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SECTION 5e62eleloele2 CONTAIMS S1iX ALTERNATIVE PROCEDURES FOR SOLVING
FIRST=ORDCGR INITTAL VALUE PROBLEMS WITH THE JACOBIAN MATRIX AVAILABLE.

Ao
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EFSIRK SOLVES AN INITIAL VALUE PROBLEM, GIVEN AS AN AUTONOMOUS
SYSTEM OF FIRST JRDER DIFFERENTIAL EQUATIONS DY/DX = F(Y)s, BY
MEANS OF AN EXPOMENTIALLY FITTEDs SEMI=-IMPLICIT RUNGE=KUTTA
METHOD; IN PARTICULAR THIS PROCEDURE IS SUITABLE FOR THE
INTEGRATION OF STIFF EQUATIONS. '

EFERK SOLVES INMITIAL VALUE PROBLEMS, GIVEN AS AN AUTONOMOUS SYSTEM
OF FIRST ORDER DIFFERENTIAL EQUATIONS, BY MEANS OF AN EXPONENTIALLY
FITTSDs, EXPLICIT RUNGE KUTTA METHOD OF THIRD ORDFR, WHICH INVOLVES
THE USE OF THE JACOBIAN MATRIXe AUTOMATIC ST&P CONTROL IS PROVIDED.
IN PARTICULAR THIS METHOD IS SUITABLE FOR THE INTEGRATION OF STIFF
DIFFERENTIAL EQUATIONS.

LINIGERIVS SOLVES INITIAL VALUE PROBLEMS» GIVEN AS AN AUTONOMOUS
SYSTEM OF FIRST ORDER DIFFERENTIAL EQUATIONSs BY MEANS OF AN
IMPLICIT, FIRST. ORDER ACCURATE, EXPONENTIALLY FITTED ONESTEP
METHOD,

AUTOMATIC STEPSIZE CONTROL IS PROVIDED.

LINIGER2 SOLVES INITIAL VALUE PROBLEMSs GIVEN AS AN AUTONOMOUS
SYSTEM OF FIRST ORDER DIFFERENTIAL EQUATIONS, BY MEANS OF AN
EXPONENTIALLY FITTED ONESTEP METHOD.

NO AUTOMATIC STEPSIZE CONTROL IS PROVIDED.

GMS SOLVES AN INITIAL VALUE PROBLEM, GIVEN AS AN AUTONOMOUS SYSTEM
OF FIRST ORDER DIFFERENTIAL EQUATIONS DY / DX = F(Y)», BY MEANS OF A
THIRD JRDER GEMERALIZED LINEAR MULTISTEP METHOD.

IMPEX SOLVES AN INITIAL VALUE PROBLEMsGIVEN AS AN AUTONOMOUS SYSTEM
OF FIRST ORDER DIFFERENTIAL EQUATIONS, BY MEANS OF THE IMPLICIT
MID=POINT RULE WITH SMODTHING AND EXTRAPOLATION.

AUTOMATIC STEPSIZE CONTROL IS PROVIDED.

IN PARTICULAR ALL THESE METHODS ARE SUITABLE FOR THE INTEGRATION OF
STIFF DIFFCRENTIAL EQUATIONS.
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AUTHOR: SsPeMe VAN KAMPEN,
INSTITUTE: MATHEMATICAL CENTRE.
RECEIVED: 730529,

BRIEF DESCRIPTIONM:

EFSIRK SOLVES AN INITIAL VALUE PROBLEMy GIVEN AS AN AUTONOMOUS
SYSTEM OF FIRST JRDER DIFFLREMTIAL EQUATIONS DY/DX = F(Y)s BY
MEANS OF AN EXPONENTIALLY FITTED» SEMl«=IMPLICIT RUNGE=KUTTA
METHOD; IN PARTICULAR THIS PROCEDURE IS SUITABLE FOR THE
INTEGRATION OF STIFF EQUATIONS,

KEYWORDS ¢

DIFFERENTIAL EQUATIONS,

INITIAL VALUE PROBLEM,

AUT ONQMOUS SYSTEM»

STIFF EQUATIONS,

SEMI«IMPLICIT RUNGE=KUTTA METHOD,
EXPONENTIAL FITTING,

CALLING SEQUENCE:

HEADINGS

WPROCEDURE® EFSIRK(Xs XE» My Y» DELTAs DERIVATIVEs, JACOBIAN, Js
Ns AETAs RETA» HMINs HMAXs, LINEARs OUTPUT);

WYALUE™ M; "INTEGER™ M» N;

WREAL®™ X» XEs DELTAs AETA» RETAs HMIN» HMAX;

WPRICEDURE™ DERIVATIVE, JACABIAM, OQUTPUT;

BARRAY™ Y, J;

"BOOL EAN" LINEAR;

THE MEANING OF THE FORMAL PARAMETERS ISt
X3 <VARIABLE>;
THE INDEPENDENT VARIABLL X;
ENTRY: THE INITIAL VALUE XO;
EXIT ¢ THE END VALUE XE;

XEe <ARITHMETIC EXPRESSION>;

THE END VALUE OF X;
Ms <ARITHMETIC EXPRESSIOND>;

THC NUMBER 0OF DIFFERENTIAL EQUATIONS;
Y3 <ARRAY IDENTIFIER>;

YARRAY® Y[1 t M1;

THE DEPEMDENT VARIABLE;

DURING THE INTEGRATION PROCESS THE COMPUTED SOLUTION

AT THE POINT X IS ASSIGNED TO THE ARRAY Y5

ENTRYS THE INITIAL VALUES DF THE SOLUTION OF THE SYSTEMWS
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DELTA?

<ARITHMETIC EXPRESSION>;

DELTA DENOTES THE REAL PART QOF THE POINT AT WHICH
EXPONENTIAL FITTING IS DESIRED;

ALTERNATIVES

DELTA = (AN ESTIMATE OF) THE REAL PART OF THEs IN ABSOLUTE
VALUE» LARGEST EIGENVALUE OF THE JACOBIAN MATRIX OF THE
SYSTEM;

DELTA < =10%%14, IN ORDER T OBTAIN ASYMPTOTIC

STABILITY;

DELTA = 0, IN ORDER TN OBTAIN A HIGHER ORDER OF ACCURACY IN
CASE OF LINEAR OR ALMOST LIMEAR EQUATIONS;

DERIVATIVE: <PROCEDURE IDENTIFLERD;

NPROCEDURE™ DERIVATIVE(A); MARRAYW Aj

WHEM IN EFSIRK DERIVATIVZ IS CALLEDs ALI] CONTAINS THE
VALUES 0OF YLI];

UPON COMPLETION OF A CALL OF DERIVATIVE, THE ARRAY A
SHOULD CONTAIN THE VALUES OF F(Y);

NOTE THAT THE VARIABLE X SHOULD NOT BE USED IN DERIVATIVE,

BECAUSE THE DIFFERENTIAL EQUATION IS SUPPOSED TO BE
AUTONOMOUS 3

JACOBIAN® <PROCEDURE IDENTIFIERD;

N:

"PROCEDURE" JACOBIAN(J, Y)3 "ARRAY" J, Y;
WHEN IN SFSIRK JACOBIAN IS CALLED :-THE ARRAY'Y CONTAINS

THE, VALUES OF THE.DEPENDENT VARIABLE;"

UPON COMPLETION OF A CALL OF JACOBIAN THE ARRAY J SHOULD
CONTAIN THE VALUES OF THE JACOBIAN MATRIX OF F(Y);
<ARRAY IDENTIFIERD;

T 1 Mel ot M3

J IS AN AUXILLIARY ARRAY WHICH IS USED IN THE PROCEDURE
JACOBIAN;

<YARIABLE>;

AN INTEGER WHICH COUNTS THE INTEGRATION STEPS;

AETA» RETA?

<ARTTHMETIC EXPRESSION>:
REQUIRED ABSOLUTE AND RELATIVE LOCAL ACCURACY;

HMIN, HMAX?

LINEAR?

ouUTPUT:

<ARITHMETIC EXPRESSIOND;

MINIMAL AND MAXIMAL STEPSIZE BY WHICH THE INTEGRATION IS
PERFORMED;

<BOOLEAN EXPRESSION>;

IF LINCAR = "TRUE" THE PROCEDURE JACOBIAN WILL ONLY BE
CALLED IF N = 1; THE INTEGRATION WILL THEN BE PERFORMED
WITH A STEPSIZE HMAX; THE CORRESPONDING REDUCTION

OF COMPUTING TIME CAN BE EXPLOITED IN CASE OF LINEAR OR
ALMOST LINEAR EQUATIONS;

<PROCEDURE IDENTIFIERD>;

"PROCEDURE" OQUTPUT;

IN OUTPUT ONE MAY PRINT THE VALUES 0OF EeGe Xo

YLIJs JCKs L] AND No
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DATA AND RISULTS: SEC REF[21 AMD [31.

PROCEDURES USED:

VECVEC
MATVEC
MATMAT
GSSCLM
SOLELN

CP34010,
Cr34011,
CP34013,
CP34231,
CP34061,

REQUIRED CENTRAL MCMORY:

EXECUTIIN FIELD LENGTH: CIRCA M #* M + 5 % M,

RUNNING TIME:

DEPENDS STRONGLY ON THE ODIFFERENTIAL EQUATION T9 BE SOLVED
LANGUAGZ: ALGOL 690,

METHOD AND PERFORMANCE:

THE PRJOCEDURE EFSIRK IS AN EXPONENTIALLY FITTED, A=STABLE»
SEMI=IMPLICIT RUNGE=-KUTTA METHOD OF THIRD ORDER (SEE REF[1]

AND [21)e THE ALGORITHM USES FOR EACH STcP TWwO FUNCTION EVALUATIONS
AND IF LINEAR = “FALSE® CONE EVALUATION NOF THE JACOBIAN MATRIX.

THE STEPSIZE IS 0T DETERMINED BY THE ACCURACY OF THE NUMERICAL
SOLUTIOMs BUT BY THE AMOUNT BY WHICH THE GIVEN DIFFERENT IAL
EQUATION DIFFERS FROM A LINEAR EQUATION (SEE REF[21).

THE PROCEDURE DOES NOT REJECT INTEGRATION STEPS.

REFERENCES®

[11ePods VAN DER HOUWEN,
ONE=STEP METHODS WITH ADAPTIVE STABILITY FUCNTIONS
FOR THE INTEGRATION NOF DIFFERENTIAL EQUATIONSe
LECTURE NOTES OF THE CONFERENCE ON
MUMERISCHE» INSBESONDERE APPROXIMATINNSTHEORETISCHE
BEHANDLUNG VON FUNKTINNALGLEICHUNGEN,.
OBCRWILFACHs DECEMBER, 3 = 12, 1972,

[21,SYLLABUS COLLOQUIUM STIFF DIFFERENTIAL EQUATIONS 2 (DUTCH}.
MATHeCENTRe SYLLABUS 15427736

[31,SYLLABUS COLLOQUIUM STIFF DIFFERENTIAL EQUATIONS 3 (DUTCH).
MATHe CENTRs SYLLABUS 15.3/73,
TO APPEAR IN 1973,
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EXAMPL: OF USE:

WE CONSIDER THE DIFFERENTIAL EQUATION

DY /7 DX = =pXP(X) #* (Y = LN(X)) + 1 / X»

ON THEZ INTRRVAL [0e¢01y 61, WITH INITIAL VALUE Y(0e01) = LN(Qe01)
AND AMALYTICAL SALUTION Y(X) = LN(X);

FOR THE FIT POINT WE USE THE EIGENVALUE OF THE JACOBIAN MATRIX»
IeEoe DELTA = =EXP(X);

"BEGIN"
WPROCEDURE™ EFSIRK(Xs» XEs Ms Ys DELTA» DERIVATIVEs JACDBIAN, Js
N, AETA» RETA, HMIN, HMAX, LINEAR, OUTPUT);
“CODE" 33140;
"PRICEDURE™ DER(Y); "ARRAY" Y;
WBEGIN® WREAL®™ Y25 Y2i= Y[21;
DELTA:= =~ZXP(Y2); LNX:= LN(Y2);
YO1l:= (Y[1] = LNX) * DELTA + 1 / Y2;
Yi213= 1
WEND" DER;
"PROCEDURE™ JAC(J, Y); "ARRAY® J, Y;
"BEGIN" WREAL™ Y2; Y2:= Y[21;
J[1s 11t= DELTA;
J[1s 2]tw (Y[11 = LNX = 1 / Y2) * DELTA = 1 / (Y2 * Y2);
J[2, 113m= JI[2, 21:= C
"END" JACS
mPROCEDURE™ JUTP;
NIFN X = XZ "THEN®
MBIGIN" "REAL™ Y1; Yl:= YL11; LNX:= LN(X);
QUTPUT (61, (MW (WN = ®)m, 27D,
m(n X m m)n, 4DeD,
m(n o Y(X) = M), +De5D,
m(" DELTA = "), +32De20s /»
" (MABS./ERRe = M)M, ,2D"+2D,
m(" RELs ERRe = "IN, 42D"42Ds //M) ",
Ms X» Yl, DELTA,
ABS(YL = LNX)s ABS((YL = LNX) / LNX));
"IF® X = 0,4 "THEN" XEt= 8
mIND® QUTP;
"INTEGER" N;
"REAL® X, XE» DELTAs» LNX;
"ARRAY" YLL1 t 21, JI1 t 2, 1 ¢ 23;

XEz= Qo4; Xim Qo013 Y[1ll:= LN(0e01l); Y[2]1:= X;
EFSIRK(Xs XE» 2» Ys» DELTA» DERy, JAC» J»
Ny "=2; "w2, (e0055 1le5», "FALSE"» QUTP)
weND "

THIS PROGRAM DELIVERS?:

N = 10 X = 0,4 Y(X) = =(¢91099 DELTA = =ls44
ABSs ERRe = ¢53"=02 RELs ERRs = o58"=(2

N = 98 X = +8,0 Y(X) = +2,07911 DELTA = =2980,02
ABS. ERRe = 433%=03 RELes ERRe = 416%=03
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SOURCE TEXT(S):

'lCBDE"" 33160;
WPROCEDURE®™ EFSIRK(Xs XEs» My Y» DELTA, DERIVATIVE, JACOBIAN, J»
Ns AETAs RETA» HMIN, HMAX» LINEAR, OUTPUT);
WYALUE® M; "INTEGER™ My N;
WREAL™ X» XEs DELTA» AETAs» RETA» HMIN» HMAX;
WPROCLDURE™ DERIVATIVE» JACOBIANs OUTPUT;
"BOOLEZAN® LINEAR;
WARRAY® Y, J;

WBEGIN® WINTEGER™ Ky L;
WRIAL® STEPs Hs MUOs MUl, MUZ2», THETAO0s THETAL, NUls, NU2,
NU3», YKs FKs Cls C2» D;
"ARRAY™ Fp, KO» LABDA[L1 3 M1, JI[1 2 Msl 3 MIs AUXI1 ¢ 713
BINTEGER® ®ARRAY® RI, CI[L1 s M1;
wBOOLEAN™ LIN;
"REAL" "PROCEDURE™ VECVEC(L, Us, SHIFT, Ay B); "CODE™ 340103
BRTEAL® WPROCLDURE® MATMAT(Ls Us I, J» As B); WCODE® 34013;
WREALY WPRICCDURE™ MATVEC(Ls Us Is Ap B)3 "CODE™ 34011
PRAOCEDURE™ GSSELM(A» Ns AUXy RIy CT)3 ®CODE®™ 34231;
UPROCEDURE" SOLELM(A» Ns» RI» CIs B); "CODE™ 34061;

WREAL® ®PRICEDURE®™ STEPSIZE;
"BEGIN® WRIAL™ DISCRs Z£TA» S3
WIF" LINCAR "THEN" St= Hsa HMAX “ELSEW
WIF® N = 1 70R® HMIN = HMAX ®THEN® Sta H3s HMIN WELSEW
PBEGIM® [TAz= AETA + RETA * SQRT(VECVEC(ls Ms 0s Yo Y));
Cl:= NU3 % STEP; "FORY™ K:s 1 "STEP" 1 PUNTIL"™ M »DQ®
LABDACKIs= LABDALK] + Cl * F[K] = Y[KI;
DISCR2= SQRT{VECVEC(ls M, 0Os LABDA, LABDA});
tm Him (ETA / (075 * (ETA + DISCR)) + 0633) * H;
WIF" H < HMIN YTHEN" St= Him HMIN "ELSE"
WIF® H > HMAX ®THEN® S3i= Hs= HMAX
WENDY 3
WIFP X + S > XE "THENY S:wm XE = X;
LINs= STEP = S WAND® LINEAR; STEPSIZEt= §
REND® STEPSIZES

WPROCEDUREY™ COEFFICIENT;
WBEGIN" "REAL"™ Z1, Es» ALPHALls A, Bj
ROWN® WREAL® 723
Zl:= STEP #* DELTA; "IF" N = 1 ®“THEN® Z2:= Z1 + 11;
WIF" ABS(ZZ = Z1) > " = 6 * ABS(Z1) "OR®" Z2 > « 1 WTHEN"
BBEGIN® A= Z1 * 71 + 12; Bz= 6 * 71;
WIF® ABS(Z1) < 0e1 "THEN®
ALPHAL:= (Z1 * Z1 / 140 = 1) * Z1 /7 30 WELSE"®
WIF® Z1 < = %14 WTHEN" ALPHAl:= 1 / 3 WELSE®
WIF® Z] € = 33 RBTHEN®
ALPHALs= (A + B) / (3 % Z1 * (2 ¢ 71)) WELSE"®
WBEGIN® Esm WIF® Z1 < 230 WTHEN™ EXP(Z1) "ELSE™ ¥100;
ALPHAlt=m ((A = B) * E = A = B) /
(((2 = 21) # E = 2 = 71) % 3 #* 1)
WENDY 3 BCOMMENT®
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MU2:a (1 / 3 + ALPHAL) * 0,25;

MUlt= = (1 + ALPHAl) * Q.5;

MUG:= (5 * MUL + 2) / 95 THETAU!= 0,25;
THETAL:= 0s755 Asm 3 % ALPHAL;

NU3s= (1 + A) /7 (5 = A) * (0,53 At= NU3 + NU3;

NULt= o5 = A3 NUZ2t= (1 + A) * (,75;
22:= I
wENDW
WEND"™ COEFFICIENT;

“PROCEDURE™ NDIFFERENCE SCHEME;
WBEGINY DERIVATIVE(F); STEP:= STEPSIZE;

WIFTW BNOT™ LINEAR "0OR"™ N = 1 “THEN®™ JACOBIAN(J», Y)3;

WIFR ANJT® LIN ®THENW

WBEGIN® COFFFICIENT;
Cle:= STZP % MUL; Di= STEP # STEP * MUZ;
MFOR® Ksm 1 WSTEP® 1 BMUNTIL® M ®DO®
WBEGIN™ "FOR™ Lea 1 ®STEP® 1 WUNTIL®™ M "DOT

J1[KsLlt= D * MATMAT(1, M» Ko Ls Js J) +

Cl * JIKpL1s
JIIKsKIt= JILKsKI + 1
WEND 3
GSSELM(Jls My AUY, RI, Ci)
WENDY 3
Cit= STEP * STEP * MUu; D= STEP * 2 / 33
NEORM Ki:s 1 MSTEPW 1 WUNTIL®™ M wpQ®
YBEGINY KOLKl:= FKie F[KI;

LABDALKIt= D * FK 4+ C1 * MATVEC{(l, M» Ks» Js» F)

WEND W3
SOLELM(J1» Ms» RI», CIs LABDA);

PAGE 6

WEQRM Ksm 1 WSTEPM )1 MUNTIL"™ M "DO" F{K1s= Y[K] ¢ LABDAILKI;

DERIVATIVE(F);

Cl:= THETAO * STEP{ C2:s THETALl * STEP; D2= NUL * STEP;

WEQRYM Kis 1 WSTEP™ 1 WUNTIL™ M nDg®
PBEGIN® YKt= YIKI1; FKs= FLKJ3;
LABDALKI:= YK + D #* FK + NU2 * LABDALKI;
YIKl:= FIKlt= YK + Cl % KOLK] + C2 * FK
ngnpn
REND® DIFFERCNCE SCHEMES

AUX[2]:w "w]4; AUX[4]2= B;
PEIRY Kis 1 WSTEPT 1 WUNTIL® M "DO"™ FL[KItm Y[KI;
Ne= €3 OUTPUT; STEPt= {3

NEXT STEP: N:=s N ¢+ 1;

DIFFERENCE SCHEME; Xs= X + STEP; OQUTPUT;
WIF" X < XE ®THEN® WGOTO® NEXT STEP

wEND® EFSIRKS

"EOP"
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AUTHOR: KoDZKKERS
INSTITUTEs MATHEMATICAL CENTRE.
RECEIVED: 1973/07/31.

BRIEF DESCRIPTION®

EFERK SOLVES INITIAL VALUE PROBLEMS », GIVEN AS AN AUTONOMOUS SYSTEM
OF FIRST ORDER DIFFERENTIAL EQUATIONS, BY MEANS OF AN EXPONENTIALLY
FITTCDs EXPLICIT RUNGE KUTTA METHOD OF THIRD ORDERs, WHICH INVOLVES
THE USE OF THE JACOBIAN MATRIXe AUTOMATIC STEP CONTROL IS PROVIDEDe.
IN PARTICULAR THIS METHOD IS SUITABLE FOR THE INTEGRATION OF STIFF
DIFFCREMNTIAL EQUATIONS.

KEYWORDS®

DIFFRRIENTIAL EQUATIONS,
INITIAL VALUE PRUBLEMS,

STIFF EQUATIONS,

EXPONENTIAL FITTING»

EXPLICIT RUNGE KUTTA METHODS.
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CALLING SEQUENCE?

THE HEADING OF THE PROCEDURE EFERK READS:

"PROCEZDUREY EFERK(XsXEsMsY»SIGMA»PHI,DERIVATIVES JoJACOBIANS
KsLs AUT» AETA»RETA» HMLN» HMAX» LINEARLOUTPUT) ;

WVALUE™ L;

"INTEGER™ MpKsl;

"REAL" XsXEs SIGMASPHISAETASRETASHMINSHMAX;

"ARRAY" Y, J;

®BOOLEAN®™ AUT,»LINEAR;

"PROCEDURE™ DERIVATIVE,JACOBIAN,JUTPUT;

THE MEANING OF THE FORMAL PARAMETERS IS:
Xt <VARIABLE>;
THE INDEPENMDZNT VARIABLE X;
CAN BE USED IN DERIVATIVE, JACOBIAN, DUTPUT, ETCe;
ENTRY: THZ INITIAL VALUE X0;
EXIT ¢ THE FINAL VALUE XC;

XE: <ARITHMETIC EXPRESSIOND;
THE FINAL VALUE OF X (XE>=X);
: CARITHMETIC EXPPESSINOND;
THE NUMBCZR OF EQUATIONS;
Y? <ARRAY IDENTIFIERD;

WREAL™ WARRAY"™ Y[1:M];
THF DEPENDENT VARIABLE;
ENTRY? THE INITIAL VALUES OF THE SYSTEM OF DIFFERENTIAL
EQUATIONS: YLI1 AT X=X0;
EXIT : THE FINAL VALUES OF THE SOLUTIUN: YLI1 AT X=XE;
SIGMAt <ARITHMETIC EXPRESSIOND;
THE MIDULUS OF THE POINT AT WHICH EXPONENTIAL FITTING IS
DESIREDs FOR EXAMPLE THE LARGEST NEGATIVE EIGENVALUE OF THE
JACOBIAN MATRIX OF THE SYSTEM OF DIFFERENTIAL EQUATIONS;
PHI® CARITHMETIC EXPRESSIOND;
THE ARGUMENT OF THE COMPLEX POINT AT WHICH EXPONENTIAL
FITTING IS DESIRED;
DERIVATIVE: <PROCEDURE IDENTIFIERD;
THE HEADING OF THIS PROCEDURE READS!
"PROCEDURE™ DERIVATIVE(Y); MARRAY" Y;
THIS PROCEDURE SHOULD DELIVER THE RIGHT HAND SIDE OF THE
I~-TH DIFFERENTIAL EQUATION AT THE POINT (Y) AS YLI1;
Jt ¢ARRAY IDENTIFIERD;
NREAL™ WARRAY®™ J[1:Mp1:M1;
THE JACOBIAN MATRIX OF THE SYSTEM;
THE ARRAY J SHOULD BE UPDATED IN THE PROCEDURE JACOBIAN;
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JACOBIAN: <PROCEDURE IDENTIFIER>;

Lt

AUT 2

AETA:
RETA:

HMIN®
HMA X:

LINZAR:

QUTPUT:

TAE HEADING OF THIS PROCLEDURE READS:

"PRUCEDURE™ JACDOBIAN(JsY); MARRAY"™ J,Y;

IN THIS PROCEDURE THE JACOBIAN AT THE POINT (Y HAS TO BE
ASSIGNED TO THE ARRAY J; ‘

<VARIABLE>;

COUNTS THE MUMBER OF INTECGRATION STEPS TAKENS

FOR EXAMPLE, MAY BE USED IN THE EXPRESSION FOR XE;
<ARITHMETIC EXPRESSIOND>;

ENTRY:

IF PHI = 4%ARCTAN(1): THE ORDER OF THE EXPONENTIAL FITTING,»
ELSE TWICE THE ORDER OF THE EXPONENTYIAL FITTING;

<BOOLEAN EXPRESSIOND;

IF THE SYSTEM HAS BEEN WRITTEN IN AUTONOMOUS FORM BY ADDING
THE EQUATION DYLMI/DX = 1 TO THE SYSTEM », THEN AUT MAY HAVE
THE VALUE "“FALSE®", E£ELSE AUT SHOULD HAVE THE VALUE "TRUE";
CARTITHMETIC EXPRESSLIOND;

REQUIRED ABSOLUTE PRECISION IN THE INTEGRATION PROCESS:
AETA HAS TO BE POSITIVE;

<ARITHMETIC EXPRESSION>;

REQUIRED RELATIVE PRECISION JIN THE INTEGRATION PROCESS:
RETA HAS TO BE POSITIVE;

CARITHMETIC EXPRESSINND;

THE STEPLENGTH CHOSEN WILL BE AT LEAST EQUAL TO HMIN;
<ARITHMETIC EXPRESSIOND;

THE STEPLENGTH CHOSEN WILL BE AT MOST EQUAL TO HMAX;
CARITHMETIC EXPRESSIOND;

THE PROCZDURE JACOBIAN IS CALLED ONLY IF LINEAR="FALSEY OR
KeQ; SO IF THeg SYSTEM IS LINEAR » LINEAR MAY HAVE THE VALUE
"TRUE";

<PRNCEDURE IDENTIFIER>;

THE HEADING OF THIS PROCCDURE READSS

#PROCEDUREM NUTPUT

THIS PRICEDURE IS CALLED AT THE END OF EACH INTEGRATION
STEP ; THE YSER CAN ASK FOR QUTPUT OF SOME PARAMETERS » FOR
EXAMPLE Xs Ks Yo

DATA AND RESULTS: S:zZL EXAMPLE OF USE, AMD REF[41.

PRNCEDURES USEDS

VECVEC= CP34010,
MATVEC= CP34011,
DEC = CP34300,
soL = CP34051.
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REQUIRED CENTRAL MEMIRY:
EXECUTION FIELD LENGTH: CIRCA 30 + 4 * M + L * (5+4L)e

RUNNING TIMC: DEPENDS STRONGLY ON THE DIFFERENTIAL EQUATION TO SOLVE.
LANGUAGE: ALGOL 60.

METHOD AND PERFORMANCE?

THE PROCEDURE EFERK IS AN EXPONENTIALLY FITTED, SEMI-EXPLICIT RUNGE
KUTTA METHOD OF THIRD ORDER ( SEE REF [1] AND [3]1 ) o THE ALGORITHM
USES FOR EACH STEP TWJ FUNCTION EVALUATIONS AND IF LINEAR = "FALSe™
ONE EVALUATION OF THE JACOBIAN MATRIX.THE STEPSIZE IS DETERMINED BY
AN ESTIMATION OF THE LOCAL TRUNCATION ERROR BASED ON THE RESIDUAL
FUNCTION (SEE REF[31)e INTEGRATINM STEPS ARE NJT REJECTED

REFERENCES:

[11e PoeJoVAN DFR HOUWEN,
ONE=STEP METHODS WITH ADAPTIVE STABILITY FUNCTIONS FOR THE
INTCGRATION NF DIFFERENTIAL EQUATIONS,
LECTURES NOTES OF THE CONFERENCE ON NUMERISCHEs INSBESONDERE
APPROXIMATIONSTHEORETISCHE BEHANDLUNG VON FUMKTIONAL=
GLEICHUNGEN.
OBERWOLFACH» DECEMBERs 3 =12, 1972,

[2]e ToeJeDEKKERs PoeWoHEMKER AND PeJoVAN DER HOUWENS
COLLOQUIUM STIFF DIFFERENTIAL EQUATIONS 1 (DUTCH)e
MC SYLLABUS 1561, (1972) MATHEMATICAL CENTRE.

[3]e PeAeBEENTJESy KeDEKKERs HeCoHEMKERs SePeNeVAN KAMPEN
AND GoeMeWILLEMS.
COLLDOQUIUM STIFF DIFFERENTIAL EQUATIONS 2 (DUTCH)e
MC SYLLABUS 1562, (1973) MATHEMATICAL CENTRE.

[41s (TJ APPEAR),
COLLOQUIUM STIFF DIFFERENTIAL EQUATIUNS 3 (DUTCH).
MC SYLLABUS 1563, (1973) MATHEMATICAL CENTREs

EXAMPLE 9F USE:

CONSIDER THE SYSTEM OF DIFFERENTIAL EQUATIONS:

DY[11/DX = «Y[1] + Y[11 * Y[2] + 99 * Y[2]

DY[21/DX = =1000 * ( -Y[11 + Y[1] * Y[2] + Y[21 )

WITH THZ INITIAL CONDITIONS AT X = O

YI1]l = 1 aND Y[2] = Qo (SEE REF[2]s PAGE 11)e

THE SOLUTION AT X = 50 IS APPROXIMATELYS

YL1]l = o765 878 320 487 AND Y[2]1 = o,433 710 353 5768,

THE FOLLOWING PROGRAM SHOWS SOME DIFFERENT CALLS OF THE PROCEDURE
EFERKs AND ILLUSTRATES THE ACCURACIES WHICH MAY BE OBTAINED BY THEM:
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"8 EGIN®
PR ICEDURE® EFERK(Xp XEsM Yo SIGMA,PHI, DERIVATIVEs Js JACOBIAN,
KoLsAUT»AETA, RETApHMINsHMAX, LINEAR, OUTPUT);
nCODE" 33120;

WINTEGER® K,PASSES,PASJACS
WREAL™ X»SIGMA,PHILTIME,TOL;
"REALY" "ARRAY" Y[1:21,J[1:25122]);

"PROCEDURE®™ DER(Y); MARRAY® Y;

WBEGIN® M"RTAL™ Yl,Y2; Yl:=Y[1]; Y2:sY[2];
Y{11:m(Y1+e99)%(Y2=1) +499;
Y[213=21000%((1+Y1)*(1=Y2)=1);
PASSESt=PASSES+1

WM H

"PROCEDURE" JACOBIAN(JsY); "ARRAY" J,Y;

PBEGIN® JL1,113=Y[2]1=1; J[1,21:=,99+Y(1];
J[2511:=1000%(1=Y[2]1)5; J[25,213==1000%(1+Y[1]);
SIGMA:=ABS( J[2,21+J[1s1]1=SART((J[252]=J[151])%%x2+

4%J02,11%3901,21))/72;5
PASJAC: sPASJAC+1
WEND" JACOBIAN;

"PROCEDURE" 0OUT;
WIFY X=5{ "THEN®

QUTPUT(61s " ("3(=52D)»2(4B+e3DB3DB3D)p=5ZDe3Ds /") "y Ky PASSES,
PAS JAC» Y[11s Y[ 215 CLOCK=T IME);

QUTPUT (61 oM (00 (™ THIS LINE AND THE FOLLOWING TEXT IS ®)®»

®(WPRINTED BY THIS PROGRAMM)N,//,

n(n THE RESULTS WITH EFERK =FIRST ORDER FIT= ARE:M")U,/,

nn K DEReEVe JALeEVe Y[11 y(2iw)=

n(n TIMER )N, /0 )

PHIs=4%ARCTAN(1) 3

NEQRN TOLsmlyMelyNwd, w3 WDGH

WB3EGIN® PASSES:aPASJACts0; XitsY[213m(; Y[1ls=1; TIMEt=CLOCKS
EFERK(X250529 Yo SIGMAPHI s DERsJ o JACOBIAN) Ko 1o "TRUEM»TOL »

TOLs"=6550, "FALSE",0QUT);
"END
REMND™;

THIS LINE AND THZ FOLLOWING TEXT IS PRINTED BY THIS PROGRAM:
THE RESULTS WITH EFERK =FIRST ORDER FIT~ ARE?

K DEReEVe JACHEV, Y[1l] Y21l TIME
93 186 93 +¢ 765 883 211 +428 752 781 1170
10% c2lo 105 +o765 878 445 +0433 569 561 1,296
147 294 147 +e765 878 317 +¢433 708 489 1e834

266 532 266 +e 765 878 320 +e433 710 229 36297
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SOURCE TEXT(S):

nCODL™® 331245
UPRNCEDURSM FFERK(XpXEsMyYsSIGMAPHISDERIVATIVESJs JACOBIANS
KoLos AUT»ACTASRETASHMINS, HMAX, LINEAR,JUTPUT) ;5
"VALUE" L; "IMTLGER™ MysKsls
"REALY X,XU »SIGMA»PHI»AETASRETASHHINSHMAX; "ARRAYY Y J;
"BOOLEAN" AUT, LINEAR; "PROCEDURE"™ DZRIVATIVE,JACOBIANSUOUTPUT;
NBEGLN" "INTEGER"™ M1,I
WREAL™ HyBsBO,PHIO,COSPHILSINPHISETASDISCRHFAC,PI;
WBNOLZAN" CHANGE, LAST;
WINT ZGZR" "ARRAY" P[1:L1;
URCAL™ "ARRAY" BETA,BETHALO:L1»BZTACIN:L+3]15K0sDsD15D2012M],
ACL3ly12L1,AUX[L237;
PREAL™ M"PROCEDUREM VECVEC(LoUsSHIFTH»A»B); "CODEM™ 340103
"REAL"™ "PPOCEDURC"™ MATVEC(LsUsIsAsB); "CODE"™ 34011;
RPROCEDURE® DEC(As NsAUXsP )5 WCODER 3430035
WPRACCDURE™ SNOL (AsNsPsB)s "CODE™ 34051;
WREAL™ "PRNACLDURE SUM(IsLoUsT)3 WVALUEN LyU; "INTEGER™ IslsUj
"REALT T3
PBEGIN® MREAL™ S; Si=0;
WEFOR™ Isml UETEP® 1 "UNTIL® U ®DQO" S:aS5+T7;
SUM: =S
REND®;
"PRAC EDURE™ FIRMBETA;
"I Fl' L‘l "THEN“
"BIGIMN" BETHA[Lll:s(¢5=(1=(1l=CXP(~B))/RB)/R)/8B;
BEZTACL112=(1/6=BCTHAL11)/8
"\;‘: ND ” ",_EL s%.:"
"XF" L‘z "THE}‘"'
PREGINM "RCAL"™ C»CMINL; Et=EXP(=B); EMINlt=f=]l;
BETHACL )= (1l (3+E+4*EMINL1/B)/B) /B3
BETHAL2]2=(o0=(2+543%EMIN1/B)/B)/B/B;
BZTA[2]:=(1/6=BCTHALL])/B/B;
BETAL1 )t =(1/3~(1le5~(4+L+5%EMIN1/B)/B)/B)/B
"E!‘D" 'lELSE"
WREGIN™ UREAL" RBOsBlsB2s»AUsAL»A2»A35CsD;
BeTuClL=) ]t=C2aDi=apXP(=B)/FAC;
MFNR® It=l=~] ASTEP™ <) MUNTIL®™ 1 ®%DC®
NBIGINTY CtmI%B%C/(L=1); BETAC[I=1]:sD:=D*I+C "ENDY;
B2im o 5=BETACL2];
Bl:=a(l1=BFTACL11)*(L+1)/8B;
BN:m(l=BETACLUI)*(L+2)*(L+1)*,5/B/B;
A3:=21/6=BZTACL3];
A2: =R2%(L+1)/B;
Als=3 1 k(L+2) %3 5/8;
AQ:=30%(L+3)/3/B3;
D:=l/B;
WENRN jr=]l NSTEON ] wyMTIL® L »nan
A3CGINMBLTALIl2=(A3/TI=A2/(I+1)+A2/(I1+2)=A0/(I+3))*D+BETACLI+3];
BETHALI]:=(32/I=B1/(I+1)+BO/(I1+42))%D+BLTACL[I+2];
D:s=D¥(L=I1)/I/R;
” L"!D"
AEND™® FIRMBETA; HCOMMENT?®
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"PROCEDURF" SOLUTIONOFCOMPLEXEQUATIAONS
"IF" L-: "THEN"
WBEGINW WREAL® CNS2PHISCOSAsSINAESZI;
PHIOT =PHI; CNSPHIt=COS(PHIO); SINPHI:=SIN(PHIO);
StmiXP(B*COSPHI); ZI:mwBkSINPHI=3I*PHTIN;
S.HAt= ("I FPM ABS(SINPHI)C"=6 "THEN" =ik (B+3)
WELSE® E*SIN(ZI)/SINPHI);
COS2PHI :=2%COSPHI*COSPHI=1;
BETHAL21:=( o5+ (2%COASPHI+(1+2*CNS2PHI+S1INA)/B)/B)/B/B;
SINAt=s(®TF" ABS(SINPHI)<P=6 MTHEN® E*(B+4)
WELSC" SIMA*COSPHI-E*COS(ZIN);
BETHALL1]:=m==(COSPHI+(142%COS2PHI+(4*COSPHI*COS2ZPHI+SINA)
/8)/B)/B;
BETA[1)3=BETHAL21+2%COSPHI*(BETHAL11=1/6)/B;
BETA[2):=(1/6=-BETHA[11)/B/B
"END" "ELSE"

PREGIN® MINTEGER™ JsCl3
"REALY C2,E9ZT1»CUSIPHILSINIPHI,COSPHIL;
WREAL™ "ARRAY™ D[1:L];
"PROCEDURE™ ZLEMENTS OF MATRIXS
MBIGINT PHIO: =PHI;
CUSPHI:=COS(PHIO); SINPHI:=SIN(PHIO);
CISIPHI:=1l; SINIPHI:=0;
PEOR® Tt=0 MSTEP® 1 SUNTIL® L-1 ®pQn
"BEGIN" Cliw4+I; C23=];
WEORM Ji=| =] WSTEPY -2 "UNTIL® 1 "DQ"
"BEGIN" A[JsL~I73=C2%COSIPHI;
ALJ+1sL=112=C2%SINIPHI ;
C2:=C2%C1; Cls=Cl=l
" END ";
COSPHIL:=COSIPHI*COSPHI=SINIPHI*SINPHI;
SIMIPHIt=CNSIPAI*SINPHI+SINIPHI®COSPHI;
COSIPHI: =COSPHIL
" END";
AUX[213=0; DEC(AsLsAUX,P)
REND® L OF MAT;
"PPOCEDURE" RIGHT HAND SIDE;
"BIGIN" E:=EXP(B*COSPHI);
71:=B*C IHPHI=4*%PHIV;
COSIPHI:=C*COS(ZI); SINIPHI:=E*SIN(ZI);
ZI1:=1/B/8/B;
WEOR" Ji=L "STEP® -2 MUNTIL®™ 2 WDQO¥
"BEGIN™ DL JIt=ZI%SINIPHI;
DLJ=113=ZI%CCSIPHI;
COSPHIL:=COSIPHI*COSPHI=SINIPHI*SINPHI;
SINIPHI3=COSIPHI*SINPHI+SINIPHI*COSPHI;
CNSIPHI:=COSPHIL; ZI:=7I%B
NENDY; WCOMMENT"
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SINIPHT := 2*SINPHI*COSPHI;
COSIPHIt=2%COSPHI*COSPHI=~1;
CISPHIL:=COSOHI*(2%COSIPHI=1);
DLLI:=DLLI+SINPHI*(L/6+(COSPHI+( L+2%COSIPHI*(1+2*%CNSPHI/B))
/B)/B);
DLL=113=aD[Le11=COSPHI/6=( ¢5*COSIPHI+(COSPHIL+(2%COSIPHI*
COSIPHI=1)/B)/B)/B;
D[L-Z]"D[L*2]+QINPHI*(QJ+(’*CUSPHI*(Z*CDSIPHI*l)/B)/B):
DlL=3]3 =D [L~3]~ 5%COSPHI=(COSIPHI+COSPHIL/B)/B;
WIF® L5 MTHEN® "GOTO" END;
DIL~=41:=aD[L=4]+SINPHI+SINIPHI/B;
DIL=5]¢2aD[L=5]=~COSPHI=COSIPHI/B;
RIF® LL7 BTHENP PGOTO™ END;
DOL=A]s=D[ L=51+SINPHI;
DEL~7?]:=D[L=+7]=COSPHI;
END®
nEHDY RHS;
NIFN PHIC =PI "THEN" ELEMENTS OF MATRIX;
RIGHT HAMD SIDE;
SOL(AsLsPsD);
IIz:=l/B;
"EFOR" I:m)] wSTopw 1 MYNTIL®™ L »DQOW™
"BIGINY BETALJ]:=DIL+1=I1%21;
BETHA[IYs=(I+3)%BETALI];
ZI:=7T7/B
"EleI'
"ENDT 5ILOF EQCOM;

"PRICEDUREM™ COEFFICIENT;
"BEGINY BO:=B:=ABS(H*SIGMA);
WIFM Bd>=,1 M"THEN®
NBCGIN® MWIFM PHI%=PI WANDM Lw2 "JRM ABS(PHI=PI)>e01 "THEN"
SOLUTION OF COMPLEX EQUATIONS "cLSE"™ FORMBETA
'lEilD " on EL S 13"
MBIGIN® ®EJQRM T:=] ®STEP®™ 1 "UNTIL®™ L ™DO®
"BEGIN" BETHA[I1:=BETA[I=11;
BETALIl:=BETALI=-11/(I+3);
llEND "
WENDR
WEND™ COEFFICISNT;

"PROCEDURE™ LNCAL ERROR BOUND;
ETAs=ALTA+RETA*SAORT(VECVEC(1sMisUsYsY));

WPROCEDURET STEPSIZES
"BEGIN' LOCAL ERRAIR BOUND;
MIEN KaQ MTHOND
"BUGIN" DISCR:wSAORT(VECVEC(1sM1505DsD)); H:=ETA/DISCR
"’ ':I!D LI ) LL c""
WBIEGIN" DISCR:-H*SQRT(SUM(IJl;MlJ(D[I]-DZ[I])**Z))/ETAi
HesH*(ATFR | INEAR WTHEN® 4/(44DISCR)+e5
WELSE" 4/7(34DISCRI+1/3)
WENDY 3 WCOMMENT™"
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WIF® HCHMIN "THEN" HisHMIN 3
ATF™ 4>HMAX PMTHIN™ Hi=HMAX;
Bt=ABS(H*SIGMA);
CHANGEZ : =ABS (1=B/B0)>¢05 "OR" PHI"=PHIO;
WIFYM lel*H>aXE=X "THEN"
ABEGIMNM® CHANGE twLAST:«"TRUE™; H3=XE=X "ENDY;
WIFM wMQT® CHANGE “THEN® H:=H¥BQ/B
WEND'" STEPSIZE;

WORACEDYRE™ DIFFERENCE SCHEME;
WBEGIN® "WINTEGTR™ Kj
WREAL" BETAL,BETHAIL;
WIFM M1<M "THENM
WBEGIN® D2[Mltel; KO[MIt=Y[MI42%H/3; YIMI:aY[MI4,25%H MEND";
WFIRM K:i=m]l ®GTEP™ 1 WUNTILM™ ML “DO"
"BIGIN" KDLKI:=Y[KI+2*%H/3%D[K];
YIK)2=Y[KI+425%H*D[K] 3
DILKIz=mH*MATVEC(1sM 9K »J D)5
D2[K1:=DL LK I+D[K]
"{:ND";
WFIRM J:e0 WSTEP® 1 "UNTIL" L "DO"
"BEGIN® BETAI:=4%BTTACI1/3; BFTHAT:«=BETHALID;
"FOR" K=l "STEPY 1 "UNTIL™ M1 "DO"™ D[KIst=HxD1[KI1;
BEOR™ Ke=]l MSTEP™ 1 ™UNTIL®™ M1 "DOW
"BEGIN® KO[K1:=KOLKI+BETAI*DIKI;
DLIKI: =MATVEC(1sM1sKsJsD);
D20K1:=D2[KI+BETHAI*D1[K]
"END"
” EN on H
DERIVATIVE(KD);
WEFOR" Ks=] ®STLEP® 1 BSUNTIL® M #DOM Y[KI3=Y[K1+e75%H*KOLK]
"END"™ DIFF SCHEME:

B8N :=PHIO: a=1; PI:=4*%ARCTAN(1);
BETACCL]:=BETACCL+118=BETACLL+2]):=BETACIL+3]12=0;
BETA[Ol3=1/%5; BETHALO]I3m5;
FAC:=1; "FOR"™ Izsm2 "STEP™ ] "UNTIL" L=1 "DO" FAC:=I%FAC;
Ml:= MTF™ AUT "THERN" M MELSE"™ M=l;
Kt=0; LAST:sRFALSER;

NEXT LZVELs
WEQR® T:al MSTZEPY 1 "UNTIL® M "DO" D[I)s=sY[I];
DERIVATIVE(D);
WIF'" "NOT® LINCAR “0OR®™ K=0 ®WTHEN™ JACOBIAN(J,Y);

STEPSIZIE;

nIF" CAANGFE "THEN® COEFFICIENT;
guUT®UT;

DIFFZRENCE SCHICME;

Kt =K+1;

Xi=X4H;
WIFM UNJT™ LAST UTHEN"™ "GJTO" NEXT LEVEL;
END OF EFERK: OUTPUT;
REMD® E£FERK;
L Eapn
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AUTHOR: KoDEKKERe

INSTITUTE® MATHEMATICAL CENTRES

RECEIVED: 1973/09/01,

BRIEF DESCRIPTINNG

LIMIGER1IVS SOLVES INITIAL VALUE PROBLEMS , GIVEN AS AN AUTONNMOUS
SYSTEM OF FIRST ORDER ODIFFERENTIAL EQUATIONS » BY MEANS OF AN
IMPLICIT, FIRST ORDER ACCURATE, EXPONENTIALLY FITTED ONESTEP METHODo
AUTOMATIC STEPSIZE CONTROL IS PRUVIDED.

IN PARTICULAR THIS METHOD IS SUITABLE FOR THE INTEGRATION OF STIFF
DIFFEREWTIAL EQUATIONS.

KEYWORDS:®

DIFFZRENTIAL EQUATIONS,
INITIAL VALUF PROBLEMS»
STIFF LNUATIONS,
CXPONEHTIAL FITTING,
IMPLICIT JKESTEP METHNODS,

CALLING SEAQUENCE:

THE HEADING OF THE PROCEDURE LINIGER1VS READS:

"PROCEDURE™ LINIGERIVS ( Xo XEsMsYsSIGMADERIVATIVES JoJACOBIANS
ITMAXSHMINSHMAX, AETASRETA, INFO»OUT PUT) 5

"VALUZ"Y M;

UINTZGER" My 1TMAX;

MREALM™ XsXZs» SIGMA» HMINSHMAX» AETALRETA;

"ARRAY" Ys.Js INFO;

"PRACEDYREY DERIVATIVE,JACOBIAN, OUTPUT;

THE MEAMIMG OF THE FORMAL PARAMETERS IS
Xt <VARIABLE>;
TYT INDEPENDENT VARIABLE X;
ENTRY: THE INITIAL VALUE XO;
EXIT *+ THE FINAL VALUE XE;

XEs <ARITHMETIC EXPRESSION>;

THE FINAL VALUE OF X (XE>=X);
M3 CARITHMETIC EXPRESSIOND;

THE NUMBZR OF EQUATIONS;
Y3 <ARRAY IDENTIFIERD>;

MARRAY" Y[ 1:M1;

THE DEPENDENT VARIABLE;

EMTRY: THE INITIAL VALUES OF THE SYSTEM OF DIFFERENTIAL
EQUATIONS: YLI] AT Xs=X0;

EXIT ¢ THE FINAL VALUES QOF THE SOLUTION: Y[I1] AT X=XE;
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CARITHMETIC FXPRESSIOND;

THE MODULVUS OF THE POINT AT WHICH EXPONENTIAL FITTING IS
DESIREDs, FOR EXAMPLE THE LARGEST NEGATIVE EIGENVALUE OF THE
JACOBIAN OF THEZ SYSTEM OF DIFFERENTIAL EQUATIONS;

DERLVATIVE: <PROCEDURE IDENTIFIERD;

JACOBIA

ITMAX:

HMIN:
HMA X2
A=TA:
RETA¢®

INFO?

uTouT:

THE HEADING OF THIS PROCLCDURE READS:

WOROCEDURE™ DERIVATIVE(Y); ™ARRAY® Y;

THIS PROCEZDURE SHOULD DELIVER THE RIGHT HAND SIDE OF THE
I=-TH DIFFERENTIAL EQUATION AT THE POINT (Y) AS YI[IDs

<ARRAY IDENTIFIERD>;

"ARRAY" JL1:Mp1:M]1;

THE JACORIAN MATRIX OF THE SYSTEM;

THE ARRAY J SHOULD BE UPDATED IN THE PROCEDURE JACOBIAN;
N: <PROCEDURE IDENTIFIER>;

THE HEADING AF THIS PROCTIDURE READS:

WPROCEDURE™ JACOBIAN(JoY); MARRAY" Jp Y;

IN THI3 PROCEDURE (AN APPROXIMATION OF) THE JACOBIAN HAS TO
BE ASSIGMED TO THE ARRAY J;

<ARITHMETIC EXPRESSIOND;

AN UPPERBAUND FOR THE NUMBER OF ITERATIONS AN NEWTON®S
PROCESS» USED TO SOLVE THE IMPLICIT EQUATIONS;

<ARITHMETIC EXPRESSIOND;

MINIMAL | STEPSIZE. BY WHICH THE INTEGRATION IS PERFORMED;
CARITHMETIC EXPRESSIOND>; ‘

MAXIMAL STCPSIZE BY WHICH THE INTEGRATIUN IS PERFDRMED;
CARITHMETIC EXPRESSIOND; ,

REQUIRCD ARSOLUTE PRECISION IN THE INTEGRATION PROCESS;
<ARITHMETIC EXPRESSIOND>;

REQUIRED RTCLATIVE PRECISION IN THE INTEGRATION PROCESS;
IF BOTH AETA AND RETA HAVE HNEGATIVE VALUES » INTEGRATION
WILL BE PcRFORMED WITH A STEPSIZE EQUAL TO HMAX » WHICH MAY
BE VARIATED BY USER ; IN THIS CASE THE ABSOLUTE VALUES OF
AETA AMD RETA WILL/CONTRAOL THE NEWTON ITERATION;

CARRAY IDENTIFIERD;

WARRAY® INFO[1:91;

DURING INTEGRATION AND UPON EXIT THIS ARRAY CONTAINS THE
FOLLOWING INFORMATION:

INFO[11: NUMBER OF INTEGRATION STEPS TAKEN;

INFO[2]1s NUMBER OF DERIVATIVE EVALUATIONS USED;

INFOL33: NUMBER DOF JACOBIAN EVALUATIONS USED;

INFOC4): MUMBER OF INTEGRATION STEPS EQUAL TO HMIN TAKEN 3
INFOL51: NUMBER OF INTEGRATION STEPS EQUAL TO HMAX TAKEN ;
INFOL61s MAXIMAL NUMBER OF ITERATIONS TAKEN IN THE NEWTON

PROCESS;

INFOL71s LOCAL ERRIR TOLERANCE;

INFOIL81s ESTIMATED LOCAL ERRDR;

IMNFOC91: MAXIMUM VALUE OF THE ESTIMATED LOCAL ERROR;
<PROCEDURE IDENTIFIER>;

THt HEADING 0OF THIS PROCEDURE READS;

"PRNOCEDURE" DUTPUT;

THIS PROCEDURE IS CALLED AT THE END OF FACH INTEGRATION
STEP 53 THE USER CAN ASK FOR OUTPUT OF THE PARAMETERS » FOR
EXAMPLE Xs Ys INFD,
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DATA AND RESULTS: SEr £XAMPLE OF USE, AND REFL[213e

PROCEDURES SED:

INIVEC= CP3101C,
MUL VEC= CP2102C,
MULROW= CP31021,
DUPVEC= CP31u30,
MATVZC= CP34011»
ELMVEC= C234020s
VECVEC= CP34010,
DEC = CP34300,
SoL @ CP34051,

RFQUIRED C:NTRAL MEMURY:

EXCCUTION FILLD LEMGTH : CIRCA 20 + M * (5 + M),

RUNNING TIM&t DEPEMDS  STRONGLY ON THE DIFFERENTIAL £QUATION TO SOLVEe

LANGUAGE: ALGOL 60

METHOD AND PERFORMANCE:

LINIGERIVS: INTEGRATSES TH: SYSTEM OF DIFFERENTIAL LQUATIONS FROM X0
UNTIL XE» BY MEANS OF A FIRST ORDER FORMULA.

THE INTSGRATIOM METHOD IS/BASED ON THE F(1) FORMULA DESCRIBED BY
LINIGER AND WILLIUGHBY (SEE REF[11)e ERROR ESTIMATES AND A STEPSIZE
STRATEGY FOR THIS METHOD ARE DESCRIBED IN [2] » AMD A VARIABLE STEP
METHOD IS CONSTRUCTED FOR THE CONVEMIENCE OF THE USERe HOWEVER, THE
STERSIZE STRATEGY REQUIRES MANY EXTRA ARRAY DPERATIONS. THE USER
MAY AVRID THIS FEXTRA WORK BY GIVING AETA AND RETA A NEGATIVE VALUE
AND PRESCRIBING A STEPSIZE (HMAX) HIMSELF,.

REFERENCES?

[1)e WeLINIGER AMD ReAeWILLOUGHBY,
EFFICIFNT TINTLGRATION METHODS FOR STIFF SYSTEMS OF ORDINARY
DIFFERENTIAL ENUATIONS.
SIAM Jo NUM, ANALe 7 (1970) PAGE 47

[2]e Ko DEKKER,
ERRDR ESTIMATFS AND STEPSIZ(C STRATEGIES FOR THE LINIGER=~
WILLAUGHBY FORMULAS.
(T APPEAR IN 1974)e
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PLE DF 1SE:

CINSIDIR THEZ SYST:IM OF DIFFERENTIAL EQUATIONS:

DY[11/DX = «Y[1] + Y[1]l * Y[2] + 499 * Y[2]

DY[L21/DX = =1GC0 * ( =Y[11 + Y[1] * Yv[21 + Y[21 )

WITH THC INITIAL CONDITIONS AT X = O3

Y[1] = 1 AND Y[2] = Q.

THE SOLUTION AT X = 50 1S APPROXIMATELY:

Y[11 = ,765 876 320 2487 AND Y[2]1 = o433 710 353 5768,

THE FIALLIWING ©°RIGRAM SHIWS INTEGRATION 0OF THIS PROBLEM
VARIABLE AND CINSTANT STEPSIZES:

IN® MWCOMMENT® TECST LINIGERLIVS;

WORACLDURE"™ LINIGERLVS(X»XEsMsY»SIGMA»Fs Js JACOBIAN,
ITHAX> HMINSHMAX» AETASRETAL INFO,OUTPUT);

ncygpeLT 331323

HWINTEGCR® TTMAX;

"REAL™ X»SIGMASRETA,TIME;

PRIAL" MARRAY™ Y[1:21,J01:2512215,INFJL129];

WPROCCDOURE™ F(A); MARRAYR Aj

UBEGIN® "RTAL™ AL,AZ; Al:=All]; A2:=A[2];
AL11:=(A1+4990) %( A2=1) +499;
AL2]:=10CGO%((1+A1)*(1=-A2)=-1);

RENDY;

WPRICIDIRE™ JACOBIAN(Js Y); "ARRAY®™ J,Y;

"RBECINT' J[1,112sY[21=1; J[1s2]1:=499+Y[1];
Js113=1000% (1=Y[2]); J[2,2]13a=1000%(1+Y[11);
SIGHA:wABS (J[2,21+J01511=SQRT((J[252]1=J[1,1]) %%2+

Gk J[2,11%J01521))72;

NEND'"™ JACURIAM;

WPROCEDURE® QUT;

WIFY X=50 "THEN"

DUTPUT(61, "("6(37DB) »2BD"=20,2(2B+¢3DB3D)»=3ZDe3Dy /"),

INFOL11s INFULR21,INFOL31, INFOL4],INFOL51, INFOL61, INFOLO91s Y[11s

Y[2 1, CLOCK=T IME);

WEORM RITA:mNal Mol y Ny DO

WREGINT® XimY[2]:=m0d; Y[1]lt=sl; TIME:=CLOCK;
LINIGERIVS(X»50s2sYsSIGMAsFsJ»JACOBIANS 105015 50,RETAS

RETAs INFQ, JUT) ;

RENDM;  QUTPUT(61sm(M//n)1);

Iqup‘" ’\‘ETA: -_"..2’ -"....l” -"—6 "DU"

MREGTIN® Xs=Y[2]3=0; Y[11l3=1; TIME:=CLOCK;
LIMIGERIVS(Xs50525Y»SIGMAF»Js JACOBIANSL1C»el»1sRETAS

RETAINFILNUT);

PAGE 4

WITH

77

549
158

nEMDY
nEMDn

17 21 3 2 0 2 2" =2 4,772 017 +,435 672 06525
13 2F 23 2 0 2 2" =2 +o767 414 +.434 202 Oe
105 210 105 2 0 2 20 =2 +,7H6 027 +.433 758 4oeT41
50 52 1 0 50 2 0" 0 +,766 670 +.433 081 Oe

53 104 3 ¢ 50 3 0" 0 4,766 183 +,433 811 le

5¢ 152 1lc & 50 4 G" 0 +,766 185 +,433 809 1.653
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SOURCE TEXT(S):

"CNDEY 3313235

"PRACEDUREM LIMIGFRIVS(XsXEsMsY»SIGMA,DIRIVATIVES Y,
JACOBTAM, ITMAX,HMINsHMAXs AETASRETASINFNL,QUTPUT);

UYALUZS" M

WINTEGER" Hsi TMAX;

HREAL® XsoXépSIGMA, ALTASRETA, HMINs, HMAXS

"ARRAY" Yo Js INFI;

"PROCEDURE" DERIVATIVE,JACOBIAN, QUTPUT;

"BEGIN" "INTEGER™ I,STsoLASTJACS
RREALM? HyHNEWsMUpMULSBETASPSLsC1sETASETALSDISCRS
"RO0LEANY LAST,FIRSTSEVALJACS,EVALCOZF;
WINTEGZR!" WARRAY™ PI[1:M1;
WREAL™ MARRAY® DY, YLs YR, FLLSMI» AL 1My 18 M1 AUX[123];

"PROCEDURE INIVEC(LoUsAsX); "CODEY" 31010;
WORJCLDUREY MULVCC(ALsU» SHIFT»A»85X); "CODE™ 310203
BPRCCEDURE™ MULROW(LSUsIsdrAsBsX); "CODE™ 310213
"PROCEDURE™ DUPVEC(LsUpSHIFT»A,B); "CODE™ 31030;
WREALY “PRDCEDURE™ VECVEC(LsUs SHIFT,A»8); "CODE®" 34010;
WREALY™ "PRNCFEDURL™ MATVEC(A»BsCsDsk); "CODE® 340113
WPROCEDURE® ELMVEC(LoUsSHIFT,A5BsX); "CODE™ 340203
WPRICEOUREY DEC(As No AUX,P); "CODE"™ 34300;
"PRICEDURE" SNL(A»HsPs8); "CODE" 34051;

PREAL™ MPROCL DURL® MORM(A); "ARRAY™ Aj
NORM:aSQRT(VECYEC(15Ms0sAsA));

"PRICENURE™ COCFFICIENT;
WBEGINM WRO ALY B,F; BrasABS(H®*SIGMA);
WIF® B>40 MTHENY /
"BLGIN" MU:=1/B; BETA:=l; pi:=2+42/(R=2)
REND® ®ELSE®
WIF" RB<e04 “THEN™
"BIGIN" T:=B*B/30; P:=3=f;
MlsmgBeeB/12% (1=E/2) 5
BETA:=q5+B/6%(1=f)
” l’:MD“ " £L S E"
MBEGINY EimEXP(B)=1;
MUt=l/B=1/E;
BETA3w(1-B/E)*(1+1/E);
P:=(BETA=MU)/ (o 5=M1)
n SN D" ;
MUIssH*(1=MU);
LUDECIMP
WEND" COEFFICIENT; NCOMMENT™
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"PRACCDURE" LUDECIMP;
PBEGIN® “INTEGERP I
WEJRM Teml MWSTEDPN ] WUNTILY M wpaw
WREGIN" MULROW(LoMsIsIsAsJr=~MUL);
ALI,I1t=A[I,1741
neype s
AUX[21:=0; DIC(AsMpAUX,PI)
MEND'" LUDECOM®;

*PROCEDURC® STCP3IZC;

WIF" [TAKY "THIN®

MBEGIN® WREAL™ HL; HLisM;
Hi=HNEW:=HMAY; INFOL51:s INFUL5141;
WIFN 1, T¥HMEWDX =X "THEN®
MBIGIN® LAST:aMTRUSH; H:=4NZY:aXE=X
” E‘lD" ;
CVALCOCF t=H = HL;

" ﬁND" " ;LS E"

MIFN FLRST WTHCN®

"BLGIN™ HisHNEWI=HMIN; FIRSTi=MFALSEM;

WENDW MELSE®

"BEGIN" "REAL™ B,HL;

B:=DISCR/ETA; HLisH; "IF™ B<o01 "THEN" Bim,o01;
RELSE™ HMAX;

HNCWe= PIFM BX(: WTHEN® HkBkk(=1/P)
WIF" HHUWCKHMIN "THEN®

WBLGINY HMEW:=HMING INFO[41:=INFOL4]+1

nEupe mEp S

AIF™ HNZWDHMAX "THEN®

WBUGIN® HNEW:=sHMAX; INFOLS513=INFOCS51+1 “ENDW®;

MIFN 1 LXHNMEY>= XE=X "THEN®
M3TGIN® LAST:aMTRUEM; Ht=HNEW? aXEm=X
WEND® MELSEM

WIF" ABS (H/HIEW=1)>e1 PTHEN™ H:sHNEW;

EVALCOEF:=H =YL
BEMDY STEPSIZF;

®PROCEDURE" LINEZARITY(ZRROR); "REIAL"™ ERROR;

MBLGIN® "INTEGER" K
MEOR® Ke=] ASTEPM 1 AUNTIL® M ®DOw
DY[K]taY[KI=MUL1®F[K];
SCL(A» M PI,DY)5
ELMVEC(15M505DY5Ys=1);
£ RROR2=NORM(DY)

WEND" LINEARITY;

INFOC41s=INFOL[41+1

PAGE 6

HCOMMENT ™
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"OROQCEDURE" LTCRATIUN(I); "INTEGER™ I
RIF® RUTACO ®THEN™
"BEGIN" "IMTEGER"™ K
WIFW I=1 "THTN®
"BEGIN®" MULVEC(LlsMs0sDYsFsH); )
WFOR® Kt=]1 WSTEP® 1 WUNTIL® M ™DO® YLIK1:=sY[KI+MU*DY[K];
SOL(AsMsPIsNY)s ERiml;
u:":”[)n nge LSC"
"BIGIN" WFQR"™ Ki=]l "STLP"™ 1 "UNTIL™ M upQ®™
DY[K1t=mYL[K]=Y[KI+MUL1*FL[K];
"IFY ERNORM(Y)DELI*EL "THEN®
U"BEGIN" CZVALJAC:=]I>=3;
RIF® I>3 WTHENW
WBEGIN" INFO[311=INFOL31+41; JACNBIAN(J,Y);
LUDECOMP
NEHDY;
"END" ;
SAL(ASMPISDY)
nEHp g
ElisE; E:=HORM(DY);
ZLMVEC(15Ms0,Y»DY51);
ETAs=NORM(Y)ARETA+AETA;
DICCR:=0Q;
DUPVEC(1lsMs0sFsY);
NERIVATIVE(F);
INFI[212=IHFNL2]+1;
NENDN® NILSEN
"BEGIN" "INTEGERY K;
MIF® I=]1 ®WTHEN®
"BEGINT LIMEARITY(E);
NIFN Ek(ST=LASTJAC)DETA UTHEN®
"BEGIN" JACOBIAN(J»Y); LASTJAC:=ST;
INFUC31t=INFOLZ1+1;
YewHMNEW; CDEFFICIENT;
LIMZARITY(E)
MEND M3
EVALJACt=s C*(ST+1=LASTJAC)>ETA;
MULVEC(1sMs0sDYsFsH) ;3
WEQR® K=l "STEP" 1 "UNTIL" M "DN" YLIK]I:=Y[KI+MU*DY[K];
SOL(AsM»PI»DY);
MEJRT Ki=m] WSTEP® ] WUNTIL® M wpQw
YRIK]z=mH*BETA®MATVEC(1»MsKsJds DY)
SOL(AsMsPIsYR)S
FLMVEC(1,M»05YR»DYs1); RCOMMENT®
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nCHDM MELSE "
"BEGI;‘" "FOR" K: -1 “STEP" 1 NlJNTIL" M "DO"
DY[K]:mYLIKI~Y[KI+MULKFL[K];
PIFR E>ETAL MAND™ DISCRDETAL WTHENP
PBEGIN" INFIO[31:=INFOL31+1; JACOBIAN(J»Y);
LUDECOMP
NEND
SOL(AsMsPIHDY);
E:=NORM(DY)
MENDY;
ELMVEC(1sMs 0, YsDYs1) s
ETA:=NORPM(Y)*RETA+AETA;
ZTAL:=sFTA/SQRT(RETA);
DUPVEC (1sMp0sFsY);
DERIVATIVE(F);
INFO[2]:=INFAL2]+1;
PEJRM Kim]l WSTEP"™ 1 “UNTIL"™ M "DO" DY[KIteYRIK]I=HXF[K];
DISCRs=NDRM(DY)/2

WEND" ITERATINM;

FIRST3=EVALJAC:="TRUE"; LAST:=EVALCOEF t="FALSE";
INIVZC(1s95 INFUS0);

ETA:=RETA®XNORM(Y )+ ALTA;
cTAL:=ZTA/SQRT(ABS(RETA));

DUPVEC(1sMs Qs Fy Y) 5

DERIVATIVE(F);

INFOL2]12=1;

WEQRM $T:s1,ST+1 "WHILE" “LAST mDO"

"BEGIN" STEPSIZE; INFOL11:sIMNFOL11+1;

PIFE EVALJAC WTHEN®
MBEGIN® JACTIBIANCJs Y);
INFOL31:=INFNL3141;
HE=HNEW; )
COEFFIC IENT;
EVALJAC: ="FALSE"; LASTJAC:=ST
" END" "ELSE"
nIFM EVALCOGF “THEN®™ COEFFICIENT;
MEOR® Itm],T41 "WHILE™ EDABS(ETA) MANDM DISCRD143%ETA
"AND" I<=ITMAX "DO#
"BEGIN® ITERATION(I); "IF" IDINFOL6] WTHEN® INFO[6)ts=];
PENDP; INFO[T71:=ETA; INFO[81:=DISCR;
X2 -X+H;
WIEM DISCRMINFICG] "THEM™ INFOL91:=DISCR;
OUTPUT;

WEND";
WEND" LIMIGZRLVS;

"E"J_p"

PAGE 8
H
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AUTHOR: Ke¢DLKKERe

INSTITUTE: MATHEMATICAL CENTRE.

