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AUTHORS TeJeDEKKER AND W.HOFFMANN,

CONTRIBUTORS: WoHOFFMANN, JoGeVERWER,

INSTITUTES MATHEMATICAL CENTRE,

ReCEIVEDS 731022,

BRIEF DESCRIPTINNS

THIS SECTION CONTAINS TWD PROCEDURES,

A) EQILBR FEQUILIBRATES A MATRIX BY MEANS OF A DIAGONAL SIMILARITY
TRANSFORMATIONM,

B) RAKLBR PERFORMS THE CORRESPONDING BACK TRANSFORMATINN NN THg
COLUMNS OF A MATRIX AND SHOULD BE CALLED AFTER EQILBR,

KEYWORNS s
SIMILARITY TRANSFORMATION
EQUILIRRATION,

SURSECTION® EOILBR,

CALLING SEOQUENCE:®
THF HEADING OF THE PROCEDURE 1IS:

WPRNCEDURE® EQILBR{A», Ns» EMs Ds INT)3 WVALUE™ N3
WINTEGER™ Ms "ARRAY™ A, EM, Dg MINTEGER™ MWARRAY™ INT3

THE MEANING OF THE FORMAL PARAMETERS IS:

Nt <ARITHMETIC EXPRESSION>3
THE ORDER OF THE GIVEN MATRIXS
As <ARRAY IDENTIFIER>3

WARRAYWALL:N,12:N13 -
ENTRY: THE MATRIX TO BE EQUILIBRATEDS
FXITs THE EQUILIBRATED MATRIX:
EM3 <ARRAY IDENTIFIER>3
WARRAYWEMIGCG ]
ENTRY: EMIO]s THE MACHINE PRECISIONS
Ds <ARRAY IDENTIFIER>$
WARRAY"D[1:sNIs
EXITs THE MAIN DIAGONAL O0OF THE TRANSFORMING DIAGONAL
MATRIX3
INT <ARRAY IDENTIFIER>S
HINTRGER"MARRAY® INTL18N]s
EXIT: INFORMATION DEFINING THE POSSIBLE INTERCHANGING OF
SOME ROWS AND THE CORRESPONDING COLUMNS:
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PRNCEDURES USED?

TAMMAT = CP34014,
MATTAM = CP34015,
ICHCOL = CP34331,
ICHROW = CP34032.

RUNNING TIMe: ROUGHLY PROPORTIONAL TO N SQUARED.

LANGUAGE S ALGOL 60.

METHOD AND PFRFORMANCE:
THE MATRIX IS EQUILIBRATED BY MEANS 0OF OSBORNE'S DIAGONAL
SIMILARITY TRANSFORMATION POSSIBLY WITH INTERCHANGES F?213,
THE TRANSFORMING DIAGAONAL MATRIX AND THE FEQUILIBRATED MATRIX ARE
CALCULATED TTERATIVELYs
IN EACH STEP A CERTAIN COLUMN OF  THE  MATRIX IS MULTIPLIED BY, AND
THE CORRESPONDING ROW DIVIDED BY, A FACTOR WHICH IS CHOSEN TN SUCH
A WAY THAT THE CHONSIDERED COLUMN AND ROW OBTAIN ROUGHLY THE SAME
EUCLIDEAN NORM (IN FACTs THE FACTOR IS ROUNDED TO THE NEAREST
INTEGRAL POWER DF 25 IN QORDER TO PREVENT ROUNDING ERRORS)3 THE
COLUMNS AND ROWS ARE HANDLED IN CYCLIC ORDER, IF THE MATRIX DOES
NOT CONTAIN COLUMNS OR ROWS WHOSE OFF=DIAGONAL ELEMENTS ARE ©» 0OR
NEARLY O» THEN THE PROCESS (WITH UNROUNDED FACTORS) CONVERGES, AND
IN PRACTICE A FEW STEPS ARE NEEDED TO OBTAIN A REASONABLY
EQUILIBRATED MATRIX [21,.
IF ALL OFF=DIAGONAL ELEMENTS 0OF SOME CONSIDERED COLUMN (ROV) ARE
OR NEARLY 41s THEN THIS COLYMN (ROW) IS INTERCHANGED WITH THE FIRST
NANZERD COLUMN (LAST NONZERO ROW) OF THE MATRIX», ANDs IN ORDER TD
HAVE A SIMILARITY TRANSFDRMATINONs THE CORRESPONDING ROWS (CNLUMNS)
ARE ALSN INTERCHANGEDs THEN FOR THE FURTHER EQUILIBRATINN, THE
SUBMATRIX IS CONSIDERED WHICH DOES NOT CONTAIN SUCH ZERD COLUMNS
AND ROWS AND THE CORRESPONDING ROWS AND COLUMNS. THE EQUILTBRATIAN
PRNCESS IS CANTINUED UNTIL, IN A WHOLE CYCLE NO FACTOR > 2 NR < 0,°%
AND NO ZERO COLUMN DR ROW IS FOUNDs OR UNTIL (N ¢ 1) * N ** 2 ROWS
AND COLUMNS HAVE BEEN CONSIDERED.
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SUBSECTIONY BAKLBR.

CALLING SEQUENCES
THE HEADING NF THE PROCEDURE 1§51
WPRAOCEDUREN BAKLBR(Ns, Nis N2s Ds INT, VEC)3 WVALUEM N, N1s N2§
WINTEGERM No N1, N23 WARRAYH Dy VECE WINTEGERW WARRAYW INT$

THE MEANING 0F THE FORMAL PARAMETARS 1St
Nt CARITHMETIC EXPRESSINN>}
THE LENGTH OF THE VECTORS TO 8 TRANSFORMEDGS
Nls N21 CARTTHMETIC EXPRESSION>S
THE SERIAL NUMBERS OF THE FIRST AND LAST VECTOR TN BE
TRANSEORMED ¢
VEGCt CARRAY TDEMTIFIZRS)
WARRAYWVECT LOINSNLIN2Y
ENTRYS  THE N2 « N1 ¢ 1 VECTORS OF LENGTH N TO 8F
TRANSFORMEDS
EXITY THE N2 = N1 4 1 VECTORS OF LENGTH N RESULTING FEROM
THE BACK TRANSFORMATIONG
D CARRAY IDENTIFIERS}
WARRAYHWDL1ENT
ENTRY: THE MAIN DIAGONAL OF THE TRANSEORMING  DIAGONAL
MATRIX DF ORDER Ns AS PRODUCED BY EQILBRY
INTe CARRAY IDENTIFIERS}
WINTEGERWHARRAY® INTL1tNI
ENTRY: INFNRMATION DEFINING Tue pOSSIBLE INTERCMANGING NF
SOME ROWS AND COLUMNS» AS PRAODUCED BY EOILHR,

PRNOCEDURES USED!?
1CHROY ] CP34032,

RUNNING TIME® RDUGHLY PROPORTIONAL TO (N2 = N1 & 1) # N,
LANGUAGE 8 ALGOL &0

METHOD AND PERFORMANCE!
THE BACK TRANSFORMATION, WHICH CORRESPONDS WITH THE  DIAGONAL
SIMILARITY  TRANSFORMATION AS PERFORMED BY EOQILBRs, TRANSENRMS
A VECTOR X INTO A VECTOR DX AND PERFORMS THE  CORRESPONDING
INTERCHANGESs THE MATRIX D IS THE DIAGONAL MATRIX OF THE DIAGHNAL
SIMILARITY TRANSEORMATION,

REFERENCES
tis DEKKERs To Jo AND HOFEMANNS We
ALGOL &6 PROCEDURES IN NUMERICAL ALGEBRAs PART 2
MATHEMATICAL CENTRE TRACTS 23,
MATMEMATISCH CENTRUM, AMSTERDAM, 19483
t21 OSBORNE, Eo Es ON PRECONDITIONING OF MATRICES,
do ACM 701960) 338w3k4,

EXAMPLES OF USE:
EXAMPLES OF USE OF EQILBR AND BAKLBR CAN BE FOUND IN THE PROCENURES
FAR CALCULATING EIGENVALUES AND ZIGENVECTHRS AS DESCRIBED 1IN
SECTION 3,%:1a2426
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SDURCE TEXT(S)

"CODE"™ 341733
NCOMMENT® MCA 24ub:
WPROCEDURE"™ EQILBR(As Ns» EMy Dy INT): MVALUE® N; "INTEGER™ N3
WARRAYM™ Ay FMp, D3 MINTEGERM MARRAYY™ INTS
"BEGIN® "INTEGER" I, IMs Ils P» Qs Js Ts COUNT, EXPONENTs NI
WREAL®" C» Rs EPS, OMEGAs FACTOR;:

WPROCEDUREM™ MOVE(K)$ MVALUE® Kg WINTEGERY K3
NBEGINY WREALY DI
NIt=s Q = P; Ti= T 4 13 MIFM® K "= T WMTHEN®
WBEGIN® ICHCOL(1p, Ns Ky Is A)3 ICHROW(1» Ny Ky I» A)3
DIs= DCIYs DOCIJs= DLXV1s DEKlt= DI
”QND“
WENDY MOVE:

YREAL™ "PROCEDURE®™ TAMMAT(L, Us Is Js As B)3 ¥CODEY 340143
YREAL™ YPROCEDURE™ MATTAM(L, Uy I, Js A, B)s WCODE™ 340153
WPROCEDURE™ ICHCOL(Ls Us I, Js A)3 WCODE® 340313
WPROCEDURE™ ICHROW(L», Us Is Js Ads "CODEY 343323

FACTORs= 1 / (2 # LN(2))s WCNMMENTY MORE GENERALLY: LN(BASE):
EPSt= FMITNT3 OMEGAS= 1 / EPSt Tet= P3= 13 Qs= NIzs Jt= N3
COUNTs= (N 4 1) * N // 23
NEORM Js= 1 NSTEPW 1 WUNTIL®™ N npQw
HBEGIN® DIJTs= 13 INTLJJt= 0 VENDWHg
REORY Isa MIF®W J < Q HTHENW I 4 1 WELSE® P
WYHILEY COUNT > Q WANDW NI > 4 wpgw
"BEGIN® COUNTS$= COUNT = 13 IMt= T « 1 Ils= J 4 13
Ct= SQRT(TAMMAT(P, IMs» I» Is As A) +
TAMMAT(ILs Qs Is I» As A))3
R3= SORTI(MATTAM(P, IMy» I, I» As A) +
MATTAM{Ils 05 Is I, As A))s
WIFN C % OMEGA <= R % £PpS WTHEN®
NREGIN® INTLT1t= I3 MOVE(P): Pt= P ¢ 1 WENDM
WELSEW MIFW R % OMEGA <= C % EPS MWTHENY
WBEGIN® INTITIs= =13 MOVE(Q): Q3= Q = 1 WEND®
NELSEN
HBEGIN® ZXPONENT2= LN{(R / C) # FACTNRS
NIF® ABS(EXPONENT) > 1 WTHEN®
HBEGIN® NIz= Q = P3 Ct= 2 *% EXPONENT; Rt= } / Cg
D{ITse DLIT * C3
WEOR® Js= 1 WSTEPW 1 MUNTILW IM,
I1 “STEPM 1 WUNTIL® N wpOw
"BEGIN® AlJsIlt= A[JI7 * C3
AfLI»,J1te ACI»J] * R
wENDN
MENDW WELSE® NIt= NI = 1
RENDM
NENDW
BENDYW EQILBRS
wEQP N



SECTION23,2.1.1,1 (JUNE 1974) PAGE

WCNDE™ 341743
WCOMMENT® MCA 24063
UPROCEDURE™ BAKLBR{IN, N1, N2» Ds» INTs VEC)$ ®VALUE® Ny N1, N23
WINTEGER® Ny Nls N23 "ARRAY™ D, VECS WINTEGERY ®ARRAY™ INTs
WBEGINM WINTEGER™ I, Js Ks P» Q3 ®REAL®™ DI

WPROCEDURE™ ICHROW(Ls Us I» Js A)s M"CODE®™ 340323

Pt=s 18 Q2= N3
WEQR® Jte 1 WSTEPW ] WUNTIL® N ®DQ®
WBEGIN® DIs= DLI33 "IFM DI "= 1 ®THEN®
WEORY J3= N1 WSTEP™ 1 ™UNTIL® N2 "DO® VECI[I»,J1t=
VECTUIsJdY # DI Kz= INT[I1s
NTF® K > 0 UTHEN® Pte P 4 ] WELSE®
NIF® K < O WTHENY Q8= Q = 1
WENDW g
WEOR® Tt¢m P = 1 + N = Q WSTEP" =3 WUNTIL®™ 1 #upOw
WBEGINT Ke= INTIIIg WIFW K > ¢ WTHEN®
UBEGIN® Pts P = 13 MIFW K “= P ®WTHENW
TICHROW(N1s N2y Ky Py VEC)
“EMD" "ELSE"
WBEGIN® Q3= Q + 18 TIFM =K % Q WTHENW
ICHROW{NL, N2s =Ky Qs VEC)
HWEND®
WENDW
WEND" BAKLBRS
wENP N






SECTINNT3,2,1a1.2 (JUNE 1974) PAGE 1

AUTHOR t CoGe YAN DER LAAN.

CONTRIBUTORS 3 HoFINLETs CoeGe VAN DER LAAN,
INSTITUTE ¢ MATHEMATICAL CENTRE.

RECEIVEDs 731008,

BRIEF DESCRIPTINN 1t

THTS SECTION CONTAINS THE PROCEDURES EQILBRCOM AND BAKLBRCOM,
EQILARCOM EQUILIBRATES A GIVEN MATRIX,

BAKLBRCOM TRANSFORMS THZ EIGENVECTORS OF THE EQUILIBRATED MATRIX
INTO THE EIGENVECTORS OF THE DORIGINAL MATRIX,

KEYWORDS

COMPLEX MATRIX»
EIGENVECTORS,
FQUILIBRATINN,

SURSECTION? EQILBRCOM.

CALLING SEQUENCE?

TUE HEADING NF THE PROCEDURE READS:
"PROCEDUREM EGQILBRCOM{Al, A2s N» EMs D» INT)S MVALUE®™ N3
WINTEGER® Ng MARRAYY Al, A2, EM» D3 WINTEGERM™ WARRAY® INT3

THE MEANING OF THE FORMAL PARAMETERS IS:
AlsA28s <ARRAY IDENTIFIER>S
HARRAY™ A1,A2C18Ns12N]2
ENTRY?
THE REAL PART AND IMAGINARY PART OF THE MATRIX TO BRE
EQUILIBRATED MUST BE GIVEN IN THE ARRAYS Al AND A2,
RESPECTIVELYS
EXIT:
THE REAL PART AND THE IMAGINARY PART OF THE EQUILIBRATED
MATRIX ARE DELIVERED IN THE ARRAYS Al AND A2,
RESPECTIVELYS
NS <ARITHMETIC EXPRESSION>;
- THE ORDER 0OF THE GIVEN MATRIX:
EMe <ARRAY IDENTIFIER>$
MARRAYWEMIOQ:7]3
ENTRY?
EMLO: THE MACHINE PRECISIONS
EMI6Ts THE MAXIMUM ALLOWED NUMBER OF ITERATINNSS
EXITs
EME73s THE NUMBER OF ITERATIONS PERFORMED3
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Dt

INTS

PROCEDURES

ICHCOL
ICHROW
TAMMAT
MATTAM

RUNNING TIME3

<ARRAY IDENTIFIER>S

HARRAY® D[1:N13;

EXIT:

THE SCALING FACTORS OF THE DIAGODONAL SIMILARITY
TRANSFORMATIONS

<ARRAY IDENTIFIZR>:

NINTEGERMMARRAY" INTL[1:N]:

EXIT: )

INFORMATION CONCERNING THE POSSIBLE INTERCHANGING NF
SOME ROWS AND CORRESPONDING CNLUMNS,

USED:

CP34i231,
CP34332,
CP34014s
CP34i315,

PROPORTINONAL TO N * NUMBER OF ITERATIONMNS,

LANGUAGE: ALGOL 6.

METHOD AND PERFNRMANCE: SEE BAKLBRCOM,

SUBSECTION:

BAKLBRCOM,

CALLING SEQUENCE:

THE HEADING OF THE PROCEDURE READS:

"PROCEDURE™ BAKLBRCOM(N, Ni, N2, Ds INT» VRs, VI)3

MYALUE® N» N1, N2: WINTEGER™ Ny N1, N2s MARRAY®™ D, VR, VI
WINTEGER®™ "ARRAY™ INT3

THE NMEANING NF THE FORMAL PARAMETERS ISt

Nt

N1y N2t

Dt

INT:s

<ARITHMETIC EXPRESSION>3

THE ORDER OF THE MATRIX OF WHICH THE £IGENVECTORS ARE
CALCULATEDS

<ARITHMETIC EXPRESSION>;

THE EIGENVECTORS CORRESPONDING TO THE EIGENVALUES WITH
INDICES NlseeesN2 ARE TO BE TRANSFORMED;

<ARRAY IDENTIFIER>3

WARRAY"™ DL1sN13

ENTRYs THE SCALING FACTORS 0OF THE DIAGONAL SIMILARITY
TRANSFORMATION AS DELIVERED BY EQILBRCOMS

<ARRAY IDENTIFIER>}

WINTEGER"WARRAY® INTL1:NI1s

ENTRY: INFORMATION DEFINING THE INTERCHANGING OF SOME
ROWS AND COLUMNS, AS DELIVERED BY EQILBRCOM:
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VR, VI <ARRAY IDENTIFI#R>;
WARRAYW VR,VILL1:N,NIINZ];
ENTRY?

THE BACK TRANSFORMATION IS PERFARMED ON THE EIGENVFCTORS
WITH THE REAL PARTS GIVEN IN ARRAY VR AND THE TMAGINARY
PARTS GIVEN IN ARRAY VI

EXITs

THE REZAL PARTS AND IMAGINARY PARTS OF THE RESULTING
EIGENVECTORS ARE DELIVERED IN THE COLUMNS OF THE ARRAYS
VR AND VI, RESPECTIVELY,

PROCEDURES USED: BAKLBR = CP34174.

RUNNING TIMEs RNUGHLY PROPAORTIONAL TO N * (N2=N1),
LANGUAGE® ALGOL 60.

THE FOLLOWING HOLDS FOR ROTH PROCEDURES?:

METHOD AND PERFIORMANCES

A MATRIX M IS SAID TO BE EQUILIBRATED, WHEN THE DIAGONAL ELEMENTS
OF MIIM = MME! ARE ZERO, WHERE '! STANDS FOR CONJUGATING

AND TRANSPOSING. IN EQILBRCOM THE MATRIX M IS EQUILIBRATED
BY MEANS OF NSBORNE?'S DIAGONAL SIMILARITY TRANSFORMATION WITH
POSSIBLE INTERCHANGES (OSBORNE, 1964).

BAKLRRCOM PERFORMS THE CORRESPONDING BACK TRANSFORMATION.

LET THE EIGENVECTORS OF THE EQUILIBRATED MATRIX BE GIVEN IN THE
COLUMNS OF MATRIX V. THE EIGENVECTORS OF THE NRIGINAL MATRIX ARE
OBTAINED BY MULTIPLYING (OR POSSIBLE INTERCHANGING) THE ROWS OF TH=®
MATRIX V WITH THE SCALING FACTORSe AS THE SCALING FACTORS ARE REAL
QUANTITIES, THE TRANSFORMATION IS PERFORMED BY CALLING THE
PROCEDURE RAKLRR FDR BOTH VR AND VI (DEKKER AND HOFFMANN, 1969),

REFERENCESS

DEKKERs Tede AND WeHOFFMANN (1968),
ALGOL 60 PROCEDURES IN NUMERICAL ALGEBRA, PART 2,
MATH, CENTREF TRACTS 23, MATHEMATISCH CENTRUMS

OSBORNE», Eefa (1960),
ON PRECONDITIONING OF MATRICES,
JACMs» Ts P.338-354=

PARLETTs BeNso AND CoREINSCH (1969),

BALANCING A MATRIX FOR CALCULATIOM OF EIGENVALUES AND
EIGENVECTORS,

NUMe MATHes» 13» Ps293=304;
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EXAMPLE OF USE:

RAKLRRCOM TS USED IN THE PROCEDURE EIGCNM (SEE SECTION 3e3.2s207e)e
AS A FORMAL TEST OF THE PROCEDUR: E£QILBRCOM, THE FOLLOWING MATRIX

WAS USEDs
1 G 302641
] 1 (¢}

171924 © 2

WRAEGIN® NINTEGERY I,J3
PREAL™ WARRAY™ A1,A20183,183),EM[02 71,0, INTI[123]s
MPROCEDURE" INIMAT(LRsURsLCsUC»AsX)3YCODEY 31C113
MPRNCEDURE™ FQILBRCOM(ALsA2,NsFMsDs INT) s "CODEM 343613
EMCOTie5M143EM{H]8=103
INIMAT(193s1530A150)sINIMAT(L19351935A2,0)3
All1,118=81(25,278213A1035302=23
A2T15378e2%%108A203,118=2%%(=10)3
FQILBRCOM(A1sA253sFEMeDs INT) S
DUTPUT (81, W (NN (HEQUILIARATED MATRIXsf)n, fe)u)s
QUTPUT (6L, (M3(D2B)s /52 (DZB)s M(WIN)N,/,D2R,N{NIN)H,2BD/W)N,
ALT1s311,A%015215A101375A1025175A1025215A1035115A4173537)3

OUTPUT (6L (W), W{MEM[TT:M )M, 5BD /M )", EM[7]) s
QUTPUT(AT, W nn(nD[183]2 M)1,3(37D2B)s /M) %,D013,0023,D(31)¢
NUTPUT(AT »M{NN(WINTL 18378 ")",BD,3B,2BD,4B0D") ",

INTE13. INTL21,INTL2Y)
NENDN

ouTPUT:
EQUILIBRRATED MATRIXS
1 0 o
0 1 1
o I 2

EMI77: 4
DISREDE) 1 1624 1
INTI1:37: 2 ) ¢

SOHURCE TEXT(S)

"CODE™ 343613
"PRNCEDURE™ EQILBRCOM(AL, A2, N» EM» D» INT)3 "VALUE® N
WINTEGER™ N;i MARRAY™ Al, A2, EM» D3 "INTEGER™ "ARRAY" INT:
WREGIN® WINTEGER"™ I, Py Os Js Ts COUNT, EXPONENT, NI, IM, I13
"REALY C, R, EPS3
MPROCEDURE® ICHCOL (LsUs15JsA)3MCODE 340313
"PROCEDURE™ ICHROW(LsUsIsJsA)SMCODE™ 340323
MREALM M"PROCEDUREM TAMMAT(LsUsI»>JsAsB)3"CODE" 340143
WREALM MPROCEDURE™ MATTAM(LsUsI»JsAsB)3"CODE™ 34G153
NCOMMENT®
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WPROCEDUREY MOVE(K)s WVALUED K; WINTEGERY K3
NBEGINY WREALM™ DI
NIte Q = P T2z T 4 13 WIF® K *= I WTHENY
HBEGINY ICHCOL(1s Ns Ko Is Al)s ICHROW(1» Ns Ky Is Al
TCHCOL(1s N» Ko Is A2)s ICHROW(1, Ns Ky 1, A2)s
DIs= DLIYs DLITs= DL[KIs DI[KIt= DI
NENDY
WENDY MOVES
EPSt= EMIO] %% 43 Tie Pte 13 O0t= NIt=s It= N3
COUNTs= EMC6]s
WEOR® Js= 1 MSTEPH | WUNTILY N ®DON
WBEGIN® DLJ1s= 13 INTLJIt= O WENDW;
WEORM Ist= WIFN T < Q WTHEN® T + 1 MELSEW P ®WHILEY COUNT > 0
WAND®™ NI > O "pO®
WBEGINY COUNT2® COUNT = 15 IMta T = 13 Ils= I + 13
Ct= TAMMAT(Pys IM» Is I, Als Al) + TAMMAT(Ils Qs Is
Is» Als Al) + TAPMAT(P, IMs 1Is Is A2, A2) +
TAMMAT(Ii» Qs I, I, A2, A2)3
Rs= MATTAM(P, IM», I, I, Al» Al) + MATTAM(Ils Qs I,
Io Als A1) + MATTAM(P, IM, I, Is A2, A2) +
MATTAMEILl, Qs Is Is A2 A2)% WIFW C / EPS <m R WMTHEN®
"BEGINY INTLTIt= I3 MOVE(P)s Ptw P ¢ 1 WENDW
WELSEW MIFS R / EPS <= C "THEN™
HBEGINY INTIT]t= = It MOVE{Q)s Q3= Q = 1 WEND™
wgLSEn
WRBEGIN® EXPONENTs= LN(R 7 C) * 2,3605673
WIFW ABS(EXPOMENT)Y > 1 WTHEN®
NBEGIN® NIta Q = P3; Cs= 2 %% EXPONENTS
DCIT:= DLIY * C3
WEOR® Js= 1 WSTEP™ 1 MUNTILY IM, I1 nSTEP® )
MUNTIL?® N npOw
WBEGIN® A1[J»I):s ALLJ»I] * C3
AllIsJlt= ALLILJY /7 C3
A20J3sI1s= A2[J5I1 * C3
A2[Isd):= A2[01I5J1 7 C

WENDD
NENDY
WELSEY NIt= NI = 1
nEMDY
WENDW S

EML?1t= FML61 = COUNT
MENDM EQTILBRCOMS
ngEQp Y

WCODE" 243623
MPRNCEDURE™ BAKLBRCOM({N, N1ls N2, Ds TINT, VR, VI)g
WYALUE® Np N1s N23 MINTEGER®Y Np N1y N2s HARRAY® Dy, VR, VI3
WINTEGERT WARRAY" JINT:
WBEGINW
WPROCEDUREY BAKLBR(NsNLsN2sDsINT,» VEC)SMCODE™ 341743
BAKLBR(Ns N1s N2, Dy INTs VR)3;
BAKLBR(Ms N1, N2, Dy INT» VI)
WEND® BAKLBRCOMS
ngopn
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AUTHNRS & TeJoDEKKERs WeHOFFMANNG
CONTRIBUTNRS S W HOFFMANNs JoGoVERMER,
INSTITUTE S MATHEMATICAL CENTRE.
RECEIVEDS 73G7CE,.

BRIFF DESCRIPTIONS
THIS SECTION CANTAINS FIVE PROCEDURES.
AY TFMSYMTRI2 AND TFMSYMTRIL TRANSFORM A REAL SYMMETRIC MATRIX INTO
A STMILAR TRIDIAGONAL ONC BY MFANS OF HOUSEHOLDER'S TRANSFORMATINN,
B) RAKSYMTRI2 AND BAKSYMTRI1 PERFORM THE CORRESPONDING RACK
TRANSFNORMATION AND FINALLY,s
C) TFMPREVEC (WHICH IS TO BE USED IN COMBINATION WITH TFMSYMTRI?2)
CALCULATES THE TRANSFORMING MATRIX.
TFMSYMTRI? AND BAKSYMTRI2?2 USE THE UPPER TRIANGLE 7F A Tun-
DIMENSTONAL ARRAY FOR THE UPPER TRIANGLE OF THE GIVEN SYMMETRIC
MATRIX (TFMSYMTRI2Y O0OR FOR THE DATA FOR HOUSEHNLDER S BACK
TRANSFORMATION (BAKSYMTRI2), THE OTHER ELEMENTS ARE NEITHER USED
NOR CHANGED.
TFMSYMTRI1 AND BAKSYMTRI1 USE AN ARRAY AC13(N+41)%N//21 FOR THE GIVEN
SYMMETRIC MATRIX (TFMSYMTRI1) O0OR FOR THE DATA FOR HOUSEHOLDER?'S
TRANSFNRMATION (BAKSYMTRIL).

KEYWNRDS
HNUSEHOLDER®S TRANSFORMATION,
TRIANGULARIZATION.
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SURSECTION: TFMSYMTRIZ.

CALLING SEQUENCF?
THE HEADING NF THIS PROCEDURSE IS:
NPROCEDUREY TFMSYMTRIZ2(As N» Ds By BR, EM); "VALUE® N3
NINTEGERY N3 MARRAY®™ A, Dy, By BB, EM: "CODEY™ 341403

THE MEANING NF THE FORMAL PARAMETERS IS:

Nt

Al

Dt

Bs

BB

EM2

<ARITHMETIC EXPRESSINN>3

THE NRDER NF THE GIVEN MATRIX3

<ARRAY IDENTIFIER>;

WARRAYWALXIIN,1tN1;

ENTRY: THE UPPER TRIANGLE OF THE SYMMETRIC MATRIY MUST BE
GIVEN IN THE UPPER TRIANGULAR PART 0F A (THE
ELEMENTS ATI»Jl,1<=J)3

EXITs THE DATA FOR HOUSEHOLDER'®'S BACK TRANSFORMATION IS
DELIVERED IN THE UPPER TRIANGULAR PART OF A, THE
ELEMENTS AlIsJ1s I>J ARc NEITHER USED NOR CHANGEDS

<ARRAY IDEMTIFIER>j

WARRAY"D[1:iNT3

EXITs THE MAIN DIAGONAL OF THE SYMMETRIC TRINIAGNNAL
MATRIX T (SAY), PRODUCED BY HOUSEHOLDER?®S
TRANSFORMATINNG

<ARRAY IDENTIFIER>;

HARRAY® BL1sN1s

EXIT: THE CODIAGONAL ELEMENTS NF T AR{ DELIVERED IN R[{1)]
THROUGH BIN=131s BIN]1 IS SET EQUAL TO ZERD:

<ARRAY IDENTIFIER>:

MARRAYUBBI1:N];

EXITe THE SQUARES 0OF THE CODIAGAONAL ELEMENTS OF T ARE
DELIVERED IN RBBL1]1 THROUGH BBIN=il3 BBIN1 IS SFT
EQUAL TO ZEROD;

<ARRAY IDENTIFIER>;

HARRAYWEMLO2113

ENTRYS$ EMIO]s THE MACHINE PRECISIONS

EXIT: £MI[11, THE INFINITY NORM OF THE ORIGINAL MATRIY,

PRNCEDIRES USED:

TAMVEC = CP34012,
MATMAT = CP34013,
TAMMAT = CP34i114,
ELMVECCOL= CP34021»
ELMCOLVECS CP34022,
gELMCOL = CP34323,

RUNNING TIME:s ROUGHLY PROPDORTIONAL TO N CUBEDs
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METHOND AND PFRFORMANCE:

A GIVEN SYMMETRIC MATRIX M IS TRANSFNRMED INTO A TRIDIAGONAL ONE
BY MEANS NF N=1 ORTHOGONAL SIMILARITY TRANSFORMATIONSS THE P=TH
TRANSFORMATINN IS CHOSEN IN SUCH A WAY THAT IN THE (N=pP+]l)=TH
COLUMN AND ROW OF M THE DESIRED ZEROES ARE INTRODUCED. HOWEVER,
IF, IN THIS COLYMN AND RDOW, ALL ELEMENTS OUTSIDE THE MAIN DIAGONAL
AND THE ADJACENT CODIAGONALS ARE SMALLER IN ABSOLUTE VALUE THAN
THE INFINITY NORM DOF M TIMES THE MACHINE PRECISION, THEN THE P=TH
TRANSFORMATION IS SKIPPED.

FOR FURTHER DETAILS S&& REF[1] AND REFL21.

SUBSECTIONt BAKSYMTRIZ?,.

CALLING SEQUENCE:?
THE HEADING NF THE PRICEDURE ISt
NPROCEDURE™ RAKSYMTRI2(As Ns» N1, N2, VEC); WVALUE™ N, N1, N2
WINTEGER™ Ns N1, N2: "ARRAY™ A, VEC3 "CODE"™ 341413

THE MEANING OF THE FORMAL PARAMETERS ISt
At <ARRAY IDENTIFIER>;
MARPRAYWAL1tN, 18N}
ENTRY: THE DATA FOR THE RACK TRANSFORMATINN, AS PRNDUCED
BY TFMSYMTRIZ2» MUST BE GIVEN IN THE UPPER
TRIANGULAR PART DF As
N3 <ARITHMETIC EXPRESSINN>3
THE NRDER NF THE GIVEN MATRIX3
N1sN2t <ARITHMETIC EXPRESSION>:
LOWER AND UPPER BOUND, RESPECTIVELYs OF THE COLUMN NUMRERS
OF VEC3
VEC?$ <ARRAY IDENTIFIER>S
WARRAYMVECTLSN,NLIN21s
ENTRY: THE VECTORS ON WHICH THE BACK TRANSFORMATION HAS 70
Bé PERFORMEDS
EXITs THE TRANSFORMED VECTORS.

PRNCEDURES USkD2
TAMMAT = CP34G1l4s
ELMCOL = CP34w23,

RUNNING TIMEs ROUGHLY PROPORTIONAL TO N SQUARED TIMES (N2=Ni+4l),

METHOD AND PERFORMANCE: SEE REF[13.
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SUBSECTION:

CALLING

TFMPREVEC.

SEQUENCE s

THE HEADING NF THIS PROCEDURE ISt
HPRACEDUREN TFMPREVEC(As N)s "VALUESY™ N3 WINTEGERM™ Nj WARRAYY As
NCODEN 34162

THE MEANING OF THE FORMAL PARAMETERS ISt

At

Nt

<ARRAY IDENTIFIER>:;

MARRAYMA[L1:N,1:N1;

ENTRY: THE DATA FOR THE BACK TRANSFORMATION», AS PRODUCED
BY TFMSYMTRIZS MUST BE GIVEN 1IN THE UPPER
TRIANGULAR PART DF As

EXITs THe MATRIX WHICH TRANSFORMS THE ORIGINAL MATRIX
INTO A SIMILAR TRIDIAGONAL ONE.

SARITHMETIC EXPRESSION>:

THE ORDER 0OF THE MATRIX:

PROCEDURES USEDs

TAMMAT
ELMCOL

RUNNING

= CP34014,
- CP34023,

TIMS: ROUGHLY PROPORTINNAL TO N CUBED.

METHNAD AND PFRFORMANCE: SEE REF(11,
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SURSECTIONS TFMSYMTRIl.

CALLING SEQUENCE:
THE HEADING NF THIS PROCEDURE ISt
MPROCFDURE™ TFMSYMTRI1(A», N» Ds B, BBy EM); "VALUE® N3
WINTEGER™ N3 "ARRAY"™ A, D» Bs BB, EM$ "CODE™ 341433

THE MEANING OF THE FORMAL PARAMETERS ISt

Al

Mg

Dt

Bt

BR3

EMe

PROCEDURES
VECVEC
SEQVEC
ELMVEC

<ARRAY IDENTIFIER>;

WARRAYMAL13(N+1)#*N/ /213

ENTRY? THE UPPER TRIANGLE OF THE GIVEN MATRIX MUST BE
GIVEN IN SUCH A WAY THAT THE (I,J)=TH ELEMENT OF
THE MATRIX IS AL(J=1)%J/7/2+11, 1<=l<sj<u=N3

EXIT: THE DATA FOR HOUSEHOLDER®S BACK TRANSFORMATION AS
USED BY BAKSYMTRILs

<ARITHMETIC EXPRESSION>S

THE ORDER OF THe GIVEN MATRIX;

<ARRAY IDENTIFIER>3

MARRAYHDI1sNTs

EXIT: THE MAIN DIAGONAL OF THE SYMMETRIC TRIDIAGNNAL
MATRIX T (SAY), PRODUCED BY HOUSEHOLDER?®S
TRANSFORMATINONS

<ARRAY IDENTIFIER>;

MARRAY®W BL1IN13

EXITs THE CODIAGONAL ELEMENTS OF T ARE DELIVERED IN RA[11]
THROUGH BIN=11s BIN] IS SET EQUAL TO ZERD;

<ARRAY IDENTIFIER>;

WARRAY"BBL1:N];

EXTITs THE SQUARES OF THE CODIAGONAL ELEMENTS OF T ARF
DELIVERED IN BBI[L] THROUGH BBIN=113 BR[N] IS SET
EQUAL TO ZERO3

<ARRAY IDENTIFIER>}

MARRAYMEMIO2113

ENTRY: EMIO1», THE MACHINE PRECISIONS

EXIT: EMI1], THE INFINITY NORM OF THE ORIGINAL MATRIX,

USED:s
= CP3401U,»
= CP34016,
= CP34420.

RUNNING TIMEs ROUGHLY PROPORTIONAL TO N CUBED.

METHOD AND PERFORMANCE: SEE TFMSYMTRI2 (THIS SECTION).
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SUBSECTION:

BRAKSYMTRI1.

CALLING SEQUENCE:
THE HEADING OF THE PROCEDURE IS:
WPRNCEDUREM BAKSYMTRI1(As Ns N1, N2y, VEC): WVALUE®" Ny N1, N23
PINTEGER™ N» N1, N21 WARRAY™ A, VEC: "CODE™ 341443

THE MEANING OF THE FORMAL PARAMETERS IS:

At

N3

N1sN2¢

VEC:

<ARRAY IDENTIFIER>;

MARRAY"ATL13(N+1)%N//213

ENTRYs THE DATA FOR THE BACK TRANSFORMATION, AS PRODUCED
BY TFMSYMTRIL:

<ARITHMETIC EXPRESSION>;

THE ORDER OF THE GIVEN MATRIX3

<ARITHMETIC EXPRESSION>g

LOWER AND UPPER BOUND, RESPECTIVELYs OF THE COLUMN NUMBERS

OF VEC3

<APRAY IDENTIFIER>;

MARRAYMVECT1tNsN18N213

ENTRY: THE VECTORS NN WHICH THE BACK TRANSFORMATION HAS TO
BE PERFORMED;:

EXTIT: THE TRANSFORMED VECTORS.

PROCEDURES USED:

VECVEC
ELMVEC

= CP3401¢,
= CP34020.

REQUIRED CENTRAL MEMORY:
AN AUXILTARY ONE-DIMENSIONAL REAL ARRAY OF LENGTH N IS USED.

. RUNNING TIME: RNOUGHLY PROPORTIONAL TO N SQUARED TIMES (N2=N1+l).

METHOD AND PERFORMANCE: SEE REF[11.

REFERENCES?®
[11

[21

DEKKERs TeJo AND HOFFMANN, Wa

ALGOL 60 PROCEDURES IN NUMERICAL ALGEBRAs PART 2,
MATHEMATICAL CENTRE TRACTS 23,

MATHEMATISCH CENTRUM, AMSTERDAMs 19683

WILKINSONs JeHe
THE ALGEBRAIC EIGENVALUE PROBLEMs
CLARENDON PRESS, OXFORD 1965,

EXAMPLE OF USEs

THE FIVE PROCEDURES OF THIS SECTINN ARE USED 1IN
SECTION 3,3a0le1628

EIGSYM2 USES TFMSYMTRI2 AND BAKSYMTRIZ2;
EIGSYML USES TFMSYMTRIL AND BAKSYMTRI1j
QRISYM USES TFMSYMTRI2 AND TFMPREVEC,
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SONRCE TEXT(S):

"CODE™ 341402
HCOMMENT® MCA 23003
WPROCEDUREY" TFMSYMTRI2(As N» Dy By BBy EM)3 WVALUE® N3WINTEGERM™ Ng
MARRAY®™ Ay, By BBs Ds» EM3
WBEGIN® WINTEGER™ I, J», R» R13
WREAL"™ W, X, Als, BO, BB, DOs MACHTOLs NORM3

WREALY "PROCEDURE® TAMMAT(L, Us I, Js A» B)s MCODERM 340143
WREAL® WPRNCEDURE®™ MATMATI(L, Us I, J» As B)s "CODE™ 34D13;
"PROCEDIRE® ELMVECCOL(Ls Us I» As» Rs X)3 "CODE™ 340213
WREAL®™ M"PROCEDURE® TAMVEC(L» U, I, A» B)3 M™CODE®™ 340123
WPROCFDURE®™ ELMCOL(L, Us I» Js A» B, X)3 MCODEY 340233
WPROCEDURE"®™ ELMCOLVEC(Ls Us I» As Bs X)& WCODE™ 340223

NORME= O3
HEQRY Jt= 1 WSTEP® 1 MUNTIL®™ N »DOW
HBEGIN® Wi= (03
REOR® Ts= 1 WSTEP® 1 WUNTIL"™ J "DOY wWes ABS(ALILJI) + VW3
MEOR™ Isa J + 1 WSTEP® 1 WUNTIL® N "DO® Wi= ABS(A[J»I1) +
W3 NIFW W > NORM ®THEN" NORMi= W
HENDYV S
MACHTOLs= FEMLO]1 * NORM3; EML11st= NORM3 Rim N3
WEOQRM Rite N = 1 WSTEPH =] ®UNTILW } wDO®
HREGIN® DIRTt= ACR,RIE Xt= TAMMAT(1l, R = 2, Ry Ry Ay A}S
Alt= ACR1,R1Is MIFW SQRTI(X) <= MACHTOL NTHEN®
MBEGIN® RBiist= BLR1J:= Al; BBLR1Jt= BY # BG3ALR,RIs= 1 WENDW
HELSEY
Y"RBEGIN® BBOt= BBLR1Js= Al * Al ¢+ X3
Bitt= MIFM Al > g MTHENM =SQRT(BBfH) WELSEY SQRT{BBO):
Alt= A[R1,R1t= Al = BOs Wi= A[R,RIt= 1 / (Al * B{))3
WEOR® Jy= 1 WSTEP® 1 WUNTIL®™ R1 #DO% B[Jlt= (TAMMAT(1,
Js Js Rs As A) + MATMAT(J ¢ 1» Rls Js» Ry Ay A)) * W3
ELMVECCDL(1, R1s Ry By A» TAMVEC(1ls Rls Ry Ay B) %
W % o5)8 MFORW Jss 1 WSTEP® 1 "UNTIL®™ R1L ®DO%
WBEGIN® ELMCOL(1s Js Js Rs As As BLJI)3
ELMCOLVEC(1ls Jo Js As Ry AL J»R1)
UEND®3 BIR1Js= 80
RENDY"S Rs=s R1
NENDW 3
DT1Ys= AT1,113 ACls112= 1; BINlt= BBI[N1z= i
NENDY TFMSYMTRIZS
wEQpw
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WCODEYM 341641:
WCOMMENT® MCA 23013
WPROCEDURE"® BAKSYMTRIZ2(A» N» N1, N2, VEC)s PVALUE™ N, N1, N23
WINTEGER®" N» N1, N23 TARRAY"™ A, VECS
NREGINY MINTEGER™ I, Jp K3 M"REALY W3

WREALM WPROCEDUREY TAMMAT(L, Us I, Js As B)3 NCODE™ 34{14:
NPROCEDUREY ELMCOL(L, Us I» Js As B» X)3 MCODE™ 340233

WEORW Jt= 2 WSTEPH ] WUNTIL® N wpnw

RREGINY Wim ALJoJIs TIFM W < (g WTHEN®
WEORY Ksw N1 WSTEPM 1 ®WUNTILW N2 wpQH
ELMCOL(1, J = 1s Ky Js VECs, A5
TAMMAT(1, J = 15 Js Ky As VEC) * )

WENDW

MEND® BAKSYMTRIZ3
nggpn

WCODE™ 34142:
NCOMMENTY MCA 2302:
WPRNCEDURE™ TFMPREVEC(A, N)3 MVALUE®™ N3 WINTEGER"™ N$ MARRAY™ Al
NBEGIN® WINTEGERM™ I» J» J1l, K3 ®WREAL™ ABg

MREALM "PROCEDURE™ TAMMATI(L, Us I, Js Ay B)3 MCODE® 340143
WPROCEDURE® ELMCOL(Ls Us Is Js» As B X)3 "CODE"™ 340233

Jis= 13

HFORN Jt=s 2 WSTEP®™ 1 ®UNTIL®W N wDQOW

HBEGIN' M"FOR®" I3t=s 1 WSTEPM 1 MWUNTIL® Jl = 1 »
J HSTEPW 1 MUNTIL™ N #DO" ATI,J1l8= (3
ATJ1,J113= 13 ABz= A[JsJ13
NIFN AB < (0 MTHEN®
MEORM Ke= 1 WSTEPW 1 MUNTIL®™ J1 npnw
ELMCOL(1, J1s Ks Js As As
TAMMAT(1, J1s J» Ks As A) * AB): Jli= J

WENDMS

WFORM Ji= N = 1 WSTEP® )} ®WUNTIL® ) WDOY

ALI,N1t= 03 A[Ns,N]z= ]}

WENDM™ TFMPREVECS
ngppn
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WCNDE™ 341433
UCOMMENTY MCA 23053
WORNCEDURE" TFMSYMTRIL(As, N» Ds By BB, EM)5 ®VALUE®™ NgWINTEGER™ N3
WARRAYY" A, Bs BBs D» EM3
- WBEGINW WINTEGERM™ Is Js Rs R1ls Py Q» TI, TJ3
WREALM" S» W, Y Al, B, BBG, DO» NORMs MACHTOLS

MREAL®™ M"PROCEDURE"™ VECVEC(L, Us SHIFT, A, B)3 WCODEY 349103
MREAL® "PROCEDUREM SEQVEC(L, U, ILs, SHIFT, A, B);WCODE™ 340163
"PROCEDURE® ELMVEC(Ls Us SHIFT, A, Bs X)3 "WCCDE'™ 340203

NORMe= (I8 TJst= Of
WEORY Jt= 1 WSTEP®W 1 WUNTIL®™ N ®pQ®
NREGINY Wem iis
WEOR® Tgm 1 WSTEP® 1 MUNTIL® J "DNY Wes ABS{ALI + TJ1) +VWs
Tdt= TJ + Js Tlt= TJ ¢+ J3
NEORY Ts= J 4 1 WSTEPW 1 ®MUNTIL® N wpp®
NBEGIN® We= ABRS{ALTII) 4+ W$ TIte TI 4+ I WENDU3
NIF® W > NORM YTHEN" NORMis=
WENDM g
MACHTALS= EM[O0] #®* NORM3 EMI1]s= NORM3 Q= (N 4+ 1) * N // 23
Rt= N§ WF(OR® Rl1s N « 1 WSTEPW =] WUNTIL® 1 wDOW
NREGIN® Ps= Q -~ R; DL[R]It= A[OQ];
Xs= VECVECI(P + 1, Q = 25 Us As A)s
Als= ACO = 133 "IF® SQRT(X) <= MACHTOL "THEN®
WBEGIN® Bt= BLR1Jt= Al; BBILR1Jt= BA * Bfs A[QJi= 1 MEND®
RELSEW
N"BEGIN® BBOt= BBLR1lt= Al * Al + X3
Bids=s MIFM A > 9 WTHEN® -SQRT(BBO) WELSEW SQRT(BRH)
Als= AfQ = 13t= Al = BOs Wi= A[QJt= 1 / (Al #* BQ)3
TJdi= O3 NFORY Jie 1 WSTEP® 1 WUNTIL® R1 "DOW
UBEGIN" TIt= TJ + Js St= VECVEC(TJ + 1, TIs P = TJs
As A)3 TJs= TI + Jgs
BLJ1t=a {SEQVEC(J + 1» Rly TJs Ps» A» A) + S) * W3
TJdta TI
HENDYS
ELMVEC(1s R1ls Ps» Bs Ay VECVEC(1lsR1sPsBsA}X% W %*¢5)3
TJt= O3 WFOR™ Jt= ] WSTEPW 1 WUNTIL® R]1 wDOW
HWBEGINY TIsms TJ + Jt ELMVEC(TJ + 1, TIs P = Tds As A
BLJT1)SELMVEC(TS 4+ 1» TIs =TJdo As» By ALJ + P1)s
TJdi=s TI
HWENDY3: AfR1lt= BO
WEND®
Qs= P; Rzs R]
WENDH S
DL11s= AT17s AC11t= 13 BINlt= BBINIt= O
WEND® TFMSYMTRI1;
HEQPM
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WCNDE™ 341443
HCOMMENTY™ MCA 23063
WPRNCEDURE® RAKSYMTRIL(As Ns N1, N2, VEC)3 WVALUE™ Ns N1, N2%
PINTEGER®™ Ns N1, N28 HARRAY™ A, VECS
NBEGINY WINTEGERY Js Jls Ky Tls TJ3
NREALY W3 MARRAY™ AUXVECL1:NI3

MREALW MPRNCEDIREN VECVEC(L, Us SHIFTs Ay B)3 WCODE® 3407103
WPROCEDUREM CLMVEC(Ls Us SHIFT, Ay, By, X); ®CODE™ 340293

MEFORY K= N1 MSTEP® 1 MUNTIL®™ N2 ®DQO®
MBEGTIN™ WEARNM Js= ] MNSTEPM 1 WUNTIL™ N mDOW
AUXVECTJY3= VEC[JpK1s Tds= Jlst= 13
WEARN J:= 2 MSTEP® 1 WUNTIL® N wDOW
WBEGIN™ TIs= TJ + J3 Wee ALTI]S
WIFR W < Q WTHENY ELMVECI1s J1, TJds AUXVEC»A»VECVEC(1,
J)s Tds AUXVEC, A) * W)3 Jlse J3 TJie TI
MEND®Y
WEORM™ J3e 1 MSTLPW 4 MUNTIL® N "DO™ VECCJsKls= AUXVECTJI]
WEND T .
MENDY BAKSYMTRIL1:
wegapn
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CONTRIBUTORS®t WoHOFFMANN, Jo.GoVERWER,
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RECEIVED: 731112.

BRIEF DESCRIPTIONS

THIS SECTION CONTAINS THREE PROCEDURES,

PAGE 1

A) TFMREAHES TRANSFORMS A MATRIX INTO A SIMILAR UPPER=HESSENBERG

MATRIX BY MEANS OF WILKINSON'S TRANSFORMATION,

B) BAKREFAHESY PERFORMS THE CORRFSPONDING BACK TRANSFORMATION ON

A VECTOR AND SHOULD BE CALLED AFTER TFMREAHESS

C) BAKREAHES2 PERFORMS THE CORRESPONDING BACK TRANSFORMATION NN

THE COLUMNS OF A MATRIX AND SHOULD BE CALLED AFTER TFMREAHES.
KEYWORDS s

SIMILARITY TRANSFORMATION,
UPPER=HESSENBERG MATRIX.
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SUBSECTION: TFMREAHES.

CALLING SEQUENCE:
THE HEADING NF THF PROCEDURE ISt
NPRACEDURE" TFMREAHES(As N» EM, INT)3 "VALUE™ N3
WINTEGER™ N3 WARRAY™ A, EM; WINTEGER™ WARRAYW INT3

THE MEANING OF THE FORMAL PARAMETERS ISt

N3 <ARITHMETIC EXPRESSION>;
THE ORDER NF THE GIVEN MATRIX;
As <ARRAY IDENTIFIER>s

WARRAYMAL18No18NTS :
ENTRYS THE MATRIX TO BF TRANSFORMEDS
FXITs THE UPPER=HESSENBERG MATRIX IS DELIVERED IN THE
UPPER TRIANGLE AND THE FIRST SUBDIAGONAL 0OF Ay THE
(NONTRIVIAL ELEMENTS OF THE) TRANSFORMING MATRIX»
Ls IN THE REMAINING PART OF Ay Ieks AlI»J] =
LEIsJd # 1) FOR I = 3500esN AND J = lsssesl = 2%
EM? <ARRAY IDENTIFIER>S
WARRAYWEMLO21]3
ENTRY: EMIOl, THE MACHINE PRECISIONS
EXIT: EML11s, THE INFINITY NORM OF THE DRIGINAL MATRIX:
INTs <ARRAY IDFNTIFIER>}
g NINTEGERMMARRAY® INTT1sN1g
EXITs THE PIVOTAL INDICES DeFINING THE STABILIZING RNOW
AND COLUMN INTERCHANGES:

PRNOCENURES USED:

MATVEC = CP34011»
MATMAT = CP34013,
ICHCOL = CP34¢31,
ICHROW ] CP34032,

REQUIRED CENTRAL MEMORY:
EXFCUTION FIELD LENGTH:
A  ONE-DIMENSIONAL REAL ARRAY OF LENGTH N IS DECLARED.

RUNNING TIME: ROUGHLY PROPORTIONAL TO N CUBEDs
LANGUAGE ¢ ALGOL 643,

METHDD AND PFRFORMANCES
WILKINSON?S TRANSFORMATION IS A TRIAMGULAR SIMILARITY
TRANSFORMATION WITH STABILIZING ROW AND COLUMN INTERCHANGES
TRANSFORMING A MATRIXs M, INTO AN UPPER=HESSENBERG MATRIX» H.
THE TRANSFORMING MATRIX IS THE PRODUCT OF A PERMUTATION MATRIX, P»
AND A UNTT LOWER=TRIANGULAR MATRIX», Lo THE NONDIAGONAL ELEMENTS 1IN
THE FIRST COLUMN OF L ARE §» AND THE ROW AND COLUMN INTERCHANGES
ARE CHNSEN IN SUCH A WAY THAT THE ABSOLUTE VALUE OF EACH ELEMENT
OF L IS AT MOST 1.
BECAUSE OF THE SPECIAL FORM OF Ls THE MATRICES H AND L CAN 8F
STORED TOGETHER IN THE ARRAY USED FOR THE MATRIX M (SEE CALLING
SEQUENCE)es FNR FURTHER DETAILS SEF REFERENCE [1] AND [21,
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SURSECTINN:

BAKREAHES 1

CALLING SEQUENCE?®
THE HEADING NF THE PROCEDURE ISt
"PROCEDURE"™ BAKREAHES1(Ay N, INT, V)3 "VALUE"™ N3
WINTEGER™ N3 MARRAYM™ A, V3 WINTEGER®™ WARRAY® INT;

THE MEANING NF THE FORMAL PARAMETERS IS

Ng

At

INT:

Vi

<ARITHMETIC EXPRESSINN>;

THE LENGTH OF THE VECTOR TO RE TRANSFORMED:;

<ARRAY IDENTIFIER>}

WARRAYMALI3N,18NYs

ENTRYt THE (NONTRIVIAL ELEMENTS QF THE) TRANSFORMING
MATRIX, L» AS PRODUCED BY TFMREAHES MUST BE GIVEN
IN THE PART BELOW THE FIRST SUBDIAGONAL O0OF A
ToEe ALIoJd] = LLIsJ + 135 FOR I = 25,40»N AND
J ® Jseeesl = 23

<ARRAY IDENTIFIER>;

HINTEGERM"MARRAYY INTL1tNIYs

ENTRYs PIVOTAL INDICES DEFINING THE STABILIZING RNOW AND
COLUMN INTERCHANGES AS PRODUCED BY TFMREAHESS

<ARRAY IDENTIFIER>;

WARRAY®V[L18tN]3

ENTRYS THE VECTOR TO BE TRANSFORMED3

EXTTs THE TRANSFORMED VECTOR.

PROCEDURES USED:

MATVEC

= CP34011.

RUNNING TIME: ROUGHLY PROPORTIONAL TO N SQUARED,

LANGUAGE ¢

ALGOL 60,

METHOD AND PERFORMANCE:

THE

BACK TRANSFORMATION WHICH CORRESPONDS TO WILKINSON®S

TRANSFORMATION AS PERFORMED BY TFMREAHES TRANSFORMS A VECTOR, X»
INTO THE VECTOR PLXs WHERE PL IS THE TRANSFORMING MATRIX.
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SUBSECTIONS BAKREAHES2,

CALLING SEQUENCE?®
THF HEADING DF THE PROCEDURE ISt
HPROCEDUREY RAKREAHFS2(Ay Ns N1y N2» INT, VEC); WVALUE™ N» N1, N23
WINTEGER® N, N1, N2: WARRAY®™ A, VECs "INTEGER™ MARRAYM™ INT3

THE MEANING DOF THE FORMAL PARAMETERS IS:
N2 CARITHMETIC EXPRESSINN>;
THE LENGTH OF THE VECTORS TO BE TRANSFORMEDS
N1, N23t <ARITHMETIC EXPRESSION>g
THE CNOLUMN NUMBERS 0OF THE FIRST AND LAST VECTNR TO BE
TRANSFORMEDs '
Al <ARRAY IDENTIFIER>}
HARRAYWAL18N,18N1s
ENTRY3s THE (NONTRIVIAL ELEMENTS OF THE) TRANSFORMING
MATRIX» L» AS PRODUCED BY TFMREAHES MUST BE GIVEN
IN THE PART BELOW THE FIRST SUBDIAGONAL OF A
Ie€e A[I»J] = LLIsJ + 11, FOR I = 35,0e2N AND
J = lseees]l = 23
INTS <ARRAY IDENTIFIER>;
NINTEGERMUARRAYY INTC18NIs
ENTRYs PIVOTAL INDICES DEFINING THE STABILIZING ROW AND
COLUMN INTERCHANGES AS PRODUCED BY TFMREAHESS
VEC?S <ARRAY IDENTIFIER>;
MARRAY®WVECL18N,N1EN213
ENTRY: THE N2 = N1 + 1 VECTORS OF LENGTH N TN BE
TRANSFORMED3
EXITs THE N2 = N1 + 1 VECTORS OF LENGTH N RESULTING FROM
THE BACK TRANSFORMATIONS

PROCEDURES USED? .
TAMVEC = CP34G12s
ICHROW = CP34032,.

REQUIRED CENTRAL MEMORY:
EXECUTION FIELD LENGTH:
IONAL REAL ARRAY OF LENGTH N IS DECLARED.

RUNNING TIME: ROUGHLY PROPORTIONAL TO (N2 = N1 4 1) % N * N,
LANGUAGE 3 ALGOL 60,

METHOD AND PERFORMANCE:
SEE SURSECTION BAKREAHES1.

REFERENCESS
i1 DEKKERs Te Jo AND HOFFMANNs W»s
ALGOL 60 PROCEDURES IN NUMERICAL ALGEBRAs PART 25
MATHEMATICAL CENTRE TRACTS 23,
MATHEMATISCH CENTRUM, AMSTERDAM, 19683

£21 Jo He WILKINSON», THE ALGEBRAIC EIGENVALUE PROBLEM»
CLARENDON PRESS»s OXFORD, 196%5.
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EXAMPLES OF USE

EXAMPLES OF UUSE OF TFMREAHES, BAKREAHES1 AND BAKREAHES2 CAN BE
FOUND IN THE PROCEDURES FOR CALCULATING EIGENVALUES AND
{ IGENVECTIRS AS DESCRIBED IN SECTION 3,36162426

SOURCE TEXT(S) 1

MCODEM 34173
NCOMMENT® MCA 24003 )
"PROCEDURE™ TFMREAHES(As N» EMye INT)5 MVALUE® N3 WINTEGER" N3
WARRAYM™ A, EM: WINTEGER" WARRAY®" INT;
UBEGIN® MINTEGER"™ I» Jr» Jl» Ks L3
WREAL" Ss T» MACHTOLs MACHEPS, NORM;
WARRAYY BN - 113

WREAL™ WPROCTZDUREM™ MATVEC(L, Us I, As B)3 PCODE®™ 340113
WREALY "PROCEDURE® MATMAT(L, Y, I, J» As B); MCODEY™ 34)13;
UPROCEDURE™ ICHCOL(Ls Us T» Js A)3 HCODEW 340313
WPROCEDURE™ ICHROW(L, Us Is J» A)s "CODEY™ 340323

MACHEPSt= EM[W1s NORMt= &3
WEQR® Tre 1 WSTEPW™ 1 WUNTILY N wDOW
MBEGIN® St= O3
MEORM™ J3w 1 MSTEPY 1 ®UNTIL®™ N "DD" St= S + ABS(ATT,J1)
RIF®W S > NORM WTHEN® NNRMt= S
WENDMS
EM[C17:= NORM; MACHTOL:= NORM % MACHEPS: INT[11t= Gt
HEQRN Jis 2 WSTEPW 1 AUNTIL®™ N ®wpOn
MRBGINY Jli= J = 13 L= O3 Si= MACHTOLS
WFEOR® Ksa. J + 1 WSTEPW 1 WUNTIL® N wpQ®
"RBEGIN® Tie ABS{ALKsJ11)s MIF® T > S HTHEN®
WBEGINM Lse K3 St= T MNENDW
NEND";
WIFM | %= (O NTHEN®
WRBEGIN® WIF® ABS{A[JsJ1]) < S MTHENW
"BEGIN® ICHROW(l» Ns Js Ls» A)s3
ICHCOL(1s Ns Jo L» A}
"END"
YELSEY L= J3 Ti= ACJ»J11:
MEORW Ki= J 4+ 1 USTEPM™ 1 WUNTIL®™ N ®pOW
ACK,J178= ATK,J1) /7 7T
"END"
WELSE®R
NEQRM Ktae J 4+ 1 WSTEPH 1 MUNTIL®™ N "DOW ATK,J178= O3
WFORM Tte 1 ®STEPM 1 WUNTIL® N #DOW
BLI = 11t= A[I»Jlt= A[TI,Jd] +
(RIFM L = O "THEN®™ O MELSE® MATMAT(J + 1, N» I, Jls Ay A))=
MATVEC({1s, WIFW J1 < T = 2 HTHEN®W J1 WELSE®W I = 2, I, As B)3
INTLJIt= L
HENDW
HEND® TFMREAMES:
"EDP"
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HCODEM 2341713
WCOMMENT® MCA 2401t
WPROCEDUREM™ RAKREAHES1(As Ns INTs V)3 MVALUE®™ N3 ®INTEGER®™ N3
MARRAYM™ Ay V3 MINTEGERW MARRAY®™ INTS
NBEGIN® WIMTEGERY Is L
"REALY W3 #"ARRAYW X[18NI1s

WREAL® MPRNCEDURE" MATVEC(Ls Us I» A, B)s ®CODE"™ 34011

WEOQR® Js=m 2 WSTEPW 3 MWUNTIL® N 9D0O® X[I = 13t= V[I]3
WEORY Tt= N WSTEPM —=1 MUNTIL"™ 2 nDO®
MBEGIN® V[Ils= VLI]1 + MATVEC(l, I = 2, I, A» X)3
Lsa INTLITs ®WIF® L > I WTHEN®
WBEGINY Wts VYI[IJ; V[Ils= VIL]; VIL1t= W WENDW
NEND®
NENDY BAKREAHESLS
"EDP"

"CADE™ 34172
NCOMMENT® MCA 24023
WPROCEDUREY RAKREAHES2(As Ns Nl» N2» INT, VEC)3 WVALUE™ N, N1, N23
WINTEGER® N» N1, N23 PARRAY™ A, VEC3 ®INTEGERY "ARRAY™ INT3
WBEGINM MWINTEGER™ I, L, K3 MARRAY®™ UL1:N1s

WREAL® WPRNCEDUREM TAMVEC(L, U, I, A» B)3 WCODE"™ 340123
WPRNCEDUREN ICHROW(Ls Us I» Js A); "CODE® 344323

WEORM Tt= N MSTEPH =1 MUNTIL® 2 ®DO"
HBEGIN® "FDR™ Ki= | = 2 NSTEPH =] WYUNTIL® 1 #DOW
ULK + 113= A[ILK]3
WEAR® K= N1 MSTEP® 1 MUNTIL®W N2 »DO®
VECTIsK1t= VECLI»K] + TAMVEC(2 » I = 15 Ks VECs U}
Li= INTCITs "IFP L > I WTHEN® ICHROW(N1, N2, I, L, VEC)
WENDM
MEND" BAKREAHES 23
nENP N

)
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AUTHOR t CoeGe VAN DER LAAN,

CANTRIBUTORS 8 HeFINLeTs CoGe VAN DER LAAN,

INSTITUTE 3 MATHEMATICAL CENTRE.

RECEIVED &8 730903,

BRIFF DESCRIPTION 13

THIS SECTINN CONTAINS THREE PROCEDURESS

A) HSHHRMTRI TRANSFORMS THE HERMITIAN MATRIX M INTD A SIMILAR
REAL SYMMETRIC TRIDIAGONAL MATRIX S3

B) BAKHRMTRI PERFORMS A RACK TRANSFOPMATION CDRRESPONDING TN

HSHHRMTRI;

C) HMSHHRMTRIVAL DELIVERS THE MAIN DIAGONAL ELEMENTS AND THE

SQUARES OF THE CODIAGONAL ELEMENTS OF A HERMITIAN TRIDIAGONAL

MATRIX WHICH IS UNITARY SIMILAR WITH A GIVEN HERMITIAN MATRIX.

KEYWORDS

HERMITIAN MATRIX »
TRIDIAGONALIZATION »
COMPLEX HOUSEHOLDER»S TRANSFORMATION .

SUBSECTION &8 HSHHRMTRI.

CALLING SEQUENCE @

THE HEADING QOF THE PROCEDURE READS 3
"PROCEDURE"™ HSHHRMTRI(A», N» D, Bs BBy, EM» TRy, TI)$ MVALUE™ N3
MINTEGER™ N3 WARRAY™ A, D, B, BBy EMs TRy, TI3

THE MEANING OF THE FORMAL PARAMETERS IS 1t
AsTR,TI® <ARRAY IDENTIFIER>;
TARRAYMAL13N,1tN]3
WARRAY" TRyTI[13N=113%
ENTRYs THE REAL PART 0OF THE UPPER TRIANGLE OF THE
HERMITIAN MATRIX MUST BE GIVEN IN THE UPPER
TRIANGULAR PART OF A (THE ELEMENTS ALI»J1s I<=J)3
THE TIMAGINARY PART OF THE STRICT LOWER TRIANGLE
OF THE HERMITIAN MATRIX HMUST BE GIVEN IN THE
STRICT LOWER PART NF A (THE ELEMENTS ATI»Jl»I>4)3
EXIT: DATA FOR THE BACKTRANSFORMATION;
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N1

BBt

PROCENIIRES USED

MATVEC =
TAMVEC =
MATMAT =
TAMMAT =
MATTAM =
ELMVECCOL =
ELMCOLVEC =
ELMCOL =
ELMRDW =
FLMVECROVY =
ELMROWVEC =
ELMROWCOL =
FLMCOLROW =
CARPOL =

RUNNING TIME :
LANGUAGES ALGOL

METHOD AND PERF

e”el (JUNE 1974) PAGE 2

<ARITHMETIC EXPRESSION>3

THE ORDER QOF THE MATRIX3

<ARRAY IDENTIFIER>}

PARRAYM"DLL3sN1;

FXIT & THE MAIN DIAGUNAL ONF THE RESULTING SYMMETRIC
TRIDIAGONAL MATRIX:

<ARRAY IDENTIFIER>}

WARRAYWBI13N=}113;

EXIT: THE COODIAGONAL ELFMENTS OF THE RESULTING SYMMETRIC
TRIDIAGONAL MATRIXS

<ARRAY IDENTIFIER>$

WARRAYM"BBI1tN=113

EXIT ¢ THE SQUARES O0OF THE MODULI OF THE CONIAGONAL
ELEMENTS OF THE RESULTING SYMMETRIC TRIDIAGNNAL
MATRIXS :

<ARRAY IDENTIFIER>S

HARRAYHEM[O0:11;

ENTRYs EMLO)s TH: MACHINE PRECISIONS

FXIT: EMILY, AN ESTIMATE FOR A NNRM NF THE ORIGINAL

MATRIX,

CP34uil
CP34¢312
CP34013
CP34ule
CP34015
CP34021
CP34:)22
€P34023
CP34024
CP3426
CP34027
CP34028
CP34129
CP34344

® % ® % B W 9 W YV v w W W w

PROPORTIONAL TO N CUBED

606

ORMANCE: SEE HSHHRMTRIVAL (THIS SECTION).
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SURSECTION s BA

CALLING SEQUENC

THE HEADING
"PRNCEDURE™
TVALUE" Ny

THE MEANING
As TRy TI

N
N1s,N2s

VECR, VECT ¢

PRNCEDURES USED

MATMAT
TAMMAT
ELMCOL
ELMCOLROW
CNMMUL
CNOMROWCST

RUNNING TIMES P

LANGUAGE: ALGOL

METHOD AND PERF

2261 (JUNE 1974%) PAGE 3

KHRMTRI.

E

OF THE PROCEDURE READS
BAKHRMTRI(A» N» Nls N2, VECRy, VeCIs» TRy TI)s
Nlps N23 "INTEGER® N, N1» N2

AF THE FORMAL PARAMETERS IS

<ARRAY IDENTIFIER>S

NARRAYMAT1:N,13N13

WARRAYY" TRyTI[18N=11s

ENTRY: THE DATA FOR THE BACKTRANSFORMATION AS PRODUCED
BY HSHHRMTRI:

<CARITHMETIC EXPRESSION>;

THE ORCER QOF THE MATRIX 0OF WHICH THE EIGENVECTORS ARE

CALCULATEDS

<ARTTHMETIC EXPRESSION>;

THE EIGENVECTORS CORRESPONDING TO THE EIGENVALUES WITH

INDICES NlsaoosN2 ARE TN BE TRANSFORMED;

<ARRAY IDENTIFIER>S

HARRAYW VECR,VECI[LL13N,N13tN2]s

ENTRY: .

THE BACK TRANSFORMATION IS PERFORMED ON THE REAL

EIGENVECTORS GIVEN IN THE COLUMNS NOF ARRAY VECRS

EXITS

VECR t REAL PART OF THE TRANSFORMED EIGENVECTORS:

VECTI 3 IMAGINARY PART OF THE TRANSFORMED EIGENVECTNRS,

H

CP34i113
CP3401¢
CP364023
CP34029
CP34341
CP34353

% v v ® % e

ROPORTIONAL TO (N2=N1+1)%*N#%2 ,

6(} @

NRMANCES SEg HSHHRMTRIVAL (THIS SECTION).
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SUBSECTION @

HS

HHRMTRIVAL,

CALLING S£QUENCE 8

THE HEADI

NG

NF THE PROCEDURE READS

WPROCEDURE"™ HSHHRMTRIVAL(A» N» Ds BBy EM)3 MVALUEM™ N3 WINTEGER™ N3

WARRAYM

As

De BBs EM3

THE MEANING NF THE FORMAL PARAMETERS IS 3

Al

BB3

EMs

PROCEDURES US

MATVEC
TAMVEC
MATMAT
TAMMAT
MATTAM
ELMVECCOL
ELMCOLVEC
ELMCOL
ELMRNOW
ELMVECROW
ELMROWVEC
ELMROWCOL
ELMCOLROW

ED

<ARRAY IDENTIFIER>;

MARRAYMWAT1tNo18N]3

ENTRYS THE REAL PART 0OF THE UPPER TRIANGLE OF THE

HERMITIAN MATRIX MUST BE GIVEN IN THE UPPER
TRIANGULAR PART 0OF A (THE ELEMENTS A[1,J1, I<=J);
THE IMAGINARY PART NOF THE STRICT LOWER TRIANGLE
0OF THE HYERMITIAN MATRIX MUST BE GIVEN IM THE
STRICT LOWER PART NF A (THE ELEMENTS ALI»J1,7>J)s
THE ELEMENTS OF A ARE ALTERED:

<ARITHMETIC EXPRESSION>:

THE ORDER OF THE GIVEN MATRIX3

<ARRAY IDENTIFIER>;

WARRAYWDL1:N];

EXITs THE MAIN DIAGOMNAL OF THE RESULTING HERMITIAN
TRIDIAGONAL MATRIX3

<ARRAY IDENTIFIER>:

WARRAY"BRL1tN=113 ‘

EXIT: THE SQUARES OF THE MODULI OF THE CODIAGONAL
ELEMENTS OF THE RESULTING HERMITIAN TRIDIAGONAL
MATRIX3

<ARRAY IDENTIFIER>;

WARRAYM"EMINE1]s

ENTRYs EMIO01,THE MACHINE PRECISIONS

EXITs FM[ils AN £STIMATE FOR A NORM OF THE DRIGINAL

MATRIX;:

CP34011
CP34012
CP34013
CP34014
CP34i015
CP34021
CP34022
CP34923
CP34024
CP34026
CP34u27
CP34028
CP34029

@ % % ¥ B o W v W v v w» e
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RUNNING TIME 8 PROPORTIONAL TO N CUBED

LANGUAGE @ ALGOL 648,

THE FOLLOWING HOLDS FOR THE THREE PROCEDURES 8

METHOD AND PERFORMANCE 3

HSHHRMTRIVAL TRANSFNRMS A HERMITIAN MATRIX INTO A SIMILAR
HERMITIAN TRIDTAGONAL MATRIX BY MEANS 0OF HOUSEHOLDER?®S
TRANSFORMATINN,

HSHHRMTRI TRANSFORMS A HERMITIAN MATRIX INTO A SIMILAR

REAL TRIDIAGONAL MATRIX BY MEANS 0OF HOUSEHOLDER?!S
TRANSFORMATION FOLLOWED BY A COMPLEX DIAGONAL UNITARY
SIMILARITY TRANSFORMATION IN ORDER TO MAKE THE RESULTING
TRIDIAGOMAL MATRIX REAL SYMMETRICS

HOUSEHOLDER'S TRANSFORMATION FOR COMPLEX HERMITIAN MATRICES

IS A UNITARY SIMILARITY TRANSFORMATION, TRANSFORMING A HERMITIAN
MATRIX INTO A SIMILAR COMPLEX TRIDIAGONAL ONE (SEE WILKINSONs
1965, Ps 342=343), LET M B A GIVEN HERMITIAN MATRIX OF ORDER
Ns WITH REAL PART MR AND IMAGINARY PART MI, P THE

TRANSFORMING MATRIX AND T THE RESULTING HERMITIAN TRIDIAGONAL
MATRIXe SINCE P IS UNITARY, WE HAVE T = P"MP, WHERE

# STANDS FOR CONJUGATING AND TRANSPOSING. THE MATRIX P IS THE
PRODUCT COF Ne2 HOUSEHOLDER MATRICES, THESE BEING UNITARY
HERMITIAN MATRICES NF THE FORM I-U%U/T» WHERE T IS A SCALAR
(>), AND U A COMPLEX VECTORe THE K=TH HOUSEHOLDER MATRIX»
K=lsseesN=2, IS CHOSEN IN SUCH A WAY THAT THE LAST K ELEMENTS OF U
VANISHs AND THE DESIRED ZEROS ARFE INTRODUCED IN THE (NeK$#1)=TH
COLUMN AND ROW NF THE MATRIX M, HOWEVERs IF THE EUCLIDIAN NARM
NF THE FIRST N=K=1 ELEMENTS OF COLUMN N-K+1 OF THE MATRTX M IS
SMALLER THAN THE MACHINE PRECISION TIMES THE INFINITY NORM OF THE
MATRIX ( NORM(MR) 4+ NORM(MI) ), THEM THE K=TH TRANSFORMATION

IS SKIPPED (I.E. THE K=TH HOUSEHOLDER MATRIX IS REPLACED BY I).
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THE COMPLEX DIAGONAL SIMILARITY TRANSFORMATION D TRANSFORMS THE
HERMITIAN TRIDIAGOMAL MATRIX T INTD A REAL SYMMETRIC TRIDIAGONAL
MATRIX S (MUELLER, 1966). THE DIAGONAL OF D IS CHOSEN IN SUCH

A WAY THAT THE CODIAGONAL ELEMENTS OF T ARE TRANSFORMED INTO
THEIR ABSOLUTE VALUES.

