARE COMPUTED BY USING THE PROCEDURE NONEXP SPHER BESS I3
AFTERWARDS THEY ARE MULTIPLIED BY EXP(X)e

REQUIRED CENTRAL MEMORY: NO AUXILIARY ARRAYS ARE DECLAREDe
PROCEDURES USED: NONEXP SPHER BESS I w  CP 35154,

EXAMPLE OF USE:

- THE PROGRAM SHOWS THAT THE RESULTS OF SPHER BESS I AND
NONEXP SPHER BESS 1 DIFFER ONLY BY A FACTOR EXP(X):

RBEGIN® WREAL® X, EXPX; WINTEGER®™ N; ®ARRAY® I1, I2[013]1;
"PROCEDURE™ SPHER BESS I(Xs Ns I); “CODE™ 35152;
"PROCEDURE™ HE SPHER BESS I(X», Nso NEI); "CODE"™ 35154;

X3=1l3 EXPX3= EXP(X)3 Nt= 33 SPHER BESS I{(X» NsI1);
NESPHER BESS I(Xs No I2)3®FOR™ Ni=0, 1, 2, 3 "DO"
OUTPUT(61s "(%"/ZDy 2(5B=e14D"=ZD)") %, N, ILLNI, I2LNI*EXPX)

"E ND "

RESULTS?

0 011752011936438" 1 011752011936438% 1
1 +36787944117144" O 036787944117144" 0
2 #71562870129474%=] 0715628701294 74%=1
3 +10065090524070%=] ¢10065090524070"=1

SUBSECTIONS NONEXP SPHER BESS I

CALLING SEQUENCE:

THE HEADING OF THE PROCEDURE READS®

WPROCEDURE®™ NONEXP SPHER BESS I(Xs N» I);
WVALUE™ X, N5 "REAL®™ X3 WINTEGER™ N3 WARRAY® I;
"CODE® 351543

THE MEANING OF THE FORMAL PARAMETERS ISt
Xt <ARITHMETIC EXPRESSIOND>;
THE ARGUMENT OF THE BESSEL FUNCTIONS; X >= 0;
Nt <ARITHMETIC EXPRESSION>;
THE UPPER BOUND OF THE INDICES OF THE ARRAY I; N >= 03
Is <ARRAY IDENTIFIER>;
®ARRAY® I[O03M1;
EXIT: ICK] HAS THE VALUE OF THE FUNCTION
IEK+, 5 TUX)REXPl=X) #SQRT(RI/(2%X) )p Kalp woep No N >=0,
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PROCEDURES USEDt SINH = CP 35111,
START = CP 35185,

REQUI#ED CENTRAL MEMORY$ ND AUXILIARY ARRAYS ARE DECLAREDs

METHOD AND PERFORMANCE:
THE RATIO OF TWO SUBSEQUENT ELEMENTS IS COMPUTED USING A BACKWARD
RECURRENCE FORMULA ACCORDING MILLER®S METHOD (SEEL2])3 SINCE THE
ZEROETH ELEMENT IS KNOWN TO BE (1=EXP(=2%X))/(2%X), THE OTHER
ELEMENTS FOLLOW IMMEDIATELY.THE STARTING VALUE IS COMPUTED BY START.

EXAMPLE OF USE® SEE SPHER BESS I
SUBSECTIONs SPHER BESS Ke

CALLING SEQUENCE 3

THE HEADING OF THE PROCEDURE READS:

"PROCEDURE™ SPHER BESS K(X» N» K)5 ®VALUE™ X» N3
WREAL® X3 MINTEGER"™ N3 "ARRAY" K;

wCODE"™ 35153;

THE MEANING OF THE FORMAL PARAMETERS 1S3
X3 < ARITHMETIC EXPRESSION >3
THE ARGUMENT VALUE; X > 03
N: < ARITHMETIC EXPRESSION >3
THE UPPER BOUND OF THE INDICES OF THE ARRAY K3 N > = §;
Kt < ARRAY IDCNTIFIER >;
"ARRAY"™ KLO:NI;
EXIT: K[ J1 HAS THE VALUE OF THE J=TH MODIFIED
SPHERICAL BESSEL FUNCTION OF THE THIRD KIND»
0 <= J <= No

PROCEDURES USED: NON EXP SPHER BESS K = CP 3515%.
REQUIRED CEMTRAL MEMORY: NO AUXILIARY ARRAYS ARE DECLAREDe.
METHOD AND PERFORMANCE:s
AT FIRST THE NONEXPONENTIAL MODIFIED SPHERICAL BESSEL FUNCTIONS

OF THE THIRD KIND ARE COMPUTED BY THE PROCEDURE NONEXP SPHER BESS K;
AFTERWARDS THEY ARE MULTIPLIED BY EXP(=X],
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EXAMPLE OF USE:
THE FOLLOWING PROGRAM SHOWS THAT THE RESULTS OF THE PROCEDURES
SPHER BESS K EN NONEXP SPHER BESS K DIFFER ONLY BY A FACTOR EXP(X);

"BEGIN® “REAL" X, EXPX; WINTEGER™ N; MARRAY® K1, K2[0331;
"PROCEDURE™ SPHER BESS K (X» Ns K)3; ™CODE™ 35153;
WPROCEDURE™ MNESPHER BESS K (X, Ns K); #CODE® 35153%;

X3m 25 EXPX3= EXP(=X); Ni= 35 SPHER BESS K (X» N» K13

NESPHER BESS K (X» Ns K2)5; WFOR™ K3= 0, 1, 2, 3 ®DO®

OUTPUT(61l, "(" /Dy 2(5B=ol4D"=ZD)" )", N, KI[Nl, K2INI*EXPX)
wWEND®

RESUL TS3

(o] 010629208289691"0 #10629206289691"0
1 ¢15943812434536"0 ¢15943812434536"0
2 034544926941495%0 034544926941494%0
3 210230612978828%1 ¢10230612978828"1

SUBSECTION: NONEXP SPHER BESS Ke

CALLING SEQUENCE:®

THE HEADING OF THE PROCEDURE READS:

"PROCEDURE™ NON EXP SPHER BESS K{Xs Ns» K)3
PVALUE™ X» N3 "REAL"™ X; WINTEGER™ N3 MARRAY" K;
®CODE" 351553

THE MEANING OF THE FORMAL PARAMETERS 1S3
Xt <ARITHMETIC EXPRESSION>;

THE ARGUMENT OF THE BESSEL FUNCTIONS; X > 03
Nt <ARITHMETIC EXPRESSION>;

THE UPPER BOUND OF THE INDICES OF THE ARRAY K; N >= 03
Kt <ARRAY IDENTIFIERD>;

"ARRAY®" KLO:2M1;

EXITs K[J1 HAS THE VALUE OF THE FUNCTION

KEJ+e STUXI*EXP (X)*SQRT(PIZ(2%X))s J=0s000sNe

PROCEDURES USED: NONE,
REQUIRED CENTRAL MEMORY : NO AUXILIARY ARRAYS ARE DECLARED
METHOD AND PERFORMANCE ?
THE FUNCTIONS ARE COMPUTED BY USING THE (NUMERICALLY STABLE)
RECURRENCE FORMULA 3 K[Jl=((2%J=1)/X)#K[J=1]1+K[J=21s J >=2,
KLOI=PI/{2%X)s K[1I=KLOI%k({1+1/X) &

EXAMPLE OF USE: SEE SPHER BESS Ke
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SOURCE TEXT(S):

"CODE"™ 35150;
WCOMMENT® SPHERICAL BESSEL FUNCTIONS JLe51(X)s » JIN+,51(X);
"PROCEDURE"™ SPHER BESS J(Xs N» J); ®VALUE"™ X» N;
WREAL™ X; “WINTEGER"™ N; "ARRAY" J;
WIF" X = Q0 RTHEN®
"BEGIN™ J[01s= 1;
WFOR" N:a N "STEPW =] "UNTIL®™ 1 "DO"™ JIN]:=0
IIENDII IIELSEI! "IF" N - o "THEN"
WBEG IN® WREAL® X2;
"IF® ABS(X) € 015 "THEN®
WBEGINY X2:w X * X / 65 J[O0l:w 1 ¢ X2 % (X2 * o3 = 1) "ENDM WELSE"
JI012= SINIX)/X
WEND® WELSE®
"BEGIN®™ ®INTEGER" M; MREAL™ Ry, §;
"INTEGER" "PROCEDURE" START(XsMNsT); ®“CODE"™ 35185;
Ri= 03 Ms= START(XsN,»0);3
"FOR™ Mt= M WSTEP®™ -~ 1 WUNTIL®™ 1 *DQ©
WBEGIN R2= 1 /7 ((M + M ¢+ 1) / X = R); "IF" M <= N "THEN® J[M]l:=s R
WEND"; YIF" X < o015 "THEN"
MBEGIN® St= X ®* X / 63
J[0Jsm Rim S #* (S % 3 = 1) + 1 WEND™ ”ELSE”
JIOJs=a R3z= SIN(X) / X;
"FOR™ Ms= 1 “STEP"™ 1 "UNTIL® N ®DO™ J[MIs= Ri= JIM] * R;
REND® SPHER BESS J;
nEQpn