RECEIVED: 1973/07/16,

BRIEF DCSCRIPTION:

LINIGER2 <SOLVES INITIAL VALUE PROBLEMS » GIVEN AS AN AUTONOMOUS
SYSTEM OF FIRST ORDER DIFFERENTIAL EQUATIONS », BY MEANS OF AN
LXPIMENTIALLY FITTED ONESTEP METHOD,

NG AUTOMATIC STEPSIZE CONTROL IS PRQVIDED.

IN PARTICULAR THIS METHOD IS SUITABLE FOR THE INTEGRATINN OF STIFF
DIFFERENTIAL EQUATIONS,

KZYWORDS ¢

DIFFCRENTIAL EQUATITINS,
INITIAL VALUE PROBLEMS,
STIFF ZQUATIONS,
EXPONENTIAL FITTING,
IMPLICIT ONESTEP METHNDS.



SECTION 2 Del2eleleloeeD (AUGUST 1974) PAGE 2

CALLING STQUENCES:

THE HEADING OF THE PROCLDURE LINIGER2 READS:

"PROCEDURE™ LIMIGER2(XsXEs»Ms Yo SIGMAL»SIGMA2 »sFsEVALUATES Js
JACOBIANs Ko ITMAXsSTEPsAZTA»RETA, QUTPUT)

NINTEGER" MyKyITMAX;

"REAL®™ Xs XE»SIGMAL,SIGMA2,STEPSACTALRETA;

"ARRAY™ Y, J;

"BOOLEAN"™ "PROCEZDURGE™ EVALUATE;

"REAL" "PROCEDURE"™ F;

"PROCEDURE"™ JACNBTIAil, OUTPUT;

THE MEAMING OF THE FORMAL PARAMETERS IS:
X <VARTABLED>;
THE INDEPENDENT VARTIABLE X;
CAN BE USED IN F, JACDBIAN, OUTPUT, ETCe;
ENTRY: THE INITIAL VALUE XO;
EXIT : THE FINAL VALUE XE;

XE <ARITHMETIC EXPRESSIOND>;

THE FIMAL VALUE OF X (XE>=X);
M: <ARITHMETIC EXPRESSIOND;

THE NUMBER OF EQUATIONS;
Y3 <ARRAY IDENTIFIECR>;

"ARRAY" Y[1:M1;
THE DEPENDENT VARIABLE;
CNTRY: THE INITIAL VALUES NF THE SYSTEM OF DIFFERENTIAL
EQUATIONS: YLI] AT X=X0;
) EXIT * THE FINAL VALUES OF THE SOLUTION: Y[I] AT XsXE;
SIGMAl: <ARITHMETIC EXPRESSIOND;
THE MODULUS QF THE POINT AT WHICH EXPONENTIAL FITTING IS
DESIRED; THIS POINT MAY BE COMPLEX OR REAL AND NEGATIVE;
SIGMA2: <ARITHMETIC EXPRESSIOND;
SIGMA2 MAY DFFINE, THREC DIFFERENT TYPES OF EXPONENTIAL
FITTING: FITTING IN TWO COMPLEX CONJUGATED POINTS » FITTING
IN TWwO REAL NEGATIVE POINTS » OR FITTING IN ONE POINT
COMBINED WITH THIRD ORDER ACCURACY;
IF THIRD ORDER ACCURACY IS DESIRED » SIGMA2 SHOULD HAVE THE
VALUE G
IF FITTING 1IN A SECOND NEGATIVE POINT IS DESIRED » SIGMA2
SHOULD HAVE THE VALUE OF THE MODULUS OF THIS POINT;
IF FITTING IN TwO COMPLEX CONJUGATED POINTS IS DESIRED »
THEN CSIGMA2 SHOULD BE MINUS THE VALUE OF THE ARGUMENT OF
THE POINT IN THE SECOND QUADRANT (THUS A VALUE BETWEEN = PI
AND = PI/2);
F2 <PRUCEDURE IDENTIFIER>;
THE HEADING OF THIS PROCZDURE READS:
"REAL" “PROCEDURE®™ F(I); "INTEGER" I;
THIS PROCEDURE SHOULD DELIVER THE RIGHT HAND SIDE OF THE
I-TH DIFFERENTIAL EQUATION AS F3;
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EVALUATC: <PRACEDURE TDENTIFIERD;

Jt

THE HEADING OF THIS PROCEDURE READS:

"BUOL EAN"™ "PROCEDURE™ EVALUATE(ITNUM); WINTEGER® TITNUM;
EVALUATE SHOULD HAVE THE VALUE "TRUE", IF IT IS DESIRED
THAT THE JACOBIAN OF THE SYSTEM IS UPDATED IN THE ITNUM=TH
ITERATION STEP OF THE MEWTON PROCESS;

<ARRAY IDENTIFIERD;

WARRAY® J[1:Mp11tM];

THE JACOBIAH MATRIX OF THE SYSTEM;

THE ARRAY J SHOULD BE UPDATED IN THE PROCEDURE JACOBIAN;

JACOBIAN: <PROCEDURE IDENTIFIERD;

ITMAX:
STEP:
AETA
RETA:

BUTPUT s

THE HEADIMG OF THIS PROCEDURE READS:

"PROCEDURE™ JACOBIAN(JsY); MARRAY" JyY;

IN THIS PROCEDURE THE JACOBIAN HAS TO BE ASSIGNED TO THE
THE ARRAY J » OR AN APPRIXIMATION OF THE JACOBIAN » IF ONLY
SECOND ORDER ACCURACY IS REQUIRED;

<VARIABLE>;

COUNTS THE MNUMBER OF INTEGRATION STEPS TAKEN;

FOR EXAMPLE, CAN BE USED IN EVALUATE;

CARITHMETIC CXPRESSIOND;

AN UPPERBOUND FOR THE NUMBER O0OF ITERATIONS IN NEWTON?®S
PROCESS» USED TO SOLVE THE IMPLICIT EQUATIONS;

<ARITHMETIC EXPRESSIOND;

THE LEMGTH JF THE INTEGRATION STEP, TO BE PRESCRIBED 8Y THE
THE USER;

CARITHHETIC EXPRESSIOND;

REQUIRED ABSOLUTE PRECISION 1IN THE NEWTON PROCESS, USED TO
SOLVE THE IMPLICIT EQUATIONS;

<ARITHMETIC EXPRESSIOND>;

REQUIRED RELATIVE PRECISION IN THE NEWTON PROCESS» USED TO
SOLVE THE IMPLICIT EQUATIOMS;

<PROCEDURE IDENTIFIERD>;

THE HEADING OF THIS PROCEDURE READS;

WPROCEDURE"™ QUTPUT;

THIS PROCEDURE IS CALLED AT THE END OF EACH INTEGRATION
STEP 3 THE USER CAN ASK FOR OUTPUT OF THE PARAMETERS » FOR
EXAMPLE X» K» Yo

DATA AND RESULTS: SEE EXAMPLE OF USEs» AND REF[31,

PROCEDURES USED:

VECVEC=
MATVEC=
MATMAT=
DEC =
SoaL =

CP34010,
CP34011»
CP34013,
CP34300,
CP34051,

REQUIRED CCMTRAL MEMARYs

EXECUTION FIELD LENGTH: CIRCA 20 + M * (4+4M),
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RUMMING TIML: DEPENDS STRONGLY ON THE DIFFCRENTIAL EQUATION TO SOLVE.
LANGUAGE: ALGOL 60

METHOD AND PERFORMANCE?

LINIGER2: INTEGRATES THE SYSTEM OF DIFFERENTIAL EQUATIONS FROM X0
UNTIL XEs, BY MEANS OF A SECOND ORDER FORMULA (IF SIGMA2=0
AND CVALUATE="TRUE" EVEN THIRD ORDER)e

SEE AL3U REF[1) AMD REFL27.

REFERENCESS

[1le WeLINIGER AND Re AeWILLOUGHBY,
EFFICIENT INTEGRATION MeTHODS FOR STIFF SYSTEMS OF ORDINARY
DIFFERENTIAL EQUATIONS. .
SIAM Je NUMs ANALe 7 (1970) PAGE 47,

[2)e ToJeDEKKERS, PeWoHEMKER AND PoWe VAN DER HOUWEN,
CULLOQUIUM STIFF DIFFERENTIAL CQUATIONS 1 (DUTCH) »
MC SYLLABUS 1561 (1972) MATHEMATICAL CEMNTRE.

[31e PoAeBEENTJIESs) KeDEKKERy HoCoHEMKERS SePoeNoVAN KAMPEN AND
GeMeWILLEMS,
COLLOQUIUM STIFF DIFFERENTIAL EQUATIONS 2 (DUTCH).
"MC SYLLABUS 1562» (1973) MATHEMATICAL CENTKE,

EXAMPLE OF USE?

CONSIDZR THE SYSTEM OF DIFFERENTIAL EQUATIONS:

DY[11/DX = «~Y[11 + Y[11 * Y(2] + .99 * Y[2]

DY[21/DX = =1000 * ( =Y[1] + Y[1] * Y[2]1 + Y[2]1 )

WITH THE INITIAL COMDITIONS AT X = O:

Y[1] = 1 AND Y[2] = Qo (SEE REF[2]» PAGE 11l)e

THE SOLUTION AT X = 50 IS APPROXIMATELY:

Y11l = ,765 878 320 2487 AND Y[2] = o433 710 353 576Rs

THE FOLLOWING PROGRAM SHOWS SOME DIFFERENT CALLS OF THE PROCEDURE
LINIGER2», AND ILLUSTRATES THE ACCURACY WHICH MAY BE OBTAINED BY ITs

"BEGINY
"PRAOCEDURE™ LINIGER2(Xs XEsMsY»SIGMALSSIGMA2,F» EVALUATES Js
JACOBYANSK»ITMAX»ST EP»AETA» RETA» OUTPUT )
"CODE® 33131;

WINTEGER" KsITMAXs PASSES»PASJAC;
"REAL"™ X» SIGMA» STEP»TIME;
WREAL™ WARRAY® Y[1:21,J[182,1321;

WREALY™ "PROCTDURE™ F(I); "INTEGER™ I;
WIFM 1=1 "THON" Fi=m(Y[114099)*(Y[2]=1)+499 "ELSE"
MBEGIN® PASSESt=PASSES+1; Fi=1000%((1+Y[11)*(1=Y[2]))=1) PEND¥;
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PPRICEDUREM JACIBIAN(JSY); "ARRAY™ J,Y;

WBEGIN® J[1s1):aY(2]=1; J[1s21:=,994Y(1];
J[2511:=1000%(1=Y[2]); J[2,21:==1000%(1+Y[11);
SIGMAt=ABS(JL2,2]4J0151]=SQRT((J[2,2]1=J[1s17)%*2+

4% J[2,11%J[1521))/72;
PASJAC:=PASJAC+1

"EMDY" JACOB IAN;

PBJILEAN® "PROCEDURE®™ EVALUATE1(I); "INTEGER™ I;

EVALUATEl:= J=]1;

"BO0LE AN" "PROCEDURE"™ EVALUATE2(I); "INTEGER" I;

EVALUATE2:= BTRUEM;

"PROCEDUREY IUT;

"IF" X=50 ®THEN"

QUTPUT (A1, "("3(~47DB)»2(4B+¢3DB3DB3D)s~5ZDe3Ds /" )"sKsPASSES»

PASJAC, Y[11s YIZ21,CLOCK=T IME);

QUTPUT (61 o (e (" THIS LINE AND THE FOLLOWING TEXT IS m)w

"(NORINTED BY THIS PROGRAM™)",//,

n(n THE RESULTS WITH LINIGER2 =SECOND ORDER=~ ARE®)W,/,

n(n K DEReEVe JACSEVe Yril yezimn»

II(" TIM:}")"’ /")");

"FJUR" STEP:=10,1 "OQ"

"FOR™ ITMAX$=1,3 nmDQO"

"3EGIN" PASSCS:=wPASJACtsN; X:eY[2]1:=0; Y([1l3=l; TIME:=CLOCK;
LINIGERZ2(Xs50525Y»SIGMA»U»F > EVALUATEL, Js JACOBIAN»K»ITMAX,

STEPy"=by "=4,0UT)

RENDP;

QUTPUT(61,M( "1/,

a(n THE RESULTS WITH LINIGER?2 =THIRD ORDER= ARE:")",/»

n(n K DEReEVe JACeZVe Y11 Y[21®)®

n(n TIMER )N, /M) )3

WEOR"™ STEPt=1Q0,1 "DO®

"FOR" ITMAX:=1,3 "DOQ"

"BEGIN® PASSES3=PASJACI=0; X3sY[2]13=03 Y[1l:el; TIMEt=CLOCK;
LINIGER2(X»50525Y5sSIGMA»0sF» EVALUATE25J»JACOBIANs Ks ITMAX,

STEPs "=mby "=, NUT);

WEND®;

MEND "

THIS LINE AND THE FOLLOWING TEXT IS PRINTED BY THIS PROGRAM:

THE
K
5
5
0
0

5
5

THE
K
5
5

50

50

> RESULTS WITH LINIGERZ =SECOND ORDER= ARE:

DiReEVe JACeEVe Yi1l1 Y[21 TINE
g 5 +eT66 392 210 +9434 218 863 0092
15 5 +e765 755 853 +e433 671 223 06175
50 50 +9 765 B84 310 +¢433 715 687 0e949
01 50 +e765 877 388 +0433 710 059 10494

RESULTS WITH LINIGER2 =THIRD ORDER~ ARE:

DERSEVs JACeEV. Y[ 1] Yzl TIME
5 5 +0766 392 210 +0434 218 863 0092
15 15 +o 765 882 250 +0433 711 614 06300
50 50 +.765 884 310 +.433 715 687 0.949

101 101 +e765 878 873 46433 710 531 20080
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SOURCE TEXT(S):

"CODE"" 33131;

PPROCEDURE™ LINIGER2( Xs XE»sMsYsSIGMAL»SIGMA2,F,EVALUATES Js
JACOBIAN,Ks ITMAXsSTEP»AETASRETA,OUTPUT) ;

"INTEGER" MyK»ITMAX;

WREAL™ XsXC»SIGMAl,SIGMA2, STEP,AFTASRETA;

" ARRAY"™ Y, J;

"BOOLEAN" "PROCEDURE" LEVALUATE;

"REAL" "PROCEDURE" F;

WPROCEDURE®™ JACOBIAN, OUTPUT;

"BEGIN® WINTEGER™ T;
"REAL"™ HyoHL»B1yB25P»QyC05C1sC25,C3,C4;
"BOCLEAN® LAST;
WINTEGER®™ "ARRAY"™ PIC1:M1;
WREAL™ M"ARRAYM™ DY,YLoFLLI1:MI»AL12Mp1:M1»AUX[123];
WRE ALY "PROCEDURE" VECVEC(LsUsSHIFTSA»B); "CODE"™ 34010;
WREAL®™ MPROCEDURE™ MATVEC(LsU»Is»AsB); "CIODEM 34011
WREAL™ "PRACEDUREM™ MATMAT(LsUsI»JsAsB); "CODE™ 34013;
PPRACEDURE™ DEC(AsNsAUXsP); "CODE"™ 34300;
"PROCEDURE® SOL(A»NsP»B); MCODE™ 34051;

"PROCEDURE™ STEPSIZE;

"BEGIN" H:=sSTEP;
"IF"™ Lel*H>=X{=X WTHEN®
"BEGIN® LAST:="TRUE™; Ht=sXE=X; X:=XE
NEND® MELSEY X:imX+H

WEND™ STEPSIZE;

WPROCEDURE® COEFFICIENT;

"BEGIN® "REAL"™ R1,R2sEX»ZETA»ETA»SINLsCOSLsSINHsCOSH»D;
"REAL" "PROCEDURE™ R(X)s5 "VALUE" X; "REAL™ X;
WIF® X>40 BTHEN®™ Rit=X/(X=2) MELSE®
"BEGIN® EX:=[LXP(=X); RiaXk(1l=EX)/(X=24(X4+2)%*EX) "END";

Bl:=H*SIGMAL;

B2:=H*SIGMA2; i

NIF" B1l<el MTHEM" WBEGIN®" PtmQ; Qs=1/3; "GOTO"™ DUT "END";
WIF® B2<0 "THEN" "GOTO" COMPLEX;

"IF® B1<1 "OR"™ B2<e1l "THEN"™ "GOTO" THIRDORDER;

WIFM ABS(Bl=B2)<B1*Bl*%"=6 ®WTHENW ®GOTIM DOUBLEFIT;

R1:=R(B1)*Bl; R2:=R(B2)*B2;

3 wB2%R1=B1%R2;

P3=2%(R2=R1)/D;

Qi=2%(B2=Bl)/D3

nGOTO" OUT; "COMMENT™
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THIRDURDER: Q:=1/3;
Pt=R(B1l)/3=2/8B1;
"GITO" OUT;

DOUBLEFIT: Bl:se5%(B1+B2);
R1l:=R(B1l);
WIFM® B1>4C M®THEN® E£X3=0;
R23=B1l/(1=EX); R2t=]1=EX*R2%R2;
Q:=1/(R1*R1*R2);
PimR1%*Qu2/81;
nGOTO™ OUT;

COMPLEX: ETA:=ABS(B1*SIN(SIGMA2));
ZETA:=ABS(Bl*COS(SIGMA2));
WIF® ETA{BLl*B1l*M"=6 MTHEN®
“BEGIN" Bl:=B2:«7ETA; "GOTO" DOUBLEFIT "END";
WIFM ZETAD40 "THEN®

"BEGIN" P:m]lwg*ZETA/BLl/Bl; Qt=4k(1=ZETA)/B1/B1l+1 MEND" "E_SEY

WBLGIN® EXt=EXP(ZETA);
SINL:=SIN(ETA); COSL:=COS(ETA);
SINH s mg 5#( EX=17EX); COSH:me5* (EX+1/EX);
DtaSTA*{COSH=COSL)=~e5%B1*B1*SINL;
Pta{ZETARSINL4ETA*SINH=4*7ETA®ETA/B1/B1* (COSH=COSL))/D;

Q: «ETA% ((COSH=C OSL=ZETA*SINH=ETA*SINL)*4/B81/B1+COSH+COSL)/D

WEND";

ouT: COtmg25%H*kH*(P+Q) 3
Clem 5%H* (14P);
C23 =H=C1;
C3:mo25%H%H*(Q=P);
C4tm g 5%kH¥P;
ELEMENTS OF MATRIX

WEND"® COEFFICIENT;

WPRAOCEDURE" ELEMENTS OF MATRIX;
WBEGIN® MINTEGER™ K; J

WEQR" Ite] ®STEPY™ 1 "UNTIL™ M nDQO%

NBEGIN® WFQR® K:w] ®STEPW 1 ®WUNTIL® M nDOY
ACIsK1t=CORMATMAT (Lo My IsKs Jsd)=Cl*JL[IsK1;
AlIsI]t=AlIxI)+]1

nEypY;

AUX[21:=0; DEC(AsMs AUXs PI)

"END™ CLOFMAT; WCOMMENT®
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WPROCEDURE®™ NEWTON ITERATION;
MBEAGINY WINTEGZR® ITNUM; "REAL®™ JFL,ETASDISCR;
ITTHUM =03
NEXT TTHUME=TTNUM+1;
BIF® CEVALUATZ (ITMUM) WTHEN®
"BEGINT™ JACOBIAM(Js Y); COCFFICIENT MEND®
NELSEN ®IF" ITNUM=1 PAND® H%=HL ATHEN® COEFFICIENT;
WEOR® J:=] MSTEP® 1 WUNTIL™ M wDO" FL[Il:=F(I);
WIF® ITNUM=m] ®THEN®
NREG IN" MFORM" T:e] NSTEPW 1 "UNTIL" M "wDOW
"BEGIN® JFL:sMATVEC(1sMsIsJsFL);
DY[Il:ak(FLLI1=C4%*JFL);
YLLTI):=mYLI)4C2*FLLTII+C3%JFL
nENDN
WEND® MWELSER
UEJRY, Te:m] NSTEP™ 1 ®UNTILY M »DO®
DY[LZ1tmYLLL1)eeY[TI+Cl*FLLTI)=COXMATVEC(1sMs1sJsFL)}
SOL(AsMsPI»DY);
WEJR® Itm] NSTEPW 1 wUNTIL®™ M nDOW Y[I1t=Y[IJ4DY[I];
NIF® ITNUMCITMAX MTHEN®
"BEGIN" ETA:=SQRT(VECVEC(1sMs 0, Y5 Y))*RETA+AETA;
DISCR:=SQRT(VECVEC(1sM»05DY»DY));
WIF® ETA{DISCR ®THEN® wGQOT Q0" NEXT
WEMD W
YEND" NEWTON;

LAST ta"FALSE"; K:=0; HL:w0Q;
NEXT LEVEL:

Ki=K+1;

STEPSIZE;

NEWTON ITERATION;

HL:wH;

OUTPUT; J

WIF® #yJT® LAST "THEN® ®GNTO® NEXT LEVEL
WEND" LINIGER2;

"EDP"
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AUTHOR:® JeGe VERWERS

INSTITUTE: MATHEMATICAL CENTRE.
RECEIVED?® 740809,

BRIEF DESCRIPTION:

RAGE

GMS SOLVES AM INITIAL VALUE PROBLEM, GIVEN AS AN AUTONOMOUS
SYSTEM OF FIRST ORDER DIFFERENTIAL EQUATIONS DY/DX = F(Y)s BY
MEANS 9F A THIRD ORDER GENERALIZED LINEAR MULTISTEP METHOD;
IN PARTICULAR THIS PROCEDURE IS SUITABLE FOR THE INTEGRATION

OF STIFF EQUATTIONS,

KEYWORDS 2

DIFFERENTIAL FQUATIONSS

INITIAL VALUE PROBLEM,

AUTONOMOUS SYSTEM»

STIFF EQUATIONS,

GENERALIZED LINEAR MULTISTEP METHOD,

CALLING SEQUENCE:

THE HEADING OF THE PROCEDURE READS!:

HWPROCEDUREM GMS(Xs XEs Rs Ys Hp HMIN,
JACUBIAN,
LINEAR, 0OUT);

"VALUE" R;

MREAL™ X» XE» Hs HMINs HMAXs DELTAs

"INTZGZR" Ry, N, JEV, NSJEV, LU;

"BOOLEAN" LINEAR;

WARRAY™ Y;

WPROCEDURE" DERIVATIVE, JACOBIAN, OUT;

GMS INTECGRATES THE SYSTEM OF DIFFERENTIAL

FROM X = X0 TO X = XE;

THE MEANING OF THE FORMAL PARAMETERS IS:
X {VARTABLED>;
THE INDEPENDENT VARIABLE X;

ENTRY: THE INITIAL VALUE OF X;
EXIT : THE CEND VALUE OF X;

XE: CARITHMETIC EXPRESSIOND;
ENTRY: THE END VALUE OF X;

Rs <ARITHHETIC EXPRESSIOND;

ENTRY:

AETA,

THE NUMBER OF DIFFERENTIAL

HMAXs DELTA, DERIVATIVE,
ASTA», RETAs Ny JEV, LUs NSJEVs

RETA;

EQUATIONS DY/DX = F(Y)

EQUATIONS;
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Y: <ARRAY IDENTIFIER>;
MARRAY" Y[1:R1;
THE DEPENDENT VARIABLE;
ENTRY: THE INITIAL VALUE OF Y;
EXIT ¢ THE SOLUTION Y AT THE POINT X AFTER EACH
INTEGRATION STEP;
H1 <ARITHMETIC EXPRESSIOND;
ENTRY: THFE STEPLENGTH WHEN THE INTEGRATION HAS TC B3E
PERFORMED WITHOUT THE STEPSIZE MECHANISM» 1 "HER=
WISE THE INITIAL STEPLENGTH (SEE THE PARAMETERS
HMIMN AND HMAX);
HMIN, HMAX: <ARITHMETIC EXPRESSION>;
ENTRY: MINIMAL AND MAXIMAL STEPLENGTH BY WHICH THE INTE=-
GRATION IS ALLOWED T3 BE PERFORMED;
BY PUTTING HMIN = HMAX THE STEPSIZE MECHANISM IS
ELIMINATED; IN THIS CASE THE GIVEN VALUES FOR HMIN AND
HMAX ARE IRRELEVANT, WHILE THE INTEGRATION IS PERFORMkv
WITH THE STEPLENGTH GIVEN BY Hj;
DELTA: <ARITHMETIC EXPRESSIOND;
ENTRY: THE REAL PART OF THE POINT AT WHICH EXPONENTIAL
FITTING IS DESIRED;
(SEE METHOD AND PERFORMANCE);
ALTERNATIVES:
DELTA = (AN ESTIMATE OF) THE REAL PART OF THE LARGEST
EIGENVALUE IN MODULUS OF THE JACUBIAN MATRIX OF THE
SYSTEM;
DELTA <= =10%%15, IN ORDER TO OBTAIN ASYMPTOTIC STABILITY;
DELTA = 0, IN ORDER TO OBTAIN A HIGHER ORDER OF ACCURACY
IN CASE OF LINEAR EQUATIONS;
DERIVATIVE: <PROCEDURE IDENTIFIERD;
"PRUCEDURE"™ DERIVATIVE(Y); M"ARRAY™ Y;
<REPLACEMENT OF THE I~TH COMPONENT OF THE SOLUTION Y BY
THE T=TH COMPOMENT ,OF THE DERIVATIVE F(Y)s I = lsesesr R}
JACNBIAN: <PROCEDUREZ IDENTIFIERD;
"PROCEDURE"™ JACOBIAN(J» Y)3 "ARRAYY™ J, Y3
WHEN IM GMS JACOBIAN IS CALLED THE ARRAY Y CONTAINS
THE VALUES OF THE DEPENDENT VARIABLE;
UPON COMPLETION OF A CALL OF JACNBIAN THE ARRAY J SHOULD
CONTAIN THE VALUES OF THE JACOBIAN MATRIX OF F(Y);
AETA» RLTA: <ARITHMETIC EXPRESSION>;
ENTRY: MEASURE OF THE ABSOLUTE AND RELATIVE LOCAL
ACCURACY REQUIRED;
THESE VALUES ARE IRRELEVANT WHEM THE INTEGRATION IS PER=
FORMED WITHOUT THE STEPSIZE MECHANISM;

: <VARIABLE>;
EXIT 3 THE NUMBER OF INTEGRATION STEPS;
JEV? <VARIABLE>;
EXIT: THE NUMBER OF JACOBIAN EVALUATIONS;
LU: <VARIABLED;

EXITs THE NUMBER OF LU=DECOMPOSITIONS;
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NSJEVs

LINEAR:

ouT 3

<VARIABLE>;
ENTRY: NUMBER NF INTEGRATION STEPS PER
JACOBIAN EVALUATION;
THE VALUE OF NSJEV IS RELEVANT OMLY WHEN THE INTEGRATION
IS PERFORMED WITHOUT THE STEPSIZE MECHANISM AND THF
SYSTEM T7) BE SOLVED IS NON=-LINEAR;
<BOOLEAN EXPRESSION>;
ENTRY: TRUE WHEN THE SYSTEM TO BE INTEGRATED IS « INEAR,
OTHERWISE FALSE;
IF LINEAR IS TRUE THE STEPSIZE MECHANISM IS AUTOMATICALLY
ELIMINATED;
<PROCEDURE IDENTIFIERD;
WPROCEDURE® QUT;
<BY MEANS OF OUT ONE MAY PRINT THE VALUES OF THE RELEVANT
PARAHETERS OCCURRING IN THE PARAMETERLIST; OUT IS CALLED
AFTER EACH INTEGRATION STEP>;

DATA AND RESULTS: SEE RTBFL21.

PROC EDURLCS

VECVEC
MATVEC
MATMAT
ELMROW
ELMVEC
DUPVEC
GSSELM
SOLELM
caLcsT
MUL VEC

=
-
=
=
= CP34020,
]
=

USED?

CP34010,
CP34011,
CP34013,
CP34024,

CP31030,
CP34231,
CP34061,
CP31131,
CP31020, /

REQUIRED CENTRAL MEMORY:

EXECUTION FIELD LENGTH: & * R + 3 * R * R

RUNNING TIMEZ:

DEPENDS STROMGLY ON THE DIFFERENTIAL EQUATION TO BE SOLVED.

LANGUAGE: ALGOL 60,
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METHNOD AMD PERFOIRMANCE

THE PROCEDURE GMS DESCRIBES AN IMPLEMENTATION NOF A THIRD ORDER
THREE=STEP GENERALIZED LINEAR MULTISTEP METHOD WITH QUASI=-ZERD
PARASITIC ROOTS AND QUASI=ADAPTIVE STABILITY FUNCTIONe IN PARTI=
CULAR THE ALGORITHM IS DEVELOPED FOR THE INTEGRATION OF STIFF
SYSTEMS OF ORDINARY DIFFEREMTIAL EQUATIONSe THE PROCEDURE SUPPLIES
THE ADDITIONAL STARTING VALUES AND PERFORMS A STEPSIZE CONTROL
WHICH IS BASED OM THE NON=LINEARITY OF THE DIFFEReNTIAL EQUATION.
BY THIS CONTROL THE JACOBIAN MATRIX IS INCIDENTALLY EVALUATEDs IT
IS POSSIBLE TO eLIMINATE THE STEPSIZFE CONTROLe. THENs ONE HAS

T3 GIVE THE NUMBER JF INTEGRATION STEPS PER JACOBIAMN EVALUATION.
FOR LINCAR EQUATIONS THE STEPSIZE CONTROL IS AUTOMATICALLY ELIMIN=
ATEDs WHILE THE PROCEDURE PERFORMS ONE EVALUATION OF THE JaCDBIAN.
MOREOVERs IN THIS CASE THE THREE-STEP SCHEME IS REDUCED TO A ONE=
STEP SCHEMEs THE PROCEDURE USES ONE FUNCTION EVALUATION PER TNTE=
GRATION STEP AMD IT DOES NOT REJECT INTEGRATION STEPSs EACH CHANGE
IN THE STEPLENGTH OR EACH REEVALUATION OF THE JACOBIAN COSTS ONE
LU=DECIMPOSITION, IT IS POSSIBLE TO FIT EXPONENTIALLY, THIS FIT=
TING IS EQUIVALENT TO FITTING IN THE SENSE OF LINIGER AND
WILLOUGHBY, ONLY WHEN THE JACOBLAN MATRIX IS EVALUATED AT EACH INe
TEGRATION STEPe WHEN THE SYSTEM TN BE INTEGRATED IS NON=LINEAR

AND THE JACOBIAN MATRIX IS NOT EVALUATED AT EACH INTEGRATION STEP,
IT IS REICOMMENDED TO FIT AT INFINITY (DELTA <= =10%%*15),

DETAILS ARE GIVEN IN REFERENCE 2.

REFERENCES:

[11 HOUWENs Pe Jo VAN DER AND VERWERs; Jo Gos
GENERALIZED LINCAR MULTISTEP METHODS 1, DEVELOPMENT OF ALGO=
RITHMS WITH ZERJ=PARASITIC ROOTS.
REPORT NW 10/74, MATHEMATISCH CENTRUM» AMSTERDAM 1974,

[2] VERWERs Jo Go>
GENERALIZED LINEAR MULTISTEP METHODS 2, NUMERICAL
APPLICATIONS, REPORT NW 12/74, MATHEMATISCH CENTRUM,
AMSTERDAMy 1974,

EXAMPLE OF USE:

WE CONSIDER THT DIFFERENTIAL E£QUATION

DYL/DX = «1000 * Y1 * (Y1 + Y2 =1,999987),
DYZ2/DX = «2500 * Y2 * (Y1 + Y2 = 2),

ON THE INTERVAL 0,501y WITH INITIAL VALUE Y1(0) = Y2(0) = 1.
THE REFCRENCE SOLUTION AT X = 50 IS GIVEN BY:

YL(50) = ,5976546988,

Y2(50) = 164023434075,
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"BFGIN"
WPROCEDURE™ DER(Y); WARRAY® Y;
"BEGIN"™ MREAL™ Y1, Y25
Yites Y(1); Y2:= Y[2];

¥Y[1lt= =1000 * Y1 * (Yl 4+ Y2 = 1,999987);

YI2)t= =2500 * Y2 * (Y1 + Y2 = 2)
"EHNDY DER;

"PRICEDURE" JAC(Jd» Y); "ARRAY"™ U VY;

WBEGIN® MREAL™ Y1, Y25 Yl:= Y[1]; Y2t= Y[2];
JI1,113= 1999,987 = 1000 * (2 * Y1 + Y2);
J[1,2]12= =1000 * Y1;

Jl2s113= =2500 * Y2;
J[252]2= 2500 * (2 = Y1 = 2 % Y2)

WENDM JAC;

"PROCEDURE™ JUTP;

NIF® X = 50 WTHEN®

WBEGIN®  MWREAL®  YEl,s YEZ2;
YEl:s=s o¢5976546988; YE2:= 1,402343407%;
OQUTPUT (61, "(W
n(ny = w)yn, 2028,
(YN = W), 37D2B»
N(NYEY = M )", 3ID2B,
(WY = M)W, 37D, 2/,
NNyl = M)W, 4+,13D"+2D28B,
W(WRELe ERRe = ")"y, o2D"4+2D, /»
w(wy2 = "), +,130"+2D28,
W(MRELe ©BRRe = M)W, ,2DW+2DN)MW,

PAGE

Xs N» JEV, LUs Y[11» ABS((YL[1] = Y&l) / YEl)»

YI21, ABS((Y[2] = YEZ2) [/ YE2))
WEND" OUTP; )
"INTEGER™ M» JEV, LU; "REAL™ X3
"ARRAYY Y([1:21;

"PROCEDURE™ GMS(Xs XEs» Rs Y» Hs HMINs HMAX» DELTA»
DERIVATIVE, JACOBIAN, AETA» RETAs N»

JEVs LUs NSJEVs LINEAR, 0OUT);
GM3(Xs 505 25 Ys o0y o001y o5 ="15,
DERs JAC, M=5, "w5, Ny JEV»
LUs 0s "FALSEY, OUTP)
ngNDn

THIS PROGRAM DELIVERS:
X =50 N = 109 JEV = 3 LU= 12

Yl = +,5976547953004"+00 RELe ERRe = o16"=06
Y2 = +,14023433108137+01 RELe ERRe = 469%=07

WCODE"™ 33191;
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SOURCE TEXT®

"CODE" 33191;
WPRJCEDURE™ GMS(Xs XEC» Ry Ys Hs HMINs, HMAX» DELTAs DERIVATIVE,
JACOBIAM, AETA» RCTAs N JEVs LUs NSJEV,
LINEARy 0OUT);
"YALUE™ R;
"REAL® X» XEs Hs HMINs, HMAXs DELTAs, AETAs RETA;
WINTCGER™ R, Ny JEV, NSJEVs LU;
“"BOOLEAN" LINEAR;
BARRAY" Y3
®PROCEDURE® DERIVATIVEs JACOBIAN, QUT;
WREGIN®
WINTEGER® 1, Js» Ko Ls NSJEV1, COUNT, COUNT1s KCHAMGE;
WREAL® Ay, Al, ALFAs E» S1» S2s Z1s XO» XLOs XL1,
XL2s ETAp, HO» Hls Qs Qly Q2, Ql2, 022, Q1Q92» DISCR;
uB0NLEANY UPDATEs CHANGEs REEVALs STRATEGY:
WINTZGER™ "ARRAY" RI, CI[13R1;
RARRAY® AUX[1391, BD1l, BD2[1:3,1331s Yio
YOL1:R1, HJAC, H2JAC25, RQZL13R»1:3R1s YL, FLI[1:3 * RI1;

"REAL" "PROCEDURE"™ VECVEC(L, Us SHIFT, Ay B); "CODE™ 34010;

PREAL™ ®PROCEDURE®™ MATVEC(L, Us I, A» B); WCODE® 34011
WREAL® "PROCEDURE®™ MATMAT(Ls Us Is Js» As B); "CODE™ 34013;
WPROCEDURE" ELMROW(L, Us I» Js A» By X)3; "CODE™ 34024;
"PROCEDURE™ ELMVEC(Ls Us SHIFT, As Bs X); BCODEY™ 340203
WPRICEDURE™ DUPVEC(L, Us SHIFT, A» B); "CODE™ 310303
"PROCEDURE™ GSSELM(As Ns AUXs RI» CI); “CODE™ 342313
"PROCEDURE"™ SOLELM(A, N» Rly CI» B)j "CODE" 34061;
WPROCEDURER® COLCST{L, Us Js As X)3; WCODE® 311313
WPROC EDURE™ MULVEC(L, Us SHIFT, As By X); “CODE® 31020;

WPROCEDURE"™ IMITIALIZATION;

WBEGIN® LUt=s JEVi= Nt= NSJEV1t= KCHANGE:= 0; XO03= X; DISCR:= 03
Ki=l; Hls= HO:= H; COUNT3= =25 AUX[21:m "=1l43; AUX[4]:= 8;
DUPVEC(1ls Rs 0» YLs Y); REEVALS= CHANGE:= "TRUE";

STRATEGY:= HMIN "= HMAX "AND®" “LINEAR; Qli=s =13 Q2t= =2;
COUNT1l:= 03 XLOt= XL1lt= XL2%= O
MENDY INITIALIZATION; HCOMMENTw
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"PROCLEDURE" COEFFICIENT;
RBEGIN® XL2t= XL1; XLLits XLO; XLO:= XO;
WIF® CHANGE "THEN"
"BEGIN" "IF"™ N > 2 "THEN"
RBEGIN® Qls= (XLl = XLO) / H1;
Q2ts (XL2 = XLO) / H1
NEND M3
Ql2t= Q1 * 01; Q221= 722 * Q2; QlQ23= Q1 * Q2;
As= =(3 * ALFA + 1) / 12;
BD1[1,313= 1 + (1 / 3 = (Q1 + Q2) * ,5) / QlaQ2;
BD1[2,31:= (1 / 3 = Q2 * 45) / (Ql2 = QlQ2);
BD1[3,318= (1 / 3 = Q1 * o,5) /7 (Q22 = Q1Q2);
BD2Ll1s312= =ALFA * o5 + A % (1 = Q1 = Q2) / Q1Q23
BD2[25312= A * (1 = Q2) / (Ql2 = Q1Q2);
BD2[3,3]3= A * (1 = Ql) / (Q22 = Q1Q2);
WIF" STRATEGY "OR"™ N <= 2 WTHEN®
WBEGIN" BD1[2,21t= 1 / (2 * Ql);
BD1[1s2)2= 1 = BD1[2521;
BD2025212a «=(3 * ALFA + 1) / (12 #* Ql1);
BD2[{1s213= =BD2[2,2]1 = ALFA * .5
" SND "
"EN Dy
WEND"™ COEFFICIENT;

YPROCEDURE™ OPERATOR COUNSTRUCTION;
WBEGIN® mIF" REEVAL Y“THEN®
"BEGIN" JACOBIAN(HJAC, Y);
JEVi= JEV 4 15 NSJEV1t= 0O
WIFY DELTA <= «"15 ®THEN" ALFAt= 1 / 3 ®ELSE®
"BEGIN" Z1l:= HLl * DELTA;
At= 71 * 71 + 12; Alss=s 6 * 7I1;
"IF" ABS(Z1) < o1 ™THEN"™
ALFAI= (Z1 ¥ Z1 / 140 = 1) * I1 / 30 "ELSE"
"IF® 71 < =33 "THEN"
ALFAs= (A + Al) / (3 * 21 * (2 + Z1)) *ELSE"
WBEGIN" Ez= EXP(Z1); ALFAt= ((A = Al) *
E=A=Al) / (({2 =21) % E = 2 = J1) *
Z1 * 3)
WEND
WEND®;
Sli= =(1 + ALFA) * o5; S2:= (ALFA * 3 + 1) / 12
WENDW 3 WCOMMENT®
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At= H1 7 HO; Alz= A * A;
WIF® RECVAL "THEN®"™ A= Hl;
UWTEN A m 1 "THEN®
BEQRM Ji= 1 “STEP® 1 BUNTIL® R npQw®
COLCST(1, Ry Jo» HJACs A);
UEORN T:m 1 NSTEPW 1 WUNTIL® R wpQ®
"BEGIN" "FQR"™ J3=s 1 USTEP"™ 1 "UNTIL®™ R "DO"
RBEGIN® Q3= H2JAC2[I,J1t= ®IFW REEVAL "THEN"™
MATMAT(1s Ry 1I» Js» HJAC, HJAC)
WELSEM H2JAC2[1,J41 * Al
RQZLIsJ13= S2 * Q ’
WENDY;
RQZLI,I1:=s RQZLILI] + 1;
ELMROW(1s Ry I, I, RQZy HJAC, S1)
WENDM 3
GSSELM(RQZ, Ry AUXs RIs CI); LUs= LU + 1;
REEVALz= UPDATE:= "FALSE®
"END® OPERATOR CONSTRUCTION;

"PRICEDURE™ DIFFERENCE SCHEME;
WBEGIN® WIFH COUNT “= 1 "THEN®
"BEGIN" DUPVEC(1s, Ry, 0 FLs, YL);
DERIVATIVE(FL)s N3= N + 13 NSJEV1t=s NSJEVI + 1
NEND 13
MULVEC(1s Ry Os YOs» YLs» (1 = ALFA) / 2 = BD1[15K1);
WEQRY L= 2 USTEP®™ 1 WUNTIL® K ®DOn
ELMVEC(ls Rs R * (L = 1)» YO» YLs =BD1[LsK1);
WEQR® L= 1 #STEPM 1 ®YNTIL®Y K ®DQ"
ELMVEC(1ls Ry R * (L = 1)y YOs» FL» Hl % BD2[LsK1);
MWEOR®W Yt= 1 ®WSTEPR 1| RMUNTIL® R ®DQ®
Y[Il:= MATVEC(ls Ry I, HJACs, YO0);
MULVEC(l» Ry 0» Y0» YL, (1 = 3 % ALFA) / 12 = BD2[1,K1);
WEQR™ Lt= 2 WSTEP™ )} WUNTIL® K RDO®
ELMVEC(1s Ry R * (L = 1) YOs YL, =BD2LLsK1);
WEQR® J:=m 1 WSTEPM® ] WUNTIL® R »DQ¥
YLIls= Y[I) + MATVYEC(1, R Ip, H2JAC2s YO);
DUPVEC(1» Ry 0» YUs YL);
MEQRY L :w ) WSTEPN 1 RYNTIL® K wpQw
ELMVEC(1s, Ry R * (L = 1)» YOs» FL» H1 * BDILLsK1);
ELMVEC(1, Rs O» Y» YO, 1); SOLELM(RQZ» Rs RI» CIs Y)
MEND® DIFFEREMCE SCHEME;

UPROCEDURE™ NEXT INTEGRATION STEP;
NBEGINT UEQRM L= 2, 1 nDO"
MBEGIN" DUPVEC(L * R + 1, (L +# 1) ¥ Ry =Rp YLs» YL);
DUPVEC(L * R 4+ 1s (L + 1) * Ry, =Ry, FLs FL)
"END " ;
DUPVEC(ls Ry 05 YLs» Y)
WEND™ NEXT INTEGRATION STEP; WCOMMENT®
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"PROCEDUREY TZS5T ACCURACY;

WBLGIN" K:s 23
DUPVEC(1s R» 0s Yls Y); DIFFERENCE SCHEME; Ktz 33
ETAt= ACTA + RETA * SQRT(VECVEC(1ls Rs» 0» Y1, Y1));
CLMVEC(1ls Ry Os Yy Y1, =1);
DISCR2= SQART{(VECVEC(1l, Rs» 05 Y» Y));
DUPVEC(1» Ry Oy» Ys Y1)

"END" TEST ACCURACY;

"PROCEDURE™ STEPSIZE;
RBEGIN® X0t= X; '40:= Hl;
WIFM N 4= 2 "AND"™ “LINEAR "THEN™ K:=s K + 1;
WIFY COUNT = 1 W“THEN"
"BEGIN™ At= ETA / (75 * (ETA + DISCR)) + o333
Hls= "IF" A = ,9 MOR™ A D= 1,1 "THEN" A % HO
WELSE"™ HO3; COUNT:= 0;
REEVAL:= A <= 49 WAND" NSJEV1 “= 1;
COUNT1:= WIF® A >= 1 MQOR™ REEVAL “THEN® O WELSE®
COUMTY + 1; "IF" COUNTL = 10 “THEN®
"BEGIN® COUNTl:= 0; REEVAL:= "TRUE";
Hlt= A %* HO
WENDW
NWENDNW N3 SEN
"BEGIN® Hl:a H; REEVAL:s HSJZEV = NSJEV1 "AND®
~STRATEGY ®AND®™ “LINEAR
"ENDN;
"IFY STRATEGY "THEN® Hl:= nIF® Hl > HMAX
UTHEN" HMAX "ELSEM "1F" H1 < HMIN "THEN" HMIN "ELSE" Hl;
Xts X + Hl; M"IF® X >= XE MTHENW
"BEGIN" Hlte XE = X033 Xt= XE "END";
WIF® N <= 2 "AND"™ “LINEAR "THEN™ REEVAL:s WTRUE"M;
WIF" H1 “= HO "THEN"
nBEGIN® UPDATEt= WTRUE™; KCHANGE:= 3 WEND®;
"IF" RECVAL "THEN® UPDATE:= "TRUE";
CHANGE t= KCHANGE > 0 "AND" “LINEAR;
KCHANGE:= KCHANGE = 1
REND" STEPSIZE;

IMITIALIZATION; OUT; X:= X + Hl;
OPERATOR CONSTRUCTION;
BD1[1is11s= 1; BD2[1s11t= =ALFA * o5;
WIFY “LINEAR "THEN" COEFFICIENT;

NEXT STEP: DIFFERCNCE SCHEME;
WIF® STRATEGY MTHEN® CQOUNT:= COUNT + 1;
WIF" COUNT = 1 "THEN" TEST ACCURACY;
QUT; "IF"™ X >= XE "THEN" "GOTO"™ END;
STEPSIZE; ™IF® UPDATE ®THEN™ OPERATOR CONSTRUCTION;
wIF® “LINEAR "THEN"™ COEZFFICIENT;
NEXT INTEGRATION STEP; "GOTO"™ NEXT STEP;

END 3

WEND®™ GMS;

"EOP"
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AUTHOR: BoLINDBERGe
CONTRIBUTORS KeDEKKER,
INSTITUTE: MATHEMATICAL CENTRE.
RECEIVED: 741101,

BRTIEF DESCRIPTION:

IMPCX SOLVES AN INITIAL VALUE PROBLEM,GIVEN AS AN AUTONOMOUS SYSTEM
OF FIRST ORDER DIFFERENTIAL EQUATIONS » BY MEANS OF THE IMPLICIT
MIDPOINT RULE WITH SMOOTHING AND EXTRAPOLATION.

AUTOMATIC STEPSIZE CONTROL IS PROVIDED.

IN PARTICULAP THIS METHOD IS SUITABLE FOR THE INTEGRATION DF STIFF
DIFFERENTIAL EQUATIONS.

KEYWORDS ¢

DIFFZRENTIAL EQUATIONS,
INITIAL VALUE PROUBLEMS,
STIFF ZQUATIONS,
IMPLICIT MIDPOINT RULE,
SHMOOTHINGs
EXTRAPILATION,

CALLING SEQUEMCE: J

THE HEADING OF THE PROCEDURE IMPEX READS:

"PROCEDURE"™ IMPEX (M» TO, TEND» YO» DERIV, AVAILABLE, HO» HMAX,
PRESCH, EPS», WEIGHTS» UPDATEs FAIL» CONTROL);

BVALUE" N;

WINTEGER" N

RREAL® TO»TENDsHOsHMAXs EPS;

"BOOLEAN" PRESCH,FAIL;

TARRAY" YO, WEIGHTS;

"BOOLEAN™ “PROCEDURE"™ AVAILABLE;

WPROCCDURE® DERIVsUPDATE »CONTROL;

IMPZEXs INTEGRATES THE SYSTEM OF DIFFERENTIAL EQUATIONS » GIVEN AS
DY/DT=F(T»Y)» FROM TO UNTIL TEND,

THE MEANING OF THE FORMAL PARAMETERS IS:

Nt <ARITHMETIC EXPRESSION>;
THE NUMBER OF EQUATIONS;
T0: <ARITHMETIC EXPRESSION>;

THE INITIAL VALUE OF THE INDEPENDENT VARIABLE;
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TEND: <ARITHMETIC EXPRESSIOND;
THE FINAL VALUE OF THE IMDEPENDENT VARIABLE;
Y0: <ARRAY IDENTIFIER>;
PREAL™ MARRAY" YO[1:N1;
ENTRY: THE INITIAL VALUES OF THE SYSTEM OF DIFFERENTIAL
EQUATIONS = YO[LI1 AT T=TO;
DERIV: <PROCEDURE™®™ IDENTIFIERD;
THE HEADING OF THIS PROCZDURE READS:
“PROCEDURE"™ DERIV(T»YsFsH);
YINTEGER™ Nj; "REALM™ T; "ARRAY®™ Y,F;
THIS PRACEDURE SHOULD DELIVER THE VALUE OF F(T,Y) IN THE
ARRAY F[1:N1;
AVAILABLE: <PROCCDURE IDENTIFIERD;
THE HEADING OF THIS PROCEDURE READS:
"B OOL cAN" "PROCEDURE"™ AVATLABLE(T»YsAsN);
WINTEGLR™ Nj; MREAL"™ T; "ARRAY"™ Y,A;
IF AN ANALYTIC EXPRESSION OF THE JACOBIAN MATRIX AT THE
POINT (ToY) IS NOT AVAILABLE, THIS PROCEDURE SHOULD DELIVER
THdge VALUC "FALSE";
OTHERWISE THE PROCEDURE SHOULD DELIVER THE VALUE "TRUE",
AND THE JACOBIAN MATRIX SHOULD Bf ASSIGNED TO THE ARRAY
A[L3IN,1tN];
HO: <ARITHMeTIC EXPRESSIOND;
THE INITIAL STEPSIZE;
HMAX? <ARITHMETIC EXPRESSIOND;
MAXIMAL STCPSIZE BY WHICH THE INTEGRATIOM IS PERFORMED;
PRESCH: <BOOLEAN EXPRESSIOND;
' INDICATOR FOR CHOICE OF STEPSIZE;
THE STEPSIZE IS AUTOMATICALLY CONTROLLED IF PRESCH=WFALSE";
OTHERWIST THE STEPSIZE HAS TO BE PRESCRIBED » EITHER ONLY
INITIALLY JR ALSD BY THE PROCEDURE CANTROL;
EPSs <ARITHMETIC EXPRESSION>;
BOUND FOR THE ESTIMATE OF THE LOCAL ERROR;
WEIGHTS ¢ <ARRAY IDENTIFIERD;
WREAL" "ARRAY"™ WEIGHTSL1:N1;
WEIGHTS FOR THE COMPUTATION OF THE WEIGHTED EUCLIDEAN NORM
OF THE ERRORS;
ENTRY: INITIAL WEIGHTS;
NOTE THAT THE CHOICE WEIGHTSCI] = 1 IMPLIES AN ESTIMATION
UF THE ABSOLUTE ERROR » WHEREAS WEIGTHS[I1 = Y[LI] DEFINES A
RELATIVE ERROR;
<PROCEDURE IDENTIF1ERD>;
THE HEADING OF THIS PROCEDURE READS:
WPRUCEDURE™ UPDATE (WEIGHTS»Y2sN);
WINTEGER" Nj; “ARRAY™ WEIGHTSsY2;
THIS PROCEDURE MAY CHANGE THE ARRAY WEIGHTS » ACCORDING TO
THE VALUE OF AN APPROXIMATION FOR Y(T) » GIVEN IN THE ARRAY
Y2[1:N];

UPDATE

o8
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FAIL:

<BOOLEAN EXPRESSION>;

EXIT ¢

IF THC PROCEDURE FAILS TO SOLVE THE SYSTeEM OF EQUATIONS,
FAIL WILL HAVE THE VALUE "TRUE®™ UPON EXIT;

THIS MAY OCCHMR UPON DIVERGENCE OF THE ITERATION PROCESS,
USED IN THE MIDPOINT RULE » WHILE INTEGRATION IS PERFORMED
WITH A USER DEFINED PRESCRIBED STEPSIZE;

CONTROL: <PROCEDURE IDENTIFIERD>;

THE HEADING OF THIS PROCEDURE READS:
"PROCEDURE"™ CONTROL(TPRINT, ToHs HNEWs YL,ERRORSN) ;3
WINTEGER™ N; MREAL®™ TPRINT,T,H,HNEW; MARRAY" Y,ERRORS
CONTROL IS CALLED ON ENTRY OF IMPEXs, AND FURTHER AS SOON AS
THE INEQUALITY TPRINT <= T HOLDS;
DURING A CALL OF CONTROL PRINTING OF RESULTS AND
CHANGE OF STEPSIZE (IF PRESCH = "TRUE®) IS THEN POSSIBLE;
THE MEANING OF THE FNRMAL PARAMETERS IS:
TPRINT: <VARIABLE>;
CNTRY: THE VALUE OF THE INDEPENDENT VARIABLE AT
WHICH A CALL OF CONTROL WAS DESIRED;
EXIT: A NEW VALUE (TPRINT>T) AT WHICH A CALL OF
CONTROL IS DESIRED;
Ts <VARIABLE>;
THE ACTUAL VALUE OF THE INDEPENDENT VARIABLE, UP TO
WHICH INTEGRATION HAS BEEN PERFORMED;
He <VARTIABLE>;
HALVE THE ACTUAL STEPSIZE;
HNEW <VARTABLE>;
THE NEW STEPSIZE;
IF PRESCH=®TRUE®™, THEN THE USER MAY PRESCRIBE A NEW
STEPSIZE BY CHANGING HNEW;
Y <ARRAY IDENTIFIER>;
WREAL™ "ARRAY"™ Y([1:5,12N1;
THE VALUE F THE DEPENDENT VARIABLE AND ITS FIRST
FOUR DIVIDED DIFFERENCES AT THE POINT T ARE GIVEN
IN THIS ARRAY;
ERROR? <ARRAY IDENTIFIERD>;
WREAL® WARRAY® ERRNR[1:31];
THE ELEMENTS OF THIS ARRAY CONTAIN THE FOLLOWING
ERRORS:
ERROR[13s THE LOCAL ERROR;
ERRAR[L21® THE GLOBAL ERROR OF SECOND ORDER IN Hj
CERROR[31: THE GLOBAL ERROR OF FOURTH ORDER IN Hj;
M3 <VARIABLE>;
THE NUMBER OF EQUATIONS;
EXAMPLE OF USE: SEE EXAMPLE OF USC OF THE PRNCEDURE IMPEX;

DATA AND RESULTS:
FOR DATA, SFL REF[13,
THE RESULTS OF THE INTEGRATION ARE ATTAINABLE THROUGH THE PROC EDURE
CONTROL » WHICH IS CALLED AT SPECIFIED, USER DEFINED, VALUES OF THE
INDEPENDENT VARIABLE o IN PARTICULAR , THE VALUES OF THE DEPENDENT
VARIABLE AT THE ENDPOINT OF INTEGRATION ARE OBTAINED BY A CALL OF
CONTROL WITH TPRINT=TEND
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PKOCEDURES USED:

INTVEC = CP31GL0,
INIMAT = CP3101ll,»
MULVEC = CP31020,
MULROW = CP31021,
DUPVEC = CP31030,
DUPROWYEC= CP31032,
DUPMAT = Cp31035,
VECVEC = CP34010,
MATVEC = CP34011,
MAT MAT = CP34013,
ELMVEC = CP34020,
CLMROW = CP34024,
DEC = CP34300,
soL = CP34051,

REQUIRED CENTRAL MEMORY:

EXECUTION FIELD LENGTH: CIRCA N * ( 23 + 2 * N ) (DECIMAL).
RUNNING TIME® DEPENDS STRONGLY ON THE DIFFERENTIAL EQUATION TO SOLVE.
LANGUAGE: ALGOL 60,

METHOD AND PERFORMANCE:

THE INTEZGRATION METHOD (REF[11) IS BASED ON THE COMPUTATION OF TwO
INDCPENDENT SOLUTIONS Y(T,H) AND Y(T»H/2) BY THE IMPLICIT MIDPOINT
RULEe PASSIVE SMOOTHING AND PASSIVE EXTRAPOLATION IS PERFORMED TO
OBTAIN STABILITY AMD HIGH ACCURACY o THE ALGORITHM USES FOR EACH
STEP AT LEAST THREEZ FUNCTION EVALUATIONS, AND ON CHANGE OF STEPSIZE
DR AT SLOW CONVERGENCE IN THE ITERATION PRNCESS AN APPROXIMATION OF
THE JACOBIAN MATRIX (COMPUTED BY DIVIDED DIFFERENCES OR EXPLICITLY
SPECIFIED BY THE USER) e IF THE COMPUTED LOCAL ERROR EXCEEDS THE
TOLERANCE » THE LAST STEP IS REJECTEDe MORENVER » TWO GLOBAL ERRORS
ARE COMPUTED.

REFERENCES ¢

[11. BoLINDBERG.
IMPLX 2 » A PROCEDURE FOR THE SOLUTION OF SYSTEMS OF STIFF
DIFFERENTIAL EQUATIONS.
ROYAL INSTITUTE OF TECHNOLOGY»STOCKHOLMe TRITA=NA=7303 (1973),

[21e (TO APPEAR)
CJILLOQUIUM STIFF DIFFERENTIAL EQUATIONS 3 (DUTCH).
MoCo SYLLABUS 1563 (1974)» MATHEMATICAL CENTRE.
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EXAMPLL OF YSE:
CONSIDCR THE AUTONOMOUS SYSTcM IF DIFFERNETIAL EQUATINNS:
DYC11/DX = 62 * ( Y[2] = Y[1] )»
DYL21/DX = 10 # Y[1l] = ( 60 = Y[31/8 ) * Y[21 + Y[31/8,
DY[31/DX = 1,
WITH INITIAL CONDITIOMS AT X=0 t Y[1l=Y[21=Y[31=0 (SEE REF[21),
THE SOLUTION AT SEVERAL POINTS 1IN THE INTERVAL [0, 4001 MAY BE
OBTAINCD BY THE FOLLOWING PROGRAM?:
(THE SOLUTION AT X=40L ISt Y[11=22,24222011, Y[21=27,11071335)

NREGIN® MIMTEGER™ Ny HFFEs NJE, POINT;
WRE ALY THoTEND, CPS» HHAXsLsH2,TIME;
"ARRAY® Y, SWL1231,PRINTC1:57;
WBOOLEAN" FAIL;
WPRNCEDURE™ IMPEX(Ns TO» TEND,»YO»DERIVSAVAIL, HOs HMAX» PRESCHSEPS,
WEIGHTS,UPDATE,FAIL,CONTROL); "CODE®™ 33135;

WPRACEDURE®™ LIPEST(LsYsEPSsTosFsN)3
WREAL™ TyLls EPS; WARRAY®™ Y; WwINTEGER®™ N; "PROCEDURE™ F;
"BEGIN'" "REALM™ N1sN25 “INTFGER™ I,IT; "ARRAYY" FlsF2sZsX[13N1;
MPROCEDUREM DUPVEC(L,UsSHIFT»A»B); "CODE® 31030;
"REAL® “PROCEDURE™ VECVEC(LsUsSHIFTsAsB); "CODE™ 34010;
WPROCEDURE™ ELMVEC(LsUsSHIFTsAsB»X); "CODEY 34020;
WREAL® WPROCLCDURE™ NORM(Y); ®ARRAY® Y3
NORMs=SQRT(VECVEC(1sN»s0sYsY));
DUPVEC(1,Ns0575Y);
WEQRY Tial NSTEPW 1 CUNTIL™ N wDQV
X[I1s=®WIF® Y[I)=Q PTHEN® EPS RELSE®™ (1+EPS)*Y[IJ;
N1:=NORM(X)*EPS; F(TsXsFlsN);
WEQRM IT:e]l nSTEPYW 1 “UNTIL® 5 wpg®
BBIGIN® F(TsZsF25N)3
ELMVEC(1,Ns05F25F1ls=1);
N2:=N1/NORM(F2); J/
DUPVEC(1soNsCsZsX)5; ELMVEC(L1sN»Os7Z5F25N2)
BREND®;
F(TsZsF25N);
CLMVEC(1sMNs 0sF25Flo=l);
L3=NORM(F2) /N1
NEND® LIPEST

WPROCEDURE® F(TsYsFLoN)5; "VALUEY™ T; "REAL™ T; "ARRAY"™ YsFl;
WINTEGER™ Nj;
BBEGIN® NFE:=NFE+1;
F1011:=0e2%(Y[ 21=Y[11);
Fll2)2=10%Y[1]1=(60=,125%Y[3]) #Y[21+:125%Y[3];
F1[31:=1
REND™ 3

WBOOLEANY "PROCEDURLC™ AVAILABLE(Ts»YsAsN);
"INTZGER™ Nj; "REAL™ T3 "ARRAY'™ YsA;
WBEGIN® NJE1=NJE+1l; AVAILABLE® ="TRUE";
Alls1llim=e2; Alls212me2; Al1p312mA03511:=A03,2]1:=A03,3]12=0;
AlZ25113=10; A[2,21:3=,125%Y[31=60; A[2,312s,125%(1+Y(2])
WEND®
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WPROCCDURE™ UPDATE(SWsR1,N); WINTEGER™ N; MARRAYM SW,R1j;
WBEGIN" WREAL™ S1,82; "INTEGER™ I;
WENRM® I:=l WSTEPY 1 WUNTIL® M "DQ"
MBLGIN® S1s=1/SWLT1; S21=ABS(RLLI1);
"IF® S1<S2 MTHEN® SWLIJt=1/S2
n gl pn
"EN D" ;

WPROCEDURE™ CUHTROL(TP»TsHsHNEWS Y>ERRSN) ;5
"REALY TPsTo,HyHNIW; MARRAY"™ Y, ERR3 "INTEGER" N;
"BEG IN" "IMTEGZR"™ I;
MARRAY® CL[3:51,X[1:N1I;5
"REAL™ S5,525535545C1;
NEXT: S:a(T=TP)/H;
S23=3S%5; S$31=52%S5; S43s53%5;
C[31:=(S2=35)/2;
Cl4):m=53/6+52/2=5/3;
CL5]2m54/24=53/6+11%52/24=S/4;
WFOR® I:=] WSTEP® 1 MWUNTIL™ N wpO®
X[I1tmY[1yT1=SkY[2,T11+CL31*Y[3,I1+CL41%Y[4sII+C[51%Y[5,11;
QUTPUT( 615" ("3ZDe2D2BsDe D"=D2B»2( +De8D"=D2B)»2 (4ZD)s37Ds 2D
/" )" sTPsERRI31s X[11» X[2Is NFESNJESCLOCK=TIME) ;
WIF® TPLTEND MTHEN®
“BTZGIN®™ POINT: =POINT+1; TPiwPRINTLPOINTI;
NIFY Tp<=T "THEN" "GOTO" NEXT
NEND™
WEND" CINTROL;

N:=3; NJF:=MFE:=0p; T:=C0; TEND:=400; EPS:="=5; HMAX:=2400;
Y[113=Y[2)3=Y[3])2=0; SW[1lls=SWL2]1t=SWl31s=1;

PRINT[1lt=el; PRINTL21t=1; PRINT[31:=103 PRINT[41:=100;
PRINTL51:=400; /

LIPEST(LsYs»"=5,ToFsN);

H2 8= (EPS*320) *%(1/5)/7(4%L);

OUTPUT(GL,y " (NN (MEPSan )", D 2D"=Dy /5" ("INTERVAL CF INTEGRATIONs(™)%,
3ZDpM(Mpn )0, 3ZDy (M) )My /oW (UMAXIMALLY ALLOWED STEPSIZE=t)n,

De 2D"=Dyp// ") "y EPS» To TENDs HM AX ) ;

OQUTPUT(61,M (PR (W IPSCHCONST=") "y3BDo3D"+Ds/ s® ("STARTING STEPSIZEW)"
N(Nat )", BDe 2D"4Dy /o W ("FUNCTIONAL EVAL=" )W, 47Dy //7") s LsH2,NFE);

TIME :=CLOCK;

OUTPUT(61, M (nn(n X ERROR Y(11 Y[2IR)®
n(n NFE NJC TIMEN ), /M )0 )
IMPEX(NsTsTENDsYsFoAVAILABLE sH2 sHMAXs"FALSEWS EPS» SWoUPDATESFAILS
CIONTROL);

OQUTPUT(61,™(%/"(PND OF FUNCTIONAL EVALUATIONS=s ®)R,3ZD,/,
"("NO OF JACOBEAN EVALUATIONS= #)%";3ZDs /") "sNFEsNJE)
IIENDN
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THIS PROGRAM DcLIVERS?