BAKHRMTRI PERFNRMS THE BACK TRANSFORMATION TO REPLACE THE
FIGENVECTORS OF THE TRIDIAGONAL SYMMETRIC MATRIX S BY THE
EIGENVECTORS OF THE ORIGINAL HERMITIAN MATRIX M, IF X IS AN
EIGENVECTOR DOF S THEN PDX IS THE CORRESPONDING ¢IGENVECTOR OF

Me STARTING FROM THE VECTOR V=DX, THE VECTOR PDX IS

OBTAINED BY SUCCESSIVELY REPLACING V BY THE K=TH HOUSEHOLDER
MATRIX TIMES Vs FOR K=N~w2s.6e91s THE RESULTING VECTOR V THEN EOUALS
PDXe :

REFERENCES @

MUELLERs DoJo (1966),

HOUSEHOLDER,S METHND FOR COMPLEX MATRICES AND EIGENSYSTEMS OF
HERMITIAN MATRICESS

NUMER.MATHss B» Po72=923

WILKINSONs JoMHe (1965),
THE ALGEBRAIC EIGENVALUE PROBLEM,
CLARENDON PRESS» OXFORD,

EXAMPLE 0OF USE 1

THE PRNCEDURES HSHHRMTRIVAL AND BRAKHRMTRI ARE USED 1IN SECTINN
3630201s
ETIGVALHRM AND ORIyALHRM USE HSHHRMTRIVAL,
EIGHRM AND QRIHRM USE BAKHRMTRI o
AS A FORMAL TEST OF THE PROCEDURE HSHHRMTRI, THE FOLLOWING MATRIX
WAS USED (SEE GREGORY AND KARNEY, CHAPTER 4, EXAMPLE 6.6)
3 1 Q +21
1 3 =21 [+}
) +21 1 1
=21 0 1 1
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WBEGIN®
WCOMMNT™ GREGNRY AND KARNEY,CHAPTER 65 EXAMPLE 6463
UPROCEDURE® HSHHRMTRI(AsNsDsBsBBsEM, TRy TI) s"WCODE™ 343633
WPRACEDURE"™ INIMAT(LRsURsLC,UC,A,X)3"CNDE" 310113
PREALY WARRAYY A[12451241,D5B5BBI1341, TR, TIT1331,EMLG21]s
WINTEGERY I,J3
MPRACEDUREM NUT(S»AsN)3
PYALUE® N$MINTEGERY N3WARRAY™ ASHWSTRINGY S3
WREGIN® WINTEGERY I.J3
QUTPUTLAL, M(N10SH)P,5)3
WFORY I3=1 NSTEP® 1 WUNTIL® N ®pOw
DUTPUT(61:"("+D. 3DBRM) ", ACI])
OUTPUT S s/} ) :
WENDY QUT:

INIMAT(1s651045A50)12

Al1s1713=A02,218=33

AT15213=A03,318=A035413=A04,54]2313

Al3,213m23A045112m=23

EMIO]t=sV=]43

OUTPUT(61, (" {WINITIAL MATRIX GIVEN IN ARRAY AL134,1347sm)jw,/nyn)g

IFORY Ts=1 WSTEPW 1 ®WUNTILY & wpQon

WREGINN MEQRN J3a] OUSTEPM™ 1 WUNTIL® 4 #DpQO"
AUTPUTLAL, "{M=DBBR") M, ALI;J )3
QUTPUT( &1 m(Myn)n)

NENDY;

DUTPUTIAL» MW/, R{ "HSHHRMTRI DELIVERStW)n, //n)n)g

HSHHRMTRI{A»%sDsBsBBsEM TR, TI) S

QUT(N(WDTL:4Ts H)P,D54)3

QUTE"{"Br1337s ")",B,3)3

QUT("{"BBL13378 ")W,BBs3)3

OUT{W(REMIL1TS W), EMp1) 3

NENDN

guUTPUT

INITIAL MATRIX GIVEN IN ARRAY A[1:451:47:
3 1 Y 9]
0 3 ] 4]

Q 2 1 1

-2 4] € 3

HSHHRMTRI DELIVERS:

Df13463s +3.000 +1.400 +2.,600 +1.000
BTist2als +20236 Q0,000 +2.236
BBL13312 45,008 +0.640 +5,000

EML11s +6.000
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SOURCE TEXT(S)

NCADEY 343633

WPROCEDURE" HSHHRMTRI(As N» Ds Bs BB
WINTEGERY N3

(JUNE 1974)

EMy TR, TI)s MVALUEW N3

MARRAY" A, Dy, By BBy, EMs TR» TI

MBEGIN® WINTEGER"™ I, J» J1, JM1, R, RM1s

NREALM™ NRMy, Ws TOL2» Xs ARs AIs MODs
AJR» ARJ»

WREALM
NREALM
WREALW
"REALT
HREALT

RJs BBJ3
UPROCEDURE"
#pPROCEDURE®
"PRAOCEDURER
"PROCEDURE"N
"PRNCEDURE™

Csr Ss He Ks Ty Qs
MATVEC(LsUsI»5A5B)3"CODEY 340113
TAMVEC(L,UsI5A5B)3"CNDLY 343123
MATMAT(LsUs15JdsA,B)s®CODE®™ 34013
TAMMATCL UpsIsJ5A»B)S"CODEN 340143

MATTAM(LsU»TI»J5AsBYSNCODE™ 34015

WPROCEDURE™
WPROCEDURE™
WPpROCEDURE™"
#PROCEDURE™
WPRAOCEDUREM
"PROCEDURE™
WPROCEDURE®
WPROCENUREW
NPROCEDUREW
NRMtam 03

WEORM [1= 3
HBEGIN® Wis=

RFORY Jias T = 1 WSTEPY « ]

ELMVECCOL{LsUsI»AsBsX)3"CODEM 340213
ELMCOLVEC(LsU»I»A5B5sX)s"CODE" 34223
ELMCOLILsUsIsJsAsBsX)3"CODE™ 340233
ELMROW(LsUsIsJsAsBsX)3"CODE® 340243
ELMVECROW(LsUsI,4,B5X)sNCODEN 344263
ELMROWVEC(LsUsI»AsBsX)S"CODE" 3406273
ELMROWCOL(LsUsIsJsAsBsX) 3WCODE" 340283
ELMCOLROW(L,UsIsJsAsBsX)3"CODEM" 34429%
CARPOL(ARyAI»RsC»S)SMCODE™ 343443

WSTEPM 1 MUNTILW N upOw
ABS{ATI»TI1)s
BUNTIL® 1,

I+ 1 "STEP™ 1

WUNTIL® N "DO% Wes W + ABS(ALI»J1) + ABS(ALJ5TI1)
WIFW W > NRM WTHEN® NRMt= W

WEND® I3

TOL2:= (EMI[] % NRM) #% 23 EM[1lt= NRM; Ri= N3

UEARA RM1s=
WBEGINT Xi3=

2s Ro Ry Ay A)3
DIRIs= A[LRsR13 CARPOL{ARs AI,

N = 1 WSTEP™ = 1 WUNTIL® 1 ®DOw

TAMMAT(1, R = 25 Ry Rs As A) 4 MATTAM(1l, R =
ARs= A[RM1,R1; Alt= -~ A[R,RM11s

MDDs C» S)12

WIFW X < TOL2 ®"THEN®

WBEGINY

ALRosR}t= = 13 BIRMil:= MOD3

RBLRM13is= MOD * MOD

NEND®

PAGE
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WELSEN
WBEGIN® He= MOD * MOD + X3 Ki= SORT(H)3
Ts= A[RsR1It= H &+ MOD * Kg
WIFM AR = {) MAND™ AT = f1 UTHEN® A[RMLyR1It= K WELSEW
MREGIN® A[RM1,RIs= AR + C % K3
A[RsRM11t= = Al = S % Ki St= = §
NENDM;
Ctms = C3 Ji= 13 JMlta Of
WEORM Jlts 2 WSTEPM ] ®UNTIL®™ R nDQO#
MBEGINY B[J1t= (TAMMAT(1, Js Js Rs A A) +
MATMAT(J1s RM1ls Js Rs As A) + MATTAM(I,
JM1ls Js Rs As A) = MATMAT(JLls RM1s Ry J»
As A)) 1 T3 :
BBLJJt= (MATMAT(1, JM1ls Js» Ry Ay A} =
TAMMAT(J1s RM1s Js Rse As A) = MATMAT{1, J»
Rs Js As A) = MATTAM(J1l, RM1ls Js Rs As A))
/ T3 JMlt=s J3 Ji= J1
WENDY J13
Q= (TAMVEC(1s RM1ls R» As B) = MATVEC(1l, RM1,
Ry A BB)) / T / 23
ELMVECCOL(1s RM1Is Ry By Ay = Q)3
ELMVECROW(1l, RMl» Ry BBs Ap Q)3 Jt= 13
MEORY Jlt= 2 WSTEP®W J MWUNTIL®™ R WDOM
WBEGIN® AJRt= A[J,R1I; ARJt= A[R,J1; BJt= B[J];
BBJt= BBLJI:
ELMROWVEC(J» RM1, Js» As Bs = AJR)S
ELMROWVEC(Js RMi» J» As BBs ARJ):
ELMROWCOL(Js RM1, Js R» Ay Ay = BJ)3
ELMROW(Js RM1s Js Ry As As BBJ)B
ELMCOLVEC(J1s RMLly, J» As By = ARJ)S
ELMCOLVEC(J1, RM1, Js As BB, = AJR)3
ELMCOL(J1ls RM1, Js Rs As Ay BBRJ):
ELMCOLROW(J1s RM1y Js Ry Ay Ay BJ)3 Ji= J13
WEND" J13
BBIRM113= H; BI[RM1]it=s K3
WENDWS
TRCRM173= Cs TICRM1J13= S3 Rt= RM13
HEND" RM13
DL11:= AT1,113:
WEND® HSHHRMTRT:
HENPH
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NCNDEM 34365
"PROCEDUREYW BAKHRMTRI(A» N» N1y N2, VECRs VECI» TRy, TI):
PYALUE" N» N1, N23 WINTEGERM™ Ny, N1, N23
WARRAY" A, VECRs, VECIs TR, TIg
UBEGIN® NINTEGER" I, J, Rs RM13
NREALD C» S5 To» QR QI3
NREALM WPROCEDURE" MATMAT(LsU»IsJsAsB)SRCODE™ 34013¢
BREALN MPROCEDUREN TAMMAT(L»UsIsJsAsBYSHCODEY 340143
WPROCEDURE™ ELMCOL(L»UsIoJsAsBsX)sNCODEN 3411233
HPROCEDUREY ELMCOLROW(L,U»sT»JsAsByXISHCODEN 3640293
WPROCENDUREN™ COMMUL(ARSAIsBR,BISRRyRI)SWCODE® 343413
NPROCEDUREN COMROWCST(LsUsIo»AR»ATI»XR,XI);"CODE® 343533
NEORM Ts= 1 NSTEPH 1 MUNTIL®™ N wDQ®
WEOR® Js= N] WSTEPY 1 WUNTIL® N2 ®DOW VECI[I»Jlt= 03 Ct=s 1;
Si= i3
NEARYM Jtw N = 1 MSTEPH = 1 WUNTIL®™ 1 ®DpOw
WBEGIN® COMMUL(Cs S» TRILJ1s TI[J1s C» S)3
COMRNOWCST(NI, N2» J» VECRs VECI» Cp» S)
WENDY J3
RM1s= 23
MEORM Rts 3 WNSTEP® 1 WUNTILW N ®wDpO™
WREGINM Tg= ALRsR1; "IFM™ T > 3 WTHEN®
NENR® Jsa N1 WSTEPW 1 WUNTIL®™ N2 #pOw
HBEGIN® QRs= (TAMMAT(1ls RM1ls Rp Js Ay VECR) =
MATMAT(1s RMls Rs Js As VECI)) / T:
QIt= (TAMMAT(ly, RM1» Ry Js Ay VECI) +
MATMAT(1l, RM1» Rs Js A» VECR)) / T3
ELMCOL(1, RML, Js» Ry VECR, Ay = QR)3
ELMCOLROW(1l, RM1y Js Ky VECRs Ay = QI)s
ELMCOLROW(1ls RM1» Js Ry VECI, A» QR)3
ELMCOL(1s RM1ls Js R» VECI», As = QI)
nENDMS
RMl:= R
NENDN R
WENDY BAKHRMTRIZ
"EUP“
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"OROCEDURE" HSHHRMTRIVAL(A, Ns Ds BBs EMI3 WVALUE™ N3 "INTEGER®W N
WARRAY®™ A, Ds BBs EM3
WREGINY WINTEGER® I, Js J1ls JM1, Rs RMI13

NREALM

NRM,

BBJs MND23

WREALM
WREALY
NREALW
WREAL™
WREAL®

"PROCDUREN
WPROCE DURE®
UPROCEDUREY
#PRNOCEDURE™
MPRNCEDURE™M

We TOL2s Xs» ARy Al Hp

Ts Qs AJRy ARJ, DJ»
MATVEC(LsUsIsA»B)s"CODE™ 340113
TAMVEC(LsUs1,A,B)3s"CODEM™ 34012
MATMAT(L,UsI5JsAsB)SHCODEY 340133
TAMMAT(LsUsI»JdsAs8)3MCODEN 34014
MATTAM(LsUs15JsAsB)3sHCODE"T 36(15:

WPROCEDIIRE®
"PROCEDUREY
HPROCEDUREY
WPROCEDUREN
HPROCEDURE"™
#PROCEDUREN
NPROCEDUREM
HPROCEDURE®
NRMt= (3

WFORY® Tt= )
NBEGINY Wia

WFOR® Jse I = 1 ASTEPH® = 1 WUNTIL™ 1,

NINTILY

ELMVECCOL(LsUsI»A,RyX)S"CODEY 340213
ELMCOLVEC(LsUsI»AsBsX)$"CODEN 3402238
ELMCOL(LsUsIsJsAsBaX)s"CODEY 340233
ELMROW(L,U»I5JsA5B,X)sN"CODEY 344243
ELMVECROW(L,UsI5A»BsX)SUCAODEY 3402648
CLMROWVEC(L,UsI,AsBsX)s"CODEM 340273
ELMROWCOL(L,UsIsJsAnsByX)SNCODENY 340283
ELMCOLROW(L,UsI9JsAsBsX)s"CODE® 340291%

WSTEPY 1 WUNTIL® N
ABS(ATI»II)3

npnn

I + 1 #STEP® 1
N "DO" Wis W + ABS(ACLI»J]1) + ABS(ALJ,I1)3

WIF®™ W > NRM WTHEN®" NRMt= Y

WENDM I3

TOL23= (EMOIJ] * NRM) #% 23 EM(1lt= NRM;

Ri= N3

WEOR™ RMlgte N = 1 WSTEP® = 1 WUNTIL® 1 ®pn#
WBEGIN® Xt= TAMMAT(1s R = 25 Rs Ry Ay A) 4+ MATTAM{1l, R =
25 Rs Ry As A); ARts=s A[LRM1»R13 Alt= = A[R,RM113
DIR1Is= A[RsR13
WIF® X < TOL2 ®THEN® BBILRM1Js= AR * AR 4 AI # Al WELSE®
WBEGIN® MOD2t= AR * AR + AI * AI; WIF®™ MOD2 = O WTHEN®
MBEGIN" ACRM1,RIt= SQRT(X)s Ts= X WENDW
WELSER
WREGIN™ Xt= X + MOD23 Ht= SQRT(MOD2 * X);
Te= X + H3 Hes= 1 + X / Hg
ATRsRM11t= = AT * H3; ACRM1pRIt= AR * H3
WENDY
RCOMMENT®
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Ji= 13 JMlts= (3

WEORM Jlt= 2 WSTEPW 1 WUNTIL® R #ppow»

Js Js Rs As A) +
As A} +
JMis Js Ry Ap A) = MATMAT(J1,

WBEGIN™ DLJ1s= (TAMMAT(L,
MATMAT(J1» RM1ls J» Ro

As A)) /1 T

BBLJ1t= (MATMAT(1, JM1ls J» R
A) =
RM1,

TAMMAT{J1ls RM1l, Js Re
Rs Js As A) = MATTAMI
7/ T JMlte J3 Jie J1
WENDY J13
Qs= (TAMVEC(1ls RM1ls PR, A»
Rs Ap BB)) / T 1 2%

ELMVECCOL(1s RM1» Ry D» Ay = Q)3

ELMVECRDW(1, RM1s Rs BB,

HBEGIN® AJR:= A[LJsR1I3 ARJ
38J1= BRACJIS
ELMROWVEC(Js RM1s J»
ELMROWVEC(Js RM1, J»
ELMROWCOL(Js RM1, J»
ELMROW(Js RM1p Jo R»

ELMCOLVEC(J1s RM1, J»
ELMCOLUJL, RM1s Js R»

ELMCOLROW(Ji» RM1ly Js R»

WENDMW Jig
BRIRMLTs= X3
WENDWS
Ri= RM1g
MENDY RM1S

DL1lt= ACf1,11:
MENDM HSHHRMTRIVAL:

nEnp Y

As
J1lo»

MATTAM{1,
RM1ls Ry Js

Ay A) =
MATMAT(1, J»
Js Rs As A))

D) = MATVEC{1, RM},

As

1=

As
As
Rs
Ay

Ay
As

Q) J3= 13
MEORM Jlis 2 MSTEP®™ 1 WUNTIL®™ R "DNM

ACR,J13 DJ2= DLJI3

Dy = AJR)IB
ARJ) 3

Ay As» = DJ)3
Ay BBJY
ELMCOLVEC(JL, RMIs Js A» Dy = ARJ)S
BBy, = AJR):

BB

As
As

B8
Ay

J)s
DJds Ji= Jl13

PAGE
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AUTHOR t CoGe VAN DER LAAN.

CONTRIRUTORS ¢ HoFIDLETs CoGe VAN DER LAANS
INSTITUTE s MATHEMATICAL CENTRE.

RECEIVEDt 731016,

BRIEF DESCRIPTION

THIS SECTION CONTAINS THE PROCEDURES HSHCOMHES AND BAKCOMHES,
HSHCOMHES TRANSFORMS A COMPLEX MATRIX BY MEANS (OF HOUSEHOLDER?®S
TRANSFNRMATION FOLLOWED BY A COMPLEX DIAGANAL TRANSFORMATION INTD
A SIMILAR UNITARY UPPLR=HESSENBERG MATRIX WITH A REAL NONNEGATIVE
SUBDIAGONAL.

BAKCOMHES PERFNRMS THE CORRESPONDING BACK TRANSFORMATION,.

KEYWORDS 8
COMPLEX EIGENPROBLEM,

REDUCTION HESSENBERG FORM,
HOUSEHOLDER'®'S TRANSFORMATION.

SUBSPECTIONS HSHCNMMES,

CALLING SEQUENCE?
THE HEADING OF THE PRNCEDURE READS:
WPROCEDUREY HSHCOMHES (ARs AI, N» EM» Bs TR, TI» DEL)3 "VALUEY™ N3
WINTEGER" N3 "ARRAY"™ AR, AI, EM» Bs» TR» TIs DEL3

THE MEANING NF THE FORMAL PARAMETERS ISt

AR, Al <ARRAY IDENTIFIER>S
WARRAY" AR,ATC18N»18NI3
ENTRY?

THE REAL PART AND TYE IMAGINARY PART OF THE MATRIX TO BE
TRANSFNRMED MUST BE CGIVEN IN THE ARRAYS AR AND AI»
RESPECTIVELY:

EXIT:

THE RCAL PART AND THE IMAGINARY PART OF THE UPPER
TRIANGLE DF THE RESULTING UPPER=HESSENBERG MATRIX ARE
DELIVERED IN THE CORRESPONDING PARTS OF THE ARRAYS AR
AND AI, RESPECTIVELY:; DATA FOR THE HOUSEHOLDER BACKe
TRANSFORMATION ARE DELIVERED IN THE STRICT LOWER
TRIANGLES OF THE ARRAYS AR AND AIs
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Bt

TR, TIs

DEL:s

<ARITHMETIC EXPRESSION>S

THE ORDER 0OF THE GIVEN MATRIX:

<ARRAY IDENTIFIER>;

MARRAYHEMIIGS11s

ENTRYS

EMI&1s THE MACHINE PRECISIONS

EMI11: AN ESTIMATE OF THE NORM OF THE COMPLEX MATRIXS
{OR» EsGe THE SUM OF THE INFINITY NORMS OF THE REAL
(PART AND IMAGINARY PART OF THE MATRIX)S

<ARRAY IDENTIFIER>}

HWARRAY®R[13N=11; -

EXITs

THE REAL NONNEGATIVE SUBDIAGONAL 0OF THE RESULTING

UPPER=HESSENBERG MATRIX:

<ARRAY IDENTIFIER>:

WARRAY" TRyTIL13N]S

EXITS

THE REAL PART AND THE IMAGINARY PART OF THE DIAGONAL

FLEMENTS OF A DIAGONAL SIMILARITY TRANSFORMATINN ARE

DELIVERED IN THE ARRAYS TR AND TI, RESPECTIVELY: BY THIS

INFORMATION THE COMPLEX UPPER=HESSENBERG MATRIX IS

TRANSFORMED INTO A UPPER=HESSENBERG MATRIX WITH A REAL

SUBDTIAGOANAL:

<ARRAY IDENTIFIER>:

HARRAYMDELI18N=213

EXITe

INFORMATION CONCERNING THE SEQUENCE OF HOUSEHOLDER

MATRICES. :

PRNOCEDURES USEDS

HSHCOMCOL
MATMAT
ELMROWCOL
HSHCOHPRD
CARPOL
COMMUL
COMCOLCST
COMROWCST

RUNNING TIME:

= CP34355;,
CP34013,
CP343285
CP34356,
CP34344,
CP34341,
CP34352,
CP34353,

ROUGHLY PROPORTIONAL TO N CUBED,

LANGUAGF: ALGOL 69,

METHOD AND PERFDRMANCE: SEE BAKCOMHES (THIS SECTION).
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SUBSECTION: BAKCOMHES.

CALLING SEQUENCE?®

THE HEADING OF THE PROCEDURE READS:
"PROCEDURE® BAKCOMHES (ARs AIs» TRy TI, DELs VR, VIs Ns N1, N2)3
MVALUE" No N1, N23 "INTEGER™ N» N1, N23

WARRAY" AR, AI» TRs TIs DEL» VR, VI

THE MEANING 0OF THE FORMAL PARAMETERS ISt
AR, AT TReTILDEL?
<ARRAY IDENTIFIER>S
MARRAY® AR,AITitN,13N1;
WARRAY®™ TR,TILC1:N1:
MARRAYMDELL18N=213
EMTRY$ THE DATA FOR THE BACKTRANSFORMATION AS PRODUCED
BY HSHCOMHES:

VRy VIt <ARRAY IDENTIFIER>;
WARRAYM™ VR,VI[L18N,N1:N213
ENTRY?S

THE BACK TRANSFORMATION IS PERFORMED ON THe EIGENVECTORS
WITH THE REAL PARTS GIVEN IN ARRAY VR AND THE IMAGINARY
PARTS GIVEN IN ARRAY VI3

EXITs

THE REAL PARTS AND IMAGINARY PARTS OF THE RESULTING
EIGENVECTORS ARE DELIVERED IN THE COLUMNS OF THE ARRAYS
VR AND VI, RESPECTIVELYS

Nt <ARITHMETIC EXPRESSIDN>;
THE ORDER OF THE MATRIX OF WHICH THE EIGENVECTORS ARE
CALCULATEDS

MN1sN23s <ARITHMETIC EXPRESSION>;

THE EIGENVECTORS CORRESPONDING TO THE EIGENVALUES WITH
INDICES NlseeesN2 ARE TO BE TRANSFORMEDS

PRNCEDURES USED?
COMROWCST = CP34353,
HSHCOMPRD = CP34356,

RUNNING TIME: PROPORTIONAL TO (N2=N1) #* N**2,

LANGUAGE t ALGOL ¢€0.
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THE FOLLOWING HOLDS FOR BOTH PROCEDURES?S

METHOD AND PERFORMANCE:

HSHCOMHES S

HOUSEHOLDER?YS TRANSFORMATION (FOR COMPLEX MATRICES) IS A UNITARY
SIMILARITY TRANSFORMATION, WHICH TRANSFORMS A COMPLEX MATRIY INTO A
SIMTLAR NY/PPER=HESSENBERG MATRIX (SEE WILKINSON, 1965, Pe 347-=349),
LET M BE A GIVEN CNMPLEX MATRIX DOF ORDER Ny P THE TRANSFORMING
MATRIX AND H THE RESULTING UPPER=HESSENBERG MATRIX, SINCE P IS
UNITARYs WE THEN HAVE H = P'IMpP, WHERE '! STANDS FOR COMJUGATING
AND TRANSPOSING, THE MATRIX P 1S THE PRODUCT OF N=2 HOUSEHOLDER
MATRICESs THESE BREING UNITARY HERMITEAN MATRICES OF

THE FORM I = UU®?/Ts WHERE T IS A SCALAR (>0G)s AND U A COMPLEX
VECTOR., THE R=~TH HNUSEHOLDER MATRIX, R=1sesesN=2, IS CHOSEN IN SUCH
A WAY THAT THE FIRST R ELEMENTS OF U VANISH, AND THE DESIRED ZEROS
ARE INTRODUCED IN THE LAST N=R=1 ELEMENTS NF THE R=TH COLUMN NF THE
MATRIX M., HOWEVER, TF THE EUCLIDEAN NORM OF THE LAST N=R=l ELEMENTS
OF COLUMN R OF THE MATRIX M IS SMALLER THAN THE MACHINE PRECISION
TIMES A NORM OF THE MATRIX THEN THE R=TH TRANSFORMATION IS SKIPPED
(Te#se THE R=TH HWOUSEHOLDER MATRIX IS REPLACED BY I)e THE COMPLEX
DIAGONAL SIMILARITY TRANSFORMATION D TRANSFORMS THE UPPER=
HESSENBERG MATRIX H INTO AN UPPER=HESSENBERG MATRIX HRs WITH REAL
NONNEGATIVE ELEMENTS. THE DIAGONAL OF D IS CHOSEN IN SUCH A WAY
THAT SUBDIAGONAL ELEMENTS OF H ARE TRANSFORMED INTO THEIR ABSNOLUTE
VALUES (SEE MUELLER, 1966),

BAKCOMHES s

THE RACK TRANSFORMATION TRANSFORMS A COMPLEX VECTOR X INTO THE
COMPLEX VECTOR PDXe IF X IS AN EIGENVECTOR OF H THEN PDX IS THE
CORRESPONDING EIGENVECTOR OF Mo STARTING FROM THE VECTOR V=DX, THE
VECTOR PDX IS OBTAINED BY SUCCESSIVELY REPLACING V BY THE R=TH
HOUSEHOLDER MATRIX TIMES Vs, FOR R®N=2540esls THE RESULTING VECTOR
THEN EQUALS PDX.

REFERENCES

MUELLERs Dods (1966)5

HOUSEHOLDER®S METHOD FOR COMPLEX MATRICES AND EIGENSYSTEMS OF
HERMITIAN MATRICESS

NIMER MATHas Be Po72=923

WILKINSONs JoHe (1965),
THE ALG£BRAIC EIGENVALUE PROBLEM,
CLARENDON PRESS» OXFORD:

EXAMPLE OF USgs
HSHCOMHES IS USED IN THE PROCEDURES EIGVALCOM AND EIGCOMe

BAKCOMHES IS USED IN THE PROCEDURE EIGCOM.
(SEF SECTION 3.3¢20262e)e
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SOURCE TEXT(S)

NCNDEN 343663
WPROCEDUREN HSHCOMHES (AR, AIs Ny EMy, Bs TRy TI», DEL); WVALUE®™ N3
WINTEGER" N3 W“WARRAY®™ AR, AlI, EMy, By TR, TI, DELS
MBEGINT WINTEGER® Ry RM1, I» Js NMIis

WREAL"® TOLs T» XRs XIs

MREALY WPROCEDURE® MATMAT(LsUsIsJsAsB)sMCODEY 3441138

WPROCEDUREY ELMROWCOL(LsUsIsJsAsBsX)3WCNDEM 34(283

WPROCEDUREY HSHCOMPRDU(I»TIIsLsUsJsARsAIsBRyBI,T)SHCODEY 343563

WPROCEDURE™ COMCOLCST(Ls"sJsARSALIsXRoXT)3"CODEN 343523

WPROCEDURE™ COMROWCST(L,UsI»ARsATIsXR,XIVSHCODE®™ 343533

"PROCEDURE™ CARPOL(AR»AI»RsC»S)SWCODE™ 343443

WPROCEDUREN COMMUL(ARSAISBReBISRR,RINSNCODE" 343413

MBAOLEAN" MPRACEDURE™ HSHCOMCOL(LsUs JoARs AT, TOLsK»CsS5»T)s

WCODEM 343553

NM1s= N = 13 TOLs= (EMOG] * EMLLY) %% 235 RMli= 13

HENRN Rega 2 MSTEPHN 1 WUNTIL®" NM1 "DOW

NBEGIN® WIFw HSHCOMCOL(Rs, N» RM1s AR, AlI, TOLs BIRM11,
TRIRYs TILCR1s T) "THEN®
NREGIN® WEARW Js= | WSTEPW 1 WUNTIL™ N wWDQOW

UWBEGIN® XRi= (MATMAT(Rs, Ny I» RM1, Als Al) =
MATMAT(Ry, N» I» RMls» ARs AR)) / T3
XIs= ( = MATMAT(Rs Ns» Is RMi, AR, Al) =
MATMAT(R, N» I» RM1» AI, AR)) / T3
CLMROWCOL(Rs Ns» I, RMis AR, ARs» XR)3
ELMROWCOL(Rs N» I, RM1s ARs AI, XI)3
ELMROWCOL(Rs N» I, RMIs» AIy AR, XI)g
ELMROWCOL(Rs N» I, RM1, AI, AI, = XR)
WENDM3
HSHCOMPRD({Rs N» Ry N» RMly, ARs AI» ARs Al, T)%
HENDY
DELIRM118= T3 RMls= R

WEND®" FORRS

UWIF® N > 1 YTHEN® CARPOL(ARCN,NM11, AILNs,NM1ls BINM1l,»

TRON1s TIONJ)3 RM1lt= 13 TR[11:= 15 TI[11t= (3

NEARM Ri= 2 NSTEPH 1 WUNTIL®™ N "DO%

WBEGIN® COMMUL(TRCRM11, TIIRM1l, TRIR1s TI[R1» TRIRI,
TICR1)3 COMCOLCST(1, RM1s R» ARs AI, TRIR1, TICRI1)s
COMROWCST(R + 1y Ns Ry ARy AIs TRIRIy = TILRI)S
RM1tw R

WENDYS

HENDY HSHCOMHES$
nENPH
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RCNDEY 343673
HPROCEDURE® RAKCOMHES (AR, AYs, TR, TI» DEL» VR» VIs Ns» N1, N2)3;
NYALUEY Ny Nls N23 WINTEGER®™ N» Nip, N23
TARRAY" ARp» AI» TRs TI» DELs VR, VI
HBEGIN® WINTEGER®™ Is Rs RM1s
MREALM Hs
WPROCEDUREM™ HSHCOMPRD(IsIIslsUsJsAR»AI,BRsBI,T)SWCODE™ 343543
MPROCEDUREM COMROWCST(LrUsIsAR»AIs XRsXI)3NCODEN 343533
WEOR® Ts= 2 NSTEPW 1 MUNTILMY N "DO% COMRDWCST(N1, N2 I, VR»
VI, TRTITs TICI1): Rs= N = 13
"FORM RM1t=s N = 2 WSTEP® = ] MUNTIL® 1 #DpO"
MBREGINY Ht= DELIRM133
WIF® H > 0 "THENY HSHCOMPRD(Rs Ns Mls N2, RMis, VRs VI,
ARs AIs H)3 Ris RM1
"END"
WEND® BAKCOMHES S
ngnpn

&
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AUTHOR

DeToWINTER

INSTITUTE s MATHEMATICAL CENTRE

RECEIVED

8 731217

BRIEF DESCRIPTION

THIS SECTION CONTAINS THREE PROCEDURES

2e

3e

KEYWORDS

HSHREABID.

THIS PROCEDURE TRANSFORMS A GIVEN MATRIX TO BIDIAGANAL FORM,
BY PREMULTIPLYING AND POSTMULTIPLYING THE GIVEN MATRIX WITH
NRTHOGONAL MATRICES.

PSTTFMMAT, _

THIS PROCEDURE CALCULATES THE POSTMULTIPLYING MATRIX FROM THE
DATA GENERATED BY HSHREABID,

PRETEMMAT, n

THIS PROCEDURE CALCULATES THE PREMULTIPLYING MATRIX FROM THE
DATA GENERATED BY HSHREABIN,

HOUSEHOLDER'S TRANSFORMATION
BIDIAGNNALISATION

SUBSECTION & HSHREABID

CALLING
THE

SEQUENCE 3
HEADING OF THE PROCEDURE IS 3

WPRAOCEDURE™ HSHREARID(As M, N» Dy B, EM)3
MVALUE®™ M, N$ "INTEGER™ M, N3 MARRAY™ A, D, B, EM3

THE
At

M2

N3

D?

B3

FM:

MEANING OF THE FORMAL PARAMETERS IS @

<ARRAY TIDENTIFTER>;

BARRAY™ AL1:M,18NI1;

ENTRYs: THE GIVEN MATRIX3S

EXITs DATA CONCERNING THE PREMULTIPLYING AND POSTHULTIPLYING
MATRICES;

CARITHMETIC EXPRESSION>;

THE NUMBER OF RNOWS OF THE GIVEN MATRIXS

<ARITHMETIC EXPRESSION>S

THE NUMBER OF COLUMNS OF THE GIVEN MATRIX»

N SHOULD SATISFY N <= M3

<ARRAY IDENTIFIER>3

HARRAYWDI1eNTs

EXIT: THE DIAGONAL OF THE BIDIAGONAL MATRIXS

<ARRAY IDENTIFIER>;

WARRAYUBL1:NT3

EXIT: THE SUPERDIAGONAL OF THE BIDIAGONAL MATRIX IS DELIVERED

IN BL1tN~=113

<ARRAY IDENTIFIER>;

HARRAYNEM{O21]s

ENTRYs EMLOYs THE MACHINE=~PRECISIONS

EXITs EMI[113: THe INFINITY NORM OF THE GIVEN MATRIX.
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PROCEDURES USEDN 3

TAMMAT = CP34014
MATTAM = CP344115
ELMCOL = CP24023
FLMROW = CP3402%

RUNNING TIME 3
RUNNING TIME IS ROUGHLY PROPORTIONAL TN (M 4+ N) * N * N

METHOD AND PERFORMANCE

LET US ASSUME A GIVEN MATRIX AT 1M , 1N Js WITH M >= N,
FIRSTLY WE PREMULTIPLY A WITH A HOUSEHOLOER MATRIXs CHOSEN IN SUCH
A WAY THAT THE FIRST COLUMN OF THE RESULTING MATRIX A IS ZERO WITH
THE EXCEPTION OF THF FIRST ELEMENT. SECONDLY WE POSTMULTIPLY A?
WITH A HOUSEHOLDER MATRIX SO THAT THE FIRST ROW OF THE RESULTING
MATRIX IS ZERN WITH THE EXCEPTION OF THE FIRST TWO ELEMENTS,
NOW WE REMOVE THE FIRST ROW AND COLUMN, AND REPEAT THIS PRNCESS
UNTIL THE MATRIX IS TOTALLY TRANSFORMED TO BIDIAGONAL FORM,
THIS PROCEDURE IS A RCWRITING OF A PART OF THE PROCEDURE SVD
PUBLISHED BY GoHeGOLUB AND CoREINSCHI1]l. HOWEVER IN CONTRAST TN
THEIR PRNCEDURE, HERE WE SKIP A TRANSFORMATION IF THE COLUMN OR ROW
AN WHICH OUR ATTENTION IS FOCUSSED IS ALREADY (NEARLY) 1IN THE
DESIRED FORM» I.FEe IF THE SUM OF THE SQUARES OF THE ELEMENTS THAT
NUGHT TO BE ZERO IS SMALLER THAN A CERTAIN CONSTANT, 1IN SVD THf
TRANSFNRMATION IS SKIPPED NNLY IF THE NORM N0OF THE FULL ROW OR
CNLUMN IS SMALL ENDUGH. OUR WAY SEEMS TD GIVE BETTER RESULTS, AS
SOME ILL=-DEFINED TRANSFORMATIONS ARE  SKIPPED. MORENVER, IF A
TRANSFORMATION IS SKIPPED, WE DO NOT STDRE A ZERD TN THE
DIAGONAL OR SUPERDIAGONAL, BUT WE STORE THE VALUE THAT WOULD
HAVF BEEN  FOUND IF THE CAOLUMN 0OR ROW WAS IN THE DESIRED FNRM
ALREADY,

LANGUAGE ¢ ALGOL=6
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SUBSECTION & PSTTFMMAT

CALLING SEQUENCE
THE HEADING 0OF THE PROCEDURE IS 3
MPROCEDUREY PSTTFMMAT(A, N» V, B)S
OYALUEY" N3 "INTEGER™ N3 MARRAY™ A, V, B3

THE MEANING DF THE FORMAL PARAMETERS IS:
At <ARRAY IDENTIFIFR>;
WARRAYMAT1IN,18N13 ’
THE DATA CONCERNING THE POSTMULTIPLYING MATRIX, AS GENERATED
RY HSHREABID; :
M3 <ARITHMETIC EXPRESSION>3
THE NUMBER OF COLUMNS AND ROWS OF As
Vi <ARRAY IDENTIFIER>;
MARRAYMVIL1tN,13NY;
EXITs THE POSTMULTIPLYING MATRIXS
Bt <ARRAY IDENTIFIER>s
MARRAY"B[13N1s
THE SUPERDIAGONAL AS GENERATED BY HSHRLABID.

PRACEDURES USED 3
MATMAT = CP34013
ELMCOL = CP34023

RUNNING TIME 3
THE RUNNING TIME IS ABOUT PROPORTIONAL TO N %% 3

LANGUAGE ¢ ALGAL &0
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SUBSECTINON 3 PRETFMMAT

CALLING SEQUENCE
THE HEADING NF THE PROCEDURE IS 3
WPRNCEDURE® PRETFMMAT(A, My N» DI
WYALUEY M, N3 WINTEGER®™ M, N3 "ARRAYM™ A, D3

THE MEANING OF THE FORMAL PARAMETERS IS ¢
At <ARRAY IDENTIFIER>}
WARRAYMAT13M,18N13
ENTRY: THE DATA CONCERNING THE PREMULTIPLYING MATRIX AS
GENERATED RY HSHREABIN
EXIT 3 THE PREMULTIPLYING MATRIX.
M: <ARITHMETIC EXPRESSION>3
THE NUMBER QF ROWS OF A,
N3 <ARITHMETIC EXPRESSION>}
THE NUMBER OF COLUMNS OF A, N SHOULD SATISFY N <= M,
Dt <ARRAY IDENTIFIER>S
WARRAY®"D[1:NI3
THE DIAGONAL AS GENERATED BY HSHREARID.

PROCEDURES USED 3
TAMMAT = CP34¢1le
ELMCOL = CP34023

RUNNING TIME 3
THE RUNNING TIMg IS ABDUT PROPORTIONAL TO M * N % N

LANGUAGE 3 ALGOL=6i

REFERENCES @
[11 WILKINSONs JeHs AND CoREINSCH
HANDBOOK FOR AUTOMATIC COMPUTATION, VOLe. 2
LINEAR ALGEBRA
HEIDELBERG (1971)

EXAMPLE OF USE

FOR AN EXAMPLE OF USE ONE IS REFERRED TO SECTINN 3,5,162
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SNURCE TEXT(S) @

RCODEN 342603
H"PROCEDUREY HSHRFABID(As» Ms N» Ds Bs £M)2
WYALUE® My N$ MWINTEGER™ M, N3 WARRAY®™ A, D, B, EM3
UBEGIN® WINTEGER® I, J, Il3
MREAL™ NORMs MACHTNL, Wy S» Fy Gs H;

WREALY WPRNCEDUREM™ TAMMAT(L, Us I, J» As B)3

MVALUE® Ly Us I, J3 MINTEGER®™ Ls U, I, Js WARRAY™ A, B3
"CODEM 34i114: i

UREAL® "PROCEDUREM" MATTAM(Ls Us I, Js As B)S

MVALUEY Lo Us I, J3 MARRAYM™ Ay B3

"CODEM 341115

"PROCEDURE™ &LMCOL(Ls Us I, Js» As B, X)3

YVALUE™ L, Us I, Js X3 MINTEGER™ L, Uy I, Js5 "REAL"™ X3
WARRAY" A, B3

WCONDE™ 340233

UPROCEDURE" ELMROWIL, Us I» Jds As By X)3

WVALUEM™ Ls Us Is Js X3 MINTEGER™ Ls Us I, J3 MREAL" X3
MARRAYH As B3

HWCODEM 340243

NORMt= 03
WEDRY Jg= ] MSTEP® 1 WUNTIL"™ M nDQOW
NBEGIN® Yis 03
HEORW Jt= 1 WSTEP® 1 WUNTIL®" N #wDO" Wi= ABS(ALI»J]1) + W3
HIFM W > NORM WTHEN®™ NORMs=
WENDW 3
MACHTOLt= EMI]1 * NORM3 EM[11st= NORM3
HER® Ig=s 1 WSTEPH 1 WUNTIL® N ®wDOO
NREGIN® Ilt= T + 13 S3t= TAMMAT(I1, Ms I» I» As A)s
NIFW S < MACHTOL "THEN®" D[IJt= A[CI,I] WELSEW™
NBEGIN® Fs= A[I,I185 St= F & F + S}
DEIlt= Gs=m WIFH F < O NTHEN® SQRT(S) MELSEY =« SQRT(S):
Hi= F % G = S3 AlI»,1li= F = G3
MEOR® Jse TI1 WSTEP®™ 1 WUNTIL®™ N "DpO®
ELMCOL{Is Ms Js I» As Ap» TAMMAT(I» My Is Js As A) 7 H)
HWENDW 3
WIFN® T < N NTHENR
WBEGINY Ss= MATTAM(I1 + 1» Ns» I, I» As A)s
WIFW S < MACHTOL "THEN® 3[I1te A[I,I1] WELSE®
HBEGIN® Fs=s A[I,I1); St= F * F + S3
BLIlss Gem MNIFM F < 0 WTHEN®" SORT(S) MELSE™ = SQRT(S)3
His F % G = S35 A[lI»Il)te F = G3
WEOQRM Jre I3 MSTEPM™ 1 MUNTIL™ M npp®
ELMROW(I1s Ns Js Is As A» MATTAM(I1s Ns Is Jo As A) /
H)
HEND®
NENDY
HENDW
MeND® HSHREABIDS
ngQpM

£

-
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WCADEN 342613
WPROCEDUREY™ PSTTFMMAT(A» Ny Vs B3
NYALUE"™ N3 ®WINTEGER® N3 WARRAY® A, V, B3
WREGIN® WINTEGERY™ T, 11, J3
NREAL™ Hs
NREAL® MPROCEDURE™ MATMAT(Ls Us Is J» As R)3
HWYALUE® Ly Us Is Js MINTEGER®™ Lo Uy I, Js WARRAYY Ay B3
NCAODEY™ 340133
BPROCEDUREY FLMCOL(Ls Us Is Js» As Bs X)s
BWYALUE" Ly, Us Ty Js X3 WINTEGER® Ls Up, Is J3 "REAL™ X3
MARRAY® Ay B3
HWCODEN 34023¢

Il:= N3 VINo,Nlt= 13
NEORM I3m M = 1 NSTEPH = § WUNTIL® 7 wpO"
WBEGINY Hsw BIIY * ACI»I113 ®IF®™ H < O WTHEN®
HBEGIN® WFORM Js= I1 OSTEPW 1 WUNTILY N wDO" V{JsTlt= ATIsJ1 /
. Hs
WENRY J3= T3 NSTEPW 3 MUNTIL® N mDO®
ELMCDOL(I1s N» Js Is Vo Vs MATMAT(I1s N, 15 Js A V))
WENDW S
WEARM Jt= J1 NSTEP® 1 WUNTIL® N "DO" V0I,Jls= V{J,I18= Q3
ViIsIlte 13 Ils= I
NENDM
BENDM PSTTFMMATS
WEQPH

MCODE® 342423
WPROCEDUREY PRETFMMAT(As M, Ny D)3
MVALUE" Ms N3 MINTEGLRY My, N3 WARRAY® A, D3
HBEGIN® WINTEGERY I, Il»s J3
MREAL™ G» HI
WREALY WPROCEDURE®™ TAMMAT(Ls Us I, Js As B
BYALUEY Ly Us Ts Js ®INTEGER™ L, Up Is J5 MARRAYW A, B3
WCADEN 340143
RPROCEDUREM ELMCOL(Ls Us Is Js Ay By X)3
"WALUE® L, Us I, Js X3 MINTEGER™ L, Us I, J3 MREALW X3
WARRAY®™ A, B3
nCODE" 340233

WEDRM Tsa N WSTEPM w 1 WYUNTIL® 1 npon
WREGIN® Ils= I + 13 Gs= DII18 His G * ALT,T33
WEORW Js= I1 WSTEPW 1 WUNTIL®™ N ®DO® ALI,Jlt= 03
NIEN Y < 3 NWTHEN®
WBEGIN® WFORW Jg= I1 WSTEPYW 1 MUNTIL®™ N ®pO®
ELMCOL(I» Ms Js T» As Ap TAMMAT(IL, Ms I Jo As AY / H)3
NEORM Js=m T WSTEPY 1 WUNTIL®™ M »DO" AfJsI1:= ALJ»T] /7 G
WENDM
WELSE®
WEORM Js= T WSTEP® 1 MUNTIL®™ M "DOW ACJsIlte 43
AlIsTV2= ALILIY + 1
NENDN
WEND" PRETFMMAT;
nEOPM
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AUTHORS ¢ TedeDEKKER AMD WoHNOFFMANN,

CONTRIRUTORS: WoHOFFMANN, JoGo VERWER,

INSTITUTES MATHEMATTICAL CENTRE.

RECEIVED: 730716,

BRIEF DESCRIPTION®
THIS SECTION CONTAINS FDUR PROCZDURES FOR CALCULATING EIGEMVALUES
OR EIGENVECTORS OF A SYMMETRIC TRIDIAGONAL MATRIX,
VALSYMTRT CALCULATES ALL, OR SOME CONSECUTIVEs EIGENVALUES NF A
SYMMETRIC TRIDIAGONAL MATRIX BY MEANS OF LINEAR INTERPOLATION USING
A STURM SEQUENCES
VECSYMTRI CALCULATES THE CORRESPONDING EIGENVECTORS BY MEANS OF
INVERSE ITERATION.
QRIVALSYMTRI CALCHLATES ALL EIGENVALUES DF A SYMMETRIC TRIDIAGNNAL
MATRIX BY MEANS 0OF QR ITERATIONS
QRISYMTRI CALCULATES THE EIGENVECTORS AS WELLe.
WHEN ALL #IGENVALUES HAVE T0O BE CALCULATED», QRIVALSYMTRI IS
PREFERABLE WITH RESPECT TO THE RUNNING TIMEs WHEN THE EIGENVECTORS
ALSO HAVE TO BE CALCULATED, INVERSE ITERATION IS PREFERABLE,

KEYWORDS s
CIGENVALUES,
EIGENVECTORS»
TRIDIAGONAL MATRIXs
STURM=SEQUENCES»
INVERSE ITERATIONS
QR TTERATINN.



SECTINN 303.1s16l {DECEMBER 1975) PAGE 2

SURSECTION: VALSYMTRI,

CALLING SEQUENCES
THE HEADING OF THF PROC#DURE IS
WPROCEDURE™ VALSYMTRI(D», BB, N, NI, N2» VAL» EM)3
PYALUEY™ Ns NLs, N23 "INTEGER™ Ns N1, N23
WARRAYY Dy BRB» VALs EM3

THE MEANING NF THE FORMAL PARAMETERS IS:

Nt <ARTTHMETIC EXPRESSION>
THE NRDER OF THE GIVEN MATRIX:
D3 <ARRAY IDENTIFIER>: ‘

WARRAY®™ DC1:N];
ENTRY: THE MAIN DIAGONAL OF THE SYMMETRIC TRIDIAGONAL
MATRIXS
BB3 <ARRAY IDENTIFIER>:
BARRAY®™ BB[1:N~113
ENTRY: THE SQUARES QOF THE CODIAGONAL cLEMENTS 0OF THE
SYMME TRIC TRIDIAGUNAL MATRIX3
N1sN28 <ARTITHMETIC EXPRESSION>;
THE SERIAL NUMBER OF THE FIRST AND LAST EIGENVALUF TN RE
CALCULATEDs RESPECTIVELY:
VAL <ARRAY IDENTIFIER>3
’ WARRAY® VALTNLSN213
EXITs THE N2=N1+1 CALCULATED CONSECUTIVE EIGENVALUES IN
NONINCREASING ORDER3
EM3 <ARRAY IDEMTIFIER>3
WARRAY® £MI3313
ENTRY: EMLGI, THE MACHINE PRECISION,
EMI13, AN UPPERBOUND FOR THE MODULI OF THE
. EIGENVALUES NF THE GIVEN MATRIX,
EME2], A RELATIVE TOLERANCE FOR THE EIGENVALUESS
EXITs EM[33, THE TOTAL NUMBER OF ITERATIONS MNSED FNR
CALCULATING THE EIGENVALUES,

PRACEDURES USED:
ZERNIN = CP3415%9,

RUNNING TIME®
DEPENDS STRONGLY ON THE DISTANCE OF SUCCESSIVE FIGENVALUES

LANGUAGE 3 ALGOL 68,

METHOD AND PERFORMANCES

LET T DENDTE THE GIVEN SYMMETRIC TRIDIAGONAL MATRIX OF ORDER N AND
I THE IDENTITY MATRIXe THE EIGENVALUES OF T ARE THE ZEROES 0OF THE
N=TH DEGRFE POLYNOMIAL P(Ns¥) = DET(T = ¥#I), INSTEAD OF SEARCHING
FOR THE ZERNES OF P{(N,X} WE LOOK FOR THE ZEROES DOF THE FUNCTION
FI(NsX) = P(Ns¥) / P(N=isX)e MAINTAINING A LOWER BOUND FNR
ARS(P(N=1,X)) WE DO AVOID OVERFLOW DF THE REAL NUMBER CAPACITY IN
THE COMPUTATION OF F(NsX)e THIS FUNCTION CAN BE CALCULATED AS
FOLLOWS s
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Fl1sX) = DL1Y = X,

F{KsX) = D[K] = X = BRI[K=11 /

(MIF" ABS(F(K=1,X)) > MACHTOL MTHEN® F(K=1l,X)
MELSEM WIFM F(K=1,X) <= { "THEN" =MACHTOL
RELSE™ MACHTOL)s K = 25, o o o sN»

WHERE MACHTOL EOQUALS eMLOY * EMI1),
USING THE STURM SEQUENCE PROPERTY OF (F(KsX))s K=1s25s0esNs WE CAN

LOCATE THE DESIRED FEIGENVALUES BY MEANS OF THE PROCEDURE ZERNIN
{SECTION %Heleloel)e FOR FURTHER DETAILS SKE REF[11, REF[21.
SUBSECTION: VECSYMTRI,
CALLING SEQUENCE:

THE HEADING 0OF THE PROCEDURE IS:

WPRNCEDURE" VECSYMTRI(D, By Ny N1, N2s VAL, VEC, £M)3
"VALUE®™ N, N1, N23 MINTEGER™ N, N1, M23

WARRAYW D, By VALs VEC, EM3

THE MEANING 0OF THE FORMAL PARAMETEPS ISt

Ng

Ds

B

N1s

VAL

VEC?

EMs

N2s3

CARITHMETIC EXPRESSINN>S

THE ORDER OF THE GIVEN MATRIXS

<ARRAY IDENTIFIER>;

HARRAY" DIL18N1,

ENTRY: THE MAIM DIAGONAL OF THE SYMMETRIC TRIDIAGNMAL
MATRIX;

<ARRAY IDENTIFIER>;

MARRAY®" BL13N1g

ENTRY: THE CODIAGONAL OF THE SYMMETRIC TRIDIAGANAL MATRIX
FOLLOWED BY AN ADDITIONAL ELEMENT O3

<ARITHMETIC EXPRESSION>:

LOWER AND UPPER BOUND OF THE ARRAY VAL (SEE ALSD METHOD AND

PERFORMANCE ) s

<ARRAY IDENTIFIER>S

WARRAY® VALON1EtN21s

ENTRY: A ROW OF NONINCREASING FIGENVALUES AS DELIVERED RY
VALSYMTRIS

<ARRAY IDENTIFIER>;

MARRAY®™ VECT1sNsN13N21s

EXITe THE EIGENVECTORS CORRESPONDING WITH THE GIVEN
EIGENVALUES (SEE ALSO METHOD AND PERFIRMANCE)S

<ARRAY IDENTIFIER>;

MARRAY®™ EM[019];

ENTRYe EMIO01s THE MACHINE PRECISION,
EMI11, A NORM NF THE GIVEN MATRIXs
EML4], THE DRTHOGONALISATION PARAMETER (SEE ALSOD

METHOD AND PERFORMANCE),
EM[A)y, THE RELATIVE TOLERANCE FOR THE EIGENVECTNRS,
EMIB], THE MAXIMUM NUMBER OF ITERATIONS ALLOWED
FOR THE CALCULATION OF EACH EIGENVECTOR:
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EXITs EMPS], THE NHUMBEP OF EIGENVECTORS INVOLVED IN THE
LAST GRAM=SCHMIDT ORTHOGONALISATION (SEE
METHOD AND PERFORMANCE),
#M077, THE MAXIMUM EUCLIDEAN NORM NF THE RESIDUES,
EME9Ts, THE LARGEST NUMBER OF ITERATIONS PERFORMED
FOR THE CALCULATION OF SOME EIGENVECTOR (SEF
METHOD AND PERFORMANCE).

PROCEDURES USED:

VECVEC - CP34010,
TAMVEC = CP34012>»
ELMVECCOL= CP34021,

REQUIRED CENTRAL MEMORYS
EXECUTION FTELD LENGTH: FIVeE AUXILIARY ONE~DIMENSIONAL REAL ARRAYS
AND (ONE BOOLEAN ARRAY, ALL OF LENGTH Ns ARE USED,

RUMNING TIMEs THE PROCESS IS OF ORDER N FOR EACH EIGENVECTOR.

LANGUAGE 3 ALGOL 6.

METHNOD AND PERFORMANCES
AN EIGENVECTOR OF A SYMMETRIC TRIDIAGONAL MATRIX T, CORRESPONDING
TN AN EIGFNVALUE LAMBDA, IS CALCULATED BY MEANS 0OF INVERSE
ITERATION: T.Es STARTING FROM SOME TNITIAL VECTOR X» THE LINFAR
SYSTEM (T = LAMBDA #* I)Y = X IS SOLVED ITERATIVELY, THE SOLUTION Y
DIVIDED BY ITS EUCLIDEAN NORM REPLACING X EACH TIME.
IF THE DISTANCEZ BETWEEN SOME  APPROXIMATE EIGeNVALUES TS SMALLER
THAN MACHTOL (=EMIGT * EML11), THEN THEY ARE SLIGHTLY MODIFIED SUCH
THAT THE DISTANCE BETWEEN THEM EQUALS MACHTOL. IF THE DISTANCE
BETWEEN SOME  ZSIGENVALUES IS SMALLER THAN THE ORTHOGONALISATION
PARAMETER (=EM[4]) TIMcS EMIYY» THEN IN EACH ITERATION STEP GRAM=
SCHMIDT ORTHNGONALISATION IS CARRIED 0OUT, SO THAT THe £IGENVECTORS
OBTAINED ARE ORTHOGONAL MWITHIN WORKING PRECISION, THE ITERATION
ENDS AS SOON AS EITHER THE EUCLIDEAN NORM OF THE RESIDUE IS SMALLER
THAN EMI1] * EML63, OR THE MAXIMUM ALLOWED NUMBER OF ITERATIONS
(=EM{81) HAS BEEN PERFORMED. IN THE LATTER CASE EMI[9Js= EMIB] + 1.
IF N1 > 1, THEN VECSYMTRI SHOULD BE PRECEDED BY ONE OR MORE CALLS
NF VECSYMTRI PRODUCING A NUMBER OF EIGENVECTORS CORRESPONDING TO
TH¥  PRECEDING EIGENVALUES., MODREOVER ONE MUST GIVE EMIB1, AS
PRODUCED BY THE LAST CALL OF VECSYMTRI: THE K=TH T0 N2=TH
EIGENVALUES, WHERE K = N1 = EMI5]s MUST BE GIVEN IN ARRAY VALLK:IN2]
IN MONOTONICALLY NONINCREASING ORDER (THE Ke=TH TO (Nl=1)=TH
EIGENVALUES BEING NEEDED FOR THE MODIFYING MENTIONED ABAVEYs AND
THE CORRESPNNDING EIGENVECTORS UP TO THE (Nl=l)=TH (YYICH ARE
NEEDFD FOR THE GRAM=SCHMIDT ORTHOGONALISATION) IN THE CORRESPONDINA
COLIIMNS DF ARRAY VEC[LsNsKiIN21,
THE TOLERANCES SHOULD SATISFYs EMIOT ( < EMI23) < EM{6] AND
EMT4Y >= EMICT / EMIG61., FOR FURTHER DETAILS SEE REFD1J.
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SUBSFCTIONt QRIVALSYMTRI.
CALLING SEQUENCE:
THE HEADING NF THF PROCEDURE ISt
WINTEGERY YPROCEDURE®™ QRIVALSYMTRI(D, BB, Ns EM)3
PYALUE® N3 MINTEGER® N3 WARRAY® D, BB, EM3
THE MEANING NF THE FORMAL PARAMETERS ISt
M3 CARITHMETIC EXPRESSION>;
THE DRDER OF THE GIVEN MATRIX:
D <ARRAY IDENTIFIER>$
WARRAY" DL1:N1s
ENTRY: THE MAIN DIAGONAL OF THE SYMMETRIC TRIDIAGONAL
MATRIX3
EXIT: THE FIGENVALUES OF THE MATRIX IN SOME ARBITRARY
ORDERS
3R <ARRAY IDENTIFIER>3
NARRAYY BBL1:N]1;
FNTRY: THE SQUARES OF THE CODIAGONAL ELEMENTS OF THE
SYMMETRIC TRIDIAGONAL MATRIX FOLLOWED BY AN
ADDITONAL ELEMENT 03
eXIT3 THE SQUARES OF THE CODIAGONAL FLEMENTS OF THF
SYMMETRIC TRIDIAGONAL MATRIX RESULTING FRDM THE QR
ITERATIONS
EM? <ARRAY IDENTIFIER?>s
WARRAY" £MIG15]3
ENTRY: EMIGI, THE MACHINE PRECISION;
ZMC11, A NORM OF THE GIVEN MATRIX:
EM[2), A RELATIVE TOLERANCE FOR THE EIGENVALUESS
EML4)s THE MAXIMUM ALLOWED NUMBER OF ITERATIONS:
FXIT: EMC31, THE MAXIMUM ABSOLUTE VALUE OF THE CNDIAGONAL
. ELEMENTS NEGLECTEDS
EMC5), THE NUMBER OF ITERATIONS PERFORMED,
MOREOQVER®
QRIVALSYMTRI:= THE NUMBER OF ETGENVALUES NOT CALCULATED,

PROCEDURES USED:
RUNNING TIME:

LANGUAGF s

NONE o

THE PROCESS IS OF ORDER N SQUARED,

ALGOL A0,



SECTION 3e3.l.lel (DECEMBER 1975) PAGE 6

METHOD AND PERFNRMANCE?
IN QRIVALSYMTRI THE EIGEMVALUES 0OF A SYMMETRIC TRIDIAGONAL MATRIX
ARE CALCULATED BY MFANS OF QR=ITERATION. FOR THIS PROCEDURE WE USED
ESSENTIALLY THE SQUARE=ROOT=FREE VERSION OF THE QR ALGORITHM DUE TO
REINSCHI3],
IN ADDITION TO THE RELATIVE ERRORs WHICH IS SUPPOSED TO B% RMNUNDED
BY EML1] # FML21 (T.E, MATRIX NORM TIMES RELATIVE TOLERANCE)», THE
CALCULATED EIGENVALUES HAVE AN ABSOLUTE ERROR WHICH IS BOUNDED RY
BY EMLOT * FMI1] (TeEa MACHINE PRECISION TIMES MATRIX NORM).
IN PARTICULARs WHEN SOME EIGENVALUES ARE VERY SMALL COMPARED TO THE
MATRIX NORM, THE ACCURACY OF THE CALCULATED EIGENVALUES CANMN BE
IMCREASED BY GIVING EMLG] A (PDSITIVF) VALUE WHICH IS LESS THAN
THE MACHINE PRECISION,
A PARTICULAR CHOICE OF EMIQ] IS HARMLESS FOR THE PROCEDURE
PROVIDED THAT FOR EACH I THE CALCULATION nf BBLI1 / EMIOY #% 2
CAUSES NO OVERFLOW AND THE CALCULATION OF (EMLG] * EMIL1]) % 2
CAUSES N UNDERFLOW.
ONE SHOULD NOTICE THAT THE NI'MBEP OF QR ITERATIONS INCREASES BY A
SMALLER CHOICE OF EMI0],.
FOR FURTHER DETAILS SEE [23s [31,

SUBSECTION: QRISYMTRI.