"CODE" 35151;
RCOMMENT® SPHERICAL BESSEL FUNCTIONS Y[e51(X)» 2 YIN+e51(X)3
"PROCEDURE™ SPHER BESS Y(Xs N» Y); "VALUE®™ X, N;
UINTEGER™ N3 "REAL™ X; "ARRAY" Y;
BWIF® N=0 ®THEN® Y[O0]ts = COS(X)/X ®ELSE®
PBEGIN® "REAL™ YI, YIl, YI2; ®INTEGER™ I;
YI2:e® Y[0l:= =COS(X)/X; YIl:s Y[1lls= (YI2 = SIN(X))7X;
WEQR® Ite= 2 WSTEPY 1 MUNTIL"™ N "DO%
RBEGIN® Y[IJs® YItm =YI2 + (I+I=1) #* YI1/X;
YI23= YIl; YIl:= YI
11 EN D"
REND® 3
"EQP®
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"CODE™ 351523 '
"COMMENT" SPHERICAL BESSEL FUNCTIONS I[e51(X)» s ICN+e51(X);
"PROCEDURE"™ SPHER BESS I(X» Ns I)3 PVALUE® X» Nj;
WREAL® X; ®INTEGER™ N; TARRAY" I3;
"IF" X= Q0 MTHEN®
WBEGIN" I[0l:=1;
BEOR™ Nt= N WSTEP® =1 ®UNTIL® 1 ®DO®™ T(NJz= O
WEND®" ®WELSE™
WBEGIN® "REAL®™ EXPX;
"PROCEDURE" NONEXP SPHER BESY I(X» N» I); "CODE"™ 351543
EXP Xt= EXP(X)3
NONEXP SPHER BESS I(Xs N» I);
"FOR™ Nts N “STEP™ = 1 MUNTIL"™ O ®DO"™ I [Nls= I [N] #* EXPX
WEND"™ SPHER BESS Ij
REQPR

"CODE® 351533
"COMMENT"™ MODIFIED SPHERICAL BESSEL FUNCTIONS
KLe51({X)» » KIN+¢51(X);
"PROCEDURE"™ SPHER BESS K(X» Np K); "VALUEB"™ X» N;
BWINTEGER™ Nj; WREAL™ X; MARRAY™ K;
WBEGIN" WREAL™ EXPX;
®PROCEDURE®™ NONEXP SPHER BESS K(Xs» Ns K); "CDDE"™ 35155;
EXPXsa EXP(=X); '
NONEXP SPHER BESS K(Xs Ns K)3
UEQRY Nt= N WSTEP® =] WUNTIL® O WDO™ KINlt= KIN] * EXPX
REND ™
11} EU Pl'

PAGE 9
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"CODE" 35154;
WPROC EDURE™ NONEXP SPHER BESS I(Xs Ns I); WVALUE® X» N;
MREAL® X; "INTEGER" N; MARRAY"™ I;
"IFM Xw O WTHEN®
"BEGIN" I[01:=1;
WFQR® Ni= N WSTEP® =1 WUNTIL® 1 ®DO® I[(Nlt= 0
"END" WELSE®
"BEGIN® WREAL" X2, R, S; "INTEGER™ M;
"REAL™ "PROCEDURE" SINH(X); "CODE" 35111;
WINTEGER® WPROCEDURE™ START(XsN»T); "CODE™ 35185;
X21e X4X;
I[0J:= X2:m MIF" X = 0 "THEN" 1 "ELSE"™ "IF" X2 < 07 "THEN"
SINH(X) / (X * EXP(X)) WELSEM™ (1=EXP(=X2))/X2;
WIF" Ne O "THEN™ "GO TO® EXIT;
Rim 0; Mie START(X,Ns1);
MFOR" M3= M "STEP" =1 "UNTIL™ 1 "DQ"
WBEGIN® Rism 17((M+M+1)/X4R);
WIFMW M <= N "THEN" I[M1ts R

WEND" ;
MEQR" Mta 1 "STEP™ 1 "UNTIL™ N "DO"
I[MI2= X23= X2 * I[MI1; EXIT:
WEND";
"EUP "

RCODE™ 351553
"PROC EDURE™ NONEXP SPHER BESS K(X» N» K); "VALUE™ X, N;
WREAL™ X; "INTEGER™ N; "ARRAY" K;
"BEGIN" "INTEGER™ I; "REAL™ KI, KIl, KIZ2;
Xt 1/X; K[DJt= KI2t= X#1,5707963267949;
"IF" Ns=OQ "THEN" ®GO TO®" EXIT;
K[1lss KIl:m KIZ2 # (1+X)3
WFOR® Is= 2 WSTEP® 1 WUNTIL® N ®DO®
WBEGIN™ K[Il:m KIzm KI2 + (I+I=1) * X % KI1;
KI2:= KIl; KIl:= KI ™END";
EXITs
WEND® 3
WEQP®

‘PAGE 10
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AUTHOR : PoWoHEMKER,

CONTRIBUTOR * FeGROEN,

INSTITUTE : MATHEMATICAL CENTREs
RECEIVED t 740620,

BRIEF DESCRIPTION ¢

THIS SECTION CONTAINS TWO PROCEDURES FOR THE EVALUATION OF AIRY
FUNCTIONS AND COMPUTING THEIR ZERDSe FOR THE DEFINITION OF THESE
FUNCTIONS SEE REF[1le

AIRY EVALUATES THE AIRY FUNCTIONS AI(Z) AND BI(Z) AND
THEIR DERIVATIVESe

AIRYZERQOS COMPUTES THE ZEROS AND ASSOCIATED VALUES
OF THE AIRY FUNCTIONS AI(Z) AND BI(Z) AND THEIR DERIVATIVES.

KEYWORDS 3

AIRY FUNCTION,
DERIVATIVE AIRY FUNCTION,
ZEROQ OF AIRY FUNCTIONs



SECTION : 6610e4

SUBSECTION 3 AIRY,

CALLING SEQUENCE :

(OCTOBER 1975)

PAGE 2

THE HEADING OF THE PROCEDURE READS 3

"PROCEDURE™ ATIRY(X,AI»AIDsBI»BIDsEXPONSFIRST);

"VALUE"

Xs FIRST; "BOOLEAN™ FIRSTS

RREAL® X,AI,AID»BI,BID,EXPON;

THE MEANING OF THE FORMAL PARAMETERS IS :

<ARITHMETIC EXPRESSIOND;
ENTRY 3 THE REAL ARGUMENT OF THE AIRY FUNCTIONS.

EXIT ¢ THE VALUE O0OF THE AIRY
FUNCTION AI IS GIVEN BY : EXP( =EXPON ) * Al
NOTE ¢ IF X < 9 THEN EXPON = Q.

EXIT ¢ THE VALUE OF THE DERIVATIVE OF THE AIRY
FUNCTION AI IS GIVEN BY : EXP( =EXPON ) * AIDe
NOTE 3 IF X < 9 THEN EXPON = Q.

EXIT = THE VALUE OF THE AIRY
FUNCTION BI IS GIVEN BY 3 EXP( EXPON ) # Bl
NOTE ¢ IF X < 9 THEN EXPON = 0,

EXIT : THE VALUE OF THE DERIVATIVE OF THE AIRY
FUNCTION BI IS GIVEN BY 3 EXP( EXPON ) # BID,
NOTE ¢ IF X < 9 THEN EXPON = 0.

EXIT @ IF X < 9 THEN O ELSE 273 * X %% (3/2)e

X3

Als <VARIABLE>;

AID:s <VARIABLE>;
BIt <VARIABLE>;

BIDs <VARIABLE>;
EXPON< <VARIABLE>;3

FIRST:

<BOOLEAN EXPRESSION>;

FIRST SHOULD BE WFALSE™ UNLESS THE PROCEDURE IS CALLED
FOR THE FIRST TIMEe IF FIRST IS "TRUE®™ THEN TWOD OWN
ARRAYS OF COEFFICIENTS ARE BUILT UP,

PROCEDURES USED : NONEs
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REQUIRED CENTRAL MEMORY 3 TWO OWN ARRAYS OF ORDER 10 ARE DECLARED.

RUNNING TIME 3 IF 265 <= X <= 8 THEN ABOUT 8%=3 SECes ELSE BETWEEN
3"=3 AND 4"=3 SECe ON THE CYBER 73/28,

LANGUAGE 3 ALGOL 69,

METHOD AND PERFORMANCE ¢
" SEE REF[2] OF THT SUBSECTION AIRYZERQOS (THIS SECTION).

REF ERENCES 3
SEE REFERENCES OF THE SUBSECTION AIRYZEROS (THIS SECTION).

EXAMPLE OF USE ¢

"BEGIN® "REAL® ApByCsDsE;
"PROCEDURE"™ AIRY(X»Al»AIDsBI,BIDsEXPON, FIRST);"CODE" 351403
AIRY (906548945 AsBsCsDsE»RTRUER ) ;

QUTPUT( 61" ("/p"(PAT (9,654894) » ® )Wy Nn )R, A%EXP (=E))
QUTPUT(61,7 ("5 (#AID(9.654894) = M)M,N" )W, BREXP(=E) )
OUTPUT (61,%(%/, B(WBL (9,654894) = R)A,NR)R,CEXP( E))
OUTPUT(61s (" /5" ("BID(9e654894) = W)NyNW)",DHEXP( E))

NEND®

RESULTS ¢

ATl (900654894) = +3,2873525549165"=010
AID(90654894) = =1,0297999323482"=009
BI (9.654894) = +1,5563887049670"+008
BID({9,554894) = +4,8010374682654"+008
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SUBSECTION : AIRYZELROS,

CALLING SEQUENCE s

THE HEADING OF THE PROCEDURE READS

RREAL®™ "PROCEDURE® AIRYZEROS(NsD»ZAIsVAI);
"VALUE® NyD; "INTEGER™ N»D; "ARRAY™ ZAI,VAI;

AIRYZERDS = THE M=TH ZERO OF THE SELECTED AIRY=FUNCTION.
THE MEANING OF THE FORMAL PARAMETERS IS 1@

N 2 <ARITHMETIC EXPRESSION>;
ENTRY : THE NUMBER OF ZEROS TO BE CALCULATED;
D 3 <ARITHMETIC EXPRESSION>;

ENTRY t AN INTEGER WHICH SELECTS THE REQUIRED AIRY

FUNCTIONe D = Qs 1s 2 DR 3,
ZAI 3 <ARRAY IDENTIFIER>;
WARRAY®™ ZAIL1l 3 NI1;
EXIT : ZAI[J] CONTAINS THE J=TH 7ERO OF THE SELECTED
AIRY=FUNCTION @
IF D = 0 THEN AI(Z)»
IF D = 1 THEN (D/DX) AI(X)»
IF D = 2 THEN BI(X),
IF D = 3 THEN (D/DX) BI(X);
VAI ¢ <ARRAY IDENTIFIERD;
WARRAY" VAIL1l : NI1;
EXIT: VAILJ] CONTAINS THE VALUE AT X = ZAI[J] OF THE
FOLLOWING FUNCTION @
IF D = 0 THEN (D/DX) AI(X),»
IF D = 1 THEN AI(X),
IF D= 2 THEN (D/DX) BI(X)s
IF D = 3 THEN BI(X);

PRICEDURES USED :

AIRY = CP35140;

REQUIRED CENTRAL MEMIRY : NO AUXILIARY ARRAYS ARE DECLARED.