EPS=l,00"=5

INTERVAL OF INTEGRATION=(

(OCTOBER 1975)

0, 4C0)

MAXIMALLY ALLOWED STEPSIZE=4,00" 2

LIPSCHCONST=

6,003"+1

STARTING STEPSIZE= 1,32"=3

FUNCTIONAL EVAL=

X
0,00
0610
1.00

10,00
100,00
400.00

N OF FUNCTIONAL
NO OF JACOBZAN EVALUATIONS=

ERROR
0.C" C
6. 3""7
1le5"=6
8470=7
le¢3M"=5
le4"=5

?

Y[1l]
+000000000" 0
+1e49614151 "=6
+1691041887"=4
+1630147663"=2
434063024871
+2622406546" 1

EVALUATIONS =

YC2]
+0600000000" O
+1e74013792"=4
+2,08361269"=3
+2634487800%=2
+36275521830"=1
+2,71090507" 1

556
30

NFE

46
85
119
225
556

PAGE 7

TIME
001
0e72
1,48
1,99
3447
7¢51
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SOURCE TIXT(S):

WCNDE" 33135;
"PROCEDURE" IMPEX (Ns TG, TEND» YO, DERIVs AVAILABLE, HO» HMAX,
PRESCHs EPSs WEIGHTS, UPDATE, FAILs, CONTROL);
BVALUE® N
WINTEGER™ N;
"REALY" TO, TEND,HO sHMAXHEPS;
BBOOLEAN™ PRESCH»FAIL
"ARRAY" YO,WEIGHTS;
"BOOLEAN"™ "PROCEDURE®" AVAILABLE;
"PROCEDURE"™ DERIV,UPDATEsCUNTROL;
WBEGIN® WINTEGER™ I,KsECI;
UREAL™ TsT1lsT2sT3sTPsHsH2sHNEWSALF5L Q5
MARRAY" Y52Z5S15525535U15U35Wls W2sW3EHRIL:N]I9RyRFL135518N1,
ERRL12315A15A201tNs12N1T;
WINTEGER" MARRAY"™ PS1,PS2[1:N1;
"BOOLEAN" START,TWOsHALY;

"PRUCEDURE "™ INIVEC(L,UsAsX); “CODE'™ 310103
WPROCEDURE™ INIMAT(LRsSURSLC»UC»AsX); "CODE® 31011;
"PROCEDURE" MULVEC(LsU»SHIFTs»A»BsX); “CODE™ 310203
WPROCEDURE®™ MULRIW(LsUsIsJdsAsBsX)s; "CODE" 310213
"PROC CDURE®™ DUPVEC(L,U»SHIFT»A»B); mCODE™ 31030;
WPROCEDURE®™ DUPRIWVEC(LsU»sIsAsB); "CODE® 31032;
WPROCCNUREM DUPMAT(LsUsIsJsAsB); "CODE"™ 31035;

"REAL"™ "PROCEDURE"™ VECVEC(L,UsSHIFT»A»B);"CODE"™ 340103
RREAL®™ "PROCEDURE®™ MATVEC(LsUsI»A,sB); RCODE™ 340113
WREAL™ "PROCEDURE™ MATMAT(L,UsIsJsAsB); "™CODE"™ 34013;

"PROCEDURE™ ELMVEC(LoUsSHIFT»A»BsX); "CODE" 34020;
WPROCEDUREY ELMROW(LsUsTsJsAsBy X) ®CODE"™ 34024;
WPROCCDURE® DEC(A» N»AUXpP); "CODE™ 343003
"PROCEDURE™ SOL(AsNsPsB); wCODE" 340%1;

J
"PROCEDURE™ DFDY(T,YsA)3; ®WREALW T3 MARRAYW™ Y,Aj
®BeGIN® ®INTEGER™ IsJ; "REAL™ SL; ™ARRAY"™ Fl,F2[1:N1];
DERIV(Ts»YsFLlpN);
PEQRM Je:=] "STEPH 1 MYNTIL™ N "DO"
MBEGIN®
SLsmMaukY[I]; WIFY ABS(SL)C"=g WTHENY SL:imMwb;
Y[II1l:=YLIX+SL; DERIV(T,»YsF25N);
"F,'JR" Jg-l "STEP" 1 "UNTIL“ N "DO"
AlJs T3 (F20J1=F10J1)/SL;
Y(I)s=Y[T]=SLs
"EN D"
WEND® DFDY;

"PROCEDUREY STARTVIY,T); "VALUE™ T; "REAL" T3 WARRAY® Y;
WBEGIMY WREAL™ ApBsC;
Atm(TeaT1l) /{T1=T2)5 Bt=(T=T2)/(T1l=T3);
Ctm(T=T1)/ (T2=T3)%B; B:mA%B;
Atsl+A+B; BimA+Cw=];
MULVEC(1sNs0,YsS1sA); ELMVEC(1sNs»0sYsS2s=B);
ELMVEC(1sNsD5Y»S35C)
"END'® STARTV

PAGE 8
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"PROCEDURE™ ITERATE(ZsY»AsHs ToWEIGHTSs FAILSPS)

BARRAY® Z,Ys AsWEIGHTS; ™REAL™ HsT; ®LABEL™ FAIL;

"INTEGER" "ARRAY" PS;

WBEGINY WINTEGER™ IT,H,LIT; "REAL™ MAX,MAX1,CONV; "ARRAY"™ DZeFL[1:N]1;
"FOR" 13=)] "STEP™ 1 MUNTIL"™ N "DO" Z(Ils=(ZCIJ+Y[I1)/2;
IT:=LITs=s); CONVe=]1;

ATER? DSERIVIT,ZsFlsN)s
"FUR" I: .1 "STE P" 1 '|UNTIL|| r’ "DU"
F10IJ2=DZ[I)s=Z[I1=H*F1[T1)/2=Y[1I];

SOL(As NsPS,DZ) 3

SLMVEC(1sNs0»ZyDZy=1);

MAX3=0;

WEOR™ It=] WSTEP® 1 MWUNTIL® N MDON®

MAX:aMAX+ (WEIGHTSLII*DZL 1)) *%2;

MAX : =S QRT ( MAX) ;

WIFM" MAX*CONVSEP S/10 WTHEN®™ NGOTOM™ QOUT;

ITiaIT+1; "IF" ITs2 UTHEN® "GOTO"™ ASS;

CONV:=MAX/MAX1;

NIF® CONV>e 2 "THEN"

“BISGIN® PIFY LIT=0 "THEN™ "GOTO"™ FAIL;
LITs=0; CONVt=sl; ITs=l;
RECOMP(A,H,Ts»ZsFAILSPS);

UEND S

ASSt MAX1l:=MAX;
nGATO" ATER;

QUT: "FOR®" T:=]1 "STEP™ 1 M"UNTIL"™ N "DO"™ 7(I1:=2%Z[I)=Y[I];

WEND"™ ITZRATES

"PROCEDURE™ RECUOMP(AsHsToYsFAIL,PS);
WREAL™ HpT; M"ARRAY™ ApY3; "LABEL™ FAIL; "INTEGER™ "ARRAY"™ PS;
"BEGIN"™ ®REAL® SL; "ARRAY® AUX[1331];
SLi=H/2;
NIFN ONOQT" AVAILABLE (TN sAsN) M"THEN"™ DFDY(TsYsA);
UEQR® I:sl NSTEP®" 1 "UNTIL"™ N "DO"
WBEGIN® MULROW(1sNyIsIsAsAr~SL); ALI,I13=1+4A[I,11
nEND M
AUX[2]1:="=14;
DEC(AsN»AUXsPS);
HIF® AUX[L3I<N STHEN® WGOTO"™ FAIL
WEND" RECOMP;

"PROCEDURE" INITIALIZATION;
RBEGINM H21=HNEW; Hi=H2/2;
DYPVEC(15Ns0»,S15Y0)5 DUPVEC(1sN»0»S25Y0)5 DUPVEC(1sNs0,S35Y0);
DUPVEC(1sMs O» W1y YO); DUPROWVEC(1sN»1sRsYO0);
INIVEC(1,N»Ul50); INIVEC(1sNsW2,0);
INIMAT(255515NsR»0); INIMAT(155515NsRF,0);
T:=Tl:aTQ; T2:=TQ=2%H=N6; T3:=2%xT2+1;
RECOMP(ALsHs To S1oMISS»PS1);RECOMP(A2,H25T»W1sMISS,PS2)5
RENDR
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WPRACLDUREY DONE LARGE STEP;

YBEGIN" STARTV(Z»T+H);
TTCRATE(ZyS1s A sHs T+H/2, WEIGHTSsMISS»PS1)
DUPVEC(1lsNoOs»Ys2Z)s;

STARTV(ZsT+H2);

ITCRATE(ZsYsAlsHs T+3%H/ 2, WEIGHTSSMISSsPS1);

DUPVEC(1sNsDsU3,Ul)3 DUPVEC(1,sNs0sUlsY);

DUPVEC(1sN»05S3552); DUPVEC(1sNs0552551);

DUPVEC(1sN»05S1s2)3

ELMVEC(IsNs0sZoWls1); ELMVEC(1sNs0s»Z25S25=1);

ITERATE(ZyWls A2sH2 s T+HsWEIGHTS» MISS»PS2);

T3:aT2; T22=T1l; Tl:=T+H2;

DUPVEC(1sNs0sW3sW2);5; DUPVEC(1sNsOsW25W1); DUPVEC(LsNsOsW1s2);
nEND NS

"PROCEDURE" CHANGE OF INFORMATION;
WBEGIN" "REAL"™ ALF1,Cl,C25C3; "ARRAY™ KOF[234,2841,E5D0[11241];
CliaHNEW/H2; C2t=Cl%C1l; C33=C2%C1;
KOF[2521:=Cl; KOF[25,313=(C1l=C2)/2; KOF[2541:=C3/76=C27/24C1/3;
KOFL[3531:=C2; KOF[3s41:=C2=C3; KOFL4»413=C3;
AFOQR® T:=] WSTEP® ] WUNTIL™ N ®pQO¥®
Ul(I1:=R[2,T14R[3,11/24R[4511/3;
ALF1l:=MATVEC(1sNs15sRFyUL)/VECVEC(15Ns05ULl5UL);
ALFs=(ALF+ALF1)*Cl;
NEARN Tta]l WSTEPW 1 WUNTIL® M mDOn
WBEGIN®
EC1)3aRFL1,I1=ALF1*)10[11;
E[2)13=RF[2,11=ALF1%2%R[3,11;
E[3]1:=RF[3,I1~ALF1%4%R[4,11;
E[41:=RF[%4,1];
Dl11:=R[1,11; RFI1,I1t=E[1]s=E[1]1%C2;
REOR® Ki=2 WSTEPM 1 ®UNTIL® 4 nDQOw
WBEGIN" R{KsIl:taDIKI:=sMATMAT(KyG4sKsIsKOFsR);
RFIKsT1:=ELK]teC2*¥MATVEC (KsbsK sKOF5E)
PEND® K3
S1[{I1:=«DL1I+E[1I;WLLIIs=DL11+4*EC1];
S2(I1:=S1lI)=(DL21+E[21/2);
S3[I1t=S2011=-(DL21+E[2]1)+(DL31+E(3172);
mEND® I
T3teT=HNLW; T2:=T=HNEW/2; Tl:=T;
H2s mHNEW; H:=sH2/2; ERRL11:2=0;
RIF® HALV PTHEN®
"BEGIN® DUPVEC(1lsNs0OsPS25PS1); DUPMAT(1sNslsNsA25A1) WENDY;
NIFN TWO "THEN®
WBEGIN" DUPVEC(1sNp0,PS1sPS2)3 DUPMAT(1sNslsNoAlsA2)
REND® WELSE® RECOMP(A1,HNEW/25T»S1sMISSsPS1);
WIFM “HALV ®THEM®™ RECOMP(A2sHNEWsT»W1sMISSsPS2)3
WEND® HNEW" =H2
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s

"pRAOCEDURE"™ BACKWARD DIFFERENCES;

MEORMIs=1 WSTEP® 1 MUNTIL®™ N "DO%

#BEGIN® "REAL"™ B0OsBl,B2,B3;
Bl:=(UlLXI1+2%S2[11+U3(11)/4;
B2:=(W1[I1+2%W2L11+W3[1I1)74;
B31m(S3[I1+2%U3[T1+52011)/4;

B2:=(B2=B1) /3; BO:=Bl=B2;
B2:sB2=(S1[I]1=2%S2[(X11+S3[I1)/16;
Bls =2%B3=(B2+RFL1,I1)=(BO+R[1,I1)/2;
B3:=0;
WEFOR® K:wl USTEP®"™ 1 WUNTIL®™ 4 wpQw
"BEGIN" Bl:=RBl=83; B3:=R[KyIl; RIK»I1t=B0; BO:=B0=Bl
WEND®; R[5,1I1:=BO;
NEOQRM Kiwl WSTEPW 1 "UNTIL®™ 4 wDQ"®
"BEGIN" B3:=RF[KsIl; RFIKyIl:=sB2; B2:=B2=B3 "END";
RF[5511t=R82;
RENDW;

"PRAOCEDURE"™ ERROR ESTIMATES;
"BEGIN® "REAL"™ C0,C15C2,C3,B0,B15B2sB3oWsSL1sSNsLR}
CQOt=Clt=sC23sC3ta0;
WEQR" T3w]l WSTEPH 1 ®NUNTIL®™ N wpQw
"BEGIN" W:i:mWEIGHTS(I 1%*2;
BOtsRF(4,11/365 CO:=CO+BO*BO*W; LR3=ABS(BO);
Bl t=RFL1yIJ+ALF*R[25,1]1; Cl:=Cl+B1%*B1l*W;
B2:=RF[3,1]; C2:=C2+B2%B2*Yy;
SL1:=ABS(RF[1,I1=RF[2,11);
SNiamIFn SL]1<"=10 "THEN"1®EL SE"ABS (RF[1,I1=RC4,11/6)/SL1;
PIF® SN>1 "THEN® SN:wl;
NIF" START "THEN" "BEGIN™ SN3=sSN*%4; LRim| Rk4 WENDY;
EHR(I712=B33eSN*EHRLIJ+LR; C3:=C3+B3*B3*W;
WEND® I; J
BO:=ERR[11];
ERR[11t=B1:=SQRT(CO); ERR[21:=SQRT(Cl);
ERRL31:=SQRT(C3)+SQRT(C2)/2}
LQ:aBPS/("IF™ BOKBL "THEN™ B1l"ELSE" BO);
wIF" BOKBL "AND"™ LQ>=80 "THEN" LQ:=10;
RENDP

wPROCEDURE" REJECT;

WIF® START "THEN®

"BEGIN® HNEWs=sLQ**(1/5)%H/2; "GOTOM INIT

WEND™ WELSE®

WBEGINY "FORY™ K:®=l,25354515253 "DO" ELMROW(1lsNsKsK+1sRsRs=1);
"FOR" Kt=1y25354 "DO" ELMROW(LsNsKpK+1sRF»RFs=1);
Ta=T=HZ2; HALV:=MTRUEM; HNEW3=H; ®mGOTO™ MSTP

ﬂEND "



SECTION 3 5¢2elelele2ef (OCTOBER 1975) PAGE

WPROCEDURE" STEPSIZE;

WIFM LQ{2 MTHEN®

"BEGIN™ HALV:&"TRUE"™; HNEW3=H MWEND® ME[ SEW

NBEGIN WIFN LQ>80 “THEN®
HNEWss ("IF" LQ>5120 "THEN" (LQ/5)*%(1/5) "ELSE"™ 2)%H2;
RIFM HNEWDHMAX MTHEN® HNEW:=HMAX;
NIFT TENDDT "ANDY™ TEND=TKHNEW "THEN"™ HNEW:s=sTEND=T;
THIt=HNEW=2%H2;

nENDY;

WIF" PRESCH MTHEN™ Hi:mHO "EL SEW
WBEGIN "IF™ HODHMAX "THEN" H:=sHMAX MELSF"™ H:s=sH);
UIFY H>(TEND=-TO) /4 "THEN® H:=(TEND=TO)/4;
MEND™ 3
HNEW 2w ;
ALFi=Q; T:=Tp:=T0;
INIVEC(153,ERRy0)5 INIVEC(1»NyEHRSC);
DUPROWVEC( 1y Ns1sRsYO);
CONTROL(TPs ToHoHNEWsRSERRHN);
INIT: INITIALIZATION; START:=s“TRUE";
MEQR" ECIt=(51,2,3 ™DO"
"BEGIN® ONE LARGE STEP; T3s=T+H2;
"IF" ECI>O "THEN"
MBEGIN® BACKWARD DIFFERENCES; UPDATE(WEIGHTS»S2»,N) WEND®
"END
ECItm4;
MSTP3 MIFM HNEW =H2 MTHIN®
WBEGIN™ ECIt=); CHANGE OF INFORMATION;
ONE LARGE STEP; T:=T+H2; ECI:=2;
"END";
ONE LARGE STEP;
BACKWARD DIFFEREMCESS
UPDATE(WEIGHTS»S2sN) 5 J
ERROR ESTIMATES;
WIF" ECIK4 MAND™ LQ>80 MTHEN”" LQ3=20;
HALV:sTWO: ="FALSEY;
"WIFY PREZSCH "THEN" "GOTO"™ TRYCK;
WIF" L1 "THEMN" REJECT "ELSE" STEPSIZE;
TRYCKt MIF® TP<aT MTHEN™ CONTROL(TPs TosHsHNEWSRHERR,N) 3
NIF" START MTHIN" START:="FALSE";
NIF" HNEWwH2 "THEM" T:=T+H2; ECI:=ECI+1;
NIF" TSTEND+H2 "THEN"™ "GOTO™ MSTP ®WELSC® WGOTO® END;
MISSt FAIL3=PRESCH;
WIF® ® FAIL "THEN®
WBEGIN" "IF" ECI>1 "THEN" TisT=H2;
HALV3=TWOs="FALSE®; HNEWI=H2/2;
WIF® START "THEN® wGQOTO" INIT "ELSE" ®»GOTO" TRYCK
MEND";
END:
WEND® IMPEX;
” EDP"

12
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SECTION fe2elelele3 CONTAINS TWO ALTERMATIVE PROCEDURES FOR SOLVING
FIRST=0RDER INITIAL VALUE PROBLEMS WITH SEVERAL DERIVATIVES AVAILABLE.

Ao

Be

MODIFIED TAYLOR SOLVES AN INITIAL ( BOUNDARY ) VALUE PROBLEM, GIVEN
AS A SYSTEM OF FIRST ORDER DIFFERENT1AL EQUATIONS » BY MEANS OF A

ONE=STEP TAYLOR=METHOD,.

IN PARTICULAR THIS METHOD IS SUITABLE FOR THE INTEGRATION OF LARGE

SYSTEMS ARISING FROM PARTIAL DIFFERENTTAL EQUATIONS, PROVIDED THAT

HIGHER 7JRDER DERIVATLIVES CAN BE EASILY OBTAINED.

EXPOMENTIALLY FITTED TAYLOR SOLVES AN INITIAL VALUE PROBLEM», GIVEN
AS A SYSTEM OF FIRST ORDER DIFFERENTIAL EQUATIONS » BY MEANS OF A
ONE=STEP TAYLOR-METHOD ¢ AUTOMATIC STEPSIZE CONTROL IS PROVIDED.
IN PARTICULAR THIS METHOD IS SUITABLE FOR THE INTEGRATION OF STIFF
DIFFERENTIAL EQUATIONS » PROVIDED THAT HIGHER ORDER DERIVATIVES CAN
Bt EASILY UBTAINEDe
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AUTHORS: Py Je VAN DER HOUWEN AND PeAeBEENT JES.
INSTITUTE: MATHEMATICAL CEMNTRE.
RECEIVED: 730616,

BRIEF DESCRIPTIONM:

MODIFIED TAYLOR SOLVES AN INITIAL ( BOUNDARY ) VALUE PROBLEM» GIVEN
AS A SYSTEM OF FIRST ORDER DIFFERENTIAL EQUATIONS » BY MEANS OF A
NONE=STEP TAYLOR=METHND,.

IN PARTICULAR THIS METHOD IS SUITABLE FOR THE INTEGRATION OF LARGE
SYSTEMS ARISING FROM PARTIAL DIFFERENTIAL EQUATIONS » PROVIDED THAT
HIGHER ORDER DCRIVATIVES CAM BE EASILY OBTAINED.

KEYWORDS:
DIFFCRENTIAL EQUATIONS,

INITIAL (BOUNDARY) VALUE PROBL EMS»
ONE=~STEP TAYLOR=METHOD,
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CALLING SEQUENCE?

THE HEADING OF THE PROCEDURE READS:
"PROCEDURE™ MODIFIED TAYLOR (T,TEsMOsMsUsSIGMASTAUMINSI,CERIVATIVE,

KsDATA»ALFASNORMs AETASRETAL,ETASRHO,0UT )

WINTEGER™ MO, My I, KoHDRM

"REAL"™ ToTE»SIGMA»TAUMINSALFAL,AETASRETA,RHO;
"ARRAY" U,DATA;

MPROCEDURE® DERIVATIVE,OUT;

THE MEANING OF THE FORMAL PARAMETERS IS:

T

TE:
MOs M2

SIGMA:s

TAUMIN:

I:

{VARIABLE>;

THC INDEPENDENT VARIABLZ T;

MAY BE USED IN DERIVATIVEs SIGMA ETCs;

ENTRY: THE INITIAL VALUE TO;

EXIT t THE FIMAL VALUE TE;

<ARITHMETIC EXPRESSIIN>;

THE FINAL VALUE OF T (TE >= T);

CARITHMETIC EXPRESSIOND;

INDICES OF THE FIRST AND LAST EQUATION OF THE SYSTEM TO BE

SOLVED;

<ARRAY IDENTIFIERD>;

"ARRAY" 1[MO:M1;

THE DEPENDENT VARIABLE;

ENTRY: THE INITIAL VALUES OF THE SOLUTION OF THE SYSTEM OF
DIFFERENTIAL EQUATIONS AT T = TO;

EXIT & THE VALUES OF THE SOLUTION AT T = TE;

<ARITHMETIC EXPRESSIOND;

THE SPECTRAL RADIUS OF THE JACOBIAN MATRIX WITH RESPECT

TO THOSE EIGENVALUES WHICH ARE LOCATED IN THE LEFT

HALF PLANE;

IF SIGMA TENDS TO INFINITY , PROCEDURE MODIFIED TAYLOR

TERMINATES; J

<ARITHMETIC EXPRESSIOND;

MINIMAL STEP LENGTH BY WHICH THE INTEGRATION IS PERFORMED;

HOWEVERsACTUAL STEPSIZES WILL ALWAYS BE WITHIN THE INTERVAL

[MIN(HMIN,HSTAB) »HSTABI, WHERE HSTAB(= DATALQ]/SIGMA) IS THE

STEPLENGTH PRESCRIBED BY STABILITY CONSIDERATIONS;

<VARIABLE>;

A JENSEN PARAMETER FOR PROCEDURE DERIVATIVE;

MAY BE USED IN MO AND M;

DERIVATIVE: <PROCEDURE IDENTIFIEZRD;

K3

THE HEADING OF THIS PROCEDURE READS:

WPROCEDURE"™ DERIVATIVE(I,A); “INTEGER"™ I; "ARRAY® Aj

WHEN THIS PRNCEDURE IS CALLED, ARRAY ALMO 3 M] CONTAINS THE
COMPONENTS OF THE (I=-1)=ST DERIVATIVE OF U AT THE POINT T3
UPON COMPLETION OF DERIVATIVE, ARRAY A SHOULD CONTAIN THE
COMPONENTS OF THE I=TH DERIVATIVE OF U AT THE POINT T3
<VARTABLE>;

INDICATES THE NUMBER OF INTEGRATION STEPS PERFORMED;
ENTRY: K = 03
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DATA: <ARRAY IDENTIFIERD;
"ARRAY" DATA[~=2 : DATAL=211;
ENTRY:
DATAL=2]: THE ORDER OF THE HIGHEST DERIVATIVE UPON WHICH

THE TAYLOR MiTHOD IS BASED;

DATAC=-11t ORDER OF ACCURACY OF THE METHOD;
DATALOY @ STABILITY PARAMETER;
DATAL1]l » ees s DATAIDATAC=21] : POLYNOMIAL COEFFICIENTS;
FOR FURTHEZR EXPLANATION AND POSSIBLE VALUES OF THE ELEMENTS
OF ARRAY DATA SEE REFERENCES [21 AND [31;

ALFA: <ARITHMETIC EXPRESSIOND;
GROWTH FACTOR FOR THE INTEGRATION STEP LENGTH;

NORM® <ARITHMETIC EXPRESSIOND;
IF NORM = 1 DISCREPANCY AND TOLERANCE ARE ESTIMATED IN THE
MAXIMUM Y0RM, OTHERWISE IN THE EUCLIDIAN NORM;

AETA»RETA: <ARITHMETIC EXPRESSIOND;
DESIRED ABSOLUTE AND RELATIVE ACCURACY;
IF BOTH AETA AND RETA ARE NEGATIVE » ACCURACY CONDITIONS
WILL BE IGNORED;

ETAsRHI: <VARIABLED>;
CIMPUTED TOLERANCE AND DISCREPANCY;

ouT: <PROCEDURE IDENTIFIERD>;
THE HEADING O0OF TH1S PROCEDURE READS : "PROCEDURE™ DUT:
THROWGH THIS PROCEDURE THE VALUES AFTER EACH INTEGRATION
STEP 7OF FJIR INSTANCE T, Us ETA AND RHO ARE ACCESSIBLE.

DATA AND RZSULTS:

FOR FURTHER EXPLANATION OF THE PARAMETERS AETA» RETAs ETAs RHO» MO,
M AND THE ARRAY DATA SEE REFERENCES [2] AND [31].

AS FOR THE INDICES MO AND M THE FOLLOWING MAY BE REMARKEDS: WHEN
THE METHOD OF LINES IS APPUIED TO HYPERBOLIC DIFFERENTIAL EQUATIONS
THE NUMBER OF RCLEVANT ORDINARY DIFFERENTIAL EQUATIONS DECREASES
DURING THE INTCGRATION PROCESS.

IN PROCEDURE MODIFIED TAYLOR » THIS MAY BE REALIZED BY INTEGER
PROCECDURES MO AND M WHICH ARE DEFINED AS FUNCTIONS OF I, K AND
DATAL=21.

PROCEDURES USEDS VECVEC = CP34010.

. REQUIRED CZNTRAL MZMORY:

EXECUTION FIELD LENGTHT CIRCA 75 + M = MO,

RUNNING TIME:

DEPENDS STRONGLY ON THE DIFFERENTIAL EQUATION TO BE SOLVEDe

LANGUAGE: ALGOL 60,
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METHOD AND PERFIRMANCE® SEE REFERENCES,
REFERENCES:

[1lePede VAN DER HOUWEN,
DONC=STEP METHODS FOR LINEAR INITIAL VALUE PRCBLEMS I,
POLYNOMIAL METHNDS»TW REPORT 119,
MATHEMATICAL CEHTRE, AMSTERDAM (1970).

[2)ePede VAN DER HOUWENy PoBEENTJESs) KeDEKKER AND EeSLAGT
ONE=~STEP MCTHODS FOR LINEAR INITIAL VALUE PROBLEMS III,
NUMERICAL EXAMPLES, TW REPORT 130Q/71,

MATHEMATICAL CENTRE, AMSTERDAM (1971),

[314PeJes VAN DCR HOUWEN, JoKOKe
NUMERICAL SOLUTION OF A MINIMAX PROBLEM, TW REPORT 123/71»
MATHEMATICAL CENTRE, AMSTERDAM (1971),

EXAMPLE JF USE:

THE SOLUT10ON AT TsEXP(1l) AND TeEXP(2) OF THE DIFFERENTIAL EQUATION
DU/DTa=EXP(T) *(U-LN(T)) + 1/T WITH INITIAL CONDITION U(eO01)=LN(,01)
AND ANALYTICAL SOLUTION U(T) = LN(T)» MAY BE NBTAINED AS FOLLOWS:

"BEGIN" "INTEGER" I,K;"REAL" THTESETA)RHO» EXPTsLNT»C0»Cl5C2,C3;
WARRAY" ULO:N],DATA[-2241];
"PROCEDURE" JP3;"IF"™ TeTE "THEN®
QUTPUT (61, "(""("NUMBER OF STEPS:")",3ZDs/»
"("SOLUTION: T= ") ", +De5D,»
n(n UCT) = ®)®, 4D TDs/ /" )", Ky THULD]);
"PROCEDURE" DER(I»A);"INTEGER™ I;"ARRAYM A;
"BEGIN" "IF" Im=] "THENY?
"BEGIN" EXPTS=EXP(T);LNT3=LN(T);3CO03=A[0];
C1l3=A[0]3==EXPT*CO+1/T+EXPT*LNT
IIEND “;
WIF" I=2 "THEN" C2:=AL0]1:=EXPT*(LNT+1/T=CO0=Cl)=1/T/T;
WIFM I=3 ATHEN® C3:=sA[Q1t's
EXPT#(LNT+2 /T=CQm2%C1l=C2=1/T/T)42/TIT/T;
WIF" Jw4g "THEN" ALQ):aC3«=2%(1+43/T)/T/T/T+
EXPT*((1=(2=2/T)/T)/T=Cl=C2%2«C3)
REND®;
"PROCEDURE™ MODIFIED TAYLOR(T»TEsMO»MsUsSIGMA,TAUMIN, I,
DERIVATIVEsKsDATASALFASNORMy AETASRETA, ETA»RHO,0UT);
WCJDEM 33040;
Ttm=2;"FOR" T1=4,5356e0255190551/650018455702 "DO"
"BZGIN" DATALI):=T;I:=I+1 "END™;
T3sU[0]3="=2;K:=Q;"FOR" TES=EXP(1),TEXTE "DO"
MODIFIED TAYLOR(T»TEs050,UsEXP(T)y "=4,1,DERsKsDATAs 165515 "=5,
"4, ETA)RHO,OP)
nENDY
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THIS PROGRAM DELIVERS?

NUMBER UF STEPS: 46
SOLUTION: T= +2,71328 U(T) = +1.0000285

NUMBER OF STEPS3 424
SOLUTIIN: T= +7,38906 UIT) = 4149999967

SOURCE TEXT(S):

"CODE™" 33040;

"PROCEDURE"™ MODIFIED TAYLOR(T»TE»MO»Ms Uy SIGMA,TAUMIN, I» DERIVATIVEsK»
DATA»ALFA, NORM,»AETALRETASETA»RHO»0UT) 3

WINTEGER™ MOsMs I»KoNORM;

"REAL" T»T3»SIGMA,TAUMIN,ALFA»AETA,RETAS ETASRHO;

WARRAY"™ UsDATAj;

WPROCEDURE™ DERIVATIVE,NUT;

UBEGIN® I:=yQ;
"BEGIN" "IMTEGER"™ NyP»Q;
"OWN™ MREAL®™ ECO,ECl,EC2,TAUD,TAUl»TAU2,TAUS»T2;
"REAL" TOsTAUSTAUI,TAUEC,ECLyBETAN, GAMMA;
WREAL"™ "ARRAY" CLMO:MI1,BETA,BETHAL1:DATA[=211];
"BOOLEAN" START,STEPLsLAST;
WRCAL™ "PROCEDURE® VECVEC(LsU»SHIFT»A»B); “CODE™ 34010;

"PROCEDURE™ COEFFICIENT;
"BEGIN" "INTEGER"™ J3;"REAL" IFAC;
IFACt=l; GAMMA3=,5; Ni=DATA[=2]; PteDATA[=1];
BETAN:=DATALO]1; Qt= "“IF" P<KN "THEN" P+1 ®ELSE"™ N;
"FOR"™ J:=1 "STEP™ 1 "UNTIL" N "DO"
WBEGIN® BETA[J13=DATALJY; IFAC:=IFAC/J;
BETHAL J1:=IFAC~BETALJ]
“END ";
"IF" paN "THEN" BETHALN]3=IFAC
MEND®; WCOMMENT®
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WREAL"™ "PRACEDURE™ NURMFUNCTION(NORM,W);
WINTEGER®™ NORM; ®ARRAY® y;
NBEGINM WINTEGERM™ J;5; "REAL"™ S,»X;
S:=0;
"IFY NORM=sl ®THEN®
WBLGIN™ ™FURM Js=MO WSTEPR 1 WUNTIL®™ M wDOW
NAEGIN®  X:=mABS(WL J1); MIF® X>S "THEN® St=X MEND®
UENDW ®ELSE®
S3=SQRT(VECVEC(MO,Ms0sWsoW) )35
NORMFUMCTION: =S
WENDY;

"PROCEDURE™ LOCAL ERROR BOUND;
ETAt=AETA+RETA * NORMFUNCTIDH(NORM,U);

wPROCEDURE™ LOCAL ERROR CONSTRUCTION(IX); "INTEGER™ I3
NBEGIN" NIFY Tsp "THEN® "BEGIN" ECL2:=0;TAUEC:=1 RENDW;
WIF® I>P+1 “THEN® TAUEC:=TAUEC*TAU;
ECL:wECL+ABS(BETHALII) *TAUEC*NORMFUNCTION(NORMSC) ;5
"IF " I.N QITHEN"
WBEGIN® £COt=EC1;EC1lt=EC2;EC2¢=ECLS
RHO:=ECL*TAU**Q
"E ND "
” EMD";

WPRACEDURE™ STEPSIZE;
"BEGIN® "RIAL"™ TAUACC,TAUSTAB»AAsBBSCC,EC;
LOCAL ERRUR BOUND;
WIF" ETA>0 "THEN®
"BEGIN®" "IF™ START "THEN"
WBEGIN® "IFM KeQ "THEN®
"BEG IN" "INTEGER"™ J;
NEOR® Jt=MO WSTEP®™ 1 WUNTIL® M WDO® CLJ1s=UCJ];
I:=l; DERIVATIVE(I»C);
TAUACC:=ETA/NORMFUNCTION(NORMSC)
STEP1:="TRUE"
REND®" WELSE®
NIFM STEP1 MTHENY
"BEGIN" TAUACC:=(ETA/RHO)**(17Q)#TAU2;
WIF® TAUACC>10%*TAU2 WTHEN®
TAUACC:=10%TAU2 "ELSE"™ STEP1:="FALSE"
"END " "ELSE"
WBEGIN" BBts(EC2~EC1) /TAUl; CC3=EC2=BB*T2;
EC:=BB#T+(CC;
TAUACC:s"IF" EC<O "THEN®™ TAU2 WELSE"
(ETA/EC)**(1/Q);
START t=RFALSE®
"END®
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mENDM M"ELSE®
"BEGIN® AA:=((FCO=ECY) /TAUO+(EC2=~ECL)/TAU1)/
(TAUL+TAUO);
BBtw(EC2«ECL)/TAUl=AAX®(2*T2=TAU1l);
CC:mEC2=T2% (BB+AA*T2); EC:=CC+TH*(BB+T*AA);
TAUACCe=s"IF" ECKO "THEN" TAUS
WELSEW (ETAJEC)*%(1/Q);
WIF® TAUACCOALFA*TAUS "THEN" TAUACC:=ALFA*TAUS;
WIFY TAUACCKGAMMA*TAUS "THEN" TAUACC:=GAMMA*TAUS;
n EN D"
WeND® MELSE™ TAUACCE=TE=T;
WIF® TAUACCLTAUMIN "THEN" TAUACC:=TAUMIN;
TAUSTAB:=BETAN/SIGMA;
WIF® TAUSTABK®=12 * (T=TO) WTHEN®
"BEGIN™ OUT;"GOTO™ END OF MODIFIED TAYLOR "END";
TAUs = IF" TAUACCOTANSTAB "THEN'"™ TAUSTAB ®ELSE®™ TAUACC;
TAUSt=sTAU; "IF" TAUD=TE=T "THEN"
PREGIN® TAU3=TE=T;LAST3= WTRUE® WEND";
TAUD :=sTAUL1; TAUL:=sTAU2; TAU2: =TAU
"END" H

WPROCEDURE®™ DIFFERENCE SCHEME;

WBEGIN" "INTZGER® J; PREAL™ B;
WFOR™ J:=MO "STEP" 1 "UNTIL™ M "DO" C[J]:=UlJ]; TAUIl=];

NEXT TERM:

ItmI+1; DERIVATIVE(I»C); TAUIs=TAUI*TAU;
B:=BETALII*TAVUI;
"IF" ETA>D0 "AND" ID>=p ®THEN"™ LOCAL ERROR CONSTRUCTION(I);
WEQR® J$aMO ®STEP® 1 AUNTIL®™ M WDO® ULJ1=UCJI+B*CLJ]3
WIF® I<N BTHEN™ "GOTO"™ NOXT TERM;
T2:=T; "IF™ LAST "THEN®
WBEGIN" LAST®= M"FALSE"; Ts3= TE "END©
PELSE® Tt= T + TAU/

"END l';

START3=s K=0; TO1=T;
COEFFICTENT; LASTs= RWFALSE®;
NEXT LEVEL:

STEPSIZE; Ki=K+l; Is=0; DIFFERENCE SCHEME; OUT;
nIFM T "= TE WTHEN® WGODTO™ NEXT LEVEL

NEND "3

END OF MODIFIED TAYLOR:

WEND" MODIFIED TAYLOR;

wgopw






SECTION 2 542elelsle3.8B (AUGUST 1974) PAGE 1

AUTHORS: PeJe VAM DER HNUWEN AND KeDEKKER
INSTITUTE: MATHEMATICAL CENTRE.
RECEIVEDt 740416,

BRIEF DESCRIPTION:

EXPOMNENTIALLY FITTED TAYLOR SOLVES AN INITIAL VALUE PROBLEMs GIVEN
AS A SYSTEM OF FIRST ORDER DIFFERENTIAL EQUATIONS , BY MEANS OF A
ONE=STEP TAYLOR~METHOD o AUTOMATIC STEPSIZE COMTROL IS PROVIDED.
IN PARTICULAR THIS METHOD IS SUITABLE FOR THE INTEGRATION OF STIFF
DIFFERENTIAL EQUATIONS » PROVIDED THAT HIGHER ORDER DERIVATIVES CAN
BE EASILY DBTAINZDo

KEYWORDS?

DIFFERENTIAL EQUATIONS,
INITIAL VALUE PROBLEMS»
EXPONENTIAL FITTINGs
STIFF EQUATIONS,

THR EE=CLUSTER METHOD,
ONE=STEP TAYLOR=METHOD.
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CALLING SEQUEMCE:

THE HEADING UF THE PROCEDURE READS?

®PROCEDURE™ EXPONENTIALLY FITTED TAYLOR (Ts TEs MO» Ms Us SIGMA,
PHI, DIAMETER, DERIVATIVE, I, Ky ALFA, NORM,
AETA» RETA» ETA» RHO» HMIN, HSTART, OUTPUT);

WINTEGER"™ MOsMs»TIsKsNORM;

RREAL®™ T,TE»SIGMA,PHISDIAMETERSALFASAETASRETASETA»RHO,HMIN, HSTART

WARRAY" U;

"PRNCEDURE™ DERIVATIVE»OUTPUT;

THE MEAWING OF THE FURMAL PARAMETERS ISt
T: <VARTIABLE>;
THE INDEPENDENT VARIABLE T;
MAY BE USED IN DERIVATIVEs SIGMA ETCe;
ENTRY: THE INITIAL VALUE TO;
EXIT ¢ THE FINAL VALUE TE;

TE:s CAPITHMETIC EXPRESSION>;

THE FINAL VALUE OF T (TE >= T);
MO <ARITHMETIC EXPRESSIOND;

INDEX OF THEZ FIRST EQUATION OF THE SYSTEM TO BE SOLVED;
M <ARITHMETIC EXPRESSION>;

INDEX OF THE LAST EQUATIOM IJF THE SYSTEM TO BE SOLVEDs
(V) <ARRAY IDENTIFIER>;

"ARRAYY™ UL MOIMI;
THE DEPENDENT VARIABLE;
ENTRY: TidE INITIAL VALUES OF THE SDLUTINN OF THE SYSTEM OF
DIFFERENTIAL EQUATIONS AT T = TO;
EXIT : THE VALUES DOF THE SOLUTION AT T = TE;
SIGMAs <ARITHMETIC EXPRESSIOND;
THE MODULUS OF THE (COMPLEX) POIMT AT WHICH EXPONENTIAL
FITTING IS DESIRED » FOR EXAMPLE AN APPROXIMATION OF THE
MODULUS OF THE CENTRE OF THE LEFT HAND CLUSTER;
PHI? <ARITHMETIC EXPRESSION>;
THE ARGUMENT OF THE (COMPLEX) POINT AT WHICH EXPOMNENTIAL
FITTING IS DESIRED;
PHI SHOULD HAVE A VALUE FROM THE RANGE [PI/25PI1;
DIAMLTER: <ARITHMETIC EXPRESSIOND;
THE DIAMCTER OF THE LEFT HAND CLUSTER;
DERIVATIVE: <PRAOCEDURE IDENTIFIERD;
THE HEADING OF THIS PROCEDURE READS:
NPROCEDURE®™ DFRIVATIVE(I»A); WINTEGER™ I; "ARRAY® Aj
I ASSUMES THE VALUES 1,253 AND A IS A ONE=~DIMENSIONAL ARRAY
ALMO M]3
WHEN THIS PROCEDURE IS CALLED » ARRAY A CONTAINS THE
COMPONENTS OF THE (I=1)=ST DERIVATIVE OF U AT THE POINT T;
UPON COMPLETION OF DERIVATIVE» ARRAY A SHOULD CONTAIN THE
COMPONENTS OF THE I-TH DERIVATIVE OF U AT THE POINT T3
I <VARIABLE>;
A JENSEN PARAMETER FOR PROCEDURE DERIVATIVE;
MAY BE USED IN MO AND M3
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Kse

ALFA:
NORM:

AETA:
RETA:
ETAz
RHO?
HMIN:

HSTART:

OUTPUT:

<VARIABLE>;

INDICATEZS THE NUMBER OF INTZGRATION STEPS PERFORMED;

ENTRY: K = Q3

EXIT ¢ THE NUMBER OF INTEGRATION STEPS PERFORMED;

<ARITHHETIC EXPRESSIOND;

MAXIMAL GROWTH FACTOR FOR THE TINTEGRATION STEP LENGTH;

<ARITHMETIC EXPRESSIOND;

IF NORM = 1 DISCREPANCY AND TOLERANCE ARE ESTIMATED IN THE

MAXTMUM MNRMy OTHERWISE IN THE EUCLIDIAN NORM;

<ARITHMETIC EXPRESSIOND;

DESIRED ABSOLUTE LOCAL ACCURACY ; AETA SHOULD BE POSITIVE;

<ARITHMETIC EXPRESSIOND>; .

DESIRED RELATIVE LOCAL ACCURACY ; RETA SHOULD BE POSITIVE;

<VARIA2LE>;

COMPUTED TOLERANCE;

<VARIABLE>;

COMPUTED DISCREPANCY;

<ARITHMETIC EXPRESSION>;

MINIMAL STEPSIZE BY WHICH THE INTEGRATION IS PERFORMED;

HOWEVER» A SMALLER STEP WILL BE TAKEN TF HMIN EXCEEDS THE

STEPSIZE HSTAB » PRESCRIBED BY THE STABILITY CONDITIONS

(SEE REF[21, FORMULA 6412)3

IF HSTAB TENDS TO ZEROs THE PROCEDURE TERMINATES;

<VARTIABLE>;

ENTRY: THE INTITIAL STEPSIZE ; HOWEVER, IF K = 0 ON ENTRY,
THE VALUE OF HSTART IS NOT TAKEN INTO CONSIDERATION;

EXIT: A SUGGESTION FOR THE STEPSIZE , IF THE INTEGRATION
SHOULD BE CONTINUED FOR TD>TE;

HSTART MAY BE USED IN SUCCESSIVE CALLS OF THE PROCEDURE, IN

ORDER TO OBTAIN THE SOLUTION IN SEVERAL POINTS TE1,TEZ2,ETC;

<PROCEDURE IDENTIFIERD>;

THE HEADING OF THIS PROCEDURE READS?

"PROCEDURE™ OUTPUTY

THROUGH THIS PROCEDURE THE VALUES AFTER EACH INTEGRATION

STEP OF FOR INSTANCE T, U, ETA AND RHO ARE - ACCESSIBLE;

DATA AND RESULTS®

FOR FURTHER EXPLANATION OF THE PARAMETERS SIGMAsPHI»DTAMETER,AETA»
RETA, ETA»RHO» MO M SEE REF[213
FOR RESULTSt® SEE EXAMPLE OF USE AND REF[21];

PROCEDURES

INIVEC
DUPYEC
VECVEC
ELMVEC
7EROIN

USED:

= CP 310103
= CP 31039);
= CP 34010;
= CP 340203
= CP 34150,
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REQULIRED CLCNTRAL MEMORY:

EXECUTION FIELD LENGTH: CIRCA 40 + 2 * (M = M0)o,

RUNNING TIMC:

DEPENDS STRONGLY M THE DIFFERENTIAL EQUATION TO BE SOLVED.

LANGUAGE ¢ ALGNL 60

METHOD AND PERFORMANCE ¢t SEE REFERENCESe

REFERENCES?

[1le PeJe VAN DER HOUWEN.

[21].

ONE=STEP METHODS FOR LINEAR INITIAL VALUE PROBLEMS II,
POLYNOMIAL METHODS
TW REPORT 122, (1970) MATHEMATICAL CENTRE.

PeJe VAN DER HOUWEN, PeBEENTJES, KeDEKKER AND EoSLAGT,
OME=S TEP METHNDS FOR LINEAR INITIAL VALUE PRNBLEMS III»
NUMERICAL EXAMPLES.

TW REPORT 130, (1971) MATHEMATICAL CENTRE,

EXAMPLE OF USE:

THE

SOLUTINN AT T=EXP(1) AND T=EXP(2) OF THE DIFFERENTIAL EQUATION

DU/DT=~EXP(T)*(U=LN(T)) + X/T WITH INITIAL CONDITION U(e01)=LN(601)

AND

ANALYTICAL SOLUTION U(T) = LN(T)» MAY BE OBTAINED AS FOLLOWS:

®BEGIN™ WINTEGER™ I,»K3;

NREALY THTESTEL1STE2,RETAS ETASRHO»PISHS»EXPTHLNTsTIME,UO5UL,U2;
WREAL" "WARRAY" U[0:01;

RPROCEDURE™ EFT (T»TEsMO»MpoUs SIGMASPHI »DIAMETERs DERIVATIVE,IsK»
ALFAsNORMs» AETASRETA» ETA,RHO» HMIN,HSTART »OUTPUT) 5 "CODE"™ 330503

"PROCEDURE"™ DERIVATIVE(I,U); "INTFGER®™ I; WARRAY® Uj
RIF™ I=l "THCN® "BEGIN"™ EXPT:=EXP(T); LNT:sLN(T); UOt=ULO];
Ul:=UCOQ12=EXPT*(LNT=UO) +1/T
'lEND" "ELSE" )
"IF® I=2 ®THONM U2:=UC0]3=EXPTH*(LNT=U0=Ul+1/T)=1/T/T
WELSE™ ULO1s=EXPT*(LNT=UG=2%Ul=U2+2/T=1/T/T)+2/T/T/T;

"PROCEDURE" JUT;
WIF® T=TE WTHEN® OQUTPUT(61,7(®6ZDs»+3ZDe3DB3DB3DW)M,K,UL0])
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"PROCEDURE" JUTL;
QUTPUT(615," ("4 BD"=D,37¢3Ds /") "sy RETA,CLOCK=T IME);

OUTPUT (61,7 ( " N( " THIS LINE AND THE FOLLOWING TEXT IS ®)®

W(MUPRINTED BY THIS PROGRAMM)M,//,

(v THE RESULTS WITH EFT ARE =CONFER REF[2]= )M, /,

n(n K U(TEL) K U(TE2)M) ™

n(n RETA TIMEM )N, /")) ;5

PI:=4*%ARCTAN(1); TE1:=EXP(1l); TE2:=EXP(2);

"ENRN RETA:-"-l' "_z’"-a’"-‘ "DU"

MBEGIN™ Tt=o01l; ULOJt=sLN(T); Kt=Q; HS3=0; TIME:=CLOCK;
"FOR" TE:=TE1l,TE2 "DO"
EFT(TsTESO0905Us EXP(T)»PI»2%EXP(2%T/3)sDERIVATIVE»IsKsle552»
RETA/10,RETA» ETAs RHO»"=4,HS, OUT); OUTL

HENDY;

QUTPUT(61s™( "/ /5 (M WITH RELAXED ACCURACY CONDITIONS FQR ")m
N(NTH>3sn) 0, 7y, (0 K U(TEL) K U(TE2)m) R
n(n RETA TIMEW )", /N)N);

"FDR" RETA:&"—I’”-Z’ "-3’"-4 wpon
"BEGIN" Tim= o013 ULOJ2=LN(T); Ki=Q; HS3=0; TIME:=CLOCK;
PFOR® TE:=TE1,TE2 "DO®
EFT(TsTE»0s0sUsEXP(T)»PI»2%EXP(2%T/3) »DERIVATIVE»IsKsle5s2>»
RETA/10*("IF" T<3 "THEN" 1 ®ELSE"™ EXP(2%(T=3))),
RETA* (YWIF" T<3 "THEN" 1 "ELSE"™ EXP(2*(T=3))),
ETAsRHOs B=4, HS,JUT) ; OUT1
" ENDY

"END "

THIS LINE AND THE FOLLMAWING TEXT IS PRINTED BY THIS PROGRAM

THE
K
15
22
36
56

RESULTS WITH EFT ARE =CONFER REFL[2]= :

U(TEL) K/ U(TE2) RETA TIME
+1,003 845 001 42 42,000 076 417 1Ml 938
+1,001 211 236 52 +2.000 066 067 In=2 1,121
+1000 108 738 92 +26,000 020 495 1"=3 1.872

+1.000 045 271 171 +2000 000 925 1f=4 3,493

WITH RELAXED ACCHRACY CONDITIONS FOR T>3:

K

15
22
36
56

U(TEL) K U(TE2) RETA TIME
+1.003 845 001 42 +2.000 076 417 17=1 1,037
+1.001 211 286 50 +2000 049 978 1"=2 1,154
+1.000 108 738 68 +2,000 023 330 1"=3 1,419

+1.000 045 271 98 +2,000 065 056 1"=4 2,008
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SOURCE TEXT(S):

"CaADE"" 33050;
®PROCEDURE® EXPONENTIALLY FITTED TAYLOR(T, TEsMOSM,U»SIGMA»PHISDIAMETERS
DERIVATIVE »I»KsALFAp NIRMyAETAHSRETASETASRAOSHMINS HSTART »OUTPUT ) 5
WINTEGER"™ 'M0s My I, Ky NORM;
"REALM™ ToTZsSIGMAsPHI»DIAMFTERIALFASAETASRETASFTASRHOSHMINSHSTARTS
NARRAY™ U;
"PRNOCEDURE" DERTIVATIVE,OUTPUT;
"BEGIN" "INTEGER" KL
WREALY Q,ECO»EC1sEC2,HsHI»HOp)HL»H2»BETAN,T2,SIGMAL,PHIL
WRE AL"™ "ARRAY"™ C,RO[MO:MI»BETALBETHALL123];
"B OOLEAN™ LAST,START;
"PROCEDURE" INIVEC(L,UsA»X); WCODE®™ 31010;
nDORACEDURE™ DUPVEC(LoUpSHIFT»Ap»B); "CAODE™ 31030;
"REAL"™ ®WPROCEDURE"™ VECVEC(L, Uy SHIFTs, A, B); "CODE"™ 34010;
"PRUCEDURE™ ELMVEC(LsUsSHIFT,A»BsX); "CODE™ 34020;
®BOOLEAN® "PROCEDURE® 7EROIN(Xs Y» FX» EPS); MCODE® 34150;

"PROCEDURE" COCFFICIENT;
"BEGLN" "RFAL" B,B1,B2,BBs»E»BETA25BETA3;

BemH*STGMAL; Blt=B*xCOS(PHIL); BB:=B*B;

"IF" ABS(B)C"=3 "THEN"

"BEGIN" BETA23=,5=8B /24;

RETA3:=1/6+81/12;
BETHA[31:=,5+B81/3

" ,:M Al "E Ls E n

WIF" Bl{=40 "THEN"

WBEGIN® BETA23 =(=2%B1~4%B1%B1/BB+1)/BB;
BETA31»(1+2%B1/BB) /BB;

BETHAL31:=1/BB

“E?‘D" "EL SE"

PBLGIN® E s=EXP(B1l)/BBR; /B2r=BASIM(PHIL);
BETA2:=(=2%Bl=4*B1%B1/BB+1)/BB;
BETA3:=(1+2%B1/8B)/BB;

PIFN ABS(B2/B)<"=5 MTHEN®

"BEGIN" BETA23=BETA2=E*(Bl=3);
BETA3:=BETA3+E*(B1l=2)/B1;
BETHA[31t=1/BB+E*(Bl=~1)

WEND® MELSEn

"B EGIN" BETA2:sBETA2=E*S IN(B2«3%PHIL) /B2%B;
BETA2:=BETA3+E*SIN(B2=2%PHIL)/B2;
BETHA[31:=1/BB8+E*SIN(B2=PHIL)/B2%B;

"E ND®

" END";

BETA[11:=BETHA[1l]z=];

BETA[213=BLTA2; BETA[37t=BETA3;

BETHAL[21:=1=BB*BETA3; B:=ABS(B);

tanIF" B<le5 M"THEN" 4=2%B/3 N"ELSE™ "IF®" BL6 "THEN" (30=2%B)/9

WELSE" 2;

WENDW; NCOMMENT®
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"REAL" “PROCEDURE"™ NORMFUNCTION(NORM,W);
"INTEGER™ NORM; "ARRAY" W3
WBEGIN™ WINTEGER™ J; “REAL™ S»X;
5303
"IF"™ NORM=sl "THEN®
"REGIN" "FOR" Js=MO "STEP™ 1 MWUNTIL®™ M mDQOW™
WBEGIN" Xt=ABS(WI[J1); "IF® XDS "THEN® Ss=X "ENDT
"E!‘D "- "ELS 5"
St=SQRT(VECVEC(MO,Ms0sWs W) )3
NORMFUNCTIONt =S;
"END";

"PROCEDURE"™ LOCAL ERROR BOUND;
ETAs=AETA+RETA * NORMFUNCTION(NORM,U)3

"PROCEDURE" LOCAL ERROR CONSTRUCTION(I)3 "INTEGER" T1;
"BEGIN" "IF" Jm=l "THEN" INIVEC(MO»M»R0,0);
PIFM I<4 WTHEN® ELMVEC(MOsM»05RO»Cy BETHALII*HI);
WIF" Te4 "THEN®
"BEGIN® ELMVEC(MO»M»05R0»Cy=H);
RHO: =NORMFUNC TION(NORM,RO);
ECO3=EC1; EClt=EC2;EC23=RHO/H**Q;
" aNDY
llEanl ;

MPROCEDURE® STEPSIZE;
"BEGIN™ "REAL" HACCoHSTAB»HCRs HMAX»A»BsC;

WIF® ®NOT" START “THEN" LOCAL £RROR BOUND;

WIF" START MTHEN®

"BEGIN" Hl:sH23=HACC t=sHSTART;

EC2:=ECl:=1; KL3=l; START:s"FALSE®

"END" "ELSE"

RIF® KL<3 "THEN® J

"BEGIN" HACCi=(ETA/RHN) *%(1/Q)*H2;
nIFM HACC>10%H2 "THEN" HACC:=l0#%H2 WELSE™ KL:=KL+1

"E”D" "EL SE"

"BEGIN® As=(HO*(EC2=ECL1)=H1*(EC1l=ECO))/ (H2*HO=H1%H]1);
HemH2%("IF" ETACRHO "THEN® (ETA/RHO)*%(1/Q) "ELSE"™ ALFA);
"IF" A>0 "THEN"

RBEGIN® Bis(EC2=ECl=A*(H2=H1))/H1;
CtmEC2=A%H2=B*T2; HACC:=0; HMAX:=H;
nIF® “ZEROIN(HACC»HsHACC**Q* (A¥HACC+B*T+C)=ETAs
"e3kH2) "THEN" HACC3 =HMAX
FEND® MELSE®™ HACC:s=Hj
WIF®" HACCKo5%H2 "THEN®" HACC2mo5%H2;
NEMDY 3
RIF® HACCKHMIN WTHEN® HACC2=HMIN; H3=HACC; WCOMMENT®
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s

MIEM HESIGMAL>L "THEN"

MBIGIN® A:wABS(DIAMETER/SIGMAL+"=14)/2; B3 =2%ABS(SIN(PHIL));
BETAN:= ("IF" A>B "THEN" 1/A "ELSE" 1/B) /A;
HSTAB1=ABS(BETAN/SIGMAL);
"IFM HSTABCW=14%T "THEN" "GOTO" ENDOFEFT;
"IF® H>HSTAB "THEN" H:=HSTAB

"END;

HCR? =H2*H2 /H1;

NIEW KL>2 "AND™ ABS(H=HCR) <"=6*HCR NTHEN®

Him"IF" HCHCR "THEN" HCR¥(1="=7) WELSE" HCR*(14"=7);

RIFM T+H>TE MTHENW

"BEGIN" LASTt=MTRUE"; HSTART:sH; H:sTE=T "END";

HO:=H1;H1:mH2; H2 t = H;

"END";

WPROCEDURE" DIFFERENCE SCHEME;
WBEGIN®™ HI:=l; SIGMAL:=SIGMA; PHIL:=PHI;
STEPSIZE;
COCFFICIENT;
"FOQRY I:tm],2,3 ™DO™
"BEGINM HIssHI*H;
WIF® I>1 "THEN® DERIVATIVE(ILC);
LUCAL ERRORCANSTRUCTION(I);
ELMVEC(MO»Ms0,UsCoBETALI]*HI)
" EN D" ;
T23=T; Ki=K+l;
NIF" LAST WTHEN®
MBZGIN® LAST:="FALSE"; T:=TE; START:="TRUE"™
"END" "ELSE" Tit=T4H;
DUPVEC(MOs»Ms0sChrU);
DERIVATIVE(1,C);
LOCALERRORCONS TRUCTION(4) 5
OQUTPUT; /
REND™;

START:="TRUEM; LAST:="FALSE";
DUPVEC(MUsMs05CsU) 3
DERIVATIVE(1,C)s
WIF" K=Q "THEN"
"BEGIN" LOCAL ERROR BOUND; HSTART:=ETA/NORMFUNCTION(NORM,C)
REND™;
NEXT LEVEL:
DIFFZRENCE SCHEME;
WIF® T*sTE "THEN" "6JT0" NEXT LEVEL;
ENDOFEFT:
WEND" EXPONENTIAL FITTED TAYLOR;
"EDP"
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SECTION 5e2elele2el CONTAINS FOUR PROCEDURES FOR INITIAL VALUE PROBLEMS
FOR SECONMD ORDER ORDINARY DIFFERENTIAL EQUATICONSe.

As RK2 SOLVES AN IVP FOR A SINGLE SECOND ORDER ODE BY MEANS OF A
S5«=TH ORDER RUNGE=KUTTA METHOD.

Be RK2N SOLVES AN IVP FOR A SYSTEM OF SECOND ORDER ODE®S BY MEANS
OF A 5=TH ORDER RUNGE=KUTTA METHOD

Ce RK3 SOLVES AN IVP FOR A SINGLE SECOND ORDER ODE WITHOUT FIRST
DERIVATIVE. RK3 IS BASED ON A 5=TH ORDER RUNGE=KUTTA METHOD.

De RK3N SOLVES AN IJVP FOR A SYSTEM OF SECOND ORDER ODE®S WITHOUT
FIRST DERIVATIVEe RK3N IS BASED ON A 5«TH ORDER RUNGE=KUTTA METHOD.
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PROCEDURE : RK2e

AUTHOR?S JoAoZONNEVELDs
CONTRIBUTORS: MeBAKKZR AND IoBRINKs
INSTITUTE: MATHEMATICAL CENTRE.
RECEIVED: 730715

BRIEF DESCRIPTION:

RK2 INTZGRATES THE SCALAR INITIAL VALUE PROBLEM

PAGE 1

(D/DX) (D/DX) Y = F(Xs Ys (D/DX)Y)» A<= X =B OR B <= X <= 4A;

Y(A) AND (D/DX) Y(A) PRESCRIBED,

KEYWORDS:

INITIAL VALUE PROBLEM,
SECOND ORDER DIFFERENTIAL EQUATINN.
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CALLING SENUENCE:

THE HEADING DOF THE PROCEDURE READS:

UPROCEDURE® RK2(Xs» A» By Y» YAy 7, ZAs FXYIs Es Ds FI);
BYALUE"™ By FI; "REAL"™ Xs» Ay Ys» YAs Z» ZA» FXYZ3
WBOOLEAN® FI; ™ARRAY"™ £, D;

wCODEM 33012;

THE MEANING OF THE FORMAL PARAMETERS ISt
Xt <VARIABLED;
THE INDEPENDENT VARIABLE;
Az <ARITHMETIC EXPRESSION>;
THE INITIAL VALUE OF X;
B <ARITHMETIC EXPRESSIOND>;
THZ END VALUE OF X» (B <= A IS ALLOWED);
Y: <VARTABLED>;
THE DEPENDENT VARIABLE;
EXIT t THE VALUE OF Y(X) AT X = B;
YA: <ARITHMETIC £XPRESSION>;
' ENTRY : THE INITIAL VALUE OF Y AT X = A,
Zt <VARIABLE>;
THE DERIVATIVE DY / DX;
EXIT 3 THE VALUE OF Z(X) AT X = B;
ZA: <ARITHMETIC EXPRESSIOND;
ENTRY ¢ THE INITIAL VALUE OF (D/DX) Y AT X = Aj;
FXYZ: <ARITHMETIC EXPRESSION>;
THE RIGHT HAND SIDE OF THE DIFFERENTIAL EQUATION;
FXYZ DEPENDS DN X» Y» Z» GIVING THE VALUE OF (D7DX) (D/DX) Y35
Es <ARRAY IDENTIFIERD>;
WARRAY" E[1 : 4];
€011 AND EL3]1 ARE USED AS RELATIVE » EL2] AND E[4] ARE USED
AS ABSOLUTE TOLERANCES FOR Y AND DY / DXs RESPECTIVELY;
D+ <ARRAY IDENTIFIERD>;
"ARRAY"™ D[1 = 513

EXIT:
ENTIER(DL1] + o5) = THE NUMBER OF STEPS SKIPPED,
DL 2] = THE LAST STEP LENGTH USED,
DL31 = Bs
D41 = Y{(B)»s
DL 5] = {D/DX) Ys FOR X = B3

FI: <BOOLEAN EXPRESSION>;
IF FI = "TRUE" THEN THE INTEGRATION STARTS AT X=A WITH A TRIAL
STEP B = A ; IF FI = MFALSE® THEN THE INTEGRATION IS CONTINUED
WITHsAS INITIAL CUNDITIONS, X = D[31s Y = D{41p Z = DI[51s AND
As YA AND ZA ARE IGNORED.