CALLING SEQUENCE:
THE HEADING 0OF THE PROCEDURE ISt
WINTEGER® “PROCEDUREM™ QRISYMTRI(A», Ns» D» Bs BB, EM)3
PVALUE® N3 WINTEGER™ N3 ¥ARRAY™ A, D, Bs BBy &M3

THE MEANING NF THE FORMAL PARAMETERS ISt

Ng <ARITHMETIC ZXPRESSION>3
THE NRDER OF THE GIVEN MATRIX3
D3 <ARRAY IDENTIFIER>3

MARRAY® DL1:N1;
ENTRY: THE MAIN DIAGONAL OF THE SYMMETRIC TRIDIAGONAL

MATRIXS
EXIT: THE EIGENVALUES OF THE MATRIX IN SOME ARBITRARY
ORDERS
Bt <ARRAY IDENTIFIER>3

WARRAY? BLL1etNTs

ENTRY: THE CODIAGONAL OF THE SYMMETRIC TRIDIAGONAL MATRIX
FOLLOWED BY AN ADDITIONAL ELEMENT 03

FXIT: THE CODIAGONAL OF THE SYMMETRIC TRIDIAGONAL MATRIX
RESULTING FROM THE QR ITERATION, FOLLOWED BY AN
ADDITIONAL ELEMENT O3

BB1 <ARRAY IDENTIFIER>;

HARRAY™ BBL1EN];

ENTRY: THE SQUARED CODIAGOMAL ELEMENTS OF THE SYMMETRIC
TRIDIAGONAL MATRIX» FOLLOWED BY AN ADDITINNAL
ELEMENT O3

EXITs THE SQUARED CODIAGONAL ELEMENTS OF THE SYMMETRIC
TRIDIAGONAL MATRIX RESULTING FROM THE QR ITERATIONS
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At <ARRAY IDENTIFIER>;
WARRAY" AF18Ns13N13
ENTRY® SOME MATRIX S» SAY, (POSSIBLY THE IDENTITY MATRIX):
eXITe THE EIGENVECTORS DF THE ORIGINAL SYMMETRIC
TRINIAGONAL MATRIX, PREMULTIPLIED BY S (SEE METHOD
AND PERFORMANCE)s
EMe <ARRAY IDFNTIFIER>}
MARRAYM {MLOS5]3
ENTRY: EM[O], THE MACHINE PRECISION:
£MI13, A NORM NF THE GIVEN MATRIX?
EME21, A RELATIVE TOLERANCE FOR THE QR ITERATIONS
EM[41, THE MAXIMUM ALLOWED NUMBER OF ITERATIONSS
EXIT: EML31, THE MAXIMUM ABSOLUTE VALUE OF THE CODIAGNNAL
ELEMENTS NEGLECTEDS
EMI51s THE NUMBER OF ITERATIONS PERFORMED,

MOREDVER?:
QRISYMTRI = THE NUMBER OF EIGENVALDES AND =VYECTORS NOT
CALCULATED.
PROCEDURES USED:
ROTCOL = CP34340,
RUNNING TIME: THE PROCESS IS OF ORDER N CUBED,

LANGUAGE ¢ ALGOL 69,

METHOD AND PERFAIRMANCE:
IN QRISYMTRI THE EIGENVALUES AND EIGeNVECTORS OF A SYMMETRIC
TRIDIAGONAL MATRIX ARE COMPUTED SIMULTANEOQUSLY.
IN MOST APPLICATIONS QRISYMTRI IS USED IN THE COMPUTATION OF
EIGENVALUES AND «=VECTORS OF A GENERAL SYMMETRIC MATRIX (SFE QRISYM
SECTION 34301e1s2)% IN THAT CASE ARRAY A IS INITIALLY GIVEN THE
VALUE OF THE TRANSFORMING MATRIX (TFMPREVEC SECTION 3e2ele20lelde
FOR THE COMPUTATION OF EIGENVALUES AND EIGENVECTNRS OF A SYMMETRIC
TRIDIAGONAL MATRIX, ARRAY A HAS TO BE INITIALIZED TO THS IDENTITY
MATRIXs THE AVERAGE NUMBER OF ITERATIONS IS ABOUT 3Ne WHEN THE
PRNCESS IS COMPLETED WITHIN EML4] ITERATIONS, THEN OQRISYMTRIs= 93
OTHERWISE QRISYMTRI®= THE NUMBER, Ky 0OF EIGENVALUES NOT CALCULATED,
EM[5]s= EMI[4] ¢ 1 AND ONLY THE LAST N =« K ELEMENTS OF D AND THE
LAST N = K COLUMNS NOF A ARE APPROXIMATE EIGENVALUES AND =VECTORS
RESPECTIVELYs OF THE ORIGINAL MATRIX.
FOR FURTHER DETAILS SEE REF[11, REFL27,.
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REFERENCESS
ra DEKKERs Tedo AND HOFFMANN, Wa
ALGOL 66 PROCEDURES IN NUMERICAL ALGEBRAs PART 25
MATHEMATICAL CENTRE TRACTS 23,
MATHEMATISCH CENTRUM, AMSTERDAM, 19683

£21 WILKINSON» JeHe
THE ALGEBRAIC EIGENVALUE PROBLEM,
CLARENDON PRESS», OXFORD 1965

31 REINSCH, CHR.Ho, ‘
A STABLE, RATIONAL QR ALGORITHM FOR THE COMPUTATION NF THE
EIGENVALUES OF AN HERMITIAN, TRIDIAGONAL MATRIX.
MATH, OF COMPeo VOL 25(1971) PP. 591=597,

EXAMPLE OF USF:
THE FIRST AND SECOND EIGENVALUE IN MONOTONICALLY NON=INCREASING
ORDFR  AND THE CNRRESPONDING EIGENVECTORS 0OF T, WITH N = & AND
TCI>JY = BIF® I = J HTHEN® 2 NELSE® WIFW ABS(I = J) = 1 STHENW = 1
WELSEY U, MAY BE OBTAINED BY THE FOLLOWING PROGRAM:

nBEGINY
WINTEGER" J3
WARRAY® B, D[1241, BBL1:3]s VAL[1821, EMIO3G1, VEC[114,1321:
"PROCEDURE™ VALSYMTRI(D, BB, N» Nls N2, VAL, EM)3 ™CODE®™ 341513
WPRNCEDUREN VECSYMTRI(DsBsNsN1sN2s VAL, VEC, EM)S WCONEM 341523

EM[OTt= Pmlsd; FMI1l1tm 43 EM[213s M=]2g
FMT418tm "e33 EMIHJ3= M=]1Q3 EM{BIt= 53
MEORM Je= 1, 25 35 4 "DO® D[JIt= 23 B[478= {3
WEQRM J3= 1, 2, 3 ®DOW
WBEGIN® BBRLJ1s= 15 BLJ)s= =1 PENDW;
VALSYMTRI{D» RBBs 4, 1» 25 VAL, EM)S
VECSYMTRI(D, Bs 4» Ls 25 VALs VEC, EM)3
QUTPUT(6L, "(W2(+,13D%+2Ds 2B)s 2/7)V, VALL[11ls, VALL[2])3
NEORY Jts 1, 2, 3, 4 "DOW
QUTPUTIAL, W{N2{4,13D"4+2D» 2B), /%)%, VEC[Jr11, VECL[J»27):
OQUTPUT(ALs W(M/s o,2D"+2Dy» /» 3(2ZDs 1)M)H,
EML71, EMI31, EMIL5], EM[9])
"END"

THE PROGRAM DELIVERS?H

THE EIGENVALUES: +.3618033988751%+R1 +,26180339887501+01

THE EIGENVECTORS: +037174R80344602"400 +.6015009550075"+00
+.6015009550075%+00 +.3717480344602"+00
+o6U1500955C0T5M400 =o37174R03464602M+00
+03717480G344602M4+00 =0 6)15(095500T51+00

EMI7] = o,15%=]11

EMI3] = 24
EMIBY = )
EMISY = 1
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SOURCE TEXT(S)s

WCODE™ 341513
MCOMMENT® MCA 2311:
UPROCEDURE™ VALSYMTRI(D, BBs N» N1, N2, VAL, EM)3
MVALUE®™ Ns N1s N2
WINTEGER" Ns N1, N23 MARRAY"™ D, BB, VALs EM3
MBEGINY “INTEGERM™ K, COUNTS
MREAL™ MAX» X» Ys MACHEPS, NORMs REs MACHTOL, UB» LBy, LAMBDAZ

WREALY™ "PRNCEDURE®™ STURM3
WBEGIN® WINTEGER™ Py, I3 MYREALY F3
COUNTs= COUNT + 13 :
Pt= K3 Fs= D[1] = X3
WENRW Tes 2 MSTEP™ 1 WUNTIL™ N "DOW
NBEGIN® MIFM F <= (O WTHEN®
WBEGIN" Pt= P + 13
NIFW P > N MTHEN® “GcOTO™ NUT
MENDR
WELSE® HIF® p < T = 1 NTHEN®
WBEGINT LBs= Xg "GOTO" OQUT “ENDM3
WIFM ABS(F) < MACHTOL PTHENW®
Fi= WIFN F <= ) MTHEN® « MACHTOL PMELSE®™ MACHTOL:
Fgs DII] = X = BBLI = 11 / F
HEND3
WIFN P = N MORY F <= § "THEN®
WREGIN® WIF® X < UB WTHEN® UBs= X WEND™ ®ELSE"™ LBt= X3
NDUT: STURMt= WIFH P = N WTHEN®™ F WELSEM™ (N = P) # MAX
WENDW STURM;

WBNNLEANY WPROCEDURE®™ ZERDIN(X, Ys FX, TOLX)3 MCODEW341503

MACHEPSt= EM[iJs NORMt=s EMC11; RE:= EMI213
MACHTOLS= NORM % MACHEPSt® MAXt= NORM / MACHEPSs COUNT:s= (i3
UBt= 1,1 * NORM3 LBt= = UB3 LAMBDAt= UB3
WEORY® Ks= N1 MSTEP® 1 MUNTIL™ N2 npnn
WBEGTN™ X2= LB3 Yi=s UB$ LBi= =1,1 * NNRMS
ZEROIN(Xs Ys» STURM» ABS{X) * RE 4+ MACHTOL)3
VALIK)Is= LAMBDA:= MIF®" X > [ AMBDA "THENY LAMBDA MELSE" X3
WIF® UB > X W"THEN®™ UBs=s WIF® X > Y WTHEN® X WELSE®™ Y
PEND";
EMI31:= COUNT
VENDY VALSYMTRIS
HEOP
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#CODFEY 361523

BCOMMENTY MCA 23,23

"PROCEDUREM VECSYMTRI(Ds, By Ns N1s M2, VAL, VEC, EM)3

WYALUE™ Ny N1, N23

WINTEGER™ No N1, N2: WARRAY® Dy, B, VALy VECs, EM3

WBEGIN® MINTEGERM™ I» Js» Ko COUNT, MAXCOUNT, COUNTLIM, ORTH, IND3
"REALY BIs, BIls Us Ws Ys MIls, LAMBDA, OLDLAMBDA» ORTHEPS,
VALSPREADs SPRs RES, MAXRES, DOLDRES», NMRMs NEWNORMs DLDNDRM,
MACHTOLs VECTOLS
WARRAY™ M, Py, Qs Ry X[13N1s
WBODLEANY WARRAY® INTLL1:NI;

WREAL® "PROCEDURE®W VECVEC(Ls Us SHIFTs Ay B)s ¥WCODE® 34(C1f0s
WPROCEDURE™ ELMVECCOL{L, Us I, As 8, X)3 WCODEY 34U21:
WREAL® WPROCEDURE® TAMVEC(L, Us Is A, B)s WCODE"™ 34ul2;

NORMt= EM[133 MACHTOLS= EMIQ] * NORM3 VALSPREADEI= EM{4] % NNRM3
VECTOLs= EMIO6T & NORM3 COUMTLIMte EMLRI: ORTHEPSt= SORT(EMLGY):
MAXCOUNTs= IND3= N3 MAXRES:= (3
HIF® N1 > 1 WTHEND
WBEGINY NRTHS= FMISTs OLDLAMBDAs= VALIN1 = ORTHIS
BEORY Kiam N1 = ORTH 4 1 WSTEP® 1 #UNTIL® N1 = 1 »pOw
MBEGIN® { AMBDAz= VALIK]; SPR:= DLDLAMBDA = LAMBDAS
NIFN" SPR < MACHTNL PTHEN" LAMBDAS= QLDLAMBDA = MACHTOL:
ALDLAMBDAs= LAM3DA
WENDY
MENDYM WELSE®™ ORTHt= 13
WEOR® Ket= N1 ®STEP® 1 WUNTIL® N2 #pO#
NBEGTNY LAMBDAt= VALLKI; M"IFM™ K > 1 "THENW
HBEGIN® SPRt= (OLDLAMBDA ~ LAMBDAS
BIF" SPR < VALSPREAD MTHENY
NREGINY MIFW SPR < MACHTOL WTHENW
LAMBDAt= JLDLAMBDA = MACHTILS
ORTH3= ORTH +1
WEND® WE|LSE® ORTHs= ]
NENDYS
COUNT3s 03 Uss DC1] « LAMARDA3 BIt= Wi= B[1]s
WIF" ARS(BI) < MACHTOL ®THEN® RIz= MACHTOL:
WEOR® Jgm 1 WSTEPM 1 WUNTIL® N = 1 ®DOW
WREGINY BIls= BLI + 113
WIFH ARS(BI1) < MACHTOL “THEN® BIll:a MACHTOLS
PIFW ABS{BI) >= ABS{U) ®THEN®
HREGIN® MIls= M[I 4 1Jt= U / BIs P[Ils= BIs
Yt= Q[{IJt= DI[I 4+ 311 ~ LAMBDA; R[IJt= BIls
Ute W = MI] % Y3 Ws=m - MT1 % BIls INTL[Ilt= ®TRUE®
nENDY
WELSEY
WBEGINY MIls= MLI + 138= BY / Us P{IJt= Us QlTJt= Wg
RIIJt= 03 Us= DI[I + 11 = LAMBDA = MI1 % WiWi= BT1s
INTCIde= ®FALSE®
WENDM g
X[{Ilt= 13 BIt= BI1
WENDY TRANSFORM
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*

PINJs= WIFN ABS(U) < MACHTOL ®THENY MACHTOL MELSEY Ug
OLNJts RINT8=s O3 X[MYs= 13 "GOTO" ENTRY:
ITERATES Wim XC113
WEQRM T:= 2 MSTEPW 1 MINTIL® N wnOw®
WBEGIN® HIFW INTLI = 11 WTYEND
WREGIN® Ut= W3 Wis= X[I = 11s= X[I] ®ENDW
NELSED Uts XCI); Wee XCITiw I} = MLID % W
NENDY ALTERNATES
ENTRY: Ut= Wiz 03
NEORM Itm N MSTEPW =31 ®WUNTIL® 1 wppw
MBEGIN® Yi= Uz Ut= XTTIt= (X[I1 = Q[X1 # U = RCIT * W) /
PrIYs Wem Y
NENDY NEXT ITERATIONS
NZWNNRMea SORT{VECVEC(1s Ns Os X» X))$ ®IFW ORTH > 1WTHENY
WBEGINY OLDONDRMt= NEWNQORMS3
WEORY Jts K = ORTH + 1 M"STEPM™ 1 WUNTILY K = 1 ®wpgn
ELMVECCOL(ls N» Js X» VEC» =TAMVEC(1, Ny Js VEC, X))%
NEWNORM2= SORT(VECVEC(1s Ns 0s X» X))
WIFW NEWNORM < ORTHEPS * OLDNORM WTHENW
HBEGIN® INDt=s IND + 13 COUNTt= 13
WEAR® I3= 1 WSTEP® 1 WUNTIL® IND = 1,
IND 4+ 1 ®STEP™ ) MUNTIL™ N #DO™ X[I)t= &3
XCINDIs= 1§ "IF® IND = N WTHEN® INDi= Q3
wGATO® ITERATE
WENDY NEW START
NENDM® ORTHIGONALISATIONS
RESt= 1 / MEWNDORM3 WIFM RES > VECTOL "OR™ COUNT = O WTHEN®
NAEGINY COUNT:= COUNT + 13 “IF" COUNT <= COUNTLIM WTHEN®
WREGIN® WEMNRM Itm ] PSTEPW 1 WUNTIL® N wpow
XCIlta XLIJ * RES$ "WGQOTOM ITERATE
"END"
NENDWS .
WFORM I3a 1 WSTEP® 1 MUNTIL™ N ®WDO® VECFI,Klte X[TI] % RESS
WIFN COUNT > MAYCOUNT WTHENW MAXCOUNT:= CDUNTS
WIFN RES > MAXRES WTHEN® MAXRES$= RES$ NLDLAMBDAt= LAMRDA
PENDWS
EMCS51t= ORTH; EMC71t= MAXRES: EMI91te MAXCOUNT
MENDY VECSYMTRIS
!IEOP"
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WCODEY 34616643
WINTFGERM M"PROCEDURE® QRIVALSYMTRI(D, RBs Ny EM): MVALUE® N3
NINTEGER®" Ng WARRAY®™ D, BB, EM3
HBEZGIN® WIMTEGER® Is Ils LOWs OLDLOWs N1, COUNT, MAX:
WREAL®™ BBTOLs, BBMAY, BBI, BBN1s MACHTOL» DN» DELTA», Fs NUM»
SHIFT» Gos Hs Ts P» R» S» Cs DLDGH
RBTOLs= (£M[2] * EMLL1]) *% 2: MACHTOLs= EM[S] * ZMI1Ts
MAXt= EMF41; BBMAX:= 03 COUNTt= {13 NDLDLOWE= N3
WEAORM Nlge N = 1 WWHILE® N > O upOw
WRBEGINY
HEORY Tsm N I = 1 ®WHILE®W (WIF® T >= 1 WTHEN®
BBLI1 > BATNAL WELSE® MFALSE®) #DO® LOWi= I3
WIFN LOW > 1 NTHEN® NREGINY #IF# BRILOW=11 > BAMAY ®THENW
BRRMAX:t= BRILOW=1] MENDR
HIFY LOW = N PTHEN® Ni= N1 "ELSE®
NBEGIN® DNe= DIN]1; DELTAt= DIN1] = DN3
BBNit= BBLN1J;
WIFH ABS{DELTA) < MACHTOL ®THEN®™ Ri= SQRT(BRN1) MELSE®
WREGIN®
Fs= 2 / DELTA; NUMt= BBN1 * Fg
Ri= «NUM / {SQRT{(NUM * F + 1) + 1)
NENDMS
HIFY |NW = N1 WTHENW®
MREGIN® DINJt= DN + R3 DINl1etas DIN1] = R3 Nitm N = 2
WENDY
WELSEN
WREGINY COUNTs= COUNT + 13
WIF® COUNT > MAX WTHEN® nGOTO™ ENMND$
WIFH LOW < JOLDLCW PTHENY®
WBEGINT SHIFTt= Q3 OLDLOWs= LOW ®END™
BELSEM  SHIFT:= DN 4 R:
Hi= DLLOV] = SHIFT:
HIFM® ABS{H) < MACHTAL WTHEN® Hsz=s HIF®W 4 <s 7 WTHENW
=MACHTOL "ELSE"™ MACHTOL:
Gs= Hi Tt= G * H3
BBIs= BBLLOWIs Ps= T + BBI3 Ilt= LOWS
WEOR® 3= LOW + 1 BSTEP™ 1 WUNTIL® N wpQ®
WBEGIN® Si= BBI / P3; Ct= T / P3
His DII] = SHIFT = BBI / H3
RIFN ABS(H) < MACHTOL ®THEN® Hie WIF® 4 <= 0
UTHENY «MACHTOL MELSE™ MACHTOLS
OLDGe= G3 Gs= H & C3 Tse G & H}
DLI1ls= OLDG = G + DLIIs
BBIt= MNIFM I = N WTHENW O WELSE®W BBII1:
Pt= T 4+ RRIs BBL{Illse S * Pg Ylt= T
NENDT
DINIt= G + SHIFT
MENDY QRSTEPD
HENDY
NENDN;
END® EMI31s= SQRTI{BBMAX)}3 EMIS5Js= CNOUNT3s ORIVALSYMTRIt= N
PEND® QRIVALSYMTRI:
wgopn
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WCADE™ 34161
WCOMMENTH® MCA 23213
WINTEGERM WPROCEDURE™ QRISYMTRI(As Ny Ds» Bs BB, EM)3 WVALUEY N3
WINTEGERM N: "ARRAY®™ A Dy B, RBs, EM3
WBEGIN® MINTEGER™ I» Js J1ls Ks Ms M1, COUNT, MAXS
HREAL® BBMAXs Rs S» SINs T» Cs COS, OLDCOS, Gs Ps We TOLs, TOL2»
LAMBDAy, NDK1, Ad» Al

WPROCEDURE'™ ROTCOL(Ls, Us Is Js As C» S)s ®"CODE™ 340403

TOLs= EMF21 % EMT11; TOL2t= TOL * TOLs COUNT:= {3 BBMAXI= (33
MAXs= EM[&1s Mi= N3 :
IMg Ki=s M3 Mlis M = Jg3
NEXT: Kte K = 13 MWIFW K > 0O WTHENY
NREGIN® WIFM RBLK] >= TOL2 WTHEN® “WGOTO® NEXTs
WIF® BBLKI > BBMAX MTHEN® BBMAXs= BBIK]
WENDMS
WIFM K = M1 "THEN® Mt= M] WELSEW
WREGINW
Tsa NDIM] = D[M1]s5 Rs= BBIM11s
NIFN ABS(T) < TOL MTHEN™ S:= SQRT(R) ®ELSE"®
WBEGIN® Wewe 2 / T3 Ss= W % R / (SORT{W * W * R + 1) + 1)
HENDWE AIF® K =2 M = 2 WTHEMW
NRBEGIN® DCM1s= DLMY 4+ Ss D[M1l:= DLCM1] -~ St
Te= = S / BLM11s Rt= SQRT(T #* T 4+ 1)3 COSs= 1 / R3
SINt= T / R3 ROTCOL(1IsN>MLIsMsAsCOSsSIN); Mtm M = 2
IlEN[)"
nELSEY
WREGIN® COUNTs= COUNT + 13
WIFN COUNT > MAX MWTHEN® wGQTOY END;
LAMBDAs= DIN] + S3 HIFM ABS(T) < TOL ®THEN®
PRBEGIN® Wie DLM1] = S3
NIFW ABS(W) < ABS(LAMBDA) MTHEN" LAMBDAt= ¥
nENDn;
Kt=s K ¢ 13 Tt= DIK]1 = LAMBDA3 COSs3e 13 Wi= BTKI1s
Pi=z SQRT(T * T + W * W); Jli= K3
REORM Jt=s K 4+ 1 WSTEPW 1 MWUNTIL® M ®pOw
WBEGIN® OLDCOSs= COSs COSs= T / P3 SINs= W / P3
DK1t¢= D[J] = LAMBDA; Tt= DLDCOS * T3
DCJ13s= (T + DK1} % SIN & SIN 4+ LAMBDA + Tt
Ts= COS * DKl = SIN % W * OLDCOSs Ws= BLJ1s
Pta SQRT(T * T + W #* W): Gt= BL[J1lli= SIN * Pg
BBlJ1lt= G * G3 ROTCAL(L, Ms J1s Js As COSs, SINIS
Jitm J
"FND";
DfMIss COS *# T + LAMBDAg "WIFW T < {3 HTHENY BLM11tm = G
NEND® QRSTEP
MEND 3
RIFN M > 0 RTHEN® ®GOTO" INS
ENDt EM[313t= SORT(BBMAX)3 EM[51t= COUNT3 QRISYMTRIst= M
WEND® QRISYMTRI:
nENp W
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BRIFF DESCRIPTIONS
THIS SECTIDN CONTAINS SEVEN PROCEDURES.
A) FIGVALSYMYI AND FEIGYALSYM2 CALCULATE ALL EIGENVALUES, OR SOME
CONSECUTIVE =IGENVALUSS INCLUDING THE LARGEST» OF A SYMMETRIC
MATRIX USING LINEAR INTERPOLATION ON A FUNCTION DERIVED FROM A
STURM SEQUEMNCES
B) £IGSYM1 AND EIGSYM2 CALCULATE THE CORRESPONDING EIGENVECTNRS
AS WELLs BY MEANS OF IMVERSE ITERATION,
C) ORIVALSYML AND QRIVALSYMZ2 CALCULATE ALL CSIGENVALUES OF A
SYMMETRIC MATRIX BY MEANS OF QR ITERATIONs
D) QRISYM CALCULATES ALL EIGENVECTORS AS WELL IN THE SAME TTERATION
PROCESS,
EIGVALSYMI, EFIGSYMI AND QRTIVALSYM1 USE IONAL ARRAY FOR
THE GIVEN SYMMETRIC MATRIX; THE OTHER PROCEDURES EXPECT THE MATRIX
TO BE STORED IN MARRAYW,
QRISYM DELIVERS THE EIGENVECTORS IN THE ARRAY THAT WAS USED FNOR THE
ORIGINAL MATRIX IN CONTRAST WITH EIGSYML AND £IGSYM2 WHICH DELIVER
THE EIGENVECTORS IN AN EXTRA ARRAY. .
WHEN ALL EIGENVALUES HAVE TD 3E CALCULATED, THE PROCEDURES USING QR
ITERATION ARE PREFERABLE WITH RESPECT TO THEIR RUNNING TIME, WHEN
ALSD THF EIGENVECTORS HAVE TO BE CALCULATED THE PROCEDURES USING
INVERSE ITERATION ARg FASTER3 HOWEVERs THE NNT USING QR ITERATINON
USES LESS MEMORY SPACE.

KEYWORDS ¢
EIGENVALUESS
EIGFNVECTORS»
SYMMETRIC MATRIX,
STURM=SEQUENCE »
INVERSE ITERATIONS
QR ITERATION.
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SUBSECTION: FIGVALSYM2.

CALLING SEQUENCE:
THE HEADING NOF THE PROCEDURE ISt
MPROCEDURE™ EIGVALSYMZ(As N» NUMVAL, VAL, EM);
HYALUE® Ns NUMVALS MINTEGER™ N, NUMVAL3 WARRAYM™ A, VAL, EM3

THE MEANING OF THE FORMAL PARAMETERS ISs
N3 <ARITHMETIC EXPRESSION>S
THE ORDER OF THE GIVEN MATRIX:
NUMVAL3 <ARITHMETIC EXPRESSION>;
THE SERIAL NUMBER OF THF LAST EIGENVALUE TO BE CALCULATED:
As CARRAY IDENTIFIER>S
MARRAYY™ AL13N,4L2N13
ENTRY: THE UPPER TRIANGLE OF THE SYMMETRIC MATRIX MUST BE
GIVEN IN THE UPPER TRIANGULAR PART OF A (THE
ELEMENTS ALIsJ1s I<= J)3
EXIT: THE DATA FOR HOUSEHOLDER'S BACK TRANSFORMATINN
(WHICH ISN'T USED 8Y THIS PROCEDURE) IS DELIVERED
IN THE UPPER TRIANGULAR PART OF A
THE BLEMENTS ALI»J) FOR I > J ARE NEITHER USED NOR CHANGEDS3
VAL <ARRAY IDENTIFIER>;
WARRAYM™ VALT1:NUMVALIS
EXITs THE NUMVAL LARGEST EIGENVALUES IN MONOTONICALLY
’ NON=INCREASING DORDERS
EMe <ARRAY IDENTIFIER>;
WARRAY® EM[023]3
ENTRY: EMUQJI, THE MACHINE PRECISION,
EMI21, THE RELATIVE TOLERANCE FOR THE EIGENVALUESS
EXITs EML11, THE INFINITY NORM OF THE ORIGINAL MATRIY,
EML3], THE NUMBER aOF ITERATIONS - USED FOR
CALCULATING THE NUMVAL EIGENVALUES.

PROCEDURES USED:
TFMSYMTRI2 = CP34149Q,
VALSYMTRI = CP34151.

REQUIRED CENTRAL MEMORYs
EXECUTION FIELD LENGTH:
THREE ONE=DIMENSIONAL REAL ARRAYS OF LENGTH N ARE USED,

RUNNING TIMES
ROUGHLY PROPORTIONAL TO N CUBED.

LANGUAGFE s ALGOL 68.

METHOD AND PERFORMANCE:?
THE BODY OF FIGVALSYM2 CONSISTS OF TWO PROCEDURE STATEMENTS3 THE
FIRST IS A CALL OF TFMSYMTRI2 TO TRANSFORM THE SYMMETRIC MATRIX
INTO A SIMILAR TRIDIAGONAL MATRIX BY MEANS OF HOUSEHOLDER'S
TRANSFORMATION: THE SECOND IS A CALL OF VALSYMTRI TO CALCULATE THE
DESTRED EIGENVALUES. OPERATION DETAILS OF BOTH PROCEDURES ARE GIVEN
IN THEIR DESCRIPTION.
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SUBSECTTON: £IGVALSYMI.

CALLING SZQUENCEs
THE HEADING OF THE PROCEDURE ISt
WPRNCEDURE" FIGVALSYM1(A, Ns NUMVAL, VAL, EM)3
PVALUEY N, HUMVAL3 MINTEGER™ N, NUMVALS WARRAYM™ A, VAL, EM3

THE MEANING OF THE FORMAL PARAMETERS IS
N3 <ARITHMETIC EXPRESSION>S

THE ORDER OF THE GIVEN MATRIX3
NUMVALt <ARITHMETIC EXPRESSION>;

THE SERIAL NUMBER OF THE LAST EIGENVALUE TO BE CALCULATED:

As <ARRAY IDENTIFIER>}
WARRAY® ACL1s{N+1)%N//213

€NTRYs THE UPPER TRIANGLE OF THE SYMMETRIC MATRIX MUST BE
GIVEN IN SUCH A WAY THAT THE (I»J)=TH ELEMENT 0OF
THE MATRIX IS AL(J=1)%J//2+41)s 1 <= I <= J <= N3

EXITe THE DATA FOR HOUSEHOLDER®!S BACK TRANSFORMATION

(WHICH ISN'T USED BY THIS PROCEDURE),
VAL: <ARRAY IDENTIFIER>;
WARRAY®™ VALT18NUMVALIS

EXITs THE  NUMVAL LARGEST EIGENVALUES IN MONOTONICALLY

NON=INCREASING ORDER:
EMs <ARRAY IDENTIFIER>;
’ WARRAY® EMFO13]13
ENTRY:s EMIO]s THE MACHINE PRECISION,

EMI2], THE RELATIVE TOLERANCE FOR THE EIGENVALUESS

EXITs €ML11, THE INFINITY NORM OF THE ORIGINAL HMATRIX,

EMI31, THE NUMBER OF ITERATIONS USED
CALCULATING THe NUMVAL EIGENVALUES,

PROCEDURES USED:
TFMSYMTRI1 = CP34143,
VALSYMTRI = CP34151.

REQUIRED CENTRAL MEMORY:
EXECUTION FIFLD LENGTH?
THREE ONc=DIMENSIONAL REAL ARRAYS 0OF LENGTH N ARE USED,

RUNNING TIMES
ROUGHLY PROPORTIONAL TO N CUBED.
LANGUAGF ¢ ALGOL 60,

METHOD AND PERFORMANCE?®
THE BODY OF EIGVALSYM1 CONSISTS OF TWO PROCEDURE STATEMENTS:

FOR

THE

FIRST IS A CALL OF TFMSYMTRI1 TO TRANSFORM THE SYMMETRIC MATRIYX
INTO A SIMILAR TRIDIAGONAL MATRIX RY MEANS OF HOUSEHOLDER?®S

TRANSFORMATINONS THE SECOND IS A CALL 0OF VALSYMTRI TN CALCULATE THE
DESIRED EIGENVALUES, OPERATINN DETAILS OF BOTH PROCEDURES ARE GTVEN
IN THEIR DESCRIPTION,
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SUBSECTION:

2 IGSYM2,

CALLING SEOQUENCE:
THE HEADING DF THE PROCEDURE IS
WPROCEDURE®™ EIGSYM2 (A, My MUMVAL, VAL, VEC, EM)$

WYALUE™ Ns NUMVALs "INTEGER™ Ny NUMVAL: "ARRAY™ A, VAL, VEC,

3l

M3

THE MEANING OF THE FORMAL PARAMETERS ISt

N3
NUMVALS

Al

VAL:

VEC3

FMs

<ARITHMETIC EXPRESSION>}:
THE NRDER OF THE GIVEN MATRIXS
<ARITHMETIC EXPRESSION>;
THE SERIAL NUMBER OF THE LAST EIGENVALUE TO BE CALCULATED:
<ARRAY IDENTIFIER>3 :
TARRAY® AT18N,18NT3
ENTRYt THE UPPER TRIANGLE OF THF SYMMETRIC MATRIX MUST BF
GIVEN IN THg UPPER TRIANGULAR PART 0NF A (THE
ELEMENTS AlI»Jd3s I<= J)3
EXIT:® THE DATA FOR HOUSEHOLDER?!S BACK TRANSFORMATINN
IS DELIVERED IN THE UPPER TRIANGULAR PART OF A3
THE ELEMENTS ACI»J] FOR I > J ARE NEITHER USED NOR CHANGED:
<ARRAY IDENTIFIER>}
WARRAYY VALT1:NUMVALTS
EXIT: THE NUMVAL LARGEST EIGENVALUES IN MONDTONICALLY
NON=INCREASING DORDER3
<ARRAY IDENTIFIER>}
WARRAY™ VECT1tN,18NUMVALTg
EXITs THE NUMVAL CALCULATED EIGENVECTORS, STORED COLUIMN=
WISEs CORRESPONDING TO THE CALCULATED EIGENVALUVESS
<ARRAY IDENTIFIER>3
WARRAY"™ ENT039]3
ENTRY: EMIOl, THE MACHINE PRECISION,
£MI23, THE RELATIVE TOLERANCE FOR THE EIGENVALUES,
cML6ls THE ORTHOGONALISATION PARAMETER (SEE METHOD
AND PERFORMANCE ), ‘
EML6T, THE TOLERANCE FOR THE EIGENVECTORS,
EMI[B1s THE MAXIMUM NUMBER OF INVERSE ITERATIONS
ALLOWED FOR THE CALCULATION OF EACH EIGEN=
VECTORS
EXITs EMI17, THE INFINITY NORM OF THE MATRIX»
EMI31, THE NUMBER OF ITERATIONS uUsizD FOR
CALCULATING THE NUMVAL EIGENVALUES,
EM[®], THE NUMBER OF EIGENVECTORS INVOLVED IN THE
LAST GRAM=SCHMIDT ORTHOGONALISATION
EM[71, THE MAXIMUM EUCLIDEAN NORM OF THE RESIDUES
OF THE CALCULATED EIGENVECTORS,
EMI9], THE LARGEST NUMBER OF INVERSE ITERATIONS
PERFORMED FOR THE CALCULATION DOF SNME EIGEN-
VECTOR,
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PRAOCFDURES USED3

TFMSYMTRIZ2 = CP34140,
VALSYMTRI = CP34151,
VECSYMTRI = CP34152,
BAKSYMTRIZ2 = CP34141.,

REQUIRED CENTRAL MEMORY:
EXECUTION FIELD LENGTH:
THREF ONE=DIMENSIONAL REAL ARRAYS 0OF LENGTH N ARE DECLARED:
MOREDVER, VECSYMTRI USES FIVE ONE=DIMENSIONAL REAL ARRAYS
OF LENGTH N AND ONE BOOLEAN ARRAY OF LENGTH Ne

RUNNING TIME?®
RAOUGHLY PROPORTIONAL TO N CUBED,

LANGUAGE 3 ALGOL 6ue

METHOD AND PERFORMANCE:
THE BODY NF EIGSYM2 CONSISTS OF FOUR PROCEDURE STATEMENTS®
THE FIRST IS A CALL OF TFMSYMTRI2 TO TRANSFORM THE SYMMETRIC
MATRIX INTO A SIMILAR TRIDIAGONAL MATRIX BY MEANS nF
HOUSEHNOLDERS TRANSFORMATION,
THE SECOND IS A CALL OF VALSYMTRI T0 CALCULATE THE DESIRED
EIGENVALUES,
THE THIRD IS A CALL OF VECSYMTRI TO CALCULATE THE CNRRESPONDING
FIGENVECTORS AND
THE FOURTH IS A CALL OF BAKSYMTRI2 TO PERFORM THE BACK
TRANSFORMATION, .
THE  PARAMETERS EMU51, £MI7] AND EML9) ARE GIVEN ITS VALUE IN THE
PROACEDURE VECSYMTRI. FOR A POSSIBLY SUBSEQUENT CALL OF VECSYMTRI
THE VALUE OF €MI51 IS NEEDED. WHEN CONSECUTIVE LIGENVALUES ARE TOO
CLOSE TOGETHERs THE CORRESPONDING EIGENVECTORS ARE NOT NECESSARILY
DELIVERED ORTHNGONAL BY INVERSE ITERATION (THE METHOD WHICH IS USED
IN VECSYMTRI)e THEREFORE GRAM=SCHMIDT ORTHOGONALISATION IS APPLIED
ON THE EIGENVECTNRS WHEN THE DISTANCE BETWEEN TWO CONSECUTIVE
¢ IGENVALUES IS SMALLER THAN EN[4]1,
FOR FURTHER DFTAILS ONE IS REFERRED TO THE SPECIFIC PROCEDURE
DESCRIPTIONS.
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SUBSECTINN: FIGSYM1,

CALLING SEQUENCF?
THE HEADING NOF THE PROCENURE IS
WPROCEDURE® EIGSYMI (A, Ny NUMVAL, VAL, VEC, &M)3
MVALUE® Ny NUMVAL3 ®INTLGER®™ N» NUMVAL; MARRAY®™ A, VAL, VEC, EM3

THE MEANING OF THE FORMAL PARAMETERS ISt

N3

NUMVAL'

As

VAL:

VECs

EM3

<ARITHMETIC EXPRESSION>g
THE ORDER OF THZ GIVEN MATRIX;
<ARITHMETIC EXPRESSION>;
THE SERTIAL NUMBER OF THE LAST £IGENVALUE TO BE CALCULATEDS
<ARRAY IDENTIFIER>S
WARRAYY ATL:s(N+1)*N//273
ENTRY: THE UPPER TRIANGLE OF THE SYMMETRIC MATRIX MUST BE
GIVEN IN SUCH A WAY THAT THE (I,J)=TH ELEMENT OF
THE MATRIX IS A[{(J=1)#%J//2+11s, 1 <= ] <= J <= N3
EXITs THE DATA FOR HOUSEHOLDER'S BACK TRANSFNORMATINNS
<ARRAY IDENTIFIER>;
MARRAYM VALTYISNUMVALI:
EXITs THE NUMVAL LARGEST EIGEMVALUES IN MNNNTOANICALLY
NON=TINCREASING ORDER3
<ARRAY IDENTIFIER>;
WARRAY® VECT1tN»13NUMVALT3
EXITs THE NUMVAL CALCULATED ETGENVECTORS, STORED COLUMN=
WISE€s CORRESPONDING TO THE CALCULATED EIGENVALUESS
<ARRAY IDENTIFIER?>;
NARRAYY EMID2973
ENTRY: ©MTOT» THE MACHINE PRECISION,
BML21s THE RELATIVE TOLERANCE FOR THE EIGENVALUES,
EM[4]s THE ORTHOGONALISATION PARAMETER (SEE METHOD
. AND PERFORMANCE)»
EME6T, THE TOLERANCE FOR THE EIGENVECTQORSS
EMLR), THE MAXIMUM NUMBER OF INVERSE ITERATIONS
ALLOWED FOR THE CALCULATION OF EACH ETIGEN=
VECTOR;
EXITs €MI{11, THE INFINITY NORM OF THE MATRIX,
EMC37, THE NUMBER 0F ITERATIONS USED FOR
CALCULATING THE NUMVAL EIGENVALUES,
EM[5], THE NUMBER OF EIGENVECTORS INVOLVED IN THE
LAST GRAM=SCHMIDT ORTHOGONALISATION,
EMIT7], THE MAXIMUM EUCLIDEAN MNORM OF THE RESIDUES
OF THE CALCULATED EIGENVECTORS,»
£EML91, THE LARGEST NUMBER OF INVERSE ITERATIONS
PERFORMED FOR THE CALCULATION OF SNME E€IGENe=
VECTNR,
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PROCENURES USED:

TFMSYMTRI1 = CP34143,
VALSYMTRI = CP34151,
VECSYMTRI = CP34152,
BAKSYMTRI1 = CP34144,

REQUIRED CENTRAL MEMORY:
EXECUTION FIELD LENGTHS
THREE DNE~DIMENSIONAL REAL ARRAYS NOF LENGTH N ARE DECLAREDS
MOREOVERs VECSYMTRI® AND BAKSYMTRIL1 USE A TOTAL AMOUNT OF
SIX ONF=DIMENSIONAL REAL ARRAYS OF LENGTH N AND ONE BOOLEAN
ARRAY OF LENGTH No :

RUNNING TIME:
RNUGHLY PROPORTINNAL TO N CUBED.

LANGUAGE ¢ ALGOL 64,

METHOD AND PERFORMANCES
THE 80DY O0OF EIGSYML CONSISTS OF FOUR PROCEDURE STATEMENTSS
THE FIRST IS A CALL OF TFMSYMTRI1 TO TRANSFORM THE SYMMETRIC
MATRIX INTO A SIMILAR TRIDIAGONAL MATRIX BY ME ANS 0OF
HOUSEHOLDERS TRANSFORMATION,
THE SECOND IS A CALL OF VALSYMTRI TO CALCULATE THE DESIRED
EIGENVALUES,
THE THIRD IS A CALL OF VECSYMTRI TO CALCULATE THE CORRESPONDING
EIGENVECTORS AND
THE FOURTH IS. A CALL OF BAKSYMTRI1 TO PERFORM THE BACK
TRANSFORMATION,
FOR DETAILS ONE IS REFERRED TO EIGSYM2 DOR TN THE DESCRIPTIONS 0F
THE FOUR PROCEDURES USEDe .
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SUBSECTIONS

ORIVALSYM2.

CALLING SEQUENCE:
THE HEADING OF THE PROCEDURE ISt
WINTEGERY" M"PROCEDURE®™ QRIVALSYM2(A» N» VAL, EM)3
HVALUE® N3 WINTEGER™ N3 YARRAYM™ A, VALs EM3

THE MEANING OF THE FORMAL PARAMETERS ISt

N3 CARITHMETIC EXPRESSION>s
THE ORDER 0OF THE GIVEN MATRIXs
At <ARRAY IDENTIFIER>;
WARRAY® ALL1tNsL3IN13
ENTRYs THE UPPER TRIANGLE OF THE SYMMETRIC MATRIX MUST BE
GIVEN IN THE UPPER TRIANGULAR PART OF A (THE
ELEMENTS AfIsJdls I<s J)s
EXITs: THE DATA FOR HOUSEHOLDER?S BACK TRANSFORMATINON
(WHICH ISN®T USED BY THIS PROCEDURE) IS DELIVERED
IN THE UPPER TRIANGULAR PART OF A3
THE ELEMENTS ALI»J] FOR I > J ARE NEITHER USED NOR CHANGED:
VAL: <ARRAY IDENTIFIER>3
WARRAY™ VALT1sNIs
EXIT: THE EIGENVALUES OF THE MATRIX 1IN SOME ARBITRARY
ORDER3
EMs <ARRAY IDENTIFIER>S
. WARRAYY™ EMLO851s
ENTRYs EMIO1s, THE MACHINE PRECISION,
EME21, THE RELATIVE TOLERANCE FOR THE EIGENVALUES,
EMC&Y, THE MAXIMUM ALLOWED NUMBER OF ITERATIONSS
EXITs EMI11, THE INFINITY NORM OF THE MATRIX»
EML31, THE MAXIMUM ABSOLUTE VALUE OF THE CODTAGONAL
ELEMENTS NEGLECTED>
EML5)s THE NUMBER OF ITERATIONS PERFORMEDS
MOREOVER ¢ ’

QRIVALSYM23= THE NUMBER OF EIGENVALUES NOT CALCULATED.

PROCEDURES USED3
TFMSYMTRI2 = CP34147»
QRIVALSYMTRI = CP34160.

REQUIRED CENTRAL MEMDRY:
EXECUTION FIELD LENGTHS

IONAL REAL ARRAYS OF LENGTH N ARE USED,

RUNNING TIME:
ROUGHLY PRAOPORTIONAL TO N CUBED.

LANGUAGE ¢

ALGOL 606
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METHOD AND PERFORMANCES

THE BODY OF QRIVALSYMZ CONSISTS OF TWwO PRAOCEDURE STATEMENTSS THE
FIRST IS A CALL OF TFMSYMTRI2 TO TRANSFORM THE SYMMETRIC MATRIX
INTD A SIMILAR TRIDIAGONAL MATRIX BY MEANS OF HOUSEHOLDER®S
TRANSFORMATINN: THE SECOND IS A CALL OF QRIVALSYMTRI TO CALCULATE
THE EIGENVALUES, WHEN THE PROCESS IS COMPLETED WITHIN EM[6]
ITERATIONS THEN QRIVALSYM21= O3 OTHERWISE QRIVALSYM2:= THE NUMBER,
Ks OF EIGENVALUES NOT CALCULATED, EMI51t= EMI4] + 1 AND ONLY THE
LAST N = K ELEMENTS OF VAL ARE APPROXIMATE EIGENVALUES OF THE GIVEN
MATRIX. OPERATION DETAILS OF BOTH PROCEDURES USED ARE GIVEN IN
THEIR DESCRIPTION. ‘

SUBSECTION: QRIVALSYM1.

CALLING SEQUENCE?S
THE HEADING OF THE PROCEDURE ISt
WINTEGER® "PROCEDURE®™ QRIVALSYM1(A, Ny VAL, EM)3
WVALUE® N3 "INTEGER®™ N3 MARRAY™ A, VAL, EM3

THE MEANING NF THE FORMAL PARAMETERS ISt

N2 <ARITHMETIC EXPRESSION>:
THE ORDER OF THE GIVEN MATRIX3
At <ARRAY IDENTIFIER>;

WARRAYH AC1s(N+1)%N//213
ENTRYs THE UPPER TRIANGLE OF THE SYMMETRIC MATRIX MUST BE
GIVEN IN SUCH A WAY THAT THE (I,J)=TH ELEMENT OF
THE MATRIX IS A[(J=1)%J//2+41], 1 <= ] <= J <= Nj
EXIT: THE DATA FOR HOUSEHOLDER?®S BACK TRANSFORMATION
(WHICH ISN®T USED BY THIS PROCEDURE).
VAL <ARRAY IDENTIFIER>;
"ARRAY" VALLC13NIS
EXITs THE EIGENVALUES OF THE MATRIX 1IN SOME ARBITRARY
ORDERS
EM3 <ARRAY IDENTIFIER>;
WARRAY" EMI0:513
ENTRY: EMLOls THE MACHINE PRECISION,s
EME2], THE RELATIVE TOLERANCE FOR THE EIGENVALUES,
EML 4]y THE MAXIMUM ALLOWED NUMBER OF ITERATIONS:
EXITs EMI1], THE INFINITY NORM OF THE MATRIXs
EMI31s, THE MAXIMUM ABSOLUTE VALUE OF THE CODIAGONAL
ELEMENTS NEGLECTED»
EMI51s THE NUMBER OF ITERATIONS PERFORMED:
MOREOVER?
QRIVALSYM1t= THE NUMBER OF EIGENVALUES NOT CALCULATED,.

PROCEDURES USED:
TFMSYMTRIL - CP34143,
QRIVALSYMTRI a CP341640.

REQUIRED CENTRAL MEMORY:
EXECUTION FIELD LENGTH:
TWO ONE=DIMENSIONAL REAL ARRAYS OF LENGTH N ARE USED,
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RUNNING TIME:
ROUGHLY PROPORTIONAL TO N CUBED»

LANGUAGE ¢ ALGOL 64,

METHOD AND PERFORMANCE:
THE BODY OF OQRIVALSYML CONSISTS DF TWwD PROCEDURE STATEMENTSs THE
FIRST IS A CALL OF TFMSYMTRIL TO TRANSFORM THE SYMMETRIC MATRIX
INTO A SIMILAR TRIDIAGONAL MATRIX BY MEANS OF HOUSEHOLDER®S
TRANSFORMATINNG THE SECOND IS A CALL OF QRIVALSYMTRI TO CALCULATE
THE EIGENVALUES., WHEN THE PROCESS IS COMPLETED WITHIN EMI64Y
ITERATINONS THEN QRIVALSYMit= Og OTHERWISE QRIVALSYMlz= THE NUMBER,
Ke OF EIGENVALUES NOT CALCULATED, EMISIts EM[4&] ¢ 1 AND ONLY THE
LAST N = K ELEMENTS OF VAL ARE APPROXIMATE EIGENVALUES OF THE GIVEN
MATRIXs OPERATION DETAILS OF BOTH PROCEDURES USED ARE GIVEN IN
THEIR DESCRIPTION,

SUBSECTION:T ORISYMe

CALLING SEQUENCEs
THE HEADING 0OF THE PROCEDURE ISt
WINTEGER® "PROCEDURE™ QRISYM(As N, VAL, EM)3
WYALUE® N3 WINTEGER®™ N3 MARRAY®™ A, VAL, EM3

THE MEANING OF THE FORMAL PARAMETERS ISt

Ne <ARITHMETIC EXPRESSION>3
THE ORDER OF THE GIVEN MATRIXS
As <ARRAY IDENTIFIER>;

WARRAYY ATI18N»13NT3
ENTRYSs THE UPPER TRIANGLE OF THE SYMMETRIC MATRIX MUST BE
GIVEN IN THE UPPER TRIANGULAR PART OF A (THE
ELEMENTS ALI»J1, I<= J)3
EXITs THE EIGENVECTORS OF THE SYMMETRIC MATRIX, STRRED
COLUMNWISES
VAL?® <ARRAY IDENTIFIER>;
WARRAYY VALTL13NI3
EXITe THE EIGENVALUES OF THE MATRIX CORRESPONDING TO THE
CALCULATED EIGENVECTORSS
ENMs <ARRAY IDENTIFIER>S
WARRAY® EMIO3513
ENTRYs EMIO1», THE MACHINE PRECISION,
EMI21s THE RELATIVE TOLERANCE FOR THE QR ITERATINOM,
EMC&1, THE MAXIMUM ALLOWED NUMBER OF ITEBRATIONSS
EXITs EMI11, THE INFINITY NORM OF THE MATRIXs
EME33, THE MAXIMUM ABSOLUTE VALUE OF THE CODIAGONAL
ELEMENTS MEGLECTEDs
EM[5], THE NUMBER OF ITERATIONS PERFORMED3
MOREOVER s
QRISYM 1= THE NUMBER OF EIGENVALUES AND =VECTORS NOT
CALCULATED.
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PROCEDURES USEDs

TFMSYMTRI2 ® CP34140G»
TFHPREVEC = CP34142s
QRISYMTRI = CP34i61.

REQUIRED CENTRAL MEMORY:

EXECUTION FIFLD LENGTH:
TWO ONE=DIMENSIONAL REAL ARRAYS OF LENGTH N ARE USED,

RUNNING TIME:®
PROPORTIONAL TO N CUBED.

LANGUAGE ¢ ALGOL 60,

METHOD AND PERFORMANCES

THE BODY OF ORISYM CONSISTS OF THREE PROCEDURE STATEMENTS3 THE
FIRST IS A CALL OF TFMSYMTRI2 TO TRANSFORM THE SYMMETRIC MATRIX
INTO A SIMILAR TRIDIAGONAL MATRIX BY MEANS OF HNOUSEHOLDER!'S
TRANSFORMATIONs, THE SECOND IS A CALL OF TFMPREVEC TO PERFORM THE
DESIRED BACK TRANSFORMATION ON THE EIGENVECTORS IN ADVANCE AND THE

THIRD IS A CALL OF QRISYMTRI TO CALCULATE THE EIGENVALUES

THE EIGENVECTORS. WHEN THE PROCESS IS COMPLETED WITHIN EMI4]

ITERATIONS THEN QRISYMi= 03 OTHERWISE QRISYM:= THE NUMBER, K,

EIGENVALUES AND «VECTORS NOT CALCULATED, EM[51t= EMI[4] + 1 AND NONLY
THE LAST N = K ELEMENTS OF VAL AND THE LAST N = K COLUMNS OF A ARE
APPROXIMATE EIGENVALUES AND ETGENVECTORS RESPECTIVELY OF THE GIVEN
MATRIXe OPERATION DETAILS OF THE PROCEDURES USED ARE GIVEN IN

THEIR DESCRIPTION.

EXAMPLES OF USEs

THE TWO LARGEST EIGENVALUES IN MONDTONICALLY NON INCREASING ORDER
AND THE CORRESPONDING EIGENVECTORS OF My WITH N = & AND M[IsJ] =

1 7 (I + J = 1)s MAY BE NOBTAINED BY THE FOLLOWING PROGRAM?

WREGIN®
WINTEGER™ I, J3
WARRAY® AL1:ll0T, VALL1321, EMLO$91, VEC[1l34,1:273

WPROCEDURE™ EIGSYM1(As» N» NUMVALs VAL, VEC, EM)3 ®CNDE™ 341563

EM[OTt= Wwl4g; EMI2]3= Ww]123 EM[4]1t= W=3g
EMLAIs= 10"=108 EM[B8Jt= 5%
HEOR® Jsa 1 WSTEPW ] WUNTIL® 4 wpQOw
WEORM Jt=s T WSTEP® 1 WUNTIL®™ 4 wpOn
Al(J * J = J) 7 2 % 112=1 /7 (I + J = 1)3
EIGSYML{A» 45 2o VALs VECs, EM)3
QUTPUT(61, M(¥2(+,13DM+2D, 2B), 2/")¥, VAL[11, VALL21):
HEOR® J3= 1, 2, 3, 4 WDO®
QUTPUT(61, R(M2(+,13D%4+2Ds 2B)s /M)W, VEC[Is»1ls VECLI,21)%
OUTPUT(61s M{M2(,2D"+2Ds /)s 3(2ZD» /)0M) %,
EMC11, EMIT7Is EMI31, EMI51s EMIOT)
NENDH
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THE PROGRAM DELIVERS (THE RESULTS ARE CORRECT UP TD TWELVE DIGITS):

THE EIGENVALUES: +,1500214280059%+01 +4,1691412202214%"+00

THE EIGENVECTORSS =o7926082911638"+G0 +,5820756994972"+00
=e4519231209016"+G0 =433705021850671%+00
=e3224163985818M+00 «,5095786345018"+00
~s2521611696882%+00 =.51404827222227+00

EMI1] = 21401

EML7] = o92"=14

EME3] = 32

EML5] = 1

EMI9] = 1

THE TuWn LARGEST EIGENVALUES OF M, WITH N s 4 AND MEIs3] =

1 /7 (I + J = 1), MAY BE OBTAINED IN MONOTONICALLY NON INCREASING
ORDER BY THE FOLLOWING PROGRAM:

WRBEGINW

WINTEGERY 1, J3
WARRAY® A[134,13641, VALC1321, EM[G33]3
UPROCEDUREY EIGVALSYM2(As No NUMVALs, VAL, EM)3 "CODE"™ 34153

EMIDT2= "w]l4; EM[2]3= =123

WEOR® T:= 1 WSTEPW 1 WUNTIL® 4 wpQw

UEORM Js= T NSTEPW 1 WUNTIL® 4 #DOY ATI»JJet= 1 /7 (I + J =1)s
EIGVALSYM2(As 4s 25 VAL, EM)3

DUTPUT(61, %({"2(+,13D"+2D» 2B)9")", VALL1l, VALIZ21)3
QUTPUT(61, "(%2/, ,2D%+2D» /s 2ZD")", EM{11» EMI31)

WEND®

THF

PROGRAM DELIVERS(THE RESULTS ARE CORRECT UP TO TWELVE DIGITS):

THE EIGENVALUFS® 4.1500214280059%401 +.1691412202214"+00
EMI3] = ,21%+(1
EMI1] = 32 &
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SOURCE TEXT(S) :

NCODEM 341533

MCOMMENT® MCA 23133

WPROCEDUREM™ EIGVALSYM2(A» Ny NUMVAL, VAL, EM)3 WVALUE® Ny NUMVAL3
WINTEGERY N» NIMVAL3 M"ARRAY®™ A, VAL, EM:

HBEGIN™ MARRAY®" B, BB» DL18N13

WPROCEDURE®™ TFMSYMTRI2(A», N» Ds B, BBs EM); ®CODE® 34140;
WPROCEDURE" VALSYMTRI(Ds BBs Ns N1» N2» VALs EM)3 WCODE® 341513

TFMSYMTRI2(As N» D, By BR, EM);

VALSYMTRI(D, BBs Ns 1, NUMVAL, VAL, EM)
WEND" EIGVALSYM2;

nEQpY

NCODE® 341543

NCOMMENTY MCA 2314:

WPROCEDUREY EIGSYM2{As» Ms NUMVALs VAL, VEC, EM)$ MVALUE®™ N, NUMVAL3
WINTEGER® N» NUMVAL3 "ARRAY® A, VAL, VEC, EM3

WBEGINY WARRAY®™ B, BB, DL13N13

WPROCEDURE™ TFMSYMTRI2(A», Ns» Ds» B, BBs EM)3 MCODEW™ 341403
"PROCEDURE®™ VALSYMTRI(Ds BBs Ns N1, N2, VALs EM)3 "CODE®™ 34151
WPROCEDURE® VECSYMTRI(Ds Bs N» N1s N2» VALs VEC» EM)3

WCODE® 341523

MPROCEDURE™ BAKSYMTRI2(A» Ns N1s N2, VEC)3 WCODEY 34141

TFMSYMTRI2(A, N» Ds By BB, EM)3
VALSYMTRI(D, BB» N» 1, NUMVALs VALs ENM)3
VECSYMTRI(D» Bs Ns 1, NUMVALs VAL, VEC, EM)3
BAKSYMTRI2( A, Ns 1, NUMVALs VEC)

WENDY EIGSYM23
nENPY

WCODE™ 341553

WCOMMENT™ MCA 23183

"PROCEDURE® EIGVALSYM1{A, N» NUMVAL, VAL, EM)3 "VALUE®™ N, NUMVAL3
WINTEGER® No NUMVALS MARRAY®™ A, VAL, EM3

WREGINY MARRAY® R, BB, DIL1SsNI3

"PROCEDURE®™ TFHMSYMTRI1(As, Ny, D», B, BB, EM)3 WCODE"™ 341433
WPROCEDURE™ VALSYMTRI(Ds BBy Ny N1s N2s VAL, EM)s WCODE™ 341513

TFMSYMTRI1CAs Ns Dy By BB, EM)3

VALSYMTRI(D, BBs N» 15 NUMVALs VAL, EM)
WEND" EIGVALSYM13

wEQPN
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WCODEY 341563

WCOMMENT® MCA 23193

HPROCEDUREN EIGSYML(As» N» NUMVAL», VAL, VEC, EM)S ®VALUE™ N, NUMVAL3
WINTEGER®™ N» NUMVAL3 MWARRAY®™ A, VAL, VEC, EM3

HBEGINY WARRAY®™ B, BB, DC1:N13

#PROCEDURE® TFMSYMTRIL(A» Ns Ds Bs BB, £M)s MCODE™ 341433
®PROCEDURE® VALSYMTRI(D» BBs N» N1s N2» VAL, EM); WCODE™ 341513
NPROCEDUREY VECSYMTRI(D» Bs N» M1y N2s» VAL, VECs» EM)3

WCODEM 341523 .

HPROCEDURE® BAKSYMTRIL(A» Ns N1s N2» VEC)3 WCODE® 341443

TFMSYMTRIL1(A» N» Ds Bs BBy EMIS
VALSYMTRI(D, BBy N» 1s NUMVAL, VAL, EM)3
VECSYMTRTI(D, Bs» N» 1, NUMVAL, VAL, VEC, EM)3
BAKSYMTRI1{As N» 1, NUMVAL, VEC)

UEND" EIGSYM1s
nwEQP N

"CODEM™ 341623

WCOMMENTY® MCA 23223

WINTEGER®™ "PROCEDUREM™ QRIVALSYM2(As N» VAL, EM)3 WVALUE® N3
BWINTEGER™ N3 WARRAY®™ A, VAL, EM3

HBEGIN® WARRAY®" B, BBIL1:NJ3

WPROCEDURE™ TFMSYMTRI2(A, Ns Ds B, BB, EM)3; ®CODEY 3414053
RINTEGERY WPROCFDURE™ QRIVALSYMTRI(D, BB» N» EM)3
WCODE® 341843

TEMSYMTRI2(A, N» VAL, B, BB, EM)3

QRIVALSYM2:= ORIVALSYMTRI(VALs BB, N» EM)
MENDW QRIVALSYM2;'

ngQpn
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WCODE" 341433

HCOMMENTHY MCA 232133 .

RINTEGER" M"PROCEDURE™ QRISYM(A, Ny VAL, EM); WVALUE"™ N3
RINTEGER™ N3 WARRAY™ A, VAL, EM3

WBEGIN® ®WARRAY" Bs BBILL:NI3

WPROCEDURE™ TFMSYMTRI2(As N» Ds Bs BBs EM)3 "CODE®™ 341408
"PROCEDURE®" TFMPREVEC(A» N)3 ™CODE® 364142%

WINTEGER® "PROCEDURE®™ QRISYMTRI(As, N» D» By BBy EM)3
WCODE® 341613 i

TFMSYMTRI2(As, N» VAL, Bs BBs EM)3 TFMPREVEC(A» N)3
QRISYMt= QRISYMTRI(As Ns VAL, Bs BBs EM)

WENDY™ QRISYM:
nEOpn

NCODEY 341643

WCOMMENT®" MCA 23273

WINTEGER"™ "PROCEDURE®" ORIVALSYM1(A, N» VAL, EM)3 "VALUE" N3
MINTEGER® N3 MWARRAY®™ A, VAL, EM3

HBEGIN® MARRAY™ By, BB[1 t NI

"PROCEDURE® TFMSYMTRI1(As N» D» Bs BB, EM)s N"CODE™ 341433
WINTEGERY™ "PROCEDURE®" QRIVALSYMTRI(D, BBy N» EM);
WCODE® 3416/

TFMSYMTRIL(As N» VAL, Bs BB, EM)3

ORIVALSYM1ts QRIVALSYMTRI(VALs BB» Ny EM)
WENDM QRIVALSYM1;

LI LR
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AUTHORS?® JoJsGs ADMIRAAL, AeCoe YSSELSTEIN,
CONTRIBUTOR? JeJoGe ADMIRAALS

INSTITUTE: UNIVERSITY OF AMSTERDAM,
RECEIVED: 761101,

BRIEF DESCRIPTIONS

THIS SECTION CONTAINS THREE PROCEDURES FOR SORTING THE

ELEMENTS OF A VECTOR AND CORRESPONDINGLY PERMUTING THE

ELEMENTS OF A VECTOR OR A MATRIX ROW.

A) MERGESORT DELIVERS A PERMUTATION OF INDICES
CORRESPONDING TO SORTING THE ELEMENTS NF A GIVEN
VECTOR INTO NON=DECREASING DRDERs

B) VECPERM PERMUTES THE ELEMENTS OF A GIVEN VECTOR
CORRESPONDING TN A GIVEN PERMUTATION OF INDICES.

C) ROWPERM PERMUTES THE ELEMENTS OF A GIVEN ROW OF A
MATRIX CORRESPONDING TO A GIVEN PERMUTATION OF
INDICES.

KEYWORDS ¢
SORTING»
PERMUTING.
SUBSECTION: MERGESORT.

CALLING SEQUENCE:

PAGE 1

THFE DECLARATION NF THE PROCEDURE IN THE CALLING PRNOGRLM READSS

WPRNCEDURE™ MERGESORT(VEC1,VEC2,L0OW,UPP)3
NYALUE® LOW>UPPSM™INTEGER® LOW,UPP3WARRAY® VEC1,VEC23
WCODEM 36415

THE MEANING NF THE FORMAL PARAMETERS ISt
VEC1 2t <ARRAY IDENTIFIER?>;
WARRAY® VECILLOWIUPPI3
ENTRY: THE VECTOR TD BE SORTED INTO
NONDECREASING ORDER:
EXIT: THE CONTENTS OF VEC1 ARE LEFT INVARIANT;
VEC? $ CARRAY IDENTIFIER>;
WINTEGERWHWARRAYW VEC2CLOW3UPPIs
EXITs THC PERMUTATION OF INDICES CORRESPONDING TO
SORTING THE ELEMENTS OF VEC1l INTO
NON=DECREASING ORDER3
LOw 8t <ARITHMETIC EXPRESSION>3
) THE LOWER INDEX OF THE ARRAYS VECL AND VEC23
upp t <ARITHMETIC EXPRESSION>3
THE UPPER INDEX OF THE ARRAYS VEC1l AND VEC2s
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PROCEDURES USENt NONE.

REQUIRED CENTRAL MEMORY: ONE LOCAL INTEGER ARRAY 0OIF
LENGTH NoWHERE N = UPP = LOW + 1,

RUNNING TIMEs AVERAGE PROPORTIONAL TO N * LN(N),
LANGUAGE® ALGOL 60.
METHOD AND PERFORMANCE: SORTING BY MERGING. ([115[21)

EXAMPLE OF USEt THE PROCEDURE MERGESORT IS USED IN SYMEIGIMP
(SECTION 3,3.161e303),

SUBSECTION: VECPERM,
CALLING SEQUENCE:
THE DECLARATION OF THE PROCEDURE IN THE CALLING PROGRAM READS:

WPROCEDURE® VECPERM(PERMsLOW2UPP,VECTOR)S
BVALUE" LOW,UPP3 WINTEGER™ LOW,UPP;
NINTEGER® WARRAY®N PERM;WARRAYM™ VECTORS
WCODE" 364343

THE MEANING NF THE FORMAL PARAMETERS IS:
PERM 8 <ARRAY IDENTIFIER>;

WINTEGER™ ®ARRAY" PERMILOWSUPPI3

ENTRYS$ A GIVEN PERMUTATINN (E.G.AS PRODUCED BY

MERGESNRT) NF THE NUMBERS IN THE ARRAY VECTOR:
Low t<ARITHMETIC EXPRESSION>;

THE LOWER INDEX OF THE ARRAYS PERM AND VECTORS
upp 8 <ARITHMETIC EXPRESSION>3

THE UPPER TNDEX OF THE ARRAYS PERM AND VECTORS
VECTOR $<ARRAY IDENTIFIER>S

WARRAY" VECTORLLOWIUPPIS

ENTRY?: THE REAL VECTOR TO BE PERMUTEDS

FXIT: THE PERMUTED VECTOR ELEMENTS.

PROCEDURE USED: NONE.

REQUIRED CENTRAL MEMORY 8
ONF LOCAL BONLEAN ARRAY OF LENGTH N IS DECLARED,

RUNNING TIMEs PROPORTIONAL TO N.
LANGUAGFt ALGOL 60,

EXAMPLE OF USE: THE PROCEDURE VECPERM IS USED IN SYMEIGIMP;
(SECTION 3.3slele303)e
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SUBSECTION: ROWPERM.
CALLING SEQUENCE:
THE DECLARATION OF THE PROCEDURE IN THE CALLING PROGRAM READS3

"PROCEDURE® ROWPERM(PERMsLOWsUPP> I, MATRIX) S
WVALUEY LOWSUPP»ISHWINTEGER® LOWsUPPsI3
WINTEGERT™ "ARRAYW PERM3MARRAYY MATRIXS
NCODE®™ 364033

THE MEANING OF THE FORMAL PARAMETERS ISt
PERM 8 <ARRAY IDEMTIFIER>S
MINTEGERM™ MARRAY® PZRMILOWIUPPI3
ENTRY: A GIVEN PERMUTATION (EsGe AS PRODUCED BY
MERGESORT) OF THE NUMBERS IN THE ARRAY VECTORS
Low $<ARITHMETIC EXPRESSION>$
THE LOWER INDEX OF THE ARRAY PERM3

uep $<ARITHMETIC EXPRESSION>3
THE UPPER INDEX OF THE ARRAY PERM3
I 1 <ARITHMETIC EXPRESSION>S

THE ROW INDEX OF THE MATRIX ELEMENTSS

MATRIX 8 <ARRAY IDENTIFIER>3
MARRAYY MATRIX [I :I, LOW s UP]3
ENTRYSMATRIX [I», LOW % UP] SHOULD CONTAIN THE
ELEMENTS TN BE PERMUTEDS
EXIT: MATRIXCI, LOW 2 UP1 CONTAINS THE ROW OF
PERMUTED ELEMENTS3

PROCEDURES USEDs NONE.

REQUIRED CENTRAL MEMORY?:
ONE LOCAL BOOLEAN ARRAY OF LENGTH N IS DECLARED.

RUNNING TIME: PROPORTINNAL TD N» WHERE N = UPP = LOW + 1.
LANGUAGE® ALGOL 60.

EXAMPLE OF USE: THE PRNCEDURE ROWPERM IS USED IN SYMEIGIMP,
(SECTION 36301lels3e3)0

REFERENCES:

£11 DeEs KNUTH » THE ART OF COMPUTER PROGRAMMING,
VOL. 3/ SORTING AND SEARCHING,ADDISON=WESLEY 1973,
r21 AaVe AHOs JoBo HOPCROFT & JoeDo ULLMANS
THE DESIGN AND ANALYSIS OF COMPUTER ALGORITHMS,
ADDISON=MWESLEY 1974,
(SECTION I.Ms P65=67).
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SOURCE TEXTS:3

CODE™ 364053
BPROCEDUREY MERGESORT(As P, LOW,UP) sWVALUEY LOW,UPs
WINTEGERY LOW,UP3HWARRAY® AZWINTEGERM™ WARRAYW Pg3
WBEGIN® WINTEGER® IsLsRoPLsPRsLOsSTEPsSTAP,UMLPL1,UNSPLI,RESTSRESTVS
WBOOLEAN™ ROUT,LOUTs WINTEGER®™ WARRAY® HPLLOW:UPI13
WPROCEDURE®™ MERGE(LO»LS»RS)ZMVALUE®Y LO»LS,RSEMINTEGER® LOsLSsRSS
WBEGIN® Ls=lNg Re=LN+LS3 LOUTs=ROUTe=RFALSEYS
WEOR® T31=L0,I41 WWHILE®™ “(LOUT "ORY ROUT) %pOw
WREGIN® PLs=P[LIsPRs=PLRISHWIF" A[CPLI>ALPRI MTHEN®
WBEGIN® HPIIJs=sPR3Re=R+13ROUT2=RaLO+LS+RS WEND® WE{SE™
MBEGIN® HPLIJsePL3L3alelsLOUTs=sL=L0+LS HEND®
WEND™ FOR T3
WIF® ROUT MTHEN®
WBEGIN® WFOR® Is=lD+LSw1 WSTEPH =1 WUNTIL® L #DON
PLI+RS1:=PLII;Rs=L+RS
NENDW3
MFORM™ JimRe]l WSTEP® ] WUNTIL®™ LO "DOW™ PLIJs=sHPLIIs
WENDY MERGE:
WEOR® Is=LOW MSTEP® 1 MUNTIL®™ UP "DD® P[IJe=IsRESTVi=(3
UMLPL:=UP=LOW+13
WEORM STEPt=il, STEP#2 MWHILE®™ STEP < UMLP1 ™DOW
"BEGIN® STAP3=24STEPSUNMSP13=sUP=STAP+13
! WFOR® LOs=LOW "WSTEP® STAP WUNTIL® UMSP1 #pQOW
MERGE(LOsSTEP,STEP); REST:=UP=L0O+1:
WIFY REST>RESTV & RESTV>Q MTHEM® MERGE(LODS>REST=RESTV,RESTV)s
RESTVs=REST
WEND® FOR STEP
NENDY MERGESORT:
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"CADE™ 364043
WPROCEDURE®" VECPERM(PERMsLOW, UPP, VECTOR)SHVALUE® LOW,UPP3
HWINTEGERY LOW,VIPP3WINTEGERY ®WARRAY™ PERMIWREAL® WARRAY® VECTORS
BBEGINY WINTEGER™ ToJsK3WREAL™ A3WBNOLEAN® WARRAY® TODOLLOW3UPPIs
WEOR® TsslOW WSTEP® 1 WUNTIL® UPP "DO® TODOLT1:=s®TRUERS
WEFORY T3=LOW WSTEP" 1 WUNTIL® UPP "DOW
WBEGIN®™ WIF® TODOLTI ®THENY
WBEGIN® KisT3At=sVECTORIKIS
WFOR™ J31=PERMIK] MWHILE® J*s=sT upgn
WBEGIN® VECTORCKIt=VECTORLJISTODOIKIe=WFALSEW;Kimy
WENDWSVECTORIKIS=A3TODOLK] s ="FALSE™
UEND® CYCLES
WEND® FNR T3
WENDW VECPERM3

WCODEY 364033
WPRNCEDURE® ROWPERMIPERMsLOWsUPPs I, MAT)SHVALUE® LNW,UPPsI3
WINTEGER® LOWoUPP,I3HINTEGER® WARRAY™ PEZRM3WREAL™ MARRAYW™ MATS
WBEGIN® MINTEGER™ ToJsKIWREAL™ A3WBOOLEAN®™ WARRAY®™ TODOLLOWEUPPI:
BEOR® TselOW WSTEP® 1 ®UNTILYW UPP ®DD® TODOLTIs=¥TRUE™
WEOR® Ti=lOW WSTEPW 1 WUNTIL®™ UPP "DOW
NBEGINY WIF® TODOCTI1 WTHEN®
WBEGIN® Ke=T3As=MATIILKIS
NEORY Ji1=PERMIK] WWHILE® J%aT npOw
WREGIN® MATLIsKI1t=MATLI»J1sTODOLKIs=NFALSER;KSBJ
NENDWIMATIIoKI2=A3TODOIKIs=sRFALSE"
RENDY CYCLES
HEND® FDR T3
RENDY ROWPERMS

PAGE 5
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!

AUTHOR/CONTRIBUTNR: JoJeGs ADMIRAAL.

INSTITUTE: UNIVERSITY OF AMSTERDAM.

RECEIVED: 761101,

BRIEF DESCRIPTIONS
THE PROCEDURE ORTHOG ORTHOGONALIZES SOME ADJACENT MATRIX COLUMNS
ACCORDING TO THE MODIFIED GRAM SCHMIDT METHOD (SEE [11).

KEYWORDS ¢t
MATRIX COLUMNSS,
MODIFIED GRAM SCHMIDT ORTHNGONALIZATION,

CALLING

SEQUENCE:

THE DECLARATION OF THE PROCEDURE IN THE CALLING PROGRAM READS:?

WPRNCEDURE™ ORTHOG(NsLC,UC,X) 3
NYALUEY NsLC,UCs WINTEGERM™ Ny LC,>UCSs™ARRAYY X3
“CODE™ 364023

THE MEANING OF THE FDRMAL PARAMETERS IS:

N
LC
uc

X

8t CARITHMETIC EXPRESSION>;

THE DRDER OF THE MATRIX X3

$CARITHMETIC EXPRESSIOM>s

THE LOWER COLUMN INDEX OF THE MATRIX COLUMNSS

t<ARITHMETIC EXPRESSION>;

THE UPPER COLUMN INDEX OF THE MATRIX COLUMNS3

8 <ARRAY IDENTIFIER>S

BARRAY® X[LN,LC:UCI3

ENTRY: THE MATRIX COLUMNS,TO BE
ORTHOGONALIZEDS

EXITs THE ORTHOGONALIZED MATRIX COLUMNS.

PROCEDURES USED3
TAMMAT = CP340L14s
ELMCOL = CP34i023,

REQUIRED CENTRAL MEMORYs NO LOCAL ARRAYS ARE DECLARED.

RUNNING

TIMEs PROPORTIONAL TO N##%3, *
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LANGUAGEs ALGOL #AQ.

METHOD AND PERFORMANCE?®
THE MODIFIED GRAM SCHMIDT METHND (SEE [131sCHAPTER 4.54),

EXAMPLE OF USE: THE PROCEDURE ORTHOG IS USED IN SYMEIGIMP.
{SECTION 3.3e¢lsle3e3)s

REFERENCES?
rii JeHe WILKINSON,. .
THE ALGEBRAIC EIGENVALUE PROBLEM.
CLARENDON PRESS,0OXFORD» 1965,

SOURCE TEXT:

HCNDEY 364023
WPROCEDURE™ ORTHOGI(Ns LCsUCs X) sMVALUE® N»LC,»UCS
WINTEGERY NoLC,JCsMARRAYY X3
NBEGIN® WINTEGERT TrJpsKs WREALY NORMXS
WREALY MWPROCEDURE® TAMMAT(LsUsIsJ»AsB)s "CODE® 340143
HPROCEDURE™ ELMCOL(LsUsIsJsAsBseX)s NCODE™ 3440233
HWEQRY Js=LC ®WSTEP™ 1 WUNTIL®™ UC wpgw
MBEGIN® NORMX3=2SQRT(TAMMAT(1sNs JodsXsX))3
WEORY Ji=1 NSTEPW 1 WUNTIL™ N nDO" X¥[{I,J13=X[I,J3/NORMXS
YFORY Ki=J+l NSTEP® 1 WUNTIL® UC wpOWw
ELMCOL{1sNsKs JoXoXoe=TAMMAT(1aNsKsJsXs X))
WENDY
NEND® (QRTHNGS
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AUTHOR/CONTRIBUTOR: JeJoGs ADMIRAALS
INSTITUTE: UNIVERSITY OF AMSTERDAM.
RECEIVED: 761191,

BRTIEF DESCRIPTION:

) THE PROCEDURE SYMEIGIMP IMPROVES A GIVEN APPROXIMATION OF
A REAL SYMMETRIC EIGENSYSTEM AND CALCULATES ERROR BOUNDS
FOR THE EIGENVALUES.

KEYWORDS 3
EIGENVALUES.
EIGENVECTORS,
SYMMETRIC MATRIX.
RAYLEIGH QUOTIENTS.
ERROR BOUNDS.
IMPROVED EIGENSYSTEM.

CALLING SEQUENCES
THE HEADING OF THE PROCEDURE IS @
WPRNCEDURE™ SYMEIGIMP{N,As VEC5>VAL1sVAL2, LBOUND,UBOUNDs AUX )3
WYALUE® NSWINTEGER® Nj
WARRAY® A,VEC,VAL1,VAL25LBOUNDs UBOUNDs AUXS
WCODE™ 364013

THE MEANING 0OF THE FORMAL PARAMETERS ISs

Nt <ARITHMETIC EXPRESSION>;
THE ORDER OF MATRIX As
At <ARRAY IDENTIFIER>S

WARRAY" Af13N,12N]1 CONTAINS A REAL SYMMETRIC MATRIX
WHOSE EIGENSYSTEM HAS TO BE IMPROVED:

VECs <ARRAY IDENTIFIER>}
RARRAY® VECT13N»18N] CONTAINS A MATRIX WHOSE COLUMNS ARE
A SYSTEM OF APPROXIMATE EIGENVECTORS OF MATRIX As
ENTRY: INITIAL APPROXIMATIONS;
EXIT: IMPROVED APPROXIMATIONSS

VAL1: €ARRAY IDENTIFIER>S
WARRAY® VALI{13N1;
ENTRYs INITIAL APPROXIMATIONS OF THE EIGENVALUES OF As
EXITs THE HEAD PARTS OF THE DOUBLE PRECISION IMPROVED
APPROXIMATINNS OF THE EIGENVALUES OF As

VAL?s <ARRAY IDENTIFIER>3
HARRAY® VAL2[13N3s
EXITs THE TAIL PARYS OF THE DOUBLE PRECISION

IMPRAOVED EIGENVALUES OF As
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AUX8
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<ARRAY IDENTIFIER>S
EXITs WARRAYM LBOUNDs UBOUND [1:N]1 CONTAIN THE LOWER
AND UPPER ERRORBOUNDS RESPECTIVELY FOR THE EIGENVALUE
APPROXIMATIONS IN VAL1,VAL2[18NJ SUCH THAT THE
I-TH EXACT EIGENVALUE LIES BETWEEN VALI{II+VAL2LIY
=LBOUNDII] AND VALICII+VAL2CII+UBOUNDTII;
<ARRAY IDENTIFIER>:;
WARRAYM™ AUX([KD1:513
ENTRYs AUX[O3= THE RELATIVE PRECISION OF THE ELEMENTS OF As
AUX[21= THE RELATIVE TOLERANCE FOR THE RESIDUAL MATRIX:
THE ITERATION ENDS WHEN THE MAXIMUM ABSOLUTE
VALUE OF THE RESIDU ELEMENTS IS SMALLER THAN
AUXT21%AUX{13.
AUXT43= THE MAXIMUM NUMBER OF ITERATIONS ALLOWED:
EXIT: AUX[T1l= INFINITY NORM OF THE MATRIX A3
AUXL31= MAXIMUM ABSOLUTE ELEMENT OF THE RESIDUAL MATRIXS
AUX[51= NUMBER OF ITERATIONSS

PROCEDURES USED:
LNGMATVEC = CP34411,

LNGMATMAT = CP34413,
LNGTAMMAT = CP34414,
VECVEC a CP34010,
MATMAT = CP34013,
TAMMAT s CP34014,
MERGESORT = CP36405,
VECPERM = CP364i34s
ROWPERM = CP36403,
ORTHOG = CP36402s
QRISYM = CP34163,
INFNRMMAT = CP31064%.

RUNNING TIME: ROUGHLY PROPORTIONAL TO N CUBED.

REQUIREN CENTRAL MEMQORY:
AUXILIARY ARRAYS ARE DECLARED TO A TOTAL OF 3#N#N + 6#%N REALS
AND N INTEGERS3 MOREOVER, N INTEGERS OR N BONLEANS ARE USED
BY MERGESORT> VECPERM AND ROWPERMe

METHOD AND PERFORMANCEs SEEL1].
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REFERENCES:

[1le JoJoGe ADMIRAALS
ITERATIEF VERBETEREN VAN REEEL SYMMETRISCH EIGENSYSTEEM
EN BEREKENEN VAN FOUTGRENZEN VOOR DE VERKREGEN EIGENWAARDEN.
DOCTNRAL SCRIPTION,MARCH 1976,
UNIVERSITEIT VAN AMSTERDAM.

[21e RoTo GREGORY AND Dele KARNEY,
A COLLECTION OF MATRICES FOR TESTING COMPUTATIONAL
ALGORITHAMS»
WILEY=INTERSCIENCE, 1969,

EXAMPLE OF USE.

