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INDEX PROCEDURE CO!IE MNT /YR RECORD 
NUMBER 

VOLUME 5B 

5, ANALYTICAL PROBLEMS 
1.ANALYTICAL EQUATIONS (SEE: VOLUME SA) 
2 ,FUNCTIONAL EOUIITIONS 

1, DIFFERENTIAL EQUATIONS 
1, INITIAL VALUE PROBLEMS 

l,FIRST ORDER ORDINARY D,E, 
J ,NO DERIVATIVES RHS AVAILABLE (SEE VOLUME 5A) 
2,JACOBIAt! MATRIX AVAILABLE 

EFSIRK 33160 AUG/74 159 
EFERK 33120 AUG/74 161 
LINIGER1VS 33132 OCT /i4 221 
LINI6ER2 33131 AUG/74 165 
INPEX 33135 OCT/75 231 
Gi'iS 33191 OCT /74 223 

SEE ALSO PROC, HUL TISTEP ( 5, 2, 1, 1. 1. 0 
3, SEVERAL DERIVATIVES AVAILABLE 

M@!Flff UiTLOR 33040 AUG/74 167 
EXPONENT] ALL\ FITTED TAYLOR 33050 AUG/74 169 

2, SECOND ORDER ORD IN ARY M , 
1,NO DERIVATIVES RHS AVAILABLE 

RK2 33012 AUG/74 171 
RK2N 33013 AUG/74 173 
RK3 .l3i)l4 AUG/74 175 
RK3N 33015 AUG/74 177 

2,SEVERAL DERIV, RHS AVAILABLE 
3, INITIAL BOUNDARY VALUE PROBLEM 

ARKHAT 33066 NOV/76 295 
2, BOUNDARY VALUE PR08LEttS 

1,TWO POINT B,V,P, 
1. SHOOTING METHODS 

SEE ALSO SECTION 5,2,1,3,1 
2, LINEAR 6LOBl!l METHODS j 

! ,SECOND ORDER TPBVP 
l , SELF AI1J□rnT TPBVP 

FEH LAG SYH 33300 JilN/76 261 
FEN LAG 33301 JAN/76 261 
FEH LAG SPHER 33308 DEC/79 261 

2,SKEW ADJOINT Tl'BVc' 
FEM LAG SKEW 33302 JAN/76 263 

2, FOURTH ORDER TPBVP 
1, SELF ADJOIIH TPBVP 

FEN HERN SYM 33303 JAN/76 265 
2,SKEW ADJOINT TPBVP 

3,NOH-LINEAR GLOBAL tlETHODS 
NON LIN FEM LAG SKEW 33314 DEC/79 317 

2, TWO-DIMENSIONAL B,V,P, 
!,ELLIPTIC B,V,P,S 

1,DISCRETIZATION PROCEDURES 
2,SPECIAL LINEAR SYSTEHS 

RICHARDSON 33170 OCT/74 225 
ELIMINATION 33171 OC•/74 .-,,1.; 

.;; :,J 

SEE ALSO SECTION 3, 1,2 
3, SPECIAL NON-LINEAR SYSTEMS 

2.PARABOLIC & HYPERBOLIC B,V,P ,S 
5, 2, 1, 2, 3,MULTHIIMENSIONAL B,V,P, 



INDEX PROCEDURE CODE MNT/YR RECORD 
NUMfE~ 

5, 2, L 2, 4, OVER-DETERHINED PROBLEMS 
3,PARAHETER ESTIHATION IN D,E, 

1. P, E, IN INITIAL VALUE PROBLEMS 
PEHIE 34444 OCT/75 259 

2,INTEGRAL EQUATIONS 
3, INTEGRO- DIFFERENTIAL El'IS 
4,DIFFERENCE EOUATIONS 
5,CONVOLUTION EQUATIONS 

J 

VERSION: 791231 



SECTION 1 5e2elelele2 (NOVEMBER lQ76) PAGE 1 

SECTION 5e2elel.le2 CONTAINS SlX ALTERNATIVE PROCEDURES FOR SOLVING 
FIRST•ORDER INITIAL VALUE PROBLEMS WITH THE JACOBIAN MATRIX AVAILABLE. 

Ae 

B. 

c. 

D. 

Fe 

ffSIRK SOLVES AN INITIAL \IALUE PROBLEM, GIVEN AS AN AUTONOMOUS 
SYSTEM OF FIRST ORDER DIFFERENTIAL EQUATIONS DY/OX• f(Y>, BY 
MEANS OF AN EXPOMl;NTIALL Y FITTED, SEMI-IMPLICIT RUNGE-KUTTA 
METHOD; IN PARTICULAR THIS PROCEOUR£ IS SUITABLE FOR THE 
INTEGRATION OF STIFF EQUATIONS. 

EFERK SOLVES IttITIAL VALUE PROBLEMS, GIVEN AS AN AUTciNOMOUS SYSTEM 
OF FIRST ORDER DIFFERENTIAL EQUATIONS, BY MEANS OF A~ EXPONENTIALLY 
FITT~O, EXPLICIT RUNGE KUTTA METHOD OF THIRD OROFR, WHICH INVOLVES 
THE USE OF THE JACOBIAN MATRIX. AUTOMATIC ST~P CONTROL IS PROVIDED. 
IN PARTICULAR THIS METHOD IS SUITABLE FOR THE INTEGRATION OF STIFF 
DIFF~RcNTIAL EQUATIONSe 

LINIGERlVS SOLVES INITIAL VALUE PROBLEMS, GIVEN AS AN AUTONOMOUS 
SYSTEM OF FIRST ORDER DIFFERENTIAL EQUATIONS, BY MEANS OF AN 
I~PLICIT, FIRST· □RDER ACCURATE, EXPONENTIALLY FITTED ONESTEP 
METHOD. . 
AUTOMATIC STEPSIZE CONTROL IS PROVIDED. 

LINIGER2 SOLVES INITIAL VALUE PROBLEMS, GIVEN AS AN AUTONOMOUS 
SYSTEM Of FIRST ORDER DlFFERENTlAL EQUATIONS, BY MEANS OF AN 
EXPONENTIALLY FITTED ONESTEP METHOD. 
NO AUTOMATIC STEPSIZE CONTROL IS PROVIDED. 

GMS SOLVES AN INITIAL VALUE PROBLEM, GIVEN AS AN AUTONOMOUS SYSTEM 
OF FIRST ORDER DIFFERENTIAL EQUATIONS DY/ DX• F(Yl, BY MEANS OF A 
THIRD JROER GENERALIZED LINEAR MULTISTEP METHOD. 

IMPEX SOLVES AN INITIAL VA~UE PROBLEM,GIVEN AS AN AUTONOMOUS SYSTEM 
OF FIRST ORDER DIFFERENTlAi EQUATIONS, BY MEANS OF THE IMPLICIT 
MID-POINT RULE WITH SMOOTHING AND EXTRAPOLATION. 
AUT0'1ATIC STEPSIZE CONTROL IS PROVIDED. 

IN PARTICULAR ALL THESE METHODS ARE SUITABLE FOR THE INTEGRATION OF 
STiff DIFFERENTIAL EQUATIONS. 





SECTION (AUGUST 1974) PAGE l 

INSTITUTE: MATHEMATICAL CENTRE. 

BRIEF DESCRIPTION: 

EfS !RK SOLVES AN INITIAL VALUE PROBLEM, GIVEN AS AN AUTONOMOUS 
5YST5M OF FIRST JRD5R DIFFbRENTIAL EQUATIONS DY/DX• F(Yl, BY 
MEANS □FAN EXPONENTIALLY FITTED, SEMl-IMPLICIT RUNGE•KUTTA 
METHOD; IN PARTICULAR THIS PROCEDURE IS SUITABLE FOR THE 
INTEGRATION OF STIFF fOUATIONSe 

KF.:YWORDS: 

DIFFERENTIAL EQUATIONS, 
INITIAL VALUE PROBLEM, 
AUT □ N □ MOUS SYSTEM, 
STIFF EQUATIONS, 
Sf;;M! ... IMPLICIT RUtlGE-KUTTA METHOD, 
EXPONENTIAL FITTING. 

CALLING SEQUENCE: 

HEADING: 
"PROCEDURE" EFSIRK!X, XE, M, Y, DELTA, DERIVATIVE, JACOBIAN, J, 

N, AETAJ RETA, HMIN, HMAJ<g LINEAR, OUTPUT>; 
"VALIJ1:" M; "INTEGER" M, N; 
"REAL~ X, XE, DELTA, AETA, RETA, HMIN, HMAXI 
"PROCEDURE" DERIVATIVE, JAC~BIAN, OUTPUT; 
"ARRA yu Y, J; 
"BOOLEAN" LINEAR; 

THE MEANING OF THE ~ORMAL PARAMETERS IS1 
X: <VARIABLE>; 

THE INDEPENDENT VARIABLc x; 
ENTRY! THE INITIAL VALUE XOJ 
EXIT I THE END VALUE XE; 

XE: <ARITHMcTIC EXPRl:SSION>; 
TH£ END VALUE OF X,; 

Mt <ARITHMETIC EXPRESSION>; 
TH[ NUMBER OF DIFFERENTIAL EQUATIONS; 

V: <ARRAY IDENTIFIER>; 
11 ARRA Y11 YCl t M]; 
THE DEPENDENT VARIABLE; 
DURING THE INTEGRATION PROCESS THE COMPUTED SOLUTION 
AT THE POINT X IS ASSIGNED TO THE ARRAY Y; 
ENTRYt THE lNITIAL VALUES OF THE SOLUTION OF THE SYSTEM; 
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DELTA1 <ARITHMETIC ~XPRESSION>; 
DELTA DENOTES THE REAL PART OF THE POINT AT WHICH 
EXPONENTIAL FITTING IS DESlREO; 
ALTERNATIVES 1 
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DELTA• (AN ESTIMATE OF) THE REAL PART OF THE, IN ABSOLUTE 
VALUE, LARGEST EIGENVALUE OF THE JACDBIAN MATRIX OF THE 
SYSTEM; 
DELTA < •10h14, IN ORDER TO ~STAIN ASYMPTOTIC 
STABILITY; 
DELTA• O, IN ORDER TO OBTAIN A HIGHER ORDER OF ACCURACY IN 
CASE OF LINEAR OR ALMOST LINEAR EQUATIONS; 

DERIVATIVE: <PROCEDURE IDENTIFIER>; 
"PROCEDURE" DERIVATIVE(A)J "ARRAY" A; 
WHEN IN EFSIRK DERIVATIVt IS CALLED, ACil CONTAINS THE 
VALUES OF Yt Il; 
UPON COMPLETION OF A CALL OF DERIVATIVE, THE ARRAY A 
SHOULD CONTAIN THE VALUES OF F(Y); 
NOTE THU TtlE VARIABLE X SHOULD NOT BE USED IN DERIVATIVE, 
~ECAUSS THE DIFFERENTIAL EQUATION IS SUPPOSED TO BE 
AUTONOMOUS; 

JACOBIAN! <PROCEDURE IDENTIFIER>J 
11 PROCEDURE 11 JACOBIAN CJ, Y ); "ARRAY" J, YJ 
WHE~ HI iaFSIRK JACOBIAN IS CALLED THE ARRAY Y CONTAINS 
THE ,VALUES OF. THE DEPENDENT VARIABLIH 
'uPON COMPLETION OF. A. CALL m= .JAC(i)BIAN THE ARRAY J SHOULD 
CONTAIN THE VALUES OF THE JACOBIAN MATRIX OF F!Yl; 

J 1 (ARRAY IDENTIFIER>; 
·· JU • M, 1 .t M.l; 

J IS AN AUXILLIARY ARRAY WHICH IS USED IN THE PROCEDURE 
JACOBIAN; 

NI <VARIABLE>; 
AN INTEGER WHICH COUNTS THE INTEGRATION STEPSI 

AETA, RETA1 / 
<ARlTHMeTIC EXPRESSION); 
REQUIRED ABSOLUTf AND RELATIVE LOCAL ACCURACYJ 

HMIN, HMAX 1 
<ARlTHMETIC EXPRESSION>J 
MINIMAL ANO MAXIMAL STEPSIIE BY WHICH THE INTEGRATION IS 
PERFORMED; 

LINEARt <BOOLEAN EXPRESSION); 
IF LINEAR • "TRUE" THE PROCEDURE JACOBIAN WILL ONLY BE 
CALLED IF N • 1; THE INTEGRATION WILL THEN BE PF.RFORMEO 
WITH A STEPSIZE HMAX; THE CORRESPONDING REDUCTION 
OF COMPUTING TIMe CAN BE EXPLOITED IN CASE OF LINEAR OR 
ALMOST LlNEAR EQUATIONS; 

OUTPUT: <PROCEDURE IDENTIFIER>; 
"PROCEDURE" OUTPUT; 
IN OUTPUT ONE MAY PRINT THE VALUES OF EeGe X, 
YCIJ, JCK, Ll ANO Ne 



SECTION t ~.z.1.1.1.2.A ( AUGUST 1974 > 

DATA AND RCSULTS: SEE REFCZl AND [3le 

PROCEDURES USEDt 

VECVSC • C P34010., 
MATVEC • C?340ll., 
MATMAT • CP340l3., 
GSStLM • CP34Z:n., 
~OLELH • CP3406le 

REQUIRED CENTRAL MEMORY• 

EXECUTIJN FIELD LENGTH: CIRCA M • M + 5 * Me 

RUN NI NG TIME: 

PAGE 3 

DEPENDS STRONGLY ON THE DIFFERENTIAL EQUATION TO BE SOLVED 

LANGUAG~: ALGOL 60v 

Ml::THOD AND PERfORMANCEt 

THE PROCEDURE EFSIRK lS AN F.XPONeNTIALLY FITTED., A-STABLE, 
SEMI-IMPLICIT RU~GE-KUTTA METHOD OF THIRD ORDER (SEE REFCll 
AND [Zl)e THf ALGORITHM USES FOR EACH STfP TWO FUNCTION EVALUATIONS 
AND IF LifllEAR • "FALSE" ONE £VALUATION OF THE JACOBIAN MATRIXo 
T"IE STEPSIZE I~ !IOT DET!:RMINED BY THE ACCURACY OF THE NUMERICAL 
SOLIJTliJ~b BIJT BY THE AMOUl'U BY WHICH Tl-fE GIVEN DIFFERENTIAL 
EQUATI:.lU DI FH RS FROM A L INl:AR E/JUA TION I SEE REF CZ l I. 
THE PROCEDURE DOES l~OT REJECT INTEGRATION STEPSo 

REFERi:NC l::S r 

Cll e? .J. VAN OCR HOIJWENe 
ONE-S Ti:P Ml;TUODS WIT'-! ADAPTIVE STABILITY FUC NTI ONS 
FOR THE INTEGRATION OF DIFFERENTIAL EQUATIONS. 
LECTURE NOTF.S OF THE CONFERENCE ON 
NUMERISCHE, INSBESONOERE APPROXIMATIONSTHEORETISCHE 
BEHANDLUNG VON FUNKTIONALGLEICHUNGENe 
OB~RWOLFACH, DECEMBER, 3 - 12, 1972. 

CZleSYLLABUS COLLOQUIUM STIFF DIFFERENTIAL EQUATIONS 2 (DUTCH). 
MATHeCENTRe SYLLABUS l5oZ/73e 

[3leSYLLABUS COLLOQUIUM STIFF DIFFERENTIAL EQUATIONS 3 (DUTCH)e 
MATHeCENTRe SYLLABUS l5e3/73e 
TO APP~AR IN 1973e 
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EXAMPLc OF IJSf.: 

WE CONSIDiR THG DIFFERENTIAL EQUATION 
DY I DX• -LXPCXl * (Y - LN(Xl) + 1 / X., 
ON T~E INTFRVAL COoOl, 81, WITH INITIAL VALUE Y(OeOll • LN(OeOl) 
AND ANALYTICAL S1LUTION Y(Xl • LN(XlJ 
FOR TH( FIT POINT WE USE THE EIGENVALUE 1F THE JACOBIAN MATRIX, 
I,E, DELTA• -r:XP(Xl; 

II BEG IN" 
"PROCEDURE" £FSIRKCX, XE, M, Y, DEL TA, DERIVATIVE, JACOBIAN, J, 

H, AETA, RETA, HMIN, HMAX, LINEAR, OUTPUT!; 
"CODE" 331'>0; 
"PR1CEDURE" DERCYI; "ARRAY" YJ 
19 9EGIN" 1tRCAL" Y2; Y2t• Yt2J; 

DELTA: ■ -~XP(Y2l; LNX:• LNCY21; 
YtlJ:• (V[lJ - LNX) *DELTA+ l / Y2; 
YC2Jt• l 

19END11 DER; 
"PROCEDURE" JACCJ, Y); "ARRAY 11 J., Y; 
"BEGIN" "REAL" Y2; Y2:• Yt2J; 

Jtl, lJ1• DELTA; 
J[l, 2J:• CY[lJ - LNX - l / Y2l * DELTA - 1 / (Y2 * Y2); 
Jez., 11:• JCZ, 21:~ o 

"END" JAC; 
"PROCEDURE" JUTP; 
"IF" X • X~ "THEN" 
11 B.:GHl 11 "REAL" Yl; Yl:• YCll; LNX:• LNCX); 

OUTPUTC61, "(""("N • 19 111 , 2ZD, 
"(" X • 11 111 , +DoD, 
11 ( 11 Y(Xl • 11 1", +De5D., 
11 ( 11 DELTA•")", +3ZD.2D1 I, 
"C11 ABSe/ERR. • 111 111, .20 11 +2D., 
"(" RF.le F.RRe • 11 )11 , .2D11+2D, // 11 ) 111 

M, X, Yl, DELTA, 
ABS(Yl - LNXl, ABS((Yl - LNX) / LNXll; 

11 IF" X • Oo4 11 TH~N 11 XEI• A 
II ::N D11 OUT p j 
"INTEGER" M; 
~REAL" X, XE, DELTA, LNX; 
"ARRAY" Ytl : 2h JCl : 2, l : 2 l; 

XF.:• 0.4; X:• OoOl; YClJ:• LNCOoOl>; YCZJ:m X; 
EFSIRKCX, XE, 2, Y, DELTA, DER, JAC, J, 

N, "-2, 11-2., Oe005, 1.5, 11 FALS~"" OUTPI 

TYIS PROGRAM DELIVERS: 

N • 10 X 11 +0.4 Y(Xl "' --t.1 091099 DELTA • 
ABSo ERRo • e53 11 -02 REL. ERR. • 058 11•02 

--1 .,44 

N • 98 X • +e.o Y( X) " +2.07911 DELTA • -2980002 
ABS. ERR. • 033"-03 REL. ERR. • e16"-03 
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SOURCE Tr.:XT<S): 

11CClDE 1111 33160; 
"PROC!;DURF. 11 EFSIRK(X, XE, M, Y, DELTA, DERIVATIVE, JACOBIAN, J, 

N, AETA, RETA, HMIN, HMAX, LINEAR, OUTPUT); 
11 VALUE11 M; "1NT£:GER11 M, N; 
"REAL" x, xe, D~LTA, AETA, RETA, HMIN, HMAX; 
11 PROCEDURC 11 DERIVATIVE, JACOBIAN, OUTPUT; 
11 BOOL5AN 11 LINEAR; 
11 ARRAY" V, J; 

11 BEGIN" 1111NTEG!:R 11 K, LJ 
"REAL" STEP, H1 MUO, ~Ul, MUZ,· THETAO, THETAl, NUl, NU2, 
NU3, YK, FK, Cl, C2, O; 
"ARRAY" F, KO, lABOACl 1 Ml, JlCl t M,l t Ml, AUXCl a 7],; 
"INTEGER" "ARRAY" Rt, Citl t Ml; 
II BOOLEAN" LI ~j 

"R~AL" "PROCEDURE" VECVECCL, U, SHIFT, A, B); "CODE" 34010; 
11 R~AL 11 "PROCEDURE" MATMAT(L, U, I, J, A, B); "CODE" 34013; 
"REAL" 11 PRJCCDURE" MATVEC<L, U, I, A, B); 11 CODE 11 34011; 
11 PR □CEDURE 11 GSSELM(A, N, AUX, Rl, Cl)J 11CODE" 34231J 
"PROCEDURE" JOLELMCA, N, RI, CI, B); "CODE" 34061; 

"REAL" 11 PR•JCEOURE" STEPSI!Ei 
11 BEGIN 11 "RJAL" DISCR, !TA, S; 

"IF" LINEAR "THEN" St• Ht• HMAX "ELSE" 
11 1F" N • 1 11□R" HMIN • HMAX "THEN" St• HI• HMIN "ELSE" 
"BEGIN" ETA:• AETA +RETA• SQRT(VECVEC(l, M, o, Y, Yl); 

Cl1• NU3 • STEP; "FOR" Kl• l "STEP" l "UNTIL" M 11 0011 

LABDACKlt• LABDACKl +Cl• FCKl - Y[Kl; 
DISCR1• SQRT(VECVEC(l, M, o., LABDA, LABDA)); 
S:• H:• 11:TA / COe75 •<ETA+ OISCRll + 0e33) * H; 
11 1F 11 H < HMIN JTHEN11 SI• Ha• Hl1IN "ELSE" 
"IF" H > HMAX "THEN" Si• Ha• Hl1AX 

11 1:ND"; 
11 1F 11 X + S > XE 11 THEN 11 S:• XE - X; 
LIN•• ST!:P • S "AND" LINEAR; STi:PSIZEt• S 

"El~D" STEPSIZE; 

11 PROCEDURI;" COE'FFIC!ENT; 
"BEGIN" "RSAL" Zl, E, ALPHAl, A, BJ 

ll'IQWIII" 19 RCAL" Z2; 
Zll• STEP* DELTA; "IF" N • l 11THEN 11 zz: ■ Zl + Zl; 
11IF 11 ABS(ZZ - Zl) >" - 6 * ABS(Zll "OR" Z2 > - l "THEN" 
"BEGIN" At• Zl * Zl + 12; B1• 6 • Zl; 

"IF" ABSCZll < Oel 11 THEN11 

ALPHAl:• CZl • Zl / l~O • ll * Zl I 30 "ELSE" 
"IF" Zl < - "14 "THEN" ALPHAll• l / 3 "ELSE" 
"IF" Zl < - 33 "THEN" 
ALPHAl:• (A + B l / (3 * Zl * C 2 + Zll l 11 HSE 11 

"BEGIN" Ei• "lF" Zl < 230 "THEN" EXPIZl> "ELSE" "l00J 
ALPHAll• ((A - B) * E - A= 8) / 

(((2 - Zll • E - 2 • Zll * 3 * Zll 
11 EHD 11 1 11COl1MENT 11 
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MU2:~ (1 / 3 + ALPHAl) * Do25J 
MUll• - (1 + ALPHAll * 0.5; 
MUOI• (6 * MUl + 2) / 9J THETAOI• Oo25; 
THCTAll• Oo75; Al• 3 * ALPHAl; 
NU'.l?• (l + A) / (5 - A)• o.s; Al .. NU3 + NU3"; 
NUl!• to5 - A; NUZ1a (l + A} * Oo75; 
;,z: .. n 

"END" 
"~~D" co~~FICI[NT; 

"PROCEDURE" ~IFFERENCE SCHE~E; 
"BCGIN" DERIVATIV~(F); STEP:~ STEPSIZE; 

"1F" "MOT" LINEAR "l'JR" N., 1 "THEN" JACOBIANIJJO YI; 
~IF" "MOT" LIN "THEN" 
"BEGIN" COFFFICIENT; 

Cl!• ST;;P * MUl; o: .. STEP * SHP * MU2; 
"FOR" Kl• 1 "STEP" 1 "UNTIL" M "DO" 
"BEGIN" "FOR" LI• l "STEP" 1 "UNTIL" M "DO" 

JHK,LJ:,. D * MATMAT(l., M_. K;, L; J_. Jl + 
Cl* J[K,L]; 

JlCK,Klt• Jl[K,Kl + i 
"E f!D 11 ; 

GSSELM(Jl, M, AUX; Rio Cl) 
"END"; 
C.l.1'" STEP * STEP * MUo; Di"' STEP * 2 / :3; 
"FOR" K:• l "STEP" l "UNTIL" M "00" 
"BEGIN" KO[KJ:u FK1a F[KJ; 

LABDA[KJh D * FK + Cl * MATVEC<l, M, K, J, Fl 
11 [ND"; 
SOLELM(Jl, ~, RI, C!, LABDA); 
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"FQR" Kl,. l "STEP" l "UNTIL" M "D011 F(KJI .. Y(Kl + LABDA[Kl; 
DERIVATIVE[Fl; 
Cl:• THETAO * SHP; cz: .. TH';lAl * STEP; D:m NUl * SHP; 
"FOR" K:• l "STEP" 1 11 UNTIL" M 11 D0" 
11BEGIN" YKlm Y[KJ; FKS• F[K]; 

LARDACK)l• YK + D * FK + NU2 * LABDACK]; 
Y[K]:a FCKJ:• YK +Cl* KOCK]+ C2 * FK 

"END" 
"END" DIFFC RENCE: SCHPiE; 

AUX[2J:a "-14; AUXC4J:- B; 
"FJR" Kl,. l "STi'.:P" l "UNTIL" M "D0 11 F[K]t., Y[K]; 
Nru C•; OUTPUT; STEP! .. O; 

NEXT STCP: N:• N + lJ 
D:tFFERtNCE SCHEME; x:,. X + STEP; OUTPUT; 
"IF" X < XE "TH[N 11 11GOTO" NfXT STEP 

11 F.ND" CFSIRK; 
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AUTHOR: KeDEKKER. 

INSTITUTE1 MATHFMATlCAL CENTRE. 

RECEIVED: 1973/07/31• 

BRIEF DE SCRIPT ION t. 

tFERK S!JLVES INITIAL VALUE PROBLEMS , GIVEN AS AN AUTONOMOUS SYSTEM 
OF FIRST ORDER DIFFERENTIAL EQUATIONS, BY MfANS OF AN EXPONENTIALLY 
FITTeo, EXPLICIT RUNGE KUTTA METHOD OF THIRD ORDER, WHICH INVOLVES 
THE us~ OF THE JACOBIAN MATRIX. AUTO~ATIC STEP CONTROL IS PROVIDED. 
IN PARTICULAR THIS METHOD IS SUITABLE FOR THE INTEGRATION OF STIFF 
DIFFERENTIAL E!lUATIONSe 

KEYWORDS1 

DIFF!R~NTIAL EQUATIONS, 
INITIAL VALUE PROBLEMS, 
STIFF EQUATIONS, 
EXPONENTIAL FITTING, 
e~PLICIT RUNGE KUTTA METHODS. 

j 
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CALLING SE1UENCE1 

THE H[ADING OF THC PRJCErURE EFERK READS! 
"PROC£;DURE 11 EFERK! X,XE.rM.rY,S IGMA.r PHI.rD!:RIVATI VE, J,JACOBI AN, 

K.rL.rAUT,AETA1RETA,HMlN,HMAX.rLINEAR,OUTPUTl; 
"VALUE" L; 
II I NTE GE R" ,,,., K, L; 
"REAL" X.r X i:.r SIGMA, P'iI .rAf:T A, RET A,H MIN., HMAX; 
"ARRAY" Y,J; 
"BOOLEAN" AUT,LINEAR; 
"PROCEDURE" DERIVATIVE,JACOBIAN, □UTPUT; 

TH~ MEANING ~F THE FORMAL PARAMETERS IS: 
X1 <VARIABLD; 

THE INDEPENDENT VARIABLE X; 
CAN BE USED IN DERIVATIVE, JACOBIAN, OUTPUT, ere.; 
l!"lTRY: TH': Il'IITIAL VALUE XO; 
EXIT I T4~ FINAL VALUE XCJ 

XE! <ARITHMETIC EXPRtSSION>; 
THE FINAL VALUE OF X (XE>•Xl; 

M: <ARITH'1ETlC EX?P ESSI □N>; 
TI-IE NUMB.:R OF EQUATIONS; 

Y: <4RRAY IDENTIFIER>; 
11 REAL 11 11 ARRAY 11 Y[l:M]; 
THr DEPENDENT VARIA!3LE; 
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t:NTRY1 TH!: INITIAL VALUES OF THE SYSTEM OF DIFFERENTIAL 
E~UATIONS: Y[Il AT X•XO; 

EXIT : THE F!NAL VALUES llF THI:: SOLUTION: YCil AT X•XE; 
SIGMA! (ARITHMETIC EXPRlSSION>; 

THE ~1DULUS OF THE POINT AT W'iICH EXPONENTIAL FITTING IS 
DE!IRED, FOR EXAMPLE TH£ LARGEST NEGATIVE EIGENVALUE OF THE 
JACOBIAN MATRlX OF THE SYSTEM OF DIFFERENTIAL cQUATIONS; 

PH!t <ARITHMETIC EXPRES1ION>; 
THl ARGIIMEtlT OF Tl-lE COMPLEX POINT AT WHICH EXPONENTIAL 
fITTING IS DESIRED; 

DERIVATIVE: (PROCEDURE IDENTIFIER>; 
THE HEADING OF THIS PROCEDURE READSt 
"PROCEDURE" DERIVATIVl:!Yl; "ARRAY" Y; 
T4IS PROCEDURE SHOULD DELIVER THE RIGHT HAND SIDE OF THE 
I-TH DIFFERENTIAL tQUATION AT THE POINT (Yl AS Y[Il; 

Jt <ARRAY IDENTIFIER>; 
"REAL" "ARRAY" J[l:M.,l:MJ; 
THE JACOBIAN ~ATRIX OF THE SYSTEM; 
THE ARRAY J SHOULD BE UPDATED IN THE PROCEDURE JACOBIAN; 



sec noN : s.2.1.1.1.2. B (AUGUST 1q74) 

JACOBIAN• <PROCEDURE IDENTIFIER>; 
T~E HEADING OF THIS PROCEDURE READS• 
"PROCEDURE" JACOBIAN(J,Y); "ARRAY" J,Y; 
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IN THIS PROCEDURt. THE JACOBIAN AT THE POINT (YI HAS TO BE 
ASSIGNED TO THE ARRAY J; 

Kt <VARIABLE>; 
COIJNTS T~fE HUMBER t>F INTEGRATION STEPS TAKE:N; 
FOR EXAMPLf', MAY BE USED IN THE EXPRESSION FOR XE; 

Lt <ARITHMETIC EXPRESSION>; 
c:NTRYI 
If PHI• 4•ARCTAN(l)1 THE ORDER OF THE EXPONENTIAL FITTING, 
ELSE TWICE THE ORDtR OF THE EXPONENTIAL FITTING; 

AllT t <BOOLEAN EXPR!:SSION>; 
IF THE SYSTEM HAS BEEN WRITTEN IN AUTONO"OUS FORM BY ADDING 
THE EQUATION DY[Ml/OX • l TO THE SYSTEM, THEN AUT MAY HAVE 
THE VALUE "FALSE", ELSE AUT SHOULD HAVE THE VALUE "TRUE"; 

AETA: <ARITHMETIC EXPRESSlON>; 
REQUIRED ABSOLUTE PRECISION IN THE INTEGRATION PROCESS; 
AETA HAS TO BE POSITIVE; 

RETA: <ARITHMETIC EXPRESSION>; 
REQUIRED RCLATIVE PRECISION IN THE INTEGRATION PROCESS; 
RF.TA HAS TO BE POSITIVE; 

HMIN1 <ARITHMETIC EXPRESSIOH>; 
THE ST!:lPLF.NGTH CHOSEt~ WILL BE AT LEAST EQUAL TO HHINJ 

HMAX: <ARITHMETIC EXPRESSION>; 
THE STEPLENGTH CHOSEN WILL BE AT MOST EQUAL TO HMAX; 

LIN&AR: <ARIT~~ETIC EXPRESSION>; 
THE PROCf;OURE JACOBIAN IS CALLED ONLY IF LINEAR• 11 FALSE" OR 

. K•O; SO IF THii: SYSTEM IS LINEAR , LINEAR MAY HAVE THE VALUE 
"TRUE"; 

OUTPUT1 <PROCEOURe IDENTIFIER>; 
THF. HEADING Of THlS PROCCDURE READS; 
"PROCSOURE" OUTPUT; 
THIS rR'.1C EOURl: IS CALLl:D AT THE END OF f:ACH INTEGRATION 
STEP J THE IJSER CAN ASK FOR OUTPUT OF SD11E PARAMETERS , FOR 
EXAMPLE X, K, Ye 

DATA AND RESULTS: ~SE EXAMPLE OF USE, AND REF[4le 

PRllC r:DUR!::S USED• 

VECVf;C• CP340l0, 
HATVEC• CP340ll, 
DEC • CP34300, 
SOL • CP3405lo 
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REQUIRED CENTRAL MEM1RYt 
EXECUTION FI~LD LENGTH: CIRCA 30 + 4 * M + L * (5+Lle 

RUNNit~G TIMCi DEPEIIDS ST~ONGLY ON THt DIFFERFNTIAL EQUATION TO SOLVE. 

LANGUAGE: ALGOL 60e 

METHOD AND PERFORMANCE! 

THE PROC~OURE EFERK IS AN EXPONENTIALLY FITTED, SEMI-EXPLICIT RUNGE 
KUTTA METHOD Of THIRD ORDER C SEE Rf:F Cll AND C3l ) • THE ALGORITH"I 
USES FOR EACH STEP TWJ FUNCTIJN EVALUATIONS AND IF LINfAR • "FALSc" 
ONE 2VALUATION Of THE JACOBIAN MATRIX.THE STEPSIZE IS DETERMINED BY 
AN ESTIMATION OF TH5 LOCAL TRUNCATION ERROR BAStD ON THE RESIDUAL 
FUNCTION (SEE R'::FClll • lNTFGRATitJ~I STEPS ARE NOT REJECTED. 

RcF ER ENC SS: 

Cll• P.J.VAN DfR HOUijEN. 
QNE-STEP METHODS WIT4 ADAPTIVE STABILITY FUNCTIONS FOR THE 
INT~GRATION Of DIFFERENTIAL EQUATIONS. 
LECTURES NQTCS QF THE CONFERENCE ON NUMERISCHE, INSBESONDERE 
APPROXIMATIOi~ST'lEORETISCHE BEHANDLUNG VON FUNKTIDNAL• 
GLEICHUNGENe 
OBCRWOLFACH, DECiMB~R, 3 -12, 1972e 

C2le T.J.DEKKER, PeWeHEMKER AND P.J.VAN DER HOUWENo 
COLLOQUIUM STIFF DIFFERENTIAL EQUATIONS l (DUTCH). 
"'IC SYLLABI.JS 15el, (19-'72) MATHEMATICAL CENTRE. 

C3l. P.A.BEENTJES, KeDCKKER, HeC.HEMKER, SoPeN.VA~ KAMPEN 
AND GeMe1./ILLEMSe 
caLLOQUJUM STIFF DIFFERENTIAL EQUATIONS 2 (DUTCH). 
MC SYLLABUS 1502, <1973) MATHEMATICAL CENTRE. 

C4l. (TJ APPEAR)• 
COLLOQUIUM STIFF DIFFERENTIAL EQUATIUNS 3 (DUTCH). 
MC SYLLABUS 15e3, <1973) MATI-IEMATICAL CENTRE. 

EXAMPLE !'JF USE1 

CONSIDER THE SYSTEM OF DIFFERENTIAL EQUATIONS: 
OY[lJ/OX • -YClJ + YCll * YC2l + e99 * Y[2J 
DYC2l/DX • -1000 * ( -YCll + YCll * Y[2l + YCZJ 
WITH T:12 INITIAL CONDITIONS AT X • O: 
Y[lJ • l ANO YC2l • Oe (SEE REFCZJ, PAGE llle 
THE SOLUTION AT X • 50 IS APPROXIMATELY: 
YCll • 0765 878 320 487 AND YC2l • e433 710 353 
THE fOLLD~ING PROGRAM SHOWS SOME DIFFERENT CALLS 
EFERK,AND ILLUSTRATES THE ACCURACIES WHICH MAY Bf 

5766. 
OF THE PROCEDURE 

OBTAINED BY THEMi 



(AUGUST H74l PAGE 5 

"BEG!N" 
11 PRJCEDURE" EFERK(X,XE,M,Y,SIGMA,PHI,DERIVATIVE,J,JACOBIAN, 

K,L,AUT,AETA,RETA,HMIN,HMAX,LINEAR,OUTPUT)J 
"COD!:" 33120; 

"INTEGER" K,PASSES,PASJAC; 
11 ReAL" X,SIGMA,PHI,TIHE,TOLJ 
11REAL 11 11 ARRAYtt YCl:2J,J[l:Z,l12]; 

"PP-OCEOURE" DER(Y); "ARRAY" Yi 
118!:GlN" "RfAL" Yl1Y2J Yl:•YCll; Y2:•YU!J; 

YCll1•1Yl+e99l*(Y2-ll+e99; 
Y[ZlJ•lOOO*lll+Yll*(l-YZ)-1); 
PASSESt•PASSES+l 

II '.:"ID"; 

"PROCEDURE" JACOBIAN(J,Y); "ARRAY" J,Y; 
"BEGIN" JCl,llt•YC2l-1J JC1,2ll•e99+YC1J; 

JCZ1llt•lOOO*ll-YCZll; JC2,ZJ:-lOOO*(l+YClll; 
S IGHA t ■ ABS ( JC?, 2l +JC 1,ll•SQRT ( (JC 2, 2l-JCl, l J >••z+ 

4•JC2,ll•Jtl,2lll/2; 
PASJACt•PASJAC+l 

11 1:ND" JACOB IAN; 

11 PROC EDURE" OUT; 
111F11 X•50 11THEH11 

□UTPUTl6l1"1"31-5ZDl,2(4B+e3DB3DB3Dl,-5ZDe3D,1") 11,K1PASSES1 
PAS JAC, YCll, YCZJ,CLOCK-T11'1E >; 

OUTPUTl61,"(""(" T~IS LINE AND THE FOLLOWING TEXT IS N)N 

"("PRINTED BY T~IS PROGRAM 11 l 11 1//1 
11 ( 11 THE RESULTS WITH EFERK -FIRST ORDER FIT- ARE: 11 ) 11,/, 

"I" K DER.ev. JA,t.ev. YCll vc2J">" 
11 ( 11 TIME 11 l 111/"l")J 
PHI:•4*ARCTA"ll); 
"FOR" TOLt•l, 11•1,"-2,"-3 1100 11 

"BEGIN" PASSESt•PASJACt•OJ Xt•YC2ll ■O; Y[lJ1 ■ lJ TIMEt•CLOCK; 
EFERKIX1501Z,Y,SIGMA,PHI1DER,J,JACOBIAN,K,l,"TRUE 11 1TOL1 

TOL,"-6,50, 11 FALSE 11,0UTl; 
"END"; 

"END"; 

THIS LINE AND THi: FOLLOWlNG TEXT IS PRINTED BY THIS PROGRAHr 

THE 
K 

93 
lOlli 
147 
266 

RESULTS WITH EFERK •FIRST ORDER FIT- ARES 
D~R.ev. JAC.EV. Y[l] YC2] 

186 93 +e765 883 211 +e428 752 781 
~10 105 +e765 878 445 +e433 569 561 
294 147 +.765 878 317 +.433 708 489 
532 266 +.765 ~78 320 +.433 710 229 

TIHE 
1.170 
le296 
1.834 
3e297 
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SIJURC£ TEXT(Sl: 

"CDDt" 111 3'3lbJ; 
"PROCfDUR:" EFERK(X,XE,~,Y,SIGMA,PHI,DERIVATIVE,J,JACOBIAN, 

K,L,AUT,ACTA,RETA,HMlN,HMAX,Ll~EAR, □ UTPUTl; 
"VALU !:" Li ''PlTCGER" M,K, L; 
"REAL" X,XE,SIGMA, 0 HI,A~TA,RETA,HMIN,HMAX; "ARRAY" Y,J; 
11 81JOLEAN" AUT, LINEAR; 11 PROCEDUR(" DERIVATIVE, JAC OBIAN,OUTPUT; 
11 01:G,HI" "l!HEGER" '11,I; 

"R \:AL" ll,B, r30,P'-iIO,C OS PI-II,SINPYI, ET A,DISCR,FAC, PI; 
"BnQL2AN 11 CHAN1e,LA$T; 
"lNT2G'.=R 11 "ARRAY" PCl:LJ; 
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11 RCAL 11 11 ARRAY 11 BETA,BETHA[O!Ll,8~TAC[O:L+3l,KO,D,D1,D2[11Ml, 
AC., 1 L, l i L l, AU X [ 11 31 ; 

"R::AL '' 11 PRDCf:DUR2 11 VECV.:C C L,U,!il-flfT,A, B l; "CODE" 34010; 
"REAL" "PPOCEDU~i.:" MATVECCL,U,!,A,B); 11 CODE" 34011; 
"PROCCDURI::" DECCA,N,AUX,P l; "CODE"' 3430v; 
11 PR8CCDURE" snLCA,N,P,B); "CODE" 34051; 
"REAL" 11 PROCLOURE 11 SUM(I,L,U,Tl; 11 VALUE 11 L,U; 11 INTEGER 11 I,L,U; 
II RE AL" T; 
,. 8 E G IN" "R rA L II S; S 1 •/'\ ; 

"FOR~ I••L "~TEP" 1 "U~TIL" U "00 11 S:•S+T; 
S1Jt1: •S 

"£ND 11 ; 

11 PR1C EDURF." FJ~MflETM 
"IF" L•l 11 TH!:N" 
11 BiG:N" BETHA[l]:•(.5-Cl-Cl-EXP(-B)l/R)/Rl/B; 

85TAflJ: ■ (l/6-B[TI-IAClJ)/8 
11 £:ND" "~LS,;" 
11 IF" L,.z 11 THEN 11 

"fl!::GIN" 11R:AL" t,::-:MINH Et•EXP(-Bl; fMINl!•f-1; 
BET'.IACl J, • n-c 3+E + 4*E MINl/B l /8 l / B; 
BCTH A[ 2 l: • ( • :1-C 2+ >:+3 * H1!Nl/ 8) / 8) / B / B; 
R2TAC2]:•(l/6-B[THA[ll)/B/B; 
9~TA[ll!•(l/3-Cl.,-C4+E+5*EMIN1/Bl/Bl/Bl/B 

"i:~lD" "C: L:':E" 
"BEGI~" 11 R~AL" BO,Bl,B2,AO,Al,A2,A3,C,D; 

f3 ,;T•~C CL-1] l•C: •Dl•l:X P(-8) /FAC; 
"fnR" It•L-1 "STE?" -1 "UNTIL" l "DO" 
"BJGI~" C:•I*B*Cl(L-I); BETACCI•ll1•D:•D*I+C 11 END 11 ; 

82: • •<;-BETAC[2]; 
r311a(l-BfTACClll*CL+ll/B; 
801•(1-BETAC[Oll*CL+2l*(L+ll*•5/B/B; 
A3l=l/6-BSTAC[3]J 
A2: •RZ* ( L+l )/ 8; 
Al:•9l*CL+21*•5/B; 
AOl•BO*(L+J)/3/B; 
D:•L/8; 
"fr)R" ll"l "$TE'"' 1 "UtlTIL" L llrJI)" 
11 9[GI~ 11 B[TA[Ilt•(A3/I-A2/(I+l)+A1/(I+2l-AO/CI+31)*D+BETACCI+3J; 

8 ETH~ C I J : • C 32 II- B 1 / < I + 11 +B O / C I + 2 l l * D+ Bi: T AC C I+ 2 J ; 
D:•D*(L-Il/I/B; 

"2t1D" 
"!:ND" F JR'IBE:TA; "COMMENT" 
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"PROCEOURF" SOLUTIONOFCOMPLEXEQUATIONS; 
"IF" L•2 "THEN" 
"Bf.GIN" "P.£AL 8 C8S2PHI,COSA,SINA,E,ZI; 

PHI01•PHI; CIJSPHit•COSCPHIOl; SINPHI:•SIN(Pl-l!O); 
..:l•.;XP( B*COSP!-II); 'ZI: •B*SINPHI-3*PHTO; 
$.'tAl•("IF" ABS(SINPHI)("-6 "THEN" -f:*(8+3) 

,.ELSE" E*S IN( U l / SIN PHI l; 
C □S2PHI:•2*COSP4I*COSPHI-l; 
BETHAC2l:•<•'+(2*COSPHI+(l+2*COS2PHl+SlNAl/Bl/Bl/B/Bi 
SINAs•("IF" ABS(SINPHil<"-6 "THEN" E*CB+4) 

"ELSC" SI~A*COSPHI-E*COS<Zill; 
B l:TIIACl l: •--< COSP rlI+ ( 1+2* C 0S2 PH I+( 4 *COS PHI *CO S2 PH I+SINA l 

/Bl/B)/B; 
BETA[l]l•BETHAC21•2*COSPHI*CBETHAC1l-l/6)/B; 
BETAC2Jl•Cl/6-BETHA[lll/B/B 

"!:ND" '1 :'.:LSE" 

"BEGIN" "INTEGf:R" J,Cl; 
"REAL" cz,E,ZI,COSIPHI,SINIPHI,COSPHIL; 
11 REAL 11 11 ARRAY 11 D[l:LJ; 
"PR □C~DURE11 ~LEMENTS OF MATRIX; 
"B2Gii" PHIO:•P4I; 

C Ll S P 1-1 I : • C 0$ ( PH I O l ; SIN PHI : • SIN ( PH I O l ; 
C~SIPH!:•l; SIN!PHI:•O; 
"FOR" It•O "STEP" l "UNTIL" L-l "D0 8 

"BEGIN" Cl••4+I; C21•l; 
11 F~R 11 J:•L-1 11 STEP" •2 "UNTIL" l "DO" 
"B~GIN" ACJ,L-I1t•C2*COSIPHIJ 

A [ J+ 1, L-I J t •C 2*SI NIP HI; 
c2:-c2•c1; Cl: •Cl ... l 

"EMO"; 
COSPH!Lt•COSIPHI*COSPHI-SINIPHI*SINPHI; 
S I'II?HI 1 •C f"JS I P,HI* Sit..lP HI +SIN I 0 H I*C OS PH I; 
COSIPHI:•COSPHIL 

11 f:MD"; 
AIJX[2 l r •OJ DEC ( A, L, AUX,P l 

"HID" r.L OF MAT; 
11 PPOCEDURE 11 RIGHT HAND SIDE; 
11 8JGIN" E:•EXP(B*COSPHI); 

lI1•8*SINPHI-4*PHIU; 
C1SIPHI:•~•COS!Zil; SINIPHI:•E*SIN<Zil; 
1I: •l/ R/ B/ BJ 
"FOR" Jl•L "STEP" -2 "UNTIL" 2 "DO" 
~arGIN" D[JJl•ZI*SINIPHI; 

DCJ-ll: •ZI*C OS I PHI; 
COSPHILt•COSlPHI*COSPHI-SINIPHI*SINPHI; 
SIN!PHil•COSIPHI*SINPHI+SINIPHI*COSPHI; 
OJSIPH!t•COSPHIL; ZI:•ZI*B 

11 END 11 ; 
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S lN I PY! : • 2•S l NP !-JI• CO SP HI; 
CD~IPHil•Z*COSPHI*COSPHI-1; 
C1SPHIL:•CfJSPI-JI*I Z*COSIPHI-1 l; 
DCLJ:•DCLJ+SINPHI*(l/6+(COSPHI+(.+2*COSIPHI*(l+2*CnSPHI/Bll 

/Bl/Bl; 
DC L-1 J z •flC L-lJ-C OS PHI/ 6-( e5*CO SIPH I+ (COS PH Il+ ( 2•COSIP HI* 

COSIPHI-ll/Bl/8)/B; 
DC L -2 J : ,.DC L-2 J + S 1 N P'-ll* ( • 5 + ( 2*C OS P Hl + ( 2+ CO SIP rl I +l. ) / R l / B l ; 
DCL-3Jt•DCL-3J-•5*CDSPHI-(COSIPHI+CDSPHIL/Ol/B; 

E"ID I 

"IF" L(5 "THEN" "GOTO" END; 
DCL-4J:aDCL-4J+SINPHI+SINIPHI/B; 
DCL-5J:•DCL-5J-COSPHI-COS!PHI/B; 
"IF" L(7 "TH~N" "GOTO" END; 
DCL-6J:•DCL~6J+SINPHI; 
D[L-7Jl•DCLH7J~C □SPHI; 

"EllD'" RH S; 
"IF" PHIO"•P'H 11 THEN 11 t::LEM~NTS OF MATRIX; 
Rl Giff HAtJ D S !nE; 
SOL<A,L,P,D); 
Z!l•l/B; 
11 FOR 11 I:•1 11 ST~P" l "UNTIL" L 11 D011 

11 Bi.:GIN 11 Bl:TACIJ:•DCL+l-Il*ZI; 
BETHA[Ill•(I+3l*BETA[IJ; 
Zil•ZT/B 

"f: !JO II 

"E"'l D'_' '.; '.JL OF EQC OM; 

11 PRJCEDURE 11 COEFFICIENT; 
11 BEGIN 11 80:•B:•ABS(H*SIGMAl; 

"IF" B>•ol "THE"I" 
"B[GIN" "IF" PHI"•PI "AND" L•2 "OR" ABSCPHI-Pil~oOl "THEN" 

SOLUTION OF COMPLEt EQUATIONS 11 ~LSE 11 FORMBETA 
"E'ID" "ELSE" 
"B:GIN" "FOR" It•l "STEP" l "UNTIL" L "DO" 

11 BEGIN11 BETHACIJt•BETACI-lJ; 
B~TA[IJ:•BETACI-1J/(I+3l; 

"END" 
"EM D" 

"END" COEFF!CI'.:NT; 

"PROCEDURE" LOCAL ERROR BOUND; 
ET A 1 •ACT A+- RET A*S QRT ( VE:C VEC ( 1,M l ,Cl., Y., Y l ) ; 

"PR DC !!OUR E" S T';P SI Zl:; 
118 EGI!~" LOCAL £RR'lR B'JUND; 

MICl'I K•O "TH[Nll 
11 9:GIN" DISCR1•SORTCVECVEC(l,Ml10,D,D)J; H:•ETA/DISCR 
"::'ID" ".;L S'.: 11 

"B21IN 11 DISCR:•H*SORT(SUM(I1l1Ml,<DCil-D2Clll**2ll/ETA; 
Hl•H*<"IF" LINEAR "THEN" 4/(4+DISCR)+.5 

"5LSE" 4/(3+DISCRl+l/3l 
"CIJMMEI\IT" 
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"IF" H<HMI!I "TH":fll" H:•HMHU 
11 IF" CJ>HMAX 11 TH::'.N" Hl•HMAX; 
B 1 • A B S ( H* SI GM A ) ; 
~HANGE:•ABS(l-B/B0)>.05 "OR" PHift•PHIO; 
"IF" lol*H>•XC-X "THEN" 
11 BEGIN" CHANGEt•LAST:• 11 TRUt 11 ; Hl•XE-X "END"; 
''IF" "MOT" C'➔ANGE "THEN" H: •H*BO/B 

"END" !::TEPSI! E; 

"PRIJCED!JRP' DIFFERHJC f; SCHE"lt; 
11 BEGIN11 11 INTfG~R" K; 

11 REAL" BETAl,BET~A!; 
"IF11 Ml<M 11 TH~NII 
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"BEGIN" D2[MJt•l; KOCMJl•YCMJ+2*H/3; YCMJ:•YCMJ+.25*H "END"; 
"F □R" K:•l "~TEP" l "UNTIL" M~ "DO" 
"BJGIN" KDCKJ:•YCKJ+2*H/3*DCKJJ 

Y[KJt•YCKl+.25*H*DCKJ; 
DlC K J : • ~1• 'IA TV i: C ( l, M , K , J , D ) ; 
Dl(KJ:•Dl(K]+O[KJ 

"CM D11 ; 

11 FJR 11 J:•O IISTEP" 1 "UNTIL" L "00" 
11 BJGIN11 BETAI:•4*B~TACI]/3; BETHAI:•BETHACIJ; 

"FOR" K:•1 "STEP" l "UNT!L" Ml 11 D0" D[K]l•H*DlCK]J 
11 FOR" Kl•l 11 STF.P 11 l "UNTIL" Ml 1100 11 

11 B[GIN" KOCK]: ■KOCKJ+BETAI*DCK]; 
DlCKJ:•MATVtC(l,Ml,K,J,D); 
D2CKJ1•D2[K)+BETHAI*Dl[K] 

"END" 
11 m-1 D" ; 
DCRlVATIVF.( KOi; 
"FOR" Kl•l 11 STEP 11 1 "UNTIL" M 11DO" Y[KJl•YCK1+.75*H*KO[KJ 

"END" DIFF SCHEME; 
j 

dOt•PH:O:•-l; PI:•4*ARCTA"!Cll; 
BETAC[L]l•BETAC[l+lJl•BETAC[L+2Jt•BGTAC[L+3Jt•O; 
BET A [ 0] 1 •l / 6 ; 13t:T4 AC O] 1 • • 5; 
FAC:•l; 11FDR" !:•2 "STEP" l 11 UNTIL 11 L-1 1100 11 FAC:•I*FAC; 
Ml:• "1F" AUT "Tll!Et~" M "i::LSE" M-1; 
Kt•O; LASTt•"FALSE:"; 

Ni:XT Lt:VEL t 
11 F OR 11 I :al "ST:iP" l "IJNTIL" M "D011 DC I J :e'([ IJ; 
DERIVATlVECDl; 
11 If" "NOT~ LINrAR "OR" K•O "THEN" JACOBIAN(J,Yl; 
STEPSIZE; 
"IF" CdAtlGF 11 T1H:N 11 COEFFICIENT; 
OUT 0 UT; 
DIFF~RENCE SCHCME; 
Kt•K+l; 
Xl•X+H; 
11 IF 11 "NJT" LAST "THEN" "G~T□" NEXT LEVEL; 

cND OF EFERKI OUTPUT; 
"END" ::FERK; 

"a□ P" 
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AIJTYOR: KeDEKKCRe 

INST !TUT£ t MATHEMATICAL CENTRto 

RECEIV~D: 1973/09/01. 

BRIEF DE~CRIPTIONt 

LIMIGERlVS SOLVES INITIAL VALUl PROBLEMS, GIVEN AS AN AUTONOMOUS 
SYSTEM OF FIRST ORDER DIFFERENTIAL EQUATIONS, BY ~EANS OF AN 
I~PLICIT,FIRST ORDER ACCURATE, EXPONCNTIALLY FITTED ONfSTEP METHOD. 
AUT1MATIC STEPSI~E CONTROL IS PRJVIDEDe 
IN PARTICULAR TYIS METHOD IS SUITABLE FOR T4E INTEGRATION OF STIFF 
DIFFi:Ri;!~TlAL i:(}IJATIOl'-Se 

KE YWOP. D S 1 

DIFFiR1NTIAL EQUATIONS, 
INITIAL VALUF PROBL~MS, 
STIFF t1!JATIONS, 
iXPOHeHTIAL FITTING, 
lMPLICIT JNESTEP METHryos. 

CALLING SE1lltNCEr 

TY;; H!:ADitlG OF THE 0 ROCEDURE LINIGERlVS READS: 
"PROCi:DURl: 11 LINIG~Rl VS IX, XE ,M,Y ,SIGMA,DrnIVA TI VE, J,JACOBIAN, 

IT~AX,HMIN,HMAX,AETA,RETA,INFO,OUTPUT); 
"VALIJ:l" M; 
11 INT'.:GER 11 t-i, lTMAX; 
"RE AL 19 X, X 1:, SIGMA, HMIN,HM AX, A!:T A, RETA; 
"ARRAY" Y,J,INF8; 
11 PR'JC ::0 1JRI:" DfRIVAT !Ve_. JAC DB IAN, OUTPUT; 

THI:: '1!:AMING OF THE FORMAL PARAMETERS ISt 
Xt <VARIABLE>; 

TH~ INDEPENDENT VARIABLE X; 
E~TRY: THE INITIAL VALUE XO; 
EXIT I rnE FINAL VALUE xr:; 

XEI <ARITHMETIC EXPRESSION>; 
THE FINAL VALUE OF X (XE>•Xl; 

.f'J: <ARITHMETIC EXPRESSION>; 
T4i; NUMBCR OF EQUATIONS; 

Yl <ARRAY IDENTIFIER>; 
"ARRAY" 'f[l:MJ; 
THE DEPENDENT VARIABLE; 
i:MTRYi THE INITIAL VALUES OF THE SYSTEM OF DIFFERENTIAL 

F.QUATIONS: YCIJ AT X•XO; 
EXIT: THF FINAL VALUES OF THE $ijLUTlON: Y[ll AT X•XE; 
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~IGMA: <ARITHMETIC FXPRESSION>; 
TH[ MODULUS OF THE POINT AT WHICH EXPONENTIAL FITTING IS 
DESIRED, FOR EXAMPLE THE LARGEST NEGATIVE EIGENVALUE OF THE 
JACOBIAN t'JF Tl-fE SYSTEt1 OF DIFFERENTIAL i:OlJATIONS; 

De.R~VATIVE: <PROCEDURE IDENTIFIER>; 
THf. HEADING OF THIS PROCEDURE READSI 
""ROCE;DIJRE" DERIVATIVE(Y); "ARRAY" 'f; 
THIS PROCEDURE SHOULD DELIVER TH~ RIGHT HAND SIDE OF THE 
I•TH DIFFERENTIAL EQUATION AT THE POINT IY) AS Y[I]; 

JI <ARRAY IDENT!FIER>; 
"ARRAY" J[ltM,ltM]; 
THE JACOA!AN MATRIX OF THE SYSTEM; 
THE ARRAY J SHOULD BE UPDATED IN THE PROCfOURE JACOBIAN; 

JACOBIAN: <PROCEDURS IDENTIFI~R>; 
T~E HEADING ~f THIS PROC~DURE READS: 
"PROCEDIJRE 11 JACOBIANIJ,Y>; "ARRAY" J,Y; 
IN THIS PROCEDURF. (AN APPROXIMATION Of) THE JACOBIAN HAS TO 
8E A'SSIGME D TO THE ARRAY J; 

ITMAX: <ARITHMETIC i:XPRi::SSION>; 
AN UPPERBIJUND FOR THE NUMBER OF ITERATIONS lN NEWTON'S 
PROCESS, USt:D TO SOLVE THE IMPLICIT EQUATIONS; 

1-lMINt <ARITH"!ETIC EXPRESSION>; 
MINl,MAL t.STEi>S~ZF: .BY WHICH Tf-lE !NTEGRAT.lON IS PERFORMED; 

H~AXt (ARITHMETIC EXPRESSION>;. . . 
l'IAX!MAL STI:PSI7.E BY WH!CI-I THE INTEGRATION IS PERFOR"IED; 

A!TA1 <ARITHMETIC fXPRtSSION>; 
REQUIRED A~SOLUT5 PRECISION IN THE INTEGRATION PROCESS; 

RETAi <ARITHM~TIC EXPRESSION>; 
REQUIRED R~LATIVt PREC!SIQN IN THE INTEGRATION PROCESS; 
IF BOTY AETA AND RETA HAVE NEGATIVE VALUES~ INTEGRATION 
WILL BE PERFORMED WIT!! A ST!; PS Ill: EQUAL TO HMAX , WHICH MAY 
BE VARIATED BY USER; IN THIS CASE THE ABSOLUTE VALUES OF 
AETA AMO RETA WILL;CONTROL THi: NEWTON ITERATION; 

INFO: <ARRAY IOENTIFl ER>; 
"ARRAY" INFO[lt9l; 
DURING INTEGRATION AND UPON EXIT THIS ARRAY CONTAINS THE 
FOLLOWING INFORMATION: 
U1FO[l] 1 NUMBER OF INTEGRATION STEPS TAKEN; 
INFOC2H NUMBER OF DERIVATIVE EVALUATIONS USED; 
INFOC3]: NUMBER OF JACOBIAN EVALUATIONS USED; 
INFOC4J: NUMBER OF INTEGRATION STEPS EQUAL TO HMIN TAKEN; 
INF0[5Jt NUMBER OF INTEGRATION STEPS EQUAL TO HMAX TAKEN; 
1NF0[6Jt MAXIMAL NUMBER OF ITERATIONS TAKEN IN THE NEWTON 

PROCESS; 
INF0[7]s LOCAL ERR~R TOLERANCE; 
INF0[8JI ESTIMATED LOCAL ERROR; 
INF0[9J: MAXIMUM VALUE Of THE ESTIMATF.D LOCAL ERROR; 

OIJTPIIT: <PROCEDURE IDENTIFIER>; 
THr. HEADING OF THIS PR □Cl;DURE READS; 
"PROCEDURE" OUTPUT; 
T~IS PROCEDURE IS CALLEO AT THE END OF EACH INTEGRATION 
STl:P ; TIIE USER CA~ ASK FOR OUTPUT OF THE PARAMETERS , FOR 
EXAMPLE X, Y, INF!J. 
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DATA .~ND R:2.SIJLTS: SEC: i.;XAMPLE OF IJSt:., A'lD R!:FCZJ, 

PROCEDUP,f:S US[Dt 

I!'UVCC• CP3l01C, 
MULVGC• CP3102C•, 
MULROW• CP3102l, 
ou~vec- CP3lu30, 
MATV;';C• CP340ll, 
ii:LMVf:'C• C0 34o20, 
V':CV!;C• CP34010, 
DtC • CP34300, 
SOL • CP3405l• 

RFQUIRED CjNTRAL MCMURYI 

EXl~CIJTION FirLD U:MGTH : CIRCA 20 + M * (5 + Mle 

RIJl'lNING TIMs';1 Dt.PEMDj STRONGLY ON THE DIFFCRi:NTIAL t:OUATION TO SOLVl:.s 

LAHGIJAG~: ALGOL 60• 

METHOD AN9 P~RFORMANCE: 

LI"!IGSRlllS: INT'.-:GRAT'~S THi SYSTE"1 OF DIFFERENTIAL l:OUATIONS FROM )(0 
UNTIL XE, BY "1tANS OF A FIRST ORDER FORMULA. 

HIE ItlTr.:GRATION :1ETHOD IS/BASED Oi'i THE FI l) FORMULA DESCRIBED BY 
LINIGER AND WILL1U14BY <SEE REFClJl, ERROR ESTIMAT5S AND A STEPSIZE 
STRATEGY FOR THI~ ~ETHOD ARE DESCRIBED IN CZJ, AND A VARIABLE STEP 
METHOD IS CONSTRUCTED FOR THE CONVENIENCE OF THE USER, HOWEVER, THE 
STE 0 SI?C STRATEGY REQUIRES MANY EXTRA ARRAY OPERATIONS. THE USER 
MAY AV□ID THIS EXTRA WORK BY GIVING A~TA AND RETA A NEGATIVE VALUE 
AND 0 RESCRIBIN~ h STEPSIZE (H~AX) HIMSELF. 