PROCEDURES USEDs NONE,
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METHUD AND PERFORMANCE :
THE PROCEDURE, WHICH IS PROVIDED WITH STEPLENGTH AND ERROR CONTROL,
IS BASED ON A 5=TH ORDER RUNGE~KUTTA METHOD.
A COMPLETE DESCRIPTION IS GIVEN IN [11.

REFERENCES:

[1le JeA+ZONNEVELDe
AUTOMATIC NUMERICAL INTEGRATION.
MATHe CENTRE TRACT 8 (1970)s

EXAMPLE OF USE:!
THE VAN DER POL EQUATION

(D/DXY. (D/DX) Y = 10%(1l=Y*%2)%(DY/DX) = Y5 X >= 05
Y= 2, DY/DX = 0 » X=0

‘CAN BE INTEGRATED BY THE PROCEDURE RK2; AT THE POINTS
X ® 9432386578, 18486305405, 28640224162s 37094142918
THE DERIVATIVE DY /7 DX VANISHES; THE PROGRAM WHICH SOLVES THE VAN
DER POL EQUATION READS AS FOLLOWS (WITH E[I] = "=8, I = lye0es4):

WBEGIN®" "COMMENT" VAN DER POL;
WPROCEDURE™ RK2( XsAsBsYsYAyZoZAsFXYZsEsDpFI); "CODE™ 33012;
NREAL™ X»Y»sZsB; "BOOLEAN™ FI; ®“ARRAY™ E[1:41,D[1:51;
E[11:=E[2]s=E[3]:=E[4]2s"w=8;
RFOR® B1=9, 32386578518686305405528.40224162,37,94142918 ®DO%
YBEGIN® FI:=s B<1l0O;
RK2(X90sBsY525Z50910%(1enY%%2 )kZ=YEsDsFI);
OUTPUT(61, " ("/ /108" ("X=")"2D,10D,10B®("Y=")®42D,10D »
10BN(WDY/DX a® )04 5DN2DN) ", XsYs2)

"ENDY

"EN D"

RESULTS®
X=09, 32386578 00 Y==02,0142853609 DY/DX=+,00000"00
X=1848630540500 Y=+02,0142853609 DY/ DX ==y 00001%00
X 284022416200 Y==02,0142853609 DY/DX=+,00001"00
X=37,9414291800 Y=+02,0142853608 DY/ DX==,00002%00
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SOURCE TEXT(S):

wCaDFY 33Q.2
"PROCEDURE™ RK2(X» Ay Bs Ys YAy 25 ZAy FXYZs E» D» FI);
UWVALUCY By FI3 “RECAL®" X» As By Ys YAs Z» ZAs FXYZ; "BOOLFEAN" FI;
"ARRAY® 3, Dj;
"BEGIN" "REAL" LCl, [2, E£3» £4» XLs YLs» ZLs» Hs INT» HMIN» HL»
ABSHy KOs Kls K2s K3, K4y K5, DISCRY, DISCRZ, TOLYS
TOLZ, MU, MUl, FHY, FHZ;
"BOJLEAN" LAST, FIRST, REJECT;
WIEN FT WTHENM
"BEGIN® D[3]s= A; D[4)t= YA; D[5]1t= ZA "END®;
DC1):= 03 XL:= D[3]; YL:= D{(4]; ZL:= D[5];
WIF" FT YTHEN®" D[2):= B ~ D[3]; ABSH:= H:= ABS(D[21);
WIFM B = XL ¢ 0O PTHFEN® Ht= « H; INTt= ABS(B = XL);
HMINs= INT * C[1] + E(2); HL:= INT * F[3] + E£[4];
nIFw Yl ¢ 4MIN "THEN"™ HMIN:= HL; El:s E[1] / INT;
E2:= Z[2) /7 INT; [£33e £[3] 7 INT; E4s= E04] / INT;
FIRSTs= NTRUC®"; WIF® FI "THEN"
nREGINY LAST:= nTRUEM; nGOTO"™ STEP "ENDM;
TeSTe ABSH:= ABS(H)3; "IF" ABSH < HMIN "THEN"
NBEGINY Hit= RNIF™ | > 0 WTHEN™ HMIN ®ELSE® —~ HMIN; ABSHsz= HMIN
WENDM ;
NIFN { >m B w XL "EQUIV® H >= Q0 "THEN®
"BEGIN" D[2)3= H; LAST:= "TRUL"; Hi= B = XL;
ABSHt= ABS(H)
" ENDY
WELSEY LAST:m NEALSER;
STEP: X:= XLj; Yt= YL; Z3t= ZL; KOt= FXYZ * H;

Xt= XL + H / 4¢5;

Yt= YL + (ZL * 18 + KO * 2) / 81 * H;

Zi= ZL + KO 7 465 ;3 Kl3= FXYZ * H; X:= XL + H / 3;

Yi= YL + (7L * 6 + KO) / 18 * H;

Z3=s ZL + (KO + K1 * 3) / 12; K2t= FXYZ * H;

Xim XL + H * o5;

Y:= YL + (ZL * 8 + KO + K2) / 16 * H;

Zt= ZL + (KO + K2 * 3) / 83 K3i= FXYZ * H;

Xis XL + H * o33

Y:m YL + (ZL * 100 + KQ * 12 + K3 * 28) / 125 * H; WCOMMENT"
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?

Ztm 2L + (KO * 53 « K1 % 135 + K2 * 126 + K3 * 56)
/ 1255 K4tm FXYZ % H; Xie "IF® | AST "THEN® B WELSE™ XL + H;
Yem YL + (ZL % 336 + KO * 21 + K2 * 92 + K& * 55) /
336 * H;
Zim ZL + (KO * 133 = K1 #* 378 + K2 #* 276 + K3 #* 112
+ K4 * 25) / 168; K5:= FXYZ * Y;
DISCRY:= ABS(( = KOG * 21 + K2 * 108 = K3 % 112 + K4
*x 25) / 56 * Y)3;
DISCRZt= ABS(KD #* 21 = K2 * 162 + K3 * 224 = K4 *
125 + K5 * 42) / 14;
TOLY:= ABSH % (ABS(TL) * E1 + E2);
TOLZt= ABS(KO) * £3 + ABSH * E4;
REJECTt= DISCRY > TOLY “JR®™ DISCRZ > TOLZ;
FHY 3= DISCRY / TOLY; FHZ:= DISCRZ / TOLZ;
NIFY FHZ > FHY "THEN" FHY:= FHZ;
MUt= 1 /7 (1 + FHY) + o45; MIF® REJECT WTHEN®
WBEGIN® "IF® ABSH <= HMIN "THEN" ’
"BEGIN® D[1]:e DL1] + 15 Y= YL; Z3s ZL;
FIRSTt= "TRUE"; "GOTO"™ NEXT
REND®;
tm MU * H; ®wGOTO" TEST
[1] END" ;
WIFM FIRST WTHEN®
WBEGIN® FIRSTs= WFALSE®; HL:= H; H:= MU % H; "GOTO" ACC
" INDM ;
FHYt= MU #* H / HL + MU = MUl; HLS$= H; Hts FHY * H;
ACCs MUl:= MU;
Yim YL + (ZL % 56 + KO * 7 + K2 * 36 = K4 * 15) /7 56
* HL;
Zt= ZL + ( = KO * 63 + K1 * 189 = K2 * 36 = K3 * 112
+ K4 # 50) / 283 KS1ms FXYZ * HL;
Yim YL ¢ (ZL #* 336 + KO % 35 + K2 * 108 + K4 * 25)

/ 336 * HL;
Zt= ZL + (KO * 35 + K2 * 162 + K4 * 125 + K5 * 14)
/ 336;

NEXT: WIF" B “a X WTHEN®
"BEGIN® XLt= X; YLis Y; ZLt= Z; "GOTO® TEST “ENDW;
WIF" WNOTWLAST WTHEN® D[21t= H; D[3)1= X; D[4Jts Y; D[5]zs= 2
WEND" RK2;
nEQPN
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PROCEDURE &t RK2Ns
AUTHOR: Js Ao ZONNEVELD

CONTRIBUTORSt Me BAKKER AND I oBRINK,
INSTITUTE ¢ MATHEMATICAL CENTRE.
RECEIVEDt 730715,

BRIEF DESCRIPTION:

RK2N INTEGRATES THE VECTOR INITIAL VALUE PROBLEM

PAGE 1

(D/DX) (D/DX) Y = F(Xs Yy (D/DX) YY)y A<= X <= B CR B €= X <= A,

YLJ1 (A) AND (D/DX) YLJ] (A) PRESCRIBED FOR J=lyeeeeNe

KEYWORDS 3

INITIAL VALUE PRUBLEM,
SECOND ORDER DIFFERENTIAL EQUATION.
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CALLING SEQUENCE:

THE HEADING OF THE PROCEDURE READSS

WPROCEDURE™ RK2N(XsAsBs Yo YArZsZAsFXY2JpJsEsDsFIsN);
NVALUZ"Y By FIoN;

"INTEGER" JsN3;

RREAL™ X»sAsBsFXYZJ;

"BOOLEAN" FI;

"ARRAY'" YsYAsZ752ZAsE»D;

®WCODE™ 33013;

THE MEANING OF THE FORMAL PARAMETERS IS:
X <VARIABLED>;
THE INDEPENDENT VARIABLE,
UPON COMPLETIIN OF A CALL OF RK2N»
IT IS EQUAL TO B;
Az <ARITHMETIC EXPRESSIOND;
THE STARTING VALUE OF X3
Bs <ARITHMETIC E£EXPRESSIOND>;
A VALUE PARAMETER,GIVING THE END VALUE OF X;
Y: <ARRAY IDENTIFIERD;
WARRAY® Y[1:N1;
THE VECTOR OF DEPENDENT VARIABLES;
SXIT: THE VALUE OF Y[J] (B)y (J = 15 ee sN);
YA: <ARRAY IDENTIFIERD;
WARRAY® YAL1:N1;
EMTRY 2 THE STARTING VALUES OF Y[JlsIeEse THE VALUES AT X=A;
YA] <ARRAY IDENTIFIERD>;
"ARRAY" Z[13N13
THE FIRST DERIVATIVES OF THE DEPEMDENT VARIABLES;
EXIT ¢ THE VALUE OF (D/DX)Y[JI(B) (J = 15 ee »N)3
LA: <ARRAY 1DENTIFIER>;
MARRAY® ZA[L13NI;
ENTRY @ THE STARTING VALUES OF 7[0J1sIeEe THE VALUES AT Xs=A;
FXYZJs<ARITHMETIC EXPRESSIOND;
AN EXPRESSION DEPENDING ON X»JsYL[J1sZ2[J] (J=1lseeesN)>»
GIVING THE VALUE OF (D/DX)(D/DX)YLJI1;
J: <VARIABLE>;
A VARIABLE OF TYPE INTEGER,USED IN THE ACTUAL PARAMETER
CORRESPOIIDING TO FXYZJ»TO DENOTE THE NUMBER OF THE
EQUATION RCQUIRED (JENSEN®S DEVICE);
E: <ARRAY IDENTIFIERD>;
"ARRAY"™ E[134%N1;
THE ELEMENT E[2%*J=1] IS A RELATIVE AND E[2%J] IS AN ABSOLUTE
TOLERANCE ASSOCIATED WITH Y[JI1;
E[2%(N+J)=11 IS A RELATIVE AND E[2*(N+J)] IS AN ABSOLUTE
TOLERANCZ ASSOCIATED WITH Z[J1;
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Dt <ARRAY IDENTIFIERD>;
"ARRAY" D[132%N+3];
EXIT:
ENTTIER(D[11+¢5) IS THE NUMBER OF STEPS SKIPPED;
DL2] IS THE LAST STEP LENGTH USED;
DL 3] IS %QUAL 70 B;
D[4)s 0eesDIN+3] ARE EQUAL TO Y[1lseeesYIN] FOR X=B,
DIN+4)506es DL 2%N+3] ARE EQUAL TO THE DERIVATIVES
Z2l11se0es ZIN] FOR XeB;

FI: <BOOLEAN EXPRESSION>;
IF FI="TRUC® THEN THE INTEGRATION STARTS AT A,WITH A TRIAL
STEP B=A; IF FI=«®FALSE®™ THEN THE INTEGRATION IS CONTINUED
ViZe WITH INITIAL CONDITIONS:X=D[31,Y[J1=eD(J+3]52Z[J]=
DIN+3+3] AND STEP LENGTH H=D[2]%xSIGN(B=D[31)s AND
As YAy ZA ARE IGNORED;

Me <ARITHMETIC EXPRESSIOND>;
THE NUMBER OF EQUATIONS.

PROCEDURES USED: NONE,

REQUIRED CENTRAL MEMORY:
EIGHT ARRAYS OF ORDER N AND ONE OF ORDER 4 * N ARE USEDe

METHOD AND PERFORMANCE :
RK2N INTEGRATES (D/DX)(D/DX)Y = F(XsY»Z) FROM X TO Bs WITHs EITHER
(IF FI = WTRUEM™) X=A, Y[JI=YA[J], Z[J1=ZA[J1s OR (IF FI=WFALSEW)
X = D{31, Y[JI=D[J+3]s ZLJI=DIN+J+31s J=lseeesNs USING A 5«TH ORDER
RUNGE=KUTTA METHOD,
UPON COMPLETION OF A CALL OF RK2N WE HAVE: X=D[31=B, Y(J1=D[J+3]
THE VALUE OF THE DEPENDENT VARIABLES FOR X=B8, Z{J1=DIN+J+31, THE
VALUE OF THE DERIVATIVES OF Y[J] AT XsBy JImlyesesNe
RKZN USES AS ITS MINIMAL ABSOLUTE STEP LENGTH
HMIN=MIN (E[2%J=11%INT+EL[2 *J]) WITH 1<=J<=2%N AND INT=
ABS(B=("IF¥ FI "THEN™ A "ELSE" D[31])),
IF A STEP OF LENGTH ABS(H)<=sHMIN IS REJECTED» A STEP SIGN(H)*HMIN
IS SKIPPEDe A STEP IS REJECTED IF THE ABSOLUTE VALUE OF THE
COMPUTED DISCRETIZATION ERROR IS GREATER THAN
( ABS(ZLJ]) * G2 * J = 11 + E[2 * J1 ) * ABS(H) / INT
OR IF THAT TERM IS GREATER THEN (ABS(FXYZJ)*#E[2%(J+N)=1
+E[2% (J+N)J)ABS(H) /INT, FOR ANY VALUE OF J »1<=3<=N (INT=ABS(B=A)).
SEE REF[11,
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EXAMPLE OF USE:

(DECEMBER

1975) PAGE &

THE SECOND ORDER (VECTOR) DIFFERENTIAL EQUATION

(D/DX) (D/DX)Y[1] = =5%(Y[1] + (D/DX)YL21) + Y[21,

(D/DX)(D/DX)Y[2] = «=5%(Y[2] + (D/DX)Y[11) + Y[1l, X>=0»

Y[(11 = (D/DX)Y[2] = 1, Y[2] = (D/DX)Y[1] = G, X=O

WITH ANALYTIC SOLUTION

YL1] = =g XP (X )k (EXP(aoX) *(EXP(mX)*(EXP (=X)/345)=1)=5/6)>
Y[2] = wpXP(wX) ¥( EXP(=X) #( EXP (=X )k (EXP(=X)/3=e 5) +1)=5/6)

CAN BE INTEGRATED BY RK2N FROM 0 TO 5 WITH

1525354 AS REFERENCE

POINTSe THE PROGRAM READS AS FOLLOWS:

"BEGIN" "REALY™ B, X, EXPX; WINTEGER™ K; "BOOLEAN®™ FI;
WARRAY" Yy YA»ZsZAL02215E01281,D00271;
PPROCEDURE™ RK2N(XsAsBs Yo YAsZsZAsFXYZJIsJsEsD»FIsN); "CODEP33013

" FORY

K:mls2535455565758 "DO"

E[(K]:a"=?;

YAL1l:=ZA[2]:wl; YA[2]:=ZA(1)2=0; B:=1l; AA: Fl:mBm=]lj;
RK2N(Xs0sBoYsYAr ZoZAs=5%(YIKI+7[KI )+ (WIFMKa1RTHENNY[ 2]1REL SE®

YCi1)sKsEpDsFIp2);
NCOMMENT® COMPUTATION
EXP XsmEXP (=X);

OF THE EXACT VALUES OF Y AND DY/DX;

YALL113mmEXPXK(EXPX*(EXP X* (EXPX/3+65)=1)=5/6)3
YAL2J3mumEXP Xk ( EXP Xk (EXPX*(EXPX/3=e 5)+1)=5/6);
ZALL]:m+EXP Xk (EXPX*( EXPX*( EXPX/oT5+105)=2)=5/6);
ZAL2Ttm+EXPX*(EXPX*(EXPX* (EXPX/o 7T5=105)42)=5/6)3

OUTPUT(HL, R(M/20BR(¥X=R)ND 4D/,

1O0B™("Y[1]=YEXACT[1]=")"+o14D »10B"("Y[2]1=YEXACT[2]=")"4,14D4/>
108" (MZL1]~ZEXACTL1I=")"4+414D ,10B"("Z[2])=ZEXACTI 212" )" +414D
5/M) %, Xs Y[11-=YAT1]»Y[2]=YA[2152(1]1=~ZAC1]52[21~ZA[21]);

BsmB+l; "IFM BKS M"THEN" "GO TO" AA

nEND™
RESULTS:

X= 1, 0000
Y{11=YEXACTI11=+,00000000002955
ZL11=ZEXACTL11=~,00000000013770

X=2 0000
Y[11=YEXACTL 1] == 00000L000085294
Z[11=ZEXACTL 11 =+,00000000378800

X=3 ,0000
Y[11=YEXACT[1]=+,00000000162707
ZL11=ZEXACTL11=+,00000000803265

X=4o 0U00
Y{L]=YEXACT[11m=,00000000117993
ZU11=ZEXACTL11=+600000000633393

Y[21=YEXACT[21=+,0000000000567
Z[2]=ZEXACTI2]18=,0000000002422

Y[21=YEXACT[2]1=+,0000000001486
ZL2]1=ZEXACTI2 ==, 0000000006509

Y[2]1=YEXACT[2]==,0000000004796
Zl21=ZEXACTI2]=+,0000000019380

Y[ 2)=YEXACT[2] ==y 0000000008505
Il2]1=ZEXACT[21=+,0000000039114



SECTINN ¢ 5¢2elele2eleB (AUGUST 1974) PAGE 5

SOURCE TEXT(S)?

wCODE"® 33013 ;
"PROCEDURE"™ RK2N(X» Ay Bs Yo YAy, Zs» ZA» FXYZds» J» Es» D»
FIs N); WVALUE®™ B, FI, N; ®INTEGERM™ J, N; “REAL® X, As Bs FXYZJ3
"BOOLEAN" FI; ™ARRAY™ Y, YAy, I, ZAs E» D3
"BEGIN® nINTEGER® JJ;
WREAL"™ XLs Hy INT, HMIN, HL», ABSH, FHM» DISCRY, DISCRZ,
TOLY, TOLZ, MU, MUl, FHYs FHI;
"BOOLEAN" LAST, FIRSTs» REJECT;
WARRAY" YL, ZLs KO» Klp K2, K3, K&y KS5[1:Nly EE[1:4 %
N1;
WIF® FI “THEN"
"BEGIN® D[31:= A;
"EOR" JJi:s 1 "STEP™ 1 "UNTIL™ N "DQ"
WBEGIN® D[JJ + 312= YA[JJ]; DIN + JJ + 312= ZACLJJ]
NEND®
nENDM;
DL{1l:= 0; XL:e D[31];
REDR® JJt= 1 WSTEP® 1 ®UNTIL®™ N #pQ®™
"BEGIMN® YL[JJIs= DLJJ + 315 ZLLJJI:=s DIN + JJ + 3] MEND®;
WIFW FI WTHENY D[21:=s B = D[3); ABSH:= H:s ABS(D[2]);
"IF® B = XL € 0 "THEN"™ H$= = H; INTt= ABS(B = XL);
HMINt= INT * E[C1] + E[L2]1;
WEFOR™ JJ:= 2 NSTEP® 1 ®UNTIL™ 2 * N wpQ®
"BEGIN"™ HL:= INT % E[2 * JJ = 11 + E€[2 * JJ1;
PIF® HL < HMIN PTHEN® HMIN:= HL
NWENDY; .
WEOR™ JJim 1 WSTEPY 1 WYNTIL® 4 * N #pnw EE[JJ1e= ELJJI] / INT;
FIRSTs= "TRULY; "IF" FI "THEN"
RBEGIN® LASTse RWTRUE®; »GOTQO" STEP MEND®;
TEST: ABSH:= ABS(H); ®IF® ABSH < HMIN mTHEN®
WBEGIN®™ Hetm "IF™ H > 0 "THEN" HMIN "ELSE"™ = HMIN;
ABSHts ABS(H)
nENDY;
WIF® H >= B = XL "EQUIV® H >= O "THEN®
"BEGIN" D[2]:= H; LAST:s "TRUE"; Ht=s B = XL;
ABSHt= ABS(HY)
nEND®
WELSE™ LAST:= “FALSEv;
STEPt Xt= XL;
®FQRY JJt= 1 “STEP® 1 ®UNTIL®™ N ®DQ"®
#BEGIN® Y[JJlze YLLJJY; Z(JJ1s= ZLLJJ] WEND™;
UEARM J:m 1 "STEP™ 1 "UNTIL® N "DO" KOLJ1se FXYZJ * H;3
X3= XL + H / 4653
NEOQRH JJim ] MSTEPR 1 WUNTIL® N wDO®
WBEGIN® Y[JJls= YLLJJ] + (ZLLJJ] * 18 + KOL JJ1 * 2) /
B8l * H; ZLJJ1t= ZLLJJ] + KOLJJ] / 4453
WEND®; WCOMMENT®
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WEORY J:a= 1 U"STEP™ 1 MUNTIL™ N "DO® K1[Jl:s FXYZJ * H;
X:e XL + 4 / 33
BEOR® JJ= 1 MSTEP® 1 WUNTIL® N ®DQ®
WBEGIN® Y[ JJlt= YLLJJ] + (ZLLJJ] * 6 + KOLJJ1) / 18 * H;
Z0JJ1:= ZLLJJD + (KOLJJ] + KI[JJD * 3) /7 12
"EN D" ;
WEAQRM Jr= ] BSTEP® 1 MUNTIL® N "DO® K2[J1t= FXYZJ * H;
tm XL o+ H ¥ 453
WFORM JJt= 1 ®STEP®™ 1 M"UNTIL" N "Dg©
PBEGIN® Y[JJIt= YLLJJ] + (ZLLJJT * 8 + KOLJJIT + K2[IJ1)
/ 16 * H;
Z[JJ13= ZLLJJT + (KOLJJ] + K2[JJ] * 3) / 8
"EM D";
WEOR® Jt= 1 ®STEP® 1 ®UNTIL® N ®DO® K3[J1t= FXYZJ % H;
Xim XL + H % o83
WEQR" JJ:m 1 NSTEP™ 1 ®UNTIL® N "DQ®
WBEGIN" YL JJ1t= YLLJJT + (ZLLJJ] * 100 + KOCJJIT * 12 +
K3[JJ1 * 28) / 125 * H;
Z0JJ 1= ZLLJJ] + (KOLJJ] * 53 = K1[JJ] * 135 +
K2LJ3J1 * 126 + K3[JJI # 56) / 125
" END ";
BEORM Jte ] MSTEP® 1 ®UNTIL"™ N "DO™ K4[J1i= FXYZJ * H;
Xzm WIF® | AST WTHEN® B ®“ELSE™ XL + H;
"FQORY™ JJsi= 1 MSTEP™ 1 "UNTIL™ N "DO"
WBEGIN® Y[JJls= YLLJJT + (ZLCJJT * 336 + KOLJJT * 21 +
K2l Jd1 * 92 + K4l JJ1 * 55) / 336 * H;
ZLJJ1:= ZLLJJID + (KOLJJ] * 133 = K1i[JJ] * 378 +
K2[JJT * 276 + K3[JJ1 * 112 + K4[JJ] * 25) / 168
WEMDW;
WEQRM J:= 1 ®STEP® 1 WUNTIL"™ N »DQO" K5[J1:e FXYZJ * H;
REJECT:= “FALSE"™; FHM:= Q;
WFQR® JJs= 1 ®STEPM™ 1 WUNTIL® N ™DQOW
WBEGIN" DISCRYt= ABS(( = KO[JJ] * 21 + K2[JJ] * 108 =
K3LJJ1 * 112 + K4[JJ1 * 25) / 56 * H);
DISCRZ3= ABS(KO[JJI * 21 = K2[JJT * 162 + K3[JJ]
* 224 = Ke[JJT #* 125 + KS[JJI] #* 42) / 14;
TOLY:= ABSH * (ABS(ZLLJJI) * EE[2 * JJ = 1] +
EEl2 * JJD);
TOLZ:= ABS(KOCJJI) * EE[2 * (JJ + N) = 11 + ABSH
* EEL2 * (JJ + N)I;
REJECT:= DISCRY > TOLY "OR® DISCRZ > TOLZ "OR™ REJECT;
FHY := DISCRY / TOLY; FHZ2:= DISCRZ / TOLZ;
NIF® FHZI > FHY WTHEN® FHYs$= FHZ;
WIF" FHY > FHM MTHEN" FHM:= FHY
WEND™; WCOMMENT®
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MUte 1 /7 (1 + FHM) + o45; "IF"™ REJECT "THEN"
WBEGIN® #IF% ABSH <= HMIN PTHEN®
"REGIN® D[1ll== D[1] + 1;
WFORM JJi= 1 WSTEPH 1 "UNTIL"™ N "DO"
UBEGIN" Y[JJIs= YLLJJ]; ZLJJIet=s ZLLJJ] MEND®™;
FIRST = "TRUE"; "GOTO™ NEXT
wEND;
Hem MU * H; "GATO" TEST
WENDW 3
WIF® FIRST "THEN®
WBEGIN" FIRST:= “FALSE"; HL:e {4; H:s MU * H; wGOTO" ACC
wEND™;
FHMi= M!) % H /7 HL + MU = MU1l; HL3= H; Hi= FHM * H;
ACC: MUl:= MU;
WEQR" JJ:s 1 MSTEP® 1 “UNTIL"™ N "DO¥
WBEGIN® Y[JJYz= YLLJJI] + (ZLEJJ] * 56 + KOLJJI * 7 +
K2[L JJY * 35 = K4[JJ1 * 15) / 56 * HL;
Z0JdJd1:= ZLLJJ] + ( = KOLJJ] * 63 ¢ K1[JJ] * 189
= K2[JJT % 36 = K3[JJ] * 112 + K4[JJI * 50) / 28
REND™;
NEJRY Jsa )1 "STEP® 1 WUNTIL™ N "DO® K5[J1:= FXYZJ * HL;
WEORM™ JJim 1 WITEP™ 1 ®UNTIL®™ N *DQ®
NBEGIN® Y[JJIs= YLLJJT + (ZLLJJY * 336 + KOLJJI] * 35 +
K2LJJ1 % 108 + K4[JJ] * 25) 7 336 % HL;
20JJ1:= ZLLJJIY + (KOCJJ] * 35 + K2[JJ] * 162 +
KL JJ1 * 125 + K5[JJ]1 * 14) / 336
NENDY;
NEXT: mIF® B "= X ®WTHEN®
NBEGIN® XL:s X;
PEOR" JJ:= ] "STEPW 1 "UNTIL"™ N "DQY
RBEGIN® YLLJJ13= Y[ JJI5; ZLLJJI3= Z[JJ] RENDW;
nGJITO" TEST
wENDY;
WIFY UNOT"LAST "THEN" D[213= H; D[31t= X;
REOR® JJs= ] WSTEP® ] MUNTIL® N wDQO®
WBEGIN®™ DLJJ + 31¢= Y[JJI; DIN + JJ + 3]:= Z[JJ] mEND®
WEND™ RK2N;
wggpn
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VPRUCEDURE ¢t RK3
AUTHOR: Je Ao ZONNEVELD
CONTRIBUTORS: MeBAKKER AND I.BRINK,
INSTITUTE: MATHEMATICAL CENTRE.
RECEIVED: 730715,
BRIEF DESCRIPTION:
RK3 INTEGRATES THE SCALAR INITIAL VALUE PROBLEM

(D/DX) (D/DX) Y = F(X5Y) (WITHOUT THE DERIVATIVE (D/DX) Y IN F)y
A= X <= B OR B <K= X <= Ay Y(A) AND (D/DX) Y(A) PRESCRIBED.

KEYWORD St

INITIAL VALUE PRUBLEM,
SECOND ORDER DIFFERENTIAL EQUATION.
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CALLING SEQUENCE:

THE HCADING OF THE PROCEDURE READS:
" WPRIOCEDURE™ RK3 (XsApBsYsYArZsZAsFXYsEsDpFI); "CODE™ 33014;
"YALUEY B»FI;
UREALM™ XpAsBsYs YA Zs ZASF XY
®BIJIJLEAN® FI;
WARRAY™ E5D;

THE MZANIMNG OF THE FORMAL PARAMESTERS ISt

X3

ZA:

FXY:

Ft

<VARIABLE>;

THE INDePENDENT VARIABLEs

UPON COMPLETION OF A CALL OF RK3 »

IT IS EQUAL TO B3

<ARITHMETIC EXPRESSION>;

THE STARTING VALUE OF X3

<ARITHMETIC EXPRESSIOND;

A VALUE PARAMETER, GIVING THE END VALUE OF X;
B <= A IS ALLOWED;

<YARTABLE>;

THE DEPEMDINT VARIABLE;

SXIT ¢ THE VALUE OF Y(X) AT X = B;
<ARITHMETIC EXPRESSIOND;

CHTRY : THE VALUE OF Y AT Xs=Aj;

<VARIABLED;

THE DURIVATIVE DY/DXs3

SXIT ¢ THE VALUE OF DY/DX AT X = B;
CARITHMETIC EXPRESSION>;

UNTRY ¢ THC VALUE OF DY/DX AT X=A;
<ARITHMETIC EXPRESSIOND;

AN EXPRESSION,DEPENDING ON X AND Y »GIVING THE VALUE OF
(D7DX)(D/DX)Y;
<ARRAY IDENTIFIERD>;

"ARRAY" E[1:41;

2011 AND E[31 ARE USED AS RELATIVE TOLERANCES,
£L21 AND F[41 ARE USED AS ABSOLUTE TOLERANCES
FOR Y AND DY/DX» RESPECTIVELY;

<ARRAY IDENTIFIERD>;

WARRAY™ DL13513

EXITe

EMTIER(DL13+4.5) IS THE NUMBER OF STEPS SKIPPED;
DC2] IS THC LAST STEP LENGTH USED;

DIL31 IS EQUAL TO B;

D[4 IS EQUAL TO YI(B);

DI51 IS EQUAL TOD DY/DX FOR X=B;

{BOOLEAN EXPRESSION>;

IF FI="TRUE™ THEN THE INTEGRATION STARTS AT X=A WITH A TRIAL

STEP B=A3;IF FI=®FALSE™ THEN THE INTEGRATION IS CONTINUED

VI7e WITH THE INITIAL CONDITIONS X=D[31y Y=D[(41s Z=D[5] AND

STEP LENGTH MHeDI[21*SIGN(B=DI[31); As»YA,ZA ARE IGNORED.

2
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PROCEDURES USED 3 NONEe.

METHOD AND PERFORMANCE @
RK3 INTCGRATES (D/DX)(D/DX)Y = F(X,Y) FROM X TO BsWITH IF FI=NTRUEW®
THEN X=A, Y=sYA,DY/DX=ZA ELSE X=D[3], Y=D[41, Z=D[51,
A 5=TH ORDER RUNGE=KUTTA METHOD IS USED.
UPOM COMPLETIOM OF A CALL OF RK3 WE HAVE X=D[31=B, YsD[4]=Y[BIs
Z=D[5]s IeEe THE VALUE OF DY/DX FOR X=B,
RK3 USES AS ITS MINIMAL ABSOLUTE STEP LENGTH
HMIN=MIN (E[2%J=l]1*INT+E[2%J]) WITH 1<=J<=2 AND INT=
ABS (B=(MIF® FT WTHEN® A WELSE® D[31])),
IF A STEP OF LENGTH ABS(H)<=HMIN IS REJECTED »A STEP SIGN(H)*HMIN
IS SKIPPEDe A STEP 1S REJECTED IFf THE ABSOLUTE VALUE OF THE LAST
TERM TAKEM INTO ACCOUNT IS GREATER THEN (ABS(DY/DX)*E[11+E[2])*
ABS (H) /INT OR IF THAT TERM IS GREATER THEN (ABS(FXY)*E[31+E[4]1)*
ABS(H)/INT ( INT = ABS(B = A) )
SEE REF[11e

REFERENCES?S
[11JeAe ZONNEVELD,
AUTOMATIC NUMZRICAL IMTEGRATION.
MATHEMATICAL CENTRE TRACT 8 (1970).

EXAMPLE OF USE:

WBEGIN™ “COMMENT" SOLUTION OF YnaX*Y,Y(0)=0,Y'(0)=1;
"PROCEDURE"™ RK3(XsAsBsYsYAsZsZAsFXYsE»D»FI); WCODE™ 33014;

WREAL® "PROCEDURE®™ YEXACT(X);"™VALUE®™ X;"REAL" X;
WBEGIN" "INTEGER™ N;"REALY™ X3,S,TERM;
X31= Xx%3 ;TERME=X;S =05
RFEJR™ Ni=3p,N+3 MYHILE™ ABS(TERM)D>W=14 wDON
WBEGINY S:=mS+TERM;TERM:aTERMAX3/N/(N+1)
" END" H
YEXACT ¢ =5
WEND";

WREAL"™ XsBsY,Z3;"BOOLEAN" FI; "ARRAY" D,E[1:51];
EL11:=C(3]t=s"=B8;E[2]2=E[4]1eM=]1?2;
WEOR" Btem o255 o505 07551,00 nDOM
"BEGIN" FI:=B<e30;
RK3 (X»0sBsYs00sZ51sX*YsEsD»FI);
QUTPUT(61,R(P10BR (PY=YEXACT=R)R 10DN2D,5B" ("X=W)W7 2D,
GRM(MY=¥ )R2D0, 10D/ /M) My Y=YEXACT(X)5 XsY)
"END"
"END"
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DELIVERS:?

Y=YEXACT =0,0000000000 X= 425 Y=00,2503256420
Y=YEXAC T=06 0000000000 X= ¢50 Y=00,5052238559
Y=YEXACT=0,0000000000 X= 75 Y=00, 7766332813
Y=YEXACT =0 0000000000 X=1000 Y=01,0853396481

SOURCE TEXT(S):

nCNDE"® 33014 ;
"PROCEDURE" RK3(Xs As By Y» YAyp Zs ZA» FXY» E» D» FI);
WYALUE® By, FI; M™RTAL™ X, Ay By Ys» YAy Zs ZAs» FXY; MBOOLEAN® FI;
"ARRAY" %, D;
"B EGIN" YREAL"™ Ely, E2» £3s E4s XL» YL» ZLs» Hs INT» HMINs HL»
ABSH» KO» Kls K2» K3s Ké&s» K5, DISCRY» DISCRZs TOLYs
TOLZs MU, MUl, FHYs FHZ;
"BOOLLEANY LAST, FIRST, REJECT;
"I F" FI "THEN"
WBEGIN® D[313= A; D[4J3= YA; D[511= ZA WENDW;
DL1lt= 0; XL:= D[3]; YL:= DL4&4]; ZL:= D[51;
wIFW FI ®THEN® D[2]1:= B = D[3]; ABSH:= H:= ABS(D[21]1);
NIFW B = XL < O "THEN" Hts = H; INT2= ABS(B = XL);
HMINz2= INT * EC1] + E[2]1; HLs= INT #% E[3] + E[4];
WIFY HL < HMIN "THEN"™ HMIN:= HL; El:= E(11 / INT;
E2%s F[2] / INT; E3:= £[3) / INT; Eé4:= E[4] / INT;
FIRSTs= REJECT:= WTRUEW; WIF® FI MTHENR®
WBEGIN® LAST:= WTRUEn; nGNTO®" STEP WENDY;
TEST? ABSH:= ABS(H); #IF" ABSH < HMIN "THEN®
WBEGIN® Hse "IFW H > Q0 "THEN" HMIN ®ELSE® = HMIN; ABSHi= HMIN
REMNDP 3
NWIFH 4 >= B = XL "EQUIVY H >= 0 "THEN®
"BEGIN" D[2):= H; LAST:=s "TRUE"™; His B = XL;
ABSHi= ABS(H)
nEN DY
WELSEY LAST:=s “FALSEY; WCOMMENT®
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STEP: ®IFW REJECT WTHEN®
WBEGIN™ Xi= XL; Ys= YL; KOt= FXY * H BEND®
WELSE®™ KOtms K5 % H / HL; Xts XL + o276393202250021 #* H;
Yim YL + (ZL * 2763932022 50021 + KO *
¢038196601125011) * H; Kl:s FXY * H;
Xt= XL + 72360 6797749979 * H;
Yt YL + (ZL * o723606797749979 + K1 * ,26180
3398874989) * H4; K2ts FXY * H; Xss XL + H * ¢5;
Yis YL + (ZL * o5 + KO % 0046875 + K1 *
¢079824155839840 = K2 * ,001699155839840) * H;
K4étm FXY % H; X2=s ®IFW [ AST WTHEN" B WELSE" XL + H;
Yi= YL + (ZL + KO * o309016994374947 + K2 *
¢190983005625053) * H; K3s=s FXY * Hj
Yt= YL + (ZL + KO % ,083333333333333 + K1 *
¢301502832395825 + K2 * ,115163834270842) * H;
K5t= FXY * Hj
DISCRYs= ABS(( = KO * o5 + K1 * 1,809016994374947 +
K2 * ,690983005625053 < K& * 2) * H);
DISCRZ:= ABS((KO = K3) * 2 = (K1 + K2) % 10 + K& *
16 + K5 % 4); TOLYs:= ABSH * (ABS(ZL) * E1 + E2);
TOLZs= ABS(KO) * E3 + ABSH * E4;
REJECT:= DISCRY > TOLY “0OR"™ DISCRZ > TOLZ;
FHY:= DISCRY / TOLY; FHZz:= DISCRZ / TOLZ;
RIF® FHZ > FHY ®THEN® FHYt= FHZ;
MUsa 1 /7 (1 + FHY) + o453 WIF® REJECT ®THEN®
WBEGIN® "IF® ABSH <= HMIN "THEN"®
WBEGIN" D[1Jt= D[1] + 15 Ys= YL; Zt= ZL;
FIRST:= WTRUEW; ®GOTO® NEXT
wEND "3
Hi= MU #% H; "GOTO" TEST
WEND®;
wIFN FIRST "THEN®
WBEGIN® FIRST:= WFALSE®™; HLs= H; H:= MU * H; ©G0TO" ACC
" EM D" ;
FHYs= MU % H / HL + MU = MU1l; HL3= H; H3z= FHY % H;
ACC: MUl:= MU;
Z:= ZL + (KO + K3) * ,083333333333333 + (K1 + K2) *
2 416666666666667;
NEXTs ®IF® B %= X ATHEN®
WBEGIN™ XL:= X; YLi= Y; ZL:= Z; "GOTO® TEST "ENDY;
WIFR ONOTPLAST "THEN™ D[21:= H; D{313= X; D[41:= Y; D[5]2= Z
REND® RK3;
"EQP "
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PROCEDURE : RK3N.

AUTHOR:Je AeZONNEVELD
CONTRIBUTORSt M¢BAKKER AND I 4BRINK
INSTITUTESMATHEMATICAL CENTREs
RECEIVED: 730715,
BRIEF DESCRIPTION:
RK3N INTEGRATES THE VECTOR INITIAL VAL UE

PAGE

PROBLEM

(D/DX) (D/DX) Y = F(XsY)s» A <= X <= B OR B <= X <= A,
YCJ1 (A) AND (D/DX) Y[J1 (A) PRESCRIBED.

KEYWORDS:

INITIAL VALUF PROBLEM,
SECOND ORDfR DIFFERENTIAL EQUATION,

CALLING SEQUENCE:

THe HEADING OF THE PROCEDURE READS?

PPROCEDURE"™ RK3N(X»AsBsYsYArZyZApFXYJy JoE»DsFILN); "CODE® 33015;

"VALUE" B,FI,N;
"INTEGER" J,N;

RREAL™ X»AsBsFXYJ;
"BOOLEAN" FI;

WARRAY"™ Y,YAyZyZAsEyD;
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THE MEANING OF THE FORMAL PARAMETERS ISt

X3

As

ZA:

FXYJ3

Js

Ds

FI:

<VARIABLE >;

THE INDEPENDENT VARIABLE,

UPON COMPLETION OF A CALL OF RK3N»

IT IS EQUAL T9 B;

{ARITHMETIC EXPRESSIOND>;

THE STARTING VYALUE OF X;

CARITHMETIC EXPRESSIOND;

A VALUE PARAMETER,GIVING THE END VALUE OF X3

B €= A IS ALLJWED

<ARRAY IDENTIFIERD;

TARRAY"™ Y[1:N1;

THE VECTOR OF DEPENDFNT VARIABLES;

EXIT ¢ THE VALUE OF Y[JI(X) AT X = B;

<ARRAY IDENTIFIER>;

WARRAY™ YA[13H13

ENTRY ¢ THZ STARTING VALUES OF Y[JlsIeEe THE VALUES AT X=Aj;
<ARRAY IDENTIFIERD;

"ARRAY" T[1:N];

THE DERIVATIVIS OF THE DEPCNDENT VARIABLES, Z[J1 = DY(J1/DX;
EXIT 3 THE VALUE OF 7C0J1(X) AT X = B3

<ARRAY IDEMTIFIERD>;

MWARRAY™ ZA[L13M1;

CNTRY 2 THE STARTING VALUES OF ZCJlsIeEe THE VALUES AT X=Aj;
CARITHMETIC EXPRESSIOND>;

AN EXPRESSION DEPLNDING ON ¥sY[1lseoesYINI»Jy

GIVING THE VALUE OF (D/DX)(D/DX)Y[J]1;

<VARIABLE >;

A VARIABLE OF TYPE INTEGER,USZD IN THE ACTUAL PARAMETER
CURRESPONDING TN FXYJ,T7D DENOTE THE NUMBER OF THE EQUATION
REQUIRED (JENSEN'S DEVICE);

<ARRAY IDENTIFIERD>;

HARRAY"™ E[1:4%N1;

THE ELEMENT E[2#%J=11 IS A RELATIVE AND EC2%J1 IS AN ABSOLUTE
TOLERAMCE ASSICIATED WITH YLJI1;

Gl2%(N+J)=11 IS A RELATIVE AND E[2%(N+¢J)] IS AN ABSOLUTE
TOLERAMCE ASSOCIATED WITH Z[J1;

<ARRAY IDENTIFIERD;

"ARRAY™ D[1:2%N+3];

EXIT:

ENTTER(D[11+.%) IS THE NUMBER OF STEPS SKIPPLD;

DC21 IS THE LAST STEP LENGTH USED;

DL 37 IS EQUAL TO B;

Dl41s000sDIN+3] ARE EQUAL TO Y[1lseeesYIN] FOR X=B;
DIM+4]5600esD[2%N+3] ARE EQUAL TO THE DERIVATIVES
ZL115000sZIN] FOR X=B;

<BOOLEAN EXPRESSIOND>;

IF FI="TRUE" THEN THE INTEGRATINN STARTS AT A »WITH A TRIAL
STEP B=A;IF FI=WFALSE® THEN THE INTEGRATION IS CONTINUED ViZ,
WITH THe INITIAL CONDITIONS: X=D[31,Y[J1=sDLJ+31,Z[J1=sDIN+J+3]s
AND STEP LENGTH H=sD[2]1*SIGN(B=D[3]1); A»sYAsZA ARE IGNORED;
<ARITHMETIC EXPRESSIOND>;

THE NUMBER NF EQUATIONS,



SECTIOM ¢ 5elelelelelseD (FEBRUARY 1979) PAGE 3

PROCEDURES USED: NONFe

REQUIRED CENTRAL MEMORY:
EIGHT ARAYS OF ORDER N AND ONE OF ORDER & * N ARE USED.

METHOD AND PERFORMANCE :
RK3IN IHTEGRATES (D/DX)(D/DX)Y=F(XsY) FROM X TO ByWiTHs IF FIe"TRUE"
THEN X=A, Y[JI=YALJ]s, ZLJI=ZALJJeIF FI=PFALSE® THEN X=D{31],
Y{J1=DLJ+31, Z[ JI=DIN+3+J1, USING A 5=TH DRDER RUMGE=KUTTA METHOD.
UPON COMPLETION OF A CALL OF RK3N WE HAVE X=D[31=By Y[J]=D[J+3]
THE VALUE OF THE DEPENDENT VARIABLES FOR X=By, Z[JJ= DIN+3+J1,
THE VALUE 0OF THE DERIVATIVES OF Y(J]1 AT X=B,
RK3N USES AS ITS MINIMAL ABSOLUTE STEP LENGTH:
HMIN=MIN (EC2%J=L11%INT+EL[2%J]) ,WITH 1<=J<=2%N AND INT=
ABS (B~(®IF® FI WTHEN® A ®ELSE® D[31)),
IF A STEP OF LENGTH ABS(H)<=sHMIN IS REJECTED,A STEP SIGN(H)#HMIN IS
SKIPPED
A STEP IS REJECTCD IF THE ABSOLUTE VALUE OF THE LAST TERM
TAKEN INTO ACCOUNT IS GREATER THEN (ABS(ZLJ])#E[2%J=11+E[2%J]1)*
ABS(H)/INT OR IF THAT TERM IS GREATER THEN (ABS(FXYJ)*E[2%(J¢N)=1]
+EC2%(J+N) 1)*ABS(H) /INT FOR ANY VALUE OF J» 1<=0<=N (INT=ABS(B=A)),
SEE REF[11e

REFERENCES?
[11JeAe ZONNEVELD,
AUTJIMATIC NUMERICAL INTEGRATION.
MATHEMATICAL CENTRE TRACT 8 (1970).

EXAMPLE 7IF USE:
THE SECOND ORDER (VECTOR) DIFFERENTIAL EQUATION

(D/DX)(D/DXIY[1] = +Y[27,

(D/DX)(D/DX)IY[2] = =Y[11s X>=0,

Y{1l = Y[2]1 = 1,

(D/DX)Y[1] = (D/DX)Y[2]) = 0y X = Oy
WHOSE EXACT SOLUTION IS GIVEN BY

YC11=COSH(X/SQRT(2))*COS(X/SQRT(2) )+SINH(X/SQRT(2})#SIN{X/SQRT(2) ]}
YI21=COSH{X/SQRT(2))*COS(X/SQRT(2))=SINH(X/SQRT(2))*SIN(X/SQRT(2))

CAN BE INTEGRATED BY RK3N BECAUSE THE SECOND DERIVATIVE IS wNOT
EXPRESSED IN THE FIRST. THE PROGRAM READS AS FOLLOWS:
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MBEGINM® RNINTEGER™ KyBj; M"REAL®™ X; ®BOOLEANR FI;
"ARRAY"™ Y, YA»Z[1321,E[1:81,D[0:71];
"INTEGER" "PROCTZDURE™ EVEN(N) ; "VALUE"™ N; "INTEGER"™ N;
CVENs= “IF™ N//2 = N/2 "THEN" +1 ®ELSE®™ =1;
RPROCEDURE™ RK3NI(X»AsBsYsYApZsZA»FXYJsJsEsDsFIsN); "CODEM33015;
"PROCEDURE" LCXACT(XsY); WVALUE™ X; "REAL"™ X3 ®ARRAY"™ Y;
WBEGIN" "IMTCGER™ I»oN; "REAL™ X2,TERM;
Y[11t=Y[212:=0; TERM3=1l; X2t= X*X*,5;
"EOR" N:i:=sl, N+1 "WHILE"™ ABS(TERM)>"=14 ®DQ"
N"REGIN® WF(QR" J:=]l,2 "Dy"
Y[I)seYLI] + TERMREVEN((I+N=2)//2);
TERMit= TERM%X2 /N/(N%2=1)
"END"
nEND";
"FOR" K3®1525354555657,8 WDOM E[K]taP=7; Flts WTRUEM;
Y[11t=Y[2]1t=1; 7[11:=Z([2)t=0; BtaQ; AAt Bi=s B+l;
RK3N(X»0sBs Yo YsZsZs" IFKumlWTHEN"YL 2] "ELSE"=Y[11sKsE»DsFIs2);
EXACT(X»YA); OQUTPUT(61,"("//108
P(MABS(YEXACTL11=Y[1))+ABS(YEXACT[2]=Y[2]1)=")N, 10D"2D% )",
ABS(Y[1)=YA[L11)+ABS(YA[21=Y[21) );
FI:a"FALSE™ ; ®IF" BC5 “THEN" "GO TO" AA
UEND™
RESULTS @
FOR X=152535455 THE FOLLOWING ERRORS ARE NOTICED (E[Klsh=w7,
K=lseses8):
ABS(YEXACTL1]1=Y[11)+ABS(YEXACT[21=Y[2])=,0000000005%00
ABS(YEXACTL11=Y[11)+ABS(YEXACT(21=Y[21)=,0000000018"0C0
ABS(YEXACTL11=Y[1))+ABS(YEXACT[21=Y([21)=0,0000000046"00
ABS(YEXACT[11=Y[11)+ABS(YEXACT[21=Y[21)=,0000000126%00
ABSUYEXACTL11=Y[11)+ABS(YEXACTL21=Y[21)=,0000000293%00

SOURCE TEXT(S):

WCODE™® 33015 ;
"PROCEDURE™ RK3M(Xs As By Ys YAy Zs ZAs FXYJs Js Es D»
FIs M); "VALUE"™ By, FI», N3 "INTEGER™ J» N; "REAL"™ Xy, Ay By FXYJ3
"BOOLZAN® FI; MARRAY™ Y, YA, Zs ZAs E» D3
WBEGIN® "INTEGER"™ JJ;
®REAL"™ XL, Hsy HMINs INT, HLs ABSH», FHMs DISCRYs DISCRZ»
TOLY, TOLZ», MU, MUls FHY» FHZ;
MBOOLEAN® LAST, FIRST» REJECT;
" ARRAY" YL, ZL, KO, Kly K2» K3, K4y KS5[13Nl, EE[134 *
N1;
"IF" FI "THEN®
"BEGIN" D[3]1t= Aj;
WEQR" JJ:= 1 WSTEPM™ 1 "UNTIL®™ N nwDQ®
"BEGIN" DLJJ + 31:= YA[JJI; DIN + JJ + 313= ZA[JJ]
REND®
WEMDY; HCOMMENT®
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DC11:= O3 XL:= D[31];
“FOR" JJs= 1 U"STEPY™ 1 MUNTIL" N wDQ®
WBEGIN® YLLJJIs= DLJJ + 3]5 ZLLJJIs= DON + JJ + 31 WEND®;
WIF® FI ®THEM™ D[2):e B = D[{3]; ABSH:= H:= ABS(D[21);
WIFNM B = XL £ 0 "THENY His = H; INT:=s ABS(B = XL);
HMINt= INT * E[1] + E[2]1;
WEQR® JJi= 2 WSTEP®W 1 BUNTIL"™ 2 #% N wpn®
WBEGIN® HLs= INT * EL2 * JJ = 11 + E[2 * JJ1;
NIFY HL < HMIN "THEN" HMIN:= HL
WEND™;
BEORY JJs=m 1 WSTEP® 1 WUNTIL™ 4 # N “DO"™ EE[JJ1:= ECJJ] / INT;
FIR3ST:= REJECT:= ®TRUEM; ®wIF® FI WTHEN®
WBEGIN" LASTs= "TRUE"; wGOTO"™ STEP WEND";
TEST: ABSHt= ABS(H); ®WIF® ABSH < HMIN ®THEN®
WBEGIN® He:es WIF® [ > O WTHEN® HMIN WELSE®™ = HMIN; ABSHi= HMIN
WENDY;
NIFM H >= B = XL WEQUIV® H >= 0 WTHEN®
WBEGINY D[21t= H; LAST:= "TRUEM; Hits B = XL;
ABSH:= ABS(H)
ngEypn
RELSE® LAST:= RFALSER;
STEPt "WIF™ REJECT ®THEN®
WBEGIN® Xzm XL;
YFOR™ JJiw 1 MSTEPW 1 WUNTIL™ N "DO" YLJJ13= YLLJJI;
WFOR® J:s 1 WSTEP®™ 1 WUNTIL® N ®DQJ® KQ{Jlt= FXYJ * H
nEND?
NELSEN
WBEGIN™ FHY:= H / HL;
WEQR™ JJt= 1 ®STEP® 1 "UNTIL® N "DO"™ KOLJJIt= K5[JJ] % FHY
WENDY;
Xtm XL 4 ,27639 3202250021 * H;
BEORR JJt= 1 WSTEP® 1 BUNTIL® N ®DOF Y[J3JIs=s YLLJJT + (ZLOJJ]
% $276393202250021 + KO[JJ] * ,038196601125011) * H;
WEOR? J:= 1 ®STEP™ 1 WUNTIL™ N ®DO" K1[J13= FXYJ * H;
Xi=s XL + o723606797749979 * H;
BFORY JJi= 1 ®STEP®W 1 MUNTIL"™ N "DO" Y[JJIs= YLCLJJI + (2ZLLJJ]
* ¢723606797749979 + KI[LJJ1 * ,261903398874989) * H;
WEFORY Jts 1 WSTEP®™ 1 WUNTIL™ N "DO" K2[41se FXYJ * H;
Xtm XL + H * o5; _
BFOR® JJtw 1 ®STEP®™ 1 WUNTIL®™ N ®»DO" Y[JJI:= YLLJJ] ¢+ (ZLLJJ]
* o5 + KOLJJI * 046875 + KI(JJ] * ,07982415%5839840
= K2[ JJ] * o(C0169 9155839840) * H;
REYRA J3s 1 BSTEPH 1 WUNTIL™ N "DJ"™ K4[J1s= FXYJ * H;
Xewm WIF®W | AST "THEN® B nELSE" XL + H;
"EORM™ JJzes 1 MSTEP™ 1 TUNTIL™ N "DOY YLJJIt=s YLLJIJT + (ZLLJJ]
+ KOCJJY * ,309016994374947 + K2[JJ] *
2190983005625053) #* H; WCOMMENT®
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H

WEQORM Jsae 1 WSTEPM 1 WUNTIL® N #D0O% K3[Jl:= FXYJ * Hj
NEQR' JJts 1 USTEPY 1 SUNTIL"™ N "DO"™ Y[JJJ1t= YLLJJI + (ZLLJJ]
+ KOLJJY * ,083333333333333 + K1[JJ] * ,30150
2832395825 ¢+ K2LJJ] * ,115163834270842) * H;
NEQRM Jes= 1 MSTEPW 1 WUNTIL"™ N "DD"™ KS[{J1:= FXYJ * Hj
REJECTs= BWFALSE®; FHM:= 0;
WEQRY JJi= 1 NSTEP™ 1 WUNTIL®™ N »pQn
WBEGIN® DISCRY:= ABS(( = KOLJJ] * o5 + K1i[JJ] *
1.809016994374947 + K2L JJ] * ,690983005625053 =
KALJJ] * 2) * H);
DISCRZ:= ABS{(KO[JJ] = K3[JJ]) * 2 -~ (KL[JJ] +
K2LJJ1) * 10 + K4LJJ] * 16 + K5[JJ1 = 4);
TOLYt= ABSH * (ABS(ZLLJJI) * EE[2 * JJ = 1] +
EEL2 * JJI1);
TOLZ:= ABS(KO[JJ1) * BE[2 * (JJ + N) = 11 + ABSH
* FEL2 * (JJ + N3
REJECTs= DISCRY > TOLY ®0OR% DISCRZ > TOLZ ®OR¥ REJECT;
F'{Yt= DISCRY /7 TOLY; FHZt= DISCRZ? / TOLZ;
"IFY FHZ > FHY "THEN" FHY:= FHZ;
NIF" FHY > FHM "THEN" FHMts FHY
WEND™
MUta 1 / (1 + FHM) + o45; MIF" REJECT "THEN"
WRBEGIM® WIF" ABSH <= HMIN "THEN™
WBEGINY D[1Jt= DL1] + 13
WEQR® JJt= 1 WSTEP® 1 "UNTIL®™ N n"DQ"
PBEGIN® Y[ JJls= YLILJJ]; Z0JJ1s= ZLLJJ] YEND™;
FIRST:= "TRUE"; "GOTO"™ NEXT
BEND®;
H:a MU * H; »6OTO" TEST
H"ENDY REJ;
WIFEM FIRST "THEN"
WBEGIN® FIRST:= ®FALSE"; HLt= H; Hte MU *® H; wGOTO™ ACC
"END";
FHY:= MU #* H / HL 4+ MU = MUl; HL3= Hj; H3= FHY * Hj;
ACCs MUlz= MU;
WEJRM JYiw 1 NSTEPW 1 ®UNTIL"™ N *DO"™ 2(JJl:= ZLLJJ] + (KOL[JJ]
+ K3[JJ]) * 083333333333333 + (K1LJJ] + K2[JJI) %
0416666666666667;
NEXTs ®IF® B “= X WTHEN®
NREGIN® XL:= X;
NEQRNY JJte 1 NSTES® 1 CUNTIL™ N woQ®
RBEGIN® YL[JJ1t= Y[JJI1; ZLOJJIs= ZLJJT WEND¥;
*GOTO" TEST
[1] END" ;
WIFW UNOTOLAST “THEN® DL2]:= H; D[31ts X;
REOR® JJi= 1 WSTEP® 1 WUNTIL®™ N ®DQO®
HBEGIN® DL[JJ + 313= Y[JJI; DIN + JJ + 31:= Z[JJ] MEND®
BEND" RK3N;
"E{Jp "
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AUTHIRS: PoAe BECMNTIESs HeGedo ROZENHART,
INSTITUTE: MATHEMATICAL CENTRE.
RECEIVED: 760201

BRILF DESCRIPTINN:

ARKMAT SOLVES AN INITIAL VALUE PROBLEM, GIVEN AS A SYSTEM OF FIRST
ORDER (NON=LIMEAR) DIFFERENTIAL EQUATIONS BY MEANS OF A STABILIZED
RUNGE KUTTA METHOD;

IN PARTICULAR THIS PROCEDURE IS SUITABLE FOR THE INTEGRATION OF
SYSTEMS WHERE THE DEPENDENT VARIABLE AND THE RIGHTHAND SIDE ARE
STORED IN A RECTANGULAR ARRAY INSTEAD OF A VECTOR » IeEs
DU 7/ DT = F( Ts U)p WHERE U AND F ARZ (N * M) MATRICES ( SEE METHOD
AND P3IRFORMANCE)

KEYWORDS ¢

MATRIX DIFFERCMTIAL EQUATIONS»
INITIAL VALUE PROBLEMS,
EXPLICIT ONE=STEP METHODS,
STABILIZED RUMGE KUTTA METHIDS,.

CALLING SEAQUENCE:
THE DECLARATION OF THE PROCEDURE IN THE CALLING PROGRAM READS?

WPROCCDURE™ ARKMAT(T, TEs Ms Ns» Us DERs TYPE, ORDERs SPR», OUT);
"VALUE™ M» Ny TYPE, ORDER; "INTEGER™ Ms N» TYPE» ORDER;

BREAL™ T, TEs SPR; ™ARRAY®™ U; ®PROCEDURE™ DERs, OUT;

"CODE"™ 330G5K6;
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THE MZANING OF THE FDRMAL PARAMETERS IS

T

TE3
M:
N3

Us

DER:2

TYPE:

NRDER:

SPR:

ouT:

<VARTIABLED;

THE INDEPEHDENT VARIABLE Tj;

ENTRY: THE INITIAL VALUE TO;

EXIT ¢ THE FINAL VALUE TE;

<ARITHMETIC EXPRESSION>;

ENTRY: THE FINAL VALUE OF T;

<ARITHMETIC EXPRESSION>;

NUMBER JF COLUMNS OF U;

<ARITHMETIC EXPRESSION>;

NUMBER DF ROWS OF U;

<ARRAY IDENTIFIER>;

WARRAY™ UL1:Ns1:M1;

ENTRY: THE INITIAL VALUES OF THE SOLUTION OF THE SYSTEM OF
DIFFERENTIAL EQUATIONS AT T=TO;

EXIT : THE VALUES OF THE SOLUTION AT T=TE;

<PROCEDURE IDENTIFIERD>;

THE HEADING OF THIS PROCEDURE READS:

"PROCEDURE™ DER(Ts, Vs FTV); "VALUE" T;

"REAL"™ T; "ARRAY" V, FTV;

THIS PROCEDURE MUST BE GIVEN BY THE USER AND PERFORMS

AN EVALUATION OF THE RIGHTHAND SIDE F( Ts V) OF THE

SYSTEM; UPON COMPLETION OF DERsTHE RIGHTHAND SIDE SHOULD

BE STORED IN FTVI[18Ny1:M1;

<VARIABLED>;

ENTRY: THE TYPE OF THE SYSTEM OF DIFFERENTIAL EQUATIONS TO
BE SOLVED;

THE USER SHOULD SUPPLY ONE 7OF THE FOLLOWING VALUES;

1: IF ND SPECIFICATION OF THE TYPE CAN BE MADE;

2@ IF THE EIGENVALUES OF THE JACOBIAN MATRIX 0OF THE
RIGHTHAND SIDE ARE NEGATIVE REAL;

3t IF THE EIGENVALUES OF THE JACOBIAN MATRIX OF THE
RIGHTHAND SIDE ARE PURELY IMAGINARY;

<VARIABLE>;

THE ORDER OF THE RUNGE KUTTA METHOD USED;

ENTRY: FOR TYPE=2 THE USER MAY CHDOSE ORDER=1 OR ORDER=2;
ORDER SHOULD BE 2 FOR THE OTHER TYPES;

EXIT 3 IF DRDER IS SET TO ANOTHER VALUE»IT IS ASSUMED TO
BE (IF TYPE=2 RTHEN®™ 1 WELSEW 2);

<ARITHMETIC EXPRESSION>;

ENTRY: THE SPECTRAL RADIUS OF THE JACOBIAN MATRIX OF THE
RIGHTHAND SIDE» WHEN THE SYSTEM IS WRITTEN IN ONE
DIMENSIONAL FORM (IoEe VECTORFORM);

THE INTEGRATION STEP WILL EQUAL CONSTANT/SPR (SEF DATA AND

RESULTS) ; '

IF NECESSARY SPR CAN BEL UPDATED (AFTER EACH STEP) BY MEANS

OF THE PROCEDURE OUT;

<PROCEDURE IDENTIFIERD

THE HEADING OF THIS PROCEDURE READS:

"PROCEDURE™ 0UT;

AFTER EACH INTEGRATION STEP PERFORMED, INFORMATION CAN BE

OBTAINED OR UPDATED BY THIS PROCEDURE» E«Ge THE VALUES COF

Ts UL1:Ns1:M]1 AMD SPRe
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DATA AND RESULTS:

IF THE USER WANTS TO PERFORM THE INTEGRATION WITH A PRESCRIBED STEP
Hs HE HAS TO GIVE SPR THE VALUE CONSTANT/H, WHERE CONSTANT HAS THE
FOLLOWING VALUESS

COMNSTANT= 4,3 IF TYPE=l AND ORDER=2;

CONSTANT= 156 IF TYPE=2 AND ORD[R=1;

CONSTAMT= 64 IF TYPE=2 AND ORDER=2;

CONSTANT= 8 IF TYPE=3 AND ORDER=2;

PROC EDURES USED:

ELMCOL = CP34023,
DUPMAT = CP31035.