HREGINY NINTEGERY™ I,Js"REAL® S3
HARRAYM AsX[184518415VAL1,VAL2,LBOUND>UBDUNDIL3435,EM, AUXTO25]s
WPROCEDURE®™ SYMEIGIMP{N,As X5 VAL1,VAL2,LBOUNDs UBOUNDSsAUX) 3
NCODEM 364K13
NINTEGERM WPRNCEDURE® QRISYM(AsN,VAL,EM)S"CODE® 341633
Al1o,1713=A0252713=A03,3]22A0454)1=63
Af1,2712:mAl2,118=A03,102=A0)53]2=4;
Al4,2138AT256718=A03,418=2A045318=43
AT1,4132AT451182A03,21tmA02,3 8]
WEORY Ts=1 WSTEPM 1 MWIUNTIL® 4 wpQW
WEARH Jem] HSTEPW 1 WUNTIL® 4 900" XTI,J1teX{J,T11e=ATI,J73
ODUTPUT 6L oMW WAN)H, /,46(4(+DB)s /)B)W,A) 3
EMIQ1san=143EM(4]t=10GSEMI 2]t ut=5y
QRISYMIXs 4, VALLSEM)S
AUXTOTe =03 AUXT 4T3 aifis AUXL 2] 8 =tm] 3
SYMEIGIMP (4, AsXs VALL» VAL2, LBOUND, UBOUNDs AUX) §
DUTPUT{ 61 {8/, W ({"THE EXACT EIGENVALUES ARES =1 5 45 o +5 » +159)1,
I
W(WTHE DIFFERENCES. BETWEEN THE CALCULATED AND THE EXACT EIGEMVALUES™
Y, 774N, 78 )0, (VALIL1I+1)4+VAL2L11, (VALLIL2]1=5)4VAL2L2]1, (VALL1[3]=
5)+VAL2L3T,(VALI[4I=15)+VAL2L4]) 3
QUTPUT{AL, W {"/, "{YLOWERBOUNDS UPPERBAOUNDSW )y //u})n}g
BFEQR® Iswm) NSTEPW 1 WUNTIL® 4 ®wDQOw
OQUTPUT(6L, #( W2 (4D DW+DD5B) /") ", LBOUNDII1,UBOUNDLI])
DUTPUTL61N{ "/, "{UNUMBER OF ITERATIONS = W)n,7D//;
WENINFINITY NDRM OF A = #)n,7D//,
WENMAXTIMUM ABSOLUTE ELEMENT OF RESIDI = ")n,D,DW4+DDM )W,
AUXL53, AUXE11,AUXL31)

WENDY  EXAMPLE OF USE
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DELIVERS?®

A

+6 +4 +46 +1
+4 +6 +1 +4
+6 +1 +6 +4
+1 44 +4 +6

THE EXACT EIGENVALUES ARE: =1 » +5 , +5 , +15

THE DIFFERENCES BRETWEEN THE CALCULATED AND THE EXACT EIGENVALUES
=663423147029256"=0122

+5059347844989141"=(318

4409389678347316"=(128

=525947317864427Y=(118

LOWERBNUNDS UPPERBOUNDS

+1.2"=23 +1e2M=23
+7e5M=019 +7,5M=k19
+1.,0"=113 +1.0%=13
+506M=18 +5. 6018

NUMBER OF ITERATIONS = 2
INFINITY NORM OF A = 15

MAXIMUM ABSOLUTE ELEMENT OF RESIDU = 2,B%=14

PAGE ¢4
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SOURCETEXT?

HCAODEM 36401
NPROCEDURE" SYMEIGIMP(N,AsVECsVALL,» VAL2,LBOUND,UBDOUND» AUX) S
WYALUE® N$®INTEGER® N3"ARRAY™ A, VEC,VAL1> VAL2,LBOUNDs UBOUND, AUX S
UBEGIN®
NPROCEDURE™ ORTHOG(NsLC,UC»X)s"CODE™ 364023
WPROCEDURE® MERGESORT(VEC1s VEC25LOW,UPP) 3 WCODEY 364053
WPROCEDURE™ VECPERM(PERMoLOWsUPP,VECTOR) $WCODE® 364043
HPROCEDURE™ ROWPERM{PERM»LOWL,UPP,MATRIXISHUCODE™ 364033
BINTEGER® KoIoJroIOsIls ITERSMAXITPIS"REALY S,HEAD» TAIL,MAX,TOL>
MATEPS»RELERRAPRELTOLR,NORMASWINTEGERM MWARRAY® PERMIL1:NIg
UWARRAY" RsPp YL12Ns18NIsRQAsRQATSEPS»ZoVAL3,ETALLINTS
HPRNCEDURE®™ BOUNDS{IO»I15NsLBOUND>UBOUND) SPVALUE® IG,I1sN%
PINTEGER® TG, ILoNsWARRAY®™ LBOUNDsUBOUNDS
BRBEGIN® NINTEGERY KsI»JoIO1l3M"REAL™ EPS25sDLsDRS
AEDRM T3=10,101 "WHILE"™ I<=]1 ®DO%
WBEGIN® Js=I013=13
WEDRY JtaJ+l WWHILE® WIF® J>X1 WTHEN® WFALSE® WELSE®
RO[LJI=RAT J=11<=EPSTJI+EPSLJI=1] #DO¥ IQ1li=Js
WIF® I = JO1 MTHEN®
NREGINY
NIFH <N RTHEN®
WRBEGIN®
WIFW =1 ®THEN™ DL:=DR3=RQ[I+1)=RQ[IJ=EPSCI+1]
RELSEN WBEGIN® DL2=RO[II=RQ[I=1]=EPSII=113
DR:=RQL I+11=RQLIJ=EPSLI+1]
HEND®
WEND® ®WELSE® DL3=DR2sRQLII=RQ[I=11=EPS{I~113%
EPS23=EPSLIJ*EPSIIISLBOUNDII]t=sEPS2/DR+MATEPS
UBNUNDLI13=EPS2/DL+MATEPS
HEND®™ ®ELSE®
WREGIN® WFOR® Ks=] WSTEPH 1 WUNTIL® IQL *DO%
LBOUNDLKIe=UBOUNDLKIt=EPSIKI+MATEPS
HENDW3IO01s=T0G1+1
WEND®
HENDY BOUNDS:
#PROCEDURE®™ LNGHMATVEC{LsUsIsAsBsCsCCsD-,DD)3WCODE™ 34411
WPRACEDUREN INGTAMMAT(L,U»I»5JsA»B»CsCCsD»DD)3NCODEN 344143
UPROCEDUREY LNGMATMAT(LsUs1I5JsA5BpCsCCsD»DDYIZWCODEY 344133
WINTEGERY WPROCEDUREY QRISYM{A,NsVALEMISPCODEY™ 341633
BREALMMPROCEDUREY VECVEC{L,UsSHIFT>A»B)3sPCODE® 340103
WREALWMPROCEDURE™ MATMATIL,UsIsJsA»B)S®WCODE" 340133
NREALMWHPROCEDURE"™ TAMMATILsU»I»JsAsBISHCODET 340143
HREAL® ®PROCEDURE® INFNRMMAT(LC,UC>LRsUR»KsA}3®CODE® 310643
MBOOLEANY STOP3STOP1=nFALSENSNORMAS=2INFNRMMAT{1sNs15N»S»AYS
RELERRAI=AUXTOISRELTOLRI=AUXE2]I3HAXITPlo=AUX[4]+13
MATEPSt=RELERRA®NORMASTOL: =RELTOLR#NORMA3
BEORY ITER:=1l WSTEP® 3 WUNTIL® MAXITPlL #DOw
NBEGINY STOPs=WTRUEWEMAXs =03
WCOMMENT®
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-0

WEORW J3a=] HSTEPW 3 WUNTIL® N wpO®
WEOR® Ts=1 NSTEP® ] WUNTIL® N wpOw
WBEGIN®
LNGMATVEC(JsJsIsVECsVALLs0s0,HEAD>TAIL)S
LNGMATMAT(1sNs I5JpAs VECs=HEAD»=TAIL,RIIsJI-,TAIL)S
NIFUABS{RITI» JII>MAX WTHEN® MAXt=ABS{RLI»J1)
WENDWSHIFE® MAX > TOL WTHEN® STOPt=MFALSE™;
®WIFW WNOQT® STOP WAND® ITER<MAXITPL HWTHEN®
WREGINY
WEORY Tsm]l WSTEPW 1 WUNTIL®™ N wDO®
LNGTAMMAT{1sN»IoI»VECsRsVALLII1505RQLII,RQATLII) S
MEOR® Jt=]l WSTEPW ] WUNTIL® N wpQWw
RBEGINY MFORY Jga] HNSTEPW 1 WUNTIL® N ®wDOW
ETALIT3=RIIpJI={RATJI=VALILJIII*VECTI,J1s
ZLJIs=SORT(VECVEC{1,NssETARETA))
AEND M
MERGESORT(RQsPERMs L1sN) 3 VECPERM{PERM,1,N>RQ) 3
WEOR® Ti:=] WSTEP® 1 WUNTIL® N ®wpO®
HBEGIN® EPSTIIs=Z{PERMIIIISVAL3IIIs=VALLIIPERMIII]s
ROWPERM(PERMp1sN» I» VEC) 3ROWPERM{PERMs 15Ns I5R)
WENDM3
HEORM Tg=] USTEPW ] WUNTIL®™ N wDOW
WEOR® Jia] WSTEPH 1 WUNTIL® N #pOM
PLIsJIt=P{JsIlsaTAMMAT(1sN,»IsJsVECSR)S
HEND g
WEOR®IO0s =1, I141 WWHILE®W I0<=N #WDOW
WREGINY jimIlemIds
NEQRM JsmJ+l WWHILE® WIF® >N OTHEN® WFEALSEW ®WELSE®
RO[LJI=RAL J=w1l 1<sSQRT({EPSTJI+EPSIJ=11) #NORMA) ¥DON I11mJ3
HWIFY STOP ®OR® ITER=MAXITPL ®THENY
BOUNDS{TO»I1lsNs LBOUND,UBOUNDY WELSE®
MBEGIN®
WIF®W JO=]1 WTHEN®
UREGINY WENRW Kiel WSTEPW 1 ®WYUNTIL® N wWDQOW
MIF® K=aI0 WTHEN® YIK,IOQJt=1 WELSE®
RIKs 1073 =PLKs 1073
VALILIw1s=RQTIOVI3VAL2IINI2=RQTIPERMIION]I]
WEND®N WELSE®
WREGINWHINTEGERY NlsIOMLlsI1PL3MREAL® MIsWARRAYWEM{ D157
N13=2Jl=T04+13EMIIs=2EMI2] 0=l 43 EMI 4T3l U%NL2
NBEGINT MARRAY® PPL1sN1»18N11,VAL4LL8N1IsMLls=0s
MEQORY Ks=JO WSTEP® 3 WUNTIL®™ 131 »DpOw
MiswMI+VAL3LKIsMLe=ML/NLS
HCOMMENT®
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$

WEQRYW Js=] WSTEP®™ 1 MUNTIL®™ N1 ®wDO®
REOR® Jsam] WSTEP® 1 SUNTIL® N1 #DQOWw
WBEGIN® PPLI,J13aP{I+T0=15J+Tdl=11s
HIFW =) WTHEN®
PPLIsJ1s=PPlIsJI+VAL3[J+]10=]]=M1
WENDWSHWFQR® I:=sIq) WSTEPH 31 WUNTIL® 11 ®pOw
WBEGIM® VAL3LIJs=MisVALICTI8=RQLIIS
VAL2LI1:=RQTIPERMIII]
WENDW 3
QRISYHM{PPsN1sVALGSEN)S
MERGESORT(VAL&,PERM»I5NL) 3
WEOR® Js=] NSTEP® 1 ®WUNTIL® N1 w#wpOw
REOR® Ji=} USTEPW ] WINTIL® N1 #DQWw
PLI+I0=15J+10=112=PPLlI,PERMIJITs
IGM1s =210l I1Pls=211413
WEQRW Jse]d NSTEPW 1 MUNTIL® I1 #Dp®
ABEGIN® WEOR® Is=) WSTEPW ] WUNTIL® IOM1,
I1P1 ®STEP® 1 ®MUNTIL® N #pQO%
WBEGIN® Sis0s
NEQR® K3=IQ WSTEP® 1 WUNTIL® I1 wonw
St1mS4PLIsKT1%PIKs»JI3
R[{IsJ]s=S
WEND#SHFOR® Js=IQ WSTEP® 1 WUNTIL® I1 %#DQOWw
YLIsJ1t=P{1sJ]
NEND®™ FOR J
WEND® INNERBLOCK
HWEND® I1>10
MENDW NOT STOP
WEND® FOR 103
WIF® WNOT® STOP WAND® ITERSMAXITPL ®THEN®
WBEGIN®
WEORY Jgw]l WSTEP® 1 WUNTIL® N #DpOW
WEOR® Ts=] WSTEP"™ 1 WUNTIL® N #pQOW
WIFW VAL3LII"=VAL3LJ] ®THEN®
YiIsJ78=REIoJI7¢VAL3EJI=VAL3TIT)
WFOR® YTi=]l WSTEP®W 1 MUNTIL® N wpQgw
WREGINY NFOR® Jse] WSTEPW 1 WUNTIL® N nDQOW®
Z031s=sMATHAT Lo IoJsVECSY) S
WEOR® Jim] WSTEPP 1 WUNTIL® N %D0OW VEC{I»JJt=Z[J]
HENDWSORTHOG(N, 15N VEC)
WENDNW WELSE®
WBEGIN® AUXIS13aITER=13%G0TO® E£XIT WENDW®
WEND® FOR ITER:
EXITs AUXE19:sNORMASAUXT3J122MAX
WENDY SYMEIGIMPS
nEQPM






SECTINN 3,3¢1.2.1 (JULY 1974) PAGE 1

AUTHORS: TeJe DEKKER» Wo HOFFMANN.

CONTRIBUTORS: W. HOFFMANNs SePoNo VAN KAMPEN,

INSTITUTEs MATHEMATICAL CENTRE.

RECEIVED: 731115,

BRIEF DESCRIPTION®

THIS SECTION CONTAINS FIVE PROCFDURES?

A) REAVALQRI CALCULATES THE EIGENVALUES OF A REAL UPPER=HESSEN=
BERG MATRIX, PROVIDED THAT ALL EIGENVALUES ARE REALs BY MEANS OF
SINGLE QR ITERATIONS

B) REAVECHES CALCULATES THE EIGENVECTOR CORRESPONDING TO A GIVEN
REAL EIGENVALUE OF A REAL UPPER-HESSENBERG MATRIX BY MEANS OF
INVERSE ITERATION:

C) REAQORI CALCULATES THE EIGENVALUES AND EIGENVECTORS NF A REAL
UPPER=HESSENBERG MATRIX, PROVIDED THAT ALL EIGENVALUES ARE REALs
BY MEANS DF SINGLE OR ITERATION:

D) COMVALORI CALCULATES THE REAL AND COMPLEX EIGENVALUES OF A REAL
UPPER=HESSENBERG MATRIX BY MEANS OF DOUBLE QR ITERATIONG:

£) COMVECHES CALCULATES THE EIGENVECTOR CORRESPONDING TN A GIVEM
COMPLEX EIGENVALUE DF A REAL UPPER~HESSENBERG MATRIX BY MEANS OF
INVERSE ITERATION.

KEYWORDS ¢

EIGENVALUES

EIGENVECTOR,
UPPER=HESSENBERG MATRIX»
QR ITERATIONS

INVERSE TTERATION.



SECTION 3e3sle2s1

SUBSECTION:S

CALLING SEQUENCES

THE HEADING

(JULY 1974) PAGE 2

REAVALQRI.

OF THE PROCEDURE IS

WINTEGER™ MPROCEDUREY REAVALQRI(As N» EMs VAL)3 WVALUE®™ N3
WINTEGER™ M3 WARRAY®™ A, EM, VALS

THE MEANING

At

EXITS
Mt
EMt

EXITs
VAL
MORENVERS

NF THE FORMAL PARAMETERS ISs

<ARRAY IDENTIFIER>3 .
MARRAY" ALLSN,1tN13
ENTRY: THE ELEMENTS OF THE REAL UPPER=HESSENBERG MATRIX

MUST BE GIVEN IN THE UPPER TRIANGLE AND THE FIRST
SUBDIAGONAL OF ARRAY A

THE HESSENBERG PART OF ARRAY A IS ALTERED3:

<ARITHMETIC EXPRESSINN>3

THE ORDER DF THE GIVEN MATRIX3
<ARRAY IDENTIFIER>;

MARRAY®™ EMLO03573

ENTRY® EMIOT, THE MACHINE PRECISINMNS

EMT11, A NORM OF THE GIVEN MATRIX:

EM[21s THE RELATIVE TOLERANCE USED FOR THE QR
ITERATIONS
IF THE ABSOLUTE VALUE OF SODME SUBDIAGONAL
ELEMENT IS SMALLER THAN EMILY * EM[2], THEN
THIS ELEMENT IS NEGLECTED AND THE MATRIX IS
PARTITIONEDS

EMT4Ts THE MAXIMUM ALLOWED NUMBER OF TITERATIONSS

FOR THE CD CYBER 73=28 SUITABLE VALUES 0F THE

DATA TO BE GIVEN IN EM AREs

EMIOT = %=]l4,

EM[2] > EMIO] (EeGe EM[2] = "=13),

ENMT41 = 10 * N3

EMI37, THE MAXIMUM ABSOLUTE VALUE OF THE SUBDIAGONAL
ELEMENTS NEGLECTED3

EMLS]s THE NUMBER OF QR ITERATIONS PERFDRMEDS:
IF THE ITERATION PROCESS IS NOT COMPLETED
WITHIN EML4) ITERATIONS, THE VALUE EML4] + 1
IS DELIVERED AND IN THIS CASE ONLY THE LAST
N = K ELEMENTS OF VAL ARE APPROXIMATE EIGEN=
VALUES OF THE GIVEN MATRIX, WHERE K IS
DELIVERED IN REAVALQRIs

<ARRAY IDENTIFIER>3
WARRAY® VALLIsNIs
THE EIGENVALUES OF THE GIVEN MATRIX ARE DELIVERED IN VAL,

REAVALORI DFLIVERS &» PROVIDED THAT THE PROCESS IS COMPLETED WITHIN
EM[4] ITERATIONS: OTHERWISE REAVALQRI DELIVERS THE NUMBER OF EIGEN=
VALUES NOT CALCULATED,
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PRACEDURES USED:

ROTCAL = CP34040,

ROTROW = CP34041,

RUNNING TIMEs RDUGHLY PROPORTIONAL TO N CUBED.

LANGUAGE® ALGOL 69,

METHOD AND PERFORMANCE?

PAGE 3

THE METHOD USED IN THE PROCEDURE REAVALQRI IS THE SINGLE QR
ITERATION OF FRANCIS (SEE REF[11» Pe 54» REF[21 P, 515 = 543 AND
REFU31)e THE EIGENVALUES OF A REAL UPPER~HESSENBERG MATRIX ARE
CALCULATED, PROVIDED THAT THE MATRIX HAS REAL EIGENVALUES ONLY.

REFERENCES:

[1l. Tedo DEKKER AND W, HOFFMANN,
ALGNL 6G PROCEDURES IN NUMERICAL ALGEBRAs PART 2.
MC TRACT 23, 1968, MATHe CENTRe» AMSTERDAM,

E21a JeHo WILKINSON.
THE ALGEBRAIC EIGENVALUE PROBLEM.
CLAREND(IN PRESSs OXFNRDs 1965,

[37. JoGs FRANCIS.
THE QR TRANSFORMATION, PARTS 1 AND 2.
COMPe Jo & (1961)s 265 = 271 AND 332 = 345,

EXAMPLE NF USEs
THE PRNCEDURE REAVALORI IS USED 1IN REAEIGVAL, SECTION

3030102020
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SUBSECTION:

REAVECHES

CALLING SEQUENCE:

THE HEADING NF THE PROCEDURE IS3
"PROCEDUREY REAVECHES(A, N» LAMBDA, €M, V)3 ®MVALUE"™ N, LAMBDAS
BINTEGER® N3 WREAL™ LAMBDA3; "ARRAYM A, EM» V3

THE MEANING OF THE FORMAL PARAMETERS IS3

As

N3
LAMBDAR

EM3

<ARRAY IDENTIFIER>} .
WARRAYN AC1tNs1iNJ3
ENTRY: THE ELEMENTS OF THE REAL UPPER-HESSENBERG MATRIX
MUST BE GIVEN IN THE UPPER TRIANGLE AND THE FIRST
SUBDIAGONAL OF ARRAY A3
EXIT: THE MESSENBERG PART OF ARRAY A IS ALTERED:
<ARITHMETIC EXPRESSION>;
THE ORDER NF THE GIVEN MATRIX3
<ARITHMETIC EXPRESSION>S
THE GIVEN REAL EIGENVALUE OF THE UPPER=HESSENBERG MATRIX:
<ARRAY IDENTIFIER>}
MARRAY" EMCO1973
ENTRYs EMCOl, THE MACHINE PRECISIONS
EMC17, A NORM OF THE GIVEN MATRIX;
EM[61, THE TOLERANCE USED FOR THE EIGENVECTOR; THE
INVERSE ITERATION ENDS IF THE EUCLIDIAN
NORM OF THE RESIDUE VECTOR IS SMALLER THAN
EMCL] * EML6);
EMIB1, THE MAXIMUM ALLOWED NUMBER OF ITERATIONS;
FOR THE CD CYBER 73=28 SUITABLE VALUES OF THE
DATA TO BE GIVEN IN EM ARE?
EMLOY = "els,
EML6] = ®=10,
EMCBY = 5%
EXITs EMC71, THE EUCLIDIAN NORM OF THE RESIDUE VECTOR OF
THE CALCULATED £IGENVECTORS
EMCO1, THE NUMBER OF INVERSE ITERATIONS PERFORMED;
IF EMC71 REMAINS LARGER THAN EMC1] * EML6]
DURING EMC8] ITERATIONS, THE VALUE EM[8) + 1
IS DELIVEREDS
<ARRAY IDENTIFIER>:
WARRAY® VL1:N1;
THE CALCULATED EIGENVECTOR IS DELIVERED IN V.
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PROCEDURES USED:

VECVEC = CP34010s
MATVEC = CP34011.

RUNNING TIME: ROUGHLY PROPORTIONAL TO N SQUARED.
LANGUAGE: ALGOL 64.

METHOD AND PERFORMANCE?R

THE PROCEDURE REAVECHES CALCULATES AN EIGENVECTOR CORRESPONDING TO
A GIVEN APPROXIMATE REAL EIGENVALUE OF A REAL UPPER=HESSEMNBERG
MATRIX» BY MEANS 0NF INVERSE ITERATION (SEE REFL1ls P. 55, REFI[21,
Pe 619 = 629 AND REF[31),

REFERENCES

{11 TeJo DEKKER AND W. HOFFMANN,
ALGOL 60 PROCEDURES IN NUMERICAL ALGEBRAs PART 2.
MC TRACT 235, 1968, MATHe CENTRo» AMSTERDAM.

£2]e JeHo WILKINSON.
THE ALGEBRAIC EIGENVALUE PROBLEM.
CLARENDNON PRESSs OXFORDs 1965,

[37. JaMe VARAH,
EIGENVECTORS OF A REAL MATRIX BY INVERSE ITERATION.
STANFORD UNIVERSITY» TECHs REPe NOeo CS 345 1966,

EXAMPLF OF USE:

THE PROCEDURE REAVECHES IS USED 1IN REAEIGl, SECTION 3e3:1a2e?e
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SUBSECTION: REAQRI.

CALLING SEQUENCE?

THE HEADING OF THE PROCEDURE IS
WINTEGER® ®PROCEDURE™ REAQRI(As Ny EMs» VAL, VEC)s MVALUE®™ N3
WINTEGER® N3 ®ARRAYM™ A, EM» VAL» VECS

THE MEANING OF THE FORMAL PARAMETERS IS¢

As

VaL:

VECs

<ARRAY IDENTIFIER>; .
WARRAY® AL13N,1tNJ3
ENTRY® THE ELEMENTS OF THE REAL UPPER=HESSENBERG MATRIX
MUST BE GIVEN 1IN THE UPPER TRIANGLE AND THE FIRST
SUBDIAGONAL OF ARRAY A;
EXIT: THE HESSENBERG PART OF ARRAY A IS ALTEREDS
<ARITHMETIC EXPRESSION>j
THE ORDER OF THE GIVEN MATRIXS
<ARRAY IDENTIFIER>;
WARRAYM EM[O3513
ENTRYs EMLO1, THE MACHINE PRECISIONS
EM[11, A NORM OF THE GIVEN MATRIX:
EM[21, THE RELATIVE TOLERANCE USED FOR THE QR
ITERATIONS
IF THE ABSOLUTE VALUE OF SOME SUBDIAGONAL
ELEMENT IS SMALLER THAN EML1] * EM[21, THEN
THIS ELEMENT IS NEGLECTED AND THE MATRIX IS
PARTITIONED;
EM[43» THE MAXIMUM ALLOWED NUMBER 0OF ITERATIONS3
FOR THE CD CYBER 73=28 SUITABLE VALUES 0F THE
DATA TO BE GIVEN IN &M ARE3
EMIOT = ®al4,
ENL2] > ENCOY (EeGo EM[2] = Wwl3),
EM[4Y = 10 * N3
EXIT: EML31, THE MAXIMUM ABSOLUTE VALUE OF THE SUBDIAGONAL
ELEMENTS NEGLECTED;
EM[S1, THE NUMBER OF QR ITERATIONS PERFORMEDS
IF THE ITERATION PROCESS IS NOT COMPLETED
WITHIN EMC4] ITERATIONS, THE VALUE EM[&] + 1
IS DELIVERED3 IN THIS CASE ONLY THE LAST
N = K ELEMENTS OF VAL AND THE LAST N = K
COLUMNS OF VEC ARE APPROXIMATED EIGENVALUES
AND EIGENVECTORS OF THE GIVEN MATRIXs WHERE K
IS DELIVERED IN REAQRI
<ARRAY IDENTIFIER>;
WARRAY® VALT13N13
THE EIGENVALUES OF THE GIVEN MATRIX ARE DELIVERED IN VAL3
<ARRAY IDENTIFIER>;
"ARRAY® VEC[1:N,1:N13
THE CALCULATED EIGENVECTORS, CORRESPONDING TO THE EIGEN=
VALUES 1IN ARRAY VAL[isNls, ARE DELIVERED 1IN THE COLUMNS OF
ARRAY VECe
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MOREQVER:

REAQRI DELIVERS W, PROVIDED THAT THE PROCESS IS COMPLETED WITHIN
EM[4] ITERATIONS: OTHERWISE REAQRI DELIVERS THE NUMBER OF EIGEN=
VALUES AND EIGENVECTORS NOT CALCULATED.

PRNCEDURES USED:

MATVEC = CP34011,
ROTCOL = CP34040>
ROTROW = CP340¢41.

RUNNING TIME: ROUGHLY PRUPORTIONAt TO N CUBED,
LANGUAGEs ALGDL 60,

METHOD AND PERFORMANCE:

THEE PROCEDURE REAQRI CALCULATES THE EIGENVALUES OF AN UPPER=
HESSENBERG MATRIX BY MEANS OF SINGLE QR ITERATION (SEE METHOD

AND PERFORMANCFE OF REAVALQRI, THIS SECTION)e

THE EIGENVECTORS ARE CALCULATED B8Y A DIRECT METHOD (SEE REFI11l,
Po 55=56)s IN CONTRAST WITH REAVECHES WHICH USES INVERSE ITERATINN,
IF THE HESSENBERG MATRIX IS NOT TOO ILL=CONDITIONED WITH RESPECT
TO ITS EIGENVALUE PROBLEM, THEN THIS METHOD YIELDS NUMERICALLY
INDEPENDENT EIGENVECTORS AND IS COMPETITIVE WITH INVERSE ITERATION
AS TO ACCURACY AND COMPUTATION TIME.

IF THE oR ITERATIOM PROCESS IS NOT COMPLETED WITHIN THE GIVEN
NUMBER NF TITERATIONSs NOT ALL EIGENVALUES AND EIGENVECTORS ARE
DELIVERED.

THE PRDCEDURE REAQRI SHOULD BE USED ONLY IF ALL EIGENVALUES ARE
REAL.

REFERENCES®
f1Je Todo DEKKFR AND We HOFFMANN,
ALGOL &¢ PROCEDURES IN NUMERICAL ALGEBRA, PART 2.
MC TRACT 23, 1968, MATHeo CENTRe» AMSTERDAM,

EXAMPLE OF USEs

THE PROCEDURE REAORI IS USED IN REAEIG3s SECTION 3+36le2020
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SUBSECTINNS COMVALQRI,

CALLING SEQUENCE:

THE HEADING OF THE PRCCEDURE ISt

WINTEGERY "PRNCEDUREY™ COMVALQRI(A, N» EM» REy IM}3 MVALUE® N3

NINTEGERY N3 WARRAY®™ A, EM, REs, IM3

THE MEANING OF THE FORMAL PARAMETERS IS:

At <ARRAY IDENTIFIER>S .
"ARRAY® ALLtN,13N13
ENTRY: THE ELEMENTS OF THE REAL UPPER=~HESSENBERG MATRIX
MUST BE GIVEN 1IN THE UPPER TRIANGLE AND THE FIRST
SUBDIAGONAL OF ARRAY As
EXITs THE MESSENBERG PART OF ARRAY A IS ALTEREDS
N3 <ARITHMETIC EXPRESSINN>3
THE ORDER OF THE GIVEN MATRIX:
EMt <ARRAY IDENTIFIER>;
WARRAYM EMCO1513
ENTRY: EMLOT, THE MACHINE PRECISIONS
EMC11, A NORM OF THE GIVEN MATRIX:
EM[2), THE RELATIVE TOLERANCE USED FOR THE OR
ITERATIONS
IF THE ABSOLUTE VALUE OF SOME SUBDIAGONAL
ELEMENT IS SMALLER THAN EMI1] * EM[21, THEN
THIS ELEMENT IS NEGLECTED AND THE MATRIX IS
PARTITIONED;
EMT41, THE MAXIMUM ALLOWED NUMBER OF TTERATIONSS
FOR THE CD CYBER 73=28 SUITABLE VALUES OF THE
DATA TO BE GIVEN IN EM ARE:
EMIOT = Melé,
EML21 > EMLO] (EoGe EML[2] = Wel3),
EML6T = 10 * N3
EXIT: EM[31, THE MAXINUM ABSOLUTE VALUE OF THE SUBDIAGONAL
ELEMENTS NEGLECTED;
EMLS], THE NUMBER OF QR ITERATIONS PERFORMEDS
IF THE TITERATION PROCESS IS NOT COMPLETED
WITHIN EMC4] ITERATIONS, THE VALUE EM[4] + 1
IS DELIVERED AND IN THIS CASE ONLY THE LAST
N = K ELEMENTS OF RE AND IM ARE APPROXIMATE
EIGENVALUES OF THE GIVEN MATRIXs WMERE K IS
DELIVERED IN COMVALQRIS
RE,IM3 <ARRAY IDENTIFIER>
MARRAYM RE, IMC1:NI;
THE REAL AND IMAGINARY PARTS OF THE CALCULATED EIGENVALUES
OF THZ GIVEN MATRIX ARE DELIVERED IN ARRAY REs IML1tNI, THE
MEMBERS OF EACH NONREAL COMPLEX CONJUGATE PAIR BEING
CONSECUTIVE.
MOREOVER

COMVALQRI DELIVERS 0s PROVIDED THAT THE PROCESS IS COMPLETED WITHIN
EMT4] ITERATIONS3 OTHERWISE COMVALQRI DELIVERS THE NUMBER NF EIGEN=
VALUES NOT CALCULATED.
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PROCEDURES USED: NONE.
RUNNING TIME: ROUGHLY PROPORTIONAL TO N CUBED.

LANGUAGE: ALGOL A0,

METHOD AND PERFORMANCE?:

THE METHOD USED IN THE PROCEDURE COMVALQRI FOR CALCULATING THE REAL
AND COMPLEX EIGENVALUES O0OF A REAL UPPER=HESSENBERG MATRIX IS THE
DOUBLE QR ITERATION OF FRANCIS (SEE REFL11s Pe. T4s REF[2]

Pe 528 = 537 AND REF[31).

REFERENCES?S

[1Je Tedo DEKKER AND We HOFFMANN,
ALGOL 60 PROCEDURES IN NUMERICAL ALGEBRA, PART 2.
MC TRACT 23, 19685 MATHe CENTRo» AMSTERDAM,

F2Je JeHa WILKINSON,

g THE ALGEBRAIC EIGENVALUE PROBLEM,
CLARENDON PRESS, OXFORD, 1965,

[3). JoGae FRANCIS,
THE OR TRANSFORMATIONs PARTS 1 AND 2.
COMPe Je 4 (1961)s 265 = 271 AND 332 = 345,

EXAMPLE OF USE:

THE COMPLEX EIGENVALUES AND «=VECTORS OF Hs WITH N = & AND H[I»J] =
WIFW T = 1 "THENY =1 WELSEW WIFW I = J = 1 WTHEN® 1 WELSE"™ 0 MAY
BE OBTAINED BY THE® FOLLOWING PROGRAM:

WREGIN® NINTEGERM™ I, J» M3
MARRAY™ AL13451841, RE» IMIL1341, EML[Q19]3
WINTEGER® WPROCEDURE®™ COMVALQRI(As N» EMy, RE, IM)s$
NCODEY 364191);
WPROCEDUREY COMVECHES{As N» LAMBDAs, MUs EMs, Us V)
WCODEY 361913

EMIN1ts M=143 EM[2]1= "=133 EM[1]8= 43 EM[4]8= 403

EMI61t= "=103 EMI[B1t= 53

PEOR® It= 15 2, 3, 4 "DOW WFDRY Jze 1, 2, 3, & "DO¥W AlI,J13s
WIFW J & 1 WTHEN® =1 WELSEW WIFW [ = J = 1 WTHEN® 1 9ELSE® 03
Mg= COMVALORI(As 4» EMs RE» IM)3 OUTPUT{61, "("D, /%)%, M)3
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NEQRM Jsm M o+ 1

WBEGIN® MINTEGER™ K3

WEOR® I:= 1

E ]

(JULY 1974)

MSTEPM
HARRAY®

PAGE 10

1 WUNTIL® 4 wpQn
Us VI1t41s
25 35 4 UDOW WFORW Ki= 1, 2,

4 & WDOW

A[IoK18= WIFW T = ] HTHEN® =) WELSEW

WIFR I = K = 1 WTHEN® 1 WELSE® 03

COMVECHES (A» 4, RE[J1s IM[J]s EMs» Up V)3

oUTPUT(®1,
WEORY T3= 1

W{N/y 2(+.13D"+2Ds 2B), 2/%)W,

»

25 35 4 "DOV

DUTPUT(61s "{M21Bs 2(+.13D"+2D>»

WEND™ 3

DUTPUT(AL, M(M/s 2(,2D"+2D>

EM{31, EMIT1, EMI51, EMI9]

HEND P
THE
THE
THE

+23090169943750"+00

+2300901699437506"+00

=o80901499437469%+00

=, 8191169943749 1 4+

THE ARRAY EM: EM[3]

EMI71]
EMIS5]
EMI91]

EIGENVALUES AND =VECTORS:

429510565162952"+00

«s2527663931136%+G0
~s4883989055049%+00
=e4908273055667"=(01
+04580641097602"+00

=s95105651629527400

~e252764393113A9+00
= 4883989055049 "+00
e 490827305566 7"=(1
+045806610976G27+00

+.58778525229247+00

+0.1095191711534%+00
=3753586823743"+00
++4978239349006"+00
=e43013736470819+00

=,5877852522924"+00

+01095191711534"+00
=,3753586R823743%+00
+:4978239349006"+040
=o4301373647081"+00

e6TH=22
e l7M=13
9

28) 5

/myny, ULI1, VIID)

/Ys 2(ZDy /73W)%,

PROGRAM DELIVERS (THE RESULTS ARE CORRECT UP TO TWELVE DIGITS):

NUMBER OF NOT CALCULATED EIGENVALUES: &

=s43140G486966B8%4+0(
+01070817869743%+00
+049758%0535950"+00
+0200442468844137400

+04314048696688"+00
=4 1070817869743%+00
=04975850535950"+00
-y 2004642688644137+0C

= 4878581260468Y+0D
+.3303117611685"+00
=6 4659753040772"=01
=02549153731770%+00

+o4B8T785812604687+00
=e3303117611685%+00
+e4659753060772V=01
+02549153731770%+00

RELJIs IM[JI)3
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SUBSECTIONS

COMVECHES

CALLING SEQUENCES

THE HEADING OF THE PROCEDURE ISt

"PROCEDURE™ COMVECHES(A> N» LAMBDA, MUs» EMs Us V)3
WVALUE" N, LAMBDA, MU3

WINTEGERY™ N3 WREALY™ LAMBDA, MUs "ARRAYM™ A, EMy Us V3

THE MEANING OF THE FORMAL PARAMETERS ISs

As

Ns

LAMBDAS

EM1

Us V3

<ARRAY IDENTIFIER>

WARRAY® AC13N,1:NJs :

ENTRY® THE ELEMENTS OF THE REAL UPPER=HESSENBERG MATRIX
MUST BE GIVEN IN THE UPPER TRIANGLE AND THE FIRST
SUBDIAGONAL OF ARRAY A3

EXIT: THE HESSENBERG PART OF ARRAY A IS ALTEREDS

<ARITHMETIC EXPRESSINN>g

THE NRDER OF THE GIVEN MATRIX:

MU

<ARITHMETIC EXPRESSION>3

THE REAL AND IMAGINARY PART OF THE GIVEN EIGENVALUES

<ARRAY IDENTIFIER>S

WARRAYY EMTID:191;

ENTRYs EMLO1s THE MACHINE PRECISINNS
EMI11s A NORM OF THE GIVEN MATRIX:

EMIAT, THE TOLERANCE USED FDR THE EIGENVECTOR3; THE
INVERSE ITERATION ENDS IF THE EUCLIDIAN
NORM OF THE RESIDUE VECTOR IS SMALLER THAWN
EML1] * EML6]s

EMIS1, THE MAXIMUM ALLOWED NUMBER OF TTERATIONS:

FOR THE CD CYBER 73=28 SUITABLE VALUES OF THE

DATA 10O BE GIVEN IN EM ARES

EMIOY = PM=}4,

EMLA6] = %10,

EM[81 = 53

EXIT: EMI7?71, THE EUCLIDIAN NORM OF THE RESIDUE VECTOR OF

THE CALCULATED EIGENVECTORS

EMCQ1, THE NUMBER DOF INVERSE ITERATIONS PERFNRMEDs
IF EMI71 REMAINS LARGER THAN EMIL1] * EML6]
DURING EM[81 ITERATIONS, THE VALUE €EMI[8] + 1
IS DELIVERED:

<ARRAY IDENTIFIER>;

HARRAY" Uy VI[1I3NI3

THE REAL AND IMAGINARY PARTS OF THE CALCULATED EIGENVECTOR

ARE DELIVERED IN THE ARRAYS U, VI13N].
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PRNCEDURES USED:

VECVEC = CP3401Q,
MATVEC = CP34011,
TAMVEC = CP34012,

RUNNING TIMEs ROUGHLY PROPORTIONAL TO N SQUARED,

LANGUAGE: ALGOL 60,

METHOD AND PERFORMANCE?

THE PROCEDURE COMVECHES CALCULATES AN EIGENVECTOR CORRESPONDING TO

A GIVEN APPROXIMATE EIGENVALUE OF A REAL UPPER-HESSENBERG MATRIX,

BY MEANS OF INVERSE ITERATION (SEE REF[13s P. 7% REF[27,

Pa 629 = 633 AND REF[31),

REFERENCES:

[ile Teds DEKKER AND We HOFFMANN,
ALGOL 60 PROCEDURES IN NUMERICAL ALGEBRAs PART 2.

. MC TRACT 23, 1968, MATHe. CENTR.» AMSTERDAM,

[23. JsHo WILKINSON.
THE ALGEBRAIC EIGENVALUE PROBLEM,
CLARENDON PRESSs OXFORDs 1965,

[31e JeMs VARAH,
EIGENVECTORS OF A REAL MATRIX BY INVERSE ITERATION,
STANFNRD UNIVERSITYs TECHe REPo NOo CS 345 1966,

EXAMPLE OF USE:

SEE EXAMPLE NF USE OF COMVALQRI» THIS SECTION.

SQURCE TEXT(S) 3

NCODE™ 341803
NCOMMENTH MCA 241K:
NINTEGER® WPRNCEDUREY™ REAVALQRI(A, N» EMy VAL}S WVALUE™ N3
WINTEGER®™ N3 WARRAY®™ A, EMs VAL3
WBEGINY" WINTEGER™ N1s Is Ils Js Q» MAX» COUNTS
"REAL® DET» Ws SHIFTs KAPPA, NUs MUs Rs TOLs DELTA, MACHTOL,

WPROCEDURE® ROTCOL(Ls» Us I» Js As C» S)3 WCODE™ 340403
PROCEDUREY ROTROW(Ls Us I» Js» As C» S)3 "CODE® 340613
NCOMMENT™

S3
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MACHTOLs= EMLUGT * EMCL1Y; TOLs= EMT1Y # EMP213 MAXt= EM[4T3
COUNTs= iz Rs= (3

IN: Nlts N = 13

MFORY" Ts= Ny I = ) MYHILE® (WIF® [ >= 1 MTHEN®
ABS(ALY + 1,I1) > TOL ®ELSE®™ WFALSE™) "DO" Qi= Ij
WIFN Q > 1 MTHEN®

WBEGIN® WIF®% ABS(ALQ,0 = 11) > R WTHEN®

Rs= ABS{
WENDN3

ACQsQ = 11)

NIFN Q = N WTHEN®
"BEGIN® VALINIt= ALN,NJI;. Nt= N1 MEND™

WELSE®

WBEGIN®™ DELTAt= AIN»N] = ALN1,MN133 DET®= AUNsN11 % ALN1,MI:
WIF" ABS(DELTA) < MACHTOL ®THENY St= SQRT(DET) WELSE®

NBEGIN®
Sts
W ok

WENDW;

Wis 2 / DELTAS Sst= W * W % DET + 13
WIFM S <= 0 MTHEN" =DELTA ®* .5 WELSE"®
DET / (SQRT(S) + 1)

WIF® Q = N1 WTHENW®

WBEGIN®

VALENTs= ALNsN1 + St

VALIN1Js= ACN1pN1] = S3 Ni= N = 2

HEND®
WELSE®
WBEGINW

CDUNT:= COUNT + 13

WIF" COUNT > MAX ®THEN™ ®GOTO"™ OUT:
SHIFTs= ALNsNJ + Ss MIF" ABS(DELTA) < TOL WTHEN®
MBEGINY Wta AIN1sN13 = S3

WIFM ABS(W) < ABS(SHIFT) WTHENY SHIFTs= W

WENDMS

ALQ»

Q)t= ALQsQ] = SHIFTS

WFOR® Ist=s Q WSTEP™ 1 ®UNTIL"™ N = 1 wpQ®
"BEGIN® Ilt= I + 13 AUIlsI1l8¢= ACI1,Y1] = SHIFTS

KAPPAs= SQRT(ACUILIY %% 2 & ALI1,1) *% 233
WIFW I > Q WTHENW®
UBEGIN® A[I»I = 11s= KAPPA # NUg

Ws= KAPPA * MU
WENDN
MELSE™ We=s KAPPAs MUt= A[TI»I] / KAPPAS
NUs= ATI1,I1 / KAPPAS A[LI»I1t= Y3
ROTROM(ILI» No Is Ils As MUy NU)3
ROTCOL{Qs Is I» Ils As MUs NU)S
ACI>IJt= ALILIY + SHIFT

NEND®
ACNsN = 31]t= ATNsN] * NU:3 ACNsNIz= ALNeN] * MU + SHIFT

nEND Y
MENDW S

HIFH N > 9 WTHENW wGQTO" JIN3

AUTs EMF31s= R3
"END® REAVALORI;
nEQPN

EMT%1s= COUNT3 REAVALORIt= N

13
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WCNDE™ 34181:
WCOMMENTY MCA 24113
WPROCEDURE® REAVECHES(As Ns LAMBDA, EMs V)3 UVALUE™ N, LAMBDA3
WINTEGERY N3 "REAL®™ LAMBDA; MARRAYM A, EM, V3
MBEGIN®™ WIMTEGER" Is Ils J» COUNT, MAXS
WREAL™ Ms Ry NORMy MACHTOL, TOL:S
WBOOLEAN® WARRAY® PL1:N]:

"REAL™ "PROCEDURE™ VECVEC(Ls, Us SHIFT, As B)3 WCODE"™ 34G1a;
WREAL® YPROCEDURE™ MATVEC(L, Us I, A, B)s MCODEM™ 34011;

NORMt= EML113 MACHTOLt= EMLO) * NORM3 TOL2= EME&] * NNRM3
MAXt= EMIBTS AC1,11t= A[L15,11 = LAMBDAS
GAUSS: MFOR® Itm 1 WSTEPW 1 MUNTIL® N = 1 #nDpOw
NBEGINY Ilt= T 4+ 1; Rit= A[T,11; Mt= ACIl513:
WIF® ABS({M) < MACHTOL M"THEN® Mts MACHTOLS
PLITs= ABS{M) <= ABS(R)3
NIFN PLI1 "THENW
"BEGIN" ATI1,Ilt= Mi= M / Ry
MFORM J3e I1 WSTEPM 1 MUNTIL®™ N #pOn
AlIlsJ12= (NIF® J > I1 OTHEN" ALI1,J]
WELSEM ALIlsJ) = LAMBDA) = M % A[I,J]
HEND#
NELSE"
"BEGIN® AFI,Ils= M3 A[IlsI1t= Mis R / Mg
MEOR® Ji1= I1 WSTEPW 1 MUNTIL® N wpgw
NBEGIN® Rt= (WIFM J > T1 ®THEN® A[Il,J] MELSEW
ATTI1,J1 = LAMBDA)S
ACIL1,J33= ALTI,Jd] = M * Ry ALIsJlt= R
"END"
"END"
WEND® GAUSSs
WIFN ABSUALNsN1) < MACHTOL ®THEN®™ ATN,Nlts MACHTOL:
WEORM Js= 1 WSTEP® 3 #MUNTIL™ N »DO" V{Jlst= 13 COUNT:= O3
FNRWARDS COUNTSs= COUNT + 13 MIF® COUNT > MAX WTHEN® wGOTN" QUTS
WEQRY T:= 1 WSTEP® 1 WUNTIL® N = 1 HpOwn
WREGINY Tl:= T + 1;
WIF® PLI] MTHEN® V{I1l8= VEI1] = ACT1,I] % V[I1 WELSE®
WBEGIN® R3= VLI1l3 VLIl13= VLI) = ACI1,I1 #* R3
VITIssR
WENDY
WEND" FORWARDS
BACKWARDS "FOR® It= N WSTEP® =31 MUNTILW 1 upp®
VETI3ls= (VEIY = MATVEC(I 4 1s Ns I, As V)Y / ALI,173
Ri= 1 / SQRT(VECVEC(1» N» O» Vs V))1
HEORM Js= 1 MSTEPW 1 MUNTIL® N wDO"™ VEJl:= VLJ] * R3
WIF® R > TOL MTHEN® %GOTO" FORWARDS
OUT: EM[71s= R; EMI9lt= COUNT
WEND® REAVECHES:
nEAp
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NCODE" 341863

MCOMMENT® MCA 2416

WINTEGER®™ "PROCEDUREM™ REAQRI(As Ns EM» VAL, VEC); MVALUE"™ N3

MINTEGERM™ N3 M"WARRAYY™ A, EM, VAL, VECS

WBEGIN® ®INTEGER®™ M1, I, Ti, Ms Js Qs MAX, COUNT:
WREAL"™ W, SHIFT, KAPPA, NUs MUs Ry, TOLs S» MACHTOL,»
ELMAX, Ts DELTAs DET;
WARRAY™ TFL1eN1s

"REAL® "PROCEDURE™ MATVEC(Ls Us Is A B)3 WCODE™ 34011:
"PROCEDURE™ ROTCOL(Ls, Us I» Js As C» S)s MCODEY™ 34040
"PROCEDURE™ ROTROW(Ls Us Is Js As C» S}t WCODE™ 340413

MACHTOL:= EM[O1 # EML1]s TOLss= EMCL] * EML21: MAX3=s EM[4]:
COUNTt= 03 ELMAXt= 03 Ms= N3
NFORM Tgs 1 WSTEP® 1 MUNTIL™ N wpOw
WBEGINY VECL[IsITt= 13
UEFOR® J3= T 4 1 MSTEP®™ 1 WUNTIL® N upQw
VECLIsJdlt® VECTJsIl8= O
WENDM;
IN:t Mlt=s M = 13
WEORMY JT2s Mp I = 1 AWHILE®™ (WIF® T >= 1 WTHEN®
ABSC{ALT + 15I3) > TOL ®ELSE®™ ®FALSE®) #DpO" Q3= I3
WIF® Q > ] WTHEN®
NBEGIN® WIFH® ABS{A[{Q»Q = 11) > ELMAX PTHEN®
ELMAX3= ABS(A[Q, Q = 11)
WENDN
WIFM Q = M WTHENM
WBEGINY VALIMlse A[MpMIs Ms= M1 WEND®
WELSEM
"BEGIN® DELTAs= A[M»MY = ACM1,M173 DETt= AIM,M11 % ACUM1,M13
WIFW ABS{DELTA) < MACHTOL "THEN® Sse SQRT(DET) WELSE®
"BEGIN® Wi=s 2 / DELTA; St= W * W * DET + 13
St= WIFA S <= 0 NTHEN® =DELTA * ,% ®ELSE®
W * DET /7 (SQRT{(S) + 1)
NENDY
WIFW Q = M) MTHEN®
WBEGIN® A[MoM13= VALEMIse A[MsM] + S
AlQ5Q]2= VALLQlt= A[LQsQ] = S3
Tes WIFEW ABS(S) < MACHTOL WTHEN®
{S + DELTA) /7 ALCM,Q) MELSE"™ ALOQsM) / S3
Rie SQRT(T # T + 1)3 NUt= 1 / R
MUt= =T * NU3 A[QsMIt= A[QsM] = A[M,QI:
ROTROW(Q + 25 Ns Qs Ms As MU NU)3
ROTCOL(1, Q@ = 1s Q» My A, MU, NU)3
ROTCOL(1, N» Qs My, VEC» MU, NU); M3z M = 2
NENDW
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NELSEN
MBEGIN® COUNTs= COUNT + 13
nIF® COUNT > MAX ®THEN® ®wGOTO" ENDs
SHIFTs= A[MsM] 4 S35 WIF® ABS(DELTA) < TOL ®THEN®
N"REGIN® Wee ACM1sM1] = S3
MIF® ABS(W) < ABS(SHIFT) "THEN® SHIFTi= W
MENDYM
ATQ0»013= A[LQ»Q) = SHIFTS
WEORY I3zm Q WSTEPM 1 WUNTIL®™ M1 wDpO®
HBEGIN® Ilt= I + 13 A[IlsIllt= A[T1,111 = SHIFTS
KAPPAt=s SQRTLALI,IT #% 2 + A[LT1,I1 *% 2)3%
WIFN I > Q MTHEN®
MBEGINY A[I,I = 113= KAPPA * NU;
Wi= KAPPA ¥* MU
MENDY
WELSE™ Wie KAPPA; MUt= A[I,I] /7 KAPPA;
NUs= A[LIl,1) / KAPPA3 ALI»Ils= W3
ROTROW(I1s N» I, Ils As MU, NU)S
ROTCOL(1s I» Is Ils A» MU, NU)S
ACI»X1s= A[LI»IJ + SHIFT:
ROTCOL(1s MN»o I» Ils VEC» MU, NU)
WENDY;
ATMsM11t= ACM,M]1 * NUs ATMpMIt= ACM,MI * MU + SHIFT
nENDY
HENDW3
WIFN M > O NTHEN® WGOTO" INS
WEQR® Jim N WSTEPN =) RMUNTILW 2 wDOW
RREGIN® TFLJlz= 13 Ti= AlJrJ13
MEORY Ji1= J = 1 MSTEPM =1 MUNTIL® 1 wDOW
MAEGIN® DELTAt= T = A[1,I13
TFLIlse MATVEC(I + 1, Js I As TF) /
("WIF® ABS(DELTA) < MACHTOL "THEN® MACHTOL P"ELSE®™ DELTA)
WENDM S
NENR® Tgs 1 ®STEP™ 1 WUNTIL™ N ®DOW
VECITsJ1t=a MATVEC(1s J» I» VEC» TF)
WENDMS
ENDs EMI31t= ELMAX: EMI513= COUNT3 REAQRIZ= M
HEND® REAQRIS
nEQpM
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BCNDE" 341993

NCOMMENT™ MCA 242us

NINTEGER® "PROCEDURE®™ COMVALQRI({A, Ny EMy REs IM)3 ®VALUEY N;

NINTEGER™ N3 MARRAYY™ A, EMs RE» IMg

NBEGIN® MINTEGER™ I, J, Py Qs MAX, COUNT, N1, P1l, P2, IMIN1,
I, 12, 133
NREAL™ DISCs SIGMA, RMOs» Gls G2s G3s PSI1s, PSI2s AAs E» Kp
Ss NORMs MACHTOL?», TOL, W3
HRNNLEAN® B3

NORM:= EM[11s MACHTOL2:= (EMIU] * NORM) *#% 23
TOLe= EML2] * NORM3 MAX3s= EM[4]3 COUNTt= Q3 Wis O3
INt WFOR® J3= Ny T = 1 WWHILE"
(WIFM I >= 1 WTHEN" ABS(A{I + 1,I1) > TOL WELSE®™ ®FALSEM)
"pAM Q= I3 MIF® Q > 1 WTHEN®
NBEGIN® NIFW ARS(ATQsQ = 1]) > W MTHEN® Wi= ABS(A[Q,Q = 11)
MEND®S
WIFM Q >= N = 1 WTHEN"®
WBEGIN® Nlz= N = 13 M"IF" Q = N WTHEN®
WREGINY RECNI:= A[N,N13 IMINIt= 0O; Ni= N1 WENDW
WELSE"
WBEGIN®™ SIGMAz= A[NsN] = ALN1,N11;
RHD3:= =ALN,N1] * AUN1,NI3
DISCt= SIGMA #% 2 = & * RHO3 WIF® DISC > O ®THENW
HBEGIN® DISCs= SQRT(DISC)3;
Ste =2 % RHO /7 (SIGMA + (WIFY SIGMA >= 0
RTHEN® DISC ®ELSE®" =DISC))s
RELNT3= AUNsN1 4 S3
RECN11s= A[CNI,N1] = S3 IMINIt=s IMIN11:= @
HENDN
NELSEN
WBEGIN®™ RE[LNI1:= REIN1]1s= (ACN1,N11 + A[NsNI1) / 2%
IMEN1]s= SQRT{ =DISCY / 23 IMINIs= =TIMIN1]

WENDY 3
Nis N = 2
NEND W
WENDW
HELSE®

MRBEGIN® COUNTS= COUNT + 183 WIFW COUNT > MAX PTHEN®

NGOTON QUT: Nls= N = 13

SIGMAs= ALNsN] + ACN1sN1] + SORT(ABS{ALN1»N = 23 * A[N,N11)

% EMIEO1)3 RHOts ALN,N) #* ATN1I,N1] = ALN,N11 # ACN1,N1g

WFORM Tt=a N = 15 I = 1 WWHILE®

(WIFW T = 1 >= Q MTHEN® ABS(A[I,I = 1] %

ALT1,I1 % {ABS(ALI»IY + A[IlsI1Y = SIGMA) +

ABSCALTI + 25I11))) > ABS(ALI,I1 * ((A[LI,I] = SIGMA) +

ALI,I11 #* ALI1»I1 + RHO)) * TOL

NELSEN MEALSEW) oD0O® Pls= Jls= I3 Pi= Pl = 1%

P2te P + 2% .
HCOMMENT®
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]

?

WEQR® T3m P WSTEPW ] AUNTIL® N = 1 »DOM
WREGIN® IMINlt= I - 13 Ilt= I + 15 I23= I + 23

RIFW I = P WTHEN®

NBEGIN® Gls= A[PyP] * (A[PsP] = SIGMA) + ALPsP1] *
ALP1,P]1 + RHO;
G23= A[P1sP] * (ALPsP1 + ALP1lsP1l1 = SIGMA)S
WIF® PL <= N1 "THEN®
WBEGIN® G33= A[P1sP1 * ALP2,P1)3 ALP2,PJs= 0 WENDW¥
WELSE" G3:= 40 ‘

PEND®

WELSEN ,

WREGINW Gl:= A[I»IMINLI; G2t= ALI1»IMIN1I;
G3s= WIFM ]2 <= N MTHEN® AUI2,IMIN1] WELSE® O

WEND®

Kis WIFH GL >= ) WTHEN"

SORTI(GL #% 2 + G2 #% 2 + G3 #% 2) MELSEY

wSOQRTIGL *% 2 + G2 *% 2 4+ G3 *#* 2)3

Bt= ABS(K) > MACHTOL2:

AAds= WIF® B MTHEN® G1 / K + 1 WELSE" 23

PSI1lt= WIFW B MTHEN®" G2 / (Gl + K) MELSEY 03

PSI2t= WIFM B WTHEN® G3 / (Gl + K) MELSE™ {3

WIFN T %= Q "THEN" A[I,IMIN1ls= WIFW I = p ®THENW

=ALIs IMIN1] MELSEY =K3

WEOR® Jis I MSTEP™ 1 PUNTIL®™ N wpOW

WBEGIN® Etm AA * (A[lI»J] + PSI1 * A[I1,J] ¢
{PIF® J2 <= N ®WTHEN® PSI2 % A[I2,J] ®ELSE® 0))s
AlIsJdltm ACI»J1 = Es A[T15J32= ATI15J]1 = PSIL * E3
WIFW J2 <= N WTHEN®™ A[I2,J33s A[I2,J] = PSI2 * E

NENDY S

UFOR® Jss Q WSTEP® 1 BWUNTIL®

(MIFM T2 <= N WTHEN® I2 WELSE™ N) #pOv

VBEGIN® Eim AA & (A[JsI) + PSI1 * A[J,T1] +
(WIF® 1?2 <= N WTHEN® PSI2 * A[LJsI21 ®ELSE® 0))s
AlJoT1t= A[lJs1I] = Es A[JsI113= ALJ,»I1] = PSI1 * Eg
WIFM J2 <s N WTHEM" A[J»I1238= A[J,I2] = PSI2 #* E

HENDMS

RIFN T2 <= N1 "THEN®

UBEGIN® I3s3= I + 33 Es= AA % PSI2 # A[I3,121s
ATI3,113e =E3
AfI3,111t= «=PSI1 * E3
ACI3,1278= A[I3,121 = PSI2 * E

NENDR

NEND

RENDM 3

WIFM N > 0 WTHEN® #GOTOYW INS
OUT: EM[3]s= Wi EM[5]3= COUNT; COMVALQRIt= N
BEND® COMVALORI:

ngapn
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UCODE" 34191

NWCOMMENT® MCA 24213

WPROCEDURE"™ COMVECHES{A» N» LAMBDA, MU, EMs, U, V)3

WYALUE™ N, LAMBDA» MU

SPINTEGERY N3 ®REAL™ LAMBDA, MUs "ARRAY®™ A, EMy Us V3

WREGIN® MINTEGER®™ I, Ils J» COUNT, MAXS
WREAL™ AA» BBs Ds» My Ry S» Ws X» Ys NORM, MACHTOL, TOLS
WARRAY® G, FL[3I:NI3
NBOOLEANY™ WARRAY® PL13NI3

WREAL™ ®PROCEDURE™ VECVEC(Ls Us SHIFT, As B)s MCODEY™ 34610;
WREAL"™ "PROCEDURE®™ MATVEC(Ls Us Is As B)s WCODE™ 340113
WREAL" "PROCEDURE™ TAMVEC(L» Us Is As B)3 WCODE™ 34012;:

NORMs= EML13; MACHTOLs= EMLUY # NDRM3 TOLs= EML6] * NDRM:
MAXs= EM[B1s
HEQR®" Tsa 2 WSTEPH® 1 WUNTIL®™ N wDQO®
MBEGINY F[Y = 133= A[I»I = 113 A[XI,112e ) WENDY3
AAt= AC1,13 -~ LAMBDAs BBi= =MU$
NEQRM Tta 1 WSTEP® 1 WUNTIL® N =« 1 wpow
HREGIN® Tles= I + 13 Met= F[I);
NIF® ABS{M) < MACHTOL ®THEN™ Mt=s MACHTOLS
AlI»T1s= M3 Ds= AA %% 2 4 BB ** 23 P[IJts ABS(M) < SQRT(D):
WIFW PLIY “THEN®
RRBEGIN® WCOMMENT™ A[fI»J] ® FACTOR AND AfI15J] = ATI,J1s
FIIls= Rs= M % AA / D3 GLIJst= S2= =M % BB / D3
Weta ACI1,11;5 X3= A[LI»I113 ALIl»IV8= Yts X % S 4 W * R3
AlT»Il12= X8m X % R = Y % S3
AAt=® ATY1,11] = LAMBDA = X3 BBs= =(MU + Y)3
WEORW Jte I + 2 WSTEP®™ 1 ®WYUNTIL® N npQw
NBEGIN® Wim AL J,I1s Xt= A[LI»J)s
AlJsI)t= Y= X % S 4 W * R
ACIosJlist= Yte X * R = Y % S5 AlJpI1]t= =VY3
ATTI1sJd32= ACI1sJ] = X
WENDM
NENDM
MELSE®
ABEGIN® WCOMMENT® INTERCHANGE ALI1,J]1 AND
ACI,J7 = A[LIl»J] % FACTOR:
FCIJe= Rt= AA /7 M3 GL[Il3= St= BB / M3
Wem A[LTI1,71] = LAMBDA3 AAt= A[LI,I1] = R *
A[I,I17t= W3 BBs= ALI1,I1 = S * W 4+ R * MU
AflI1,1I%8= =MUS
NEORY Jg= I + 2 WSTEPM 1 WUNTIL® N #wpQw
HBEGIN® Wt= ACLIlsJ1s ATI1sJl2= A[LI»J] = R * W3
ALTsJls= W3
ATJsI133m ALJsI] = S #% Wz ATJs»Ids= O
WENDW
wENDD
WEND "

W= S * MU
H
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3

PINl1t= WTRUEWS D2es AA #% 2 ¢ BB %k 23 BIF® D < MACHTOL #%* 2
BWTHEN® HBEGIN® AAs= MACHTOL: BBit= Q3 Ds= MACHTOL %% 2 WENDW:
ACNsNJ2= D3 FINJIt= AA3 GIN]t= =BR}
HENRY It=m 1 WSTEP®™ 1 WUNTIL® N ®DO%
WEBEGIN® UCIJs= 13 VIIls= O WENDYS
COUNT:= O3
FORWARD: WIF® COUNT > MAX NTHENW @GOTO"™ NUTH:
HEDR® J:a= 1 WSTEP® 1 ®UNTIL® N wpOw
WRBEGTIN® WIF® PLT] WTHEN®
WREGIN® We= VY[IIg VIIlt= GUI1 # ULIT + FLIT * W3
UCT3se FLI] % ULIT = GUID % W3 WIF®W ] < N WTHEN®
WBEGINY VLI + 11s= VI[I 4+ 11 = VIII;
ULT + 133= ULTI + 11 = ULI]
HENDW
WEND™
HELSEM
WRBEGIND AAts ULT 4+ 113 BBs= VII ¢ 113
ULT + 17t= ULI] = (FLI) * AA = GLIJ % BB)3 UlIlz= AAZ
VEI + 17¢2= V[IY = (GTIT % AA ¢+ FLT11 * BB)§ V{Ile= BB
WEND
NENDY FORWARDS
BRACKWARDS 9RFORM Ig= N HSTEPW =1 WUNTIL® 1 nDOW
HBEGINY Il:= I + 13
ULITs= (ULIT] = MATVEC(Ils N» Is A U)
TAMVEC(ILls, No Is Ap V) WELSE®™ ALI1l,11]
VETls=s (VIIT =« MATVEC{(I1l, Ns I, As V)
TAMVEC(Ils N» I» Ap U) WELSE® ALT1,13
WENDW BACKWARDS
NORMALISE: Wims 1 / SQRT(VECVEC(1, N» ©1s Us U) +
VECVEC({1, Ns 0, Vs, V))3
WEORM Jr= 1 UMSTEP® } WUNTIL® N wDQOW
WREGIN® ULJls= ULJ] # W3 VIJIs= VIJ] * W WENDY3
COUNT2= COUNT + 13 ®IF® W > TOL ®THFN?" ®WGOTO® FORWARD3
OUTM: EMIT71:= W3 EM[91t= COUNT
NENDW COMVECHESS
ngOpe

(WIF" PTIY WTHENW
VEI1IY) /7 ATILTIT
(RIF® PLI] WTHEN®
ULI13)) /7 ATI»IY

#* i % <+
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AUTHORS t TeJo DFKKERs Yo HOFFMANN,

CONTRIBUTORSS We HOFFMANN, SePoNe VAN KAMPENs JoGe VERWER,
INSTITUTE: MATHEMATICAL CENTRE,

RECEIVED: 73120%,

BRIEF DESCRIPTION:
THIS SECTION CONTAINS FIVE PROCEDURES FNR CALCULATING FIGENVALUES
AND / OR EIGFNVECTORS 0OF REAL MATRICES:
A) REAEIGVAL CALCULATES THE EIGENVALUES OF A MATRIX, PROVIDED THAT
ALL EIGENVALUES ARE REAL»
B) REAEIG1 CALCULATES THt EIGENVALUES, PROVIDED THAT THEY ARE ALL
REAL», AND THE EIGENVECTORS OF A MATRIX»
C) REAEIG3 CALCULATES THE EIGENVALUESs PRAOVIDED THAT THEY ARE ALL
REAL, AND THE EIGENVECTORS OF A MATRIX,
D) COMEIGVAL CALCULATES THE EIGENVALUES OF A MATRIX,
£) COMEIGL CALCULATES THE EIGENVALI'ES AMD FIGENVECTORS OF A MATRIYX,

KEYWARDS ¢
EIGENVALUES»
EIGENVECTORS.
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SUBSECTION: REAFIGVAL.

CALLING SEQUENCF3
THE HEADING OF THE PROCZDURE ISt
WINTEGER®™ WPROCEDURE™ REAEIGVAL(A» Ns EM, VAL)3 ®VALUE®™ N3
WINTEGER® N3 M"ARRAY® A, EM» VALS

THF MEANING NF THE FORMAL PARAMETERS IS:

As <ARRAY IDENTIFIER>;
WARRAY™ A[C18N»,13N13
ENTRY: THE MATRIX WHOSE EIGENVALUES ARE TO BE CALCULATEDS
eXIT: THE ARRAY ELEMENTS ARE ALTERED:

N3 <ARITHMETIC EXPRESSION>3
THE ORDER OF THE GIVEN MATRIXS
EM3 <ARRAY IDENTIFIER>;

WARRAY™ EM[O35];
ENTRYs EMIOY, THE MACHINE PRECISTONS
EMU27, THE RELATIVE TOLERANCE USED FOR THE OR
ITERATIONS
EMI&1, THE MAXIMUM ALLOWED NUMBER OF ITERATIONSS
FOR THE CD CYBER 73=28 SUITABLE VALUES 0OF THE
DATA TO BE GIVEN IN EM ARE?
EMIQT = %=14,
EMI2] > EMIG] (EoGe EM[21 = "=13),
EMI4] = 10 % N3
EXITs EMI1Js THE INFINITY NORM OF THE EQUILIBRATED MATRIX:
EMI31, THE MAXIMUM ABSOLUTE VALUE OF THE SUBDIAGONAL
ELEMENTS NEGLECTED:
EM[51, THE NUMBER OF QR TITERATIONS PERFORMEDS
IF THE ITERATION PROCESS IS NOT COMPLETED
WITHIN EMI&] ITERATIONS, THE VALUE EMI&] + 1
IS DELIVERED AND IN THIS CASE ONLY THE LAST
N = K ELEMENTS OF VAL ARE APPROXIMATE EIGEN-
VALUES OF THE GIVEN MATRIXs WHERE K IS
DELIVERED IN REAEIGVALS
VAL: <ARRAY IDENTIFIER>;
WARRAYY VALIT13MI3
EXITs THE FEIGENVALUES OF THE GIVEN MATRIX ARE DELIVERED
IN MONOTONICALLY NONINCREASING DRDER}

MOREDVER:
REAEIGVAL DELIVERS G, PROVIDED THAT THE PROCESS IS COMPLETED WITHIN

EML4] ITERATIONS: OTHERWISE REAEIGVAL DELIVERS Ks THE NUMBER OF
EIGENVALUES NOT CALCULATED,
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PRNCEDURES USEDs
EQILBR = CP341735s
TFMREAHES = CP34170»
REAVALORT = (CP34187.

REQUIRKD CENTRAL MEMORY:
EXECUTION FIFLD LENGTH: 3N,

RUNNING TIMEs ROUGHLY PROPORTIONAL TN N CUBED,

LANGUAGE: ALGOL 60,

METHOD AND PERFDRMANCE?
THE GIVEN MATRIX IS EQUILIBRATED BY CALLING EQILBR (SEE SECTION
3e2e1e1e1) AND TRANSFORMED TO A SIMILAR UPPER=HESSENBERG MATRIX
BY CALLING TFMREAHES (SEE SECTION 3¢2e1e2e¢102)e THE EIGEMVALUES
ARE THEN CALCULATED BY CALLING REAVALQRI, WHICH USES SINGLE QR
ITFRATION (SEE SECTION 3e3s102¢1).
THE PROCEDURE REAEIGVAL SHOULD BE USED ONLY IF ALL ETGENVALUES ARE
REAL.
FOR FURTHER DETAILS SEE REFERENCES [11, [2] AND [31],

SUBSECTION? REAEIGl.

CALLING SEQUENCE:
THE HEADING OF THE PROCEDURE IS:
WINTEGERY™ WPROCEDURE™ REAEIG1(As Ns EMs VALs VEC)S MVALUE™ N3
MINTEGER®™ Ng MARRAY™ A, EM, VAL, VECS

THE MEANING OF THE FORMAL PARAMETERS IS:
At <ARRAY IDENTIFIER>3
MARRAY®™ AT18N»18N1s
ENTRY: THE MATRIX WHOSE EIGENVALUES AND EIGENVECTORS ARE TO
BE CALCULATED:;
EXIT: THE ARRAY ELEMENTS ARE ALTERED:
N8 <ARITHMETIC EXPRESSION>g
THE ORDER OF THE GIVEN MATRIX;
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FM2

VAL

VECs

<ARRAY IDENTIF

WARRAY® EM[Q:9

ENTRYs EMIO1,
EMT21,

EML41s

cMl61s

EMEBT,

FOR THE
DATA TO
EMIO] =
EMLI2] >
ENL4Y =
ENL6T >
EMIBY =
EXITs EMILL1s
EMT3 1,

EMLS51,

EMET1,

EMLE9T,

<ARRAY IDENTIF
WARRAY® VALT1:
EXITs THE EIG
IN MONOT
<ARRAY IDENTIF
WARRAY® VEC[13
EXITs THE CalC
EIGENVAL
COLUNNS

(JULY 1974) PAGE &

IER>3

13
THE MACHINE PRECISIONS
THE RELATIVE TOLERANCE USED FOR THE QR
ITERATIONS
THE MAXIMUM ALLOWED NUMBER nF  0oR
ITERATIONSS
THE TOLERANCE USED FOR THE ETIGENVECTORS 3
FOR EACH EIGENVECTOR THE INVERSE ITERATION
ENDS IF THE EUCLIDEAN NDORM OF THE RESIOUE
VECTOR IS SMALLER THAMN EMIL11 % EMI6&]S
THE MAX IMUM ALLOWED NUMBER O0OF INVERSE
ITERATIONS FOR THE CALCULATION OF EACH
EIGENVECTOR:

CD CYBER 73=28 SUITABLE VALUES OF THE

BE GIVEN IN EM ARE?S

Hm} 4 5

EMID] (EoeGe EMI2] = "=13),

10 %* Ny

EMIZ2] (E«Ge EMLH] = "w=jO),

5%
THE INFINITY NORM OF THE EQUILIBRATED MATRIX:
THE MAXIMUM ABSOLUTE VALUE OF THE SUBDIAGONAL
ELEMENTS NEGLECTEDS
THE NUMBER OF QR ITERATIONS PERFORMED:
IF THE ITERATION PROCESS IS NOT COMPLETED
WITHIN EML4] ITERATIONS, THE VALUE EM[4] + 1
IS DELIVERED AND IN THIS CASE ONLY THE LAST
N = K ELEMENTS OF VAL AND COLUMNS OF VEC ARE
APPROXIMATE EIGENVALUES AND EIGENVECTORS OF
THE GIVEN MATRIX» WHERE K IS DELIVERED In
REAEIGL

THE MAXIMUM EUCLIDIAN NORM OF THE RESIDUES
OF THE CALCULATED EIGENVECTORS (0OF THE TRANS=
FORMED MATRIN)3

THE LARGEST NUMBER OF INVERSE TITERATINNS
PERFORMED FQOR THE CALCULATION OF SOME FIGEN=
VECTORE IF, FOR SOME EIGENVECTOR THE
EUCLIDEAN NORM 0OF THE RgSIDUE REMAINS
LARGER THAN EMIL] % EMI6]s THE VALUE
EM[I8] + 1 IS DELIVEREDs; NEVERTHELESS THE
EIGENVECTORS MAY THEN VERY WELL BE USEFUL,
THIS SHOULD BE JUDGED FROM THE VALUE
DELIVERED IM EML7] OR FROM SOME OTHER TESTS
IER>;

N1s

ENVALUES OF THE GIVEMN MATRIX ARE DELIVERED
ONICALLY DECREASING ORDER:

IER>;

NpltNIs
ULATED EIGENVECTORS, CORRESPONDING 0 THE
UES IN ARRAY VALU13NJ» ARE DELIVERED 1IN THE
OF ARRAY VEC:
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MOREQOVER:

REAEIG1 DELIVERS O» PROVIDED THAT THE PRNCESS IS COMPLETED WITHIN
EMI4] ITERATIONS3 OTHERWISE REAEIG) DELIVERS Ks THE NUMBER 9OF
EIGENVALUES AND EIGENVECTORS NOT CALCULATED.

PROCEDURES USED:

EOQILBR = CP34173,
TFMREAHES = CP34170,
BAKREAHES2 = CP34172,
BAKLBR = CP34174s
REAVALQRI = CP34180,
REAVECHES = CP3¢41R1,
REASCL = CP34183,

REQUIRED CENTRAL MEMORY:
EXECUTION FIELD LENGTH: N * N + 5N,

RUNNING TIMc® ROUGHLY PROPOPTIONAL TO N CUBED.