REFERENCES: 

Cllo WeLINIGER AMD R.A.WlLLQUGHBY• 
EFFlCifNT lNT[GRATION METHODS FOR ~TIFF SYSTEMS OF ORDINARY 
DIFFCRtNT!AL tiUATIONSa 
SIAM Jo NIJ"lo MlAL. 7 ( 19701 PAGE 47e 

[2Jo Ke DEKKER. 
ERROR ESTIMATFS AND STcPSIZC STRATEGIES F~R THE LINIGER­
WILL~UGHBY FORMULAe. 
(TJ APPEAR I~ 19741, 
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EXAMPLE rJF 1JSG:: 

CJN$IO;;R TH:'.: SYST,;M OF DIFFERENTIAL \:QIJATIONS: 
DYCll/DX • -YCl] + YCll * VCZJ + e90 * YC2] 
DYCZJ/DX • -lvN> * ( -Y[ll + YClJ * YC2l + YC2l 
WITH TH[ INITIAL C'.JtlDITIONS AT l( • ')1 

YClJ • l AND YC?.J • Oo 
THE S □LUTl □ N AT X • 50 1S APPROXIMAT2LY: 
YClJ • 0765 &76 320 2487 AND YC2J • 0433 710 353 5768• 

PAGI: 4 

THE F1LL □WING 0 R1G~AM SY1WS INTEGRATION ijF THIS PROBLEM WITH 
VARIABLE AND CJNSTANT STEPSIZES: 

"BlGIN" "COMMENT" TEST LINIGERlVS; 
ttPROClDURE" LINIGERlVSIX,XE,M,Y,SIGMA,F,J,JACOBIAN, 

ITMAX,HMIN,HMAX,AETA,RETA,INFO,OUTPUT); 
"CUDC" 33132; 
"INTCGER" ITMAX; 
"REAL" X,SIGMA,R1::TA,TIM:=; 
"k2AL" "ARRAY" Ytl:2J,JC1:2,l:2J,JNFOC1~9]J 
"PR □C~DURE" FIA); ~ARRAY" A; 
"BEGHl11 11 R[AL 11 A1,A2; All•ACll; A2l•AC2J; 

AClJ; ■ (Al+eon)*IA2-ll+o99; 
A[~J1•1000*l(l+All*(l-A2)-l)J 

"E'ND"; 
"PROC.:DIIRE" JACOBIANIJ,Y); 11 ARRAY 11 J,Y; 
"REG!N" Jtl,1J:•YC2J-1; JC1,2J:•.99+YC1J; 

JC~1lll•lOOO*ll-YCZJ); JC2,2]1 ■ -lOOD*ll+YClll; 
SIOHA:•ABSIJC2,2l+Jtl,1J-SQRT(IJC2,2l-JC1,1J>+*2+ 

4*JC2,1J*JC1,2lll/2; 
"END" JACURlAN; 
"PROCEDURI:" OUT; 
"IF" X,.50 11 THEN 11 

OUTPUT(61,"1"613lDBl,2BD 11 -ZD,212B+e3DB3Dl,-3ZDe3D,/"l 11 , 

I "IFOClJ, JNFU [2 l,n-1 FO[ 31, lNF'J[ 4 l, INFO[ 5 J, IN FOC6 l, INF DC 9 J, YC 1l, 
Y[2 J, CLOCK-T IML); 
11 FOR" RJTAl•"-2,"-4,"-6 11 D0 11 

"B".:GIM 11 X:•YC2]:ao; V[lJ:•l; TP!E:•CLOCK; 
L ItJ IGF. Rl VS C X, 50, 2, Y, SIGMA, F, J, J AC DB IAN, 10, • 1, 50, RETA, 

RETA, ItlFU, JUT>; 
"END"; OUTPUT(61,"("//"l"l; 
"FrJR" k..:TA: •-11-z,-11-4,- 11-6 "DO" 
"B[GTN'1 X: ■ Y[ZJ:•O; Y[lJ:•l; TIMF.:l•CLOCK; 

LI~IGERlVSCX,50,2,Y,SIG~A,F,J,JACOBIAN,10,el,l,RETA, 
Rt'T A, INF:J., rJllT l; 

11 r-MD 11 ; 

"ENO" 
17 21 !3 2 0 2 2 It -2 +.772 017 +,435 672 
13 ~f 23 ., 

() 2 2" -2 +. 767 414 +e434 202 ... 
105 ll!J 105 ., 

0 z 2" -2 +.766 027 +.433 758 '-

50 !:i ,'? l 0 50 2 0" iJ +.766 670 +e433 081 
c; <) 101t 3 (, 50 3 0" 0 +.766 183 +.433 811 
5(; 152 12 C, 50 4 0" 0 +.766 185 +.433 809 

o.525 
o. 717 
4,741 

o.r;49 
1. 158 
1,653 
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SIJIJRCC: Tf: XT ( S) 1 

"CrJDl:' 11 331:l.:!; 
"PROC 1:DUR.2 11 lINIGF Rl \IS ( x., XE, M, Y, SIGMA, DCRI VATIVE, J, 

JACJ BI Al,l, IT MAX,H MIN, H"1A X, Ac TA, r> l.:T A., HI FO, OUT PUT); 
"VA LU:: II 'l; 
11 INTEG[R" M,lT~AX; 
"REAL" x,x~,SIGMA,A[TA,RETA,HMIN,HMAX; 
"ARRAY" Y,,J,HIF:J; 
"PROCEDIIR:!11 Df:R!VATIVE.,JACOBIAN, OUTPUT; 

"BEGIN" "INTEGER" I,ST,LASTJAC; 
11 RE AL" fh rl NEW, '1U, 'l Ul, BET A,P ,C, E 1, ETA, ETAl, DI SC R; 
"BDOL /:AH" LAST .,FIRST ,EVALJAC, EVALCO?::F; 
"lNTEG~R" "ARRAY" PICl:MJ; 
111 REAL 11 "ARRAY" DY1YL,YR1FC11MJ,AClH1,ltMJ,AUX[l13]; 

"PR □CEDURi" INIVCC<L,U,A,Xl; 
11 PRCJCi.;DIJRI:" "IIJLVi:C( AL,U,SH!FT,A,B,X); 
"PRCCEDUR~" MULROW(L,U1I.,J1A,B1Xl; 
"PROCEDURE" DUPVEC!L,U,SHIFT,A,B); 
11 R2AL" '1 PROCEDtlRf:;" 1/ECVECIL,U,SHIFT,A,Bl; 
"REAL" "PROCl:DURC" MATVECIA,B,C,D,£); 
"PROCEDURE" ELMVrCIL,U,SHIFT,A,B,XI; 
"PROCGDIJRE" DF.C<A,N,AUX,Pl; 
11 PR1CEDURE" SOL!A,N1P1B); 

"REA(~ ~PROCiDUR[" ~ORM(AI; "ARRAY" A; 
i'IO RM: •SQRT< VEC II F.C I 1., M, 0, A, A) l ; 

"PR 'JC EDU Rt" car FF IC IENT; 
"BEGI'l" 11 R[AL 11 B,E; Bt•ABS!H•SIGMAl; 

11 1F 11 B>40 11 TH~~" 
"BGGIN" MIJ:•l/B; BETA:•l; P:•2+2/(B-~l 
'"END" ,.f:LSE" 
"IF" B(.04 "THE~" 
11 BJGIN 11 ~:•B*B/30; P:•3-~; 

WJ: •• ~••B/12* ! 1-E / 21; 
BETA:•,5+8/6*(l-El 

11 ~~rn 11 "ELSG" 
11 B~GIN11 ~:•EXP(D)-1; 

MlJ t•l/B-1/E; 
BETAl•(l-B/El*!l+l/El; 
P: • ( BET .~-MU l / ( • 5-MI I) 

II END"; 
r1u::.:•H*(l-MU); 
LUD::C'JMP 

"€ND" COEFFICICNT; 

"COD!:" 31010; 
"CODE" 31020; 
"CODE" 31021; 
"COD!:" 31030; 
"C!JOE" 34010; 
"CODE" 34011; 
"CODE" 34020; 
"C 00 E" 34 300; 
"CODE" 34051; 
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"PRfJC::'.DURE" LIJDECJMP; 
"B~GIN" •tNTEG~R~ I; 

<OCTOBi..R l974l 

"FJR" I:•1 "ST~nn l "UNTIL" M "DQ" 
11 Bi::GIN" MIILROw<l,M,I,I,A,J,-MUl); 

ACI,Ilt•ACI,IJ+l 
!tt:_;'.ID"; 
AUX[2]: ■o; D:C(A,M,AUX.,Pil 

"END" LUDECOM 0 ; 

"PROCLDURC" ST.:.PS!Z[;J 
"IF" CTA<O 19 TH;N" 
"BEGIN" "REAL" HL; HL:•H; 

lft•HNl::Wt•HMAX; INFOC5J:•INFOC5]+1; 
11 IF" le l*l·PIEW>X'.;-X "THEN" 
"B~GIN" LA~Tl•"TRUE"J Hl•HN~4l•Xe-x 
"!:HO"; 
EVALCO[F 1 •H" .. 1-R; 

"':tW" 11 2LS E" 
"IF" FlRST "TH(N" 
"BlG IN" H l•HNdJl•HM!NJ FIRSTt •"FALSE"; INFOC4] I• INFOC4 l+l 
"ENl'ltt "ELSE" 
"8[,GIN" ''Rf.AL" 81HL; 

B:•DlSCR/eTAJ HL:•HJ "IF" B(eOl "THEN" Bl•oOl; 
HNCW I• "IF" B>(, "THEN" H*B**(-1/ P) "ELSE" HMAXJ 
"IF" HtlUl<HMIN "THEN" 
"BEGIN" HN[W:•HMIN; INF0[4J:•1NFOC4J+l 
11 £:'lD" "EL Sl:" 
"IF" HNi;W>'l'lAX "THEN" 
11 9LGIN" HN[W:•HMAX; INFOC5J:•INFOC5l+l "END"J 
"!F" lol•HMi::'4>•XE-X "THEN" 
11 9~GIN" LAST:•"TRUt"; Ht•HNEWt•XE-X 
"EMD" 11 !:LS!:" 
11 IF 11 ABS IH/Hill:W-ll>el !,'TH!!N" H: •H"lEW; 
CVALt:Oi::F: •H"•!-fl 

11 E~lD" $Tl'cP SIU J 

11 PROC&rn!RE" LIN2ARITY(eRROR); 11 R~AL" ERROR; 
"BEGIN" "INTEGER"~; 

"FOR" Kl•l "STEP" l AUNTIL" M "DO" 
QYCKJt•YCKJ-MUl*F[K]J 
S O L( A, M, PI, DY) ; 
ELMVEC <1,M,O, DY, Y,-1); 
i. RROR z •NORM (DY) 
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"PROCEDUR!:" .1.TrRATJi.JNll); 11 IMTF.G\:R 11 I; 
"IF" Ri'.TA<O "Tl-1!:M" 
"B[GIN" "INTEGCR" K; 

"IF" I •l "TH'.;t~II 
"B[Gl~" MULVECll,M,O,DY,F,4); 
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"FOR" Kt•l 19 STeP" l "UNTIL" M 19DO" YL[Kll•YCKJ+MU*DY[KJ; 
S!JLIA,M,PI,DY); !'.l•l; 

11 1:tlD" "EL'iC" 
"82G!N 11 "FOR" Kl•l "STCP" 1 "UNTIL" M 11 00" 

DY[Klt•YL[KJ-Y[KJ+MUl*FCKJ; 
"IF" E*N □RMIYl>El*El 11 THEN 11 

"BEGIN" ~VALJAC:•1>•3; 
11 1 F" I>3 "Tf-lEN" 
"BEGIN" INF0[3lt•INF0[3J+l; JACOBIAN<J,Yl; 

LUD[:COMP 
11 F.tl0"; 

"F.ND"; 
SiJL<A,'1,PI,DY) 

"!:!ID"; 
':l:•E; f:t•ll □RM!OY); 
JLMVEC!l,M,O,Y,DY,11; 
ETAt•NOR~(Y)•RETA+AETA; 
o r~:c R:.o; 
DUPVEC!l,M,O,F,Y); 
nERIVATIVE IF); 
INFJC2J:•IHF □ [2]+1; 

"END" ",:LS!;" 
"BEG!N" "INTEGER" K; 

"!Fit I•l "THEN" 
"B[GI'I" L!tlt.ARITY(El; 

"IF" E*IST-LASTJACl>ETA "THEN" 
"BEGlN" JAC!JBIANCJ,Yli LASTJACl•ST; 

IMFUC3Jt•INFOtSl+1J 
H:•Y~IEW; COEFFICIENT; 
Litli:ARITYI El 

"END"; 
EVALJAC1• E*CST+l-LASTJAC)>ETA; 
MULVECCl,M,O,DY,F,Hll 
"FOR" Kt•l "STEP" 1 "lJNTlL" Ill 1100" YLCKJ1 ■ Y[Kl+MU*DYCKJ1 
SOLIA,M,PI,DY); 
"FOR" K:•l "STE'"' 1 11 UNT!L" Ill 11 00" 
YR[KJ:•4•BETA*MATVEC<1,M,K,J,DY); 
S OLI A, M, PI, YR l; 
F.LMVEC!l,M,O,YR,DY,lll "COMME~T" 
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"[!ID'' 11 t. LS[ II 

"B"'GIN" "FOR" K: •l 11 !.TEP" l "IJNTIL" M 11 00" 
DYCKJ:•YLCfJ-YCKJ+MUl*FCKJ; 
"IF" E>ETAl "AND~ DISCR>ETAl "THEN" 
11 B!:GIN" !NFJC3]:•INFOC3J+l; JACDBIAN<J,Yl; 

LU:>ECIJM? 
"END"; 
S •JL ( A, M, PI, D Y l ; 
!:: •NORM (DY) 

"END"; 
ELMVEC(l,M,O,Y,DY,l)J 
ETAt•NOPM(Yl*RETA+AETA; 
~TAl:•fTA/~QRT(RETA); 
DUPVlC ( 1, "11 O, F, Y l; 
DERIVATIVECF); 
INFOC2J:•INF1C2J+l; 
"f1R" K:•l "STEP" 1 "UNTIL" M "DO" DYCKl:•YRCKJ•H*FCKJ; 
DISCRl•MORMIDYl/2 

"E~D" ITERATION; 

FIRST:•'.:VALJAC:•"TRUE"; LAST:•EVALCOEF:• 11 FALSE 11 ; 

HIIV;!CI 1, 9, INFO,(' l; 
f:TA 1 • RETA*NOR"I ( Y )+ ACT A; 
~TAl:•2TAISORTIABSIRETAll; 
OU PVEC I l, 11, O, F, Y); 
DERIVATIVt:( F>; 
INFOCZJi•l; 
"FOR" :.T :•1,ST+l "WHILE" "LAST 11 00 11 

"BEGIN" SHPSIZE; HIFO[lJ:•IMFOCll+l; 
"IF~ EVALJAC "THEN" 
" BEG IN" J AC 1B I AN I ,J, Y l ; 

INFOC3J:•!NF1[3J+l; 
Hl•HNEHJ 
COEFFICIENT; 
[VALJAC:•"FALSE"i LASTJAC:•!T 

"END" "f:LSE" 
"IF" EVALCOEF "Ti-11:N" COEFFICIENT; 
11 FlR" Ir•l,I+l "WH!U" E>ABSIETAI "AND" DISCR>le3*ETA 
"AND" I<•ITMAX 11 0011 

"BEGIN" ITERATIONIIl; "IF" I>INF'JC6J "THFN" l111FOC6l1•1; 
11 END"; INFOC7J :•ETA; INFOC8 J l •DISCR; 
X:•X+H; 
"IF" DI SC R)lMF '][ 9 l "T'-iEt!" INFO C 9 l; •D :i:sc R; 
OUTPUT; 

"'END"; 
"END" LIMIG:RlVS; 

"ff)?" 
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I~STITUTE1 MATHEMATICAL CENTRE. 

RECEIVED: 1°73/07/16. 

BRIEF D(SCRIPTIONI 

LINIGGRZ !OLVES INITIAL VALUE PROBLEMS, GIVEN AS AN AUTONOMOUS 
SYSTEM OF FIRST ORDER DifFf:R~NTIAL EQUATIONS, BY MEANS OF AN 
~XPJNENTIALLY FITTED ONESTEP METHOD. 
NO AUTOMATIC STEPSIZE CONTROL 1S PROVIDED. 
IN PARTICULAR TH!S METHOD IS SUITABLE ~OR THE INTEGRATI~N OF STIFF 
DIFFERCNTIAL EQUATIONS. 

Kl;YW OROS: 

DIFFERENTIAL lQUATiryNS, 
INITIAL VALUE PROBLEMS, 
STIFF lOUATIDNS, 
EXPQNEMTlAL FITTING, 
IMPLICIT ONEST5P MfTHODSo 
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CALLING SEQUENCES: 

THE HEADING OF PIE PROC1.DURE LHHGER2 READS: 
"PROCEDURE" LINIGERZCX,XE,M,Y,SIGMAl,SIGMAZ,F,EVALUATE,J, 

JACOBIAN,K,ITMAX,STiP,AETA,RETA,OUTPUT); 
tt INTi':GER" M, K, ! TMA X; 
"REAL" X, Xb SI GM Al, SIGM A21 STEP, A r:TA, RE TA; 
"ARRAY" v,J; 
11 BOOLEAN 11 11 PRDCEDIJR':" EVALUATE; 
"REAL" "PRIJC EDIJPC: 11 F; 
"PROC ED URf:'" J ACrJ8 I Ail, OUT PUT; 

THE MEANING OF T~E FORMAL PARAMETERS IS: 
X: <VARTABLE>; 

THt INDEPENDENT VARIABLE X; 
CAN BE USED IN f, JACOBIAN, OUTPUT, ETC.; 
ENTRY: T1E INITIAL VALUE XO; 
EXIT : THE FINAL VALUE XE; 

XEI <AR!THMETIC l:XPRl:SSION>; 
THE FINAL VALUE OF X CXE>•Xl; 

M: <ARITHMC:TIC EXPRESSION>; 
THE NUMBER OF EQUATIONS; 

YI <ARRAY IDENT!FI ER>; 
"ARRAY" YCl !I'll; 
THE DEPENDENT VARIABLE; 
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CNTRY: THE INITIAL VALUES rJF THE SYSTEM OF DIFFERENTIAL 
EQUATIONSi YCIJ AT X•XO; 

EXIT: THE FINAL VALUES OF THE SOLUTION: YCIJ AT X•XE; 
SIGMAl: <ARITH11ETIC EXPII ESSil)N>; 

THE MODULUS OF THE POINT AT WHICH EXPONENTIAL FITTING IS 
DC'HRED; THIS POINT MAY BE COMPLEX OR REAL ANO NEGATIVE; 

$IGMA2: <ARITHMi:TIC EXPRESSION>; 
SIGMA?. MAY DFFlNE; THREE DIFFERENT TYPES OF EXPONENTIAL 
FITTING! FITTING IN TWO COMPLEX CONJUGATED POINTS , FITTING 
IN TWO REAL NEGATIVE POINTS, OR FITTING IN ONE POINT 
COMBIN~D WITH THIRD ORDER ACCURACY; . 
IF THIRD ORDER ACCURACY IS DESIRED, SIGMAZ SHOULD HAVE THE 
VALUE O; 
IF FITTING IN A SECOND NEGATIVE POINT IS DESIRED, SIGMA2 
SHOULD HAVE THE VALUE OF THE MODULUS OF THIS POINT; 
IF FITTING IN TWO COMPLEX CONJUGATED POINTS IS DESIRED , 
THEN $IGMA2 SHOULD BE MINUS THE VALUE OF THE ARGUMENT OF 
THE POINT IN THE SECOND QUADRANT (THUS A VALUE BETWEEN - PI 
AND - T'I/ 2); 

F1 <PROCEDURE IDENTIFIER>; 
THE HEADING Of THIS PROC2DURE READS: 
"REAL" 11 !>ROCl::DURE 11 FCI); "INTEGER" I; 
THIS PROCEDURE SHOULD DELIVER THf RIGHT HAND SIDE OF THE 
I-TH DIFFERENTIAL EQUATION AS F; 
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EVALUAT~: <PR~CEDURC 1D2NTIFIER>; 
TH[ HfADING OF THI! PROCEDURE REAOS1 
"BOOL EAN 11 11PROCE DURE" EVALUATE( I TNUM l; "INTEGER" lTNUM; 
EVALUATE SHOULD HAVE THE VALUE "TRUE", IF IT IS DESIRED 
THAT T4~ JACOBIAN OF TH2 SYSTEM IS UPDATED IN THE ITNUM-TH 
ITERATiml STEP OF THE t,,!:WTOM PROCESS; 

JI <ARRAY IDENTIFIER>; 
"ARRAY" J[llM1l1M]; 
TYE JACOBIAI~ MATRIX OF me SYSTEM; 
TH~ ARRAY J SHOULD BE UPDATED IN THE PROC~DURE JACOBIAN; 

JAC08IAN1 <PPOCEDURU IDENTIFIER>; 
THE HEADING OF THIS PROCEDURE READS: 
11 PROCEDURE 11 JACOBIAN<J,Yl; "ARRAY" ,J,Y; 
IN THIS PROCEDURE THE JACOBIAN HAS TD BE ASSIGNED TD THE 
THE ARRAY J, OR AN APPROXIMATION OF THE JACOBIAN, IF ONLY 
!~COND ORDER ACCURACY IS REQUIRED; 

K: <VARIABLE>; 
COUNTS THE NUMBER OF INTEGRATION STEPS TAKEN; 
FIJR EXAMPLE, CAN BE USED IN EVALUATE; 

ITMAX: (ARITHMETIC ~XPRESSIDN>; 
A~ UPPERBOUND FOR TH[ NUMBER OF ITERATIONS IN NEWTON'S 
PROCES£, USED TO SOLVE THE IMPLICIT EQUATIONS; 

SHP: <ARITHMETIC EXPRESS ION); 
THE LEMGTH '.JF THE INTEGRATION STEP, TO BE PRESCRIBED ~y THE 
TH[ USER; 

AETA: <ARITYNETIC EXPRESSION>; 
REQUIRED AB!'.OLUTE PRECISION IN THE NEWTON PROCESS., USED TO 
SOLVL THE l~PLIC!T EQUATIONS; 

RETAt <ARITHMETIC EXPRESSION>; 
REQUIRED RELATIVE PRECISION IN THE NEWTON PROCESS, USED TO 
SOLVE THE IMPLICIT EQUATIONS; 

!JUTPUTt <PROCEDURE !DENTIF~ER>; 
THE HEAD!NG OF THIS PROCEDURE READS; 
"PROCi:DIJPE 11 OOTPUT; 
THIS PR'.JC!:DURt: IS CALLED AT THE END OF EACH INTEGRATION 
SHP ; THE USER CAN ASK FO.R OUTPUT OF THE PARAMETERS , FOR 
EXAMPLE X, K, Ye 

DATA AND RESULTS: SEE EXAMPLE OF USE, AND REF[3le 

PROCEDURES USEDt 

VECVEC• CP34010, 
MATVEC• CP340ll, 
MATMAT• CP3401J, 
DEC • CP34300, 
SOL • CP3405l. 

REQUIRED CEMTRAL MEM~RYt 

F.XECUTION FIELD LENGTH: CIRCA 20 + M * (4+Mle 
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RU•~1HNG T!Mt: 1 DE PtNDS STRONGLY ON THE DIFFf:RENTIAL EQUATION TO SOLVE. 

LANGUAGE: ALGOL 60. 

METHOD AND PERFORMANCcl 

LINIGER2: INT~GRATES THE SYSTEM OF DIFFERENTIAL EQUATIONS FROM XO 
UNTIL XE, BY MEANS OF A SECOND ORDER FORMULA (IF SIGMA~•O 
AND l:VALUATE•"TRUE" EVEN THIRD ORDER)• 

SEE ALSU REFCll AND REFC?Je 

REFl:Ri::NC!.:S: 

Cllo WeLINIGER AND q.A.WILLOUGHBYo 
EFFICIENT INTEGRATION MtTYODS FOR STIFF SYSTEMS OF ORDINARY 
DIFFCRENT!AL EQUATIONS. 
SIAM J, NUMo ANALe 7 (19701 PAGE 47e 

[2le T.J.DEKKER, PeWoHEMKtR AND PaWeVAN DER HOUWEN. 
CULLOQUIUM STIFF DIFFSRENTIAL EQUATIONS l (DUTCHle 
MC SYLLARUS l!:'iol, (1972) "IATHEMATICAL CENTRE. 

C3lo PeAeBlENTJES, K.DEKKER, HeCeHEMKER, SoPeNoVAN KAMPEN AND 
GeMaWILLE 11So 
COLLOQUIUM STIFF DIFFERtNTIAL EQUATIONS 2 (DUTCH). 

"MC SYLLA9US 15e2, (1973) MATHEMATICAL CENTkEo 

t-XAMPLE OF USE 1 

CONSID2P. THE SYSTEM OF DIFfERENTlAL EQUATI □NSt 
DYCll/DX • -YCll + YClJ * YC2l + .99 * Y[2l 
DY[2J/DX • •1000 * ( -YCll + YClJ * YC2J + YC2l 
WITH TY~ INITIAL COHDITIONS AT X • o: 
V[ll • l AND YC2J • Oe (SEE R::FC2l, PAGE llle 
THE SOLUTION AT X • 50 IS APPROXIMATELYI 
Y[lJ • .765 878 320 2487 AND YC2J • e433 710 353 576~. 
THE FOLLOWING PROGRAM SHOWS SOME DIFFERENT CALLS OF THE PROCEDURE 
LINIGER2, AND ILLUSTRATES THE ACCURACY WHICH MAY BE OBTAINED BY ITr 

"BEGIN" 
"PROCEDURE" LINIGER2CX,XE,M,Y,SIGMA1,SIGMA2,F,EVALUATE,J~ 

JACOBlAN,K,ITM AX,ST EP,AETA, RETA, OUTPUT); 
"CODE'" 33131; 

"INTEGl:R 11 K,ITMAX,PASSES,PASJAC; 
"REAL" X,SIGHA,STEP,TIME; 
"RGAL" "ARRAY" Y[lt2J,J[la2,lr2J; 

11 RaAL" 11 PR □ CiDURE11 F(I); 11 INTiGER 11 I; 
"IF" l•l "THtN" F:•(YC1J+.99l*<YC2l•l)+e99 "ELSE" 
"B~GIN" PASSESt•PASSES+l; Ft•lOOO*(<l+YClll*<l•YCZll-ll "END"; 
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"'PR'JCEDUR!:." JAC'J8IANIJ,YI; "ARRAY" J,Y; 
"BtGIN" JCl,lJ:•YC2l-1; Jtl,2J:•.99+YClJ; 

Jt2,lJ:•lOOO*Cl•Yt2JI; JC2,2J:•-lOOO*ll+YtlJl; 
SI~MAt•ABSIJC2,2J+JCl,lJ•SQRT((JC2,2J-JCl,1Jl**2+ 

4•JC2,ll*JCl,2Jll/2; 
PASJAC:•PASJAC+l 

"EMO" JACOB IAtO 
"BJJLEAN" "PROCEDURE" EVALUATEl(Il; "INTEGER" I; 
EVALUATE!:• I•l; 
"BODLEAH" "PROCEDURE" EVALUATfZ(J); "INTEGER" I; 
EVALUATE21• "TRUE"; 
"f>ROC EDUR E" 'JUT; 
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"IF" X•50 "THEN" 
□UTPUTl6l,"("3(•4ZDBl,2(48+e3DB3DB3Dl,-5ZDo3D,/")",K,PASSES, 
PAS JAC, YCl]., Y t 2 J, CL D CK-T IM EI; 
'JUTPUT(61,"I""(" THIS LINE AND TH! FOLLOWING TEXT IS "l" 
"("PRINTED 8Y THIS PRDGRAM 11 l 11 ,//, 

"(" THE R~SULTS WITH LINIGER2 -SECOND ORDER- ARE1M)ft1/1 
"(" K OEReEV •. JAC.EV. YClJ YCZJ"I" 
11 ( 11 TIMi:"1",l"l"I; 
11FJR" STEP:•10,l 11 00" 
"FOR" !TMAXt•l,3 "D □" 
"BEGIN" PASSC:S1 ■ PASJAC1•0; X:•YC2J! ■O; Ytl]:•l; TIME1•CLOCK; 

LINIG i:R 2( x., 50121 Y., SI GMA,0.11F., £:VAL UATEl, J., JACO BlAt-t,K, IT MAX, 
STEP,"-4,"-4,0UTl; 

"END"; 
OUTPUT( 61,"( ''//, 
11 (" THE RcSULTS ~llTH LINIGER~ -THIRD ORDER- ARE:'1 ) 111/, 
"(" K DERoEVo JACoEVe Yrll YC2l")" 
"(" TIME"l",l"l"li 
"FfJR" STl:P1 •10,l "00 11 

"FOR" ITMAXl•l,3 11 00" 
11 BEGIN" PAfSES1•PASJACi■ O; X:•YC2Jt•O; Y[lJs ■l; TIMEl•CLOCK; 

LINIGER2(X,50,2,Y,SIGMA10,f,EVALUATe2,J,JACOBIAN,K,ITMAX, 
STEP, 11•4, 11•4, OUT>; 

"EN0 19 ; 

"E"lD '1 ; 

THIS LINE ANO TH~ FOLLOWING TEXT IS PRINTED BY THIS PROGRAM: 

Tf-!E RESLI L TS WITH LI~IGER2 -SECOND ORDER- AREi 
K o m.av. JAC. EVe YtlJ YC2J TI MF. 
5 ' 5 +.766 392 210 +,.434 218 B63 0.092 
5 15 5 +.765 755 853 +.433 671 223 0.175 

50 50 50 •• 765 884 310 +.433 715 68 7 Oe949 
50 lOl 50 +.765 877 388 +.433 710 059 l e494 

THE Rt;SUL TS WITH LINIGER2 -THIRD ORDER- ARE: 
I( Di::RoEV. JAC.EV. Ytl] Yt2J TIME 
5 5 5 +e766 392 210 +e434 218 863 o.o9?. 
5 15 15 +0765 882 250 +e433 711 614 00300 

50 50 50 +.765 884 310 +.433 715 687 0.949 
50 101 101 +e765 878 873 +.433 710 531 2 .o 130 



SECTlfJN (AUGUST 1974) 

SOURCE TEXTCSJ: 

11C'JDE'"' 33131; 
"PROCEDURE" LINIGER2CX,XE,~,Y,SIGMAl,SIGMA2,F,EVALUATE,,, 

JACOB!AN,K,ITMAX,STEP,AETA,RETA,OUTPUT); 
"lNTEGER" M,K,IT~AX; 
"REAL" X,XU,S1GMAl,SIGMA2,STEP,AfTA,RETA; 
11 ARRAY 11 Y,J; 
"BOOLEAN" "PROCEDURE" EVALUATE; 
"REAL" "PROCEDIJRE" F; 
"PROCEDURE" JACOBIAN, □UTPUT; 

"BEGIN" "INTEGER" I; 
"REAL" H1HL1Bl102, P, Q,CO,Cl,C2,C3,C4; 
"BOOLEAN" LAST; 
11 INTEG~R" "ARRAY" PI[l!Ml; 
"REAL" 11 ARRAY 11 DY,YL,FL[l:MJ,A[l:M,l:MJ,AUXC1:3J; 
"REAL" "PROCEDURE" VECVEC(L11J,SHIFT1A,BJ; "CODE" 34010; 
"REAL" 11 PROCED!JR!; 119 MATVEC<L,IJ,I,A,BJ; "C'JDE" 340ll.; 
11 REAL 11 "PROCEDURE" MATMATCL,U,I,J,A,Bl; "CODE" 34013; 
"PROCEDURE" DECCA,N,AUX,Pl; "CODE" 34300; 
"PROCtDURE11 SOL<A,N,P,B); 11CODE" 34051; 

"PROCEDURE" ST~PSil~J 
11 B EG IN" 1-H •STEP; 

"IF" l.l*H>•XE-X "THEN" 
"BEGIN" LAST1• 11TRUE 11 ; Hl•XE-XJ Xl•XE 
11 END 11 11 ELSB11 X:•X+H 

"END" STEPS1Z EJ 

"PROCEDURE" COCFF IC !ENT; 
11 BEG IN" 11R EAL II Rl., R2, EX, ZEJ A, ET A, SI NL.t C □SL, SINH, CO SH, D; 

"REAL" "PROCEDURE" R(X); "VALUf" Xi "REAL" Xi 
"IF" X>40 "THEN" Rl•X/(X-2) "ELSE" 
"BEGIN" EX:•GXP(-X); R:•X*Cl-EXl/CX-2+(X+2l*EXl 11 END 11 1 

Bl: •H*SIGMAl; 
82 l•H*S IGMA2i 
11IF 11 Bl<al "THEN" 11 BEGI~" Pl•O; Ql•l/3; 11 GOT0 11 OUT "END"; 
"IF" B2(0 "THEN" "GOTO" COMPLEX; 
"IF" Bl(l "OR" B2Cel "THEN" "GOTO" THIRDORDER; 
"IF" ABS(Bl-B2l(Bl*Bl*"-6 "THEN" "GOTJ" DOUBLEFIT; 

Rl:•R(Bll*Bl; R2:•RCB2)*B2; 
O;: •B2•Rl-Bl*RZ; 
P1•2*(R2-Rll/D; 
Qi•Z*(B2-Bl)/D; 

PAGE 6 

"GOTO" OlJT; "COMMENT" 



SECTION 1 5e2•lelol•2eD 

TH!RDQROER: Q:•l/3; 
P l•R(Bl) /3-2/81; 
II G'JTO" OUT; 

DOUBLEFIT: Bl:•e5*(8l+B2)J 
Rl:•R(Bll; 
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"IF" 81>40 "THtN" EXt•O; 
RZr•Bl/Cl-EX>; R2t•l-EX*R2*R2; 
IJ :•l/( Rl*Rl*R2); 
Pi• Rl *Q-2 / 91; 
"GOTO" OUT; 

COMPLEX: ETA: ■ A8S(Bl*SINCSIGMA2)); 
ZETA: •A 8S ( Bl*COS ( S IG MA2) >; 
"IF" ETA<Bl*Bl*"-6 "THEN" 
"BEGIN" 8lr•82J•lETA; 11 GOT011 DOUBLEFIT 11 END 11 J 
"lf II l t:TA>40 11 THEN" 
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"BEGIN" P:•1•4*ZETA/Bl/Bl; Qt•4*Cl-ZETA)/Bl/Bl+l "END" "F~SE" 
19 DCGIN" EXr•EXPCZETA); 

S HIL : • S HH ET A ) ; C OS L : •C OS ( eT A l ; 
SINH l •e 5*( EX•lfEXl; COSH: ••5* <EX+l/EX); 
D t • '::TA* f CO SY-COS L >-• 5* 81* Bl *S INL; 
Pt •C ZETA•S INL+ET A*S INH-4*7ETA*ETA /Bl/ Bl* ( COSH-C OS L> l /0; 
Q: •ET A* ( ( C OSH-C OSL--ZETA*SIN H-ET A* SIN Ll * 4/B 1'B l+C OS H+CO SL l / D 

"EMO"; 
OUTt COl•o25*H*H*(P+Q); 

Clt • .5•H• (l+P); 
CZ: •H-Cl; 
C 3 :• • 25*H*H*( Q-P); 
C 4 t • • 5* H* P ; 
=LEMENTS Of "IATRIX 

"iND" COEFFICIENT; 

"PRIJCEDURE" l:L!:"IENTS Of MATRIX; 
11 BEGlN" "INTEGER" K; J 

"FOR" Il•l "STEP" l 11 1JNTIL" M 11 0011 

"BEGIN" 11 FOR 11 K:•l 11 STEP" 1 "UNTIL" 11 11D0 11 

ACI,K]l•CO*MATMATCl,M,I,K,J,Jl-Cl*JCI,Kl; 
ACI,IJl•ACI,IJ+l 

"!:'ID"; 
AUXC 2]: •O; DCC ( A, M, AUX, PI) 

"f:ND" .:LOFMAT; "COMMENT" 
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"PROCEDURE" NEWTON ITERATION; 
"Bf:r,IN" "H1TEG2R11 ITNU'1; "REAL" JFL,ETA,DISCR; 

rntur1: ■o; 
NEXT't 1HIUM1•1TNUM+l; 

"IF" EVALUATr<ITNUMI "THEH" 
"BEGIN" JACOBIA!HJ,Yli COEFFICIENT "END" 
"ELSE" "IF" ITNUM•l "AND" HA•HL "THEN" COEFFICIENT; 
"FOR" It•l "STEP" 1 "UNTIL" M 11 D0" FL[I]: ■ F(Il; 
"IF" ITNUM•l 11THEN 11 

11 13EG!N" "FIJR" I:•l "STEP" l "UNTIL" M "DO" 
"B fGIN" J FL 1 •MATVEC ( 11 M, I, J, FL); 

DYC!l: • 1~*< Fl[ IJ-C4*JFL I; 
YL[IJ:•YCIJ+C2*FLCIJ+C3*JFL 

"END" 
"E'"°" "EL SE" 
"FOR", I:•l 11STi::P 11 1 "UNTIL" M 11 D0" 
DYCI l: • YLCll••Y[I l+Cl*FLC I 1-c O*MATVEC n, M, 1,J, FL I; 
SOL(A,M,PI,DY )J 

"FCIR" It•l ".STEP" 1 "UNTIL" M 11 00 11 YC!Jr•YCil+DYCil; 
"IF" ITNUM(!TMAX "THEN" 
"BEGIN" ETA: •SQRT (VECVEC( 11 M, O, Y, Y) >•Rr:TA+AETA; 

DISCRt•SQRT(VECVEC(l1M,01DY,DYll; 
"IF" ETA(DISCR "THEN" "GOTO" NEXT 

"END" 
11 END 11 NcWTON; 

LASTt•11 FALSE 11 J K:•O; HL:•OJ 
NEXT LEVl:U 

Kl•K+l; 
STEPS IZE; 
NEWTON ITERATION; 
Hll•H; 
OUTPUT; J 
"IF" "'WT" LAST "THEN" "GOT □" NEXT LEVEL 

"END" LIMIGER2; 
"F'OP" 

, AGE 8 
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AUTH □Ri J.G. VtRWERe 

INSTITUTE1 "IATHEMATICAL CENTREo 

RECfIVEDt 7408090 

BRIEF DESCRIPTION: 

Gt1S SOLVES AN !NIT1AL VALUE PROBLEt1, GIVEN AS AN AUTONOMOUS 
SYSTEM □ F F!R$T 'JRDER DIFFERENTIAL EQUATIONS DY/DX• F(Yl, BY 
MEANS 'JF A THIRD ORDER GENERALIZED LINEAR MUL TISHP METliOD; 
IN PARTICULAR THIS PROCEDURE IS SUITABLE FOR THE INTEGRATION 
OF STIFF EQUATIONS. 

Kf:YwORDS: 

DIFFERENTIAL EQUATIONS, 
INITIAL VALUE PRJBLEM, 
AUTONOMOUS SYSTEM, 
STl FF EQUATIONS, 
GENERALI7ED LINEAR MULTISTEP METHOD, 

THE HEADING OF THE PROCEDURE READSt 

PAGE 1 

19 PROCEDURE 11 GMS(X, XE, R, Y, H, YMIN, HMAX, DELTA, DERIVATIVE, 
JACOBIAN, AHA, RETA, N, Jl:V, LU, NSJEV, 
LINEAR, OU-ll; 

"VALUE" R; 
"'REAL" X, XE, H., HMrn., HMAX,- DELTA., AETA, RETA; 
"INT~G5R" R., N, JEV, NSJEV, LU; 
"BOOLEA:l'' LINEAR; 
19 ARRAY'' Y; 
"PROCEDURE" DERIVATIVE., JACOBIAN, OUT; 

GMS INTEGRATES THE SYSTEM OF DIFFERENTIAL EQUATIONS DY/OX ,. F<Yl 
FR OM X • XO TO X • X E; 

THE MEANING Of THI FORMAL PARAMET~RS IS: 
X: <VAR!ABLE>; 

THE INDEPENDENT VARIABLE X; 
ENTRY: THE INITIAL VALUE OF X; 
~XIT: THE ENO VALUE OF X; 

xe: <ARITHMETIC EXPRtSSION>; 
ENTRY1 THE GND VALUE OF X; 

R1 '° AR ITH f!ETIC E XPR ES SI ON>; 
!;NTRY: THE NUMBER OF OIFFERi:NTIAL EQUATIONS; 
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Y: <ARRAY ID!::NTIFIER>; 
"ARRAY" Y[ltR]; 
THE DEPENDEHT VARIABLE; 
ENTRY: THE INITIAL VALUE OF Y; 
EXIT : THE S □LUTI~N Y AT THE POINT X AFTER EACH 

INTEGRATION STEP; 
Ht <AR!THMF.TIC EXPRESSION>; 
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ENTRY: TH~ ST(PLENGTH WHEN THE INTEGRATION HAS TO ~E 
PERFIJRMf:D WITHOUT THE STEPSIZE MECHANISM, r 'YER­
W!S[ THE INITIAL STEPLENGTH (SEE THE PARAMEfERS 
HM IM AND H'1AX l; 

HMIN, HMAXt <ARITHMETIC fXPRESSION>J 
ENTRY: MINIMAL AND MAXIMAL STEPLENGTH BY WHICH THE INTE-

GRATION IS ALL8WED TO BE PERFORMED; 
BY PUTTING HMIN • HMAX THE STEPS IZE MECHANISM IS 
SLIMINATEOJ IN THIS CASE THE GIVEN VALUES FOR HMIN ANn 
HMAX ARE IRRELEVANT, WHILE THE INTEGRATION IS PERfORMtJ 
WITH THE STEPLENGTH GIVEN BY H; 

D:::LTA: <ARITHM!=TIC EXPRESSION>; 
ENTRY: THE REAL PART OF THE POINT AT WHICH EXPONENTIAL 

FITTING IS DESIRED; 
(SEE METHOD AND PERFORMANCE); 

ALTERNATIVES: 
DELTA • ( AN ESTIMATE OF) THE REAL PART Of THE LARGEST 
EIGENVALUE IN MODULUS OF THE JACOBIAN MATRIX OF THE 
SYSTEM; 
DELTA<• -10**15, IN ORDER TO OBTAIN ASYMPTOTIC STABILITY; 
DELTA• O, IN ORDER TO OBTAIN A HIGYfR ORDER OF ACCURACY 
IN CASG OF LINEAR EQUATIONS; 

DERIVATIVE, <PROCEDURE IDENTIFIER>; 
"PROCEDURE" DERIVATIVE(Yl; "ARRAY" Y; 
<REPLAC~MENT OF THE I-TH COMPONENT OF THE SOLUTION Y BY 
THE I-Tl-f COMPONENT;OF THE DERIVATIVE F!Yl, I., louo R>; 

JACOBIAN: <PROC!:DllR2 IDENTIFIER>; 
"PROCED!JRE 11 JACOBIAN<J, Y); "ARRAY" J, Y; 
WHEN IM GMS JACOBIAN IS CALLED THE ARRAY Y CONTAINS 
THE VALUCS Of THE DEPENDENT VARIABLE; 
UPON COMPLETION OF A CALL Of JACOBIAN THE ARRAY J SHOULD 
CONTAitl THE VALUES OF THE JACOBIAN MATRIX OF F(Y>; 

AETA, RLTA1 <ARITHMETIC EXPRESSION>; 
ENTRY: MEASURE OF THE ABSOLUTE AND RELATIVE LOCAL 

ACCURACY REQUIRED; 
THESE VALUES ARE IRRELEVANT WHEM THE INTEGRATION IS PER­
FORMED WITHOUT THE STEPSIZE MECHANISM; 

N: < VARIABL !;) ; 
EXIT i THE NUMBER OF INTEGRATION STEPS; 

JEV1 <VARIABLE>; 
EXIT: THE N1JMBER OF JACOBIAN EVALUATIONS; 

LU: <VARIABLE>; 
EXIT• THC NUMBER OF LU-DECOMPOSITIONS; 
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NSJ!:V: <VARIABLD; 
ENTRYI NUMBER □ F INTEGRATION STEPS PER 

JACOBIAN EVALUATION; 
THE VALUE OF NSJEV IS RELEVANT ONLY WHEN THE INTEGRATION 
IS PERFORMED WITHOUT THE STF.PSIZE MECHANISM AND THF 
SYSTEM T'J BE SIJL VE O IS NON-LINEAR; 

LINEAR: <BOOLEAN EXPRESSION>; 
ENTRY: TRUE WHEN THE SYSTEM TO BE INTEGRATED 1$ 1 INEAR, 

OTHERWISE FALSE; 
IF LINEAR IS TRUE THE STEPSIZE MECHANISM IS AUTOMATICALLY 
ELIMINATED; 

OUTl <PROCfDLIRE IDENTIFIER>; 
"PRO Cc !JURE" OUT; 
<BY MfANS OF OUT ONE MAY PRINT THE VALUES Of THE Rl:LEHNT 
PARAMETERS OCCURRING IN THE PARAMETERLIST; OUT IS CALLED 
AFTER EACY INTEGRATION STEP>; 

DATA AND RESULTt: SUE R l:F[ 2l • 

PROCEDUR!;S USEDs 

VECVEC • CP34010, 
MATVEC • CP340ll, 
MAT~AT • CP34013, 
ELMROW • CP34024, 
ELMV!C • CP34020, 
DUPVEC • CP31030, 
GSS~LM • CP34231, 
S □ LE'.L"1 • CP3406l, 
COLCST • CP3ll311 
"1ULVEC • CP3l020e 

Rl:.OUIRED CENTRAL MEMORY: 

J 

EXECUTION FIELD LENGTH: 6 * R + 3 * R * R; 

RU"IN ING TIME r 

DEPENDS STRONGLY ON ntE DIFft:RENTIAL EQUATION TO BE SOLVED. 

LANGUAGE t ALGOL 60e 
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METHOD ANO PERFQRMANCEt 

THE PROCEOURE GMS DCSCRI BE!> AN IMPL::MENTATI!)N OF A THIRD OPDER 
THRE~-STEP GENERALIZED LINEAR MULTISTEP METHOD WITH QUASI-ZERO 
PARASITIC ROOTS AND QUASI-ADAPTIVE STABILITY FUNCTION. IN PARTI­
CULAR THE ALGORITHM IS DEVELOPED fOR THE INTEGRATION OF STIFF 
SYSTEMS OF ORDINARY DIFFERENTIAL EOUATIONS• THE PROCEDURE SUPPLIES 
THE ADDITIONAL STARTING VALU~S AND PERFORMS A STFPSIZE CONTROL 
WHICH IS BASED Qtl THf NUN-LINEARITY OF THE DIFfERi:NTIAl 1:QUATI □Ne 
BY THIS CONTROL TH!: JACOBIAN MATRlX IS INCIDENTALLY EVALUATEDe IT 
IS POSSIBLE TO ~LIMINATE THE STEPSIZF CONTROL. THLN1 ONE HAS 
T~ GIVE THE NU1BER □ F INTEGRATION STEPS PER JACOBIAN EVALUATION. 
FOR LI~GAR EQUATIONS THE STEPSIZE CONTROL IS AUTOMATICALLY ELIMIN­
ATED1 ~HlLE THE PROCEDURE PERFORMS ONE EVALUATION OF THE JACOBIAN. 
MOREOVER, IN THIS CASE THE THRE£-STEP SCHEME IS REDUCED TO A ONE­
STEP SCHEME. THE PROCEDURE USES □NE FUNCTION EVALUATION PER TNTE• 
GRATION STEP ANO IT DOES NOT REJECT INTEGRATION STEPS. EACH ,HANGE 
IN THE STEPLENGTH OR EACH REEVALUATION OF THE JACOBIAN COSTS ONE 
LU-DECJMPOSITION. IT IS POSSIBLE TO FIT EXPONENTIALLY, THIS FIT­
TING IS EQUIVALENT TO FITTING IN THE SENSE OF LINIGER AND 
WILLOUGHBY1 ONLY WHEN THE JACOBIAN MATRIX IS EVALUATED AT EACH IN­
TE'GRAT!DN STEP. \4HEN THE SYSTEM TO BE INTEGRATED IS NON-LINEAR 
AND THE JACOBIAN MATRIX IS NOT EVALUATED AT EACH INTEGRATION STEP, 
IT IS R2COMM~NOED TO FIT AT INFINITY (DELTA<• -10**15le 
01::TA!LS ARE GIVEN Ill REFERENCE 2e 

REFt:RtNCl:S: 

tll 

t 21 

H'JUWEl'b Pe J. VAN DER AND VERWER, Je Gu 
GENERALIZED LINEAR MULTISTEP METHODS l, DEVELOPMENT OF ALGO­
RITHMS WITH ZER1-PARASITIC RDOTS1 
REPORT NW l0/74, MATHE~ATISCH CENTRUM, AMSTERDAM 1974. 
V.'.:R\~ER, J. Go, 
gENERALIZED LINEAR MULTISTEP METHODS 21 NUMERICAL 
APPLICATIONS, RaP □RT NW 12/741 MATHEMATISCH CENTRUM, 
AMSTERDAM1 lQ74., 

EXA"IPLE OF USE i 

WE CONSIDER TH~ DIFFERENTIAL EQUATION 

DYl/DX • -1000 * Yl * (Yl + Y2 -1.999987), 
DYl/OX • -2500 * Y2 * (Yl + Y2 - 211 

ON THE INTERVAL co,,oJ, WITH INITIAL VALU~ Yl(O) • YZ(Ol • 1. 
TH~ RtfCRENCE SOLUTION AT X • 50 IS GIVEN BY: 
Yl(501 • .597654698~, 
Y21501 • l.40234340750 
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"BFGIM" 
"PROCEDURE" DER(Yl; "ARRAY" Y; 
"BEGIN" "R~AL" Yl, Y2; 

Yl:• YClJ; Y2:• YC2JJ 
YCl]f• -1000 * Yl * CYl + Y2 - 1.999987); 
YC2Jr• -2500 * Y2 * (Yl + Y? - 21 

"Et! D" DER; 

"?R'JCEDURE" JAC(,1., Y); "ARRAY" J, Y; 
"BEGIN" "RE AL" Yl, Y2; Ylr • YClJ; Y2s • YCZJ; 

JCl,ll1• 1999.987 - 1000 * (2 * Yl + Y2l; 
JC 1, 2J;: • -1000 * Yl; 
JC2,l]l• -2500 * Y2J 
JC2,2J:• 2500 * (2 - Yl - 2 * Y2l 

11 !:ND" JAC; 

"PROCEDURE" 1UTPJ 
"IF" X • 50 "THEN" 
"BEGIN" "REAL" YEl, YE2; 

ve1:• .5976546988; YEZ:• l.4023434075; 
OUT PUT ( 61, "(" 
"( "X • 11 ) ", 202B, 
11 ( 11 N ,. n l 11 , 3 Z 02 B, 
11 ( "JEV • "l", 3ZD2B, 
"("LU • ">", 320, 21, 
"l"Yl • "l", +ol30"+2DZB, 
"("Rf'L. ERR. • "l", e2D"+2D, /1 
"("Y2 • "l", +.130"+2028, 
11 ( "RE L • l;R R • • " l 11, • 2 011 + 2 D" l ", 
X, N, JEV, LU, YCll, ABSICYCll - Yi;ll / YEll, 
'I'[ 2 l , A B~ CC Y C 2 l - Y EZ l / YE 2 ll 

"END" OUTP; 
j 

"l~TEGER" H, JEV, LU; "REAL" X; 
"ARRAY" V Cl 12]; 
"PROCEDURE" GMS( X, XE, R, Y, 1-1, HMlN, HMAX, DEL TA, 

DERIVATIVE, JACOBIAN, AETA, RETA, N, 
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JEV, LU, NSJEV, LINEAR, OUTl; "CODE" 331Ql; 
GMS<X, 50, .?, Y1 eOl, eOOl, e5, -"15, 

DER, JAC, "-5, "-5, N, JEV, 
LU1 r, "FALSE", ~UTP) 

11 EMD 11 

THIS ~ROGRAM DELIVFRSi 

X • 50 N" 109 JEV • 3 LU • 12 

Yl • +.5976547958004"+00 RELe ERRe • el6"-06 
YZ • +.1402343310813"+01 REL. ERR.• e69"-07 
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SOURCE TEXT1 

"CODc" 33191; 
"PRJCEDURE" GMS(X, XG, R, Y, H, HMIN, HMAX, DELTA, DERIVATIVE, 

JACOBIAN, AETA, Rl:TA, N., JEV, LU, NSJEV, 
LINEAR, OUT); 

"VALUE" R; 
"REAL" X, XE, H, HMIN, HMAX, DELTA, AETA, RETA; 
"INTEGER" R., N, JEV, NSJEV, LU; 
"BOOLEAN" LINEAR; 
"ARRAY" Y; 
11 PROCEDURE 11 DERIVATIVE, JACOBIAN, OUT; 
"Bl:GIN" 

11 INTEGSR 11 l, J, Y., L, NSJEVl, COIJNT, COUNTl, KCHANGE; 
"REAL" A, Al, ALFA, E, Sl, S2, Zl, XO, XLO, XLl, 
XL2, ETA, HO, Hl, O, Ql, 02, 012, 022, Ql02, DISCR; 
"BO~L!AN 11 UPDATE, CHANGE, REEVAL, STRATEGY; 
"!NT'.::GER" "ARRAY" RI, CICltR]; 
"ARRAY" AUXCl19l, BDl, BD2Clt3,l13l, Yl, 
YO[ltRl, HJAC, H2JAC2, R0Z[l1R,l:RJ, YL, FL[lt3 * Rl; 

"REAL" "PROCEDURE" V~CVEC!L, IJ, SHIFT, A, Bl; 
11 ReAL" "PROCEDURi:: 11 MATVEC(L, U, I, A, B); 
"REAL" 11 PRQCEDUR6" MATMAT!L, U, I, J, A, B); 
"PROCEDURE" ELMR□W!L, U, I, J, A, B, X); 
"PROCEDURE" ELMVEC!L, U, SHIFT, A, B, X); 
"PRIJCl:DURE II DUPVEC ( L, U, SHI FT, A, 8); 
"PROCEDURE" GSSELM!A, N, AUX, RI, CI); 
11 PROCEDURt:" SOLFLM( A, N, RI, CI, B l; 
11 PROCEDURE 11 COLCST(L, U, J, A, X); 
"PROCEDURE" MULVEC<L, U, SHIFT, A, B, X); 

"PROCEDURE" IMITIALI!AT,I □tH 

"CODE" 34010; 
11CODE 11 34011; 
11 CODE" 34013; 
"CODE" 34024; 
11CODE 11 34020J 
"CODE" 31030; 
11CODE" 34231; 
"CODE" 34061J 
11 CODE11 31131; 
"CODE" 31020; 

"BEGIN" LUJ• JEV1• NI• NSJEVll• KCHANGEI• O; XOI• x; DISCRr• O; 
K:•l; Hl:• HO: ■ H; COUNT:• •2; AUXC2lt• 11-14; AUXC4J: ■ 8; 
DU?VEC!l, R, O, YL, Y); REEVAL1• CHANGE!• "TRUE"; 
STRATEGY•• HHIN A• HMAX "AND" ALINEAR; Ql•• -1; 021• -z; 
COUNTl1• O; XL01 ■ XLll• XL2t• 0 

11 END" INITIALIZATION; "COMMENT" 
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"PR□CfDURE" COEFFICIENT; 
"BEGIN" XLZ1• XLl; XLlt• XLOJ XLOt• XO; 

"If" CHANGE 11 THEN" 
"BEGIN" "IF" N > 2 "THEN" 

"BEGIN" Qlt• (Xll - XLOJ / Hl; 
Q2 t • ( XL Z .. XLO) / Hl 

"END II; 
Ql21• Ql * 01; 0221• ~z * Q2; Q1Q21• Ql • Q2; 
At• •(3 *ALFA+ 11 / lZ; 
BD1Cl,3J:• 1 + <l / 3 - (01 + 02) * e51 I 0102; 
BDlC2,3lt• (l / 3 - 02 • e5J / (012 - 01021; 
BD1C3,3]1• (1 I 3 - Ql • e5J I (QZZ - QlQ21; 
BD2Cl,3lt• -ALFA• .5 +A* (l - Ql • 021 I QlQ2J 
BD2C2,3lt ■ A• (1 - 021 I (012 • 0102); 
BD2C3,3]:a A * (1 - Qll / (QZZ - 0102); 
"IF" STRATEGY "OR" N <• 2 "THEN" 
"BEGIN" BDlCZ,Zlt• 1 / (Z • Ql); 

BDlCl,Zl: ■ 1 - BD1C2,Zl; 
ij02C2,Z]: ■ •(3 *ALFA+ 1) / (12 • Ql); 
eD2C-l,Zll• -BDZCZ,Zl • ALFA • .5 

"END II 
"END" 

"END" COEFFICIENT; 

"PROCEDURE" OPERATOR CONSTRUCTION; 
11 BEGIN 11 "IF" REEVAL "THEN" 

"BEGIN" JACOBIANCHJAC, YI; 
JEV1 ■ JEV + lJ NSJEVll• O; 
"1F 11 DELTA<• •"15 11THEN11 ALFAt• 1 / 3 "ELSE" 
"BEGIH" Zl1• Hl • DELTA; 

Al• Zl • Zl + 12; All• 6 * ZlJ 
11 IF 11 ABS<Zll < el "THEN" 
ALFAt• (Zl ~ Zl / 140 - 1) * Zl 1 30 "ELSE" 
"IF" Zl < •33 "THEN" 
ALFAt• (A+ Al) / (3 • Zl • (2 + ZlJ) "ELSE" 
"BEGI~" E:• EXP<Il>J ALFA:• ((A• Al> * 

E - A - All / (((2 • Zl) * E • Z • Zll * 
Zl * 3) 

"END" 
"END"; 
Slt• -(l + ALFA) * e5i S21 ■ <ALFA* 3 + U I 12 
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"END"; "CDHMENTR 
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Al• Hl / !JO; Al1• A* Ai 
"If" REEVAL "THEN" Al• Hl; 
"!F" A A. l "THEN" 
"FOR" Jr• 1 ~STEP" 1 "UNTIL" R "DO" 
COLCST<l, R, J, HJAC, A); 
"FOR" I:• l "STEP" 1 "UNTIL" R "DO" 
"BEGIN" "FOR" Jt• l "STEP" 1 "UNTIL II R 11 D0 11 

"BEGIN" Qt ■ H2JAC2CI,J]t• "IF" REEVAL 11 THEN" 
MAT MAT( 1, R, I, J, HJAC, HJ AC l 
"ELSE" H2JAC2CI,JJ * Al; 
RQZCI,Jll• S2 * Q 

"END"; 
RQZCI,IJ:• ROZCI,IJ + l; 
ELMROW<l, R, I, I, ROZ, HJAC, Sl) 

"END"; 
GSSELM(RQZ, R, AUX, RI, CI>; LU:• LU+ li 
RE~VAL;• UPDATE:• 91 FALSE" 

"END" OPERATOR CONSTRUCTION; 

"PRJC[DIJRE 11 DIFFERENCE SCHEME; 
"BEGIN" 11 If 11 COUNT A. l 91 THEN" 

"BEGlM" DUPVEC<l, R, O, FL, YL>J 
DER!VATIVE(FL); Nt• N + lJ NSJEVll• NSJEVl + 1 

"END"; 
MllLVfC(l, R, O, YO, YL, (1 - ALFA) / 2 .. BOlCl,KJ); 
"FOR" LI• 2 "STEP" 1 "UNTIL" K "DO" 
CL~VEC<l, R, R * (L - 11, YO, YL, ... BDlCL,KJl; 
11 FOR 11 L:• 1 11 STEP 11 1 "UNTIL" K "00" 
HMVEC<l, R, R * <L - 1>, YO, FL, Hl * BD2CL,Kl); 
"FOR" II• l "STr:P" l "UNTIL" R "DO" 
YCIJ:• MATVEC<l, R, I, HJAC, YO); 
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MULVEC ( l, R, O, YO, YL., (1 - 3 * ALFA) / 12 .. BD2Cl,KJ); 
"FOR" Lt• 2 "STEP") "UNTIL" K "DO" 
ELMVEC<l, R, R * (L - 11, YO» YL» -BDZCL,l<Jl; 
"FOR" I:• 1 "STEP" 1 "UNTIL" R "00" 
YCIJ;a YCil + "IAT\/1:C<l, R, I, H2JAC2, YO); 
DUPVEC<l, R, O, YD, YL); 
"FOR" L : ■ 1 "STEP" l "UNTIL" K "0011 

ELMVEC(l, R, R * (L - ll, YO, FL, Hl * BDlCL,Klli 
i:LMVEC<l, R, o, Y, YO., l); SOLELM(RQZ, R, RI, er, Y) 

"END" DifFEREMCE SCHEME; 

11 PROCEDURE 11 N~XT INTEGRATION STEP; 
"BEGIN" "FOR" Lt• Z, 1 "DO" 

"BEGIN" DllPVf.:C(L * R + 1, (L + l) * R, -R, YL, YU; 
DUPVF.C!L * R + 1, <L + 1) * R, -R, FL, FU 

11 F.N0 11 ; 

DUPVEC<l, R, O, YL, V) 
"END" NEXT INTEGRATION STEP; "COMMENT 11 
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"PROC[DUR[" TJ~T ACCURACY; 
11 B CGIN" K: • 2; 

DUPVEC<l, R, O, Yl, Yli DIFfr:'.RENCE SCHEME; K1 11 3; 
!:TAI• AC:TA + R!:TA * SQRT(VECVl:C<l, R, O, Yl, Ylll; 
~LMVEC<l, R, O, Y, Yl, -ll; 
DISCRt• SQRT(VECVEC(l, R, o, Y, Yl); 
DUPVFC<l, R, o, Y, Yll 

11 END" TEST ACCURACY; 

"PROCEDURE" STEPSIZE; 
"BEGIN" XOt• X; 1i(ll• Hl; 

"lF" N <• 2 "AND" "LINEAR 11 THEN 11 K:• K + l; 
11 lF 11 COUNT• 1 "THEN" 
"81:G.IN" Al• ETA/ <.7~ *(ETA+ DISCR)l + e33; 

Hl1~ 11 IF 11 A<• o9 11 0R 11 A>• lol 11 THEN" A* HO 
11 ELSf 11 HO; COUNT:• O; 
REEVAL:• A <• .9 "AND" NSJEVl "• 1; 
cnuNTll• "IF" A>• 1 "OR" REEVAL "THEN" 0 "ELSE" 
COUMTl + l; "IF" COUNTl • 10 11 THEN 11 

11BEGIN11 COUNTl:• O; REEVAL:• 11TRUE 11 ; 

Hl 1 ■ A * HO 
11 E MD"' 

"1:ND" ";!LS E II 
' 1BEG!N 11 Hl:• H; REEVAL:• !lS.J'.EV • t-lSJEVl "AND" 

ASTRATEGV "AND" "LINEAR 
"END 11 ; 

11IF" STRATEGY 11 THEN 11 Hl:• 11 IF 11 Hl > HMAX 
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"THF.N" HMAX "ELSE" "IF" Hl < H"lIN "THEN" HMIN "ELSE" Hl; 
X2• X + Hl; "IF" X >• XE "THEN" 
11B E GIN" Hl 1 • XE - XO ; X : • X E. "E ND 11 ; 

11 IF" N <• 2 "AND" "LINEAR 11 THEN" REEVAL:• 11 TRUE 11 ; 
11 !F" Hl "• HO "THEN" 
"BEGIN" IJPDATEI• "TR-1.IE 19 ; KC'-IANGEI• 3 "END 11 ; 

"IF" REOVAL "THEN" UPDATE:• "TRUE"; 
CHANGE:• KCHANGE > 0 11 A~!D" "LINEAR; 
KCHANGE1 ■ KC4ANGE - 1 

11 EtlD" STEP SI!!::; 

IHlTIALIZATION; OUT; V:• X + Hl; 
OPERATOR CONSTRUCTION; 
BDlCl,lll• l; BD2Cl,lll• -ALFA* .5; 
11 1F" •LINEAR 11THEN 11 COEFFICIENT; 

NEXT ST~P1 DifFERENCE SCHEME; 
"IF" STRATEGY "THEN" COUNT!• COUNT+ l; 
"IF" COUNT• l "THEN" TEST ACCURACY; 
OUT; "If II X >• XE "THEIi!" "GOTO" END; 
ST~PSIZE; "IF" UPDATE "THEN" OPERATOR CONSTRUCTION; 
11 IF11 "LINEAR "THEN" COEFFICIENT; 
NEXT INTEGRATION STEP; 11GOTO" NEXT STEP; 

END I 
"END" GMS; 

11 £:0P" 
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AUTHOR: BeLINDBERGe 

CONTRIBUT □Rr K,DEKK!:R. 

INSTITUTE: MATHEMATICAL CENTRE. 

RECEIVEDs 741101. 

BRIEF DESCRIPTIOh: 

IMP~X SOLVES AN INITIAL VALUE PROBLEM,GIVEN AS AN AUTONOMOUS SYSTEM 
OF FIRST ORDER DIFFERENTIAL EQUATIONS, BY MEANS OF THE IMPLICIT 
MIDPOIMT RIJLE WITH SMOOTHING ANO EXTRAPOLATION. 
AUTOMATIC STF.PSIH CONTROL IS PROVIDl:D. 
IN PARTICULAR THIS METHOD IS SUITABLE FOR THE INTEGRATION OF STIFF 
DI i=fERt::rn IAL I; QUAT IONS. 

KF.YWDRDSr 

DIFF~RrNTIAL EQUATIONS, 
rNITIAL VALUE PROBLEMS, 
STIFF i;QUATIDNS, 
IMPLfCIT MIDPO!NT RULE, 
~ '100THING, 
EXTRAP'JLATIONe 

CALLING SEQUENCEt J 

THE HEADING OF THE PROCEDURE lMPEX READS: 
"PROCEDURl:" IMPEX HI, TO, TEND, YO, OERIV, AVAILABLE, HO, HMAX, 

PRESCH, EPS, WEIGHTS, UPDATE, FAIL, CONTROL>; 
"VALU!=" N; 
11INT1:GER" N; 
"REAL" TO,TEND,HO,HMAX,EPS; 
"BOOLEAN" PRESCH,FAIL; 
11 ARRA Y" YO, WEIGHTS; 
"ROOLEAM" "PROCEDURE" AVAILABLE; 
"PROC[DURE" DERIV,UPOATE,CONTROL; 

IMP::'<: INTtGRATES THE SYSTEM OF DIFFERENTIAL EQUATIONS, GIVEN AS 
DY/DT•F(T,Yl, FROM TO UNTIL TEND. 

THE MEAtlING OF THE FORMAL PARAMETERS IS: 
N: <ARITH~ETIC F.XPRESSION>; 

THE NUMB ER OF EQUATIONS; 
TO: <ARITHMETIC EXPRESSION>; 

THE INITIAL VALUE OF THE INDEPENDENT VARIABLE; 
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TEND: <ARITHMETIC ~XPRESSION>; 
THE F ItlAL VALUE OF THE INDEPENDENT VARIABLE; 

YOt (ARRAY IDENTIFIER>; 
"REAL• "ARRAY" YO[liNJ; 
ENTRY: T'!E INITIAL VALUES OF THE SYSTEM OF DIFFERENTIAL 

EQUATIONS: YO[Il AT T•TO; 
DERIV1 (PROCEDURE" IDENTIFIER>; 

THE HtAD!NG OF THIS PROC~DURE READS: 
"PROCEDURE" DERIVCT,Y,F,Nl; 
"INTEGER" N; "REAL" T; "ARRAY• Y,F; 
THIS !>RIJCEDIJRE SHOULD DE LIVER THF VALUE OF FCT ,Yl IN THE 
ARRAY F[l:NJ; 

AI/AILABLE: (PROCEDURE IDENTIFIER>; 
THE H~ADING OF THIS PROC~DURE READS: 
"B 'JOL i:AN" "PRDCE DURE" AVAILABLE C T., Y1A1t-ll; 
11 INTEG[;R" N; 11 REAL 11 T; "ARRAY" Y,A; 
I~ AN ANALYTIC EXPRESSION OF THE JACOBIAN MATRIX AT THE 
POINT (T,Yl IS NOT AVAILABLE, THIS PROCEDURE SHOULD DELIVER 
TrlE VALUE 11 F ALSE 11 ; 

OTHERWISC THE PROCEDURE SHOULD DELIVER THE VALUE "TRUE", 
AND THG JACOBIAN MATRIX SHOULD BF. ASSIGNED TO THE ARRAY 
ACltN,lHIJ; 

Hl.l: <ARITHMcTIC .1:XPRESSIDN>; 
THE lNITIAL STEP SIZE; 

HMAX1 <ARITHMETIC EXPRESSION>; 
MAXIMAL STCPSIZE BY WHICH THE INTEGRATION IS PERFORMED; 

PRESCH: <BOOLCAN ~XPRESSION>; 
l~DICATOR FOR CHOICE OF STEPSIZE; 
THE ST5PSIZE IS AUTOMATICALLY CONTROLLED IF PRESCH•"FALSE"J 
OTHERWISG THE STEPSIZE HAS TO BE PRESCRIBED III EITHER ONLY 
INITIALLY JR ALSO BY THE PROCEDURE CONTROL; 

EPS1 <ARITHMETIC EXPRESSION>; 
BOUND FOR THE ESTIWATE OF THE LOCAL ERROR; 

WEIGHT:: <ARRAY IDENTIFIER>; 
"REAL" "ARRAY" WEIGHTSCl:N]J 
WEIGHTS FOR THE COMPUTATION OF THE WEIGHTED EUCLIDEAN NORM 
Of THE ERR rJR S; 
ENTRY: INITIAL WEIGHTS; 
NOTE THAT THE CHOICE WEIGHTSCIJ • l IMPLIES AN ESTIMATION 
UF THE ABSOLUTE ~RR□R, WHEREAS WEIGTHSCIJ • Y[Il DEFINES A 
RELATIVI: ERROR; 

UPDATE: (PROCEDURE !DENTlFlER); 
THE HEADING OF THIS PROC[DURE READS1 
"PROCEDURE" UPDATE (WEIGHTS, Y2, NI; 
"INTEGt!R11 N; 11 ARRAY 11 WEIGHTS,Y2; 
THIS PROCEDURE MAY CHANGE THE ARRAY WEIGHTS, ACCORDING TO 
TI-IE VALUE OF AN APPROXIMATION FOR Y(Tl , GIVEN IN THE ARRAY 
Y2[l:NJ; 
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FAIL: <BOOLcAN EXPRESSION); 
EX!T : 
IF TH: PROCEDURE FAILS TO SOL VE THE SYSTcM OF EQUATIONS, 
FAIL WILL HAVE THE VALUE "TRUE" UPON EXIT; 
THIS MAY OCCUR UPON DIVERGENCE OF THE ITERATION PROCESS, 
USED IN THE MIDPOINT RULE, WHILE INTEGRATION IS PERFORMED 
WITH A USER DEFINED PRESCRIBED STEPSIZE; 

CONTR□Lt <PROCEDURE IDENTIFIER>; 
THE HEADING OF THIS PROCEDURE READS: 
"PROCEDURE" CONTROLCTPRINT,T,H,HNEW,Y,ERROR,Nl; 
"INTEGER" N; "REAL" TPRINT,T,H,HNEW; "ARRAY" Y,ERROR; 
CONTROL IS CALLED ON ENTRY OF IMPeX, AND FURTHER AS SOON AS 
THE INEQUALITY TPRINT <• T HOLDS; 
DURING A CALL Of CONTROL PRINTING Of RESULTS AND 
CHANGt. Of STEPSIZc CIF PRESCH • "TRUE") IS THEN POSSIBLE; 
THE MEANING OF THE FORMAL PARAMETERS IS: 
TPRINT: <VARIABLE>; 

ENTRYI THE VALUE OF THE INDEPENDENT VARIABLE AT 
WHICH A CALL OF CONTROL WAS DESIRED; 

EXIT: A NEW VALUE CTPRINT>Tl AT WHICH A CALL OF 
CONTROL IS DESIRED; 

TI <VARIABLE>; 
THE ACTUAL VALUE OF THE INDEPENDENT VARIABLE, UP TO 
WHICH INTEGRATION HAS BEEN PERFORMED; 

Ht <VARIABLE>; 
HALVE THE ACTUAL STEPSIZE; 

HNEw: <.VARIABLE>; 
THE NEW STEPSIZE; 
IF PRESCH•"TRUE", THEN TH~ USER MAY PRESCRIBE A NEW 
STEPSlZE BY CHANGING HNEW; 

Y: <ARRAY IDENTIFIER>; 
"REAL" "ARRAY" YCl:5, l:NJ; 
THE VALUE flF THE DEPENDENT VARIABLE AND ITS FIRST 
FOUR DIVIDED Diff~RENCES AT THE POINT T ARE GIVEN 
IN THIS ARRAY; 

ERROR• <ARP.AY IDENTIFIER>; 
"REAL" "ARRAY" ERROR[lt3J; 
THE ELEMENTS OF THIS ARRAY CONTAIN THE FOLLOWING 
ERRORS: 
ERRORtlJa THE LOCAL ERROR; 
ERRr:JRC2]t THE GLOBAL ERROR OF SECOND ORDER IN H; 
F.RRORt3]: THE GLOBAL ERROR OF FOURTH ORDER IN H; 

M: (VARIABLE:>; 
THE NUMBfR OF EQUATIONS; 

EXA'1PL E OF USE1 StE EXAMPLE OF USE OF THE PROCEDURE IMPEX; 

DATA AND RciSULTS: 
FOR DATA, SH REFtlJ. 
THE RESULTS OF THE INTEGRATION ARE ATTAINABLE THROUGH THE PROCEDURE 
CONTROL , \o/HICM IS CALLED AT SPECIFil:D, USER DEFINED, VALUES OF THE 
J.NDE?l.:NDENT VARIABLE • IN PARTICULAR , THE VALUES OF THE DEPENDENT 
VARIABLE AT THE ENDPOINT OF INTEGRATION ARE OBTAINED BY A CALL OF 
CONTROL WITH TPRINT•TENDe 



PROCEDURES USED: 

INIVUC • CP310l0, 
INIMAT • CP3l0ll, 
MULVEC • CP3l020, 
MULRDW • CP3l021, 
DUPVEC • CP3l03~, 
DUPROWVi;C• C P3l032, 
DIJPMAT • CP~l035, 
VECVEC • CP34010, 
MATVEC • CP34011, 
MATMAT • CP34013, 
EL~VEC • CP34020, 
cLMROW • CP34024, 
DEC • CP34300, 
SOL • CP34051 e 

REQIJIREO CfNTRAL MEMORY: 

< □CTOBER 1975) 

EXECUT1JN FIELD LE"IGTH: CIRCA N * ( 23 + 2 "' N > (DECIMAL>. 