REQUIRED CENTRAL MEMORY:
TWO AUXILIARY ARRAYS OF ORDER N*M ARE DECLARED.

METHOD AND PERFORMANCE:

ARKMAT IS AN IMPLEMENTATION OF LOW ORDER , STABILIZED RUNGE KUTTA
METHODS (SEE REFERENCEC11)3

THE INTEGRATION STEPSIZE USED WILL DEPEND ON:

1s THE TYPE OF SYSTEM TO BE SOLVED (IeEe HYPERBOLIC OR PARABOLIC);
20 THD SPECTRAL RADIUS OF THE JACOBIAN MATRIX OF THE SYSTEM;
3, THZ INDICATED ORDER OF THE PARTICULAR RUNGE KUTTA METHOD;
THE PROCEDURE ARKMAT IS ESPECIALLY INTENDED FDR SYSTEMS OF
DIFFERENTIAL EQUATIONS ARISING FROM INITIAL BOUNDARY VALUE PROBLEMS
IN TWO DIMENSIONS, £eGe WHEN THE METHOD OF LINES IS APPLIED TO THIS
KIND JF PROBLEMSs, THE RIGHTHAND SIDE OF THE RESULTING SYSTEM IS MUCH
EASIER TO DESCRIBE IN MATRIX THAM IN VECTOR FORM; BECAUSE OF THIS
FACT THE ARRAY JF DEPENDENT VARIABLES U IS A MATRIXs RATHER THAN A
VECTOR.

REFERENCE:

[1]e Pede VAN DER HOUWENe
STABILIZED RUNGE KUTTA METHND WITH LIMITED
STORAGE REQUIREMENTS
MATHe CENTRs REPORT TW 124/71,



SECTION 2 Ce2elele3 (NOVEMBER 1976) PAGE

EXAMPLE OF USE:
GIVEN THE FOLLOWING SYSTEM OF EQUATIOMS:
DU /7 DT = V( Ts Xs Y)»
(1)
oV / DT = D( DY / DX) / DX + D( DU 7 DY) /7 DY»
( ORIGINATING FROM THE INITIAL BOUNDARY VALUE PROBLEM
D( DU 7 DT) /7 DT = D( DU 7 DX) 7/ DX + D( DU / DY) /7 DY»
ON THE DOMAIN O <= X <= PI 5, (O <= Y <= 1 ),
WITH THE FOLLOWING BOUNDARY CONDITIONS:

Ul T 0o Y) = U( Ty PI, Y) = U( Ty Xs 1) = 0
U( Ty X» 0) = SIN( X ) % COS( SQRT( 1 + PI * PL /7 &) * T),

AND THE INITTAL VALUES?

Ul 0s Xo Y) & SIN(C X ) * COS( PI * Y / 2)»
V( 05 Xs Y) = 03

BY APPLYING THE METHOD OF LINES TO PROBLEM (1), USING A TEN BY TEN
GRID ON THE INDICATED DOMAIN, THE SYSTEM IS TRANSFORMED TO A MATRIX
~DIFFZRENTIAL EQUATION; THE SOLUTION OF THE LATTER PROBLEM AT Ts=l
IS COMPUTED BY THE FNLLOWING PROGRAM» USING A CONSTANT STEPSIZE o1;

WBEGIN®™ UREAL™ HPI,H1»H2,H1K»H2Ks»TH»TE;
"INTEGER" I,JsNsMsTYP,NRDE, TEL; "ARRAY" UL1:20,12101;

"PROCEDURE" ARKMAT(T,»TE,M»NsUsDER,TYPE,ORDERy SPR,0OUT); ®CODE® 330663

WPROCEDURE®™ INIMAT(LR,UR,LC»UC»A,X); "CODE" 31011;

"PROCEDURE"™ DERIV(T,U,DU);"REAL" T;"ARRAY" U,DU;
WBEGIN" "FQOR"™ I:=2 "STEP" 1 "UNTIL" N=1 "DO"
WFORW® Ji=2 MSTEPF ] WUNTIL® M-l %DO"
WBEGIN® DULI»J1:=ULI+N»JI1;
DULI+Ns J13=(ULI»J+1]1=2%UL1,JI+ULTIsJ=1]) /H1K+
(UCI+1sJ31=2%UlI,J]1+UlI=15J1)/H2K
WEND™;

"EQRM Jiml,M wDOM

"BEGIN" INIMAT(N+1,N+NsJ»JsDUs0);

MEOR® I:=l WSTEPM 1 WUNTIL®™ N "DN" DULI,J13sULN+1, 3]
NEND";

"FDR" I z.l’N "DD"
BFOR® J:=2 PSTEPR 1 WUNTIL™ M=1 ®DQO"®
"BEGIN™ DULI»J1:=ULI+NsJ];
WIFN I=1 "THEN®™ DUIN+1,J13=(Ul15J+11=2%Ul15J1+UC1sJ=1]) /H1K+
(2%UC2,J1=2*%Ul1,J41) /H2K
WELSER® DUL2%#N,J13 =0
nENDY
WEMD " DERIV;
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"PROCEDURE™ DUT;
WBEGIN® TELi1sTLEL+1;
"IF" T=TE "THCN®
WBEGINY QUTPUT(6L,"("//53ByM( "MXM )1, TBym(MY™)N,4B,
WU X Y) ") s 7By M ("U(Ls XsY) ") 575 16Bs "("COMPUTED" )"» 7B,
MUEXACTH)™, /7 )% ) ;
QUTPUT (61 5" ("10(2(=De3D2B)»2(=Deb6D6B)s/) M) ",
((I=1)%H1s (I=1)%H2,ULI5115SIN(H1*(I=1))#COS(HPI*H2* (I=1))%*
COS(T*SQRT(1+HPI*HPI))»It=1210));
QUTPUT (61" (/M ("NUMBER OF INTEGRATION STEPSs m»
2ZZIDM)M, TEL);
QUTPUTUAL,™("/ /™ (" TYPE ISs")",ZDs"(" DORDER IS3™)Y,
»ZD0"™)®,TYP,ORDE);
"END" H
WIND®  QUT;

"PROCEDURE™ START
WBEGIN® WFORM Jtwl "STEP®™ 1 WUNTIL™ M "DOM ULN, J1:mSINCHL#(J=1));
WEQRM T:=l WSTEP® 1 WUNTIL® N wpO®
MBEGIN"™ "REAL"™ COS1; COS1:=CNS(H2*HPI*(I-1));
PEOR® Jim) MSTEP® 1 WUNTIL® M "DO® U[I»,J13=UCN,JI*CDS1
"END"
INIMAT(N+1, N+Ns15sMsU50)
WEND" START;

HPIt=m2%ARCTAN(1);H2t=1/9;H1t=(2%HPI)/9;Nt=M1=10;
HlK:=sHi%H1; H2K: «a42%H2 3;TC L2 =0;

T:=0; TE:=l ; START; TYP:=3; DORDEz=2;
ARKMAT(T»TE sMsN+NsUs DERIVs TYPORDE 80,5 0UT)

nENDw

THIS PROGRAM DELIVERS:

X Y UllsXsY) UllsXsY)
COMPUTED EXACT

0000 06000 00000000 0,000000
06349 0111 =0,095201 =06096735
GebH98 0.222 =0,170723 =0e173474
1,047 06233 «(:0,211983 =0+215398
16396 Qe 444 =0,213228 =06216663
1le745 0556 =0,178920 =0 181802
26094 0667 =0.122388 =0:124360
20443 06778 =0,062138 =0 6063139
2¢793 0e889 =0,N16787 =06,017057
36142 1,000 0,000000 =0 000000
NUMBER 0OF INTEGRATION STEPS: 10

TYPE IS:

J ORDER IS: 2
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SQURCE TEXT(S):
MCODE™ 330663

"PROCE DURE"™ ARKMAT( T, TEs» M» N, Us DFR, TYPE, ORDER»

"VALUE®" MsN» TYPE,ORDER;
"INTEGER"™ MsN,»TYPE,»JRDERS
BREAL™ T»TC»SPR;

WARRAY " U3

"PRNCEDURE" DER,OUT;

WBEGIN® WINTEGER™ SIGsL;
"REAL™ TAU;
"ARRAY® LAMBDAL1291,UHsDUCL:Ns12M1;
"BOOLZAN® LAST;

"PRACZDURE™ ELMCOL(LsUsIsJsAsByX); "CODE™ 340233
WPROCEDURE™ DUPMAT(LsUsisJsAs»B); "CODE"™ 31035;

P AGE

SPRs 0OUT);

WPROCEDURLE™ ELMMAT(A»B»X); MWVALUE®™ X; MARRAY™ A,B; MREAL®™ X;
"EORW L:e] OSTEP" 1 "UNTIL"™ M "DO"™ ELMCOL(1sNsLlsLsA»BsX);

"PROCEDURE"™ INITIALIZE;
MBEGIN® WINTEGER™ I;™REALM™ LBD;

WSWITCH® TYPEODTZ:=NOTSPECIFIED2,PARABOLIC1,PARABOLIC2,HYPERBOLIC2;

WIF" TYPE =2 "AND" TYPE~=3 "THEN" TYPEisl;

WIF® TYPE"=2 ®WTHEN®™ ORDERt=2 MELSE™ ®IF® OQRDER"=2 ®THEN® ORDERt=1;

1e1;

"GOTO" TYPEODEL®IF" TYPEwL ®THEN®™ 1 "ELSE" TYPE+ORDER=11];

NOTSPECIFIFD2: ™FOR® LBDt=1/9,1/8s1/751/651/5517451/351/25%443 "DO™

"BEGIN" LAMBDA[Il:=LBD; It=I+1 "END";

"GOTO" EXIT;

PARABOLICY1: NFORWLBD 3341418519249%=2563404154076"=2, +0063118%69

PARABOLIC2:

HYPERBOLICZ2:

2010827943755 601842733851 5603278507942,
006536274155 01691078577,156 "DO"

"BEGIM™ LAMBDALIls=LBD; Iz=I+l "END";

nGOTO™ EXIT;

"FOR" LBD:=e35343559008"=2,,8532600867"=250015956206
26027722291555,04812587964» «08848689452,
018635789615 55 64 "DO®

WBEGIN" LAMBDALIl:sLBD; I:3sI+l "END";

"GOTO" EXIT;

WFOR® LBD3=1/85,1/2055/32,2/17»17/8055/22511/3251/2»
8 "DD"
"BEGIN™ LAMBDA[I):=LBD; I:=I+1 "END";
"GOTO"™ EXIT;
WCOMMENT™
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EXIT: SIG:=SIGN(TE=T)
WENDY INITIALIZE;

RPROCEDURE® DIFFURENCE SCHEME;
WBEGIN® WINTEGER™ I;"REAL™ MLT;

DER(TsU,DU) 3

NEOR" Iss] NSTEPR 1 WYUNTIL® 8 ®DO®

U"BEGIN® MLTi=LAMBDALII*TAU;
DUPMAT(15'ls15MsUH,U);
SLMMAT (UH» DU MLT) ;
DER(T+MLT5UH» DU)

ngHpn;

ELMMAT(Us DUT AU) ;5

TetaIFn LAST "THENW TE ®ELSE® T+TAU;

REND" DIFFERENCS SCHEME;

IMITIALIZE; LAST:="FALSE";

STEPs

TAUtm("IF® SPRaQ WTHEN" ABS(TE=T) "ELSE™ ABS(LAMBDA[L91/SPR))I*3IG;
"IFY T+TAU >= TL "EQUIV" TAU>=0Q "THEN"

PBEGINY TAU= TE=T;LAST:=sRTRUE® WENDHW;

DIFFERENCE SCHEME ; 0OUT;

NIFY WNOTH LAST “THEN® »wGQTO" STEP

WENDY ARKMAT;
ngope
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AUTHOR: M, BAKKER,
INSTITUTE: MATHEMATICAL CENTRE» AMSTERDAMe
RECEIVED: 751231/ REVISED 791231,

BRLEF DESCRIPTION:
THIS SECTION CUONTAINS THREE PROCEDURES FOR THE SOLUTION
OF SZCOND ORDER SELF=ADJOINT LINEAR TWO POINT
BOUNDAFY VALUE PROBLEMS;
(1) FCM LAG IYM;
THIS PROCEDURE SOLVES THE DIFFERENTIAL EQUATION
= (P(X)*®Y?)? + R(X)*Y = F(X)» A < X < B»
WITH BOUNDARY CINDITIONS
EC11*Y(A) + EL2]1*%Y'(A) = E[3],
EC4)*Y(B) + EC5)*Y?(B) = E[6],
(2) FEM LAG;
THIS PRAOCEDURE SOLVES THE DIFFERENTIAL EQUATION
w Y?? + R(X)®Y = F(X)s A < X < By
WITH BOUNDARY CONDITIONS
E[11%Y(A) + EC21*Y'(A) = E[3],
EC41*Y(B) + E[51%Y%(B) = E[61].
(3) FEM LAG SPHER:
THIS PROCEDURE SOLVES THE DIFFERENTIAL EQUATION
WITH SPHERICAL CDDkDINATES
= (XkKNCxY®)V/X*%%NC + R(X)*Y = F(X)», A < X < B»
WITH BMNUNDARY CONDITIONS
ECL1*Y(A) + E[2]1*Y?'(A) = EL[3],
EC41*xY(B) + EL5)1*Y'(B) = E[6],
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KeY WORDS AND FRASES:

SCCOND ORDER DIFFERENTIAL EQUATIONS,
TWO POINT BOUMDARY VALUE PROBLEMS,
SELF=-ADJOINT BOUNDARY VALUE PROBLEMS,
RITZ=GALERKIN METHOD,»

SPHERTICAL COORDINATES,

GLOBAL METHODS.

LANGUAGE: ALGOL 60,

REFERENCES:

£11 STRANGs Ge AND GeJe FIX»
AN ANALYSIS OF THE FINITE ELEMENT METHOD,
PRENTICE=HALL, ENGLEWNOD CLIFFS, NEW JERSEY, 1973,

[2] BAKKER» Mes EDITOR,
COLLDQUIUM ON DISCRETIZATION METHODS» CHAPTER 3 (DUTCH),
MATHEMATISCH CENTRUMs MC=SYLLABUS, TO APPEAR.

[37 HEMKERs PeWes
GALERKIM®S METHOD AND LOBATTO PAINTS,
MATHEMATISCH CENTRUM, REPORT 24775 (1975),

[41 BABUSKAs Ie»
NUMERICAL STABILITY IN PROBLEMS OF LINEAR ALGEBRA,
SII.A.MQ Je NUM, ANAL.} VDL.9) Pe 53=77 (1972)e
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SUBSECTIONS FEM LAG SYMe

CALLING SEQUENCE:

THE HEADING OF THE PROCEDURE READS?

"PROCEDURE™ FEM LAG SYM(Xs Y» N» Py Ry F» ORDER, E);

"VALUE" N, ORDCR; "INTEGER™ N, ORDER;
"ARRAY" X, Y, Cj

MREAL™ WPROCEDURE™ P, R, F;

nCODE" 333005

THC MEANING OF THE FORMAL PARAMETERS ISt

Nt

Xt

Yt

<ARITHMETIC EXPRESSION>;

THE UPPER BOUND OF THE ARRAYS X AND Y; N > 1;

<ARRAY IDENTIFIER>;

WARRAY® X[O:N1;

ENTRY: A = X[0] < X[11 < eee < XIN] = 8
IS A PARTITIOMN OF THE INTERVAL [A,B];

<ARRAY IDENTIFIER>;
"ARRAY" Y[O:N];

EXIT: YLI) (I = 05 15 eee » M) IS THE APPROXIMATE
SOLUTION AT X[I1 OF THE DIFFERENTIAL EQUATION

(1) = (P(X)*®Y?)? + R{(X)*Y = F(X)p A < X < By

WITH BOUMNDARY CONDIT1ONS

EC11*Y(A) + E[21*Y?*(A) = E[3],
(2)
EL41*Y(B) + E[51*%YV(B) = E[6];

<PROCEDURE IDENTIFIERD;
THE HEADING OF P READS:

"REAL" "PROCEDURE"™ P(X); "VALUE™ X; "REAL™ X;

P(X) IS THE COEFFICIENT OF Y' IN (1);

<PROCEDURE IDENTIFIZR>;
THE HEADING OF R READS:

"REAL®™ ®MPROCEDURE™ R(X)3 PVALUE®™ X3 WREAL® X;

ROX) IS THE COEFFICIENT OF Y IN (1);

<PROCEDURE IDENTIFIER>;
THE HEADING OF F RFADS:

MREAL™ "PRJCEDURE™ F(X)3; "VALUE™ X; "REAL"™ X;

F(X) IS THE RIGHT HAND SIDE OF (1);

PAGE



SECTION ? 5e2ele2eloeZelel (DECEMBER 1979) PAGE 4

ORDER: <ARITHMETIC EXPRESSIOND;
ENTRY: ORDER DENOTES THE ORDER OF ACCURACY REQUIRED FOR THE
APPRNXIMATZ SOLUTION OF (1)=(2); LET H = MAX(X[I] = X[I=11);
THEN ABS(Y[I] = Y(X[I])) <= C*H¥*ORDERs» 1 = Qs see » N;
ORDER CAM Bf CHOSEN EQUAL TO 2, 4 OR 6 ONLY;

Et ZARRAY IDEMTIFIERD;
WARRAY" E£[1:61];
El1Ys eee » EL6) DESCRIBE THE BOUNDARY CONDITIONS (2)3;
EC1] AND E[4]1 ARE NJUT ALLOWWED TO VANISH BOTH.

PROCEDURES USED: NONEs

REQUIRED CENTRAL MEMIRY:

FOUR AUXILIARY ARRAYS OF N REALS ARE USED.

RUNNING TIME:

DATA

LET K = ORDER/2; THEN
(A) KN + 1 EZVALUATIONS OF P(X)s R(X) AND F(X) ARE NEEDED;
(B) ABOUT 17%2%%(K=1)*N MULTIPLICATIONS/DIVISIONS ARE NFEDED.

AND RESULTS:

THE "ROCEDURE FEM LAG SYM HAS SOME RESTRICTIONS IN ITS USE:
(I) P(X) SHAULD BE POSITIVE ON THE CLOSED INTERVAL <X[J=11sX[J1>;
(II) P(X)» R(X) AND F(X) ARE RCQUIRED TO BE SUFFICIENTLY SMOOTH
ON <X[01, XUN1> EXCEPT AT THE GRID POINTS WHERE P(X) SHOULD BE
AT LEAST CONTINUOUS;
IN THAT CASE THE ORDER OF ACCURACY (2, 4» OR 5) IS PRESERVED;
(III) R(X) SHOULD BE NONNEGATIVE ON <X[O01»X[NI>;
IFs HOWEVER, THE PROBLEM HAS PURE DIRICHLET BOUNDARY CONDITIONS
(ToeEs E[2] = EL5] = 0) THIS CONDITION CAN BE WEAKENED TO THE
REQU IR EMENT THAT

R(X) > = PO*(PI/(XIN] = X[01))*%x2,

WHERE PO IS THE MINIMUM OF P(X) ON <XLOJ,XINJI> AND PI HAS
THE VALUE 30164159eee; HOWEVER, ONE SHOULD NOTE THAT THE
PRJBLEM MAY BE ILL=CONDITIONED WHEN R(X) IS QUITE NEAR THAT
LOWER BOUND; FOR OTHER NEGATIVE VALUES OF R(X) THE EXISTENCE
OF A SOLUTIOM REMAINS AN OPEN QUESTION;

(IV) THE USER SHOULD NOT EXPECT GREATER ACCURACY THAN 12 DECIMAL
DUE TN THE LOSS OF D1GITS DURING THE EVALUATION OF THE MATRIX
AND THE VECTOR OF THE LINEAR SYSTEM T0 BE SOLVED AND DURING ITS
REDUCTION T3 A TRIDIAGONAL SYSTEM; WHEN THE SOLUTION OF THE
PROBLEM IS NOT TOO WILD, THIS 12=DIGIT ACCURACY CAN ALREADY BE
OBTAINED WITH A MODERATE MESH SIZE (EeGe < 0Oel)s PROVIDED THAT
A SIXTH ORDER METHOD IS USED.
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METHOD AND PERFORMANCE:

PROBLEM (1)=(2) IS SOLVED BY MEZANS OF GALERKIN'S METHOD WITH
CONTINUQUS PIECEWISE POLYNDMIALS (SEE [11s [21);

THE SOLUTION IS APPROXIMATED BY A FUNCTION WHICH IS CONTINUOUS OM
THE CLOSFD INTERVAL <X[O01»XIN1> AND A POLYNOMIAL OF DEGREE LESS
THAN OR EQUAL TO K (K = QRDER//2) ON EACH SEGMENT <X[J=11,X[J1>
(J = 15, eo0es N)3; THIS PIECEWISE POLYNOMIAL IS ENTIRELY
DETERMINED BY THE VALUES IT HAS

AT THC KNOTS XCJJ AND ON (K=1) INTERIOR KNOTS ON FACH SEGMENT
<XCJ=13pXCJ1>; THESE VALUES ARE OBTAINED BY THE SOLUTION OF AN
(ORDER + 1)=DIAGONAL LINZEAR SYSTEM WITH A SPECIALLY STRUCTURED
MATRIX (SEE [21); THE ENTRIES OF THE MATRIX AND THE VECTOR ARE
INNER PRODUCTS WHICH ARE APPROXIMATED BY PIECEWISE (K+1)=POINT
LOBATTO QUADRATURE (SEE [31); THE EVALUATION OF THE MATRIX AND
THE VECTOR 15 DONE SEGMENT BY SEGMENT: ON EACH SEGMENT

THE CONTRIBUTINNS TO THE ENTRIES OF THE MATRIX AND THE

VECTOR ARE COMPUTED AND EMBEDDED IN THE GLOBAL MATRIX AND
VECTOR; SINCE THE FUNCTION VALUES ON THE INTERIOR

POINTS OF EACH SEGMENT ARE NOT COUPLED WITH THE FUNCTION

VALUES OUTSIDE THAT SEGMENT» THE RESULTING LINEAR SYSTEM

CAN BE REDUCED TO A TRIDIAGONAL SYSTEM BY MEANS OF STATIC
CONDCNSATIDON (SEE [21); THE FINAL TRIDIAGONAL SYSTEMs

SIMCE IT IS OF FINITE DIFFERENCE TYPE» IS SOLVED BY

MEANS OF BABUSKA®S METHOD (SEE [41)e

€XAMPLE OF NSE:
WE SOLVE THE BOUNDARY VALUE PROBLEM
= (YOREXP(X))P+Y*COAS(X) =mEXP(X)k(SIN(X)=COS (X)) +SIN(2%X) /2,
0 < X< PI s 3,14159265358979,
Y(0) = Y(PI) = 03
FOR THE BOUNDARY CONDITIONS THIS MEANS THAT
E[1] = E[4] = 15 E(2] = EC3] = EC5) = E[6] = O3
THE ANALYTIC SOLUTION IS Y(X) = SIN(X); WE APPRDXIMATE
THE SOLUTION ON A UNIFORM GRIDs IeEe X[I] = I*PI/N,

I = 05 eees M; WE CHDOSE N=105,20 AND COMPUTE FOR ORDER = 2,4,6
THE MAXIMUM ERROR; THE PROGRAM READS AS FOLLOWSS
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WBEGIN® "INTLCGER"™ N; "FOR™ N:= 10, 20 "DO"
"BEGIN" "INTEGER"™ I, ORDER; "REAL"™ PI; "ARRAY" X, Y[O:Nl,

WREAL® MPROCEDURE®™ R(X)s; WVALUE®™ X; ®REAL™ X;
R:= COS(X);

PREALY ®DPROCEDURE™ P(X); "VALUE" X; "REAL"™ X;
Pr= EXP(X);

"ReAL™ "PROCEDURE™ F(X)3; M"VALUE"™ X; "REAL™ X;
Fs= EXP(X)*(SIN(X)=COS(X)) + SIN(2%X)/2;

WPROCEDURE™ FICM LAG SYM{X» Ys Ns P» Ry F» ORDER, E);
"CODE" 33300;
EC11s= E[4):= 1; E[2]1:= E[3]13:= E[512= E[6]1:= O3
PIt= 3,14159265358979;
WEQR® I:= 0 WSTEP® 1 WUNTIL" N "DO" X[Ilz= PI*I/N;
DUTPUT(61’"( "/”68"(IIN-")"D"’II,N);
"FOR" ORDER:= 2, 4, 6 "DQO"
WBEGIN™ MREAL™ RHO» D3

FEM LAG SYM(Xs Ys N» Py Rp F» DORDER, E);

RHO:= O3

"FOR" It=s Q "STEP"™ 1 "™UNTIL"™ N "DO"

WBEGIN™ Dt= ABS(YLI] = SIN(X[CIN));

“IF™ RHO < D "THEN" RHO:= D
"END";

PAGE 6

E[1:61;

BUTPUT(61s®("/,16B"(®ORDER=")NDD, 4B (®MAXe ERROR= ®)R,

DeDD™+2ZD ") "y NRDER »RH])

WEND®

"END

mCNDM

RISULTS:

N=10
ORDER=2 MAXe ERROR= 1436" =2
ORDER=4 MAXe ERROR® 7,55" =5
ORDER=6 MAXe ERROR= 3448" =3

N=20
ORDER=2 MAXe ERRDR= 3441" =3
NRDER=4 MAXe ERROR=® 4 ¢79" =6
ORDER=6 MAXe ERROR= 5,51"=10

ONE OBSERVES THAT THE MAXIMUM ERROR DECREASES BY ABOUT

2%k (wJRDER) WHEN THE MESH SIZE IS HALVED.
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SUBSECTIUN: FEM LAG,

CALLING SEAQUENCE 3
THE HEADING OF THE PROCEDURE READS:

MPROCEDURE® FEM LAG(X» Ys N» Rs Fs DRDER, E)3;
“YALUE™ Np ORDER; "INTEGER"™ N, ORDER;

WARRAY" X, Y, I

“REAL"™ "PROCEDURE"™ Ry F;

wcobE™ 333015

THE MZANING OF THE FORMAL PARAMETERS IS:

Nt  <ARITHMETIC EXPRESSIOND;
THE UPPER BOUMD OF THE ARRAYS X AND Y; N > 1;

Xt <ARRAY IDENTIFIERD;
"ARRAY"™ X[O:N1;
EMTRY: A = X[0J < X[1] € ses < X[IN1 = B IS A
PARTITION NF THE SEGMENT [AsB1;

Y3t <ARRAY IDEMTIFIERD;
MARRAY® YL[Q:N];
ZXIT: YII] (I = 05 15 eee » N) IS THE APPROXIMATE
SOLUTION AT X[I1 OF THE DIFFERENTIAL EQUATION

(3) = Y¥i+ R(X)*Y = F(X)s A < X < By

WITH BOUNDARY CONDITIONS
(%) EL1I%Y(A) + E[21%Y'(A) = E[3],
EC41*Y(R) + E[51*Y'(B) = E[6];

R: <PRICEDURE IDENTIFIERD;
THE HEADING OF R READS:
"REAL'" "PROCEDURE"™ R(X); MVALUE"™ X; WREAL® X;
R(X) IS THE CNEFFICIENT OF Y IN (3);

F: <PROCEDURE IDENTIFIERD;
THE HEADIMNG OF F READS:
PREAL®™ WPRICEDURE®™ F(X); WVALUE®™ X; M“REAL"™ X;
F(X) IS THEZ RIGHT HAND SIDE OF (3);

ORDERS <ARTTHMETIC <EXPRESSION>;
cNTRY: DORDER DENJOTES THE ORDER OF ACCURACY REQUIRED FOR THE
APPROXIMATE SOLUTICN OF (3)=(4); LET H = MAX(X[I] = X[(I=11);
THEN  ABS(Y[I] = Y(X[I])) K= C¥H#*(RDERy, I = Qs see » Nj
JRDER CAN CAN BE CHOSEN EQUAL TO 2, 4 OR 6 ONLY;

E:  <ARRAY IDENTIFIERD;
"ARRAY" E[1:6];
EL1)» oee » EL6] DeSCRIBEZE THE BOUNDARY CONDITIONS (4);
EL1] AND EC4] ARE NOT ALLOWWED TN VANISH BOTH.
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PROCEDURES USED?: NINZe

REQUIRED CTNTRAL MEMORY?
FOUR AUXILIARY ARRAYS OF N REALS ARE USEDe.

RUNNING TINE:
LET K = ORDER/2; THEN
(A) K*N + 1 ZVALUATIONS OF R(X) AND F(X) ARE NEEDED;
(B8) ABOUT 12%2%%(K=1)*N MULTIPLICATIONS/DIVISIONS ARE NEEDED.

DATA AND RESULTS: SEC PREVINUS SUBSECTION.

METHOD AND PERFORMANCE: SEF PREVIOUS SUBSECTION.

EXAMPLE OF USE:
WE SOLVE THE BAUNDARY VALUE PROBLEM
= Y¥? 4+ YRZXP(X) = SIN(X)*(1+EXP(X),
0 <X €91 = 3,14159265358979,
Y{0) = Y{(PI) = 03
FOR THE BOUNDARY CONDITIONS THIS MEANS THAT
EL11 = EC4] = 1; E[2] = E[3] = E[5] = E[6] = O3
THE AMALYTIC SOLUTION IS Y(X) = SIN(X); WE APPROXIMATE
THE SOLUTION ON A UNIFORM GRID» Iefe X[IJ = I%*PI/N,

I = Qs oees Nj WE CHODSE N=10,20 AND COMPUTE FOR ORDER = 2,456
THE MAXIMUM ERRORj3; THE PROGRAM READS AS FOLLOWS:
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WBEGINH®™ "WINTEGLR"™ N; "FOR®™ Nt= 10, 20 "DOv
"BEGIN® "INTZGER™ I, ORDER; M"REAL™ PI; ™ARRAY"™ X, YLO:Nls E[1361;

"REALM™ "PROCEDURE"™ R(X); "VALUE"™ X; WREAL®™ X;
Rs= EXP(X);

UREAL" “PROCEDURE™ F(X); "VALUE" X; "REAL" X;
Ft= SIN(X)*(1 + FXP(X));

"PROCEDURE™ FEM LAG(Xs Y» N» Ry Fs ORDERs £);
"CODE" 33301
C[11t= E£E[41%a 1; E[2]18= E[(37:= E[5]t= E[6]2:= O
PIt= 3,14159265358979;
WEOQRY I:w O WSTEPM ] ®WUNTIL® N "DO"™ X[IJ:t= PI%*I/N;
OQUTPUT (61" ("/ /56BN ( "Nst) D) yN ) 3
WEOR® ORDER= 2, 4, 6 ™DOW
"BEGIN" "REAL"™ RHO, D;
FEM LAG(X» Y, N» Ry F» ORDER, E);
RHOt= 0;
SFOR™ Tt= O WSTEPM® 1 WUNTIL®™ N ™DOW
"BEGIN® Dts ABS(Y[I] = SIN(X[I1));
IF" RHO < D "THEN" RHQO:= D
NENDY;
UUTPUT (61, ("/516B"("ORDER=" )"DD,4B" ("MAXe ERROR= "),
DeDD"+ZD") "y ORDER,RHO)
nEND M
REND®
WEND"

RESULTS:

N=10
ORDER=2 MAXe ERROR= 1,60" =3
ORDER=4 MAXe ERROR= 1,55" =5
ORDER=A MAXs ERRJR= 7,28"«10

N=20 .
ORDZR=2 MAXe ERROR= 401" =4
ORDER =4 MAXe ERROR= 9,80" =7
ORDER=6 MAXe ERROR= 9,38#=12

NJTICE THAT THE MAXIMUM ERROR DECREASES BY ABOUT
2%*(=0RDER) YHEN THE MESH SIZE IS HALVED.
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SUBSECTION: FEM LAG SPHER,

CALLING SEQUENCE:

THE HEADING NF THE PROCZDURE READSS

"PROCEDURE"™ FEM LAG SPHER(Xs Y» Ns NC» Rs Fp» ORDERs, E);
"VALUE" N» NCs ORDER; "INTEGER"™ N, NC, ORDER;

"ARRAY" X» Y, Ej

WREAL™ "PROCEDURE™ R, Fj;

"CODE" 33308;

THE MCANLNG NF THE FORMAL PARAMETERS ISt

N3

MC3

X3

Y

<ARITHMETIC EXPRESSION>;
THE UPPER BOUND OF THE ARRAYS X AND Y; N > 1;

<EXPRESSIOND>;

IF NC = 0, CARTESIAN COORDINATES ARE USED;
IF NC = 1, POLAR COORDINATES ARE USED;

IF NC = 2, SPHERICAL COORDINATES ARE USED;

<ARRAY IDENTIFIER>;

"ARRAY"™ X[Q:N1;

EMTRY: A = X[0J € X[1] € eee € XIN]l = B IS A
PARTITICON OF THE INTERVAL [A,B1;

<ARRAY IDEMTIFIERD>;

"ARRAY" Y[O:NJ;

EXIT: YII] (I = 0s 15 eee » N) IS THE APPROXIMATE
SOLUTION AT XCI1 0OF THE DIFFERENTIAL EQUATION

(1) = (X*kkNCkY?) ¥ /X*k%kNC + R(X)*Y = F(X)» A < X < By
WITH BOUNDARY CONDITIONS

E[LI*Y(A) + E[21%Y'(A) = E[(31,
(2)
E[41*Y(B) + E[51%Y*(B) = E[6];

<PROCEDURE IDENTIFIERD;

THE HEADING OF R READS:

"REAL™ RPROCEDURE® R(X); MVALUE® X; MREAL® X;
R(X) IS THLC CIEFFICIENT OF Y IN (1);

<PRNCEDURE IDENTIFIERD>;

THE HEADING OF F READS?

MREAL®™ "PRJCEDURE™ F(X)s; MVALUE" X; "REAL"™ X;
F(X) IS THE RIGHT HAND SIDE OF (1);

10
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DRDER: <ARITHMETIC EXPRESSIOND;
ENTRY: ORDER DEMOTES THE ORDER OF ACCURACY REQUIRED FOR THE
APPROXIMATE SOLUTION OF (1)=(2); LET H = MAX{(X[I] = X[I=11);
THEN ABS(Y[LI] = Y(X[I1)) <= CxH**0ORDERs» I = 0» eee s N;
ORDER CAM BE CHOSEN EQUAL TO 2 OR 4 ONLY;

£t <ARRAY IDENTIFIERD;
RARRAY® E[1361;
C[1lls eee » E[6] DESCRIBE THE BOUNDARY CONDITIONS (2);
EC11 AMD E[4] ARE NOT ALLOWED TO VANISH BOTHe

PROCEDURES USEDt NONE.

REQUIRED CEMTRAL MEMORY:

FOUR AUXILIARY ARRAYS OF N REALS ARE USED.

RUNNING TIME:

DATA

LET K = DRDER/2; THEN
(A) K#N EVALUATIONS GF R(X) AND F(X) ARE NEEDED;
(8) IF NC > 0 AND ORDER=4, THEN N SQUARE ROOTS ARE EVALUATED;

AND RESULTSs

THE PROCEDURE FEM LAG SPHER HAS SOME RESTRICTIONS IN ITS USE:
R(X) AMD F(X) ARE REQUIRED TO BE SUFFICIENTLY SMOOTH

ON <XCC1, X[IN1> EXCEPT AT THE GRID POINTS; FURTHERMORE R(X)
SHOULD BE NOMNZGATIVE.

METHOD AND PERFORMANCE?®

PROBLEM (1)=(2) IS SOLVED BY MEANS OF GALERKIN®S METHOD WITH
CONTINUOUS PIECEWISE POLYNOMIALS (SEE (11, [21);

THE SOLUTION IS APPROXIMATED BY A FUNCTION WHICH IS CONTINUOUS ON
THE CLOSED INTERVAL <X[01,X[N1> AND A POLYNOMIAL OF DEGREE LESS
THAN DR EQUAL TO K (K = ORDER//2) ON EACH SEGMENT <X[J=11oX[J1>
(J = 1, eses N); THIS PILECEWISE POLYNOMIAL IS ENTIRELY
DETERMINED BY THE VALUES IT HAS

AT THE KNOTS X[J] AND ON (K=1) INTERIOR KNOTS ON EACH SEGMENT
<X[J=11,X[J1>; THESE VALUES ARE OBTAINED BY THE SOLUTICN OF AN
(ORDER + 1)=DIAGONAL LINEAR SYSTEM WITH A SPECIALLY STRUCTURED
MATRIX (SEE [2]); THE ENTRIES OF THE MATRIX AND THE VECTOR ARE
INNER PRODUCTS WHICH ARE APPROXIMATED BY SOMF PIECEWISE K«POINT
GAUSSIAN QUADRATURE (SEE [4]1); THE EVALUATION OF THE MATRIX AND
THE VECTOR IS DONE SEGMENT BY SEGMENTt ON EACH SEGMENT

THE CONTRIBUTIJINS TOD THE ENTRIES OF THE MATRIX AND THE VECTOR
ARE COMPUTED AND EMBEDDED IN THE GLOBAL MATRIX AND VECTOR;
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SINCZ THE FUNCTION VALUES ON THE INTERIOR

POINTS OF EACH SEGMENT ARE NOT COUPLED WITH THE FUNCTION
VALUES OUTSIDE THAT SEGMENT, THE RESULTING LINEAR SYSTEM
CAM BE REDUCED TO A TRIDIAGONAL SYSTEM BY MEANS OF STATIC
CONDENSATION (SEE [21); THE FINAL TRIDIAGONAL SYSTEM,
SIMCE IT IS OF FIMITE DIFFERENCE TYPE, IS SOLVED BY

MZANS OF BABUSKA'S METHOD (SEE [31),

EXAMPLE 0OF USE:

WE SOLVE THE BOUNDARY VALUE PROBLEM

= (YURXRRNC) P/XRENC + ¥ = 1 = Xkk4 ¢ (12 + 4*NC)*X%%2,
N <X <15 YNO) = Y(1) = O3

FOR THE BOUNDARY CONDITIONS THIS IMPLIES THAT
E02) = E[4] = 15 E[1] = EL3] = E[5] = E[6] = O;

THE ANALYTIC SJLUTICON IS Y(X) = 1 = Xk*4; WE APPROXIMATE

THE SOLUTION OH A UNIFORM GRID» IeEe X[IJ = I/Ny I = 0» eses Nj
I = 05 sees N5 WE CHOOSE N=10,20 AND COMPUTE FOR ORDER = 2,4
THE MAXIMUM ERROR; THE PROGRAM READS AS FOLLOWS:

RBEGIN® MINTEGER® N» NC;
"FOR™ Nt= 10, 20 "DO" "FOR™ NC:= 0» 1, 2 "DQO"
WBEGIN" WINTEGER" I, ORDER; ™ARRAY"™ X, Y[O:Nl» EL[1:61];

YREAL™ MPROCEDURE®™ R(X); ®WVALUE® X; ™REAL™ X;
Rt= 13

"REALY "PRUCEDURE™ F(X); "VALUE™ X; "REAL"™ X;
Fi= (12 + 4KNCIRX*%*2 + 1 = Xk%4;

"PROCEDURE" FEM LAG SPHER(X» Y» Ns NC» Ry Fy ORDERy» E);
“CODE" 33308;

5(213= C[4]t= 1; E[11t= E[3]:= E(51:= E[61t= O;
UMEQRM Ti:e O OSTEP® 1 WUNTIL® N ®DC" X[Il:= I/N;
QUTPUT(6LsM( "/ /56BN (MNe")NZTD,6BM( "NCa ) NZDW)",NyNC);
"FOR"™ QORDERt= 2, 4 "DO"
®BEG IN™ M"REAL™ RHO, D3
FEM LAG SPHER(Xs Y» N» NC» Ry F» ORDERs E);
RHO:= 03
WEQR® I:= (0 WSTEP® 1 BUNTIL® N ®#pQ®
"BEGIN"™ Dt= ABS(Y[I] = 1 + X[I1*%*4);
WIF® RHO < D "THEN®™ RHO:= D
"END" ;
QUTPUT(61s%(" /7 516B" (" JRDER=N™)"ZD,4B"("MAX.ERROR= % )",
DeDD"+2D" )1, JRDER,RHO)
"END"
REND®
nEND Y
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RESULTS:
N= 10 NC= 0
ORDER= 2 MAXo ERROR= 44377 =3
ORDCR= 4 MAXs ERROR= 293" =6
N= 10 NC= 1
ORDER= 2 MAXeERROR= 1, 42" =2
ORDER= 4 MAXe ERROR= 5,49% =5
N= 10 NC= 2
ORDERs 2 MAXoERROR® 2446" =2
ORDER= 4 MAXe ERROR= 1,27% =4
N= 20 NC= 0
ORDER=s 2 MAXeERROR= 1,09%" =3
ORDCR= 4 MAXsERROR= 1483" =7
N= 20 NC= 1
ORDER= 2 MAXe ERROR® 3453" =3
DRDER= & MAX e ERRJR= 3,91" =6
N= 20 NC= 2

ORDERs 2 MAX,ERROR® 6410" =3
ORDER= 4 MAXo ERROR® 9426" =6

ONE OBSERVES THAT THE MAXIMUM ERROR DECREASES B8Y ABOUT
2%%(=JRDER) WHEN THE MESH SIZE IS HALVED.
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SOURCE TEXT(S):

®CODE™ 333003
WPROCEDURE™ FEM LAG SYM(Xs Y» N» Py, Ry F» ORDER, E);
"INTEGER" N, ORDER;
WREAL"™ "PROCEDURE" Py Ry F3;
"ARRAY™ X, Y» E;
PBEGIN® “IMTEGER™ L, L1;
"REAL™ XL1, XLs Hs Al2, Bls B2s TAUl, TAU2s CHs TLs G» YLs PPs
Pl, P2s» P3s» P4y Rls R2s R3s R4y Fly F2, F3, Fb4,
El, EZs» E3» E4» E5,5 E63
HARRAY" T, SUB» CHI, GI[O:N=11;

"PROCEDURE" ELEMENT MAT VEC EVALUATION 1;

"BEGIN®M PMREAL® H23s
NIF® Lw]l WTHEMN®
WBEGIN® P2:s P(XL1); R2:s R(XL1l); F2:= F(XL1) WEND™;
Pl:= P2; P21= P(XL); Rlt= R2; R23= R(XL); Fl3s F2; F23= F(XL)3
H23= H/2; Blit= H2%F1l; B23= H2%F2; TAUlst= H2#R1; TAU2:e H2*R2;
Al2:= =Ny 5%(P1 + P2)/H

WEND" ELANe MoVe [Ve;

WPROCEDURE® ELEMENT MAT VEC EVALUATION 2;
"BEGIN™ “REAL™ X2, H6, H15, B3, TAU3, C12, C32» Al3, A22, A23;
NIF" L=l "THEN®
WBEGIN" P3s= P(XL1); R3t= R(XL1); F3s= F(XL1l) WEND?®;
X23= (XL1 + XL)/2; H6te H/Hh; H153= H/1.5;
Pl:= P3; P2:= P(X2); P33= P(XL);
Rl:= R3; R23= R(X2); R3:= R(XL);
Fli= F3; F23= F(X2); F3:= F(XL);
Bli= H6*Fl; B2t= H15%#F2; B33ms H6#F3;
TAUl:= H6*R1l; TAU2:= H15%R2; TAU3:= H6%*R3;
Al2:= =(2%P1 + P3/1e5)/H; Al33= (Qe5%(P1l + P3) = P2/1e5)/H;
A22:= (Pl + P3)/H/0e375 + TAUR2; A233= =(P1/3 + P3)%2/H;
WCOMMENT®™ STATIC CONDENSATION;
Cl2:= = A12/A22; C32:= = A23/A22; Al2:= Al3 + C32%Al2;
Bls= Bl + C1l2%B2; B23t= B3 + (C32%B2;
TAULt= TAUl + Cl2*TAUZ; TAU21= TAU3 + C32%TAU2
MEMD" ELZMENT MAT VEC EVALUATION 2;

"PROCEDURE" ELEMENT MAT VEC EVALUATION 33

WBEGIN® WREAL™® X2, X3s H12s H24» DETs C1l2» Cl3, C42s C43)
Al3, Al4, A22s A23, A24, A33, A34, B3, B4y, TAU3, TAU4;
WIFY Lsl "THEN"
BBEGIN® P4t= P(XL1); R&t= R(XL1); Fé4t= F(XL1) ®ENDW;
X23= XL1 + 0027639320225%H; X3:= XL = X2 + XL1;
H12:= H/12; H24:= H/2.4;
Pl:= P4; P23= P(X2); P3t= P(X3); P4s= P(XL);
Rlt= R4; R2t= R(X2); R33=s R(X3); Ré43= R(XL);
Fls= F4; F2:= F(X2); F3:= F(X3); F4ss F(XL);
Bil:= H12*%Fl; R23= H24*F2; B3:= H24%F3; B4twm H12%F4;
TAUL:= H12*%R1l; TAU2:= H24%R2; TAU3t= H24%R3; TAU4t= H12%R4;

14
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Al2:= =(+ 4,04508497187450%P1
+ 0057561917135425%pP3
+ 0623751416197911%P4)/H;
Al3t= (+ 163450849718747%P1
= 165075141619791%P2
+ 0667418068286458%P4) /H;
Al4s= ((P2 + P3)/2e4 = (Pl + P4)72)/H;
A223= (5,454237476562%P1 + P3/,48 +,79576252343762%P4)/H + TAU2Z;
A23:m = (Pl + P4)/(H*0e48);
A24:= (+ 0o67418082864575%P1
= 1650751416197910%P3
+ 1.54508497187470%P4) /H;
A33:m (67957625234376%P1 + P2/e4B + 56454237476562%P4)/H + TAU3;
A34:3 =(+ 0623751416197911%pP1
+ 0657581917135418%P2
+ 4,0450849718747%P4) /H;
"COMMENT™ STATIC CONDENSATION;
DET:= A22%A33 = A23%A23;
Cl2i= (A13*%A23 = A12%A33)/DET;
Cl3t= (Al2*A23 = A13%*A22)/DET;
C42:= (A23%A34 = A24%A33)/DET;
C43:= (A24%A23 = A34%A22)/DET;
TAUls= TAUl + C12*TAU2 + C13%*TAU3;
TAUZ2t= TAU4 + C42*%TAU2 + C43*TAU3;
Al2:= Al4 + C42%A12 + C43%A13;
Bl:= Bl + Cl2*B2 + C1l3*B3;
B21= B4 + C42*%B2 + C43%B3
WEND"™ ELEMENT MAT VEC EVALUATION 3;

"PROCEDURE™ BOUNDARY CONDITIONS;
WIF® L=]1 WAND® [E2 = (0 WTHEN®
"BEGIN™ TAUl:s= 1; Bl:= E3/E1;B2:m B2 = AL2%Bl;
TAUZ:= TAU2 = Al2; Al2:= Q "END"
WELSE®™ MIFM |=]1 MWAND™ E2 "= O WTHEN®
"BEGIMN™ "REAL™ AUX; AUXt= P1/E2; TAUlt= TAUl = AUX*E1l ;
Bls= Bl = E3%AUX
WEND" WELSE"™ "IF"™ L=N "AND" E5 = 0 "THEN"
BBEGIN™ TAU2:= 1; B2t= E6/E4; :
Bls= Bl = Al2%B2; TAUlt= TAUl = Al2; Al2:= 0
NEND® NILSEM" WIFM LaN WAND™ E5 "= O WTHEN®
"BEG IN" "REAL"™ AUX; AUXi= P2/E5;
TAUZ2s= TAU2 + AUX*E4; B2t= B2 + AUX*E6
WEND" BeCel;

"PROCEDURE" FORWARD BABUSHKAj;
RIFR L=l WTHEN®
WBEGIN" CHI[O0]1:= CH:= TL:= TAUl; T[013:= TL;
GI[O0l:= G:= YL:= Bl; Y[O0l:= YL;
SUBLO1st= Al2; PP3= Al2/(CH = Al2);
CH3= TAU2 = CH#*PP; Gt= B2 = G*PP; TLs= TAU2; YL:=s B2
WEND®™ WELSEM
"BEGIN" CHILL1ll:= CH:= CH + TAUl;
GIlL1ll:= G3= G + Bl;
"COMMENT®
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SUB[L1l:= Al2; PP:= A12/(CH = Al12);
CH:= TAU2 = CH*PP; Gi= B2 = G*PP;
TOL1ls= TL + TAUl; TL:= TAU2;
Y{Ll1z= YL + Bl; YL:m= B2

WEND" FORWARD BABUSHKA 1;

RPROCEDURE® BACKWARD BABUSHKAj
"BEGIN" PPt= YL; Y[Nlz:s G/CH;
G:= PP; CH:= TL; L:s N3
WEORM" Lts | = ] WWHILE" L >= O wDpQ"
WBEGIN® PPi= SUBCL); PP3= PP/(CH = PP);
TL:= TIL1; CHt= TL = CH*PP;
YL:= Y[L]; G:=s YL = G*PPp;
YOLIs=(GIDILY + G = YL)/(CHILL] + CH = TL)
WENDN
WEND" BACKWARD BABUSHKA;

Li= 0; XL3= X[O0J;
Els= E[1]1; E2:= E[21; E3t= E(3]; E41= £[4]1; E5ts EL5]); Eb6t= E(H];
UEORW L:=s L + 1 ®YHILEY L <= N DO
"BEGIN" L1ls= L = 1; XL1l:= XL; XLi= X[L]l; Hie XL = XL1;
RIFW ORDER = 2 WTHEN® ELEMENT MAT VEC EVALUATION 1 WELSE®
NIF* ORDER = 4 WTHEN" ELIMENT MAT VEC EVALUATION 2 ©"ELSE®
ELEMENT MAT VEC EVALUATION 3;
WIFN =] WORM L=N "THEN™ BOUNDARY CONDITIONS;
FORWARD BABUSHKA
NEND
BACKWARD BABUSHKA;
WEND"™ FEM LAG SYM;
mEOPR

“CODE®™ 33301
"PRACEDURE"™ FEM LAG(Xs Ys Ns» Ry Fs ORDER» E);
WVALUE® Ny ORDER; "INTEGER™ N, 0ORDER;
"REAL" "PROCEDURE" Ry F3
TARRAY" X, Yy E3
WBEG IN® ®RINTEGER® L, L1
"REAL"™ XL1l, XL» Hs Al2s Bl, B2, TAUls, TAU2s CHs TLs» Gs YLy PPy
Ely E2» E35» E4y ED5» Eb;
"ARRAY"™ T, SUB», CHI, GI[O:? N=11;

"PRICEDURE™ ELEMENT MAT VEC EVALUATION 1;
WBEGIN® WOWN® ®WREAL®™ F2, R2; "REALY Rl, Fls, HZ2;

NIFY L=l N"THENY

“BEGIN® F2t= F(XL1); R22= R(XL1) ®END®;

Al2t= = ]/H; H2:= H/2;

Riz= R2; R2z= R(XL); Fl:=s F2; F2:= F(XL);

Blt= H2%Fl; B2ia H2*F2; TAUlt=s H2%R1l; TAUZ23= H2#%R2
BEND™ CLEMENT MAT VEC EVALUATION 1

16
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"PROCESDURE™ ELEMENT MAT ViC EVALUATION 2;
"BEGIN™ "OWN™ "REAL™ R3, F3;
"REAL"™ R1ls, R2s Fl, F2s X2» H6s» H1l5,
B3, TAU3, Cl2, Al3, A22, A23;
WIFY L=l "THEN®
NWREGIN® R3:= R(XL1); F3:= F(XL1) "END";
X2t= (XL1 + XL)/23 Hé6t= H/65 H15%= H/1,.5;
R1lte R3; R2:= R(X2); R33= R(XL);
Flszw F3; F2:= F(X2); F3:=s F(XL);
Bls= H6*F1; B23= H15%F2; B3:= H6%*F3;
TAUltes H6*R1; TAU23= H15%R2; TAU3ts R3%H6;
Al2:m A23:= =8/H/3; Al3:= = Al2/8; A223:= =2%A12 + TAU2;
"COMMENT™ STATIC CONDENSATION;
Cl2i= = AL2/A22; Al2t= Al3 + C1l2%Al12;
B2:= C12%B2; Bl:= Bl + B2; B2:= B3 + B2;
TAU2:= C12*%TAUJ2; TAUl:= TAUl + TAU2; TAU2:= TAU3 + TAU2
"END" ELCMENT MAT VEC FVALUATIONZ;

WPROCCDURE™ ELEMEMT MAT VEC EVALUATION 33
WBEGINM MOQWN" “REAL" R4, F&;
"REAL™ Rl» R2» R3, Fl, F2s F3s X2s X3, H12, H24»
DET», Cl2s C13s C42s C435 Al3, Albs A22, A23, A24»
A33, A34s B3y B4y, TAU3, TAU4;
NIEN Lal "THENM
RREGIN® R4t= R(XL1); F4t= F(XL1) REND™;
X21= XL1 + 0627639320225%H; X33w XL = X2 + XL1;
Rit= R&; R2:= R(X2); R3:= R(X3); R4:=s R(XL);
Fli= F43 F2t= F(X2); F33= F(X3); F4t= F(XL);
Hl23:= H/12; H243= H/2.4;
Bl:= F1l%H12; B2:= F2%*H24; B3:= F3%H24; B4sm F4*H12;
TAUl:= R1%*H12; TAUZ:= R2%H24; TAU3:= R3%H24; TAU4t= R4*H12;
Al2t= A343= =4,8784183052078/4;5 Al3t= A24i= 9,T7117516385412/H;
Al4im =0,16666666666667/H; A23:im 25%Al14;
A22:= =2%A23 + TAU2; A33:= =2%A23 + TAU3;
"C OMMENT™ STATIC CONDENSATION;
DETs= A22%A33 - A23%A23;
Cl2:= (A13%A23 = A12%A33) /DET;
Cl3:= (A12%A23 = A13%A22)/DET;
C42t= (A23*%A34 = A24%A33)/DET;
C43ts (A24%A23 = A34%A22)/DET;
TAUl:= TAUl + C1l2*TAU2 + C1l3*TAU3;
TAU2:= TAU4& + C42%TAUZ2 + C43*TAU3;
Al2s= Al4 + C42%A12 + C43%A13;
Bl:= Bl 4 C12%32 + C1l3%B3;
B2:= B4 + C42%B2 + C43*B3
"END™ ELEMENT MAT VEC EVALUATION3
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"PROCEDUREM™ BOUNDARY CONDITIONS;
WIF® L=l PAND" E2 = O "THEN®
CWBEGIN" TAUls= 1; Bl:= E3/El; B2:= B2 = Al2%Bl;
TAUZ2:= TAU2 = Al2; Al23s 0 "END"
MELSE® WIFN | =] WAND™ E2 "= O WTHEN®
WBEGIN® TAUl:= TAUL = E1/E2;
Bl:= Bl = E3/E2
WEND'™ MELSE™ "IF® L=N "AND® E5 = Q WTHEN®
WBEGIN™ TAU2:= 1; B2t= E6/FE4; Blt= Bl = Al2%B2;
TAUl:= TAUl = Al2; Al2:= O
WEND"™ "ELSE™ "IF" Ls=N MAND"™ E5 "= 0 M"THEN"
®BEGIN® TAU23= TAU2 + E4/ES5;
B2t= B2 + E6/ES
WEND®" BOUNDARY CONDITIONS;

"PROCEDURE" FDRWARD BABUSHKAS
WIF® L=l WTHEN®
"BEGIN" CHI[Ol:= CH:= TL3= TAUl; T[O0J:= TL;
GIfO1:= G:= YL:= Bl; Y[0l:= YL;
SUBLOlz= Al2; PPt= A12/(CH = Al2); CHi= TAU2 = CH¥PP;
Gtw B2 =~ GkPP; TlLit= TAUZ2; YLi= B2
WEND" WELSE®
WBEGIN" CHICL1l3= CH:= CH + TAUl;
GI[L1l:= Gs= G + Bl; SUBLL1JIs:= Al2; PPt= A12/(CH = Al2);
CHtw TAU2 = CH*PP; G:= B2 = G¥PP;
TOL1ls= TL + TAULl; TL:= TAUZ;
YIL11s= YL + Bl; YL1i= B2
REND™ FORWARD BABUSHKA 1;

WPROCEDUREY BACKWARD BABUSHKAS
"BEGIN" PPte YL; YIN]ts G/CH;
Gs= PP3; CHts TL; L= N3
WEQRM® Ltm L = 1 "WHILE® L >»= O ®DQ%
WBEGIN® PPi= SUB[L]; PP:= PP/(CH = PP);
TLs= TILY; CHt= TL = CH%PP;
YLi= Y[L); Gt= YL = G*PP;
YOL1:=((GILL] + G) = YL)/((CHILL] + CH) = TL)
L1 END (1] .
REND® BACKWARD BABUSHKA;

Li= Q; XL3=s X[O01;
El:= E[11; E2:= E[2]); E3:= E[3]; E4t= E(4];5 E5:= E[5); E6:= E[6];
WEFOR" Li= L + 1 "YHILE" L <= N RmpQOP»
®BEGIN® Lism | = 1; XL1%= XL; XLt= X[L1; Hs3= XL = XL1;
WIF" ORDER = 2 WTHEN™ ELEMENT MAT VEC EVALUATION 1 "ELSE®
WIF" ORDER = 4 "THEN"™ ELEMENT MAT VEC EVALUATION 2 "ELSE"
ELEMENT MAT VEC EVALUATION 33
"IF® L=1 "DOR™ Ls=M "THEN®™ BOUNDARY CONDITIONS;
FORWARD BABUSHKA
"END";
BACKWARD BABUSHKA;
WEND™ FEM LAGR;
nEgpn
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“CODE™ 333083
"DROCEDURE™ FEM LAG SPHER(Xs Ys Ns NCs Ry Fs ORDERs E);
BYALUE® My NC, ORDER; "INTEGER™ N, NCs ORDER;
WREAL"® "WPROCEDURE" P, F3
TARRAY'™ X, Ys» E;
RBEGINM® ®INTEGER® L, L1;
WREAL"™ XL1s XLs Hy Al2, Bly, B2, TAUl, TAU2s CHs TLs Gs YLs PPy
TAU3, B3, Al3s, A22, A235 C32» C1l2s
€1, [2» E3» E4s [5, E63
®ARRAY® T, SUBs CHI» GI[O:N=11;

WPROCEDURE® ELEMENT MAT VEC EVALUATION 1;

"BEGINY "REAL™ XMs VLs VRoWL» WRs PR» RM» FMs XL2s XLXR» XR23
BIF® NC = U ®THEN® VLts VRia (,5 ®WELSE"™ WIF" NC = 1 PTHEN®™
WBEGIN®™ Vi:e (XL1%2 4 XL)/6; VR:we (XLl + XL%2)76 "END® WELSE®
NBEGINY XL2t= XL1#XL1712; XLXR:aXL1%XL/6; XR2:=XL*XL/12;

V0is= 3%XL2 4+ XLXP + XR23;
VRs= 3%XR2 + XLXR 4 XL2
nENDY;

WL tw H*VL; WR3=sH%YR; PRz= YR/ (VL +VR);

XM2= XL1 ¢+ H®PR; FM2= F(XM); RMi=R(XM);

TAUl:= WLHRM; TAU2:=WR*RM;

Bl:= WLkFM; B2:= WR*FM; Al2:®= = (VL + VR)/H + H*¥(1l = PR)%PR¥RM
WEND™ ELEMe MeVe EVes

WPRNCEDURE™ ELEMENT MAT VEC EVALUATION 23

WBEGINY "REAL™ XLMs XRM» VLM» VRMs WLMs WRMs FLM» FRM»
RLMs RRMs PL1ls, PL2» PL3» PR1» PR2» PR3, QLls QlL2» QL3»
RLHPL1,» RLMPLZ» RLMPL3s RRMPR1» RRMPR2, RRMPR3,
VLHALl, VLMQL2, VLMQL3, VRMQR1, VRMQR2, VRMQR3,
QR1l, QR2,QR3;

WIF® NC = 0 ®THEN®
BBEGINY XLM:=sXLl + H#%0,2113248654052; XRM3ss= XL1 + XL =~ XLM;
VLM:=s VRMi= D53
PL1lt= PR3:= 0,455341801261485 PL32= PR1t=s =0,12200846792815;
PL2t= PR2tm ] = PL1 = PL3; '
QLl:s = 2,15470053837925; QL3s3= =0,15470053837925;
QL2:= = QL1 = QL3; QR1t= = QL33 QR33= = QL1l; QR2%= = QL2}
WEND® WELSE® WIFW NC = 1 WTHEN®
WBEGTIN™ "REAL™ A, A2s A3s A4 Bs B2s B3s» B4s P4H,
P2, P3, P&, AUX1ls AUXZ2;
Atm XL1l; A2%= A%A; A3t=m A%A2; A4t= A%A3;
Bt= XL; B2t= B*B; B3t= B%B23; B4t= B*B3;
P2:= 10%(A2 + 4%A%B 4+ B2); P3:= 6%(A3 + 4%(A2%B 4+ A%B2) + B3);
Pbi= SQRT(H*k (AL + 10#%(A*B3 + A3%B) + 28%A2%B2 + B4));
P4H= P4%H; XLM3= (P3 = P4H)/P23 XRMi=m (P3 + P4H)/P2;
AUX1lz= (A 4+ B)/74; AUX2:= H*%(A2 + 7%A%B + B2)/6/P4;
VLMz= AUX1 = AUX2; VRM:= AUX1l + AUX2;
BWCOMMENT®



SECTION t 5e26le2¢lelelel (DECEMBER 1979) PAGE 20
3

"E'\‘D" "ELSE"
WBEGIM® WREAL™ A, A2, A3» A4y ASs Abs ATs A8,
By, B2» B3, B4y B5y Bbs B7» BBy, AB4y A2B3s, A3B2, A4B,
P4, PE, P8y, PBHy AUX1l, AUX2;
Ats XL1; A2t = A%A; A3t= A%A2; A4t= A%A3; AS53= AkA4; Abts AXAS;
AT73m AkA4; A8im A%A7;
B:= XL; B2:= B*B; B3:= B*B2; B4:= B*B3; B5:=s BkB4; Bh:= B*B5;
B7:= B*B6; BBt= B%B7;
AB4:= A%B4; A2B3t= A2#B3; A3B2ts A3%B2; A4BimA4%B;
P4sm 15%(A4 + 4%(A3%B + A¥B3) + 10%A2%B2 + B4);
P5H52m 10%(A5 + 4% (A4B + AB4) + 10%(A3B2 + A2B3) + B5);
P83= SQRT(10%(A8 + 10%(A7%B + A*B7) + 55%(A2%B6 + A6*B2)
+ 164%(A5%B3 +A3%B5) + 290%A4%B4 + B3));
AUX1:= (A2 +A%B + B2)/6; P8H:= P8*H;
AUX23= (H¥ (A5 + 7%#(A4B + AB4) + 28%(A3B2 + A2B3) + B5))/4.8/P8;
XLMst= (P5 = PEH)/P4; XRMsi= (P5 + PBH)/P4;
VLM:= AUX1 = AUX2; VRM:s AUX1 + AUX2
"END™;

RIF® NC > O "THCN®
"BEGIN™ MREAL"™ AUX, PLMy, PRM;
PLM:= (XLM = XL1)/H; PRM:es (XRM = XL1)/H;
AUXt= 2#PLM = 1; PL13= AUX*(PLM =~ 1); PL3t=s AUX¥PLM;
PL2:t= 1 = PL1 = PL3;
AUX:=m 2%PRM «= 1; PR1z= AUX*(PRM = 1); PR3:a AUX*PRM;
PR23:= 1 = PRl = PR3;
AUXt= 4%PLM; QL1lt= AUX = 33 QL33= AUX = 1; QlL23s = QL1 = QL3;
AUX3= 4%PRM; QRlts AUX = 3; QR3:s AUX = 1; QR2:= = QR1 = QR3;
" EN Dll;

WLMts H*VLM; WRMt= H*xVRM; VLM3= VLM/H; VRMt= VRM/H;
FLMt= F(XLM)*WLM; FRM2= WRM*F (XRM);
RLM:= RUXLM)*WLM; RRM:= WRM*R(XRM);
TAUlt= PL1#*RLM + PR1*RRM;
TAUZ23= PL2%RLM + PR2#RRM;
TAU3:= PL3*RLM + PR3*RRM;
Bl:= PL1*FLM + PR1*FRM;
B2t= PL2%FLM + PR2*FRM;
B3t= PL3*FLM + PR3I%FRM;
VLMQL1:= QL1*VLM; VRMQR1l:= QR1*VRM;
VLMQL2:= QL2*VLHM; VRMQRZ21= QR2#VRM;
VLMQL3:= QL3*VLM; VRMQR33= QR3*VRM;
RLMPL1:= RLM*PL1; RRMPRL:= RRM*PR1;
RLMPLZ:= RLM*PLZ2; RRMPR2:= RRM¥PR2;
RLMPL3 3= RLM*PL3; RRMPR3t= RRM*PR3;
WCOMMENT™
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’

Al2:= VLMQL1*QL2 + VRMQR1#*QR2 + RLMPL1#%PL2 + RRMPR1*PR2;
Al3:= VLMQL1*QL3 + VRMQR1%*QR3 + RLMPL1*PL3 + RRMPR1#*PR3;
A223= VLMQL2*QL2 + VRMQR2*QR2 + RLMPL2*PL2 + RRMPR2*PR2;
A233= VLMQL2#QL2 + VRMQR2*QR3 + RLMPL2%PL3 + RRMPR2#%PR3;

"COMMENT" STATIC CONDENSATION;
Cld:= = Al2/A22; C32t= = A23/A22; Al2t= Al3 + C32%Al2;
Blt= Bl + Cl2%BZ2; B2:= B3 + C32%B2;
TAUls= TAUL + C12%TAU2; TAU23= TAU3 + C32*TAU2
WEND" ELEMENT MAT VEC EVALUATION 23

WPROC EDURE™ BOUNDARY CONDITIONS;

WIF® L=l "ANDY EZ2 = O "THEN"

WBEGIN®™ TAUl:e= 1; Bl:= E3/E1;B2:= B2 = Al2%Bl;
TAU2:= TAU2 = Al2; Al2t= O WENDW

WELSE™ MWIFn Lel WANDW E2 "= O WTHEN®

WBEGIN" "REAL" AUX;
AUX:= ("IF" NC = 0 "THEN"™ 1 "ELSE" X[O1**NC)/E2;
Bls= Bl = E3%AUX; TAUl:= TAUl = E1*AUX

WEND® "L LSE® "IF™ LsN “AND"™ E5 = O WTHEN"

"BEGIN" TAU2:= 1; B2:= EHK/E4;
Bli= Bl = Al2%B2; TAUls= TAUl = Al2; Al23= O

WENDR WELSERM WIF® [ =M WAND® E5 "= 0 "THEN®

WBEGIN" WRZAL"™ AUX;
AUX:s ("IF" NC = O "THEN"™ 1 "ELSE"™ XINI*%*NC)/E5;
TAU23= TAU2 + AUX*E4; B2:= B2 + AUX*EbH

WEND" BeCelj;

"PROCEDURE™ FORWARD BABUSHKA;
WIF" Lel WTHEN®
"BEGIMN" CHI[OJt= CH:= TL3t= TAUl; TLOl:= TL;
GI[Qlz=s G:= YLz= Bl; Y[O0lz:s=s YL;
SURLO):= A12; PPi= AL2/(CH = Al2);
CHi= TAU2 = CH*PP; Gi= B2 = G*PP; TLi= TAU2; YLt= B2
WENDY nZLSEn
"BEGIN® CHI[L1ls= CH:= CH + TAUl;
GI[L1lt= Gi= G + Bl;
SUB[L1Yt= Al2; PPtas Al2/(CH = Al2);
CH:= TAU2 = CH*PP; G3:m B2 = G%PP;
TOL1l:= TL + TAUl; TL:= TAUZ2;
YOL11s= YL + Bl; YL3= B2
WEND"™ FJIRWARD BABUSHKA
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"PROCEDURE"™ BACKWARD BABUSHKA;
"BEGIN" PP:= YL; YIN]s® G/CH;
Gt= PP; CHs= TL; Lt= Nj;
"FOR" Lt= L = 1 "WHILE" L >= Q0 "DO"
"BEGIN" PP:= 5UB[L]; PP:= PP/(CH = PP);
TL:= TLL1; CHs= TL = CH*PP;
YLz= Y[L]; Gt= YL = G*PP;
YOL]1:=s(GICL] + G = YL)/(CHICL] + CH = TL)
"END"
WEND" BACKWARD BABUSHKA;

Lte 0 XL1= XLO1;
El:s 5[1]; E2:= E[2); E3t= E[3]; E4:w E[41; ESse E[51; Ebi= EC6];
"FOR® L3m L + 1 "WHILE" L <= N "DOQ"
WBEGIN® L1t= L = 1; XLlte XL; XLtw XCL]; Hiw XL = XL1;
WIFn ORDER = 2 WTHEN® ELEMENT MAT VEC GVALUATION 1 WELSE®
ELEMENT MAT VEC EVALUATION 23
WIFM =] WOR™ L=N WTHEN® BOUNDARY CONDITIONS;
FORWARD BABUSHKA
nEND";
BACKWARD BABUSHKA;
WEND" FEM LAG SPHER;
NEQPW
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AUTHOR: Me BAKKERe
INSTITUTE: MATHEMATICAL CENTRE» AMSTERDAM,
RECEIVED: 751231,

BRIEF DESCRIPTION®

THIS SECTION COMTAINS A PROCEDURE FOR THE SOLUTION
OF SECOND ORDER SKEW=ADJOINT LINEAR TWn POINT
BOUNDARY VALUE PROBL EMS;

FEM LAG SKEW;
THIS PROCEDURE SOLVES THE DIFFERENTIAL EQUATION
= YIt 4+ Q(X)*Y? + R(X)*Y = F(X)» A < X < B»s
WITY BOUNDARY COMNDITICNS
. EL[11%Y(A) + E[21*Y'(A) = E[31,
EC41%Y(B) + E[51*Y¥(B) = E[6],

KEY WJRDS AMD FRASES:

SECOND ORDER DIFFERENTIAL EQUATIONS,
TWO POINT BOUNDARY VALUE PROBLEMS,
SKEW=ADJOINT BOUNDARY VALUE PROBLEMS»
GALERKIN'S METHOD,

GLOBAL METHODS.