OPTIONSS Fo

METHOD AND PERFORMANCE:?
THE GIVEN MATRIX IS EQUILIBRATED BY CALLING EQILBR (SEE SECTION
3.2e1lalel) AND TRANSFORMED TO A SIMILAR UPPER~HESSENBERSG MATRIX
BY CALLING TFMREAHES (SEE SECTION 242e1e201.2)e THE EIGENVALUES
ARE THEN CALCULATED BY CALLING REAVALQRI, WHICH USES SINGLE QR
ITERATION (SEE SECTION 3.3.1.2.1)
FURTHERMOREs TN FIND THE EIGENVECTORS WILKINSON'S DEVICE IS FIRST
APPLIED [2» Po328 AND 6281, SUBSEQUENTLY THE EIGENVECTORS O0OF THE
UPPER=HESSENBERG MATRIX ARE CALCULATED BY CALLING REAVECHES,
WHICH USES INVERSE ITERATION (SEE SECTION 3,3s1e2e1l)e THE
CALCULATED VECTORS ARE THEN BACK=TRANSFNRMED TO THE CORRESPONDING
EIGENVECTORS OF THE GIVEN MATRIX BY CALLING BAKREAHWRSZ2 AND BAKLBR
(SEE SECTIONS 3e2¢1a2ele2 AND 342elelel)e FINALLY THE APPROXIMATE
EIGENVECTORS ARE NDRMALIZED BY CALLING REASCL (SEE SECTION 1.1.9)
SUCH THAT, IN EACH EIGENVECTOR, AN ELEMENT OF MAXIMUM ABSOLUTE
VALUE EQUALS 1.
THE PROCEDURE REAEIG1 SHOULD BE USED ONLY IF ALL EIGENVALUES ARE
REALe
FOR FURTHER DETAILS SEE THE GIVEN REFERENCES.
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SUBRSECTIONZ REAEIG3.

CALLING SEQUENCE:
THE WEADING OF THE PROCEDURE 1S3
NINTEGER®™ WPROCEDURE® REAEIG3 (A, N» EMs; VAL» VEC); "VALUE™ N3
MINTEGERM™ N3 WARRAYY A, EMs VAL, VEC3

THE MEANING OF THE FORMAL PARAMETERS ISt
At <ARRAY IDFNTIFIER>;
BARRAY® ATI18Np18NT3
ENTRY: THE MATRIX WHOSE EIGENVALUES AND EIGENVECTORS ARE TN
BE CALCULATEDs
EXITs THE ARRAY ELEMENTS ARE ALTERED;

N2 <ARITHMETIC EXPRESSION>:
THE NRDER OF THE GIVEN MATRIXS
FMs <ARRAY IDENTIFIER>;

WARRAY"™ EMID:5];
ENTRYs EMLOTs THE MACHINE PRECISIONS
EMI27», THF RELATIVE TOLFRANCE USED FOR THE QR
ITERATIONS
EMI41, THE MAXIMUM ALLOWED NUMBER OF  OR
ITERATIONS3
FAR THE CD CYBER 73=-28 SUITABLE VALUES OF THE
DATA TO BE GIVEN IN EM ARE:
EN{0] s Wwlg,
EMI23 > EMIQ] (FoGo EM[2] = "=]13),
EM[6T = 10 * N3
EXIT: EMIL11, THE INFINITY NORM OF THE EQUILIBRATED MATRIX:
EMI33, THE MAXIMUM ABSOLUTE VALUE OF THE SUBDIAGONAL
ELEMENTS NEGLECTED?:
EMI57, THE NUMBER OF QR ITERATIONS PERFORMEDS
IF THE ITERATION PROCESS IS NOT COMPLETED
WITHIN EM[4]1 ITERATIONS, THE VALUE EMI&] + 3
IS DELIVERED. IN THIS CASE ONLY THE LAST
N = K ELEMENTS OF VAL ARE APPROXIMATE
EIGENVALUES OF THE GIVEN MATRIX AND NO USEFUL
£IGENVECTORS ARE DELIVEREDe THE VALUE K IS
DELIVERED IN REAEIG33
VAL: <ARRAY IDENTIFIER>3
MARRAY® VALT1sNI3
EXIT: THE EIGENVALUES OF THE GIVEN MATRIX ARE DELIVERED;

VEC: <ARRAY IDENTIFIER>3
MARRAY®™ VECE13N»1:N13
EXIT: THE CALCULATED EIGENVECTORSs CORRESPONDING 10 THE
EIGENVALUES IN ARRAY VALI[13sN1» ARE DELIVERED IN THE
COLUMNS DOF ARRAY VEC:

MOREOVER

REAEIG3 NELIVERS @ PROVIDED THAT THE PROCESS IS COMPLETED WITHIN
EML&] ITERATIONS3 OTHERWISE REAEIG3 DELIVERS Ky THE NUMBER OF
ETGENVALUES NOT CALCULATED,
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PROCEDURES USED:
EQILBR = CP34173,
TFMREAHES = CP34170,
BAKREAHES2 = CP34172,
BAKLAR = CP34174»
REAQRI = CP34186,
REASCL = CP34183,

REQUIRED CENTRAL MEMORY?:
EXECUTION FIELD LENGTHS 4N,

RUNNING TIME: ROUGHLY PROPORTIONAL TO N CUBEDe
LANGUAGE: ALGOL 6.

METHOD AND PERFNRMANCES
THE GIVEN MATRIX IS EQUILIBRATED BY CALLING EQILBR (SEE SECTION
302e101e1) AND TRANSFORMED TO A SIMILAR UPPER=HESSENBERG MATRIX
BY CALLING TFMREAHES (SEE SECTION 3.2¢le2ele2)s THE EIGENVALUES
AND EIGENVECTORS OF THE UPPER=HESSENBERG MATRIX ARE THEN
CALCULATED BY CALLING REAQRI, WHICH USES SINGLE OR ITERATINON
FOR THE ETGFENVALUES AND A DIRECT METHOD FOR THE EIGENVECTORS (SEE
SECTION 363sle2e1)s FINALLY THE EIGENVECTORS OF THE UPPER=
HESSENBERG MATRIX ARE BACK~TRANSFORMED TO THE CORRESPONDING EIGEN=
VECTORS OF THE GIVEN MATRIX BY CALLING BAKREAHES?2 (SEE SECTITN
301026102¢1) AND NNRMALIZED BY CALLING REASCL (SEE SECTION 1.1.9)
SUCH THAT, IN EACH EIGENVECTOR, AN ELFMENT OF MAXIMUM ABSOLUTE
VALUE EQUALS 1.
THE PROCEDURE REAEIG3 SHOULD BE USED ONLY IF ALL EIGENVALUES ARE
REAL.
FOR FURTHER DETAILS SE& THE GIVEN REFERENCES.
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SUBSECTION: COMEIGVAL.

CALLING SEQUENCE:s
THF HEADING OF THE PROCEDURE IS:
NINTEGERY" WPROCEDUREM™ COMEIGVAL{As N» EM» REs IM)3 WVALUE® Ng
PINTEGER™ N3 WARRAY™ A, EM, RE» IM$

THE MEANING NF THE FORMAL PARAMETERS IS

As <ARRAY IDENTIFIER>
WARRAY® AT1eN»13N13
ENTRY: THE MATRIX WHOSE EIGENVALUES ARE TO BE CALCULATED:
EXIT: THE ARRAY ELEMENTS ARE ALTERED:

N3 <ARITHMETIC EXPRESSINN>g
THE ORDER NF THE GIVEN MATRIX;
EMs <ARRAY IDENTIFIER>;

WARRAY" EMI[I3513
ENTRY s EMUO1, THE MACHINE PRECISIONS
EM[27, THE RELATIVE TOLERANCE USED FOR THE QR
ITERATION;
EMC47, THE MAXIMUM ALLOWED NUMBER OF ITERATIONS:
FOR THE CD CYBER 73=28 SUITABLE VALUES 0OF THE
DATA TO BE GIVEN IN EM ARE:
EMLOT = Wl
EMI?2] > EMIU] (EeGe EML2] = "=13),
EML[eT = 10 # N3 '
EXIT: EMI11, THE INFINITY NORM OF THE EQUILIBRATED MATRIX3
EMI33, THE MAXIMUM ABSOLUTE VALUE OF THE SUBDIAGONAL
ELEMENTS NEGLECTEDS
EMI53s THE NUMBER OF QR ITERATIONS PERFNRMEDS
IF THE ITERATION PROCESS IS NOT COMPLETED
WITHIN EM[4] ITERATIONS, THE VALUE EM[4] + 1
IS DELIVERED AND IN THIS CASE ONLY THE LAST
N « K ELEMENTS OF RE AND IM ARE APPROXIMATE
EIGENVALUES fNF THE GIVEN MATRIX, WHERE X IS
DELIVERED IN COMEIGVAL:
RE»IM3 <ARRAY IDENTIFIER>;
WARRAY® RE, IMI13N1s
EXITs THE REAL AND TMAGINARY PARTS OF THE CALCULATED
EIGENVALUES OF THE GIVEN MATRIX ARE® DELIVERED IN
ARRAY REs, IMC1:N]l» THE MEMBERS OF EACH NONREAL
COMPLEX CONJUGATE PAIR BEING CONSECUTIVES

MORENVERS

COMEIGVAL DELIVERS O, PROVIDED THAT THE PROCESS IS COMPLETED WITHIN
EML4] ITERATIONSS NTHERWISE COMEIGVAL DELIVERS Ky, THE NUMBER OF
EIGENVALUES NOT CALCULATED,

PRACEDURES USEDS
EQILBR = CP34173»
TFMREAHES = CP34170,
COMVALQRI = CP34194.
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REQUIRED CENTRAL MEMORY:
EXECUTION FIELD LENGTH® 3N,

RUNNING TIME: ROUGHLY PROPARTIONAL TO N CUBEDe

LANGUAGE: ALGOL 60

METHOD AND PERFORMANCES
THE GIVEN MATRIX IS EQUILIBRATED BY CALLING EQILBR (SEE SECTION
3.201ele1) AND TRANSFORMED TO A SIMILAR UPPER=HESSENBERSG MATRIX
BY CALLING TFMREAHES (SEE SECTION 3e2ele2e6l1e2)s THE ETIGENVALUES
ARF THEN CALCULATED BY CALLING COMVALQRI» WHICH USES DOUBLE OR
ITERATION (SFE SECTION 3¢361e201)e
FOR FURTHER DETAILS SEE REFERENCES [11, [2] AND F3],

SURSECTION: COMEIGL.

CALLING SEQUENCE?
THE HEADING OF THE PRNCEDURE ISt
WINTEGER®™ WPROCEDURE®™ COMEIGL(As» N» EMs» RE» IMs VEC)3 ®VALUE™ N3
WINTEGER" Ng WARRAY"™ Ay EMy REs IMs» VEC3

THE MEANING OF THE FORMAL PARAMETERS ISt
At <ARRAY IDENTIFIER>;
WARRAYY ACT18Np13N13
ENTRYs THE MATRIX WHOSE EIGENVALUES AND EIGENVECTORS ARE TO
BE CALCULATEDs
EXIT: THE ARRAY ELEMENTS ARE ALTERED:

N3 <ARITHMETIC EXPRESSINN>g
THE NRDER OF THE GIVEN MATRIX3
ENs <ARRAY IDENTIFIER>;

WARRAYH EM[039];
ENTRY: £M[Ols THE MACHINE PRECISION3

EM[23, THE RELATIVE TOLERANCE USED FODR THE QR
ITERATIONS

EM[41s THE MAXIMUM ALLOWED NUMBER OF QR
ITERATIONSS

EML61s THE TOLERANCE USED FOR THE EIGENVECTNRS 3
FOR EACH EIGENVECTOR THE INVERSE ITERATION
ENDS IF THE EUCLIDEAN NORM OF THE RESIDUE
VECTOR IS SMALLER THAN EMI[1] * EM[6]:

EMIBI, THE MAXIMUM ALLOWED NUMBER O0OF TINVERSE
ITERATIONS FOR THE CALCULATION OF EACH
EIGENVECTORS

FOR THE CD CYBER 73=28 SUITABLE VALUES OF THE

DATA TO BE GIVEN IN EM ARE:?

EMIO] = ®=14,

EML2] > EMIO] (EeGs EM[2]1 = "=]13),

EMI[&1 = 10 * Ny

EML6] > EML2] (EeGe EML6] = =1},

EMIB] = 53
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EXITs EMI11, THE INFINITY NORM 0OF THE EQUILIBRATED MATRIXS
EML3), THE MAXIMUM ABSOLUTF VALUE DF THE SUBDIAGONAL
ELEMENTS NEGLECTEDS
EM[51, THE NUMBER OF QR ITERATIONS PERFORMEDS
IF THE ITERATION PROCESS IS NOT COMPLETED
WITHIN EML&] ITERATIONS, THE VALUE EML[41 + 1
IS DELIVERED AND IN THIS CASE ONLY THE LAST
N = K ELEMENTS OF REs IM AND COLUMNS 0OF VEC
ARE APPROXIMATE EIGENVALUES AND EIGENVECTORS
OF THE GIVEN MATRIX», WHERE K IS DELIVERED IWN
COMEIGLS
EMI71, THE MAXIMUM EUCLIDIAN NORM OF THE RESIDUES
OF THE CALCULATED ZIGENVECTORS (OF THE TRANS-
FORMED MATRIX)S
EMI91, THE LARGEST NUMBER 0OF INVERSE TTERATIONS
PERFORMED FOR THE CALCULATION OF SOME EIGEN=
VECTOR; IF THE EUCLIDIAN NORM 0OF THE
RESIDUE FOR ONE OR MORE EIGENVECTORS REMAINS
LARGER THAN EMI11 % EML6], THE VALUE EM[81+1
IS DELIVERED; NEVERTHELESS THE EIGENVECTORS
MAY THEN VERY WELL BE USEFUL, THIS SHOULD BE
JUDGED FROM THE VALUE DELIVERED IN EML7Y NR
FROM SOME OTHER TESTS
REsTM: <ARRAY IDENTIFIER>;
’ MARRAYY" RZ, IML1:NIs
EXITs THE REAL AND IMAGINARY PARTS OF THE CALCULATED
EIGENVALUES OF THE GIVFN MATRIX ARE DELIVERED IN
ARRAY REs, IM[13N], THE MEMBERS OF EACH NONREAL
COMPLEX CONJUGATE PAIR BEING CONSECUTIVE:S
VEC: <ARRAY IDENTFIER>;
WARRAY®™ VECI1eN,13N1s
EXITs THE CALCULATED EIGENVECTORS ARE DELIVERED IN THE
COLUMNS OF ARRAY VEC3
AN ETGENVECTOR, CORRESPONDING TO A REAL EIGENVALUE
GIVEN IN ARRAY REs IS DELIVERED IN THE CORRESPONDING
COLUMN OF ARRAY VECs
THE REAL AND IMAGINARY PART OF AN EIGFNVECTORS
CORRESPONDING TO THE FIRST MEMBER OF A NONREAL
COMPLEX CONJUGATE PAIR OF EIGENVALUES GIVEN IN THE
ARRAYS REs, IMs ARE DELIVERED 1IN THE TWO CONSECUTIVE
COLUMNS OF ARRAY VEC CORRESPONDING TO THIS PAIR (THE
EIGENVECTORS CORRESPONDING TO THE SECOND MEMBERS OF
NONREAL COMPLEX CONJUGATE PAIRS ARE NOT DELIVEREDs
SINCE THEY ARE SIMPLY THE COMPLEX CONJUGATE OF THOSE
CNORRESPONDING TO THE FIRST MEMBER OF SUCH PAIRS)$

MORENVER?

COMPIGL DELIVERS 0, PROVIDED THAT THE PROCESS IS COMPLETED WITHIN
EMC4] ITERATIONS: OTHERWISE COMEIGl DELIVERS Ks THE NUMBER n0F
EIGENVALUES AND EIGENVECTORS NOT CALCULATED,
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PROCENURES USED:

EQILBR = CP34173,
TFMREAHES = CP34170,
BAKREAHES2 = CP34172,
BAKLBR = CP34174,
REAVECHES = CP34181,
COMVALQRI = CP34190,
COMVECHES = CP34191,
COMSCL 2 CP34193,

RFQUIRED CENTRAL MEMORY:
EXECUTION FIELD LENGTH: N * N + 5Ne

RUNNING TIME: RDUGHLY PROPORTIONAL T N CUBED.

LANGUAGE: ALGOL 60

METHOD AND PERFORMANCE?®
THE GIVEN MATRIX IS EQUILIBRATED BY CALLING EOILBR {(SEE SECTION
3s2el0le1) AND TRANSFORMED TO A SIMILAR UPPER=MESSENBERG MATRIX
BY CALLING TFMREAHES (Sef SECTION 3¢2ele2e6le2)e THE EIGENVALUES
ARF THEN CALCULATED BY CALLING COMVALQRI, WHICH USES DOUBLE QR
ITERATION (SEE SECTION 343s1e2el1)e
FURTHERMOREs TD FIND THE EIGENVECTORS WILKINSON®S DEVICE IS FIRST
APPLIED 25 Po328 AND 628)e SUBSZQUENTLY THE EIGENVECTORS OF THE
UPPER=HESSENBERG MATRIX ARE COMPUTED BY CALLING REAVECHES FOR THE
REAL EIGENVALUES AND COMVECHES FOR THE OTHERS (SECTION 3:30102sls)
THE COMPUTED VECTDRS ARE THEN BACK=TRANSFORMED TO THE CORRESPONDING
EIGENVECTNRS NF THE GIVEN MATRIX BY CALLING BAKREAHES2 AND BAKLBR
(SFF SECTIONS 302e1e26le2 AND 3¢2elelel)e FINALLY THE APPROXIMATE
EIGENVECTORS ARF NORMALIZED BY CALLING COMSCL (SEE SECTINN 1.1.9)
SUCH THAT, IN EACH EIGENVECTORs AN ELEMENT OF MAXIMUM MODULUS
EQUALS 1.
FOR FURTHER DETAILS SEE THE GIVEN REFERENCES,

REFERENCESS

[17e TeJo DEKKER AND Wo HOFFMANN.
ALGOL 60 PROCEDURES IN NUMERICAL ALGEBRAs PART 2.
MC TRACT 23, 19685 MATH. CENTRes AMSTERDAM.

[21s JeHe WILKINSON.
THE ALGEBRAIC EIGENVALUE PROBLEM.
CLARENDON PRESSs OXFORD» 1965

[37. JeGe FRANCIS.
THE QR TRANSFORMATINON, PARTS 1 AND 2.
COMP. Jo 4 (1961)s 265 = 271 AND 332 = 345,

T41s JoMsa VARAH.
EIGENVECTORS OF A REAL MATRIX BY INVERSE ITERATION.
STANFORD UNIVERSITY» TECHe REPo NO. CS 34, 1966,
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EXAMPLE OF USE:
IN THIS SECTION WE ONLY GIVE AN EXAMPLE OF USE OF THE PRNCEDURES
REAETIG3 AND COMEIGVAL, BECAUSE A CALL OF THE OTHER PROCEODURES IS
ALMOST SIMILAR.

THE EIGENVALUES AND CORRESPONDING EIGENVECTORS OF A MATRIXy, STORED
IN ARRAY Ap WITH ALIsJlt= WIF® T=] HTHEN® 1 WELSE® 1 / (I ¢ J = 1))
MAY BE OBTAINED BY THE PROCEDURE REAEIG3 IN THE FOLLOWING PROGRAM:

WREGIN® WINTEGER® I, J, M3
WARRAYY A, VECT1t451341s EM[035]s VALL13413
WINTEGER™ WPROCEDURE®™ REAEIG3(As Ns» EM» VALs VEC)S
WCODEY 341873

WEORM It= 1, 25 3, 4 UDOM NFORY Ji= 1, 2, 3, 4 "DOW

AUI»J1s= WIFY I = ) WTHEN®™ 1 ®ELSE" 1 /7 { I + J = 1)3

EM[013= Mwl43 EM[2]3s =133 EM[4]3= 403

Mi= REAEIG3(As 45 EMs VAL, VEC)3

OUTPUT{(61s "{%Ds, /M)%, M)3

WFOR® It= M & 1 ®WSTEPW 1 WUNTIL® & npOw

OUTPUT{61s "W(M/s 2(+.13D"42Ds 2B)s /7» 3(21Bs +,13DM42Dy /)WM)W,

VALEI1» VECT1,TI%s VECI2,1IJ3, VECU3,1]» VEC[4511)3

QUTPUT(H1, "("/» 2(2D"+2D» /)» ZDW)W, EMI[11, ENI3]» EMIS5])
NENDH

THE PROGRAM DELIVERS{THE RESULTS ARE CORRECT UP TO TWELVE DIGITS):
THE NUMBER OF NOT CALCULATED EIGENVALUES: O
THE EIGENVALUES AND CORRESPONDING EIGENVECTORS:

+218086632138548"+01 +4,1000000000000%+01
+.3942239850770%+00
+22773202862566%+30
+52150878672143%+00

=219801459311037+00 +,10000000000007+01
=y 7388484093937%4+00
=43116238593839%+040
=o14754232433277+00

=1228293686543M=01 =,4634736456357"+00
+o 100000BOCT000M+01
=01542548002737%+00
=e3765787365625%4+40

=p14461323817331%={3 +,1095712655340"+40
=9 6208405341138%+00
++1000000000000"+01
=s4887465241876"+00

EMI1] = ,40%+01
EML3] = o15%=14
EMI5] = 5 »
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THE COMPLEX EIGENVALUES OF A MATRIX STORED IN ARRAY A WITH N = 3
AND THE ROWS {8y =1y =5)y (=4» 45 =2) AND (185 =55 =~T7)s MAY BE
OBTAINED BY THE PROCEDURE CNOMEIGVAL IN THE FOLLOWING PROGRAM:

HREGIN® MINTEGERY I, M3
MARRAY® AT133,133], EMLO851, RE, IMI[1831%
WINTEGER™ "PROCEDURE®" COMEIGVAL(As, N» EMs RE, IM)3
nCODE™ 341923

EM[OTt= M"=143 EM[2]8= ®=]133 EM[4]8= 303

Alls178= 83 AT15,218= =13 A[l,31t= =53

Al2,1)8= =43 A[252]1t= 43 Al252]13= =23

Al3517t= 183 AL352]3= =55 A[3,3)1= =73

Ms=s COMEIGVAL(A» 3, EMs REs IM)3

OUTPUT(61, W(MD, /W)0, M)3

WFOR® Ti= M + 1 MSTEP™ 1 MUNTIL®™ 3 #pon

OUTPUT{6Ls "("2{+,130%+2D» 28)» /M)%, RELIl, IM[I1):

OUTPUTI(61s W("/s 2(o2D"+2D» /)» ZD")%, EM[11, EMI[31, EMI5])
NENOW

THE PROGRAM DELIVERS(THE RESULTS ARE CORRECT UP TO TWELVE DIGITS):
THE NUMBER OF NOT CALCULATED EIGENVALUES: 0

THE EIGENVALUES: +.2000000000000"+01 +#.4000000000000"+01
+,200000006G000C"+01  =.40000000000007+01
409999999999998M"+30 +.0000000000000%+00

THE ARRAY EM: EN[11 = o30"+02
EM[3] = ,78"=17
EML5] = 6 »

SDURCE TEXTS:

RCNDE"M 341823
NCOMMENT® MCA 24123
WINTEGER® MPROCEDUREY REAEIGVAL(As N» EM», VAL)3 ®VALUE® N3
WINTEGER™ N; WARRAY™ A, EM» VAL3
MREGINY WINTEGER®™ I, J3 "REAL"™ R
WARRAY® DL1:Nls MINTEGER®™ MARRAY™ INT, INTOL1:N33

WPROCEDUREY TFMREAHES(As N» EMs INT)3 "CODE"™ 341703
WPROCEDURE™ EQILBR(A» N» EM» D» INT)S$ "CODE™ 341733
WINTEGER™ WPROCEDUREW REAVALQRI(A» N, EM, VAL)3 "CODE®™ 34180;

EQILBR(As Ns» EMs D» INTO)3 TFMREAHES(A, N» EM» INT)B
Jt= REAEIGVALt= REAVALQRI(A, N» EMs VAL)}
WEQRM I3= J 4 1 NWSTEP®™ 1 WUNTIL® N #DO®
NEOR® Js= T 4+ 1 NMSTEP" 1 MUNTIL® N ®wDO®
WBEGIN® WIFM VALTJ] > VALLIJ WTHEN®
WBEGIN® Rsa VAL[IY; VAL[IJt= VALLJIs VALLJIz= R MEND®™
NENDM
NEND® REAEIGVALS
WEQP®
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WCODE™ 341843
WCOMMENTY MCA 24143
NINTEGER" WPROCEDURE®™ REAEIG1(As N» EM» VAL» VEC)S WVALUE® N3
PINTEGER™ N3 MWARRAY®™ Ay, EM, VAL, VECS
NBEGIN® HINTEGERY™ I, Ko MAXs J» L3
WREAL® RESIDUs, Ry MACHTOL:
WARRAY®™ Dy VI{1tNl1, BLL1sNs13NI3
WINTEGERY MARRAY® INT, INTOU1:NI1s

WPROCENURE® TFMREAHES({A,. Ns EMp INT)3 WCODE™ 364170%
"PROCEDURE™ BAKREAHES2{As N» N1, N2s INT, VEC)3 ®CODE®™ 341723
WPROCEDUREY EQILBR(As Ns BMy D, INT)3 WCODE™ 3641733
WPROCEDUREY™ BAKLBR(Ns MNls N2s» Ds INT» VEC)3 WCODEY™ 361743
WINTEFGER™ WPRNCEDUREW REAVALQRI{A» Ns EM, VAL)S WCODE" 341803
WPROCEDURE™ REAVECHES(As N» LAMBDA, EM, V)3 ®CDDE® 34181
WPRACEDUREM™ REASCL{As N» N1, N2}3 PCODE™ 341833

RESIDUs= (O3 MAXt= (5 EQILBR(A, Ns EM, Ds INTO)3
TFMREAHES (A, N» EMy, INT)
NEORM Jt= )} WSTEP®W 1 WUNTIL® N #DOW
BEDRY Jgm (WIFW [ = ] WUTHEN® 1 WELSE® T = 1)
WSTEPW 1 WUNTIL® N vDOW B8LIsJ18= A[I,J13
Kis REAFTG1lt= REAVALQRI(B, Ns EMs VAL
WEORM Ts=s K + 1 ®STEP® 1 WUNTIL®" N wDpOW
WFOR® Js= J & 1 ®STEPW 1 RUNTIL® N #pOw
UREGIN® #IFn VALLJ] > VALIIJ ®THEN®
WRBEGIN® Rge VYALLITs VALLTIs= VALLJYs VALUJIt= R WENDW
WEND 3
MACHTOL:= EMLKI * EM[11:
WEORY Lg= K 4+ 1 WSTEPW ] WUNTILW N ®wDOW
HREGIN® WIF® | > 1 WTHENY®
WREGIN® WIF® YAL[L = 11 = VALLIL] < MACHTOL ®THEN®
VALLLIt= VALEL = 17 = MACHTOL
NENDT 3
MEOR® T3= 1 MSTEPW 1 WUNTIL® N npQw
REARY Jsa {(WIFR [ = ) WTHEN® 1 ®ELSE® I = 1)
RSTEP® 1 WUNTIL® N #D0OW BLI,Jlst= ATI»J13
REAVECHES(Rs Ny VALILL1» EMs V)3
WIF® EMI7] > RESIDU ®"THEN® RESIDUs= EM[7]s3
AIF® EMTE9T > MAX MTHEN®™ MAXs3= EMI[OI3
WEORY Ji= 1 ®STEPW 1 WUNTIL® N %DOW VEC[JsL1t= V[J]
NEND® 3
EMI[713= RESIDUs EMIO1t= MAXS
BAKREAHES2(As N K # 1p Np INTs VEC)3
BAKLBR(Ns, K + 15 Ny D» INTGs VEC)3
REASCL(VEC» Ns» K 4+ 15 NJ
WENDY REAEIGLS
nENP N
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UCODEN 341873
NCOMMENT® MCA 24173
NINTEGER®" MPROCEDURE®™ REAEIG3(A» N» EM», VAL, VEC);s PVALUE™ N3
UINTEGER™ Ng WARRAYM" Ay EM» VAL, VECS
WBEGIN® MINTEGERM™ I: ®REAL™ S
NINTEGER™ WARRAY®W INT, INTOL1:N1: MARRAY®™ DLI:N1;

WPROCEDURE" TFMREAHES(A» N» EMs INT)3 WCODE™ 341703

#PROCEDPURE™ BAKREAHES2(A, N» N1, N2, INT, VEC)s "CODE"™ 341723
WPROCEDURE™ EQILBR(A, N». EM» Dy INT)3 "CODE™ 34173;

"pROCEDURE"™ BAKLBR(Ns N1», N2, Ds INT, VEC)3 "CODE" 341743
"PROCEDURE®™ REASCL(A» N» N1, N2)3 ®CODE™ 341833

WINTEGER" "PROCEDURE®" REAQRI(As N» EM» VAL, VEC)3 ®CODEW 341363

EQILBR{As Ns EMs Ds INTO)S TFMREAHES(As» Ns EM» INT)3
It= REAFIG3t= REAQRI(A» Ns EM» VALs VEC)3
NIFW T = ) MTHEN®
MBEGINY BAKREAMES2(A» N» 1s Ns INT» VEC)3
BAKLBR{Ns 1» N» Ds INTOU, VEC)3 REASCL{(VEC, Ns» 1, N}
WEND®
WEND™ REAEIG3s
nEQP®

"CODE"™ 341923
WCOMMENT" MCA 24223
WINTEGER® WPROCEDURE™ COMEIGVAL(As Ns EM, REs IM)3 ®VALUE™ N3
BINTEGERY N3 WARRAYM™ A, EM» RE» IM3
WBEGIN® WINTEGERM™ WARRAY®™ INT, INTQL1:N1s
WARRAY" DL13N31s

"PROCEDURE™ EQILBR(As N» EM» Ds INT)I3 "CODE®™ 341733
"PROCEDURE™ TFMREAHES(As, N» EM, INT)3 "CODE™ 3417¢3
WINTEGER® WPROCEDUREY™ COMVALQRI(As Ns EM, REs IM)3
"CODEM 341940;

EQILBR(As, N» EM» D» INTO)3 TFMREAHES(A, N» EMs INT)3
COMEIGVALt= COMVALQRI(As Ns EM» REs IM)

MEND" COMEIGVAL3
neEQpH
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NCADEN 341943
HWCOMMENT™ MCA 24243
WINTEGERW WPROCEDURE® COMEIGL(As» Ns EMs REs IMs VEC);
MVALUE® N3 WINTEGER™ N3
HARRAY® A, EM» RE,» IMp, VECS
WBEGIN® WINTEGERM™ I, Js Ks PJs ITTS
WREAL™ X, Ys MAX, NEPSS
WARRAYY ABP18N»18NJI» D» Us VL13NI3
HWINTEGERM WARRAY® INT, INTOC1:NI3

“PROCEDURE"™ TRANSFERS

MBEGIN® WINTEGER® I, J3
WFOR® T3= 1 WSTEP® 1 WUNTIL®W N »DQgw®
WFORY Js= (WIF® I = 1 WTHEN® 1 WELSE® I = 1) WSTEP® )
HUNTIL® N "DOW ABLI»Jist= A[LI,J1

MEND® TRANSFERS

WPROCEDURE"™ EQILBR{A, N» EMs Dy INTI3 WCODE™ 341733
WPROCEDURE™ TFMREAHES(A», No EMs, INTI3 ®CODE™ 341703
WPROCEDURE®" BAKREAHES2(A» Ns N1s N2, INT, VEC)3 WCODE®™ 341723
"PROCEDURE™ BAKLBR{N, N1s N2, D» INT, VEC)3 “CODE™ 341743
WPROCEDURE® REAVECHES(A» N» LAMBDA, EMy, V)3 WCODE® 341813
WPROCEDURE®™ COMSCL(As N» N1, N2, IM)3; ¥CODE® 341933

WINTEGER® "PROCEDURE"™ COMVALQRI(A, N» EMs RE, IM)3

®CODE®™ 341903

WPROCEDURE® COMVECHES(As Ns LAMBDA, MU, EMy U, V)3

RCODEY 341913

EQILBR(As Ny EM» Dy INTO)3 TFMREAHES(As N» EMs INT)3 TRANSFER3
Ki= COMEIGls= COMVALQRI(AB» N» EMs RE, IM)3
NEPSt= EMIO] # EMI1]; MAXs= Q3 ITTt= O
WEORW Iem K + 1 WSTEP®™ 1 WUNTIL®™ N ®DOW
WBEGIN® X3= RECIIs Yies IMLIIs PJi= O3
AGAIN: W"FNR" Jt= K + 1 WSTEPW 1 M™INTIL® I = 1 ®pQ®
MBEGIN® WIFW {{X = RELJI) %% 2 +
(Y = IM[JI) %% 2 <= NEPS #k 2) WTHEN®
WBEGINY ®IF® py = J WTHEN® NEPS3= EMI2] % EML1]
WELSE®™ PJst= J3 Xss X + 2 & NEPS3 wGOTO"™ AGAIN
nEND®
WENDYS
RETI1s9= X3 TRANSFER3 ®WIF® Y %= O WTHENT
MBEGIN® COMVECHES(ABs N» RE[I]s IMIIls EMs Us V)3
UEORMY Ji= ] ®STEPW 1 MUNTIL® N #DO" VEC[J»Ilt= ULJIS
Iee I + 13 RE[ITs= X
WENDW
WELSE"™ REAVECHES(ABs No X» EM» V)3
UEORM Js= 1 MSTEPW 1 WUNTIL® N MDO® VEC{JsY1s= VUJIs
wIFn EML7] > MAX MTHEN® MAXs= EML71s
ITTs= WIF® ITT > EMI9] "THEN® ITT MELSE® EMI9]
WEND™3
EMI713= MAX3 EMIQIs= ITT3 BAKREAHES2({As N, K + 1y N» INT» VEC):
BAKLBR{Ns K + 1ls N» Ds INTO, VEC)3 COMSCL{VECs N» K #+ 15 N» IM)
WENDM COMEIG1:
wEQP M
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AUTHOR t CoeGe VAN DER LAAN,

CONTRIBUTORS & H.FIOLET, CaGse VAN DER LAAN,

INSTITUTE ¢ MATHEMATICAL CENTRE.

RECEIVEDs 730917,

BRIEF DESCRIPTIONS

THIS SECTION CONTAINS FOUR PROCEDURES FOR CALCULATING THE
EIGENVALUES NR THE EIGENVALUES AND EIGENVECTORS OF COMPLEX
HERMITIAN MATRICES.

EIGVALHRM CALCULATES THE EIGENVALUES OF A HERMITIAN MATRIX,.
EIGHRM CALCULATES THE EIGENVALUES AND EIGENVECTORS OF A HERMITIAN
MATRIX.

QRIVALHRM CALCULATES THZ EIGENVALUES OF A HERMITIAN MATRIX,
QRIHRM CALCULATES THE EIGENVALUES AND EIGENVECTORS Nf A HERMITIAN
MATRIX.

WHEN A SMALL NUMBER OF £IGENVALUES OR EIGENVALUES AND EIGENVECTORS
IS REQUIRED, THE USE OF EIGVALHRM OR EIGHRM IS RECOMMANDED: WHEN
MORE THAN, SAY, 25 PERCENT OF THE EIGENSYSTEM IS REQUIRED., THE
PRNCEDURES QRIVALHRM OR QRIHRM ARE TO BE USED.
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SUBSECTION: EIG

CALLING SEQUENC
THE HEADING
UPROCEDURE™
RINTEGER™ N

THE MEANING
At

Ns

MUMVAL®

VAL

EM3

PROCEDURES USED

HSHHRMTRIVA
VALSYMTRI

REQUIRED CENTRA
TWO AUXILIA

RUNNING TIME: P

(JULY 1974) PAGE ?

VALHRM,.

F @

0OF THE PROCEDURE READS
EIGVALHRM(A, N» NUMVALs, VAL, EM)s MVALUEY N, NUMVALS
» NUMVALs WARRAY®™ As VAL, EM3

OF THE FORMAL PARAMETERS IS @

<ARRAY IDENTIFIER>S

WARRAY® AL1eN»,18N1s

ENTRYs THE REAL PART OF THE UPPER TRIANGLE OF THE
HERMITIAN MATRIX MUST BE GIVEN IN THE UPPER
TRIANGULAR PART OF A (THE ELEMENTS AlI»Jls I<=J)3
THE IMAGINARY PART OF THE STRICT LOWER TRIANGLE
OF THE HERMITIAN MATRIX MUST BE GIVEN IN THF
STRICT LOWER PART OF A (THE ELEMENTS ALT,41,1>J)s

THE ELEMENTS AF A ARE ALTERED?

<ARITHMETIC EXPRESSTION>g

THE ORDER OF THE GIVEN MATRIX:

CARITHMETIC EXPRESSION>;

EIGVALHRM CALCULATES THE LARGEST NUMVAL EIGENVALUES 0OFf

THE HERMITIAN MATRIXS

<ARRAY INENTIFIER>3;

HWARRAY® VALT1:NUMVALI]:

EXITs

IN ARRAY VAL THE LARGEST NUMVAL EIGENVALUES ARE

DELIVERED IN MONOTONICALLY NANINCREASING ORDER}

<ARRAY IDENTIFIER>3

MARRAY® EM[0:313

ENTRY:

FMI®Is THE MACHINE PRECISION:

EMI2]s THE RELATIVE TOLERANCE FOR THE EIGENVALUES:
MORE PRECISELY: THE TOLERANCE FOR EACH ETGENVALUE
LAMBDAy IS ABS{LAMBDAY#EMI2I+EMILI*ENIO]S

EXITs

EMTL]: AN ESTIMATE OF A MDRM OF THE ORIGINAL MATRIX3

EM[{31: THE NUMBER OF ITERATIONS PERFORMED.

H
L = CP34364,

= CP34151,

L MEMORYs
RY ARRAYS OF ORDER N AND N = 1 RESPECTIVELY ARE DECLARED

ROPORTIONAL TO N CUBED.
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LANGUAGE: ALGOL 63.

(JULY 1974) PAGE 3

METHOD AND PERFORMANCEt SEE QRIHRM (THIS SECTION).

EXAMPLE OF USEs

SUBSECTIONS EIGHRM,.

SEE EIGHRM (THIS SECTION),

CALLING SEQUENCE ¢

THE HEADING

WARRAY™ A,

OF THE PROCEZDURE READS @

"PROCEDURE™ EIGHRM(A, N» NUMVAL, VAL, VECRs, VECI, EM)$
PVALUE®™ N, NUMVALs WINTEGER®™ N» NUMVAL3:

VALs VECRs VECI,» EM3

THE MEANING 0OF THE FORMAL PARAMETERS IS @
<ARRAY IDENTIFIER>3
"ARRAY® AT1:Ns1:N13

At

Ng

NUMVAL:

VAL?®

VECR,VECTI?

ENTRY:

THE REAL PART OF THE UPPER TRIANGLE OF THE
HERMITIAN MATRIX MUST BE GIVEN IN THE UPPER
TRIANGULAR PART OF A (THE ELEMENTS ALIsJ)» I<=Jg)s
THE IMAGINARY PART OF THE STRICT LOWER TRIANGLE
OF THE HERMITIAN MATRIX MUST BE GIVEN IN THF
STRICT LOVER PART OF A (THE ELEMENTS ACI»J1,1>4)%

THE ELEMENTS AF A ARE ALTERED:

<ARITHMETIC EXPRESSION>3

THE ORDER OF THE GIVEN MATRIX:

<ARTTHMETIC EXPRESSION>3

ETGHRM CALCULATES THE LARGEST NUMVAL EIGENVALUES OF TME
HERMITIAN MATRIX;

<ARRAY IDENTIFIER>

WARRAY" VALT1SNUMVALIS

EXITs

IN ARRAY VAL THE LARGEST NUMVAL EIGENVALUES ARE
DELIVERED IN MONOTONICALLY NONINCREASING ORDER3
<ARRAY IDENTIFIER?>3

WARRAY" VECR,VECIC18N,13NUMVALIS

EXIT:

THE CALCULATED EIGENVECTORS;

THE

COMPLEX EIGENVECTOR WITH REAL PART VECRE13N,I7 AND

IMAGINARY PART VECI[1sNoI1 CORRESPONDS TO THE EIGENVALUE
VALTUI1, I=l,eeesNUMVALS
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£EMe

<ARRAY IDENTIFIER>S

WARRAY® EM[03913

ENTRY3

EMLO0TI: THE MACHINE PRECISIONG

EME2%3 THE RELATIVE TOLERANCE FOR THE EIGEMVALUESS
MORE PRECIS£LY: THE TOLERANCE FOR EACH EIGENVALUE
LAMBDA, IS ABS(LAMBDA)*EM[2I+EML11*EM[O];

EML4]: THE ORTHOGONALIZATION PARAMETER (EeGs o01)3

EML618 THE TOLERANCE FOR THE EIGENVECTNRSS

“M[B81s THE MAXIMUM NUMBER OF INVERSE ITERATIONS ALLOWED
FOR THE CALCULATION OF EACH EIGENVECTORS

EXIT:

EMI13s AN ESTIMATE :OF A NORM® OF THE ORIGINAL MATRIX3

EMI33s THE NUMARER OF ITERATIONS PERFORMED:

EML5Ts THE NUMBER OF EIGENVECTORS IMVOLVED IN THE LAST
GRAM=SCHMIDT ORTHOGONALIZATION:

EMI73¢ THE MAXIMUM BUCLIDEAN NORM OF THE RESIDUES 0OF THE
CALCULATED EIGENVECTORS:

EM[91: THE LARGEST NUMBER OF INVERSE ITERATIONS
PERFORMED FOR THE CALCULATION oF SOME
EIGENVECTOR: IFs HOWEVER, FOR SOME CALCULATED
EIGENVECTOR, THE EUCLIDEAN NORM OF THE RESIDUES
REMAINS GREATER THAN EMELII®=ENM[A], THEN
EM[IQ1:=EM[B]+1,

PRACEDURES USEDs

HSHHRMTRI
VALSYMTRI
VECSYMTRTI
BAKHRMTRI

= CP34363,
= CP34151,
s CP34152,
m CP343635.

REQUIRED CENTRAL MEMORY:
THREE AUXILIARY ARRAYS OF ORDER N=1 AND TWN OF ORDER N ARE DECLARED

RUNNING TIMES

PRAPORTIONAL TO N CUBED.

LANGUAGE: ALGOL 60,

METHOD AND PERFARMANCE?® SEE QRIHRM (THIS SECTION),
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EXAMPLE OF USEs

LET EIGHRM CALCULATE THE LARGEST EIGENVALUE AND THE CORRESPONDING
EIGENVECTOR NF THE FOLLOWING MATRIX:
(SEE GREGORY AND KARNEY, CHAPTER 6s EXAMPLE 6,6)
3 1 [4) +21
1 3 -21 Q
0 +21 1 1
=21 0 1 1
THE EXGENVECTORS ARF NORMALIZED RY THE PROCEDURE SCLCOM (SEE
SECTION 1626110 )& .

WREGINY :

NCOMMENT® GREGORY AND KARNEY»CHAPTER 65 EXAMPLE 6663
WPROCEDURE® SCLCOM{AR,AI»NsN1yN2)3"CQODE™ 3436103

NPRNCEDUREM INIMAT(LR,URsLC»UC»AsX)s"CODE"™ 310113
WPROCEDURE™ EIGHRM(A»NsNUMVAL»VALSVECR, VECI,EM)3WCODEY 34369
MREAL™ MARRAYM A[184,124)1,VALL181],VECR,VECIL1845181,EML029]3
WINTEGERY It

INIMAT(1s%s1545A50)3

ACly112mA[2,218=33

AC1,211=A03,313=A03,4]2=A04,4]2s=13

Al3,218m23A0451]80=23

EMIO)31=50=143EM[2]32"=]123

EML4)1= 0 3EM[ATt =10 EM[B] =53
EIGHRM{As491o VAL, VECRSVECISEM)3

SCLCOM(VECRsVECTIs4s151)3

DUTPUTL 61, (M (WL ARGEST EIGENVALUE: W)W,N/")%, VALI[1]):
QUTPUT(S1,M{WH(NCORRESPONDING EIGENVECTOR M) M, s0)n)g

"ENR® Ttuls2s3,4 "DOW
DUTPUT(61s"("4DeDo+DeDDDs MMkt )Wy /W)W, VECRII» 11y VECILI»11)3
MEORY Ji1=153,5,7,6 "DOY

DUTPUTLGL MM/ o N{MEMTI R)N,D,N(N] g W)W, 4D, DDDM+DOMIN, T, EMITIT) 3
HENDW

DELIVERS:

LARGEST EIGENVALUES +4.,8284271247462"000
CORRESPONDING EIGENVECTOR:

+1e040.000%*1

+1.040.000%T

=) o0 +) 041 4*1

+000=0,414%1

EMI1Yt +6.,000%+Q0
EMI3]: +1.B806G17+01
EMES518 +1.000%+00
EME71s +5.,303"=14
EMI91s +1.000%4Q0
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SURSECTIDN: ORIVALHRM,

CALLING SEQUENCE 13

THE HEADING NF THE PROCEDURE READS
WINTEGER® WPROCEDURE® QRIVALMRM(As M» VALs EM)3 WVALUE® N3
WINTEGERY N3 WARRAY®™ A, VAL, EM3

THE MEANING NOF THE FORMAL PARAMETERS IS¢
At <ARRAY IDENTIFIER>S
WARPRAY™ AL13sNs1:N13
ENTRYs THE REAL PART OF THE UPPER TRIANGLE OF THe
HERMITIAN MATRIX MUST BE GIVEN IN THE UPPER
TRIANGULAR PART NF A (THE ELEMENTS A[LI»Jl, I<=J)3
THE IMAGINARY PART OF THE STRICT LOWER TRIANGLFE
NF THE HERMITIAN MATRIX HMUST BE GIVEN IN THF
STRICT LOWER PART OF A {(THE ELEMENTS ATI»J1,1I>Jd)s
THE ELEMENTS AF A ARE ALTERED:
Nt <CARITHMETIC EXPRESSION>
THE ORDER OF THE GIVEN MATRIX
VAL <ARRAY IDENTIFIER>S
HARRAY®™ VALTUAL:N]S
EXIT:
‘ THE CALCULATED EIGENVALUESS:
EM2 <ARRAY IDENTIFIER>S
HARRAY® EMIQ:513
ENTRY:
EMLQJ: THE MACHINE PRECISIONS
EM[238 THE RELATIVE TOLERANCE FOR THE QR ITERATIONS
EMI&T: THE MAXIMUM ALLOWED NUMBER OF ITERATIONSS
EXITs |
EME17: AN ESTIMATE OF A NORM OF THE ORIGINAL MATRIX3
EMT33s THE MAXIMUM ABSOLUTE VALUE OF THE CODTAGONAL
SLEMENTS NEGLECTED:
EMI572 TME NUMBER OF ITERATIONS PERFORMEDS;
EM[513= EM[431+1 IN THE CASE QRIVALHRM"=03%

QRIVALHRM:2=0, PROVIDED THE QR ITERATION IS COMPLETED WITHIN EM[4]

ITERATIONSS OTHERWISE», QRIVALHRM3=THE NUMBER OF EIGENVALUES, Ks NOT
CALCULATED AND ONLY THE LAST N=K ELEMENTS OF VAL ARE APPROXIMATE

EIGENVALUES OF THE DRIGINAL HERMITEAN MATRIX,.
PRNOCEDURES USED:

HSHHRMTRIVAL = CP34364s

QRIVALSYMTRI = CP34160,
REQUIRED CENTRAL MEMORY3

TWO AUXILIARY ARRAYS OF ORDER N ARE DECLARED.

RUNNING TIMEs PROPORTIONAL TO N CUBED.
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LANGI'AGE: ALGOL 640,

METHND AND PERFNRMANCEs SEE QRIHRM (THIS SECTION).
EXAMPLE OF USEt SEE QRIHRM (THIS SECTION),.
SURSECTION: QRIHRM,

CALLING SEQUENCE ¢

THE HEADING OF THE PROCEDURE READS 3
WINTEGER™ "PROCEDURE™ QRIHRM(As N» VAL, VRy VI, EM)s WVALUE® N3
WINTEGERM® N3 WARRAY" Ay VAL, VRs VI, EM3

THE MEANING OF THE FORMAL PARAMETERS ISt
At <ARRAY IDENTIFIER>S
WARRAY® AT13N,18N13
ENTRYs THE REAL PART OF THE UPPER TRIANGLE OF THE
HERMITIAN  MATRIX MUST BE GIVEN IN THE UPPER
TRIANGULAR PART OF A (THE ELEMENTS ACLIsJ1s I<=J)s
THE IMAGINARY PART NF THE STRICT LOWER TRIANGLE
OF THE  HERMITIAN MATRIX MUST BE GIVEN IN THE
STRICT LOWER PART OF A (THE ELEMENTS ALI»J1,1>J)3s
THE ELEMENTS AF A ARE ALTERED:
Nt <ARTITHMETIC EXPRESSION>S
THE DRDER OF THE GIVEN MATRIX3
VAL <ARRAY IDENTIFIER>S
WARRAY®™ VALL1:NI;
EXITs
THE CALCULATED EIGENVALUESS
VR VIt <ARRAY IDENTIFIER>;
WARRAY®™ VR, VI[1:N»1:NJ13
EXTITe
THE CALCULATED EIGENVECTORSS
THE COMPLEX EIGENVECTOR WITH REAL PART VRLILEN,I1 AND
IMAGINARY PART VIL1:N,I1 CORRESPONDS TO THE EIGENVALUE
VALLT1» T=lsseesNs
EMe <ARRAY IDENTIFIER>$
WARRAY®™ EMIO351;
ENTRY!
EMLO0Y: THE MACHINE PRECISIONGS
EML278 THE RELATIVE TOLERANCE FOR THE QR ITERATIONS
{EoGe THE MACHINE PRECISION)S
EML61: THE MAXIMUM ALLOWED NUMBER OF ITERATIDNS:
(EsGo 10 # N)3
EXITs
EMC11t AN ESTIMATE OF A NORM OF THE ORIGINAL MATRIXS
EML31: THE MAXIMUM  ABSOLUTE VALUE OF THE  CODIAGONAL
ELEMENTS NEGLECTED:
EM[51t THE NUMBER OF ITERATIONS PERFORMEDS
EM[519=EMI41+1 IN THE CASE QRIHRM"=03
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QRIHRME=(, PROVIDED THE PROCESS IS COMPLETED WITHIN EML[4Y
ITERATIONSs OTHERWISEs QRIHRM$= THE NUMBER OF EIGENVALUES, K, NOT
CALCULATED AND ONLY THE LAST N=K ELEMENTS OF VAL ARE APPROXIMATE
EIGENVALUES AND THE COLUMNS OF THE ARRAYS VRsVI[1:NsN=KiN] ARE
APPROXTIMATE EIGENVECTORS OF THE DRIGINAL HERMITEAN MATRIX

PRACEDURES USED:

HSHHRMTRI = CP34363,
QRISYMTRT = CP34161,
BAKHRMTRI = CP34365.

RFQUIRED CENTRAL MEMORY:
TWO AUXILIARY ARRAYS OF ORDER N = 1 AND TWO OF ORDER N ARE DECLARED

RUNNING TIME: PROPORTIONAL TO N CUBEDe
LANGUAGF: ALGOL 60,
THE FOLLOWING HOLDS FOR THE FOUR PROCEDURES OF THIS SECTION:

METHON AND PERFORMANCE:

FOR THE TRANSFORMATION OF THE GIVEN HERMITIAN MATRIX INTD A REAL
SYMMETRIC TRIDIAGONAL MATRIXs AND FOR THE CORRESPONDING BACK
TRANSFORMATION, PROCEDURES OF SECTION 3e2e1e2e201e ARE USEDs
FOR THE CALCULATION OF THE EIGENVALUES AND EIGENVECTORS OF THE
RESULTING SYMMETRIC TRIDIAGONAL MATRIXs PROCEDURES OF SECTION
303e1slc1s ARE USEDS

EXAMPLE OF USE:

QRIHRM CALCULATES THE EIGENVALUES AND EIGENVECTORS OF THE
FOLLOWING MATRIX:
(SEE GREGORY AND KARMEYs CHAPTER &» EXAMPLE 6.6)

3 b 0 +21

i 3 =21 L4}

0 +21 1 1

=21 Q 1 1

THE EIGENVECTORS ARE NORMALIZED BY THE PROCEDURE SCLCOM (SEE
SECTION 1020116 )o
ONLY THE EIGENVECTORS CORRESPONDING TO VALL21 AND VALL3]1 ARE
PRINTED BY THE FOLLOWING PROGRAM:
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HNBEGIN®
WCOMMENT® GREGORY AND KARNEY,CHAPTER 6» EXAMPLE 6,563
WINTEGERW MPROCEDUREM™ QRIHRM(AsN,VALs VR, VI,EM)SNCODE® 343713
WPROCEDURE® INIMAT(LR,URsLCs»UC,» Ay X)3WCODE™ 31011;
HPROCEDUREY™ SCLCOM(AR;AI»NsN1IpN2)3WCODE"™ 343603

WREALY WARRAYM™ ApVR,VIC13451841,VALLI341,EMTU5IsWINTEGERY I3
INIMAT(1s451545A50)3

Afls118=A[2,218=33

Al30218223AT451182=?2}

AC1,218=A03,3)8=A03,418=2A045408]3
EMIQ)t=EM[2])3u5W]lbsEMN[4]8=203

OQUTPUT( 61, (NN (NQRIHRMS M)n,D /M )", QRIHRM(As4, VAL, VR, VIL,EM)) 3
SCLCOM{VRyVIe45253)8
OQUTPUT (61, (NN (NZIGENVALUESs n)un)u)g

HEQRM Ttml,25,354 "DOMN OQUTPUT(61, MW/, W(NVALLIN )N, D,N(0]s W)n,

+De.3DBBM" )", I, VALLI))}
QUTPUT(A1, W ( M/, "M(METGENVECTORS CORRESPONDING TOM)%,/,
W(® VAL[2] » VAL[3] n)uw,/n)n)s
HEOQRY I3=m1s253,4 ®DON
OQUTPUT(61sM{N4Dp+DpM(Nk] 5 H)W4DseDpM(WkIU)W, /0)%,
VRII521sVILI»21sVRII»31,VIII3])3

WEOR® It=mlp3,5 "DOW

NUTPUTIAL, MW/ M{NENIN)N,D,M{W]2 W)H,4D,D0DN+DDW) W, IL,EMTTI])
“ENDW

OUTPUT:

QRIHRM: 0O

EIGENVALUES:

VALL11: +4,828

VALT21t +4.000

VALT3]: «0,000

VAL[4]1: =(3,828

EIGENVECTORS CORRESPONDING TO
VALL21 » VALL2]

+140%1 » #0=1#]

=1+0%I , +0+1%]
+0e1 kT 5 S14G*]
+0=1%] , +140%]

EMIL1IE  46,0007+00
EMI378 +3,804"=22
EMESTIT 4600037400

SOURCE TEXT(S)

WCODE™ 343683

WPRNCEDURE™ EIGVALHRM(As Ns NUMVAL, VAL, EM)3 W"VALUE®™ N, NUMVAL3

NINTEGER™ Ny, NUMVAL: HWARRAY® A, VAL, EM3

WBEGINY WARRAY® D[13Nl, BBL1IN = 113
WPROCEDURE®™ HSHHRMTRIVAL({AsNsD»BB,EM)3WCODE™ 343643
WPROCEDUREY VALSYMTRI(DsBBsNsNLsN2sVALSEM)3WCODE® 341513
HSHHRMTRIVAL(As Ns D» BBy, EM)3
VALSYMTRI(D», BB, Ns» 1, NUMVAL» VAL, EM)

WENDY EIGVALHRMS
nEQP W
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HCNDE" 343693

TPROCEDURE™ EIGHRM(A, N, NUMVAL», VAL, VECRs, VECI» EM):

PYALUEY No NUMYAL:s WINTEGER®™ Ns NUMVAL3

HARRAY®™ A, VAL, VECR, VECI, EM3

PBEGIN® WARRAY® BBy TRs TI[1tN = 13, D, BL1tNI13
WPROCEDURE™ HSHHRMTRI(AsNsDsBsBRB,EMs TRy TI)SWCODE" 3435633
WPROCEDUREY VALSYMTRI{(DsBBsNsNLsN2,VAL,EM)SWCODER 34151
WPROCEDURE™ VECSYMTRI(DsBsNsyN1,N2s VAL VEC,EM)3HCODER 341523
WPROCEDURE™ BAKHRMTRI(AsNsN1sN2»VECR,VECI» TR TIVSNCADE" 343653
HSHHRMTRI(A» N» Ds» Bs BB» EMy TRy TI)S
VALSYMTRI(D, BB» N» 1» NUMVAL, VAL, EM)3 BINIt= (3
VECSYMTRI(D, Bs Ns» 1s NUMVALs, VAL, VECR, EM):
BAKHRMTRI(As N» 1, NUMVALs VECRs VECIs TR» TI)

NENDY EIGHRMS
ngnpH

NCODEM 343703

WINTEGER" "PROCEDURE®" QRIVALHRM(A, N» VALs EM)}$ WVALUE®w N3

WINTEGER™ N3 WARRAYM™ A, VAL, EM3

WBEGIN® WARRAY® B,BRIUL1tNI1:
WINTEGERY T3
WPROCEDURE™ HSHHRMTRIVAL{AsNsD»BB,EM) $"CNDE™ 343643
WINTEGER™ WPROCEDUREM QRIVALSYMTRI(D, BB, N, EM)3;"WCODEM 341603
HSHHRMTRIVAL(A» N» VAL, BBy, EM): BINI:=BB[NlIst= {3
WFORM Ig=) WSTEPY 1 MWUNTILM™ Nel WDOW R[ITs=SQRT(BBLI1)3
ORIVALHRM:=QRIVALSYMTRI(VALs BBs N» EM)

UEND" QRIVALHRM;
WgOpn

WCODE® 343713
MINTEGERM" ®PROCEDURE® QRIHRM({A, Ns» VAL, VR, VI, EM)$ ®VALUE"™ N3
NINTEGER®™ Ng WARRAYM™ A, VAL, VR, VI, EMS$
NBEGINY WINTEGERY I, J3
WARRAY® B, BBL[1:Nlr TRy TIL1:N = 133
WPROCEDURE®™ HSHHRMTRI(A»NDsB»BBsEM, TR, TI)3WCODEY 343633
HINTEGER" WPROCEDURE"™ QRISYMTRI(AsNsDsBsBBsEM)3WCODEY 341613
WPROCEDURE™ BAKHRMTRI(AsNsN1sN2,VECR,VECI» TR, TI)3"CODE" 343453
HSHHRMTRI{As Ns» VAL, By, BBy EM» TR, TI)s
WFORM™ Js3= 3 WSTEP®W 1 WUNTIL® N nDQOw
MBEGINY VR{I,Ilt= 1;
WEORM Jsa T 4 1 WSTEPYW 1 WUNTIL® N %DpO®" VR[IsJlt= VREJ,I72=
Q
HEND® 3
BINTs= BBINIzt= Q%
It= QRIHRMs= QRISYMTRI{VRs N» VAL, B, BB, EM)
BAKHRMTRI(A» N» I+1s Np VR VIs TR, TI)3
WENDT QRIHRMS
nEDp N
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AUTHOR t CoGo VAN DER LAAN,

CONTRIBUTORS 2 HoFIOLETs CeCe VAN DER LAAN.

INSTITUTE s MATHEMATICAL CENTRE.

RECEIVED: 731016,

BRIEF DESCRIPTION @

THIS SECTION CONTAINS THE PROCEDURES VALQRICOM AND QRICOM.
VALORICOM CALCULATES THE EIGENVALUES OF A COMPLEX UPPER=-HESSENBERG
MATRIX WITH A REAL SUBDIAGONAL.

QRICOM CALCULATES THE EIGENVECTORS AS WELL.

KEYWORDS ¢

EIGENVALUES>
EIGENVECTORS,
COMPLEX UPPER=HESSENBERG MATRIX»
QR=ITERATION.
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SUBSECTION: VALQRICOM.

CALLING SEQUENCE?
THE HEADING OF THE PROCEDURE READSH:
WINTEGERY WPROCEDURE® VALQRICOM(Al» A2» Bs N» EMs VALL, VAL2):
WWALUEY N; "INTEGERY™ N3 MARRAY®™ Al, A2, Bs EM», VAL1l», VAL2S

THE MEANING NF THE FORMAL PARAMETERS ISt

Als A23 <ARRAY IDENTIFIER>;
WARRAYM" A1,A2018N,18NTs
ENTRY? :

THE REAL PART AND THE IMAGINARY PART OF THE UPPER
TRIANGLE OF THE UPPER=HESSENBZRG MATRIX MUST BE GIVEN IN
THE CORRESPONDING PARTS 0OF THE ARRAYS Al AND A2;
THE ELEMENTS IN THE UPPER TRIANGLE OF THE ARRAYS Al AND
A2 ARE ALTEREDS

Bs <ARRAY IDENTIFIER>;
MARRAYY BL1tN=113
ENTRY
THE REAL SUBDIAGONAL 0OF THE UPPER=HESSENBERG MATRIX3
THE ELEMENTS OF THE ARRAY B ARE ALTERED;

N3 SARITHMETIC EXPRESSION>:
! THE ORDER OF THE GIVEN MATRIXS
EMs <ARRAY IDENTIFIER>S

WARRAY®™ EMLG35]3

ENTRY:

£ML0Js THE MACHINE PRECISIONGS
EMT11s AN ESTIMATE OF THE NORM NF THE UPPER=HESSENBERG
MATRIX (£0Ge THE SUM OF THE INFINITY NORMS OF THE
. REAL AND IMAGINARY PARTS OF THE MATRIX)s
EM[212 THE RELATIVE TOLERANCE FOR THE QR=ITERATIONS
(EoGe THE MACHINE PRECISION)3
EM[41: THE MAXIMUM ALLOWED MNUMBER OF ITERATIONS:
(FeGe 10 * N)3
EXITs
FM{3]s THE MAXIMUM ABSODLUTE VALUE 0OF THE SUBDIAGONAL
ELEMENTS NEGLECTED®
EMLS51: THE NUMBER OF ITERATIONS PERFORMEDS
EMIS5]1t=EM{4141 IN THE CASE VALQRICOM"=03
VAL1,VAL2s <ARRAY IDENTIFIER>S:
WARRAY®™ VAL1,VAL2T1:NIs
EXIT:s
THE REAL PART AND THE IMAGINARY PART DF THE CALCULATED
EIGENVALUES ARE DELIVERED IN THE ARRAYS VAL1 AND VAL?,
RESPECTIVELYS

VALORICOM: =, PROVIDED THE PROCESS IS COMPLETED WITHIN EM[4]
ITERATIONSS OTHERWISE» VALQRICOM:= THE NUMBER, Ky OF EIGENMVALUES
NOT CALCULATED AND ONLY THE LAST Ne=K ELEMENTS OF THE ARRAYS VAL1
AND VAL2 ARE APPROXIMATE EIGENVALUES OF THE UPPER~HESSENBERG
MATRTY,.
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PROCEDURES USEDS

COMKWD = CP34345;,
ROTCOMROW = CP34358.
ROTCOMCOL = CP34357s
COMCOLCST = CP34352,

RUNNING TIME: PROPNRTIONAL TO N#%%2 % NUMBER OF ITERATIONS.
LANGUAGES ALGOL /0.
METHOD AND PERFORMANCE: SEE QRICbM (THIS SECTION).

EXAMPLE OF USE:
AS A FORMAL TEST OF THE PROCEDURE VALQRICOM THE ZEROS OF THE
POLYNOMIAL X*%4 4 (442%I)% X*%3 4+ (54+6%])k X*¥%k2 4+ (2+46*1)*% X + 2%]
ARE DBTAINED BY MEANS OF THE CALCULATION OF THE EIGENVALUES QOF THE
FOLLOWING COMPANION MATRIXS
(SEE WILKINSON AND REINSCHs 1971, CONTRIBUTION II/15)
=4umdk] =BmfR]  =mbk] =-2%]

1 Q 0 Q

(4] 1 0 L]

a Y] 1 G
PBEGIN®

HREAL™ "WARRAYW A1,A2[13451843sBL183),EMIO851,VALI,VAL2(1241

NINTEGERT It

WPROCEDUREY INIMAT(LRH,URS,LC,CsAX)sHCODE™ 310113

WINTEGER® “PROCEDURE™ VALQRICOM(A1,A?sBsNsEM, VAL1,VAL2)

MCODEY 343723

INIMAT (15491545 Ale)SINIMAT(15451945A250)3

A1f151)82=43A101,273==53A1015,318=A201,178=A2[154]8==2}

A2[T1,21:=A27T153]1smb3

Bf113=R[21:=R[3]2=1:

EMLO0T a5 143 EMTL1T8=273EMI2]8Mw]123EMI4T8=15]3

QUTPUT( 61, "{NN(NVALQRICQOMSs N)n,D/ )N,
VALQRICOM(AL»A2,Bs45EMs VALL1SVAL2) )3

QUTPUTL AL, (N (METGENVALUES M) M, /,"W(UREAL PARTM)M;14B)

WENIMAGINARY PARTW)N,/n)n) 3
NEOR® I3ml,25354 "DOW OUTPUT(6LsM(MNsN/M)N, VALILIT, VAL2II1)
DUTPUT (61, M(WN(MEMLI3]s M)N,DeDW4DD7,"(NEMIS]s M) N,3DN )N,

EML31,ENMI5])
HENDR
OQUTPUT:
VALQRICOM: 0
EIGENVALUES:
REAL PART IMAGINARY PART

=1.0000001920467"+008 =1,0U00BC0831019"+000
=90,9999980795324"=001 ~9,9999991689805%"=001
=]1.00000000474929+00:) +1.6824958523393%=007
=9,9999999525076"=001 =1,6824956397352%=007
EM[3]1 3.2M%=14

EMI5]: 016G
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SURSECTION: QRICDM.

CALLING SEQUENCE:

THE HEADING OF THF PROCZDURE READS:

RINTEGER® MPROCEDURE®™ QRICOM(ALlsA25B5sNsEMs VALY, VAL2,VECL1>VEC2) s
WYALUE® N3 "INTEGER™ N3

WARRAY™ Al, A2, B» EM» VAL1ls VAL2, VEC1l», VEC23

THE MEANING NF THE FORMAL PARAMETERS IS:

AlsA2: <ARRAY IDENTIFIER>}
WARRAYY Al1,A2[18N,EtNT8
ENTRY:

THE REAL PART AND THE IMAGINARY PART OF THE UPPER
TRIANGLF OF THE UPPER=HESSENBERG MATRIX MUST BE GIVEN TN
THE CORRESPONDINEG PARTS OF THE ARRAYS Al AND A2g

THE ELEMENTS IN THE UPPER TRIANGLE OF THE ARRAYS A1l AND
A2 ARE ALTERED3:

B <ARRAY TDENTIFIER>;
TARRAY" B{13N=11%
ENTRY?

THE REAL SUBDIAGONAL OF THE UPPER=HESSENBERG MATRIXS
THE ELEMENTS OF THE ARRAY B ARE ALTEREDS

W <ARITHMETIC EXPRESSION>3

THE ORDER OF THE GIVEN MATRIX3
EMs <ARRAY IDENTIFIER>3

NARRAY®™ EMIG:5];

ENTRYs

EMEOTs THE MACHINE PRECISIONG
EM[11: AN ESTIMATE OF THE NORM OF THE UPPER=HESSENBERG
CMATRIY (EeGe THE SUM NF THE INFINITY NORMS OF THE

REAL AND IMAGINARY PARTS OF THE MATRIX)

EME238 THE RELATIVE TOLERANCE FOR THE QR=ITERATIONS
{EoGs THE MACHINE PRECISION}S

EMI413s THE MAXIMUM ALLOWED NUMBER OF ITERATIONS:
(EaGoe 19U % N)3

EXITs

EMI373 THE MAXIMUM ABSOLUTE VALUE OF THE SUBDIAGONAL
ELEMENTS NEGLECTEDs

EMIS5] THE NUMBER OF ITERATIONS PERFORMED;
EMI51:=EM[41+41 IN THE CASE QRICOM™=(3

VAL1,VAL2: <ARRAY IDENTIFIER>3

HARRAY® VALL1,VAL2C1:NIs

EXIT:

THE REAL PART AND THE IMAGINARY PART OF THE CALCULATED

EIGENVALUES ARE DELIVERED IN THE ARRAYS VALl AND VALZ»

RESPECTIVELYS

VEC1,VEC2: <ARRAY IDENTIFIER>

WARRAY" VEC1l,VEC2[13N,18N13

EXIT:s

THE EIGENVECTORS OF THE UPPER=HESSENBERG MATRIX3

THE EIGENVECTOR WITH REAL PART VEC1[1l:iN,J] AND IMAGINARY

PART VEC2[13N»J] CORRESPONDS TN THE EIGENVALUE

VALI[JY ¢ VAL2[JY # I, J=ls.009N8
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QRICOMt=0, PROVIDED THE PROCESS IS COMPLETED WITHIN EM[4]
ITERATIONSs DOTHERWISE, QRICOMt= THE NUMBER» Ky OF EIGENVALUES NOT
CALCULATED AND ONLY THE LAST N=K ELEMENTS OF THE ARRAYS VAL1 AND
VAL2 ARE APPROXIMATE EIGENVALUES OF THE UPPER=HESSENBERG MATRIX»
AND NO USEFUL €IGEMVECTORS ARE DELIVERED,.

PROCEDURES USED:

COMKWD = CP34345,
ROTCOMROW = CP34358,
ROTCOMCOL = CP34357,
COMCOLCST = CP34352,
COMROWCST = CP34353,
MATVEC = CP34011,
COMMATVEC = CP34354,
COMDIV s CP34342.

REQUIRED CENTRAL MEMORY: TWO AUXILIARY ARRAYS OF ORDER N ARE DECLARED,
RUNNING TIMEs PROPORTIONAL TO N##2 #* NUMBER OF ITERATIONS.

LANG&AGE! ALGOL 606

THE FOLLOWING HOLDS FOR BOTH PROCEDURESS

METHOD AND PERFDRMANCES

THE UPPER~HESSENBERG MATRIX IS TRANSFORMED BY MEANS OF FRANCIS' QR
ITERATION ( FRANCIS, 1961, AND WILKINSON, 1965 ) INTO A COMPLEX
UPPER TRIANGULAR MATRIXe. THE EIGENVALUES ARE THE DIAGONAL ELEMENTS
OF THE LATTER MATRIX. TO CALCULATE THE EIGENVECTORS WE FIRST SDLVE
THE RESULTING TRIANGULAR SYSTEM OF LINEAR FQUATIONS AND
SUBSEQUENTLY PERFORM THE CORRESPONDING BACKTRANSFORMATION.
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EXAMPLE OF USE:

QRICAM CALCULATES THE EIGENVALUES AND ZIGENVECTCRS OF THE
FOLLNWING MATRIX®

(SEE WILKINSON AND REINSCH, 1971, CONTRIBUTION II/15)

ol 2] wBmep¥]  wmRmbk] 2%

1 0 Q Y
4] 1 Ql [}
0 (¢} i J

THE EIGENVECTORS ARE NORMALIZED BY THE PROCEDURE SCLCOM.