PAGE 4 

RUNNING TIMEt DEPENDS STRONGLY ON THE DIFFERENTIAL EQUATION TO SOLVE. 

LANGUAG51 ALGOL 60• 

METHOD AND P[RFORMANCEt 

THE INTSGRATIOII 11ETHOD <REFClll IS BASED ON TH!: COMPUTATION OF TWO 
INDCPENDENT SOLUTI!JtJS, YI T,ffl AND Y<T,H/Zl BY THE IMPLICIT MIDPOINT 
RULE, PASSIVE SMOOT'IING AND PASSIVE EXTRAPOLATION IS PERFORMED TO 
OBTAIN STABILITY AND HIGH ACCURACY• THE ALGORITHM USES FOR EACH 
STEP AT LEAST THREE FUNCTION EVALUATIONS, AND ON CHANGE OF STEPSIZE 
OR AT SLOW CONVERGENCE !N THE ITCRATIIJN PROCESS AN APPROXIMATION OF 
THE JACOBIAN MATRIX (COMPUTED BY DIVIDED DIFFERENCES OR EXPLICITLY 
SPECIFIED BY THF. USER> • IF THE COMPUTED LOCAL ERROR EXCEEDS THE 
TOLERANCE , THE LAST STE!> rs REJ!:CTED. MOREOVER , TWO GLOBAL ERRORS 
ARE COMPUTED. 

Rr:;FtRENC!:S: 

ClJ e B.LINDBl:RG. 
IMPlX 2, A PROCEDURE FOR THE SOLUTION OF SYSTEMS OF STIFF 
DIFFERENTIAL EQUATIONS. 
ROYAL INSTITUTE OF TECHNOLOGY,STOCKHOLMe TRITA-NA-7303 (l973le 

[2Je (TO APPEAR) 
CJLLOQUIUM STIFF DIFFERENTIAL EQUATIONS 3 IDUTCHlo 
M.C. SYLLABUS l5e3 (19741, MATHEMATICAL CENTRE. 
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EXAMPLC Of !JSE t 
CONSID!:R Tl-lE AUTONOMOUS SYSTi;"1 l"JF DIFFERNETIAL EQUATIONS 1 

DYCll/DX • o2 * ( Yt2l - YCll l, 
DYC2l/DX • 10 * Y[ll - ( 60 - YC3l/8 l * Y[2J + YC3l/8, 
DY C 3 J 1 DX • 1., 
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WITH INITIAL CONDITIONS AT X•O I YCll•YC2l•YC3l•O !SEE REFC2lle 
THE SOLUTION AT SEVERAL POINTS IN THE INTERVAL CO, 4001 MAY BE 
UBT AIMC D BY TH!: F,<JLLIJWING PROGRAM t 
(THE :; □LIITION AT X•40li IS1 YCll•22.2422201l, YC2l•~7.ll071335l 

"BEGIN" "lMTl:GlR" N, llFF., NJE, POINT; 
"REAL" T,TEND,GPS,HMAX,L,H2,TlME; 
"ARRAY" Y, SWCl:3J,PRINTtlt5H 
"BOOLEAN" FAIL; 
"PROCEDURE" IMPEXtN,TO,TEND,YO,DERIV,AVAIL,HO,HMAX,PRESCH,EPS, 
WEIGHTS,UPDATE,FAIL,CONTROLl; "C~DE" 33135J 

"PROCEDURE" LIPESTCL,Y,EPS,T,F,NlJ 
11 Ri:AL" T,L, t:PS; 11 ARRAY 11 Y; "lNTF.GER" N; "PROCEDURE" F; 
"BEG!N" "REAL 11 Nl,N2J 11 INTFGER" I,lTJ "ARRAY" Fl1F2,Z,X[11N]J 

19 PROCEDUR~" DUPVECtL,U,SHIFT,A,Bl; "CODER 31030; 
"RnAL" "PROCEDURE" VtCVECCL,U,SHIFT,A,BlJ "CODE" 34010; 
"PROCEDURE" ELMVEC<L,U,SHIFT,A,B,Xl; "CODE" 34020; 
"RLAL" 11 PROCUDURE" NORM(Yl; 19 ARRAY 11 Y; 
NORM1•SQRT(VECVEC(l,N,O,Y,Yl); 
DUPV!:C<l,N,O,Z,Yl; 
"FOR" Iz•l "STEP" l "UNTIL" N 11 00 11 

XCI]: ■ 11 IF" YCIJ•O "THEN" EPS "ELSE" (l+EPS)*Y[Il; 
Nl:•NORM(X)*~PS; F!T,X,Fl,N); 
"FOR" IT:•l 11 STSP" 1 "UNTIL" 5 "DO" 
"BJGIN" FCT,Z,F2,Nl; 

EL~VEC(l,N,O,F2,Fl,-ll; 
N2: •Nl/N!JRM( F2); J 
DUPVEC ( l, N,O,Z, X l; t:LMVF.C ( 1,N,O, Z, F2,N2l 

11 END 19 ; 

F( T,Z,F2,N); 
I; L'1VEC < l, N, O, F2, Fl,-1 l; 
LiaoN□RM(F2)/Nl 

11 END" LIPEST; 

••PROCEDURE" F<T,Y,Fl,Nl; "VALUE" T; "REAL" T; "ARRAY" Y,Fl; 
"INTEGER" N; 
"BEGIN" NFEt•NFE+l; 

FlClJ:•Oe2*<YC2l•YClll; 
FlC2l:•lO*YCll-(60-el25*YC3ll*YC2J+el2~*YC3l; 
FlC3lt•l 

"'END"; 

11 B □ !JLEAN" 11 PROCEDURC 11 AVAJLABLE(T,Y,A,Nl; 
"INTZ::GcR" N; "REAL" T; "ARRAY" Y,A; 
"BEGIN" NJEl•NJE+l; AVAILABL~t•11 TRUE 11 ; 

ACl,1]: ■ -.2; AC1,2l:•e2i AC1,3lt•AC3,l]l•AC3,2]:•AC3,3J: ■o; 
ACZ,1]: ■ 10; At2,2J:•e125*YC3]-60; AC2,3lt•.125*1l+YC2l) 

"F.N D" 
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"PROCEDURE" UPDATE<SW,Rl,N); "INT~GER" N; "ARRAY" SW,Rli 
"B~G!N" "Rf:AL" Sl,$2; "INTEGER" I; 

11 F~R 11 I:•1 "STEP" 1 "UNTIL"~ "DO" 
"BCGIN" Slt•l/SW[IJ; S2t•ABS(Rl[IJ>; 

"IF" Sl<S~ "Tf.l!:N" SWCIJt•l/S2 
HEtlD" 

"E!'-10 11 ; 

"PROCEDURE" CQNTR□ L(TP,T,H,HNEW,Y,ERR,N); 
"REAL" TP,T,H,HNSW; "ARRAY" Y11ERR; "INTEGER" N; 
"BEGIN" "INTEG'.:R" I; 

"ARRAY" C[315l,XClzNJ; 
"REAL" S,S2,S3,S4,C l; 

NEXT: S: .. (T-TPl /H; 
S2J•S•S; S3t•S2*S; S4t•S3•S; 
CC3lt• (SZ-Sl/2; 
CC4l~•-S3/6+S2/2-S/3; 
CC 5J : ■ S4/24-SU4+ll*S2124-S/4; 
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"FOR" It•l ~STEP" 1 "UNTIL" N "DO" 
XCIJt•YCl,!l-S*YC2,IJ+C[3l*YC3,IJ+CC4l*YC4,Il+C[5l*YC5,IJ; 
OUT PUT( 61, 11 (" 3ZD e2D2 B, Do D11 -D2B112( +D • 8D 11-D2 B l ,2 I 4ZD), 3'ZDe 2D, 

/ 11 ) 11 ,TP,!:RR[ 31, XC ll, XC2l, NFE,NJl::,CLOC K-TIME); 
"'IF" TP<TEMD "THEN" 
"B~GIN 11 POINT:•POINT+l; TP: ■ PRINTCPOINTJ; 

11 IF 11 TP<•T "THEN" "GOTO" NEXT 
"END" 

11 cND" CJNTROL; 

Nt•3; NJF:•MH:•O; T:•O; TEND:•400; EPS:•"-5; HMAX:•400; 
YCl Jt•YC2JJ•YC3lt•O; SW[llt•SWC2Jt•SWC3lt•l; 
PRINTtllt•eli PRINTC2Jt•1; PRINTC3Jt•10; PRINTC4J:•lOO; 
PRINTC5Jt•400; J 
LIPESTCL,Y, 11-5,T,F,~)J 
H2t•CEPS*320l**Cl/5)/14*Ll; 
OUTPUTC61,"(""("EPS•"l",De2D"-D,/,"("INTERVAL OF INTEGRATION•<">", 
3ZD," I"," l 11 ,3ZD, "C 11 ) 11 ) 11 , /,"("MAXIMALLY ALLOWED STEPSIZ E• 11 l 11 , 

D. 2D"-D, II 11 ) ", EP S, T, TIEN D, HM AX l; 
OUTPUT< 61," I'"' C "LI PSCHC ONS T• ")",BO .30 11 +0, I," I "ST ART ING STEPS IZ E")" 
11 ( "•" l", BD, 20 11+0, I," ("FUNCTIONAL EV AL • 11 l 11 , 4ZD, I I")", L, H2,NFE l; 
TlMEt•CLOCK; 
OUTPUT<61, 19 (""(" X ERROR YCll Y[2l"l" 
"(" NFE NJE TIME"l",/ 11 ) 11 ); 

I MPEX HI, T, TE ND, Y, F, A VAIL ABLE ,H2 ,H M AX, 11 F ALS E 11., EPS, SW, UPDATE, F All, 
C'.JNTROL); 
OUTPUT(61,"("l"<"NO OF FUNCTIONAL EVALUATIONS• "l 19 ,3ZD#/1 
"("MO Of JACOB1':AN EVALUATIONS• "l",3ZD,/ 11 l 111NFE.11NJEl 

"END" 
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THIS PROGRAM DtLIVERSt 

EPS•l.00"-5 
INT~RVAL OF INTEGRATION•< O, 400) 
MAXIMALLY ALLOWFD STEPSIZE•4o00" 2 

LIPSCYC ONST• 60003"+1 
STARTING STEP,IZE• 1.32"-3 
FUNCTIONAL CVAL• 7 

X i:RROR Y[l l Y[2] 
o.oo 0.0 11 o +0.00000000" 0 +0.00000000 11 0 
0.10 be3"-7 +le49614151"-6 +1.74013792"-4 
1.00 1. 5"-6 +l e9104l 887"-4 +2.08 361269"-3 

10.00 e.7"-7 +l.30147663"-2 + 2. 344 87800"-2 
100.00 l e3"-5 +3.06 30248 7 19-l +30275521130 11-1 
400.00 1.4"-5 +2.22406546 11 1 +2. 71090507 11 1 

NO OF FUNCTIONAL EVALUATIONS• 556 
ND OF JACOBcAN EVALUATIONS• 30 

/ 
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NFE NJE TI l'lE 
7 0 0 .01 

46 4 0.12 
65 8 le48 

119 9 1.99 
225 13 3 .47 
556 30 7. 51 
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SOURC I: TSXT( S) 1 

"CODE" 33135; 
"PROCEDURE" Ir1PEX IN, TO, TEND, YO, DER!VJt AVAILABLE, HO, H11AX, 

PRCSCH, EPS, WEIGHTS, UPDATE, FAIL, CONTROL); 
"VALUE" N; 
"INTEGER" '1; 
"Rf::AL" 1'01TEND,H01HMAX,EPS; 
"'BOOLEAN" PRESCH,FAIL; 
"ARRAY" Y01W~IGHTS; 
11 B □ OLEAN" "PROCEDURE" AVAILABLE; 
"PROC ED UP.E" DE RIV ,11 PD ATE, CONTROL; 
"BEGIN" 19 I'ffEGER" I,K,ECI; 

"REAL" T,Tl,T2,T3,TP,H,H2,HNEW,ALF,LQ; 
11 ARRA Y" Y, Z, Sl, 52, S 3, Ul, U3, Wl, W2, W31EH R[l HO, R, RF[ l 1 5, l IN l, 

ERR[lt3J,Al,A2[11N,l1N]; 
"INTEGER" "ARRAY" PS1,PS2Cl:NJ; 
11 BDOLSAN" START,TW □,HALV; 
"PROCEDURE" !NIVEC IL,IJ,A,X); "CODE" 31010; 
"PROCEDURE" INIMATCLR,UR,LC,UC,A,Xl; "CODE" 31011; 
"PROCEDURE" MULVECCL,U,SHIFT,A,B,Xl; "CODE" 31020; 
"PROCEDURE" '1ULRJWIL,1J,!,J,A181Xl; "CODE" 31021; 
"PROC .1DURE 19 DUPV!:CC L1U,SHIFT, A, Bl; "CODE" 31030; 
"PROCEDURE" DUPRJWVECCL,U,I,A,Bl; "CODE" 31032; 
11 PROCi.;'JlJRE 11 DUPMAT<L,U,I,J,A,Bl; 11CODE" 31035; 
"REAL" "PR □CEDUR[" VECVECCL,U,SHifT,A,B);"CODE" 34010; 
"REAL" "PPOCt.DURE" '1ATVECCL,U,I1A,Bl; 19 CODF. 11 34011; 
11 REAL-tt 11 PROCEOURf:" MATMATIL,U,I,J.,A,B); 11CODE 11 34013; 
"PROCEDURE" ELMVECCL,U,SHIFT,A,B,Xl; "CODE" 34020; 
"PROCCTDURE" r,: LMRfJW (L,U,i, J,A,B, X); "CODE" 34024; 
"PROCEDURE" DECCA,N,AUX,Pl; "CODE" 34300; 
"PROC!::DUR£: 11 SOLCA,N,P,Bl; "CODE" 34051; 

j 

"PROCEDURE" DfDYCT,Y,Al; "REAL" TJ "ARRAY" Y,A; 
"'BtGIN" "INTEGER" I,J; "REAL" SL; 11 ARRAY 11 Fl,F2[l!NJ; 

DERIVCT,Y,Fl,Nl; 
"FUR" I:•l "ST~P" l "UNTIL" N "DO" 
"BEGIN" 

SLl•"-6*YCIJ; "IF" ABS!SLl<"-6 "THEN11 SL:•"""6i 
V[IJ:•YCIJ+~L; DERIVCT,Y,F2,Nl; 
11 F !J R II J : • l II STEP " 1 "UN TI L" N II D 0" 
ACJ,IJt ■ (F2CJJ-f1[Jll/SLJ 
V[IJ:•YC1J-SL; 

"END" 
"END" DFDY; 

"PROCEDURE" STARTV(Y,Tl; "VALUE" T; "REAL" T; "ARRAY" Y; 
"BEGIN" 11 REAL 11 A,B,C; 

At•(T-Tll/(Tl-T2l; Bl•CT-T2)/(Tl-T3li 
C1•(T-Tl)/(T2-T3l*B; Bl•A*B; 
A:•l+A+B; Bl•A+C•l; 
MULVECCl,N,O,Y,51,AlJ ELMVECCl,N,O,Y,S2,-B>J 
ELMVECCl,N,O,Y,S3,Cl 

11 F.ND" STARTV 
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"PROCEDURE" ITERATE<Z,Y,A,H,T,WEIGHTS,FAIL,PSl; 
"ARRAY" Z,Y,A,WEIGHTS; "REAL" H,T; 11LABEL" FAIL; 
"INTEGER" 11 ARRAY 11 PS; 
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11 BJ:t;!N 11 "INT1:G!:R 11 IT,LIT; 11 REAL 11 MAX,MAXl,CONV; "ARRAY" DZ,FlCl:tU; 
"FOR" ll•l "STEP" l "UNTIL" N "DO" ZCils•IZ[Il+YCIJl/2; 
IT:•LlTl•l; CONVa•l; 

ATER; D~RIV<T,Z,Fl,Nl; 
"FOR" I:•l "STEP" 1 "UNTIL" M "DO" 
flCI]l•DZ[l]t•ZCil-H•Fl[ll/2-YCI]; 
SOU A, N, PS, DZ l; 
~LMVEC!l,N,O,Z,DZ,-ll; 
MAX I •O; 
11 FOR" Il•l "STEP" 1 "UNTIL" N "DO" 
MAX:•MAX+(WEIGHTSCil*DZCill**2; 
MAX: •SQRT ( MAX ) ; 
"IF" MAX•CONV<EPS/10 11 TH!::N 11 11GOT0 11 OUT; 
IT1•IT+l; 11 IF" IT•Z "THEN" "GOT□" ASS; 
CONV: •MAX/ MAX l; 
"IF" C □NV>. 2 "TH EN" 
"B3GIN" 11 IF" LIT•O 11 THEN 11 11G □T0 11 FAIL; 

lITl•O; CONVl•l; ITt•l; 
REC OMPI A,H,T, z, FAIL,PSl; 

"END"; 
ASS t MAXll •MAX; 

11 G:JT0" ATEP.; 
OUT: 11FOR 11 I:•l "STf:P" l "UNTIL" N 11D0 11 ZCIJt•Z*ZCil-YCIJ; 
11 END 11 ITERATE; 

"PROCEDURE" R EC OMP( A, H, T, V, FAIL, PS l; 
11 R£AL 11 H,T; 11 ARRAY 11 A,Y; "LABEL" FAIL; "INTEGER" "ARRAY" PS; 
"BEGIN" "REAL" SL; "ARRAY" AUX[l13]; 

SL t•H / 2; 
11 IF 11 "NOT" AVAILABLE<T.,M,A,Nl "THEN" DFDY(T,Y,A); 
"FOR" I:•1 "STEP" l "UNTIL" N "DO" 
11 BEG It--1 11 MU LROW n, N,I I I ,A, A,-su J ACI, I] 1 • l+ACI, I] 
"E MD II; 
AUXCZJ:•11 •14; 
DEC ( A,N, AUX,PS) i 
11 IF" AUX[3l<N 11 THEN 11 11 GOT0 11 FAIL 

11 !:ND 11 R!:COMP; 

"?ROCEOIJRE" INITIALIZATION; 
"BEGIN" H2l•HNEW; Hl•H2/2; 

DIJPVl.':C 11, N,O, Sl, YO l; DUPVEC < l ,N,O, S2 ,YO); DU PVEC ( 1, N,O, S3, YO l; 
DUPVEC ( l, N, O, Wl, YO l; DUPROWVF C <l,N, 1, R, YO); 
INI VEC <l, N, Ul,O l; IN IVEC Cl, N, W2, 0); 
INIMAT(2,5,1,N,R,O); IN IMA T<l, 5,1,N,RF,Ol; 
T:•Tl:•TO; T2:•TO•Z*H-11 b; T3:•2•TZ+l; 
R EC OMP ( Al, 1-t, T, Sl,M ISS, PSl); REC OMP ( AZ, HZ, T, Wl ,MISS, PSZ); 

11 E"ID 11 
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11 PROCEDUl?l= 11 ONG LARGE STEP; 
"BEGIN" STARTV(l,T+H); 

.!Ti::P.ATE ( Z,Sl, Al,H,T+H/2, WEIGHTS,MISS, PSll; 
DUPV £:C I l, N, O, Y, Z l; 
STAR TV( Z, T+H2 l; 
!TCRATE(Z,Y,Al,H,T+3*H/2,WEIGHTS,MISS,PS1); 
DU PVEC ( 1, N, O, U3, Ul); OUPVE C <1,N,O,Ul, Y); 
OUPVl:C<l,N,O,S3,S2 ); DUPVEC( 1,N,O,S2,Sl l; 
DUPVECU,N,O,Sl, Zl; 
rLMVEC C 1,N, O,Z, Wl, 1 l; ELMVEC ( l,N,O, Z,S 2,-11; 
IT~RATEIZ,Wl,A2,H2,T+H,WEIGHTS,MISS,PS2l; 
T3:•T2; T2t•Tl; Tl:•T+H2; 
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DUPVEC(l,N,O,W3,W2l; DUPVEC<l,N,O,W2,Wll; DUPVEC<l,N,O,Wl,Z); 
"END"; 

"PROCEDURE" CHANGE OF INFORMATION; 
"BEGIN" "REAL" ALFl,Cl,C2,C3; "ARRAY" KOF[214,2t4l,E,D[l14J; 

Cll•H"IEWIH2; C21•Cl*Cl; C31•C2*Cl; 
KOFC 2,2 l: •C 1; KOF C 2, 3l: • ( Cl-C2) /2; KOFC 2, 4l: •C 3 /6--C2 /Z+C l/3; 
KOFC3, 3] :•C 2; KOFC 3,4 J: •C2-CH K □FC4, 4 lt•C3; 
~FOR" I:•l "STEP" 1 "UNTIL" N "DO" 
UlCIJ:•RC2,Il+RC3,Il/2+RC4,Il/3; 
ALFl:•MATVEC(l,N,1,RF,Ull/VECVECCl,N,O,Ul,Ull; 
ALFt•CALF+ALFll*Cl; 
11 1=0R" It•l 11 STEP 11 1 11 UNTIL 11 H 11 0011 

11 BC:GIN 11 

ECl]:•RFCl,Il-ALFl*UlCIJ; 
EC2Jl•RFC2,IJ-ALfl*Z*RC3,IJ; 
EC 3]: •RFC 3, I l-AL Fl*4* Rt 4, I l; 
EC4l : ■ RFC4, !J; 
DC1]1•RC1,!l; RFC1,IJt•ECll1•ECll*C2; 
"FOR" Kl•2 11 STEP 11 l "UNTIL" 4 "00" 
11 BSGIN11 RCK,IJ:•OCKJ:•~ATMAT(K,4,K,I,KOF,R); 

RFCK,IJ:•ECKlt•C2*MATVEC(K,4,K,K□F,El 
"END" K; 
SlCIJ:•DClJ+EClJ;WlCIJ:•DCll+4*ECll; 
S2Cil:•SlCil-CDC2l+EC2l/2); 
S3CIJt•S2Cil-(DC2l+EC2l)+(DC3l+f:C3J/2li 

"E'ID" I; 
T3:•T-HNC~; T21•T-HNEW/2; Tll•T; 
H2: •HNLW; H :•H?./2; ERRCll: •O; 
"IF" HALV "THEN" 
"BEGIN" DUPV£CCl,N,O,PS2,PSll; DUPMAT11,N,1,N,A2,Al> 11 END"; 
"IF11 TWO "THl':N" 
11 BEGIN" DUPVCC ! 1, N, O, !> Sl,PSZ l; OU!>MAT ( 1, N, 1, N, Al, A2) 
"END" "ELSE" RECOMPCAl,HNEW/2,T,Sl,MISS,PSl)J 
11IF 11 AHALV "THEN" RECOMP(A2,HNEW,T,Wl,MISS,PS2); 

"EN D19 HNEWA •H 2 
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"PROCEDURE" BACKWARD DIFFERENCES; 
"FOR"It•l "STEP" l "UNTIL" N "DO" 
"BEGIN" "REAL" BO,Bl,B2,83; 

Bl:•(Ul[ll+2*S2[ll+U3Clll/4; 
B21•(Wl[I1+2*W2[Il+W3[Ill/4; 
831 • (S 3 [I]+ z•u 3[ I l +Sl[ I 1 l /4; 
B2:•(82•811/3; 80:•Bl-B2; 
B2:•B2-(SlCil-2*S2Cil+S3Cil)/16; 
Bl1•2*B3-(82+RFCl,I1l•(BO+RCl,IJ)/2; 
B3 I •0; 
11FOR" K:•l "STEP" l 11 \JNTIL" 4 1100 11 

11 8:GIN" Blt•Bl•Bl; 83:•RCK,I]; RCK,Ilt ■ BO; 801•80•81 
"END•; RC5,I]S•BO; 
"FOR" K:•l "STEP" 1 "UNTIL" 4 11 00" 
"BEGIN" 83:•RFCK,Il; RFCK,IJ:•82; 82:•82-83 "END"; 
RF [5, Il t ■B 2; 

"END"; 

"PROCEDURE" ERRbR ESTIMATES; 
"BEGIN" "REAL" CO,Cl,C2,C3,BO,Bl,B2,B3,W,SLl,SN,LR; 

c o: ■ c 11 -c21 •C3, ■o; 
11 FOR11 I: ■l 11STEP" 1 "UNTIL" N "00" 
"BEGIN" w:•WEIGHTSCil**ZJ 

801•RFC4,Il/36; COs•CO+BO*BO*W; LR1•ABSIBO); 
81 : ■ RFCl1 Il+ALF*RCZ, Il; Cl: •Cl+Bl*Bl*W; 
sz: ■RFC3,Il; C2:•CZ+82*B2*WJ 
SLl1•ABS(RFC1,Il-RFC2,I]); 
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SN:••IF" SLl<"-10 "THEN"l"ELSE"ABS(RFC1,Il-RC4,Il/6l/SL1; 
11 IF 11 SN>l 11THf.N 11 SN:•l; 
"IF" START "THEN" "BEGIN" SN1•SN**4J LR1•LR*4 11 END11 ; 

EHR[I1i•B31•SN*EHR[Il+LR; C31•C3+83*B3*Wi 
11 1:ND" I; J 
80:•f.RR[ll; 
ERR[l l I• 81 I •SQRT(CO); ERR[ 21 r•SQRT(Cl); 
E RR[3 lt •SQRT(C 3) +SQR HC2) /2; 
LQ:•EPS/("IF" BOCBl "THEN" Bl"ELSE" BO); 
"If" BD(Bl "AND" LQ)•B0 "THEN" LQ:•10; 

"END'"; 

11 PR □CEDUR~" REJECT; 
11IF" START "THEN" 
"BEGIN" HNEW t•LQU(l /5l*H/2; "GOTO" IN IT 
11 END 11 "ELSE" 
"BEGIN" 11 F □R" K:•1,2,3,4,1,2,3 1100" ELMROW(l1N,K,K+l1R,R,•l)J 

"FOR 11 Kt•l1Z13,4 1100" ELMROW(l,H,K1K+l,RF1RF,-l>; 
Tt•T-HZ; HALVl•"TRUE•; HNEWt•H; "GOTO" MSTP 

"ENO II 
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11 IF 11 LQ(2 "THEN" 
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"BEGIN" HALV: ■11 TRUE 11 ; HNEWt•H "END" "ELSE" 
11 B~GIN 11 11 IF 11 LQ)80 11 THEN11 

HNGWt•C"IF" LQ)5120 "THEN" CLQ/5)**Cl/5) "ELSE" 2l*H2; 
11 IF" YNEW>HMAX "THEN" HNEWJ•HMAX; 
11 IF11 TEND>T 11 AND 11 TEND-T<HNEW 11 THEN11 HNEW:•TEND-T; 
TW>Jl •H NGW•2*'l2; 

II !:ND 11 ; 

"IF" flRCSCH "THEIi" H:•HO 11 HS!: 11 

11 B~GlN" "IF" HO>HMAX "THEN" H:•HMAX 11 ELSF 11 Ht•HO; 
"IF" H>(TEND-T0)/4 "THEN" HJ•CTEND-T0)/4J 

11END"; 
HNEW :•H; 
ALF:•O; T:•TP:•TO; 
INIVEC(l,3,ERR,O); INIVECCl,N,EHR,C); 
DUPR □WVEC<l,N,l,R,YO>; 
CONTROL(TP,T,H,HNEW,R,ERP,N); 

lNITt INITIALIZATION; START I •"TRUE"; 
"FOR" ECI1•~11,2,3 11 D0 11 

"BEGIN" ONE LARGE STEP; T; ■T+H2; 
"IF" ECI>O "THEN" 
"BEGIN" BACKWARD DIFFERENCES; UPDAT~CWEIGHTS,S2,N) 11 END" 

11E ND "J 
!:CI: •4; 

~STPI "IF" HNEWA•H2 "THEN" 
"BEGIN~ ECit•l; CHANGE OF INFORMATinN; 

ONE LARGE STEP; T:•T+H2; !:CI: •2; 
11 END11 ; 

ONE LARGt STEP i 
BACKWARD DIFFEREHCES; 
IJPDATECWEIGHTS,S2,N); J 
ERROR ESTIMATES; 
"If" ECI<4 "AND8 LQ)80 8 THEN" LQS•20; 
HALVi•TW01•11 FALSC 11 ; 

11 IF 11 PRESCH "TH~N" "G0T011 TRYCKJ 
"IF" LcJ<l "THEN" REJECT "ELSE" STEPSIZE; 

TRYCKt "IF" TP<•T "THEN" CONTROL(TP,T,H.,HNEW,R.,ERR,NJ; 
11 IF" START 11THJN11 START:•"FALSE"; 
"IF" HNEW•H2 "THEN" T:•T+HZ; ECI:•ECI+l; 
"IF" T(TEND+H2 "THEN" "GOTO" MSTP 11 ELSE" "GOTO" END; 

MISS1 FAILl•PRESCH; 

END: 

11 IF" A FAIL "THEN" 
"BEGIN" "IF" ECI>l "THEN" T1•T-HZ; 

llALV1 •TWOI •"FALSE"; HNEWl•H2/ 2; 
11 lF" START 11THEN 11 11 GOT011 !NIT "i:LSE" "GOTO" TRYCK 

11 END 11 ; 

"END" !MPEX; 
11 1:DP" 
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SECTION r.2.1.1.1.3 CONTAINS TWO ALTERNATIVE PROCEDURES FOR SOLVING 
FIRST-ORDER INITIAL VALUE PROBLcMS WITH SEVERAL DERIVATIVES AVAILABLE. 

Ae MODIFIED TAYLOR SOLVES AN INITIAL C BOUNDARY > VALUE PROBLEM, GIVEN 
AS A SYSTEM OF FIRST ORDER DIFFERENTIAL EQUATIONS, BV MEANS OF A 
ONt-STGP TAYLOR-METHOD. 
IN PARTICULAR THIS METHOD IS SUITABLE FOR THE INTEGRATION OF LARGE 
SYSTEMS ARISING FROM PARTIAL DIFFERENTIAL EQUATIONS, PROVIDED THAT 
HIGHER QRDER OeRIVATIVES CAN Be EASILY OBTAINED. 

Be EXPONENTIALLY FITTED TAYLOR SOLVES AN INITIAL VALUE PROBLEM, GIVEN 
AS A SYSTEM OF FIRST ORDER DIFFERENTIAL EQUATIONS, BY MEANS OF A 
ONE-STEP TAYLOR-METHOD• AUTOMATIC STEPSIZE CONTROL IS PROVIDED. 
IN PARTICULAR THI~ METHOD IS SUITABLE FOR THE INTEGRATION OF STIFF 
DIFFERENTIAL EQUATIONS, PROVIDED THAT HIGHER ORDER DERIVATIVES CAN 
Bt: EASILY UBTAINEDe 

/ 





SECTION C AUGUST 1q74 I PAGE l 

AUTHORSs P.J. VAN DER HOUWEN AND P.A.BEENTJES. 

INSTITUTE: MATHEMATICAL CENTRE. 

RECEIVED z 7306160 

BRIEF DESCRIPTION: 

MODIFIED TAYLOR SIJLVE S AN INITIAL I BOUtlDARY ) VALUE PROBLE 11.11 GI VEIi! 
AS A SYSTEM OF FIRST ORDER DIFFERENTIAL EQUATIONS, BY MEANS OF A 
ONt-STEP TAYLOR-METHOD. 
IN PARTICULAR THIS METHOD IS SUITABLE FOR THE INTEGRATION OF LARGE 
SYSTEMS ARISING FROM PARTIAL DIFFERENTIAL EQUATIONS, PROVIDED THAT 
HIGHER ORDER D~RIVATIVES CAN BE EASILY OBTAINED. 

KEYWORD St 

DIFF~Rr:NTIAL EQUATIONS, 
INITIAL I BOUNDARY) VALUE PROBLEMS, 
ONE-ST[? TAYLOR-tlETHOO. 

J 
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CALLI~G S[QUENCE1 

THE HEADING OF TYE PROCEDURE READS: 
"PR 0Cf.DIJRE 11 MODIFI!: D TAYLOR C T, Tr:, MO,M, U, SIGMA, TAU MIN, I, DER I VA TI VE, 

K,DATA,ALFA,NORM,AFTA,RETA,ETA,RHO,OUT); 
"INTEGER" MO,M,I,K,HORM; 
11REAL 11 T,TE,SIGMA,TAUMIN,ALFA,AETA,RETA,RHO; 
"ARRAY" U,DATA; 
"PROCEDURC" D~RIVATIVS,OUT; 

THi.: '11::A'IING OF THE FORMAL PARAMETERS IS: 
T: <VARIABLE>; 

THC INDEPENDENT VARIABL; T; 
MAY BE USED IN DERIVATIVE, SIGMA ETC.; 
ENTRY: THE INITIAL VALUE TO; 
EXIT i THE FINAL VALUE TE; 

TEI <ARITHMETIC EXPRESSION>; 
TH2 FINAL VALUE OFT CTE >• TI; 

Mo,M: <ARITHMETIC EXPRESSION>; 
INDICES OF THE FIRST AND LAST EQUATION OF THE SYSTEM TO BE 
SIJLVED; 

U~ (ARRAY ID~NTIFIER>; 
"ARRAY" UCMO:MJ; 
THE DEPENDENT VARIABLE; 
E"lTRY1 THE INITIAL VALUES OF THI: SOLUTION OF THE SYSTEM OF 

DIFFERENTIAL EQUATIONS AT T • TO; 
EXIT I THE VALUES OF THE SOLUTION AT T • TE; 

SIGMA! <ARITH'1ETIC EXPRESSION>; 
THE SPSCTRAL RADIUS OF THE JACOBIAN MATRIX WITH RE~PECT 
TO THOSE EIGENVALUcS WHICH ARE LOCATED IN THE LEFT 
HALF PLANE:; 
I~ SIGMA TENDS TO INFINITY, PROCEDURE MODIFIED TAYLOR 
TERMINAT~S; ; 

TAUMIN: <ARITHMETIC £XPRESSION>; 
MINIMAL STl:P LENGTH BY WHICH THE INTEGRATION IS PERFORMED; 
HQWEVER,ACTUAL STEPSIZES WILL ALWAYS BE WITHIN THE INTERVAL 
CMINCHMIN,HSTABl,HSTABJ,WHERE HSTABC• DATA[OJ/SIGMAl IS THE 
STEPLENGTH PRESCRIBED BY STABILITY CONSIDERATIONS; 

I1 <VARIABLE>; 
A JENSEN PARAMETER FOR PROC~DURE DERIVATIVE; 
MAY BE USED IN MO AND M; 

DERIVATIVF.r <PROCEDURE IDENTIFIER>; 
THE HEADING OF THIS PROCEDURE READSr 
"PROCEDUR~" DERIVATIVf!I,Al; "INTEGER" I; "ARRAY" AJ 
WHEN THIS PRnCEDURE IS CALL~D, ARRAY ACMO I Ml CONTAINS THE 
COMPONENTS Of THE <I-ll-ST DERIVATIVE OF U AT THE POINT T; 
UPON COMPLETION OF DERIVATIVE, ARRAY A SHOULD CONTAIN THE 
COMPONGNTS OF THE I-TH DERIVATIVE OF U AT THE POINT T; 

Kl <VARIABLE>; 
INDICATES THE NUMBER OF INTEGRATION STEPS PERFOR~ED; 
ENTRY: K • O; 
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<ARRAY IDENTIFIER>; 
"ARRAY" OATAt-2 1 DATA[-2]]; 
FNTRYa 
DATAt-2]: T1H: ORDH OF THE HIGHEST DERIVATIVE UPON WHICH 

THf T AV LOR MtTHOD IS BASED; 
DATA[-l]I ORDER OF ACCURACY OF THE METHOD; 
DATAtOl I STABILITY PARAMETER; 
DATACll , •••, DATACDATAt-2ll : POLYNOMIAL COEFFICIENTS; 
F~R FURTHER EXPLANATION AND POSS!Blc VALUES OF THE ELEMENTS 
OF ARRAY DATA SEE REFERENCES [2J AND [3]; 
<ARITHMETIC EXPRlSSION>i 
GROWTH FACT1R FOR THE INTEGRATION STEP LENGTH; 
<ARITH"1ETIC EXPRESSION>; 
IF NORM• l DISCREPANCY AND TOLERANCE ARE ESTIMATED IN THE 
MAX!MIIM 'IORM, OTHERWISE IN THE EUCLID!AN NORM; 

AETA,RETA: <ARITHMETIC EXPRESSION>; 
DESIRED ABSOLUTE ANO RELATIVE ACCURACY; 
IF BOTH AETA AND RETA ARE NEGATIVE, ACCURACY CONDITIONS 
WILL BE IGNORED; 

ET A,RHJ: <'.VARIABLE>; 

OUT: 
C1MPUT~D TOLERANCE AND DISCREPANCY; 
<PROCEDUP~ IDENTIFIER>; 
THt HQADING OF THlS ~R □CEDURE READS 
THROtJGH THIS PROCEDURE TliE VALUES AFTF R 
STEP 1F FJR INSTANCE T, U, ETA AND RHO 

DATA AND R;;suL TS: 

"PROCEDURE" OUT; 
EACH INTEGRATION 
ARE ACCESSIBLE. 

FOR FURTHER EXPLANATION OF THE PARAMETERS AETA, RETA, ETA, RHO, MO, 
MAND THE ARRAY DATA SEE REFERENCES [21 AND [3Je 
AS FOR THE !NDICES MO AND M THE FOLLryWING MAY BE REMARKED• WHEN 
THE METHOD OF LINES IS APPVIED TO HYPERBOLIC DIFFERENTIAL EQUATIONS 
THE NU~BER OF RCLEVANT ORDINARY DIFFERENTIAL EQUATIONS DECREASES 
DURING THE INT(GRATION PROCESS. 
IN PROCEDURE MODIFI~D TAYLOR, THIS MAY BE REALIZED BY INTEGER 
PRQCCDURES MO A~D M WHICH ARE DEFINED AS FUNCTIONS OF I, K AND 
DATAC•2le 

PROCEDURES USEDt VECV~C • CP34010. 

REQUIRED C~NTRAL M~MQRY: 

EXECUTION FIELD LENGTHt CIRCA 75 + M - MO. 

RUNNING TIME: 

DEPENDS STRONGLY ON THE DIFFERENTIAL EQUATION TO BE SOLVED, 

LANGUAGE: ALGOL 60• 
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R 1::F ERPICES: 

[llePeJe VAN DCR HOUWENe 
ONt-STEP METHODS FOR LINEAR INITIAL VALUE PROBLEMS I, 
POLYNOMIAL METH'JDS,TW REPORT 119, 
MATHEMATICAL CEHTRE, AMSTERDAM !l970le 

[2JePeJe VAN DER HOUWEN, P.BEENTJES, K.DEKKER AND EoSLAGT 
ONE-STEP ~ETHODS FOR LINEAR INITIAL VALUE PROBLEMS III, 
NUMiRICAL EXAMPLES, TW REPORT 130/71, 
MATHEMATICAL CENTRE, AMSTERDA" (19711. 

[31.PoJo VAN DER HOUWEN, J.KOKo 
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HU'1EPICAL SOLUTION OF A MINIMAX PROBLEM, TI,/ REPORT 123/71, 
MATHEMATICAL CENTRE, AMSTERDAM !l97llo 

EXAMPLE 1F US!;;: 

Tl-fc S'JLUTlON AT T•EXP<ll AND T•EXP(2l OF THE DIFFERENTIAL EQUATION 
DU/DT•-~XP(Tl*(U-LN(Tl) + l/T WITH INITIAL CONDITION U(oOll•LN(oOl) 
AND A~ALYTICAL SOLUTION U(Tl • LN!T), MAY BE OBTAINED AS FOLLOWS! 

"BEGIN" "INTEGER" I,K;"REAL" T,TE,ETA,RHO,EXPT,LNT,CO,Cl,C2,C3; 
11 ARRAY" U[OHI] ,DATA[-214]; 
"PROCEDURE" 1JP; 11 IF" T•TE "THEN" 
OUTPUT(6l,"!""("NUMBER OF STEPS: 11 )"13ZD,/, 

11 (" SOLUTION• T• "l 11 , +De5D, 
"(" U!Tl • ")",+Do7D,//"1",K,T,U[O]l; 

"PROCEDURE" DER<l,A);"INTEGER11 !;"ARRAY" A; 
"BEGIN" 11lF 11 I•l "THEN, 

"BEGIN" EXPTt•EXP(T);LNTt•LN(T) JCOI •ACO]; 
C li•AC Ol J••E XP T* CO+l/T+EXPT+LNT 

11 1:ND 11 ; 

"IF" I•Z "THEN" cz:•A[O]t•EXPT+(LNT+l/T-CO-Cl)-1/T/T; 
"IF" 1•3 "THEN" C3t•ACOJ1·• 
EXPT+(LNT+21T-co-2•c1-c2-11r1Tl+Z/T/T/T; 
"lF 11 1•4 "THEN" ACOJ:•C3•2*<1+3/T)/T/T/T+ 
EXPT*((l-(2-21Tl/T)/T-Cl-C2*2-C3) 

"EMO"; 
"PROCEDURE" MODlFIED TAYLOR<T,TE,MO,M,U,SIGMA,TAUMIN,I, 

DERIVATIVE,K,DATA,ALFA,NORM,AETA,RETA,ETA,RHO,OUT); 
"CuDE" 33040; 
I 1••2J 11 FOR" T1 •41316.0Z!i, 1, e5,1 /6,.018455702 "00" 
11 BJGIN" DATA[llt•T;I:•I+l "END"; 
Tt•U[Olt• 11•2;K1•0J"FOR" TEt•EXP<ll,TE*TI: "DO" 
MODIFIED TAYLOR (T, TE ,u ,O,U, EXP ( T>, "-4, I ,DE R,K, DAT A, 1. 5, 1, "•5, 

"-4, !:TA,RHO,OP) 
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THIS PROGRAM Dr:LIVF.RSt 

NUMBER UF STEPS: 46 
SOLUTIJN: T• +2.71828 

NUMBER OF STEPSt 424 
SOLUTI1N: T• +7.38906 

SOURCE T ':XT( S J 1 

"CODE"" 33040; 
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ucr1 • +1.ooooza, 

UCTl • +l.9999967 

"PR OC EDUR 'E" MOOI FIE'. D TAYLOR C T., TE, M(h M, u., SIGMA, T AU"'I IN, I, DER IVA TI VE, K, 
DATA,ALFA,NORM,AETA,RETA,cTA,RHO,OUTJ; 

11 INTEGER" MO,M,I,K1N!JRM; 
"REAL" TIT;:., SIGMA, T AIJM IN, ALF Ai AET A, R ETA1 ETA1 RHO; 
"ARRA Y11 IJ, DATA; 
11 PROCEDURE" DERIVATIVF.1rJUT; 

11 BEGIN11 I l•\Ji 
"BEGIN" "INTEG~R" N,P,0; 

"OWN" 11REAL" ECO,ECl1ECZ,TAU01TAUl,TAUZ,TAUS,T2; 
"REAL" TO,TAU,TAUI,TAUEC, EC L,B l:TAN,GAMMA; 
"REAL" "ARRAY" CCMO: MJ,BETA,BETHA[l:DATAC•2Jl; 
"BUOL~AN" START,STEPl,LAST; 
"RGALff 11 PRrJCEDURl" VECVEC<L,U,St-lIFT,A,B); "CODE" 34010; 

"PROCEDURt" C OEFfICl ENT; 
"BEGIN" "ItlTl;GER11 JJ"REAL" IFAC; 

Il=ACr •1J GAMMA: ■ .5; NI •DATAC•2l; PI •DATAC-1]; 
BETAN:•DATACOJ; Q:• "IF" P<N "THEN" P+l "ELSE" N; 
"FOR" .J:•l II STEP" l "UNTIL" N "00 11 

"BEGIN" BETACJll•DMTA[JlJ IFACt•IFAC/J; 
BETHACJJ:•IFAC-BETACJJ 

11 END 11 ; 

"IF" P•N "THEN" BETHACNlt•IFAC 
"END"; "CCIMIIIENT 11 
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11 R !:AL" 11 PROCEDURE II NORMFUNC TI ON( NORM, W); 
"INTEGER" NORM; "ARRAY" WJ 
"BEGIN" 11 IHTEGER 11 J; "REAL" s,x; 

S:•O; 
"IF" NORH•l "THEN" 
"8f.GIN~ "FOR" Js•MO "STE?" l "UNTIL" M "DO" 

11 8EGIN 11 X:•ABS(W[Jll; 11 IF 11 X>S 11THPN 11 S:•X 11 END 11 

"END" "ELSE" 
Sr•SQRTCVECVECCMO,M,O,W,Wll; 
NORMFUNCT!Ot11 •S 

'' l:ND 11 ; 

"PROCEDURE" LOCAL ERROR BOUND; 
ETAS•AETA+RETA * NORMFUNCTION(NORM,U); 

11 PR□CEDURE 11 LOCAL ERROR CONSTRUCTIONCil; 11INTFGER 11 I; 
"B~GIN" 11 IF 11 I•P "THEN" "BEGIN" ECLt•O;TAUECt•l "END"; 

"IF" I>P+l "THEN" TAUECt•TAUEC*TAU; 
EC L: •EC L+ABS CB F.THAC Ill •T AIJEC*NORM1FU NC TI ON( NORM,C l; 
11 IF II I•N 11 T!iEN 11 

"BEGIN" ECO t•ECl;EC 11• ec2; EC2t •ECL; 
RHO:•ECL*TAUOQ 

"E 1'10 11 

"EIID"; 

ffPROCEDURE" STEPSIZE; 
"BEGIN" 11 R2AL" TAUACC,TAUSTAB,AA,BB,CC,EC; 

LOCAL ERRUR BOUND; 
11 IF11 ETA>O "THEN" 
"BEGIN" 11 IF 11 START "THEN" 

11 BcGIN 11 "IF" K•O 11THEN 11 

"BEGIN" "INTEGER" JJ 
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"FOR" Js•MO 19 STEP19 1 19UNTIL" M "DO" C[J]1•UCJ]; 
I: ■l; DERIVATIVE<I,Cl; 
TAUACCt•ETA/NORMFUNCTION(NORM,Cl; 
STEP 1 s •"TRUE" 

"END" "ELSE" 
"IF" STEPl "THEN" 
"BEGIN" TAUACCt•CETA/RHOl**(l/0l*TAU2; 

"IF" TAUACC>lO*TAU2 "THEN" 
TAUACC:•10*TAU2 "ELSE" STEP1:•11 FALSE" 

11 END II "ELSE" 
"BEGIN" BBl•CEC2-ECll /TAUlJ CC3•EC2-BB*T2J 

ECt•BB*T+CC; 
TAUACC:• tt IF11 EC<O 11THEN 11 TAU2 11 ELSE11 

( ETA/EC l** C 1/ Q); 
ST ART Z•"FALSE:" 

"END II 
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"F.!10 11 11 1:L SE" 
"BEGIN" AA:•CC~CO-ECl)/TAUO+(ECZ-ECl)/TAUl)/ 

( TAUl+TAUO); 
8B t•!EC2-ECl)/TAUl-AA*CZ*T2-TAUl); 
CC: •EC2-T2* ( BB+ AA*T 21; EC: •CC +T* ( B B+T* AA I; 
TAUACC:•"IF" EC<O "THEN" TAUS 

"ELSl: 11 !ETA/EC)**<l/Q); 
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"IF" TAUACC>ALFA*TAUS 11THEN 11 TAUACC1•ALFA*TAUS; 
"If" TAUACC<GAMMA*TAUS 11 THEN 11 TAUACC:•GAMMA*TAUS; 

"HI 0" 
11cND" ~ELSE" TAUACCt•TE-T; 
"IF" TAUACC(TAUMIN 11 THEN 11 TAUACC:•TAUMIN; 
TAUSTAB:•BETAN/SlGMA; 
"IF" TAUSTAB<"-12 * CT-TO) "THEN" 
11 BEGIN11 DUT; 11 GOT011 END OF M~DIFIED TAYLOR "END"; 
TAU:•11 If 11 TAUACC>TAUSTAB 11 THEN 11 TAUSTAB 11 ELSE 11 TAUACC; 
TAUSl•TAU; "IF" TAU>•TE-T "THEN" 
"BEGIN" TAUt•TE-T; LAST i ■ "TRUE" "END"; 
T AUO: •TAUl; TAUl: •TAU2; TAUZ: •TAU 

"END"; 

"PROCEDURE" OifFERENCE SCHEME; 
"BEGIN" "INTEGER" J; "REAL" B; 

"FOR" J:•MO "STEP" l "UNTIL" M "00" CCJJ:•UCJJ; TAUlt•lJ 
Nl:XT TfRMI 

I:•I+l; DER!VATIVECI,C); TAUil•TAUI*TAU; 
B : ■ BF.TAC I] *TAU!; 
"lF" ETA>O "ANO" I>•P "THEN" LOCAL ERROR CONSTRUCTION(Il; 
"FOR'" J l•MO 11STFP 11 l "UNTIL" M "00 11 U[Jl1•UCJl+B*C[J]; 
"IF" I<N 11 THEN" 11 GJT0 11 NCXT TERM; 
T2:•TI 11 IF 11 LAST 11 THEN 11 

"BEGIN" LASTt• "FALSE"; TI• TE "END" 
~ELSE" Tt• T + TAU; 

"EHD "; 

STARTt• K•O; TOt•T; 
CDEFFIC1ENT; LAST1• "FALSE"; 

NEXT LEVEL: 
ST2PSIZf; ¥.:•K+l; I:•O; DIFFERENCE SCHEME; OUT; 
"IF" TA• TE "THEN" "GOTO" NEXT LEVEL 

"END"; 
END Of MODIFIED T4YLOR: 

11 END 11 MODIFIED TAYLOR; 
11 1;:0P" 
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AUTHORSt P .J. VAM DER H"IUWEN AND KeDEKKERe 

INSTITUTE: MATHEMATICAL CENTRE• 

RECEIVEDt 140416. 

BRIEF DESCRIPTION: 

EXPONENTIALLY FITTED TAYLOR SOLVES AN INITIAL VALUE PROBLEM., GIVEN 
AS A SYSTEM OF FIRST ORDER DIFFERENTIAL EQUATIONS., BY MEANS OF A 
ONe•STEP TAYL□R-11ETHOD • AUTOMATIC STEPSIZE CONTROL IS PROVIDED• 
IN PARTICULAR THIS METHOD IS SUITABLE fOR THE INTEGRATION OF STIFF 
DIFFERENTIAL EQUATIONS ., PROVIDED THAT HIGI-IER ORDER DERIVATIVES CAN 
Bf EASILY OBTAINSDe 

KEYWORD Si 

DIFFERGNTIAL EQUATIONS., 
INITIAL VALUE PROBLEMS, 
EXPONENTIAL FITTING, 
STIFF C QUA TI ONS., 
T~REe•CLUSTER METI-IOD, 
ONE•STEP TAYLOR•METHOD• 

J 
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CALLING S~QUGNCE: 

THE HEADING OF THE PROCEDURE READSs 
"PROCEDURE" EXPONENTIALLY FITTED TAYLOR (T, TE, MO, M, U, SIGMA, 

PHI, DIAMET£R, DERIVATIVE, I, K, ALFA, NORM, 
AETA, RETA, ETA, RHO, HMIN, HSTART, OUTPUT); 

"INTEGSR" MO,M,I,K,NORM; 
"REAL" T,TE,S!G~A,PHI,DIAMETER,ALFA,AETA,RETA,ETA,RHO,HMIN,HSTART; 
"ARRAY" ll; 
11 PROCEDIJRE" DERIVATIVE',OUTPUT; 

THE ~EAHING OF THE FORMAL PARAMETERS ISI 
T: <VARIABLr:>; 

THE INDEPENDENT VARIABLE T; 
MAY BE USED IN DERIVATIVE, SIGMA ETC.; 
~NTRYt THE INITIAL VALUE TO; 
EXIT : THE FINAL VALUE TE; 

TE: <APITHMETIC EXPRESSION>; 
THE FINAL VALUE OFT (TE>• TI; 

MOI (ARITHMETIC EXPRESSION>; 
INDEX Of THc FIRST EQIJATION OF THE SYSTEM TO BE SOL VEO; 

Mt (ARITHMETIC EXPRESSION>; 
INDEX 1F THE LAST EOUATIO~ 1F THE SYSTEM TO BE SOLVED; 

u: <ARRAY IDENTIFIER>; 
11 ARRAY" U [ MO: Ml; 
THE DEPENDENT VARIABLE; 
ENTRYI THE INITIAL VALUES OF THE SOLUTION OF THE SYSTEM OF 

DIFFERENTIAL EQUATIONS AT T • TO; 
EXIT : THE VALUES OF THE SOLUTION AT T • TE; 

SlGMAI <ARITHMETIC EXPRE$SION>; 
THE MODULUS OF THE (COMPLEX) POINT AT WHICH EXPONENTIAL 
FITTING IS DESIRED, FOR EXAMPLE AN APPROXIMATION OF THE 
MODULUS OF THC CENTRE OF THE LEFT HAND CLUSTER; 

PHI1 <ARITHMETIC EXPRESSION>; 
THE ARGUM!NT OF THE (COMPLEX> POINT AT WHICH EXPONENTIAL 
FITTING lS DESIRED; 
PYI SHOULD HAVE A VALUE FROM THE RANGE [PI/2,PIJ; 

DIAMCTERt <ARITHMETIC EXPRESSION>; 
THf DIAM~TtR OF THE LEFT HAND CLUSTER; 

DERIVATIVE: <PROCEDURE IDENTIFIER>; 
THE HEADING OF THIS PROCEDURE READS: 
"PROCEDURE" DfRIVATIVE<I,Al; "INTEGER" I; "ARRAY" A; 
I ASSUMES THE VALUES l,2,3 AND A IS A ONE•DIMENSIONAL ARRAY 
A[MOtMJ; 
WHEN THIS PROCEDURE IS CALLED, ARRAY A CONTAINS THE 
COMPON2NTS OF THE (I-ll•ST DERIVATIVE OF U AT THE POINT T; 
UPON C!JMPLETION OF DERIVATIVE, ARRAY A SHOULD CONTAIN THE 
COMPONENTS OF THE I-TH DERIVATIVE OF U AT THE POINT T; 

I: <VARIABLn>; 
A JENSEN PARAMET~R FOR PROCEDURE DERIVATIVE; 
MAY BE USED IN MO AND Mi 
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AETA: 

ETA: 

RL-101 

HMIM: 

HSTART: 

OUTPUT: 
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<VARIABLE>; 
INDICATES THE NUMBER Of INT~GRATION STEPS PERFORMED; 
ENTRY: K • I); 
EXIT r THE NUMBER OF INTEGRATION STEPS PERFORMED; 
<ARITHMETIC EXPRESSION>; 
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MAXIMAL GROWTH FACTOR FOR THE INTEGRATION STEP LENGTH; 
(ARITHMETIC EXPRESSION>; 
IF NORM• 1 DISCREPANCY AND TOLERANCE ARF. ESTIMATED IN THE 
MAXIMUM H~RM, OTH~RWISE IN THE EUCLIDlAN NORM; 
<ARITHMETIC EXPRESSION>; 
DESIRE!) ABSOLUTE LOCAL ACCURACY; AETA SHOULD BE POSITIVF.; 
<ARITHMETIC EXPRESSION>; 
DESIRED RELATIVE LOCAL ACCURACY; RETA SHOULD BE POSITIVE; 
<VARIA2LE>; 
COMPUTED TOLERANCE; 
<VARIABLE>; 
COMPUTr:D DISCREPANCY; 
<ARITHMETIC EXPRESSION>; 
MINIMAL STEPSIZE BY WHICH THE 
LIOWEVER, A 5MALLER STEP WILL 
STEPSIZE 4STAB , PRESCRIBED 
!<;EE REFC2l1 FORMULA 6el2 l; 

INTEGRATION IS PERFORMED; 
BE TAKEN IF HMIN EXCEEDS THE 
BY THE STABILITY CONDITIONS 

IF HSTAB TENDS TO ZERO, THE PROCEDURE TERMINATES; 
<VARIABLE>; 
EMTRY: THE lNTlTIAL STEPSIZE ; HOWEVER, IF K • 0 ON ENTRY, 

TH f: VALUE OF HST ART IS NOT TAKEN INTO CON SI DE RATION; 
EXIT: A SUGGESTION FOR THE STEPSIZE , If THE INTEGRATION 

S~OULD BE CONTINUED FOR T>TE; 
HSTART MAY BE USED IN SUCCESSIVE CALLS OF THE PROCEDURE, IN 
ORDER TO OBTAiij THE SOLUTION IN SEVERAL POINTS TE1,TE2,ETC; 
<PROCEDURE IDENTIFIER>; 
THE HEADING OF THIS PROCEDURE READS& 
"PROCEDURE" OUTPUTi 
THROUGH TH IS PROCEDURE THE VALUES AFT ER EACH INTEGRATION 
STEP OF FOR INSTANCE T, U, ETA AND RHO ARE ACCESSIBLE; 

DATA AND RCSULTSt 

FOR FURTHER EXPLANATION OF THE PARAMETERS SIGMA1PHI,DIAMETER1AETA1 
RETA,ETA,RHO,MO,M SEE REFC2l; 
FOR RESULTSt SEE EXAMPLE OF USE AND REFCZ]; 

PROCEDURES USED: 

INIVEC • CP 31010; 
DUPVEC • CP 31030; 
vecvec • CP ~4010; 
ELMVEC • CP 34020; 
ZER □ IN • CP 34150. 
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REQt.flRED CENTRAL ME:110RY: 

EXECUTION FIELD LENGTH! CIRCA 40 + 2 • ('1 - MOie 

RUNNING TIMC: 

DlPENDS STRONGLY 1~ THE DIFFERENTIAL EQUATION TO BE SOLVED. 

LANGUAGE: ALGOL 60e 

METHOD AND PERFORMANCE t SEE REFERENCt:S. 

Ri::FERENC ES1 

Cl]. P.J. VAN DER HQUWENe 
ONE-STEP METHODS FOR LINEAR INITIAL VALUE PROBLEMS II., 
POLYNOMIAL METHODSe 
TW REPORT 122, (19701 MATHEMATICAL CENTRE. 

C2le PoJo VAN DER HQUWFN., PeBEcNTJES, KeDEKKER AND F..SLAGTe 
ON!':~TEP METHODS FOR LINEAR INITIAL VALUE PROBLEMS III, 
NUM~RICAL ~XAMPLES. 
TW REPORT 130, (1971) MATHEMATICAL CENTRE. 

i::XA MPL E OF USE: 

THE SOLUTION AT T•EXP(ll AND T•EXP(2l OF THE DIFFERENTIAL EQUATION 
DU/DT•--EXP<T>•CtJ-LNCTll + l/T "1ITl-f INITIAL CONDITION uc.Oll•LN(.01) 
AND ANALYTICAL SOLUTION UCTI • LNCTl, MAY BF. OBTAINED AS FOLLOWS• 

"BEGIN" "INTEGER" I,K; 
"R~Al" T,TE.,TF.1,TE2,RETA,ETA,RHO,PI,HS,EXPT,LNT,TIME,UO,Ul,U2; 
"REAL" "ARRAY" U[O:OJ; 

19 PROCE DURE" EFT CT, TE, MO, M, U1 SI GMA,P!-fI, DI AME TE R, DERIVATIVE, I., K, 
ALFA,NORM,AETA,RETA,ETA,RliO,Ht"1N,liSTART,OUTPUTl ; "CODE" 33050; 

"PROCEDURE" DERIVATIVECI,Ul; "INTFGER" I; "ARRAY" UJ 
19 IF~ I•l "TH[N19 "BEGIN" fXPTl•EXP(T); L~Tl•LN(Tl; U01•UCOJ; 

Ul:•UCOJ:•EXPT*CLNT-UO)+l/T 
"El\tD 11 "ELSE" 

"IF" !•2 "THr.N 19 U2t•UCOJl•EXPT*CLNT-UO-Ul+l/Tl-l/T/T 
"ELSE 11 U[OJt•EXPT*ILNT-uo-2•u1-U2+21T-l/T/T)+2ITIT/T; 

"PROCEDURE" !JUT; 
"lf" T•TE 19 THEN" OUTPUTC61, 19 ("6ZD,+3ZD.3DB3DB3D"l",K,U[OJ>; 
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"PROCEDURE" JUTl; 
OUT PUT( 61, 11 ( 114 8011-D, 37.'e 3D, / 11 1 11 .t RETA, CLOCK-TIME); 

0UTPUT(61,"(""<" THIS LINE ANO THE FOLLOWING TEXT IS "I" 
"("PRINTED BY rnIS PRIJGRAM">",//, 
"(" THE Rf:S!JLTS WITH EFT AR(: -CONFER REFC2J- 1 11 111 .,1, 
11 (" K U(TEll K U(Tf2) 19 )" 

"(" RETA TIME"I",/")"); 
PI:•4*ARCTAN!l>; TEl:•EXP!llJ Te2:•EXP(2); 
"FDR11 RETA:• 11-l, 11-2, 11-3, 11 -4 "DO" 
"BEGIN" Tt•e0l; UC0lt•LN!T)J Kt•0; HSt•0; TIME1•CL0CK; 

11 F0R 11 TEl•TEl,TE2 "0 □" 
EFT!T,TE,0,0,U,EXPITl,PI,2*EX 0 <2*T/31,DERIVATIVE,I,K,l•5,2, 
RETA/10, RETA, ETA, RH□,"-4,HS.1 OUT>; 0UTl 

"E"lD "; 

0UTPIJTl6l,''C"//,"I" WITH RELAXED ACCURACY CONDITIONS FOR 11 ) 11 

11 ( 11T>3t"l",l,"I" .K UITEl) K UITE2)"1" 
" I " RE T A TI ME" ) ", /" l " ) ; 
"f0R11 RETA: •"-1, 11 -2, "-3, "-4 "00" 
"BEGIN" T:• e0l; UC0J: •LN (T l; K t•0; HS: ■ 0; TIMES •CLOCK; 

"FOR" TEl•TE1,TE2 "DO" 
EFT<T,TE,0,0,U,EXP(T),PI,2*EXP<Z*T/3),DERIVATIVE,I,K,le5,2, 

RETA/10*!"IF 11 T<3 11 THEN" l "ELSE" EXPC2*<T-31l)1 
RETA*!"IF" TO "THEN" 1 "ELSE" EXP(2*(T-3>», 
tTA,R~ □,"-4,HS,JUT)J 0UTl 

"EIIO" 
"END" 

THIS LINE AND THE FOLLOWING TEXT IS PRINTED BY THIS PROGRAM 

THE P. ~S LILTS WITH EFT ARE -c 0NF ER REFCZJ-
K ll(TEll KJ U (TE2 > RETA TIME 
15 +l.OCl3 84"1 OOl 42 +2.000 076 417 l"-l .938 
22 +1.001 211 2% 52 +2. 000 066 067 1 11-2 1. 121 
36 +1.000 108 738 92 +2.000 020 495 1 11-3 1.872 
56 +1.000 045 27l 171 +2. 000 000 9 25 l"-4 30493 

WITH RE:LAXED ACCURACY CONDITIONS FOR T>3: 
K U (Tell K U <TE2 > RETA TIME 
15 +le 003 845 001 42 +2.000 076 417 111-1 loD37 
22 +1.001 211 286 50 +2.000 049 978 l"-2 1.154 
36 +1.000 108 738 68 +2.000 023 330 l "-3 lo419 
56 +1.000 045 271 98 +2.000 065 0 56 1 19-4 2.oos 
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SIJURCE T~XT CS l: 

"C1JD£"" 33050; 
"PROCEDIJRJ.;11 EXPONENTIALLY FlTTFD TAYLOR(T,TE,MO,M,U,SIGMA,PHI,DIAMrTER, 

DERIVAT1VE,I,K,ALFA,N1RM,AETA,RCTA,ETA,RHO,HMIN,HSTART, □UTPUT); 
t1INTEGER 11 '10,M1I,K,NORM; 
11 REAL II T, T::;, SIGM A,PH I, DIAMHER, ALFA.,AETA,RETA,f'T A, RHO,HMIN,HSTART; 
"ARRAY" U; 
11 PRQCEDUR2 11 DER1VATIVE,OUTPUT; 
"BEGIN" "INTEGER" KL; 

"REAL" Q,EC0,ec1.,ec2,H.,HI,HO,Hl,H2,BETAN,T2,SIGMAL,PHIL; 
11 REAL 11 "ARRAY" C,ROCMO:Ml,BETA,B5THA[lt3J; 
11B DOL !:AN" LAST, ST ART; 
"PROCEDURE" INIVECCL,IJ,A,l<l; 11 CODE 18 31010; 
NDRIJCEDURl" DUPVEC(L,U,SHIFT,A,BJ; 11CODE" 31030; 
11 REAL 11 11 P~OCEDURE 11 VECVECCL, U, SHIFT, A, Bl; 11 CODE 11 34010; 
"PRUCEDURE" ELMV[C(L,U1SHIFT,A1B1Xl; "CODE" 340201 
"BOOLEAN" "PROCEDURE" 'EROINCX, Y, FX, EPS>; "CODE" 34150; 

11 PROCEDUR::11 COCFFICIENT; 
11 RFG.l.t-l" 11 RFAL 11 B,B1,B2,BB,E,BETA2,BETA3J 

Bt•H*SIGMAL; Blt•B*COS(PHILl; BB2•B*B; 
11 IF11 ABS(B)<"-3 "THEN" 
11 B[Gl~" BETA~:•.5-BB/24; 

BETA3:•l/6+Bl/12J 
BETHA[3J:•.5+Bl/3 

"!!MD" 11 ELS~ 11 

"IF" Bl<-40 "THEN" 
19Bt:GIN" BETA2:•C-2*Bl-4*Bl*Bl/BB+l)/BBi 

BETA31N(l+2*Bl/BB)/BB; 
BF.THA[ :)J: •l lBB 

"END" "ELSE" 
19 BCGIN11 E r•EXP(B ll /88; JBZt •B* SHl (PHIL); 

BETA21•C-2*Bl-4*Bl•Bl/BB+ll/BB; 
B f.:T A 3: • 1 l +2* Bl / B B l / B B; 
11!f19 ABSCBZ/Bl<"-5 19 THEN 19 

"BEGIN" BETA2t•BETA2-E*<Bl-3l; 
BF.TA3!•BETA3+E*CBl-2)/Bl; 
BETHA[3] t•l/BB+E*( Bl-1 l 

"END" "ELSE" 
"BEGIN" BETA21•BETA2-E*SIN(B2-3*PH1Ll/B2*BJ 

BETA3!•BETA3+E*SIN!BZ-Z*PHILl/B2; 
BETHAC3Jt•l/BB+E*SIN(B2-PY!Ll/B2*B; 

*'l:ND" 
11 1:ND"J 
BETA[lJ:•RETHA[lJ: ■ l; 
B~TAC2Jl•BCTA2; BETAC3Jt•BETA3; 
BET~AC2l!•l-BB*BETA3; B:•ABSCBl; 
Q: ■11 IF 11 B<l.5 11TH~N" 4-Z*B/3 11 ELSE" 11 IF 11 B(6 "THEN" (30-Z*Bl/9 
"ELSE" 2; 

19 END 19 ; "COM~ENT" 
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"'EAL" "PROCEDURE" NORMFUNCTION(NORM,W); 
"INTEGER" NORM; "ARRAY" W; 
"BEGIN" "INTEGER" J; "REAL" s,x; 

11 IF" N~RM•l "THEN" 
"REGIN" "FOR" Jr•MO "STEP" l "UNTIL" M "DO" 

"BEGIN" X1•ABSCWCJJ); "IF" X>S "THEN" Si•X "END" 
"f'ID II< 11 ELS !:" 
Si•SQRT(VECVEC(MO,M,O,W,W>>; 
NO,MFUNCTIONl•S; 

"END"; 

"PROCEDURE" LOCAL ERROR BOUND; 
ETAr•A[TA+RETA * NORMFUNCTION(NORM,U); 

"PROCeOURE" LOCAL ERROR CONSTRUCTION(!); 11 INTEGER 11 I; 
"BEGIN" 11 IF" I•l "THEN" lNIVECCMO,M,RO,O); 

"If" I<4 "THGN" ELMVfC(MO,M,O,RO,C,BETHACil*HI); 
11 IF" I•4 "THEN" 
11 B!:GlN" ELMVEC CMO,M,O,RO,C,•HI; 

RHO: •N tJR'IFU NC TI ON ( NORM, RO I; 
EC O a. EC 1; ECl t •E CZ ;E C2 t •RH 0/HOQ; 

II END" 
11 ENO"; 

"PROCEDURE" STEPSIZE; 
"BEGIN" "REAL" HACC,HSTAB,HCR, HMAX,A,B,C; 

"IF 11 "NOT 11 START 11 THE:N11 LOCAL ERROR BOUND; 
11 If 11 START "THEN" 
"BEGIN" Hll•HZr•HACC1•HSTART; 

lC21•~Cl:•l; KL:•11 STARTr•"FALSE 11 

"END" "ELSE" 
"IF" KL<3 "THEN" J 
"BEGIN" HACCs ■ (ETA/RHDl**Cl/Q)*HZ; 

"If" HACC>lO*H2 "THEN 11 HACC1•lO*H2 "ELSE" KL:•KL+l 
"EtlD" "EL SE" 
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"BEGlN" At•(i-10•( ECZ•ECl>-Hl• (ECl-ECO) I/ (HZ•HO-Hl•Hll i 
H:•H2*C"IF 11 ETA<RHO 11 THEN 11 (ETA/RHOl**Cl/Ql 11 ELSE 11 ALFA); 
"IF" A>O "THEN" 
"BEGIN" Bs ■ (F.C2-EC1-A*(H2•Hl))/Hl; 

Ct•EC2•A*HZ•B*TZ; HACC:•O; HMAX: ■ H; 
11lf 11 AZEROIN(HACC,H,HACC**Q*(A*HACC+B*T+Cl-ETA, 
"-3*H2) 11 THEN 11 HACCl•HMAX 

"END" "ELSE" HACCt•H; 
"IF" HACC<e5*H2 11 THE~ 11 I-IACC:••5*H2; 

"EN 0" ; 
"1F 11 HACC<HMIN "THEN" HACCt•HMIN; Ht•HACC; 11 COMMENT 11 
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"IF" H*SIGMAL>l "THEN" 
"B'.:GHl" A:• ABS (DIA METER /SI GMAL +11-14112; B: •2*ABS (SIN( PHIL l l; 

BETAN:•("IF" A>B "TH~N" l/A "ELSE" 1/Bl/A; 
HSTABl•ABS(BETAN/SIGMALl; 
"IF" H~TAB<"•14*l "THEN" "GOTO" ENDOFEFT; 
"IF" H)fiSTAB 11THHI" H: •HSTAB 

II END"; 
HCR: •Hl*HZ/Hli 
"If 11 KL>2 11 A:m 11 ABSCH•HCRl<"-6*HC~ 11TH!N 11 

Hl• 11 1F 11 H(l-fCR "THEN" HCR*Cl- 11-7) "ElSF. 11 HCR*Cl+"-7); 
"IF" T+H>TE "THEN" 
19 !3!:;GI"I" LASTl• 11TRUE 11 ; YSTART:•H; ri:•TE-T "F.ND 11 ; 

HO:•HlJHll•HZ;H2:•H; 
"END"; 

"PROCEDURE" DIFFERENCE SCHEME; 
"BEGIN" HI: ■1; SIGMAL:•SIGMA; PHIL:•PHI; 

STi:P SIH; 
COEFF ICic NT; 
"FOR" Il•l,2,3 ~00 11 

11B2GIN" HI:•HI*Hi 
"IF" I>l "THEN" DERIVATIVECI,C); 
L UCAL EP.RORCrJN STRUCT IO~ C I); 
ELMVF.C(MO,M,O,U,C,BETACil*Hil 

11 EN D11 ; 

T2t•T; Kl•K+li 
"JFtt LAST "THEN" 
•iB~GHI" LAST: ■ 11fAL~E 11 ; T:•TE; START:•"TRUE" 
"END" "ELSE" Tl•T+H; 
OUPVECCMO,M,O,C,U)J 
DERIVATIVECl,C); 
LOCALERRORCotlSTRUCTION(4l; 
OUTPUT; / 

"END"; 

START:•"TRUE"J LASTl•"FALSE"; 
OUPVEC(MO,M,O,C,Ul; 
DERIVATIV[Cl,C); 
"IF" K•O 11THE N" 
"BEGIN" LOCAL ERROR BOUND; HSTART:•ETA/NORMFUNCTIONCNORM,Cl 
"END"; 

NEXT LE vn: 
DIFf::R[tlCE SCHC:M'.;; 
11 IF 11 T"•TE "TH!:N" "G!JHl" NEXT LEVEL; 

f:NDDFEFTi 
11 E!IID 11 EXPONENTIAL l=!TTED TAYLOR; 

11 EOP 11 
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SECTIO~ 5.2.lele2•1 CONTAlNS FOUR PROCEDURES FOR INITIAL VALUE PROBLE"S 
FOR SECOND ORDER ORDINARY DIFFERENTIAL EQUATIONS. 