RUNNING TIME ¢ DEPENMDENT ON THE VALUES OF N AND De IN MOST CASES THE
RUNNING TIME IS LESS THAN N * 0,01 SECo ON THE CYBER 73/28,

LANGUAGE : ALGDL 60,
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MiLTHID AND PERFORMANCE

A FIRST APPROXIMATIIN NF THF Z£RAS JIF THe SELECTED ATIRY=FUNCTION IS

CALCULATED BY MEANS UF THE ASYMPTOTIC EXPANSION ( SEE THE FORMULAS

1004694 = 10e4¢105 OF REF[1] )5 THIS VALUE IS CORRECTED BY THE

(REPEATCD) USE JUF A QUADRATIC INTERPOLATION RULE.

THE COMPUTLD ZZROS WILL SATISFY AT LEAST ON® OF THE FOLLOWING

CONDITIONS

1t THEC ABSOLUTE  VALUE OF THE SZLECTED AIRY=FUNCTION AT A COMPUTED
ZERD IS LESS THAN "=12, NOTt: THE VALUZS NF THE AIRY=FUNCTIONS
ARZ CALCULATED BY MEANS OF THE PROCEDURE AIRY (THIS SECTION).

2t THE ROLATIVE PRECISICN NF THE COMPUTED ZERD IS "e=l4,

THE ASSOCIATED VALUCS ( DELIVERED IN THE ARRAY VAI ) ARE ALSD

CALCULATED BY MEANS OF THE PROCEDURE AIRY (THIS SECTION)»

REFERENCES 3

[1]1 ¢ HeABRAMUMITZ AND leAeSTEGUN,
JANDBOOK OF MATHMATICAL FUNCTIONS,»
DOVER PUBLICATIONS, INCe NEW YIRK, 1965,

[2] ¢ ReGeGORDINS
ZVALUATION OF AIRY FUNCTIOHNS,
THE JOUR{AL OJF CHEMICAL PHYSICS, VOLUME 51, 1969, PP, 23=24,

EXAMPLE OF USE :

"BLGINM ®WARRAY® ZBI,VBIDI[1l 2 31;
WREAL"™ "PROCEDURT™ AIRYZEROS(NyD,ZAI,VAI); "CODEM35145;
QUTPUT(6L " (/" ("THE THIRD ZERQ IF BI(X) TS")"/5sN»
/P(PTHE VALUE OF (D/DX)BI(X) IN THIS POINT ISW)®/,NW)nm
»AIRYZERDS(352»,7BI,VBID)» VBIDL31])
neNp Y

RESULTS ¢

THE THIRD ZERJ IJF BI(X) IS
~468307373616626"+000

THE YALUZ 9F (D/DX)BI(X) IN THIS POINT IS
+8,3699101261986"=0C1
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SOURCE TEXT(S):

"CODE" 351403

RPROCEDURE®™ AIRY(Z,AT5AIDsBIsBIDs EXPONSFIRST);

WYALUE"™ 2,FIRST; "BOOLZAN" FIRST;

WREAL" Z,AI,AIDsBIsBIDSEXPON;

RBEGIN® ®WREAL® SyTsUsVseSCrTCrUCsVCsXoK1sK25K35K4s
CoZToSIsCOEXPZTsSOARTZs WWLsPLsPLL1SPL25sPL3;
WOWN® YREAL"™ Cl,C2, SQRT3,SQRT1NPI,PIOS;

NOWN" MREALM "ARRAY™ XX, WW[1:101;
WINTEGER® NsL;

WIF" FIRST "THEN®
"BEGIN" SQRT33 = 1, 73205080756887729;
SQRT10PIt= 0.56418958354775629;

PING:= 0+78539816339744831;
Cl:= 0035502 805338 87817;
C2z= 0,25881 94037 92807;

XX[ 113= 1,640830 81072 180964 "+l
XX[ 21:= 1.02148 85479 197331 "+l;
XX[ 3]1:= Te44160 18450 450930
XX[ 4]3s 530709 43061 781927
XX[ 51t= 3,63401 35029 132462
XX[ 61:= 2033106 52303 052450
XX[ 71z= 1:34479 70824 609268
XX[ 812= 641888 58369 567296 R=]j;
XX[U 91= 201003 45998 121046 "=1;
XX{1013= 8605943 59172 052833 "e=3;
WWL 11:3s= 3e15425 15762 96478 7"=14;
WWL 2]%= 6063942 10819 5849217=11;
WWL 333= 1,75838 89061 345669"= 8;
WYL 4]3= 137123 92370 435815"= 63
WWL 51ze= 4943509 66639 284350"= 5;
WWL 613= 7215550 10917 718255%= 4;
WWL 713= 6048895 66103 335381"= 3;
WW[ 81:= 3:64404 15875 773282"= 23
WWL 913= 1543997 92418 590999%~ 1;
WWL10] 3= 8512311 41336 261486"= 1;

Ne wo we Ws o

"END?;

EXPOM:= O3
WIF® 2 >= =5,0 "ANDW 7 <= 8B WTHEN®
UBEGIN® Uts Ve Tim UCtms V(3= TCsm 1;
S:m SCtm (0e5; Mim Q5 X3m Z%T%Z;
WEORY N3= N+3 YWHILE™ ABS(U)+ABS{V)+ABS(S)+ABS(T)
> F=lg BDQR
WRBEGINY UsaUkX/ (Nk(N=l)); V3w VEX/(Nk(N+1))3
S3=SEX/(N¥(N+2));5 Tis THX/(N¥(N=2));
UCs= UC+U; VCs= VC+V; SCi= SC+S; TC3= TC+T
RENDY
NCOMMENT®
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BI:=s SART3 * (CLl*UC + C2*%Z*VC);

8ID3s=SQRT3 * (C1*Z*Z*SC +C2*TC);

WIF® 7425 "THEN®

WBEGIN® Alsms C1l*UC = C2%I*V(;
AID:=s CLl*SC*I*Z = C2%TC;
®GOTO® END

"WEND®

"ENDII;

Kli=s K23= K31= K4i= Q3

SQRTZs= SQRT(ABS(2));

IT:= Q66666 66666 66667 * ABS(Z)*SQRTZ;

Ct= SQRTIOPI/SQRT(SQRTZ);

RIF® Z<0 ®THEN®

WBEGIN® Z:= =Z; (COz= COS(IT=PI04); SI:= SIN(ZT=PI0%);

WEQR® L:zw 1 WSTEP® 1 UNTIL" 10 "DQ"

mBEGIN® WWL3s WWIL1; PLt= XXLL1/ZT;
PL2tsPL*PL; PLl3= 14PL2; PL3:tw PL1*PL1;
Klis K1 + WWL/PLL;

K23e K2 + WWL*PL/PL1;

K3t= K3 + WWL*PL*(1+PL*(2/ZT+PL))/PL3;

Ké:=s K& + WWL*(=1=PL*(14PL*(ZT=PL))/ZIT)/PL3;
"EN ne ;

Alss C*(CO*K1+SI*K2)3;
AIDtw Qo25%AI/Z = C*SQRTZ#(CO*K3+31%K4);
BIt= Ck(CO*K2=S5I*K1);
BID:= Qe25%BI /I = C*SQRTI*(CO*K4=SI%*K3);

WEND® MELSE®R
WBEGIN® MIFm 2 < 9 WTHEN® EXPZT:s EXP(ZT) ®“ELSE®

"BEGIN" EXPZT:= 1; EXPON:= ZT "END";
WEOR® Lt= 1 WSTEP® 1 ®UNTIL® 10 "DO®™
WBEGIN® WWli= WWIL]; PL3= XX[LI/ZT;
PL13= 1+PL; PL2%= 1=PL;
Kls= K1 + WWL/PL1;

K2t= K2 + WWL*PL/(ZT#PL1%*PL1);

K3:e K3 + WWL/PL2;

Ké:= K& + WWLHPL/ (ZT*PL2#%PL2);
WEND® 3

Alt= Qo5%C*K1/EXPZIT;
AlD:= AI#(=e25/Z=SQRTZ) + 0s5*%C*SQRTZ*K2/EXPZT;
WIF® Z >= 8 MTHEN"
RBEGIN® BIst= C*K3*EXPIT;

BIDt= BI*(SQRTZ=0.25/Z) = C*K4*SQRTZ#EXPIT;
WEND® 3 '

" END ” ;

END:

WEND" AIRY;

nEQP®
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"CODE" 351453

WREAL® "PROCEDURE® AIRYZEROS(N»D»ZAI»VAI);

HYALUE™ NsD; "INTEGER™ MN,D; ™ARRAY" ZAI,VAI;

"B EGIN™ "BOOLEAN"™ Ay, FOUND; ®INTEGER" I;
"REAL™ CsEsRHIZAJSZAKSVAI»DAJSKAJSZZS
MPROCEDURE®™ AIRY(A»BsCsDsEsFsG); "CODE™ 35140;

A tm D=
R ta NIEMN

"COMMENT"

O "OR" D = 23
D= O "OR" D = 3 "THEN" =1,1780 97245 09617
NELSE" =3,5342 91735 2883%2;
R 2m "IF" D = Q "OR® D = 3 “WTHEN" =3 % PI / 8
WELSE" «9 % pI / 8;

AIRY(0s,ZAJs VAJSDAJSKAILZZyMTRUEN);
"FOR® I 3= 1 ®STEP™ 1 MUNTIL®™ N ®DO"