(SEE SECTION le2e1le)e

ONLY THE SIGFNVECTOR CORRESPONDING TO VAL1[{1] + VAL2[11 * I IS
PRINTED BY THE FOLLOWING PROGRAM,

WREGIN®
WREALM™ WARRAY®™ Al,A2,VEC1,VEC2[134518415,8[1831,
EMIO:5T, VALL, VAL2L124]3
WINTEGERY I3
WPROCENURE™ SCLCOMIAR,AI»NsN1,N2)SM"CODEY 343603
NINTEGER™ ®PROCEDURE® QRICOM(AL»A258BsNsEMs VAL, VAL25 VEC1,VEC2)S
WCODEY 3643733
WPRNCEDUREY INIMATILR,URSLC,UCsA»X)S®CNDER 310113
INIMAT(154%91045A050) s INIMAT(15451945A250)3
AlT1,1032=63A1[152]82=53A00153022A2025118842[1,4]28=23
A2T15213=2A2015318a=b}
B[11:=B[2]3=B[3]2=1:
EMIO1t=5=143EMTI1]8=27iEM[2]2=9=12EM[ 412153
OQUTPUTIAL,M(MN{NQRICNME RN)N,D/H)H,
QRICNM(ALsA25BobobEMy VALLs VAL2,VECL1sVEC2))
OUTPUT (61, M (WH(BWEIGENVALUES P )W, /o, W(WREAL PART®) %, 148,
N{NIMAGINARY PARTW)H, /W)n)g
WEORY I3=1,525354 WDOW QUTPUT(61,M(PUN,N/W)#, VALILITII»VAL2(11)
SCLCOM(VECLsVEC2545154)3
QUTPUTLEL, M{NU{NFIRST EIGENVECTORsM)®, /o, W{WREAL PARTW)",;14B,
W(NTMAGINARY PARTW) W, sn) i)
BEOR® J2mls2s354 HDOM QUTPUT(OLy W(WN, N/ )W, VECLTI-115VEC2LI»11):
OUTPUT( AL (WU (NEMII]s M)W, D, DV4DD/,MIMEMI 5] W)t 30NN,
EMI3I,ENLST)
llEND"
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NUTPUT:

QRICOM: @
EIGENVALUES:

REAL PART
=9.9999980795324"=(i01
=19000036192046TM+G00
=1,0000000047492"+000
=9,9999999525076"=001
FIRST EIGENVECTOR:
REAL PART

+1 0000130000 1+ 00K
=5,0900064155098"=00]
w5044T726417687634M=008
+2.50000144035107=010)
EM[3]1t 3.2%=14

EMI51s 010

(JULY 1974)

IMAGINARY PART

=9,99999916898G5 =001
=1.00060000831619%4000
+1.6824958523393"=0(7
=1.6824956397352%=-007

IMAGINARY PART

=1,7763568394003"=015
+5.0000009602339%=001
=560000013757436%=001
+26 500000 62326451=001

PAGE

7
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BITs 65 Pe350=358;
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THE ALGERRAIC EIGENVALUE PROBLEM,
CLARENDOM PRESS, OXFORDS$
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SOURCE TEXT(S) ¢

HCODE® 343723
NINTEGER® "PROCEDURE® VALQRICOM(AL, A2s Bs» Ns EM» VAL, VAL2):
WVALUE®™ N3 WINTEGER" N3 WARRAY®™ Al, A2, Bs EMs VAL1, VALZ2:
WBEGIN® WINMTEGER™ Ms NM1» Is» Ils Qs Qls MAXs COUNTS
WREALW Ry 21, 72 DD1s DD2» CCs» 61ls G2» Kily K2, HCs ALINN
A2NN» AIJls AIJ2, AIlI, KAPPA, NUI, MUIl, MUI2,
MUTM11, MUIM12, NUIM1, TOLS
WPRNCEDUREY COMCOLCST(LsUs s ARs AT XR,XI)3HCODEY 343523
HPROCFDUREN ROTCOMCOL{LsUsI5JsARsAI»CRsCI»S)s"CODE" 34357
UPROCEDURET™ ROTCOMROW(LsU»IsJsARpATISCR,CI»S)S"CODED 343503
WPROCEDURE™ COMKWD(PRsPI»QRs0IsGRsGI KR KI)SWCODEY 3436453
TOLt= EML1] * EM[213 MAXte EMI4]: COUNT:= O3 Ri= 03
Mt= Ng MIF® N > 1 WTHEN®" HCs= B[N = 113
INEG NMlts N = 13
WEOR® Jtm Np I = 1 OYHILE®™ (WIF® I >= 1 ®WTHEN®Y ABS(BTII) > TOL
WELSEM MFEALSE®) wWDOW Q3= I3 WIFW Q > 1 WTHEN®
WBEGIN® WIFW ABS{B[Q = 1713} > R HTHEN®" Rt= ABS(B[Q = 11) ®"ENDW3
NIFR Q = N NTHEN®
WBEGIN® VALLICNIs= AICN,N1; VAL2INIs= A2[CN,NI3 Ni= NM1s
RIFW N > 1 WTHEN® HCie BIN = 133
WEND®
WELSE®
WREGIN®™ DD1s= ALIN,NI3 DD2s= A2{NsN1s CCs= BUNM11s
COMKWDU({ATINM1»NM1] = DD1) / 25, (A2DNM1,NM1] = DD2)
4/ 25 CC * ALLNMipNIs CC #* A2[NM1IsN1s Gls, G2s5 Ki»
K2)8 ®IF® Q = NM1 "THEN®
WBEGIN® VAL1[NM1Jss G1 4+ DD1s VAL2UNM1ls= G2 + DD23
VALIINIs= K1 4 DD1: VAL2IN]t= K2 4 DD23
Ntz N = 2; WIFf# N > 1 YTHEN® HC3e BIN - 133
RENDY
WELSE™
HBEGIN® COUNT:= COUNT + 1;
RIF® COUNT > MAX WTHENY WGOTO"™ OUTs Z1s= K1 + DD1j
223= K2 + DD23
WIFW ABS(CC) > ABS(HC) "THEN® Z1:ts Z1 + ABS(CC)3
HCet= CC / 23 Is= Qlt= Q + 13
ATJls= A1(Q,Q) = 713 AIJ23= A2[0,Q] = 723
AT1I:= B[Q]1;
KAPPAt= SQRTL{AIJL #4% 2 &+ AIJ2 #% 2 & AILI *% 2)3
MUIls= AIJL / KAPPA3 MUI2s3= AIJ2 / KAPPA3
NUTt=s AI1I /7 KAPPA3 Al[Q,QJ3= KAPPA;
A2TQ5Q78= 03 Al[Q1,0138= AI[Q15013 - Z13
A2TQ1,0113e A2[Q15Q1] = Z23
ROTCOMROW(Q1ls Ns» Qs Qls Als A2, MUIl, MUIZ2s
NUID3
ROTCOMCOL(Qs Qs Qs Qls Als, A2y MUIl, = MUIZ2, =
NUT)3 ALX[Q»QJt= AL[Q»0Q] + Z13
A20Q5Q13s A27Q5Q1 + Z23WCOMMENT®
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WEFOR® I1t= Q1 + 1 "STEPW 1 ®WUNTIL® N wpQOW®
WBEGINY AIJlt= AXCILI3s AIJ28= A2[I,173
AIlIz= 8(1I1;
KAPPAs= SQRT(AIJL #% 2 + AIJ2 %% 2 + AT1I *%
2)3 MUIM1ls= MUILl3 MUIM123= MUI23
NUIM1t= NUI3 MUIls= AIJL / KAPPAS
MUI2:= AIJ2 /7 KAPPA3 NUIte AIITI / KAPPA:
AlfTI1,113%= Al[LT1,I17 = Z1s
A2T115I112= A2[0I1,111 = Z2:3
ROTCOMROW(IL, Ne Is Ils Al, A2, MUIL,
MUI2, NUI)3 A1[I»,IJs= MUIMIYL # KAPPAS
A2LY51]13= = MUIM12 #* KAPPAS
BIT = 1Jt= NUIM1 % KAPPA3

ROTCOMCOL{Qs I» I, Ils Als A2» MUILy =
MUI2?s = NUT)}3 A1[lI»IV8= ALI[I,I1 + 713
A201,113= A2[I,11 + Z23 I3= I1s
NENDM
ATJls= A1TNoNIs AJJ28= A2[NsNI1s
KAPPAs= SQRT(AIJL *% 2 + ATJ2 %% 2)3
WIFYW (WIF" KAPPA < TOL WTHEN® WTRUEM WELSE"™ AIJ2 ** 2
<s EMIOT #* AIJ1 #% 2) ®THENW
WBEGIN® BINM1lt= NUI * AIJ1s
AlTNsN1t= AIJ1 * MUIL + 713
A2fNsN1t=m = ATJL * MUI2 + 72
WEND®
WELSEN
WBEGIN® BLNM1lt= MUI & KAPPA3 ALNNS= MUI1l # KAPPAS}
A2NN3= = MUIZ2 * KAPPA; MUIlss AIJ1 / KAPPA3
MUTI2s= AIJ2 7 KAPPAj
COMCOLCSTIQs NM1s Ns Als A2, MUIl, MUIZ)3
ALUNsNIs= MUIL #% ALNN = MUIZ # A2NN 4 713
A2INsNIt= MUIL #* A2NN + MUIZ2 * AINN + 723
WENDM
wENDY
WEND Y
NIFR N > Q NTHEN® wGQTO® IN;
OUT: EMI37s= R3 EMU53s= COUNT3 VALORICOMs= Nj
WEND® VALQRICOMS
ngOpw

WCODE™ 343733

WINTEGER® WPROCEDURF®™ QRICOM(ALls, A2, Bs Ns EM, VAL1s VAL2, VECL,

VEC2)s NVALUEW N3 "INTEGER® N3

MWARRAY™ Al, A2s Bs EM, VALLl», VAL2, VEC1ls VEC23

WBEGIN® WINTEGERY Ms NM1ls I, Ils Js Qs Qls MAXs COUNT:
WREALY Ry 71, 725 DD1ls DD2s CCy Pls P2, T1ls T2, DELTAL,
DELTA2, MV1s NV2, Hs H1ls H2s Gls G225 Kl» K2, HC»
ATJ12, AIJ22, AINN, A2ZNN» AIJ1l, AIJ2s, AI1Is KAPPA,
NUI, MUI1, MUI2, MUIM11l, MUIM1Z, NUIM1, TOL», MACHTOLS
RARRAY® TFLls TF2L1sNI3®COMMENT®
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INg

k]

NPROCENURE® COMKWD(PRsPI,QRsQI»GRsGI»KRyKINSPCODE® 343453
"PRNCEDUREM ROTCOMROW(LsUsI5JsARsAISCRICI»S)$¥CODFEY 343583
WPROCEDURE™ ROTCOMCOL(LsUs15J5AR»ATIsCRsCI»S)3PCODE" 343573
UPROCEDURE™ COMCOLCST(L,UsJdsAR» AIs XRoXI)$WCODEW 343523
WPRAOCEDUREM™ COMROWCST(LsUsIsAR»AI»XRsXI)3"CODE® 343533
HREALM™ wPROCEDUREM™ MATVEC(LsUsI»A,B);MCODE® 34iG11:
N"PROCEDUREM COMMATVEC(LsUsI»ARsAIsBR>BI,RRsRIVE™CODET 343543
WPRNCEDURE™ COMDIVIXRsXIsYRsYI»ZR>ZI)3WCNDEW 343423
TOLs= EML1] * EM[2]1; MACHTOL:= EMIOY * EM[11:
MAXt= EMIT413 CDUNTt= (O3 Ri= Q3 Mi= Nj
WIFW N > 1 "THEN® HC3= B[N = 113
HEQR® Ts= 1 ®WSTEP® 1 ®UNTIL®™ N ®DQO®
N"BEGINY VEC1[I»IJs= 13 VEC2[I»Ilt= O3
WEOR® Jst= T & 1 WSTEPW 1 WUNTIL®™ N wDQO" VECL[I,Jlt=
VEC1I[JsIlt= VEC2[{IsJlst= VEC2[JsIlt=
RENDW S
NMls= N = 13
WEORM Jt= Ny I = 1 WYHILEM (WIF® I >= 1 WTHEN®™ ABS({BCIT) > TOL
WELSER MEALSENM) wpO® Qts I3 WIFM™ Qg > 1 NTHEN®
MBEGINT WIFW ABS(BL[Q = 11) > R WTHEN® Ri= ABS(BIQ = 13) ®ENDW™:
WIF® Q = N WTHENW
MBEGIN® VALIINTs= AI[NsNT$3 VAL2[NIs= A2[IN,MNJs Ni= NM1s
WIF® N > 1 "WTHEN® HCt= BIN = 133
NEND®
WELSEN
WBEGIN™ DDlita AL[N,N13 DD2t= A2INpN13 CC:s= BCUNM11:
Pism (AILNM1,NM1] = DD1) * ,5;
P21= (A2INM1,NM1] = DD2) * ,5%
COMKWD(Pls P2, CC * AILNMI,N1, CC * A2[NM1sNl» 61,
G2y Kls K2)3 WIFM Q = NM1 WTHENY
ABEGINY AL[N,NI2=s VALILNls= Gl + DD1s
A2ICNsN12= VAL2[N1s= G2 + DD2;
A1fQ,Q12= VAL1I[Ql:= K1 + DD1s
A2TQ5Q18= VAL2[QYt= K2 4+ DD23
KAPPAta SQRT(K1 *% 2 4+ K2 %% 2 ¢ CC %% 2)3
NUTs= CC / KAPPA3 MUIl:t= K1 / KAPPA:
MUTI28= K2 / KAPPA3 AIJl?= A1[QsNI3
ATIJ23= A2[QoeN]1; Hlt= MUI1l %% 2 = MUI2 *% 23
H2:t= 2 % MUI1 % MUI2; Hit= = NUI % 23
AlTQ,NIt= H % (Pl # MUIL + P2 # MUI2) = NUTI *
NUI % CC + ATJ1 #* H1l + AIJ2 * 423
A2[QyNIs=s H * (P2 * MUI1 = Pl * MUI2) + AIJ2 *
H1 = AIJ1l * H23
ROTCOMROW(Q + 25 Ms Qs My Aly A2, MUIl, MUI2,
NUT s
ROTCOMCOL(ls Q = 1o Qs N» Als, A2, MUIl;, =
MUT2, = NUI)S
ROTCOMCOL (1, My Qs Ny VECL» VEC2, MUIl, -
MUT2» = NUI}s Nits N = 23
NIFW N > 1 MTHEN® HCs= BIN = 113 BLQli= O
nENp"
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NELSEN
WREGIN® COUNTs= COUNT + 13
WIF®W COUNT > MAX WTHEN® wGQOTO® QUT3 Z1t= K1 ¢ DD1s
72t=s K2 + DD23
WIFM ABS{CC) > ABS(HC) ®THEN® 71ss 71 + ABSICC)3
HCs= CC / 23 Qlt= Q + 13 AIJls= Al1{Q,QF = Z1%
AlJ23t= A2[Q»Q] = 723 AIlIst= B[Q1: .
KAPPAR= SQRT{AIJL %% 2 4+ ATIJ2 4% 2 + AI1Y #% 2)¢
MUIls= AIJL1 / KAPPA3 MUI2:= A1J2 / KAPPA3
NUTt= ATIL1I 7 KAPPA3 Al[Q»,Q13= KAPPA:
A2005Q018= 03 A1[Q1,0178s AL[Q1,011 = 713
A27Q15Q0178= A2[Q1501]1 = 723
ROTCOMROMIQLs Ms Q» Q1ls Als A2, MUIl, MUI2,
NUTI)3
ROTCOMCOL{1s Q5 Qs 01s Als A2 MUIYs, = MUIZ2s =
NUT)s A1[Q,0QJt= AL1[Q,Q] 4 Z3s
A20Q5Q13= A2[QsQ1 + 723
ROTCOMCOL{1s M» Qs Q1l» VEC1l, VEC2, MUIly; =
MUI2, = NUI)S
WFORY® J21= Q1 WSTEPW 1 RWUNTIL® NML ®DOW
WBEGIN® JIls= I + 13 AIJiz= A1[I,I)s ATJ2:= A2[I,11:
AIlIs= BLI1s
KAPPAI= SORT(AIJL #% 2 ¢ AIJ2 %% 2 4 AILT *#%
2)3 MUIM1ils= MUIls MUIM12:= MUI2;
NUIMIs= NUIs MUIls= AIJ1 /7 KAPPAS
MUI2s= AIJ2 / KAPPA3 NUIs= AI1I / KAPPAS
A1lT1,711%= AI[LI1T1) = 713
A2CT1,I133= A2(115711 = 223
ROTCOMROW( Il Mse I, Ils Als A25 MUI1»
MUI2, NUI)s ALTI,I1s= MUIM11 * KAPPA3
A2fIs1)tm = MUIM1Z * KAPPAS
BTTI = 1Jt= NUIM1 * KAPPAS
ROTCOMCOL(1s Is I» Ils Als AZ25 MUIlpy =
MUI2s = NUI)s AICT»IJst= ALLXI,I] 4+ Z13
A2CI»I1s= A2TI»1I1 + 223
ROTCOMCOL{1s Ms Is Ils VEC1», VEC2s, MUIls =
MUI2, = NUI}3
NENDW HCOMMENT®
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ATJls= ALTIN,N1; AIJ2t= A2IN,N13 AIJl21= AIJ1 %% 23
ATJ22:= AIJ2 *% 23 KAPPAt= SQRT(AIJI2 + AIJ22)3
WIF® (WIF" KAPPA < TOL WTHENW WTRUE® RELSEW AIJ22 <=
EMIO] * ATJ12) M"THEN®
WBEGIN® BINM1lt= NUI * AIJ1:
AITNsNIt= ATJ1 * MUILl + Z1%
A2[NsNlt= « ATJ1 #* MUI2 + 72
NENDM
WELSE™
NBEGINY BLNM11ts NUI * KAPPA3 A1NNt= MUI1l * KAPPAS
A2NNt= = MUTI2 * KAPPA3 MUIlt= AIJl / KAPPA3
MUI2s= AIJ2 / KAPPAs
COMCOLCST(1, NM1, Ns Als A2, MUIl, MUI2)3
COMCOLCST(1, NM1, N» VECls VEC2, MUIl,
MUI2)3
COMROWCSTI(N + 1y Ms Ny Aly, A2, MUIly =
MUTI2)s
COMCOLCST(Ns Ms Ny VEC1l», VEC2, MUIls, MUI2):s
ALCNsNIs= MUI1 * ALNN = MUI2 * A2NN + 71t
A2INsNIte MUI1 ® A2NM + MUI2 % AINN + 723
WENDM3
WENDY
WEND"S
WIFW N > 0 WTHEN® wGOTO" IN3
NEORM Ji= M WSTEPH - 1 WYNTIL® 2 wpQw
WBEGIN® TF1[JJs= 13 TF2LJ1t= O3 Tis= Al[JrJ]3 T28s= A20J5J1%
NEORM Ttae J = 1 HWSTEP®™ = 1 WUNTIL®™ 1 ®pOW
WBEGINY DELTAlt= T1 = Al[I»I); DELTA2:= T2 = A2[1,11:
COMMATVEC(I + 1s Js I» Al, A2s TFls, TF2s MV1,
MV2)3
WIFM ABS(DELTALl) < MACHTOL ®“AND®™ ABS(DELTA2) <
MACHTOL W“THEN®
PREGIN® TF1[Ils= MV1 / MACHTOLS
TF20I7t= MV2 / MACHTOL
WENDY
NELSEY COMDIVIMV1» MV2, DELTAls DELTA2, TF1[I1,
TF2LI1):
NENDM S
WEOR" T3= 1 WSTEPY 1 WUNTIL®™ M #wDD"w COMMATVEC(1l, J» I
VECls VEC2s TFls TF2s VECLII»Jdls VEC2(I»J1)s
WENDWS
OUTs EMI31t= R: EMIS5)s=s COUNT3 QRICOM:= N3
WEND® QRICOMS
wgpP M
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BRIEF DESCRIPTION

THIS SECTINN CONTAINS THE PROCEDURES EIGVALCOM AND EIGCOM.
EIGVALCOM CALCULATES THE EIGENVALUES OF A COMPLEX MATRIX AND
EIGCOM CALCULATES THE EIGENVECTORS AS WELL.
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SUBSECTINNs EIGVALCOM.

CALLING SEQUENCEs
THE HEADING OF THE PROCEDURE READS?
WINTEGERY “PROCEDURE"™ EIGVALCOM(ARs AIs N» EM» VALR» VALI)G
WVALUE®" Nt ®INTEGER®™ N3 MARRAY™ AR, AI, EM» VALR, VALI;

THE MEANING 0OF THE FORMAL PARAMETERS IS

ARs AT <ARRAY IDENTIFIER>:
WARRAY" AR,AIU1eNs,18N13
ENTRY?s !

THE REAL PART AND THE TIMAGINARY PART OF THE MATRIX MUST
BE GIVEN IN THE ARRAYS AR AND AI, RESPECTIVELY:
THE ELEMENTS OF THE ARRAYS AR AND AI ARE ALTERED$

Ns <ARITHMETIC EXPRESSION>S

THE ORDER OF THE GIVEN MATRIXS
EM3 <ARRAY IDENTIFIER>;

WARRAY" EM[O08713

ENTRY:

EMIOTs THE MACHINE PRECISION:

EML2)s THE RELATIVE TOLERANCE FOR THE QR=ITERATIONS
(EsGs THE MACHINE PRECISION)GB

EME4T7s THE MAXIMUM ALLOWED NUMBER OF OR=ITERATIONSS
(EaGe 1D % N3

EM[67: THE MAXIMUM ALLOWED NUMBER OF ITERATIONS FNR
EQUILIBRATING THE DRIGINAL MATRIX (EeGe N*¥%2/2)3%

EXIT:

EMT11s THE EUCLIDEAN NORM 0OF THE EQUILIBRATED MATRIX%

EM[31: THE MAXIMUM ABSOLUTE VALUE OF THE SUBDIAGONAL

.  ELEMENTS NEGLECTED IN THE QR=ITERATION:;

EMIS]: THE NUMBER OF QR=ITERATIONS PERFORMEDS
EMI518=EMT4I41 IN THE CASE EIGVALCOM"=Qs

EMT713s THE NUMBER OF ITERATIONS PERFORMED FOR
EQUILIBRATING THE ORIGINAL MATRIY:

VALR,VALTs <ARRAY IDENTIFIER>S

MARRAY® VALR,VALIL1tNIS

EXITs

THE REAL PART AND THE IMAGINARY PART OF THE CALCULATED

EIGENVALUES ARE DELIVERED IN THE ARRAYS VALR AND VALI»

RESPECTIVELYS

EIGVALCOM3 =3, PROVIDED THE QR=~ITERATION IS COMPLETED WITHIN EML4]
ITERATIONS: NDTHERWISE, EIGVALCOMt= THE NUMBER, Ks OF EIGENVALUES
NOT CALCULATED AND ONLY THE LAST N=K ELEMENTS OF THE ARRAYS VALR
AND VALI ARE APPROXIMATE EIGENVALUES OF THE ORIGINAL MATRIX.

PROCEDURES USED:

EQILBRCOM = CP34361,
COMEUCNRM = CP34359,
HSHCOMHES = CP34366»
VALQRICOM = CP34372,
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REQUIRED CENTRAL MEMORY: FIVE REAL ARRAYS 0OF ORDER N AND ONE INTEGER
ARRAY 0OF ORDER N ARE DECLARED.

RUNNING TIME: PROPORTIONAL TO N *% 2 * MAX(NsNUMBER OF ITERATIONS),

LANGUAGF s ALGOL 60.
METHOD AND PERFORMANCE: SEE EIGCOM (THIS SECTION),.
EXAMPLE OF USEs SEE EIGCOM (THIS §ECTION).
SUBSECTION: EIGCNM,
CALLING SEQUENCE?

THE HEADING OF THE PROCEDURE READS?

NINTEGER™ UYPROCEDURE™ EIGCOM(ARs, AI» N» EMs VALRs VALI» VR, VI)
WYALUE™ N3 WINTEGER®™ N3 MARRAY™ AR, AI, EM, VALR, VALI», VR, VIS

THE MEANING 0OF THE FORMAL PARAMETERS ISt

AR, ALl <ARRAY IDENTIFIER>}S
WARRAY"™ AR,AIC18Ns18N1g
ENTRY:

THE REAL PART AND THE IMAGINARY PART OF THE MATRIX MUST
BE GIVEN IN THE ARRAYS AR AND AI, RESPECTIVELY:
THE ELEMENTS OF THE ARRAYS AR AND AI ARE ALTEREDS

Ng <ARITHMETIC EXPRESSION>:

THE ORDER DOF THE GIVEN MATRIY:
EMs <ARRAY IDENTIFIER>}

HARRAY® EM[O3713

ENTRY?

EM[0]: THE MACHINE PRECISION:

EMIE213 THE RELATIVE TOLERANCE FOR THE QR=ITERATIONS
(EeGe THE MACHINE PRECISION):

EM[41t THE MAXIMUM ALLOWED NUMBER OF QR=ITERATIONS:
(EoeGo 10 * N)3

EM[678 THE MAXIMUM ALLOWED NUMBER OF ITERATIONS FNR
EQUILIBRATING THE ORIGINAL MATRIX (EoGe N%%2/2)%

EXITs

EMI[1]s THE EUCLIDEAN NORM OF THE EQUILIBRATED MATRIXs

EM[33s THE MAXIMUM ABSDLUTE VALUE OF THE SUBDIAGONAL
ELEMENTS NEGLECTED IN THE QR=~ITERATIONS

EMC51s THE NUMBER OF QR=ITERATIONS PERFORMED3:
EM[5)3=EMI4I+1 IN THE CASE EIGCOM*=03

EMC73s THE NUMBER OF ITERATIONS PERFORMED FOR
EQUILIBRATING THE ORIGINAL MATRIXS



SECTION 3.302.262 (JULY 1974) PAGE 4

VALR,VALT: <ARRAY IDENTIFIER>}

VR, VIt

WARRAY"™ VALR,VALIT1:NIg

EXITs

THE REAL PART AND THE IMAGINARY PART OF THE CALCULATED
EIGENVALUES ARE DELIVERED IN THE ARRAYS VALR AND VALI»
RESPECTIVELYS

<ARRAY IDENTIFIER>S;

WARRAY" VR, VIL1tNs1tNI1s

EXITs

THE EIGENVECTORS OF THE MATRIXs

THE NORMALIZED EIGENVECTOR WITH REAL PART VRI1tN,J] AND
IMAGINARY PART VI[1:3NyJ1 CORRESPONDS TO THE EIGENVALUE
VALRLJI + VALILJ] * Is J=lseoesNs3

EIGCNMe=0, PROVIDED THE OQR=ITERATION IS COMPLETED WITHIN EMI4]
ITERATIONSs NTHERWISE, EIGCOM:= THE NUMBER, K, OF EIGENVALUES

NOT CALCHLATED AND ONLY THE LAST N=K ELEMENTS OF THE ARRAYS VALR
AND VALI ARE APPROXIMATZ EIGENVALUES OF THE DRIGINAL MATRIX AND NN
USEFUL EIGENVECTORS ARE DELIVERED.

PROCEDURES USED:3

EQILBRCOM
COMEUCNRHM
HSHCOMHES
QRICOM

BAKCOMHES
BAKLBRCOM
sScLCOM

CP34361,
CP34359,
CP34366»
CP34373,
CP34367,
CP34362,
CP343£0,

REQUIRED CENTRAL MEMORY: FIVE REAL ARRAYS OF ORDER N AND ONE INTEGER
ARRAY OF ORDER N ARE DECLARED.

RUNNING TIMEs

p

RNOPORTIONAL TO N##%2 * MAX(N, NUMBER 0OF ITERATIONS),

LANGUAGE s ALGOL 64,
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THE FOLLOWING HOLDS FOR BOTH PROCEDURES:!

METHOD AND PERFORMANCES

FOR CALCULATING THE EIGENVALUES AND EIGENVECTORS OF A COMPLEX

MATRIX WE DISTINGUISH THE FOLLOWING STEPS:

1) THE MATRIX IS EQUILIBRATED (SEE ALSO SECTION 3.2s16l10626)s

2) THE EQUILIBRATED MATRIX IS TRANSFORMED INTO HESSENBERG FORM BY
MEANS OF HOUSEHOLDER MATRICES (SEF ALSO SECTION 3,2616202620)0

3) THE HESSENBERG MATRIX IS TRANSFORMED INTN AN UPPER TRIANGULAR
MATRIX BY MEANS OF QR=ITERATION WITH SHIFT OF DRIGIN AND
DEFLATION (SEE ALSO SECTION 303s2e2ele)e

THE DIAGONAL ELEMENTS OF THE UPPER TRIANGULAR MATRIX ARE THE

EIGENVALUES NF THE ORIGINAL MATRIX.

THE EIGENVECTORS OF THE DRIGINAL MATRIX ARE ORTAINED BY CALCULATING

THE EIGENVECTORS DF THE UPPER TRIANGULAR MATRIX (3) FOLLOWED BY

BACKTRANSFORMATIONS CORRESPONDING TO (2) AND (1),

REFERENCES:®

DEKKER’ T.Jo (1968)9
ALGOL &0 PRNCEDURES IN NUMERICAL ALGEBRAs PART 1,
MATHa CENTRE TRACTS 22, MATHEMATISCH CENTRUM;

DEKKERs Tado AND WoHOFFMANN (1968)5
ALGOL 60 PROCEDURES IN NUMERICAL ALGFBRAs PART 2,
MATH, CENTRE TRACTS 23, MATHEMATISCH CENTRUM;

FRANCIS) JebeFa (1961)s
THE QR=TRANSFORMATIONs PART 1 AND 25
COMPodo 45 Po265=271 AND Po332=345%

MUELLERs Dede (1966)»

HOUSEHOLDER»S METHOD FOR COMPLEX MATRICES AND EIGENSYSTEMS nF
HERMITIAN MATRICES»

NUMERoMATHes» A, P.72=923

OSBNRNE, Eefe (1960),
ON PRECONDITIONING OF MATRICES,
JACMe» 75 Pe338=3543

PARLETTs BoNe AND C.REINSCH (1969),

BALANCING A MATRIX FOR CALCULATION OF EIGENVALUES AND
EIGENVECTORS,

NUMa MATHs» 135 Po293=304:

WILKINSONs JeHa (1965),
THE ALGEBRAIC EIGENVALUE PROBLEM,
CLARENDOM PRESSs OXFORDe
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EXAMPLE OF USFE1

FIGCOM CALCULATES THE £ IGENVALUES AND THE EIGENVFCTORS OF THE
FOLLOWING MATRIX:

(SEE WILKINSAN AND REINSCH, 1971, COMTRIBUTIAN II/15)

1+3%]  2+1%] 34241 144%]

A+6%T  142%] 241*1 443%]

24341  145%1 3+1*%1 5+2%]

14241  3+41%1 1+446*1 5+43%]

ONLY THE EIGENVECTAR CORRESPONDING TO VALR[11 + VALI[1] * I IS
PRINTED BY THE FOLLOWING PROGRAM,

WRBEGIN®
WINTEGERW MPROCEDUREY EIGCOM{ARSAIsNsEMasVALR,VALI,VR,VI)S
NCODE® 34375:%
WREAL® WARRAYM™ ARs AT VRsVIL13451841,EMTO27],VALR,VALIT1347;
RINTEGERM I3
ART151728=ARI1+412=ARI2,218=ARI3,218=2AR[451182ART4,3720=
AIlT15218=AIT154788AT02,3]:mAT03,3182A]0452]8=13
AR[1,27:=AR[2+3]11=AR[3,118=AT01,312=ATI[2,27:=Al[354]3=A104,1718=23
ART153732AR[2,118=AR[3,318=AR[4,2])2=
ATl1s1138AIT25478=AI03,11:8A104,4)2=3;
AR[2561:=AT[2,1]18=AT[4,3]8=43
ART3:4718=ART4,4713sAI[3,2]8=53
EMIO)125%=143EMI2]8 M=) 23EM[4]s=103EM[H12=103
OUTPUT( 61, M(NN(NEIGCOM: #)u,Do) 0,
EIGCOM{AR,AL»4sEMpVALR,VALI»VR,VI))
OUTPUTL 6L, N(H/, W("EIGENVALUESsM) 1, yn)n) g
WEARY I3=1525354 UODY QUTPUT(OL, M(M2(4Da4D) (M & IH)W, 00,
VALRIITLVALI[IN)S
OUTPUTE{A1, (W (HETRST EIGENVECTORs M)W, yn)n)g
WEORM Ti1=m1s25354 HWOOW QUTPUT(EL,M(W2(+DabD), MW" & IW )6, sW)n,
VRLI»11,VILIL11)s
QUTPUT{OL, W{NWINEMTT1]s M)IM,4DDDD/p W (MEMTI3]s "), 4D, D"+DD/»
WNEMES1s M)W, e 7D/, W(MEMLTIe M)W, 42D )M, EMT 11, EMII DL, ENIST1L,EMTIT7T) 3
NENDM

oUTPUTS

EIGCOM: ©
EIGENVALUES:
w3e3710=0,7705
+9,7837+9,3225
+1:3657=1,4011
+2.2217+1.8499
FIRST EIGENVECT
w()e 5061¢0, 5835
+1 010+ Ll
+06e5183«0,7147
=(,5535+0,0188
EML118 +15.30
EMI3Ts +6.0"=12
EML51:  +7
EML71: <4

R

LR 2F 3 NwiE 3N JE 2%
bl b b 00 b g g )
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SOURCE TEXT(S) 1

NCNDEN 343743
WINTEGER® "PRNCEDURE®™ EIGVALCOM(ARs AI, N» EM» VALR, VALT):
MVALUE®™ N3 "INTEGERY™ N3 MARRAY" AR, Al, EMs, VALR, VALI;
WBEGIN™ "INTEGER® WARRAY®" INTC1:N]:
WARRAY" Ds Bp DEL» TR» TI[18NIs
#PROCEDUREY HSHCOMHES (AR AIsNsEMsBs TRsTIL,DEL)$MCODE® 34366:
WREALM YPROCEDURE™ COMEUCNRM(AR,AI,LW,sN)3®CODE™ 343593
TPROCEDURE™ EQILBRCOM(ALsA2,N»EMsD, INTISWCODE™ 343413
NINTEGERY ®PROCEDURE® VALQRICOM(ALl,A2,BsNsEMsVAL1,VAL2) S
"CODE" 343723
EQILBRCNM{ARy AIs Ns EMp» Ds» INT)S
EMC13t= COMEUCNRM(AR, AI, N = 1, N)3
HSHCOMHES (AR, AI, N» EMs» Bs TRs TI, DEL)3
EIGVALCOM:= VALQRICOM(ARs, AI, Bs N» EMs VALR, VALI)
WEND® EIGVALCOM:
wEQPN

WCNDEM" 343753
WINTEGER™ "PROACEDURE® EIGCNOM(AR, AI, Ns EMs VALR, VALI, VR, VI);
WYALUE® N3 "INTEGERM™ N3 MARRAYM™ ARy Al», EM, VALRs, VALI», VRs, VI
WBEGIN® WINTEGER™ I3
WINTEGERY WARRAY® INTI1tNIs
WARRAY" Dy By DELs TRy TIL1INI:
WPROCEDURE® EQILBRCOM(AL,A25NsEMsD,INT);WCODE® 343613
HREAL® WPROCEDURE®™ COMEUCNRM{ARSAI>LW,N)3RCODE® 343593
WPROCEDUREY HSHCOMHES(ARS,AISNsEMsBo TRy TISDEL ) sHWCODE® 343663
WINTEGER™ "PROCEDURE"™ QRICOM(ALsA25BsNsEMsVALI»VAL2,VECL,VEC2)
RCODE® 3437133
NPROCEDUREY BAKCOMHES(ARSAI»TRsTIsDELs VRs VIs NsN1sN2)S
RCODEN 343673
HPROCEDURE™ BAKLBRCOM(NsN1sN2sDsINT»VRsVI)SWCODE" 343523
WPROCEDURE®W SCLCOM(AR»AIsN»N1,N2)3"CODE®™ 343603
EQILBRCOM(AR, AI, N» EMs Ds INT)S
EMC1)3= COMEUCNRM{ARy, AI, N = 1, N3
HSHCOMHES (AR, AIs Ny EM» B, TRy TI, DEL)3
Its EIGCOMI= QRICOM(AR, AI» B» N» EMy, VALRs VALI» VR,
VI)s WIF® I = O WTHEN®
WBEGIN® BAKCOMHES(ARs» AI» TR» TIs» DELs VR, VIs N» 1s N}
BAKLBRCOM{Ns 1s Ns Ds INTs, VR, VI)3
SCLCOM(VR, VI, N» 1» N)
HENDM
WEND® EIGCOMS
nENP
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AUTHORs
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JoJoGs ADMIRAAL.

INSTITUTE: UNIVERSITY 0OF AMSTERDAM,

RECEIVED: 751101,

BRIFF DESCRIPTIONS:

THIS SECTION CONTAINS TWO MAIN AND NINE AUXILIARY PROCEDURESS

THE TWwD MAIN PROCEDURES ARE?

Ao

B

QZIVAL FINDS N PAIRS OF SCALARS (ALFALMI,BETALIM]),WHERE BETALM]
IS REAL,SUCH THAT THE MATRIX BETAIM] * A = ALFACM] * B IS
SINGULAR.

QZI FINDS N PAIRS OF SCALARS (ALFALM], BETACM])» WHERE BETAIMI IS
REALs SUCH THAT THE MATRIX BETACM] #* A = ALFALM] % B IS SINGULAR:
MOREOVER THE GENERALIZED EIGENVECTORS (THE HOMDGENOUS SOLUTION
OF { BETACM] # A = ALFA[LM] *# B ) * X = 0§ ) ARE CALCULATED.

THE AUXILIARY PROCEDURES ARES

Ae

Be

De

HSHDECMUL 3

THIS PROCEDURE CALCULATES REAL MATRICES Q AND R SUCH

THAT 0.,A=R WHERE A IS A GIVEN REAL SQUARE MATRIX, @ IS A
PRODUCT OF HOUSEHOLDER MATRICES AND R AN UPPERTRIANGULAR MATRIX.
MOREOVER QoB IS FORMED WITH B, A GIVEN MATRIX,

HESTGL3:

GIVEN THE REAL SQUARE MATRICES A»B AND X, WITH B AN

UPPER TRIANGULAR MATRIX,HESTGL3 CALCULATES THE MATRICES QsZsHsR»
WHERE 0,7 ARE ORTHOGONAL, H UPPER HESSENBERG AND R AN UPPER
TRIANGULAR MATRIX SUCH THAT QeAeZ = H AND QeBsZ = Re

FURTHER: At= Q.AeZ 3 Bts QsBo7 AND Xt= QoXoZe

HESTGL2:

SEE HESTGL3,BUT HERE THE MATRIX X HAS BEEN LEFT OUTe

HSH2COL?

THIS PROCEDIRE CALCULATES A HOUSEHOLDER MATRIX Q

SUCH THAT BY PREMULTIPLYING A GIVEN COLUMN VECTOR V BY Q

A ZERO ELEMENT IS FORMED IN V.

HERE THE VECTNR V IS A COLUMN OF A MATRIX,

FURTHER: At= QoA AND Bi= Q,8

WHERE A»,R ARE TWD GIVEN REAL MATRICES.
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te HSH3COL:
THIS PROCFDURE CALCULATES A HOUSEHOLDER MATRIX
Q SUCH THAT BY PREMULTIPLYING A GIVEN COLUMN VECTOR V BY Q TWO
SUCCESSIVE ZERD SLEMENTS ARE FORMED IN V.
HERE THE VECTOR V IS A COLUMN OF A MATRIX.
FURTHER: At=s Q.A AND Bi= Q.8
WHERE A AND B ARE TWO GIVEN REAL MATRICES.
Fe HSH2RDOW3$
THIS PROCEDURE CALCULATES A HOUSEHOLDER MATRIX
2 SUCH THAT BY POSTMULTIPLYING A GIVEN ROWVECTOR
V BY 7 A ZERQO ELEMENT IS FORMED IN V.
HERE THE VECTOR V IS A ROW OF A MATRIX,.
FURTHERS At= AoZ3 Bi= BeZ AND Xt= XoZ
WHERE A»R, X ARE THREE GIVEN REAL MATRICES.
Ge HSH2ROW2:
SEE HSH2RNW3, BUT HERE THE MATRIX X HAS BEEN LEFT 0OUT,
He HSH3IROWAS
THIS PROCEDURE CALCULATES A HOUSEHOLDER MATRIX
7 SUCH THAT BY POSTMULTIPLYING A GIVEN ROWVECTOR
V BY 7, TWO SUCCESSIVE ZERDO ELEMENTS ARE FORMED
IN Vo HERE THE VECTOR V IS A ROW OF A MATRIX,
FURTHERS At= A,78% Bts B,7 AND Xt= X7
WHERE ApB AND X ARE THREE GIVEN REAL MATRICES.
I3 HSH3ROW2:
* SEE HSH3RNW3, BUT HERE THE MATRIX X HAS BEEN LEFT 0OUT.
KEYWORDS ¢
HOUSEHOLDER'S TRANSFORMATION,
GENERALIZED EIGSENVALUES,
GENERALIZED EIGENVECTORS,
UPPER HESSENBERG MATRIXs
UPPER TRIANGULAR MATRIX,
REFERENCESS

[11s CeBe MOLER AND GoMe STEWART,

AN ALGORITHM FOR THE GENERALIZED MATRIX EIGENVALUE
PROBLEM A # X = LAMBDA #* B * X,

REPORT STANFORD UNIVERSITY

STAN=CS=232=713
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SURSECTION: QZIVAL

CALLING SEOQUENCE?

THE HEADING NF THE PROCEDURE IS

WPROCEDURE® QZIVAL(NsA» By ALFRsALFISBETA, ITERSEM);
MYALUE™ N3 WINTEGER®™ N; YARRAY™ A,B,ALFR,ALFI,BETALEMS
WINTEGER"™ WARRAY® ITER:

"CODE® 346003

THE MEANING OF THE FORMAL PARAMETERS ISt
N3 <ARITHMETIC EXPRESSION>g
THE NUMBER OF ROWS AND COLUMNS OF THE MATRICES AsB
Al <ARRAY IDENTIFIER>:
WARRAY"™ ALL1:Ns1tN1s
ENTRYs THE GIVEN MATRIX3
EXTT: A QUASI UPPER=TRIANGULAR MATRIX
(SEE METHOD AND PERFORMANCE):
Bt <ARRAY IDENTIFIER>S
WARRAY"™ BL13Ns18N1s
ENTRYs THE GIVEN MATRIX;
EXIT: AN UPPER=TRIANGULAR MATRIX:
ALFRt <ARRAY IDENTIFIER>}
. WARRAY®™ ALFRC1SNIs
EXIT 3 THE REAL PARTS OF ALFAL1:N1]
(SEF METHOD AND PERFORMANCE):
ALFIs <ARRAY IDENTIFIER>}
WARRAY®™ ALFIC13N1s
EXIT 3 THE TMAGINARY PARTS OF ALFACL1iNIs
BETAt <ARRAY IDENTIFIER>S;
WARRAY"™ BETAC1:N1s
EXIT ¢ THE REAL SCALARS BETALIN)
ITERS <ARRAY IDENTIFIER>3;
WINTEGER® WARRAY® ITER[1:NI1:
TROUBLE INDICATOR AND ITERATION COUNTERS
IF ITER[11=0 THEN NO TROUBLE IS SIGNALIZED,
FURTHER S#E METHOD AND PERFORMANCE:
EM:s <ARRAY IDENTIFIER>:
WARRAYY EMCUIs113
ENTRYSs EMLOTt THE SMALLEST POSITIVE MACHINE NUMBERS
EM[11: THE RELATIVE PRECISION OF ELEMENTS OF A AND B3
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PRNOCEDURES USEDs
TAMMAT = CP 34014

ELMCOL = CP 3423
HSHDECMUL = CP 34602
HESTGL2 = CP 34604
HSH2COL = CP 34605
HSH3COL = CP 34606
HSH2ROW2 = CP 34608
HSH3ROW2 = CP 34610
CHSH2 a CP 34611
HSHVECMAT = CP 31070
HSHVECTAM = CP 31073

REQUIRED CENTRAL MEMORY @t IN HSHDECMUL» AN ARRAY OF N REALS IS DECLARED.
RUNNING TIME: PROPORTIONAL TO N *% 3

METHOD AND PERFORMANCES
THE PROCEDURF QZIVAL SOLVES THE GENERALIZED MATRIX
EIGENVALUE PROBLEM A % X = LAMBDA % B % X BY MEANS
OF 07 ITERATION (SEE& REF[11)s
QZIVAL FINDS N PAIRS OF SCALARS (ALFALMI,BETALM])
SUCH THAT BETALM] % A = ALFALMI #* B IS SINGULAR.
THE EIGENVALUES OF A % X = LAMBDA * B * X CAN BE OBTAINED
BY DIVIDING ALFALMY BY BETALMI,EXCEPT BETAIM] MIGHT BE ZERN,
IN THIS ALGORITHM ONLY UNITARY TRANSFORMATIONS ARE
APPLIED: A FORTIORI NO INVERSES ARE CALCULATED, SO
EITHER A OR B (0OR BOTH) MAY BE SINGULAR.
BETACM] IS REALs ALFAIMI IS COMPLEX.
REAL AND TMAGINARY PARTS ARE GIVEN IN ALFRIMI AND ALFILM],
THE DOCCURRENCE OF COMPLEX PAIRS IS ALWAYS IN
SUCCESSTIVE ELEMENTS», SUCH THAT ALFAIMI/BETAIM1 AND
ALFACM+11/BETAIM+1] ARE COMPLEX CDNJUGATE», BUT ALFAIM]
AND ALFACM+11 ARE NOT NECESSARILY CONJUGATE.
ONLY REAL ARITHMETIC IS USED IN THE PROCEDURE.
IF A AND B WERE REDUCED TO TRIANGULAR FORM BY UNITARY
TRANSFORMATIONSs ALFA AND RETA WOULD BE THE DIAGONALS.
A AND B ARE ACTUALLY REDUCED TO QUASI=-TRIANGULAR FORM HAVING ONLY
i=BY=1 AND 2=BY=2 BLNCKS ON THE DIAGONAL OF A,
IF ALFACMI IS NOT REAL, THEN BETALM] IS NOT ZERO.
ITER IS THE TROUBLE INDICATOR AND ITERATION COUNTER.
IF ITER[11=k} THEN EVERYTHING IS DeKe.
ITERIMI IS THE NUMBER OF ITERATIONS NEEDED FOR THE M=TH EIGENVALUE.
IF ITERC11 THROUGH ITER[MI= =i THEN THE ITERATION FOR THE MNe=TH
EIGENVALUE DID NOT CONVERGE AND ALFAL13l THROUGH ALFACM] AND BETAIL1]
THROUGH BETALMI ARE PROBABLY INACCURATE.

EXAMPLE OF USE:

WBEGIN® WARRAYW AsB[124,1t415ALFRoALFI»BETALL34]-EMIO21]3
WINTEGER® MARRAY® ITER[184J3"INTEGER™ Kpl3
WPROCEDUREY QZIVALIN»AsBrALFRyALFI,BETA»ITER,EM)SHCODE® 346003
Al1,113=23 AT1521t=33 A(1,313s=3; A[l,4]sm4;3
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Af2,113=13
Al35113=03
AT45178=13
BL1s173=13

Al25,278m=)3 A[2,313a53 A[2,4]18=13
Al35,213=23 Al3,312=6; Al3,41:=83
AT45273=13 AL45318=03 Al4s478=43
Bl1,21t=53 B[1,312t=93 B[15412=03

B[2,1]t=23
B[35173=33
Blé4slli=ss

BL2,218=h;
Bl[35,213=73
BL4,2]13=83

B[25,318=103

Bl{256]1=23
B[3,318=113 Bl[354]8s=]1}
B[453]t=123 Bl4s4]23=33

DUTPUT(61o"(NWU(MAN) N,/ ,6(4(+2DBB) s /)5 /M)N,A) 3
AUTPUT(61, (NN (NBMY N, /,4(4(+IDBB) /) s /M) ",B) 3
EM[OT1aMmm2963EN[ 1T eMa]5;
QZIVAL(4sAsB>ALFRoALFI,BETA, ITER,EM)S
WEORM K=l WSTEP™ 1 WUNTIL® 4 wpoW
AUTPUT(A1, M{Nu{NITERCM)",Dp W (M=) M, 7D,y /") M, K, ITERCK D) 3
DUTPUT(61,"(Mn(NALFA(REAL PART)M)NBA, " (WALFA(IMAGINARY PART)I®)n
3B, M(MBETAM) N, JN)N) 3
WEOR® Kisl WSTEP® 1 MUNTIL® 4 wpg"
OUTPUT(61,M("3(N), /") ", ALFREKI5ALFICKI,BETALKT) S
OUTPUT(61,n("/n(NLAMBDA(REAL PART)")"6B,
n(ALAMBDACIMAGINARY PART)IM)m/nym)g
NEARM Ki=l WSTEP® 1 WUNTIL® 4 #pO®
WBEGIN® WIFM BETALKI=0 MTHEN®

OUTPUT(61s "{ "W NINFINITEN) 158, "(WINDEFINITEM) N/, M) n)

WELSEM OUTPUTIA1,M{W2(N) /") M, ALFRIKI/BETALKI,ALFITKI/BETALIKT)

"END"
!'E N[.)N
A
+2 +3 -3 +4
+1 ] +5 +1
+0 *2 +6 +R
+1 +1 +Q +4
B
+1 +5 +9 +0
+2 +6 +10 +2
+3 +7 +11 -]
+4 +8 +12 +3
ITERL1Y= O
ITERIZ2T= O
ITER[31= O
ITER[4]1= 5

ALFA(REAL PART)

=heh367115652167H4U00
=5,7288406521003"+0I%
=B8,6671777386054"=001
=~bo 7262205157527 %=401

LAMBDA(REAL PART)
INFINITE
«=2.0162808372628%+00Q
«9,8920187429234%=002
=9,8920187429236"=002

ALFACIMAGINARY PART)

40,00000000000007+000
+0 0 GOIGI000VDIICLO0 " +000
+2:7607904944916%+000
=15054617625576"+000

LAMBDA{IMAGINARY PART)
INDEFINITE

+0 00000000GHOA0"+000
4+301509439566644%=001
=3,1509439566645"=00]1

BETA

+0.00000000006000"+000
+2.8441121744895%+000
+8.7617886336960%+0C0
+407778119295757%+000
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SUBSECTIONS® Q7I

CALLING SEQUENCE:

THE HEADING OF THE PROCEDURE ISt

"PROACEDUREM QZT(NsAsBsXs ALFRy ALFI»BETA» ITERSEM)

WYALUE® Ng YINTEGERY" N3 M"ARRAY™ ApByXs ALFRyALFIL,BETA EMS
NINTEGER™ MARRAYW ITERS

NCODE™ 346013

THE MEANING OF THE FORMAL PARAMETERS IS

N3

At

Bt

X1

ALFRs
ALFTIs

BETAS

ITERS

EMs

<ARITHMETIC EXPRESSION>S

THE NUMBER OF ROWS AND COLUMNS OF THE MATRICES AsB AMD X3

<ARRAY IDENTIFIER>

VARRAY™ A[L{:N,1tN1s

ENTRYs THE GIVEN MATRIX Ag

EXIT: A QUASI UPPER TRIANGULAR MATRIX:
(SEE METHOD AND PERFORMANCE)S

<ARRAY IDENTIFIER>3

WARRAY"™ BL1sN,18N1s

ENTRY: THE GIVEN MATRIX B3

EXIT: AN UPPER=TRIANGULAR MATRIX:

<ARRAY IDENTIFIER>S

WARRAY"™ XT18N»18N1s

ENTRs THE N#N UNIT MATRIX:

EXIT: THE MATRIX OF EIGENVECTORS,

THE EIGENVECTORS ARE STORED IN THE ARRAY X AS FOLLOWSS

IF ALFICMI=0 THEN X[e»M)] IS THE M=TH REAL EIGENVECTOR:

OTHERWISEs FOR EACH PAIR OF CONSECUTIVE COLUNMNS

XCe»>M1 AND X[osM+1] ARE THE REAL

AND TIMAGINARY PARTS OF THE MeTH COMPLEX EIGENVECTOR,

XCosMT1 AND =X[.»M+17 ARE THE REAL AND IMAGINARY PARTS

NF THE M+l =ST COMPLEX EIGENVECTOR,

THE EIGENVECTORS ARE NORMALIZED SUCH THAT THE LARGEST

COMPONENT IS 1 OR 1 + O * I,

<ARRAY IDENTIFIER>S

WARRAYY ALFRT1sN1s

EXITs THE REAL PARTS OF ALFACL1:N]1:

<ARRAY IDENTIFIER>s

WARRAY" ALFIC18N1s

EXITe THE IMAGINARY PARTS OF ALFAT1:N1s

<ARRAY IDENTIFIER>S

WARRAYY RETA[L1:NI1s

<ARRAY IDENTIFIER>S

WINTEGERY MARRAY®™ TTER[13NIs

TROUBLE INDICATOR AND ITERATION COUNTER:

IF ITER[11=0 THEN ND TROUBLE IS SIGNALIZED,

FOR FURTHER INFORMATION SEE

METHOD AND PEFORMANCE NF PROCEDURE QZIVAL (THIS SECTIOM).

<ARRAY IDENTIFIER>S

WARRAY®" EM[O2113

ENTRYs EMIOJs THE SMALLEST POSITIVE MACHINE NUMBERS
EML11s THE RELATIVE PRECISION NF ELEMENTS OF A AND B3
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PROCEDURES USED:

MATMAT s CP 34013
TAMMAT = CP 34ki14
ELMCOL = CP 34023
HSHDECMUL = CP 34602
HESTGL3 = CP 34603
HSH2COL = CP 34603
HSH2ROW3 = CP 34607
HSH3ROW3 = CP 34609
HSH3COL = CP 34£06
CHSH2 = CP 34611
caMDIV = CP 34342
HSHVECMAT = CP 31070
HSHVECTAM = CP 31073

RUNNING TIME: PROPORTIONAL TO N *% 33

REQUIRED CENTRAL MEMORY 8 IN HSHDECMUL, AN ARRAY OF N REALS IS DECLARED.

METHDD AND PFRFORMANCE:

THE PROCEDURE QZI APPLIES THE SAME METHOD AS QZIVAL.

EXAMPLE DF USE:

HBEGINY WARRAYY A,ByoX[1t4,1841,ALFRyALFI,BETALL24]15EM[Ot1]s
WINTEGER" "ARRAYM™ ITER[1847sMINTEGER™ K,Ls
WPROCEDUREY OZI(N»AsBs Xs ALFRALFISBETA, ITER,EM)3"CODED 346013
Al15113=25 A[1527:=3; AC1531%==3;3 Alls412=643
AT25173=13 A[25218==13 A[25,312=2%3 Al254]8=13

AC3,172=03
AT4113=13
BLis118=]13
Bl25118=23
B[3s118=33
Bl4s171=43

Alf3,213=23
Al4p21t=13
Bl1s218=53
Br2s21t=63
B[3,2]8=7;
Bl4s213=8%

NFORY Kimlpe253,4 "DOW
X[{KpLlsanIFN Kal NTHEN® 1 WELSE® 03
DUTPUTLOLy WU WAN) N,/ ,4(4(+IDBB)» /) /M) P5A)3
QUTPUT (61, s nn(nBR)N, /,4{4(+7IDBB)» /)5 /")"sB)3
EMIQ)3=M=2Q43EM[ 1]t 2N=]53

Q7I04sA0BeXs ALFRoALFISBETA» ITERSEM) S

AL3,313=63 Al35418=83
Al453)2=(3 Albsb]im4s
B[1,313=93 BL[15419=0%
BL2531:t=103 Blr2,413=23
B[35318=113 B{3s4]1t=s=13
BL4s31t=128 BL4y412=33
UEOR® L3i=ls25354 MDOW
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NEOR® Ks=l MSTEPW 1 WUNTILY 4 wonw

OUTPUT(AL, ¥ NR(NITER[M)MyDy (M ]mn) M, 7D, /M) ", K, ITERIK])
DUTPUT(61s (/M (METIGENVECTORSY )™, /54(4(+DaBD"42D28B)5 /)5 /)1, X) 3
QUTPUT(H1oM( NN (MALFA(REAL PART)M)IMBB,W(HWALFA(IMAGINARY PART)W)®
QR M(MBETAN) N, /N)N) g

WEORY Kim] WSTEP® 1 WUNTILW 4 wpQn
OUTPUT (A1 M(MA(N)» /M)W, ALFRIKISALFILKI»BETALK]) 3
OQUTPUT(AL s/ n( M AMBDA(REAL PART)") %48,
H(MLAMBDAUTMAGINARY PART)H)n/n)w);
WEORW Ki=l WSTEPH 1 MWYUNTIL®™ & wpgon
WBEGINW WIF" BETA[CK]=0 WTHEN"

OUTPUT(ALs W( WM (HINFINITE®) 158, "(NINDEFINITEN) N /0 ) )

HELSEM
DUTPUT(6L, " N2(N), /R) " ALFRIKI/BETALKI, ALFICKI/BETALKT)
WEND®Y

WEND®

A

+2 +3 Lk ] +4

+1 =l +5 +1

+{ +2 +6 +8

+1 +31 G 44

B

+1° 45 +9 +0

+2 +6 +10 +2

+3 +7  +11 -l

+4 +8 12 +3

ITERL[1le 10

ITER[Z21= O

ITERI3I= O

ITER[41= 5§

EIGENVECTORS
=8, GAN0AG0N=D]  +1,00000000%400 =$,29204867"=01 +6652026261%=01
+1CONOGIDONH0N =3,82541T766M=02 +]1,00000000"+0C  +0 . 00060000"+00
=5,00000000"=01 =3,04677732"=02 +1.65896051"=01 +1,09306265%=01
=435116786NW=15 «=T7,63328122"=01 =5,84B45537"=01 +1,77430910"=01

ALFA(REAL PART)

=4,4347115652167%+000
=5,7288406521003 "+000
=Re6671777386U56¥=0J1
b, 72622051575271=001

LAMBDAIREAL PART)
INFINITE
=2,4i142808372628M+(H
=9,8920187429234%=002
=0689202187429236"=u02

ALFA(IMAGINARY PART)

+0, 000008000000+ 00U
+0 6 GO00OC0NBOGICE"+00D
+2.7607904944916"+000
=1e5054617625576"+0G0

LAMBDA(IMAGINARY PART)
INDEFINITE

+ o IOA0VOTOCOCCH N +HOD
+3.1509439566644"=001
=341509439566645%=001

BETA

+0,0G0000G000000N"+000
42084411217448961+000
+8.7617886336960"+000
+4,7778119295757"+000
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SUBSECTION: HSHDECMUL.
CALLING SFEQUENCE?

THE HEADING NF THIS PRNCEDURE ISt

"PRNCEDURE™ HSHDECMUL(NsA»BsDWARF)

MVALUE"™ NoDWARF; WINTEGERYN; "REALMDWARF; WARRAY®™ AsB;3
WCODE® 346023

THE MEANING 0OF THE FORMAL PARAMETERS ISt
Nt <ARITHMETIC EXPRESSION>3

THE ORDER 0OF THE GIVEN MATRICESS
At <ARRAY IDENTIFIER>;

WREAL™ WARRAYY A[llN:IIN]o

ENTRYs THE GIVEN MATRIX A3

EXITs THE TRANSFORMED MATRIX Q.A (SEE BRIEF DESCRIPTION)S
Bt <ARRAY IDENTIFIER>:

WREALM™ WARRAY® B[1:N»1:N1;s

ENTRYs THE GIVEN MATRIX B3

EXITs THE UPPER TRIAMGULAR MATRIX Q.8 (SEF BRIEF DESCRIPTION)S
DWARF: < ARITHMETIC EXPRESSION>;

THE SMALLEST POSITIVE MACHINE NUMBER.

PROCEDURES USEDS
TAMMAT = CP 340143
HSHVECMAT = CP 31070,

REQUIRED CENTRAL MEMORY 3 AN ARRAY OF N REALS IS DECLARED

METHOD AND PERFORMANCE?®
FOR EACH MATRIX COLUMN ATI1 A HOUSEHOLDERMATRIX Q IS FORMED,
SUCH THAT Q.ACTI] HAS ONLY ZERO ELEMENTS BELOW THE DIAGONAL ELEMENT,
WHEN SUCCESSIVELY FOR I = 1525uesesN=1 THESE TRANSFORMATIONS HAVE
BEEM PERFORMEDs THE MATRIX A HAS BEEN CHANGED INTO AN UPPER
TRIANGULAR MATRIXe
THE SAME TRANSFORMATIONS ARE PERFORMED ON THE MATRIX B

EXAMPLE OF USE:s

THE PRNOCEDURE HSHDECMUL IS USED IN QZI AND QZIVAL (THIS SECTION).
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SUBSECTIONS HESTGL3:

CALLING SEQUENCE?

THE HEADING OF THE PROCZDURE ISt
WPRNCEDUREM HESTGL3(N»A»BsX)3

PYALUE"™ N3 "INTEGERY N3 WARRAYY A,B,X3
NCODEY 346033

THE MEANING NF THE FORMAL PARAMETERS ISt
Ns <ARITHMETIC EXPRESSION>3

THE ORDER DOF THE GIVEN MATRICES:
At <ARRAY IDENTIFIER>3

WARRAYM" AT1:N,18N13

ENTRY: THE GIVEN MATRIX A3

EXIT: THE UPPER HESSENBERG MATRIX QeAsZ (SEE BRIEF DESCRIPTION)
Bs <ARRAY IDENTIFIER>:

WARRAY" RL13N»18N]3

ENTRY: THE GIVEN UPPER TRIANGULAR MATRIX B3

EXIT: THE UPPER TRIANGULAR MATRIX QeBoeZ (SEE BRIEF DFSCRIPTION):
X3 <ARRAY IDENTIFIER>3

WARRAYM XT18NoisN1s

ENTRY: THE GIVEN MATRIX X3

FXITt THE TRANSFORMED MATRIX QueXeZ (SEE BRIEF DESCRIPTION);

PROCEDURES USED:
HSH2COL = CP 34605
HSH2ROW3 = CP 34607

METHODE AND PERFORMANCE:
THE REDUCTIOM NF THE MATRIX A TO UPPER HESSENBERG FORH
WHILE PRESERVING THE TRIANGULARITY OF THE MATRIX B
IS THE RESULT OF A NMUMBER OF STEPS, WHICH DO THE FOLLOWING
ACTIONSs INTRODUCING A ZERO ELEMENT IN A AND RESTORING
THE DISTURBED ZERO IN B, WITHOUT DISTURBING THE ZERD
INTRADUCED IN A, THIS IS DONE BY PRE=AND POSTMULTIPLICATIONS OF
HOUSEHOLDER MATRICES,
THE MATRIX X SHARES THE TRANSFORMATION.
FOR FURTHER DETAILS SEE [11]

EXAMPLE 0OF USE:

THE PROCEDURE HESTGL3 IS USED IN QZI (THIS SECTION).
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SUBSECTION: HESTGL2:

CALLING SFQUENCE?

THE HEADING OF THE PROCEDURE 1St
WPROCEDURE™ HESTGL2(N»A»B)3 "VALUE®™ N3 ®INTEGERM™ N3 MARRAYY™ A,Bs
NCNDEM 346043

THE MEANING OF THE FORMAL PARAMETERS ISt
N3 <ARITHMETIC EXPRESSION>; .
THE ORDER OF THE GIVEN HATRICESI
At <ARRAY IDENTIFIER>}
WARRAYM™ AT1tN,1tN1s
ENTRY: THE GIVEN MATRIX A3
EXITs THE UPPER HESSENBERG MATRIX Q.A.Z (SEE BRIEF DESCRIPTINN}S
Bt <ARRAY IDENTIFIER>3
WARRAY® B[1tNy13N]s
ENTRY: THE GIVEN UPPER TRIANGULAR MATRIX B
EXITs THE UPPER TRIANGULAR MATRIX QeBeZ (SEE BRIEF DESCRIPTION)S

PROCEDURES USED:
HSH2COL = CP 34605
HSH2ROW2 = CP 34418

METHODE AND PERFNRMANCES
SEE HESTGL3, BUT HERE THE MATRIX X HAS BEEN LEFT OUT.

EXAMPLE OF USEte _
THE PROCEDURE HMESTGL2 IS USED IN QZIVAL (THIS SECTION).
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SUBSECTTON HSH2COL:

CALLING SEQUENCE:

THE HEADING OF THE PROCEDURE ISt

WPRNCEDURE™ HSH2COL(LA,LB,UsI5A15,A25A5B)3 MVALUEY LA,LBrUsIsALsA23
PINTEGERY LASLB»>UsIs MREAL™ Als,A2; WARRAY®W A,B3;

WCODEM 346053

THE MEANING OF THE FORMAL PARAMETERS ISt
LAt <ARITHMETIC EXPRESSION>;
THE LOWER BOUND OF THE RUNNING COLUMN SUBSCRIPT OF A
LB: <ARITHMETIC EXPRESSION>3
THE LOWER BOUND OF THE RUNNING COLUMN SUBSCRIPT OF 83
Us <ARITHMETIC EXPRESSION>;
THE UPPER BOUND OF THE RUNNING COLUMN SUBSCRIPTS
NF A AND B
It <ARITHMETIC EXPRESSION>S
THE LOWFRBOUND OF THE RUNNING ROW SUBSCRIPTS OF A AND B.
I+1 IS THE UPPERBOUND.
Al: <ARITHMETIC EXPRESSION>:
THE I=TH COMPONENT OF THE VECTOR TO BE TRANSFORMED.
A2t <ARITHMETIC EXPRESSION>3
’ THE (I+1)=TH COMPONENT OF THE VECTOR TO BE TRANSFORMED3
At <ARRAY IDENTIFIER>:
MARRAYM ATTIsI+1,LA8Uls
ENTRY THE GIVEN MATRIX A3
EXIT: THE TRANSFORMED MATRIX QeA (SEE BRIEF DESCRIPTIOM);
Bs <ARRAY IDENTIFIER>;
RARRAY®W BETeI+1,LBsUIS
ENTRY: THE GIVEN MATRIX B3
EXITs THE TRANSFORMED MATRIX QB (SEE BRIEF DESCRIPTION):

PRNOCFDURES USEDs
HSHVECMAT = CP 31070

METHOD AND PERFORMANCES
WHEN THE CALCULATED HOUSEHOLDER MATRIX Q PREMULTIPLIES
A MATRIX Mo ONLY ROWS I AND I+l ARE CHANGED.
IF THE ELEMENTS I AND I+ IN A COLUMN OF M ARE ZEROs THEY
REMAIN ZERO IN QeMe
THEREFORE ONLY THE SUBMATRICES ACIzI+1l,LAtUJ AND
B{T2I+1,LB8U] ARE CHANGED» WHERE QesA AND Q.B ARE
OVERWRITTEN IN A RESP B.

EXAMPLE OF USE: THF PROCEDURE HSH2COL IS USED IN QZI AND QZIVAL,
(THIS SECTION).



SECTINN

t 3.40162 {FEBRUARY 1979)

SUBSECTION HSH3COL:

CALLING

THE

SEQUENCE?

HEADING OF THE PROCEDURE ISt

"PROCEDURE® HSH3COL(LA»LBsU»I5Al5A25A3,A58)3
LUEY LAsLBsUsIsALoA2,A33"INTEGERY LASLB,I,US"REALY AlsA2,A33
WARRAY™ A,BS

"V A
weo

THE
LAs

L8
Us

It

Als
A2z
A3

At

Bt

PRNCEDU

METHOD

EXAMPLE

DEY 346063

MEANING NF THE FORMAL PARAMETERS IS:

<ARITHMETIC EXPRESSION>g

THE LOWERBOUND DF THE RUNNING COLUMN SUBSCRIPT OF A:
<ARITHMETIC EXPRESSION>;

THE LOWERBQOUND OF THE RUNNING COLUMN SUBSCRIPT OF Bt
CARITHMETIC EXPRESSION>3

THE UPPERBOUND NF THE RUNNING COLUMN SUBSCRIPT OF A AND
<ARITHMETIC EXPRESSION>:

THE LOWERBOUND OF THE RUNNING ROW SUBSCRIPT OF A AND 8»
I+2 IS THE UPPERBOUND:

<ARITHMETIC EXPRESSION>;

THE I=TH COMPONENT OF THE VECTOR TO BE TRANSFORMED:
CARITHMETIC EXPRESSION>:

THE (I+1)=TH COMPONENT OF THE VECTOR TD BE TRANSFORMED3
<ARITHMETIC EXPRESSINN>;

THE (I+2)=TH COMPONENT OF THE VECTOR TO BE TRANSFORMED,
<ARRAY IDENTIFIER>$

WARRAY'" ALT:I42,LA3U]3

ENTRY$ THE GIVEN MATRIX A3

PAGE 13

B3

EXIT: THE TRANSFORMED MATRIX 0.A (SEF BRIEF DESCRIPTINN)g

<ARRAY IDENTIFIER>S
WARRAY® B[I3I+2,LB3UI3
ENTRY: THE GIVEN MATRIX B3

EXITt THE TRANSFORMED MATRIX QB (SEE BRIEF DESCRIPTION)

RES USEDs HSHVECHMAT = CP 3107063

AND PERFORMANCE?

WHEN THE CALCULATED HOUSEHOLDER MATRIX Q PREMULTIPLIES A MATRIX

My ONLY ROWS I, (I+1) AND (I+2) ARE CHANGED.

IF THE ELEMENTS I, I+l AND I+4+2 ARE ZERO» THEN THEY REMAIN ZERD

IN QoMo

THEREFDORE ONLY THE SUBMATRICES ALI®I+2,LA3U] AND BLIsI+2,LBsU]
ARE CHANGEDs WHERE QoA AND 0,8 ARE OVERWRITTEN IN A RESP B8,

OF USE: THE PROCEDURE HSH3COL IS USED IN QZI AND QZIVAL
(THIS SECTION),
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SUBSECTION HSH2ROW3:

CALLING SEQUENCE:

THe HEADING OF THE PROCEDURE ISt

WPRNCEDUREM HSH2ROW3 (Lo UA,UB, UX,5 J5 A1y A25A58B5X) 3
WVALUEY LoUAsUBsUXsJsALsA23 WINTEGER™ LoUAsUB,UXsJs
PREALT Al,A23"WARRAYM™ ApB,yX3

NCODE" 346073

THE MEANING OF THE FORMAL PARAMETERS ISt
Ls <ARITHMETIC EXPRESSION>3
THE LDWERBOUND NF THE RUNNING ROW SUBSCRIPT OF AyB AND X3
UA: <ARITHMETIC EXPRESSION>3
THE UPPERBODUND OF THE RUNNING ROW SUBSCRIPT OF A3
UR2 <ARITHMETIC &XPRESSION>g
THE UPPERBOUND DF THE RUNNING ROW SUBSCRIPT OF B3
UXt <ARITHMETIC EXPRESSION>S
THE UPPERBOUND OF THE RUNNING ROW SUBSCRIPT OF X3
Jt  <ARITHMETIC EXPRESSION>S
THE LOWERBOUND NF THE RUNNING COLUMN SUBSCRIPT OF A»B AND X3
J+1 IS THE UPPERBOUND3
Al: <ARITHMETIC EXPRESSION>;
’ THE J=TH COMPONENT OF THE VECTAR TN BE TRANSFORMEDS
A23 <ARITHMETIC EXPRESSION>3
THE (J+1)=TH COMPONENT OF THE VECTOR TO BE TRANSFORMED3
At <ARRAY IDENTIFIER>;
WARRAY® ACL3UA,J8J+113
ENTRY: THE GIVEN MATRIX A3
EXIT: THE TRANSFORMED MATRIX A.Z (SEE BRIEF DESCRIPTION):
Bt <ARRAY IDENTIFIER>3
WARRAYY BTL8UB,J3J+178
ENTRYs THE GIVEN MATRIX B3
EXITs THE TRANSFORMED MATRIX BeZ (SEE BRIEF DESCRIPTION):
X3 <ARRAY IDENTIFIER>S
WARRAY® XIL3UXsJ2J+113
ENTRY: THE GIVEN MATRIX X3
EXITs THE TRANSFORMED MATRIX XoZ (SEE BRIEF DESCRIPTION);

PROCEDURES USEDS HSHVECTAM = CP 310733

METHOD AND PERFORMANCE:
WHEN THE CALCULATED HOUSEHOLDER MATRIX 7 POSTMULTIPLIES
A MATRIX Ms ONLY COLUMNS J AND J41 ARE CHANGED, .
IF THE ELEMENTS J AND J+#1 IN A ROW 0OF M ARE ZEROs THEN
THEY REMAIN 7ZER0O IN M.2
THEREFDORE ONLY THE SUBMATRICES ALL3UA»J:J#11,BIL3UB,J2J+11]
AND XTL3sUX,JsJ+1] ARE CHANGEDs WHERE A.Zs ReZ AND XeoZ ARE
OVERWRITTEN IN RESP. AsB AND X

EXAMPLE DOF USE® THE PROCEDURE MSH2ROW3 IS USED IN QZI (THIS SECTION),
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SUBSECTION HSH2RNW2:

CALLING

THE

SEQUENCEs

HEADING OF THE PROCEDURE ISt

"PROCEDURE HSH2ROW2(LAsLBoUA»UB»JsAlsA25A»8)3% ®VALUE®™ LA,LBsUAs
UBsJdsAls A28 -MINTEGERM LA,LB,UAsUB,J5 WREAL™ AJL,A23WARRAY™ A,B3
WCODEN 344083

THE
LA

LB
UAs
uss

Je

Al
A23

At

Bt

MEANING NF THE FORMAL PARAMETERS ISs

<ARITHMETIC EXPRESSION>3

THE LOWERBOUND OF THE RUNNING ROW SUBSCRIPT OF Aj
<ARITHMETIC EXPRESSION>3

THE LOWERBOUND OF THE RUNNING ROW SUBSCRIPT OF B3
<ARITHMETIC EXPRESSION>s

THE UPPERBOUND OF THE RUNNING ROW SUBSCRIPT OF A3
<ARITHMETIC EXPRESSION>3

THE UPPERBOUND OF THE RUNNING ROW SUBSCRIPT OF B3
CARITHMETIC EXPRESSION>:

THE LOWERBOUND NF THE RUNNING COLUMN SUBSCRIPT OF A AND B3
J+1 IS THE UPPERBOUND3

< ARITHMETIC EXPRESSION>;

THE J=TH COMPONENT OF THE VECTOR TO BE TRANSFORMEDS
<ARITHMETIC EXPRESSION>3

THE (J+1)=TH COMPONENT OF THE VECTOR TO BE TRANSFORMEDS3
<ARRAY IDENTIFIER>;

WREAL® WARRAYW ALLASUA,JsJ+11s

ENTRY: THE GIVEN MATRIX A3

EXITs THE TRANSFORMED MATRIX AeZ (SEE BRIEF DESCRIPTION);
<ARRAY IDENTIFIER>S

WREAL™ WARRAYY BILBtUB,J3J+11s

ENTRY: THE GIVEN MATRIX B3

EXIT: THE TRANSFORMED MATRIX BeZ (SEE BRIEF DESCRIPTION);

PRNACEDURES USEDS HSHVECTAM = CP 310733

METHOD AND PERFORMANCES

SEE

EXAMPLE

HSH2ROW3, BUT HERE THE MATRIX X HAS BEEN LEFT OUT.