A. RK2 SOLVES AN IVP FOR A SINGLE S~COND ORDER ODE BY MEANS OF A 
5•TH ORDER RUNGE•KUTTA METHOD• 

B, RK2N SOLVES AN IVP FOR A SYSTEM OF SECOND ORDER ODE'S BY MEANS 
OF A 5•TH ORDER RUNGE-KUTTA METHOD 

c. RK3 SOLVES AN IVP FOR A SINGLE SECOND ORDER ODE WITHOUT FIRST 
DERlVATIVEe RK3 IS BASED ON A 5•TH ORDER RUNGE-KUTTA METHOD. 

De RK3N SOLVES AN IOVP FOR A SYSTEM OF SECOND ORDER ODE'S WITHOUT 
FIRST DERIVATIVE. RK3N IS BASED ON A 5•TH ORDER RUNGE•KUTTA METHOD. 
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PROCEDURE : RK2e 

AUTHORt JeAelONNEVELDo 

CONTRIBUTORS: MeBAKKER AND I.BRINK. 

INSTITUTE1 MATHEMATICAL CENTRE. 

RECEIVED1 7307l5e 

BRIEF DESCRIPTIONS 

RK2 INTEGRATES THE SCALAR INITIAL VALUE PROBLEM 
ID/DX) ID/OX) Y • FIX, Y, 10/DXlY>, A<• X <•B ORB<• X <• A, 
YIA) AND CD/DX) YCA) PRfSCRIBEDe 

KEYWORD Sr 

INITIAL VALUE PROBLEM, 
SECOND ORDER DIFFERENTIAL EQUATION. 
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CALLING SE'IUENC cl 
THE HEADING Of THE PROCEDURE READS: 
11 PROCEDURE 11 RK2(X, A, B, Y, YA, -,, ZA, FXYZ, f., D, FI); 
"VALUE" B, fl; "REAL" X, A, Y, YA, Z, ZA, FXYZ; 
"BOOLEAN" FI; "ARRAY" r, o; 
"CODE" 33012; 

THE MEANING OF THF FORMAL PARAMETERS ISt 
Xt <VARIABLE>; 

THE INDEPENDENT VARIABLE; 
A: <ARITHMETIC EXPRESSION>; 

THE INITIAL VALUE OF XJ 
Bt <ARITHMETIC EXPRESSION>; 

THi END VALUE OF X, CB<• A IS ALLOWED); 
Y: <VARIABLE>; 

THE DE?ENDENT VARIABLE; 
EXIT I THE VALUE OF Y(X) AT X • B; 

YA: <ARITHMETIC EXPRESSION>; 
ENTRY: THE INITIAL VALUE OF Y AT X • A, 

Z t <VARIABLE>; 
THE DERIVATIVE DY I DX; 
SXIT ; THE VALUE Of Z(X) AT X • B; 

ZA: <ARITHMETIC EXPRESSION>; 
ENTRY I THG INITIAL VALUE OF (D/DX) Y AT X • A; 

FXYZt <ARITHMETIC EXPRESSION>; 
THE RIGHT HAND SIDE OF THE DIFFERENTIAL EQUATION; 
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FXYZ DEPENDS IJN X, Y, Z, GIVING THE VALUE Of (D/DX) (DIDX) Y; 
E1 <ARRAY IDENTIFIER>; 

"ARRAY11 ECl : 4]; 
ECll ANO EC3J ARE USED AS RELATIVE , ECZJ ANO EC'tl ARE USED 
AS ABSOLUTE TOLERANCES FOR Y AND DY I DX, RESPECTIVELY; 

Dt <ARRAY IDENTIFIER>; 
"ARRAY 11 DC l : 5]; 
EXIT: 

ENTlER(DCll + e5l 
OC Zl 

• .. THE NUMBER OF STEPS SKIPPED, 
THE LAST STEP LENGTH USED, 

0[3] 
D [It l 

• 
• 

B, 
Y(B), 

DC 51 • (D/DXl Y, FOR X • B; 
FI: <BOOLEAN EXPRESSION>; 

If FI• "TRUE" THEN THE INTEGRATION STARTS AT X•A 
STEP B - A; IF FI• "FALSE• THEN THE INTEGRATION 
WITH,AS INITIAL CONDITIONS, X • DC3l, Y • DC'tl, Z 
A, YA AND ZA ARE IGNORED. 

PROCEDURES USEDr NONE. 

WITH A TRIAL 
IS CONTINUED 
• D[5l, AND 
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METHOD AND PERFORMANCE : 
THE PROCEDURE, WHICH IS PROVIDED WITH STEPLENGTH AND ERROR CONTROL, 
IS BASED ON A 5-TH ORDER RUNGE-KUTTA METHOD. 
A C!Jf1PLETE DESCRIPTION IS GIVEN IN Cll e 

REFERENCES: 

Clle JeAeZONNEVELDe 
AUTOMAT1C NUMERICAL INTEGRATION. 
MATHe CENTRE TRACT 8 (1970le 

EXAMPLE OF USE t 

THE VAN DER POL EQUATION 

(D/DX} CD/OX} Y • l0*(1-Y**2l*CDY/DXI - Y, X >• O, 
Y • 2, DY/DX • 0 , X•O 

·CAN Be INTEGRATED BY THE PROCEDURE RKZ; AT THE POINTS 
X • 9e32386578, 18186305405, 2Be40224l62, 37.94142918 
TI-IE DER!VATIVE DY I DX VANISHES; THE PROGRAM WHICH SOLVES THE VAN 
DER POL EQUATION R[ADS AS FOLLOWS <WITH ECIJ • "-B, I • 1,eee,41: 

"BEGIN" "COMMENT" VAN DER POL; 
"~ROCEDURE" RK2CX,A,B,Y,YA,Z,ZA,FXYZ,E,D,FI); "CODE" 33012; 
"REAL" X,Y,Z,B; "BOOLEAN" FI; "ARRAY" E[l:41,D[l:5]; 
ECll:•ECZl: ■EC3J: ■EC4l:•"•8J 
"FOR" Bt•9• 32386578,18180305405,2B.4022416Z,37e9414Z91B 11 0011 

"BEGIN" FI:• BClO; 
RKZ(X,O,B,Y,z,z,0,10•<1-Y••z>•Z-Y,E,D,Fl)j 
OUTPUT(61,"("//10B"("X•"l"20el0D,10B"("Y•"l"+2De100 , 
108"("0Y/DX •")"+15D"ZD"l",X,Y,Zl 

11 EN 011 

11 fN 0" 

RESULTS! 

X•l8e6630540500 

X •28.4022416200 

X•37o9414291800 

Y•-OZ.0142853609 

Y•+02e0l4285360g 

Y•-02e0l42853609 

Y•+02e0142853608 

OY/DX•+e00000"00 

DY/ OX •-.00001"00 

DY/DX•+e00001"00 

DY/OX•-.00002 1100 
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SOUP.CC TEXT( SI: 

11 CODf'1 130..,2 ; 
"PROCED!JRf" RKZ(X, A, B, Y, YA, Z, 7.A, FXYZ, E, O, FIi; 
"VALUC" B, FI; "R!;AL" X, A, 8, Y, YA, z, ZA, FXY7.; 11 800Li:=AN 11 FI; 
11 ARRAY 11 1, D; 
"BEGIN" "REAL" Cl, t:2, t:3, £4, XL, YL, ZL, H, INT, HMIN, HL, 

ABSH, KO, Kl, K2, K3, K4, K5, DISCRY, DISCRZ, TOLY, 
TQU, MU, MUl, fHY, FHZ; 
"BOOLEAN" LAST, FIRST, RE.Jf.CT; 
"IF" FI "THl::N" 
"BEGIN" D[3Jt• Ai D[4Jr• YAJ D[5Jt• ZA "END"J 
DClJ:• O; XL:• D[Jl; YL:• 0[4]; ZL:• 0[5]; 
"IF" FJ "TH~N" DC?]:• B - DC3l; ABSH:• H:• ABS(0[2]); 
"IF" B - XL< Cl "'THfN" Ht• - 1-fJ INTt• ABS(B - XL); 
HMINt• I"IT * !:Cll + H2l; HL:• INT * i=t3J + ft4]; 
"If" 4L < .-JMIN ••THEN" HMIN:• HL; l;l:• F.tll / INT; 
E21• ';[2J I IN,.; E3t• ft3l / INT; E4t ■ EC4l / INTJ 
FIRST1• "TRUC"J "IF" FI "THEN" 
"B~GIN" LA~T:• "TRUE"; "GOTO" STEP "!ND"; 

T~ST: ABSH:• ABS(~); "IF" ABSH ( HMlN "THEN" 
"BEGIN" HI• "IF" H > 0 19THEN 19 HMIN 1111 ELS!;" - HMIN; ABSH:• HMIN 
"PIO"; 
"IF" H >• B - XL 11 ~QUIV11 H >• 0 11 THEN 11 

"BEGIN" DC2]1• H; LAST:• 11 TRU1;;: 11 ; HI• B - XL; 
AOSHt• ABS(H) 

"END" 
II:: LS'.:" LAST:.. II F Al s E11 ; 

STEP: X:• XL; Yt• YL; ZI• ZL; KOi• FXYZ * H; 
X I • XL + H / 4. 5; 
Y : • Yl + ( ZL * l fl + KO * 2 l / 81 * H; 
Z: • Z L + KO I 4 • 5 ; Kl:• F X YZ * H; X: • XL + H / 3; 
YI• YL + ( H * 6 + KO) / 18 * H; 
ZI• ZL + (KO+ Kl* 3) / 12; K21• FXYZ * H; 
X:• XL+ H * .5; 
Y: • Yl + ( ZL * 8 + KO + K2) / lli * Hi 
ZI• Zl + (KO+ K2 * 3) / 8; K3t• FXYZ * H; 
X : ■ XL + H * .a; 
Y:• YL + CZL * 100 +KO* 12 + K3 * 28) / 125 * H; 11 CO"IMENT11 
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Z•• !L +(KO* 53 - Kl* 135 + K2 * 126 + K3 * 56) 
I 125; K4:• FXYZ * H; X:• "IF" LAST "THEN" B "ELSE" XL + H; 
Y: • YL + ( ZL • 336 + KO * 21 + KZ * 92 + K4 • 55) / 
336 >Ii HJ 
Zt• ZL +(KO* 133 - Kl* 376 + KZ * 276 + K3 • 112 
+ K4 * 25) / 166; K5: ■ FXYZ * ~; 
DISCRY1• ABS(( - KO* 21 + KZ * 108 - Kl* 112 + K4 
* 25) / 56 * H); 
DISCRZt• ABS(KO * 21 • K2 * 162 + K3 * 224 - K4 * 
125 + K5 + 42) / 14; 
TOLY:• ABSH * (ABS(~L) *El+ E2>; 
TOLZ1• ABS(KO) * E3 + ABSH * E4J 
REJECT•• DISCRY > TOLY 110R" DISCRZ > TOLZ; 
FHY:• DISCRY / TOLY; FHZ:• DISCRl I TOLZ; 
"IF" FHZ > FI-IY "THEN" FHYI• FHZ; 
MUt• l / (1 + FHY) + e45J •tF• REJECT •THEN• 
"BEGIN"""IF" ABSH <• HHIN "THEN" I 

"Bl:GIN" DClJ:• DCll +UY:• YL; Zia ZL; 
FIRSTt• "TRUE"J "GOTO" NEXT 

•END•; 
1-1:• MU*~; "GOT011 TEST 

"END"; 
•IF• FIRST •THEN• 
"BEGIN" FIRST•• "FALSE"; HU• H; H: • HU * H; "GOTO" ACC 
"'.:ND"; 
FI-IYt• MU* H / HL + MU - MUl; HLI• H; HI• FHY * H; 

ACC I MUlt• MU; 
Yt• YL + (Zl * 56 +KO* 7 + K2 * 36 - K4 * 15) / 56 
* HL; 
Z•• ZL + ( •KO• 63 +Kl* 189 - K2 * 36 - K3 * 112 
+ K4 * 50) / Z6J K5t• fXYZ * HL; 
Y:• VL + (ZL * 336 +KO* 35 + KZ * 108 + K4 * 25) 
/ 336 * HL; 
ZI• ZL +(KO* 35 + KZ * 162 + K4 * 125 + K5 * 14) 
I 336; 

NEXTt "IF" 8 A. X "THEN" 
"BEGIN" XL•• x; YLI• Yi ZLI• z; •GOTO• TEST •END•; 
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•IF" "NOT"LAST "THEN" DC2lt• H; DC3lt• X; DC4lt• Y; 0[5]:• Z 
11 END11 RKZ; 

"EOP" 
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PROCEDURE I RK2No 

AUTHOR:J.A.ZONNEVELD. 

CONTRIBUTDRS1 MeBAKKCR AND I.BRINK. 

INSTITUTE: MATHEMATICAL CENTRE• 

RECEIVEDt 730715. 

BRitF DESCRIPTION1 

RK2N INTEGRATES THE VECTOR INITIAL VALUE PROBLEM 
<D/DX) <D/DXl Y • f(X, Y, (0/DXl Yl, A<• X <• B ORB<• X <• A, 
YCJl (A) MID <D/DXl Y[Jl (Al PRESCRIBED FOR J•l,••••N• 

KEYWORDS 1 

INITIAL VALUE PRUBLE~, 
SECOND OPDER DIFFERENTIAL ~QUATIONe 



S[CTlfJN 1 'ie2alele2elo B (FEBRUARY 1979) 

CALLING SEQUENCE: 

THE H~ADING OF THE PROCEDURE READS1 
"PROCEDURE" RK2N( x.,A.,B .. y., YA., Z .. zA,F XY Z J, J, tg D, FI, NI; 
11 VALU2" B, FI,N; 
"INTEGER" J,N; 
"REAL" X.,A,B,FXYZJ; 
11 BOOLEMl11 FI; 
"ARRAY" Y,YA,Z,ZA,E,D; 
11 CDDE" 33013; 

THE MiANING OF TH~ FORMAL PARAMETERS IS: 
X: (VARIABLE>; 

THl INDEPENDENT VARIABLE. 
UPON COMPLETIJN OF A CALL OF RK2N, 
1T IS EOIJAL TO B; 

A: <ARITHMETIC EXPRESSION>; 
THE STARTING VALUE OF X; 

Bt <ARITHMETIC EXPRESSION>; 
A VALUE PARAMETER,GIVING THE END VALUE OF X; 

Y: (ARRAY IDENTIFIER); 
"ARRAY" YCl!Nl; 
THE VECT~R OF DEPENDENT VARIABLES; 
.:XIT: TH!: VALlJE OF YCJJ (8), (J • 1, •• ,NI; 

YA: (ARRAY IDENTIFIER); 
"ARRAY" YA[llNJ; 

PAGI: 2 

EHTRY: THE STARTING VALUES OF YCJJ,I.E. THE VALUES AT X•A; 
z: (ARRAY IDENTIFIER>; 

"ARRAY" ZCllNJ; 
THE FIRST DERIVATIVES OF THE DEPEMDENT VARIABLES; 
EXIT: ne VALUE OF (D/DXIY[J](B) (J • 1, .. ,N>; 

ZA: (ARRAY lDENTIFIER); 
"ARRAY" 7.AClitU; 
ENTRY: T~E STARTING VALUES OF ?[JJ,r.e. THE VALUES AT X•A; 

FXYZJ:(ARITHMETIC EXPRESSION>; 
AN EXPRESSION DEPENDING ON X,J,Y[Jl,Z[Jl (J•l, ••• ,N>, 
GIVING THE VALUE OF (D/DX)(D/OX)YCJl; 

J: <VARIABL~>; 
A VARIABLE OF TYPE INTEGER,USED IN THE ACTUAL PARAMETER 
CORRESPOilDING TO FXYZJ,TD DENOTE THE NUMBER OF THE 
EQUATION RGQUIRED (JENSEN'S DEVICE>; 

E: <ARRAY IDENTIFIER>; 
"ARRAY" E[lt4*NJ; 
THE ELEM~NT ECZ*J-ll IS A RELATIVE AND ECZ•JJ IS AN ABSOLUTf 
TOLF.RANC~ ASSOCIATED WITH YCJJ; 
£C2*<N+Jl-1J IS A RELATIVE AND ECZ*<N+Jll IS AN ABSOLUTE 
TOLERANC~ ASSOCIATED WITH Z[Jl; 
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DI (ARRAY IDENTIFIER>J 
"ARRAY" D[l:2*N+3l; 
l:XIT: 

(FEBRUARY 1979) 

ENTIER(Dtll+.5) IS THE NUMBER OF STEPS SKIPPED; 
D[Zl IS THE LAST STEP LENGTH USED; 
D[3l IS 50UAL TO B; 
DC4l1eee1DCN+3l ARE EOUAL TO YCll, ••• ,YCNl FOR X•B, 
DCN+4J, ••• ,DC~*N+3l ARE EQUAL TO THE DERIVATIVES 
zc11, ••• ,Z[N] FOR X•BJ 

F!: <BOOLEAN EXPRESSION>; 
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IF Fl•"TRU~" THEN THE INTEGRATION STARTS AT A,WITH A TRIAL 
STEP B•AJIF FI•"FALSE" THEN THE INTEGRATION IS CONTINUED 
VIZe WITY INITIAL CONDITIONS:X•DC3l,YCJl•DCJ+3l,ZC3l• 
D[N+3+Jl AND STEP LENGTH H•DC2l*S1GN(B-DC3l>, AND 
A, YA, ZA ARE IGNORED; 

N: <ARITHMETIC EXPRESSION>; 
THE NUMBER OF EQUATIONS. 

PROCEDURES USEDt N~NEe 

REQUIRSD CENTRAL ,.,EMORY: 
EIGHT ARRAYS OF ORDER N AND ONE Of ORDER 4 * N ARE USED. 

METHOD AND PERFORMANCE : 
RK2N INTEGRATES (D/DX)(D/DXIY • F(X,Y,Zl FROM XTO B,WITH, EITHER 
(IF F! • "TRUE"> X•A, Y[Jl•YA[Jl, Z[Jl•ZA[Jl, OR (IF F.I ■ "FALSE"> 
X • DC3l, YCJl•DCJ+3l, ZCJl•DCN+J+3l, J•l1eee1N, USING A 5-TH ORDER 
RUNGE-KIJTT A METHIJD • 
UPON COMPLETION OF A CALL OF RKZN WE HAVE1X•DC3l•B, YCJl•DCJ+3l 
THE VALUE OF THE DEPENDENT VARIABLES FOR X•B, ZCJl•DCN+J+3l, THE 
VAL!JE OF THE DERIVATIVES OF YCJl AT X•B, 3•1,eeuNe 
RK2N USES AS ITS MINIMAL ABSOLUTE STEP LENGTH 
HMIN•MIN (EC2*J-ll*!NT+EC2 *Jl) WITH l(•J<•Z*N AND INT• 
ABSCB-("IF" FI "THEN" A "ELSE" D[3])). 
IF A ST!:P OF Ll:NGTH ABS(Hl<•HMIN IS REJECTED, A STEP SIGN(Hl*HMIN 
IS SKIPPED• A STEP IS REJECTED IF THE ABSOLUTE VALUE OF THE 
COMPUTED DISCRETIZATI □N ERROR IS GREATER THAN 
< ABS(ZCJll * i:[2 * J - ll + ECZ * Jl l * ABS<H> / INT 
OR IF THAT TERM IS GREATER THEN (ABS(FXYZJ>•Et2•<J+Nl-l 
+~CZ*(J+N)l)ABS(H)/INT, FOR ANY VALUE OF J ,l<•J<•N (INT•ABS(B-A)). 
SEE REFClJe 
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l:XAMPLE OF USE: 

TrlE S~COND ORDER !VECTO~) DIFFERENTIAL EQUATI~~ 

(D/DXl(D/DXlY[lJ • -5*!Y[l] + (D/DXlYC2ll + Y[2l, 

(D/DX)(D/DXlYC2J • -5•CYC2l + (D/DXlY[lll + YCll, X>•O, 

YCll • !D/DX)Y[2l "11 Y[2J • 10/DXlYCll • O, X•O 

WITH ANALYTIC SOLUTION 

Y[ll • -EXP(-X)*(EXP(-Xl*!EXP(-X}*(EXP(-X)/3+.5)-1)-5/6), 
YC2J • -tXPI-Xl*C~X~(-Xl*!EXP!=Xl*IEXPI-X)/3-.5)+1)-5/6) 
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CAN BE INTEGRATED BY RK2N FRryM OTO 5 WITH 1,2,3,4 AS REFERENCE 
P □ rnrs. THE PRIJGRAM READS AS FOLL!JWSI 

11 BcG!N 11 11 REAL 11 B, X, EXPX; 11 INTEGER 11 K; "BOOLEAN" FI; 
"ARRAY" Y, VA,Z,l.AC0:2 J,EC lt8 l, DCOt 71; 
11 PROCEDURE 11 RK2~!X,A,B,Y,YA,Z,ZA,FXYZJ,J,E,D,FI,N); 11 CODE"33013; 
11 F'JR" Kl•l,2,3,4,5,6e7,8 11 0011 E[K]:•"-7; 
YA[lJ:•ZA[2]:•li YA[2Jl•ZA[1]:•0; B:•l; AA: FI:•B•l; 
RK2N( X,O, B,Y,YA, Z, ZA,-5*( Y[Kl +7CKJ )+ 119 IF 11 K•1 11THEN 11 YC 2J 11 EL SE" 
YCJ.Jl,K,E,D,FI,?); 
"COMMENT" COMPUTATION OF TH.: EXACT VALUES OF Y AND DY/DX; 
::xpx:•LXP(-X); 
YA[lJt•-EXPX•!tXPX*(EXPX*IEXPX/3+,5)-1)-5/6); 
YA[ZJt•-EXPX•!£XPX*(EXPX•(EXPX/3-.5)+ll•5/6); 
ZA[lJ:•+EXPX•<EXPX*!EXPX*(EXPXl.75+1.5)-2)-5/6); 
ZA[2]t•+EXPX*(EXPX*(EXPX*CEXPX/e75=le5l+2)-5/6); 
OUTPUTC61,"("l20B"("X•")"D•4D/, 
lOB"!"YCll-YEXACTCll•"l"+el4D ,10B"("Y[2l-YEXACTC2l• 11 l"+•1404/, 
10B"l"ZCll•ZEXACTCll•"l 11 +el4D ,10B"("ZC2l•ZEXACT[Zl•"l"+•140 
5/A) 11,X,YC1J-YACll,YC2l-YAC2J,ZClJ-ZACll,ZC2l•ZAC2l); 
B l•B+l; "1 F11 B<5 "THEN" "GO T011 AA 

"~ND" 
RESIJLTS: 

X"leOOf'.10 
YCll-Y£XACT[ll•+e00000000002955 
7.ClJ-ZEXACTClJ•-•00000000013770 

x-2.or,oo 
Y[lJ-YCXACT[lJ•--oooouo00085294 
ZC1J-!EXACTClJ•+eOOOOOOD0378800 

X•3 00001'.1 
YC1J•YEXACT[l]•••OJOOOD~0162707 
Z[lJ•ZcXACT[l]•+.oOOOOOOOij03265 

X•4,0U00 
YC~J•YEXACTCll•-•00000000117993 
ZClJ•ZEXACTCl]•+oU0000000633393 

YC2J-YEXACTCZJ•+,0000000000567 
ZC2l-ZEXACTC2J•=•0000000002422 

YC2l-YEXACTC2J•+e000000000l486 
ZC2l-ZEXACTC2J•-,0000000006509 

YC2l-YEXACTC2l•-•0000000004796 
ZC2l-ZEXACTC2l•+e0000000019380 

Y[2J-YfXACTC2l•••0000000008505 
ZC2J-ZEXACTC2J•+.0000000039114 



SOURCE TEXT(Slt 

"CIJDE"" 33013 ; 

(AUGUST 1974) 

"PROCEDURE" RKZNCX, A, B, Y, YA, Z, ZA, FXYZJ, J, E, D, 
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FI, N)J "VALUE" B, FI, N; "INTEGER" J, N; "REAL" X, A, B, FXYZJ; 
"BOOLEAN" FI; "ARRAY" Y, YA, z, ZA, E, D; 
"BEGIN" 11 INTEGeR" JJ; 

"REAL" XL, H, INT, HMIN, HL, ABSH, FHM, DISCRY, DISCRZ, 
TOLY, TOLZ, MU, MU1, FHY, FHZJ 
"BOOLEAN" LAST, FIRST, REJECT; 
11 ARRAY 11 YL, ZL, KO, Kl, K2, K3, K4, K5Cl:Nl, EECl:4 * 
N l; 
11IF 111 FI "THEN'' 
11 BEGIN 11 DC3l:• A; 

"FOR" JJ:• l 11 STF.P" l "UNTIL" N "DO" 
"BEGIN" D[JJ + 3]: ■ YACJJ]; OCN + JJ + 3]1• ZACJJJ 
"E~1D" 

"EN 0"; 
DCl]:• O; XL:• 0[3]; 
"FOR" JJt• l "STEP" 1 "UNTIL" N "DO" 
11 BEGIN 11 YLCJJ]r ■ O[JJ + 31; ZLCJJ]1 ■ OCN + 3J + 31 11 END 11 ; 

11 lf" FI 11THEN 11 DCZlt• B • DC3]; ABSH:• H:• ABS(OCZJ>; 
"If" B - XL< 0 "THEN" Ht• - HJ INTi• ABS(B - XL); 
HMINI• INT • EClJ + ECZlJ 
11 FOR11 JJ:• 2 "STEP" 1 "UNTIL" 2 * N 11D0 11 

"BEGIN" HL:• INT * ECZ * JJ .. ll + EC2 * JJJ; 
"IF" HL < HMIN "THEN" HMIN1• HL 

"END"; 
11 FOR 11 JJ:• l "STEP" l "UNTIL" 4 • N 11 00 11 EECJJl:• ECJJJ / INT; 
FIRST1• "TRUe11 ; "IF" FI "THEN" 
"BEGIN" LAST:• "TRUE"; 11 GIJT011 STEP "END 11 J 

TEST: ABSH:• ABSCHl; "lF 11 ABSH < HMIN 11 THEN 11 

"BEGitl" H:• 11 IF 11 H > 0 "THEN" HMHI "ELSE"• HMIN; 
ABSHI• ABS(Hl 

11 ENDtt; 
11 lF 11 H >• B - XL 11 E0UIV 11 H >• 0 "THEN" 
"~EGIN" DC2]:• HJ LAST:• 11 TRUE"J HI• B - XL; 

ABSHI• ABS(YI 
"END" 
11 ELSE 11 LAST1• 11 FALSE 11 ; 

STEP1 Xt• XL; 
"FJR11 JJt• l "STEP" l "UNTIL" N 11 00 11 

11 BEGIN 11 YCJJ]:• YLCJJJ; ZCJJJ:• ZLCJJl 11 END 11 ; 

"FOR" J:• l "STEP" l "UNTIL" N "DtJ" KOC Jls• FXYZJ * H; 
X t • XL + H / 4e 5; 
11 FORtt JJ:a l 11 STEP" 1 11 UNTILtt N 11 0011 

"BEGIN" YCJJJ:• YLCJJl + CZLCJJJ * 18 + KOCJJ] * 2) I 
81 * HJ Z[JJ]I• ZLCJJl + KO[JJl / 4.5; 

"END"; "COMMENT" 
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11 FIJR" J: • l "STEP" l "l!NTIL" N "0011 Kl[ JJ: • FXYZJ * H; 
x: • XL + Y / 3; 
11 FDR" JJ t• 1 19STEP 11 l "UNTIL" N 11 00" 
"BEGIN" Y[JJlt• YL[JJJ + (ZLCJJJ * 6 + KOCJJJl / 18 * H; 

ZCJJJ:• ZLCJJJ + (KOCJJJ + KlCJJl * 31 I 12 
"END"; 
"FOR" JI• l "STEP" l "UNTIL" N "DO" K2[J]I• FXYZJ * H; 
x:• XL+ 4 * .5; 
11 FOR11 JJ:• l "STEP" 1 "UNTIL" N 11 00 11 

"BEGIN" Y[JJ]I• YL[JJl + (ZLCJJ] * 8 + KO[JJl + K2CJJ]) 
I 16 * H; 
ZCJJJ:• ZLCJJJ + (KO[JJJ + K2[JJJ * 31 / IJ 

"END"; 
"FOR" JI• l "STEP" l "UNTIL" N 11100 11 K3CJJt• FXYZJ * H; 
X s • XL + H * • 13; 
11 FOR11 JJ:• 1 "STEP" l "UNTIL" N "00" 
"BEGIN" YCJJJr• YLCJJl + <ZLCJJl * 100 + KOCJJJ * 12 + 

K3 C J J l * 2 8 ) / 12 5 * 1-f; 
ZCJJJ:• ZL[JJJ + (KOCJJJ * 53 - KlCJJJ * 135 + 
K2CJJJ * 126 + K3CJJJ * 561 / 125 

"END 11 ; 

"FOR" J:• l "STEP" l "UNTIL" N 11 00 11 K4[JJt• FXYZJ * HJ 
x:• 11 IF 11 LAST 11 TH&N11 B 11 ELSE 11 XL+ H; 
"FUR" JJ:• l "STEP" l "UNTIL" N "DO" 
"BEGIN" Y[JJlt• YLCJJJ + !ZLCJJ] * 336 + KOCJJJ * 21 + 

KZCJJl * 92 + K4CJJJ * 551 / 336 * 4; 
ZCJJJ:• ZLCJJJ + (KOCJJJ * 133 - Kl[JJJ * 378 + 
KZCJJJ * 276 + K3CJJJ * 112 + K4[JJl * 251 / 168 

"l:MD"; 
"FOR" J:• l 11 STEP 11 l "UNTIL" N 11D0" K5CJJ:• FXYZJ * H; 
REJECT:• 11 FALSEn; FHM:• O; 
"FOR" JJ t• l "STEP" l "UNTIL" N "0011 

"BEGIN" DISCRYt• ABS(( - KOCJJJ * 21 + K2CJJJ * 108 -
K3[JJ] * 112 + K4[JJJ * 25) / 56 * Hl; 
DISCRZ1• ABS!KOCJJJ * 21 - K2CJJJ * 162 + K3[JJl 
* 224 - K4CJJ] * 125 + K5[JJ] * 42) / 14; 
TOLY:• ABSII * (ABS(ZLCJJ]) * Ei:[2 * JJ - lJ + 
EEC2 * JJJ); 
TOLZz• ABS(KO(JJJl * EEC2 * (JJ + N) - ll + ABSH 
* EEC2 * (JJ + "Ill; 
REJECT:• DISCRY > TDLY 11 DR 11 DISCRZ > TOLZ "DR" REJ~CT; 
FHY:• DISCRY / TOLY; FH7.:• DISCRZ / TOLZ; 
"If" FHZ > FHY "THEN" FHYt• FHZ; 
"IF" FHY > F'-IM 11TH[N 11 FHMl• FHY 
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11 END"; "COMMENT" 
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"U 1 ■ l / (l + FHM) + e45; "IF" REJECT "THEN" 
"BEGIN• "IF11 ABSH <• HMIN "THEN" 

"BeGIN" DClJ: ■ O[ll + l; 
"FOR" JJ: ■ l "STEP" l "UNTIL" N "00" 
"BEGIN" YCJJ]1• YL[JJ]; Z[JJ]I• ZLCJJ] "ENO•; 
FIRSTt• "TRUE"; "GOTO" NEXT 

11END"; 
HI• '1U * Y; "GOT~" TEST 

"!:ND11 ; 
11 IF 11 FIRST "THEN" 
"BEGIN" FIRST:• "FALSE"; HL: ■ H; H: ■ MU• H; "GOTO" ACC 
"END"; 
FHMt• MtJ * H / HL + MU - MUl; HU• HJ Ht• FH'1 * HJ 

ACCI '1Ul: ■ MU; 
"FOR" JJ: ■ l "STEP" 1 "UNTIL" N "00" 
"BEGIN" Y[JJ]t ■ YL[JJl + (?L[JJ] * 56 + KO[JJl * 7 + 

K2CJJ] * 36 - K4CJJ] * 15) / 56 * HL; 
ZCJJ]1 ■ ZLCJJ] + ( • KOCJJl * 63 + KlCJJl • 189 
- K2CJJ] * 36 • K3CJJl * 112 + K4CJJl * 50) / 28 

11 i:NO"; 
"F~R" J:• l "STEP" 1 "UNTIL" N "00" K5CJJ: ■ FXYZJ • HL; 
"FOR" JJ: • 1 11ST EP n l "UNTIL" N "00" 
11 8EGIN 11 Y[JJlt• YLCJJl + (ZLCJJl • 336 + KOCJJl • 35 + 

K2CJJl * 108 + K4CJJl * 251 I 336 • HL; 
?CJJJ: ■ ZLCJJl + (KOCJJl • 35 + KZCJJl • 162 + 
K4[JJl * 125 + K5CJJl • 14) / 336 

"END"; 
NEXTt "IF" BA. X "THEN" 

"BEGIN" XL:• X; 
"FOR" JJ:• l "STEP" l "UNTIL" N "0011 

"BEGIN" Yt[JJ]1 ■ YCJJl; ZLCJJJ1 ■ Z[JJl "ENO•; 
"GOTO" TEST 

11 EM0 11 ; 

"IF" "NOT"LAST "THEN" 0[2]1 ■ H; DC3lt• X; 
"FOR" JJI• 1 "STEP• l 11UNT1L" N 11 00" 
"BEGIN" DCJJ + 3]1 ■ YCJJl; DCN + JJ + 3]: ■ ZCJJl "END" 

11 EN0" RK2tO 
"E □P" 
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PROCEDURE t RK3 

AUTH□ R:JeAeZONNEVELD. 

CONTRIBUTORS! MeBAKKER AND I.BRINK. 

INSTITUTE: HATYEMATICAL CENTRE. 

RECEIVEDt 730715. 

RRIEF DESCRIPTION: 

RK3 INTEGRATES THE SCALAR PIITIAL VALUE PROBLEM 
ID/DX) (0/DXl Y • F(X,Y) (WITHOUT THE DERIVATIVE (0/DX) YIN Fl, 
A<• X <• B ORB<• X <• A, Y(Al ANO (D/OXI Y(Al PRESCRIBED. 

KEYWORD Sr 

INITIAL VALUE PRURLEM, 
StCOND ORDER DIFFERENTIAL EQUATION. 



CDECEMB!;R 1975) 

CALlING SEQUENCE: 

THE liCADING OF THE PROCEDURE READSi 
11 PR □CtDURE" RK31X,A,B,Y,YA,Z1ZA1FXY,i::,D1FI); "CODE" 33014; 
"VALUE" B,FI; 
II RE AL" X., A I B, y., YA., z, z A, F X Yi 
"BJJU::At-1 19 FI; 
"ARRAY'' E, D; 

THE MEAN ING IJF T'H: FORMAL PARAM::TERS IS I 

XI <VARIABLE>; 
THE INDiPENDE~T VARIABLE. 
U?ON COMPLETION OF A CALL OF RK3, 
IT IS EQUAL TO B; 

A1 <ARITHMETIC EXPRESSION>; 
THE STARTING VALUE OF X; 

8: <ARITH~ETlC EXPRESSION>; 
A VALUE PARAMETER, GIVING THE END VALUc OF x; 
8 <•AI~ ALLOWED; 

V: <VARIABLE>; 
THE DE?E~lD'.:NT VARIABLE; 
:1XIT I THE VALUE OF Y(Xl AT X • !3; 

YA: <ARITHMETIC lXPRESSION>; 
:HTRY: TH~ VALUE OF Y AT X•A; 

z: <VARIA~LE>; 
THC DCRIVATIVE DY/DX; 
2XIT : THE VALUE OF DY/DX AT X • B; 

ZA: <ARITHMETIC EXPRESSION>; 
CNTRY l THC VALUE OF DY/DX AT X•A; 

fXY 1 <ARITHMETIC EX!>RESSION>; 
AN 1:XPRESSIDN,DEPENDING ON X AND Y ,GIVING THE VALUE OF 
( 0 /DX l ( 0/ DX l Y; 

E 1 <ARRAY ID!:NTIFI ER>; 
''ARRAY" Etlt4]; 
~Cl] AND EC3J ARE USED AS RELATIVE TOLERANCES, 
i:C2J AND Fr4J ARE USED AS ABSOLUTE TOLERANCES 
FOR Y AND DY/DX, RESPECTIVELY; 

D: <ARRAY IDENTIFIER>; 
"ARRAY" DC l: 5]; 
E:XI TI 
ENTIER(D[ll+oS) IS THE NUMBER OF STEPS SKIPPED; 
DC2J IS TYt: LAST STEP LENGTH IJSED; 
DC3J lS EQUAL TO B; 
DC4l IS EQUAL TO Y!Bl; 
D[5] IS EQUAL TD DY/DX fOR x .. B; 

FI: <BOOLEAN EXPRESSION>; 
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IF FI•"TRUE" THEN THE INTEGRATION STARTS AT X•A WITH A TRIAL 
STEP B-A;IF FI• 11FALSE" THEN THf INTEGRATION IS CONTINUED 
vn. WITH THI; INITIAL CONDITIONS X•DC3J, Y•DC4l, Z•DC5] AND 
STEP LENGTY H•DC2 J*Sl:GN(B-DC3J l; A, YA,ZA ARE IGNORED,. 
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PRQCEDURES USED s NONE. 

METHOD AND PERFORMANCE : 
RK3 INTCGRATES (0/DX)(O/OX)Y • F(X,Y) FROM XTO B,WITH If FI••TRUE" 
THEN X•A, Y•YA,DY/DX•ZA ELSE X•OC3J, Y•DC4J, Z•DC5le 
A 5•TH ORDER RUNGE-KUTTA METHOD IS USEDe 
UPON COMPLfTIOM !JF A CALL OF RK3 WE HAVE X•OC3l•B, Y•DC4l•YCBl, 
Z•DC5l, I.E. THE VALUE OF DY/OX FOR X•B• 
RK3 ij$ES AS ITS MINIMAL ABSOLUTE STEP LENGTH 
HMIN•MIN (ECZ*J•ll*INT+EC2*JJ) WITH l<•J<•Z AND INT• 
ABS (B-( "If" FI 19 THEN 11 A "ELS!=" 0[3 l) >• 
IF A STEP OF LENGTH ABS(H)(■HMIN IS REJECTED ,A STEP SIGN(H>*HMIN 
IS SKIPPED. A STEP IS REJECTED If THE ABSOLUTE VALUE OF THE LAST 
TERM TAKEN INTO ACCOU~T IS GREATER THEN (ABS(DY/OX)*ECll+ECZl)* 
ABS(H)/INT OR IF THAT TERM IS GREATER THEN (ABS(FXY)*EC3J+EC4ll* 
ABS(H)/INT ( HIT• ABSIB • Al >• 
SEF REFCll. 

REF ERENCESt 
CllJeAeZONNEVELDe 

AUTJMATIC NU~~RICAL INTEGRATIONe 
MATHEMATICAL CENTRE TRACT 8 (l970le 

EXAMPLI:: OF USE 1 

"BEGIN" "COMMENT" SOLUTION OF Y"•X*Y,YIO>•O,Y'(Ol•l; 
"PROCEDURE" RK3CX,A1B1Y1YA,Z,ZA,FXY,E,D,FII; "CODE" 33014; 

"REAL" "PROCEDURE" YEXACT(Xl;"VALUE" XJ"REAL" X; 
"BEGIN" "INT~GER" NJ"REAL" X3,S,TERM; 

X3t•X**3JTERMt•XJSl•O; 
"FJR" Nt•3,N+3 "WHILE" ABS<TE:RMl>"-l't "00" 
"BEGIN" S:•S+TERM;TERM:•TERM*X3/N/!N+l) 
"END"; 
YF.X ACT t •S 

"END"; 

"REAL" X1B1Y1ZJ"B □OLEAN" FlJ"ARRAY" D1E[l~5J; 
ECl J1•EC3lt•"-8if.:C2lt•EC4lt•"-1Zi 
"FOR" Bt•.25,.50,.7~,1.oo "00" 
"BEGIN" fI:•B<e30; 

RK3!X,O,B,Y,O,Z,11X*Y,E,D1FI); 
□UTPUT!61,"("10B"("Y-YEXACT•">"•l0D"2D,5B 11 ("X•"l"Z•ZD, 
5B"("Y•"l"2Del0D//")",Y•YEXACT!X),X,Y> 

11E N D11 

"END" 



DHI\JERSt 

Y-YEXACT•0.0000000000 

Y-YEXACT•OeOOOOOOOOOO 

Y-YEXACT•o.oooouooooo 

Y-Y EX ACT •0 eOOOOOOOOOO 

SOURCE TEXT(Sl: 

"COD£"" 33014 ; 

!AUGUST 1974) 

X• 025 

X• • 75 

X•leOO 

Y •00 • 2503256420 

Y• 00 • 50'5223 B559 

Y•l)O. 7766332813 

Y•Ole 08 5 33964 81 

"PROCEDIJRE11 RK3(X1 A, B, Yr, YA, Z, ZA, FXY., E, D, F!l; 
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"VALUE" B, FI; "R~AL~ X1 A, B, Y, YA, z, ZA, FXY; "BOOLEAN" FI; 
"ARRAY" '.:i, D; 
"BEGIN" 11 REAL 11 El, E2, 1;3., E4, XL, YL1 ZL, H, INT, HMIN, HL, 

ABSH, KO, Kl, K2, K3, K4, K5, DISCRY, DISCRZ, TOL Y, 
T □ LZ, MU, MUl, FHY, FHZ; 
11 BOOLEAN" LAST, FIRST, REJECT; 
"IF" FI "THEN" 

· "BEGIM 11 0[311• A; 0[4JJ• YA; 0[5lt• ZA 11 END 11 ; 

DCllt• O; XL:• DC3l; YL:• 0[4]; Zll• 0[5]; 
11 IF 11 FI "THEN" DC2J:• B - D[3]J ABSHI• H:• ABS!DCZ]l; 
"IF" B - XL ( 0 "THEN" HI• - H; INTt• ABS(B - XL); 
HMINl• INT * E[ll + ECZJ; HLI• I~T * EC3] + E[4l; 
tt!F'1 HL < HMIN 11 TMEN 11 HMIN; ■ HL; !;l:• ECll / INT; 
E2:• EC2J / INT; E3:• EC3l / INT; E4:• Et4l / INT; 
FIRSTI• REJ~CTt• 11 TRUE"; "IF" FI ~THEN" 
"BEGIN" LAST:• 11 TRUE 11 ; "GOTO" STEP "END"; 

TEST1 ABSH:• ABS(Hl; 11 lF" ABSH < HMIN "THEN" 
"BEGIN" Hi ■ "IF" H > 0 "THEN" HMIN "ELSE" - HMIN; ABSHi• HMIN 
"ENO"; 
"lf" H >• B • XL 11 EQUIV11 H >• 0 "THEN" 
"BEGIN" DC2J:• H; LAST:• "TRUE"; H:• B - XL; 

ABSH1 • ABS (H) 
11 ENOtt 
11 1:LSE" LAST:• "FALSE"; "COMMENT" 
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STEP: "If" REJECT "THEN" 
"BCGIN" X1• XL; Y•• Yli KOt• FXY * H "END" 
•ELSE" KOt• K5 • H / HL; Xt• XL+ e276393202Z50021 * H; 
YI• YL + (ZL * .2763932022 50021 +KO• 
e036l966011250ll) * H; Kl:• FXY * H; 
Xt• XL + • 72360 6797749979 * H; 
Yt• YL + (ZL • .723606797749979 + Kl • .26180 
3398674989) • Y; K2t• FXY * H; XI• XL+ H * e5i 
Y1• YL + (ZL • e5 +KO* e046875 +Kl• 
.079824155839840 • KZ * .001699155839840) * H; 
K4t• FXY * H; X:• "IF" LAST 11 THEN 11 8 11 ELSE" XL+ H; 
Y1• YL + (ZL +KO* .309016994374947 + K2 * 
• 190983005625053) * H; Kl t• FXY * Hi 
Y1• YL + (ZL +KO* .083333333333333 +Kl* 
.301502832395825 + K2 * ell'163834270842) * H; 
K5t• FXY * H; 
DISCRYI• ABS(( - KO* e5 +Kl• le809016994374947 + 
KZ • e690983005625053 • K4 * 2) * HI; 
DISCRZ:• ABS((KO - K3) * 2 - (Kl+ K2> • 10 + K4 * 
16 + K5 * 4); TOLYt• ABSH * CABS(?LI *El+ E2>; 
TOLZI• ABSCKO> *El+ ABSH * E4; 
REJECT:• DISCRY > TOLY "0R11 DISCRZ > TOLZ; 
FHY:• DISCRY / TOLY; FHZ:• DlSCRZ / TOLZ; 
"lF" fHZ > FHY "THEN" FHYt• FHZ; 
MUt• 1 / (1 + PHY) + .45; "IF" REJfCT "THEN" 
"BEGIN" "IF" ABSH <• HMIN 11 THEN 11 

"BEGIN" D[l]a ■ DCll + l; Yt• YL; Z•• ZL; 
FIRSTt• "TRUE•; "GOTO• NEXT 

"f!ND "i 
HI• MU* H; "GOTO" TEST 

11EN D11 ,; 

"IF" FIRST "THEN" 
"BGGIN" FIRST: ■ "FALSE"; HL1• H; HI• MU* H; "GOTO" ACC 
"EttO"; 
FHY1• MU * H / HL + MU • MUl; Hll• H; Ht• FHY * HJ 

ACC: f1Ul1• 11U; 
ZI• ZL + (KO+ K3) * .083333333133333 + (Kl+ KZ) * 
,416666666666667; 

NEXTt "lf" B ~. X "THE~" 
"BEGIN" XL: ■~; YL:• Y; ZLI• Zi "GOTO" TEST "END"; 
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"If" "NOT"LAST "THEN" OCZJ: ■ H; 0[3]:• X; 0[4]: ■ Y; OC5Ja• Z 
"END" RK3; 

"EOP" 
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PRQCEDURE : RK3N. 

AUTHOR:J.A.ZONNEVELDe 

CONTRIBUTORSt ~.BAKKER AND IeBRINK. 

INSTITUTE:HATHEMATICAL CENTRE. 

RECEIVfDI 730715• 

BRIEF DESCRIPTION: 

RK3N INTEGRATES THE V~CTOR INITIAL VALUE PROBLEM 
(D/DX) (D/DXl Y • F(X1Y)1 A <• X <• B OR B <• X <• A, 
YCJl CA) AND (D/DX) Y[J] (Al PRESCRIBED. 

KEYWORDS: 

INITIAL VALUE PROBLEM., 
SECOND □RDiR DIFFERENTIAL EQUATION. 

CALLING SEQUENCE: 

THf HEADING Of THE PROCEDURE READS: 
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"PROCtDURE" RK3NCX1A1B1Y1YA,Z,ZA,FXYJ1J1E1D1FI1N); "CODE" 33015; 
"VALUE" B1FI1N; 
"INTEGER" J1Ni 
"REAL" X.11A1B.11FXYJ; 
"B IJ □ L EAN" FI; 
"ARRAY" Y1YA1Z1ZA1E,D; 
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THE MEANING Of THE FORMAL PARAMETERS !SI 
X1 <VARIABLE>; 

THE INDEPENDENT VARIABLE. 
UPON COMPLETION OF A CALL OF RK3N, 
IT IS EQUAL TQ B; 

Al <ARITHMETIC EXPRESSION>; 
THE STARTING VALU~ OF X; 

B: (ARITHMETIC EXPR~SSION>; 
A VALUl PARAMETER1GIVING THE CND VALUE OF X; 
B <• A IS ALL,1WED • 

Y: <ARRAY IDcNTIFIER>; 
"ARRAY" Y(l:N]; 
THE VECTOR OF Df:PENDFNT VARIABLES; 
EXIT I THE VALUE OF VCJ](X) AT X • B; 

VA: (ARRAY IDENTIFIER>; 
"ARRAY" YAClltl]; 
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ENTRY I THE STARTING VALUES OF YCJJ,IeEo THE VALUES AT X•A; 
z: (ARRAY IDENTIFI~R); 

"ARRAY" ~(ltNl; 
THE DERIVATIV~S OF THE DEPENDENT VARIABLES, Z(Jl • DYCJ]/DX; 
EXIT I THE VALUE OF 7CJ](X) AT X • B; 

ZA: <ARRAY IDE 11TIF I!'::R>; 
"ARRAY" ZAtlPI]; 
~NTRY 2 THE STARTING VALUES OF ZCJl,IeE• THE VALUES AT X•AI 

F X Y J1 <ARITHMETIC EXPRESS IOH>; 
AN EXPRESSION DEPENDING ON W,YCll,eee,YCNl,J, 
GIVING THE VALUE OF (D/DX)(D/DX)Y[JJ; 

JI <VARIABLE>; 
A VARIABLE OF TYPE INTEGER,US~D IN THE ACTUAL PARAMETER 
CORRESPONDING TO FXYJ,TO DENOTE THE NUMBER r)F THE EQUATION 
REQUIRED CJEN~EN 1 S DEVICE); 

E: <ARRAY ID l:"ITIF I ER>; 
"ARRAY" E(l:4•NJ; 
THE ELEMtNT E[2*J-ll IS A RELATIVE AND E[2*Jl IS AN ABSOLUTE 
T □ LERANC£ ASSJCIAH:D WITH Y[J]; 
;;;C2*<N+Jl-1J IS A RELATIVE AND H2*(N+J)l IS AN ABSOLUTE 
TOLERANCE ASSOCIATED WITH Z[JJ; 

D1 <ARRAY IDENTIFIER>; 
"ARRAY" D[lt2*N+3l; 
'::XIT: 
ENT!ERCDCll+.~) IS THE NUMBER OF STEPS SKIPP£D; 
DC2] IS THE LAST STEP LENGTH USED; 
DC 3J IS EQUAL TO B; 
D[4J, •• .,Drn+'.:I] .ARE EQUAL TO YCll,uuYCNl FOR XmR; 
n[N+4J, ••• ,D[2*N+3l ARE EQUAL TO THE DERIVATIVES 
ZClJ, • • ., Z CM J FOR X•B; 

FI: <BOOLEAN EXPR~SSION>; 
IF FI• 11TRUE" THE"! THE INTEGRATION STARTS AT A ,WITH A TRIAL 
STEP B-A;IF FI•RFALSER THEN THE INTEGRATION IS CONTINUED VIZc 
~ITH TH~ INITIAL CONDITIONS:X•DC3J,YCJl•DCJ+3l,ZCJl•DCN+J+3J, 
ANO STEP LGNGTH H•DC2l*SIGN(B-DC3ll; A,YA,ZA ARE IGNORED; 

N 1 <ARITHMETIC EXPRESSION>; 
THE NUMBER r)F EQUATIONS. 
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PROCEDURES USED: NONITe 

REQUlRcD CENTRAL M!:MORYt 

(FEBRUARY 1979) 

EIGHT ARAYS OF ORDER N AND ONE OF ORDER 4 * N ARE USED. 

METHOD AND PERFORMANCE : 
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RK3N ItlTEGRATES (D/OX)ID/DX)Y•F<X,Y) FROM XTO B,Wl.TH,IF F!•"TRUE 11 

THEN X•A, Y[JJ•YA[JJ, Z[Jl•ZA[JJ.IF FI•"FALSE" THEN X•DC3l, 
Y[JJ•DCJ+31, ZCJJ•DCN+3+JJ, USING A 5-T'i ORDER RU"IGE-KUTTA METHOD. 
llPON COMPLETION OF A CALL OF RK3N WE HAVE X•DC3J•B, YCJl.,DCJ+3J 
THE VALUE OF THE DEPENDcNT VARIABLES FOR X•B, ZCJJm D[N+3+JJ, 
THE VALUE OF THE DERIVATIVES OF YrJJ AT X•Bo 
RK3N USES AS ITS MINIMAL ABSOLUTE STEP LENGTH1 
HMIN•MIN (EC2•J-ll*INT+ECZ*Jll ,WITH l<•J<•2*N AND INT• 
ABS(B-("IF" FI "THEN" A 11 ELSE 11 D[3l». 
IF A STEP OF LENGTH ABSCHl<•HMIN IS REJECTED,A STEP SIGN(H>*HMI"l IS 
SKIPPED. 
A STEP IS REJECTCD IF THE ABSOLUTE VALUE OF THE LAST TERM 
TAKEN INTO ACCOUNT IS GREATER THEN (ABS(Z[Jll*EC2*J-1J+EC2*Jll* 
ABS(H)/INT OR IF THAT TERM IS GREATER THEN (ABSCFXYJl*EC2*<J+Nl•ll 
+Et2•CJ+Nlll*ABS<HI/INT FOR ANY VALUE OF J, 1<•8<•N (INT•ABSCB-Alle 
SEE Ri';F C lJ • 

REF ER E"IC !:S 1 

ClJJ.A.ZONNEV(LDe 
AUTJ~ATlC NUMERICAL INTEGRATION. 
MA TMEMATICAL CENTRE TRACT 8 C 1970) • 

EXAMPLE lJF USE 1 

THf SECOND ORDER (VECTOR) DIFFERiNTIAL EQUATION 

(D/DXl(D/OX)YClJ • +YC21, 

(D/DX)(D/OX)Y[2l • -YCll, 1()•0, 

YClJ • YC 2l • 1, 

(D/DX)YClJ • (D/DX)Y[2l • O, X • O, 

WHOS~ EXACT SOLUTION IS GIVEN BY 

YC1J•COSH(X/SQRTC2ll*C □S(X/SQRT(21)+SINH(X/SORT(2)l*SIN(XISQRTl2)) 
YC2J•COSH(X/SQRTC2l)*COSCX/SQRTC2ll-SINH(X/SQRT(2l)*SIN(X/SQRT(2)1 

CAN BE INTEGRATED BY RK3N BECAUSE THE SECOND DERIVATIVE IS ~OT 
EXPRESSED IN THE FlRSTo THE PROGRAM READS AS FOLLDWSI 
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"BEGIN" "INTEGER" K,BJ "REAL" X; "BOOLEAN" FI; 
"ARRAY" Y,YA,Z[l:21,ECl:8],D[0:7]; 
"INTEGER" "PROCEDURE" EVEN(N)J "VALUE" NJ "INTEGER" N; 
EVCN•• "IF" N//2 • N/2 "THEN" +l "ELSE" -lJ 
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"PROCEDURE" RK3N(X,A,B,Y,YA,!,ZA,FXYJ,J,E,D,FI,Nl; 11 CODE 11 33015; 
"PROCEDURE" EXACT<X,Yl; 11 VALUE 11 X; 11 REAL 11 XJ 11 ARRAY 11 Y; 
"BEGIN" "ItlTf.;GER" I,N; "REAL" X2,TERM; 

Y[l]l•YClll•O; TERMl•l; X21• X*X*•5J 
"FOR" Nl•l, N+l "W~ILE" ABS(TERMl)"-14 "DO" 
"BEGIN" 11FOR 11 I:•1,2 "DU" 

Y[Ilt•YCIJ + TERM*EVEN((I+N-2)//2); 
TER~I• TERM*XZ /N/(N*2-ll 

"END" 
11 EMD 11 ; 

"FOR" Kl•l,2,3,4,5,6,718 "DO" ECKJl•"-7; FIi• "TRUE"; 
Y[l]l•YCZJl•lJ :!Cl]l•ZC2Ji ■O; Bt•O; AAI Bt• B+l; 
RK3N<X, O, B, Y, Y,Z,Z, 11 IF11 K•l 11THEN 11Y[ 2l 11ELSf 11-Y[l l,K,E,D,Fl,2l; 
EXACTIX,YA); OUTPUT(61,"("//l0B 
"("ABS I YE X AC TC ll-Y[ l l I +ABS ( YE XACT [2 l-Y [2]) •"I" o lOD" 2D" l", 
ABS(Y[ll-YAC1Jl+ABSIYAC2l-YC2ll l; 
fI:•"FALSE"; "IF" 8(5 "THEN" "GO Ta" AA 

"END" 
RESULTSt 
FOR X•l,2,3,4,5 THE FOLLOWING ERRORS ARE NOTIC~D (E[Kl•11 •7, 
K•l,., •• ,ai: 

ABS(YEXACTCll-YClll+ABS(YEXACTC2l-Yf2J)••0000000005"00 
ABS(YEXACT[ll-YC1ll+ABSCYEXACTC2l-YC2ll•e0000000018 11 0O 
ABSCYEXACTCll-YClll+ABS(YEXACTC2l-YC2ll••0000000046 11QO 
ABS(YEXACTCll•YC1Jl+ABS(YEXACTC2l-YC2ll••0000000126 1900 
ABSCYEXACTCll-YClJl+ABS(YEXACTC2l-YC2ll•e000000029!"00 

SOUR Cl:: TEXT (SI: 

19 CODE'"' 33015 ; 
"PROCEDURE" RIOM<X, A, B, Y, YA, Z, ZA, FXYJ, J., E, D, 
FI, N); "VALUE" 81 FI, N; 11 lNTEGER11 J, ~; "REAL" X, A, B, FXYJI 
"BOOL~AN" FI; 19ARRAY" Y, YA, Z, ZA, E, O; 
"BEGIN" "INTEGER" JJ; 

"REAL" XL, H, ~MIN, INT, HL, ABSH, F~M, DISCRY, DISCRZ, 
TOLY, TOLZ, MU, ~Ul, FHY, FHZJ 
"BOOLEAN" LAST, FIRST, RE.JECT; 
"ARRAY" YL, ZL, KO, Kl, K2, K3, K4, K5[1:NJ, EE[l:4 * 
N ]; 
"IF" FI "THEN" 
"BEGIN., 0[31 r• A; 

11 FOR 11 JJ:• l 11 STEP 11 1 "UNTIL" N 11 D0 11 

"BEGIN" D(JJ + 3]:• YACJJJ; DCN + JJ + 3JS• ZACJJJ 
"END" 

"END"; "COMMENT" 
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DClJ:,. O; XU• DC3]; 
"FOR" JJ:• l "STEP" l "UNTIL" M "DO" 
"BEGIN" YLCJJJI• DCJJ + 3]; ZLCJJ]s• DCN + JJ + 3] "END"; 
"IF" FI "THEH" DC2J:• B - DC3J; ABSH:• H:• ABS(DC2ll; 
"If" B - XL': 0 "THEN" H:• - H; INT:• ABS(B - XLl; 
4MINi" ItlT * EC ll + EC21; 
"FOR 111 JJr• 2 "STEP" l "UNTIL" 2 * N "0~" 
"8£GIN" HL:• INT * EC2 * JJ - ll + EC2 * JJJ; 

"!F" H L < H'UN "THEN" HMIN: • HL 
"END"; 
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"FOR" JJI• 1 "STEP" l "UNTIL" 4 * N 11 D □" EECJJJ:• ECJJl / INT; 
FIRST:• REJECT:• 11 TRUE"I "IF 11 FI 11 THEN" 
"BEGIN" LAST1• "TRUE", 11 GOT0" STFP "END 11 ; 

TEST! ABSH1• ABS(H); "IF" ABSH < HMIN "THEN" 
"B~GIH" H:• "If" H > 0 "THEN" HMIN 11 SLSE 11 - HMIN; ABSH1• HMIN 
"END"; 
"If" H >• 8 - XL "EOUIV" fi )m O "THEN" 
"BEG!Ntt 0[2]1 11 H; LASTta "TRUE"; HI• B = XL; 

ABSH:• ABSUll 
"E'lD" 
111 El SE19 LASTt • 11 FALSE 11 ; 

STEP1 111F" REJECT "THEN" 
91 8!:GIN" x~"' XL; 

"FOR" JJ:• l "STEP" 1 "UNTIL" N "DO" YCJJlt• YLCJJl; 
"FOR" Jt• 1 "STEP" l "UNTIL" N "00" KOCJ]I• FXYJ * H 

"END" 
11 ELS!:" 
"BEGIN" FHYt• H / HL; 

111 FOR" JJ!• l "STEP" l "UNTIL" N "00" KOCJJJI• K5CJJJ * FHY 
11 !:ND"; 
XI• XL+ 027639 3202250021 * HJ 
"FOR" .JJia 1 "STEP" 1 "IJNTIL"' N 19 00" YCJJJI .. YL[JJl + (ZL[JJJ 
* e276393202250021 + KOCJJJ * e038196601125011l • H; 
"FOR" J:• 1 "STEP" l "UNTIL 11 N "00 11 KlCJJ:• FXYJ * H; 
Xt• XL+ .723606797749979 • H; 
111 FOR"' JJ1• l "STEP" l "UNTIL" N "D011 Y[JJ]I• YLCJJ] + IZLCJJl 
* 0723606797749979 + KlCJJJ * 0261803398874989) * H; 
"FOR" J:• l "STEP" l 11 UNTIL" N "0011 K2CJ)lffl FXYJ • HJ 
Xl•XL+H*e5i 
"FOR" JJ: .. 1 "STEP" 1 "UNTIL" N "DO" YCJJ]:a YLCJJJ + IZLCJJl 
* e5 + KOCJJJ * 0046875 + KlCJJJ * e079824155839840 
- K2CJJ] * eC.0169 9155839840) * H; 
"FOR" Jt• 1 "STEP" 1 11UNTIL" N "DJ" K4CJJ1• FXYJ * H; 
X:• "IF" LAST "TfiEN" 8 "ELSE" XL+ HJ 
"FOR" JJ:e l 11 STEP" l "UNTIL" N 1100" YCJJ]ta YL[JJ] + (ZLCJJl 
+ KOCJJl * 0309016994374947 + K2CJJl * 
el 9098300 '56250531 * H; "COMMENT 11 
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11 FOR 11 J:• 1 '1STEP 11 l "UNTIL" N 1100 11 K3[JJ:• FlCYJ * H; 
"FOR" JJ I• l 11 STH"' l "UNTIL" N "0011 Y[JJ ]1• YLC JJ] + ( ZLC JJl 
+ KOCJJJ * .083333333333333 + KlCJJJ * .3~150 
2032395825 + K2[JJJ * ell5163834270842) * H; 
"FOR" J:• l "STEP" l 11 UNTIL 11 N "DO" K5CJJ:• FXYJ * H; 
REJfCTl• "FALSE"; FHMt• O; 
11fQR 11 JJI• 1 11 STEP 11 1 11 UNTIL" N 11 00 11 

11 BEG!N11 DISCRY: ■ ABS!( - KO[JJJ * e5 + KlCJJl * 
l.809016994374947 + KZrJJl * .690963005625053 -
K4CJJ] * 2) * H); 
DISCRZ:• ABS((KOCJJJ - K3CJJJ) * 2 - !Kl(JJJ + 
K2CJJJ) * 10 + K4[JJJ * 16 + K5CJJJ * 4); 
TOLY1• ABSH * (ABSCZLCJJ]) * CEC2 * JJ - ll + 
Ef.;[2 * JJJ ); 
T'Jll:• ABS!KOCJJll * EEC2 * !JJ + Nl - lJ + ABSH 
* EECZ * (JJ + ~ll; 
RcJECTt• DISCRY > TOLY "OR 11 DISCRZ > TOLZ "OR" REJECT; 
F'lYI• DISCRY / TOLY; FH!I• DISCR1 I Tl'JLZ; 
11 IF 11 FHZ > FHY 11THEN 11 FHY:• FHZ; 
"IF" FHY > FHM "THEN" FHMI• FHY 

11 !.:ND 11 ; 

MUI• l / ( l + FHM) + .45; 11 ! F'' REJECT "THEN" 
11 BEGIH 11 11IF 11 ABSH <• HMIN 11 THEN 11 

"BSGIN" D[lJ1• D[ll + l; 
11 FOR 11 JJ1• l "STEP" l "UNTIL" N "0011 

0 BEGIN11 YCJJJ: ■ YLCJJ]; 7.[JJJ:11 ZLCJJJ "END"; 
FIRST:• 11 TRUE 11 ; 11 GOT'J" NEXT 

"END"; 
H:• MU* H; 11 Gl']TO" TEST 

11 EN0 11 REJ; 
"If" FIRST "THEN" 
"BEGIN" FIRSTi• 11 FALSE 11 ; HLt• HJ H1• MU• H; "GOTO" ACC 
11 END 11 ; 

FHY:• MU* H / HL + MU - MUl; HLr• H; Ht• FHY • HJ 
ACCt MUlt• MU; 

"F1R" JJ:• 1 11 STEP 11 1 "UNTIL" N "DO" ZCJJJ:• ZLCJJJ + (KOCJJl 
+ K3CJJJl * e083333333333333 + (Kl[JJJ + KZCJJJl * 
0416666666666667; 

NEXTI "IF" BA. X "THEN" 
11 BEGIN" XL:• X; 

"F!JR" JJ :• l 11STE011 1 "UNTIL" N "0011 

"B~GIN" YLCJJlS• YCJJJ; ZLCJJ]i• ZCJJJ ~END"; 
"GOTO" TE ST 

"END"; 
"IF" "NOTttLAST "THEN" OCZJ:• Hi DC3lt• X; 
"FOR" JJr• 1 "STEP" 1 "UNTIL" N "DO" 
11 BEGIN11 O[JJ + 311• YCJJ]; DCN + JJ + 3]1• ZCJJJ 11 END 11 

"END" RK3N; 
tiEQP" 
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I"ISTITUTE1 l"ATHE"'1ATICAL CENTRE. 