"BEGIN®
il :=

im R + 4,7123 88980 38469; "COMMENT" R := R + 3 * PI / 23
R * Rj3

ZAJ 3= WIF® T = ] WAND® D = ) WTHEN®™ =1,01879 297 MELSE®

"I Fn

FOUND
nEQRN

WIF" I = 1 "AND" D = 2 "THEN" =1,17371 322 "“ELSE"

R *& 0,66666 66666 66667 * ( "IF" A "THEN"

= (1 + ( 5/48 = ( 5/36 = ( 77125/82944% = (

1080 56875 7 69 67296 = (16 23755 96875 / 3344 30208)
/2Z)/1272)7122)7122)7122)

"ELS E"
= (1 = ( 7/48 = ( 35/288 = ( 1 81223 / 2 07360 = (
186 83371 / 12 44160 = ( 9 11458 84361 / 1911 02976 )
1Z72)/ZZ)/122)721)/21));
D <= 1 "THEN" AIRY(ZAJsVAJ»DAJ»CrE»ZZ,"FALSE"™)
WELSE®™ AIRY(ZAJ,Cs»C»VAJ»DAJSZZ,"FALSEM);

tm ABS( "IF® A WTHEN"™ VAJ MELSE"™ DAJ ) < "=12;
C t= C "WYHILE®" "NOT"™ FOUND »DO"

WBEGIN™ "IFM A "THEN"
WBEGIN® KAJ t= VAJ / DAJ;

ZAK 3= ZAJ = KAJ * (1 + ZAJ * KAJ * KAJ)

WENDM MELSEM
RBEGIN™ KAJ t= DAJ 7 (ZAJ * VAJ);

ZAK 1= ZAJ = KAJ * (1 + KAJ # (KAJ * ZAJ + 1 / ZAJ))

"END";
WIF" D <= 1 "THEN" AJRY(ZAKsVAJsDAJsCsE»ZZ,»"FALSE")

RELSE® AIRY(ZAKsCsE»VAJsDAJS»ZZ,"FALSE");

FOUND := ABS(ZAK = ZAJ) < "=14 * ABS(ZAK) "OR"

ABS("1F"™ A "THEN"™ VAJ M"ELSE"™ DAJ) € "=12;

IAJ 1= ZAK
wEND" 3
VAILI] :=s ®IF" A nTHEN"™ DAJ "ELSE"™ VAJ;
ZAIL1] 3= ZAJ;
REND™ ;
AIRYZEROS 3= ZAILNI;
nEND™ AIRYZERNDS;
" EUP"
ok dokokookookkok M1067DA //// END OF LIST /777
30 2 ke e o ofe e o oke ook

M1067DA /777 END OF LIST 7777
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AUTHOR: CeGe VAN DER LAAN

CONTRIBUTORS: CeGe VAN DER LAANs Me VOORINTHOLT
INSTITUTE: REKENCENTRUM RIJKSUNIVERSITEIT GRONINGEN
RECEIVED: 780601

BRIEF DESCRIPTION:

NEWTON CALCULATES THE COEFFICIENTS OF THE NEWTON POLYNOMIAL
THROUGH GIVEN INTERPOLATION POINTS AND CORRESPONDING
FUNCTION VALUES.

KEYWORDS ¢

NEWTON INTERPOLATION»
POLYNOMIAL COEFFICLENTS,
DIVIDED DIFFERENCES,

CALLING SEQUENCE:

THE DECLARATION OF THE PROCEDURE IN THE CALLING PROGRAM READS:?
BPROCEDURE™ NEWTIN(NsXsF)j3

"VALUE®N; " INTEGER"N; MARRAY" Xy F;

"CODE" 360103

THE MEANING OF THE FORMAL PARAMETERS ISt
Nz  <ARITHMETIC EXPRESSION>;
THE DEGREE OF THE POLYNOMIAL;
Xt <ARRAY IDENTIFIGR>;
"ARRAY"X[O2N];
ENTRY: THE INTERPOLATION POINTS;
F: <ARRAY IDEMTIFIERD;
"ARRAY®RFL[O2N];
ENTRY: THE FUNCTION VALUES AT THE INTERPOLATION POINTS;
EXIT: THE COEFFICIENTS 9F THE NEWTON POLYNOMIAL.

PROCEDURES USED: NONE.

RUNNING TIME: THE NUMBER OF DIVISIONS IS N(N+1)/2.
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MeTHOD AND PERFORMANCE?

THE POLYNOMIAL OF DEGREE N IN X IS REPRESENTED AS

N K=1
SUM (ALK * PROD (X=X[L1))e
K=0 L=0

THE COSFFICIENTS OF THE (NEWTON) POLYNOMIAL, ALO:N], ARE
CALCULATED BY INTERPOLATION AT THE GIVEN ARGUMENTS» X[O3N1»

AND FUNCTION VALUEGS, FLO:N1; THE RESULTING SET OF EQUATIONS IS
SOLVED BY TRANSFORMING THE CORRESPONDING LOWER TRIANGULAR MATRIX
TO DIAGONAL FORM,

EXAMPLE 0OF USE:

WBEGIN"™ “ARRAY" X,F[0:21];
"PROCEDURE™NEWTON(NsXsF) 3
WVALUE® N; ®INTEGER™ N3 MARRAY™ X5F;
"CODE"36010;
X[012=0;3;X[112:me5;X[2]2=1;
FLOlt=1;FL11s=F[2]1:=0;
NEWTOM(2sXsF);
QUTPUT(6L," (/" ("THE NEWTON COEFFe AREY™)",
/53(N)" )", FLO)sFL11,FL2]);
BENDRTSTNEWTON;

THE NEWTON COEFFe ARE
+1,0000000000000"+000 =2,0000000000000"+000 +2,0000000000000%+000
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SOURCE TEXT(S)?

"CNDE"36010;
"PROCEDURE®" NEWTON(NsXsF);
"VALUE"™ N; MINTEGER™ Nj; MARRAY™ X,F;
WCOMMENT" MHUEWTON DETCRMINES THE COEFFICIENTS CLJUlsJ=0seeeN»
OF THE INTZRPOLATION POLYNQOMIAL CLO] + CL1] *(X=X[0])+eeet
CIN] % (X=X[01)*eo¢*(X=X[N=~11) QUT OF N+1 LINe EQUAT,
THE ARGUMENTS AND FUNCTION VALUES MUST BE GIVEN IN
ARRAY Xs FLCO:Nle THE ARRAY £ IS OVERWRITTEN BY
THE COEFFICIENTS CLJlsJ=0s0eeN;
WBEGIN® MINTEGERM™ KsI,»IM1ls
"REAL" XIM1,FIM1l;
IM1:=0;
"EOR™ te 1 U"STEP™ 1 "UNTIL® N "DO®
WBEGIN® FIMlt=FLIM11;XIM1le=X[IM11;
WEQR" Kim I WSTEP™ 1 WUNTIL™ N "DD" F[K]tm (FLKI=FIM1)/(X[KI=XIM1);
IMlt= I
IIEND ”
WEND®™ NEWTIN;
” EOP"
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AUTHOR:
CONTRIBUTAORS:
INSTITUTE:
RECELIVED:

CeGe VAM DER LAAN
CeGe VAM DER LAAN» Me VICRINTHOLT

REKENCLEHTRUM RIJKSUNIVERSITREIT GRONINGEN
780601

BRILF DESCRIPTION:

THIS SCCTION CONTAINS THREE PROCEDURES:

MINMAXPOL?

INI®

SNDREMEZ:

CALCULATES THE COEFFICIENTS OF THE POLYNOMIAL

(AS A SUM OF POWERS) WHICH APPROXIMATES A FUNCTION,
GIVEN FOR DISCRETE ARGUMENTSs IN SUCH A WAY THAT THE
INFIMNITY NORM OF THE ERROR VeCTOR IS MINIMIZED.
SELECTS A (SUB)SET OF INTEGERS OUT OF A GIVEN

SET OF INTEGERS;

EXCHANGZS AT MOST N+1 NUMBERS WITH NUMBERS OUT OF
A REFERECNCE SET;

(INI AND SNDRFMEZ ARC AUXILIARY PRUCEDURES USED IN MINMAXPOLS)

KEYWORDS:

(SECIND) REMEZ ALGAORITHM,
MINIMAX POLYNOMIAL APPROXIMATION,

REFERENCESS

MEIHNARDUSs Geo (19564):

APPROXIMATION OF FUNCTIOM AND THEIR NUMFRICAL TREATMENT (GERMAN).
SPRINGER TRACTS IN HATURAL PHILOSOPHY, VilLe 4

DEKKER, Toeldoe

(L967)s

CURSYUS WETLNSCHAPPELIJK REKENEN Ae
MATHEMATISCH CENTRUM,
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SUBSECTIUN

: MINMAXPOL.

CALLING SEQUENCE?

THE DECLARATIOM OF THE PROCEDURE IN THE CALLING PROGRAM READS:
"PROCEDURE"MINMAXPOL(NsMyYsFYsCOs EM) 5
PVALUEPN,M;PINTEGER™NsM;®ARRAY®Y, FY» CO»EM;

"CODE™ 36022;

THE MEANING OF THE FORMAL PARAMETERS IS:

N3

M:

YsFYs3

COs

EMs

PROCCDURES USED: ELMVEC

<ARITHMETIC EXPRESSIOND>;
THE DEGREE OF THE APPRUXIMATING POLYNOMIAL (N>=Q);
<ARITHMETIC EXPRESSIOND>;
THE NUMBER 1IF REFERENCE FUNCTION VALUES VIZe ARGUMENTS
IS M+1;
<ARRAY IDENTIFIERS>;
"ARRAY"Y,FY[O2M];
ENTRY: FY[IJ IS THE FUNCTION VALUE AT YI[Il, FOR I=0seeeM;
<ARRAY IDENTIFIER>;
"ARRAY"CQOLO*NI;
EXIT: THE COEFFICIENTS OF THE APPROXIMATING POLYNOMIAL
(COCN] IS COEFFICIENT OF Y**N);
<ARRAY IDENTIFIERD>;
WARRAYMEML023];
ENTRY: EML2]1:THE MAXIMUM ALLOWED NUMBER OF
ITERATIONS (SAY 10%N+5);
EXIT: EMIOI*THE DIFFERENCE OF THE GIVEN FUNCTION AND
THE POLYNOMIAL IN THE FIRST APPROXIMATION
POINT;
CML1I3THE INFINITY NORM OF THE ERROR OF
APPROXIMATION OVER THE DISCRETE INTERVAL;
GML31:THE NUMBER OF ITERATIONS PERFORMEDe

= CP34020»
DUPVEC = CP31030,»
NEWTON = CP36010,
POL = CP31040,
NEWGRH = CP31050»
INI = CP36020,
SNDREMEZ = CP36021.