NF USEs
THE PRNCEDURE HSH2ROWZ2 IS USED IN QZIVALs
(THIS SECTION).

15
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SUBSECTION: HSH3ROW3,

CALLING SEQUENCE?

THE HEADING OF THE PROCEDURE 1S3

HPROCEDUREM™ HSH3RDOW3(LsUsUX» JrA15A25A35 AR5 X))

WYALUEY LolloUXsJsAlsA2,A33 "INTEGER® LsUsUXsJ3 MREALY Al1,A25A33
WARRAY"™ ApsB,oX3

WCODE® 346093

THE MEANING NOF THE FORMAL PARAMETERS IS3
L3 <ARITHMETIC EXPRESSINN>g

THE LOWERBAUND OF THE RUNNING ROW SUBSCRIPT OF A AND B AND X3
Us <ARITHMETIC EXPRESSION>3

THE UPPERBOUND OF THE RUNNING ROW SUBSCRIPT OF A AND Bs
UXs <ARITHMETIC EXPRESSION>g

THE UPPERBOUND NF THE RUNNING ROW SUBSCRIPT OF X3
Ji  <ARITHMETIC EXPRESSION>;

THE LOWERBOUND OF THE RUNNING COLUMN SUBSCRIPT OF As,B AND X3

J+¢2 IS THE UPPERBOUND3:
Al: <ARITHMETIC EXPRESSION>;

THE J=TH COMPONENT OF THE VECTOR TO BE TRANSFORMED;
A?2s <ARITHMETIC EXPRESSION>;
’ THE {J+1)=TH COMPONENT OF THE VECTNR TO BE TRANSFORMENS
A33: <ARITHMETIC EXPRESSION>:

THE (J+2)=TH COMPONENT OF THE VECTOR TO BE TRANSFORMEDS
Atz <ARRAY IDENTIFIER>S

BREALY MARRAYY ATLiUsJd3J4273%

ENTRY: THE GIVEN MATRIX Aj;

EXITs THF TRANSFORMED MATRIX AsZ (SEE BRIEF DESCRIPTION)3
Bt <ARRAY IDENTIFIER>3

HREAL™ WARRAY™ BTLtUs»J3J+2]5

ENTRY: THE GIVEN MATRIX B;

EXITt THE TRANSFORMED MATRIX BeZ (SEE BRIEF DESCRIPTION)S
X3 <ARRAY IDENTIFIER>3

WREALY WARRAYW X[L3UX»J3J44213

ENTRY: THE GIVEN MATRIX X3

EXITe THE TRANSFORMED MATRIX X7 (SEE BRIEF DESCRIPTION)S

PRNCEDURES USED: HSHVECTAM = CP 3316733

METHOD AND PERFORMANCES
WHEN THE CALCULATED HOUSEHOLDER MATRIX Z POSTMULTIPLIES A MATRIX M,
ANLY COLUMNS JsJ+1 AND J+2 ARE CHANGED.
IF THE ELEMENTS J, J41 AND J42 IN A ROW OF M ARE ZEROs THEN THEY
REMAIN ZERO IN MeZe
THEREFORE ONLY THE SUBMATRICES A[L2U,J3J+21, BILSUsJ8J+27 AND

XTL2UXo J8J+27 ARE CHANGEDs WHERE AsZ » BasZ AND XeZ ARE OVERWRITTEN
ON RESP. A»,B AND X3

EXAMPLE OF USE3s THE PROCEDURE HSH3ROW3 IS USED IN QZI (THIS SECTION),.
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SUBSECTION: HSH3ROW2,.

CALLING SEQUENCE?

THE HEADING NF THE PROCEDURE ISt

"PROCEDURE™ HSH3ROW2(LA»LBsUsJsA15A25A35A5B)3
BVALUEY LA>LBsUsJsA15A25,A33 "INTEGER® LAsLBsUsJs
UREAL™ Al,A2,A33 MARRAYM A,B%

"CNDEY 346103

THE MEANING 0OF THE FORMAL PARAMETERS IS:
LAs <ARITHMETIC EXPRESSION>3
THE LOWERBOUND OF THE RUNNING ROW SUBSCRIPT OF As
LB: <ARITHMETIC EXPRESSION>3
THE LOVERBOUND OF THE RUNNING ROW SUBSCRIPT OF B
Ut  <ARITHMETIC EXPRESSION>s
THE UPPERBOUND OF THE RUNNING RNOW SUBSCRIPT OF A AND B3
Js  <ARITHMETIC EXPRESSION>3
THE LOWERBOUND OF THE RUNNING COLUMN SUBSCRIPT OF A AND B,
J+2 IS THE UPPERBOUNDS
Als <ARITHMETIC EXPRESSINN>;
THE J=TH COMPONENT OF THE VECTOR TO BE TRANSFORMED:
A23: <ARITHMETIC EXPRESSION>:
: THE (J+1)=TH CNOMPONENT OF THE VECTOR TO BE TRANSFORMED:
A3: <ARITHMETIC EXPRESSION>;
THE (J+2)=TH COMPONENT OF THE VECTOR TO BE TRANSFORMEDS
At <ARRAY IDENTIFIER>:
MREAL™ WARRAY®™ A[LAsU,J:J421]3
ENTRY: THE GIVEN MATRIX A3;
EXITs THE TRANSFORMED MATRIX A.Z (SEE BRIEF DESCRIPTION)3
Bs <ARRAY IDENTIFIER>}
RREALW WARRAY™ BL[LBsU,J2J+213%
ENTRY: THE GIVEN MATRIX 83
EXITs THE TRANSFORMED MATRIX B.Z (SEE BRIEF DESCRIPTION)

PROCEDURES USEDt MSHVECTAM = CP 31073

METHOD AND PERFORMANCE:
SEE HSH3RDW3, BUT HERE THE MATRIX X HAS BEEN LEFT DOUT.

EXAMPLE OF USEs HSH3ROW2 IS USED IN QZIVAL (THIS SECTION).



SECTION & 3,451s2 {JANUARY 1979) PAGE 18

SOURCE TEXTS:

UCODNEY 346003

WPROCEDURF"™ QZIVAL{N»AsByALFRsALFISBETAs ITERSEM)S

NVALUE" NSWINTEGER™ NSWARRAYW A,ByALFR, ALFI,BETA,EMS

NINTEGER® WARRAY® ITERS

MBEGINY MREALY DWARF,EPS,EPSAsEPSBS

PPROCEDUREY ELMCNL{LsUsI5JsAsBsX)S$PCODEY 340233

WPROCEDURET HSHDECMUL(N»A»BsDWARF) 3 WCODE® 346021

WPROCEDNURE" HESTGL2(NsA»B)3NCODEM 3468343

WPROCEDURE™ HSH2ROW2(LA»LBsUAsUBsJs A15A2,A5B)tWCODE™ 344083

WPROCEDURE™ HSH3ROW2(LAsLByU»JsALsA25A35A5B)3"CODEY 34610

WPROCEDURE® HSH2COL(LAsLBsUsIsA15A25A,B)3"CODET 346058

"PROCEDURE™ HSH3COL(LA»LBsUsT»A15A25A3,A,B)8"CODEN 346063

NPROCEDURE™ CHSH2{A1R,ALI,A2RyA2I5C»SRsSTI)3"WCODEY 346113

"PROCEDURE"™ HSHVECMAT(LR;URsLC»UCsXsUsA)SWCNDE" 310703

"PROCEDURE™ HSHVECTAM{LRsURSLCSUC»XsUsA)E"CODE™ 310733

WPROCEDURE™ QZIT(N»AyBsEPSsEPSASEPSBs ITER);WVALUEMN, EPS

WREALY™ EPS,EPSA,EPSB3MWINTEGER™ N3WINTEGERW WARRAY® ITERZWARRAYM ApRs

WBEGIN®™ WREAL™ ANORMsBHARM, ANISBNI»CONST, AL0s A20, A30, 811,
B22sB33,B446,A115A12,A215A225A335A345A435,A445B12,B34,0LD1,0LD23
WINTEGER™ I»QoMsMlsQlsJsKpK1oK25KI,KM1s"BOOLEANT® STATIONARYS
ANDORM3 =BNORME =03 "FORY Js=] HSTEPY 1 WUNTILW N ®DpOW

PBEGIN® BNIt=03 ITER[ It =03ANIsamIF" I>1NTHENMABS(ALI, I=11)%ELSE® O3

NEORM Ji=] WSTEPW 1 MUNTIL® N wpQw

MBEGINM™ ANIe=ANI+ABS(ALIsJ1)3BNIs=BNI+ABS(BII,J1)
WENDWSHIFR ANI>ANORM WTHEN® ANORMi1=ANISWIF® BNI>BNORMWTHEN®
ANORM: =BNT

WENDWSWIF® ANORM=Q "THEN® ANORMS=EPSIPIFUBNORM=( WTHEN® BNORMI=EPS3

EPSAt=EPS*ANORMSEPSRI=EPS*BNORMS
WEORM Ms=NoM MYHILEW M>=3 npnw
NBEGIN® .
WEORM I3=MelyIeel WWHILEM(WIF®Y 1>1 STHENTABS(ALI,I=11)>EPSA WELSE®
WEALSEN) npN" QimTe=l;
HIFY Q>1 WTHEN®" A[QsQ=118=03
Ls MIF® Q>aM=] WTHENY M3mQml WELSEW
MWREGIN®
HWIF® ABS{B[Q,01)<=gPSB MTHENY
WREGINY BIQsQ13=0301:2Q¢13
HSH2COL{QsQsMpQ5AT Q5015 AT01501,AsR)3ATQ015,Q]2=03
Qt=QlsNGcOTON L
WENDW MELSEN M12eM=]30Q13=Q+13CONST=0.753ITERIMIt=ITERIMI+1
STATIONARYs=®"IF® ITER[MI=1 WTHEN®™ ®TRUE® MELSEW®
ABS{AT My M=11)>=CONST*OLDLWANDWABS{ALM=1sM=2])>aCONST#NLD2S
WIFW ITERIMI>30O"ANDNSTATIONARY HTHEN®™
WBEGINP #WFQR® Ji=] MSTEPM 1 WUNTIL® M nDO® ITER{I)t==lg
aeATAY gQuUT
WENDMS
NIF® TTERI[MI=1OMANDWSTATIONARY OTHEN®
HBEGIN® A101=03A208=13A308=1,1405
WENDW NELSE®
WREGIN® B1l1l:=B[0,015B22:="IF" ABS(BL[Q1l,Q11)<EPSB WTHENWEPSH
NELSE"™ BLQ1,0113
B331wWIF® ABS{BLM1,M11)<EPSB WTHEN® EPSB WELSEWBIM1,M11s

WCOMMENTY
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H

B44e=sWIFY ARS(BL[M,M])<EPSB H"THENT™ EPSB WELSE® B[M,M] 3
Al1:=ATQ501/B113A128=A00,Q11/8223A218=A[Q1,0Q01/B113
A223=ALQ15011/B223A331sALM1,M11/B333A342=AlMI, M]1/R44;
A63t=ATMsM11/B333A4423sA[MsM1/B443B12:=BLQrQ13/B228
B343=8[M1,M1/B443
AlUt=((A33wA11) *(A44=A11)=A34%A43+A43%B34%A11)/A21
+A12=A11%B123
A203m(A22=A11=A21%B12)=(A33=A11)=(Ab4=A11)+A43%R34}
A303=A00Q+2,013/822

WEND®W3;OLD13=ABS(A[MyM=11)30LD23=ABS{Al M=l M=2])3

NEQRM KimQ WSTEP® 1 MYUNTIL® M1 wDQOW®

NREGINY K1ltsK+18K28mK+23K38aWIF® K+3>M MTHEN® M WE| SEY K+33
KM1t=fIFW Kel<Q WTHENY Q WELSEY Kels
WIF® K"sM1 WTHEN®
HBEGIN® WIFW KwQ NTHEN®

WREGIN® :
HSH3ICOL({KM1sKM1oMs Ko ALKsKMIIATKL,KML1p ALK2sKM115A49B) 2
ALKI» KM113=ALK2,KM118=Q
NENDW
HSH3ROW2(Q, Qs K35 KsBLK2, K21, BIK25K115BIK2,K15A5B)3
BIK2,K]t=B[K2sK118=(Q 3
NENDN WELSEW
HBEGIN® HSH2CDL(KM1oKMLoMsKoATKsKM1I» ALK1sKM11sA58B) 3
ATK1sKM11z=lg
MENDYWS
HSH2ROW2( Qs 05 K35K3sKp Bl K1sK11sBIK15KI5A5B)3BIK1sKI2=0
nENDY
WEND™S
OuUT:
WENDH
WENDY QZ1IT3
wEQPH
WPROCEDUREN QZVALIN»AsBosEPSASEPSBsALFRSALFILBETA) 3HVALUE" N;
NREALY EPSA,FEPSR3M"INTEGER® N3WARRAYM™ ALFRyALFISBETA»A»B3
NBEGIN® NINTEGER" Msl o JSWREAL®" ANsBN»A11,A12,A21,A22,B11,B12,B22,E5C»5D»
ERsEIsA11R2A11T5A12R5A1215A21Ry A2115,A22R5A2215CZ5SZR5SZ 1>
CQs SQR»SO0I,SSRHSSILTR,TI»BDRsBNIsRS
WEQRY® MtsN,M WWYHILE® M>0Q #DO"
NIFH{NIFN M>] NTHEN® A[M,M=1]a(y WELSE® RMTRUE®) WTHEN®
WBEGIN® ALFRIMIt=ATM,MI3BETAIMIt=BIM, MISALFIIMIs=0sMiaM=]l
WEND® WE|LSEN
WRBEGIN® LemM=]gWIF" ABS(BLLsLI)<sEPSB ®THEN"

WBEGINY BILsL)t=03HSH2COL(LoLoNsL,A[LsLIsALM»LIsA5»B)S
ACMsL12=BIMoL)emDs ALFRILIS=ALL,LISALFRIMI2=AIMpMTs
BETALLY8=BlLsLYISBETAIMI2=BCMsMISALFILMIs=ALFILLIe=03

HENDM WELSEW WIFN ABS{BIMsM])<=EPSB HTHEN®

WAEGIN"BIMo M3l sHSH2ROW2(1s1oMoMsLo ALMsMIALMsLI5A9B) 3
AfMsL)eeBIMoL]sm0s ALFROILT8mATL,LISALFRIMNIZAIM,MTS
BETALL1t=BlL,LI1sBETAIMIs=RIMyMISALFI(MIt=ALFILL12=03

WENDRRELSEWM

WREGIN®

ANs=sABS(ATLsLI)+ABSCALLsMI)+ABS({ATM>LI)+ABS(AIMIM])

BN3sABS{BRIL,LI)+ABS(BIL,M]1)+ABS(BIMsM]I)s

Al11s=ACLsLI/ANSAL22 AL Lo MI/ANZA21e2AlM LI/ANSA228=AlMsM]I/ANS

NCOMMENT®
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Bl11:sBlL,L1/BN$B123=B[L,M1/BN3B22s=BLMsM]/BN;
Ft=A11/R113
Cte({A22=E#B22)/822=(A21%B12)/(B11%R22)) /23
De=CHC+{A21%(A12=-E*B12)) /(B11%B22)3s
NIFN D>=0 MTHEN®
UBEGINYEI aF 4+ (NIFHCKONTHENC=SQRT(D)IMELSE"C+SQRT(D} )
Alls=All=E®*B113A123=A12=-E%*B123A228A22=-E%*B223
WIFN ABS{AL11)+ABS(A12)>=ABS{A21)+ABS{A22) MTHEN®
HSH2ROW2(1s1sMs ML AL2,A115ApBYMELSED
HSH2ROW2(1s1s Mo Mol A22, A219AsB) 8
RIFWAN>sABS (E)%*BNWTHEN®
HSH2COL(LsLsNsLsBILsLIsBIMsLIsAsB) WELSE®
HSH2COL(LsLoNoLoALLoLYsATMsLI»A»B)
ATMsL18=sBIM,LIs=(s
ALFRIL13®ATL,LI3ALFREMIS=ACMoMISRETAT LI wBIL,L]S
BETATMIt=BIMsMIZALFICMIStsALFITLY2=03
NENDWHELSEN
RBEGINY
ER1=F4C3ETItaSQRT(=D)3A11R1=A11=FR*B113A11I2=EI%B11;
Al2R1=A12~-FER*B125A1211=ET*B1L2;A21R8=A213A21T2=03
A22R8wA22-ER®B223A2218=EI%B22}
WIFWABS{AL1R)+ABS{ALLII)+ARS{AL2R)+ABS{AL2]I)>=
ABS(A21R)+ABS(A22R)+ABS{A22T)"THEN"®
CHSH2 (A12Rs A121s=A1llRs=A1115CZsSZR,SZIIVELSE™
CHSH2 (A22Rs A221,5,=A21Rs=A211,CZ5SZR5S71)
NIFWAN>s( ABS{ER)®ABS (EI ) )*BNUTHEN®
CHSH2(CZ7*B11+SZR*B12,SZ1*B12,SZR#B22,SZ1%B22,CQ,5QR»SQI)
NELSENCHSH2{CZ*A11+S7R*¥A12,STTI*A12,CZ%A21+SZR*A22,S71%A22,
CQsSQR»SQIVSSSR3=SQR*SZR+SQI*SZ13SSI8aSQR&SZI=SQI*S7ZR3
TR1=CQ*CZ*A114CQ*SZR*AL12+SQR#CZ4%A214SSR*A22
TItaCQ*S7I%*A12=SQI*CZ#A21+SSI%A22s
BDR$=CQO%C7%*B11+CQ#S7R#B12+SSR*B22}3
BDIs=CQ*S7I*B12+4SSI*B223
R1=SORT(BDR#*BDR+BDI*BDI)sBETALLIt=BN*R}
ALFRILYs=AN®{TR#BDR+TI*BDI) /R}
ALFILL1s=AN*{TR¥BDI=TI%*BDR) /R}
TR31=SSR*A11=SQR*CZ2%A12=CQ*SZR*A214CQ*CZ%A22;3
TI82=SSI4A11=SQI#CZ4AL2+CO%SZI%A213
BDR3=SSR*B11=SQR*C7*B124CQ*CZ*B223
ADI:==SST#B1i=SQI*C7%B12;
R3=SQRT{(BDR*BDR+BDI*BDI)IBETALMI s =BN%R}
ALFRIMIs=AN®{ TR#BDR+TI*BDI) /RS
ALFTIIM]s=AN*(TR*¥BDI=TI%*BDR) /R
HENDW
HENDHIM S aM=s?
WEND®
WEND™ QZVALS
DWARF1=EMIO1sEPSt=sEMI1]s
HSHDECMUL(NsAsBsDWARF) 3
HESTGL2{NsA»B)3
QZIT(NsAsBoEPS>EPSASEPSB, ITER) 3
QZVAL(Ns As By EPSASEPSBsALFRyALFI»BETA)
WEND" QZIVAL:S
wEQPW
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HCODEY 346013 .
#PROCEDUREY Q7T (NsAsBsXs ALFRs ALFI>BETAS ITERSEM) 3
WVALUEN" N3®INTEGFER"™ N3WARRAYWA,BsXs ALFR,ALFISBETASEMS
WINTEGER™ WARRAY® ITERS
WREGINY WREAL® DWARF,EPS,EPSASEPSB3
WREALY" WPROCEDURE" MATMAT(LsU»15J5A5B)3"CODEY 34013
WPROCEDURE®™ HSHDECMUL{(N»A»B>DWARF)SHCODE"™ 346028
WPROCEDURE™ HESTGL3({N»AsB,X)3"CODE® 346033
"PROCEDUREM™ HSH2ZROW3(LsUAsUB,UX»JsA15A25A5BsX)3"CODEY 346073
WPROCEDURE® HSH3ROW3I{LoUsUXsJsAlsA25A35A5B5 X)SPCODEY 3456093
WPROCEDURE® HSH2COL(LA»LB»,UsI5A15A25A5,8) 3"CODEY 346053
WPROCEDURE® HSH3COL(LA,LB,UsI»Al5A25A35A5B)3"CODEM 246063
WPROCEDURE™ CHSH2{AlRsALI»A2R»A2I5CsSR,SI)SMCNDEN 346113
WPROCEDURE™ COMDIVIXRsXTsYRsYIS»ZR,7ZI)3WCODE™ 343423
WPROCEDIREM QZIT(N»AsBoXsEPSSEPSALEPSB,ITER)S"VALUE"NLEPSS
WREAL™ EPSoEPSA,EPSB3PINTEGER™ N3WINTEGER® WARRAY® ITERSWARRAY" A,B,X3
WREGINW ®WREALW ANORMs BNORMs ANI»BNI>CONSTsA105,A205A3C5B1il»
B225833,B445A110A125A215A22,A33,A345A%43,5A44,B12,B345,0LD1,0LD23
WINTEGER" I,QsMsMIsQlsJsKrKLlsK25K35KMLs"BONOLEAN® STATIONARYS
ANDRME =aBNNRM2=QsWFNRN I3s] NSTEP® 1 WUNTIL® N #pOW
WBEGIN® BNIz=O3ITER[IIIE=03ANIs="IF" I>INTHENWABS(ALI,I=11)®ELSE® O3
WEORM J3=T1 WSTEPY 1 WUNTIL®™ N mDOW
"BEGIN" ANIt=ANI+ABS{A[I»J]1)SBNIs=BNI+ABS(BII,J]1)
NENDHSWIFN ANI>ANORM ®THEN® ANORM:=ANISWIF® BNI>BNORMWTHENY
BNORM3=BNI
WENDWEPIFM ANORM=Q HTHEN® ANORMI=EPSSHIFWANORM=g WTHEN® BNORM$=EPS}:
EPSAs=EPS*ANORMSEPSBesEPS*BNORMS
WFORM MiaNyM WWHILE™ M>=3 nDO"
"BEGINY
WFORM I3sMelsT=l AWHILEW(WIF® I>1 WTHENMWABS(ALI,I=11)>EPSA WELSE®
WEALSEYW) ¥DD® Qstef=lj;
WIFW Q>1 MTHEN" ALQ,0-118=03
Ls BIFM Q>sMes]l HTHENY MimQml HELSEW
AREGINY
WIF® ABS(BIQs,Q)}<=EPSB HWTHEN®
HBEGIN® B[Q,Q1:=03Q18=Q+1s
HSH2COL(Q5QsN»QsA0Q50154[015015A5B)3A001,Q]3a03
Qs=Qls"GOTOM L
WEND® WELSEW M13=M=13QL3=Q413CONST3=0753 ITERIMIs=ITERIMI+1s
STATIONARY:s=®"IF® TTER[MI=1 WTHEN®" "TRUE" MELSEY
ABS(ALMs M=17)>=CONST#OLDLIWANDRABS(ALM=1,M=2])>=CONST®OLD2s
NIFW ITERIMI>3AWANDWSTATIONARY MTHEN®
WBEGINY® WFORY Ita=l WSTEP®™ 1 WUNTILY M "DOW ITER[IIt==1%
"GOTO" QUT
WENDM 3
WIF® ITERIMI=1A"ANDMSTATIONARY ®THEN®
WBEGINY A108=03A203=13A308=]1,1605
WENDN MWE|SE®
WBEGIN" B11:=BfQ,Q1;5;B822¢="IF"® ABS(BLOQ1,011)<EPSB ®THENWEPSB
MELSE® BLQ1.Q113
RCAMMENT®
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B33t =MIF" ABRS(BLML,ML1)<EPSB WTHEN® EPSB WELSF®BIMI,M11s
Re4sa®IFM ARS(BL[MyMI)<EPSB WTHEN® EPSB WELSE®™ BLMsM] 3
Alls=ATQ,01/B113A123=ATQsQ11/B223A213=ALQ15Q7/B11s
A221=ATQ1,Q013/B223A331=ATM1,M11/B333A343=ATM1,M1/R443
Ab38mATM, M11/B333A44sAlM,MT1/B46463R128=B[Qs,Q11/R223
B3431=8C M1, M]1/B44;
Al =((A33=A11)%(A44-A11)=A34%A43+A43%B34%A11)/A2]
+A12«A11%B12¢
A2081=(A22=Al1l=A231%B1i2)=(A33=AL1l)=(A%6=Al1)4+A43%B34}
A30tmALQ+2,Q11/822
WENDPENLD1s=ABS{ALMy)M=1])30LD28=ABS{AIM=1sM=2T)3
MEORM KieQ MSTEPM 1 WUNTIL® M1 ®wDO®
HREGINY KltaK413K23aK+23K33=M]IFP K&3>M WTHEND M WE| SEW K433
KM1saWTF" Ke}<Q WTHEN® Q MELSE"™ K=13
NIFY K =M1 WTHEN®
NBEGIN® MIFE® KeQ WTHENW
HSHICOL(KML,KMLsNoKoALID»A2¢i» A30,AsB) MELSEW
MBEGINY
HSH3COL(KMIoKMLoNs Ky ALKs KM115 ATKI,KML]s ALK25,KM1)5A58B)3
ATK1oKML)smA[K2,KM1 ]2 =0)
WENDM 3
HSHAROW3(1sK3sNsKsBIK2,K2T1sBIK2sK1IsBIK25KIsA5BsX) 3
BIK25,K13=B[K2,K113=0 3
WENDW WELSEW®
MREGIN® HSH2COL(KMLoKMLoNoKy ALK KM1T, ATKIsKM1T5A5R) 8
ATK1,KM1]:=Q
WENDW;
HSH2ROW3(15K35K3sNsKs ATKI1sK1T1sRTIKLsKI15AsB,5X)38BIK1,XT8=0
ngENp o
NENDY
RENDWSE NUTS
WENDM Q7IT3 .
WPROCEDUREN QZVAL(NsAsBsXoEPSASEPSBoALFR,ALFTI,BETA)SWVALUE" Nt
WREALY EPSA,EPSBEMINTEGERT N3MARRAY™ ALFRO,ALFISBETA, AsBjs X3
UBEGINT WINTEGERY MoL,J3"REALY AN»BN,A11sA12,A21,A225B115B1258225E5C5 D>
FRoET»ALIRA1I1TISA12R,AL2T,A21R5 A2 1T9A22R,A22195C25SZRHS7Ts
CQpSQR»SOI»SSRHySSI» TR, TI»BDRsBDIsRSE
NEQRY MiaN,M WWHILE®™ M>( #DQw
NIFN{WIFN M>1 RTHEN® A[MpM=llas0 WELSE® WTRUEM)WTHEN®
DREGIN® ALFRIMIs=ATMsMIsRETAIMIS=BIMs)MISALFIIMIadsMeaM=1
WENDW WELSEW
HBEGINY LiaMwlsM"IF® ABS(BILsL1)<=EPSB MTHEN®
WBEGIN® BLL,LJ3=mi)sHSH2COL(LoLsNsLoACLsLIsALMsLI5A5B)3
ATMpL738BiMs L8203 ALFRILIs=ATL,LISALFRIMII=ALM, M]3
BETATLYt=Bl Ly LISBETAIMI=BIMsMISALFICMItaALFILL )30
WENDW MELSER WIFW ABS{BIM,M1)<=EPSB WTHENM
MBEGINUATM, M13=a03HSH2ROWI (1o MaMoNy Lo ATM, NI ALMsLI5A5Rs X )3
ATMoL 1t =BIMo L1320 ALFRILIs=ATL,LIALFRIMI =AMy M]3
BETACL13=BRIL,LYSBETATMIs=BIMoMISALFITMIt=ALFITLI2=03
WENDWHELSEW
HBEGIN®
ANt=ABS(ATLsLI)+ABS{ATL,MI)+ABS(AIMsLI)+ARS(ALM,M])3
HCOMMENT®
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3

BN3$=ABS{BIL»LY)+ABS(BILsMI)+ABS(BRIM,M])}s

All1=ATLsLT1/ANSA128=AlL,MI/ANSA212sATM,LI/ANSA228aAlM M1 /AN

8113=B[LsLI1/BNsR12s=BRLL,M]1/BN;B223=sB[MpyM]I/BNS

E$=A11/B11¢

Cie((A22~F%*B22) /B22=~(A21%B12)/(B11%B22)) /23

Dt=CHkC+(A21%(AL2=-E*B12)) 7(B11%B22)3

WIFW D>=() PTHEN®

WBEGINVWE t wfE ¢ (WIFWCKONTHEN"C=SQRT(D)WELSEYC+SQRTI(D) )
Al13=A11=E*B113A121=A12=-E*%B123A22:=A22=E*B223
NIF® ABS{ALl1)+ABS{A12)>=ABS(A21)+ABS({A22) HTHEN®
HSH2ROW3(1oMoMaNoLsAL2Al1sAsBeX)PELSER
HSH2ROW3 {15 Ms My Ny L» A225 A215 A5 Bs X) 3
RIFWAN>=ABS(E)*BNHWTHEN®
HSH2COL{LoLsNsLsBILsL)sBIMsL15A,B) NELSER
HSH2COL{LsLoNsLoATLsLIs ALMsLI5ALB);
ATMsL]13=BIMsL 12203
ALFRELT3=ACL,LI3ALFRIMIs=ALMsMISBETALLIs=B Lo s
BETATM13=BIM, MIsALFICMIs=ALFILILIt =03

WENDWHEL SEW

WREGTIN®
FRI=E+CSEIt=SQRT{=D)3A11RE®A11=~ER®B113A11I=sEI#B11s
Al2R:1=A12«=FR*¥B123A1218afX4B12;A21Re=A213A21 Tt =(ys
A22R1=A22-ER*B223A2213=E14B223
WIFMARS {ALIR)+ABS{AL1I)+ABS(A12R}I4+ABS(A121)>=
ABS{A21R)+ABS(A22R)+ABS(AZ22I)MTHEN®
CHSH2 (A12R, A1215=AL1Ry»=A11TI»CZsSZRsSZIINELSE"
CHSH2(A22Rs A22T15=A21R»=A2115,CZ5SZR»SZ1)
NIFWAN>={ ABS{ER)+ABS(EI))*RNHTHEN®
CHSH2(CZ#B11+4SZR*B12»SZ1%B12,SIR*8B22,SZI#B225CQ5S5QR,5Q1)
WELSEWCHSH2(CZ*ALI+SZR*AL2,S7TI%AL2,CTZ*AZL+SIR*A22,S21%A22,
CQ»SOR»SQIISSSRE=SQAR*SZR+SQI*S718SSI9=SQR*SZ7I=SQI#*SZRs
TR3=CQ#CZ#A11+CQ*SZR*AL24SQR*CZ#A21+SSR*A223
TIt=aCQ*SZI*A12-=SQI*C7*A21+SST*A22%
BDRt=CQ#C7%#B11+CO*S7R*B12+SSR%B22%
BDI:=CQ#*S7I%B124SSI%*B223
Rt=SQRT(BDR#BDR+BDI*RADI)sBETALLIt=BN*R}
ALFRILIe=AN®{TR*BDR+TI%BDI) /R}
ALFILLYt=AN®({TR*BDI=TI%*BDR) /R
TR:=SSR*¥A11=SQR*CZ*AL2=CQ*SZR*A21+CQ*CI%*A223
TI8@eSSI#AL1=SQI*CZ3A124+CO*SZI4#A213
BDR1=SSR#¥B11=SQR*CZ#B124CQ*CZ*B223
BDI1a=~SSI*B11-~SQI*CZ*B12;
R3=SQRT{(BDR#*BDR+BDI%*BDI)3BETALMIs =BN*®R}
ALFRTMY2=AN* (TR*BDR+TI*BDI) /R
ALFITM]s=ANX(TR*BDI=TI*BDR) /R

REND®

NENDNIME aMen?
WENDN
"ENDY QZVAL
wEQpw



SECTTON 8 3c4els? {JANUARY 1976) PAGE 24
H

HPROCEDUREN QZVEC(N»>A>Bs XsEPSA»EPSByALFRsALFISBETA)sWVALUEYN, EPSA,EPSBRS
NINTEGERY N3;WREAL™ EPSASEPSB;"ARRAY® Ay,B,ALFR,ALFISBETAsX3
WREGINWHINTEGERY MoMRoMIsLoLlsJsKS"REALY BETMy ALFMsSLs SKs Dy TKKs TKL» TLX)
TLLo ALMI o ALMRs TRy TIsSLRsSLIsSKRySKIsDRsDI» TKKRy TKKI» TKLRs TKLIs TLKRy
TLKIs TLLR, TLLISsSs RS
WENRN Ms=N UWSTEPH =1 WUNTIL® 1 nDpO"
NIFN ALFIL{MI=0 WTHENW
MBEGIN® MWCOMMENT® MeTH REAL VECTORS
ALFM2=ALFRIM]IZBETM:=BETAIMIBIMsM]Is=lsLltaMs
WENRY LsasM=] WSTEP® =] WUNTIL®® 1 %DO®
MBEGIN® SL:=0s :
NEORW Jsall ®STEPW 1 WUNTILM™ M nDQO®
SL1sSL+{BETM*ATL,J]1=ALFM*BIL,JT)#*BTJI, M]3
WIFR{WIFNL =W THENMBE TM*ALLsL=11=0OPELSENNTRUE") "THEN®
WREGINWHCOMMENTY 1=1 BLOCKS
De=BETM®ATL,LI=~ALFM*BIL,L1]s
NIF® D=0 WTHEN®™ D3=(EPSA+EPSB)/23BILsM]2=s=SL/D
NENDUWELSE®
NRBEGINY WCAMMENTY 2=2 BLOCK3Kt=lL=13SKs=(}
HEORMWJs =Ll NSTEPM ] WUNTIL® M #pOR
SK2aSK+(BETMRA[K, J1=ALFM*¥B[K,JI)%BLIsM]s
TKK3=BETM*ALK,KT1=ALFMXBLK,K13
TKL3=BETM*ALK, L]=ALFM*BLKp L3
TLKs=BETM*ALL,K]3
TLL3=BETM*A[Ls L1=ALFM#RIL,LT3
D3aTKKkTLL=TKL*TLKS "IF® D=0 WTHEN® Dsta(EPSA+EPSB) /2%
RILeM13e(TLK*SK=TKK#*SL) /D3
BIKoMIsmWIFNABS (TKK) >=ABS{TLK) "THENM={ SK+TKL*BIL, M1} /TKK
WELSEY = (SL+TLL*BILsMI) /TLKsL3sl=]
WEND®3L1z=l
MENDM
NENDHHELSEW )
WBEGINY HCOMMENT® COMPLEX VECTOR;
ALMRS=ALFRIM=]11sALMIt=ALFITM=113BETME=BETAIM=1]8MRIaM=13HT2aM}
B M=l MR =ALMI*BIM,MI/(BETM*AIMs M=1]) 3
BlMeloMIT3=(BETM*ALMpMI=ALMR*BTMoM I /(BETM*ATMpyM=1])3
BIMyMRI18=03B[MeMIJtme]lgl ltmMely
WEORM Ls=M=? WSTEPW =] WUNTIL® 1 WDOW
WAEGIN® SLR3aSLIt=)3
WEOR® Js=l1 WSTEP™ 1 MUNTIL® M #DNW
HBEGIN® TR:wBETM*A[LsJI=ALMR*BIL,J313
TItm=eALMI*BLL»J13
SLR2=SLR+TR*BL Jo MRI1=TI®*RT JoMI]s
SLIt=SLI¢TR*¥BTJoMIT+TI*BIJsMR]
HENDM 3
HCOMMENT®
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v

NIFN(NIFNL *a 1 NTHEN"BETM*ALL,L=11=QRELSENATRUEN) "THEN®
WBEGIN"DRt=BETM*ALL,LI=ALMR*BLL,L 1S

DIsm=ALMI*BIL,L]s
COMDIV{=SLRy=SLIsDRsDI»BLLoMRIsBIL,MIT)s

WENDWHEL SEN
WBEGINY Kiml=13;SKR3=SKI =i

UENRY Jz=l]l WSTEPM™ 1 WUNTILH® M wpOw

YBEGIN® TR1=BETM®ALKsJI1=ALMR*BLK»J13
TIsm=ALMI*S[K»J1s
SKR8=SKR+TR*BLJsMRI1=TI%*BLJoMI]s
SKIt=SKI+TR*BLJsMIJ+TI*BL Js MR

nENDN;

TKKR1=BETM#ALK,»KI=ALMR#BIK»KTs

TKKIsmwALMI*BLK,KI2

TKLRS=RETM* ALK, LI=ALMR*BIK,L]s

TKLIt == ALMI#%BLKsL]3

TLKR1=aBETM*ACL,KI3TLKI1 =03

TLLR3=BETM*ATLsL1=ALMR*BIL,LT;

TLLIet==ALMI*BIL,L7s

DR3aTKKR*TLLR=TKKI*TLLI=TKLR*TLKRS

DIt =TKKR*TLLI+TKKI®TLLR=TKLI*TLKR}S

MIFRDR=QOWANDHDI=O"THEN"DRt=(EPSA+EPSB) /22

COMDIVITLKR*SKRa=TKKR*SLR¢TKKI*SLI» TLKR*SKI=TKKR*SL I=

TKKI#SLRyDRyDIsBLLs MRIsBILyMI])3

NTFAABS {TKKR)+ARS{TKKI)>=ABS{TLKR)INTHENY

COMDIV(=SKR=TKLR#*BILsMRI+TKLI®BLL,MI]s=SKI=TKLR*BTL,MI]

=TKLI*BILoMRI» TKKRs TKKIsBIKsMRI1sBLKsMIT)PELSE™

COMDIV(=SLR=TLLR*#BILsMRI+TLLI*BILyMI)p=SLT=TLLR*BLILsMI]

wTLLI*BTLsMRIs TLKRs TLKI»BLKsMRIsBIKy MI1)gL 8ulml

WEND¥WgLls =L

WENDW M2 aMm]

WENDW3

NEOR® M3zaN WSTEPW =1 WUNTIL®™ 1 ®pQOn
WFOR® Ks=]l WSTEPW 1 WUNTIL® N #DQO%
X[KoMI1eaMATMAT(Is Mo KoMsXpB)35
HEORY MisN NSTEPY =1 MUNTIL®™ 1 #pO"
WBEGIN® St=0sWIFY ALFIIMI=0 WTHEN®
WREGINW MFEORY Ki=] WSTEPW 1 MUNTIL™ N #DOW

HBEGINY R3=ABS(XIK,M1)3

NIFN R>sS WTHENWHBEGIN® S1sR3DtsX[K,M] MENDW

WENDWIHWFORM K3m]l WSTEPW 1 WUNTIL® N npOW
XTKsM18eXTKsMI/D

NENDRNELSE"
WBEGTNY WFORM Ki=s)] WSTEP® ] WUNTIL® N ®DO®

WBEGINY R3=ABS(XIKsM=11)+ABRSIXIKs M]3

R1mR¥SQRT((X[KpM=1] /R) *#24( X[Ks M1 /R) %%2) 3
NIF® R>=SNTHEN®
WBEGIN® S1sRjDR1=X[KyM=113DT1eXLK,M] WEND"

WENDMSMFORM Kis1 WSTEPM 1 WUNTIL® N wpO®
COMDIV(XTKsM=11,XLKsMIpDRsDIsXLKoMalsX[KsMI) sHtuM=1
MENDN
NEND"
"END® Q7VECH

NCOMMENT®
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DWARFi=EMI1sEPSt=EML11s
HSHDECMUL({N»A» By DWARF )3
HeSTGL3(Ns» A»BsX) 3
QZITI(N>A»Bs X EPS,EPSASEPSB, ITER)
Q7ZVAL{NsAsBoXsEPSAsEPSBoALFRyALFISBETA)S
QZVEC (N> AsBs XpEPSA»EPSBs ALFR, ALFISBETA)
WEND® Q713

“EOP"

BCADEN 3460723
NPROCEDUREY HSHDECMUL(Ns AsBsDWARF)SMVALUERN, DWARF3HWINTEGERYN
WREALY NDWARFIUWARRAYN A,R3
WBEGIN® WARRAY® VI1sNISHWINTEGER® JsKyKI,NLIIWREALY R,T,C3
WREALY ®PROCFDURE™ TAMMATIL,UsI,5JsA»B)3NCNODEN 340143
WPROCEDURE® HSHVECMAT(LR,URSLCoUC»X»UsA)SWCODE® 310703
KgalgNlsaN+is
WEOR® Kls=2 WSTEPH®H 1 MWUNTIL®™ N1 #pOw
NREGINY R3=TAMMAT(K1sNsKsKpBpB) 3
UIFM R>DWARF M"THENM®
HWBEGINY R1mMWIFM BLK,KI<G "THENM" «~SORT(R+BIK,KI*BL[KyK])
MELSEM SORT(R+BIKsKI¥BLKsK1)3T2=BIKsKI+R3C8u=T/R}
BIKsK13 2R3 VIK]2=1s
WEORW J3aK]1l WSTEP® 1 WUNTIL®™ N #D0O% VI[JI1=BL[J»K1/T3
HSHVECMAT(KsNsK1sNsCsVsB)sHSHVECMAT(KsNs1sNosCsVsA)
WENDM3KSmK]
WEND®
WEND® HSHDECMUL:S
wEQPM

"CODE® 346033
WPROCEDURE™ HESTGL3(Ns»AsBsX)$HVALUET N3;®INTEGER®™ N3WARRAY®™ Ay By X3
NBEGIN® WINTEGERY™ NMIisKolsKlsLls
WPRNCEDUREM™ HSH2COL(LA,LBsUsI5A1sA25,A5B)3MCODEN 346053
WPROCEDUREY HSH2ROWI(LsUAsUBsUXsJsA15A25A5B5X)3s"CODER 346073
WIEN N>2 NTHENT
WREGINN HENRM Kem2 NSTEPW 1 WUNTIL® N wpQw
MEOR® Lis=s]l WSTEP® 1 MUNTIL® K=l ®D0OY BLK,L12=03
NMlteNe=lsKs=is
WEORM Klsm 2 WSTEP® 1 WUNTIL® NM1 ®DO"
HWEBEGINY [L13=Ns
WEORY L 3mN=] HSTEPW =] WUNTIL® K1 ®wDO®
WBEGINT
HSH2COL(KsLoNs Lo AL KIoALL1sKIs AsBIZATLIS K103
HSH2ROW3 (15 NsoL1sNoLsBILLoL1TsBTL1sLIsAsBsX)S
B{L1,LY2=0gL1sml
NENDPsKemK]
nEND®
wENDM
HWEND® HESTGL3S
nEQP
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MCADE® 346343
WPROCEDUREM™ HESTGL2{HN»AsBYIHWVALUEY NSWINTCGER® N3®ARRAYM™ A,R3
BBEGINM WINTEGER™ NM1sKoeL,K1lsolL1ls
WPRACEDURET HSH2COL(LA»LBsU»I5A15A25,A5,B) 8%CODEM 3464153
"PROCEDUREM HSH2ROW2{LAsLBsUASUBsA1,A2,A,B)s"CODEY 346083
WIF® N>2 WTHEND
WAEGINY HWFEORY Ks=2 WSTEP®H 1 WUNTILY N #DO®
MENRY Ls=s]l HSTEPR ] WUNTIL® K=l #D0® BI{K,L1:=03
NMls=NwlsKs=ls
WEOR® Kli= 2 WSTEPW 1 ®UNTIL®™ NM1 nDQO®
HBEGTINM L1s=sNg
WEORM LimNe] WSTEPW =1 MUNTIL® K1 wDO®
WREGINW
HSH2COLIKpLoNs Lo ATLsKIsATL1sKIsA»BY)SATLI,XT208
HSH2ROW2(1,isNsL1sLsBIL1sL11BIL1»LY5458)3
BIL1,LIz=03L1tmL
NENDWIK smK]
HENDY
HEND P
WEND®™ HESTGL2:
nEQPH

WCODEM 346053

MPROCEDUREY™ HSH2COL{LAsLBsU»sIsALsA2sApBISHWVALUE® LAsLBsUsTIsA15A28

WIMTEGER™ LAsLBsUsISMREALY Als A23MARRAYY A,B3

RIFMA2%=Q WTHEN®

WBEGIN®" MREALM™ RpyToC3WARRAYM V[IzI+113
WPRACEDUREN HSHVECMAT(LRsUR,LC,UC,XsUsAYSRCODE®™ 310703
RiaWIFM A1<0 WTHEN® =SQRT{A1*AL#A2%A2) MELSE® SQRT(A1#A1+A2%A2)3
TimAl+R3Cm=T/R3VLII2t =l sVl I4+113=2A2/T3
HSHVECMAT(I»I41sLAsUsCrVsA)SHSHVECMATLI»I415LBsU5C5sV;8)

HEND® HSH2COL 3

WEQPW

nCODEM 246063
"PROCEDUREM HSH3COL(LAsLB,UsIsA1sA25A35A58)3
MYALUEMLAsLBsUs I5A15A25 AB3MINTEGERTLASLB, I, Us "REALMALs A2, A33MARRAY A, B2
WIEN A2%m) WORM A37=0 WTHEN®
WBEGIN® WREALM RsT»C3MARRAYM VIItI+2]3
WPROCEDURE® HSHVECMAT(LRsUR»LCs»UC, X5 UsA) $MCODE® 310703
Ri=®IFN AL1<r NTHEN® =SQRT(A1#AL+A2%A2+A3%A3)
NELSE" SORT(A1#AL+A2#A2+A3%A3)s
Ti=Al#R3Cm=T/R3VIITea15VITI411s=A2/TsVII+218=A3/ T3
HSHVECMAT(I,I+2,LAsUsCsVsA) sHSHVECHAT(I,I+25LBsUsCsVsB)
WEND HSH3COL 3
ngQpw
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NCODEY 346073
HPROCEDUREY HSH2ROWI(L,UA»UBsUX5JsALlsA25A9BsX)3MVALUEY L,oUAsUB»UXy
JesAlp A28 RINTEGERY LoUAsUB»UX»JsWREALY Al,A23WARRAY®™ A,B, X3
WIFNA2 =0 WTHEN®
WREGINWWREALY R,THoC3WINTEGER" K3"ARRAY® V[ J:J+113
NPRACEDUREY HSHVECTAMILR,UR,LCsUC,XsUs AYSWCODE™ 310733
R3=WIF¥W A1<O WTHENY «SQRT(A1%A1l4+A2%A2) WELSEM™ SQRT(AL*AL+A2%A2)3
TisAl+R3Crm=T/R3VIJ+11sulsVIJI2=A2/Ts
HSHVECTAM{LsUAs JpJ+1sCo VoA SHSHVECTAM{L,UBsJs J+1sCsVsB)3
HSHVECTAM{1oUXs Jp J¢15Cs Vs X)
WEND® HSH2ROW33
ngQpn

wCODEY 24608:
HPROCEDUREY HSH2ROW2{(LAsLBsUAsUB»JsAL»A25A5B)SWVALUEMLA,LBsUA»UB>»
JoAls A23MINTEGER™ LAsLBsUAsUBs JSWREAL™ A1, A23MARRAYY A,Bj3
NIFNA2™ =0 NTHENW
WREGINY WREALM™ RoToC3MINTEGERM™ K3MARRAYM VI{J3J+1l1ls
WPROCEDURE®™ HSHVECTAM{LR,URsLC,UC,XsUsA)3"CODEY 310733
R1aWIF® A1<O "THENY =SQRT(A1%AL1+A2%A2) WELSE® SQRT(AL*AL+A2%A2)3
TiosAl+RCea=T/R3VIJ41]ts13VIJII2=A2/Ts
HSHVECTAM{LASUA>JsJ+15CoVsA)SHSHVECTAMILB,UBs JsJ+15Cs Vs B)
WEND® HSH2ROW2%
wEQPM

nNCADEY 346091

BPROCEDUREY HSH3ROW3{LsUsUXsJsALlsA25A3,AsBsX) 8

WYALUE®LsUsUXoJoALls A2 A3 WINTEGERML s JoUsUXSPREALMAL, A2, A33PARRAYWA,B5 X3

BIFN A2%el) WORW A3 &} WTHEN®

WBEGINW HWREALY R,TsC3MARRAY™ V[ J8J+21s"INTEGERY K3
HPROCEDUREY HSHVECTAMILRsURsLCsUCsX5UsA)3SNCODE™ 31073
Re=MWIFH Al<i) MTHEN® «SQRT{(A1#A1+A2%A2+4A3%A3)
WELSEY SORT(ALI*Al+A2%A2+A3%A3)s
TiwALl4R3CIm=T/R3VIJ+2]13mi3VIJI+11t8A2/T3VIIItmA3/TS
HSHVECTAMIL,WaJoJ42sCsVsA) sHSHVECTAM(LUsJsJ+25C5VsB) 3
HSHVECTAM{LsUX» Js J#25Cs Vs X)

WENDY HSH3RNW3S

nEQp N

UWCODEN 346102
HPROCEDURE®™ HSHIROW2{LAsLBsUsJsALsA2,A3,45B)3
HYALUEMLAsLBsUs Js ALl A25 A3 MINTEGERMLASLB,Us J3WREALMAL, A2, A3SWARRAYMA, 8
NIFW A2%=l) WORW A3%=l) WTHENW
MBEGINY HREAL®™ RpTsC3WARRAY®M V[J8J+2]3
HPROCEDURE® HSHVECTAM{LRsUR»LC»UCs»XsUs A)3CODE" 31073
Ri=aMIF® ALl<kl WTHEN® «SQRT{AI*AL+A2%A2+A3%A3)
HELSE® SQRT{A1#A1+A2#%A2+A3%A3) s
Tt=Al4R3C3a=T/R3VIJ+213alsVIJ+113=A2/T3VIJIIs=A3/Ts
HSHVECTAM(LAsUsJpJ+25Cs Vs A) HSHVECTAM(LB,UsJsJ+22Cs V5 B)
HENDY HSH3ROW2:
nEQPY
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AUTHORS 3 GeHeGOLUB AND CoREINSCH
CONTRIBUTOR ¢ DaToWINTER
INSTITUTE 1 MATHEMATICAL CENTRE
RECETVED s 731217

BRIEF DESCRIPTION :
THIS SECTION CONTAINS TwWO PROCEDURES> QRISNGVALRID AND
QRISNGVALDECBID. BOTH PROCEDURES CALCULATE THE SINGULAR VALUES OF A
BIDTAGONAL MATRIX. MOREQVERs, THE SECOND PROCEDURE CALCULATES THE
THE SINGULAR VALUES DECOMPOSITION OF A FULL MATRIX OF WHICH THE
BIDIAGONAL AND THE PRE= AND POSTMULTIPLYING MATRICES», AS CALCULATED
BY HSHREABID ARE GIVEN.

KEYWORDS 1
SINGULAR VALUES
QR ITERATION
BIDIAGONAL MATRICES
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SUBSECTION 8 QRISNGVALBID

CALLING SEQUENCE 3
THE HEADING OF THE PROCEDURE IS
WINTEGER™ "PROCEDURE™ QRISNGVALBID(Ds Bs» N» EM)s
WYALUE® N3 ®INTEGER™ N3 WARRAY®™ D, Bs EM3

THE MEANING OF THE FORMAL PARAMETERS IS:@
Ds <ARRAY IDENTIFIER>; ’
WARRAYW DL1:N1:
ENTRY: THE DIAGONAL OF THEf BIDIAGONAL MATRIXS
EXITs THE SIMGULAR VALUES3
Rs  <ARRAY IDENTIFIER>;
WARRAYM" RBC1:NI1s
ENTRY: THE SUPER DIAGONAL OF THE BIDIAGONAL MATRIX, IN BL1sN=11g
Ng <ARITHMETIC EXPRESSION>S
THE LENGTH OF B AND O3
EM: <ARRAY IDENTIFIER>;
WARRAYHW EM[13713
ENTRYs EML11: THE INFINITY NORM DOF THE MATRIXs
EMT27¢ THE RELATIVE PRECISION IM THE SINGULAR VALUESS
EM[4&1: THE MAXIMAL NUMBER OF ITERATIONS TO BE PERFORMEDS
EML6T3 THE MINIMAL NON-~NEGLECTABLE SINGULAR VALUES
EXIT: EMI373 THE MAXIMAL NEGLECTED SUPERDIAGONAL ELEMEMTS
EMI513 THE NUMBER DF ITERATIONS PERFORMEDS:
FML713 THE NUMERICAL RANK OF THE MATRIX» I.E. THE NUMBER OF
SINGULAR VALUES GREATER THAN OR EQUAL TO EMI6T,

MOREDOVER 3

QRISNGVALBID:t= THE NUMBER OF SINGULAR VALUES NOT FOUND» TI.Es A
NUMBER NNT EQUAL TO ZEROD IF THE NUMBER OF ITERATIONS EXCEEDS
EM[4T,

PROCEDURES USED 3 NONE
REQUIRED CENTRAL HMEMORY 3 NO AUXILIARY ARRAYS ARE DECLARED

RUNNING TIME 1
THE RUNNING TIME DEPENDS STRONGLY UPON THE PROPERTIES OF THE MATRIX

METHOD AND PERFORMANCE 3
THF METHOD IS DESCRIBED 1IN DETAIL IN [11, THIS PROCEDURE IS A
REWRITING OF PART O0OF THE PROCEDURE SVD PUBLISHED THERE BY
GaHoGOLUB AND CoREINSCH, .

LANGUAGF 3 ALGOL 60.
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ON ¢ QRISNGVALDECBID

SEQUENCE

HEADING NF THE PROCEDURE IS 1

EGER® HPROCEDURE®™ QRISNGVALDECBID(Ds Bs Ms N» Us V» EM)3
UEW My N3 ®INTEGERM™ M, N3 "ARRAY®™ Dy By, Us Vs EM3

MEANING OF THE FORMAL PARAMETERS IS 3

<ARRAY IDENTIFIER>;

WARRAY® DL1sN1s

ENTRYS THE DIAGONAL OF THE BIDIAGONAL MATRIX3

EXIT: THE SINGULAR VALUESS

<ARRAY IDENTIFIER>:

MARRAY"™ BL13NJs

ENTRY? THE SUPER DIAGONAL OF THE BIDJIAGONAL MATRIX,IN RAT1iN=113

<CARITHMETIC EXPRESSION>3

THE NUMBER 0OF ROWS OF THE MATRIX Us

<CARITHMETIC EXPRESSION>S

THE LENGTH DF B AND D, THE NUMBER OF COLUMNS OF U AND THE

NUMBER OF COLUMNS AND ROWS OF Vs

<ARRAY IDENTIFIER>;

MARRAYY U[L123Me18NJ33

ENTRYS THE PREMULTIPLYING MATRIX AS PRODUCED BY PRETFMMAT
(SECTION 3s2e2e0lel)s

EXIT: THE PREMULTIPLYING MATRIX U O0OF THE SINGULAR VALUES
DECOMPOSITION U * S * Y3

<ARRAY IDENTIFIER>S

"ARRAY™ VI[13N»s138N1s

ENTRY: THE TRANSPOSE OF THE POSTMULTIPLYING MATRIX AS PRODUCED
BY PSTTFMMAT (SECTION 3¢.2s20101)%

EXITes THE TRANSPOSE OF THE POSTHMULTIPLYING MATRIX V OF TH®
SINGULAR VALUES DECOMPOSITIONS

<ARRAY IDENTIFIER>S

WARRAYN EM[18773

ENTRY: EML13s THE INFINITY NORM OF THE MATRIXS
EM[21¢ THE RELATIVE PRECISION IN THE SIMGULAR VALUESS
EM[41: THE MAXIMAL NUMBER OF ITERATIONS TO BE PERFORMED;
EML678 THE MINIMAL NON~NEGLECTABLE SINGULAR VALUES

EXITs EM[373 THE MAXIMAL NEGLECTED SUPERDIAGONAL ELEMENTS
EM[I513 THE NUMBER OF ITERATIONS PERFORMED:
EML713 THE NUMERICAL RANK NOF THE MATRIX, I.Es THE NUMBER OF

SINGULAR VALUES GREATER THAN NOR EQUAL TN EMI6].

NVER 3
NGVALDECRIDs= THE NUMBER OF SINGULAR VALUES NOT FOUND, 1I.Es A
NUMBER NOT EQUAL TC ZERO IF THE NUMBER OF ITERATIONS EXCEEDS
EMI4T,



SECTION 3t 3.5e01e1 (DECEMBER 1975) PAGE 4

PROCEDURES USED 3
RDTCOL = CP34i4K

REQUIRED CENTRAL MEMORY t NO AUXILIARY ARRAYS ARE DECLARED

RUNNING TIME 3
THE RUNNING TIME DEPENDS STRONGLY UPON THE PROPERTIES OF THE MATRIX

METHOD AND PERFORMANCE 3 .
THE METHOD IS DESCRIBED 1IN DETAIL IN [1l. THIS PROCEDURE IS A
REWRITING OF PART O0OF THE PROCEDURE SVD PUBLISHED THERE BRY
GaHaGOLUB AND C.REINSCH,

LANGUAGE 3 ALGOL 60

REFERENCES 3
[17 WILKINSON, JoHe AND Co.REINSCH
HANDBONK OF AUTOMATIC COMPUTATIONs VOLe 2
LINEAR ALGFBRA
HEIDELBERG (1971)

EXAMPLE NF USE 3
FOR AN EXAMPLE OF USE ONE IS REFERRED TO SECTION 3650102

SOURCE TEXT(S):

BCADEN 342703
WINTEGER® WPRNCEDURE™ ORISNGVALBID(Ds By Ns EM)3
WYALUE® N3 MINTEGER® N3 WARRAY® D, B, EM3
WBEGIN® WINTEGER™ N1, Ks Kls I» Ils COUNTs MAXs RNK3
MREAL™ TOLs, BMAXs Z»s Xo Ys Go Hy F» Cs S» MINS
TOLt= EM[2Y * EM[113 COUNTs= QO3 BMAXi= 03 MAX3= EM[41; MINt= EM[61:
RNKs= N3
INg Ke= Ng Nlg= N = 13
NEXTS Kse K = 13 ®IF®# K > 0 PTHEN®
WREGIN® WIFW ARS(BLK]) >= TOL WTHEN®
WBEGIN® ®IF® ABS{D[KI) >= TOL WTHEN® WGOTO® NEXT3
Ct= 03 Si= 13
WEORM Je= K WSTEPM 1 WUNTIL® N1 "DpOW
MBEGIN' Fi= S * B[I1s BLIJst= C % BLIJs Ilt= I + 13
WIFP® ABS{F) < TOL ®THEN® #G0OTO® NEGLECTS
Gt= DI[I1]; DLI1]:= He= SQRT(F * F + G * G)3
Cts G / H$ St= = F / H
”ENDH
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NEGLECT:
HENDH
WELSE® "IFW ABS(BLKI) > BMAX "THENM BMAXt= ABRS({R[K1)
WENDYS
NIF® K = N1 "THENW
WREGIN® WIF® DIN] < 10 MTHENY DIN1st= = DLNI13
NIFN DENY <= MIN WTHEN® RNKs= RNK = 13 Ns= NI
NfND"
"ELSE"
HREGIN® COUNTe= COUNT + 13 WIF® COUNT > MAX PTHEN® #GOTO™ END3
Kls= K 4 13 Zt= DINJ3 X3= D{K1ls Yi= DINils;
Gs= NIF® N1 = 1 WTHEN™ O "ELSEY BIN1 = 133 Het= R[N113
Fts {{Y « 7) % (Y 4 2) + (G = H) * (G + H)) /7 {2 % H * Y)3
Gi= SQRT(F * F ¢+ 1)3 .
Fte {({X = 7) * (X 4+ I} « H * (Y 7 ("IF" F < ) WTHEN® F = G
WELSE® F ¢ G) = H)) / X3 Ci= Ss= 13
WEOR® T3e K1 ¢+ 1 ®STEPW 1 WUNTIL® N #DOW
UBEGIN® Ilt= I = 13 Gs= BLI13s Yt= DLIT3 Hs= S % G3 Gie C * G}
73= SQRT{F * F + H * H)3 Cs= F / 78 Ss= H / Z3
WIF® I1 “= K1 ®THEN® B[ Il = 1J2= 73 F3= X % C ¢+ G * S3
Gsm G % C = X % S3 Ht= Y % S3 Y= Y % C3
DUI1¥s= 73w SQRT(F % F + H & H)s Cs= F / 7% Ss= H / I3
* Y

Fem C % § ¢ S * Y3 X3= C - S * G
WENDM 3
BIN11s= F3 DIN]Its= X
REND®3

WIFN N > i} WTHEN® wGQTO% IN;
END: EME31s= BMAXs EMI513= COUNT: EMUT7]It= RNK3 QRISNGVALBIDs= N
HWEND® QRISNGVALBIDS
nggpn

NCODEN 342713 .

NINTEGER™ "PROCEDUREY QRISNGVALDECBID{(Ds, B» Ms N» Us Vo, EM)3

HYALUE® Mp N3 WINTEGER™ My, N3 "ARRAYY™ Dy B Us Vp EM3

UWREGIN® FWINTEGER™ NO, Nly Ky Kls I Ils COUNT, MAXs RNK3
BREALY TOL» BMAXs Zs Xs Ys Gs Hs Fs C» Sy, MINg

WPROCENDURE® ROTCOL(Ls, Us I» Js A Cs» S)t
BYVALUE® Ls Us T Js Cs Ss3 ®INTEGER®W L, Uy, I, J3
UREALY™ C» St PARRAYM™ Ag

WCNDEY 340403MCOMMENTH
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TOLe= EMI21 % EM[173 COUNTs= (O3 BMAX8= (03 MAXt=s EM[4]3 MIN:= EM[6]3
RNKt= NQOi= N3
INt Kt= N3 Nlt= N = i3
NEXTe Kg=s K = 13 PIF® K > 0 WTHEN®
WBEGINY WIF® ABS(BLK]) >= TOL WTHEN®
WREGIN® MIF®H ARS(D[K]1) >= TOL ®THEN" ®GOTO" NEXT3
Ci= O3 St= 13
NEOR® Js= K SSTEPW 1 WUNTIL®™ N1 %DOw
WREGIN® Fse S % BL[IJs BLIlt= C * BLIJs Ilt= I + 13
WIFM ARS({F) < TOL ®THEN® %“GNTOR" NEGLECT:
Gt= DI[I11; DUTI11s= Hss SQRT(F * F ¢ G * G)3
Ct= G / H; St= = F / H3
ROTCOL{1s, My K Ils Us Cs» S
WEND®3
NEGLECT:
“ENDH
NELSEN NIF® ABS{BLKI) > BRMAX WTHEN® BMAXt= ABS(BLK])
WENDY S
HIFH K = NI WTHEN®
WREGIN® WIF®W DIN] < Q ®WTHEN®
WBEGIN® D{NJt= = D{NI;3
MEQR® Ts= 1 MSTEP® 1 MUNTILY NGO "DO® VLIpNJIte = VIIsN]
WENDY g
HIF® DIN] <= MIN ®WTHEN® RNK2= RNK = 13 Nt= N1
IIENDN
HELSEMW
NBEGIN® COUNT:= COUNT + 13 ®IF®™ COUNT > MAX ®THEN® #GOTO™ END3
Kilt= K + 13 Z3= DIN1; Xi= DIK11: Yt= DINLlIs
Gis MIFM Ni s 1 WTHEN®™ O ®ELSE®™ BIN1 - 115 He= BIN11s
Fim {(Y = 7) % (Y 4+ 7) + (G = H) * (G 4+ H)) /7 (2 * H * Y)3
Gi= SQRT(F * F + 1)
Fim {{X = 7) % (X & Z) + H % (Y / (WIF® F < ¢ WTHENW F = G
HELSEW F + G) = H)) / X3 Cit= Si= 13
NEORM Tt= K1 + 1 WSTEP® 1 MWUNTIL® N "DQ®
WRBEGIN® Ilt=m I = 13 Gs= BLI1lls Ys= DIIJs He= S * G Gi= C % G3
3= SQRT(F * F # H * H)3 C3=s F / 73 St=s H /7 I3
WIF® I1 "= K1 "THEN® BLI1 = 1J]3= Z3 Fte X % C + G * St
Gt= G % C = X % S3 Hi= Y % S3 Yi= Y & C3
ROTCOL(1s NOp» Ils Is Vs Cs» S)
DC{Ill1s= Z3= SQRT(F * F + H * H); C3= F / 73 Si=s H /7 Z3
Fia C % G + S % Y3 Xt= C # Y = S #* Gg
ROTCOL(31» Ms Ils Is Us Cs S)
RENDM 3
BIN13s= F3 DINlt=s X
BENDYS
HIFW N > O WTHEN® ®GOTO® IN3
END: EML31t= BMAXs EM{%13« COUNT3 EMIT73Is= RNK3 QORISNGVALDECRIDt= N
WENDY QRISNGVALDECBIDS .
HEQP
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AUTHOR t DeToWINTER

INSTITUTE 1 MATHEMATICAL CENTRE

RECEIVED : 731217

BRIEF DFSCRIPTION ¢
THIS SECTION CONTAINS TWO PROCEDURES, QRISNGVAL AND QRISNGVALDEC.
QRISNGVAL CALCULATES THE SINGULAR VALUES OF A GIVEN MATRIX.
ORISNGVALDEC CALCULATES THE ' SINGULAR VALUES DECOMPOSITION
U * S % Vi, WITH U} AND V ORTHOGONAL AND S POSITIVE DIAGONAL.

KEYWORDS ¢
SINGULAR VALUES
QR ITERATION
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SURSECTION 3 QRISNGVAL

CALLING SEQUENCE
THE HEADING NF THE PROCEDURE IS ¢t
WINTEGER" WPROCEDURE™ QRISNGVAL(Ay Ms N» VAL, EM)S
BVALUE™ M, N3 WINTEGER"™ M, N3 MARRAY™ A, VAL, EM3

THE MEANING OF THE FORMAL PARAMETERS IS :
A3 <ARRAY TDENTIFIER>3
MARRAY" ATI13M»18N]3
ENTRY: THE INPUT MATRIX;
EXIT: DATA CONCERNING THE 'TRANSFORMATION TO BIDIAGONAL FORM3
Mg <ARITHMETIC EXPRESSION>$
THE NUMBER 0OF ROWS OF As
Nt <ARITHMETIC GXPRESSION>:
THE NUMBER OF COLUMNS OF As N SHOULD SATISFY N <= M3
VALs <ARRAY IDENTIFIER>}
WARRAY" VALT13N13
EXITs THE SINGULAR VALUES:
EM: <ARRAY IDENTIFIER>3
WARRAYW EM[Os773
ENTRY3s EMIOI1: THE MACHINE PRECISIONS
EMC233 THE RELATIVE PRECISION IN THE SINGULAR VALUES:
EMI473 THE MAXIMAL NUMBER OF ITERATIONS TO BE PERFORMEDS
EME&Ts THE MINIMAL NON-NEGLECTABLE SINGULAR VALUE:S
EXIT: EMI11s THE INFINITY NORM OF THE MATRIX:
EMI37: THE MAYIMAL NEGLECTED SUPERDIAGONAL ELEMENTS
EMIS57s THE NUMBER OF ITERATIONS PERFORMED3
EMIT77: THE NUMERICAL RANK OF THE MATRIXs I.Ee THE NUMBER 0OF
SINGULAR VALUES GREATER THAN OR EQUAL TO EMI6].

MORFOVER
QRISNGVALt= THE NUMBER OF SINGULAR VALUES NOT FOUNDs I.Ee A NUMBER
NOT EQUAL TO ZERO IF THE NUMBER 0OF ITERATIONS EXCEEDS EM[4].