LANGUAGE: ALGOL 60,

REFERENCESs
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PRENTICE=~HALL, ENGLEWOOD CLIFFSs NEW JERSEY, 1973,
[2] BAKKERs Mes» EDITOR,
COLLOQUIUM ON DISCRETIZATION METHODS» CHAPTER 3 (DUTCH)»
MATHEMATISCH CENTRUM» MC=SYLLABUSs TD APPEAR,
[3]1 HEMKERs PeWes
GALERKIN®S METHOD AND LOBATTO PODINTS»
MATHEMATISCH CENTRUMs REPORT 24775 (1975)e
[4] BABUSKAs Ie»
NUMERICAL STABILITY IN PROBLEMS OF LINEAR ALGEBRA,
SeleAeMe Jo MUMe ANALes VOLe9s Pe 53=77 (1972).
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SUBSECTINN: FEM LAG SKEYe

CALLING SEQUENCE?
THE HEADING OF THE PROCEDURE READSS

"PROCEDURE™ FCM LAG SKEW(Xs Y, N» Qs Ry F» ORDER» E);
"VALUZ"™ N» ORDEK; "INTEGER" N, ORDER;

WARRAY® X, Y, E;

WRECAL™ "PROCEDURE™ Q» Ry, F;

"CODE"™ 33302;

THE MGANING OF THE FORMAL PARAMETERS 1St

N: <ARITHMETIC EXPRESSIOND;
THE UPPER BOUND NF THE ARRAYS X AND Y; N > 1;

X3 <ARRAY IDENTIFIER>;
"ARRAYY" X[O:N1;
ENTRY: A = X[0] < X[1] € eee < X[N] = B IS A
PARTITION OF THE INTERVAL [A,BI1;

Yt <ARRAY IDCNTIFIERD;
“ARRAY"™ YLO:N1;
EXITe YLI] (I = 0» 1y eee » N) IS THE APPROXIMATE
SOLUTION AT X[I1 TO THE DIFFERENTIAL EQUATIONM

(1) = Y®® + Q(X)*Y? + R(X)*Y = F(X)» A < X < By
WITH BOUNDARY CONDITIONS

EC1I%Y(A) + E[2]1%Y?(A) = E[3]1,

EC41*Y(B) + FL[S51*Y'(B) = E[6];

Q:  <{PROCEDURE IDENTIFIERD;
THE HEADING OF Q READS:
"REAL" "PROCEDURE"™ Q(X); ®VALUE®™ X; ®REAL™ X3
Q(X) IS THE COEFFICIENT OF Y* IN (1);

R: <PROCEDURE IDENTIFIER>;
THE HEADING OF R READS:
WREAL®™ WPROCEDURE® R(X); ®"VALUE®™ X; ®"REAL"™ X;
R(X) IS THE COEFFICIENT OF Y IN (1);

F: <PRICEDURE IDENTIFIERD;
THE HEADING OF F READS:?
WREAL® "PROCEDURE™ F(X); "VALUE® X3 "REAL"™ X;
F(X) IS THE RIGHT HAND SIDE OF (1);

PAGE
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ORDERt <ARITHMETIC EXPRESSION>;
ENTRY: ORDER DENOTES THE ORDER OF ACCURACY REQUIRED FOR THE
APPROXIMATE SOLUTION OF (1)=(2); LET H = MAX(X[I] = X[I=1l1);
THEN ABS(YLIJ1 = Y(X[I1)) <= CkH**ORDER» I = 05 eee » N;
ORDER CAN CAN BE CHOSEN EQUAL TO 2» 4 OR 6 ONLY;

E: <ARRAY IDENTIFIERD>;
WARRAY" E[1:61];
E[1)s esee » EC6] DESCRIBE THE BCUNDARY CONDITIONS (2);
EC1]1 AND [[41 ARE NOT ALLOWWED TO VANISH BOTH,.

PROCEDURES USED: NINEe

REQUIRED CEMTRAL MEMORY®

FOUR AUXILIARY ARRAYS OF N REALS ARE USED.

RUNNING TIME:

DATA

LET K = NRDER/2; THEN
(A) K*N + 1 EVALUATIONS OF Q{(X)s R(X) AND F(X) ARE NEEDED;

(8) ABOQUT 17#2%%(K=1)*N MULTIPLICATIONS/DIVISIONS ARE NEEDED.

AND RESULTS:

THE PROCEDURE FEM LAG SKEW HAS SOME RESTRICTIONS IN ITS USEs

(I) Q(X) IS MOT ALLOWED TO HAVE VERY LARGE VALUES IN SOME SENSE:
THE PRODUCT Q(X)*(X[J] = X[J=11) SHOULD NOT BE TOO LARGE
ON THE CLOSED INTERVAL <X[J=11,X(J1>» OTHERWISE
THE BOUNDARY VALUE PROBLEM MAY DEGEMERATE TO A SINGULAR
PERTURBATION IR BOUNDARY LAYER PROBLEM, FOR WHICH EITHER
SPECIAL METHODS OR A SUITABLY CHOSEN GRID ARE NEEDED;

(II) Q(X)» R(X) AND F(X) ARE REQUIRED TG BE SUFFICIENTLY
DIFFERENTIABLE ON THE DOMAIN OF THE BOUNDARY VALUE PROBLEM;
THEY ARE, HOWEVER, THE DERIVATIVES ARE ALLOWED TO HAVE
DISCONTINUITIES AT THE GRID POINTS, IN WHICH CASE THE ORDER OF
ACCURACY (25 4 OR 6) IS PRESERVED;

(IIT) IF Q(X) AND R(X) SATISFY THE INEQUALITY R(X) D>= Q% (X)/2»
THE EXISTENCE OF A UNIQUE SOLUTION IS GUARANTEED, OTHERWISE
THIS REMAINS AN JPEN QUESTION;

(IV) THE USER SHOULD NOT EXPECT GREATER ACCURACY THAN 12 DECIMALS
DUE TO THE L3SS NF DIGITS DURING THE EVALUATION OF THE MATRIX
AND THE VECTOR OF THE LINEAR SYSTEM TO BE SOLVED AND DURING ITS
REDUCTION TO A TRIDIAGONAL SYSTEM; WHEN THE SOLUTION OF THE
PROBLEM IS MNOT TOO WILD, THIS 12=DIGITS ACCURACY CAN BE OBTAINED
WITH A MODERATE MESH SIZE (EeGe < Oel) ALREADY, PROVIDED
A SIXTH ORDER METHOD IS USEDe
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METHOD AMD PERFORMANCE:

PROBLEM (1)={(2) IS SOLVED BY MEANS OF GALFRKIN®S MgTHOD WITH
CONTINUOUS PIEBCZWISE POLYNOMIAL FUNCTICNS (SEE (11, [21);

THE SOLUTION IS APPROXIMATED BY A FUNCTION WHICH IS CONTINUDUS
ON THE INTERVAL <X[031,XIN1> AND A POLYNOMIAL OF DEGREE LESS THAN
OR EQAL TO K (K = ORDER//2) ON EACH SESMENT <X[J=11,XC(J1>

(J = 15 eees» N); THIS

PICCEWISE POLYNOMIAL IS ENTIRELY DETERMINED BY THE VALUES IT HAS
AT THE KNOTS X[ J1 AND ON (K=1) INTERIOR KNOTS ON EACH SEGMENT
X[ J=11,%XCJ31>; THESE VALUES ARE COBTAINED BY THE SOLUTION OF AN
(ORDER + 1)=~DIYAGONAL LINEAR SYSTFM WITH A SPECIALLY STRUCTURED
MATRIX (SEE [21); THE ENTRIES QOF THE MATRIX AND THE VECTOR ARE
INNER PRODUCTS WHICH ARE APPROXIMATED BY PICEWISE (K+1l)=POINT
LOBATTO QUADRATURE (SEE [31); THE EVALUATION OF THE MATRIX AND
THE VCCTOR IS DONE SEGMENT BY SEGMENT® ON EACH SEGMENT

THE CONTRIBUTINNS TO THE ENTRIES OF THE MATRIX AND THE

VECTOR ARE COMPUTED AND EMBEDDED IN THE GLOBAL MATRIX AND
VECTOR; SINCE THE FUNCTION VALUES ON THE INTERIOR

POINTS OF EACH SEGMENT ARE NOT COUPLED WITH THE FUNCTIDN
VALUES QUTSIDE THAT SEGMENT, THE RESULTING LINEAR SYSTEM

CAN B& REDUCED TD A TRIDIAGONAL SYSTEM BY MEANS OF STATIC
CONDENSATION (SEE [21); SINCE THE FINAL TRIDJAGONAL SYSTEM

IS OF FINITE DIFFERENCE TYPE, IT IS SULVED BY MEANS

OF BABUSKA®S METHOD (SEE [41).

EXAMPLE OF USE:

WE SOLVE THE BOUNDARY VALUE PROBLEM

= YV 4 YORCOS(X) + YREXP(X) = SIN(X)*(1 + EXP{X)) + COS(X)*%*2,
0 < X < PI = 3,14159265358979, Y(0) = Y(PI) = O3

FOR THE BOUNDARY CONDITIONS THIS MEANS THAT
E[1]1 = E[4] = 1; E[2] = E[3] = E[ 5] = E[6] = O3

THE ANALYTIC SOLUTION IS Y(X) = SIN(X); WE APPROUXIMATE

THE SOLUTIOM IN A UNIFORM GRID» IsEe X[I) = I#PI/N»

I = 0» eses N; WE CHONSE N=10,20 AND COMPUTE FOR ORDER = 25456
THE MAXIMUM ERROR; THE PROGRAM READS AS FOLLOWSS



SECTION s

"BEG
"BEG

"WEND
WEND

RE SU
N=10

N=20

NOTI
2%%(

5¢201le26l02s1s2 (JAMUARY 1976)

IM® "INTEGER™ N3 "FOR"™ N2s= 10, 20 “DQP®
IN® RINTEGER™ I, ORDER; "REAL"™ PI; "ARRAY"™ X, Y[OiNI1,

WREALY "PROCEDURE"™ Q(X); "VALUE" X; “REALM X
Qt= COS(X);

RREALY "PROCEDURE®™ R(X); "VALUE®™ X; ®WREAL™ X;
R:= EXP(X);

WREAL"™ "PRNCEDURE"™ F(X)3; "VALUE™ X; "REAL"™ X;
Fe= SIN(X)*(1 + EXP(X)) + COS(X)**2; '

"PROCEDURE" FEM LAG SKEW(Xs» Y» N» Qs R» Fy ORDERs E);
"CODE" 333023
Bl11t= E[41:= 1; E[21:= E[3]s= E[5]1t= E[6]2= O
PIzm 3,14159265358979;
NEORY J:w Q NSTEP® 1 WUNTIL®™ N wDO®w X[Ilt= PI®I/N;
QUTPUT(61,%("//7,6BR (RN=aRm) RON) R, N) 5
WEQR® ORDER:= 2, 4, & "DQ®
"BEGINY ®REAL® RHOs D;

FEM LAG SKEW(X» Y» N» Qs Ry Fp ORDER, E)3;

RHDt= 03

WEQORY It=w Q NSTEP® 1 MUNTIL® N wpO®

WBEGIN® D:w ABS(Y[1] = SIN(XLII));

WIFT RHO < D ®THEN®™ RHO:= D
ngNp

PAGE 5

EL1:61;

OUTPUT(61,"("/516B"("ORDER=) MDD, 4B " ("MAXe ERRORm )4,

D eDD"+Z0D%" )%, ORDERsRHD)
RENDP
"
"

LTS:

ORDER=2 MAXe ERROR= 2,95" =3
ORDER=4 MAXe ERROR= 256" =5
ORDER=6 MAXe ERROR= 4,26% =8

ORDER=2 MAXe ERROR= 7,55" =4
DRDER=4 MAXe ERROR= 1,68% =6
ORDER=6 MAXe ERROR= 6,76"=10

CE THAT THE MAXIMUM ERROR DECREASES BY ABOUT
=0RDER) WHEN THE MESH SIZE IS HALVED.
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SOURCE TEXT(S):

"CODE" 33302;

WPROCEDURE®™ FtEM LAG SKEW(X» Ys Ns» Q» Rs F» ORDERs E);
WINTEGER" Ny ORDER;

"REAL"™ "PROCEDURE"™ 2y Ry F;

WARRAY® X, Y, Ej

"BEGIN™ M"INTEGER™ L, L1

PAGE 6

"REAL"™ XL1, XL, Hs Al2, A21, Bls B2s TAUls TAU2s CH, TLs Gs» YLs PP»s

El, E2» E3» E4» ESy» Eb6;
WARRAY® T, SUPER, SUB, CHIs GILQ:N=11;

"PROCEDURE" ELEMENT MAT VEC EVALUATION 1;
"BEGIN"™ "OWN" "REAL"™ Q2, R2, F2;

WREAL"™ Q1, Rl, Fl, H2, S12;

WIF" L=l "THGN"

WBEGIN" Q23= Q(XL1); R2s= R(XL1); F2:= F(XL1l) "END";

H21= H/2; S123= = 1/H;

Qli= Q2; Q23= Q(XL);

Rl:= R2; R2:= R(XL);

Fl:= F2; F2:= F(XL);

Bli= H2%F1l; B2t= H2%F2;

TAUls= H2%*R1; TAU23:= H2%R2;

Al2:= §12 + Q1/2;5 A2l:= S§1l2 = Q2/2
WEND" ELEMENT MAT VEC EVe;

WPROCEDURE® ELEMENT MAT VEC EVALUATION 2;
"BEGIN® "OWNm "REAL"™ Q3, R3, F3;

"REAL"™ Qls 02, Rls R2s Fly» F2, S12, S13, S22 X2, H6, H15,

€12, €32, Al3, A31, A22, A23, A32, B3, TAU3;
"IFM Lal WTHEN® '
"BEGIN™ Q3:= Q(XL1); R3:= R(XL1); F3:= F(XLl) "END";

X2t= (XLl + XL)/2; H6t= H/6; H1l5t= H/1e5;

Qlt= Q3; Q2= Q(X2); 033= Q(XL);

R1ls= R3; R2:= R(X2); R3:= R(XL);

Fl:=s F3; F2:= F(X2); F3:s F(XL);

Blt= H6*Fl; B23= H15%F2; B33:= H6%F3;

TAUl:= H6#R1; TAU2t= H15%R2; TAU3:= H6*R3;

S12:= = 1/H706375; S13:s = S12/8; S22%= = 2%§512;
Al23:= §12 + Ql/1.5; Al33= S13 = Q1/6;

A21t= £12 = Q2/1.5; A231= S12 + Q2/1.5; A223s S22 + TAU2;

A3l:= 513 + Q3/6; A323= 512 = Q3/1.5;

"COMMEINT" STATIC CONDENSATION;

Cl2:= = Al2/A22; C32:= = A32/A22;

Al2t= Al3 + C12*A23; A21:= A31 + C32%A21;

Bl:= Bl + C1l2%B2; B2:= B3 + (C32%82;

TAUl:= TAULl + C12%TAU2; TAU23= TAU3 + C32*TAU2
®END®™ ELEMENT MAT VEC EVALUATION 2
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#PRACEDURE® ELEMENT MAT VEC EVALUATION 33
WBZGIN® wOYN® RREAL™ Q4, R4, Fé&;

"REAL" Ql, Q2» Q35 Rls R2» R3, Fls F25, F3y
S12s S13, Sl4s S22s 5235 X2» X3» Hl2, H24,
DETs Cl2s C1l3, C42s, C43, Al3, Al4, A22, A23s
A24, A31, A32s A33, A34, A4ls AG2, A43,

B3, B4» TAU3, TAU4;

WIF® L=l "THEN"

WBEGIN™ Q43:s Q(XL1); R4:= RIXL1l); Fé:= F(XL1) MEND®;
X2t= XL1 + 0627639320225%H; X3t= XL = X2 + XL13

H12t= H/12; H243= H/2e4;

Ql:= Q4; Q2:= Q(X2); Q3:= Q(X3); Q43= Q(XL);

R1l:= R4; R22= R(X2); R3:= R(X3); Ré4:= R(XL);

Flet= F4; F2t= F(X2); F3s3= F{X3); Fat= F(XL);

S1l2t= =4,8784183052080/H; S13t= Q,7117516385414/H;
Sl4tm =,16666666666667/H; 523:= 25#514; S22:= =2%S523;
Blt=m H12%Fl; B2t= H24%F2; B33t= H24%F3; B41= H12%F4;
TAUl:= H12%R1; TAU2t= H24%R2; TAU33= H24#%R3; TAU43= H12%R4;
Al2z= 512 + 0067418082864578%Q1;

Al3:= S13 = 0,25751416197912%Q1;

Al4s= S14 + Ql/1¢2;

A21lt= S12 = 0,674180828h4578%Q2;
A22:= §22 + TAUZ;

A233= S23 + 0693169499062490%Q2;
A243= S13 = 0.25751416197912%Q2;
A3lt= S13 + (.25751416197912%Q3;
A32:= 523 = 0,73169499062490%Q3;
A33:= 522 + TAU3;

A343= S12 + 0,67418082864578%Q3;3
A4lt= Sl4 = Q4/12;

A423:m= S13 + 0025751416197912%0Q4;

A43:= S12 = 0667418082864578%Q4;
BCOMMENT™ STATIC CONDENSATION;
DETt= A22%A33 = A23%A32;
Cl2:= (A13%A32 = A12%A33)/DET;
Cl33= (A12%A23 = Al13%A22)/DET;
C423= (A32*%A43 = A42%A33)/DET;
C432= (A42%A23 = A43%A22)/DET;
TAUl:= TAUl + Cl2*%TAUZ2 + C13%*TAU3 ;
TAU23= TAU4 + C42%TAU2 + C43#*TAU3;
Al2t= Al4 + C1l2%A24 + C13%*A34;
A21z= A4l + C42%A21 + C43%A31;
Bl:wm Bl + Cl2%BZ2 + C13#*B3;
B2t= B4 + C42%B2 + C43%B3

WEND" ELEMENT MAT VEC SVALUATION 3
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"PROC ZDYUREY" BOUMDARY CONDITIONS;

WiIF" L=l "AND™ £E2 = Q "THEN"

"BEGIN® TAUli= 1; Bls:= E3/El; Al2:= Q MEND®
MELSEM "IFM Lsl WAND®™ E2 “e 0 "THEN®

"BEGIN" TAUl:= TAUl - E1/E2; Blt= Bl = E3/E2
WEND™ "LLSEM™ WIF™ LaN "AND"™ ES5 = G "THEN®
WBEGIN® TAUZ:= 1; A211= (C; B2t= E6/E4;

NEND™ WZLSEM™ WIF® LsN WAND™ E5 %= O "THEN®
WBEGIN" TAU2:= TAU2 + E4/E5; B2:= B2 + E6/ES
WEND" BeCol;

"PROCEDURE"® FORWARD BABUSKA;

"I |5 L-]_ IITHEN"

WBEGIN" CHI[OQl:e CH:w TL:= TAUl; TC(Ol= TL;
GI[0lz= Gt= YLt= B1l; Y[0QJt= YL;
SUBLO1:= A21; SUPER[Ol:= Al2;

Poia A21/(CH = Al2); CH:s TAU2 = CH*PP;
Gi= B2 = GkPP; TL3t= TAU2; YLt= B2
WEND® WELSEW
UYREGIN® CHI[L1l:= CH:e CH + TAUl;
GICL1l:= G:= G + B1l;
SU3[L11t= A21; SUPERIL11s= Al2;
Ppzm A21/(CH = Al2)3 CH:= TAU2 = CH*PP;
G:m B2 = GkPP; TLL1l:= TL 4+ TAULl; TL:= TAUZ;
Y{L1ll:= YL + Bl; YL:i=s B2
REND® FORWARD BABUSKA;

"PROCEDURE" BACKWARD BABUSKA;
"BEGIN™PP:= YL; YINl:= G/CH;
Gs= PP; CHt= TL; Lz= N;
"FOR®™ Lta L - 1 "WHILE®™ L >= 0 DO
"BEGIN® PPs= SUPER[LI/(CH = SUBLLI1);
TL:= TILI; CHts TL = CH*PP;
YLt= Y{L1; Gs= YL = G¥PP;
YIL1t=(GIIL] + G = YL)/(CHI[L] + CH = TL) ;
HENDY
WEND" BACKWARD BABUSKA3

L= 035 XL:= X[0Q];
£l13= E[L]; E2:= E[2]; E33e E[31; E4:= E[4]; ES5:= EL5]1; Eb6t= E[6];
WCOMMENT" ELEMENTWISE ASSEMBLAGE OF MATRIX AND VECTOR
COMBINED WITH FORWARD BABUSKA SUBSTITUTION;
WFOR™ L:=s L ¢+ 1 "YHILE" L <= N "DO®
WBEGIN®™ XL1l:= XL; Llzs L = 1; XLt=s X[L]; Hts XL = XL1;
WIF® DRDER = 2 WTHEN®™ ELEMENT MAT VEC EVALUATION 1 ®ELSE®
WIF® ORDER = 4 "THEN"™ ELEMENT MAT VEC EVALUATION 2 "ELSE®
ELEMENT MAT YEC EVALUATION 3;
"IF" L=1 U“QR"™ L=N "THEN" BOUNDARY CONDITIONS;
FORWARD BABUSKA
"ﬁND";
BACKWARD BABUSKA;
"END" FEM LAGR;
REDP®
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AUTHOR: Me BAKKERS
INSTITUTE: MATHEMATICAL CENTREs AMSTERDAM.
RECEIVEDt 751231.

BRIEF DESCRIPTION:
THIS SECTION COMTAINS A PROCEDURE FOR THE SOLUTION
OF FJURTH ORDER SELF=ADJOINT LINEAR TWO POINT
BOUMDARY VALUE PROBLEMS;
FEM HERM SYM;

THIS PROCEDURE SOLVES THE DIFFERENTIAL EQUATION

(PIX)AY22)1 0 = (Q(X)RY?)? + R(X)*Y = F(X)y A< X < B»

WITH BOUNDARY CONDITIONS
Y(A) = B[11s Y'(A) = EL21,
Y(B) = G[31, Y'(B) = EC4),

KEY WORDS AND FRASSS:

FOURTH ORDER DIFFERENTIAL EQUATIONS,
TWO POINT BOUNDARY VALUF PROBLEMS,
SELF=~ADJOINT BOUNDARY VALUE PROBLEMS,
GALCRKIN'S METHOD,

DIRICHLET BOUMDARY CONDIT1ONS,

GLOBAL METHODS.

LANGUAGE: ALGOL 60,

REFEREMNCES?
[11 STRANGs Ge AND GeJds FIX,
AN ANALYSIS OF THE FINITE ELEMENT METHOD,»
PRENTICE=~HALL, ENGLE WOOD CLIFFS», NEW JERSEY»

[21 BAKKERs Mes EDITOR,

PAGE

COLLOQUIUM ON DISCRETIZATION METHODS, CHAPTER 3 (DUTCH),

MATHEMATISCH CENTRUM, MC=SYLLABUS, TO APPEARe

[31 HEMKERs PeWes
GALERKIN'S METHOD AND LOBATTO POINTS,»
MATHEMATISCH CENTRUMy REPORT 24/75 (1975).
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CALLING SCAUENCE:
THE HZADING OF THE PRNCEDURE READS?3

mPRACCDURE® FEM HERM SYM(Xs Ys Hs P» Qs Rs F» ORDER» E);
"VALUZ" N, ORDER; "INTEGER™ N, ORDER;

"ARRAY" X» Y, E;

WREAL™ ®WPROCEDURE™ P, Qs Ry Fj

"CODE" 33303;

THE MEANIMG OF THE FORMAL PARAMETERS 1St

Nt <ARITHMETIC EXPRESSIOND;
THE UPPER BNUND 0OF THE ARRAY X; N > 1;

X:  <ARRAY IDENTIFIERD;
WARRAY®™ X[ O3N1;
EMTRY: A = X[0] < X[1] < ese €< X[N] = B IS A
PARTITION OF THE INTERVAL [AsB1;

Ys <ARRAY IDENTIFIERD;
"ARRAY"™ Y[1:3:2%N=2];
EXIT: Y[2%I-~1] IS AN APPROXIMATION TO Y(X[I1),
YL2%I1 1S AN APPROXIMATION TO Y'(X[Il)»
WHERE Y(X) IS THE SOLUTION OF THE DIFFERENTIAL EQUATION

(1) (P(X)kY?E)18 @ (Q(X)®Y?) ! + R(X)*Y = F(X) » A< X < B»
WITH BOUNDARY CONDITIONS

Y(A) = EL11, Y*(A) = E[2]1,
(2)
Y(B) = E[31, Y'(B) = E[4];

Pt <PROCEDURE IDENTIFIERD;
THE HEADING OF P READS:
"REAL' "PROCEDURE™ P(X); "VALUE" X; “REAL"™ X;
P(X) IS THE COEFFICIENT OF Y!' IN (1);
P(X) SHOULD BE STRICTLY PISITIVE;

Q: <PROCEDURE IDENTIFIERD;
THE HFADING JF Q READS?
WRCAL® WPROCEDURE™ Q(X);5; WVALUE®™ X; "REAL"™ X;
Q(X) IS THE COLFFICIENT OF Y¥ IN (1);
Q(X) SHOULD BE NONNEGATIVE;

Rs <PROCEDURE IDEMNTIFIERD>;
THE HEADING OF R READS:
"REAL"™ "PROCEDURE™ R(X); "VALUE" X3 "REAL"™ X;
R(X) IS THE COCFFICIENT OF Y IN (1);
R{X) SHOULD BE NONNEGATIVE;
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F: <PRACEDURE IDENTIFIERD;
THE HEADIMNG OF F READS:
"REAL™ "PROCEDUREM™ F(X)3 "VALUE™ X5 "REAL"™ X;
F(X) IS THE RIGHT HAND SIDE OF (1);

ORDER: <ARITHMETIC EXPRESSIOND>;
ENTRY: ORDER DENOTES THE ORDER OF ACCURACY REQUIRED FOR THE
APPROXIMATE SOLUTION OF (1)=(2); LET H = MAX(X[I] = X[I~11);
THEN
ABS(Y[2*%I=1]1=Y(X[I])) <= Cl * H**CRDER»
ABS(Y[2%I1=Y?*(X[I]) €= C2 % H**0ORDERs, I = lseeesN=l;
ORDER CAN OMLY BE CHOSEN EQUAL TO 4, 6, 83

n
[

<ARRAY IDENTIFIERD;
WARRAY" E[1:41;
E[11» eee » E[4] DESCRIBE THE BOUNDARY CONDITIONS (2)e

PRNCeDURES USED: CHLDECSOLBND = CP 34333

REQUIRED CENTRAL MEMORY:
ONE AUXILIARY ARRAY OF 8%(N=l) REALS IS USED.

RUNNING TIME:
LET K = ORDER/2; THEN
(A) K*N + 1 EVALUATIONS OF P(X)» Q(X)s R(X) AND F(X) ARE NEEDED;
(8) ABJQUT (NRDER=3)*50%N MULTIPLICATIONS /DIVISIONS ARE NEEDED;
(c) ONE CALL JF CHLDECSOLBND IS DONEe

DATA AND RESULTS:

THE PROCEDURE FCM HERM SYM HAS SOME RESTRICTIONSS

(I) P(X) SHJULD BE POSITIVE ON THE CLOSED
INTERVAL <X[01»X[N1> AND Q(X) AND R(X) SHOULD BE
NONNSGATIVE THERE;

(II) P(X)» Q(X)» R(X) AND F(X) ARE REQUIRED TO BE SUFFICIENTLY
SMOOTH ON THE INTERVAL <X[O01,XCN1> EXCEPT AT THE KNOTS»

WHERE DISCONTINUITLES OF THE DERIVATIVES ARE ALLOWED;
IN THAT CASE THE ORDER OF ACCURACY IS PRESERVED;

(III) THE USER SHOULD NOT EXPECT HIGHER ACCURACY THAN 12
DECIMALS DUE TO THE LOSS OF DIGITS DURING THE EVALUATION OF THE
MATRIX AND VECTOR AND DURING THE REDUCTION TO A PENTADIAGONAL
SYSTEM; THIS ACCURACY CAN BE REACHED VERY EASILY WHEN AN EIGTH
ORDER METHOD IS USED



SECTION ¢ 5e201e2e¢le2e26l ( JANUARY 1976) PAGE 4

METHOD AND PERFORMANCE:

PROBLEM (1)=(2) IS SOLVED BY MEANS OF GALERKIN'S METHOD WITH
CONTINUOUSLY DIFFCERENTIABLE PIECEWISE POLYNOMIAL FUNCTIONS
(SEE [11, [21) : THE SOLUTION IS APPROXIMATED BY A FUNCTICN
WHICH IS CONTINUNUSLY DIFFERENTIABLE ON THE CLOSED INTERVAL
<X[01,XINI> AND A POLYNOMIAL OF DEGREE LESS THAN OR EQUAL TO
K (K= 1 + ORDER//72) ON EACH CLOSED SEGMENT <X[J=11,X[J1>

(J = 1, eees N);

THIS FUNCTION IS ENTIRELY DETERMINED BY THE VALUES OF

THE ZEROETH AND FIRST DERIVATIVE AT THE KNOTS XfJ] AND BY
THE VALUES IT HAS AT (K=3) INTERIOR KNOTS ON EACH CLOSED
SEGMENT 4X[J=11,X[J1>; THE VALUES OF THE FUNCTION AND ITS
DERIVATIVE AT THE KNOTS ARE OBTAINED BY THE SOLUTION OF AN
(DRDER + 1)=DIAGONAL LINEAR SYSTEM OF (K=l)®N = 2 UNKNOWNS;
THE ENTRIES OF THE MATRIX AND THE VECTOR ARE INNER PRODUCTS
WHICH ARE APPROXIMATED BY PIECEWISE K=~POINT LOBATTO
QJADRATURE (SEE [31); THE EVALUATION OF THE MATRIX AND
VECTOR IS PERFORMED SEGMENT BY SEGMENT:;

IF K > 3 THE RESULTING LINEAR SYSTEM CAN BE REDUCED

TO A PENTADIAGONAL SYSTEM BY MEANS OF STATIC

CONDENSATION; THIS IS POSSIBLE BECAUSE THE FUNCTION

VALUES AT THE INTERIOR KNOTS ON EACH SEGMENT <X[J=11,X[ J1>
DO NOT DEPEND ON FUNCTION VALUES OQUTSIDE THAT SEGMENT;

THE FINAL PENTADIAGONAL SYSTEMy SINCE THE MATRIX IS POSITIVE
DEFINITE AND SYMMETRIC, IS SOLVED BY MEANS OF CHOLESKY?®S
DECNOMPOSITION METHOD (SEE SECTION 3¢le2elele2ele3)e

EXAMPLE OF USEs
WE SOLVE THE BOUNDARY VALUE PROBLEM

YOUUS e (YURCOS(X)) ! + YHEXP(X) = SIN(X)*(1 + EXP(X) + COS(X)*2),
0 < X< PI;
Y(O) = Y(PI) = 0; Y!(0) = 13 Y*(PI) = =1;
PI = 3,14159265358979;

THE ANALYTIC SOLUTION IS Y{(X) = SIN(X); WE APPROXIMATE
THE SOLUTION ON A UNIFORM GRIDs I.Ee X[I] = I*PI/N»

I = 0s eees N; WE CHOOSE N = 5, 10 AND WE COMPUTE

THE MAXIMUM DLVIATIONS FROM Y(XLI]) AND Y®(X[I])

FOR CORDER = 45 6, 8;

THE PROGRAM READS AS FOLLOWS:



SECTINN * 542ele2ele2020l (JANUARY 1976)

"BEGIN" "INTEGER"™ M; "FOR"™ N:= 5, 10 "DQO"
"BEGIN" "INTEGER"™ I, ORDERj; "REAL"™ Pl; "ARRAY"

PAGE

X[O:N1»

Y{1t2%N=21, E[1341];

WREALM™ "PRUOCEDURE"™ P(X); "VALUE® X; ®"REAL"

WREAL" WPROCEDURE™ 0(X); "VALUE"™ X; "REAL"
Qs= COS(X)3

WREAL™ “PROCEDURE"™ R(X); "VALUEC®" X; "REAL™
Resm EXP(X);

WREAL™ WPROCEDURE™ F(X); ™VALUE™ X; “REAL®
Fta SIN(X)*(1 + EXP(X)+ 2%C0OS(X));

"PROCEDURE"™ FEM HERM SYM(Xs Ys N» Ps» Qs Ry
mCODE™ 33303;

EC11s= E[31t= 0; E(21ts= 1; E[4]2s = 13
PIt= 3,14159265358979;

"FUR" It= O "STEP™ 1 "UNTIL" N "DO" X[Ils=
QUTPUT(61,"( "/ /s 6BM(MN=")RZDW )R, N);

"FOR" ORDER:= 4, 6, 8 "DO"

"BEGIN" “REAL" RHOl, RHO2» D1, D2;

X; P:s 1;

F» ORDER, E);

PI*I/N;

FEM HERM SYM(Xs Ys» N» P» Q» Rs Fs ORDERy E)s

RHOlt= RHOZ2:= O3

"FOR" I:= 1 ®“STEP" 1 "UNTIL™ N = 1 ®DQ"
"BEGIN"™ Dl:=s ABS(Y[2*I=1]1 =~ SIN(X[I1));

WIF® RHO1 < D1 "THEN® RHOl:= D1;
D2t= ABS(Y[2#1I] = COS(XLI]));
WIF"® RHO2 < D2 "THEN"™ RHD2:= D2
" ENDII;
OUTPUT (615" ("/ ,16B"(HWOURDER=™) "D,/ ,

24B"("MAX ABS(Y[2%I=1]=Y(XLI1))= ")",De3D"+ID>»
75 24B"("MAX ABS(YL2%IJ=Y?(XL11))= ")",D¢3D"+ID" )",

ORDER»RHO1,RHO2)
BEND®
WEND"®
NEND M
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RESULTS?

N= 5
ORDER=4
MAX ABS(Y[2%]=1]=Y(X[I])) = 4.822" =4
MAX ABS(Y[2%I1=Y!(XLI1)) = 44548%F =4
TRDER=6
MAX ABS(Y[2*I=11=Y(X[I])) = 5,651" =b
MAX ABS(Y[2*)]=Y?(X[I])) = 2,035" =6
ORDER=8
MAX ABS(Y[2%I=11=Y(X[I1)) = 2,264" =8
MAX ABS(Y[2*%I]=Y?(X[I])) = 1,600" =8

N=10
JRDER=¢4
MAX ABS(Y[2%I=11=Y(X[I])) = 2,657" =5
MAX ABS(Y[2%I1=Y?(X[I1)) = 2,A70" =5
ORDER=6
MAX ABS(Y[2%I=1]=Y(X[I1)) = B8,398% =8
MAX ABS(Y[2*I1=Y?(X[I])) = 3,572" =8
ORDER=8
MAX ABS(Y[2*I=1]=Y(X[I])) = 7,981"=11
MAX ABS(Y[2#I1=Y'(X[I1)) = 6.796%=11

NOTICE THAT THE MAXIMUM ERROR IS DIVIDED BY
2%%0RDER, WHEN THE MESH SIZE IS HALVED.
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SOURCE TEXT(S):

wCODE"™ 33303;
“"PROCEDURE" FEM HERM SYM(X» Y» Ns» P» Qs Rp F» ORDER» E);
WYALUE™ N, ORDER; MINTEGER™ N, ORDER;
"ARRAY" X, Ys E;
WREAL" "PROCEDURE™ Py, Qs Ry F3;
"BEGIN"™ "INTEGER"™ Ly N2» Vs W;
RARRAY® A[1:8%(N -~ 1)1, EM[2:3]; .
WREAL"™ Alls, Al2, Al3, Al4, A22s A23, A24s A33, A34, A44s
YA, YBs» IAs» 18,
Bl, B2, B3» B4s» D1, D2y El» R1l, R2» XL1» XL;

"PROCEDURE™ CHLDECSOLBND(A, N» W» AUX, B); "CODE"34333;

"PROCEDURE"™ ELEMENTMATVEC EVALUATIONS
WIF®ORDER=4WTHEN®
"BEGIN™ “REAL"™ X2, Hy, H2» H3» Pl, P2,
Qly, Q2» Rls R2s Fls F2,
B1l, B12, B13, Bl4, B22, B23» B24» B33, B34, B44,
S11y S12» S13» S1l4s S22s S23» S24s S33, S34s S&4,
Mll, M12, M13, Ml4, M22, M23, M24s» M33, M34, Ma4;
"OWN" "REAL"P3, Q3, R3, F3;

Ht= XL = XL1l; H21= H¥H; H3ts H*H2;

X2:= (XL1 + XL)/2;

NIF"L=s1"THEM"

RBEGIN®P3t= P(XL1); Q3%= Q(XL1); R3t= R(XL1); F3:= F(XL1l)
"END";

"C OMMENT®™ ELEMENT BENDING MATRIX;

Pls= P33 P22= P(X2); P3t= P(XL);

Bllz= 6%(P1l + P3); B1l2t= 4%Pl + 2%P3;

Bl3:= «~ B1ll; Blé4:= Bll = B1l2;

B22:= (4*Pl + P2 + P3)/1¢5; B23t= = Bl2; B243%= B1l2 = B22;
B33:= Bll; B343= = Bl4; B44t= Bl4 = B24&;

"COMMENT" ELEMENT STIFFNESS MATRIX;

Ql:= Q3; 02:= Q(X2); Q3:= Q(XL);

Sllt= 1,5%Q2; S12%t= Q2/4; S13t= =~ S1l; Slét= 5123
S243= Q2/24; S22 Q1/6 + S24; S23t= = 512;

S$S333= 51135 5343= = S12; S44:= S24 + Q3/6;

WCOMMENT® ELEMENT MASS MATRIX;

Rlt= R33 R2t= R(X2); R3:= R(XL);

Mll:s (R1 # R2)/76; M12:= R2/24; M1l3:s R2/6; Mlét= = M12;
M223= R2/96; M233= = M1l4; M243= = M223

M33t= (R2 + R3)/635 M343= M14; Mb4i=s M22;

WCOMMENT® ELEMENT LOAD VECTOR;
Fl:= F3; F23=a F(X2); F3t= F(XL)}
Bls= H*(F1 + 2%F2)/63 B3t= H¥*(F3 + 2%F2)/6;
B23:= H2%F2/12; B4:= = B2;
WCOMMENT™
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All:= B11/H3 + S511/H + M11#H; Al2:= B1l2/H2
Al3t= B1l3/H3 + S13/H + M13%H; Al43= Bl4/H2
A2231= B22/H + $22%4 + M22#H3; A23ts B23/H2
A243:= B24/H + S24%H + M24%H3; A34:= B34/H2

+
+
+
+

Sl2 + M12#%H2;
S14 + M14*H2;
S$23 + M23*H2;
S34 + M34%H2;

A33:= B33/H3 + S33/H + M33%H; A4bte B44/H + S44%H + M44*H3
WEND® WELSEM WIFWORDGR=6MTHEN?
"BEGIN® WAWN" WREAL"P4, Qb4, R4s Fé4j;

"R EAL "H»

H25 H3, X2, X3»

Pls P2» P35 Ql, Q2s Q3

Rls R2s R3s Fls F2, F3,

Bll, Bl2s Bl3s Bl&4s B1l5s, B22» B23, B24» B25s
B33, B34, B35, B44, B45, BS5S,

S11, S125 S13, S1l4s S15» S22s S23s S24s S25»
$33, S34s S35, Sh44, S45,5 S55,

M1l, M12, M13, Ml4, M15s M22, M23s M24, M25,
M33, M24, M35, M44s M45, M55,

Al5, A25, A35, A45, A55, Cls C2» C3s C4s BE;
WIENLal " THEN®

WBEGIN®P4: = P(XL1); Q4= Q(XL1); R4z= R(XL1); Fé43s F(XL1)

"END" 3

Htm XL = XL1; H2t= HkH; H3t= H*H2;
X22= 0,27639320225%H + XL1l; X32s XL1 + XL = X23

WCAOMMENT™ ELEMENT BENDING MATRIX;
Pls= P4; P2t= P(X2); P3t= P(X3); P4t= P(XL);

Bllz=
Blas=
Bl3:=

Bl5t=
B22:=

B23s =

B25:=
B33i=

B35z =
B45: =
B551=

§ 1 8 ++ 8 +4+4++0++++++

4e0333333333333"+1%Pl + 1¢1124913866738"=1%p2
104422084196664"+1%P3 + B8,3333333333333"+0%P4;
1e4666666666667R+1%P1l = 3,3191425091659%=1%P2
207985809175818"+0%P3 + 1.H6666666666667"+0%P4;
168333333333333"+1%(P1+P4)
1e2666H6666666T"+N*(P2+P3); :

(B1l + B13); Bl4sz=s = (Bl2 + B13 + B1l5/2);
503333333333333"+0%P1 + 9,9027346441674"=1%P2
504305986891624"=1%P3 + 3,3333333333333"=1%P4;
60606H6666666666TH+O*P1 = 3,779127846416T7+0%*P2
20 4579451308295 =1%P3 + 3,6666666666667"+0%P4;
(B12 + B23); B24:= = (B22 + B23 + B25/2);
803333333333333"+0%P1l + 1.4422084194666%+1%P2
1.1124913866T726%=1%P3 + 4,0333333333333"+1%P4;
(B13 + B33); B34:= - (B23 + B33 + B35/2);

(Blé + B34); Bé44t= = (B24 + B34 + B45/2);

(B15 + B35);

NCOMMENT®
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"COMMENT"™ ELEMENT STIFFNESS MATRIX;

Nli= Q4;

Sllit=
S12t=
S13:=
Sl4se
S151=
S223 =

S231s=
S24:=
525t =
S$33:=
S$34t=
S351=
S44:m

5451 =
S551%=

P E++8 8+ +++10 8 +4++

Q2:= Q(X2); Q3:= Q(X3); Q4:= Q(XL);
206844168389330"+0%Q2 + 2,2249827733448"=2%Q3;
205671051872498"=1%Q2 + 3,2894812749994"=3%Q3;
205333333333333"=1%(Q2+0Q3);
3,7453559925005"=2%Q2 = 202546440074988"=2%Q3;
(S13 + S11);
8¢3333333333333"=2%Q1l + 2,2847006554164"=2%Q2
4486326T7915445"=4%Q3;
202546440075002"=2%Q2 + 347453559924873"=2%Q3;
343333333333333R=3%(Q2+Q3); ’

(S12 + 523);

2622498277334 71"=2%Q2 + 2.8844168389330"+0%Q3;
362894812750127"=3%Q2 ~ 2,5671051872496%=1%Q3;
(S13 + S33);

4085326779167 88"=4%Q2

202847006554161"=2%Q3 + 8,3333333333338"=2%Q4%;
(S14 + $34);

(S15 4+ S35);

"COMMENT®™ ELEMEMT MASS MATRLX;

Rlt= R4;

Mllze

M12:=
M133=
Ml4:=
M153=
M22:=
M231=
M24: =
M25:=
M33:=

M34:=
M35t
Mb4: w
M453e
M55 1m

+

+++ 2B+ Fep e+

R2t= R(X2); R3t= R(X3); R4t= R(XL);
8¢3333333333333"=2%R1 + 1,0129076086083"=]1%R2
7+3759053058380"=3%R3;
1,3296181273333"=2%R2 + 1,3704853933353"=3%R3;
207333333333333%=2%(R2+R1);
50786893258335"=3%R2 + 365879773408333"=3%R3;
1,3147987115999"=1%R2 = 3,5479871159991"=2%R3;
147453559925000%=~3%R2 + 265464400750059%=4*R3;
3.53797736408336"=3%R2 = 5,0786893258385"=3%R3;
606666666666667"=4%(R2+R3);

1, 7259029213333"=2%R2 = 545923625466719"=3%R3;
7e3759058058380"=3%R2

1.0129076086083"=1%R3 + B¢3333333333333"=2%R4;
1¢3704853933333"=3%R2 = 1,3296181273333"=2%R3;
365479871159992%=2%R2 + 143147987115999"=1%R3;
265464400750008"=4%R2 + 1.7453559924997"=3%R3;
665923625466656"=3%R2 = 1,7259029213330"=2%R3;
017066666666667"+0%(R2+R3);

PAGE 9

HCOMMENT®
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MCOMMENT™ ELEZMENT LOAD VECTAOR;
Fl:= F4; F23= F(X2)3 F3:= F(X3); Fas= F(XL);
Bls= + B8¢3333333333333"=2%F1 + 2,0543729868749"=1%F2

= 5¢5437298687489"=2%F3;
B2im ¢ 266967233145832"=2%F2 = 1,0300566479175"=2%F3;
B3ts = 5,56437298687489"=2%F2

+ 2o05437298687498=1%F3 + 8,3333333333333R=2%F4;
B43m + 1,0300566479165M=2%F2 = 2,6967233145830"=2%F3;
B53= + 246666066066667"=1%(F2+F3);
Allt= H2#®(H2%M1l + S11) + Bllj; Al23= H2%(H2%*M12 + S12) + Bl2;
Al3t=s H2%(H2%M13 + S13) + B1l3; Al4t= H2#(H2%*M14 + 516) + Blé;
Al5:e H2% (HZ*M15 + S15) + B1l5; A22:= H2#*(H2*M22 + 522) + B22;
A23:= H2%(H2#%M23 + S523) + B23; A243:= HZ2%(H2%M24 + S24) + B24;
A25t= H2#(H2%M25 + S525) + B25; A33t= H2%(H2*M33 + S33) + B33;
A341= H2* (H2%M34 + S34) + B34; A35:= H2%(H2#M35 ¢ S35) + B35;
Ab4 = H2H(H2%RNL4 + S44) + B44; A4Dtm H2*(H2%M45 + S45) + B4S;
A558= H2%(H2%*M55 + §555) + B55;

WCOMMENT®™ STATIC CANDENSATION;
Cl:= A15/A55; C2:s A25/A55; C3s3m A35/A%55; C43= A45/A55;
Blt= (Bl = Cl%B5)%H; B23= (B2 = C2%B5)*H2;
B31= (B3 - C3%B5)%H; B4t= (B4 = C4%B5)%H2;
Allze (All = C1l%A15)/H3; Al2:= (Al2 = C1l#%A25) /H2;
Al3:= (Al13 Cl1#A35)/H3; Al4:= (Al4 = Cl*A45)/H2;
A22:=s (A22 C2%A25)/H; A233= (A23 = C2*%A35)/H2;
A24t= (A24 C2%A45) /H; A333= (A33 = (C3%A35)/H3;
A343:= (A34 C3%A45) /H2; A44:a (A44L = C4*¥A45)/H;

NEND M NSLSEN

WBEGIN® WOWN® ®REAL®P5, Q5, R5s F5;
"REALM™ X2s5 X3s X&s Hs H2, H3,
Pls P2» P3s P4y, Qly» Q2, Q35 Q4%»
Rlys R2s» R3» R4y Fly F2» F3s Fb»
Bll, Bl2s, B13, Bl4, Bl5, Bib6s B22, B23, B24s B25, B26»s
B33, B34s B35, B36, B44s B4Ss, B46s B55, B56, Bb66»
S11, S125 S13, S1l4s S15, S1lb6, S225 S23s S24s S2%5» S526»
S$33, S$34» S35, S3hs S44s S455 S46, S555 S56s Sb66»
M1ls, M12, M13, Mlé, M15, M16, M22, M23, M245 M25, M26,
M33s M345 M35, M36s Mab, Ma5, M4by M55, M56, Mbbs
Cl5, Cl6s C2%, C26s C355 C36s C45, C46s BS5S, Bbs
Al5s, Alb6s A25s, A26s A35, A36s A45, A46s A55, A56, AbHs DET;
WIFML el WTHEN®
WBEGIN®PS5:sa P(XL1); Q5:= Q(XL1); RS52= R(XL1)3; F53s F(XL1)
NENDTS
Htm XL = XL1; H2s= H%H; H3st= Y&H2;
X23m XLl + H#%e 1726731646465 X3:m XLl 4 H/2; X&:= XLl ¢ XL = X2;

UCOMMENT®

-
-
o
e
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PCOMMENTY ELEMENT BENDING MATRIX;
Plt= P5; P2:= P(X2); P3t= P(X3); P4ts P(X4); PSt= P(XL);

Bllie + 10548%P1 + 9,8%P5 + 743593121303513"=2%p2

+ 2,2755555555556"+1%P3 + 7,0565656088553"+0%P4;
Bl2t= + 27,6%P1 + 1.4%P5 = 3,41554824811M=1%P 2

+ 208444444466444"40%P3 + 1,01139609465221+0%P4 ;
B13:m = 32,2%(P1 + P5) = 7020634920635050=1%(P2 + P4)

+ 2427555555555560+1%P3;
Blét= + 4o 6%PL + 8,4%P5 + 1,0328661222964"=1#P2

“ 2084446444444444"40%P3 = 3,34455625349921+0%P4;
Bl5:= = (Bll + B13); Bléts = (B12 + B13 + Bl4 + B15/2);
B221= + 7,2%Pl + 0,2%P5 + 1.5851984028581"+04P2

+ 3,5555555555556"=1#P3 + 1,4496032730059"=1%P4;
B23:w = Be4%PL = 4, 6%P5 + 343445562534992"+0%P2

+ 2084446444444644M40%P3 = 1,0328641222944"=1%P4;
B241= + 1,2%(P1 + PE) - 4793650793650 8"=1%(P2 + P4)

= 3,55555555555561=1%P3;
B25:= = (B12 + B23); B263s = (B22 + B23 + B24 + B25/2);
B33t= + 7,0565656088553040%P2 + 2,2755555555556M +1%P3

+ 7.3593121303513"=24P4 + 105,8%P5 + 0, 8%P1;
B34t m = 1,4%PL = 27,6%P5 = 1,0113960946522"+0%pP2

- 2084444464444644"40%P3 + 3,4155482481100"=1%P4;
B35t= = (B13 + B33); B36i= = (B23 + B33 + B34 + B35/2);
B44zm +7,2%P5 + P1/5 + 104496032730059"=1%P2

+ 3,5555555555556"=1%P3 + 1,5851984028581" +0%#P4;
B451= = (Bl4 + B34); B4bts = (B24 + B34 + B44 + B45/2);
B551s = (B15 + B35); B561= = (Bl6 + B36);

B66 s = (B26 + B36 + B46 + B56/2);

"COMMENT"™ ELEMENT STIFFNESS MATRIX;

Ql:= Q5; 023= Q(X2); Q3t= Q(X3); Q4t= Q(X4); Q5:= Q(XL);
Sll:= + 3,0242424037951"+0%Q2 + 3,1539909130065%=2%Q4;
Sl2:= 1.2575525581744"=14Q2 + 4.1767169716742"=3%Q4;

+
S13t= = 3,0884353741496R=1%(Q2+4Q4);
Sl431=s + 4,0899041243062"=2%Q2 + 1.2842455355577"=2%Q4;
§S15t=s = (S13 + S511);
S16t= + 5,9254861177068"=1%Q2 + 6,0512612719116%=2%Q4;
S221=m + 5,2292052865422%=3%Q2 + 5,5310763862796"=4%Q4 + Q1/20;
S232m = ]1,2842455355577T"=2%Q2 = 4,0899041243062"=2%Q4;
S243s + 1,7006802721088"=3%(Q2+Q4%) ; )
525%= = (S12 + 523);
S263= + 2,4H39593097426M=2%Q2 + B,0134681270641"=3%Q4;
S33tm + 3615399091300657"=2%Q2 + 3,0242424037951"+0%Q4;
S34im = 4£,1767169716742%=3%Q2 = 1,2575525581744"=1%Q4;
S353=s =~ (S13 + S33);
S36%e = 6,0512612719116%"=2%Q2 = 5,9254861177068%=1%Q4;
S443m + 5¢5310763862796"=4%02 + 5.2292052865422%=3%Q4 + Q5/20;
S45:a = (S14 + S534);
S463= + B»0134681270641%=3%Q2 + 2,4639593097426%=2%Q4;
S55tm = (515 + S35); S563= =(S16 + 536);
+

S66:= 16 1609977324263 %=1%(Q2+Q%4) + 3,5555555555556"=1%Q3;

RCOMMENT®
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WCOMMENT"™ ELEMENT MASS MATRIX;

Rlt= R5; R2ts R(X2);

Mil:=
Ml2:=
Ml3s=
Ml4:=
M15:=
Mi63=
M22t=
M23t=
M24:=
M253 =
M261:=
M33: =
M34t=
M35t=
M362=
M44: =
M451=
M4 62 =
M553 =
M561=
MH63 =

+

+
+
-
+
-
+
+
-
+
-
+
-
+
-
+
-
+
+
+
+

R3:= R(X3); Ré&ts R(X4);

(JANUARY 1976)
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R53= R(XL);

967107020727310%"=2%R2 + 1,5310259199180"=3%R4 + R1/20;
802354889460254"=3%R2 + 2,1932154960071"&4%R4;
1.2390673553936M=2%(R2+R4 )}

le7188466249968%=3%R2
563089789712119"=24R2
167377712856076"=2%R2
669843845173145%=4%R2
1050832675294 7"=3%R2

-
+
+

+
+

1,0508326752939"=3%R4 ;
6e7741558661060"=3%R4;
202173630018466"=3%R4;
3eN424512029349%=5%R4;
10,7188466249936"=3%R4;

1e4577259475206"=4%(R2+4R4); :

4¢5024589679127%=3%R2
104737756452780"=3%R2
145810259199209"=3%R2
201932154960131"=4%R2
6e77641558661123"=3%R2
202173630018492"=3%R2
300424512029457"=5%R2
9¢3971L7902835427=4%R2
360759488 726060%=4%R2

+

§ +++ 0 + 4

903971790283374 %=4%R4 ;
300759488725998"=4%R4;

967107020727290"=2%R4 + R5/20;

Be2354889460254M=3%R4
5¢3089789712112"=2%R4%;
1673777128560 71"=2%R4 ;
669843846173158"=4%R4 ;
405024589679131"=3%R4;
1,4737756452778"=3%R4;

209024943310657"=2% (R2+R4) + 3,5555555555554"=1%R3;
96 5006428402050%=3%(R4=R2);
36109815354 7125%=3%(R2+R4) ;

WCOMMENT® EL EMENT LOAD VECTOR;

Fli= F5;

Bli=

+

1:6258748099336%=1%F2

+

F23s F(X2); F3t= F(X3); F4t= F(X4)3

F53= F(XL)3
2+0745852339969%=2%F4 + F1/20;

B12;
Bl4;
B16;
B23;
B25;
B33;
B35;
B44;
B46;
B56;

FEE R BE IR 2R B S R 2

B2:= + 1,3788780589233"=2%F2 + 2,8778860774335"«=3%F4;
B3:= + 2,0745852330069"=2%F2 + 1,6258748099336"=1%F4 + F5/20;
B4t= = 2,8778860774335%=3%F2 = ]1,3788780589233W=2%F4;
B53= + (F2 + F4) /11425 + 365555555555556M«1%F3;
BOt=m + 2,9095718698132"=2%(F4=F2); .

Allt= H2*% (H2*%M11l + S11) + B1ll; Al2:= H2*(H2*M12 + 512)
Al33= H2%(H2#%M13 + S$13) + B13; Al4:= H42k(H2%M14 + S14)
AlS5:= H2%(H2#M15 + S15) + B15; Al63= H2%(H2#M16 + S16)
A22t= H2% (H2%M22 + S22) + B22; A23t= H2*(H2%M23 + §523)
A241= H2%(H24M24 + S24) + B24; A251= H2#(H2%M25 + S25)
A263m HZ2%(H2*M26 + S26) + B26; A33:= H2*%(H2*M33 + §33)
Adgs= H2%(H2%M34 + S34) + B34; A35:= H2*(H2%M35 + $35)
A3631= H2%(H2*M36 + S36) + B36; A44t= H2*(H2*M44 + S44)
A451= H2%(H2%M45 + S545) + B45; A46t= H2%(H2%M4b + S46)
A55:= H2*(H2*M55 + S$55) + B55; AS6:= H2*(H2*M56 + 556)
A663s H2%(H2%M66 + S66) + B66;

"C OMMENT™
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b

RCOMMENT® STATIC CONDENSATION;

DET: = = A55%A66 + AS6*A56;

Cl5:= (Al5%A66 = A16%A56)/DET; Clé:= (Al6*A5S
C25t= (A25%A66 = A26*A56)/DET; C26t= (A26%A55
C35:m (A35%A66 = A36%A56)/DET; C36:= (A36*AS55
C45:= (AGH*A6H = A46%A56)/DET; C463w (A46*AS5

A15%A56)/DET;
A25%A56) /DET;
A35%A56)/DET;
A45%A56)7DET;

Allt= (A1l + C1l5%A15 + C16%*A16) /H3;
Al23= (Al2 + C1l5%A25 + C1l6%A26)/H2;
Al13:s (A13 + C15%A35 + C16%A36)/H3;
Al4z= (Al4 + CL5%A4S + Cl6#%A46)/H2;
A22t= (A22 + C25%A25 + C26%A26) /H;

A231= (A23 + C25%A35 + C26%A36)/H2;
A24:= (A24 + C25%A45 + C26%A46)/H;

A33:= (A33 + C35%A35 + C36%A36)/H3;
A343= (A34 + C35%A45 + C36%A46)/H2;
Ab4 3= (A44 + C45%A45 + C4H6%A46)/H;

Bls= (Bl + C15%85 + Cl6*B6)*H; B23= (B2 + C25%B5 + C26%B6)*H2;
B3:m (B3 + C35%8F + C36#B6A)*H; B&4z= (B4 + C45%B5 + C4H6%B6)#H2;
MENDPELoMATVECEVAL.;

Lis 1; Wims Vims Q5 N2:=s N +# N = 25 XL1:= X[0l; XLt= X[11;
YAs= E[11; ZAs= E£[2]; YB:= E[3]; ZB:= E[4];
ELEMENTMATVECEVALUATION; EM[21t= P=l2;
Rlts B3 = Al13%YA = A23%ZA; Dl:= A33; D2:= A44;
R2t= B4 = ALl4*%YA = A24%ZA; Elt= A34;
"EFOR"Lts L + 1"WHILE"LSN"DOM
WBEGIN® XL1lt= XL; XLts= X[LIJ;
ELEMENTMATVECEVALUATION;
ACW + 11:= D1 + All; ALW + 4]1:= E1 + Al12;
ACW + 713= Al13; ALW + 1013= Al4;
ACW + 51tes D2 + A22; A[LW + 8]1t= A23;
AlY + 111:=s A24; ALW + 1413= Q;
YLV + 11:=s R1 + B1l; YLV + 2]1:= R2 + B2;
R1l3= B3; R23= B4; Vis V + 2; Wi=s | + 83
D1lt= A33; D2:= A44; Els= A34

WEND® ; -
Lt= N; XL1lts XL; XL:= XCL1; ELEMENTMATVEGCEVALUATION;
YIN2 - 11t= Rl + Bl = A13*YB = Al4*ZB;

Y(N2]1:= R2 + B2 = A23%YB = A24%ZB;
AW + 113= D1 + All; ALW + 4):=s F1 + Al2; A[LW + 513= D2 + A22;
CHLDECSOLBND(A» N2» 3, EM, Y)
WEND® FEMHERM;
"EQpn
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AUTHOR: Me BAKKER,
INSTITUTEs MATHEMATICAL CENTREs AMSTERDAM.
RECEIVED: 791231,

BRIEF DESCRIPTION®

THE PROCEDURE NONLIN FEMLAGSKEW SOLVES A NONLINEAR TWO POINT
BOUNDARY VALUE PROBLEM WITH SPHERICAL COORDINATES.
IT SOLVES THE DIFFERENTIAL EQUATION

(X*RNCHY?) ?*/XekNC = F(Xp» Yy Y?)» A < X < By
WITH BOUMDARY CONDITIONS
EC11*Y(A) + E[21*Y'(A) = E[31,
E[41%Y(B) + E[51%Y'(B) = E[6].