RECEIVED: 760201 

BRIEF DESCRIPTION! 

ARKMAT SOLVES AN INITIAL VALUE PROBLEM, GIVEN AS A SYSTEM OF FIRST 
ORDER (NON-LIHEARl DIFFERENTIAL EQUATIONS BY MEANS OF A STABILIZED 
RUNGE KUTTA METHOD; 
IN PARTICULAR THIS PROCEDURE IS ,uITABLE FOR THE INTEGRATION OF 
SYSTEMS WHERE THE DEPENDENT VARIABLE AND THE RIGHTHAND SIDE ARE 
STORED IN A RECTANGULAR ARRAY INSTEAD OF A VECTOR, IeEo 
DU / DT'" FI T, Ul, WHtRE U AND F ARt: IN* Ml MATRICES ( SEE METHOD 
AND P2RFORMANCE). 

KEYWORDS! 

MATRIX DIFFERENTIAL EQUATIONS, 
INITIAL VALUE PR □BLE"IS., 
EXPLICIT ONC-ST~P METHODS, 
STABILIZED RUNGE KUTTA METH1DSe 

CALLING SEQUENCE: 

THE DECLARATION OF THE PROCEDURE IN THE CALLING PROGRAM READS! 

11 PRDC;;DIJRE" ARK'1AT<T, TE, M., N, U, DER, TYPE, ORDER, SPR;, OUT>; 
"VALUE" M, N, TYPE;, ORDER; "INTEGER" M, N, TYPE, ORDER; 
"REAL" T, TE, SPR; "ARRAY" U; "PROCEDURE" DER, OUTJ 
"CODE" 33066; 
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THE Mi:ANING OF THE FORMAL PARAM::TERS IS 
Tt <VARIABL~>; 

THE I~DEPEHDENT VARIABLE TJ 
ENTRY: THE INITIAL VALUE TO; 
EXIT: THE FINAL VALUE TE; 

TE1 <ARITHMtTIC EXPRESSION>; 
ENTRYt THE FINAL VALUE OFT; 

Ml <ARITHMETIC EXPRESSION>; 
NUMBER JF C □LU MNS OF U; 

Nr <ARITHMETIC EXPRESSION>; 
~UMBER OF ROWS OF U; 

U1 (ARRAY IDENTIFIER>; 
"ARRAY" U[l:N,lH1J; 
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ENTRYt THE INITIAL VALUES OF THE SOLUTION OF THE SYSTEM OF 
DIFFERENTIAL EQUATIONS AT T•TO; 

EXIT : THE VALUES OF THE SOLUTION AT T•TE; 
DER• <PROCEDURE IDiNTIFIER>J 

THE HEADING OF THIS PROCEDURE READSr 
"PROCEDURE" DER!T, V, FTVJ; 11 VALllE" T; 
"REAL" T; "ARRAY" V, FTVJ 
THIS PROCEDURE MUST BE GIVEN BY THE USER AND PERFORMS 
AN EVALUATION OF THE RIGHTHAND SIDE FI T, Vl OF THE 
SYSTEM; UPON COMPLETION OF DER,THE RIGHTHAND SIDE SHOULD 
BE STORED IN FTV[laN,ltMl; 

TYPEt <VARIABLE>; 
ENTRY: THE TYP~ OF TH~ SYSTEM OF DIFFERENTIAL EQUATIONS TO 

BE S!JLVED; 
THE USER SHOULD SUPPLY ONE OF THE FOlL □ WING VALUES; 
l: IF NO SPECIFICATION OF THE TYPE CAN BE MADE; 
2: IF THE EIGENVALUES OF THE JACOBIAN MATRIX OF THE 

RIGHTHAND SIDE ARE NEGATIVE RfAL; 
3t IF THE EIGENVALUES OF THE JACOBIAN MATRIX OF THE 

RIGI-ITHAND SIDE ARE PURELY IMAGINARY; 
ORDER: <VARIA~LE>; 

THC ORD!;R OF THE RUNGE KUTTA METHOD USED; 
ENTRYJ FOR TYPE•2 THE USER MAY CHOOSE ORDER•! OR ORDER•2; 

ORDER SHOULD BE 2 FOR THE OTHER TYPES; 
EXlT I IF ORDER IS SET TO ANOTHER VALUE,IT IS ASSUMED TD 

BE (IF TYPE•2 "THEN" l "ELSE" 2li 
SPR: <ARITHMCTIC EXPRESSION>; 

ENTRY: THE SPECTRAL RADIUS OF THE JACOBIAN MATRIX OF THE 
RIGHTHAND SIDE, WHEN THE SYSTEM IS WRITTEN IN ONE 
DIMENSIONAL FORM <I.Ee VECTORFORM); 

THE INTEGRATION STEP WILL EQUAL CONSTANT/SPR ISE~ DATA AND 
RESUL TSl; 
IF NECESSARY SPR CAN BE UPDATED (AFTER EACH STEP) BY MEANS 
Of THE PROCEDURE OUT; 

OUT: <PROC EDIJRE IDENTIFI!:R> 
THE HEADING OF THIS PROCEDURE READS: 
"PROCC:DURE" OUT; 
AFTER EACH INTEGRATION STEP PERFORMED, INFORMATION CAN BE 
OBTAINED OR UPDATED BY THIS PROCEDURE, E,G., THE VALUES OF 
T, U[l:N,l:MJ AND SPRe 
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DATA AND R~SULTSI 

IF THE USER WANTS TO PERFORM THE INTEGRATION WITH A PRfSCRIBED STEP 
H, HE HAS TO GIVE SPR THE VALUE CONSTANT/H, WHERE CONSTANT HAS THE 
FOLLOWING VALUE:a 
CO~STANT• 4.3 IF TYPE•l AND ORDER•2; 
CONSTANT• 156 IF TYPE•2 AND ORD!:R•l; 
C~NSTAHT• 64 IF TYPE•2 AND ORDER•2; 
CONSTANT• 8 IF TYPE•3 AND ORDER•2; 

PROC EDIJR ES USED: 

ELM COL ,. C P34023, 
DUPMAT • CP3103'• 

REQIJIRED CCIHRAL MEM'JRY: 

TWO AUXILIARY ARRAYS Of ORDER N*M ARE DECLARED. 

METHOD AND ?ERFDRMA!IC E: 

ARKMAT IS AN IMPLEMENTATION OF LOW ORDER STABILIZED RUNGE KUTTA 
METHODS ( SEE REFERENCE[ ll l; 
THE INTEGRATION STEPSIZE USED WILL DEPEND ON: 
le THE TYPE OF SYSTEM TO BE SOLVED (I.E. HYPERBOLIC OR PARABOLIC); 
2o T4C SPECTRAL RADIUS OF THE JACOBIAN MATRIX OF THt SYSTEM; 
3e TH: INDICATED ORDeR OF THE PARTICULAR RUNGE KUTTA METHOD; 
THE PROCEDURE ARKMAT IS ESPECIALLY INTENDED FOR SYSTEMS OF 
DIFFERENTIAL EQUATIONS ARISING FROM INITIAL BOUNDARY VALUE PROBLEMS 
IN TWO DIMENSIONS, ioGe WHEN THE METHOD OF LINES IS APPLIED TO THIS 
KIND Jf PROBLEMS,THE RIGHTHAND SIDE OF THE RESULTING SYSTEM IS MUCH 
EASIER Tn DESCRIBE IN MATRIX THAN IN VECTOR FORM; BECAUSE OF THIS 
FACT THE ARRAY lf DEPENDcNT VARIABLES UIS A MATRIX, RATHER THAN A 
VECTOR., 

C lJ • ?.,J. VAN DER HOUWENe 
STABILI:ED RUNGE KUTTA METHOD WITH LIMITED 
STORAGE REQUIREMENTS. 
MATH. CENTR. REPORT TW 124/71. 
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EXAMPLE □ F USE: 

GIVEN THE FOLLOWING SYSTEM OF !:QUAT xo~1s I 

DU/ DT • VC T, X, Yl, 
<l l 

DV / DT • D( DIJ / DX) / DX + DC DU 1 DY) / DY, 

ORIG INA TING FROM THE INITIAL BOUNDARY VALUE PRO BLEM 
DC DU / DT> I DT • DC DU I DX) / DX + D( DU I DY) / DY, 
ON THE DOMAIN O <• X <• PI , 0 <• Y <• 1 >, 

WITH THE FOLLOWING BOUNDARY CONDITIONS! 

UC T, O, Yl • UC T, PI, Y) • UC T., X, ll • o., 
UC T., X., Ol • SIN( X >*COS( SORT( l +PI* PI / 4) * Tl, 

AND THE INITIAL VALUFSr 

UC O, x., Yl • SIN( X l * COS( PI * Y / 2l, 
V< /J., x., Y) • O; 
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BY APPLYING THE METHOD OF LINES TO PROBLEM (ll, USING A TEN BY TEN 
GRID QN THE I~DICATED DOMAIN, THE SYSTfM IS TRANSFORMED TO A MATRIX 
-DIFfaRENTIAL EQUATION; THE SOLUTION OF THE LATTER PROBLEM AT T•l 
IS COMPUTED BY THE FtJLLOWING PROGRAM1 USING A CONSTANT STEPSIZE el.l 

"BEGIN" "REAL" HPI1Hl1H2,HlK,H2K,T,TE; 
"INTEGER" I,J,N,M,TYP,nRDE,TEL;"ARRAY" uc1:20,1:10J; 
"PROCEDURE" ARKMAT(T,TE,M,N,U,DER,TYPE,ORDER,SPR,OUT); "CODE" 33066; 
"PROCEDURE" INIMAT(LR,UR,LC,UC,A,Xl; "CODE" 31011; 

"PROCEDURE" DERIV<T,U,DU);"REAL" T;"ARRAY" u,ou; 
"BEGIN" "FOR" It•2 "STEP" 1 "UNTIL" N-1 "00" 

"FOR" J:•2 "STEP" l "UNTIL" M-1 1900 11 

"B':GIN" OUCI,JJ:•UCI+N,JJ; 
DU[I+N, Jl : ■ (U[I,J+ll•2*UCI,J J+U[ I,J-lll /HlK+ 

(U[I+l,Jl-2*UCI,Jl+UCI-11JJl/H2K 
"END"; 

11 FOR11 J:•l,M 11 D011 

"BEGIN" INIMAT(N+l,N+N,J,J,DU,O); 
"FOR" Il•l "STEP" l "UNTIL" N "D~" OUCI,JJt•UCN+l,3] 
"END"; 

"FOR" lt•l,N "DO" 
"FOR" Jt•Z "STEP" l "UNTIL" ~-1 19 00" 
"BEGIN" DUtI,JJ:•UCI+N,JJ; 

"IF" I•l 11THEN" DUCN+l, JJ : ■ C UC11 J+ll•2*UCl,J J+UCl, J ... lll /HlK+ 
C2*UC21Jl-2*UCl,Jll/H2K 

"ELS2" DUCZ*N,Jll•O 
"END" 

11 END '' DER IV; 
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"PROCEDURE" OUT; 
"BF.GIN" TELl•TcL+l; 

"IF'' T•TE 11 THt:M" 
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"BEGIN" 0 UT p UT ( 6 l, II( II I I I 38, II ( II X") II., 7 B., II ( II "(It)", 4B, 
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" ( "II ( 1, x, V) ") 11 , 7B, 11 ( 11 U ( 1, x, V) 11 ) 11 , /, l 6Bi, 11 ( "COMPUTED" )11 , 7B, 
"("EXACT")M,//")"); 
OUTPUT (61," ("10( 2(-De3D2B) .,2(-De6D6 B 1,/ I") 11 ., 

((l-ll•Hl,<I-ll*H2,UCI,IJ,SIN(Hl*(l-lll•COS(HPI*H2•<I-lll* 
COS ( T*SOR T( 1 +HPI*HPI) >, I 1•111()) l; 
OUTPUT(ol,"("/,"("NUMBER Of INTEGRATION STEPS1 "l" 
,ZHD"l"1T!.:Ll; 
JUTPUT(6l1"("//1''<" TYPE IS1 11 ) 11,ZD; 11 ( 11 ORDt::R IS1 11 l", 
,ZD"l",TYP, □ RDE); 

"E"!D19 ; 

11 l:ND 11 OUT; 

"PROCEDU~E" START; 
ttBEGlN" 11 FOR" Jt•l "STEP" l "UNTIL" M 11 D0" UCN.1JJ:•SIN(Hl*<J-l)l; 

11 FOR 11 t:•1 11ST!:P" l 11 UNTIL 11 N "00" 
"BEGIN" "REAL" COSl; cos1: ■ COS(HZ•H?I•<I-l)); 

"FOR" Jl•l "STEP" l "UNTIL" M "DO" UCI,Jlt•UCN,J]*COSl 
"END" 
lNlHAT(N+l,N+H,1,M,U,Ol 

11 F.N0'' START; 

HPI1•2*ARCTAN(l)JH2t•l/9JHlt•(2*HPil/9;N1•~t•lOJ 
HlKl•Hl*Hl;H2K1•H2*H2;TEL:•OJ 
T:•o; Tc:•1 ; START; TV?:•3; JJRD!:1•2; 
ARKMAT(T,TE,M,N+N,U,DERIV,TYP,ORDE,80,0UT) 

II END" 

THIS PROGRAM DELIVERS: 

X y U(l, X, Yl U(l,X,Y) 
COMPUTED EXACT 

0.000 0.000 o. 000000 0.000000 
0.349 0.111 -0.095201 -0.096735 
(}.698 0.222 -o.17v723 -0.173't74 
le047 0,.333 -c, .21198 3 -o .215398 
l .,39b o.444 -o. 213228 -0.216663 
1. 745 o.556 -0.178920 -0.181802 
2.094 o.667 -0.122388 -0.12't360 
2e443 o .. 11a -0.062138 -0 .063139 
2.703 Oe889 -0.016787 -0.0110,1 
3.142 1.000 o .. ouoooo -0.000000 

NUMBER OF INTEGRATI1N STEPS! 10 

TYPE IS: ) ORDER IS: 2 
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SQllRCE T!:XT(S): 

"CODE" 33066; 
"PROCEDURE" ARKMAT( T, TE, M, N, U, DFR, TYPE, ORDER, SPR, OUT); 
"VALUE" M,N,TYPE,ORDER; 
"INTEGER" M,N,TYPf,JRDER; 
11 REAL" T,TC,SPR; 
"ARRAY" lJ; 
"PROCEDUR~" DER,OUT; 

"BE:GIN 11 11 INTEGER 11 S!G,L; 
"REAL'' TAU; 
11 ARRAY11 LAMBDACls:9 ]1Uf-l1DUC l :N,1: Ml; 
11 BOOL1;AN" LAST; 

"PROCSDURE" ELMCOL<L,U1I,J1A1B,X); "CODE" 34023; 
"PROCEDURE" DUPl1AT(L1U,I1J1A1B); 11 CODE 11 31035; 

11 PROCEDURl::" ELMMATCA1B1X>; "VALUE" X; 11ARRAY" A,B; "REAL" X; 
"FOR" L:•1 11 STEP 11 l 11 UNTIL 11 M "DO" ELMCOL(l1N,L,L1A1B1X); 

"PROCEDURE" INITIALIZE; 
"BEGIN" "INTEGER" I; 11 REAL 11 LSD; 
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"SWITCH" TYPEODTI:•NOTSPECIFIED21PARABOLICl1PARABOLIC2,HYPERBDLIC2; 

"IF" TYPEA•2 "AND" TYPEA•3 11 THEN" TYPEl•l; 
"IF" TYPEA•2 "THEN" ORDER1•2 "ELSE" "IF" ORDERA•2 11 THEN 11 ORDERl•l; 
I:•l; 
11 GOT0" TYPEODEC"IF" TYPE•l 11 THEN 11 l 11 ELSE" TYPE+OROER•ll; 

NOTSPGCIFIFD21 11 FDR" LBDl•l/911/8,l/7,l/611/5,1/4,1/3,l/2,4.3 11 00 11 

PARABOLICll 

PARAB!JLIC2: 

HYPERBOLIC 2: 

"BEGIN" LAMBDACI]:•LBD; It•I+l "END"; 
"GOTO" EXIT; 

"FOR"LBDl•el418519249R-2103404154076R-2110063118'69 
,.01082794375,.01842733851,.03278507942, 
e0653627415,.1691078577,156 "00 11 

"BEGIM" LAMBDACIJt•LBD; Il•I+l "END"; 
"GOTOR EXIT; 

"FOR" LBD:•.353435,908"•2,.8532600867 11-2,.015956206 
,.02772229155,.04812587964,.08848689452, 
.1863578961,.5,64 "00 11 

"BEG!~" LAMBDACI]:•LBD; I1•I+l "END"; 
"GOT !J" EXIT; 

"FOR" LBDi•l/8,l/20,5/32,2/17,17/80,5/ZZ,ll/32,l/Z, 
8 "00 11 

"BEGIN" LAMBDA[IJ:•LBD; I:•I+l 11 END 11 ; 

"GOTO" EXIT; 
"COMMENT" 
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EX!Tt SIGt•SIGN(Tf-Tl 

"END" INITIALIZE; 

"PROCEDURE" DIFFCRENCE SCYEME; 
"BEGIN" "INTEGER" I;"REAL" ~LTJ 

DER(T,ll,DIJ); 
"FOR" It•l "STEP" l "UNTIL" 8 "DU" 
"B[GIN" MLTt•LAHBDACIJ*TAU; 

DUPMA T( l, 'l>l, M,UH,U); 
ELMMAT(UH,DU,~LT)J 
Dt:R!T+MLT,UH, DUl 

"!HID"; 
ELMMAT!U,DU,TAU); 
T••"!F" LAST "THEN" TE "ELSE" T+TAU; 

"END" DIFFERENC~ SCHE~E; 

INITIALIZE; LAST:• 11 FALSE 11 ; 

STE Pt 
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TAU1•( 11 IF" SPR•O "THEN" ABS!Tl:-T) "ELSE" ABS<LAMBDACQJISPRll*SIG; 
"IF" T+TAU >• TE neQUlV" TAU>•O "THEN" 
"BEGIN" TAUt•TE-T;LASTt•"TRUE" "END"; 
DIFfERENCE SCHEME ; OUT; 
"IF" "NOT" LAST "THEN" "GOTO" STEP 

"ENO" Al:IKMAT; 
111;0P" 
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AUTHOR1 Me BAKKER. 

INSTITUTE: 1ATHE~ATICAL CENTRE, AMSTERDAM. 

RECEIVED1 ?51231/ REVISED 7912310 

BR!EF DESCRIPTION: 

TYIS SECTION C □NTAINS T~RE[ PROCEDURES FOR THE SOLUTION 
OF S~COND ORDER SELf-ADJOINT LINEAR TWO POINT 
B □ UNDAFY VALUE PROBLEMS; 

Cl) FCM LAG SYM; 

THIS PROCEDURE SOLVES THE DIFFERENTIAL EQUATION 

- (P(Xl*Y'l' + R(Xl*Y • F(Xl, A< X < B, 

WITH BOUNDARY CQNDITIONS 

ECll*YCAl + ECZJ*Y'<Al • Et3J, 

E[4]*Y(Bl + E[5J*Y 1 CB> • EC6le 

C 2) Ft::M LAG; 

THIS PROCEDURE SOLVES TrlE DIFFERENTIAL EQUATION 

- ytt + R(Xl*Y • FCXl, A< X < B, 

WITH BOUNDARY CONDITIONS 

ECll*Y(A) + EC2l*Y'<Al • EC3l, 

E[4l*Y(Bl + EC5J*Y 1 (B) • EC6J. 

( 3) FEM LAG SPH!:R: 

THIS PROCEDURE SOLVES THE DIFFERENTIAL EQUATION 

WITH SPHERICAL COORDINATES 

- (X**NC*Y'l'IX**NC + R(Xl*Y • F(Xl, A< X < B, 

WITH BfJUNDARY CONDITIONS 

Hll*Y(A) + !;[2J*Y'(A) • EC3J, 

EC4l*Y(Bl + EC5l*Y 1 (Bl • EC6J. 
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SUB SECTiot-11 FEM LAG SV Me 

CALLING seaueNCE: 

THE H[ADING OF THE PROCEDURE RE~DSr 

"PROCEDURE" FEM LAG SYM<X, Y, N, P, R, F., ORDER., El; 
11 VAL UE" N., OR DC R; 11 INT EGER" N., OR DER; 
"ARRAY" X, Y, Q; 
"REAL" "PROCEOIJRE" P, R, F; 
"CDDE" 33300; 

THC MEANING Qf THC FORMAL PARAMETERS IS1 

Nt <ARITHM~TIC EXPRESSION>; 
THE U PPEP. B OtJND OF THE ARRAYS X AND Y; N > li 

Xt <ARRAY IDENTIFIER>; 
"ARRAY" XCOINJ; 
~NTRY: A• XCOJ < X[ll < ••• < XCNJ • B 
IS A PARTITION QF THt: INTERVAL CA,BJ; 

Yt (ARRAY IDENTIFIER>; 
"ARRAY" YCOHIJ; 
l:XIT: YCIJ (I • O, 1, ••• , ~.') IS THE APPROXIMATE 
SOLUTION AT XCI] OF THE DIFFERENTIAL EQUATION 

(ll - IPIXl*Y'l' + R!Xl*Y • F!Xl, A< X < B, 

WITH BOUMDARY CONDITlONS 

E[ll*YIAI + EC21*Y'(Al • EC3J., 
( 2) 

t:C4l*Y(Bl + EC5l*Y'(Bl • EC6J; 

PI <PRiJCEDURE IDENTIFIER>; 
THE HEADING Of P READS: 
"REAL" ll!lRfJCEDlJRE" P(X); "VALUE" x; "REAL" x; 
P(Xl IS THE COEFFICIENT OF Y' IN (l); 

R1 <PROCt:DlJRE IDENTIF IeR>; 
THE HEADING OF R READS: 
"REAL" "PROCEDURE" R!XIJ "VALUE" XJ "REAL" X; 
R(Xl IS THE CIJEFfICIENT OF YI~ !ll; 

F: (PROCEDURE IDE~TIFIER>; 
THE HEADING Off READSr 
"REAL" 11 PR1CEDURE" FIX); "VALUE" X; "REAL" XJ 
F (X) IS THE RIGHT HAND SIDE OF Ill; 
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ORDER: (ARITHMETIC EXPRESSION>; 
i.;!ITRY1 ORDCR DENOTES THE ORDER Of ACCURACY REQUIRED FOR THE 
A?PROXIMAT;: S.:JLIJTION OF (l>-(2); LETH• MAX!X[Il - XCI•lll; 
T 1➔ CN ABS(YCil - Y(X[Il)) <• C*H**!JRDER., l • o., ue , N; 
ORDER CAM BF. CHOSEN EQUAL TO z., 4 OR 6 ONLY; 

E1 -:ARRAY IDPITIF!ER); 
"ARRAY" ECl:6]; 
EClJ., ••• , E[6J DtSCRIBE THE BOUNDARY CONDITIONS (Zl; 
Etll AND Et4l ARE NuT ALLOWWED TO VANISH BOTH. 

PROCEDURES USED: NONE. 

R~QUIRED CE~TRAL MEM□RY1 
FOUR AUXILIARY ARRAYS OF N REALS ARE USED. 

RUNNING T IMC 1 

L~T K • ORDER/2; THEN 
CA) ~•N + l EVALUATIONS OF P(Xl, R(Xl AND F(Xl ARE NEEDED; 
(B) ABOUT 17*2**(K-ll*N MULTIPLICATIONS/DIVISIONS ARE NfEDEDe 

DATA AND RESULTS: 

TH!: ?R!JCEDURI: FEM LAG SYM HAS SOME RESTRICTIONS IN ITS USE1 
CI) P(Xl SHOULD BE POSITIVE ON THE CLOSED INTERVAL <XCJ-ll,XCJJ>; 
CIIl P(Xl, RCX) AND F( Xl ARC RCQUIRED TO BE SUFFICIENTLY SMOOT"¾ 

JN (X[Ol,XCNJ> EXCEPT AT THE GRID POINTS WHERE P(Xl SHOULD BE 
AT LEAST CONTINUOUS; 
IN THAT CASE THE ORDER OF ACCURACY (2, 4, OR 6) IS PRESERVED; 

(III> R(X) SHOULD BE NONNEGATIVE ON <XCOJ,XCNJ>; 
IF, HOWEVER, THE PROBLEM HAS PURE DlRICHLET BOUNDARY CONDITIONS 
(I.E. E[2J • E[5J • 0) THIS CONDITION CAN BE WEAKENED TO THE 
REQUIREMENT THAT 

R(X) > - PO•<PI/(XCNJ - X[Ol)l**Z, 

WHERE PO IS THE MINIMUM OF P(X) ON <XCOl,XCNJ> AND PI HAS 
THa VALUE 3.14159•••; HOWEVER, ONE SHOULD NOTE THAT THE 
PRJBLEM MAY BE ILL-CONDlTl!JNED WHEN R(X) IS QUITE NEAR THAT 
LOWER BOUND; FOR OTHER Ni:GATIVE VALUES OF R(Xl THE EXISTENCE 
Of A SOLUTiotl REMAINS AN OPEN QUESTION; 

CIVl THE USER SHOULD NOT EXPECT GREATER ACCURACY THAN 12 DECIMAL 
DUET~ THE LOSS OF DlGITS DURING THE EVALUATION OF THE MATRIX 
AND THE VECTOR OF THE LINEAR SYSTEM TO BE SOLVED AND DURING ITS 
REDUCTION TO A TRIDIAGONAL SYSTEM; WHEN THE SOLUTION OF THE 
PR□BLEM IS NOT TOO WILD, THIS 12•DIGIT ACCURACY CAN ALREADY BE 
OBTAINED WITH A MODERATE MFSH SIZE CEeGe < Oell, PROVIDED THAT 
A SIXT"¾ ORDER METHOD IS USED. 
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METHOD AND PERFORMANCE: 

PROBLEM lll-(2) IS SOLVED BY M~ANS OF GALfRKIN 1 S METHOD WITH 
CONTINUOUS PIECEWISE POLYNOMIALS !SEE Cll, [211; 
THE SOLUTION IS APPROXIMATED BY A FUNCTION WHICH IS CONTINUOUS 0~ 
THE CLOSF.D HITERVAL <XCOl,XCNl> AND A POLYNO"IIAL OF DEGREE LESS 
THAN QR EQUAL TOK IK • ORDER//2) ON EACH SEGMENT <XCJ-11,X[Jl> 
IJ • 1, •• ., Nl; THIS PIECEWISE POLYNOMIAL IS ENTIRELY 
DETERMINED BY THE VALUES IT HAS 
AT THC KNOTS XCJJ AND ON IK-ll INTERIOR KNOTS ON FACH SEGMENT 
<X[J-ll,XCJl>; THESE VALUES ARE OBTAINED BY THE SOLUTION OF AN 
(ORDER+ 11-DIAGONAL LINEAR SYSTEM WITH A SPECIALLY STRUCTURED 
MATRIX !SEE C2l)J THE ENTRIES OF THE MATRIX AND THE VECTOR ARE 
INNER PRODUCTS WHICH ARE APPROXIMATED BY PIECEWISE IK+l)•POINT 
LOBATTO QUADRATURE <SEE C3l); THE EVALUATION OF THE MATRIX AND 
THE VECTOR IS DONE SEGMENT BY SEGMENT: ON EACH SEGMENT 
THE CONTRIBUTI~NS TD THE ENTRIES OF THE MATRIX AND THE 
VECTOR ARE COMPUTED AND EMBEDDED IN THE GLOBAL MATRIX AND 
VECTOR; SINCC THE FUNCTION VALUES ON THE INTERIOR 
POINTS OF EACH SEGMENT ARE NOT COUPLED WlTH THE FUNCTION 
VALUES OUTSIDE THAT SEGMENT, THE RESULTING LINEAR SYSTEM 
CAN BE REDUCED TO A TRIDIAGONAL SYSTEM BY MEANS OF STATIC 
CONDENSATION <SEE C2J); THE FINAL TRIDIAGONAL SYSTEM, 
SINCE IT IS OF FINITE DIFFERENCE TYPE, IS SOLVED BY 
MEANS OF BABUSKA 1 S METHOD (SEE C4lle 

cXAMPLE OF IJSt;: 

WE S □LVE THE BOUNDARY VALUE PROBLEM 

-<Y••EXPIX))t+Y*COSIX)•EXPIX)*ISINCX)-COS(X)l+SINl2*Xl/2, 
0 < X <PI• 3.14159265358979, 
Y(O) ,. YIPI l • O; 

FOR THE BOUNDARY CONDlTIONS THIS MEANS THAT 

ECll • EC4l • 1; EC2l • EC3l • EC'5l • EC6J • O; 

THr: ANALYTIC SOLUTION IS Y(X) • SIN(XJ; WE APPROXIMATE 
THE SOLUTION OH A UNIFORM GRID, IeEe XCil • I*PI/N, 
I • O, •••' H; WE CHOOSE N•l0,20 AND COMPUTE ~OR ORDER• 2,4,6 
THC MAXIMUM ERROR; THE PROGRAM READS AS FOLLOWSI 
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"BEGIN" "!NTCGER" N; "FOR" N:• 10, 20 "DO" 
"8EG!tl 11 "!NTEGE:R" I, ORDER; 11Ri:AL 11 PI; 11 ARRAY 11 X, YCO:NJ, ECl:6]; 

"RE AL" "PR lJC ED URE" R ( X); "VALUE" x; "REAL" X; 
RI• CIJS llO; 

"RE AL11 11 PR!JC EDUR E" P ( Xl; "VALUE" x; 11 REAL 11 x; 
PI• EXP(X); 

11 Ri::AL" "PROCEDURf" F ( X) ; "VALUE" X; "REAL" X; 
F:• EXP(Xl*<SIN(X)-COS(X)) + SIN <2*X) /2; 

"PROCEDURE" FfM LAG SYM(X, Y, N, P, R, F, ORDER, El; 
"CODE" 33300; 
EClJ:• 1:[4]:• li EC2J:• EC3J:.. EC5J:• EC6l1• O; 
Pir• 3el4l59265358979; 
11 F□R" II• 0 "STEP" l "UNTIL" N "DO" XCilt• PI*I/N; 
OIJTPUT( 61,"( 11 / /16B 11 ( 11N•"l 11 D11 l'11N); 
"FOR" ORDER:• Z, 4, 6 "D011 

"BEGIN" "REAL" RHO, D; 
FEM LAG SYM(X, Y, N, P, R, F, ORDER, El; 
RHO:• O; 
"FOR" It• 0 "STEP" l "UNTIL" N "DO" 
"BEGIN" Dt• ABS(Y[IJ - SIN(X[Il)l; 

11 IF" RHO< D "THEN" RHOI• D 
"END"; 
OUTPUT(6l,"("/116B"("ORDER•")"DD,4B"("MAX.ERROR• ">", 
DeDD"+ZD"l",ORDER,RHOl 

11 cND" 
II EMO" 
"EM D" 

R ::!SULTS: 

N•lO 

N•20 

ORDER•2 
ORDER •4 
ORDER•6 

ORDER•2 
ORDER•4 
ORDER• 6 

MAX• ERROR• le36" -2 
MAX. ERROR• 7.55" -5 
MAX. ERROR• 3e48" -8 

~AXo ERROR• 3e4l" -3 
MAXe ERROR• 4 079" -6 
MAXo ERROR• 5e51"-10 

ONE OBSERVES THAT THE MAXIMUM ERROR DECREASES BY ABOUT 
2••<-IJRDER> WHEN THE MESH SIZE IS HALVED. 



SURSECT!t.J:'-1: FEM LAG. 

CALLING SEQUEi-iCE 1 

THE HEADING OF THE PROCEDURE READS: 

"PROCi:DURE" FEM LAG ( X, Y, N, R, F, ORD£R, E); 
"VALUE" N, ORDER; "INTEGER" N, ORDER; 
"ARRAY" X, Y, ::!; 
"REAL" "PROCE!DURE" R, F; 
"ea DE" 33301; 

THE M2ANING OF THF. FORMAL PARAMETERS IS: 

NI <ARITHMETIC EXPRESSION>; 
THE UPPER BOUND OF THE ARRAYS X AND Y; N > l; 

X: <ARRAY IDEifflFIER>; 
11 ARRAY 11 X[OtNJ; 
EMTRYt A • XCOl < Xtl] < ••• < XCNl • B IS A 
PARTITION OF THE SEGMENT CA,BJ; 

VS <ARRAY ID E11Tl FIER>; 
"ARRA Y11 YCO HI J; 
:xIT: YCI] ( I • O, 1, ••• , N) IS THE APPROXIMATE 
SJLUTI □ N AT XCil OF THE DIFFERENTIAL EQUATION 

(3) - Y' 1 + R(X)*Y • F(Xl, A< X < B, 

WITH BOUNDARY CONDITIONS 
(4) ECll*YCA) + EC2l*Y'<A) • EC3J, 

EC4l*Y(R) + EC5l*Y 1 (B) • EC6J; 

P: (PROCEDURE IDENTIFIER); 
THE HEADING OF R READS: 
"REAL" "PROCEDURE" R(Xl; "VALUE" X; "REAL" X; 
R(X) IS THE COEFFICIENT OF YIN (3); 

F: <PROCEDURE ID!:NTIFIER>; 
THE HtADING OFF READS• 
"REAL" "PR1CEDURE 11 F(X); "VALUE" X; "REAL" X; 
F(Xl IS THi; RIGHT HAND SIDC OF (3); 

ORDERr (ARITHMETIC <EXPRESSION>; 
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iNTRY1 ORDER DENOTES THE ORDER OF ACCURACY REQUIRED FOR THE 
APPROXIMATE SOLUTION OF (3)-(4); LET H • MAX(X[Il - XCI•ll)J 
THEN ABS(Y[ll - Y(l([Il)) <• C*H**ORDIER, I• O, •••, N; 
JRDER CAN CAN RE CHOSEN EQUAL TD 2, 4 DR 6 ONLY; 

E: <ARRAY ID::MTIFIER>; 
11 ARRAY 11 EClt6]; 
£Cl], ••• , EC6l Dt::SCRIB2 THE BOUNDARY CONDITIONS (4 l; 
ECll AND EC4l ARE NOT ALLOWWED TD VANISH BOTH. 
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PROCEDUR~S USED: N1N2e 

REQUIRED C'!NTP.AL MEM□ RY1 

fUUR AUXILIARY ARRAYS OF N REAL~ ARE USED. 

RUNNING TIME: 

LET K • ORDER/2; T~EN 

(A) K*N + l :;VALUATIONS Of R(X) AND F(X) ARE NEEDED; 

(B) ABOUT 1z•z••<K-l)*N MULTIPLICATIONS/DIVISIONS ARE NtEDED. 

DATA AND RESULTS: SEG PRSVIOUS SUBSECTION. 

METHOD AND PERFORMANCE1 SEF PREVIOUS SUBSECTION. 

EXAMPLE OF use: 

we ~□LVE THE BOUNDARY VALUE PROBLEM 

- y11 + Y*SXP(X) • SIN(X)*(l+EXP(X), 
0 < X <~I• 3a14159Z65358979, 
Y(O) • Y(PI) • OJ 

FOR T'iE Bt]UNDARY CONDITIONS TI-IIS MEANS THAT 

ECll • EC'tl • l; ECZl • EC3l • EC5l • EC6l • O; 

THE A~ALYTIC SOLUTION IS Y(X) • SINIX); WE APPROXIMATE 
THE SOLUTION ON A UNIFORM GRID, IaEe XCil • I*PI/N, 
I • O, •••' tU WE CHOOSE N•lO,ZO ANO COMPUTE FOR ORDER • 2,4,6 
THE MAXIMIJM !;RRORJ THE PROGRAM READS AS FOLLOWSI 
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11 BEGil'I" "INTEGCR" N; 11 FOR 11 Nt• 10., 20 "Dr.Jtt 
11 1'!!:G!N" 11 INT::GER" 1., ORDER; 11 R!':AL" PI; "ARRAY" x., YtO :Nl, EClt6]; 

"R':AL" "PROCEDURE" R(X); "VALUE" x; 11 REAL 11 x; 
RI• EXP(Xl; 

11 REAL 11 11 PRDCEDURF 11 F(XJ; 11 VALUE" X; "REAL" XJ 
Fa• SIN(Xl•<l + FXP(X)); 

"PROCEDURE" FEM LAG<X, Y., N., R., F., ORDl:R, El; 
11C OD 1: 11 33301; 
GClJI• Et4H• l; Et2lt• H31t• EC5l1• E[6lJ• O; 
PII• 3.1415Q26535897Q; 
11 F □R" I1• 0 "STEP" 1 "UNTIL" N "DO" X[Ilt• PI*IIN; 
OUT p IJT ( 611" ( "',, 68 II ( "N• II) "D II) ", N l ; 
"FOR 11 ORDER!• 2, 4, 6 11 D0 11 

"BEGIN" "REAL" Rl·ffl, D; 
FEM LAG(X., Y, N., R, f., ORDER., El; 
RHOI • O; 
11FOR" Ii• 0 11 STEP" l 11 UNTIL 11 N 11 D0 11 

"BEGIN" D:• ABS(V[IJ .. SIN(X[IJll; 
"1F 11 RHO< D "THEN" RHO: ■ D 

"END"; 
UUTPUT (61," ( 11 I, 16B 11 ( "ORDER•")" 00.,4 811 <"MAX.ERROR• 11 ) 11., 

DeDD 11 +ZD"l ", ORDER.oRHO l 
"C:ND II 

llt; ND" 
"END" 

RESULTS: 

N•lO 
i"JRDER•2 MAX. ERROR• 1.6011 -3 
ORDER•4 MAXe ERROR• le55" -5 
ORDEP.•'> MAX• ERROR• 1.20 11 -10 

N•20 
ORDEP.•2 MAXo ERROR• 4001 11 ... 4 
ORDER•4 MAX• ERROR• 9e80 11 •7 
ORDER•6 MAXo ERROR• 9o3 811-12 

N1TICE THAT THE MAXIMUM ERROR DECREASES BY ABOUT 
2**<-□RDER> 4HEN THE MESH SIZE IS HALVEDe 
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SUBSECT!ON1 FEM LAG SPH~R. 

CALLING seouENCE: 

THC HEADING ~F THE PROCcDURu READSI 

"PROCEDURE" FEM LAG SPHER(X., y., N, NC., R, F, ORDER, El; 
"VALUE" N., NC., ORDER; "INTEGER" N., NC, ORDER; 
"ARRAY" x., Y, c; 
"REAL~ "PROCEDURE" R., F; 
"CODE" 33308; 

THE 1EANlNG OF THE F~RMAL PARAMETERS 1$1 

Nt <ARITHMETIC EXPRESSION>; 
THE UPPER BOUND OF THE ARRAYS X ANDY; N > lJ 

NCI (EXPRESSION>; 
IF NC • O, CARTESIAN COORDINATES ARE USED; 
!f NC • 1, POLAR COORDINATF.S ARE USED; 
IF NC • 2, SPHERICAL COORDINATES ARE USED; 

Xr <ARRAY IDF.NTIFIER>; 
"ARRAY" X[Q:NJ; 
EMTRY: A • X[Ol < XClJ < ••• < X[Nl • B IS A 
PARTITION Of THE INTERVAL (A,BJ; 

Yi <ARRAY IDENTIFIER>; 
"ARRAY" Y[O: NJ; 
EXITJ V[Il (! • O, 1, •••, N) IS THE APPROXIMATE 
SOLUTION AT X[Il Of THE DIFFERENTIAL EQUATION 
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(ll - IX**NC*Y')'IX**NC + R!Xl*Y • F(Xl, A< X < B, 

WITH BOUNDARY CONDITIONS 

(2) 

EC4J*Y(Bl + EC5l*Y 1 (Bl • EC6l; 

R: (PROCEDURE IDE NT IF IER>; 
THE HEADING OF R READS: 
"REAL" "PROCEDURE" R(Xll "VALUE" x; "REAL" x; 
R(Xl IS THE CJEFFICIENT OF Y IN <ll; 

F: <PRrJCEDIJRE IDENTIFIER>; 
THE HEADING OFF READSt 
"REAL" "PROCEDURE" F(X); "VALUE" x; "REAL" x; 
F(Xl IS TH::: RIGHT HAND SIDc OF Cll; 
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ORDER: <ARITl-fMGTIC EXPRESSION>; 
ENTRY: ORDER DfMOTES THE ORDER OF ACCURACY REQUIRED FOR THE 
APPROXIMATE SOLUTION OF (ll-1211 LETH• MAX(X[Il - XCI-lll; 
THEN ABS<YCIJ - YIXCIJll <• C*H**ORDER, I• O, •••, N; 
ORDER CAN BE CHOSEN EQUAL TO 2 OR 4 ONLY; 

E1 <ARRAY IDENTIFIER>; 
"ARRAY" ECli6J; 
~Cll, •••, EC6J DESCRIBE THE BOUNDARY CONDITIONS 121; 
EClJ AND EC4J ARE NOT ALLOWED TO VANISH BOTH. 

PR□CtDURES USEDt NONE. 

REQUIRED C~HTRAL MEM~RY: 

FOUR AUXILIARY ARRAYS OF N RcALS ARE USED. 

RUNNING TIME: 

LCT K • ORDER/2; THEN 
IA) K*N EVALUATIONS OF R(Xl AND FIX) ARE NEEDED; 
I Bl IF NC > 0 AND ORDER•4, THEN N SQUARE ROOTS ARE EVALUATED; 

DAT A AND RC:SUL TSI 

THE PROCEDURG Fr:M LAG SPHER HAS SOME RESTRICTIONS IN ITS USE1 
R(Xl AND FIX) ARE REQUIRED TO BE SUFFICIENTLY SMOOTH 
ON <XCOJ,XCNl> EXCEPT AT THE GRID POINTS; FURTHERMORE R(Xl 
SHOULD BE NOHNSGATIVEe 

METHOD AND PERFOR~ANCE1 

PROBLEM lll-(2) IS SOLVED BY MEANS OF GALERKIN•S METHOD WITH 
CONTINUOUS PHCEWISE POLYNOMIALS (SF.E CU1 C2l); 
THE SOLUTION IS APPROXIMATED BY A FUNCTION WHICH IS CONTINUOUS ON 
THE CLOSED INTERVAL <XCOl#X[Nl> AND A POLYNOMIAL OF DEGREE LESS 
THAN OR EQUAL TOK (K • ORDER//21 ON EACH SEGMENT <XCJ-ll,XCJl) 
IJ • 11 •• ., NI; THIS PIECEWISE POLYNOMIAL IS ENTIRELY 
DETERMINED BY THE VALUES IT HAS 
AT THE KNOTS X[Jl AND ON (K-11 INTERIOR KNOTS ON EACH SEGMENT 
<.X[Jwll,XCJJ); THESE VALUES ARE OBTAINED BY TH~ SOLUTION OF AN 
!ORDER+ ll-DIAGONAL LINEAR SYSTEM WITH A SPECIALLY STRUCTURED 
MATRIX !SEE [2]); THE ENTRIES OF THE MATRIX AND THE VECTOR ARE 
INNER PRODUCTS WHICH ARE APPROXIMATfD BY SOME PIECEWISE K•POINT 
GAUSSIAN QUADRATURE (SEE C4ll; THE EVALUATION OF THE MATRIX AND 
THE VECTOR IS DONE SEGMENT BY SEGMENT• ON EACH SEGMENT 
THE CONTRIBUTIJNS TO THE ENTRHS Of THE MATRIX AND THE VECTOR 
ARE COMPUTED AND EMBEDDED IN THE GLOBAL MATRIX AND VECTOR; 
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SINC; T4E FUNCTION VALUES ON THE INTERIOR 
PQ!MTS OF EACH SEGMENT ARE NOT COUPLED WITH THE FUNCTION 
VALU8S OUTSIDE THAT SEGMENT, THE RESULTING LINEAR SYSTEM 
CAN BE REDUCED TO A TRIDIAGONAL SYSTEM BY MEANS OF STATIC 
CONDEtlSATION !SEE C 2] l; THE FINAL TRIDIAGONAL SYSTEM, 
SIHCE IT IS OF FIHITE DIFFERENCE TYPE, IS SOLVED BY 
M~ANS OF BABUSKA 1S METHOD (SEE C3Jl. 

EXAMPLE OF USE: 

WE SOLVE THE BOUNDARY VALUE PROBLEM 

-(Y••x••Nc1•1x••NC + Y • 1 - X**4 + 112 + 4*NC)*X**2, 
I')< X < l; Y1 (0) • Y(l) • O; 

FOR THE BOUNDARY CONDITIONS THIS IMPLIES THAT 

EC2J • EC4l • l; ECll • EC3l • EC5l • EC6l • O; 

T4E ANALYTIC SJLUTION IS YIX> • 1 • X**4i WE APPROXIMATE 
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THE SOLUTION OH A UNIFORM GRID, IoEo XCI] • I/N, I• O, •••' N; 
I• O, •••' N; WE CHOOSE N•l0,20 AND CO~PUTE FOR ORDER• 2,4 
THE MAXIMUM ERROR; THE PROGRAM READS AS FOLLOWS: 

"BEGIN" "INTEGER" N, NC; 
"FOR" Nt• 10, 20 "0011 "FOR" NC:• O, 1, 2 "0011 

"BEGIN" "INTEGER" I, ORDER; "ARRAY" x, Y[O:NJ, E[l:6]; 

,REAL" "PROCEDURE" RIX); "VALUE" X; "REAL" X; 
RI• l; 

"REALtt "f>RfJC EDUR!:" F( X); "VALUE" X; 11REAL" X; 
FI• (12 + 4*NCl*X**2 + l - X**4i 

"PROCEDURE" FEM LAG SPHERIX, Y, N, NC, R, F, ORDER, El; 
"CODE" 33308; 

~C2Jt• EC4JI• l; E[l]l• EC3]1• E[5]t• E[6JI• Oi 
11 FOR11 I:• I') 11STEP 11 1 "UNTIL" N "DC" XCI]:• I/N; 
OUT PUT I 61, 11 ( "/ /, 6 B11 I "N •" > 11 ZZD.,68 11 I "NC,. ''l nz 0 11 ) 11 ,N, NC ) ; 
"FOR" ORDER1• 2, 4 "D0 11 

"BEGIN" 11 REAL" RHO, D; 
FF.M LAG SPHER!X, Y, N, NC, R, F, ORDER, El; 
R HOI • 0; 
"F □ R 11 It• 0 "STEP" l "UNTIL" N "DO" 
"B~GIN 11 O:• ABS(YCil - 1 + X[Il**4l; 

11 IF" RHO< D 11 THEN" RHO:• D 
"END''; 
□UTPUT(6l,"l"l,l6B 11 (" JRDER•"l"ZD,4B"l"MAX.ERROR• "l", 
D .001• +ZD") 11 , ORDER, RH 0) 

"END" 
"END" 
"E"ID" 
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RESUL TSt 

N• 10 NC• 0 
ORDER• 2 MAX.ERROR• 4. 37 11 -3 
ORD[ R• 4 MAX,ERROR• 2.93" -6 

N• 10 t-lC• 1 
ORD f.;R• 2 '1AXeERROR• 1. 42" -2 
ORDER• 4 MAX.ERROR• 5049 11 -5 

N• 10 MC• 2 
ORDER• 2 '1AXeERROR• 2e46" .. z 
ORDER• 4 MAX.ERROR• le27" -4 

N• 20 NC• 0 
ORD t:R • 2 MAXeE RROR• 1. 09" -3 
ORD!;R• 4 '1AXeERROR• le83" -1 

N• 20 NC • l 
ORDSR• 2 "!AX.ERROR• 3. 53" -3 
ORDER• 4 MAX.ERROR• 3e9l" -6 

N• 20 NC • 2 
ORDER• 2 MAX.ERROR• 6010" •3 
□ ROE R• 4 "IAX. ERROR• 9026 11 -6 

ON!; 08S~RVES THAT THE MAXIMUM ERROR DECREASES BY ABOUT 
z••l--'JRDERI WHEN THE MESH SIZ~ IS HALVED. 
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SOURCE TEXT!Sl: 

"CODE" 33300; 
11 PROCEDURi;" FE'1 LAG SYM!X, Y, "l, P, R, F, ORDER, El; 
"INTEGER" N, ORDER; 
"REAL" ".PROCEDURE" ", R, F; 
"ARRAY" X, Y, E; 
"BEGIN" "IIHEGER" L, Ll; 
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"REAL" XLl, XL, H, Al2, Bl, 82, TAUl, TAUZ, CH, TL, G, YL, PP, 
Pl, PZ, P3, P4, Rl, RZ, R3, R4, Fl, F2, F3, F4, 
El, E2, E3, E4, E5, c6; 

"ARRAY" T, SUB, CHI, GI[O:N-ll; 

"PROCEDURE" ELEMENT MAT VEC EVALUATION l; 
"BEGIN" "REAL" H2; 

"IF" L•l 11 TI-IEN" 
"BEGIN" P2:• P!XLll; RZ: ■ R!XLllJ fZ:• F(XLll "END"; 
Pl:• P2; P21• l>(XLl; Rll• R2; RZI• R(XL>; fl1• FZ; F21• F(XL)J 
1-121• H/2; Bll• H2*Fl; 1321• HZ•FZ; TAUll• HZ+Rl; TAUZ1• H2*R2; 
Al2l• •Oe5*(Pl + P2l/H 

"END" ELAN. M.v. cv.; 
"PROCEDURE" ELEMENT MAT VlC EVALUATION Z; 
"BEGIN" "REAL" X2, %, 1-115, 83, TAU3, C12, C32, Al3, A22, A23; 

"IF" l•l "THEM" 
"BEGIN" P31• P(XLll; R31• R(XLllJ F31• F(Xlll "END"J 
X21• (XLl + XLl/2; 1-161• H/6; 1-1151• H/le5J 
Pl:• P3; P2l• P(XZI; P3:• P(XLI; 
Rl:• R3; RZ:• R(XZ); R3:• R(XLI; 
Flt• f3J F2h f(XZ); F3t• F(XL)J 
811• H6*F1J 821• Hl5*FZ; 831• H6*F3; 
TAUl:• H6*Rl; TAU2:• Hl5*R2; TAU3l• H6*R3; 
Al2:• --<Z*Pl + P3/le51/H; Al31• (Oo5lll(Pl + P3l - P2/le5l/H; 
A22t• (Pl + P3l/HI0.375 + TAU2; A23t• -(Pl/3 + P3l•2/H; 
11 COHHENT11 STATIC CONDENSATION; 
Cl2:• • Al2/A22; C32:• - A23/A22; Al2:• Al3 + C32*Al2; 
811• Bl + c12•e2; 82t• 133 + C32*B2; 
TAUlt• TAUl + Cl2*TAU2; TAU2t• TAU3 + C32*TAU2 

"END" EL~MENT MAT VEC EVALUATION 2J 

"PROCEDURE" ELEMENT MAT VfC EVALUATION 3; 
"BEGIN" "REAL" X2, X3, Hl2, 1-124, DET, C12, Cl3, C42, C43, 

Al3, A14, A22, A23, A24, A33, A34, 83, 84, TAU3, TAU4; 
"IF" L•l "T'lE~I" 
"BEGIN" P41• P(Xlll; R4t• R(XLl); F41• F(XLll "END"; 
xz:• XLl + o.2763q320225*H; X3:• XL - X2 + XLl; 
Hl2:• H/12; H24:• H/2e4; 
Pl:• P4i P2l• P(X2); P31• P(X3); P41• P(XLli 
Rlt• R4; R21• R(X2l; R31• R(X3l; R41• R(XL); 
Fl:• F4.i fZ:• F(X2)J F3: 11 f(X3); F4:• F(XLli 
131:• Hl2*Fl; 82:• H24*F2; B3:• H24>1<F3; 841• Hl2*F4; 
TAUl:• Hl2*~1; TAU2t• H24*R2J TAU31• H24*R3; TAU41• Hl2*R4J 

"C OM1'1ENT 11 
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Al2:• -I+ 4e04508497187450*Pl 
+ o., 7 581Ql7135425*P3 
+ o.257514161979ll*P4)/Hi 

Al3t• I+ le54'.i0849718747*Pl 
- le507514161979l*P2 
+ Oe6?41808286458*P4l/H; 

Al41• ((P2 + P3)/2e4 - (Pl + P4)/2)/H; 
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A22t• (5e4542374 7 6562*Pl + P3/.48 +.79576252343762*P41/H + TAUZ; 
A23:• - (Pl + P4)/(H*Oe48); 
A24:• (+ 0.674l8082864575*Pl 

- le50751416197910*P3 
+ l.54508497187470*P4)/H; 

A33:• (e7957625234376*Pl + P2/e48 + 5.454237476562*P4)/H + TAU3; 
A34:• -<• o.257,l4l61979ll*Pl 

+ 0.57581917l35418*P2 
+ 4.0450849718747*P4)/H; 

"COMMENT" STATIC CONDENSATION; 
DET:• A22*A33 - AZ3*A23; 
Cl2J • ( Al3*A23 - Al2*A33) /D ET; 
Cl3l• (Al2*A23 - Al3*A22)/DET; 
C42:• (A23*A34 - A24*A33l/DET; 
C43:• (A24*A23 - A34*A22)/DET; 
TAUl!• TAUl + Cl2*TAU2 + Cl3*TAU3; 
TAU2t• TAU4 + C42*TAU2 + C43*TAU3; 
Al2l• A14 + C42*Al2 + C43*Al3; 
81:• Bl + Cl2*BZ + Cl3*B3; 
B21• B4 + C42*82 + C43*B3 

"END" ELCMENT MAT VEC EVALUATION 3J 

"PROCEDURE" BOUNDARY CONDITIONS; 
"IF" L•l "AND" c2 • 0 "THEN" 
"BEGIN" TAUl:• l; Bl:• l:3/El;Bz:• 82 - Al2*Bl; 

TAU.:.:• TAUZ - Al2; Al2:• 0 "END" 
"FLSE" "IF" L ■ l "AND" E2 A ■ 0 "THEN" 
"BEGIN" "REAL" AUX; AUXI• Pl/EZ; TAUll• TAUl - AUX*El 

81:• 81 - E3*AUX 
11 EMD" "ELSE" "IF" L•N "AND" E5 • 0 "THEN" 
"BfGIN" TAU21• l; 821• E6/E4; 

811• Bl - Al2*B2; TAUlt• TAUl - AlZ; AlZ:• 0 
11 END 11 11 SLSE 11 "If" l•N 11 AND 11 E5 A. 0 "THEN" 
"BEGIN" "REAL" AUX; AUX!• P2/E5; 

TAU2t• TAUZ + 4UX*E4; B2t• 82 + AUX*E6 
11 e:No11 e.c.1; 

"PROCEDURE" FORWARD BABUSHKA; 
"IF" L•l "THEN" 
11 BEG1N 11 CHI[OJ:• CH:• TLI• TAUl; TtQJ:• TL; 

GICOJ:a G:• YL:• Bl; YCOJ:• YL; 
SUBC0]1• Al2i PP!• AlZ/(CH - AlZ); 
CH1• TAU2 - CH*PP; Gt• 82 - G*PP; TU• TAU2; YL:• 82 

"END" "ELSE" 
"BEGIN 11 CHICLlJ: ■ CH: ■ CH+ TAUl; 

GICLllt• Gt• G + Bl; 
"C OMl'IENT" 
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SUBCllJ: ■ Al2; PP:• Al2/CCH - Al2l; 
CH:• TAlJ2 - CH*PP; GI• 82 - G•PPi 
TCll]1• Tl + TAUl; TL1 11 TAUZ; 
'fC LlJ: • YL + Bl; YL: • B 2 

"END" FORWARD BABUSHKA l; 

"PROCEDURE" BACKWARD BABUSHKA; 
"BEGIN" PPt• YL; YCNJ:• G/CH; 

G:• PP; Cl-l:• TL; L:• N; 
"FOR" LI• l - l "WHILE" l >• 0 "00" 
"BEGIN• PPt• SUBCLJ; PP;• PP/(CH - PP); 

TL:• TCLJ; Ci: 11 TL "' CH*PP; 
YL:• YCLl; G1• YL - G*PP; 
Y[Llt•CGI[L] + G - YL)/(CHICLl + CH - TL> 

11 END" 
"END" BACKWARD BABUSYKA; 

LI• O; XLJ• XCO]; 
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Ell• E[l]; E21• ECZl; E3t• EC3li E41• EC4l; E5t• EC5]; E6t• Etol; 
11 FOR 11 Ll• L + 1 HijHILE" L <• N 11 D0" 
"BEGIN" Ll:• L l; XLl:• XL; XLt• XCLl; H1• XL - XLl; 

"If" ORDER• 2 "THEN" ELEMENT MAT VEC EVALUATION l "ELSE" 
"IF" ORDER• 4 11 THf~" ELaMENT MAT vec EVALUATION 2 "ELSE" 

ELEMENT ~AT VEC EVALUATION 3; 
"If" L•l "OR" L•N 11 THEN" BOUNDARY CONDITIONS; 
FORWARD BABUSHKA 

"END"; 
BACKWARD BABUSHKA; 

"END" FEM LAG SYM; 
"E!JP" 

"CODE" 33301; 
11 DRQCEDURE 11 FEM LAG!X, Y, N, R, F, ORDER, Eli 
"VALUE" N, ORDER; "INTEGER" N, ORDER; 
"REAL" "PROCEDURE" R, F; 
"ARRAY" X, Y, E; 
19 BEG IN" "INTEGER 19 L, L1; 

"REAL" XLl, XL, H, Al21 Bl, B21 TAUl1 TAU21 CH, TL, G, YL, PP, 
F.11 E2, E3, E4, E5, E6; 

"ARRAY" T, SUB, CHI, GIC01 N-1]; 

11 PRJCEDURE11 ELEMENT HAT VEC EVALUATION 1; 
"BEGIN" "OWN" 11REAL 11 F2, RZ; 11 REAL 11 Rl, Fl, HZ; 

"IF" L•l "THEN" 
"BF.GIN" FZ&• F(XLl); R2S• R(XLll 19 END 19 ; 

Al21• - l/H; HZ:• H/2; 
Rli• R2; RZ:• R(Xll; fl:• F2; FZ:• F!XL); 
Bll• H2*Fl; BZt• H2*F2; TAUll• H2*Rl; TAU2Z• H2*R2 

"END~ ELEMENT MAT VEC EVALUATION 1 
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"PROCEDURE" ELEME~T MAT VfC EVALUATION 2; 
"BEGIN" "OWN" "REAL" R3, F3; 

"REAL" Rl, R2, Fl, F2, X2, H6, 1-115, 
83, TAU3, Cl2, Al3, A22, A23; 
"IF" L•l 11 THEN" 
11 BEGIM 11 R3:• RIXLll; F3:• F(XLl) "END"; 
X2t• (XLl + XL) /2; H61• H/6; Hl51• H/1.5; 
Rll• R3; RZ:• R(XZ); R3:• R(XL>; 
Fl: • F .3 ; F 2: • F ( X 2) ; F 3: • F I XL ) ; 
8lt• H6•Fli B21• Hl5*F2; 831• H6*F3; 
TAU11• H6*Rl; TAU2i• Hl5*R2; TAU3t• R3*H6; 
Al2;• A23:• -8/H/3; Al3:• .. Al2/8;·A2Z:• -2*A12 + TAU2; 
"COMMENT" STATIC CONDENSATION; 
Cl21• - Al2/A22; Al2l• Al3 + Cl2*Al2i 
B2t• C12*B2; Bll• Bl + 82; B2:• !33 + B2; 
TAllZ:• Cl2*TAU2; TAUl:• TAUl + TAU2; TAU2t• TAU3 + TAU2 

"END" EU!Mt:MT MAT VEC FVALUATIDN2; 

11 PR □Ci;DIJRE" ELEl1ENT '1AT VEC EVALUATION 3; 
"BEGIN" 11 0WN 11 "REAL" R4, F4; 

11 R EAL II Rl, R2, R3, Fl, F 2, F 3, X2, X3, Hl2, H24, 
DET, C12, C13, C42, C43, Al3, A14, A22, A23, A24, 
A33, A34, 83, 84, TAU3, TAU4; 
"lF" L•l "T;iEM" 
"BEGIN" R4 :a R (Xlll; F41• F ( Xll) 19 END"; 
X21,. Xll + Oe2763Q320225*Hi X3:• XL - X2 + Xll; 
Rl:• R4; R2:• R(X2); R3:• R(X3); R4:• R(XL); 
Fll• F4; F2i• F(X2); F3t• F(X3l; F4t• F(XL>; 
Hl21• H/12; H241• H/2e4J 
Bl:• Fl*Hl2J 82:• F2*H24; B3:• F3*H24; B4:• F4*Hl2; 
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TAUl:• Rl*Hl2; TAUZ:• R2*HZ4; TAU3:• R3*H24; TAU4t• R4*Hl2; 
AlZt• A34t• -4.8784183052078/H; Al3l• A241• ~.7117!16385412/H; 
Al4Z• -0 0 16666666666667/H; A23:• 25*A14; 
A22:• -2*A23 + TAU2; A33:• -2*A23 + TAU3; 
"COMMFNT" STATIC CONDENSATION; 
DETI• A22*A33 - A23*A23; 
Cl2:• !Al3•A23 - Al2*A33)/DET; 
Cl3:• (Al2•A23 - Al3*A22)/DET; 
C421• (A23*A34 - A24*A33l/DET; 
C431• (A24*A23 - A34*A22l/DET; 
TAUl:• TAUl + Cl2*TAU2 + Cl3*TAU3; 
T AU2 : ■ TAU4 + C42*TAU2 + C43*T AU3; 
Al23• Al4 + C42*A12 + C43* Al3; 
811• Bl + Cl2*B2 + Cl3*B3; 
82:• B4 + C42*B2 + C43*83 

"END" ELEMENT MAT VEC EVALUATI □N3 
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"PROCEDURE" BOUNDARY CONDITIONS; 
11 IF11 L•l 11 AND 11 ~2 • 0 11 THEN" 

. 11 BEGIN 11 TAtJl;• l; Bl:• E3/El; 82:• 82 • AlZ*Bl; 
TAUZ:• TAU2 - Al2; Al21• Q "END" 

"ELSE" "If" L•l "AND" E2 A. 0 "THEN" 
11 BEGI~11 TAUl:• TAUl • El/E2; 

Bl:• Bl - E3/E2 
"END" "ELSE" "If" L•N "AND" E5 • 0 "THEN" 
"BEG!N" TAU2t• li B2•• E6/E4; Blt• 81 - A12*B2; 

TAUll• TAUl - Al2; Al2l• 0 
11 END" "ELSE" "IF" L•N "AND" ES A• 0 "THEN" 
"BEGIN" TAU2t• TAU2 + E411::5; 

B2t• B2 + E6/E5 
11 END 11 BOUNDARY CONDITIONS; 

"PROCEDURE" FORWARD BABUSHKA; 
"IF 11 L•l 11THEN" 
11 BEGIN 11 CHICO]:• CH:• TL:• TAUl; TCOJ:• TL; 

G HO l : • G : ■ YL : • B 1 ; YC O l : • Y L ; 
SUB[OJI• Al2; PPt• Al2/(CH - Al2); CHI• TAU2 - CH*PP; 
Gt• B2 - G*PP; TLt• TAU2; YLt• 82 

11 END 11 "ELSE" 
"BEGIN" CHICLlJ:• CHI• CH+ TAUl; 

GI[Llll• Gs• G + Bl; SUBCLlJa ■ Al2; PPt• A12/(CH - Al2l; 
CHt• TAU2 - CH*PP; G:• 82 - G*PP; 
TCLlJl• TL + TAUl; TL:• TAU2; 
Y [ L 1 J 1 • YL + 81 ; Y L 1 • B 2 

"END" FORWARD BABUSH~A lJ 

"PROCEDURE" BACKWARD BABUSHKA; 
"BEGIN" PP:• YL; YCN] I• G/CH; 

G 1 • PP; CH 1 ■ T L; LI• N; 
11 F0R" L:• L - 1 "WHILE" L >• 0 11 0011 

"BEGIN" PP:• SUBCLJ; PP:• PP/ICH • PP); 
TLt• TCLJ; CHt• TL - CH*PP; 
YLt• YCLl; G1• YL - G*PP; 
YCLl:•«GICLl + G> - VL>f«CHICLl + CH) - Tll 

"END" 
•END19 BACKWARD BABUSHKA; 

L:• O; XL:• XCOJ; 

PA GE 18 

El.t• ECll; EZ:• ECZJ; E3:• EC3]; E't1• EC4]:; E5:• ECSJ; E6:• EC6]; 
"FOR" LI• L + l "WHILE" L <• N 19 D0 19 

11 BEGIN 19 Llt• L - 1; XLlt• XL; Xlt• XCLl; H1• XL - XLl; 
11 IF" ORDER• 2 "THEN" ELEMENT MAT VEC EVALUATION l "ELSE" 
"IF" ORDER• 4 "THEN" ELEMENT MAT VEC EVALUATION 2 "ELSE" 

ELEMENT MAT VEC EVALUATION 3; 
"IF" L•l 11 0R" L•N 11 THEN" BOUNDARY CONDITIONS; 
FORWARD BABUSHKA 

"END"; 
BACKWARD BABUSHKA; 

"END" fEM LAGR; 
"E □ P" 
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11 CODE" .B308; 
11 '>ROCEDURi.; 11 FEM LAG SPHER(X, Y, N, NC, R, F, ORDER, E); 
"VALUE" N, NC, ORDER; "INTEGER"~, ~C, ORDER; 
"REAL" "PROCEDURE" R, F; 
"ARRAY" X, Y, E; 
"BEGIN" "INTEGER" L, Ll; 

PA GE 19 

"REAL" XLI, XL, H, A12, Bl, B2, TAIJl, TAU2, CH, n., G, VL, PP, 
TAU3, B3, Al3; A22, A23, C 32, C 12, 

El, C2, E3, F.4, E5, E6; 
"ARRAY" T, SUB, CHI, GI(01N-lJ; 

11 PROCEm1RE 11 ELEMENT MAT VEC EVALUATION lJ 
"BEGIN" "REAL" XM, VL., VR,WL, WR, PR, RM, FM, XL2, XLXR, XR2; 

"IF" NC ,. v "THEN" VLI• VR1 11 Oe5 11 ELSE" "If" NC • l "THEN" 
"B!:GIN 11 VU• (XL1*2 + XLJ/6; VR:• (Xll + XL*2l/6 "END" "ELSE" 
"BEGitl" XL2: • XLl*XL1112; XLXR: •Xll*XL/6; XR2 :•XL•XL /12; 

VL!• 3*XL2 + XL XP. + XR2; 
VP.I• 3*XR2 + XLXR + XL2 

11 Et1D 11 ; 

WLt• H*VLJ WRl•Y*VR; PRt• VR/(VL +VR)J 
XMt,. XLl + H>t<PR; HII• F(XM); RMt•R(X'1); 
TAUll• WL*RM; TAU2:•WR*RM; 
81:• WL*FM; 82:• WR*FM; Al2:• - (VL + VR)/H + H*(l - PR)*PR*RM 