REQUIRED CEMTRAL MEMORY?

AN INTEGER ARRAY AND THREE (REAL) ARRAYS OF N+2 ELEMENTS AS
WELL AS A (RFAL) ARRAY OF M+1 ELEMENTS ARE INTERNALLY DECLAREDs

RUNNING TIME:

THE SECOND REMEZ ALGORITHM (ON A DISCRETE SET) IS QUADRATIC
CONVERGENT; IN EACH ITERATION THE NUMBER OF DOPERATIONS
(MULTIPLICATIONS AND ADDITIONS) IS PROPORTIONAL TO M*Ne
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St <ARRAY IDENTIFIER>;
"INTEGER™ “ARRAY"™ S[{O3N1;
ENTRY: IN S ONE MUST GIVL N+l (STRICTLY)
MONOTONE INCREASING NUMBERS DUT OF Useses M3
EXIT ¢ N+1 (STRICTLY) MONOTONE INCREASING NUMBERS NUT OF
THE NUMBERS Oslseeesl;
G: <ARRAY IDENTIFIER>;
"ARRAY" GL[OtM];
ENTRY:s IMN ARRAY G[O:M] ONE MUST GIVE FUNCTION VALUES;
EM: <ARRAY IDENTIFIERD>;
YARRAY" EMLO:13;
ENTRY® OCEMIOI<=GL[I1sI=0resesM;
EXIT ¢ EML113=IMFINITY NORM OF ARRAY GLO3M1.

PRACEDURES USED: INFNRMVEC = CP31061,

METHOD AND PERFORMANCE:
THE SECOND REMEZ ALGORITHM IS USED (MEINARDUS»Ge(1964))e

EXAMPLE OF USE:

"BEGIN"ARRAY®[EM[O:11,GL0:7);"INTEGER""ARRAY"S5[032];
“PROCEDURE"SNDREMEZ(MyM»S»GEM);"CODE® 360215
G[0]:=10;6[113=12;6[2]3s~15;G[313==10;
Gl4)tm=14;G[511=]15;6L611=10;GL713=11;
EML013=1055001:=0;5011:=3;5[2]12=6;

QUTPUT( 1, M( "N ("THE NUMBERS ™)1, /, " ("SLJI2")",3(B=D)s/»
R(AGLSLJII3™ )" ,3(B=DD)N) N,
S{01,S[115SC21»6LSL011»6GIST2111»6LSL211);

SNDREMEZ(2575SsGoEM);

QUTPUT(61, " ("// " ("ARE EXCHANGED WITHtM)M,/,R(WS[J]3¥)8,3(B=D)s/>
W(NGLSLJ]1:m) ", 3(B=DD)s//»

"("THE REFEREMCE SET OF FUNCTIONVALUES IS:m)n,/,8(B=DD)")v,
S[01,S[1155021,GLS[01),GLSC111,6LS021] »
6[{01,6013,6021,6031,6041»6051,6(615G6(71)

nENDY

THE NUMBERS®
StJil: 0 3 6
G[SCJI1z 10 =10 10

ARE EXCHANGED WITH:
stylr 0 2 5
GISLJ11: 10 =15 15

THE REFERENCE SET OF FUNCTIONVALUES 1S:
10 12 =15 =10 =14 15 10 11
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SOURCE TEXT(S) 3

nCNODEM36022;5

“PROCEDURE™ MINMAXPOL(Ns My YoFYsCO»EM);

"YALUE™ No M;"INTEGER" MoM;

RARRAY™ YsFYsCOsEM;

WCOMMENT"™ MINMAXPOL CALCULATES THE COEFFICIENTS,
COLIlsImyeeeveN OF THE POLYNOMIAL
P(Y)=COLUI+COL1)%Y+o0e+COLNI*YR%N,

THAT APPROXIMATES THE DISCRETE FUNCTION FY[IlsI=0seeeMs
GIVEN FOR THE ARGUMENTS Y[IlsI=0soeeeM»

IN THE MINIMAX NORM,

THE ARGUMENTS MUST BE GIVEN IN MONOTONE INCREASING QORDERe

IN ARRAY EM[O$31y ONE MUST GIVE THE MAXIMUM ALLOWED NUMBER OF
ITERATIONS,EML2],

MOREQVER,

EM[0O):=THE DIFFERENCE NF THE GIVEN FUNCTION AND THE POLYNOMIAL
IN THE FIRST APPROXIMATION POINT,

EML11s«THE MAXIMUM OF ! P(YLI))=FY[IJ! FOR I=0recoMs
EM[3):=THE NUMBER OF ITERATIONS PERFORMED

THE PROCEDURES ELMVEC,DUPVEC,POLs NEWTONSNEWGRN,

INI,SNDREME?

ARE USED,

REFERENCE:MEINARDUS»Ge (19645CHe7)»

APPROXIMATION VUON FUNKTIONEN UND IHRE NUMERISCHE BEHANDLUNG;
"BEGIN® WINTEGER™ NP1l,KsPOMKsCOUNTHCNT»JsMI;

"REAL" [C»ABSE,ABSEH;

NP1lz=N+1l;

"BEGIN"

PINTEGER®™ "ARRAY® S[OSNP1l1]1;

"ARRAY" XyB»,COEFLONP1]

»GLOIM];

"PROCEDURE" ELMVEC(LsU»SHIFT»AsBsX)3
"VALUE" LoUsSHIFTsX; "INTEGER™ LsU,SHIFT; "REAL"™ X; "ARRAY" A,B;
"CODE" 34020;
"PROCEDURE"™ DUPVEC(Ls»Us SHIFT»A»B);
WYALUE®™ L, Us SHIFT; MINTEGER™ L,Us SHIFT; WARRAY™ A,B;
wCNDE™ 31030;
"REAL" "PROCEDURE"™ POL(N»XsA);
"VALUE"Ny X; "INTEGER™ N3 "REALM™ X; MARRAY® A;
MCODE™ 310405
"PROCEDURE™ NEWTON(N» XsF);
WVALUE"™ N; "INTEGER"™ N; "ARRAY" X»F; -
_ MCODE™ 36010;
"PROCEDURE™ NEWGRN(HN»XsC);
"YALUE™ N; "INTEGER"™ N; "ARRAY" X,C;
"CODE"™ 31050;
WPROCEDURE®™ INI(NsM»S);
"YALUE™ NpM; MINTEGEZR" NsM; "ARRAY™ §;
"CODE"™ 36020; "COMMENT®"
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"PROCEDURE" SMDREMEZ( Ny Ms Sy Gy EM) 3

"VALUE"™ Ny M; MINTEGIR™ NsM; MARRAY™ S,G,EM;
"CNDE™ 35021;

"PROCEDURE" ERRPOL(NsMyEsCOsS»YsFYsG);
"VALUE"™ NoMsE;"INTEGER™ NoM;

WREAL® E;

"INTEGER" "ARRAY"™ S;"ARRAY" CO,Y»FYsG;
"COMMENT"ERRPOL DELIVERS THE VALUE OF
COLOJ+COL1I*Y[I1+eee+COLNI*YLII**N = FY[I]

IN GLI] FOR I=0s1seeeM AND I NOT EQUAL SCJJsJ=DslseesN+1e

FOR J=0s1s00eN+1l THEN GISLJ1]zm(=]1)%kJ%kE,

THE INTEGERS SLJ1»FOR J=m0s1lseeeN+1l ARE A SUBSET OF OsljseeeM;

"BEGIN" "INTEGER"™ JyKyNP1lySJUM1ySJ»S0sUP;

NPlt=N+1;SG:=SJM13aS5[0];

G[SO1:=g;

"FOR"™ J:=]l "STEP"™ 1 "UNTIL"™ NP1 "DQ"

WBEGINM® SJt=S[Jl;UPt=SJ=1;

"EOR® Ktw SJMI+1l "STEP™ 1 "UNTIL®™ UP nDQ"
GLK]:=FY[K]=POL(My Y[LK1,CO);

GLSJltmEta=E;

SIMLs=SJ;

"END" J;

"EFQR" K:s SQ=1 "STEP"=1 M"UNTIL" 0 "DQ"
GIKJ1=FY[K1=POL(Ns Y[ KI»CO);

WEOR" Ktm SJ+#l "STEP™ 1 "UNTIL"™ M npQn
GLKIt=FY[K]=POL(N,Y[K1yCO);

WEND" ERRPOLS

INI(NP1sMs»S);
MI:=E5ML2];
ABSE:= Q3

PAGE 7

WFOR® COUNT:= 1, COUNT + 1 ®WHILE®™ COUNT <= MI & ABSE > ABSEH wDQO®™

"BEGIN®
POMK:=1;
"FQR" K:= Q "STEP" 1 "UNTIL" NP1 "DO"

WBEGIN™ X[Klst= YISCK]I1; COEFCKIt= FY[LSCK1]; BLKJ)3= POMK;

POMKsm=PJMK "END";
NEWTON(NPLsX»sCOEF); NEYTON(NPlyXyB);
EM[O]2=
Et= COEFINP11/BINP11];
ELMVEC(OsNsO»sCOEF»By=£);
NEWGRN(N»Xs COEF);
FRRPOL(NsMsE»COEF»SsYsFYsG);
SNDREME Z(NP1sMsS»GoEM);