KEY WORDS AND FRASES:

SECOND ORDER DIFFERENTIAL EQUATIONS,
TWO POINT BOUNDARY VALUE PROBLEMS,
BOUNDARY VALUE PRNOBLEMS,
RITZ=GALERKIN METHOD,

SPHERICAL COORDINATES,

GLOBAL METHGDS.

REFERENCES:

[11 STRANG, Ge AND GeJde FIX,
AN ANALYSIS OF THE FINITE ELEMENT METHOD»
PRENTICE=HALL, ENGLEWOOD CLIFFS», NEW JERSEY, 1973,

[21 BAKKERs Mes» EDITOR,
COLLOQUIUM ON DISCRETIZATION METHODS, CHAPTER 3 (DUTCH)»
MATHEMATISCH CENTRUM» MC=SYLLABUS 27, 1976.

[31 BABUSKAy Ie»
NUMERICAL STABILITY IN PROBLEMS OF LINEAR ALGEBRA»
SeleAeMe Je NUMe ANALos» VOLo9s» Pe 53=77 (1972).

[4]1 BAKKERs» Me»s
GALERKIN METHODS IN SPHERICAL REGIONSs TO APPEAR.
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SUBSECTION: MONLIN FEM LAG SKEWe

CALLING SEQUENCE:
THE HEADING OF THE PROCEDURE READS?

"PROCEDURE" NONLIN FEM LAG SKEW(X, Yp» N Fs» FY» FZ,
"INTEGER™ N» NC;

WREAL®™ WPROCEDURE™ F» FY» FZ;

"ARRAY" X» Y» E;

WCODE" 33314;

THE MEANING OF THE FORMAL PARAMETERS ISt

Nt  <ARITHMETIC EXPRESSIOND;
THE UPPER BOUND OF THE ARRAYS X AND Y; N > 1;

NCs <EXPRESSION>;
IF NC = 0, CARTESIAN COORDINATES ARE USED;
IF NC = 1, POLAR COORDINATES ARE USED;
IF NC = 2, SPHERICAL COORDINATES ARE USED;

X3 <ARRAY IDENTIFIERD>;
WARRAY®™ X[O2N1;
ENTRY: A = X[0] < X[1] € ese < XIN1 = B IS A
PARTITION OF THE SEGMENT [A»B1;

Y: <ARRAY IDENTIFIER>;
"ARRAY" Y[O:MN1;

PAGE 2

NC, E);

ENTRY? Y[I] (I = 05 1» eee » N) IS AN INITIAL APPROXIMATE

SOLUTION AT XCI1 OF THE DIFFERENTIAL EQUATION

(3)  (YPRXkENC)? /X*HNC = F(Xs5YsY?) » A< XK By

WITH BOUNDARY CONDITIONS

(4) EC1I®*Y(A) + E[2]1%Y¥(A) = E[Bi:
EL41*Y(B) + E[51*Y$(B) = E[6];

EXITs YLI] (I = 0s 1, eee » N) IS THE GALERKIN
SOLUTION AT XTI OF THE (3)=(4);

F: <{PROCEDURE IDENTIFIERD>;
THE HEADING OF F READS?

WREAL™ ®PROCEDURE®™ F(XsYsZ); MVALUE™ XsY»Z; TREAL™ XoYsZ3

F(XsYs2Z) IS THE RIGHT HAND SIDE OF (3);
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FY:

FZs:

E:

562¢l620le3 (DECEMBER 1979) PAGE

<PROCEDURE IDENTIFIERD>;
THE HEADING 2JF FY KREADSS
"REAL®™ WPROCEDURE®™ FY(XsYsZ); ™VALUE® XsY,7; ®REAL® Xy YsI;
FY{XsYsZ) IS THE DERIVATIVE OF F WITH RESPECT TO Y3

<PROCEDURE IDENTIFIERD>;

THE HEADING OF FZ READS?

"REAL®™ ®PROCEDURE™ FZ(XsYsZ); UVALUE™ XpYsZ; "REAL®™ XsYs13
FZ(XsYsZ) IS THE DERIVATIVE OF ¥ WITH RESPECT TO I3

<ARRAY 1DENTIFIERD;

WARRAY® E[1261];

Z[11s ese » ELH6] DESCRIBE THE BOUNDARY CONDITIONS (4);
EL1] AND E[4] ARE NOT ALLOWED TO VANISH BOTHe

PROCEDURES USED: DUPVEC CP 31030,

REQUIRED CLNTRAL MEMORY:

FIVE AUXILIARY ARRAYS OF N REALS ARE USEDs

RUNNING TIME:

LET IT BE THE NUMBER OF NEWTON ITERATIONS; THEN
IT*N EVALUATIONS OF F, FY, FZ ARE NEEDED;

DATA AND RESULTS:

THE FUNCTIONS F», FY AND FZ ARE REQUIRED TO BE SUFFICIENTLY
SMOOTH IN THEIR VARIABLES ON THE INTERIOR OF EVERY SEGMENT
KXLI1XLI+11> (I = 0» eses N = 1);
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METHOD AND PERFJRMANCE:

LET YLO1(X) BE SOME INITIAL APPROXIMATION OF Y(X); THEN
THE NINLINEAR PROBLEM IS SOLVED BY SUCCESIVELY SOLVING

(DOK T TX*%kNC) ?/X**NC

FY(XoYTKI(X)» YIKI®P(X))*¥DLKI(X)

+

+

FZ(XsYIKI(X)pYIKI®(X))*DIKI*(X)

= (YCK I #X%k&NC) /X **NC

F(Xs YIKI»YIKI®(X))» X[0T < X < X[N1»

EC11*DIKI(X[0]1) + E[21*DLK1*(XL0O]1) = O;
EC4I*DIKI(XIN]Y) + EL51%DIKIY(XIN1) = O3
WITH GALERKIN'S METHOD (SEE PREVIOUS SECTION) AND PUTTING

YOK+13(X) = YLKI(X) + DLKI(X)s K = Oslsese

THIS IS THE SO~CALLED NEWTON=KANTOROWITCH METHOD;
EXAMPLE OF USE:

WE SOLVE THE BOUNDARY VALUE PROBLEM
(YORXH%2) 0 /X%k%2 = EXP (Y)I4EXP(Y V) =EXP(1=X*%2)=EXP (2%X)=b;
0< X<l Y'O) = Y(1) = O3

FOR THE BOUNDARY CONDITIONS THIS MEANS THAT
£02]1 = E[41 = 1; E[1]1 = EC3] = E(5] = E[6]1 = O;

THE ANALYTIC SOLUTION IS Y(X) = 1 = X*k*2; WE APPROXIMATE

THE SOLUTION ON A UNIFORM GRIDy IeEe X[I1 = I/Ny

I = 0 eses N3 WE CHOOSE N=10,20 AND COMPUTE THE MAXIMUM ERRORS
THE PROGRAM READS AS FOLLOWS:
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N

z Z2 Z2 =2 =

WBEGIN®" "INTEGERY™ Ns» NC;

®FOR® NCt= 0p1y2 ®WDO®

WEORM" Nit=s 25, 50 wDQOn

WBEGIN® “WINTEGER" I;WARRAY®™ X, Y[LO:NI, E[1:61; "REAL®™ RHOs D3

WREAL" "PROCEDURE™ F(XsYsZ)3 WVALUE®™ XsYsZ3 WREAL® XsYs13
F3s EXP(Y)+EXP(Z)=EXP(l=X#%2)=EXP(=2%X)=2=2%NC}

WREAL™ "PROCEDUREY™ FY(XpYsZ); "VALUE™ X,»YsZ; MREALY XsYsZ3
FYs= EXP(Y);

"REAL"™ "PROCENURE™ FZ(XsYsZ); "VALUE™ X»Ys2Z; "REAL™ X5Y,7;
FZte EXP(Z);

MPROC EDUREP NONLIN FEM LAG SKEW(XsYsNsFsFYsFZsNCsE);

"CODE®™ 33314;

El21s= E[4]:= 1; E[l]t= E[(31ce E[5]1:=s E[612= 03

"FORM It= O WSTEP" 1 WUNTIL® N "DO"

WBEGIN® X[IJs= I/N; Y[Il: = { ®END®;

QUTPUT(61s™( "/ /4B ("N = M )NZD,4B0(WNC = *)WZD")¥,NsNC);

NONLIN FEM LAG SKEW(X» Y» Ns Fs» FY» FI» NCs» E);

RHDt= 03

WEQR" Isw O WSTEP® 1 WUNTIL®™ N wDO®

WBEGIN® D:= ABS(YLI] = 1 + X[ Il**%2);

WIF® RHO < D "THEN™ RHQO3= D

WENDW 3 «

QUTPUT( 615" (%24 B% ("MAXe ERROR= %) #,D4DDW4+2D™) " ,RHO)
HEND "

nEN DM

RESULTS

= 25 NC = O MAXeERROR® 246471 =
= 50 NC = 0 MAXoERROR= 6,198 =5
= 25 NC = 1 MAXoERROR® 1o41% =3
= 50 NC = 1 MAXe ERROR® 3,99" =4
= 25 NC = 2 MAXoERROR® 2,44% =3
= 50 NC = 2 MAXoERROR® 7,02% =4

OME OBSERVES THAT THE MAXIMUM ERROR DECREASES BY ABOUT
0025 WHEN THE MESH SIZE IS HALVED.



SECTION : 5¢2ele20le3 (DECEMBER 1979) PAGE 6

SOURCE TEXT(S):

"CODE" 33314;
"pROCEDURTE" NONLIN FEM LAG SKEW(Xs Ys» Ns» F» FY» FZ, NCs» E);
WINTEGER® N, NC;
WREAL" "PROCEDURE™ Fy FYs FZ;
"ARRAY" X» Y» E;
WBEGIN™ MINTEGER®™ L, Ll, IT;
"REAL"™ XLls XLs H» Al2, A21ls Bl, B2, TAUl, TAU2» CHs TLs Gs» YLs» PPy
PLMs PRMy PL1» PL3, PL1PL2, PL1PL3y, PL2PL2, PL2PL3,
PR1PR2, PR1PR3» PR2PR3, PL1QL2» PL1QL3, PL2QL1ls, PL2QL2s PL2QL3»
PL3QLl, PL3QL2, PR1QR2, PR1QR3» PR2QR1, PR2OR2, PR2QR3, PR3QR1,
PR3QR2, H2RMy» ZL1, ZLs El, E2s E3» E4s E5» E6» EPS, RHO;
WARRAY" T» SUPER, SUBs» CHI, GI[O:N=11, Z[O:N1;

WPROCEDURE® DUPVEC(LsUsSs»A»B); ®CODE®™ 31030;

"PROCSDURE™ ELEMENT MAT VEC EVALUATION 13
"BEGIN'" "REAL"™ XMsVLoVRsWLsWRsPRQMIRMFMs XL12,XL1XLo XL2sZMsZACCMS
WIF® NC = 0 “THEN™ VL= VRt= Qo5 WELSEM™ WIF® NC = 1 WTHEN®
"BEGINM VLz== (XL1%2 + XL)/63 VR:s= (XL1 + XL*2)/6 "END"™ MELSE"
WBEGIN™ XL12:= XL1*XL1/712; XL1XL3=XL1l*XL/65; XL23=XL#*XL/12;
V0is= 3*&XL12 + XL1XL + XL2;
VR2= 3%XL2 + XL1XL + XL12
11 END";
WL:= H%VL; WR:=H*VR; PR:= VR/(VL +VR);
XMs= XL1 + H*¥PRj; ZM2= PR¥ZL + (1 =~ PR)*ZL1;
ZACCMs= (7L = ZL1)/H ; QM:= FZ(XMsZIMsZACCM);
RMt= FY(XMy ZMy» ZACCM); FM:= F(XMsIMyZACCM);
TAUlz= WL*RM; TAU2t =WR*RM;
Blt= WL*FM = ZACCM*(VL +VR); B2:= WR*FM + ZACCM*(VL + VR);
Al2za = (VL + VR)/H + VL*QM + (1 = PR)*PR*RM¥*(WL + WR);
A21:s = (VL + VR)/H = VR*¥QM + (1 = PR)*PR*RM*(WL + WR);
WEND™ ELEMe MeVe EVe;

WCOMMENT"
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WPpROCEDUYREY BOUNDARY CONDITIONS;

RIF" | =] RAND® E2 = O ®THEN"

WBEGIN® TAUl:= 1; Bls= Al2:= O WEND®
WELSEM MIFN La]l WANDY™ E2 “= O ®THEN®
WBEGIN® TAUls= TAUl = El/E2

WENDW WELSEW WIFM LaN WAND® E5 = 0 WTHENW®
BEGIN® TAUZ2:= 1; B23= A21:t= 0

MENDY WELSE™ MIFW L=N "AND® E5 “s 0 WTHEN®
WRBEGIN® TAU2t= TAU2 + E4/ES5

WEND® BoCols

PPROCEDURE"™ FORWARD BABUSKAS

WIFR |=] WTHEN®

WBEGIN® CHITOJts CHt= TL3= TAUl; T[Ols=s TL;
GIL0l:= Gs= YlL:= Bl; Y[Olt=a YL;
SUB[CIst= A21; SUPER[O]t= Al2;
PPt= A21/(CH = Al2); CH3= TAU2 = CH%PP;
G:e B2 = G%PP3 TL3e TAU2; YL:= B2

HEND® wELSE®

WBEGIN® CHI[L11:= CHt= CH + TAUl;
GI[L1llt= G3= G + B1l;
SUBCL1ls= A2l; SUPER[L1I:= Al2;
PPs= A21/(CH = Al2); CH:= TAU2 = CH*PP;
Gs= B2 = G¥PP3; TIL1Jt= TL + TAUl; TL:= TAU2;
Y[L11t= YL + Bl; YL3= B2

“END® FORWARD BABUSKA;

“PROCEDURE™ BACKWARD BABUSKAj;
WBEGIN®PPts YL; Y[Nlt= G/CH;
Gz= PP; CHta TL; Li= Nj
"FOR™ L3e L = 1 "YHILE"™ L >= 0 "DQ"
RBEGIN® PPs= SUPER[LI/(CH = SUBILI);
TL3= TIL]; CHs= TL = CH%PP;
YLzs Y[L]; G3m YL = G*PP;
YOLIt=(GICL] + G = YL)/(CHILL] + CH = TL) 3
REND®
PEND™ BACKWARD BABUSKA;
WCOMMENT®Y
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’

DUPVEC(OsN»05Z5Y);

Els= [[1]; E2t= E[2]1; E3t= [[3]; E4s= E[L4]; ES5t= EL[5]; E6:= EL[6];
WEQRY IT:= 1, IT + 1 “WHILE™ EPS > RHO "DOn
WBEGIM" Lz= QO;XL:= X[0); ZLt= Z[01];

BFORM® L= L + 1 "YHILE® L <= N ®pQO"

"BEGIMN"™ XLl:= XL; Lltws L = 1; XL:= XCLJ; Ht= XL =« XL1;

ZL1ls= ZL; ZL:= Z(L1;

ELEMENT MAT VEC EVALUATION 1;

WIFM L=l "ORY L=N "THEN" BOUNDARY CONDITIONS;
FORWARD BABUSKA

"END™;

BACKWARD BABUSKA3

EPSt= 0; RHOtw 1;

WEORM" L:=s Q WSTEPW 1 MUNTIL®™ N nDO®

"BEGIN" RHO:= RHNO + ABS(ZCL]);

EPSt= EPS + ABS(Y[L1); Z[Lls= Z([L] = Y[L]

WENDY;

RHO: = M"=]4%RHN
"END";

DUPVEC(0sN»0sYsZ)

WEND"™ NONLIN FEM LAG SKEW;
nEQPR
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AUTHORS? ToeMeToCOOLEN AND RoPLOEGER.
INSTITUTS: MATHEMATICAL CENTRE, AMSTERDAM,.
RECEIVED: 740301,

BRIEF DESCRIPTINON:
THIS SCCTION CONTAINS TWO PROCEDURES 3

RICHARDSON SOLVES A SYSTEM OF LINEAR EQUATIONS WITH A COEFFICIENT
MATRIX HAVING POSITIVE REAL EIGENVALUES BY MEANS OF A NONe
STATIONARY SECOND ORDER ITERATIVE METHOD: RICHARDSON®S METHOD.
SINCE RICHARDSON'S METHOD IS PARTICULARLY SUITABLE FOR SOLVING

A SYSTEM OF LIMEAR EQUATIONS THAT IS OBTAINED BY DISCRETIZING A
TWO=DIMENS IONAL ELLIPTIC BOUNDARY VALUE PROBLEM, THE PROCEDURE
RICHARDSON IS PROGRAMMED IN SUCH A WAY THAT THE SOLUTION VECTOR
IS GIVEM AS A TWO=DIMENSIONAL ARRAY ULJsL]s LJ<=JKuUJy LL<=L<sUL,
THE COEFFICIENT MATRIX IS NOT STORED, BUT EACH ROW CORRESPONDING
TO A PAIR (JsL) IS GENERATED WHEN NEEDED.

RICHARSON CAN ALSO BE USED TO DETERMINE THE EIGENVALUE OF THE
COEFFICIENT MATRIX CORRLSPONDING TO THE DOMINANT EIGENFUNCTION.

ELIMINATION, USED IM CONNECTION WITH THE PROCEDURE RICHARDSON,
(THIS SECTION) SOLVES A SYSTEM OF LINEAR EQUATIONS WITH

A COEFFICIENT MATRIX  HAVING POSITIVE REAL

EIGENVALUES BY MEANS OF A NON=STATIONARY SECOND ORDER ITERATIVE
METHODs, WHICH IS AN ACCELERATION OF RICHARDSON'S METHODs IN
GENERALs, ELIMINATION CANNOT BE USED BY ITSELF IN A SENSIBLE WAY.
SINCE RICHARDSOMN®S METHOD AND ITS ACCELERATION ARE PARTICULARLY
SUITABLE FOR SOLVING A SYSTEM OF LINEAR EQUATIONS THAT IS OBTAINED
BY DISCRETIZING A TWO=DIMENSIONAL ELLIPTIC BOUNDARY VALUE PROBLEMs
THE PROCEDURES RICHARDSON AND ELIMINATION ARE PROGRAMMED 1IN SUCH A
WAY THAT THE SOLUTION VECTOR IS GIVEN AS A TWO=DIMENSIONAL ARRAY
ULJsLls LiIK=J<=UJy LLS=L<=ULs THE COEFFICIENT MATRIX IS NOT STORED,»
BUT EACH ROW CORSPONDING TO A PAIR (JsL) IS GENERATED WHEN NEEDED.

KEYWNRDS:

DIFFERENTIAL EQUATION,

TWO=DIMENSIONAL BOUNDARY VALUE PROBLEMs

SYSTEM OF LINEAR EQUATIONSs

COEFFICIENT MATRIX HAVING POSITIVE REAL EIGENVALUES,
NON=STATIONARY SECOND ORDER ITERATIVE METHODs
RICHARDSON®S METHODs

ACCELERATION OF RICHARDSON®S METHOD.
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SUBSECTINON : RICHARDSON,

CALLING SEQUENCE?

THE HEADING OF THE PROCEDURE READS:

"PROCEDURE"™ RICHARDSON(UsLJI»UJoLLsUL,INAPSRESIDUAL,AsBsN,sDISCRS Ky
RATECONV,DOMEIGVAL,OUT);

"VALUE™ LJsUJsLLsULsASB;

WINTEGER™ NyKslL JsUJslLUL;

"REAL" A»,B,RATECONV,DNMIGVAL;

"BOOLEAN" INAP;

WARRAY® U, DISCR;

"PRICEDURE® RESIDUAL»s, OUT;

"CODE" 33170;

THE MEANING OF THE FORMAL PARAMETERS IS:

Uz <ARRAY IDENTIFIER>;
"ARRAY"™ ULLJ:UJsLL2ULY;
AFTER EACH ITERATION THE APPROXIMATE SOLUTION CALCULATED BY
THE PROCEDURE RICHARDSON IS STORED INTO U.
ENTRY: IF INAP IS CHOSEN TO BE "TRUE"™ THEN AN INITIAL

APPROXIMATION OF THE SOLUTIONs, OTHERWISE ARBITRARY;

EXIT: THE FINAL APPROXIMATION OF THE SOLUTION;

LJsUJs  <ARITHMETIC EXPRESSION>;
LOWER AND UPPER BOUND FOR THE FIRST SUBSCRIPT OF Uj;

LLoUL2 <ARITHMETIC EXPRESSIOND;
LOWER AND UPPER BOUND FOR THE SECOND SUBSCRIPT OF Uj

INAPz <BNOLEAN EXPRESSION>;
IF THE USER WISHES TO INTRODUCE AN INITIAL APPROXIMATION
INAP="TRUE" SHOULD BE CHOSEN; THE CHOICE INAP="FALSE" HAS
THE EFFECT THAT ALL COMPONENTS OF U ARE SET EQUAL T0 1
BEFORE THE FIRST ITERATION IS PERFORMED;

RESIDUAL: <PROCEDURE IDENTIFIERD>;
THE HEADING OF THIS PROCEDURE READS :
"PROCEDURE™ RESIDUAL(U); ™ARRAY" U;
SUPPOSE THAT THE SYSTEM OF EQUATIONS AT HAND IS AU= F;
FOR ANY ENTRY U THE PROCEDURE RESIDUAL SHOULD CALCULATE
THE RESIDUAL AU = F 1IN EACH POINT JsLs WHERE
LJ<=J<=UJy, LL<=L<=UL, AND SUBSTITUTE THESE VALUES IN THE
ARRAY U;

AsB: <ARITHMETIC EXPRESSION>;
IF OME WISHES TO FIND THE SOLUTION OF THE BOUNDARY VALUE
PROBLEM» IN A AND B THE USER SHOULD GIVE A LOWER AND
UPPER BOUND FOR THE EIGENVALUES FOR WHICH THE CORRESPONDING
EIGENFUNCTIONS IN THE EIGENFUNCTION EXPANSION OF THE RESIDU
AL AU = F» WITH U = THE INITIAL APPROXIMATION, SHOULD BE
REDUCED; IF THE DOMINANT EIGENVALUE IS TO BE FOUNDs ONE
SHOULD CHOOSE A GREATER THAN THIS EIGENVALUE
(SEE MSTHOD AND PERFORMANCE);
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CARITHMETIC EXPRESSIOND;

N GIVES THE TOTAL NUMBER OF ITERATIONS TO BE PERFORMED; THE
VALUE OF N SHOULD EITHER BE GIVEN, OR MADE DEPENDENT OF
SOME JGNSEN PARAMETER; EeGe K AND RATECONV CAN SERVE

FOR THIS PURPOSE;

<ARRAY IDENTIFIERD>;

"ARRAY™ DISCR[1:21;

AFTER [ACH ITERATION THE PRNCEDURE RICHARDSON DELIVERS

IN DISCRL1] THE EUCLIDEAN NORM OF THE RESIDUAL, AND

IN DISCRL21 THE MAXIMUM NORM OF THE RESIDUAL;

<VARIABLED '

K COUNTS THE NUMBER OF ITERATIONS RICHARDSON IS PERFORMINGS
IT CAN SERVE AS A JENSEN PARAMETER FOR N AND OUT;

RATECONV: <VARIABLE>;

AFTER BACH ITERATION THE AVERAGE RATE OF CONVERGENCE IS
ASSIGNED TO RATECONV;

DOMEIGVAL: {VARIABLED; .

pUT:

AFTER EACH ITERATION THE VALUE OF THE DOMINANT EIGENVALUE,
IF PRESENT» IS ASSIGNED TN DOMEIGVAL; 1Ff THERE IS NO
DOMINANT EIGENVALUEs THE VALUE OF DOMEIGVAL IS MEANINGLESS,
WHICH MAMIFESTS ITSELF BY SHOWING NO CONVERGENCE TO A

FIXED VALUE;

<PROCEDURE IDENTIFIERD;

THE HEADING OF THIS PROCEDURE, TO BE WRITTEN BY THE USER»
READS 1

"PROCEDURE™ OUT(K); "VALUE®™ K; "INTEGER"K;

BY THIS PROCEDURE ONE HAS ACCESS TO THE FOLLOWING
QUANTITIES:

FOR O0<aK{=N THE K=TH ITERAND IN U,THE EUCLIDEAN AND

MAXIMUM HORM OF THE K=TH RESIDUAL IN DISCRL11 AND DISCRL21,
RESPECTIVELY;

FOR 0<K<=N ALSO THE AVERAGE RATE OF CONVERGENCE AND THE
APPROXIMATION TD THE DOMINANT EIGENVALUE, BOTH WITH RESPECT
TO THE K=TH ITERAND U, IN RATECONV AND DOMEIGVAL»
RESPECTIVELY;

MOREOVER, OUT CAN BE USED TO LET N BE DEPENDENT OM THE
ACCURACY REACHED IN APPROXIMATING ‘THE DOMINANT EIGENVALUE,

DATA AND RZSULTS: SEE REF[11,[21,

PROCEDURES USED: NONEG,

REQUIRED CCMTRAL MEMORY:?

APPROXIMATELY 3#(UJ = LJ ¢ 1) * (UL = LL ¢ 1) WORDS,
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LANGUAGE: ALGOL 60,

METHOD AND PERFORMANCE:

SUPPOSE THE SYSTEM OF EQUATIONS TO BE SOLVED READS AU = F, WHERE
A IS A MATRIX HAYING POSYTIVE REAL EIGENVALUESe DENOTING THE
K=TH ITERATE BY U(K), U(K) BEING THE VECTOR U(K)LJ»L1y LJI<=J<=sUJ)
LL<=L<=sUL, THE SI=CALLED RESIDUAL WITH RESPECT TO THE K=TH ITERATE
IS DEFINED BY :

R(K) = AU(K) = F,
A SECOND ORDER NON=STATIONARY ITERATIVE METHOD IS GIVEN BY

U(K+1) = BETA K * U(K) + (1 = BETA K) * U(K=1)

- OMEGA K * R(K)»

ORs EQUIVALENTLY» IF U IS THE (UNKNOWN) EXACT SOLUTION OF AU = F

UK) = U = PK(A) (U(O) = U),
WHERE PK DENOTES A POLYNOMIAL OF DEGREE Ke RICHARDSON'S METHOD
CONSISTS OF CHOOSING THIS POLYNOMIAL IN SUCH A WAY THAT AMONGST ALL
POLYNOMIALS PK(X) OF DEGREE K WITH PK(C)= 1 IT HAS MINIMAL MAXIMUM
NORM OVER THE INTERVAL [C,Dl, WHERE C > O SHOULD BE CHOSEN TO BE A
LOWER BOUND, AND D AN UPPER BOUND FOR THE EIGENVALUES OF Ae
APPLICATION OF THIS POLYNOMIAL TO THE INITIAL ERROR U(Q) = U HAS
THE EFFECT THAT EACH COMPONENT OF THE INITIAL ERROR IN ITS EIGEN=
FUNCTION EXPANSINN IS REDUCED BY A FACTOR LESS OR EQUAL TO THE NORM
OF THE POLYNOMIAL.
THE POLYNOMIALS

PK(X) = CK((A+B=2%X)/(A=B)) / CK((A+B)/(A=B))
WHERE CK(Y) DENOTES THE K=TH CHEBYSHEV POLYNOMIAL», HAVE THE
DESIRED PROPERTIESe THUS, THE VALUES OF THE PARAMETERS BETA K
AND OMEGA K MAY BE DETERMINED FROM THE RECURRENCE RELATIONS FOR
CHEBESHEV POLYMOMIALSe .
IN COMPUTATION U(K) = U IS NOT AVAILABLE, SO ONE USES R(K) AS
A MEASURE FOR THE ERRORe

THE ELEMENTS OF THE MATRIX A ARE NOT STOREDs BUT
GENERATED WHEN NEEDEDe MORE PRECISELY, THIS MEANS THAT THE
(UJ=LJ+1) * (UL=LL+1) COMPONENTS OF AU(K) = F ARE CALCULATED FOR
EACH PAIR (JoL) LJ<CJ<UJs LL<SLCULs THE USER SHOULD INTRODUCE THE
EQUATION TO BE SOLVED IN THIS MANNER BY MEANS OF THE PROCEDURE
RES IDUAL

CLEARLY, THE METHOD IS PARTICULARLY SUITABLE FOR SPARSE MATRICES»
FOR EXAMPLE MATRICES THAT ARE OBTAINED BY DISCRETIZING ELLIPTIC
PARTTIAL DIFFERENTIAL EQUATIONS.

THE SHARPER THE BNUMDS C AND D FOR THE EIGENVALUES OF A ARE,
THE BETTER APPROXIMATE SOLUTION ONE GETS FOR A GIVEN VALUE OF Ko
SINCE THE ASYMPTOTIC RATE OF CONVERGENCE (K TO INFINITY) IS

2 * SQRTI(C/D)o

NOW LET ALPHAl BL THE SMALLEST EIGENVALUE OF A, IF ONE CHOOSES
C > ALPHAl, THEN, STARTING WITH ANY INITIAL APPROXIMATION», FOR A
SUFFICIENTLY LARGE NUMBER OF ITERATIONS THE PROCEDURE RICHARDSON
WILL DELIVER AN APPROXIMATE VALUE FOR THIS EIGENVALUE.
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LET US EXPLAIN THIS FACT FOR THE CASE ALPHALl < C < ALPHA2, WHERE
ALPHAZ IS THE SECOMD SMALLEST EIGENVALUE OF Ae. THE POLYNDMIAL
PKEX) HAS SMALL MAXIMUM VALUE OVER THE INTERVAL [C»D] (WHICH» OF
COURSC, DEPENDS ON K)» BUT BECOMES LARGE FOR X < Ae SO» IF ONE
APPLIES PK(A) TO AN EIGENFUNCTION OF A, THIS EIGENFUNCTION WILL
ONLY BE REDUCED CONSIDERABLY IF IT CORRESPONDS TC AN EIGENVALUE
> Co CONSEQUENTLY, THE EIGENFUNCTIOM CORRESPONDING TO ALPHAL WILL
BECCME DOMINANT IN THE EIGENFUNCTTION EXPANSION OF

PK(A) (U(0) = U)
FOR SUFFICIENTLY LARGE Ke

SEE REF[11502] FOR DETAILS.

REFERENCES?

[11eTeMeTeCOOLENy PoWeHEMKER, PaJeVAN DER HOUWEN AND
EeSLAGT,
ALGOL 60 PROCEDURES FOR INITIAL AMD BOUNDARY VALUE PROBLEMS

(DUTCH) »
MC=SYLLABUS 20, MATHEMATICAL CENTRE» 1973, AMSTERDAMe

[21ePeJeVAN DER HOUWENS
FINITE DIFFERENCE METHODS FOR SOLVING PARTIAL DIFFERENTIAL
EQUATIONS.
MATHEMAT ICAL CENTRE TRACT NOo 205 1968,

EXAMPLE OF USE:

THE APPROXIMATE SOLUTION OF THE BOUMDARY VALUE PROBLEM
= ((D/DX)*%2 + (D/DY)¥*2) U(X,Y) = =2%(X*X+Y%*Y), N<XsY<PIs
U(Xs0) = 0, U(Xp,PI) = PI*PI*X%X, 0 < X < PI»
UlDsY) = 0p U(PIsY) = PI*PI*X*Xy O < Y < Pl»
WHICH HAS THE ANALYTICAL SOLUTION X*X*Y*Y, MAY BE OBTAINED BY THE
FOLLIWING PROGRAM:

"BEGIN® “COMMENT® DIRICHLET PROBLEM FOR LAPLACE®S EQUATION;

#PROCEDURE™ RICHARDSOM(U,LJsUJsLLsUL,INAP,RESIDUAL»A»BsNsDISCRHK»
RATECDNV,DOMEIGVAL,NUT); "™CODE®33170;

"PROCEDURE™ RESIDUAL{Y); "ARRAY"™ U;

WBEGIN® ®WINTEGER® UJMIN1,ULMIN1,LJPLUSI;

MREAL"™ U2; ®REAL"™ "ARRAY" U1llLJ:UJI;
UJMINlz= UJ = 15 ULMINL := UL = 1; LJPLUS1:= LJ + 13
"FOR™ J3= LJ USTEP™ 1 M"UNTIL® UJ "DOW
WBEGIN™ U1[J1s= ULJoLLI; ULJsLLIt= O3 WEND®;
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WFEOR® Li= LL + 1 WSTEP™ 1 MUNTIL"™ ULMIN1 »DQO%
N"BEGIN™ UllLJIt= U[LJsL); ULLJsLIz= O3
"FOR" J:s LJPLUSI"STEP™ 1 ®UNTIL"™ UJMIN1 "DQO"
WBEGIN® U2t= ULJyL1;
ULJoLlts(4 * U2 o Ul[J=1] = ULLJ] = ULJ41,L] = ULJpL+11])
= F{J*HyL*H)*H2;
UlLJ7st= U2
WEND®;
UlUJsLYt= 0O
"END"; .
TFOR" Jt= | J NSTEP® 1 WUNTIL®™ UJ »DO™ ULJ,ULI2= O
"END™ RESIDUAL; :

WREAL® WPROCEDURE™ F(X»Y); "VALUE™ XpY; MREALM™ X,Y;
Fis =2%(X¥X + Y*Y);

"REAL™ "PROCEDURE™ ANALSOL(X»Y); MVALUEM™ XpY; "REAL™ X»Y;
ANALSOL 3w XkXkY%Y;

"PROCEDURE®™ INITAPPR(U»J»LsG); WINTEGERM™ JoL; MARRAY® Uj; WREAL® G3
“WEFOR™ Jt= LJ "STEP™ 1 "UNTIL"™ UJ "DO*®
“FOR" L2= LL "STEPW 1 "UNTIL®™ UL "DO®
ULJoLYz= NIFM Jul J “OR™ JmUJ "OR®™ Lsll "OR"™ LsUL "THEN"G "ELSE"™ 1;

WPRNOCEDURE®OUTI(K); ™VALUE™ K; ®WINTEGER"™ K3

NIFH K = N "THEN"™ QUTPUT(6Llsn(n//n(n K DISCRIL1] DISCRI2]
RATECONV") 1y 779 +ZDBs3(+e7D"+2DB) ") "y Ky DISCRI1I,DISCRI2I,RATECONV);
WINTEGER™ JsoLsLJsUJsLLsULs Ny K3

HREAL" HyPIsD15D2,H2,DOMEIGVALSRATECONVSA,B;

WREAL® "WARRAY®" DISCR[1:21];

QUTPUT(O1s "/ ("GIVE LJsUJsLLsULsNpApBN)n/1)N) 2
INPUT(60,("” )%, J); INPUT(60,R(RN)",UJ);

INPUT (60, ("), LL); INPUT(60,n(mn)n,UL);

INPUT(60,"("")",N) ;3 INPUT (60, "("")"yA); INPUT(60sm(n1)1,B);

PBEGIN® MREAL™ WARRAY®™ ULLJtUJoLLEULI; .
PIt=3,1415 92653 58979; Hi= PI/(UJ = LJ); H2:= H * H;
INITAPPR(UsJsLo ANALSOL (J*H)L*H)) ;
RICHARDSON(UsLJsUJsLLoUL»®TRUE®,RESIDUALs AsBs» N» DISCRoK»
RATECONV »,DOMEIGVAL,OUT1);
"WEND"
WEND®

IT DELIVERS WITH
L = Q0 UJ= 11, LL = 0, UL = 115 N = 50, A = o163, B = 7,83
THE FOLLOWING RESULTS:

K DISCRI1] DISCRI21] RATECONV

+50 +,1401828" =3 +,4666866" =4 +,2921718" +0 o
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SUBSECTION = ELIMINATION.

CALLING SEQUENCE:

THE HEADING NF THE PROCEDURE READS:

WPROCEDUREY ELIMINATION(UsLJsUJsLLsULSRESIDUALS»A»BsNsDISCRsKs
RATECONV, DOMEIGVAL,0UT);

RVALUE® LJsUJsLLaULsASBS

®INTEGER®™ NpKsLJsUJsLLoUL;

"REAL"™ Ay,ByRATECONV,DOMIGVAL;

RARRAY® U,DISCR;

#PROCEDURE"™ RESIDUAL, OUT; ®CNDE"™ 33171;

THE MEANING OF THE FORMAL PARAMETERS IS:
Uz <ARRAY IDENTIFIER>;
WARRAY™ JLLJ3UJpLLIULT;
AFTER EACH ITERATION THE APPROXIMATE SOLUTION CALCULATED BY
THE PROCEDURE ELIMINATIOM IS STORED INTO Uj;
ENTRY: AN INITIAL APPROXIMATION OF THE SOLUTIONs, WHICH
IS OBTAINED BY USE OF RICHARDSON;
EXIT: THE FINAL APPROXIMATION OF THE SOLUTION;
LJsUJt <ARITHMETIC EXPRESSIOND;
LOWER AND UPPER BNUND FOR THE FIRST SUBSCRIPT OF Uj;
LLsUL: <ARITHMETIC EXPRESSIOND>;
LOWER AND UPPER BOUND FOR THE SECOND SUBSCRIPT OF Uj
RESIDUAL: <PROCEDURE IDENTIFIERD>;
THE HEADING OF THIS PROCEDURE READS ¢
WPRAOCEDIRE" RESIDUAL(U); WARRAY" Uj
SUPPOSE THAT THE SYSTEM OF EQUATIONS AT HAND IS AUe F;
FOR ANY ENTRY U THE PROCEDURE RESIDUAL SHOULD CALCULATE
THE SO=-CALLED RESIDUAL AU = F IN EACH POINT JsLs WHERE
LI<=J<=UJs LLLmL<=ULs, AND SUBSTITUTE THESE VALUES IN THE
ARRAY U3
Ay B3 <ARITHMETIC EXPRESSION>;
A AND B SHOULD HAVE THE SAME VALUES AS IN THE PRECEDING
CALL OF RICHARDSON (SEE DESCRIPTION OF RICHARDSON);
N¢ <VARIABLE>;
THE NUMBER OF ITERATIONS THE PROCEDURE ELIMINATION NEEDS
TO ELIMINATE THE EIGENFUNCTICN BELONGING TO THE DOMINANT
EIGENVALUE, 1S ASSIGNED TO N;
DISCR® <ARRAY IDENTIFIER>;
WARRAY™ DISCR[1t21;
AFTER EACH ITERATION THE PROCEDURE ELIMINATION DELIVERS
IN DISCRI1] THE EUCLIDEAM MORM OF THE RESIDUALs, AND
IN DISCR[2] THE MAXIMUM NDRM OF THE RESIDUAL;
K <VARIABLE>
K COUNTS THE NUMBER OF ITERATIONS ELIMINATION IS PERFORMING
IT CAN SERVE AS A JENSEN PARAMETER FOR OUT;
RATECONV: <VARIABLE>;
AFTER EACH ITERATION THE AVERAGE RATE OF CONVERGENCE IS
ASSIGNED TO RATECONV;
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DOMEIGVAL: <ARITHMETIC EXPRESSIOND;
BEFORE A CALL OF ELIMINATION THE VALUE OF THE EIGENVALUE
FOR WHICH THE CORRESPONDING EIGENFUNCTION HAS TO BE
ELIMINATED, SHOULD BE ASSIGNED TO DOMEIGVAL; IF AFTER
APPLICATION 9F ELIMINATION THERE IS A NEW DOMINANT EIGEN=
FUNCTION, THEN DOMEIGVAL WILL BE EQUAL TO THE CORRESPOND=
ING EIGENVALUE; OTHERWISE, THE VALUE OF DOMEIGVAL BECOMES
MEANINGLZSS;

ouT: <PROCENURE IDENTIFIER>;
THE HEADING OF THIS PROCEDURE, TN BE WRITTEN BY THE USER»
READS :
"PROCEDURE™ OQUT(K); "VALUE™ K; "INTEGER"K;
BY THIS PROCEDURE ONE HAS ACCESS TO THE FOLLOWING
QUANTITIES?®
FOR O¢=K<{=N THE K=TH ITERAND IN U, THE EUCLIDEAN AND
MAXIMUM MORM IF THE K=TH RESIDUAL IN DISCRL1] AND DISCRL21,
RESPECTIVELYs
FOR O<KK<=N ALSO THE AVERAGE RATE OF CUONVERGENCE WITH
RESPECT TO THE K=TH ITERAND U, IN RATECONV;
FOR K = M, POSSIBLY THE DOMINANT EIGENVALUE OF THE
COEFFICIENT MATRIX OF THE EQUATION AU= Fp, IN DOMEIGVAL.

DATA AND RESULTS: SEL REF[11s[23e

PROCEDURES USED:

RICHARDSON = CP33170»
TAN = CP35120,

TANH = CP35113,
ARCCOS = CP35122,
ZEROIN = CP34150,

REQUIRED CEMNTRAL MEMDRY:
APPROXIMATELY 3%{UJ = LJ + 1) * (UL = LL + 1) WORDS,
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METHOD AND PERFORMANCE:

SEE THIS HEADING IN THE DESCRIPTION OF THE PROCEDURE RICHARDSONe
SOME ADDITIONAL REMARKS WILL BE MADE HERE,
IN ORDER TO USC SLIMINATION THE INITIAL APPROXIMATION OF THE
SOLUTION OF

AU = F
IS FIRST TREATED BY MEANS OF RICHARDSNN®S METHOD, WHERE C IS
CHOSEN GREATER THAN THE SMALLEST EIGENVALUE. AFTER APPLICATION OF
RICHARDSON, THE EIGEMFUNCTION CORRESPONDING TO THIS EXGENVALUE HAS
BECOME DOMINANT IN THE QUANTITY

PK{A) (U(0) = U),
WITH

PK(X) = CK{(C+D=2%X) 7/(C=D)) / CK((C+D)/(C=D))s
WHERCAS THE CONTRIBUTION OF THF OTHER EIGENFUNCTIONS TO THE ERROR
U(K) «= U AND TO R(K) HAS BEEN REDUCED CONSIDERABLYe CONSEQUENTLY
THE ERROR U(K) = UJ HAS VERY SMALL COMPOMENTS IN THE SUBSPACE
SPANNED BY ALL EIGENVECTORS BUT THE "FIRST", IN WHICH DIRECTION IT
HAS A VERY LARGE COMPONENT,
THE CONTRIBUTION OF THE ©“FIRST® EIGENFUNCTION TO R(K) IS NOW
"ELIMINATED™ BY APPLICATION OF A POLYNOMIAL OPERATOR E(A) SUCH
THAT E(X) HAS A ZERO IN THE FIRST EIGENVALUE.
THE POLYNOMIAL IS CHOSEN IN SUCH A WAY THAT A MAXIMAL RATE OF CONe=
VERGEMCE WITH RESPECT TO THE INITIAL APPROXIMATION USED IN
RICHARDSON IS OBTAINED.

FOR DETAILS SEE REF[11s[21,

REFERENCES:

[11eToMeToCODLENS PoWoHEMKERs PoJoVAN DER HOUWEN AND
E«SLAGTe
ALGOL 60 PROCEDURES FOR INITIAL AND BOUNDARY VALUE PROBLEMS
{DUTCH)»
MC=SYLLABUS 20, MATHEMATICAL CENTRE» 1976» AMSTERDAM.

[2]ePeJe VAN DER HOUWEN
FIMITE DIFFERENCE METHODS FOR SOLVING PARTIAL DIFFERENTIAL
EQUATIONS,
MATHEMATICAL CENTRE TRACT NO. 20, 1968,

EXAMPLE OF USE:

THE APPROXIMATE SOLUTION OF THE BOUNDARY VALUE PROBLEM
w ((D/DX)#*#2 ¢ (D/DY)#¥%2) U(XpY) = «2k(XEX+Y%Y)p OKX»Y<LPIs
U(Xs0) = 0p U(X,PL) = PI#PI%XEX; O < X < PIy
UlGsY) = Qp U(PI,Y) = PI#PI%*X*Xy, O < Y < PIs
WHICH HAS THE ANALYTICAL SOLUTION X#®X*Y%Y, MAY BE OBTAINED BY THE
FOLLOWING PROGRAY:
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"BEGIN" "COMMENT" DIRICHLET PROBLEM FOR LAPLACE'S EQUATION;

"PROCEDURE® RICHARDSON(UsLJsUJsLLoULs INAP,RESIDUALSA»BsDISCRsKS
RATECONV,DOMEIGVAL,DUT); "CODE"33170;

WPROCEDURE®™ ELIMINATION(UsLJ»UJsLL,UL,RESIDUAL,A»B»DISCRsKS
RATECONV,DOMEIGVAL,QUT); "CODE™33171;

WPROCEDURE"™ RESIDUAL (U); "ARRAY" U;
WBEGIN® “INTEGER® UJMIN1»ULMIN1,LJPLUSL;
PREAL®™ U2; "REAL™ "ARRAY" UlCLJ:UJ];
UJMIN1:= UJ = 15 ULMINL := UL = 1; LJPLUS1:= LJ + 1;
"FOR™ Jt= LJ "STEP® 1 WUNTIL® UJ wDO®
#BEGIN® ULl[JIs= ULJsLLI; ULJsLLIt= O; WEND";
"FOR" L= LL 4 1 "STEP"™ 1 "UNTIL'™ ULMINL "DO"™
"BEGIN" UlLLJ1z= ULLJ»LI; ULLJsL]It= O3
WFOR® Js= LJPLUSIMWSTEP® 1 WUNTIL®™ UJMIN]1 ®wDOR
WBEGIN™ U2:= UL J»L1;
UlJpLlss(% * Y2 = ULLJ=1] = ULILJ] = ULJI+1sL] = ULJsL+1])
= F(J¥HsL*H) *H2;
UllJls= U2
NENDM;
ULUJ,Ll1s= O3
REND® 3
"FOR® Jts LJ "WSTEP™ 1 MUNTIL™ UJ "DO®™ UL JoUL12= O
WEND™ RESIDUAL;

WREAL"™ "PROCEDURE™ F(XsY); "VALUE™ X»Y; WREAL® X»Y;
Fia «=2%(XkX + Y&Y);

WREAL" "PROCEDURE®™ ANALSOL(X»Y); ™VALUE™ X»Y; "REAL™ X,Y;
ANALSOL = X&X*kY*Y; ’

®PROCEDURE" INITAPPR(UsJ»LsG); "INTEGERY™ JsL; ™ARRAY®™ U; "REAL® G;
WEQRY Jim LJ ®STEP™ 1 “UNTIL® UJ ®DO"
“FOR™ Lte LL "STEP™ 1 "UNTIL" UL "DO™
UlJsL13=s BIFR J=|J WOR® JsUJ WORW LsLL ®OR® LsUL ®THEN®G WELSE® 1;

"PROCEDURE™QUT3(K); "YALUE"™ K; ®INTEGER™ K3
WIF" KeP YTHEN" QUTPUT(61,"("//s+ZDBs 3{+eTD"+ZDB)™)"»K»DISCRL1]s
DISCRL2J,RATECONV);

"PROCEDURETOUT1(K); "VALUE" K3 "INTEGER"™ K;
WIF" KeN ®THEN® QUTPUT (61,"(m7/n(n K DISCRI1] DISCRI2] R
TECONV" )57/ 5+ZDBs3(+o 7D"+ZDB)®) P, K, DISCRI115 DISCRI2I,RATECONV);

"PROCEDURE™ DUT2(K); "VALUE"™ K; "INTEGER™ K;
wBEGINY
WIF® K = 0 "THEN" Dls= D2ts 1 WELSEW
WBEGIN® D2t= D13 Dlw= DOMEIGVAL;
Nim "IF® ABS((Dl = D2)/D2) < 10##(=Q) "THEN® K ®ELSE" NN;
QuUT1(K)
"END®
WEND" OUT2;
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PINTEGER™ JpLlsLJdsUJsLLsULs NNsNsPsKsQ3

"REALY™ HoPIsD1sD2,H2,RATECONVRyRATECONVESDOMEIGVAL,RATECONVs A»ByVARS
WRE AL® WARRAY® DISCRI[1:21;

QUTPUT(OL, (W/"(PGIVE LJIsUJsLLsULsNsQpApBR )M/ )0 ) 5

INPUT (60, (n®)n,L )5 TINPUT(60,n (N0 )W,04);

INPUT (50 ()0, L) ; INPUT (60s%(®R)W,UL);

INPUT(60,% ("), N)s INPUT(6Q,"("")%, Q);

INPUT (60, (1) my A)s INPUT(60sn(Mw)n, B);

"BEGIN™ "REAL™ "ARRAY"™ ULLJsUJsLL3ULI;
PIt=3,1415 92653 589793 Hte PI/(UJ = LJ); H28s H * H;
INITAPPR(UpJs Lo ANALSOL(J%HsL%*H) ) ;
NMs= N;
RICHARDSON(U, LI »UJ»LLsULs PTRUER,RESIDUAL sAsBsNsDISCRs Ks
RATECONV »DOMEIGVAL,0UT2); RATECONVR:=s RATECONV;
OUTPUT(6Ly ("7 /4,7D"+2ZD4B" (W"DOMINANT EIGENVALUE®™)"w )n ,DOME IGVAL);
ELIMINATION(UsLIsUJsLLOUL,RESIDUALSA »BsPs» DISCRsK»
RATECONV ,»DOMEIGVAL,OUT3); RATECONVE 3= RATECONV;
NN:= N + P; OQUTPUT(61,"("//+Z2D13B"("TOTAL MUMBER OF ITERATIONS®")™
") "y, NN) 3
OUTPUT(615%("/4+, 7D "+ZD4BR(®RATE OF CONVERGENCE WITH RESPECT TOm)®,
/17B¥{"THE ZEROTH ITERAND OJF RICHARDSON®™)wnu)un,
(N % RATECONVR + P * RATECONVE) /NN);

END®

REND®

IT DELIVERS WITH
Ly =0, UJ = 11s LL = 0» UL = 115, N = 50, Q= 4y A = o326, B = 7,83
THE FCOLLOWING RESULTS:
K DISCRI1] DISCRC21] RATECONV
+45 444998463 =1 4489038637 =2 +,2009943" +0
+01620445" +0 DOMINANT EIGENVALUE
+7 +03563865" =5 +4,6714375" =6 +,13600854" +1
+52 TOTAL NUMBER OF ITERATIONS

+03570259" +0 RATE OF CDONVERGENCE WITH RESPECT TO
THE ZEROTH ITERAND OF RICHARDSON
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SOURCE TEXT(S)3

wCODE®33170;

"PROCEDURE"™ RICHARDSON(U»LJI»UJsLLsUL>INAP,RESIDUAL»A»BsNsDISCRsKs

RATECONV,DOMEIGVAL,OUT); WVALUE® LJ,UJsLL,ULsA,B;

WINTEGER™ NoKsLJpllJsLLsUL; "REAL" A»B,RATECONV,DOMEIGVAL; "BOOLEAN®™

INAP; YARRAY" U,DISCR; "PROCEDURE®™ RESIDUAL,OUT;

"BEGIN"™ "INTEGER" JsL; ®REAL®™ X»Y»Z»Y0sCsDs» ALFA, OMEGA»OMEGAOS
EIGMAXSEIGEUCLy EUCLRESsMAXRESs RCMAXpRC EUCLoMAXRESO»EUCLRESO;
WARRAY®" V,RES[LJ:UJsLL:UL];

"PROCEDURE" CALPAR; :
®COMMENT® CALPAR CALCULATES THE PARAMETERS ALFA AND OMEGA FOR
EACH ITERATION;
"BEGIN® ALFAt= Z/(Z = ALFA);
OMCGAt= 1/7(X = OMEGA * Y)
WEND® CALPAR;
"PROCEDURE" ITERATION;
WCOMMENT" FIRST THE ITERATION FORMULA IS CONSTRUCTED;
MBEGIN® WREAL™ AUXV,sAUXUs AUXRES»EUCLUV,MAXUV;

EUCLUVs= EUCLRES1= MAXUVi= MAXRES3= 03

WFOR" Jte LJ WSTEP® 1 ®UNTIL® UJ nDOn

WFOR™ L= LL "STEP™ 1 "UNTIL"™ UL "DO" RES[JsLI3= VI[JrLI;

RESIDUAL(RES);

WFOR® Jts Ly “WSTEP™ 1 ®UNTIL® UJ "DO™

WFOR™ L:s LL "STEP™ 1 "UNTIL" UL "DO"

"BEGIN™ AUXVs= ULJsL1; AUXUB= VI[JsL]; AUXRES$= RESCJUsL];
AUXVi= ALFA * AUXU = OMEGA * AUXRES ¢ (1 = ALFA) * AUXV;
VIJsLlz= AUXV; ULJsL1:= AUXU;

"COMMENTY THE NORMS OF THE K=TH RESIDUAL AND THE DIFFERENCE
BETWEEN THE (K+1)=TH AND K=TH ITERAND ARt CALCULATED;
AUXUts ABS({AUXU = AUXV); AUXRES:e ABS(AUXRES);

MAXUV:=s ®wIF® MAXUV < AUXU "THEN" AUXU "ELSE"™ MAXUV;
MAXRES 3= ®IF® MAXRES < AUXRES WTHEN®™ AUXRES ®ELSE® MAXRES;
EUCLUVe= EUCLUV + AUXU * AUXU;

SUCLRES:= EUCLRES + AUXRES * AUXRES;

" EN pn ;

EUCLUV2= SQRT(EUCLUV); EUCLRESs= SQRT(EUCLRES);

DISCR{11s= EUCLRES; DISCR[2]3:= MAXRES;

"COMMENTY DOMEIGVAL IS EVALUATED;

MAXUVs= MAXRES/MAXUV3 EUCLUVt= EUCLRES/EUCLUV;

EIGMAX2s MAXUV * (C = MAXUV)/(e25 * D = MAXUV);

EIGZUCL:= EUCLUV * (C = EUCLUV)/(e25 * D = EUCLUV);

DOMEIGVAL:= o5 * (EIGMAX + EIGEUCL);

RCOMMENT®™ FINALLY THE RATE OF CONVERGENCE IS CALCULATED;

RCEUCL:» =LN(EUCLRES/EUCLRESQ) /K3

RCMAX t= =L N(MAXRES/MAXRESO)/K;

RATECONVt= o5 * (RCEUCL + RCMAX)

RWEND" ITERATION; WCOMMENT®
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#COMMSNT® THE CONSTANTS FOR STARTING CALPAR ARE CALCULATED;
ALFA:= 2; OMEGA:= 4/(B + A); YOz= (B 4+ A)/(B = A);
Xtm o5 % (B + A); Ys= (B = A) % (B = A)/16; Z1= &4 * YQ * Y03
WCOMMEMT™ THE CONSTANTS NEEDED FOR DOMEIGVAL ARE CALCULATED;
C:s A % B; Ct= SQRT(C); D:= SQRT(A) + SQRT(B); D:= D * D;
UCOMMENT®™ THE INITIAL APPROXIMATION IS PUT INTO ARRAY U;
BIFP “INAP WTHEN®
"BEGIN® wFOR"™ J:w LJ WSTEP®™ 1 ®UNTIL™ UJ wDO™

WEQR™ Lte LL WSTEP™ 1 "UNTIL™ UL "DD"™ UlJsLlzs ]
REND® 3
WCOMMENT®™ THE ZEROTH ITERATION IS NOW PERFORMED;
K:s Q;
WEOR® Jte LJ WSTEP® 1 "UNTIL™ UJ "DO®
WEUR® L3= LL WSTEP® 3 WUNTIL® UL %DO® RESCJsL1te ULYsLI;
RESIDUAL(RES) s
OMEGAO:= 2/(B+A);
WBEGIN® ®REAL™ AUXRESO;

MAXRESOs= EUCLRESO:s 0O;

WEQRY J:m LJ ®STEPW 1 ®UNTIL® UJ »DO%

I|FOR" Lg. LL llSTEP" 1 IIUNTIL" UL nDU"

WBEGIN® AUXRESG = RES[J»L1;

VJslLltm ULJpl] = OMEGAO * AUXRESO;
AUXRESO:= ABS(AUXRESO);
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MAXRESOs = WIFM MAXRESO < AUXRESO ®THEN® AUXRESO ®ELSE® MAXRESO}

EUCLRESOt= EUCLRESO + AUXRESO * AUXRESO
"END";
EUCLRESO:= SQRT(LEUCLRESO)
L1} ENDI';
DISCRL11s= EUCLRESO; DISCR[21:= MAXRESO;
QuUT (K3
WAFY" K >= N "THEM" "GOTO" FINALLY;
NEXT STEP:
Ktm K + 15 CALPAR3 ITERATION; OUT(K);
nIF® K < N ®THEN® »GOTO" NEXT STEP;
FINALLY:
"END" RICHARDSON;
WEQPW
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"CNDE®33171;
"PROCEDURE" ELIMINATION(UsLJsUJsLLyUL,RESIDUALSA»BsNsDISCRsKsRATECONY
DOMEIGVAL,OUT); "VALUE" LJsUJsLLoUL»A»B; "INTEGER™ LJsUJsLLsULsNSKS
WREAL®™ A,B,RATECONV,DOMEIGVAL; ™ARRAY® U,DISCR;
"PROC EDURE"™ RESIDUAL,OUT;
"BEGIN™ "REAL" PI,AUXCOS»C»D;
WREAL™ ®PROCEDURE™ ARCCOS(X); MCODEW™ 35122;
"REAL™ "PROCEDURE" TAN(X); "“CODE™ 35120;
MREAL" "PROCEDURE®™ TANH(X); "CODE®" 35113;
"PROCEDURE"™ RICHARDSOM(UsLJ»UJ»LL)UL,INAP,RESIDUALs A»BsNsDISCRS
Ks RATECONV, DOMEIGVAL,OUT )3 ®CODE™33170;
"BOOLEAN® " PROCEDUREN ZEROIN(X»YsFX,TOLX); "CODE"34150;
NREAL" ®"PROCEDURE" OPTPOL(X); M“VALUE"™ X; "REAL"™ X;
WBEGIN® PREAL™ W,Y;
Wem (B * COS(.5%PI/X) + DOMEIGVAL) / (B = DOMEIGVAL);
WIFN W & =1 "THEN" Wi=m =1;
"IF" ABS(W) <= 1 "THEN"
WBEGIN® Y= ARCCOS(W);
OPTPOLt= 2 % SQRT(A/B) + TAN(X*Y) *
(Y = BkPI*SIN(e5%PI/X)%¢5 / (X % (B=DOMEIGVAL) *
SQRT(ABS (1=W*W))))
WEND® mELSER
"BEGIN® Yim LN(W + SQRT(ABS(WhW=1)));
OPTPOL:= 2 # SQRT(A/B) = TANH{X%®Y) * (Y + B*PI®RSIN(e5%PI/X)*
o5/ (X*({B=DOMEIGVAL ) *SQRT(ABS(W*WY=1))))
"END™
"END" OPTPOL;
PIt= 3,1415 92653 58979;
Cim 13
WIF" OPTPOL(C) < O "THEN™
"BEGIN" Dim o5 % PI * SQRT(ABS(B/DOMEIGVAL));
Mt Di= D + D;
WIF" ZERDIN(CoDoOPTPOL(C)pC¥"=3) ®THEN® Nit= ENTIER(C+e5)
WELSE" "GOTO" M;
WEND" "ELSE"™ Nt= 1;
AUXCOSt= COS(o5%PI/N);
RICHARDSON(UsLJsUJsLLsULs"TRUEYH,RESIDUALS
(2%DOMEIGVAL + B*(AUXCOS=1))/7(AUXCOS+1)5BsNsDISCRyKsRATECONV S
DOMEIGVAL,OUT)
WEND™ ELIMINATION;
nEgpn
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AUTHOR 3 Be VAN DOMSELAARe

INSTITUTE: MATHEMATICAL CENTREs AMSTERDAM.

RECEIVED: 750601,

BRIEF DESCRIPTION:

PEIDE ESTIMATES UNKNOWN VARIABLES IN A SYSTEM OF

FIRST ORDER DIFFEREMTIAL EQUATIONS; THE UNKNOWN VARIABLES MAY
APPEAR MOMLINEAR BOTH IN THE DIFFERENTIAL EQUATIONS AND ITS INITIAL
VALUES; A SET OF DOBSERVED VALUES OF SOME COMPONENTS OF THE SOLUTION
OF THE DIFFERENTIAL FQUATIONS MUST BE GIVEN;

KEYWORDS®

PARAMETER ESTIMATION,
DIFFERSNTIAL EQUATIONS,
INITIAL VALUE PROBLEMN,
DATA FITTING.

CALLING SEQUENCE:

THE HEADING OF THIS PROCEDURE IS8

WPROCEDURE®™ PEIDE(Ns Ms NDBSs» NBPs» PARy, RVs BP» JTJINV, IN» OUT,
DERIVs JAC DFDY, JACDFDPs, CALL YSTART» DATA, MONITOR);

®YALUE™ NoMpNOBS; "INTEGER™ N»MsNOBS»NBP;

WARRAY" PARsRVsJTJINV,IN,OUT; ®INTEGER® WARRAY® BP;

RPROCEDURE™ CALL YSTART»DATA,MONITOR;

wBOOLEAN®™ "PROCEDURE"™ DERIV,JAC DFDYsJAC DFDP;

WCODE™ 34444;

THE MEANING OF THE FORMAL PARAMETERS ISt

N3 <ARITHMETIC EXPRESSION>;
THE MUMBER OF DIFFERENTIAL EQUATIONS;
Ms <ARITHMETIC EXPRESSION>;
THE MUMBER OF UNKNOWN VARTABLES;
NOBS 3 {ARITHMETIC EXPRESSION>;
THE NUMBER OF OBSERVATIONS; NOBS SHOULD SATISFY NOBS>=M;
NBP3 <VARIABLE>;

EMTRY: THE NUMBER OF BREAK=PODINTS; IF NO BREAK=POINTS ARE
USED THEN SET NBP=0;

EXIT: WITH NORMAL TERMINATION OF THE PROCESS NBP=0;
OTHERWISE, IF THE PROCESS HAS BEEMN BROKEN OFF (SEE
QUTC11), THE VALUE OF NBP IS THE NUMBER OF BREAK=
POINTS USED BEFORE THE PROCESS BROKE OFF3
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PAR?