191::ND" ELEM. M.v. EV.; 

11 ?RrJCEDURE" Ht:MENT MAT VEC EVALUATION 2; 
"BEGIN" "REAL" XLM, XRM, VLM, VRM1 WLM, WRM, FLM, FRM, 

RLM, RRM, Pll, PL2, PL3, PRl, PR2, PR3, Qll., QL2, OL3, 
RLMPLl, RLMPL~, RLMPL3, RRMPRl, RRMPR2, RRMPR3, 
VLMQLl, VLMOL2, VL MQL3, VRMQRl, VRMQR2, VRMQR3, 
QRl, QR2, QR3; 

"IF" NC • 0 "THEN" 
"Bi;GIM" XLM: •Xll + H*Oe2113248654052; XRM:• XLl + XL - XLM; 

V L M: • VR M 1 • I),. 5 ; 
PLl!• PR31• 0,45534180126148; PL31• PRl•• -o.122006467q2a1s; 
PL2Z• PR21• l - Pll - PL3; 
QLll• - 2.15470053837925; QL3=• -0.15470053837925; 
0L2:• = Qll = QL3; ORlt• - QL3; QR3i• - QLli 0R2•• - 0L2J 

"END" "ELSE" "IF 19 NC • l "THEN 19 

"BEGIII" "REAL" A, A2, A3, A4, B, B2, 83, B4, P4H, 
P2, P3, P4, AUXl, AUXZ; 
Al• XLl; A2t• A*Ai A31• A*A2i A41• A*A3; 
Bi• XL; B21• Bzl<B; B31 • B•B2; 841• B*B3; 
?2:• 10*(A2 + 4*A*B + B21; p3;,. 6*(A3 + 4*(A2*B + A•B2) + B31; 
P4t• SQRT(6*(A4 + lO*CA*B3 + A3•Bl + 28*AZ*B2 + B41); 
P4Ht• P4*H; XLMt• (P3 - P4HI/PZ; XRMi• (P3 + P4H)/P2; 
AIJXl:• IA+ B)/4; AUX2:• H*(A2 + 7*A*B + B2)/6/P4; 
VLl-1:• AUXl - AUX2; VRM:• AUXl + AIJXZ; 

19 COMMENT 18 
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"EMO" "ELSl:11 

"BEGIH" "REAL" A1 A2, A3, A4, A5, A6, A7, AS, 
B, ll21 B3, B4, B5., B6, B7, 88., AB4., A2B3., A38Z, A4B, 
P4, P5, P8, PBH, AUXl, AUX2; 
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Al• Xll; A21• A*Ai A31• A*A2; A4t• A*A3; A5t• A*A4; A61• A*A5; 
A71• A*A~; A8t• A*A7; 

B: ■ XL; 82:• 8*8; 83:• B*B2; B4:• B*83; 85:• B*B4; B6:• B*B5; 
B7t• B*B6; 081• 8*87; 

AB4t• A*84; A283t• A2*B3; A3B21• A3*82; A4Bl•A4it<8; 
P4:• 15*CA4 + 4*(A3*8 + A*B3J + 10*A2*BZ + 84); 
P5: ■ 10*(A5 + 4*(A4B + AB4l + 10*(A3B2 + A2B3) + B5); 
P8t• SQRT!10*CA8 + lO*(A7*B + A*B7) + 55*CA2*B6 + A6*B2> 

+ 164*CA5*B3 +A3*B5) + 290*A4*B4 + B8)); 
AUXl:• CA2 +A*B + 82)/6; PSH:• P8*H; 
AUX2:• (H*CA5 + 7*1A48 + AB4) + 2B*(A3B2 + A283l + B5))/4e8/P8; 
XU11• (P5 - P8H)/P4; XRMI• (P5 + PBH)/P4; 
VLM:• AUXl - AUX2; VRM:• AUXl + AUX2 

"ENO"; 

"IF" NC > 0 "TH~N" 
11 BEGI~11 "REAL" AUX, PLM, PRM; 

PLM:• (XLM - Xlll/H; PRM::• (XRM - XLll/H; 
AUXr• Z*~LM - l; PLlJ• AUX*(PLM - 1); PL31• AUX*PLM; 

PL21• l - PLl - PL3; 
AIJX:• 2*PRM - l; PRl: ■ AllX*( PRM ... 1l; PR3:• AUX*PRM; 

PR2 :• l .. PPl ... PR3; 
AUXI• 4*PLM; QLlt• AUX - 3; QL31• AUX - l; QL2t• - Qll - QL3; 
AUXI• 4*PRM; QRll• AUX - 3; QR3:• AUX - l; QR2t• • QRl • QR3; 

11 !:N011 ; 

WLMt• H*VLMJ WRMI• H*VRM; VLMt• VLM/H; VRMI• VRM/H; 
FLMI• F(XLMl*WLM; fRMI• WRM*FIXRMl; 
RLM:• R!XLMl*WLM; RRM:• \IIRM*R(XRM); 
TAUll• PLl*RLM + P~l*RRM; 
TAUZI• PLZ*RLM + PRZ*RRM; 
TAU3:• PL3*RLM + PR3*RRM; 
81:• Pll*FLM + PRl*FRM; 
821• PL2*FLM + PR2*FRM; 
83"1 ■ PL3*FLM + PR3*FRM; 
VLM0Ll: ■ QLl*VLM; VRMQRl:• QRl*VRM; 
VLMQL2:• QL2*VLM; VRMQR21• QRZ*VRM; 
VLMQL31• QL3*VLM; VRMOR31• OR3*VRM; 
RLM~Ll:• RLM*PLl; RRMPRll• RRM*PRl; 
RLMPL2:• RLM*PLZ; RRMPR21• RRM•PRZ; 
RLMPL31• RLM*PL3; RRMPR3t• RRM*PR3; 
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Al2l• VLMQL1*QL2 + VRMQRl*OR2 + RLMPLl*PL2 + RRMPRl*PR2; 
Al3:• VLMQLl*QL! + VRMQRl*QR3 + RLMPLl*PL3 + RRMPRl*PR3; 
A221• VLMQL2*QL2 + VRMQR2*QR2 + RLMPL2*PL2 + RRMPR2*PR2; 
A231• VLMQL2*0L3 + VRMQR2*0R3 + RLMPL2*PL3 + RRMPR2*PR3; 
"CDMM~NT" STATIC CONDENSATION; 
Cl2:• - Al2/A22; C32i• - A23/A22i Al21• Al3 + C32*Al2; 
811• Bl + Cl2*B2; 82 I• 83 + C32*B2; 
TAIJl: ■ TAUl + Cl2*TAU2; TAU2'=• TAU3 + C32*TAU2 

"END" ELEMENT MAT VEC ~VALUATION 2; 

11 PROCl:DUR[ 111 BOUNDARY CONDITIONS; 
"If" l•l "ANO" E2 • 0 "THEN" 
11 BEG1t4 11 TAUl:• li 81:• E3/El;B2l• 82 ... Al2*Bl; 

TAU2t• TAU2 - Al2; Al21• 0 11 END 111 

"ELSE" "IF11 L•l "AND 11 E2 "• 0 19 THEIII" 
"BEGIN" "REAL" AUX; 

AUX:• C"lF" NC • 0 "THEN" 1 "ELSE" X[Ol**NCl/E2; 
Blt• Bl - E3*AUX; TAUll• TAUl • El*AUX 

"END" "ELSE" "IF" L•N "AND" F.5 • 0 "THEN" 
11 BEG!N" TAll21• li 82:• E6/E4; 

011• Bl - Al2*B2; TAUlt• TAUl - Al2; Al2S• 0 
111 END" "ELSE" "IF" L•N "AND" E5 •• 0 "THEN" 
"BEGIN" "ReAL" AUX; 

AUX:• !"!F" NC • 0 "THEN" 1 "ELSE" Xtllll**NCI/E5; 
TAU2t• TAU2 + AUX*E4; 82:• B2 + AUX*E6 

"EIIID" s.c.1; 

"PROCEDURE" FORWARD BABUSHKA; 
11 lf" L•l "'THEN" 
"BEGIN" CHI[Olt• CHI• TLS• TAUl; TtOJt• TL; 

GICOJ~• G:• YU• 81; YCOJ:• YL; 
SURtol 1 • Al2; PPI• Al2/ (CH - Al2); 
CHI• TAU2 - CH*PP; Gl• 82 - G*PP; TLt• TAU2; YLI• B2 

"i;;ND" 11 ::LSE" 
"BEGIN" CHl:tLl]I• CH:• CH + TAUl; 

GI[Ll]I• GI• G + B1; 
SU~[LlJr• Al2; PPI• Al2/(CH - Al2li 
CH:• TAU2 - CH*PP; G:• 82 - G*PP; 
TtLlJ:• TL + TAUl; TL:• TAU2; 
Y[Lllt• YL + Bl; YLt• 82 

"EMO" FJRWARD BABUSHKA 
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"PROCEDURE" BACKWARD BABUSHKA; 
"BEGIN" pp: ■ YL; YCNJ:• G/CH; 

GS• PP; CHt• TL; Lt• N; 
"FOR" Lt• L - l "WHILE" L >• 0 "DO" 
"BEGIN" PP:• SUBCLJ; PP:• PP/ICH - PP); 

TL:• TCLJ; CHS• TL - CH*PP; 
Y L 1 • Y C LJ; G t • YL - G* PP; 
YCLJ: ■ (GICLJ + G - YLl/lCHICLl + CH - TLl 

"END" 
"END" BACKWARD BABUSHKA; 

LS• O; XLl• XCOJ; 
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El:• ~[lJ; ez: ■ ECZJ; E31• EC3J; E4:• EC4]; E5:• EC5]; E61• EC6]; 
"FOR" LS• L + 1 "WHILE" L <• N "DO" 
"BEGIN" LlS• L -1; Xllz- XL; XL:• X[Ll; HI• XL - XLl; 

"IF" ORDER• 2 "THEN" ELEMENT MAT vec EVALUATION 1 "ELSE" 
ELEMENT MAT VEC EVALUATION z; 

11.IF 11 L•l "C1R 11 L•N 11 THE'N 11 BOUNDARY CONDITIONS; 
FORWARD BABUSHKA 

"F.ND"J 
BACKWARD BABUSHKA; 

"END" FEM LAG SPHERJ 
11 EIJP" 
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AUTHOR: ~. BAKKER. 

INSTITUT~t MATHEMATICAL CENTRE, AMSTERDAM. 

RECEIVED: 751231a 

BRIEF DeSCRIPTIONr 

THIS SECTION CONTAINS A PROCEDURE FOR THE SOLUTION 
Of SECOND ORDER SKEW-ADJOINT LINEAR TWO POINT 
BOUNDARY VALUE PROBLEMS; 

FEM LAG SKEW; 

THIS PROCEDURE SOLVES THE DIFFERENTIAL EQUATIO~ 

- Y11 + Q(X)*Y' + R(X)*Y • F(X), A< X < B, 

14IT'I BOUNDARY C01WITICNS 

ECll*YCAl + EC2l*Y 1 CA) • EC3J, 

EC4J*YCBl + EC5l*Y 1 1Bl • EC6J. 

KEY W~RDS AND FRASES1 

SECOND ORDER DIFFERENTIAL EQUATIONS, 
TWO POINT BOUNDARY VALUE PROBLEMS, 
SKEW-ADJOINT BOUNDARY VALUE PROBLEMS, 
GALERKIN 1 S METHOD, 
GLOBAL METHODS. 

LANGUAGE: ALGaL 60a 

Cl J STRANG, G • AND G.3 • FIX, 
AN ANALY~IS OF THE FINITE ELE~ENT METHOD, 
PRENTICE-HALL, ENGLEWOOD CLIFFS, NEW JERSEY, 1973e 

C2J BAKKER, M., EDITOR, 
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COLLOQUIUM ON DISCRETIZATION METHODS, CHAPTER 3 !DUTCH), 
MATHEMATISCH CENTRUM, MC-SYLLABUS, TO APPEARe 

[3J HEMKER, P.w., 
GALERKIN•S ~ETHOD AND LOBATTO POINTS, 
MATHEMAT!SCH CENTRUM, REPORT 24/75 Cl975le 

(4] BABUSKA, le, 
NUMERICAL STABILITY IN PROBLEMS OF LINEAR ALGEBRA, 
s.r.A.M. J. HUM. ANAL., V~L.9, P. 53-77 (1972). 
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SUBS ECTI'1N: FEM LAG SKE',f• 

CALLING SEQUENCE! 

THE HEADING OF THE PROCEDURE READSt 

"PROCEDURE" FCM LAG SKEW(X, Y, N, Q, R, F, ORDER, El; 
11 VALU~ 11 N, ORDER; "INTEGER" N, ORDER; 
"ARRAY" x., Y, E; 
"RCAL" 11 PROCEDIJRE" Q., R, Fi 
"CODE" 33302i 

THE McANING OF THE FORMAL PARAMETERS !Sr 

N: <AR!THMETIC EXPRESSION>; 
THE UPPER BOUND OF THE ARRAYS X AND Yi N > li 

X1 <ARRAY IDENTIFIER>; 
11 ARPAY" X[O:NJ; 
!:!ITRY: A • X[Ol < X[l] < ••• < X[Nl • B IS A 
PARTITION OF THE INT~RVAL CA,B]J 

YI <ARRAY IDENTIFIER>; 
"ARRAY" Y[O:N]; 
EXITt YCIJ (I• O, 11 •••, Nl IS THE APPROXIMATE 
SOLUTI~N AT Xt!l TO THE DIF~ERENTIAL EQUATION 

(1) - y,, + Q(Xl*Y' + R(Xl*Y • FIX), A< X < B, 

WITH BOUNDARY CONDITIONS 

IZ l 
ECll*YIAl + H2l*Y'IAl • EC3l, 

EC41*Y(Bl + Ft5l*Y 1 1Bl • EC6li 

Q: <PROCEDURE !Dft-.lTIFIER>; 
THE HEADING OF Q READS: 
"REAL" "PROCEDURE" Q(Xl; "VALUE" XJ "REAL" X; 
Q(X) IS THE COHFICIENT OF yt IN (l); 

R: <PROCEDURE IDENTIFIER>; 
THE HEADING OF R READS! 
"REAL" "PROCEDURE" RIX); "VALUE" X; "REAL" X; 
R(X) IS nt!: CO!:ffICIENT OF V IN Ill; 

F: <~R□CEDUR~ IDENTIFIER>; 
T~E ~EADING OFF READS1 
"REAL" "PROCEDURE" FCX)J "VALU~" X; "REAL" X; 
F(X) IS THE RIGHT HAND SIDE OF 11); 
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ORDER1 (ARITHMETIC EXPRESSION>; 
ENTRY1 ORDER DENOTES THE □ RDEP OF ACCURACY REQUIRED FOR THE 
APPROXIMATE SOLUTION OF 11)-!2); LETH• MAX(XCil - X[I•lll; 
THEN ABS(YCil - YCXCilll <• C*H**ORDER, I• O, •••, N; 
ORDER CAN CAN BE CHOSi:N EQUAL TO 2, 4 OR 6 ONLY; 

E: <ARRAY IDENTIFIER>; 
11 ARRAY" E[l:6J; 
ECll, ••• , E[6J DESCRIBE THE BOUNDARY CONOITIIJNS (21; 
ECll ANO [;[4J ARE NOT ALLIJWWED TO VANISH BOTH, 

PROCcDURES USED: N □NEe 

REQUIRED CENTRAL MEM□ RY1 

FOUR AUXILIARY ARRAYS OF N REALS ARE USEDa 

RUNNING TIMEr 

LET K • IJRDER/2; THEN 

(Al K*N + 1 EVALUATIONS OF Q(X), RCXI AND F(Xl ARE NEEDED; 

(BI ABOUT l7*2**CK-ll*N MULTIPLICATIONS/DIVISIONS ARE NEEDED. 

DATA AND RESULTS: 
THE PROCEDURE FEM LAG SKEW HAS SOME RESTRICTIONS IN ITS USEa 
CI) Q(X) IS HOT ALLOWED TO 'iAVE VERY LARGE VALUES IN SOME SENSEt 

THE PRODUCT Q(X)*IX[Jl - XCJ•ll) SHOULD NOT BE TOO LARGE 
ON THE CLOSED INTERVAL (X[J-ll,XCJl>, OTHERWISE 
TH~ BOUNDARY VALUE PROBLEM MAY DEGENERATE TO A SINGULAR 
PERTURBATION aR BOUNDARY LAYER PROBLEM, FOR WHICH EITHER 
SPECIAL METHODS OR A SUITABLY CHOSEN GRID ARE NEEDED; 

(III QIXI, R(Xl AND FCX> ARE REQUIRED TO BE SUFFICIENTLY 
DIFFCRENTIABLC ON THE DOMAIN OF THE BOUNDARY VALUE PROBLEM; 
THEY ARE, HOWEVER, THE DERIVATIVES ARE ALLOWED TO HAVE 
DISCONTINUITIES AT THE GRID POINTS, IN WHICH CASE THE ORDER OF 
ACCURACY (2, 4 OR 6) IS PRESERVED; 

(lI!) IF Q(Xl AND R(X) SATISFY THE INEQUALITY RIX) >• Q1 1Xl/2, 
THE EXISTENCE OF A UNIQUE SOLUTION IS GUARANTEED, OTHERWISE 
THIS REMAINS AN 3PEN QUESTION; 

(IV} THE USER SHOULD NOT EXPECT GREATER ACCURACY THAN 12 DECIMALS 
DUE TO THE LJSS OF DIGITS DURING THE EVALUATION OF TYE MATRIX 
AND THE VECTOR OF THE LINEAR SYSTEM TO BE SOLVED AND DURING ITS 
REDUCTION TO A TRIDIAGONAL SYSTEM; WHEN THE SOLUTION OF THE 
PROBLEM IS NOT TOO WILD, THIS 12-DIGITS ACCURACY CAN BE OBTAINED 
WITH A MODERATE MESH SIZE IEeGe < Oell ALREADY• PROVIDED 
A S!XTH ORDER '11:THOD IS tJSEDe 
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METHOD AND PERFORMANCE• 

PROBLEM <l)-(2) lS SOLVED BY MEANS OF GALF.RKIN•S t1cTHOD WITH 
CONTINUOUS PI!:CEWISE POLYNOMlAL FUNCTIONS (SEE Clh CZJ); 
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THE SOLUTION I$ APPROXIMATED BY A FUNCTION WHICH IS CONTINUOUS 
ON THE INTERVAL <XCOJ,XCNl> AND A POLYNOMIAL OF DEGREE LESS THAN 
OR EOJAL TOK (K • OROER//2) ON EACH SEGMENT <XCJ•ll,XC.ll> 
( J • l, • •-, N ) ; TH IS 
PISCeWISE POLYNOMIAL IS ENTIRELY DETERMINED BY THE VALUES IT HAS 
AT THE KNOTS XCJl AND ON <K-1> INTERIOR KNOTS ON EACH SEGMENT 
<XCJ•ll,XCJJ>; THESE VALUES ARE OBTAINED BY TH~ SOLUTION OF AN 
(ORDER+ l>-DIAGONAL LINEAR SYSTEM WITH A SPECIALLY STRUCTURED 
MATRIX <SEE CZl); THE ENTRIES OF THE MATRIX AND THE VECTOR ARE 
INNER PRODUCTS WHICH ARE APPROXIMATED BY PICEWISE (K+ll•POINT 
LOBATTO QUADRATURE (SEE C3J); THE EVALUATION OF THE MATRIX AND 
THE VECTOR IS DJNE SEGMENT BY SEGMENTt ON EACH SEGMENT 
THE CONTRIBUTIO~S TO T!-IE ENTRIES OF THE MATRlX AND THE 
VECTOR ARi\l COMPUTED AND EMBEDDED IN THE GLOBAL MATRIX AND 
VECTOR; SINCE TIIE FUNCTION VALUES ON THE INTERIOR 
POINTS OF EACH SEGMENT ARE NOT COUPLED WITH THE FUNCTION 
VALUES OUTSIDE THAT SEGMENT, THE RESULTING LINEAR SYSTEM 
CAN Bi: REDUCED TO A TRIDIAGONAL SYSTEM BY MEANS OF STATIC 
CONDENSATION (SEE C2l); SINCE THE FINAL TRIDUGONAL SYSTEM 
IS Of FlNITE DIFHRENCE TYPE, IT IS SOLVED BY MEANS 
OF BABUSKA 1 S METHOD (SEE [41). 

EXAMPLE 1Jf IJSE t 

WE SOLVE THE BQIJNDARY VALUE PROBLEM 

- Y" + Y••coscx, + Y*EXP(X) • SIN(X)*(l + EXP(X)) + C □ S(X)02, 
0 < X ( PI • 3el415926535897q, Y(O) • Y(PI) • OJ 

FOR THE BOUNDARY CONDITIONS THIS MEANS THAT 

ECll • EC4l • 1; EC2l • EC3J • EC!Jl • EC6l • O; 

THE ANALYTIC SOLUTION IS Y(X) • SIN(X); WE APPROXIMATE 
THE SOLUTION 1N A UNIFORM GRID, I.E. XCIJ • I*PI/N, 
I • O, ••u N; 'IIE CHOOSE N•l0,20 AND COMPUTE FOR ORDER • 2,lt, 6 
THE HAXIMUH ERROR; THE PROGRAM READS AS FOLLOWS a 
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"BCGIN" "INTEGER" N; "FOR" i'U• 10, 20 "DO" 
"BEGIN" "INTEGER" I, ORDER; "REAL" PI; "ARRAY" X, YCOHll, EC116]; 

11 REiL" "PROCcDURE" 0( X); 11 VALUE" X; "REAL" X; 
Qt• COS(X); 

"REAL" "PROCEDURE" R(X); "VALUE" X; "REAL" X; 
R:• EXP(X); 

11 REAL" "PROCEDURE" F(X); "VALUE" X; "REAL II x; 
FI• SIN(X)*(l + EXP(X)) + COS(X)UZ; 

"PROCEDURE" FEM LAG SKEW(X, Y, N, 0, R, F., ORDER, El; 
"CODE 11 33302; 
E[llt• EC4J1• li £C2lt• EC3lt• EC5l1• EC6J1• O; 
PI:• 3.14159265358979; 
11FOR" I:• 0 "STEP" l "UNTIL" N "DO" X[Ilt• PI*I/NJ 
OUTPUT(61,"("/l,6B"("N•"l"D"l",Nl; 
"FOR" ORDER1 ■ 2, 4, 6 "DO" 
"BEGIN" "RGAL" RH□, D; 

FEM LAG SKEW<X, Y, N, 0, R, F, ORDER, Eli 
RHO t• O; 
"FOR" It• 0 "STEP" 1 "UNTIL" N "DO" 
"BEGIN" D: ■ ABS(Y[ll - SIN(X[Illl; 

"If" RHO< D 111 THEN" RHOI• D 
"END"; 
OUTPUT(61, 11 ( 11 /,168 11 ( 11 0RDER• 11 111 DD,4B 11 ("MAX•ERROR• "l", 
DeDD11 +Z011 )"10RDER1RHO) 

"END" 
"END" 
11 END 11 

N•lO 
ORDER•2 MAX. ERROR• 2e95 11 -3 
ORDER•4 MAXe ERROR• 2e56 11 -5 
ORDER•6 MAXo ERROR• 4. 26 11 -a 

N•20 
ORDER•Z 11AX • ERROR• 7e55" -4 
ORDER•4 MAX• ERROR• 1.68 11 •6 
ORDER•6 '1AX. ERROR• 6.76"-10 

NOTICE THAT THE MAXIMUM ERROR DECREASES BY ABOUT 
Z**(-ORDER) WH~N THE MESH SIZE IS HALVED. 



ScCTI':JN CJ ANUARY 1976) 

SOURCE TEXT CS l: 

"C IJD E" 33302; 
"PROCEDURE" Fl;M LAG SKEWCX, Y, N, o, R, F, ORDER, El; 
"INTEGER" N, ORDER; 
"REAL" "PROCEDURE" Q, R, F; 
11 ARRAY 11 X, Y, E; 
11 0EGIN" "INTEGER" L, Ll; 
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11 REAL 11 XLl, XL, H, Al2, A21, B1, B2, TAUl, TAU2, CH, TL, G, YL, PP, 
El, E2, E3, E4, E5, E6; 

11 ARRAY11 T, SUPER, SUB, CHI, GICOtN-ll; 

11 PROCeDJJRE11 ELEMENT MAT VEC EVALUATION l; 
"BEGIN" "OWN" "REAL" 02, R2, FZJ 

"RE AL 11 01, Rl, Fl, HZ, S12; 
"lF 11 L•l "THGN" 
"BEGIN" oz:• Q(XLl); R2:• R(XLl)J Fl:• F(XLl) "ENO"; 
H2l• H/2J S121• - 1/H; 
Olt• QZ; Q21• Q(XLl; 
Rll• RZ; RZ:• R(XL); 
Fl:• FZ; F2:• FCXL>; 
Blt• H2*Fli B2t• H2•FZ; 
TAUli• HZ•Rl; TAU2t• HZ*R2; 
Al2:• S12 + 11/2; A21:• S12 - 02/2 

"ENO" ELEMENT MAT VEC ev.; 
19 PROCEDIJRE. 11 ELEMENT MAT VEC EVALUATION 2; 
"BEGIN" 11 0WN11 "REAL" 03, R3, F3; 

"REAL" Ql., 02, Rl, R2, Fl, FZ.1 Sl.?, Sl3, S22, XZ, H6, Hl!h 
Cl2, C32, A13, A31, A22, 'A23, A32, 83, TAU3; 

"IF" L•l 11 THEN" 
11 B::GHI" 03:• Q(Xlll; R3:• RCXLll; f31• f(Xlll 11 END 11 ; 

X21• CXLl + XU/2; H61 ■ H/6; Hl51• H/le5J 
011• 03; Q2t• Q(X2); 031• Q(XL)J 
Rl:• R3; R2:• RCX2l; R3:• RCXL>; 
Fll• F3; F2:• FCX2); F3: ■ F(XL); 
B11• H6•1=1; 921• Hl5*F2; B3:• H6*F3; 
TAUlJ• H6*Rl; TAU2t• Hl5*R2; TAU3:• H6*R3; 
S12:• - l/HI0.375; S13:• - SlZ/8; S22: ■ - Z*S12; 
Al21• S12 + Ql/le5i Al31• S13 - Ql/6; 
AZlt• S12 - Q2/l.5; A23t• Sl2 + 0211.5; A22t• S22 + TAU2; 
A3ll• Sl3 + Q3/6; A32:• S12 - 0311.5; 
"COMMENT" STATIC CONDENSATION; 
Cl21• - Al2/A22; C32•• - A32/A22; 
Al21• Al3 + C12*A23; AZl:• A3l + C32*A2li 
Bl:• Bl + Cl2*B2; BZ:• B3 + C32*B2; 
TAUlt• TAUl + Cl2*TAU2; TAUZI• TAU3 + C32*TAU2 

11 END" ELEMENT MAT VEC EVALUATION 2 



( JANUARY 1976) 

~PR~C[DURE" ELEMENT MAT VEC EVALUATION 3J 
"BEGIN" 11 0\o/N" "REAL" 04, R4, F4; 

"REAL" 01, 02, 03, Rl, R2, R3, FL F2, F3, 
Sl21 $131 S141 S22, S23, X2, X3, Hl21 H24, 
DET, Cl2, Cl3, C42, C43, A13, Al4, A22, A23, 
A24, A31, A32, A33, A34, A4l, A4~, A43, 
B 3, 84, T AU3, T AIJ4 i 

"! F" L•l "THEN" 
"BEGIN" Q4:• 0(XLl)J R4:• R<XLlli F4:• F(XLll 11 END"; 
X2:• XLl + Oe27639320225*Hi X31• XL - X2 + XLlJ 
Hl2t• H/12; H24t• H/2e4i 
Ql:• Q4; Q2:• Q(X2); Q3: ■ Q(X3l; Q4:• Q(XU; 
Rl: ■ R4; R2:• R(X2); R3:• R(X3); R4:• R(Xll; 
fll• F4J F21• F(X2); F3t• F(X3)J F41• F(XL)J 
S121• -4.8784183052080/H; S131• 0.7117516385414/H; 
Sl4:• -.16666666666667/H; S23:• 25*Sl4J S22:• -Z*S23; 
8lt• Hl2*FlJ B21• H24*F2J 831• H24*F3; 84t• Hl2*F4J 
TAUl:• Hl2*Rl; TAU2t• H24*R2; TAU31• H24*R3; TAU41• H12*R4; 
Al2:• $12 + Oe67418082a64578*0l; 
Al3:• Sl3 - 0.2,751416197912*01; 
Al41• S14 + 01/12; 
A2lt• $12 - 0.674180828~4578*02; 
A22:• S22 + TAtJZ; 
A23t• S23 + 0093169499062490*02; 
A241• S13 - 0025751416197912*02; 
A3lt• Sl3 + 0.25751416197912*03; 
A32:• S23 - o.~3169499062490*03; 
A33:• S22 + TAU3; 
A34t• S12 + Oa674l8082864578*03; 
A4lr• S14 - 04/12; 
A42:• S13 + Oe257514161979l2*04; 
A43:• Sl2 - 0.674l8082864578*Q4; 
"COMMENT" STATIC CONDENSATION; 
DETI• A22*A33 - A23*A32; 
Cl2:• (Al3*A32 • Al2*A33)/DET; 
C13t• (A12*A23 - Al3*A22)1DET; 
C42t• (A32*A43 - A42*A33)/DET; 
C43in (A42*A23 - A43*A22l/DET; 
TAUl:• TAUl + ClZ*TAUZ + Cl3*TAU3 J 
TAU2t• TAU4 + C42*TAU2 + C43*TAU3; 
Al2t• Al4 + Cl2*AZ4 + Cl3*A34; 
A21:• A4l + C42*A21 + C43*A31; 
Bl:• 81 + Cl2*8Z + C13*B3; 
821• 84 + C42*B2 + C43*B3 

"END" SLEMENT MAT VEC EVALUATION 3 

PAGE 7 



( JANUARY 1976) 

"PROC SD!JR!: 11 BOUNDARY CONDITIONS; 
111 F" L•l "ANO" i:2 • 0 "THEN" 
~BEGIN" TAUlt• li Blt• E3/El; Al2S• 0 "END" 
"ELSE" "lF 11 L•l 11 AND11 E2 •• 0 11 THEN" 
"BEGIN" TAlll: • TAUl - El/E2; Bl:• Bl - E3/E2 
"END" "ELSE" "IF" L•H "AND" E5 • 0 "THEN" 
"BEGIN" TAUll• l; A2lt• C; 021• E6/E4; 
"END" "~LSE" 11 IF 11 L•N "AND" E5 •• 0 "THEN" 
"BEGIN" TAU2:• TAU2 + E4/E5J B2:• B2 + E6/E5 
"END" BeCeli 

11 PRDCEOURE11 FORWARD BABUSKA; 
11 11=11 L•l 11THfN 11 
11 BEG:i:N" CHICOJ:• CHI• TL:• TAUl; T[O]t ■ TL; 

GICOH• Gt• Yll• '31; Y[Olt• YU 
SUBCOJ: ■ A21; SUPERCOJ:• Al2; 
PP:• ft2ll(CH - Al2l; CH:• TAU2 • CH*PP; 
Gr• 82 - G*PP; TL1• TAU2; YLt• 82 

"END" "ELSE" 
"~EG!N" CHICLlJ:• CH:• CH+ TAUl; 

GICLlJ :e G: • G + Bl; 
SU3[Llll• A21; SUPfR[LlJI• Al2i 
PP1• A2l/(CH - Al2); CHt• TAU2 - CH*PP; 
G:• 82 - G*PP; TCLlJ:• TL + TAUl; TLt• TAUZ; 
YCLlJ:• YL + 81; YLt• 82 

"ENO" FORWARD BABUSKA; 

"PROCi:OURE" BACKWARD BABUSKA; 
11BEGIN"PP:• YL; YCNJ:• G/CH; 

Gt• PP; CHU TL; ll• N; 
"FOR" Lr• L - 1 11 WHILE 11 L >• 0 11 D0 11 
11 BaGIN 11 PP:• SUPERCLJ/!CH - SUBCLJl; 

TL:• TCLlJ CHt• TL - CH*PP; 
YLI• Y[L]i GI• YL - G*PP; 
YCLl1•!GICLJ + G - YLl/(CHICLl + CH - TLl 

11 END 11 

"END" BACKWARD BABUSKAJ 

Ll• O; XL:• XCOJ; 
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Elt• ECll; E2:• ECZJ; E3t• EC3l; 1:4:• EC4]; E5:• EC5J; E61• EC6J; 
"COMMENT" ELEMENTWISE ASSEMBLAGE Of MATRIX ANO VECTOR 

CJMBIHED WITH FORWARD BABUSKA SUBSTITUTION; 
11 FOR11 L:• L + 1 11WHILE11 L <• N 110011 
11 BEGIN 11 XLl:• XL; Lll• L - l; XL:• XCLJ; HI• XL• XLl; 

"IF" ORDER• 2 "THEN" ELEMENT MAT VEC EVALUATION 1 "ELSE" 
11 IF11 ORDER• 4 11THEN 11 tLEMENT MAT VEC EVALUATION 2 "ELSE" 
ELEM~NT MAT VEC EVALUATION 3; 
11IF 11 L•l "OR" L•N 11 THEN 11 BOUNDARY CONDITIONS; 
FJRWARD BABUSKA 

"END"; 
BACKWARD BABUSKA; 

"END" FEM LAGR; 
"E 1J1>11 
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BRIEF DESCRIPTION: 

THIS SECTION CONTAINS A PROCEDURE FOR THE SOLUTION 
aF fJURTH ORDER SELF-ADJOINT LINEAR TWO POINT 
BOUNDARY VALUE PROBLEMS; 

FEM H!:RM SYM; 

THIS PROCEDURG SOLVES THE DIFFERENTIAL EQUATION 

(P(X)*YU) 11 - (Q(X)*Y'>' + R(Xl*Y • F(Xl, A< X < B, 

WITH B~UNDARY CO"IDITIONS 

Y(A) • !;Cll, Y1 (A) • ECZJ, 

Y!B) • cC3J, Y1 (B) • EC4le 
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CALLING SEQUENCE: 

THE H~ADING OF THE PROCfDURE READS: 

11 PR!'.'1C1:DllR[ 11 FEM HERM SYMCX, Y, N1 P1 Q, R, F, ORDER, El; 
11 VALUa" N, ORDER; "INTIEGER" t,t., ORD!::R; 
"ARRAY" X, Y1 E; 
"ReAL" "PROCEDURE" P, Q, R, FJ 
"CODE" 33303; 

THE MEANING OF THE FORMAL PARAMETERS IS: 

NI <ARITHMETIC EXPRESSION>; 
THE UPPER BnUND OF THE ARRAY x; N > l; 

x: (ARRAY IDENTIF:ER>; 
"ARRAY" X[O:N]J 
E~ITRY: A • XCOJ < XClJ < eu < XCNl • B IS A 
PARTITION QF THE INTERVAL tA,BlJ 

Yt <ARRAY IDENTIFIER>; 
"ARRAY" Y[l12*M-ZJ; 
EXIT: YC2*I-1J IS AN APPROXIMATION TO Y!XCIJl, 
YC2*Il lS AN APPROXIMATl □ N TO yt(X[Ill, 
WHERE Y<Xl IS THE SOLUTION OF THE DIFFERENTIAL EQUATION 
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(ll (P(Xl*Y"l" - (Q(Xl*Y'l' + R(Xl*Y • F(Xl , A< X < B., 

WITH BOUNDARY CONDITIONS 

YIAl • E[ll, Yl(Al • EC2l, 
(2 l 

Y(Bl • EC3J, Y'l13l • EC4l; 

P 1 <PROCEDURE 1 DENTIF IER>; 
THE HEADING OF P READS: 
11REAL 11 11PROCfOURE 11 D(Xl; "VALUE" X; 11 REAL 11 X; 
P( Xl IS THE COEFFICIENT OF Y11 IN (1 l; 
P(Xl SHOULD BE STRICTLY P'JSITIVE; 

Q: <?ROC!;OURi: IDENTIFIER>; 
THE HEADING OF Q READSt 
"R(AL" "PROCEDURE" Q(XlJ 11 VALUE: 11 X; 11 REAL 11 X; 
Q(Xl IS T'-iE COuFfICIENT OF Y• IN <ll; 
Q{Xl SHOULD BE NONNEGATlVE; 

R: <PROCEDURE IDENTIFIER>; 
THE ~EADING OF R READS: 
"REAL" "PROCEDURE" P(X); "VALUE" x; "REAL" x; 
R(X) IS THE COl'.:FFICIENT OF Y IN (l); 
R(X) SHOULD Be NONNEGATIVE; 
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Fr <PROCEDURr IDENTIFIER>; 
THE HEADING OFF READS: 
"REAL" "PF'.OCEDUR!:lt F (X); 11 VALtJ!: 11 x; "REAL" x; 
F(X) IS THE RIGHT HAND SIDE OF (l); 

ORDER: <ARITHMETIC F.XPRESSION>; 
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ENTRY: ORDER DENOTES THE ORDER OF ACCURACY REQUIRED FOR THE 
APPROXIMATE SOLUTION OF (1)-(2); LETH• MAX(XCIJ - XCI-lJI; 
T:li;N 

ABSIY[2*I•ll•Y(X[Illl <•Cl* HUORDER, 
ABS(Y[2*IJ-Y 1 (XCill <• C2 * H**OROER, I • 1, ••• ,N-1; 

ORDER CAN otlLY BE CHOSEN EQUAL TO 4, 6, 8; 

E: <ARRAY !DeNTIFIER>; 
11 ARRA Y II EC l 1 4 l; 
ECll, ••• , EC4l DESCRIBE THE BOUNDARY CONDITIONS (2)e 

PR~CiDURES USED: C4LDECSOLBND • CP 34333 

REQUIRED CENTRAL MSM □RY1 

□NE AUXILIARY ARRAY OF B*IN-1) REALS IS USEDe 

RUNNING TIME: 

LET K • ORDER/2; THEN 

(Al K*N + l F.VALUATIONS OF P(XI, Q(Xl, RIX) ANO F(XI ARE NEEDED; 

(8) ABOUT (ORDER•3l*50*N MULTIPLICATIONS/DIVISIONS ARE NEEDED; 

(C) □NE CALL ]f CHLDECSOLBND IS DONE. 

DATA ANO RESULTS: 

THE PROCEDURE FCM HERM SYM HAS SOME RESTRICTIONS1 
III P(Xl SHOULD BE POSITIVE ON THE CLOSED 

INTERVAL <XCOJ,X[NJ> ANO Q(X) AND R(X) SHOULD BE 
NONNEGATIVE THERt; 

(II) P(Xl, Q(Xl, R(X) AND F(Xl ARE REQUIRED TO BE SUFFICIENTLY 
SMOOTH ON THE INTERVAL CXCOl,XCNl> EXCEPT AT THE KNOTS, 
WHERE DISCONTINUITIES OF THE DERIVATIVES ARE ALLOWED; 
IN THAT case THE ORDER OF ACCURACY IS PRESERVED; 

IIIII THE USER SHOULD NOT EXPECT HIGHER ACCURACY THAN 12 
O~CIMALS DUS TO THE LOSS OF DIGITS DURING THE EVALUATION OF THE 
MATRIX AND VECTOR AND DURING THE REDUCTION TO A PENTADIAGONAL 
SYSTEM; THIS ACCURACY CAN BE REACHED VERY EASILY WHEN AN EIGTH 
ORDER ~ETHOD IS USED 
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MfTHOD AND PERFORMANCE: 

PROBLEM Cl l-(2 l IS SOLVl:D BY MEANS OF GALF. RKIN' S METHOD WITH 
CONTINUOUSLY DlFFiRENTIABLE PIECEWISE POLYNOMIAL FUNCTIONS 
(Se!: Cll, C2Jl : THE SOLUTION IS APPROXIMATED BY A FUNCTICN 
WHlCH IS CONTINUOUSLY DIFFERENTIABLE ON THE CLOSED INTERVAL 
<X[Cl,XCNJ> AND A POLYNOMIAL OF DEGREE LESS THAN OR EQUAL TO 
K CK• 1 + ORDER//21 ON EACH CLOSED SEGMENT <XCJ-ll,XCJJ> 
( J • l, • •., N l; 
THIS FUNCTION IS ENTIRELY DETERMINED BY THE VALUES OF 
THE ZEROETH AND FIRST DERIVATIVE AT THE KNOTS X[Jl AND BY 
THE VALUES IT HAS AT ( K-31 INTERIOR KNOTS ON EACH CLOSED 
SEGMENT <XCJ-ll,XCJJ>; THE VALUES OF THE FUNCTION ANO ITS 
DERIVATIVE AT THE KNOTS ARE OBTAINED BY THE SOLUTION OF AN 
CORDER+ ll-DIAGONAL LINEAR SYSTEM OF (K-ll*N • 2 UNKNOWNS; 
THE ENTRIES OF THE MATRIX AND THE VECTOR ARE INNER PRODUCTS 
WHICH ARE APPROXIMATED BY PIECEWISE K-POINT LOBATT□ 
QUADRATURE ( Si;E [3] l; THI: EVALUATION OF THE MATRIX AND 
VECTOR IS PERFORMED SEGMENT BY SEGMENT; 
IF K > 3 THE RESULTING LINEAR SYSTEM CAN BE REDUCED 
TO A PENTADIAG□NAL SYSTEM BY MEANS OF STATIC 
CONDENSATION; THIS IS POSSIBLE BECAUSE THE FUNCTION 
VALUES AT THE INTERIOR KNOTS ON EACH SEGMENT CXCJ-ll,XCJJ> 
DO NOT DEPEND Ot1 FIJNCTION VALUES OUTSIDE THAT SEGMENT; 
THE Fit~AL PENTADIAGONAL SYSTEM, SINCE THE MATRIX IS POSIT! VE 
DEFINITE AND SYMMETRIC, IS SOLVED BY MEANS OF CHOLESKY 1 S 
DEC~MPOSITION METHOD (SEE SECTION 3el•2•lele2ele3le 

EXAMPLE OF USEt 

WE SOL VE THE BOUNDARY VALUE PRO BLEM 
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Y""' - (Y'*C!JS(Xll 1 + Y*EXP(Xl • SIN(Xl*<l + eXP(Xl + COS(Xl•Zh, 
0 < l( < PI; 
Y(l.ll • Y(Pil • O; Yl(O) • l; Y•<PI) • -lJ 

PI• 3014159265358979; 

THE ANALYTIC SOLUTION IS Y(X) • SIN(X); WE APPROXIMATE 
THE SOLUTION ON A UNIFORM GRID, I.E. XCI] • I*PI/N, 
I• o, ••• , N; WE CHOOSE N • 5, 10 AND we COMPUTE 
THE MAXIMUM DCVIATIONS FROM Y(X[Ill AND Y1 (XCIJl 
FOR ORDER • 4, 6, B; 
THE PROGRAM READS AS FOLLOWSt 



SECTION (JANUARY 19761 

"BEGIN" "INTEGER" H; "FOR" N:• 5, 10 "DO" 
"BEGIN" "INTEGER" I, ORDER; "REAL" Pl; "ARRAY" XCOtNJ, 

YClt2*N•21, ECl14]; 

"RC:AL" "PROCEDURE" P(XI; "VALUE" X; "REAL" X; P:• li 

"REAL" "PROCEDURE" O(X); "VALUE" x; "REAL" x; 
QI• COS(X); 

"REAL" 11 PROCEDURE" R(X); "VALU!::" X; "REAL" X; 
R:• i:XP(X); 

"REAL" "PROCEDURE" F(X); "VALUE" x; "REAL" x; 
Ft• SIN(Xl*Cl + EXP(X)+ 2*COS<XII; 

"PROCEDURE" FEM HERM SYM(X, Y, N, P, o, R, F, ORDER, E)J 
"CODE" 33303; 
E[l]S• EC1Jt• O; EC2ll• l; EC4J:• - l; 
PI:• 3e14l5~265358979; 
"FUR" I I• 0 "STEP'' l "IJNTIL" N "D011 XCI J1• PI*I/N; 
OUTPUT ( 61, "( "I /16B"( "N•" l"ZD" I", NI; 
"FOR" ORDER:• 4, 6, 8 "DO" 
"BEGIN" "REAL" RHOl, RHOZ, Dl, D2; 

FEM HERM SYM( X, Y, N, P, o, R, f., ORDER, El; 
RHOll• RHOZI• Oi 
"FOR" I:• l "STEP" l "UNTIL" N • l "DO" 
"BEGIN" Dl:• ABS(YCZ•I-ll - SIN!X[Il)I; 

"IF" RH□l < Dl "THEN" RHOlt• Dl; 
DZt• ABSCYCZ*ll - COSCXCil)); 
"If" RHOZ < D2 "THEN" RH02t• D2 

"END 11 ; 

OUTPUT(6l,"("/1l6B"("ORDER•"l"D1/1 
24B"("MAX ABS!YC2*I•lJ-YCXCilll• "1",De3D"+ZD, 
/,24B"("MAX ABS!YC2*Il•Y 9 (XCllll• "> 11 ,D.3D 11 +ZD"I", 

ORDER, RHOl, RH 02 I 
"END" 

"END" 
11 EN0" 
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RESULTS1 

N• 5 
ORDER• 4 

MAX ABS(YCZ*I-lJ-Y(XCIJll • 4.822 11 -4 
MAX ABS(YC2*Il-Y 1 (X[Illl • 4.548 11 -4 

'JRDER•6 
MAX ABS(YC2*I-ll-Y(X[Ill) • 5.651" •6 
MAX ABSCYC2*Il•Y 8 (XCIJ)) • 2.03511 -6 

ORDER•8 
MAX ABS(Y[2*I-ll-Y(X[IJ)) • 2.264" -a 
MAX ABS<YC2*!l•Y•<XCIJll • 1.60011 -a 

N•lO 
JROER•4 

MAX ABS(YC2*I-ll-Y!XCill) • 2.65711 -5 
MAX AOS(YC2*IJ-Y 1 (~CIJ)l • 2ell70" -5 

ORDEP•6 
MAX ABS(YC2*I-ll-Y(XCil)) • 8.398 11 -a 
MAX ABS (YC2*I l-Y• (XCI])) • 3.!57211 -a 

DRD;R•8 
MAX ABS(YC2*1•1J•Y(XCilll • 7o98l"•ll 
MAX ABS(Y[Z*Il-Y'(X[IJ)) . 6.796 19-11 

NOTICE THAT THE MAXIMU~ ERROR IS DIVIDED BY 
2**DRDER, ~HEN THE MESH SIZE IS HALVED. 
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SOURCE TEXT ( S) 1 

"CODE" 33303; 
11 PROCEDURi.:" FEM llERM SYM!X, Y, N, P, Q, R, F, ORDER, El; 
"VALUE" N, ORDER; "INTEGER" N, ORDER; 
"ARRAY" X, Y, E; 
"REAL" "PROCEDURE" P, o, R, F; 
"BEGIN" "INTEGER" L, N21 V1 W; 

"ARRAY" A[l1a•<N - llJ, E~[213]; 
"REAL" All, Al2, A13, Al4, A22, A23, A24, A33, A34, A44, 

YA, YB, "/. A, za, 
Bl, B2, B3, B4, D1, DZ, El, Rl, R2, XLl1 XL; 

"PROCEDURE" CHLDECSOLBND!A, N, W, AUX, B); "CODE"34333; 

"PROCEDURE" ELE~ENTMATVECEVALUATION; 
"IF"ORDER•4"THEN" 
"BEGIN" "REAL" X2, H, H2, H3, Pl, P2, 

01, 02, Rl, R2, Fl, F2, 
811, 812, 813, B14, 822, B23, 824, B33, 834, 844, 
Sll, S12, S13, Sl4, S22, S23, S24, S33, S34, S44, 
Mll, M12, M13, Ml4, M22, MZ3, M24, M33, M34, H44; 
"!lWN" "REAL"PJ, 03, P3, F3; 

H1• XL - XL1; H21• H•H; H31• H*H2J 
xz: ■ (XLl + XL)/2; 
"IF "L• l "TH EM" 
"8EGIN"P31• P(Xll); Q3t• Q(Xll); R3t• RIXLl); F31• F(Xlll 
"END"; 

"COMMENT" ~LEMENT BENDING MATRIX; 
P 11 • P 3; P2 2 • P ( X 2 l; P 31 • P ( XL ) ; 
Bllt • 6• ( Pl + P3); 8121 ■ 4•Pl + 2•P3; 
813l• - 811; 814:• B11 - 812; 
B22:• (4*Pl + P2 + P3lll.5; 8231• - B12; 8241• 812 - 822; 
B33t• Blli 0341• - 814; B44t• B14 - B2~; 

"COMMENT" ELEMENT STIFFNESS MATRIX; 
Ql:• Q3; QZ:• Q(X2l; 031• Q(Xll; 
Sllt• l,5*02; S12t• QZ/4; Sl3t• - Sll; S14ts Sl2; 
S24:• Q2/24; S22:• Ql/6 + S24; S23:• • S12; 
S33:• s11; S34:• - s12; S44:• S24 + Q3/6; 

"COMMENT" ELEMENT MASS MATRIX; 
Rll• R3; R2t• R(XZl; R3:• R(Xll; 
Mll:• (Rl + R2)/6; MlZ:• RZ/24; Ml3t• RZ/6; Ml4:• • MlZ; 
M22t• R2/96; MZ3t• - Ml4J MZ4:• - M22; 
M331• (RZ + R3l/6J M34J• Ml4J M441• M22J 

"COMMENT" ELEMENT LOAD VECTOR; 
Fl=• F3; FZ:• F(X2); F31• F(Xl)J 
Bll• H*(Fl + 2*F2l/6; B31• H*(F3 + Z*FZ)/6; 
B2:• H2+FZ/12; B4:• • B2; 

PAGE 7 
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All:• Bll/H3 + Sll/H + Mll•H; 
Al31• Bl3/H3 + Sl3/H + M13*HJ 
A22t• 822/H + S22*H + M22•H3; 
A24t• B24/H + S24*H + M24*H3; 
A33:• B33/H3 + S33/H + M33*H; 

Al2:• 
Al4t• 
A231• 
A34:• 
A441• 

"END" "ELSE" "If"ORDER•6"THEN" 
"BEGIN" "OWN" "R;AL"P4, 04, R4, F4; 

"REAL"H, HZ, H3, X2, X3, 
Pl, PZ, P3, Ol, Q2, 03, 
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B12/HZ + Sl2 + MlZ*HZ; 
B14/HZ + S14 + Ml4*H2f 
B23/HZ + S23 + H23*H2; 
834/HZ + S34 + M34*H2; 
B44/H + S44*H + M44*H3 

Rl, RZ, P.3, Fl, FZ, F3, 
Bll, B12, 813, 614, 815, 
B331 B34, B35, B44, B45, 
Sll, Sl2, Sl3, S14, S15, 
S33, S34, S35, S44, S45, 
Mll, HlZ, Ml3, Ml4, Ml5, 
M33, M34, M35, M44, M45, 
A15, A25, A35, A45, A55, 
"IF 11 L•l" THEM" 

B22, B23, B24, B25, 
B55, 
S22, S23, S24, S25, 
S55, 
M22, H23, M24, M25, 
H55, 
Cl, CZ, C3, C4, B5; 

"BEGIN"P4t• P(Xlll; Q4:• Q(XLl); F.4t• R(XLl); F4:• F(Xll) 
"END"; 

Ht• XL - Xll; HZI• H*H; H3t• H*HZJ 
XZ:• Oe2763932O225*H + XLl; XJ:• XLl + XL - X2; 

11 COHMENT" ELEMENT BENDING MATRIX; 
Plt• P4; P2t• P(XZ); P31• P(XJ); P41• P(XLJ; 
Bll:• + 4eO333333333333"+1*Pl + lell24913866738"•l*P2 

+ l.4422O84194664"+1* P3 + 8 • 3333.33333333311 +O*Plt J 
BlZt• + le4666666666667"+l*Pl - 3.3191425O91659"-l*PZ 

+ 2e79858O9175818"+O*P3 + le6666666666667"+o•P4; 
B13:• + le8333333333333 11 +1*1Pl+P4) 

+ le266666666666711 +O*(P2+P3)J 
B151• - (B11 + B13); B142• - (B12 + B13 + B15/2); 
B22: ■ + 5e3333333333333"+O*Pl + 9e9O273461t41674"•l*P2 

+ 5e43O5986891624"-l*P3 + 3e3333!33333333 11•1*Plt; 
B231• + 6e66666666666b7•+O*Pl - 3e7791278464167•+O*P2 

+ 2o45794513OA295"•1*P3 + 3e6666666666667"+O*P4i 
B25:• - (B12 + B23); B24:• • (B22 + B23 + 825/2); 
B331• + 8e3333333333333 11 +O*Pl + le4422O84194666"+l*P2 

+ lell24913866726"•1*P3 + 4eO333333333333"+l*P4; 
B35:• • !B13 + B331; B341• - (B23 + B33 + B35/2); 
845:• - (B14 + B34); B44:• - (B24 + 834 + B4512); 
B551• • (B15 + B35); 
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"COMMeNT" ELEMENT STIFFNESS MATRIX; 
'111• Q4; Q2:• Q(X21; Q3:• QIX31; Q4; ■ Q(XLI; 
Slll• + 2a68441683893308 +0*Q2 + 2.2249827733448 8 -2*Q3J 
S12t• + 2e567105l872498"-l*Q2 + 3.2894812749994"-3*03; 
S13:• + 2.5331333333333"-1*<02+031; 
Sl4S• - 3.7453559925005"-2*02 - 2.2546440074988"-2*03; 
Sl51• - (S13 + Slll; 
522:• + 8.3333333333333"•2*01 + 2e2847006554164"•2*Q2 

+ 4.8632677916445"-4*03; 
5231• + 2.2546440075002"-2*02 + 3,7453559924873"-2*03) 
SZ4t• - 3e33)33333333338 •3+CQ2+Q31J 
525:• - !SlZ + 5231; 
S33:• + 2.2249827733471"-2*02 + 2.8~44168~89330"+0*03; 
S341• - 3e2894812750127"-3*02 - 2.5671051872496"-1*03; 
S35t• - (S13 + $331; 
S44:• + 4.8~32677916788"-4*02 

+ Ze2847'0065.54161"-2*Q3 + 813333333333338 11-2•04; 
S45t• - CS14 + S34); 
S55:• - (S15 + S351; 

11COMMENT" ELEMENT MASS MATRlX; 
Rll• R4; R2t• R(X21; R3t• R(X31; R4t• R(XLI; 
Mlll• + 8e3333333333333"-2*Rl + le0129076086083"-l*R2 

+ 7.,3759058058380"-3"'R3; 
Ml2:• + l,3296l81273333"-2"'R2 + le3704853933353"-3*R3J 
MlJt• - 2,7333333333333"-2*(R2+R31; 
Ml4:• + 5e0786893258335"-3*R2 + 3.5879773408333"-3*R3; 
Ml5;• + lo3147987ll5999"-l*R2 - 3.547987ll!i9991"-2*R3; 
M22:• + le7453559925000"-3*R2 + 2.5464400750059"-4*R3; 
M23t• - 3e5179773408336"-3*R2 - 5e0786893258385"-3"'R3; 
M24l• + 6e6666666666667 11 -4•CR2+R3); 
M25 :• + 1, n59029213333"-2*R2 - So 5923625466719"-3*R3; 
M33:• + 7e3759058058380"-3*R2 

+ le0l29~76086083"-l*R3 + ~.3333333333333 11•2*R4; 
M'.34:• - le3704853933333 11-3•R2 - le3296181273333 11 •Z*R3; 
M35t• - 3.5479871159992"-Z*RZ + le3147987115999"-l*R3; 
M44t• + 2e546440075000~"-4*R2 + le7453~59924997"-3*R3; 
M45:• + 6e5923625466656"•3•R2 ., le7259029213330"-2"'R3; 
M59:• + el706666666666711 +0*(R2+R3)J 
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"COMMENT" ELE 11ENT LOAD VECTOR; 
f l :• F 4; F 2: • F ( X2); f3 I• FIX 3); F 4: • F ( XL I; 
81:• + s.3333333333'333"-Z*Fl + z.054372Q868749"-l*F2 

- 5e~437?98687489"-l*F3; 
82:• + 2.6967233145832"-Z*FZ - le0300566479175"-Z*F3; 
83:• - 5e5437298687489"-2*FZ 

+ 2.~543729868749"-l*F3 + 8e3333333333333"-2*F4i 
842• + le0300566479165"-2*F2 - 2e6967233l45830"-Z*F3; 
85:• + 2e666666666666711-l*(f2+F3); 

All I• H2*1H2*Mll + Slll + Bll; Al2t• H2*CH2*Ml2 + S12) 
A131• H2*1 H2*M13 + S13) + B13; Al41• H2*CHZ*Ml4 + S14> 
Al5l • HZ*IH2*Ml5 + S15> + B15; A22:• H2*1H2*M22 + S22) 
AZ3:• liZ•CH2*'123 + S23) + 823; A24:• H2*(H2*M24 + S24) 
A25t• H2*( HZ*r,125 + SZ5> + B25; A331• HZ*CHZ*M33 + S33 l 
A341• H2*1H2*M34 + S341 + 834; A35:• HZ*IHZ*M35 + S35) 
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; 

+ 812; 
+ B14; 
+ 822; 
+ 824; 
+ 833; 
+ 835; 

A44:• HZ*IH2*M44 + S441 + 844; A45t• HZ*IHZ*M45 + S45 > + 845; 
A55: ■ HZ•< H2*M55 + S55 > + B55; 

"COMMENT" STATIC CONDtNSATION; 
Cl:• Al5/A55; cz: ■ A25/A55; C31• A35/A55; C41• A45/A55; 
811• (Bl • Cl*B5)*1ii 821 ■ (B2 - C2*B5)*H2J 
831• (83 - C3*B5l*Hi 841• (84 • C4*B5l*HZ; 
All:• (All• Cl*A151/H3; Al2: ■ (Al2 • Cl*A251/HZ; 
Al3: ■ (A13 • Cl*A35)/H3i Al4: ■ 1Al4 - Cl*A45)/H2; 
AZZI• (A22 - C2*A25)/Hi A23t• CA23 - CZ*A35)/HZ; 
A241• (A24 - cz•A45)/H; A331• (A33 - C3*A35)/H3; 
A34: ■ IA34 • C3*A45)/H2i A44:• IA44 • C4*A45)/H; 

"END" 11 !:LSE" 
"BF.GIN" "OWN" "REAL"P5, 05, R5, F5; 

"RE AL" XZ, X 3, X4, H, HZ, H3.1 
Pl, PZ, P3, P4, Ql, oz., 03, 04.1 
Rl.1 RZ, R3.1 R4.1 Fl.1 FZ, F3, F4, 
811, B12, B13, 814, 815.1 816, BZZ, B23, B24, B25.1 B26.1 
833.1 B34, 835., 836.1 B44.1 B451 B46, 855, 856., 866, 
s11., s12., S13, S14, s1,, Sl6, szz, S23, S24, S25, S26, 
S33, S34, S35, S36, S44, S45, S46, S55t S56, S66, 
Hll.1 1112.1 '113., Ml't, H15.1 1116, M22.1 M23.1 1124, 1125., 1126.1 
1133.1 M34.1 M35.1 1136.1 1144, 1145, 1146, M55., 1156., 1166., 
Cl5, C16, c2,, C26, C35, C36, c45., C46, 95., 86, 
A15, A16, A25, A26, A35, A36, A45, A46, A55.1 A56, A66.1 DET; 
11! F" L•l "T HEH" 
11 BEGIN11 P5: ■ PIXLl); Q5t• QCXLl); R5:• RIXLl); F5:• FIXLl) 
"l:ND"J 
HI• XL - XLl; HZ&• H•H; H31• H*H2; 
xz:• XLl + H•.172673164646; X3:• XLl + H/2; X4:• XLl +XL• X2; 

"COMMENT" 
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"COMMENT" ELEMENT BENDING MATRlXJ 
Pll• P,; PZI• P(XZ); P3t• PCX3); P4t• PCX4); P5t• P(XL); 
Bll:• + 105e8*Pl + 9e8*P5 + 7e35931Zl303'!513"•Z*PZ 

+ ZeZ7,555,55!5556"+l*P3 + 7e0565656088553"+0*P4; 
BlZt• + Z7e6*P1 + le4*P5 - 3a41554824811•-l•P2 

+ Ze8444444444444"+0*P3 + le0113960946522"+0*P4; 
8131 ■ • 32.Z•Ci»l + P5 > - 7e2063492063,05"-l•CP2 + P4) 

+ Ze2755555555556"+l*P3; 
B14•• + 4e6*Pl + 8e4*P5 + le0328641222944"-l*P2 

• 2e8444444444444"+0*P3 • 3e344556Z534992 11 +0*P4; 
B15: ■ • C 811 + B13); B16t• • (812 + B13 + B14 + 815/2); 
BZZt• + 7eZ*Pl + OeZ*P5 + le585198402858l•+O*P2 

+ 3a5555555555556"•1*P3 + le4496032730059"•l*P4; 
823:• • 8e4*Pl • 4e6*P5 + 3e3445562534992"+0*P2 

+ 2e844444444't444"+0*P3 - le032864l2ZZ944 11-l*P4J 
824•• + 1.z•cr1 + P') - 4.7936507936!508"-l*CPZ + P4) 

- 3e5555555555556 11•l*P3; 
825:• • (B12 + B23>; B26: ■ - (822 + 823 + 824 + B2!5/2)J 
B33t• + 7e0565656088!553"+0*PZ + 2e2755555555556•+1*P3 

+ 7e359312l303513"-2*P4 + l05e8*P5 + 9e8*Pl; 
834: • • le4*Pl - 27e6*P5 - le01139609't6522 11 +0*PZ 

- Ze84't4444444444"+0• P3 + 3e4155482481100 11•l*P4; 
8351• - (813 + B33); B361• - (B23 + 833 + 834 + 835/2); 
B44:• +7e2*P5 + Pl/5 + le449603Z730059"•l*P2 

+ 3e !5555555555556"•1* P3 + le 5851984028 581 11 +O•P4; 
8451• • (B14 + 834)J B461• • CB24 + B34 + B44 + 845/Z); 
8551• - (B15 + 835); B56t• • (B16 + B36); 
B66:• - (826 + 836 + B46 + B56/2); 

"COMMENT" ELEMENT STIFFNESS MATRIX; 
Qli ■ Q5; OZ•• QCX2)J Q3t• QCX3); Q4t• QCX4); Q51• Q(XL); 
Sll: ■ + 3.0242't24037951"+0*0Z + 3el539909130065"•2*Q4; 
S12:• + 1 eZ575525581744 11•l*Q2 + 4el 767169716742 11•3*Q4; 
Sl31• - 3a088435374149611•1*CQ2+Q4); 
Sl4i• + 4a0899041243062"•2*Q2 + le2842455355577"•2*Q4; 
Sl51 ■ •CSU+ S111; 
Sl6t• + 5e925486ll 77068 11•1*QZ + 6e051261Z719116 11•2*04J 
S22t• + 5. 2.?92052865422"•3*QZ + 5e5310763862796"-lt*Olt + Ql/20J 
SZ3:• • le284245535557711•2*02 • 4e0899041243062"•2*Q4; 
S24t• + le7006802721088"•3•<o2+04); 
S25J• - CS12 + S23)J 
S26t• + Z.4~39593~97426"•Z*QZ + Be0134681Z70641 11•3•Q4; 
S331• + 3.15399091300t>511•Z•oz + 3e024Z424037951"+0*04; 
S341• - 4el767169716742"•3*Q2 - le257552558174't 11•l*Q4; 
S351• - (Sl3 + S33); 
S36•• - 6e0512612719116"•2*Q2 - 5.9254861177068"•1•04; 
S44t• + 5e5310763862796"•4*02 + 5e2Z92052865422"•3*04 + 05/20; 
S45:• • <Sl4 + S341J 
S461• + a.013468127064111-3*Q2 + Ze46395930974Z6••2*Q4J 
S551• - <S15 + S35); S56: ■ •<S16 + S36l; 
S66:• + lel609977324263"-l*CQZ+Q4) + 3.5555555555556"•1*03; 

•COMMENT• 
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"COMMENT" ELEMENT MASS MATRIXJ 
Rl1• R5; R2t• R(XZ); R31• R(X3); R4t• R(X4); R51• R(XL>; 
Mll:• + 9e 7107020727310"-Z*RZ + le5810259199180""'3*R4 + Rl/ 20; 
'112:• + 8e2354889460254"-3*RZ + 2el932l54960071 11•4*R4; 
Ml31• + le2390670553936"-2*(R2+R4); 
Ml4:• - le7188466249968"•3*R2 - le0508326752939"-3*R4; 
Ml5:• + ,.30897897l2ll9"-2*R2 + 6e7741558661060"-3*R4; 
Ml6i• - lo 737""7l2856076"-2*R2 + 2e2l 73630018466"-3*R4; 
M221• + 6e9843846173145"-4*R2 + 3.0424512029349"-5*R4; 
M23t• + le0508326752947"-3*R2 + le7188466249936"-3*R4; 
M24:• - le457""25947'5206"-4*1R2+R4l; 
M251• + 4e5024589679127"-3*R2 + 9e3971790283374"-'t*R4; 
M26!• • le4737756452780 11•3*R2 + 3o0759488725996"•4*R4; 
M33:• + le58l0259199209"•3*R2 + 9e7l07020727Z90"-2*R4 + R5/20; 
M341• - 2el93215496013l"-4*R2 - 8e2354889460254"-3*R4; 
M351 ■ + 6e714155866ll23"-3*R2 + 5e30897897l2ll2"•2•R4; 
M36:• - 2o2l736300l8492"-3*R2 + lo7377712856071"•2*R4; 
M44:• + 3a0424512029457"•5*R2 + 6e9843846173158"-4*R4J 
M451• - 9e3971790283542"-4*RZ - 4a5024589679131"-3*R4; 
M46: ■ + 3e0759488726060"-4*R2 - le4737756452778"•3*R4; 
M55:• + 2.9024943310657"-2*(R2+R4l + 3e555555555S556"-l*R3; 
M56t• + 9e5006428402050"-3*(R4-R2); 
M'.>6t• + 3el098l53547l25"-3*(R2+R4l; 

"COMMENT" ELEMENT LOAD VECTOR; 
fll ■ F5; f2X• F(X2li F31• F(X3l; F41• F(X4); F51• FIXU; 
Blt• + le6258748099336"-l*F2 + 2e0745852339969"-2*F4 + Fl/20; 
82:• + le3788780589233"-2*F2 + 2e8778860774335"•3*F4; 
B3:• + 200745852339969"-Z*FZ + l.6258748099336"-l*F4 + F5/20; 
B41• - 2e6778860774335"-3*F2 .. 1 e3768760589233"-Z*F4; 
B5:• + (F2 + F4l/lle25 + 3o5555555555556"•l*F3; 
B6:• + 209095718698132 11-Z*< F4-F2l; 

Allt• HZ* (H2*Mll + Slll + B111 Al2r• HZ* IHZ*M 12 + Sl2l + BlZJ 
Al3t • H2*(H2*M13 + Sl3l + B13; Al4:• Y2*(H2*Ml4 + Sl4 l + B14; 
Al5:• H2*11-12*Ml5 + Sl 5 l • B 15; Al6l• H2*( H2*Ml6 + Sl6l + B16; 
A221• H2*(H2*M22 + S 22) + B22; A231• H2*(HZ*M23 • SZ3l + B23; 
A24 I• H2*(H2*M24 • S24l + 824; A25 I• HZ*<HZ*M25 + S25 l + B25; 
A26:• HZ*( H2*M26 + S26 > + B26; A 33, • H2*(H2*M33 • $33 l + B33; 
A34:• HZ*(H2*M34 + S34l + B34; A3!'1: • HZ* IH2*M35 + S35 l + B35; 
A361 • H2*(H2*M36 + S36l • B36; A44t• H2*1HZ+M44 + S44 l + B"4; 
A451• H2*(H2*M45 + S45 l + B45; A461• H2• ( H2*1146 + S46l • B46; 
A 55: • Y2* ( H2*M55 + S55) + B55; A56:• HZ*IHZ+M56 + S56l + B56; 
A661• HZ* 1H 2*1166 + S66l + B66; 

"COMMENT" 



SECTION ( JANUARY 1976 l 

"COMMENT" STATIC CONDENSATION; 
DeT:• • A55*A66 + A56*A56; 

PAGE l3 

Cl5:• (Al5*A66 • Al6*A56l/DET; Cl6:• (Al6*A55 • Al5*A56l/DET; 
C251• CA25*A66 - A26*A56l/DET; C261• (A26*A55 - AZ5*A56l/DET; 
C35t• CA35*A66 - A36*A56l/OET; C36:• (A36*A55 • A35*A56l/DET; 
C45:• (A45*A66 • A46*A56)/DET; C46:• CA46*A55 • A45*A56)/DET; 
Alli ■ (All + Cl5*Al5 + Cl6*Al6l/H3; 
Al2t• (Al2 + Cl5*AZ5 + Cl6*A26l/HZ; 
Al3:• CA13 + Cl5*A35 + Cl6*A36l/H3; 
Al4:• <Al4 + Cl5*A45 + Cl6*A46)/HZ; 
A22t ■ (A22 + C25*A25 + C26*AZ6)/H; 
A23t• (A23 + CZ5*A35 + C26*A36l/H2; 
A24:• (A24 + CZ5*A45 + C26*A46l/H; 
A33:• (A33 + C35*A35 + C36*A36)/H3; 
A341• (A34 + C35*A45 + C36*A46)/H2i 
A441• (A44 + C45*A45 + C46*A46)/H; 
Bl:• (Bl + Cl5*B5 + Cl6*86l*H; 821• 182 + C25*85 + C26*86l*H2; 
B3:• (B:3 + C35*B!'I + C36*B6l*Hi 84:• (B4 + C45*B' + C46*B6l*H2; 

"fND"GL.MATVECF.VAL.; 

L:• l; w:• V:• o; NZ:• N + N - 2; XLll• XCO]; XL!• X[ll; 
YAt• EClJ; ZA:• ECZJ; YB't• EC3J; ZB:• EC4]; 
ELEMENTMATVECEVALUATION; E~CZll• "-12; 
Rlt• B3 - Al3*YA - A23*ZA; Dl:• A33; DZ:• A44; 
RZ: ■ 84 - Al4*YA - A24*ZA; El:• A34; 
"FOR"LI• L + l"WHILE"L<N"DO" 
"BEGIN11 XLll• XL; XLI • X[Ll; 

ELtMENTMATVEC~VALUATIDN; 
ACW + lJ:• Dl + All; ACW + 4]:a El+ Al?; 
A[W + 7]1• Al3i A[W + lOlt• Al4; 
A[W + 511• DZ+ AZ2; A[W + 8lt• A23; 
A[W + 11]:a A24i A[W + 14]:a O; 
YCV + lJ:• Rl + Bl; YCV + 21:• R2 + BZ; 
Rll• 83; R2i• 84; Vl• V + 2i W1• W + 8; 
D11 ■ A33; D21• A44; ElJ• A34 

"END"; 
L:• M; Xll:• XL; XLI• XCLJ; ELEMENTMATVl:CEVALUATION; 
YCN2 - 1]1• Rl + 81 - Al3*YB - Al4*ZB; 
YC~Zl:• R2 + 82 - A23*YB - AZ4*ZB; 

A[N + l]I• Dl + Alli ACW + 4]:• Fl + AlZ; A[W + 5]1• D2 + AZZ; 
CHLDECSOLBND(A, NZ, 3, EM, Yl 

11 END II fEMHE RM; 
"I: OP" 





SECTION t 5e2•lo2ele3 (DECEMBER 1979) PAGE l 

AUTHOR: M. BAKKER. 