ABSEH:=ABS E; ABSE:=ABS(E);
CNT:=CNUNT;
WEND® WHILE COUNTS
EM[2]t aMI;
EM[31:=CNT;
DUPVEC(0sN»0,CO» COEF);
NEND®; -
"END" MINMAXPOL;

ngQpn
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"CODE"36029;
“PROCEDURE" INY(NsM»S);
"YALUE" NoM;"INTEGER"™ Ny M;
WINTEGER™ WARRAY™ S;
WCOMMENT™ INI DELIVERS (MONOTONE) THE ROUNDED VALUES
OF THE ARGUMENTS,WHCRE THE CHEBYSHEV POLYNOMIAL
OF DEGREE N(TRANSFORMED TO THE INTERVAL [0,M1,M>=N)
ATTAINS ITS MAXIMUM VALUES,
IN INTEGER ARRAY S[O:N1;
"BEGINYYINTEGER"Is JoKsL; "REAL"PINZ;
PIN2t=ARCTAN(L1)*2/Nj;
K3=03L3aN=1;J3=SL0)t=0;S[NIseuM;
"FOR" K:sK+l "WHILE™ K < L "po"“
"BEGIN"I:=SIN(K#PINZ) *%2%M;
JimS[K]3=NTFN <= JRTHLN"WJ+LWELSEN];
SCL1:sM=yJ; L3ml=]
"END"K;
WIFNL*2=N"THEN"SIL]3=M/2;
"END™ INI;

” E apw

"CODE"36021;
WPROCEDURLC™ SNDREMEZ(NsMsS»GsEM) ;5
NVALUE® Ny M; "INTEGERY NoM;
WINTEGERY MARRAY™ S; MARRAY" Gy EM;
MCOMMENT® SNDREMEZ EXCHANGES ATMOST N+1 NUMBERS »GIVEN IN
INTEGER ARRAY S[O:NJ, WITH NUMBERS OUT OF THE
REFERENCE SET UseeeMs UNDER THE CONDITIONS:
Ie THE ALTERNANCE PROPERTY OF THE FUNCTIONVALUES GLSCJ11,
Ju0y eee! IS PRESERVED,
Ile !GLSCJ11i>=!EMI0]!IsJ=0s00eNe
IIle THE FIRST INDEX K » WITH GLKI=INFINITY NORM OF G»
IS ONE OF THE RESULTING NUMBERS S[0lseeeS[Nle
IN ARRAY GLO:M1 ONc MUST GIVE ERRDOR FUNCTION VALUES.
MOREOVER,
EMI1):=INFINITY NORM OF G,
THE PROCEDURE INFNRMVEC IS USED;
WBEGIN®™ "INTEGER"™ SO»sSHsSJPlsIsJsKsUPsINDEXMAXsLOWSNMI;
WREAL"™ MAX»MSJP1,HI,HJsHESABSESH;
"REAL" "PROCEDURE"™ INFNRMVEC(LsUsKsA);
RYALUE™ L,U; MINTEGER™ L,UsK; MARRAY™ Aj
"CODE"™ 31061;
INDEX MAX:=S0:=SJPl:=S[0];
HE:=EMLO);LOW: sS0+1;
MAX:sMSJP1lt=ABSE 1 =sABS(HE);
NM1zmh=]; .
NCOMMENT"
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"FOR" Js= Q0 "STEP™ 1 "UNTIL"™ NM1 »DO"™
WBEGIN®
YPi= S[J+41l1=1l;
Ht= TNFNRMVEC(LOWsUP»I,6G);
WIF® H > MAX "WTHEN™ WBEGIN® MAX:= H; INDEX MAXt= I WEND®;
"IF"™ H > ABSE "THEN"®
"BEGIN® “IF® HE * G[I] > O "THEN®
WBEGIN" S[JJls:s "IF" MSJPL < H "THEN" I "ELSE" SJP1;
SJP1t= S[J+11; MSJPlst= ABSE
WEND" "L SEM
WBEGIN® S[J1:= SJP1l; SJP1l:= I; MSJPl:=s H "END"
"END" llEL SE"
WBEGIN®™ S[J1:=SJPl; SJPls=S[J+11; MSJPl:= ABSE ™END";
HE: memHE; LOW mUP+2;
WEMD"™ FOR J; SN:= SIN]; SIN]Iz:= SJP1;

HIt=INFNRMVEC(0, SO=1,156);
HJ:= INFNRMVEC (SN+15M5356G);
WIFM J > M N"THEN" J:=M;
WIF®™ HI > HJ ®THEN®
WBEGIN" ®IF" HI > MAX "THEN®" "BEGIN™ MAX:= HI; INDEXMAX:= I "END";
WIFY SIGN(GLI1) = SIGN(GISCLOl1) "THEN®
"BEGIN" "if" HI > ABS(GIS[011) WTHEN"
"BEGIN® S[01s= I
WIF" GLJI/GESINIY > 1 "THEN"™ S(N]l:sy
" END"

"END" "L:LSE"

WIF® HI > ABS(GLSINI1) "THEN"

WBEGIN® SCNl:= "IF® GLJI/GLSCNMLI] > 1 "THEN"™ J "ELSE"™ SINM1];
"FORM™ K:= MMl "STEP" =1 "UNTIL"™ 1 "DO" S(KJt=s S[K=11;
S[01s= I

"END"

WENDM" MELSEM
WBEGIN" "IF"™ HJ > MAX "THEN" "BEGIN" MAXt= HJ; INDEXMAXt= J "END";

WIF® SIGN(GLJI) = SIGN(GLSINI1) ®THEN®

WBEGIN™ "IF"™ HJ > ABS(GLSINI]) "THEN"

WBEGIN® S[Ml:= J; "IF"™ G[II/GLSCLOI] > 1 "THEN"S[Ol:=l “END"

"END" " ELS gEn

RIF" HJ > ABS(GL[SL011) “THEN"™

"BEGIN® S[OJ:= uIF® GLIJ/GLSC11] > 1 ™THEN™ I "ELSE" S[11];
"FOR" Ki= 1 "STEP™ 1 "UNTIL"™ NM 1 "DO" S[Klt=s S[K+11;
SCNlz=

"END "

"END" RANDGEBICDEN;
EM[113=MAX;
"END®™ SNDREMEZ;
" EDP"
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CF 36212
CF34213
IRLAUE
FLEVEC
INTVEC
MATVEC
spLvee
TAMVFC
VFCVEC

fP31013
CP3401F
CP34210
cp34212
CP364213
DUPVLEC
FLHVEC
INIVEC
MUL VEC
VECVFC

FLMVER
VFECVFC

ARSHMAXM
FLAROW
TCHETL
TeHPAW
HJAXFLMR
RONCST

CP34061
CP34231

CP 34053
ICHP W

€P34231
CP34235

MATVEC

=V NREF=

cP34231
£P34240
CP34241

cP34061
CP34242

CP34231

RFFU BY

€234251
£P34253

*HOR EF «

CP34254

€P34254

*NOREF*

CP34272
CP34273

CP34273

CP34273

tP34272
€234273
*NORCF =
€P34281
CP34283
CP34285
CP342R7
£P34432
£236440

CP34281

#NOREF*®

CP34283

*MUREF =

PROGOAM
CP36244

CP34250

CP34251

P34c52

Cr34253

CP34254

CP34260

CP34261

(P34262

CP34270
CP34271

CP34272

CP34273

CP34280

Cr34281

CP34282

CP34283

REFS TO
CP34235%
CP3424]