RV3

BP:

JTJINV:

INs

<ARRAY IDENTIF1ER>;

RARRAY® PAR[1 * M&NBP1I;

ENTRY: PAR[1:M] SHOULD CONTAIN AN INITIAL APPROXIMATION
TO THE REQUIRED PARAMETER VECTOR;

EXIT: PAR[C1:M] CONTAINS THE CALCULATED PARAMETER VECTOR;
IF QUTC1I>0 AND NBP>0 THEN PARCM+13M+NBP1 CONTAINS
THE VALUES OF THE NEWLY INTRODUCED PARAMETERS
BEFORE THE PROCESS BROKE OFF3

<ARRAY IDENTIFIER>;

" ARRAY" RVL1 3 NOBS#NBPJI;

EXIT: RV[1:NOBS] CONTAINS THE RESIDUAL VECTOR AT THE
CALCULATED MINIMUM; IF OUTC11>0 AND NBP>Q0 THEN
RVINOBS+1:NOBS+NBP]1 CONTAINS THE ADDITIONAL
CONTINUITY REQUIREMENTS AT THE BREAK=POINTS BEFORE
THE PROCESS BROKE OFF;

<ARRAY IDENTIFIERD>;

WINTEGER™ ¥ARRAY™ BP[0O ¢ NBPI;

ENTRY: BP[Ils I=slseoesNBP, SHOULD CORRESPOND TO THE INDEX
OF THAT TIME OF OBSERVATION WHICH WILL BE USED AS
A BREAK=POINT (1<=BPL[I]<=NOBS); THE BREAK=POINTS
HAVE TO BE ORDERED SUCH THAT BP(I1<=BP[J]1 IF IK=J;

EXIT: WITH NORMAL TERMINATION OF THE PROCESS BPL1:NBP1]
CONTAINS NO INFORMATION; OTHERWISEs IF OUTL11>0
AND NBP>Q THEN BP[IJs» I®lyeeesNBP, CONTAINS THE
INDEX OF THAT TIME OF OBSERVATION WHICH WAS USED
AS A BREAK=POINT BEFORE THE PROCESS BROKE OFF;

<ARRAY IDENTIFIERD>;

WARRAY®" JTJINVI1 @ Mp 1 2 MI1;

EXIT: THE INVERSE OF THE MATRIX J¢® * J WHERE J DENDTES
THE MATRIX OF PARTIAL DERIVATIVES DRVLI] / DPARIK]
(I=ls0e0sNOBS 5 K=lsoewesM) AND J°® DENOTES THE
TRANSPOSE OF J3 THIS MATRIX CAN BE USED IF
ADDITIONAL INFORMATION ABOUT THE RESULT 1S
REQUIRED; EeGo STATISTICAL DATA SUCH AS THE
COVARIANCE MATRIXs CORRELATION MATRIX AND
CONFIDENCE INTERVALS CAN EASILY BE CALCULATED FROM
JTIJINV AND OUTL(21];

<ARRAY IDENTIFIER>;

PARRAY" INCO 3 613

ENTRY: IN THIS ARRAY THE USER SHOULD GIVE SOME DATA TO

CONTROL THE PROCESS;

IN[OIs THE MACHINE PRECISION;

FOR THE CYBER 73 A SUITABLE VALUE IS "=14;

INC13: THE RATIO: THE MINIMAL STEPLENGTH FOR THE

INTEGRATION OF THE DIFFERENTIAL EQUATIONS DIVIDED
BY THE DISTANCE BETWEEN TWO NEIGHBOURING
OBSERVATIONS; MOSTLY» A SUITABLE VALUE IS mm4;
IN[21: THE RELATIVE LOCAL ERROR BOUND FOR THE
INTEGRATION PROCESS3 THIS VALUE SHOULD SATISFY
INC21<=INC31; THIS PARAMETER CONTRILS THE
ACCURACY OF THE NUMERICAL INTEGRATION; MOSTLY»
A SUITABLE VALUE IS IN[31/100;
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INT3]s INL4]:
THE RELATIVE AND THE ABSOLUTE TOLERANCE FOR
THE DIFFERENCE BETWEEN THE EUCLIDEAN NORM OF THE
ULTIMATE AND PENULTIMATE RESIDUAL VECTOR
RESPECTIVELY;
THE PROCESS IS TERMINATED IF THE IMPROVEMENT OF
THE SUM OF SQUARES IS LESS THAN
IN[C31 * (SUM OF SQUARES) + IN[4] * IN[&];
THESE TOLERAMCES SHOULD BE CHOSEM IN ACCORDANCE
WITH THE RELATIVE, RESP. ABSOLUTE ERRORS IN THE
OBSERVATIONS;
NOTE THAT THE EUCLIDEAN NORM OF THE RESIDUAL
VECTOR IS DEFINED AS THE SQUARE ROOT OF THE SUM
OF SQUARESS
IN[51¢  THE MAXIMUM NUMBER NF TIMES THAT THE INTEGRATION
OF THE DIFFERENTIAL EQUATIONS IS PERFORMED;
IN[AI: A STARTING VALUE USED FOR THE RELATION BETWEEN
THE GRADIENT AND THE GAUSS=NEWTON DIRECTION (SEE
{11); 1IF THE PROBLEM IS WELL CONDITIONED THEN A
SUITABLE VALUE FOR INL6] WILL BE 0,01; IF THE
PROBLEM IS ILL CONDITIONED THEN IN[6] SHOULD BE
GREATERs BUT THE VALUE OF INL 61 SHOULD SATISFY3
IN[O] < IN[6] <= 1/IN[OI;
ouT: <ARRAY IDENTIFIER>;
RARRAY™ QUTL1 3 71;
EXIT ¢+ 1IN ARRAY OUT SOME BY=PRODUCTS ARE DELIVERED;
OUTL13: THIS VALUE GIVES INFORMATION ABOUT THE
TERMINATION OF THE PROCESS;
OUTC13=0: MNORMAL TERMINATION;
IF OUTC11>0 THEN THE PROCESS HAS BEEN BROKEN OFF
AND THIS MAY OCCUR BECAUSE OF THE FOLLOWING
REASONS? '
OUTI11sls THE NUMBER OF INTEGRATIONS PERFORMED
EXCEEDED THE NUMBER GIVEN IN INL51;
DUTC11=2: THE DIFFERENTI1AL EQUATIONS ARE VERY
MONLINEAR3 DURING AN INTEGRATION THE
VALUE OF IN[1] WAS DECREASED BY A
FACTOR 10000 AND IT IS ADVISED TO
DECREASE INC1]», ALTHOUGH THIS WILL
INCREASE COMPUTING TIME;
OUT{11=3: A CALL OF DERIV DELIVERED THE VALUE
FALSEs :
0UT[11=43 A CALL OF JAC DFDY DELIVERED THE
VALUE FALSE;
OUTC11=5: A CALL OF JAC DFDP DELIVERED THE
VALUE FALSE;
OUTL1)=6: THE PRECISION ASKED FOR CAN NOT BE
ATTAINED; THIS PRECISION IS POSSIBLY
CHOSEN TOO HIGH» RELATIVE TO THE
PRECISION IN WHICH THE RESIDUAL VECTOR
IS CALCULATED (SEE IN[31);
OUTC21: THE EUCLIDEAN NORM OF THE RESIDUAL VECTOR
CALCULATED WITH VALUES OF THE UNKNOWNS DELIVERED;



SECTINON : 56201530l (0CTOBER 1975) P AGE 4

DERIV:

JAC DFDY:

JAC DFDP3

OUTC31: THE cUCLIDEAN NORM OF THE RESIDUAL VECTOR
CALCULATED WITH THE INITIAL VALUES OF THE
UNKNOWN VARIABLES;

OUTC41s THE NUMBER OF INTEGRATIONS PERFORMED, NEEDED TO
OBTAIN THE CALCULATED RESULT; IF OUTL43=1 AND
QUTC11>0 THEN THE MATRIX JTJINV CAN NOT BE USED;

QUTLES51s THE MAXIMUM NUMBER OF TIMES THAT THE REQUESTED
LOCAL ERRDR BOUND WAS EXCEEDED IN ONE
INTEGRATION; IF IT IS A LARGE NUMBER, IT MAY BE
BETTER TO DECREASE THE VALUE OF INT11];

OUTI61¢ THE IMPROVEMEMT OF THE EUCLIDEAN NORM OF THE
RESIDUAL VECTOR IN THE LAST ITERATION STFP OF THE
PRACESS OF MARQUARDT;

OUTCT7I: THE CONDITION NUMBER OF J?' % J , I.Ee THE RATID
OF ITS LARGEST TO SMALLEST EIGENVALUES;

<PROCEDURE IDENTIFIER>;

THIS PROCEDURE DEFIMES THE RIGHT HAND SIDE OF THE

DIFFERENTIAL EQUATIONS;

THE HEADING 0OF THIS PROCEDURE SHOULD BE:s

"BOOLEAN" “PROCEDURE"™ DERIV(PAR, Y, T, DF); "VALUE" T;

"REAL® T3 M™ARRAY™ PAR»YsDF;

ENTRYt PAR, Y, T;

PARC1:M1 CONTAINS THE CURRENT VALUES OF THE
UNKMOWNS AND SHOULD NOT BE ALTERED;

YU1sN] CONTAINS THE SOLUTIONS OF THE DIFFERENTIAL
CQUATIONS AT TIME T AND SHOULD NOT BE ALTERED;

EXIT: ™ARRAY" DF[1 3 N1;

AN ARRAY ELEMENT DFLI] SHOULD CONTAIN THE RIGHT
HAND SIDE OF THE I=TH DIFFERENTIAL EQUATION}

-AFTER A SUCCESSFUL CALL OF DERIV, THE BOOLEAN PROCEDURE

SHOULD DELIVER THE VALUE TRUE; :
HOWEVER, IF DERIV DELIVERS THE VALUE FALSE, THEN THE
PROCESS IS TERMIMNATED (SEE 0OUTC11);
HENCE», PROPER PROGRAMMING OF DERIV MAKES IT POSSIBLE TO
AVOID CALCULATION OF THE RIGHT HAMD SIDE WITH VALUES OF
THE UNKNOWM VARIABLES WHICH CAUSE OVERFLOW IN THE
COMPUTATIONS
<PROCEDURE IDENTIFIERD>;
THE HEADING OF THIS PROCEDURE SHOULD BEs
®BOOLEAN® #PROCEDURE® JAC DFDY{PARy Y» T» FY)3 ®VALUE® T3
WREAL™ T; "ARRAY®™ PARpY»FY;
ENTRY: PARsY» T3
SEE DERIV;
EXIT: ®ARRAY® FY[1l 3 N1 ¢ NI;
AN ARRAY ELEMENT FY[I»J] SHOULD CONTAIN THE
PARTIAL DERIVATIVE OF THE RIGHT HAND SIDE OF THE
I=TH DIFFERENTIAL EQUATION WITH RESPECT TO YLJ1»
I.Ee DFLII/DYLJI;
THE BOOLEAN VALUE SHOULD BE ASSIGNED TO THIS PROCEDURE
IN THE SAME WAY AS IT IS DOME FOR THE VALUE OF DERIV;
<PROCEDURE IDENTIFIERD;
THE HEADING OF THIS PROCEDURE SHOULD BE:
#BOOLEAN® wPROCEDURE™ JAC DFDP{PARs Y, T» FP); ®VALUE® T3
WREALY T3 "ARRAY™ PARy Yo FP3
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ENTRY: PAR»Y» T3
SEE DERIV;

EXIT: "wARRAY"™ FPL1 3 Nsl 3 M1;
AN ARRAY ELEMENT FPLI»J] SHOULD CONTAIN THE
PARTIAL DERIVATIVE OF THE RIGHT HAND SIDE OF THE
I=TH DIFFERENTIAL EQUATION WITH RESPECT TO PAR[J1,
IoEe DFILTII/DPARLJII;

THE BOOJLEAN VALUE SHOULD BE ASSIGNED TO THIS PROCEDURE

IN THE SAME WAY AS IT IS DONE FOR THE VALUE OF DERIV3

CALL YSTART: <PROCEDURE IDENTIFIERD;

DAT Az

THIS PROCEDURE DEFINES THE INITIAL VALUES OF THE INITIAL

VALUE PROBLEM;

THE HEADING OF THIS PROCEDURE SHOULD BE:

WBOOLEAN® WPROCEDURE®™ CALL YSTART(PAR, Y» YMAX);

"ARRAY*" PARsYs YMAX;

ENTRY: PAR;
PARL1:M] CONTAINS THE CURRENT VALUES OF THE
UNKNOWN VARIABLES AMD SHOULD NOT BE ALTERED:

EXIT: VYsYMAX;
Y[1:M] SHOULD CONTAIN THE INITIAL VALUES OF THE
CORRESPONDING DIFFERENTIAL EQUATIONS;
THE INITIAL VALUES MAY BE FUNCTIONS 0OF THE UNKNOWN
VARIABLES PAR; IN THAT CASE, THE INITIAL VALUES OF
DY7DPAR ALSO HAVE TO BE SUPPLIED; NOTE THAT
DY[LI1/DPARTJ] CORRESPONDS WITH YL 5%N+J#N+I]
(I=lseeosN » JolspeeesM);
YMAXLIls I=lseeesNs SHOULD CONTAIN A ROUGH
ESTIMATE TO THE MAXIMAL ABSOLUTE VALUE OF Y[I1]
OVER THE INTEGRATION INTERVAL;

<PROCEDURE IDENTIFIER>;

THIS PRNCEDURE TAKES THE DATA TO FIT INTO THE PROCEDURE

PEIDE; :

THE HEADING OF THIS PROCEDURE SHOULD BE:

"PROCEDURE™ DATA(NOBS, TOBS», 0BS», COBS); T®VALUE®™ NOBS;

#"INTEGER™ NOBS; "ARRAY"™ TQOBS,0BS; "INTEGER"™ "ARRAY"™ C(OBS;

ENTRY: NOBS3
NOBS HAS THE SAME MEANING AS IN PEIDE;

EXIT: ©ARRAY"™ TOBS[O : NOBSI;
THE ARRAY ELEMENT TOBS[O]l SHOULD CONTAIN THE TIME,
CORRESPONDING TO THE INITIAL VALUES OF Y GIVEN IN
THE PROCEDURE CALL YSTART; AN ARRAY EL EMENT
TOBS[Ils 1<=I<=N0OBS, SHOULD CONTAIM THE I=TH TIME
OF OBSERVATION; THE OBSERVATIONS HAVE TO BE
ORDERED SUCH THAT TOBS[II<=TOBSLJ] IF I<=J;
WINTEGER® mARRAY® COBS[{12NOBS1;
AN ARRAY ELEMENT COBS[IJ SHOULD CONTAIN THE
COMPONENT OF Y DBSERVED AT TIME TOBS[I1; NOTE THAT
1<=COBS[T1<=N};
WARRAY® 0OBS[1:MOBSI;
AN ARRAY ELEMENT OBS[{I] SHOULD CONTAIN THE
OBSERVED VALUE OFf THE COMPONENT COBS[I] OF Y AT
THE TIME TOBS[II1;
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MOMITOR:

<PROCEDURE IDENTIFIER>;

THIS PROCEDURE CAM BE USED TO OBTAIN INFORMATION ABQOUT

THE COURSE OF THE ITERATION PROCESS; IF NO INTERMEDIATE

RESULTS ARE DESIRED» A DUMMY PROCEDURE SATISFIES:;

THE MEADING OF THIS PROCEDURE SHOULD BE:

"PROCEDURE™ MONITOR(POSTSNCOLSNROWs PARSRV,WEIGHTSNIS);

RYALUE® POST,NCOLsNROWSWEIGHTSNIS;

WINTEGERY POSTSNCOLs NROWs WEIGHTSNIS; ™ARRAY™ PAR,RY;

INSIDE PEIDE, THE PROCEDURE MONITOR IS CALLED AT TWO

DIFFERENT PLACES AND THIS IS DENOTED BY THE VALUE OF

POST:

POST=1: MONITOR IS CALLED AFTER AN INTEGRATION OF THE
DIFFERENTIAL EQUATIONS; AT THIS PLACE ARE

- AVAILABLE: THE CURRENT VALUES OF THE UNKNOWN

VARIABLES PAR[1:NCOL]» WHERE NCOL=M+NBP, THE
CALCULATED RESIDUAL VECTOR RVI1:NROWls WHERE
NROW=NOBS+NBP» AMD THE VALUE OF NIS, WHICH IS
THE NUMBER OF INTEGRATION STEPS PERFORMED DURING
THE SOLUTION OF THE LAST INITIAL VALUE PROBLEM;

POST=2: MONITOR IS CALLED BEFORE A MINIMIZATION OF THE
EUCLIDEAN MORM OF THE RESIDUAL VECTOR WITH THE
PROCEDURE MARQUARDT (SEE SECTION 5s1s30le3) IS
STARTED; AVAILABLE ARE THE CURRENT VALUES OF
PARL1:NCOL) AND THE VALUE OF THE WEIGHTs WITH
WHICH THE CONTINUITY REQUIREMENTS AT THE BREAK=
POINTS ARE ADDED TO THE ORIGINAL LEAST SQUARES
PROBLEM,

DATA AND RESULTS® SEE REF[11,.

PROCEDURES

IMTVEC
INIMAT
MULVEC
MULROW
DUPVEC
DUPMAT
VECVEC
MATVEC
ELMVEC

USED:

CP31010,
CP31011,
CP31020,
CP31021,
CP31030»
CP31035,
CP34010,
CP34011,s
CP34020,

SOL = CP34051»
DEC = CP34300»
MARQUARDT = CP34440,
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REQUIRED CENTRAL MEMORY ¢
IN THE BODY OF PEIDE (3 + NBP) * NOBS +
N#® (13« N+ 7 % M ¢+ 7 % NBP) ARRAY
ELEMENTS ARE DECLARED,

METHOD AND PERFORMANCE 3
PEIDE ESTIMATES UNKNDOWN VARTABLES IN THE SYSTEM OF DIFFERENTIAL
EQUATIONS DY/DT (Ts» PAR) = F (Ts Y» PAR)» BY USING A SET COF
OBSERVED VALUES OF Y; THE UNKNOWN VARIABLES PAR ARE OBTAINED IM
THE LEAST SQUARES SENSE; AN ELEMENT OF THE RESIDUAL VECTOR IS
DEFINED BY THE CALCULATED VALUE OF Y MINUS ITS OBSERVED VALUE;
THE EBUCLIDEAN NORM 0OF THE RESIDUAL VECTOR IS MINIMIZED BY THE
ITERATION PROCESS OF MARQUARDT; THE DIFFERENTIAL EQUATIONS ARE
SOLVED BY THE INTEGRATION PROCESS OF GEAR; A MULTIPLE SHOOTING
TECHNIQUE HAS BEEN IMPLEMENTED TO IMPROVE BAD STARTING VALUES OF
THE UNKNOWNS; IF THIS TECHNIQUE IS USED», ONE HAS TO GIVE SOME
BREAK=POINTSs IoEe TIMES OF OBSERVATIONS WHERE A NEW INITIAL
VALUE PROBLEM SHOULD BE STARTED; THE NEW INITIAL VALUES OF Y
BECOME EXTRA UNKNOWN VARIABLES AND THE CONTINUITY REQUIREMENTS
AT THE BREAK=POINTS ARE ADDED WITH SOME WEIGHTING FACTOR TO THE
LEAST SQUARES PROBLEM; FOR DETAILS SEE REF[11.

REFERENCES:
[11% Be VAN DOMSELAAR,
NONLINEAR PARAMETER ESTIMATION IN INITIAL VALUE PROBLEMS,
MATHe CENTRE, AMSTERDAM (TO APPEAR).

EXAMPLE OF USE:
THE PARAMETERS PAR[L133]1 IN THE DIFFERENTIAL EQUATIONS
DY[11/DT = = (1L = Y[21) * Y[1]1 + EXP(PAR[21) * Y[2]1,
DYC21/7D0T = EXP(PAR[11) * ((1 = Y[21) # Y[1] = (EXP{PARIZI)+
+EXP(PARL31)) * YL21)»
WITH 23 OBSERVATIONS OF Y[21, MAY BE OBTAINED BY THE FOLLOWING
PROGRAMs THAT CONSISTS OF
13 A CODE PROCEDURE WHICH TAKES CARE OF THE OUTPUT OF THE
EXAMPLE PROGRAMe IT ALSO INTERPRETS THE NUMERICAL DATA
THAT CAN BE USED TO OBTAIMN STATISTICAL RESULTS;
23 THE USERS PROGRAM IN WHICH THE PROBLEM EXAMPLE IS DEFINED.
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BCODE® 34445;
"PROCEDURE™ COMMUNICATION(POSTsFAsNsMoNOBS»NBPsPARSRESSBPHJITJINV,
INs OUT,»WEIGHT,NIS);
"YALUE"™ POST»FAsNsMoNOBS»NBPs»WEIGHTHNIS;
®INTEGER™ POSTsNsMsNOBSsNBP,WEIGHTSsNIS; WREAL™ FA;
MARRAY"™ PAR,RES»BP,JTJINV,IN,OQUT;
"BEGIN™ "IMTEGER"™ IosJ; "REAL™ C; "ARRAY"™ CONF[1:M];
WREAL® WPROCEDURE®™ VECVEC(L,U»sSsAsB); H®CODE™ 34010;
NIF® POST=5 "THEN®
WBEGINY QUTPUT (61, ("%, /510B, " (HWTHE FIRST RESIDUAL VECTOR®)M,7//516B»
"("I")",‘B’ "("RES[I]","’/" ’");
RFOR® I:=] WSTEP®™ 1 WUNTIL® NQOBS ®DpQ®
OQUTPUT (615" ("15B»ZDs2Bs +e4D"+ZDs/ " )", I,RES[I1);
NEND™ WELSE® wIFn pOST=3 "THEN"
WBEGINY™ QUTPUT(61,®(W%k,/,
n(WTHE EUCLIDEAN NORM OF THE RESIDUAL VECTOR:w) W,
0 7D"4+ZDs2/55Bs "( "CALCULATED PARAMETERS®) 1, /1),
SQRT(VECVEC(1,NUBS»0»,RES,RES)))
WEOR® Js=] WSTEPW 1 RUNTIL®™ M wpQO®
DUTPUT (61" (M9By+, 7D™42ZDy /" )" ,PAR[I1);
QUTPUT(61s (/)
W{YNUMBER OF IMTEGRATION STEPS PERFORMED: " )W,Z7ZDs /7 /") "y NIS)3
WENDW BELSE® WIF® POST=4 WTHEN®
NMBEGIN® WIF" NBP=Q "THEN" DQUTPUT(61," ("%, //55Bs
W WTHE MINIMIZATION IS STARTED WITHOUT BREAK=PDINTS#)nn)n) nwglSEw
BWBEGIN® DUTPUT(61, R ("%,5/,20B»
W(NTHE MINIMIZATION IS STARTED WITH W E I G H T =0 )",72D,
3/%)%, WEIGHT)
OUTPUT (K1, ("/, 58,
®W(WTHE EXTRA PARAMETERS ARE THE OBSERVATIONS3w)nw)n):
WEQR"™ I:e)l WSTEPW 1 WUNTIL™ NBP ®DO®
OUTPUT(61,%("8B,ZDs» 2B")",BPLI]);
REND®;
QUTPUT(61,"("6/75108,
(M STARTING VALUES OF THE PARAMETERSwH)nmy/m)n) s
"FOR" Ig.l "STEP" 1 "UNTIL" H "Do"
OUTPUT(61sM (%2085 +oe7DW+ZDs/®) W, PARLI1);
OUTPUT(61,"("/ /5
"(WRELe TOLERANCE FOR THE EUCLe NORM OF THE RESe VECTOR:M)w
9Bso TD"+ZDs /» ’
R("ABSe TOLERANCE FOR THE EUCL. NORM OF THE RESe VECTOR:®)®
9B o 7TD"4+2ZDy /s "("RELATIVE STARTING VALUE OF LAMBDAM™)%,;19B,
N(HgN)N,By o 7D"4ZD")"HINI3 15 IN[4]s INLG])
WEND® WELSE® ®WIFR pOST=1 WTHEN®
WBEGIN®
OQUTPUT (61, " ("10B, "("STARTING VALUES OF THE PARAMETERSW)w,/n)n);
WEQORY Is=]1 "STEP"™ 1 "UNTIL® M "DQW
OUTPUT(61,®(R20Bs+o7D"+2ZD» /®)Ry,PARTI 1)}
HCOMMENT®
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DUTPUT(61,"( %2/ " ( "NUMBER OF EQUATIONSW)M,3B,n (W3 )n,7D/,
"(WNUMBER OF OBSERVATIONS:")";ZDs 2/
W{UMACHINE PRECISION®)M,30B,W(®3®)R,+,DR+72Dy/»
W(MRELATIVE LOCAL ERROR BOUND FOR INTEGRATION®)%y5B,"(n2h)",4,0"+2ZDs/»
WORELATIVE TOLERANCE FOR RESIDUEM) W, 1T7B, "M (M3 )" ,442D"+ZDs />
W("ABSOLUTE TULERANCE FOR RESIDUE™)",17B," ("1 )1, +42D"+ZDs />
R(MMAXIMUM NUMBER OF INTEGRATIONS TO PERFOURMM)R,6B,W (W3R )N,77D5/5
W(WRELATIVE STARTING VALUE OF LAMBDAM)®,14Be" (Wt )N,4,2D"4+7Ds /s
N(URELATIVE MINIMAL STEPLENGTH")",20BsM (M2 )M ,442D"+ZDs /M)y
NsNOBS» INLOI,IN[21sINI31,INL4Y,INLS5], IN[6I,INLL]);
WIF® NBP=D WTHEMN® QUTPUT(61,%(%//»
W(WTHERE ARE NO BREAK=PQINTS#H)wmn)n) wgl SEN
WBEGIN" QUTPUT(61,"("//s
W(WBREAK=POINTS ARE THE OBSERVATIONS s®)mw)n);
WENRY Y:m] WSTEPM 1 WUNTIL®™ NBP "DO®
OQUTPUT(61,"("ZZDsB"™) "y BP[11])
NEND";
QUTPUT(61,m(" /75
w(nTHE ALPHA=POINT OF THE F=DISTIBUTION :%)",
IDe DD™) "yFA) 3 :
REND® WELSEW™ WIF® POST=2 WTHENR
WBEGIN® QUTPUT (61l (m%n)n); WIEN NUT[11=C "THEN® QUTPUT(61,%(72/,
W(OWNORMAL TERMINATION DF THE PROCESS™) ) )
WELSE"™ "IF" QUTIL1J=1 "THEN" OUTPUT(61,"("2/»
R(®NUMBER OF INTEGRATIONS ALLOWED WAS EXCEEDEDW®)%w)®)
WELSE® WIF® QUTC1l=2 "THEN™ QUTPUT(61,"("2/,
w(TMINIMAL STEPLEMGTH WAS DECREASED FOUR TIMESw)nn)n)
WELSEW RIF®W QUTC11=3 WTHEN™ QUTPUT(61,®("2/,
w("A CALL OF DERIV DELIVERED FALSEm)®wm)"m)
WELSEW WIFY QUTL11=4 "THEN™ QUTPUT(6L,"(%2/,
w("A CALL OF JAC DFDY DELIVERED FALSE ")wn)R)
WELSE® ®IF® QUTL11=5 WTHEN®™ OQUTPUT(61,"("2/» ’
n(nwA CALL OF JAC DFDP DELIVERED FALSE ®)nwn)mn)
NELSEn wIFn QUTL1]l=6 ®THEN"™ QUTPUT(61,"("2/,
W(WPRECISION ASKED FOR MAY NDOT BE ATTAINED®)RR)W)
WIF® NBP=(Q WTHEN® DOUTPUT(61,%(M2/,
(P LAST INTEGRATION WAS PERFORMED WITHOUT BREAK=POINTS#)wun)n) wE|SE®
WBEGIN" QUTPUT(61, " ("2/s
W(RTHE PROCESS STOPPED WITH BREAK=PDINTS: W)Rw )R );
WEARY Ise] WSTEP™ 1 WUNTIL®™ NBP "pQ®
OUTPUT (61" ("ZZDsB™) "yBPL1])
WENDY;
OQUTPUT(61,® ("4 /,
w(nENCL, NORM OF THE LAST RESIDUAL VECTOR tnw) 4, o 7D"+ZDy />
W("EUCLe NORM OF THE FIRST RESIDUAL VECTOR3™) ", o 7D"+2ZD»s/»
W(WNUMBER OF INTEGRATIONS PERFORMED® )R, 7B, R (R1W )R, 77Dy /s
n(w| AST IMPROVEMENT OF THE EUCLIDEAN NORM 3m) %, o7D" 47D,y /5
w(WCONDITON NUMBER OF JUkJn)m, 15B,n(Ms™) ", ;7D"+ZDs/»
"(" 0CAL ERROR BOUND WAS EXCEEDED (MAXIMe):™)R,ZZD,7/%) R,
OUTL21,0UTC331,0UTL4]1»0UTL61s0UTLTI,0UTL5]);

"COMMENT"
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’

WCOMMENT® STATISTICS FOR THE PARAMETERS;
QUTPUT (61,7 ("/ /5By " "PARAMETERS®)®,12B," (FCONFIDENCE INTERVAL™)®,
/" )");
WFQR® Izwl ®STEP® 1 WUNTIL™ M "DOM
"BEGIN" CONFLIJ:=SQRT(M*FA*JTJINVII,I 1/ (NOBS=M))*0UTL2];
OUTPUT(61s "(M+,7DM+ZDs12Bs+o 7DM+ZD,s /") ", PARLI 1, CONFLIT);
llE ND";
C:e®IF" NOBS=M WTHEN® Q “ELSE" QUTL21#0UTL21/ (NOBS=M);
OUTPUT( 615" ("5/,"("CORRELATION MATRIX™)®,11B,"(®COVARIANCE MATRIXW)",
/myny;
WFQR™ I:ml WSTEPM 1 WUNTIL™ M ®wpQw
WBEGIN" "FOR" Ji=sl "STEP™ 1 WUNTIL"™ M "DQ"
WBEGINM® WIF® TwJ MTHEN® QUTPUT(61,%("29BM™)%);
WIF® I>J "THEN® UTPUT(61,"("+47D"+ZDysB" )",
JTJINVEI,J17SQRT(JTIINVII, I I*JTIINVL 45 31))
MELSE" OUTPUT(61," ("+,7D"+ZD,sB") ", JTIINVII,J1¥C)
WEND®; OUTPUT(61,M("/")");
WEND"; OUTPUT(61,"("*n)n);

OUTPUT(615,"("3/5108, " ("THE LAST RESIDUAL VECTOR®)®,/7/,158B»
W(RIN)N,43,R (WRESLIIM) " /")M);
WFOR"® I:=1 "STEP® 1 “UNTIL" NOBS "DO™
QUTPUT(61,"("14Bs2ZDs2Bs+e4D"+ZDs» /") "»I,RESII])
WEND®
WEND" COMMUNICATION;
IIEDP"

THE USER PRIGRAM READS:

"BEGIN" " INTEGER™ IsMsNyNUBS,NBP; RREAL® TIME,FAj

#ARRAY® PAR[1361,RES[18261sJTJINVI12351231,IN[O26]1,0UTIL27];

HINTEGER'™ "ARRAY® BP[0:31];

"PRUCEDURE" PEIDE(NsMsNOs NBsPsRyBP»J»Is05D5dDYsJDPsCYsDA5M0O) 3
RCODE® 34444;

"PROCEDURE™ COMMUNICATION(PsFsMaNs NOsNPsPAsRyBPodsIs0sWsNI);
WCODE"™ 34445;

#BOOLEAN® ®PROCEDURE® JAC DFDP(PARsYsXsFP)3

"REAL™ X; "ARRAY™ PAR,Y,»FP;

WBEGIN™ WREAL® Y2; Y2:3=Y[2]1;
FP[1,113=FP[1,3]12=0;
FPL1,21t=Y2%EXP(PAR[2]);
FPL2511:=EXP(PARI11) *(Y[1]1%(1l=Y2)=(EXP(PARL2])+EXP(PARL[3]))*Y2);
FP[2,2]:==EXP(PAR[L1I+PARL2])%Y2;
FP[2,312==EXP(PAR[11+PAR[3])*Y2;
JAC DFDP:a"TRUE"

“END" JAC DFDP
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H

®PROCEDURE® DATA(NOBS,TOBS»0BS»COBS);
"YALUE" NOBS; "INTEGER™ NOBS;
"ARRAY" TNBS,0BS,COBS;
"B EGIN™ "INTEGER™ I;
TOBSLO1:=0;
QUTPUT(61s M ("™kp4/54B" ("THE OBSERVATIONS WERE:™)",
175By"(IM )" 338, ("TOBSLI]1") "y3B,"("COBSLII")"s 3By
W(UOBSLIYN)N, /) 1) 3
WFOR® Tr=] ®STEP" 1 WUNTIL"™ NOBS ®DO"
"B EGINY
INPUT (605 " ("3(N)")", TOBSII],COBSLI1,0BSLIT);
OUTPUT(61,™(¥ZDy3BsZDe4Ds6BsDsy6Bs 04Dy /)™, I,TOBSLII,COBSL I
18SCI1)
WENDY
WEND"™ DATA;

"PRUCEDURE™ CALL YSTART(PAR,Y»YMAX);
"ARRAY™ PAR, Y, YMAX;
WBEGIN" Y[1J13=YMAX([11s=YMAX[2]3=];
Y[21:=9
WEND® CALL YSTART;

"“BOOLE AN" "PROC EDURE" DERIV(PARsY»X»DF);
RREAL™ X; MARRAY® PAR,Y,DF;
WBEGIN" WREAL" Y25 Y2:=Y([2];
DF[1]3==(1=Y2)%Y[11+EXP(PARL2]) *Y2;
DFL213=EXP (PAR[1)*((1=Y2)*Y[1]=(EXP(PAR[2])+EXP(PARL3]))*Y2)}
DERIV21=a"TRUE™
WEND" DERIV;

"BOOLEAN"™ "PROCEDURE™ JAC DFDY(PAR»YsXsFY);

PREAL® X; WARRAY" PAR,»Y,FYs

"BEGIN™ FY[lylltw=1l+Y[2];
FY[1,2)2=EXP(PAR[2]1)+Y[1];
FY[25113=EXP(PARC1]1)*(1=Y[21);
FY[(25212m=EXP(PARI11)*(EXP(PARL21)+EXP(PARL31)+Y[11);
JAC DFDY:=nTRUEN

"END" JAC DFDY;

"PROC EDURE" MONITOR(POST,NCOLo»NROWSPARSRESsWEIGHT»NIS);
"VALUE" POSTsNCOL,HROWs WELGHTSNIS;
"INTEGER" POST»NCOLs NROWoWEIGHTSNIS3 MARRAY® PAR,RES;;

QUTPUT(61,"("2/530Bp"("E S C E P = PROBLEM™)N,3/n)0);
M:= 3; N3=2; NOBS:=23; NBP:=3;
PAR[(1]t=LN(1600); PAR[2]3=LN(s8)5 PAR[3]3=LN(1,2); IN[O]s=W=}4;
IN[3]t=P=b; IN[4]3wP=b; IN[5]13e50; IN[OIzamtwm2;
IN[1]l:m"=4; IN[2]:="=5;
BPL113=17; BP[2]3=19; BP[313=2]1;
WCOMMENT®



SECTION : 5420le30l (OCTOBER 1975) PAGE 12

s

FAs$=4,34; )
WCOMMENT®™ FA DENOTES THE ALPHA=POINT OF THE FISHER=DISTRIBUTION;

COMMUNTICATIDON(L sFAsNyMs NOBS»NBP»PARSRESSBP »JTJINV,» IN5sQOUT»050)3;
TIME: =CLOCK;

PEIDE(Ns My MOBSsNBPsPARs RES»BP» JTJINVsINsOUT»DERIVSJAC DFDYs JAC DFDP»
CALL YSTART,DATA,MONITOR);

TIME:=CLOCK=TIME;
COMMUNICATION(25FAsNs Mo NOBS»NBPs PARSRESSBPJTJINVSINsOQUT»Cs 05
QUTPUT(61,™(%3/,5B,
W{®THE CALCULATIOM IM PEIDE CONSUMED®™)"sB,ZZD+DD»2B»
(NS ECONDS™) ", %1 )0, TIME)
nENDY
wggpn

THIS PROGRAM DELIVERS:
ESCE P = PROBLEM

STARTING VALUES OF THE PARAMETERS
+e 7T3TTT59" +1
=92231436" +0
+¢1823216" +0

NUMBER OF EQUATIONS : 2
NUMBER OF OBSERVATIONS:23

MACHINE PRECISION t4elM=13

RELATIVE LOCAL ERROR BOUND FOR INTEGRATION tHelh =4
RELATIVE TOLERANCE FOR RESIDUE 140100 =3
ABSOLUTE TOLERANCE FIR RESIDUE $+o10" =3
MAXIMUM NUMBER OF INTEGRATINNS TO PERFORM : 50
RELATIVE STARTING VALUE OF LAMBDA 14010 =]
RELATIVE MINIMAL STEPLENGTH 346109 =3

BREAK=POINTS ARE THE OBSERVATIONS : 17 19 21
THE ALPHA~POINT OF THE F=DISTIBUTION 3 4,94

THE OBSERVATIONS WEREs
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I TOBS[I] COBSII] DBS([I]
1 00002 2 01648
2 060004 2 02753
3 00,0006 2 23493
4 0,0008 2 03990
5 00010 2 04322
6 06,0012 2 04545
7 06,0014 2 04695
8 0,0016 2 s 4795
9 00018 2 04862
10 00020 2 04907
11 06,0200 2 e 4999
12 00400 2 04998
13 00600 2 4998
14 00,0800 2 04998
15 001000 2 ¢ 4998
16 1.,0000 2 04986
17 200000 2 04973
18 500000 2 e %936
19 10,0000 2 04872
20 15,0000 2 «4808
21 20,0000 2 04743
22 25,0000 2 s 4677
23 30,0000 2 04610

NORMAL TERMINATION 0OF THE PROCESS

LAST INTEGRATION WAS PERFORMED WITHOUT BREAK=POINTS

EUCL . NORM OF THE LAST RESIDUAL VECTOR :.1430776"

EUCL. NORM OF THE FIRST RESIDUAL VECTOR:.1331071"
NUMBER OF INTEGRATIONS PERFORMED : 12

LAST IMPROVEMENT OF THE EUCLIDEAN NORM :,2223694"
CONDITON NUMBER OF J "%y 3.2582882"%

LOCAL ERROR BOUMD WAS EXCEEDED (MAXIMe): 37

=3
+1

-4
+3

PAGE 13
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PARAMETERS
+66907670" +1
=61003941% =}
=94605292" +1

CORRELATION MATRIX
+¢3851320" +0

(OCTOBER 1975) PAGE 14

CONFIDENCE INTERVAL
+03209313" =3
+016877747 =3
+01942501" =2

COVARIANCE MATRIX
+66949857" =8 +,1407628" =8 =,9129848" =8
+01922119" =8 =,1414245% =7

=62170393% +0 = 6392889% +0 +02546094% =56

THE LAST RESIDUAL VECTOR

RESCI]

+01743% =5
=e2905" =4
+62814" =4
=3 BTIR =g
+3069% =4
+o3101L" =4

=e3887% =§
+1052" =4
+e1391 M =4
~s5109" =4
+e2384F =4
13 =¢1156" =5
14 =a2616% =4
15 =o5116" =4
16 +42244% =4
L7 +,6794% =4
18 =,1418" =4
19 +,2087" =4
20 =3, 1980% =4
21  mo3476" =4
22 me2245% =4
23 +,1886" =4

I
1
2
3
4
5
6
7 =e2019" =4
8
9
10
11
12

THE CALCULATION IN PEIDE CONSUMED 108+%7 SECONDS
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SOURCE TEXT(S)s3

"CODE™ 34444;
"PROCEDURE"™ PEIDE(N»MsNOBSsNBPsPARSRESsBP»JTJINVsINsOUT»DERIVSsJAC DFDY»
JAC DFDP» CALL YSTART»DATA,MONITOR);
RVALUE®™ NsMyNOBS; MINTEGER™ NsMy NOBS,NBP;
"ARRAY"™ PAR,RES,JTJINV,IN,OUT; -
WINTEGER™ "ARRAY" BP;
RPROCEDURE® CALL YSTART,DATA,MONITOR;
"BOULEAN"™ "PROCEDURE"™ DERIV, JAC DFDY»JACDFDP;
WBEGINY “INTEGER"™ I,Js EXTRASWEIGHT sNCOL,NROWs> AWAY,NPARs I1»3JsMAX,
NFEs NIS3
BREAL® EPS,EPS1oXENDsCsXsToHMINSHMAXs RES15IN3»IN4sFACISFACS
" ARRAY® AUX[1:31,0BSC1:NOBS1»SAVE(=3836%N1, TOBSLO2NOBS]»
YPL1:NBP+MNOBSs13NBP+M1s YMAXT12NI» Y[ 12 6%N*(NBP+M+1)]»FYL1sNs1tNI»
FPL13NsL1tM+NBPI;
WINTEGER® "ARRAY"™ COBSL1:NOBSI;
“BOOLEAN™ FIRSTs SEC»CLEAN;

"PROCEDURE® INIVEC(LsUsA»X); ®CODE™ 31010;
"PROCEDURE®™ INIMAT(L1,UlsL25U2,A5X); "CODE™ 31011;
“PROCEDURE" MULVEC(LsUsS»AsByX); "CODE"™ 31020;
"PROCEDURE" MULROW(LsUsX» JsAsByX)3 "CODE™ 310215
WPROCEDURE® DUPVEC{L»UsSsAsB); ®CODE® 310303

"PROC EDURE™ DUPMAT (L1,Ul»L2,U2,A»B); ¥“CODE"™ 310353
"REAL"™ "PROCEDURE" VECVEC(LsUsSsA»B); "CODE"™ 340103
WREAL® MPROCEDURE"™ MATVEC(L,U»I»AsB); ®CODE®34011;
“PROCEDURE"™ ELMVEC{(L»U»S»AsB»sX); "CODE"34020;
"PROCEDURE"™ SOL(A»NsP»B); "CODE™ 34051;

"PROCEDURE"™ DEC(AsNsAUXsP); "CODE™ 34300;

#WPROC EDURE® MARQUARDT(MyNsPsRsCsFsdpIs0)3 WCODE™ 344403

WREAL® "PROCEDURE"™ INTERPOL(STARTINDEX»JUMP,KsTOBSDIF) S
"WALUE" STARTINDEX, JUMPsK »TOBSDIF 3
®INTEGER™ STARTINDEX»JUMP,K; WREAL® TOBSDIF;
WBEGIN® " INTEGER® I; “REAL™ S,R; St=Y[STARTINDEX]; R:=TOBSDIF;
"FOR™ I:=1 "STEP" 1 "UNTIL™ K "DQV
WBEGIN® STARTINDEXt=STARTINDEX+JUMP;
S3=S+YISTARTINDEXI#R; Rs=R*TOBSDIF
WEND"; INTERPOL3=S
"END"™ INTERPOL;

"PROCEDURE™ JAC DYDP(NROWsNCOL sPAR,RES»JAC, LOCFUNCT) 3
"VALUE" NROW»NCOL; "INTEGER"™ NROW»NCOL;
"ARRAY"™ PAR,RES»JAC; "PROCEDURE™ LOCFUNCT;
MBEGIN®
DUPMAT(1,NROWs1sNCOLsJAC,YP)
"END" JACOBIAN
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y

"BOOLE AN" "PROCEDURE" FUNCT(NROWsNCOL»PARsRES);

BVALUE® NROW»NCOL; "INTEGER™ NROW,NCOL; "ARRAY®™ PAR,RES;

WBEGIN™ "INTEGER™ LsKs KNEWsFAILSs SAME,KPOLDsN6sNNPARs 5Ny
COBSII;
"REAL® XOLD,HOLDsAO»TOLUP»TOLs TOLDWNy TOLCONVsHsCHoCHNEW
ERRORsDFI»TOBSDIF;
"BOOLEAN" EVALUATE,EVALUATED,DECOMPOSE,CONV;
WARRAY" ALO0:51,DELTAsLAST DELTAsDF>YOL13N1, JACOBL13Ns13NJ;
WINTEGTR® WARRAY®™ PL[1:N1];

"REAL" "PROCEDURE"™ NORM2(AI); "REAL"™ AI;
"BEGIN" "REAL"™ S»A; S3= "=100;
BFOR® Is= 1 WSTEP®™ 1 ®UNTIL®™ N %wDOW
WBEGIN" Ats AI/YMAX[I]; S3= S ¢ A * A "END";
NORM2:= §
"END"™ NORM2;

WPROCEDURE® RESET;

WBEGIN® ®IF" CH < HMIN/HOLD ®THEN"™ CH:= HMIN/HOLD “ELSE™
WIF® CH > HMAX/HOLD "THEN" CH:= HMAX/HOLD;
Xt= X0OLD; H3= HOLD * CH; Ct= 13
"FORM™ Jts O "STEP®™ N "UNTIL™ K*N ®DO"
WBEGIN®™ wFQR® I:=s 1 “STEP™ 1 mUNTIL®™ N »DO*

Y{J+I13= SAVELJ+I1 * C;
Ctm C % CH
"END "3
DECOMPOSE: ="TRUE"
WEND" RESET;

®PROCEDURE®™ ORDER;

WBEGIN®™ C:= EPS * EPS; J3=s (Ke=1) * (K + 8)72 = 38;
EJR® Is= Q USTEP™ 1 M"UNTIL" K "DO" A[Il:= SAVE[I+J1;
Jt= J + K + 13
TOLUP = C * SAVE[LJI;
TOL ts C % SAVELJ + 11
TOLDWN 3= C * SAVE[J + 21
TOLCONV:= EPS/(2 * N * (K + 2));
AD:t=s A[01; DECOMPOSEss "TRUE";

®END" ORDER;

°
3
»
]

"PROCEDURE™ EVALUATE JACOBIAN;
RBEGIN® EVALUATE:= WFALSEW;
DECOMPOSE:= EVALUATED: = ®"TRUE™;
WIFM "NOT™ JAC DFDY(PARsYsXpFY) MTHEN"
WBEGIN® SAVE[=3]13=4; ®GOTO® RETURN WEND®;
WEND" EVALUATE JACOBIAN
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" PROCEDURE™ DECOMPOSE JACOBIAN;
"BEGIN" DECOMPOSEs=s "FALSE";
Ci= =AQ0 * H;
WEOR™ Js=s 1 ®STEP®™ 1 ®WUNTIL®™ N "DO"
"BEGIN® "FQR" I:= 1 ®WSTEP®™ 1 ®UNTIL'" N wpQ®
JACNB[Iy»J1t= FY[I»J) * C;
JACOBL[ JyJls= JACOBLJ»J] + 1
"END I‘;
DEC(JACOBsNs AlIX, P)
WEND" DECOMPOSE JACOBIAN;

"PROCEDURE"™ CALCULATE STEP AND URDER;
WBEGIN'" MREAL"™ AlpA2,A3;

Al:= "IF" K <= 1 "THEN" O "ELSE"
0e75 * (TOLDWN/NORM2(YLK®N+I1)) #* (0e5/K);

A2:= 0,80 * (TOL/ERROR) ** (Q¢5/(K + 1));

A3i= NIFM K >= § NQRM FAILS "= 0
RTHEN® O WELSE®
0«70 * (TOLUP/NORM2(DELTACI] = LAST DELTALI]))*#
(0e5/7(K+2));

WIF™ Al > A2 WAND® Al > A3 ®THENW™
WBEG IN"® KNEW3= K=1; CHNEWs= Al MEND" “ELSE"™
"IF™ A2 > A3 "THEN®
"BEGIN" KNEW:= K ; CHNEW:= A2 "END" "ELSE"
RBEGIN® KNEWs= K+1; CHNEWs= A3 WEND®

WEND®" CALCULATE STEP AND ORDER;

"IF" SEC "THEN" "BEGIN"™ SEC:="FALSE"; "GOTO" RETURN MEND";
NPAR$=M; EXTRAt=sNISt=0; IIt=1;

JJt=nNIF" NBP=Q "THEN® O "ELSE" 1;
N6:=N*63

INIVEC(=3,=15SAVE»0);

INIVEC (N6+15(6+M)*N5»Y,0);
INIMAT(1,NOBS+NBPs1sM+NBP»YP50);
T:=TOBS[11; X:=TOBSLOJ;

CALL YSTART(PAR, Ys YMAX);
HMAX3=TOBS[11=TOBS[O1; HMIN3=sHMAX#IN[1];
EVALUATE JACOBIAN; NNPAR:=N*NPAR;

NEW START:
Ks= 1; KPOLD:=03 SAME:= 2; ORDER;
"IF® WNOT™ DERIV(PARsY»XsDF) ®WTHEN®
"BEGIN"™ SAVE[=~3]1:e3; "GOTO" RETURN ®END%;
H:=SQRT(2 * EPS/SQRT(NORM2 (MATVEC(1lsNs1sFYsDF)})});
BIFW H > HMAX WTHEN® Hi= HMAX WELSE®™
WIFY® H < HMIN "THEN™ H:=s HMIN;
XOLD:= X; HOLD:= H; CH:= 1;
WEQR® Tt= ] WSTEPY 1 M"UNTIL™ N "DpO%
RBEGIN® SAVE[IlseY[I]; SAVEIN+I13=Y[N+IJ3=DF[I1%H ®END™;
FAILS:= O;
"COMMENT ™
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“FOR™ L:= O "WHILE"™ X < XEND "DO"
PBEGIN® ™IF" X + H <= XEND MTHEN®™ X3= X + H WELSE®
WBEGIN™ H:= XEND=X; X:= XEND; CH:t= H/HOLD; C:s 1;
WEOR™ J:= N "WSTEP"™ N "UNTIL™ K*N "Dg%
"BEGIN® C3= C* CH;
BEOR® Tt= J+41 ®STEP™ 1 "UNTIL™ J+N "DQ©
Y(Il:=s Y[I] * C
" EN pm ;
SAME = WIF® SAMEC3 WTHEN®™ 3 WELSE®™ SAME+1;
"E ND P

"COMMENT" PREDICTION;

BEOR® L3= ] WSTEP® 1 MUNTIL® N ®DQOW®

"BEGIN™ "FOR™ Is= L "STEP™ N "UNTIL"™ (Ke1)#N+L ®DO%
WEDOR® J:=m (Ke=1)*N+L "STEP" =N ®UNTIL® I "DQO"
Y{J1t= YLJ] + YOJ+NI;
DELTA[LIs= ©

WEND";  EVALUATED:= “FALSE";

"COMMENT" CORRECTION AND ESTIMATION LOCAL ERROR;
WEOR® L= 1,2,3 mDO®
NPBEGIN® ®IfFn uwNOT" DERIV(PARsYs» XsDF) MTHEN®
"BEGIN® SAVE(=3]:=3; ®wGOTO"™ RETURN "END™;
"FOR"™ Is3= 1 "STEP"™ 1 "UNTIL"™ N "DO®
DFLIJt= DFLI] * H = Y[N+Il;
NIF" EVALUATE ®THEN®" EVALUATE JACOBIAN;
UIF"™ DECOMPOSE "THEN" DECOMPOSE JACNBIAN;
"SOL(JACOBsNs PsDF);

CONV:= ®TRUE™;

WFOR" I:= 1 WSTEP®™ 1 "UNTIL®™ N "DOW

"BEGIN"™ DFIt= DF[IJ; ’
YU I13= YL I1 + AO #® DFIj
YIN+IJz= YIN+I] + DFI;
DELTACIJ:= DELTALI] + DFI;
CONVi= CONV WAND® ABS(DFI) < TOLCONV * YMAX[I]

"E ND ";

WIF® CONV "THEN®

"BEGIN" ERROR:= NORM2(DELTAILI1);
"GOTO® CONVERGENCE

WEHDN

wWEND®;

WCOMMENT"™ ACCEPTANCE OR REJECTION;
RIF® WNOT® CONV ®THEN®
WBEGIN™ ™IF® ®NOT® EVALUATED "THEN" EVALUATE:= “TRUE™

I'ELSE"

WBEGIN® CHe=sCH/4;5; PIF® HS4*HMIN WTHEN®

WBEGIN® SAVE[=1]t= SAVE[=11+10;
HMIN:=HMIN/10;
"COMMENT™
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WIF® SAVE[=11>40 ®THEN® ®GOTO® RETURN
WEND®
"END ll;
RESET
WEND® BELSE® CONVERGENCES?

WIF" LERROR > TOL "THEN®
WBEGIN® FATLS:= FAILS + 1;
"IF" H > lel * HMIN ®THEN®
WBEGIN® ®“IF® FAILS > 2 WTHEN®
"BEGIN™® RESET; "GOTO" NEW START
"EN D "E LSE "
RBEGIN® CALCULATE STEP AND ORDER3
NIF" KNEW "= K WTHEN®
"BEGIN® K:= KNEW; ORDER "END™;
CHs= CH % CHNEW; RESET
WEND W
WEND® WELSE"®
WBEGIM™ "IF® K = 1 "THEN®
WBEGIN® WCOMMENT®™ VIOLATE EPS CRITERION;
SAVE[=21t= SAVE[=2] + 13
SAME:= 43 "GOTO"™ ERROR TEST OK
“END ";
Ki=13 RESET; ORDER; SAMEz= 2
wEN DY
WEND® ™ELSE™ ERROR TEST OK:

HBEGIN®™ FAILSt= 03

WFOR® T:= ) ®STEP® 1 ™UNTIL"™ N %DO®

WBEGIN® C:= DELTALII;
"FOR"™ L= 2 MSTEP™ 1 M"UNTIL" K ®pQ¥®
YIL®N+IJs= YCL#N+I] + A[L] *.C;
WIF® ABS(Y[LII) > YMAXUI] “THEN®
YMAX{Ils=s ABS(YLI])

WENDW 3

SAMEs= SAME=l;
WIF® SAME= 1 "THEN™
DUPVEC(15N»Os LAST DELTA»DELTA) WMELSEW®
#IF™ SAME= Q0 WTHEN®
"BEGIN® CALCULATE STEP AND ORDER;
WIFT CHNEW > 1e¢1 "THEN"
RBEG IN®
WIFW K “a KNEW "THEN®
WBEGIN® WIF®™ KNEW > K "THEN®
MULVEC( KNEW#N+1 o KNEWEN+No=KNEW #Ns Y» DELTA,
ALKI/KNEW) 3
Ksa KNEW; ORDER
HEND ™3
SAMEts=s K413
BIF® CHNEW * H > HMAX
WTHEN® CHNEW:= HMAX/H;

19
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Hems H & CHNEW; C:=s 13
RFORHE Js= N ASTEP® N RUNTIL® K&N ®DQR
"BEGIN® Csa C & CHNEW;
MULVEC{J+15J#Ns05Y5Y,C)
"END"™; DECOMPOSEs="TRUE"
REND®
RELSE™ SAME:= 10

WEND®™ OF A SINGLE INTEGRATION STEP OF Y;
NISe=NIS+1;

WCOMMENT® START OF A INTEGRATION STEP OF YP;
WIFM CLEAN "THEN®
"BEGIN"™ HOLDs=H; XOLD3=X; KPOLD3:=K3 CHt=l;

DUP VEC (1o K#N+N 0 »SAVE,Y)

WEND® mEL SEW
"BEGIN® "IF" H™aHQOLD "THEN®

WEMDY 3

WBEGIN® CH:=H/HOLD; C3el;
PFORY JisN6+NNPAR WSTEP®™ NNPAR ™UNTIL®
KPOLD#NNPAR +N& »DQw
"BEGIN® Ce=C®(CH;
WFOR® [3aeje+l WSTEP™ 1 WUNTIL® J+NNPAR ®DQO®
YIIJs=YL[IJ%C
"END"; HOLD:=H
REND®;
WIF® KO>KPOLD "THEN®
INIVEC{ N6+KENNPAR+1,N6+K#NNP AR+NNPAR, Y5 0) 5
X0LD:= X5 KPOLD3= K; CH:= 1;
DUPVEC(LsK#N+Ns0sSAVEsY) 3 -
EVALUATE JACOBIAN;
DECOMPOSE JACOBIAN;
WIF® "NOT® JAC DFDP{(PARsY»XsFP) WTHEN®
®WBEGIN® SAVEL=3]3=5; "GOTO™ RETURN MEND %3
RIF® NPARDM WTHEN® INIMAT(1,NoMe1l,NPARsFP»0);

"COMMENT® PREDICTION;

REOR® L3=Q ®STEP®™ ] WUNTIL®™ Ke=1 »DO™

HFOR® JieK=] ®WSTEP® =1 ®WYNTIL® L ®pOw

ELMVEC (J#NNPAR+NO6+1, JENNPAR+NO+NNPARSNNPARs Y5 Y5 1) 3

RCOMMENT® CORRECTION;

WFOR" Jswl WSTEP®™ 1 WUNTIL® NPAR wDO®

WBEGIN® J5N2=( J+5)#N;
DUPVEC{1sNs J5NsY05Y) 5
PFOR"™ Tte] ®STEP® 1 WUNTIL®™ N "DO" DF{Ilze
HE(FPLI,J J+MATVEC(1sNoIoFY5Y0))
=Y NNPAR+ J5N+11;
SOL({JACOBsN»P»DF)3
WFOR® Lt=) ®STEP® 1 WUNTIL® K #DpO®
"BEG IN" I3 =L *NNPAR+JBN;

ELMVEC(I#15I4No=IsYsDF,ALL])

WEND®

WEND®

RCOMMENT®
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“FOR™ LisQ "WHILE® X>=T #WDOW
" BEGIN®
“COMMENT® CALCULATION OF A ROW OF THE JACOBIAN
MATRIX AND AN ELEMENT OF THE RESIDUAL
VECTOR;
TOBSDIF:=s(TOBSCIIl=X)/H; COBSII:=COBSIIII;
RESLII1s=INTERPOL(COBSII»NsKs TOBSDIF)=DBSLLII;
WIF® WNOT® CLEAN MTHEN®
WBEGIN® ®FQR® T1sel WSTEP™ 1 "UNTIL® NPAR ®DO"
YPLII»I1:=INTERPOL(COBSII#+(I¢5)*NsNNPARSK,
TOBSDIF);

BCOMMENT®™ INTRODUCING OF BREAK=POINTS3
WIF® BPLJJ1"=IT WTHEN® "ELSEw
WIF"® FIRST "AND"™ ABS(RESLIII)KEPSL "THEN™
RBEGIN® NBP3=NBP=13; DUPVEC(JJ»NBP»1»BP»BP);
BPLNBP+11:=0
WEND® WELSE"™
"BEGIN"™ EXTRAs=EXTRA+1;
RIF® FIRST ®THEN®™ PARCM+JJ1:=0BS{II];
WCOMMENT® INTRODUCING A JACOBIAN ROW AND A
RESIDUAL VECTOR ELEMENT FOR
CONTINUITY REQUIREMENTSS
YPINOBS+JJs M+JJ1tm=WEIGHT
MULROW( 15 NPARsNOBS+JJsI1sYPsYP,WEIGHT);
RESINOBS+JJ13=WEIGHT#(REST{II]1+0BS[II]=
PARIM+431)
WEND®

WEND®;

WIF" II=NOBS “THEN® "GOTO"™ RETURN MELSE™
WBEGIN® T:=TOBS[II+1l1; )
WIF® BPLJJI=II "AND" JJIKNBP ®THEN® JJie=dJdel;
HMAX: = T=TOBSLIX]; HMINt=HMAX¥IN[11; II:t=II¢l
WEND" 3
RENDW

“wC OMMENT® BREAK=POINTS INTRODUCE NEW IMNITIAL VALUES
FOR Y AND YP;
BIF® EXTRAD0 ®THENR
WBEGIN® ®FQOR" I1=1 ®STEP™ 1 WUNTIL®™ N ®DO®
®BEGIN® Y(Il:t=INTERPOL(I,NsKsTOBSDIF);
WEOR® Jim]l WSTEP™ 1 WUNTIL™ NPAR ®DO¥
YEI#(J+5)%NI2=INTERPOL(I+(J+5)%Ns NNPARSK»
TOBSDIF)
WEND®
WEOR" Ls=] "STEP® ] WUNTIL® EXTRA ®DQO®
"BEGIN® (OBSII:=COBSIBPINPAR=M+L1];
YCCOBSIIJe=PARLNPAR4L];
WFOR" Lli=]l ®WSTEP™ 1 "UNTIL™ NPAR+EXTRA "DO"
YCCOBSII+ (5+1)%N12=(;

WCOMMENT®
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INIVEC(1#NNPAR+(L+5)*NsNNPAR+(L+6)*N»Y50);3
YCCOBSII+(5+NPAR+L)*N]zs=s1
"END";
NPAR:=NPAR+EXTRA3 EXTRA:=0;
X:=TOBS[II=11; EVALUATE JACOBIAN; NNPAR:=N*NPAR;
"GOTO" NEW START
WEND®
NEND"
WEND" STEP;

RETURNS
RIF® SAVE[=21>MAX "THEN® MAX3eSAVE(=21;
FUNCT:sSAVEL =11<=40 "AND®* SAVE([(«31=Q;
WIF" UNOT® FIRST ®THEN®
MONITOR(1»NCOLsNROWs»PARSRES, WEIGHT sNIS)
WEND" FUNCT;

Itm «39;

RFOR® Ct= 1,1595450527/35151/35365200252156/115
156/1151/7115840028553e778500259048515 0790250025
1566255 1086515 00277785 12072745 1s 225/274»
85/274s 157274s 172745 05 1876695 0047361

®DO® WBEGIN® It= I + 13 SAVE[Ilt= C RENDW;

DATA(NOBS»TOBS»0BS»C0BS); WEIGHT:=1;
FIRST:=SEC:=s"FALSE"; CLEAN:=sNBP>O;
AUX[2]13=R=12; EPS$=IN[2]; EPS1:=%10;
XEND:=TOBSINOBS1; OUT[112=0;3 BP[U]:=MAX3=0;

"COMMENT"™ SMOOTH INTEGRATION WITHOUT BREAK=POINTS;
RIF® MNOT® FUNCT(NOBSsMsPAR,RES) ®THEN® WGDTO® ESCAPE;
RES1:=SQRT(VECVEC(1,NOBS»0sRES,RES)); NFEzs=l;

WIF® IN[5]1=1 “THEN"

WBEGIN" QUTL113=1; "GOTO® ESCAPE WEND¥;

"IF"® CLEAN ®THEN"™

WBEGIN® FIRST:="TRUE™; CLEAN:=s"FALSE";
FAC3:=SQRT(SQRT(INL31/RES1))5 FAC43=SQRT(SQRT(IN{41/RESL));
EPS13=RES1*FAC4;
®IF" "NOT® FUNCT(NOBS»MsPAR,RES) WTHEN™ %GOTO" ESCAPE;
FIRSTt="FALSE"

WEND® ®MEL SE® NFEs=0;

NCOL:=M#+NBP; MNROW:=NOBS+NBP;
SEC:="TRUE";
IN33=IN[3]1; IN42=IN[4]; IN[313=RES1;

WBEGIN™ "REAL™ W; ®“ARRAY" AID[1:NCOL,1:NCOLJI;
WEIGHT2=AWAY:=0;
OUTI41:=0UT[512=y2=0;
W COMMENT®
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"FOR™ WEIGHT2=({ SQRT(WEIGHT)+1)%%2 WYHILE"
WEIGHT =16 "WAND" NBP>0 "DOW

"BEGIN" "IF™ AWAY=0 WAND® W =0 WTHEN®
WBEGIN® "COMMENT" IF NO BREAK=POINTS WERE OMITTED THEN OME
FUNCTION EVALUATIDN IS SAVED;
WesWEIGHT /W;
WFOR® I3=NOBS+1 RSTEP® 1 WUNTIL™ NROW ®DOW
WBEGIN® "FOR®" J:=sl ®STEP™ 1 WUNTIL® NCOL ®"DO®
YPLIoJIlztsWkYPLIsd];
RES[TI]s=WkRES[I]
REND"; SECt="TRUEY™; NFE3=sNFE=l
WEND®;

INC3)3=INL3I*FAC3%WEIGHT; IN[4)2=EPSL;
MONITOR(2,NCOLsNROWsPARSRES,WEIGHT »NIS);

MARQUARDT( NROW» NCOL»PARSRES»AIDSsFUNCTs JAC DYDP,IN,OUT);
"IF" QUTL11>0 "THEN" "GOTO"™ ESCAPE;

WCOMMENT® THE RELATIVE STARTING VALUE OF LAMBDA IS
ADJUSTED TO THE LAST VALUE OF LAMBDA USED;

AWAY:=0UTL[41=0UT (5]=1;

INC61t=INLHY * SkkAWAY * 2%k (AWAY=0OUT(51);

NFE:=NF E+QUTL4];
WesWEIGHT; EPSL:=(SQRT(WEIGHT) +1)%%2%IN[41%FAC4;
AWAY :=03

#C OMMENT" USELESS BREAK=POINTS ARE OMITTED;
NEOR® Jiawl ®STEP® 1 ®UNTIL™ NBP wDOW™
WBEGIN® "IF" ABS{(OBS[BPLJII+RESIBPL[JIII=PARLJ+MI)<EPS]
RTHEN®
“BEGIN™ NBP:=sNBP=l; DUPVEC(JsNBP»1sBPsBP);
DUPVEC( J+Ms NBP+Ms 1, PAR,PAR)
Ji=J=1; AWAY:sAWAY+1; BPINBP+113=0
WEND® '
"ENDH;
NCOL:=NCOL=AWAY; NROW3 sNROW=AYAY
REND#;

IN[331:=IN3; IN[413=IN4; NBP:=03; WEIGHTz3=l;
MONITOR(2,Ms NOBSsPARSRESHSWEIGHT»NIS);
MARQUARDT{NOBSsMsPARSRES»JTJINV,FUNCT»JAC DYDPsIN,OUT);
NFE:=QUT (4 J+NFE
wEND®
ESCAPE: "IF" DUTL1I=3 ®THEN™ QUTI1]s=2 “ELSE®
BIF® QUTL131=4 BTHEN® QUTL 1]3=63
WIF" SAVE[=31"=0 “THEN™ OUT[11:sSAVE[=31;
OUTCL 3] :=RES1;
OUTC412=NFE;
OUT[5]2=MAX
WEND® PEIDE;
nEQP P
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