INSTITUTEt MATHEMATICAL CENTRE, AMSTERDAM. 

RECEIVeD: 191231. 

BRIEF DESCRIPTIONS 

THE PROCEDURE NONLlN fE"ILAGSKEW SOLVES A NON LINEAR TWO POINT 
BOUNDARY VALUE PROBLEM WITH SPHERICAL COORDINATES. 
IT SOLVES THE DIFFERENTIAL EQUATION 

ijlTH BOUNDARY CONDlll □NS 

ECll*Y(A) + ECZl*Y'<Al • H3J., 

EC4l*Y(Bl + EC5l*Yt(Bl • EC6le 

KEY WORDS AND FRASns, 

secaND ORDER DIFFERENTIAL EQUATIONS., 
TWO POINT 801.INDARY VALUE PROBLiMS, 
BOUNDARY VALUE PROBLEMS., 
RITZ-GALERKIN METHOD., 
SPHERICAL COORDINATES., 
GLOBAL METHODS. 
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SUBSECTION! NONLIN FEM LAG SKEW. 

CALLING SEQUENCE: 

THE HEADING OF THE PROCEDURE READSt 

"PROCSDURE" HONLIN FEM LAG SKEW(X., y., N., F., FY., FZ., NC., El; 
II INTEGER tl N, NC; 
"REAL" "PROCEDURE" F, FY, FZ; 
"ARRAY" X, Y, E; 
11 CODE" 33314; 

THE MEANING OF THE FORMAL PARAMETERS I SI 

N1 <ARITHMETIC EXPRESSION>; 
THE UPPER BOUND OF THE ARRAYS X ANDY; N > l; 

NCr <EXPRESSION>; 
IF NC • O, CARTESIAN COORDINATES ARE USED; 
If NC • l, POLAR COORDINATES ARE USED; 
IF NC • z, SPHERICAL COORDINATES ARE USED; 

X1 <ARRAY IDE~TIFIER>; 
11 ARRAY 11 XCO:N]; 
ENTRY1 A• X[Ol < XCll < ••• < XCNl •BIS A 
PARTITION OF THE SEGMENT CA,B]; 

Y~ <ARRAY IDENTIFIER>; 
"ARRAY" Y[O:N]j 
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ENTRYi Y[Il (I• O, 1, ••• , N) IS AN INITIAL APPROXIMATE 
SOLUTION AT X[IJ OF THE DIFFERENTIAL EQUATION 

(3) (Y 1 *X**NCP/X**NC • F<X,Y,Y'l 

WITH BOUNDARY CONDITIONS 

(4) Etll*Y(Al + Et2l*Y'IAI • Et3l, 
E[4l*Y(B) + E[5J*Y 1 (B) • E[6J; 

, A < X < B, 

EXITS YCI 1 ( I • O, 1, •• • , N) IS THE GALERKIN 
SOLUTION AT XCI] OF THE (31•<4>; 

F1 <PROCEDURE IDENTIFIER>; 
THE HEAOING OFF READS! 
"REAL" "PROCEDURE" FIX,Y,Z); "VALUE" x,Y,ZJ "REAL" x,Y,ZJ 
FCX,Y,Zl IS THE RIGHT liAND SIDE OF 13); 
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FY~ <PROCEDUR!: IOENTIFicR>; 
THE HEADING JF FY kfADS1 
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"RfAL" "PROCEDURE" FY(X,Y,Zl; "VALUE" '(,Y,Z; 11REAL" X,Y,ZJ 
FYIX,Y,Z) IS THE DERIVATIVE OFF WITH RESPECT TOY; 

FZ: < PROC EDIIRE IDENTIFIER>; 
THE HEADING OF FZ READS1 
~REAL" "PROCEDURE" FZ<X,Y,Z); 11 VALUE 11 X,Y,Z; "REAL" X,Y,Z; 
FZ!X,Y,Z) IS THE DERIVATIVE OFF WITH RESPECT TO Z; 

Et (ARRAY IDENTIFIER>; 
19 AR~AY 19 !:[116]; 
ECll, ••• , EC6l DESCRIBE THE BOUNDARY CONDITIONS (4); 
ECll AND EC4l ARE N□ T ALLOWF.D TO VANISH BOTH. 

PROCEDURES USED• DUPVEC CP 31030s 

Ri;QUIRED CCNTRAL MEMORY: 

FIVE AUXILIARY ARRAYS OF N REALS ARE USED. 

RUNNING TIME: 

LET IT BE THE HUMBER OF NEWTON ITERATIONS; THEN 
IT+N EVALUATIONS OFF, FY, FZ ARE NEEDED; 

DATA AND RESULTS: 

THE FUNCTIONS F, FY AND FZ ARE REQUIRED TO BE SUFFICIENTLY 
SMOOTH IN THEIR VARIABLES ON THE INTERIOR OF EVERY SEGMENT 
<X CI l, X CI + 1l > ( I • 0, • • u N - l I ; 
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METHOD AND PERFDRMANCF.: 

LET YCOJ(X) BE SOM~ INITIAL APPROXIMATION OF Y(X); THEN 
TH2 N□NLINEAR PROBLEM IS SOLVED BY SUCCESIVELY SOLVING 

+ FY(X1Y[KlCX >, Y[Kl 1 (X) >•DCK ](X l 

+ FZ(X1YCKl(Xl,YCKl'(X))•DCKl'(X) 

• (Y[Kl'*X**NC) 1 /XUNC 

- F(X,Y[Kl,Y[Kl 1 (Xll, XCOl < X < XCNh 

ECll•DCKHXCOll + ECZl*DCKJ '<XCO]) • O; 

eC4l*DCKl(X[NJI + EC5l*DCKJ'(X[Nl) • O; 

WITH GALERKIN 1 S MUTHOD !SEE PREVIOUS SECTION> AND PUTTING 

Y[K+ll(X) • Y[K](X) + D[K](X), K • 0,1,ee• 

THlS IS THC SQ-CALLED Nf.WTON-KANTORO~ITCH METHOD; 

EXI\MPLE OF use: 

WE SOLVE THE BOUNDARY VALUE PROBLEM 
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(Y 1•X•*Zl•IX**2 • EXP(Y)+EXPIY'l-EXP(l•X**Z)-EXPIZ*Xl•6i 
O< X < 1, Yl(O) •Vil)• O; 

FOR THr BQU,-.DARY CONDITIONS THIS MEANS THAT 

i:C2J • EC4J • li EClJ • EC3J • ECSl • EC6l • O; 

THG ANALYTIC SOLUTION IS Y(X) • l - x••z; WE APPROXIMATE 
THE SOLUTION ON A UNIFORM GRID, IeEe XCI] • I/N, 
I • o, •• ., M; we CHOOSE N•l0,20 AND COMPUTE Tf.lE MAXIMUM ERROR; 
THE PROGRAM R~ADS AS FOLLOWS! 
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"BEGIN" "INTEGER" N, NC; 
11 FOR" NC t • 0, 1, 2 "DO" 
"FOR" Nt• 25, 50 "DO" 
"BEGIN" "INTEGER" I;"ARRAY" X, YC01NJ, EC116]; "REAL" RHO, D; 

"REAL" "PROCEDURE" F(X,Y,Z)J "VALUE 11 X,Y,ZJ "REAL 11 X,Y,ZJ 
FI• EXP(Y)+EXP(Z)-EXP(l-x••2>-EXP<-2•x>-2-2•HCJ 

"REAL" "PROCEDURE" FY(X,Y,Z); "VALUE" X,Y,Z; "REAL" X,Y,Z; 
FYt • EXP (Y); 

"REAL" "PROCEDURE" FZCX,Y,Z); "VALUE" x,Y,Z; "REAL" x,v,z; 
FZ:• EX_P(Z); 

"PROCEDURE" NONLIN FEM LAG SKEWCX,Y1N1f1FY1FZ,NC,E)J 
"CODE" 33314; 
ECZll• EC4J:• l; ECllt• EC3J:• EC5Js ■ EC6H• 0; 
"FOR" It• 0 "STEP" 1 "UNTIL" N "DO" 
"BEGIN11 XCIJ1• I/NJ YCI]t • 0 11 EN011 ; 

OUTPUTC61,"("//,4B"C"N • ")n·zo,4B11 ( 11 NC • 11 ) 11Z0 11 ) 11 1N,NC); 
NONLIN FEM LAG SKFWCX, Y, N, F, FY, Fl, NC, E); 
RHOt• OJ 
"FOR" It• 0 "STEP" 1 "UNTIL" N "DO" 
"BEGIN" 01• ABS(Y[Il - 1 + XCIJ••Z>; 

"IF" RHO< 0 "THEN" RHOI• D 
"EN D111 J 
OUTPUT(61,"("24B"("MAXeF.RROR• ")"1DeDD"+ZD">"1RHO) 

"l:ND 11 

"END" 

RESULTS 1 

N ., 25 NC • 0 11 AXe ERROR• 2e47" .. ,. 
N • 50 NC • 0 MAXeERROR• 6 .1911 .. , 
N • 25 NC • l 11AXeERROR• le4111 .. 3 

N • 50 NC • l MAXeERROR• 3;99n .. 4 

N • 25 NC • z 11AXeERROR• 2.1t1t• .. 3 

N • 50 NC • 2 MAXeERROR• 7e02" .. 4 

ONE OBSERVES THAT THE MAXIMUM ERROR DECREASES BY ABOUT 
0e25 WHEN THE MESH SIZE IS HALVEDe 
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SOURCE TSXTCSl1 

"CODE" 33314; 
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"PROCEDllR~" NO~LIN FEM LAG SKEW(X, Y, N, F, FY, FZ, NC, El; 
11 INTEGER 11 N, NC; 
"REAL" "PROCEDURE" F, FY, FZ; 
"ARRAY" X, Y, E; 
11B EGI N"' "'INTEGER" L, Ll, IT; 
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"REAL" XLl, XL, H, Al2, A2l, Bl, B2, TAUl, TAU2, CH, TL, G, YL, PP, 
PUt, PRM, Pll, PL3, PLlPL2, PLlr,L3, PL2PL2, PL2PL3, 
PRlPR2, PR1PR3, PR2PR3, PLlQL2, Pll0L3, PL20Ll; PL20L2, PL20L3, 
PL3Qll, PL3QL2, PRlQRZ, PR1QR3, PR20Rl, PR2QR2, PR2QR3, PR30Rl, 
PR3QR2, H2RM, Zll, ZL, f.l, e2, E3, E4, E5, E6, EPS., RHO; 

"ARRAY" T, SUPER, SUB, CHI, GICO:N-ll, ZCO:Nli 

"PROCEDURE" DU PVEC ( L, U, S, A, B l; "CODE" 31030; 

11 PR □ C ':DIJRE" ELEMENT MAT VEC EVALUATION l; 
"BEGIN" "REAL" XM,VL,VR,WL,WR.,PR1QM1RM,FM1XLl2,XLlXL,XL2,ZM,ZACCM; 

"IF 11 NC • 0 11THEN11 Vll• VRt• 0 ■ 5 11 ElSE 11 Nif 11 NC • l "THEN" 
"BEG!H" VL~• (XL1*2 + XLl/6; VR: ■ (XLl + XL*2l/6 "END" "ELSE" 
"BEGIN" XL12t• Xll*XLl!l2; XllXL1 ■ XLl*XLH,; XLZ:•XL*XL/12; 

VLt• 3*XL12 + XLlXL + XL2; 
VRi• 3*XL2 + XLlXL + XL12 

"END"; 
WL!• H•VL; WR:•H•VR; PR:• VR/(VL +VR); 
XMt• XLl + H*PR; ZMI• PR*ZL + (l - PRl*ZLl; 
ZACCMt• (1l - Ull/H ; QM: ■ FZ!XM,IM,ZACCMl; 
RM!• FY(XM, ZM, ZACCMI; P.11• F(XM,ZM,ZACCM); 
TAUl~• WL*RM; TAU21•WR*RM; 
Blt• WL*FM - ZACCM*(VL +VRl; B21• WR*FM + ZACCM*(VL + VRJ; 
Al2:• - (VL + VRl/H + VL*QM + (1 - PRl*PR*RM+(WL + WR); 
A21: ■ - <VL + VR)/H - VR•QM + (l - PR)*PR*RM*(WL + WR); 

"ENO" ELEM. M.V. EV.; 

"C Ol'IMENT" 
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"PROCf!O•JRE" BOUNDARY CONDITIONS; 
11 IF11 L•l 11 ANO" E2 • 0 "THEN" 
"BEGIN" TAUl:• 1; B1:• Al2t• 0 "ENO" 
11 ELSI:" "IF" L•l "AND" EZ "• 0 11 THi:N" 
11 BF.GIN 11 TAUl•• TAUl • El/E2 
"END" 11 1i:LSE" "IF" L•N "ANO" E5 • 0 "THEN" 
"BF.GIN" TAUZt• 1; B2t• A21t• 0 
"ENO" "ELSE" "IF" L•N "ANO" E5 ... ,. 0 11THEN 11 

11 BEGIN• TAU21• TAU2 + E~/E5 
"END" e.c.1; 
"PROCEDURE" FORWARD BABUSKA; 
"IF" L• l •TH EN" 
"BEGIN" CHICOl•• CHI• TLi ■ TAUl; TCOJ:• TL; 

GI[Ola• Gr• YLt• Bl; Y[Olt• YL; 
SUB[~l•• A2l; SUPER[Olt• Al2J 
PPt• A21HCI-I .. Al2); CHI• TAU2 - CH*PPJ 
Gi• BZ - G*PP; TL;• TAUZ; YL:• 82 

"i:ND11 "ELSE" 
"BEGlN" CHI[lllt• CH1• CH+ TAUl; 

GI[Lllt• Gt• G + BlJ 
SUBCLll:• AZl; SUPERCLlJ: ■ AlZ; 
PPI• AZl/CCH • Al2); CHI• TAU2 - CH*PPJ 
GI• 82 - G*PP; TCLlll• TL + TAUl; TLa• TAU2J 
YCL1]1 ■ YL + B1; Y'Lt• BZ 

11 END" FORWARD BABUSKA; 

"PROCEDURE" BACKWARD BABUSKAJ 
11 BEGIN"PPI• YL; Y[Nlt• G/CH; 

G:• PP; CHI• TL; Lt• N; 
"FOR" L1• L • 1 "WHILE" L >• 0 "DO" 
"BEGIN" PPI• SUPER[Ll/(CH - SUB[Ll); 

TL1• TCLl; CH: ■ TL - CH*PP; 
YLi• YCLl; Gt• YL • G*PPi 
YCLll•CGI[Ll + G • YLl/(CHICLl +CH• TL> ; 

"ENO 11 

"END" BACKWARD BABUSKAJ 
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II COPll'IENT" 



ScCTifJN 1 5e2el e2 el e3 ( OECE 11BER 1979) PAGE 8 

OUPVECCO,N,O,Z,Y)J 
Elia ECll; E2t• EC2li E31• EC3l; E41• EC4]; E'5t• EC5J; E6: ■ EC6]; 

"FOR" IT:• 1, IT+ 1 "WHILE" EPS > RHO "00" 
"BEGIN" L:• O;XL:• XCO]; ZLI• ZCOJ; 

"FOR" L1• L + l "WHILE" L <• N "DO" 
''BEGIN" Xll: ■ XL; Lll• L -1; XL:• XCLl; H:• XL - Xll; 

ZLl: ■ ZL; ZL:• ZCL]; 
ELEMENT MAT VEC EVALUATION li 
"IF" L•l " □R" L•N "THEN" BOUNDARY CONDITIONS; 
FORWARD BABUSKA 

"END"; 
BACKWARD BABUSKA; 
EPSr • O; RHO•• l; 
"FOR" L:• 0 "STEP" 1 "UNTIL" N "00" 
"BEGIN" RHO:• RHO + ABS(ZCLJ); 

EPS1• EPS + ABS(Y[Ll); ZCLlt• ZCLJ - YCL] 
"E~ID"; 
RHO:• 11-l4*RHO 

"END"; 
DUPVEC(O,N,O,Y,Zl 

"END" NONLIN FEM LAG SKEW; 
"EOP" 
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AUTHORSs T.M.TetO□lEN AND RePLOEGER • 

.INSTITUT5: MATHEMATICAL CENTRE, A'1STERDAMe 

RECEIVEDt 740301. 

BRIEF DESCRIPTION: 

THIS SECTION CONTAINS TWO PROCEDURES• 

RICHARDSON SOLVES A SYSTEM OF LINEAR EQUATIONS WITH A COEFFICIENT 
11ATRIX 1-UVING POSITIVE REAL EIGENVALUES BY MEANS OF A NON• 
STATIONARY SECOND ORDER ITERATIVE METHODS RICHARDSON'S MF.THODe 
SINCE RICHARDSON'S METHOD IS PARTICULARLY SUITABLE FOR SOLVING 
A SYSTEM OF LINEAR EQUATIONS THAT IS OBTAINED BY DISCRETIZING A 
TWO•DIMENSIONAL ELLIPTIC BOUNDARY VALUE PROBLEM, THE PROCEDURE 
RlCHARDSON IS PROGRAMMED IN SUCH A WAY THAT THE SOLUTION VECTOR 
IS GIVCH AS A TWO-DIMENSIONAL ARRAY UCJ,ll, LJ<•J<•UJ, LL<•L<•ULe 
THE COEFFICIENT MATRIX IS NOT STORED, BUT EACH ROW CORRESPONDING 
TO A PAIR <J,L) IS GENERATED WHEN NEEDEDe 
RICHARSON CAN ALSO BE USED TO DETERMINE THE EIGENVALUE OF THE 
COEFFICIENT MATRIX CORRl:SPONDING TO THE DOMINANT EIGENFUNCTION. 

ELIMINATION, USED UI CONNECTION WITH THE PROCEDURE RICHARDSON, 
(THIS SECTION) SOLVES A SYSTEM OF LINEAR EQUATIONS WITH 
A COEFFICIENT MATRIX HAVING POSITIVE REAL 
EIGENVALUES BY MEANS Of A NON-STATIONARY SECOND ORDER ITERATIVE 
METHOD, WHICH IS AN ACCELERATION OF RICHARDSON'S METHODe IN 
GENERAL, ELIMINATION CANNOT BE USED BY ITSELF IN A SENSIBLE WAYe 
SINCE RICHARDSON'S METHOD AND tTS ACCELERATION ARE ,ARTICULARLY 
SUITABLE FOR SOLVING A SYSTEM OF LINEAR EQUATIONS THAT IS OBTAINED 
BY DISCRETlZING A TWO•DIMENSIONAL ELLIPTIC BOUNDARY VALUE PROBLEM, 
THE PROCEDURES RICHARDSON AND ELIMINATION ARE PRDGRAIO'IED IN SUCH A 
WAY THAT THE SOLUTION VECTOR IS GIVEN AS A TWO-DIMENSIONAL ARRAY 
UCJ,Ll, LJ<•J<•UJ, LL<•L<•ULe THE COEFFICIENT MATRIX IS NOT STORED, 
BUT EACH ROW CORSPONDING TD A PAIR (J,l) IS GENERATED WHEN NEEDEDe 

KEYWORDS1 

DIFFERENTIAL EQUATION, 
TWO-DIMENSIONAL BOUNDARY VALUE PROBLEM, 
SYSTEM 01: LINEAR EQUATIONS, 
COEFFICIENT MATRIX HAVING POSlTIVE REAL EIGENVALUES, 
NON-STATIONARY SECOND ORDER ITERATIVE METHOD, 
RICHARDSON'S METHODe 
ACCELERATION OF RICHARDSON'S METHODe 
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SUBSECTION: RICHARDSON. 

CALLING SEQUENCEt 

THE HEADING OF THE PROCEDURE READSi 
"PROCEDURE" RICHARDSONCU,LJ1UJ1LL,UL,INAP,RESIDUAL,A,B,N,DISCR,K, 
RATECONV,DOMEIGVAL,QUTl; 
"VALUE" LJ,UJ,LL,UL,A,B; 
"INTEGER" N,K,L J, UJ,LL.,UL; 
"REAL" A.,B,RATECONV.,DOMIGVALJ 
"BOOLEAN" INAP; 
"ARRAY" U,DlSCR; 
"PROCEDURE" RESIDUAL, OUT; 
"CODE" 33170; 

THE MEANING OF THE FORMAL PARAMETERS ISa 
Ut <ARRAY IDENTIFIER>; 

"ARRAY" UCLJ:tJJ.,LL:ULJ; 
AFTER EACH ITERATION THE APPROXlMATE SOLUTION CALCULATED BY 
THE PROCEDURE RICHARDSON IS STORED INTO U. 
ENTRY: IF INAP IS CHOSEN TO BE "TRUE" THEN AN INITIAL 

APPROXIMATION OF THE SOLUTION., OTHERWISE ARBITRARY; 
EXITi THE FINAL APPROXIMATION OF THE SOLUTION; 

LJ., UJt <ARITHMETIC EXPRESSION>; 
LOWER AND UPPER BOUND FOR THE FIRST SUBSCRIPT OF U; 

LL,UL: <ARITHMETIC EXPRESSION>; 
LOWER AND UPPER BOUND FOR THE SECOND SUBSCRIPT OF UJ 

INAP1 <BOOLEAN EXPRESSION>; 
IF THE USER WISHES TO INTRODUCE AN INITIAL APPROXIMATION 
INAP• 11TRUE" SHOULD BE CHOSEN; THE CHOICE INAP•"FALSE" HAS 
THE EFFECT THAT ALL COMPONENTS OF U ARE SET EQUAL TO 1 
BEFORE THE FIRST ITERATION IS PERFORMED; 

RESIDUAL! <PROCEDURE IDENTIFIER>; 
THE HEADING OF THIS PROCEDURE READS: 
"PROCEDURE" RESIDUAL(Ul; "ARRAY" U; 
SUPPOSE THAT THE SYSTEM OF EQUATIONS AT HAND IS AU• F; 
FOR ANY ENTRY UTHE PROCEDURE RESIDUAL SHOULD CALCULATE 
THE RESIDUAL AU - F IN EACH POINT J,L, WHERE 
LJ<•J<•UJ, LL<•L<•UL, AND SUBSTITUTE THESE VALUES IN THE 
ARRAY U; 

A.,B: <ARITHMETIC EXPRESSION>; 
IF DNE WISHES TO FIND THE SOLUTION OF THE BOUNDARY VALUE 
PROBLEM, IN A AND B THE USER SHOULD GIVE A LOWER AND 
UPPER BDIJND FOR THE EIGENVALUES FOR WHICH THE CORRESPONDING 
EIGENFUNCTIONS IN THE EIGENFUNCTION EXPANSION OF THE RESIOU 
AL AU - F, WITH U • THE INITIAL APPROXIMATION, SHOULD BE 
REDUCED; IF THE DOMINANT EIGENVALUE IS TD BE FOUND., ONE 
SHOULD CHOOSE A GREATER THAN THIS EIGENVALUE 
(SEE MSTHOD AND PERFORMANCE); 
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N: <ARITHMETIC EXPRESSION>; 
N GIVES THE TOTAL NUMBER OF ITERATIONS TO BE PERFORMED; THE 
VALUE OF N SHOULD EITHER BE GIVEN, OR MADE DEPENDENT OF 
SOME J~NSEN PARAMETER; eeGe KAND RATECONV CAN SERVE 
FOR THIS PURPOSE; 

DISCRt <ARRAY IDENTIFIER>; 
"ARRAY" DISCRCltZJ; 
AFTER EACH ITERATION THE PROCf.DURE RICHARDSON DELIVERS 
IN DISCRCll THE EUCLIDEAN NORM OF THE RESIDUAL, AND 
IN DISCRC2l THE MAXIMUM NORM OF THE RESIDUAL; 

K: <VARIABLE> . 
K COUNTS THE NUMBER Of ITERATIONS RICHARDSON IS PERFORMING; 
1T CAN SERVE AS A JENSEN PARAMETER FOR N AND OUT; 

RATECONV1 <VARIABLE>; 
AFTER EACH ITERATION THE AVERAGE RATE OF CONVERGENCE IS 
ASSlGNeD T!l RATECONV; 

DOME!GVALt <VARIABLE>; 
AFTER EACH ITERATION THE VALUE OF THE DOMINANT EIGENVALUE, 
IF PRESENT, IS ASSIGNED TO D!l!1EIGVAL; If THERE IS NO 
DOMINANT EIGENVALUE, THE VALUE OF DOMEIGVAL IS MEANINGLESS, 
WHICH MANIFESTS ITSELF BY SHOWING NO CONVERGENCE TO A 
FIXED VALUE; 

OUT: <PROCEDURE IDENTIFIER>; 
THE HEADING Of THIS PROCEDURE, TO BE WRITTEN BY THE USER, 
READS 1 
"PROCEDURE" OUT(K); "VALUE" K; "INTEGER 11 K; 
BY THIS PROCEDURE ONE HAS ACCESS TO THE FOLLOWING 
QUANTITI!:SI 
FOR O<•K<•N THE K-TH ITERAND IN U,THE EUCLIDEAN AND 
MAXIMUM NORM OF THE K-T~ RESIDUAL IN DISCRCll AND DISCRC2l, 
RESPECTIVELY; 
FOR O<K<•N ALSO THE AVERAGE RATE Of CONVERGENCE AND THE 
APPROXIMATION TO T~E DOMINANT EIGENVALUE, BOT~ WIT~ RESPECT 
TO THE K•TH ITERAND U, IN RATECONV AND DOHEIGVAL, 
RESPECTIVELY; 
MOREOVER, OUT CAN BE USED TO LET N BE DEPENDENT ON THE 
ACCURACY R~ACHED IN APPROXIMATING ~HE DOMINANT EIGENVALUE. 

DATA AND R!SULTSs SEE REFCll,CZle 

PROCEDURES USED: HONEe 

REQUIRED C~NTRAL HEMORYt 

APPROXIMATELY 3*(UJ - LJ + 1) *(UL• LL + 1) WORDS. 
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LANGUAGE: ALGOL 60e 

METHOD AND PERFORMANCE! 

SUPPOSE THE SYSTGM OF EQUATIONS TO BE SOLVED READS AU• F, WHERE 
A IS A MATRIX HAVING POSITIVE REAL EIGENVALUES. DENOTING THE 
K-TH ITERATE BY UCKI, UCKl BEING THE VECTOR UCKICJ,LJ, LJ<•J<•UJ, 
LL<•L<•UL, THE. S1-CALLED RESIDUAL WITH RESPECT TO THE K-TH ITERATE 
IS DHIN[D BY 

R(KI • AU(K) • Fo 
A SECOND ORDER NON-STATIONARY ITF.RATIVe METHOD IS GIVEN BY 

UIK+l) •BETAK* UIKI + Cl - BETA Kl * UCK•ll 
- OMEGA K * RCKl, 

OR, E1UIVALENTLY, IF UIS THE (UNKNOWN) EXACT SOLUTION OF AU• F, 
U(K) - U • PK(AI <UCO) ... UI, 

WHERf PK DENOTES A POLYNOMIAL OF DEGREE Ko RICHARDSON'S METHOD 
CONSISTS OF CHOOSING THIS POLYNOMIAL IN SUCH A WAY THAT AMONGST ALL 
POLYNOMIALS PKCXI OF DEGREE K WITH PK(Ol• 1 IT HAS MINIMAL MAXIMUM 
NORM OVER THE INTERVAL CC,Dl, WHERE C > 0 SHOULD BE CHOSEN TO BE A 
LOWER BOUND, AND D AN UPPER BOUND FOR THE EIGENVALUES OF Ae 
APPLICATION OF THIS POLYNOMIAL TO THE INITIAL ERROR U(O) • U HAS 
THE EFFECT THAT EACH COMPONE~T Of THE INITIAL ERROR IN ITS EIGEN• 
FUNCTIJN EXPANSI1N IS REDUCED BY A FACTOR LESS OR EQUAL TO THE NORM 
Of THE POLYNOMIAL. 
THE POLYNOMIALS 

PK(Xl • CK((A+B-Z*X)l(A-B» / CKCCA+B)/(A-B)) 
WHERE CKCYl DENOTES THE K-TH CHEBYSHEV POLYNOMIAL# HAVE THE 
DESIRED PROPERTIES. THUS, THE VALUES OF THE PARAMETERS BETAK 
AND OMEGA K MAY BE DETERMINED FROM THE RECURRENCE RELATIONS FOR 
CHEBSSHEV POLYNOMIALS. 
IN COMPUTATION U(Kl - U IS NOT AVAILABLE~ SO ONE USES R(Kl AS 
A MEASURE FOR THE ERROR. 

THE ELEMENTS OF THE MATRIX A ARE NOT STORED, BUT 
GENERATED WHEN NEEDED• MORE PRECISELY, THIS MEANS THAT THE 
CUJ-LJ+l) * (UL-LL+ll COMPONENTS OF AU(Kf - f ARE CALCULATED FOR 
EACH PAIR (J,L) LJ<J<UJ, LL<L<ULe THE USER SHOULD INTRODUCE THE 
EQUATION TD BE SOLVED IN THIS MANNER BY MEANS OF THE PROCEDURE 
RES IDUALe 
CLEARLY, THE METHOD IS PARTICULARLY SUITABLE FOR SPARSE MATRICES, 
FOR EXAMPLE MATRICES THAT ARE OBTAINED BY DISCRETIZING ELLIPTIC 
PARTIAL DIFFERENTIAL EQUATIONS. 
THE SHARPER THE qOUNDS C AND D FOR THE EIGENVALUES Of A ARE, 
THE BETTER APPROXIMATE SOLUTION ONE GETS fOR A GIVEN VALUE OF K, 
SINCE THE ASYMPTOTIC RATE OF CONVERGENCE (K TO INFINITY> IS 
2 * SQRTIC/Dle 

NOW LET ALPHAl BG THE SMALLEST EIGENVALUE OF Ae IF ONE CHOOSES 
C > ALPHAl, TH~N, STARTING WITH ANY INITIAL APPROXIMATION, FOR A 
SIJFFICI !:NTL Y LARGE NUMBER OF l TERA TION S THE PROCEDURE RICHARDSON 
WILL DELIVER AN APPROXIMATE VALUE FOR THIS EIGENVALUE. 
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LET US EXPLAIN THIS FACT FOR THE CASE ALPHAl < C < ALPHA2, WHERE 
ALPHA2 IS THE SECOND SMALLEST EIGENVALUE OF Ae THE POLYNOMIAL 
PKIXI 4AS SMALL MAXIMUM VALUE OVER THE INTERVAL CC,Dl !WHICH, OF 
COURSC, DEPENDS ON Kl, BUT BECOMES LARGE FOR X < A. SO, IF ONE 
APPLIES PKIA) TO AN EIGENFUNCTION Of A, THIS EIGENFUNCTION WILL 
ONLY Be RiDUCeO CONSIDERABLY IF IT CORRESPONDS TO AN EIGENVALUE 
> Ce CONSEQUENTLY, THE EIGENFUNCTION CORRESPONDING TO ALPHAl WILL 
BECOME DOMINANT IN THE EIGENFUNCTION EXPANSION OF 

PK(A) (U(O) - U) 
FOR SUFFICIENTLY LARGE K. 

SEE REFC1l,C2l FOR D~TAILSe 

REFERENCES: 

cu.T.M.T.COOLEN, P.w.HEMKER, p.J.VAN DER HOUWEN AND 
EaSLAGTe 
ALGOL 60 PROCEDURES FOR INITIAL AND BOUNDARY VALUE PROBLEMS 
(DUTCH>• 
MC-SYLLABUS 20, MATHEMATICAL CENTRE, 1Q73, AMSTERDAMo 

[ZJ eP.JeVAN DfR HOUWENe 
FINITE DIFFERENCE METHODS FOR SOLVING PARTIAL DIFFERENTIAL 
EQUATION Se 
MATHEMATICAL CENTRE TRACT NOe 20, 1968e 

EXAMPLE r.JF USE: 

THE APPROXIMATE SOLUTION OF THE BOUNDARY VALUE PROBLEM 
- ((D/DX>**2 + CD/DY)**2l UCX,Y) • -2*1X*X+Y*Yl, O<X,Y<PI, 
UCX,O) • O, UIX.,Pil • PI*PI*X*X, 0 < X < PI, 
UCO,Y) • 01 U(PI,Yl • PI*PI*X*X, 0 < Y < PI, 

WHICH HAS THE ANALYTICAL SOLUTION X*X*Y*Y, MAY Bf OBTAINED BY THE 
F □LLJWING PROGRAMt 

"B~GIN" "COMMENT" DIRICHLET PROBLEM FOR LAPLACE 1S EQUATION; 

"PROCEDURE" RICHARDSONCU,LJ1UJ,LL,UL,INAP1RESIDUAL,A,B1N1DISCR,K, 
RATECONV,OOMEIGVAL,OUT); "C0DE"33170; 

"PROCEDURE" RESIDUALCU); "ARRAY" UJ 
"BEGIN" "INTEGER" UJMINl,ULMINl,LJPLUSl; 
"REAL" U2; "REAL" "ARRAY" UlCLJ:UJlJ 

UJMINl:• UJ = lJ ULMINl : ■ UL - 1; LJPLUSl:• LJ + l; 
"FOR" Ji• LJ "STEP" 1 "UNTIL" UJ "DO" 
"BEGIN" Ul[Jlt• UCJ,LLJ; UCJ,LLJ1• OJ "END"J 
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"FOR" LI• LL + 1 "STEP" 1 "UNTIL" ULMINl "00" 
"BEGIN" Ul[LJJ:• U[LJ,Ll; UCLJ,LJ:• O; 

"FOR" J:• LJPLUSl"STEP" 1 "UNTIL" UJMINl "00 11 

"BEGIN" UZI• UCJ,L]; 
UCJ,Llr•(4 • UZ - UlCJ-lJ - Ul[Jl - UCJ+l,Ll • UCJ,L+lJl 
- F( J*H,L*Hl*H?.; 
Ul[J JIB U2 

"END"; 
U CU J., LJ : • 0; 

11 END 11 ; 
11 FOR11 Jt• LJ 11STEP 11 1 "UNTIL" UJ "DO" UCJ,Ulll• 0 

"END" RESIDUAL; 

"REAL" "PROCEDURE" F(X,Yl; 11 VALUE 11 x,v; 11 REAL 11 X,Y; 
FI• -2•cx•x + Y*Y); 

11 REAL" "PROCEDURE" ANALSOL<X,Y); "VALUE" X,Y; "REAL" X,Y; 
ANALS~Ll• x•x•v•v; 
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"PROCEDURi:" IN[TAPPR(IJ.,J,L,Gl; "INTEGER" J,L; 11 ARRAY 11 U; "REAL" G; 
11FOR 11 JI• LJ II STEP" 1 11 tJNT IL 11 UJ "0011 

11 FOR 11 L:• LL 11STEP11 1 11UNTIL" UL 11 00 11 

UCJ,LJ:• "IF" J•LJ "UR" J•UJ 11 0R11 L•LL 110R" L•UL 11 THE~ 11 G "ELSE" l; 

11PR~CEDURE11 0UT1CK); "VALUE" K; "INTEGER" K; 
11 IF 11 K • N 11THEN 11 OUTPUT(6l, 11 ( 11 // 11 ( 11 K DISCR[l] DISCRC2J 
RAT EC ONV"l ", II, +Z DB, 3 I•• 7011 +ZOB l "l 11 , K, DISCRCl l, DI SCR [2 l, RAT EC ONV l; 
"INTEGER" J,L,LJ,UJ,LL,UL,N,K; 
11 REAL 11 H,PI,Dl,D2,HZ,OOME!GVAL,RATECONV,A,B; 
"REAL" 11 ARRAY 11 O!SCRCl:ZJ; 
OUTPUT< 61, 11 C11 111 ("GIVF LJ ,UJ, L L, UL, N, A, B11 ) 11/ 11 l" l;. 
INPUT(60,"l"">",LJ); INPUTl60,"(""l",UJ); 
INPUTl60,"(""l 11,LLl; INPUTC60,"(" 11 l 11,ULl; 
IHPUTl60,"(""l",Nl; IMPUT(60, "('"'l",Al; INPUTC60, 11 <1111 l",B); 

"BE GIN" "REAL" "ARRAY" UCLJt UJ,LLIUL ]J 
PI:•3.1415 92653 58979; HI• Pil(UJ • LJ); HZ:• H * H; 
INI TAPPR ( U,J, L, ANALSOL C J*H, L *H l l; 
RICHARDS ON (U., LJ, UJ, LL, UL, •TR ue•., RES I DU AL, A, B, N, DISC R, K, 
RATECONV ,DOME!GVAL,OUTl); 

"END" 
"E"ID" 

K 

IT DELIVERS WITH 
LJ • O, UJ • 11, LL • O, UL• 11, N • 50, A• .1631 B • 7e83 
THE FOLLOWING RESULTS: 

DISCRCl l DISCRCZJ RATECONV 

+50 +.1401828" -3 +.4666866" -4 +.292171B" +O • 
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SUBSECTlON t ELIMINATION. 

CALLING SEQUENCE1 

THE HEADING OF THE PROCEDURE READS: 
"PROCE~JRE" ELIMINATION(U,LJ,UJ,LL,UL,RESIDUAL,A,B,N,DISCR,K, 
RAT ECONV, DOM EIGVAL, OUT); 
"VALUE" LJ,UJ,LL,UL,A,B; 
"INTEGER" N, K, L J, UJ, LL, UL; 
"REAL" A,B,RATECONV,DOMIGVAL; 
"ARRAY11 U,DlSCR; 
"PROCEDURE" RESIDUAL, OUT; "CODE" 33171; 

THE MEANING OF THE FORMAL PARAMETERS ISt 
Ut <ARRAY IDE NU FI ER>; 

"ARRAY" fJ[LJtUJ,LL1UL]; 
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AFTER EACH IT!RATION THE APPROXIMATE SOLUTION CALCULATED BY 
THE PROCEDURE ELIMINATION I'S STORED INTO U; 
ENTRY1 AN INITIAL APPROXIMATION Of THE SOLUTION, WHICH 

IS OBTAINED BY USE OF RICHARDSON; 
EXIT: THE FINAL APPROXIMATION OF THE SOLUTION; 

LJ,UJI <ARITHMETIC EXPRESSION>; 
LOWER AND UPPER BOUND FOR THE FIRST SUBSCRIPT OF U; 

LL,IJL: <ARITHMETIC EXPRESSION>; 
LOWER MID UPP ER BOUND FOR THE SECOND SUBSCRIPT OF U; 

RESIDUAL: <PROCEDURE IDENTIFIER>; 
TH~ ~EADING OF THIS PROCEDURE READS 1 
"PROCEDURE" RESIDUALIU); "ARRAY 11 U; 
SUPPOSE THAT THE SYSTEM OF EQUATIONS AT HAND IS AU• F; 
FOR ANY ENTRY UTHE PROCEDURE RESIDUAL SHOULD CALCULATE 
THE SO-CALLED RESIDUAL AU - FIN EACH POINT J,L, WHERE 
LJ<•J<•UJ, LL<•L<•UL, AND SUBSTITUTE THESE VALUES lN THE 
ARRAY U; 

A,B1 <ARITHMETIC EXPRESSION>; 
A AND B SHOULD HAVE THE SAMS VALUES AS IN THE PRECEDING 
CALL OF RICHARDSON (SEE DESCRIPTION OF RICHARDSON); 

Na <VARIASLE>; 
THE NU~BER Of ITERATIONS THE PROCEDURE ELIMINATION NEEDS 
TO ELIMINATE THE cIGF.NFUNCTlON BELONGING TO THE DOMINANT 
eI GEN VALUE, lS ASSIGNED TO tU 

DISCRt <ARRAY IDENTIFIER>; 
"ARRAY" DISCR[l12]; 
AFTER EACH ITERATION THE PROCEDURE ELIMINATION DELIVERS 
IN DJSCR[ll THE EUCLIDEAN NORM OF THE RESIDUAL, AND 
IN DISCRC2l THE MAXIMUM NORM OF THE RESIDUAL; 

Kl <VARIABLE> 
K COUNTS THE NUMBER Of ITERATIONS ELIMINATION IS PERFORMING 
IT CAN SERVr: AS A JENSEN PARAMETER FOR OUT; 

RATECONVt <VAR1ABLE>J 
AFTER EACH ITERATION THE AVERAGE RATE OF CONVERGENCE IS 
ASSIGNED TO RATECONV; 
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DOMEIGVAL: (ARITHMETIC EXPRESSION>; 
BEFORE A CALL OF ELIMINATION THE VALUE OF THE EIGENVALUE 
FOR WHICH THE CORRESPONDING EIGENFUNCTION HAS TO BE 
ELIMINATED, SHOULD BE ASSIGNED TO DOMEIGVALJ IF AFTER 
APPLICATION OF ELIMINATION THERE IS A NEW DOMINANT EIGEN• 
FUNCTION, THEN DOMEIGVAL WILL BE EQUAL TO THE CORRESPOND• 
lNG EIGENVALUE; OTHERWISE, THE VALUE OF DOMEIGVAL BECOMES 
MEANINGL~SS; 

our, <PROCEOURE IDENTIFIER>; 
THE HEADING OF THIS PROCEDURE, TO BE WRITTEN BY THE USER, 
READS : 
"PROCEDURE" OUT(K); "VALUE" K; "lNTEGER"KJ 
BY THIS PROCEDURE ONE HAS ACCESS TO THE FOLLOWING 
QUANTITIES t 
FOR O<•K<•N THE K-TH ITERANO .IN U,THE EUCLIDEAN AND 
MAXIMUM HORH ~F THE K•TH RESIDUAL IN OISCRCll ANO DISCRC2l, 
RESPECTIVELY; 
fOR O<K<•N ALSO THE AVERAGE RATE Of CONVERGENCE WITH 
RESPECT TO THE K•TH ITERAND U, IN RATECONV; 
FORK • N, POSSIBLY THE DOMINANT EIGENVALUE OF THE 
COEFFICIENT MATRIX OF THE EQUATION AU• F, IN 00'1EIGVALe 

DATA AND RESIILTS: SE!: REFCll,CZle 

PROCEDURES USED 1 

RICHARDSON• CP33170, 
TAN• CP351ZO, 
TANH • CP3H13, 
ARCCOS • CP3512Z, 
ZEROIN • CP3~150o 

REQUIRED CENTRAL MEMORY: 

APPROXIMATELY 3*CUJ - LJ + 1) * CUL - LL + 1) WORDS. 
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METHOD ANO PERFORMANCE: 

SEE THIS HEADING IN THE DESCRIPTION OF THE PROCEDURE RICHARDSON. 
SOME ADDITIONAL REMARKS WILL BE MADE HERE. 
IN ORDER TO USE !LIMINATION THE INITIAL APPROXIMATION OF THE 
SOLUTION OF 

AU" F 
IS FIRST TREATED BY MEANS OF RICHARDS'lN•S METHOD, WHERE C IS 
CHOSEN GREATER THAN THE SMALLEST EIGENVALUE. AFTER APPLICATION OF 
RICHARDSON, THE EIGENFUNCTION CORRESPONDING TO THIS EIGENVALUE HAS 
BECOME DOMINANT IN THE QUANTITY 

PK(A) (UCO) - U), 
"IITH 

PK(Xl • CKCCC+D-Z*Xl/CC-D)l / CKCIC+Dll(C-Dl), 
WHEREAS THE CONTRIBUTION OF THF OTHER EIGENFUNCTIONS TO THE ERROR 
U(K) - U AND TO RIKI HAS BEEN REDUCED CONSIDERABLY. CONSEQUENTLY 
THE ERROR U(K) - UHAS VERY SMALL COMPONENTS IN THE SUBSPACE 
SPANNED BY ALL EIGENVECTORS BUT THE "FIRST", JN WHICH DIRECTION IT 
HAS A VERY LARGE COMPONENT. 
THE CONTRIBUTION Of THE "FIRST" EIGENFUNCTION TO R(KJ IS NOW 
"ELIMINATED" BY APPLICATION OF A POLYNOMIAL OPERATOR E(A) SUCH 
THAT EIXI HAS A ZERO IN THE FIRST EIGENVALUEe 
THE POLYNOMIAL IS CHOSEN IN SUCH A WAY THAT A MAXIMAL RATE OF CON­
VERGENCE WITH RESPECT TO THE INITIAL APPROXIMATION USED IN 
RICHARDSON IS OBTAINED. 

FOR DETAILS SE~ REFCll,C2l• 

REFERENCES: 

[lleToMeTeCOOLfN, PeWeHEMKER, PeJoVAN DER HOUWEN AND 
f:uSLAGTe 
ALGOL 60 PROCEDURES FOR INITIAL AND BOUNDARY VALUE PROBLIMS 
( DUTCI-H • 
MC-SYLLABUS 20, MATHEMATICAL CENTRE, 1976, AMSTERDAMe 

C2lePeJeVAN DER HOUWENe 
FINITE DIFfERENCE METHODS FOR SOLVING PARTIAL DIFFERENTIAL 
EQUATIONS. 
MATHEMATICAL CENTRE TRACT NOe 20, 1968e 

EXAMPLE OF USEt 

THE APPROXIMATE SOLUTION OF THE BOUNDARY VALUE PROBLEM 
- (ID/DX>••2 + (D/DY>**2l UIX,Yl • •Z•<x•x+Y*Y>, O<X,Y<PI, 
UIX,D) • O, UIX,Pll • PI*PI*X*X, 0 < X < PI, 
UCO,V) • 01 U(PI,Yl • PI*PI*X*X, 0 < Y < PI, 

WHICH rlAS THE ANALYTICAL SOLllTION x•x•v•v, MAY BE OBTAINED BY THE 
FOLLOWING PROGRA~: 
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"BEGIN" "COMMENT" DIRICHLET PROBLEM FOR LAPLACE 1 S EQUATION; 

"PROCEDURE" RICHARDSONCU,LJ,UJ,LL,UL,INAP,RESIDUAL,A,B,DISCR,K, 
RATECONV,DOMEIGVAL,OUT); "CODE"33170; 

"PROCEDURE" ELIM!NATION!U,LJ,UJ,LL,UL,RESIDUAL,A,B,DISCR,K, 
RATECONV,DOMEIGVAL, □UTI; "CODE"3317l; 

"PROCEDURE" RESIDUAL(U); 11 ARRAY 11 U; 
"BEGIN" "INTEGER" UJMIN1,ULMIN1,LJPLUS1; 
"REAL" U2J 11 REAL 11 "ARRAY" UlCLJ:UJ]; 

UJMINl:• UJ - l; ULMINl :• UL - 1; LJPLUSl1• LJ + 1; 
"f □R" JI• LJ "STEP" 1 "UNTIL" UJ "DO" 
"BEGIN" UlCJJI• UCJ,LLJ; UCJ,Llll• O; "END"; 
"FOR" Lt• LL + l "STEP" l "UNTIL" ULMINl 11 00" 
"BEGIN" UlCLJJ:• UCLJ,L]; UCLJ,Lll• O; 

"FOR" JI• LJPLUSl"STEP" l "UNTIL" UJMINl "DO" 
"BEGIN" U2:• Ut3,LJ; 

UCJ,Ll1 ■ (4 * U2 - UltJ-ll • UlCJl - UCJ+l,Ll - UCJ,L+ll) 
- F ( J>lcH, L•H) *H 2; 
Ul[J]S• U2 

11 !:ND 11 ; 

UC UJ,Ll: • O; 
11 ENO"; 
"FOR" Jt• LJ 11 STEP" l "UNTIL" UJ 110011 UCJ,ULJ:• 0 

11 END 11 RESIDUAL; 

"REAL" "PROCEDURE" FCX,Y>; "VALUE" X,Y; 11 REAL 19 X,Y; 
Ft• -z•cx•x + v•v1; 
"REAL" 11 PROCEDURE 11 ANALSOL(X,Y)J "VALUE" X,YJ 11REAL 11 X,YJ 
ANALSOLS• x•x•Y•Y; 

"PROCEDURE" INITAPPR!U,J,L,GIJ "INTEGER" J,LJ 11 ARRAY 11 U; 11REAL 11 G; 
"FOR" J: • LJ 11 STEP'1 1 "UNTIL" UJ "00" 
11 FOR" L: ■ LL "STEP" 1 "UNTIL" UL "0011 

UtJ,LJ1• "IF" J•LJ 11 0R 11 J•UJ "□R" L•LL "DR" L•UL "THEN"G "ELSE" 1J 

11 PROCEDURE"OUT3(K); "VALUE" K; "INTEGER" K; 
11 IF" K•P 0 THEN" OUTPUTl6l," (11 // ,+:ZOB, 31 +e 7D"+ZOBI" >",K,DISCR[ ll, 
DISCRC2J,RATECDNVl; 

"PROCEDURE"OUTl(K); "VALUE" K; "INTEGER" K; 
"IF" K•N "THEN" OUTPUTl61,"("// 11 1 11 K DlSCRCll DISCR[2l R 
TEC □NV"l"1//,+ZDB,31+e70"+ZDBl"J",K,DISCRCll,DISCRC2l,RATECONV)J 

"PROCEDURE" OUTZ(K); "VALUE" K; 11 INTEGER" K; 
"BEGIN" 

"IF" K • 0 "THEN" Dll• D21 ■ l "ELSE" 
"BEGIN" 021• DlJ Dlt• DOHEIGVAL; 

Nt• "lf" ABS(IDl - D21/D21 < lO**l•Ql "THEN" K "ELSE" NN; 
OUTllK} 

"END" 
"END" OUT 2; 
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"INTEGER" J,L,LJ,UJ,LL,UL,NN,N,P,K,Q; 
"REAL" H,PI,Dl,DZ,HZ,RATECONVR,RATECONVE,DOMEIGVAL,RATECONV,A,B,VARJ 
"REAL" "ARRAYt1 DISCR[l12l; 
QUTPUTl61,"("l"("GIVE LJ,UJ,LL,UL,N,0,A,B"l"l"l"l; 
INPUT(60,"(""l",LJ); !NPUT(60,"(""l",UJl; 
INPUT(60,"(""l",LL); INPUT(60,"("")",UL)J 
INPUTC60,"l""l", N); INPUT(60,"(""l", Ql; 
INPUT(60,"(""l", Al; INPUT(60,"(""l", Bl; 

"BEGIN" "REAL" "ARRAY" UCLJtUJ,LUULl; 
Pit•3ol415 926,3 58979; Ht• PI/(UJ - LJ); H2t• H • H; 
IN IT APPR <U, J, L, ANAL SOL< J:!<H,L*H) l .i 
NN: • N; 
RlCHARDSONIU,LJ,UJ,LL,UL,"TRUE"aRESIDUAL,A,B,N,DISCR,K, 
RATECONV ,DOMEIGVAL,OUTZ); RATECONVRI• RATECONV; 
OUT PUT( 61, "( 11 II•• 7D" +ZD4 B" ("DOMIN ANT E IG EN VALUE" l"" )" 1 DOME IGVAL l; 
ELIMINATIONIU,LJ1UJ1LL,UL,RESIDUAL,A ,B,P,DISCR,K, 
RATECONV ,DOME!GVAL,OUT3); RATECONVEt• RATECONV; 
NN:• M + P; OUTPUTC61,"("ll+Z2D13Brt(t1TOTAL NUMBER Of ITERATIONSrt)rt 
">"1mo; 
OUTPUT(6l,"l"l+e7D"+ZD4B"("RATE Of CONVERGENCE WITH RESPECT TO">", 
/l7B 11 ("T~E ZER □ TH ITERAND !:If RICHARDSON"l""l"1 
( N * RATECONVR + P * RATEC ONVEl INN); 

"END" 
Ill END" 

IT DELIVERS WITH 
LJ • 01 UJ • ll1 LL • 01 UL • 111 N • 50, 0 • 4, A " 0326, B • 7o83 
THE FOLLOWING RESUL TSt 

K DISCRClJ DISCRC2] RATECONV 

+45 +.4998463" -1 +.aqo3e63" -2 +.200994311 +o 

+.1620445" +O DOMINANT ~IGENVALUE 

+7 +e3563865" .. 5 +,.6714375 11 -6 +el36008~" +l 

+52 
•• 3570259" +O 

TOTAL NUMBER OF ITERATIONS 
RATE OF CONVERGENCE WlTH RESPECT TO 
THE ZEROTH ITERAND OF RICHARDSON 
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"PROCEDURE" RI CHARDSDN(U, LJ,UJ, LL,UL, INAP,RESI DUAL, A, B, N,DISCR,K, 
RATECONV,DOMtIGVAL, □UT>; 11 VALUE 11 LJ1UJ1LL,UL,A,B; 
"INTEGER" N,K,LJ,UJ,LL,UL; "REAL" A,B,RATECONV,DOMEIGVAL; "BOOLEAN" 
INAP; "ARRAY" U,DISCR; "PROCEDURE" RESIDUAL,OUT; 
"BEGIN" "INTEGER" J,L; 11 REAL 11 X,Y,Z,Yo,c,o,ALFA,OMEGA,OMEGAO, 

EIGMAX,EIGEUCL,EUCLRES,MAXRES,RCMAX,RCEUCL,MAXRESO,EUCLRESO; 
"ARRAY" V,RESCLJ:UJ,LL:UL]; 
"PROCEDURE" CAL?AR; 
11 COMMENT 11 CALPAR CALCULATES THE PARAMETERS ALFA ANO OMEGA FOR 
EACH ITERATION; 
"BEGIN" ALFAt• Z/(Z - ALFA); 

OH~GAI• l/(X - OMEGA* YI 
"END" CALPAR; 
"PROCeDURE" ITERATION; 
11 COl111ENT" FIRST THE ITERATION FORMULA IS CONSTRUCTED; 
11BEGIN11 11RF.AL 11 AUXV,AUXU,AUXRES,EUCLUV,MAXUV; 

EUCLUVr• EUCLRES•• MAXUVt• MAXRES1• O; 
"FOR" I I• LJ "STEP" l 11 UNTIL 11 IJJ "00" 
"FOR" L:• LL "STEP" l "UNTIL" UL 1100 11 RESCJ,Llt• VCJ,Ll; 
RESIDUAL (RES); 
"FOR" J:• LJ "STEP" l "UNTIL" UJ "00" 
11 FOR 11 L:• LL 11 STEP 11 l 11U~TIL 11 UL "00 11 

"BEGIN" AUXVI• UCJ,Ll; AUXUJ• VCJ,Ll; AUXRESI• RESCJ,Lli 
AUXVt• ALFA * AIJXU • O"IEGA • AUXRF.S + I l - ALFA> • AUXV; 
VCJ,LJ: ■ AUXV; IJCJ,LJ: ■ AUXU; 
"CUHHEHT" THE NORMS OF THE K•Tli RESIDUAL AHO THE DIFFERENCE 
BETWEEN THE (K+lJ•TH AND K•TH ITERAND ARE CALCULATED; 
AUXUr ■ ABS(AUXU • AUXV); AUXRES: ■ ABS(AUXRES); 
MAXUVr• 11 IF 11 MAXUV < AUXU "THEN" AUXU "ELSE" MAXUV; 
MAXRES 1 ■ 11 IF 11 MAXRES < AUXRES •THEN• AUXRES 11ELSE 11 MAXRES; 
EUCLUVt• EUCLUV + AUXU * AUXU; 
EUCLRSSt• EUCLRSS + AUXRES • AUXRES; 

"EHD"J 
EUCLUV• • SORT( EUCLUV); EUCLRESt • SQRT( EUCLRES>; 
DISCRCllt• EUCLRES; DISCRC2J:• HAXRES; 
"COHHENT" DOMeIGVAL IS EVALUATED; 
MAXUV•• HAXRES/MAXUV; EUCLUVt• EUCLRES/EUCLUVJ 
EIGMAXI• MAXUV •CC• MAXUV)/(e25 • 0 • MAXUVJ; 
EIGaUCLt• EUCLUV * (C • EUCLUVJ/(e25 • D - EUCLUV); 
DOHElGVALt• .5 • CEIGMAX + EIGEUCLJ; 
"COMMENT" FINALLY THE RATE Of CONVERGENCE IS CALCULATED; 
RCGUCL:• •LN(EUCLRES/EUCLRESOJ/K; 
RCHAXt• -LN01AXRES/MAXRESOI/K; 
RATECONVt• e5 * (RCEUCL + RCMAX> 

"END" ITERATIOH; "COMMENT" 
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"COMM.:;;NT" THI: COr--!STANTS FOR STARTING CALPAR ARE CALCULATED; 
ALFA1• 2; OMEGA:• 4/1B + A); yo,:• (B +Al/CB ... A); 
Xt• .5 * (B + A); Yt• CB - A) * CB - A)/16; Z1• It* YO* YO; 
"COMMEtlT" THE CONSTANTS NEEDED FOR DOMEIGVAL ARE CALCULATED; 
C:• A* B; Cl• SQRT(C); DI• S0RT(A) + SQRT(B); DI• 0 * O; 
"COMMENT" TH£ INITIAL APPROXIMATION IS PUT INTO ARRAY U; 
"IF" •rNAP "THEN" 
"BEGIN" "FOR" J:• LJ "STEP" 1 11 UNTIL" UJ noon 

"FOR" LI• LL "STEP" 1 "UNTIL" UL "DO" UCJ,LJ:• 1 
"END"; 
"COMMEHT 11 THE ZEROTH ITERATION !S NOW PERFORMED; 
K:• O; 
"FOR" J *" LJ "STEP" l "UNTIL" UJ "00" 
"fUR" Lt• LL "STEP" l "UNTIL" UL "DO" RESCJ,LJI• Ut3,Ll; 
Rf.S !DUAL< RES I; 
OMEGAOt• 2/(B+Al; 
"BEGIN" "Rf.AL" AUXRESO; 

MAXRES01 • EUCLRESO 111 O; 
"FOR" J:• LJ "STEP" l "UNTIL" UJ "00" 
"FOR" L•• LL "STEP" 1 "UNTIL" UL "00" 
"BEGIN" AUXRESOs• RESCJ,LJ; 

VCJ,Lll• UCJ,Ll = OMEGAO * AUXRESO; 
AUXRESOI• ABS(AIJXRESOll 
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MAXRES01• "IF" MAXRESO < AUXRESO "THEN" AUXRESO "ELSE" MAXRESO; 
EUCLRESO:s EUCLRESO + AUXRESO * AUXRESO 

"END 11 :; 

1:UC LRESO:• SQRT! J::UCLRESO l 
"END"; 
DISCRtll•• EUCLRESO; DISCRC21tm MAXRESO; 
OIJT ( K); 
"IF" K >• N "THEN" "GOTO" FINALLY; 

NEXT STEP i 
Kt• K + 1; CALPAR1 ITERATION; OUT(K); 
"IF 11 K < N 11 THl:N" 11 GOT0" NEXT STEP; 

FINALLY: 
"END" RICHARDSONJ 

"EOP" 
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"CIJDE"33l 7l; 
"PROCEDURE" ELIMINATION(U,LJ,UJ,LL,UL,RESIDUAL,A,B,N,DISCR,K,RATECONV 
DOMEIGVAL,OUT>; "VALUE" LJ,UJ,LL, UL,A,B; "INTEGER" L J, UJ.,LL1UL,N,K; 
"REAL" A,B,RATECONV,DDMEIGVAL; "ARRAY" U,DISCRJ 
"PROCEDURS" RESIDUAL, □UT; 
"BEGIN" "REAL" PI,AUXCOS,C,D; 

"REAL" "PROCEDURE:" ARCCOSIX); "CODE" 35122; 
"REAL" "PR □CEDIJRE" TANIX); "CODE 11 35120; 
"REALtt "PROCEDURE" TANH( X); "CODE" 35113; 
11 P ROCEOURE II RICHARDSON I U, LJ ,UJ., LL,UL, I NAP, RES IOU AL, A, B,N, D ISCR, 
K,RATECONV,DOMEIGVAL,OUTIJ "CODE"33l70J 
"BOOLEAN" "PROCEDURE:" ZEROINI X,Y ,FX,TOLX ); 11C 001: 11 34150; 
11 REAL 11 "PROCEDURE" OPTPOL(XI; "VALUE" XJ "REAL" X; 
"BEGIN" 11 REAL" W,Y; 

WI• (B. cos<.s•PI/X) + DOMEIGVALI / (B - DOMEIGVALI; 
"IF" W < -1 "THEN" W: • -i; 
"IF" ABSIWI <• l "THEN" 
"BEGIN" Yt• ARCCOS(W); 

OPTPOLI• 2 • SQRT(A/Bl + TANIX*YI * 
(Y • B*PI•SIN<.5•PI/Xl*•' I ex• (B-DOMEIGVAL) • 
SQRT(ABS(l•W*Wl))I 

"END" "ELSE" 
"BEGIN" Y:• LN(W + SQRTCABS(ij*W-ll)IJ 

aPTPOL:• 2 • SQRT(A/BI - TANHIX•YI * (Y + B*PI•SIN(e5*PI/X)* 
.5/(X*IB-DOMEIGVALl*SORT(ABS(W*W-1))1) 

"END" 
"END" OPTPOL; 
PII• 3.1415 92653 58979; 
Cl• lJ 
"IF" OPTPOL(CI < 0 "THEN" 

"BEGIN" O:• e5 •~I* SQRT(ABS(B/DOMEIGVAL)l; 
Mr os• o + o; 
"If" ZEROINCC,D,OPTPOL<C>,C*"-31 "THEN" N:• ENTil:R(C+e5l 

11 EL'SE" 11 GOT0" M; 
"END" "ELSE" NI• lJ 
AUXC0S1• cosc.,•PI/N); 
RICHARDSONCU,LJ,UJ,LL,UL, 11 TRUE11 ,RESIDUAL, 
(2*D011ElGVAL + B*< AIJXCOS-1 I l / ( AUXCOS+ll,B, flbDISCR,K,RATECONV, 
DOMUGVAL, OUT! 

"END" ELIMINATION; 
"E □ P" 
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AUTHOR s Be VAN DOMS6LAAR. 

INSTITUT!:1 MATHEMATICAL CENTRE, AMSTERDAM. 

RECEIVED: 75060la 

BRIEF DESCRIPTION• 

PEIDE ESTIMATES UNKNOWN VARIABLES IN A SYSTEM OF 
FIRST ORDER DIFFERENTIAL EQUATIONS; THE UNKNOWN VARIABLES MAY 
APPEAR NOMLINEAR BOTH IN THE DIFFERENTIAL EQUATIONS ANO ITS INITIAL 
VALUES; A SET OF OBSERVED VALUES OF SOME C0'1PONENTS 0~ THE SOLUTION 
Of THE DIFFERENTIAL EQUATIONS MUST BE GIVEN; 

t<EYWOROSt 

PARAMETER ESTIMATION, 
DIFFER~NTIAL EQUATIONS, 
INITIAL VALUE PRaBLEM, 
DATA FITTING. 