CP34061
NUPVEC
INTVEC
LNGMATV

CP34231
CP34250
DUPMAT

CP34231
CP34240

CP34250

CP34252
CP34253
DUPMAT

ELMCOL
ELMROW
MATTAM
TAMMAT

ELMCOL
MATMAT

FLMCUL
TAMMAT

*NIREF ¥
ROTCAL

CP 34260
€P34270

CP34260
CP34261
CP34262
CP34271

MATVEC
TAMVEC

CP34273
CP34280

MATVEC
TAMVEC

CP34273

REFD 8Y

CP34285

#NIREF#

CP34287

*#NIREF#

CP34293

CP34293

#NOREF *

CP33070
CP33080
CP33120
CP33130
CP33131
cP33132
€P33135
CP34301
CP34302
CP34444

CP33061

*NIREF %

CP34702

CP34392
CP34402

CP34393
CP34403

*NIREF*

CP34430

CP34333

PROGRAM
CP34283

CP34284

CP34285

CP34286

CP34287

CP34291

CP34292

CP34293

CP34300

CP34301

CP34302

CP34303

CP34310

CP34311

CP34320

CP34322

CP34330

REFS TO
CP34282

ICHCOL

CP34273
CP34284

MATVEC

CP34273
CP34286

ELMROW
ICHROW
TCHROWC

ELMVECR
MATVEC

CP34291
€P34292

ICHROW

MATHAT
MATTAHK

CP34051
CP34300

CP34053
CP 34300

ENOR EF#

TAMMAT

VECVEC

ELMVEC
ICHVEC
VECVEC

FLMVEC
ICHVEC
VECVEC

VECVEC



CRNES REFEREMCF TARLF

REFD BY
CP34333

CpP33303

CP34501

CP34345
CP34352
CP34353
CP 34365
CP34366h

CP34345
CcP34373
CP34601

CP34345
CP34501

CP34355
CP364363
CP 34366

CP34372
CPr34373

CP36360
CP34366
CP34372
CP343713

CP 343645
CP34366
CP34367
CP34373
CP34373
CP24366
CP3436¢
CP34367

CP 34372
CP34373

CP34372
CP34373

CP36437¢4
CP 34375

PRIGPAM
CF 34332

CP34333

CP134340

€P3434]1

CP34342

CP34343

CP34344

CP 36345

CP34352 -

(P34353

CP34354

CP34355

CP34356

CP342357

CP3435¢

CP34350

PEFS T4
SCAPRDL
VEC VFE

CP34330
CP34332

®BORE £

*NNPF F#

*NORF Fx

*} NREFr

wHOF FF*

CP3634]
CP 34342
€P36343

tP34341

CP34341

NATVEC

CP34344
TAMMAT

fP34377
TAMMAT
“NORFFx

*NOREFY

MATTAM

REFD BY
CP34375

CP34374
CP3437

CP 34375

CP34369
CP34371

CP34368
CP34370

CP34360
CP34371

CP3437¢4
CP34375

CP34375

P RIGRAM
CP34360

Cr34361

C»34362

CP34363

CP34364

CR34365

CP343066

CP34367

REFS TO
CP34352

ICHCOL
ICHROW
MATTAM
TAMMAT

CP34174

CP34344
EL™COL
ELMCOLR
ELMCALY
ELMROW
CLMROWC
ELMROWV
ELMVECC
ELMVECR
MATMAT
MATTAM
MATVEC
TAMMAT
TAMVEC

ELMCOL
FLMCOLR
ELMCOLV
ELMROW
ELMROWC
ELMROWV
ELMVECC
ELMVECR
MATMAT
MATTAM
MATVEC
TAMMAT
TAMVEC

CP34341
CP34353
ELMCOL
ELMCOLR
MATMAT
TAMMAT

cP34341
CP34344
CP34352
CP34353
£P34355
CP34356
ELMRNWC
MATMAT

€P34353
CP34356

REFD BY
*NIREF*

*NNR EF *

*NIREF*

*NURFF*

CP34374

CP34375

*NUREF*

*NOREF *

«NIREF*
CP34356
*NOREF*

CP34392

CP34393

#*NIREF ¥

PROGRAM
CP3436R

CP34369

CP34370

CP34371

CP34372

CP34373

CP34374

CP34375

CP34376
CP34377
CP34378

CP34390

CP34391

CP34392

REFS TO
CP34151
CP34364

CP34151
CP34152
CP34363
CP 34365

CP34160
CP343564

CP34161
CP34363
CP34365

CP34345
CP34352
CP34357
CP34358

CP34342
CP34345
CP34352
CP34353
CP34354
CP34357
CP34358
MATVEC

CP34359
CP34361
CP34366
CP34372

CP34359
CP34360
CP34361
CP34362
CP34366
CP34367
CP34373

ELMVECC
ELMCOL
ELMROWV

MATVEC
TAMVEC

SEQVEC
VECVEC

CP34310
CP34390



CRNSS RFFERFMCF TARLF

REFD BY
*NOKFF*

CP34136
CP34402

CP 34403

*NNRFF*

*N P EF %

CP31507

CP31509

CP34422

CP34422

*NOPFF*

CP 34425
CP34425

*NNRE F*

CP34431

*NNRFF*

*NORF F#

P PARRAM
CP34393

CP 34400

€P24401

CP34402

CP34403

CP344l1p

CP34420
CP34421

CP34422

CP36423
CP34424

CP34425

£P364430

CP34431

CP34432

PFFES Th
CP36311
fP343091

PUPVECR
MATVFC
TAMVFC

CP3401p
SFQVFC

CP34310
CP34400

CP34311
CP34401

LUGSrov
I NGVECY

*NARFF *
=HIRF Fx

CP34420
CP34421

*MORFF#*
“POR EF*

CP34423
CP14424

€P34322
NIPVECG
ELMVEC
HULVEC
vEGVEC

€P34e30
CP34430

€N T=
CP34277
[LETSTRY
DUPMAT
LUPVER
FLMVECC
ICHP WP
THTMAT
TMTVEC
MATTAM
ner
ML L
MILP W
TANMAT

PEFD BY

*NIREF*
CP34431

CP3eL44s

*®IRF F¥

= OR FF %

*NCREF =
*MGRFF#
*HORFFx

*MNOREF*

*NR EF*

*HOREF *

PR IGRAM
CP34432

CR34436
CP34439

CP34440

r03444]

CP34444

(P34445
€ 034453
€P34500

CP34501

CP34502

CP3400v

REFS TO
VECVEC

CONST=
*NUREF*

CP34273
DUPVEC
MATTAM
MATVEC
fuLCoL
TAMVEC
VECVEC

CP34131
CP34134
CP34136
DUPVEC
ELMVEC
VECVEC

CP34051
C?34300
CP34440
DUPHMAT
DUPVEC
ELMVEC
INIMAT
INIVEC
MATVEC
MULRIW
MUL VEC
VECVEC

VECVEC
CONST=
CP34190

CONST=
CP34340
CP34343

CANST=

cp31070
CP31073
CP34602
CP34604
CP34605
CP34606
CP 34608
CP34610
CP34611
ELMCaL

REFD RY
*NOREF*

CP34600
CP34601

CP34601

CP34600

CP34600
CP34601
CP34603
CP34K04

CP34500
CP34601

CP34601
CP34603

CP34600
CP34604

CP34601
CP34600

CP34600
CP34601

CP34706
CP34710

CP34707
CP34711

*NOR FF %

*NIREF*

CP34706

CP34707

PROGRAM
CP34601

CP34602

CP 34603

CP34604

CP34605

CP34606

CP34607

CP34608

CP 34609
CP34610

fP34611

CP34700

CP34701

CP34702

CP34703

Ck34704

CP34705

REFS TO
CP34342
CP34602
CP34603
CP34605
CP34606
CP34607
CP34609
CP34611
MATMAT

CP31070
TAMMAT

CP34605
CP34607

CP34605
CP34608

CP31070

CP31070

CP31073

CP31073

CP31073
CP31073

*NOREF#*

TAMMAT

VECVEC

CP34303

CINST=
UNDERFL

MATVEC
TAMVEC

SEQVEC
VECVEC



CROSS REFFRFMCF TABLF

REFD RY
ANNREF*

*NARE F*

CP34710

CP364711
*NOR FF*
*NDREF*

cP35022
cpP35021
*N(IPFF*
€P35028
CP35027

CP35040
CP35105

CP35038
CP35103

c¥35053
CP35054

*NOP FF*
*NNP F F*

cP35051
CP35057?

CP35051
CP35052

CcP35053
CP35054

CP 35053

PROGRAM
CP34706

cPr34707

CP3470F

CP34709

€P34710

CP34711

cpP35021
cnr35022
CP35023
cP35027
CP3502¢

CP35038

CP35040

CP35050

CP35051

CP35052

€P35053

CP35054

CP35055

CP3505¢

RTFS 1O
CP34700
CP34704

CP34701
CP34705

DUPVFCR
MATVEC
TAMVEC

€P34013
SFQVEC

Cr34700
cP3e708

CFP34701
€P34709

fP3£022
CP35021
CP31046
CP35024
cP36n27

CP35040

CP35n38

CP35061

CF35053

CP25054

CP35053
CP35054

cP3505n0
CP35055
CP 35056
CP35050
CP35055
CP35056

0P EFx

*MAP EF ¥

RFFD BRY
CP35054

CP35061
CP35071
CP35075
CP35181
CP35191
CP31425
cP3ls427
CP35050
CP351R0
CcP35193
CP35061
CP35072
CP35073
*NIREF=®

CP35071
CP35074

*NJIREF*

cP35076

*{OREF*
CP35075

CP35086

CP35080

CP35085

CP350P4

cep35087

CP35086
*NR EF *

*NORFF*

PRIGRAM
CP35056

CP35060

CP35061

CP35062

CP35071

cr35072

CP35073

CP35074

CP35075

CP35076
CP35077

€P35080

CP35083

CP35084

CP350R5

CP35086

CP35087
CP35102

CP35103

REFS T

*NOREF*

CP35060
CP35n062

*NIJREF*
CP35060
CP35073
CP35111
cP35071

CP35071

CP35073
CP35060
CP35077
CP35111
CP35075
*NJREF *
CP31040
CP31046
CP35083
*NIREF*

CP31046
CP35085

CP31046
CP35084

CP35080
CP35087

CP35086
CP35104

CP35040

REFD BY
cP35102

*NURFF*
CP35071
CP35075
cP35112
CP35113
CP35154
CP35181
CP35191
*NOREF*
cP33171
#NOREF*

*NOREF *

CP33171

CP33171

CP35114
CP35116

CP35145
*NOREF*
CP35180
*NOREF *
*NUREF *
CP35152
CP35190
CP35193
CP35153

CP35163
CP35165

CP35163
CP35166

CP35180
CP35164

CP35165
CP35166

PRIGRAM
CP35104

CP35105
CP35111

CP35112
CP35113
CP35114
CP35116

CP35120

CP35122

CP35130

CP35140
CP35145
CP35150
CP35152
CP35153

CP35154

CP35155

CP35160

cpP35161

CP35162

CP35163

REFS TO
*NORFEF*

CP35038

CONST=

CP35111
cpP35111
CP35130

CONST=
CP35130

CONST=
OVERFLOD

*NOREF*

*NOREF*

*NQREF*
CP35140
CP35185
CP35154
CP35155
cP35111
CP35185
ENOREF*

CP35165

CP35166

CP35185

CP35160
CP35161
CP35165



CRNSS PEFEPENCE TA4BLF

RFFN BY
cr35181

NP EF *
CP35160
CP35163
cP35183
cP35161
CP35163
CP351€3
cP3517s
cP35176
cP35190
CP35174
CP3517R
CP35191
#NARFF *
cP35170
CP35171