CALLING SEQUENCE: 

THE HEADING OF THIS PROCEDURE lSI 
•PROCEDURE" PEIDE<N, 11, NOBS, NBP, PAR, RV, BP, JTJINV, IN, OUT, 

DER!V, JAC DFDY, JACDFDP, CALL YSTART, DATA, MONITOR>; 
"VALUE" N,11,NOBS; "INTEGER" lhl11NOBS,NBPJ 
"ARRAY" PAR,RV,JTJINV,IN,OUT; 11INTEGER 11 "ARRAY" BP; 
"PROCEDURE" CALL YSTART,DATA,110NITORJ 
"BOOLEAN" "PROCEDURE" DERIV,JAC DFDY,JAC DFDP; 
"CODE" 3't41t4; 

THE MEANING OF THE FORMAL PARAMETERS ISt 
Ns <ARITHMETIC EXPRESSION>; 

THE Nll11BER OF DIFFERENTIAL EQUATIONS; 
Ml <ARITHMETlC EXPRESSION>; 

THE NUMBER OF UNKNOWN VARIABLES; 
NOBS: <ARITHMETIC EXPRESSION>; 

THE NUMBER OF OBSERVATIONS; NOBS SHOULD SATISFY NOBS>•M; 
NBPI <VARIABLE>; 

ENTRY: THE NUMBER OF BREAK•POINTS; IF NO BREAK•POINTS ARE 
USED THEN SET NBP•O; 

EXITt WITH NORMAL TERMINATION OF THE PROCESS NBP•OJ 
OTHERWISE, IF THE PROCESS HAS BEEN BROKEN OFF <SEE 
OUTCll>, THE VALUE Of NBP IS THE NUMBER OF BREAK• 
POINTS USED BEFORE THE PROCESS BROKE OFF; 
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PAR! <ARRAY IDENTIFIER>; 
"ARRAY" PAR[l t M+NBPJ; 
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ENTRY~ PAR[ltMJ SHOULD CONTAIN AN INITIAL APPROXIMATION 
TO THE REQUIRED PARAMETER VECTOR; 

EXIT! PAR[l!MJ CONTAINS THE CALCULATED PARAMETER VECTOR; 
If OUTCll>O AND NBP>O THEN PAR[M+lZ11+NBPl CONTAINS 
THE VALUES OF TYE NEWLY INTRODUCED PARAMETERS 
BEFORE THE PROCESS BROKE OFF; 

RVI (ARRAY IDENTIFIER>; 
"ARRAY" RVCl t NOBS+NBPJ; 
EXJT: RV[l:NOBSJ CONTAINS THE RESIDUAL VECTOR AT THE 

CALCULATED MINIMUM; IF DUTCll>O AND NBP>O THEN 
RVCNOBS+l1NOBS+NBPJ CONTAINS THE ADDITIONAL 
CONTINUITY REQUIREMENTS AT THE BREAK•POINTS BEFORE 
THE PROCESS BROKE OFF; 

BPI (ARRAY IDENTIFIER>; 
"INTEGER" "ARRAY" BPCO 1 NBPJ; 
ENTRY: BPCIJ, I.,1.,._.,,t-1BP, SHOULD CORRESPOND TO THE INDEX 

OF THAT TIME OF OBSERVATION WHICH WILL BE USED AS 
A BREAK-POINT (l<•BPCil<.,NOBS); THE BREAK~POINTS 
HAVE TO BE ORDERED SUCH THAT BPCIJ<•BPCJ] IF I<•J; 

EXIT: WITH NORMAL TERMINATION OF THE PROCESS BPCltNBPl 
CONTAINS NO INFORMATION; OTHERWISE, IF OUTCll>O 
AND NBP>O THEN BPCIJ, I=l,oee,NBP, CONTAINS THE 
INDEX OF THAT TIME Of OBSERVATION WHICH WAS USED 
AS A BREAKqPOINT BEFORE THE PROCESS BROKE OFF; 

JTJINVr <ARRAY IDUNTIFIER>; 
"ARRAY" JTJINVCl I M, l t Ml; 
EXIT: THE INVERSE Of THE MATRIX Jt * J WHERE J DENOTES 

THE MATRIX Of PARTIAL DERIVATIVES DRVCil / DPAR[Kl 
CI•l,..,. aNOBS ; K•l1 • euM l AND J I DEIIIOTES THE 
TRANSPOSE OF J; THlS MATRIX CAN BE USED IF 
ADDITIONAL INFORMATION ABOUT THE RESULT 1S 
REQUIRED; EeGe STATISTICAL DATA SUCH AS THE 
COVARIANCE MATRIX, Cl".IRREL ATION MAT RIX AND 
CONFIDENCE INTERVALS CAN EASILY BE CALCULATED FROM 
JTJINV AND OUTCZJ; 

INs <ARRAY IDENTIFIER>; 
"ARRAY" INCO 1 6lJ 
ENTRY: IN THIS ARRAY THE USER SHOULD GIVE SOME DATA TO 

CONTROL THE PROCESS; 
INCO]i THE MACHINE PRECISION; 

HJR THE CYBER 73 A SUITABLE VALUE IS n ... 14,; 
INCll: THE RATIO: THE MINIMAL STEPLENGTH FOR THE 

INTEGRATION OF THE DIFFERENTIAL EQUATIONS DIVIDED 
BY THE DISTANCE BETWEEN TWO NEIGHBOURING 
OBSERVATIONS; MOSTLY., A SUITABLE VALUE IS "--4; 

INC2]: THE RELATIVE LOCAL ERROR BOUND FOR THE 
INTEGRATION PROCESSJ THIS VALUE SHOULD SATISFY 
INCZJ(aINC3J; THIS PARAMETER CONTROLS THE 
ACCURACY OF THE NUMERICAL INTEGRATION; MOSTLY, 
A SUITABLE VALUE IS HH3l/lOO; 
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OUT: 

INC3J, INC'tl: 
THE RELATIVE AND THE ABSOLUTE TOLERANCE FOR 
THE DIFFERENCE BETWEEN THE EUCLIDEAN NORM OF THE 
ULTIMATE AND PENULTIMATE RESIDUAL VECTOR 
RESPECTIVELY; 
THE PROCESS IS TERMINATED IF THE IMPROVEMENT OF 
THE SUM OF SQUARES IS LESS THAN 
INC3l * (SUM OF SQUARES)+ INC4l * INC4l; 
THESE TOLERANCES SHOULD BE CHOSEN IN ACCORDANCE 
WITH THE RELATIVE, RESPe ABSOLUTE ERRORS IN THE 
OBSERVATIONS; 
NOTE THAT THE EUCLIDEAN NORM Of THE RESIDUAL 
VECTOR IS DEFINED AS THE SQUARE ROOT OF THE SUM 
OF SQUARES; 

INC5Jt THE MAXIMUM NUMBER Of TIMES THAT THE INTEGRATION 
OF THE DIFFERENTIAL EQIJATIONS IS PERFORMED; 

INC6J: A STARTING VALUE USED FOR THE RELATION BETWEEN 
THE GRADIENT AND THE GAUSS-NEWTON DIRECTION (SEE 
Clll; IF THE PROBLEM IS WELL CONDITIONED THEN A 
SUITABLE VALUE FOR INC6l WILL BE OeOl; IF THE 
PROBLEM IS Ill CONOITION~O THEN INC6l SHOULD BE 
GREATER, BUT THE VALUE OF INC6l SHOULD SATISFYI 
INCOl < INC6J <• 1/INCOl; 

(ARRAY IDENTIFIER>; 
"ARRAY" OUT[l t 71; 
EXIT t IN ARRAY OUT SOME BY•PRODUCTS ARE DELIVERED; 
OUTClJ: THIS VALUE GIVES INFORMATION ABOUT THE 

□UTC 21 s 

TERMlNATION Of THE PROCESS; 
OUT[ll•Os NORMAL TERMINATION; 
IF OUTCll>O TH~N THE PROCESS HAS BEEN BROKEN OFF 
AND THIS MAY OCCUR BECAUSE OF THE FOLLOWING 
REASONSs 
OUTCl l •ls THE NUMBER Of INTEGRATIONS PERFORMED 

EXCEEDED THE NUMBER GIVEN IN INC5ll 
OUT[ll•21 THE DIFFERENTIAL EQUATIONS ARE VERY 

NONLINEAR; DURING AN INTEGRATION THE 
VALUE OF INCll WAS DECREASED BY A 
FACTOR 10000 ANO IT IS ADVISED TO 
DECREASE INCll, ALTHOUGH THIS WILL 
INCREASE COMPUTING TIME; 

OUTCll•3: A CALL OF DERIV DELIVERED THE VALUE 
FALSE; 

OUT[ll•4t A CALL OF JAC DFDY DELIVERED THE 
VALUE FALSE; 

OUT[ ll •5: A CALL Of JAC DfDP DELIVERED THE 
VALUE FALSE; 

OUTCll•61 THE PRECISION ASKED FOR CAN NOT BE 
ATTAINED; THIS PRECISION IS POSSIBLY 
CH OSEN TOO HIGH, RELATIVE TO THE 
PRECISION IN WHICH THE RESIDUAL VECTOR 
IS CALCULATED (SU INC3l>; 

THE EUCLIDEAN NORM OF THE RESIDUAL VECTOR 
CALCULATED WITH VALUES OF THE UNKNOWNS DELIVERED; 
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OUTC3J: THE fUCLIDEAN NORM OF THE RESIDUAL VECTOR 
CALCULATED WITH THE INITIAL VALUES OF THE 
UNKNOWN VARIABLES; 
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OUT[4J: THE NUMBER OF INTEGRATIONS PERFORMED, NEEDED TO 
OBTAIN THE CALCULATED RESULT; IF OUTC4J•l AND 
OUTClJ>O THEN THE MATRIX JTJINV CAN NOT BE USED; 

OUTt5J1 THE MAXIMUM NUMBER OF TIMES THAT THE REQUESTED 
L~CAL ERROR BOUND WAS EXCfED~D IN ONE 
I"TEGRATI~N; IF IT IS A LARGE NUMBER, IT MAY BE 
BETTER TO DECREASE THE VALUE OF IN[ll; 

OUTC6Jt THE IMPROVEMENT Of THE EUCLIDEAN NORM OF THE 
RF.SIDUAL VECTOR IN THE LAST ITERATION STFP OF THE 
PROCESS OF MARQUARDT; 

OUT[7]1 THE CONDITION NUMBER OF J' * J, I.E. THE RATIO 
OF ITS LARGEST TO SMALLEST EIGENVALUES; 

DERIV: <PROCEDURE IDENTIFIER>; 
THIS PROCEDURE DEFINES THE RIGHT HAND SIDE OF THE 
DIFFERENTIAL EQUATIONS; 
THE HEADING OF THIS PROCEDURE SHOULD BE: 
"BOOLEAN" "PROCEDURE" DERIV(PAR• Y, T, DFl; "VALUE" TJ 
"REAL" T; "ARRAY" PAR,Y,DF; 
ENTRYt PAR,Y,T; 

PAR(l!MJ CONTAINS THE CURRENT VALUES OF THE 
UNKNOWNS AND SHOULD NOT BE ALTERED; 
Y[llN] CONTAINS THE SOLUTIONS OF THE DIFFERENTIAL 
EQUATIONS AT TIME T AND SHOULD NOT BE ALTERED; 

EXIT: "ARRAY" DFCl I NJ; 
AN ARRAY ELEMENT DfCil SHOULD CONTAIN THE RIGHT 
HAND SIDE OF THE I=TH DIFFERENTIAL EQUATION; 

AFTER A SUCCESSFUL CALL OF DERIV, THE BOOLEAN PROCEDURE 
SHOULD DELIVER THE VALUE TRUE; 
HOWEVER, IF DERIV DELIVERS THE VALUE FALSE; THEN THE 
PROCESS IS TERMINATED !SEE OUTClJl; 
HENCE, PROPER PROGRAMMING Of DERIV MAKES IT POSSIBLE TO 
AVOID CALCULATION OF THE RIGHT HAND SIDE WITH VALUES OF 
THE UNKNOWN VARIABLES WHICH CAUSE OVERFLOW IN THE 
COMPUTATION; 

JAC DFDY~ <PROCEDUR~ IDENTIFIER>; 
THE HeADING OF THIS PROCEDURE SHOULD BEt 
"BOOLEAN" "PROCEDURE" JAC DFDY(PAR, Y, T, FYI; "VALUE" T; 
"REAL" T; "ARRAY" PAR,Y,FYJ 
ENTRY: PAR,Y,T; 

SEE DERIV; 
EXITS "ARRAY" FYCl: N,1 : ~]; 

AN ARRAY ELEMENT FYCI,Jl SHOULD CONTAIN THE 
PARTIAL DERIVATIVE OF THE RIGHT HAND SIDE OF THE 
I-TH DIFFERENTIAL EQUATION WITH RESPECT TO YCJl, 
I.E. Df[Il/DY[JJ; 

THE BOOLEAN VALUE SHOULD BE ASSIGNED TO THIS PROCEDURE 
IN THE SAME WAY AS IT IS DONE FOR THE VALUE OF DERIVi 

JAC DfDP1 <PROCEDURE IDENTIFIER>; 
THf HEADING OF THIS PROCEDURE SHOULD BE: 
"BOOLEAN" "PROCEDURE" JAC DFDP(PAR, Yo T, FPI; "VALUE" T; 
"REAL" TJ "ARRAY" PAR,Y,FPJ 
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ENTRYi PAR,Y,T,; 
SEE DERIV; 

EXIT: "ARRAY" fPCl: N,l: HJ; 
AN ARRAY ELEMENT FPCl,Jl SHOULD CONTAIN THE 
PARTIAL DERIVATIVE Of THE RIGHT HAND SIDE OF THE 
I-TH DifFfRENTIAL EQUATION WITH RESPECT TO PARCJl, 
IeEe DFCil/DPARCJl; 

THE BO".JLEAN VALUE SHOULD BE ASSIGNED TO THIS PROCEDURE 
IN THE SAME WAY AS IT IS DONE FOR THE VALUE OF DERIVJ 

CALL YSTARTI <PROCEDURE IDENTIFIER>; 
THIS PROCEDURE DEFINES THE INITIAL VALUES Of THE INITIAL 
VALUE PROBLEM; 
THE HEADING OF THIS PROCEDURE SHOULD BEa 
"BOOLEAN" "PROCEDURE" CALL YSTART(PAR, Y, YMAX>; 
"ARRAY" PAR,Y,YMAXJ 
ENTRYt PAR; 

PAR[ltMl CONTAINS THE CURRENT VALUES OF THE 
UNKNOWN VARIABLES AND SHOULD NOT BE ALTEREDJ 

EXIT: Y, YMAX; 
YCltNl SHOULD CONTAIN THE INITIAL VALUES OF THE 
CORRESPONDING DIFFERENTIAL EOUATIONSJ 
THE INITIAL VALUES HAY BE FUNCTIONS OF THE UNKNOWN 
VARIABLES PAR; IN THAT CASE, THE INITIAL VALUES OF 
DY/DPAR ALSO HAVE TO BE SUPPLIED; NOTE THAT 
DY[1J/DPAR[Jl CORRESPONDS WITH YC5*N+J•N+Il 
CI•l, ••• ,N, J•l,eee,M); 
YMAXCil, I•l,eee,N, SHOULD CONTAIN A ROUGH 
ESTIMATE TO THE MAXIMAL ABSOLUTE VALUE OF YCil 
OVER THE INTEGRATION INTERVAL; 

DATA1 <PROCEDURE IDENTIFIER>; 
THIS PROCEDURE TAKES THE DATA TO FIT INTO THE PROCEDURE 
PEIDEJ 
THE HEADING OF THIS PROCEDURE SHOULD BE& 
"PROCEDURE" DATAINOBS, TOBS, DBS, COBS>; "VALUE" NOBS; 
"INTEGER" HOBS; "ARRAY" TOBS,OBS,; "INTEGER" "ARRAY" COBS; 
ENTRY• NOBSJ 

HOBS HAS THE SAHE MEANING AS IN PEIDE; 
EXIT: "ARRAY" TOBSCO t HOBS]; 

THE ARRAY ELEMENT TOBS[Ol SHOULD CONTAIN THE TIHE, 
CORRESPONDING TO THE INITIAL VALUES Of Y GtVEN IN 
THS PROCEDURE CALL YSTART; AN ARRAY ELEMENT 
TOBSCil, l<•I<•NOBS, SHOULD CONTAIN THE I•TH TIME 
OF OBSERVATION; THE OBSERVATIONS HAVE TO BE 
ORDERED SUCH THAT TOBSCil<•TOBSCJl IF I<•J; 
11 INTEGER" "ARRAY" COBSCliNOBSJ; 
AN ARRAY ELEMENT COBSCil SHOULD CONTAIN THE 
COMPONENT OF Y OBSERVED AT TIME TOBSCil J NOTE· TliAT 
l<•COBSUl<•Ni 
11 ARRAY" OBSCltNOBSl; 
AN ARRAY ELEMENT OBSCil SHOULD CONTAIN THE 
OBSERVED VALUE OF THE COMPONENT COBSCll OF Y AT 
THE TIME TOBSCil; 
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MONITOR t (PROCEDURE IDENTIFIER>; 
THIS PROCEDURE CAN BE USED TO OBTAIN INFORMATION ABOUT 
THF. COURSE OF THE ITERATION PROCESS; If NO INTERMEDIATE 
RESULTS AP.E DESIRED, A DUMMY PROCEDURE SATISFIES; 
THE •~EADING OF THIS PROCEDURE SHOULD BE: 
11 PROCEDURE" MONITOR (POST ,NCDL,NROW, PAR, RV, WEIGHT,N IS )J 
11 VALUE11 POST ,NCOL,NROW, WEIGHT, NIS; 
"INTEGER" POST,NCOL,NROW,WEIGHT,NIS; "ARRAY" PAR,RV; 
INSIDE PEIDE, THE PROCEDURE MONITOR IS CALLED AT TWO 
DIFFERENT PLACES AND THIS IS DENOTED BY THE VALUE OF 
POSTl 
POST•l: 

POST• 2: 

MONITOR IS CALLED AFTER AN INTEGRATION OF THE 
DIFFERfNTIAL EQUATIONS; AT THIS PLACE ARE 
AVAILABLE• THE CURRENT VALUES OF THE UNKNOWN 
VARIABLES PAR[ltNCOLl, WHERE NCOL•M+NBP, THE 
CALCULATED RESIDUAL VECTOR RVCl:NROWl, WHERE 
NROW•NOBS+NBP, ANO THE VALUE OF NIS, WHICH IS 
THE NUMBER Of INTEGRATION STEPS PERFORMED DURING 
THE SOLUTION OF THE LAST INITIAL VALUE PROBLEM; 
MONITOR IS CALLED BEFORE A MINIMIZATION OF THE 
EUCLIDEAN NORM OF THE RESIDUAL VECTOR WITH THE 
PROCEDURE MARQUARDT CSEE SECTION 5ale3ele31 IS 
STARTED; AVAILABLE ARE THE CURRENT VALUES OF 
PAR[liNCOLl AND THE VALUE OF THE WEIGHT, WITH 
WHICH THE CONTINUITY REQUIREMENTS AT THE BREAK­
POINTS ARE ADDED TO THE ORIGINAL LEAST SQUARES 
PROBLEMe 

DATA AND RESULTS1 SEE REFClle 

P ROC EDUR SS US ED: 

lNIVEC • CP310l0, 
INIMAT • CP310ll, 
MULVEC • CP310ZO, 
MULROW • CP31021, 
DUPVEC • CP31030, 
DUPMAT • CP31035, 
VECVEC • CP340l0, 
MATVEC • CP340ll, 
ELMVEC • CP340ZO, 
SOL • CP34051, 
DEC • CP34300, 
MARQUARDT • C P34440e 
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REQUIRED CENTRAL HEHnRY: 
IN THE BODY nF PEI DE ( 3 + NBP I * NOB S + 
N * (13 + N + 7 * H + 7 + NBP) ARRAY 
ELEMENTS ARE DSCLAREDe 

METHOD AND PERFORMANCE t 
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PEIDE ESTIMATES UNKNOWN VARIABLES IN THE SYSTEM OF DIFFERENTIAL 
EQUATIONS DY/DT (T,. PAR) • F (T,. Ya PAR),. BY USING A SET OF 
OBSERVED VALUES OF Y; THE UNKNOWN VARIABLES PAR ARE OBTAINED IN 
THE LEAST SQUARES SENSEJ AN ELEMENT OF THE RESIDUAL VECTOR IS 
DEFINED BY THE CALCULATED VALUE OF Y "1INUS ITS OBSERVED VALUE; 
THe EUCLIDEAN NORM OF THE RESIDUAL VECTOR IS MINIMIZED BY THE 
ITERATION PROCESS Of MARQUARDT; THE DIFFERENTIAL EQUATIONS ARE 
SOLVED BY THE INTEr,RATION PROCESS Of GEARJ A MULTIPLE SHOOTING 
TECHNIQUE HAS BSEN IMPLEMENTED TO IMPROVE BAD STARTING VALUES OF 
THE UNKNOWNS; IF THIS TECHNIQUE IS useo,. ONE HAS TO GIVE SOME 
BREAK•POINTSa I.E. TIMES OF OBSERVATIONS WHERE A NEW INITIAL 
VALUE PROBLEM SHOULD BE STARTED; T~E NEW INITIAL VALUES OF Y 
BeCOMi: EXTRA IJNKNOWN VARIABLES ANO THE CONTINUITY REQUIREMENTS 
AT THE BREAK-POINTS ARE ADDED WITH SOME WEIGHTING FACTOR TO THE 
LEAST SQUARES PROBLEM; FOR DETAILS SEE REFClle 

REFi:RENCES: 
Cl]i B. VAN DOMSELAARa 

NONLINEAR PARAMETER ESTIMATION IN INITIAL VALUE PROBLEMS, 
MATHe CENTREa AMSTERDAM (TO APPEARle 

EXAl'tPLf: OF use, 
THE PARAMETERS PARC1'3l IN THE DIFFERENTIAL· EQUATIONS 

OYCll/OT • - Cl• YCZJ} * YCll + EXPCPARC2l> • YC2l11 
DYCZl/OT • EXP(PARClll • ((1 • YC2ll + YCll • (EXP(PAR[Zl>+ 

+EXP(PARC3l)) • YCZl)a 
WITH 23 OBSERVATIONS OF YCZla MAY BE OBTAINED BY THE FOLLOWING 
PROGRAHa THAT CONSISTS OF 

11 A CODE PROCEDURE WHICH TAKES CARE OF THE OUTPUT OF THE 
EXAMPLE PROGRAMe IT ALSO INTERPRETS THE NUMERICAL DATA 
THAT CAN Be USED TO OBTAIN STATISTICAL RESULTS; 
21 THE USERS PROGRAM IN WHICH THE PROBLEM EXAMPLE IS DEFINEDe 
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11 CODE 19 34445J 
"PROCEDURE" COMMUNICATION<POST,FA,N,M,NOBS,NBP,PAR,RES,BP,JTJINV, 

IN,OUT,WEIGHT,NIS); 
"VALUE" POST, FA,N, M, MOBS, NBP, WE!GHT, NI S; 
"INTEGER" POST,H,M,NQBS,NBP,WEIGHT,NIS; 19REAL" FA; 
"ARRAY" PAR,RES,BP,JTJINV,IN,OUT; 
"BEGIN" "INTEGER" I,J; 11REAL 11 C; "ARRAY" CONF[l:MJ; 

11 REAL" "PROCEDURE" VECVEC<L,U,S,A,B)J "CODE" 34010; 
"IF" POST•5 11 THEN" 
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"BEGIN11 OlJTPUT(61,"(rt,ti,/,10B,"("THE fIRST RESIDUAL VECTOR"l",11,16B, 
"(" I" l ", 4B, 11 ( "RES[ I l II l", I")" I; 
"FOR" It•l 19 STEP 11 1 11 UNTIL 11 NOBS 1100 19 

OUTPUTC61,"("l5B,ZD,2B,+e4D"+ZO,/"l 11 ,I,RESCill; 
11 EN0" "ELSE" "IF" POST•3 "THEN" 
"BEGIN" OUTPUTC61, 11 ( 11*1/1 

"("THE EUCLIDEAN NOR'1 IJF THE RESIDUAL VECTOR1"l", 
• 7011 +.zo, 21, 58, '1( "CALCULATED PARAMETERS")",/ 11 l ", 
SQRT C VEC VEC Cl, NOBS,O, RES, RES l) l; 
"FOR" lt•l 19 STEP19 1 "UNTIL" M 11 00" 
OUTPUT(61,"("9B,+.7D"+ZD,l"l",PARCIJ); 
OUT PUT ( 61, "( 11 I, 
"("NUMBl::R OF INTEGRATION STEPS PERFORMEDz "> 11 ,Z!D,ll")",NIS)J 

19 END19 "ELSE" 11 IF 19 P□ST•4 "THEN" 
"BEGIN" "lf" NBP•O "THEN" OUTPUTC61,"( 11 *,ll,5B, 

"( "THE MINlMIZATirJN IS STARTED WITHOUT BREAK-POINTS")"")") "ELSE" 
"BEGIN" OUTPUT(61, "( "*, 5/120B1 

"("THE MINIMIZATION IS STARTED WITH WE I G H T •">",ZD, 
3/ 11 ) 11,WEIGHT); 
OUTPUT (61," ( 11 /, 5B, 
19 ( 19 THE EXTRA PARAMETERS ARE THE OBSERVATIONSt")"11 )"); 

"FOR" ll•l 11 STEP11 l "UNTIL" NBP 1100" 
OUTPUT (61," < 118B, ZD, 2B "l 11 , BP[ 1 l l; 

"'END"; 
OUTPUT(6l, 11 1"61,lOB, 
"("STARTING VALUES OF THE PARAMETERS">",l")"li 
"FOR" I:•l "STEP" l "UNTIL" M "00" 
OUTPUT(6l1"1"20B,+e7D"+ZD,l"'l"',PAR[Ill; 
OUTPUT< 61," ("II, 
"("R~Le TOLERANCE FOR THE EUCLe NORM OF THE RES. VECTOR:")" 
,B,- 7D"+ZD, /1 
"("ABSe TOLERANCE fOR THE EUCL. NORM OF THE RES. VECTORS")" 
,B,.7D"+ZD,l,"("R~LATIVE STARTING VALUE OF LAMBDA"l",19B, 
"( 11 1 11 ) ", B, e70 11 +ZD"l ",INC3h INC4J, INC 6]) 

"'ENO" 19 ELSE19 11 IF19 POST•l "THEN" 
"BE GIN" 
OUTPUTC61, 11 ("10B,"("STARTING VALUES OF THE PARAMETERS"l",/")"l; 
"FOR" It•l "STEP" l "UNTIL" M 11 00" 
OUTPUT(61,"1"20B,+e7D"+ZD,l"l",PAR[I]); 
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OUTPUT(61,"!"2l,"!"NUMBER OF EQUATIONS"l",3B,"(":"l",ZD,I, 
"("NUMBER OF OBSERVATl □NSl"l",ZD,2/, 
"("MACHINE PRECISION"l",30B,"("t"l",+•D"+ZD,I, 
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; 

"("RELATIVE LOCAL ERROR BOUND FOR INTEGRATION"l",5B,"(":">",+eD"+ZD,/, 
"!"RELATIVE TOLERANCE FOR RESIDUE"l",17B,"(":"l",+•2D"+ZD,/, 
"!"ABSOLUTE TOLERANCE FOR R~SIDUE"l"117B,"1"1")"1+e2D"+ZD,/, 
"("MAXIMUM NUMBER OF INTEGRATIONS TO PERFORM">",6B,"l"1"1",1ZD,/, 
"! "RELATIVE STARTING VALUE OF LAMBDA"l ".,14B," Pt:" l",+e2D"+7.D., I, 
"("ReLATIVE MINIMAL STEPLENGTH")".,20B,"("i"l",+•2D"+ZD,/")"., 
N,NOBS.,INCOl,INC2l,IN[3J,INC41,IN[5l,IN[6l,INCl]); 
"If" NBP•O "THEN" OUTPUT(61,"("//, 
"!"THERE ARE NO BREAK-POINTS"l""l"I "ELSE" 
"BEGIN" OUTPUT!61,"("//, 

R(NBRiAK•POINTS ARE THE OBSERVATIONS JN)RN)R); 
"FOR" I:•1 "STEP" l "UNTIL" NBP "DO" 
OUT PUT 161,"( 11 ZZD, B "l 11 , BP Cl l) 

11 END 11 ; 

OUTPUT(6l,"("//1 
"("THE ALPHA-POINT OF THI: f ... DISTIBUTION : 11 111 , 

ZDo 00 11 ) ",FAl; 
"END" "UL5E" "IF" POST•2 "THEN" 
"BEGIN" OUTPUTl61,"!"*"l 11 l; "IF" OUTCll•O "THEN" OUTPUT(61,"1"2/, 
"!"NORMAL TERMINATION OF THE PROCESS") 1tt1) "l 
"ELSE" "IF" OUT[ll•l "THEN" DUTPUTl61,"("2/, 
•("NUMBER OF INTEGRATIONS ALLOWED WAS EXCEEDED")""!") 
"ELSE" "IF" OUT[ll•2 "THEN" OUTPUTl61,"("2/, 
11 ( "11IrUMAL STEPLEUGTH WAS DEC REAS ED FOUR TIMES")"")"> 
11 ELSE" "IF" OUT[ll•3 "THEN" OUTPUTl61,"1"2I, 
"("A CALL OF DERIV DELIVERED FALSE"l""l"l 
"ELSE" "IF" OUTC1J•4 "THEN" OUTPUT(61,"1"2/, 
"("A CALL OF JAC DFDY DELIVERED FALSE "l""l"l 
"ELSE" 111 IF" OUTClJ•!i "THEN" OUTPUTl6l,"1"21, 
"("A CALL OF JAC DFDP DELIVERED FALSE H)HH)lt) 

"ELSE" "If" OUTC1J•6 "THEN" OUTPUT(61,"1"2/, 
"("PRECISION ASKED FOR MAY NOT BE ATTAINED">"">">; 
"IF" NBP•O "THEN" OUTPUT(61,"1"2/, 
"("LAST INTEGRATION WAS PERFORMED WITHOUT BREAK-POINTSt1)""l") "ELSE" 
"BEGIN" OUTPUT(61,"("2/, 

"<"THE PROCESS STOPPED WITH BREAK-POINTSt "l""l"li 
"FOR" Il•l "STEP" l "UNTIL" NBP "DO" 
OUTPUT(61,"( 11 ZZD1B"l"1BP[!J) 

11 E ND 11 ; 

OUTPUT(61,"1"4/, 
"l"EIICLe NORM OF THr: LAST RESIDUAL VECTOR P'l",e7D"+ZD,/, 
"("EUCL. NORM OF THe FIRST RESIDUAL VECTOR1") 11,.1011 +ZD1/, 
"!"NUMBER OF INTEGRATIONS PERFORMED"l"17B,"("t"l"1ZZD1/, 
"("LAST IMPROVEMENT OF THE EUCLIDEAN NORM 1")",e7D"+ZD,/, 
"("CONDITON NUMBER OF J'*J"l",15B,"(":">",•7D"+ZD,/, 
"("LOCAL ERROR BOUND WAS EXCEEDED (MAXIMelt")",ZZD,71">", 
OUTC2l,OUTC3J,OUT[4l,OUT[6J,OUTC7l,OUTC5J); 

"COMM EN T11 
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"COMMENT" STATISTICS FOR THE PARAMETERS; 
OUTPUT(61,"("//,B,"("PARAMETERS"l",12B,"("C □NFIOFNCE lNTERVAL"l", 
/")"); 
11FOR" I1•l 11 STEP 11 l 11 UNTIL 11 M "00" 
11 BEGIN" CONFC I l: •SQRT ( M*FA*JT Jl NVCI1 I 11 (NOBS-M l l *OUTC 21; 

OUT PUT ( 61., "( "+• 70 11 +Z D, 12 B,+o 70 19 +Z D, I 11 ) 11 , l>AR CI l, CON FC I l); 
11 END 11 ; 

C:•"IF" NOBS•M 11 THEN 11 0 "ELSE 11 OUTC2l*OUTCZJ/(NOBS-Ml; 
OUTPUT(61,"("5/, 11 ("CORRELATION MATRIX 11 1",11B,"( 19COVARIANCE MATRIX">", 
l"l"); 
"FOR" I1•l 11 STEP11 1 "UNTIL" M "00" 
11 BEGIN" "F'JR" J :•l "STl:P" l "UNTIL" M "00 11 

"BEGIN" "IF" l•J "THEN" OUTPUTC61,"("29B"l"); 
"IF" I>J "THEM" 'JUTPUT(61,"("+e7D"+ZD,B"l", 
JT J INV[ I, J l/S QRT( JT JI NV Cl, I l*JT J INV CJ, J J l l 
"ELSE" OUTPUT(6l1"("+e7D 11 +Z01B"l",JTJINVCI,Jl*Cl 

"END"; □UTPUT(61,"("l"l"); 
"END"; OUTPUT(61,"("*"l"ll 

OUTPUTC6l, 11 ( 11 3/1lOB, 11 C11 THE LAST RESIDUAL VECTOR11 l 11 ,//,15B, 
"( 11 I"l 19 ,4B,"("RESCIJ"l",/")"l; 
11 FOR11 I:•1 "STEP" 1 "UNTIL" NOBS 11 00" 
OUT PUT C 61, 11 C "14B,Z 0,2 B, +. 4D 11 +ZD, / 11) ", I, RES C! J I 
"!:NO" 

"END" COMMUNICATION; 
"!::OP" 

THE USER PR1GRAM R;ADS: 

"BEGIN" "INTEGER" I,M,N,NOBS,NBPJ "REAL" TIME,FA; 
"ARRAY" PAR[l16]1RES[lt26J,JTJINVCls3,lt3l,IN[016J,OUTtl17J; 
"INTEGER" "ARRAY" BP[0:3]; 
"PROC EOURE 11 PE IDEC N, '1, NO, NB, P, R, BP, J ,I,□, D,J DY, JDP, CY, OA, MO); 

11 CODE" 34444; 
"PROCt:OURE" COMMUIU CA TI □N C P ,F ,M, N, NO, NP, PA, R, BP,J, I, O,W, Nil; 

"CODE" 34t445; 

11 BOOLEAN" ~PROCEDURE" JAC DFDPIPAR,Y,X,FP); 
"REAL" X; "ARRAY" PAR,Y,FP; 
"BEGIN" "REAL" Y2; Y2:•YC2l; 

FPC1,1Jl•FPC1,3Jt•O; 
FPtl,2ll•Y2*EXP(PARC2l); 
FPC2,1J:•eXP(PAR[lll*(VCll*(l-Y2l•(EXPIPARC2ll+EXP(PARC3ll)*V2); 
f PC 2, 2l : ..... EXP ( PAR Cl l +PAR [2 ll *Y 2; 
FPC213lt•-EXP(PARCll+PAR[3ll*YZ; 
JAC DFDPl•"TRLIE" 

"END" JAC DfDP 
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"PROCEDURE" DATACNOBS,TOBS,OBS,COBS); 
"VALUE" N~BS; "INTEGER" NOBS; 
"ARRAY" TOBS, □BS,COBSJ 
"BEGIN" "INTEGER" I; 

TOBSCOJt•O; 
OUTPUTC6l,"("*14/14B,"C"THE OBSERVATIONS WERE:")", 
I l1B1"C"I" )" ,3B,"( "TOBSCI l 11 ) ",3B, 11 ( 11 COBS CI ] 11 l "• 3B, 
"("OBSCil"l",l"l"); 
"FaR 11 Ir•l "STEP" 1 "UNTIL" NOBS "00" 
"BEGIN" 

INPUT ( 60, II ( 11 3( N) II) 11 , TOB s [I J, COBS [ I l, DBS CI l); 
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OUTPUT< 61," ("Z o., 3 B,Z De 4D, 6B, D, 681 e4D, / 19 l ", I, TOBSC I l,COBSC I l, 
OBSCIJ> 

"END" 
"EMD" DATA; 

"PROCEDURi;" CALL YSTARTCPAR,Y,Yl'IAXI; 
"ARRAY" PAR,Y,YMAX; 
"BEGIN" Y[lJJ•YMAXCllt•YMAXC2lt•lJ 

YC2lt•ll 
11 END" CALL YSTART; 

"BOOLEAN" 11 PROCEDURE 11 DERIVIPAR,Y,X,DF); 
"REAL" X; "ARRAY" PAR,Y,DF; 
"BEGIN" "REAL" Y2; Y2:•YC2lJ 

DFCll:••Cl-Y2)*YCll+EXPCPARC2ll•Y2; 
DFC2]1•EXP(PAR[l]l*CC1-Y2l*YCll-CEXP(PARC2l)+fXP(PARC3l)l*Y2)J 
DE RIV!n"TRUE" 

"END" DERIV; 

"BOOLEAN" "PROCEDURE" JAC DFDYIPAR,Y,X,FY); 
PREAL" XJ "ARRAY" PAR,Y,FYJ 
"BEGIN" FYC1,l]l••l+Y[2]1 

FYCl,ZJ1•EXPIPARCZll+Y[llJ 
FYC2,1Jt•EXPCPAR[lll*Cl-YC2l)J 
FYC2,2J:••EXP(PARClll*CEXPCPARt2J)+EXP(PARC3ll+YC1Jl; 
JAC DFDY:•"TRIJE" 

"END" JAC DFDY; 

"PROC EDUR !:" MONITOR( POST,NC □L, NROW, PAR,RE s.,we IGHT ,N IS) j 
"VALUE" POST,NCOL,NROW,WElGHT,NIS; 
"INTEGER" POST,NCOL,NROW,WEIGHT,NIS; "ARRAY" PAR,RES;J 

OUTPUT(61,"("2/,30B,"( 11 E SC f P - PROBLEM">",3/ 11 ) 11 ); 

M:• 3; N:•2; NOBS:•23; NBP:•3; 
PAR[ll1•LN(l600); PARC2JS•LNlo8); PARC3l¥•LN(le2l; INCOlt•"-14; 
INC3Js•"-4J INC4lt•11-4; INC5l1•50; INC611•11-2; 
I NCl l: • 11-4; INCZJ: • 11-5; 
BPC1lt•l7; BPC2Jt•19; BP[3l1•21J 

11 COl111ENT" 
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FAt•4e94; 
11 COMM'ENT" FA DENOTES THE ALPtiA-POINT OF THE FISHER-DISTRIBUTION; 

COMMUNICATION(l,FA,N,M,NOBS,NBP,PAR,RES,BP,JTJINV,IN,OUT,O,O); 
THIE! •CLOCK; 

PEIDE(N,M,HOBS,NBP,PAR,RES,BP,JTJINV,IN, □ UT,DERIV,JAC DFDY,JAC DFDP, 
CALL YSTART,OATA,MDNIT □Rll 

TIME:•CLOCK•TIME; 
COMMUNICATION<Z,FA1N,M,NOBS1NBP1PAR1RES,BP,JTJINV,IN10UT,O,Ol; 
OUTPUT(6l,"("3l,5B, 
"("THE CALCULATIO~ IN PEIOE CONSUMED"l 11,B,ZZD.DD,2B, 
11 ( 11SECONDS">",*"l 11 ,TIMEl 

"END" 
11 EOP" 

THIS PROGRAM DELIVERS1 

ES C E P - PROBLEM 

STARTING VALUES OF THF. PARAMETERS 
+e 737775911 +l 
-.2231436 11 +O 
+.1823216" +O 

NUMBER OF EQUATIONS : 2 
NUMBER OF OBSERVATIONS123 

MACHINE PRECISION 
RELATIVE LOCAL ERROR BOUND FOR INTEGRATION 
RELATIVE TOLERANCE FOR RESIDUE 
ABSOLUTE TOLERANCE FiR RESIDUE 
MAXIMUM NUMBER OF INTEGRATIONS TO PERFORM 
RELATIVE STARTING VALUE OF LAMBDA 
RELATIVE MINIMAL STEPLENGTH 

BREAK-POINTS ARE THE OBSERVATIONS : 17 19 21 

THE ALPHA-POINT OF THE F•DISTIBUTION t 4e94 

THE OBSERVATIONS WEREt 

l+el"-13 
:+.1" -4 
1+.10 11 -3 
1 ♦ .10" •3 
: 50 
1+.10 11 -1 
:+.10 11 •3 



SECTION (OCTOBER 1975) 

I TOBSC Il COB5CI l OBSCil 
l 0.0002 2 al648 
2 0.0004 2 .275~ 
3 0.0006 2 .3493 
4 o.aooa 2 .3990 
5 0.0010 2 .4322 
6 0.0012 2 e45"t5 
7 0.0014 2 .4695 
8 0.0016 2 a't795 
9 0.0010 2 .41362 

10 0.0020 2 e't907 
11 0.0200 2 • 4999 
12 0.0400 2 e4998 
13 0.0600 .. 04998 .. 
l't o.osoo 2 e"t998 
15 0 .1000 2 • 4998 
16 1.oouo 2 .,4986 
17 2.0000 2 e4973 
l.8 ,.0000 2 • 4936 
19 10.0000 2 .4872 
20 15.0000 2 .4808 
21 20.0000 2 .4743 
22 25.0000 2 .4677 
23 30.0000 2 e4610 

NORMAL TERMINATION OF THE PROCESS 

LAST INTEGRATION WAS PERfORMED WITHOUT BREAK•POINTS 

EUCLa NORM OF THE LAST RESIDUAL VECTOR tel430776" •3 
EUCLe NORM OF THE FIRST RESIDUAL VECTORt.1331071" +1 
NUMBER OF INTEGRATlONS PERFORMED : 12 
LAST IMPROVEMENT OF THE EUCLIDEAN NORM :.222369'9 11 •4 
CONDIT ON NUMBER OF J '*J t.2582882" +3 
LOCAL ERROR BOUND WAS EXCEEDED (MAXIMel: 37 
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PARAMETERS 
+.6907670 11 +l 
-.1003941" -l 
-.46(1529211 +1 

( DC TOB ER 1975 l 

CONFIDENCE INTERVAL 
+. 3209313" -3 
+.1687774" -3 
+.1942501 11 -2 

CORRELATION MATPIX COVARIANCE MATRIX 
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+.6949857 11 -a +.1407628" -8 -.9129848" -a 
•• 3851320" +O +el922ll9" -8 -.1414245" -7 
-.2170393 19 +O -.6392889" +O +e254609411 •6 

THE LAST RES !DUAL VECTOR 

I RESCil 
l +el 743" -5 
2 -.2905 19 -4 
3 +.2814" -4 
4 -.387911 -4 
5 +.3069 11 •4 
6 +e 3101 II -4 
7 -.2019" -4 
8 -.3887" -5 
9 +.1052 11 •4 

10 +el391 11 -4 
ll -.5109" -4 
12 +.2384111 -4 
13 ... 1156" -5 
14 .... 2616 11 •4 
15 -.5116 11 -4 
16 +,2244 111 .. 4 
l7 +.6794 11 -4 
18 ... 1418" -4 
19 +.2087" -4 
20 -.1980" -4 
21 -.3476 11 •4 
22 -.2245" -4 
23 +e 1886 11 -4 

THE CALCULATION IN PEIDE CONSUMED l06e57 SECONDS 
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SOURCE TEXTCS)s 

"CODE" 34444; 

< OCTOBER 1975 > PAGE 15 

"PROC EDUR e" PE IDEC N, '1, NOB S, NB P,PAR, RES, BP, JT JINV, IN, OUT, DERI V ,J AC OF DY, 
JAC DfDP, CALL YSTART,DATA,MONITORH 
•VALUE" N,11,NOBS; "INTEGER" N,M,NOBS,NBP; 
"ARRAY" PAR,RES,JTJINV,IN,OUT; 
"INTEGER" "ARRAY" BP; 
•PROCUDURE" CALL YSTART,DATA,MONITOR; 
"BOOLEAN" "PROCEDURE" DERIV,JAC DFDY,JACDFDP; 
"BEGIN" "INTEGER" I,J,EXTRA,WEIGHT,NCOL,NROW,AWAY,NPAR,Il,JJ,MAX, 

NFE, NIS; 
"REAL• EPS,EPS1,XEND,C,X,T,HMIN,HMAX,RES1,IN3,IN4,FAC3,FAC4J 
"ARRAY" AUXClt3l,OBSC1:NOBSl,SAVEC•3816*NJ,TOBSCO:NOBSl, 
YPC 1:HBP +NOBS,l: NBP+M J., YMAXC l Hn, YCl: 6*N*<NBP+M+l) l.,FY[ l tN, l t Nh 
FPCHN,lrM+NBP]; 
"INTEGER" "ARRAY" COBSCltNOBSlJ 
"BOOLEAN" FIRST,SeC,CLEAN; 

11 P ROCE DU RE II INI VEC ( L, U, A., X) ; •CODE" 31010; 
"PROCEDURE" INI!1AT<Ll,Ul,LZ,U?,A,X); "CODE 11 31011; 
ttPROCl:DURE" MULVECCL.,U,S,A,B,XlJ "CODE" 31020; 
"PROCEDURE" MULROW(L.,U,I,J,A,B.11XH "CODE" 31021; 
"PROCEDURE" DUPVEC<L,U,S,A,B); 11 CODP1 3:1.030,; 
"PROCEDURE" DUPMAT(L1,Ul,L2,U2,A,B)J 11 CODE 11 31035; 
"REAL" "PROCEDURE" VECVEC<L,U,S.11A.11Bl; "CODE" 340101 
"REAL" "PROCEDURE" MATVEC(LoU,I,A,B); "CODE 11 34011J 
"PROCEDURE" ELMVEC(L,U,S,A,B,X)J 11CODE 1134020; 
11,R □CEDURE 11 SOL!A1N,P.11BIJ "CODE" 340511 
"PROCEDURE" DEC ( A, N,AUX,P); "CODE" 34300; 
"PROCEDURE" MARQUARDT(M,N,P,R,C,F,J,!,OI; "CODE" 34440; 

"REAL" II PROCI; DURE" INTERPOL ( ST ARTINDEX,J UMP, K, T OBSD IF) ; 
"VALUE" STARTINDEX1JUMP,K,TOBSDIFI 
"INTEGER" STARTINDEX,JUMP,K; 11REAL 11 TOBSDIF; 
"BEGIN" "INTEGER" I; "REAL" S,RJ Si•YCSTARTlNDEXJ; Rt•TOBSDIF; 

"FOR" Iz•l "STEP" l "UNTIL" K 1100 11 

"BEGIN" STARTINDEXl•STARTINDEX+JUMP; 
S••S+YCSTARTINDEXl•R; Rs•R*TOBSDIF 

"EN0 11 ; INTERPOLt•S 
"END" INTERPOL; 

11 PROCEDURE" J AC DYDP I NROW, NCOL oPARoRES, J AC, L OCFUNCTI; 
ttVALUE" NROW.,NCOL; ttINTEGER" NROW,NCOL; 
"ARRAY" PAR,RES,JAC; "PROCEDURE" LOCFUNCT; 
"BEGIN" 

DUPMATlloNROW,1,NCOL,JAC,YPl 
11 5ND11 JACOBIAN 
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"BOOLE AN" "PROCEDURE" FUNCT< N ROW ,N COL, PAR, RES l; 
"VALUE" NROW,NCOL; "INTEGER" NROW,NCOL; "ARRAY" PAR,RES; 
"BEGIN" "INTEGER" L,K,KNEW,FAILS,SAME,KPOLD,N6,NNPAR,J5N, 

COBS II; 
"REAL n XOL D, HOLD,AO, TOLUP, TOL, TOLOWN, TOLCONV,H, CH,CHNEW, 
ERR □R,DFI,TOBSOIF; 
"BOOLEAN" EVALUATE,EVALUATED,DECOMPOSE,CONV; 
"ARRAY" AC0:5J,DELTA,LAST DELTA,DF,YO[l1Nl,JACOBC11N,llNl; 
"INTEG~Rn "ARRAY" P[llN]; 

"REAL" "PROCEDURE" NORM2(AI); 11 REAL 11 AI; 
"BEGIN" "REAL" S,A; S: • "-100; 

"FOR" It• 1 "STEP" l "UNTIL" N "DO" 
"BEGIN" At• AI/YMAXCI]; S:• S •A• A "END"; 

NORM2: ■ S 
"END" NORM2; 

"PROCEDURE" RESET; 
"BEGIN" "IF" CH< HMIN/HOLD "THEN" CHI• HMIN/HOLD "ELSE" 

"IF" CH > HMAX/HOLD "THEN" CH:• HMAX/HOLD; 
X1• XOLD; Ht• HOLD* CH; Ct• l; 
"FOR" JI• 0 "STEP" N "UNTIL" K*N "DO" 
"BEGIN" "FOR" I:• l "STEP" 1 "UNTIL" N "00" 

YCJ+Il~• SAVECJ+Il * C; 
Ct• C * CH 

"END"; 
DECOMPOSE:•"TRUE" 

"EN D11 RES ET; 

"PROCEDURE" ORDER; 
"BEGIN" C:• EPS * EPS; Jt ■ CK•ll * (K + 81/2 - 38; 

"FOR" I:• 0 "STEP" 1 11 UNTIL" K· 11 DO" ACil:,. SAVECI+J]; 
Jt• J • K + lJ 
TOLUP •• C * SAVECJl; 
TO L : • C * SA V EC J + ll ; 
TOLDWN :• C * SAVECJ + 2]; 
TOLCONVt• EPS/12 * N * (K • 2)); 
AO•• A[Ol; DECOMPOSE•• "TRUE"; 

"EN D19 ORDER; 

"PROCEDURE" EVALUATE J ACOBIANJ 
"BEGIN" EVALUATE1• "FALSE"J 

DECOMPOSE:• EVALUATED:• 19 TRUE 19 ; 

"IF" "NOT" JAC DFDY(PAR,Y,X,FYl "THEN" 
"BEGIN" SAVEC-311•4; "GOTO" RETURN "END"; 

19 END 19 EVALUATE JACOBIAN 
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"PROCEDURE" DECOMPOSE JACOBIAN; 
"BEGIN" DECOH POSE :a "FAL Se"; 

Cs ■ -AO* H; 
"l= □R" Js• l "STEP" l "U~TIL 11 N "DO" 
"BEGIN" "FOR" I:• 1 "STEP" l "UNTIL" N "DO" 

JACOB[I1Jlt• FYCI1Jl * C; 
JACOBCJ,Jlt• JACOBCJ1Jl + 1 

11 EHD 11 ; 

Dec (JACO B1N1 AIJX., P) 
"END" DECOMPOSE JACOBIAN; 

"PROCEDURE" CALCULATE STEP AND ORDER; 
"BEGIN" "REAL" Al,A2,A3J 

Al:• "IF" K <• 1 "THEN" 0 "ELSE" 
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Oe75 * (TOLDWN/NORM2(YCK*N+IJ)) ** (0.S/K); 
A2=• o.ao * (TOL/ERROR) ** (0.5/(K + 11); 
A3:• "lF" K >• 5 "OR" FAILS•• 0 

19 TYEN 11 0 11 E LSE 111 

Oo70 * (TOLUP/NORH2CDELTACIJ - LAST DELTA[Illl** 
(Oe5/(K+2)); 

"IF" Al> A2 19 AND 111 Al> A3 "THEN" 
"BEGIN" KNEWs• K-1; CHNEWi• Al 11 END11 "ELSE" 
"IF" A2 > A3 11 THEN 11 

"BEGIN" KNEW:• K ; CHNEW:• A2 "END" "ELSE" 
19 BCGIN 19 KNEWI• K+l; CHNEWI• A3 19 END 19 

"END" CALCULATE STEP AND ORDER; 

"IF" SEC 11 T4EN" "BEGIN" SEC:• 11 FALSE 11 ; "GOTO" RETURN "END"; 
NPAR&•M; EXTRA&•NISS•O; II1 ■ 1; 
JJ1• 11 If 11 NBP•O "TliEN" 0 11 ELSE11 l; 
N6: •N•6; 
INIVECC-3,-l,SAVE,OI; 
INIVEC(N6+l,(6+Ml*N1Y10); 
INI MAT( l1NOBSHIBP1l1M+NBP,YP,O); 
T:•TOBSCll; X:•TOBSCOJ; 
CALL YSTART<PAR, Y, YMAXI i 
HMAXt•TOBS[ll-TOBS[OJ; HMIN1•HHAX*IN[ll; 
EVALUATE JACOBIAN; NNPAR:•N*NPAR; 

NEW START: 
Kl• 1; KP □LDaaO; SAME&• 21 ORDER; 
"IF" "NOT" DERIVCPAR,Y,X,DF) "THEN" 
"BEGIN" S AVEC-311•3; "GOTO" RETURN "END 11 ; 

H:•SQRT(2 * EPS/SQRTINORM2 (MATVECll1N1l1FY,DF)))); 
111 IF 111 1-1 > HMAX "THEN" HI• HMAX "ELSE" 
11 IF" H < HMIN 11 THEN 11 H:• HMIN; 
XOLD:• X; HOLDI• H; CH:a l; 
"FOR" I1• l "STEP" l "UNTIL" N "DO" 
111 BEGIN" SAVECil••Ytil; SAVECN+Ilt•YCN+Ilt•OFCil*H "END"; 
FAILS t• O; 

"COMMENT" 
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"FOR" L:• 0 "WHILE" X < XEND "DO" 
"BEGIN" "IF" X + H <• XEND "THEN" X&• X + H "ELSE" 

"BEGIN" HI• XEND-X; X:• XENO; CHI• H/HOLD; C:• l; 
"FOR" J:• N "STEP" N "UNTIL" K*N "DO" 
II BEG IN11 C I.. C * CH; 

"FOR" II• J+l "STEP" l "UNTIL" J+N "DO" 
VCIJ:• YCI] * C 

II EM D"; 
SAMEt• "IF" SAME(3 •THEN" 3 "ELSE" SAME+lJ 

"END»; 

»COMMENT" PREDICTION; 
"FOR" Lt• 1 "STEP" l "UNTIL" N "DO" 

PAGE 18 

"BEGIN" "FOR" Is• L "STEP" N "UNTIL" <K-l)*N+L "00" 
11 FOR" J:a ( K-1) *N+L 1tSTfP11 -N 11 UNTIL 11 I "00" 
YCJ]I• Y[Jl + Y[J+N]; 
DELTA[L]I• 0 

"END"; EVALUATED:• "FALSE"; 

"COMEtff" CORRECTION AND ESTIMATION LOCAL ERROR; 
"FOR" Lt• 1,2,3 "DO" 
"BEGIN" "If" "NOT" DERIV(PAR,Y,X,DFI "THEN" 

"BEGIN" SAVEC-3J:•3J "GOTO" RETURN "END"J 
"FOR" It• 1 "STEP" l "UNTIL" N "00" 
DFCIJa• DFCil * H • YCN+IJ; 
"IF" EVALUATE "THEN" EVALUATE JACOBIAN; 
"IF" DECOMPOSE "THEN" DECOMPOSE JACOBIAN; 
SOL(JACOB,N,P,DF); 

cmw: .. "TRUE"; 
"FOR" I:• l "STEP" l "UNTIL" N "00" 
II BEG IN" DF Ih DF [I]; 

YC IJ:• Y[ Il +AO* DFI; 
Y[N+IJ:a YCN+Il + DFI; 
DELTACIJ:• DELTACIJ + DFI; 
CONVI• CONV "AND" ABS(OFI> < TOLCONV * YMAXCIJ 

"E HD "; 
"IF~ CONV "THEN" 
"BEGIN" ERROR:• NORMZCDELTACil)J 

"GOTO• CONVERGENCE 
"EIID" 

"END 11 ; 

"COMMeNT" ACCEPTANCE OR REJECTION; 
"IF" "NOT" C □NV "THEN" 
"BEGIN" "IF" "NOT" EVALUATED "THFN" EVALUATE!• "TRUE" 

"ELSE" 
"BEGIN" CHJ•CH/4; "IF" H<4*HMIN "THEN" 

"BEGIN" SAVEC-111• SAVEC-ll+lOJ 
HMIN:•HMIN/10; 

"COMMENT" 
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"IF" SAVE[-11>40 "THEN" "GOTO" RETURN 
"HID" 

11 END 11 ; 

RESET 
11 END 19 "ELSE" CONVERGENCEt 

11 IF 11 ERROR> TOL "THEN" 
"BEGIN" !=AILS:• FAILS + l; 

"IF" H > lel * HMIN 19 THEN" 
11 B~GI~" "IF" FAILS> 2 "THEN" 

"BEGIN" RESET; "G0T □ 11 NEW START 
II i:N D11 "ELSE" 
"BEGIN" CALCULATE STEP AND ORDER; 

"IF" KNEW Am K "THEN 11 

11 BEGIN 11 K:u KNEW; ORDER 11 END"I 
CHI• CH* CHNEW; RESET 

19 END" 
"EMD" "ELSE" 
11 BEGIH 11 "lF 11 K • 1 11 THEN 11 

"BEGIN" 19 COMMfNT" VIOLATE EPS CRITERION; 
SAVEC-ZJZ• SAVEC-2] + 1; 
SAME:• 4J "GOTO" ERROR TEST OK 

"END"; 
Kt•l; RESET; ORDER; SAME:• 2 

11 EN D" 
"END 11 11 ELSE 11 ERROR TEST OK: 

19BEGIN" FAILS!• OJ 
"F □ R" I:• l 11 STEP 11 1 "UNTIL" N 11 D □" 
"BEGIN" C:• DELTACIJ; 

11 FOR11 LI• 2 "STEP" 1 "UNTIL" K 19 DO" 
YCL•N+IJ:• YCL*N+Il + ACLl • CJ 
11 IF 11 ABS(YCIJ)) YMAXCIJ "THEN 11 

YMAXCIJ:• ABS(YCll) 
"END"; 

SAME:,. SAME•l; 
"IF" SAME• l "THEN" 
DUPVEC<l1N10,LAST DELTA,DELTA) "ELSE" 
"IF" SAME• 0 "THEN" 
"BEGIN" CALCULATE STEP AND ORDERJ 

"IF" CHNEW > lel "THEN" 
19 BEG IN19 

"lf" K •• KNEW "THEN" 
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"BEGIN" "IF" KNEW> K "THEN" 
MULVEC(KNEW*N+l,KNEW*N+N,=KNEW*N,Y,DELTA, 
A[KJ/KNEW)J 
K:,. KNEIH ORDER 

"ENO"; 
SAME•• K+lJ 
"If" CHNEW * H > HMAX 
"THEN" CHNEWtm HMAX/H; 
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Hu H • CHtU:\O Ca ■ l; 
•FOR11 JI• N 11STEP• N •UNTIL• K•N •Do• 
"BEGIN" Ct• C • CHHEW; 

MULVECCJ+l,J+N,O,Y,Y,C) 
"END" J DECOMPOSE••"TRUE" 

18 EN o• 
"ELSE" SAMEI• 10 
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11 END" OF A SINGLE INTEGRATION STEP OF Y; 
NISt•NIS+lJ 

"COMMENT" START OF A INTEGRATION STEP OF YP; 
"IF" CLEAN "THEN" 
"BEGIN" HOLDl•HJ XOLD'l•XJ KPOLDl•KJ CHl•l; 

DUPVECCl,K•N+N,O,SAVE,Y> 
"END" "ELSE11 

"BEGIN" 11 IF 11 H"•HOLD "THEN" 
11BEGIN 11 CH1 •H/HOlOJ C:s •l; 

11 F0R" Jt•N6+NNPAR 11STEP" NNPAR 11 UNTIL11 

KPOLD*NNPAR+N6 1100" 
"BEGIN" C••C•CH; 

11 FOR• lt•J+l 11STEP 11 l 11 UNTIL 11 J+NNPAR "DO" 
YCilt•YCil*C 

"END"; HOLDt•H 
"END•J 
"IF11 K>KPOLO 11THEN11 

INIVEC(N6+K*NNPAR+l,N6+K$NNPAR+NNPAR,Y,O>; 
XOLDI• XJ KPOLDt• KJ CHI• 1; 
DUPVEC(l,K*N+N,O,SAVE,YJJ 
EVALUATE JACOBIANJ 
DECOMPOSE JACOBUNJ 
"IF" "NOT" JAC DFDPCPAR,Y,X,FP) 11THEN• 
"BEGIN" SAVEC-3lt•5J "G0T011 'RETURN "END"J 
11 1F 11 NPAR>.M 11 THEN11 INIMAT(l,N,M+l,NPAR,FP,O>J 

"COMMENT" PREDICTION; 
18 FOR11 Ll•O 18STEP" l 1tUNTIL11 K-1 11 D011 

"FOR" J:•K•l "STEP" -1 "UNTIL" L "DO" 
ELHVEC(J$NNPAR+N6+l,J*NNPAR+N6+NNPAR,NNPAR,Y,Y,1); 

11 COMMENT 11 CORRECTION; 
"FOR" J:•l "STEP" 1 11UNTIL" NPAR "00 11 

"BEG::tN" J5Nl•(J+5)llrH; 
DUPVECC1,N,J5N,YO,Y)J 
"FOR II Is •l II STEP" 1 "UNTIL II N "00" 0 FCI l S • 
H* ( f P CI, J l+MATVEC 11, N, I, FY, YO)> 
-YCNNPAR+J5N+IJ; 
SOL ( JAC DB, N, P, D F )J 
"FOR" L:-0 "STEP" 1 "UNTIL" K "00" 
"BfGIN" Iz•L*NNPAR+J5NJ 

ELMVEC ( I+l ,I+N, ... I, Y, OF, ACL l) 
111 EN 011 

"END" 
"END"; 

ACOMMENTIII 
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11FOR 11 Lt •0 11 WHILE 111 X>•T 11100 19 

"BE GIN" 
11COMMENT11 CALCULATION OF A ROW OF THE JACOBIAN 

"I AT RIX AND AN £L El1ENT OF THE RESIDUAL 
VECTOR; 

TOBSDlf:•(TOBSCIIl-X)/H; COBSIIa•COBSCill; 
RESClIJi•INTERPOL(COBSII,N,K,TOBSDIF)-OBSClll; 
11 IF" 11 NOT" CLEAN "THEN111 

11BEGIN11 11 FOR11 I••l 11 STEP 11 l "UNTIL" NPAR 1100" 
YPCII,Ilt•INTERPOL(COBSII+(I+5)*N,NNPAR,K, 

TOBSOIF); 

IIICOHHENT 1111 INTRODUCING OF BREAK•POINTSJ 
"IF" BPCJJ]A•II "THEN" 11 ELSE11 

11 1F 11 fIRST 11AN0 11 ABS(RESCIIl><EPSl "THEN" 
IIIIBEGIN" NBPt•NBP-lJ DUPVEC(JJ,NBP,l,BP,BP)J 

BP CNBP+l l: •0 
11END 11 "ELSE" 
11 BEGIN 11 EXTRA••EXTRA+lJ 

111 IF11 FIRST "THEN" PARCM+JJlt•OBSCIIlJ 
11 COMMENT 11 INTRODUCING A JACOBIAN ROW AND A 

RESIDUAL VECTOR ELEMENT FOR 
CONTINUITY REQUIREMENTS; 

YPCNOBS+JJ,M+JJ]l••WEIGHT; 
MULROW(l,NPAR,NOBS+JJ,II,YP,YP,WEIGHT); 
R ESC NOB S+JJ JS •WE lGHT•< RES CU l +OBSC Ill• 

PARCM+JJl) 

11IF" U•NOBS "THEN" 11 GOT0" RETURN 11 ELSE11 

111 BEGIN111 Tt•TOBSCII+llJ . 
11 If 11 BPCJJl•II 11 AND11 JJ<NBP 11 THEN" Jas ■ JJ+l; 
HMAXt•T-TOBSCill; HHINt•HHAX*INCll; llx•ll+l 

"END"; 
111 END111 J 

11COMMENT11 BREAK•POINTS INTRODUCE NEW INITIAL VALUES 
FOR Y ANO YPJ 

"IFIii EXTRA)O IIIITHENIII 
11 BEGIN 11 "FOR" lt•l 11 STEP 11 l 11 UNT1L 11 N 110011 

11 B l:GIN 11 YC I Ji •INTER POL( I, N, K, TO BSD[ F >; 
11 FOR11 Jl•l "STEP" 1 "UNTIL" NPAR 11 D0" 
YCI+(J+5)*Nlt•INTERPOL(I+(J+5)*N,NNPAR,K, 

TOBSDIFI 
11 EN 011 ; 

"FOR" Lt•l 11 STEP 111 l 111 UNTil111 EXTRA 111D0" 
11BEGIN" COBSIIl•COBSCBPCNPAR-M+Lll; 

YC COBS II l ••PARC NPAR +L l J 
"FOR" lt•l 11 STEP 11 l "UNTIL" NPAR+EXTRA 11 00" 
YCCOBSI1+(5+I>•Nl1•0J 

11 C 011HIENT11 
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INIVEC(l+NNPAR+IL+5)*N,NNPAR+(L+6l*N,Y,Ol; 
YCCOBSII+!5+NPAR+L)*NJl•l 

11 EMD 11 ; 

NPARi•NPAR+EXTRA; EXTRAt ■O; 
X :•TOBSC II•ll; EVALUATE JACOB1AN; NNPAR :•N*NPAR; 
"GOTO" NEW START 

"END 11 

"END" 
11 1:ND" STEP; 

R ETURNi 
11 IF 11 SAV[C-2J>MAX 11 THEN 11 MAXs•SAVEC-ZlJ 
FUNCT;•SAVEC-1J<•40 "AND11 SAVEC-31•0; 
"IF" "NOT" FIRST "THlN" 
MONITOR!l,NCOL,NROW,PAR,RES,WEIGHT,NISl 

"END" FUNCT; 

I: ■ .. 39; 
"f □ R" Cl• 1,1,9,4,0,2/3,1,1/3,36,20.25,1,6/ll, 

1,6/11,1/11,84.028,53.778,0.25,.48,1,.7,.2,.02, 
156.25, 108e51, 0027778, lZ0/274, l, 225/274, 
85/274, 15/274, 11274, o, 187.69, .0047361 

"DO" "BEGIN" II• I + l; SAVECilt• C "END"; 

DATAINOBS,TOBS,OBS1COBS); ~EIGHT:•lJ 
FIR ST: •SEC:•" f ALSE 11 ; C LEAt-11 • NBP>O J 
AUXC2Jt• 11-l2J EPSl•INCZ]; EPSlt-"lOJ 
XEND:•TOBSCNOBSJ; OUT[lJ:•OI BPCOlt•MAX:•O; 

"COMMENT" SMOOTH INTEGRATION WITHOUT BREAK-POINTS; 
11 IF 19 11 NOT" FUNCT<NOBS,M,PAR;RES> "THEN" "GOT0 111 ESCAPE; 
RESl:•SQRTIVECVECCl,NOBS,O,RES,RES>>; NFEt•lJ 
"IF" INC5l•l 11 THEN 11 

"BEGIN" OUTClJl•l; "GOTO" ESCAPE 11 EN0 11 ; 

111F" CLEAN "THEN" 
"BEGIN" FIRST:• 11TRUE"J CLEAN1• 11 FALSE 11 ; 

fAC3:•SQRTCSQRTCINC3l/RESl>); FAC4t•SORT(SQRT(INC4l/RES1>1; 
EPS:l.1 •RE Sl*fAC4; 
"IF" 11 NOT11 FUNCT(NOBS1M1PAR,RES) 11THEN 11 11GOT0" ESCAPE; 
FIRSTt•"FALSE" 

"END" "ELSE" NFEt•OJ 

NC □Lt•M+NBP; NROWt•NOBS+NBP; 
SEC 1 •"TRUE"; 
IN3i ■ INC3]; IN4~•INC4l; INC3lB•RESli 

11 BEGIN19 "REAL" W; "ARRAY" AID[liNCOL,l:NCOLJ; 
WEIGHTi•AWAY:•O; 
OUT[4l&•OUTC5Js•Wt•OJ 

11 CON ME NT" 
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11FOR" WEIGHTl•(SQRT(WEIGHTl+ll**2 "WHILE" 
WEIGHTA•l6 11 AND 11 NBP>O 1100 11 

"BEGIN" 11 IF" AWAY•O "AND" WA•O "THEN" 
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11 B EGIN" 11 COMMENT" IF NO BREAK-POINTS WERE OMITTED THEN ONE 
FUNCTION EVALUATION IS SAVED; 

W :•WEIGHT /Wj 
"FOR" ll•NOBS+l "STEP" l "UNTIL" NROW "DO" 
11 BEGIN 11 11 FOR 11 J:•l 11STEP 11 l 11 UNTIL 11 NCOL 11 0011 

YPCI,Jli•W*YPCI,Jl; 
R ESCI l I •W* RES C I l 

"END"; SEC1•11 TRUE 11 ; NFE1•NFE•l 
11 END11 ; 

INC 311 ■ INC 3 l*FAC3*WEIGHT; INC 41 i ■ EP Sl; 
MONITOR(2,NCOL,NROW,PAR,RES,WEIGHT,NIS); 
MARQUARDT< NP. OW, NCOL., PAR,RES1AID1FU NCT, JAC DYDP, IN,OUTl; 
"IF" OUTC1J>O "THEN" "GOTO" ESCAPE; 

"COMMENT" THE RELATIVE STARTING VALUE Of LAMBDA IS 
ADJUSTED TO THE LAST VALUE OF LAMBDA USED; 

AWAY: •OUTC4l-OUT CS l-1; 
INC6J1•INC6J * 5**AWAY * 2**1AWAY-□UTC5]); 

NFE1•NFE+OUTC4lJ 
Wt•WEIGHT; EPSl:•{SQRT(WEIGHT)+ll**Z*INC4l*FAC4; 
AWAY 1 •0; 

"COMMENT" USELESS BREAK-POINTS ARE OMITTED; 
11 FOR 11 J:•l 11 STEP 11 l 11UNTIL 11 N.BP 11 D0 11 

"BEG IN" "IF" ABS < □ II SC BP CJ l J+ RES [BP CJ ll-PARt: J+M H < EP Sl 
"THEN" 
11 BEGIN 11 NBP:•NBP•lJ OUPVEC<J,NBP,l1BP,BPll 

DUPVEC(J+M,NBP+M,l,PAR,PAR)J 
Jt•J•l; AWAY:•AWAY+l; BPCNBP+llt•O 

"END" 
19 EN D"; 
NCOLt•NC □L-AWA Y; NROWUNROW-AWAY 

"END "i 

INC3J:•IN3; INC4l1•IN4; NBP:•O; WEIGHTi•ll 
M □NlTOR(Z,M,NOBS,PAR,RES,WEIGHT,NIS>; 
MARQUARDT(N□ BS,M,PAR,RES,JTJINV,FUNCT,JAC DYDP,IN, □UTl; 
NFEs•OUTt4l+NFE 

"EN 011 ; 

ESCAPEi "IF 11 OUTC1J•3 "THEN" OUTtll:•Z "ELSE" 
"IF" OUTCll•4 "THEN" OUTCllt•6; 
"IF" SAVE[•3l••o 19 THEN" OUT[lll•SAVEC-3]; 
OUTC3J:•RESl; 
□UTC4l:•NFEJ 
fJUTC5l=•MAX 

"ENO" PEIDE; 
"EDP" 
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