CP35172
CP35193

CP35173
CP35179
CP35194
*N IPFF*

CP35183

CP351R2
CP35183

*NNPFF %

cpP32181
cp351e4

*NP EF %

PRUGRAM
cp35163

CP35164

CP35165

fP3516¢

CP35170
CP35171
cP35172

CP35173

CP35174
cP35175
CP35176

cP135177

fP35178

cp35170

CP35180

CP35181

CP351R2

CP35183

CP35184

FEFS T
CP3516h

CP35163
CP35160
cP35163

rr35161
CP35163
cP35175
CP35176
CF35177

CP35178%

CP35173
cpP35170
CP35171

CP351R5

cP35173

CP35178

CP35061
CP35150
CP35162
CP35 188

CP25060
cP35111
CP35163
CP351813

CP351R1
CP35165
Cr35166
CP35180
cp35181

CP35163

REFD BY
CP35150
CP35154
CP35162
cP35177
CP35180
CP35193

ENIRE F*

Cp35192
CP35194

*NOR EF #

CP35190

CP35101
CP35195

*NOREF*
CP36022
CP36022
cP36022

*MOR EF *

*NMR EF*

CP30401

PPIGRAM
CP35185

CP35190

fP35191

CP35192

C®35193

CP351934

CP35195
CP36010
CP36020
Cr36021

CP36022

CP36401

Cr36402

REFS TO
*NOREF*

CP35154
CP35172
CP35193

CP35060
CP35111
CP35173
CP35194

CP35191

CP35061
CP35154
CP35177
CP35185

CP35178
CP35191

CP35194
*NUREF *
*NIREF #
INFNRMV

CP31040
CP31050
CP36010
CP36020
CP36021
DUPVEC

ELMVEC

CP34163
CP36402
CP36403
CP36404
CP36405
INFNR MM
LNGMATM
LNGM ATV
LNGTAMM
MATMAT

TAMMAT

VECVEC

gLMcoL

REFD BY

CP36401
CP36401
CP36401

puPCcaLV
DUP ROWV
DUPVEC
DUPVECC
DUPVECR
ELACOLV
ELMROWV
ELMVEC
ELMVECC
ELMVECR
FULMATV
FULTAMYV
ICHSEQV
ICHVEC
INFNRMV
INIVEC
LNGFULM
LNGFULT
LNGMATV
LNGRFSV
LNGSCAP
LNGSEQV
LNGTAMY
LNGVECV
MATVEC
MULVEC
JNENRMY
RESVFC
SCAPRD1
SEQVEC
TAMVEC
VECCST
VECVEC

ABSMAXM
coLCsT

puPCcoLV
DUPMAT

DUP ROWV
DUPVECC
DUPVECR
FLMCOL

ELMCOLR
ELMCOLV
ELMROW

ELMROWC
ELMRIWV
ELMVECC

PROGRAM
CP36402

CP36403
CP36404
CP36405

OIM=]1

DIM=2

REFS TO
TAMMAT

*NOREF*
*NOREF*
*NORE F*

*NOREF#

*NOREF *



CRNSS RFFFPENCFE TABLF

RFFD RY
ELMVFCP
FULMATV
FULTAMV
TICHCNL
ICHRDW
ICHRNWC
INFNRMC
INFNRMM
INFMRMR
TNTMAT
INTMATD
LNGFULM
LNGFULT
LNGHATH
LNGMATT
LNGMATV
LNGRFSV
LNGTAMH
LNGT AMV
MATHAT
MATTEM
MATVFC
MAYELMR
MuLcoL
MULPOW
INENR MC
ONEMNR MM
UNFNRMR
RESVEC
ROTCAL
ROTRAW
RAWCST
TAMMAT
TAHVFC

FULhPI=
LNGMATM
LNGMATT
LMGMATV
LNGSCAF
LNGS FQV
LNC TAMM
LNGTAMV
LNGVECY

CP31509

CP34053
CP364432

CP33066
CcP33135
CP34251
CP 34254
CP34432

PRAGPAM
NTM=?

DPI=

DPMIUIL

pueCNL Y

DUrMAT

PEFS TO

*EOREFY

®|{IPTF*

PIHal
nTH=?
plipe

DIM a2
DUP=

REFD BY
CP34444

CP33135

CP31362
CP31363
cP33050
CcP 33061
CP33132
CP33135
CP33191
CP33314
CP34210
CP34214
CP34215
CP34250
CP34430
CP34432
CP34440
CP34441
CP34444
CP36022

*MNOREF=

CP 34400
CP34708

pupCcaLV
DUPMAT
DUPRAWV
DUsVECR
DuevECC
DUSVECR

CP31071
C?33060
CP34130
CP34134
CP34137
CP34140
CP34141
CP34142
CP34260
CP34261
CP34262
CP34363
CP34364
CP34365
CP34377
CP 34600

PROGRAM
DUPMAT

NUPRUWV

DUPVEC

DPUPVECC

DUPVECR

ayr=

£L1CUL

REFS TO

DIM=1
DIM=2
nuP=

DIM=]
pup=

DIM=1
DIM=2
DUP =
DIM=1
DIM=2
np =

*NIREF*

DIM=2
FiM=

REFD BY
CP36402

ce31072
CP34363
CP34364
CP34365

CP31070
CP34140
CP34363
CP34364

CP31075
CP33135
CP33191
CP364231
CP34260
CP34291
CP34363
CP34364

CP31074
CP34363
CP34364
CP34366

CP31073
CP34363
CP34364
CP34378

CP31950
CP33050
CP33061
CP33070
CP33132
CP33135
CP33191
CP34071
CP34143
CP34144
CP34210
CP34211
CP34214
CP34215
CP34220
CP34320
CP34322
CP34430
CP3444]1
CP34444
CP36022

CP34131
CP34138
CP34140

PRIGRAM
ELMCOL

ELMCOLR

ELMCOLV

ELNROW

ELMROWC

ELMROWV

EL4VEC

ELMVECC

REFS TO

DIM=2
ELM=

DIM=1
DIM=2
EL M=

DIM=2
ELM=

DIM=2
ELY=

DIM=1
DIM=2
ELM=

DIM=1
ELN=

DIM=1
DIM=2
ELM=



CRNSS PREFEREMCF TABLF

REFD BY
CP34152
CP34363
CP34364
CP34376
CP34432

CP34292
CP34363
CP34364

FLMCOL
ELMCOLP
FLHCOLV
ELMRNOW
FLMROAWC
EL MRNOWV
ELMVFC
ELMVFCC
ELMVFCP

MAYELMR

INGFULM
LNGFIILT
LNGRESV

FULMATV
FULTAMYV
RFSVFC

*NNPEF *

*N(IRF F¥

CP34053
CP34130
CP34134
CP34136
CP34137
CP3413R
CP34170
Cr34173
Cr34231
Cp3428s
CP 34361

CPr34050
CP24136
CP34170
CP364172

PROGPA}
ELMVECC

ELHVFCP

FLMe

FMX=

FILD PI=

FULINP=

FULMATV

FULTAMV

TCHCNL

ICHROW

PFFL Tl

DIM=1
NIM=2
Fi =

#NNREFY

*LORFF#

DPI=

THP=

nIM=l
PIN=?
FULTNPe
NI=

DIm=1
nTH=?
FU'LLTtiP=
INT=

DTH=2
ICH=

DIM=?
Icus=

REFD RY
CP34173
CP34174
CP34231
CP342135
CP34291
CP34300
CP34361

CP34136
cP34201
CP14432

*HOREF*

*NOREF*

CP34320
CP34322

ICHC UL
ICHROW
TCHRNWC
ICHSEQ
ICHSFQV
ICHVEC

*N(RF F#*

CP36401

*NORFF*

Cr31363
CP36021

CP33135
CP34432
€P34444

*NUREF*

CP33050
CP33061
CP33132
CP33135
CP34214
CP34215
CP34250
CP34432

PR.UGRAM
ICHRUY

ICHR IWC

ICHS EQ

ICHSEQV

ICHVEC

ICH=

IMFNRMC

INFHRMM

I MF NP MR

INFNRMV

INIMAT

INIMATD

INIVEC

REFS TN

DIM =2
ICH=

ICH=
SEQMAT=
DIM=1
ICH=
SEQMAT=

DIM=1
ICH=

*NJREF*

AMY =
DIM=2

DIM=2
MATNRM=

AMX=
DIY=2

AMX =
DIM=1

DIN=2
INI=
DIM=2
INI=

DIM=]1
INI=

REFD BY
CP34444

FULMATV
FULTAMV
INIMAT

INIMATD
INIVEC

LNGFULM
LNGFULT

FULINP=
MATMAT
MATTAM
MATVEC
SCAPRD1
SEQVEC
TAMMAT
TAMVEC
VECVEC
*NIREF*
CcP31110

*NIREF*

*NJREF &

CP36401

*NIREF*

CP34138
CP34250
CP36401

CP31100
CP31110

*NORE F*

*NJRFF*

PROIGRAM
INIVEC

INI=

INP=

LNGADD
LNGDIV

LNGFULM

LNGFULT

LNGMATHM

LNGMATT

LNGMATV

LNGMUL

LNGRESV

LNGSCAP

REFS T2

*NOR EF #

*NOREF*

PAR=DP
PAR=DP

DIM=]l
DIM=2
FULDPI=
INI=

DIM=]
DIM=2
FULDPI=
INI=

DIM=2
DPI=
PAR=DP

DIMs2
DPIs
PAR=DP

DIM=1
DIM=2
DPI=
PAR=DP

PAR=DP
CHL=
DIM=1
DIM=2
FULDPI=

DIM=1



CRNSS PREFFRFNCF TARLT

REFPR BY

CP3441R

CP31100
CP3413rR

Cr36401

cpP34138

CP34s18

CcP 31072
cP31074
cP33131
CP33135
CP33160
cp33101
CP34050
CP34053
CP34137
CP34140
CP34170
CP34261
CP34300
CP 34363
CP34364
CP34365
CP34366
CP34601
CP36401

INFHRMM
UNENRMF

CP 31075
CP34050
CP34173
CP 34260
CP34300
cpP34359
CP34361
CP34363
CP34364

FROGRAM
LMBSCAP

LNGS EQV

LHGSUR

LNGT ANM

LEGT AMV

LHGVFCV

MATM AT

MATHR M=

MATTAM

RFES T
NnPI=
PAR=NP

NIM=1
NPTe
FAR=DP
CFOMAT=

PAP=NP

NI=2
npl=
PAR =NP

DIM=1
nIM=2
NEI=
PAP=NP

DTY=1
nPla
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