PROCEDURES USED 3
HSHREARID a CP34260
QRISNGVALBID = CP3427C

REQUIRED CENTRAL MEMORY @ AN AUXILIARY ARRAY OF N REALS IS DECLARED

RUNNING TIME 3
THE RUNNING TIME DEPENDS UPON THE PROPERTIES OF THE MATRIX», HOWEVER
THE PROCFSS OF BIDIAGONALIZATION DOMINATES, AND ITS RUNNING TIME
IS PROPORTIONAL TO (M + N) #* N * N

METHOD AND PERFORMANCE 3 '
THE MATRIX IS FIRST TRANSFORMED TO BIDIAGONAL FORM BY THE PROCEDURE
HSHREABID (SECTION 3.,2+2e161) » AND THEN THE SINGULAR VALUES ARE
CALCULATED BY QRISNGVALBID (SECTION 365elel)e

LANGUAGE @ ALGNL &9
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SUBSECTION : QRISNGVALDEC

CALLING SEQUENCE 3
THE HEADING OF THE PROCEDURE IS ¢
WINTEGER® “PROCEDURE® QRISNGVALDEC(As Ms» N» VAL, V» EM)3
WUALUE® Mo N3 WINTEGERM™ M, N3 WARRAY® A, VALs V, EM3

THE MEANING OF THE FORMAL PARAMETERS ISt
At <ARRAY IDENTIFIER>; )
WARRAY® AC12M»12N13
ENTRY: THE GIVEN MATRIXS
EXIT: THE MATRIX U IN THE SINGULAR VALUES DECOMPOSITION
U % S # yog
Mt  <ARITHMETIC EXPRESSION>S
THE NUMBER OF ROWS OF As
Mt <ARITHMETIC EXPRESSION>:
THE NUMBER OF COLUMNS OF As N SHOULD SATISFY N <= M3
VALt <ARRAY IDENTIFIER>3
WARRAY®™ VALU1:3NI:
EXIT: THE SINGULAR VALUES;
Vet <ARRAY IDENTIFIER>S
HARRAYY VI12Ns18N1s
EXITs THE TRANSPOSE OF MATRIX V IN THE SINGULAR VALUES
DECOMPOSITIONS
EMs <ARRAY IDENTIFIER>3
MARRAY® EMTO871%
ENTRYs EMIOIt THE MACHINE PRECISIONS
£ML21% THE RELATIVE PRECISION IN THE SINGULAR VALUES3
£ML478 THE MAXIMAL NUMBER OF ITERATIONS TO BE PERFNRMEDS
EMI613 THE MINIMAL NON=NEGLECTABLE SINGULAR VALUE;
EXIT: EMI11s THE INFINITY NORM OF THE MATRIX:
EMT33: THE MAXIMAL NEGLECTED SUPER DIAGONAL ELEMENTS
EME57% THE NUMBER OF ITERATIONS PERFORMEDS
EM{77s THE NUMERICAL RANK 0OF THE MATRIXs, I.Ee. THE NUMBER 0OF
SINGULAR VALUES GREATER THAN OR EQUAL TO EMIA&Ie

MOREOVER ¢ .
QRISNGVALDEC:= THE NUMBER OF SINGULAR VALUES NOT FOUNDs I.Eo A
NUMBER NOT EQUAL TO ZERO IF THE NUMBER OF TITERATIONS EXCEEDS

EMI4Ta
PROCEOURES USED 3
HSHREABID s CP34260
PSTTFMMAT = CP34261
PRETFMMAT = CP34262

ORISNGVALDECBID = CP34271

REQUIRED CEMNTRAL MEMORY ¢ AN AUXILIARY ARRAY OF N ELEMENTS IS DECLARED
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RUUNNING TINE @
THE RUNNING TIME DEPENDS UPON THE PROPERTIES OF THE MATRIX, HNWEVER
THE PROCESS NF BIDIAGONALIZATION DOMINATESs AND ITS RUNNING TIME
IS PROPORTIONAL TO (M ¢ N) * N * N

METHOD AND PERFORMANCE:
THE MATRIX IS FIRST TRANSFORMED TO BIDIAGONAL FORM BY THE PRNCEDURE
HSHREABID (SECTION 3,2.201s1)» THE TWO TRANSFORMING FMATRICES ARE
CALCULATED BY THE PROCEDURES PSTTFMMAT AND PRETFMMAT (SECTIONS
302020102 AND 3.202e01e3 RESPECTIVELY)}» AND FINALLY THE SINGULAR
VALUES DECOMPOSITION IS CALCULATED BY QRISNGVALDECBID (SECTION
3e5elelle

LANGUAGE & ALGOL 60

REFERENCES 3
WILKINSONs JaHo AND CoREINSCH
HANDBOOK OF AUTOMATIC COMPUTATION, VOLe 2
LIMEAR ALGEBRA
HEIDELBERG (1971)

EXAMPLE OF USE :
AS THE PROCFDURE ORISNGVALDEC CALCULATES THE SINGULAR VALUES NF A
MATRIX IN EXACTLY THE SAME WAY AS QRISNGVALs WE GIVE HER ONLY AN
EXAMPLE OF USE OF THE PROCEDURZ QRISNGVALDEC. FIRST WE GIVE A
PROGRAMs AND THEN THE RESULTS OF THIS PROGRAMS

WBEGIN® "ARRAYY A[136,1351, VI185,1853» VALU1351, EM[O3713
WINTEGER™ I, J%
WINTEGER"™ WPROCEDUREM™ QRISNGVALDEC(A, My Ns» VAL, Vs, EM)s
WYALUE®™ M» N3 "INTEGER® M» Nj WARRAY®™ A, VAL, V, EM3
RCNDEM 362733,

WEORW Js= 1 NSTEPW 1 WUNTIL® & npOw
NEORM Jy= 1 WSTEPW 1 WUNTIL®™ 5 npQw
AlIsd%8= 1 /7 (T 4+ J = 1)
EMIOYte "=]b; EMI2]13s "wel12; EMU&1t= 253 EM[6]t= N=]03
Tt= QRISNGVALDEC(A» 65 55 VAL, Vs EM)3
QUTPUTIGL, W{%3B, W(WNUMBER SINGULAR VALUES NOT FOUND 3 #)W¥,
3Z0s /5 3Bs W(WINFINITY NORM ¥ #)W, Ny /5 3Bs
H{BMAX NEGLECTED SUBDIAGONAL ELEMENT 3 ®)", N» /s 3By
W{BNUMBER ITERATIONS 8 %)%, 37D, /» 3B»s
N{ONUMERICAL RANK 3 ®)®, 37D, /®w)#, T, EMI1], EMI31, EMI5]1,
EMT71)3
QUTPUTIG61s "W/, 3B, W(UWSINGULAR VALUES 8 w)n, ju)mjg
WEAR® Ise ] WSTEP® ] WUNTIL® 5 wpQow
DUTPUT(61, M(M/p, 3By NB)®, VALLI1):
QUTPUT(GL, "n(n/s /5, 3By "{MWMATRIX U, FIRST 3 COLUMNS®)I#W, /n)wjg
WEOR® Ii= 1 WSTEPW ] WUNTIL® & wpow
OUTPUT(&Ls W{M/p 3B, 3{NI®)N, ATI,17, ALI,21s ALI»31)3
QUTPUT(S1, "{"/s /5 13Bs W{WLAST 2 COLUMNS®)n, /ujw)g
WEORM Jre 1 WSTEPW 1 WUNTIL®™ & #DOW
AUTPUT(61, N{M/5 138, 2(N}®")%, ACI»4]s ALI1,51)
NWEND®
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3:5ele2

(JULY 1974)

NUMBER SINGULAR VALUES NOT FQUND ¢ Y]
IMFINITY NORM t +2.2833333333334"+400
MAX NEGLECTED SUBDIAGONAL ELEMENT 3 45.,7786437871158"=(14

NUMBRER ITERATIONS :
NUMERICAL RANK 3 L]

SINGULAR VALUES 3

+159211725872627"+000
+2624495954260G97"=001
+1.3610556101029%=0302
+423245382038374"=(04
+6040019471342601=006

MATRIX U,

=705497918208386%=01{1
=43909273679284"=001
«3e1703146681544%=0:0]
=2:4999458583(84N=100]
=2:0704999076883"=001
w] s 769973461453 8%=-01

5

FIRST 3 COLUMNS

+60101109079G645"=01
=2626021G2994174%=001
«30730:6964696148"=(301
=3.9557817833576%=001
=3.84832606018872"=001
=3,6450192R66515"=301

LAST 2 COLUMNS
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=223287173869184"=001
+7.02645315582712%=001
+2.16072936569797=001
=1:4665895223684"=001
=3,6803786187007"=001
=4o9860122801331%=001

+5.8625326935176%=002
=h,81690i881240309"=(01
+5,4982292571999"=041
+4.0633053815463%=001
=601755991633503 "=(;02
=504158416488948"=0QJ1

=1.0184205426735%=002
+1,7189132301455%=001
=5.9788920283495%=001
+4,5989617524697"=001
+463029765325422%=001
=4456699203423570"=001
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SOURCE TEXT(S)s

WCONE™® 342723

WINTEGER™ ®PROCEDUREY QRISNGVAL(As My N» VAL, EM)3
HVALUE My N3 "INTEGER"™ M» N3 WARRAY®W A, VAL, EM3
HBEGIN® MARRAY® BL1:iN1g

NPROCEDUREM HSHREABID(A, Ms N» D» By EMIS
MVALUE™ M, N3 WINTEGER™ My N3 "ARRAY®¥ D, By EM3
#CODE® 342603

PINTEGERY ®PROCEDUREM™ QRISNGVALBID(Ds Bs Ny EM)3
UYALUE"™ N3 WINTEGER™ N3 WARRAY™ D, B, EM3
WCODER 342703

HSHREABID(A, Ms Ns VAL, B, EM)3
QRISNGVAL3= QRISNGVALBID(VALs By Ny EM)
WEND® QRISNGVALS
wEQPN

WCODEY 34273

WINTEGER™ WPROCEDURE™ QRISNGVALDEC(As Ms N» VAL, Vs EM)3
RVALUE® M, N3 ®INTEGER®™ M, N3 MARRAY®™ A, VAL, V, EM;
WREGIN® WARRAYM™ BL1:tN1s

WPROCEDUREY HSHREABID(A, My Ny Ds By, EM)3
BVALUEY™ M, N3 WINTEGER™ M, N3 PARRAY™ A, D» B, EMgs
MCODEY 34260¢%

BPROCEDURE™ PSTTFMMAT(As, Ns Vs B)3
BVALUE® N3 WINTEGER™ N3 MARRAYW™ A, VY, B
WCNDEY 342613

"PROCEDURE™ PRETFMMAT(A, Ms Ns D)s
NYALUE® My N3 WINTEGERY M, N: WARRAY®™ A, D3
WCODE™ 342623

WINTEGER® "PROCEDURE®™ QRISMGVALDECBID(Ds» Bs» Ms Ns Us Vs EM)3
WVALUE® M» N3 YINTEGER®™ M, N3 WARRAY®Y D, B, U, V» EM3
WCODE™ 342713

HSHREABID(As, M» Ns VAL, By EM)3
PSTTFMMATCA, N» Vs B); PRETFMMAT(As Ms» N» VAL)S
ORISNGVALDECs= QRISNGVALDECBID(VAL, Bs Ms N» As Vs EM)
WEND® QRISNGVALDECS
ngQpn

PAGE
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AUTHDRS ¢ THeJe DEKKER AND THsHePe REYMER

CONTRIBUTORS TH.HePs REYMER

INSTITUTE: UNIVERSITY OF AMSTERDAM

RECEIVED: 7704273

BRIEF DESCRIPTIOM:

THIS SECTION CNNTAINS TwO PRAOCEDURES:®

A} ZERPOL CALCULATES ALL ROOTS aOF A POLYNOMIAL WITH
COEFFICIENTS BY MEANS OF LAGUERRE 'S METHOD:

B) BOUNDS CALCULATES UPPERBOUNDS FOR THE ABSOLUTE ERROR IN
APPROXIMATED ZEROS OF A POLYNOMIAL WITH REAL COEFFICIENTSS

KEYWORDS 3
ZERDS
REAL PALYNNMIALS

LAGUERRE?®S METHOD:
FRROR BDUNDS:

SUBSECTINN: 7ERPOL

CALLING SEQUENCE:

THE HEADING OF THE PROCEDURE READSS

RINTEGER™ WpROCEDURE® ZERPOL(Ns A, EM», REs IMy, D)3
PVALUEY N3 WINTEGER® N: 9ARRAY®™ A, EM, RE, IMs, D3
NCODEY" 34501 3

THE MEANING DF THE FORMAL PARAMETERS IS3

N3 <ARITHMETIC EXPRESSION>;
ENTRYs THE DEGREE 0OF THE POLYNOMIALS
At <ARRAY IDENTIFIER>}

WARRAY® ALO 3 N1s3

ENTRY: THE COEFFICIENTS OF THE POLYNOMIAL, IN SUCH
THAT
PIZ) = (oo (AINI%Z + AIN=11)#%7 +..+ A[11)}%7 +

PAGE 1

REAL

GIVEN

A MAY

ACOTs
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FMs

RE» IM32

D3

<ARRAY IDENTIFIER>S
WARRAY™ EMIC 3 413
ENTRY: EMIO]: MACHINE PRECISINN
EMT13s THE MAXIMAL NUMBER OF ITERATIONS ALLOWED FOR
EACH ZERO3
EXITs EML21s FAJIL INDICATION:
0 SUCCESSFUL CALLs
1 UPON ENTRY DEGREE N <= 03
2 UPAN ENTRY LEADING COEFFICIENT ALNT = O3
3 NUMBER OF ITERATIONS EXCEEDED EM[113
EM[373 NUMBER OF NEW STARTS IN THE LAST ITERATIONS
EMC413 TOTAL NUMBER OF ITERATIONS PERFORMEDS
FOR THE CD CYBER 70 SYSTEM SUITABLE VALUES ARE?
EM[OTs® W=143
EM[11s= 403 IF, UPON EXIT, EMI[2] = 3 AND EMI3] < 5 THEN IT
MAY BE USEFUL TO START AGAIN MWITH A HIGHER
VALUE OF EN(113
fARRAY IDENTIFIERS>3
WARRAY" RE, IM[L 3 NI
EXIT: THE REAL AND IMAGINARY PARTS OF THE ZERDS OF THE
POLYNOMIALS THE MEMBERS 0NF EACH NONREAL COMPLEX
CONJUGATE PAIR ARE COMSECUTIVEs:
<ARRAY IDENTIFIER>3
WARRAY® DIO 2 NIs
EXITs IF THE CALL IS UNSUCCESSFUL AND ONLY N=K 7£RDS HAVE
BEEN FOUND»  THEN DI8 ¢ K1 CONTAINS THE
CNEFFICIENTS OFf THE (DEFLATED) POLYNOMTALS
MOREOVERs THEN THE 7ZEROS FOUND ARE DELIVERED IM
REs, IML K 4+ 1 ¢ NI, WHEREAS THE REMAIMING PARTS
OF RE AND IM CONTAIN NO INFORMATIONS

ZERPOL3= THE NUMBER, K, OF ZEROS NOT FOUND3

PROCEDURES USED:

DWARF
GIANT
COMABS
COMSQRT

CP30003s
CP30004s
CP3434u)3
CP34343%

REQUIRED CENTRAL MEMORY:

TOTAL STZE OF LOCAL ARRAYS IS M + 146 REAL LODCATIONSS

RUNNING TIME:

ROUGHLY PROPNRTIONAL TOD N##23
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METHOD AND PERFNRMANCE:

THE PROCEDURE USES LAGUERRE'S METHOD TD FIND ZERDS OF THE GIVEN
POLYNOMIAL (SEF [21)3 WHEN A ZERO HAS BEEN FOUNDs A COMPOSITE
DEFLATION TECHNIQUE IS USED TO OBTAIN A NEW POLYNOMIAL OF LOWER
DEGREE (SEE (11, [31, [41)3 IF CONVERGENCE IS NOT APPARENT», SEVERAL
RESTARTSs THE NUMBER OF WHICH DEPENDS DN EMI1] BUT HAS A MAXIMUM
OF 3%, ARE MADE IN THE NEIGHBOURHOOD OF THE ABSOLUTE LARGEST ZERQOs
THE ACCURACY OF THE CALCULATED ZEROS STRONGLY DEPENDS ON THE
POLYNOMIAL: A ROUGH INDICATION FOR THE ERROR IN A CALCULATED ZERO 7
FOLLOWS FROM P(Z) / DP(Z)» WHERE P DENOTES THE GIVEN POLYNOMIAL AND
DP ITS FIRST DERIVATIVE (SEE E«Ge [51)8 TO FIND A TRUE UPPERBAUND
FOR THESE ERRORS, ONE CAN USE PRDCEDURE BOUNDS (SEE NEXT
SUBSECTION)3 FOR A MORE DETAILED DESCRIPTION OF THE PROCEDURE AND
TEST RESULTS SEE [&3;

REFERENCES:

[11 DeAe ADAMS, A STOPPING CRITERION FOR POLYNOMIAL ROOT FINDING,
CACM 10s NO 1y PP, 655=658, OCTOBER 19673

[2] ToJ. DEKKERs NEWTON=LAGUERRE ITERATION»
MATHEMATISCH CENTRUM MR82, 19663

£31 G. PETERS AND JoHe WILKINSON, PRACTICAL PROBLEMS ARISING IN THE

! SOLUTION OF POLYNOMIAL EQUATIONS,
Jo INST. MATHS APPLICS 1971, NO. 85 PP, 16-=353

[4]1 THeHoPo REYMERs, BFREKENING VAN NULPUNTEN VAN REELE POLYNNMEN EN
FOUTGRENZEN VOOR DEZE NULPUNTENS
DOCTORAAL SCRIPTIE UVA, APRIL 19773

5] JaHe WILKINSON, ROUNDING ERRORS IN ALGEBRAIC PROCESSES,
PRENTICE HALL» 19633

EXAMPLE OF USEs

FOR AN EXAMPLE OF USE SEE PROCEDURE BOUNDS (NEXT SUBSECTION):
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SUBSFCTION: BO!NDS

CALLING SEQUENCE:

THF HEADING NF THE PROCEDURE READS:

HPROCEDURE™ BOUNDS{NsAsREsIMoRELESABSESRECENTREs IMCENTRES BOUND) 8
WVALUE® N, RELE» ABSEs WINTEGER® N3 ®REALY™ RELE» ABSE:

WARRAY®™ Ap REs IM» RECENTREs IMCENTRE, BOUND3

WCODE"™ 34502 3

THE MEANING DF THE FORMAL PARAMETERS ISz

N8

As

REs, IM3

RELES

ABSES

RECENTRE

BOUND®

<ARITHMETIC EXPRESSION>3
ENTRY: DEGREE OF THE POLYNOMIAL3:
<ARRAY IDENTIFIER>S
WARRAYW ATO 8 NI1s
ENTRY: THE COEFFICIENTS OF THE POLYNOMIAL OF WHICH
RELJI + I % IM[J] ARE THE APPROXIMATED ZERNS,
IN SUCH A WAY THAT
P(Z) ® {oo(AINI*Z ¢ AIN=171)%Z 4,e+AlLI)%Z + ATO]
<ARRAY IDENTIFIERS>:
BARRAY® RE, IM[1 s N33
ENTRYs REAL AND IMAGIMARY PARTS OF APPROXIMATED ZEROS OF
A  POLYNOMIAL» SUCH THAT THE MEMBERS ODF EACH
NONREAL COMPLEX CONJUGATE PAIR ARE CONSECUTIVES
EXIT: A PERMUTATION OF THE INPUT DATA:
CARITHMETIC EXPRESSION>S
ENTRYs RELATIVE ERROR IN THE NON=VANISHIMG COEFFICIENTS
ALJ] OF THE GIVEN POLYNOMIAL:
<ARITHMETIC EYPRESSION>3
ENTRYS ABSOLUTE ERROR IN THE VANISHING CODEFFICIENTS ACLJ1
.GIVEN POLYNOMIALS IF THERE ARE ND VANISHING
COEFFICIENTS» ABSE SHOULD BE ZEROS
IMCENTREs <ARRAY IDENTIFIERS>:
WARRAYY™ RECENTRE» IMCENTREI1 8 N13
EXITs REAL AND IMAGINMARY PARTS OF THE CENTERS OF DISXS
IN WHICH SOME NUMBER OF ZEROS OF THE POLYNOMIAL
GIVEN BY A ARE SITUATED:
THE NUMBER OF IDENTICAL CENTERS DENOTES
THE NUMBER OF ZERDS IM THAT DISKs
<ARRAY IDENTIFIER>S
WARRAY™ BOUNDLL 3 NIs
EXITs RADIUS OF THE DISKS WMHOSE CENTERS ARE GIVEN
CORRESPONDINGLY IN RECENTRE AND IMCEMNTRES

PROCEDURES USED?

ARREB = CP30WI23
GIANT = CP300043



SECTION $ 3e60l (DECEMBER 1979) PAGE 5

REQUIRED CENTRAL MEMORY:

TOTAL SIZE OF LOCAL ARRAYS IS AT MOST 7 * N REAL LOCATIONSS

RUNNING TIME:
APPROXIMATELY OF ORDER N**23
METHOD AND PERFORMANCE:

FROM THE APPRNXIMATED ZEROS A POLYNOMIAL IS RECONSTRUCTED AND
COMPARED WITH THE GIVEN POLYNOMIALS SUBSEQUENTLY, THE PROCEDURE
CALCULATES DISKS SUCH THAT THE NUMBER OF GIVEN APPROXIMATED ZEROS
WITHIN EACH DISK EQUALS THE NUMBER OF ZERQOS OF THE GIVEN POLYNDMIAL
WITHIN THAT DISKs UPON EXIT EVERY TW0O NON=IDENTICAL DISKS ARE
DISJNINTS

FOR A MORE DETAILED DESCRIPTION SEE (11, [21;

REFERENCES?:

{11 Geo PETERS AND JoHes WILKINSONs, PRACTICAL PROBLEMS ARISING IN THE
SOLUTION OF POLYNOMIAL EQUATIONSs JoINST.MATHS APPLICS 1971,
NO 8s PP 16=358

{27 THeH.Ps REYMER», BEREKENIMG VAN NULPUNTEN VAN REELE POLYNOMEN EN
FOUTGRENZEN VOOR DEZE NULPUNTEN,
DOCTNRAAL SCRIPTIE UVAs APRIL 19773

EXAMPLE OF USE?

WBEGIN® WINTEGERY I, J3
MARRAY" A, DII27)s REs IM[1371, EMIKIS41:
WIMTEGERM""PROCEDURE® ZERPOL(NsASEMsRE»IM,D)8 "CODEM34501;

AL71s= 13 A[61ts =33 A[5]3= =33 A[4]2= 253 A[3]1i= =4§3

Af27t= 383 Alll3= =123 ACGlz= O3

EMIO11= Mel43 EMIL]3= 403

Ts= ZERPOL(7s As EMs RE» IMs D)3

NUTPUTL6L, "{WN{HCOEFFICIENTS OF POLYNONMIALs®H)N, //n)n);

NEORY Ji=7 WSTEP® =1 WUNTIL® O ®DO®

DUTPUT( 6L, M(N=27D3ABM) ", AT J]) 3

OUTPUT(61,"{"//,"{UNUMBER NOT FOUND ZEROS ")",3ZDs/»
W{MFAIL INDICATION ®)®,37D,/,"("NUMBER NEW STARTS M)W, 37D, /s
W{NNUMBER OF ITERATIONS ®)",37D, /)", I,EMI2]1,EMI3],EM[&])

NUTPUT(61o MM/, N{ MZEROSs M)W, /R)N)3

WFORY Js= I41 MSTEP® 1 SUNTILW 7 wpQO¥ WIFW IM[J] = O

NTHENY OUTPUT(61,M(M/,N")",RELJ])

MELSEY QUTPUT(AL,M{N/2(N)®)",RE[JI>IMNLI])S
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NIFW I = {3 WTHEND

WBEGIN® WARRAY® RECENTRES

(DECEMBER 1979)

IMCENTRES

PAGE 6

BOUND[1:713

WPROCEDURE™ BOUNDS(N»A»RE»IMsRELE,ABSE,RECENTRES IMCENTRESBOUNDY 8

WCNDE® 34502%¢

BOUNDS(7» As RE» IMy
OUTPUT{61,M(M2/7,(WREAL AND IMAG. PART OF CENTRE + RADIUSW)u, ju)wu)g

WEARY Jsm 1 WSTEPW

Us 0» RECENTRE»

1 MUNTIL® 7 ®pn%

IMCENTRE>

BOUND) 3

OUTPUTIO1sM (/s 3(NIW) W, RECENTRETJI, IMCENTRE[ J1,B0UNDLJT)

WEND
NENDY

RESULTS

COEFFICIENTS OF POLYNOMIALS

1 w3 w3
NUMBER NOT FOUND ZERODS
FAIL INDICATION a0
NUMBER NEW STARTS 0
NUMBER OF ITERATIONS

ZERDS:

+2 o 00QOCO0OBABNG+ 00U
=3, Q0000600001+ 0Q0
+1 - F3OGGOHQGCNAGONLG00
+1, 0000000000000 +000
+1, 0000000083024+ 000.
9299999991 69752%=0301
+6 = A0CNA0FA0 0N "+0A0

REAL AND IMAG. PART OF

+2. 00000GUACANGH"+0A0
=3, 000000000QUC0Y+000
+1 o DODOOCOANIOOO T+ GO
+1. 000000003030 0%+000
+9,9999999999998 "=0{11
+9.9999999999998"=({1
+06 3006200600000+ 000

25 =46 38

0

i1

=1,0000000000000%+000
+1 o UKG00 JGHNCINOIHN W +I0

CENTRE + RADIUS

+( o UG0000000CLOLT+0D0
+0. 0000000006000+ 000
=1 o 000OBGLOLLBCINT+O00
+160006G30C00L000N+000
+06 0000000 00200%+000
+0.0000000000000%+000
+0.0000000006C0ON+000

=12

+103238111117716%=011
+3,8857510604494%=013
+4.,0912729775463%=012
+4.0912729775463"=012
+2,2533888428865"=006
+202533080428865%=006
+0, 0000600C000007+000



SECTION 1t 3.6.1 (DZCEMBER 1979) PAGE 7

SOURCE TEXTI(S) 3

WCODEM™ 345013

WINTEGERWHORACFDURE® ZERPOL(N» As EMy RE» IMy, DI
MYALUF" N3 MINTEGERM" N3 "ARRAY™ A, EM, RE» IM, D3

NBEGIN® WINTEGER® I, TOTITs ITs FAILs, START, UP, MAX, GIEX, ITMAX3
"REAL" X, Y, NEWFs NLDF, MAXRADs AE» TOLs Hls H2, LN2%
WARRAY™ FTO ¢ 83, TRIEST1 & 161

WREALWHPROCEDURE™ DWARF3 WCODE™ 3QLE3:s
NREALWMPROCEDURE"™ GIANT3 ™CODE"™ 3C004:3
NREALMWPRNCEDURE" COMABS(XR, XI)3 "CODE"™ 343403
WPROCEDURE™ COMSQRT(ARs Als PRs PI)$ WCODEM™ 343433

NBAONLFANUMPROCEDURE® FUNCTIONS
NBEGIN® MINTEGER® K, M1, M23%
HREAL" Ps Qs OQOSQRT» FOl, F02s FO3» F1ls F12, F13,
F21s F22, F23, STQOP:
ITs= IT + 13
Ptm 2 % X3 Qt= =(X % X 4 Y % Y)3 QSQRTs= SQRT(=Q):
FOlst= Flls:s Fzls= Dluls FGO2t= Fl2:= F22t= g
Migta N = 43 M28=2 N = 2%
STNPs= ABS(FOL) * theRs
MEORM Ke:a 1 "STEPHN 1 MUNTIL®™ M1 wpQn
WREGINY F3sm F(23 Fi328= FO1ls FGlse= DLKT + P #* FO2 + O % FO3g
F13t= F123 F12t= F11l3 Fll:= FQl 4+ P * F12 4+ Q * F133
F23s= F223 F22:= F21: F21t= F1l 4+ P % F22 + Q * F233
STOPs= QSORT # STOP 4+ ABS(FO1)
HENDMS
NIFw Ml < ) MTHEN" Mlg- '{);
REORM Ki= M1 + 1 MSTEP®™ 1 MUNTILY™ M2 npOw
HBEGIN® FO3t= FO23 FO2:= FOl: FQl:= DCK] + P * FO2 4+ Q % F0O3:
F13t= Fi23 Fl2:= Fils Flls= Fi31 + P * F12 + Q * F133
STNPs= QSORT * STNP + ABS(FO1)
NiEENDM 3
NIFN N = 3 WTHEN® F21lt= 3
FOG38= FO23 FO2%= FOls FOls= DCN = 11 + P * F82 + Q * FQ33
FLOls= DINI 4+ X % FO1 + Q * FO23
FL1i:=s Y * F{13
FL21t= FOl -~ 2 % F12 * Y # Y3
F{31s= 2 % Y * (= X % F12 ¢ F11l):
FT4l1s= 2 % (= X % F12 + F1l1l) = B8 % Y % Y % (= X #% F22 + F21)%
FI51t=s Y & (6 % F12 = 8 * Y * Y * F22)3
STOPs= QSQRT * (QSQRT * STOP 4 ABS(FO1)) + ABS(F[01)3
NEWFte Fi)2t= COMABS(FL{1s FL11)s
FUNCTIONS= F(32 < (2 * ABS(X # F01) = 8 * (ABS{F[81) + ABS{FOL)
* QSORT) + 10 * STOP) * TOL * (1 ¢ TDOL) **% (& # N ¢+ 3)
WENDY OF FUNCTIONS WCNMMENT®
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WROOLEANWWPROCEDUREY CONTROLS
BIF® IT > TTMAX WTHEN®
ABEGIN® TOTITs= TOTIT + ITs; FAIL:e 33 WGOTO™ EXIT MENDW
WELSE® WIFW IT = [J WTHEN®
UBEGINY ®INTEGER®™ Is Hs "REALY Hl, SIDEs
MAXRAD3= 03 MAX2a (GIJEX = LN(ABS(DIOI1}) / LN2) / N3
WEQR® T3= 1 ®STEP" 1 MUNTIL®™ N nDO®
WBEGINM® Hlts WIF® DII] = O MTHEN™ O
WELSEN EXPILN(ABSIDII] /7 DTO1)Y) /7 1)
BIF® H1 > MAXRAD MTHEN® MAXRAD:= H}
WENDM3
WEQR® Is= 1 WSTEPM 1 "UNTIL” N = 1 "DO®
MIFH DLIT “= & WTHEN®
MBEGINY Hetm {(GIEX = LN(ABS(D[I])) / LN2) / (N = T)s
BIF® H < MAX WTHEN® MAX2s H
NENDY 3
MAXss MAX # LN? / LM(N)$
SIDEst=s « D[11 / DIO]s
SINEs= WIF® ABS(SIDE) < TOL ®THEN" O WELSE® SIGN(SIDE)3
WIF® SIDE = O "THENW .
WBRGINY TRIFSTT7It=s TRIEST21t= MAXRAD: TRIES[91t= «MAXRAD:
TRIESTAIs= TRIEST4Jt= TRIES[3Jt= MAXRAD / SQRT{2)s
TRIES[S53ts ~TRIEST313 TRIESCT101s= TRIESLBIt= TRIES[11:= ¢
WENDW MELSEM
HBEGTIN® TRIES[8l:= TRIESC4It= MAXRAD/ SQRT(2)3
TRIEST11s= SIDE * MAXRAD3 TRIES[33Je= TRIESI4Y * SIDEs
TRIEST613= MAXRAD3 TRIES[7]t= =TRIESI[3]:
TRIEST9It= ~TRIESC11s TRIESC2)s= TRIES[512= TRIES[1013= O
HENDY S
WIF® COMABS(Xs Y) > 2 % MAXRAD ®THEN® X3i= Yi=s Q3
CONTROLt= BFALSE®
TEND® PELSEN .
MREGIN® WIFM IT > 1 & NEWF >= OLDF ®THEN®
WREGTINY UPs= UP+ 13
WIF® UP = % £ START < 5 WTHEN®
WREGIN® STARTt= START 4 13 UPt= O3 Xtwm TRIES[2 * START = 1733
Ys= TRIESL2 # STARTI: CONTROLs= "FALSEY®
BENDW MELSE® CIONTROLs= WTRUEW
HENDW NELSE® CONTROL:i= HTRUE®
WEND® OF CONTROL: MCOMMENT®
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WPROCEDURE"™ DEFLATIONS
RIF® X = 0 £ Y = & MTHENM™ Nis N = § WglSE®
WBEGIN® WINTEGERY I, SPLIT; "REAL®™ Hl, H23
WARRAYW B[ t N = 113
HIFM Y = Q MTHENW
NBEGIN® Ni= N = 13 BINJt= «DIN + 11 / X3
WEARY Ts= 1 MNSTEPW 1 HUNTIL® N nDOW
BIN = Ils= (BIN = I 4+ 11 = DIN = I + 13) / X3
WFORY Is= 1 HSTEP®™ 1 WUNTIL® N mDOW
DCI)3= DLIT + DITI -« 13 * X
WENDY MELSE® .
HBEGINY Hltm = 2 % X3 H2tm X % X 4 Y * Y3
Ni= N = 23 !
BLNl1ss DIN + 21 / H2s BIN = 11t= {DIN ¢ 13 = H) * BENI) / H23
WEORY T3a 2 HNSTEP® ] WUNTIL® N npon
BIN = T1t8s (DIN = I 4+ 2] = H] * BIN = I + 11 = B{N = I + 23)/H?2s
DCiTs= DU11 - H1 * DI[O13
HFORM Is= 2 MSTEPW 1 ®UNTIL® N wDpO®
NrI3s= DIT] = Hil # D[I=1] = H2 * D[I=21]
NENDMS
SPLIT:= N3
H23= ABS(DINT = BIN1) / (ABS(DIN1) + ABRS(BINI1));
WEDRMN Jge N = 1 MSTEPM =1 WUNTIL® (O ®pOWw
PBEGIN® H1ls= ABS(DI[IJ]) + ABS(B[I1)3
*WIF® H1 > TOL ®THEN®
MREGINY Hls=s ABS(DTI] = BLII) / H1s
HIFA H1 < W2 WTHEN® HWBEGINY 423= H1ls SPLIT:= [ WMENDH
HENDN
WENDMS
HENDR® T 3= SPLIT ¢ 1 WSTEP®™ 1 WUNTIL®™ N »DpO% D[Ils= BLI1;
DCSPLITIt= (DLSPLITI + BLSPLITY) / 2
WENDY OF DEFLATINNS,

WPROCEDUREY LAGUERRES
WREGIN" WINTEGER" M3
MREAL®™ S1REs S1IMs S2RE» S2IMs DX» DY, Hls H2, H3s Hés HS, He3
NIFW ABS(FCLO1) > ABS(FL1]) HTHEN"
WREGIN® Hit= FlUJ3 Hét= FL11 /7 Hls; H2t= F[2] + H6 * FI[313
H3tm FU3) = H6 * FL213 H4ats FL4) + HE * FI513
H8t= FL51 = Hé * FL4]3 H63= H6 * FLL1] + H1
NENDM NELSE®
"BEGIN® Hltm FC113 H63= FLO1 / H1$ H28= Hé6 * FL[2] + FI333
H3t= H6 * FL3] = FL2]35 H4s= H6 * FL4] + F[51;
HSt= HH * F[5] = F[413 Hét= HE& * FL[O0] + FL[1)
HENDWS RCOMMENT®
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S1REt= 42 / H63 S1IMi= H3 / H6s
H23= SIRE % S1RE = SIIM % S1IM: H3t= 2 % SIRE #* S1IM}
S2RF¥= H2 = H&4 / Héh3 S2IMs= H3 = H5 / H63
Hit= S2RE * S?2RE + S2IM % S2IM3
Hlt= WIFP HY %= 3 WTHEN® (S2RE * H2 + S2IM * H3) / H1 WELSE® 13
Mi= WIF® HL > N = 1 ®THEN® (WIF®W N > 1 "THEN® N = 1 WELSE® 1)
WELSEW WIF® HL > 1 WTHEN® H1 WELSE" 13
Hit= (N = M) / M3
COMSQRTIH1 ® (N % S2RE = H2)» H1 * (N * S2IM = H3}, H2, H3)3
WIF® SAIRE * H2 + S1IM # H3 < Q WTHENW
WBEGIN® H2t= = H23 H3t= = H3 MWEND"3
H23= S1RE + H2% H3ts SLIM + H33
Hltm H2 % H2 + H3 * H3;
WIFW HL = 0 WTHENM WBEGIN® DX!- =N3 DYita N WENDW WELSEW®
WBEGINY DXgws = N ® H2 / H13 DYs= M % H3 / H1 WEND™3
Hls= ABS(X) * TOL + AEs H23= ABS{Y) * TOL+ AE3
WIFM ABS(DY) < HI & ABS{DY) < H2 WTHEN®
WREGIN® DX3= ®IFW DX e O WTHEN® H1 ®ELSE®Y SIGN(DX) #* Hi:
DYi=s HIF® DY = O WTHEN® H2 WELSE® SIGN(DY) * H2
WENDP
Xtm X + DX3 Y= Y 4+ DY
WIF® COMABS{X» Y) > 2 % MAXRAD WTHEN®
WREGINY Hlt= WIF® ARS(X) > ABS(Y) “THEN" ABS(X) WELSEY™ ABS(Y)s
H2t= LN{H1) / LN2 + 1 = MAX3 .
© OWIEN H2 > O WTHENW .
UREGINY H2es 2 %k H23 Xt= X / H23 Y= Y / H2 WENDY
NENDY
BENDY OF LAGUERRES

TOTITe= ITs= FAIL2= UPt= STARTt= 0% LN2s= LN{2)3
NEWFs= GIANT: AEs= DWARF3 GIEXt= LN(NEWF) / LN2 = 403
TOL:=s EM[OT13 ITMAX2= EMI11s

WFORW T3= K} ®STEP® 1 WYUNTILW N wDO® D[IJt= A[N=IJ3
NIFH N <s 0 MWTHEN®

HBEGIN® FAILs= 13 WGOTO®™ EXIT WENDW

RELSEY WIFW DLO] = k) WTHEN®

WREGIN® FATLt= 23 ®GOTO" EXIT MENDWS

BEOR® Tsm 1 ®WHILE® DIN] = 0 &€ N > ( #pQO®

WRAEGTNY RECN]s= IMINIs= &3 Ns=ms N = 1 WENDW;

Xtm Y= Of WCOMMENT®
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#FQRY T3m 1 WWHILE™ N > 2 npgw
WREGIN® WIFW CONTROL "THEN® LAGUERRE;
OLDFs= NEWF3
WIFW FUNCTION M“THEND
NBEGIN® M"IFN ¥ %= O & ABS(Y) < o1 WTHEN®
MBEGIN® WREAL™ Hs His Y§ Y= O3
WIFW » FUNCTION PTHENY Yis Y
"EN[)";
RECNIs= X3 IMINIt= Y3
NIFN Y "= O NTHEN® WBEGINY REIN = 1Jt= X3 IMIN = 11t= =Y WENDM;
NEFLATIONS TOTIT:= TOTIT +.IT: UPt= STARTt= ITt= )
nEpnn
WENDMS :
WIF® N = 1 WTHEN® WBEGIN® RE(C11:= = D[1] /7 DCU13 IML{1ls= 0 WEND®
HELSEW
MBEGTINY MREAL® W1, H23
Hlt= = 0,5 * DL11 7 DLD1s H2:= H1l * H1 = DC21 / D{¥]1s
HIFN H2 >a O WTHEN®
MBEGIN® RE[273s WIF® H1 < 0 WTHEN® H1l -~ SQRT(H2)
WELSE™ H1 + SORT{H2):
REC1Jt= DI2Y /7 (DrOY # REL21)s
IMT23s= IM[11t= O
"ENn" "ELSE"
WBEGIN® REL218= REL113= H1s
© IM[21s= SQRT(=H2): IM[1ll:= =INM[2]
WENDW
WENDPS Nis QO3
EXIT: E£M[2)t= FAIL: EM[C313:= STARTs EML4)t= TOTIT;
MEORY Jt= (Ne=1) MDIVH 2 WSTEPW =3 WUNTIL®™ Q wpow
WREGIN® TAL t= DEITs DIJ1t= D[N=IJ3 DIN=I1te TNL
NENDMS
7ERPOLt= N
WENDW F ZERPOLS
nEQPN

NCOADE™ 345023

WPROCEDURE"™ BOUNDS(NsAsRESIMsRELESABSESRECENTRES IMCENTRES BOUND) 3
NYALUE® Ny RELEs ABSE: MINTEGER™ N3 ®REAL™ RELE> ABSES
WARRAY" RE, IM» Ap RECENTRE» IMCENTRE, BOUNDS

HBEGIN® WINTEGER™ Is Js Ko L» INDEX1, INDEX23 “BOOLEAN® GOON3
WREAL™ Hy MIN», RECENT, IMCENT, GIA» XK» YKs ZKs CORR3
WARRAY" RC» Cs RCE[KIEN]s CLUSTL1:NI3

WREALWHPRACEDURE™ GIANTs "CODE™ 36043
NREALWWPRACEDUREY ARREB; MCODE" 3(G02; WCOMMENT®
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E]

WREALWHPROCEDURE™ GIRADs RECENT, IMCENT, Ky M)g
BVALUE® RADs, RECENT, IMCENT, Ky M3 YREAL™ RAD, RECENTs IMCENTS
WINTEGERY Ky M3
WREGIN® WREAL"™ S, Hle H23 NINTEGERY I3
St= SQRT{(RECENT # RECENT + IMCENT #% IMCENT) + RADS
Hlt= RCT113 H2t= RCLO];
WFORY Ts= 2 MSTEPW 1 WYUNTIL®™ N "DO"™ Hlz= Hi*S + RCI[II13
NEORY Ts= 1 WSTEPH 1 MUNTIL®™ M=l, M+K USTEP™ 1 ®UNTIL® N wONW
H23= H2 % ABS{SQRT((RE[IJ=RECENT)**2 4+ (IMIIJ=IMCENT)#*%2) = RAD);
Gt= WIFH Hl={) WTHEN® {3 WELSEY WIFW H2s=C WTHEN® =1 WELSEW HY /7 H2
WENDMS

WPROCEDURE® KCLUSTER(K, M)
NVALUE® Ko Mt WINTEGERY Ky M3
NBEGIN® ®WINTEGERT™ Is Jp STOP, L3 "BDOLEAN™ NDNZERNDS
WREAL® RFCENTs IMCENT» D» PRODs RADs» GRs R}
WARRAY® DISTIMS M+K=1];
RECENTs= RELMT3 IMCENTt=s IMIMI3 STOPst= MiK=1s
Lt= SIGN{IMCENT)3 NONZERO:= L *= 03
NEORW Ise M+l WSTEP® 1 WUNTILY STOP ®DOW™
HBEGIN® RECENTt= RECENT+RE[I]s
WIF" NONZERD MTHEN®
WREGINY NONZERQt= L = SIGN(IM[I1); IMCENT$= IMCENTH+IMII) ®WEND®
BENDWS
RECENTs= RECENT/Ks IMCENTt= ®IF# NONZERO #THEN® IMCENT/K WELSE® O3
Dt= 33 RADt= i3
NEOR® Te= M WSTEP® 1 WUNTIL® STOP wpO¥®
HBEGINY RECENTRE[IJt= RECENTs IMCENTRE[LIls= IMCENTS
DISTCIl2= SQRT((RE(I] =RECENT)#%2 ¢ (IMITI=IMCENTI*%2)s
WIF® D < DISTLIY ®THEN®™ Di= DISTLI]
NENDM3 .
GRt= ABS(G(Y1» RECENT, IMCENTs Ks M))s
WIFMW GR > (O NTHENW
NBEGIN® ®FOR® J3m 1, 1 WWHILE® PROD <= GR #DOW
NRBEGIN® Rt= RADS$ RAD:= D 4+ EXP(LN(1.1%GR)/K)3
WIFY RAD = R WTHEN™ RADt= EXP{LN{(1l.1)/KX) % RADS
GRi= G(RADs RECENT» IMCENT» K» M)3
PRODs= 13
WEOR® Tta M WSTEPW 1 HUNTIL® STOP upQw
PRODt= PROD*{RAD=DISTLII)
WEND®
NENDW3
WEORW Jza M WSTEP® 1 MUNTIL® STOP #pO®
WBEGTN® RBOUNDIIJes= RADs CLUST[IJt= K WENDW;
NENDYS HWCOMMENTY
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MPROCEDUREM SHIFT(INDEXs NEW)S:
WUALUE® INDEX, NEW3 WINTEGER® INDEY, NEUW;
NBEGINM WINTEGER™ J» PLACEs CLUSTINS
WREAL® BOUNDIN, IMCENT, RECENTS
NREALTWARRAYY WAL, WA2[LtCLUSTLINDEX11:
CLUSTINS= CLUSTIINDEXI3 BOUNDINS= BOUNDCINDEX13
IMCENTsa IMCENTRECINDEX13; RECENT$= RECENTRE[LINDEX]:
WEQRY Jts 1 WSTEPW 1 MUNTIL® CLUSTIN "DOW
WBEGIN® PLACFS=INDEX+J~13 WA1[JJt= RECPLACE1s WA2[JIs= IMFPLACET;
NENDMS
WEQR® Jt= INDEY=]l WSTEPW =] MUNTILM NEW "pOW
WBEGIN® PLACEs= J+CLUSTINS
RFCPLACElt= RE[J13 IMCPLACE)ts IM[J1; CLUSTIPLACEIt= CLUSTCJI:
BNUNDCPLACET3= BNUNDCJI: RECENTRECPLACElt= RECENTRELJIS
IMCENTREITPLACE)s= IMCENTRECJI
WENDUS
WEORN Jim NEM#CLUSTIN=} NSTEPW =3 SUNTIL® NEW npOn
NBEGINY PLACES= J+1=NEWS
RECJ1s= WALIPLACET; IM[Jlt= WAR2[PLACE?;
ROUNDIJIs= BAUNDIN; CLUSTCJ)t= CLUSTING
RECENTREFJIt® RECENTS IMCEHTRE[JIt= IMCENT
"ENDN
"END”:

GIAs= GIANT:
RCI6G1s= CTT2= AIN]; RCE[O1It= ABS(CI[N]I); Ki= @i
NEORY Jess 4 USTEPM 3 WUNTIL® N ®DOY
MBEGIN® RC[IJt= RCELITt= O 3 CLI)t= A[N=I1 WENDW;
NFUR" Is= W NMRILE" K € N HDD"
WBEGIN® Kim K413 XKsw RECKI3 YKts IMIKI$ ZK3= XKHAYK4VKHYKS
WEORM Jia K WSTEPW ] ®WUNTIL® 1 #pO#
RCECJIt= RCECJI+RCELJ=1I*SQRT(2ZK)3;
WIFW YK = (0 NTHENM
MBEGIN® MFORY Jie K WSTEP® =] WUNTIL®Y 1 "DOW
RCLJIts RCLIJI=XK*RC[J=11
WEND® MELSE®
WRBFGINY K3e Keéls
WIFW K <= N & XK = RE[IK] & YK = =IM[K] "THEN®
HREGINY XKim =2#XK$
WEORM Jt= K UWSTEPW" =1 WUNTIL® 1 #wpow
RCETJIs= RCECJI+RCELJ=11%SQRT(2ZK);
WEOR™ Jsm K HSTEP® =] MUNTIL® 2 ®wpQOW®
RCTJTtas RCTJI¢XK*RCLJI=1142ZK*RCL J=2173
RCL11:a RCLLII+XK*RCIA]
"ENDN
HEND®
"END";
RCLOTs= RCELNI: CNRRs= 1,06%ARREBS
"FORY Jta 1 WSTEP® 1 WUNTILW Nej ®pO"®
RCLI1s= ARS(RCITII=CCI))+RCE[LII*CORR%(N+I=2)+RELE*ABS(CLI])}+ABSES
RCIMNYs= ABS(RCINT=CIMI)+RCETNI*CORR#{N=1)+RELE*ABRS{CINI)+ABSE?

12

WFORM® I3= 1 WSTEP® 1 WUNTILW™ N "DO™ KCLUSTER(1, I): WCOMMENT™
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GOONs= WTRUEM;
NEORM 3w 1 MWHILE®™ GOON nnQow
MBEGIN® INDEX1t= INDEX2t= 03 MINt= GIANTS Is= N=CLUSTIN1+1:
WFOR® It=s I WWHILEW I >= 2 npQw
WAEGIN® Jt= I3 RECENT:= RECENTRECIJ; IMCENT:= IMCENTRELII:
NEARM Jts J MWHILEM J >= 2 npgn
WBEGIN® Jts= JuCLUSTLJ=113
Ht=s SQRTU(RECENT=RECENTRE[JI)*%2 4+ (IMCENT=IMCENTRE[JI)*%2)3
WIFR H < BOUNDLIJ + ROUNDLJY € H <= MIN "THEN®
WBEGINY INDEX1t= J: INDEX22ts=s I; MIN:=s H "END®
NENDYS It= [=CLUST[I=1]
WEND"3
HIF" INDEX1 = O WTHENY GOON:ts WFALSEW WELSE®
NREGIN® WIFW IMCENTRELINDEX11 = 3 WTHEN®
MREGIN® WIFW IMCENTRE[LINDEX21 "= (0 WTHENW
CLUSTLINDEX21t= 2*CLUSTLINDEX2]
WEND! WELSEM™ WIFW IMCENTRECLINDEX2] = O MTHEN®
CLUSTLINDEX11s= 2¢CLUSTLINDEX11$
Kt= INDEXL14+CLUSTIINDEX11:
WIFW K “= INDEX2 “THEN" SHIFT(INDEY2, K)3
Kt= CLUSTCINDEX114CLUSTIKIS
KCLUSTER{Ks INDEX1)
HEND®
"END"
WENDYS
wgopw

14
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CONTRIBUTORS 2 Me BAKKERs Peodo HARINGHUIZEN,
CeGe VAN DER LAAN AND Me VOORINTHOLT.

INSTITUTE: MATHEMATICAL CENTRE AND RIJKSUNIVERSITEIT GRONINGEN,
RECEIVED? 780601,

BRIFF DESCRIPTION:

THIS SECTION CONTAINS FIVE PROCEDURES FOR CALCULATING ZEROS NOF
ORTHOGONAL POLYNOMIALS WHICH ARE GIVEN BY THE COERFFICIENTS OF
THEIR RECURRENCE RELATION:
ALLZERNDRTPOL s CALCULATES ALL ZEROSs
LUPZERORTPOL 3 CALCULATES A NUMBER OF ADJACENT UPPER OR LOWER ZERNS,
SELZERORTPOL & CALCULATES A NUMBER OF ADJACENT ZgROS. IT IS
EFFICIENT TO USE ALLZERORTPOL IF MORE THAN 5S¢
PERCENT OF EXTREME ZEROS OR MORE THAN 25 PERCENT OF
SELECTED ZEROS ARE WANTED,
ALLJACZER t CALCULATES THE ZERDS OF THE N=TH JACOBIAN POLYNOMIAL.
ALLLAGZER 8 CALCULATES THE ZERDS OF THE N=TH LAGUERRE POLYNOMIAL,.

KEYWORDS 3

ZEROS
DRTHOGONAL POLYNOMIALS,
CHRISTOFFEL ABSCISSAS.

RFFERENCES

ABRAMOWITZ, Mo AND To,Ae STEGUN (1964):
HANDBOOK OF MATHEMATICAL FUNCTIONS.
DOVER PUBLICATINNS INC,

GOLUBs GoHe AND JoHe WELSCH (1969):
CALCULATION OF GAUSS QUADRATURE RULES,
MATH, COMP., VYOLe 23» P.ZZI-ZBK}.

LANCZOS» Co (1957)
APPLIED ANALYSIS.
PRENTICE HALLe



SECTION

STOER,

3.6.2 {DECEMBER 197¢€) PAGE 2

Jo (1972):

EINFUEHRUNG IN DIE NUMERISCHE MATHEMATIK 1.
HEIDELBERG TASCHENBUECHER 1955 SPRINGER,

WILKINSONsJ AND REINSCHsC. 8

HANDBOOK 0OF AUTOMATIC COMPUTATIONe VOLe 2
LINEAR ALGEBRA

HEINELRERG (1971),

SURSECTIONS

ALLZERORTPOL.

CALLING SEQUENCE:

THE DECLARATION OF THE PROCEDURE IN THE CALLING PRDOGRAM READS:

WPRNCEDURE™ ALLZERORTPOL (N» Bs C» TER, EM)3
WYALUE™ N3 WINTEGER™ Ni MARRAY® B, C» ZER», EM3
"CODE™ 313623

THE MEANING OF THE FODRMAL PARAMETERS ISt

Ng

B Ct8

TERS

EM3

<ARITHMETIC EXPRESSINN>;
ENTRY: THE DEGREE OF THE ORTHOGONAL POLYNOMIAL OF WHICH
THE ZERQOS ARE TO BE CALCULATED:
<ARRAY IDENTIFIER>S
HARRAY™ By, C [3tN=1i13
ENTRYt THE ELEMENTS BLI] AND C[Ils I = Gy 1» ees » N=l,
CONTAIN THE COEFFICIENTS OF THE RECURRENCE RELATION
PET+11(X) = (X = BLIT) & PLIJ{X) « CLI] » PLI=17(X}
I = 8 15 eee » N=l3 ASSUMED IS ClGI=li, WHILE THE
CONTENTS OF THE ARRAYS ARE PRESERVED;
<ARRAY IDENTIFIER>S
RARRAYY ZER[1sN1s
EXITs THE 7EROS OF THE N=TH DEGREE ORTHOGONAL POLYNOMIALS
(B MAY BE USED FQOR ZER» BUT THEN THIS RFECURRENCE
CNEFFICIENTS ARE OVERWRITTEN BY THE ZERNOS AND
THE DRIGINAL CONTENTS OF B ARE NOT PRESERVED.)
<ARRAY IDENTIFIER>:
WARRAYY EMIC15]13
ENTRY: EM[O0J: THE MACHINE PRECISIONS
EM[23s THE RELATIVE TNLERANCE OF THE ZEROS3
EMI41s  THE MAXIMUM ALLOWED NUMBER OF ITERATIONS,
EoGo 5 #* N3
EXITs EMIL11s  THE MAXIMUM OF ABS{BLOJI)#15sCLIJ+ABS{BIIV}+1,
(I=1500oN=2)sCUN=13+ABS{BIN=17)3
EM{33s IMFORMATION CONCERNING THE PROCESS USED:
I.Es THE MAXIMUM ABSOLUTE VALUE OF THE
CODIAGONAL ELEMENTS NEGLECTED»
(SEE ALSO SECTION 3¢3,1s1:1.1)3
EMIS5I8s  THE NUMBER OF ITERATIONS PERFORMED,
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PROCEDURES USEDs3

ORIVALSYMTRI = CP34160»
DUPVEC = (CP31030,

METHOD AND PERFORMANCE 8 SEE SELZERCRTPOL (THIS SECTION),

EXAMPLE OF USEs

AS A FORMAL TEST OF THE PROCEDURE WE CALCULATE THE ZEROS OF

THE CHEBYSHEV POLYNOMIAL (OF THE FIRST KIND) OF THE THIRD DEGREE.
THE RECURRENCE COEFFICIENTS ARES

BIIJ = 05 T = 05 15 eocel

CLOY1 = 0s CL1) = o559 CLI] = 25 » I = 25 35 sesase

{IT IS RECOMMENDED TO STORE THE ELEMENTS OF THE ARRAYS B AND C IN
REVERSED NRDER IF THESE ELEMENTS ARE STRONGLY INCREASING).

WREGINM WARRAY™ By, CLQ331, ZERC1831, EMIDESIS
WPRACEDURE® ALLZERORTPOL(NsB»CsZERSEM);
MYALUE® N3 "INTEGER®™ N3 "ARRAY® B,Cs2ZEREMS
WCODE™ 313623
EMIO0Yt= EM[2]8=s "wlé; EM[&]t=153
BL21s=B{11:=B[012=ls
CfOTs= 03 CC112= .58 CL21s= ,253
ALLZERORTPOL (35 Bs Cs» ZERs EM)3
DUTPUT (61,8 (N (NTHE THREE ZERDS3™)", /33(/ID5BsN)s2/>
WINEMEL1 T8 ® )N, 58D,2D0"+2D5 />
W{NEM[3]3W) N, 5BD2D%42Ds /oW (NEMIS5]sR) N, 57Dm) 0,
1o7ERLL1»2sZER[21535ZERI3ILEMILIILEMIZILEMIST)
wEND !

THE THREE ZEROS:

1 =86 66025640378446%=00]1
2 +8.6602540378444"=001
3 =} o BOGAOGHO00L00M=014

EML11: 1. 5094010
EME3]s 7.07M=15
EMI5]s 1
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SUBSECTIONS

LUPZERDRTPOL.

CALLING SEQUENCE:?

THE DECLARATION OF VHE PROCEDURE IN THE CALLING PROGRAM READS?

UPRACEDURE" LUPZERORTPOL (Ns» Ms Bs C» 7ERs EM)3
WUALUE® N M3 PINTEGERY™ Ns M; WARRAY®™ B, C» ZER» EM;
WCODE™ 313638

THE MEANING OF THE FORMAL PAﬁAMETERS IS:

Ng

Mt

Bs Ct

ZERS

EMe

CARITHMETIC EXPRESSION>S
ENTRYs THE DEGREE OF THE ORTHNGONAL POLYNOMIAL OF WHICH
THE ZEROS ARE TO Bg CALCULATEDS
<ARITHMETIC EXPRESSION>3
ENTRYt THE NUMBER DF ZEROS TO BE CALCULATEDS
<ARRAY IDENTIFIER?>}
WARRAYY By, C [d3N=113
ENTRY: THE ELEMENTS BLI] AND CIT1s I = U5 15 ses » N=1,
CONTAIN THE COEFFICIENTS OF THE RECURRENCE RELATION
PLI+11(X) = (X = BLI1) * PLIT(X) = CU[I] #%# PLI=11(X}
I = Gy 19 soe » Nwls
ASSUMED IS CILO01=0, WHILE THE CONTENTS
OF THE ARRAYS ARE NOT PRESERVEDS
<ARRAY IDENTIFIER>3
WARRAY® ZER[1:MI3
EXITs THE M LOWEST ZEROS ARE DELIVEREDS
IF HOWEVER THE ARRAY BLOtN=13 CONTAINED THE OPPOSIT
VALUES OF THE CORRESPONDING RECURRENCE CNEFFICIENTS
THEN THE OPPOSITE VALUES OF THE M UPPER ZERODS
ARE DELIVERED.
IN EITHER CASEs ZER[IICZER{I#1]y I = lscessM=ls
<ARRAY IDENTIFIER>}
HARRAY" £MI[0O26]3
ENTRY: EM[I)s THE MACHINE PRECISION,
EMI27s  THE RELATIVE TOLERANCE OF THE ZERDS3
EMI4Is  THE MAXIMUM ALLOWED NUMBER OF ITERATTIONS,
EeGe 15 * M3
EML&]s  IF ALL ZERDS ARE KNOWN TO BE POSITIVE
THEN 1 ELSE 03
EXITs EME13s  THE MAXIMUM OF ABS(BLOI) + 1
ClIT+ABS({BIIT)+1s(ImlssnaN=2)>
CIN=1]+ABS{BIN=11)%
EMI31t INFORMATION CONCERNING THE PROCESS USED»
IsEe THE MAXIMUM ABSOLUTE VALUE OF THE
THEORETICAL ERRORS OF THE ZERDS
(SEE WILKINSON AND REINSCH», 1971, Pe263)3
EMIS5]t  THE NUMBER OF ITERATIONS PERFORMED.
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PROCEDURES USED?

DUPVEC = CP31%30,
INFNRMVEC = CP31061,

METHOD AND PERFORMANCE t SEE SELZERORTPOL (THIS SECTION).

EXAMPLE 0OF USE:

WE CALCULATE THE TWO LOWER AND THE TWO UPPER ZEROS OF THE
LAGUERRE POLYNOMIAL OF THE THIRD DEGREE.

THE RECURRENCE CDEFFICIENTS ARE OBTAINED FROM [11, P.782%

BLIT = = A2I / A31 = 21 + 1%

CLIT = A4TI / (A3I * A3(I=1)) * Al(I=1) =1 * I, I = 05 15 2e

(IT IS RECOMMENDED TO STORE THE ELEMENTS OF THE ARRAYS B AND C IN
REVERSED ORDER IF THESE ELEMENTS ARE STRONGLY DECREASING),

NBEGTIN® HARRAYW B, CI[0:31, ZER[1:21, EMI[J3613

PINTEGER® I

UPROCEDUREYLUPZERORTPOL(NsM»BsCy» ZERSEM) 8

HYALUE®™ NoMg WINTEGER® NpMg WARRAY®W ByC,ZER,EMS

HWCODE®" 313633

BMI11t= EM[21t= M=l4; EM[412= 453 EM[613= 13

NEOQR® Tt= O, 1, 2 "DOW

MBEGIN® B[IJs= 2 *# T 4 13 C[I1t= I % I WENDMS

LUPZERDORTPOL (3, 25 Bs Cs ZER, EM)3

OUTPUT(61, (W (NTHE TWO LOWER ZEROSEW)M, /,2({/ZD5BsN)s2/>»
NEMEMT1I3%) Y, 5BD,2D"+2Ds />
WINEMI3]2% )%, 5BD2DM"+2Ds /JoW(NEMI[S]s® )%, 57D0 )0,
LsZER[1192,ZERL2IsEMLIITISEMI3ILEMNTS]) s

EM[613= O3

WEORY J3= i, 1, 2 WDOW

WRBEGIN® BlIJs= = 2 % I = 13 C[IJs= ] % I ®ENDH}

LUPZERORTPOL (35, 25 By C» ZERs EM)3

OQUTPUT(61,M{ "3/, W (NTHE TWO UPPER ZEROS:M )%, /,2(/ZD5BsN)s2/»
WWEM[113%)M,5BD,2D"+2D0s /»
M{NEME3Ts M), 5BDo2DM4+2D, /o M(WEMIBIsW)N,5z2DM) W,
15,=7ER[11525=2ERT21,EMI1I,EMI3ISEML5])

HEND

THE TW0O LOWER ZEROS?

1 +4o1577455678348"=001
2 +2,2942803602791%+000

EMI1738 9., 00"+00
EM[31: 5e72M=15
EMI5]: 12
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THE Tw0 UPPER ZEROS:

1 +6.2899450829375"+G00
2 +2:29422036327917+000

EML11s QoI N+KID
FML37s 4o TUN=20
EMI518 14

SUBSECTION? SELZERORTPOL,

CALLING SEQUENCE:
THE DECLARATION OF THE PROCEDURE IN THE CALLING PROGRAM READS:

WPROCEDUREM" SELZERORTPOL (Ns N1ls N2s Bs Cs» ZER, EM)3
BVALUE" N» N1, N23 ®INTEGERY™ N» N1, N23 ®"ARRAY®™ By C» ZER, EM3
WCODEY 313663

THE MEANING NF THE FORMAL PARAMETERS IS
Ny N1,N2: <ARITHMETIC EXPRESSION>g
ENTRY: N IS THE DEGREE OF THE ORTHOGONAL POLYNOMIAL OF
WHICH THE N1=ST UP TO AND INCLUDING N2=ND ZEROS ARE
TO BE CALCULATED(ZERIN11>=ZERINZ1)}
By C3 <ARRAY IDENTIFIER>}
WARRAYY ByC [0 ¢ N=113
ENTRYt THE ELEMENTS BLIJ AND CILI1s I = (Os 1s sse » N=i,
CONTAIN THE COEFFICIENTS OF THE RECURRENCE RELATION
PLI+11(X) = (X = BL[I1) * PLII(X) = CL[I] * PLI=13(X)
I.= 0s 15 see » N=1,
ASSUMED IS C[01=0s WHILE THE COMTENTS
OF THE ARRAYS IS PRESERVEDs
ZERS <ARRAY IDENTIFIER>;
WARRAY®" ZER [N13N213
EXITe THE N2=N1+1 CALCULATED ZERNS IN DECREASING NRDER,
£Ms <ARRAY IDENTIFIER>;
WARRAY® EM[O:15];
ENTRY:s EMIOJs THE MACHINE PRECISION.
EML213  THE RELATIVE TOLERANCE OF THE ZERDS3
EXIT: EMC11: THE MAXIMUM OF ABS(BIO1) + 1»
CLIJ+ABS(BILI1)+1 (I=15e0ssN=2) AND
CIN=11+ABS{BIN=11)3
EMIS518s  THE NUMBER NF ITERATIONS PERFORMED,

PROCEDURES USED:

VALSYMTRI = CP34151.
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METHOD AND PERFORMANCE?

THF 7EROS OF AN ORTHOGONAL POLYNOMIAL ARE THE EIGENVALUES 0OF A
SYMMETRIC TRIDIAGONAL MATRIX (SEE GOLUB AND WELSCH (1969),
LANCZ0S (1957)5Ps37553765 STODER (1972)5Pe120)e

THE NRTHOGNNAL POLYNOMIAL IS D&EFINED BY A LINEAR THREE=TERM
HOMOGENEQUS RECURRENCE RELATION,

EXAMPLE OF USE ¢

We CALCULATE THE THIRD ZERQO NF THE LEGENDRE POLYNOMIAL OF THE
FOURTY DEGRE¥.s THE RECURRENCE COEFFICIENTS ARE OBTAINED FROM

ABRAMOWITZ AND STEGUN (1964),P.782:3

BLIT1 = s I = 05 15 sceoel

CLTIT = A4T / (A3T % A3(I=1)) * Al(I=1) = ] * I / ( 4 * I *# I = 1),

I =2 05 15 eesos

(IT IS RECOMMENDED TO STORE THE ELEMENTS OF THE ARRAYS B AND C IN
REVERSED DORDER IF THESE ELEMENTS ARE STRONGLY DECREASING).

BBEGINT WARRAYY B, CIG341, ZERL3331, EMID15]s
WINTEGERY I3
NPROCEDUREY SELZERORTPOL (NsN1sN2,BsCrZERSEM)S
WYALUE™ MoN1sN28 WINTEGERY NoNlpN23 MARRAYY B,CoZER,EM3
WCODEY 313643
EMIN1t= FM[21:= Y=l4;
WEORM It=s 0, 1 25 3 MDOM
WBEGIN® BLITi= Q3 CLIlte I * I / (46 * 1 * I = 1) MEND®;
SELZERORTPOL (4 35 35 By Cs» ZERs EM)3
AUTPUT(61, W { NN (NTHE THIRD ZERDsH)M",2 /,7ZDEBsNs2/»
WINEMTL1J3¥)¥%,58D,2D0"+2Ds /»
W(REMIS5):M )W, 5709 )", 3, ZERL3ISENLLILEML5])
"END"

THE THIRD ZERD:
3 =3,399814358486"=({1

EM[1]:2 1.3394+00
EM[5]1: 12
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SUBSECTION: ALL JAC 7ER.

CALLING SEQUENCE?S

THEZ DECLARATION OF THE PROCEDURE IN THE CALLING PROGRAM READS:

MPROCEDURE™ ALL JAC ZER(N» ALFA, BETAs ZER)3
WVALUE® N» ALFA, BETA3

WINTEGER™ N3 "REAL®™ ALFA, BETA3 MARRAY"™ ZER3
WCODEM 31370 :

THE MEANING OF THE FORMAL PARAMETERS ISt

N2 <ARITHMETIC EXPRESSION>;
THE UPPER BOUND OF THE ARRAY ZER3 N >= 13
ALFA»BFTAS

<ARITHMETIC EXPRESSION>3
THE PARAMETERS OF THE JACOBI POLYNOMIAL,
SEE ABRAMOWITZ AND STEGUN (1964);
ALFA, BETA > = 13
ZER? <ARRAY IDENTIFIER>3
WARRAY" ZER[1 : N1
EXITs ZERT11s ses» ZERINI ARE THE 7EROS OF THE N=TH
JACOBI POLYNOMIAL WITH PARAMETERS ALFA AND BETA,

PROCFDURES USED:

ALL 7ZER ORT POL = CP 31362,

REQUIRED CENTRAL MEMORY:

IF ALFA = BETA THEN TWO AUXILIARY ARRAYS OF N//2 REALS ARE
USEDs OTHFRWISE TWO AUXILIARY ARRAYS OF N REALS ARE DECLARED,

METHOD AND PERFORMANCE:

THE JACOBI POLYNNMIALS ARE A SPECIAL CASE OF ORTHOGONAL
POLYNOMIALS (SEE ABRAMDWITZ AND STEGUN (1964))3 ALL JAC ZER
COMPUTES THE COEFFICIENTS 0OF THE THREE=TERM RECURRENCE RELATINN
AND CALLS THE PROCEDURE ALL ZER ORT POL TO COMPUTE THE ZEROS3
IF ALFAsBETA, THE POLYNOMIALS ARE 0ODD OR EVEN, HENCE ONLY THE
POSITIVE ZERDS ARE CALCULATEDS THIS IS DONE BY MEANS OF THE
FARMULAS

P(2%Ms ALFAs ALFAs X) = C{M)#P(My ALFAy =0s5, 2%X*X = 1),
P(2%M = 1, ALFAs ALFAs X) = D(M)*P(Ms ALFA, #0.5, 2#X%X = 1)*X

{SFE ABRAMOWITZ AND STEGUN (196%4)» FORMULAS 22,5620 =~ 22:%e27)e
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EXAMPLE OF USE?s
THE PROGRAM

WREGINY MARRAY® X[1:31];

"PROCEDURE®™ ALL JAC ZER(Ns ALFA» BETA, ZER)S

WVALUFE® My ALFA,BETA; MINTEGER"™ N3

WREAL™ ALFA,BETA3 WARRAY™ ZER;

WCODEY 313703

ALL JAC ZER(3smeBr=e5sX)3

OUTPUT(61, M ("3 (4B=De13D"=7D )W )", X[11,¥%(21,X[3])
HEND Y

DELIVERS THE FOLOWING RESULTS?

=Be6602540378444M"=1 0. 800GQCOLOADN0Y ) Boh6U254037844640=]
SUBSECTINONs ALL LAG ZER,

CALLING SEQUENCE:
THE DECLARATION 0OF THE PROCEDURE IN THE CALLING PRUOGRAM READS:

"PRNACEDURE™ ALL LAG ZER(N, ALFA, ZER)3
WVALUE® Ny ALFAS

MINTEGER"™ N3 "REALY" ALFA3; "ARRAY®" 7ER
WCODE™ 313713

THEF MEANING OF THE FORMAL PARAMETERS IS:
N3 <ARITHMETIC EXPRESSION>g
THE UPPER BQOUND OF THE ARRAY ZER3 N >= 13
ALFaA: SARITHMETIC EXPRESSION>;
THE PARAMETER OF THE LAGUERRE POLYNOMIAL,
SEE ABRAMDWITZ AND STEGUN (1964)3 ALFA > =13
ZER3s <ARRAY IDENTIFIER>3
WARRAY® ZERL1 : N1
EXITt ZERT1)s oees» ZERIN] ARE THE ZERDS OF THE N=TH
LAGUZRRE POLYNOMIAL WITH PARAMETER ALFA.

PROCEDURES USED:

ALL ZER ORT POL = CP 31362,

REQUIRED CENTRAL MEMORY:

TWO AUXILTIARY ARRAYS OF N REALS ARE USED.
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METHOD AND PERFORMANCE:

THE LAGUERRE POLYNOMIALS ARE A SPECIAL CASE OF ORTHOGONAL
POLYNOMIALS (SEE ABRAMOWITZ AND STEGUN (1964))3 ALL LAG ZER
COMPUTES THE COEFFICIENTS NF THE THREE=~TERM RECURRENCE RELATION
AND CALLS THE PROCEDURE ALL ZiEP ORT POL TO COMPUTE THE ZER(OS

FXAMPLE OF USE:

WREGINM MARRAY™ X[1:313
WPROCEDUREM™ ALL LAG ZER(Ns» ALFA, ZER):
HYALUE® NoALFAS MINTEGER™ N3 WREALM™ ALFA3; MARRAYW ZER;S
wCODE™ 313713
ALL LAG 7ER({35=a5sX)s
OUTPUT( 61, M ("3 (4B=Ds13D"=ZD) M) ¥, X[115X[215X[31)
WENDW

DFLIVERS THE FOLNWING RESULTS:

5.52536374622633" G, 1.78449274B5432% 1.9016350919350% =]}

SOURCE TEXT(S) 3

nCADE"31362:
WPROCEDURE™ ALLZERORTPOL (N» B, Cs ZER, EM)3
MUALUE® N3 RINTEGER® N; "ARRAY" By C, ZER, EM3
WBEGIN® WINTEGERWT$WREAL"NRM3"ARRAYMBBL1tNT3
WINTEGER® WPROCEDURE™ QRIVALSYMTRI (D, BB» N» EM)3;
NYALUE™NS "TNTEGERWN3Z "ARRAYND, BB oEM3
"CODEY 341603 .
"PROCEDUREM DUPVEC (Ls Us SHIFTs As B)3
MVALUEML U SHIFT; "INTEGER"L,1, SHIF T3 "ARRAY A, B3
"CODEM 310303
WPROCEDURE™ DUPCEV (Ls Us SHIFT» A, B)3
WYALUEMLsUs SHIFT; NINTEGERML »Us SHIFTsMARRAY A, B3
WEOR® UssU WSTEP™ =1 WUNTIL® L #DO® ACU18=BLU+SHIFT13
NRM:=ABS(BLO1):
WEORNI$=1NSTEPNLNUNTIL®N=2"DON IFNCLI]+ABS (BLIT) >NRMNTHEN®
NRM1=CET1+ABS(BLI)}
NIFAN>IHTHENWNRM s WIFUNRM+1>8C [N114+ABS (BLN=11) #"THEN"NRM41NELSF"
CIN=11+ABS(BIN=11);
EMIL1)3sNRM3 DUPCEVI1sNs=15ZER,B)}
DUPVEC(1,N=1,0,BBsC)3BBIN]s =3
QRIVALSYMTRI(ZER, BB, Ny EM)
MEND® ALLZERORTPOL:
"Eop L]
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NCNDEM™313643%
PROCEDURE® LUPZERORTPOL (Ns My Bs C» ZER, EM)3
NYALUEY Ny Ms WINTEGERY™ Ny M; MARRAYM™ By, C» ZER, EM3
"BEGINY
WPROCEDUREM RATQR(NsMsPOSDEF»>DLAMSEPS) TRANS:(D,82)3
BYALUE™ NoM,POSDEF,DLAM,EPSS
UWINTEGERM™ NoMsg
NRONLEANY POSDEFS
NREAL™ DLAMSEPS:
MARRAY" D,B23
WCOMMENT® QR ALGORITHM FOR THE COMPUTATION OF THE LOWEST EIGENVALUES
OF A SYMMETRIC TRIDIAGONAL MATRIX. A RATIONAL VARIANT OF THE
QR TRANSFORMATION IS USED» CONSISTING NF TWN SUCCESSIVE QD STEPS
PER ITERATION,
A SHIFT OF THE SPECTRUM AFTER EACH ITERATION GIVES AN ACCELERATED
RATE OF CONVERGENCE. A NEWTON CORRECTIONsDERIVED FROM THE
CHARACTERISTIC POLYNOMIAL,IS USED AS SHIFT,
RATOR IS IMPLZMENTED BY REINSCH AND BAUER, SEE WILKINSON AND REINSCH
21971s CONTR, II=6,
FORMATS: D,B2[1INI;
HBEGINT
WINTEGERY T5JsKsT3 MREAL™ DELTASESEPSERRsP»QsQPsR»S»TOT?S
BREALMWHPROCEDURE™ INFNRMVEC(LsUsKsA)sg
NYALUEY LoUs M"INTEGER™ L,UsK3 WARRAY®™ A3
wCODE® 310613
WCOMMENT® LDWER BAOUND FNR EIGENVALUES FROM GERSHGORINs INITIAL SHIFT3
B2[11t= ERR3= Q:= St= O3 TOT:= D[1]3
NEQRW Js= N MSTEPW =1 WUNTIL® 1 "pOw
HBEGINY
Pt= Q3 Qt= SQRT(B2[I]); Et= D[]]=P=Q3
WIFM E < TOT WTHEN® TOT:= E
WENDM T3 .
NIFN POSDEF & TOT < O NTHEN® TOTs= O WELSE®
HEQR® J:m 1 WSTEP# 1 WUNTIL® N ®DQO"™ DLIJz:= DLI]=TOT3
Te= Q0%
WEQRY Kg=m 1 WSTEP®™ 1 ®UNTIL® M wpOw
HWREGIN®
NEXT QR TRANSFOARMATION: Ts= T + 18
TOTs= TOT 4 S3 DELTA%= DI[N]=S; Iss N3
Et= ARS(EPS*TOT)s "IF" DLAM < E WTHENY DLAM:= E3
WIFM DELTA < = DLAM WTHENY ®GOTD" CONVERGENCES
Ei1= B2IN1/DELTA: QPst= DELTA+ES P3= 13
UEQRM Ji= N=1 WSTEPM =1 MUNTIL®™ K ®DO®
NREGIN®
Qt= D[II=S=FE3 Ri= Q/QP3 Pt= P*Réls
EPt=s E#R3 DCI+11t= QP+EP; DELTA3= Q=EP?
WIFW DELTA < = DLAM WTHEN® ®GOTO" CONVERGENCES
Ess B2CI1/Q30Pta DELTA+Es B2[I+1]s= QP*EP
NENDY I3
DLKls= QPs St= QP/P3
RCOMMENT®
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RIFY TOT+S > TNT NTHEN® #GOTO" NEXT QR TRANSFORMATIONS
WCOMMENT® TRREGULAR END OF ITERATION,
DEFLATE MINIMUM DIAGNANAL ELEMENT:
St= (33 It= K3 DELTAs= QP;
HEORY J3= K+l WSTEPYW 1 WUNTIL®™ N npQO®
MNIF® DOJT < DELTA WTHEN®
WRBEGIN® Ii= Js; DELTAt= D[J]1 WENDW;
CONVERGENCE:
WIFW T < N MTHEN® B20T+1Jt= B2{IJ*E/QPS
WEORM Js= =1 WSTEPW =) WYNTIL®W™ K WDpOW
HBEGIN® DrJ+173a D[ JI=S; B2[J+11t= B20J] WEND®™ J3
DIKIs= TOTs B2LK1t= ERR:= ERR+ABS(DELTA)
NEND® K3
EM[5]8-T$EM[31StINFNRMVEC(l:N)T)BQ)3
WENDY RATORS
WPRNCEDUREM DUPCEV (Ls Us SHIFT, As B}
WYALUEYLoUs SHIFTSHWINTEGERML,UsSHIFTS®ARRAYWA, B3
WEQRM Usel) BSTEPY <1 ®UNTILW L wDO" A[CUT1t=BLU+SHIFTIS
HPRNCEDUREY DUPVEC (L, Us SHIFT, As B}
"VALUF"L;U;SHTFTI"INTEGER"L:UpSHIFT3"ARRAY“A)BS
wCODEY 31ki30s
WINTEGER® Tg"REALYNRM3
NRM:=ABS{BI[O])3
WEORW It I NSTEPHINUNTIL"N=2nWDOUNIFNCTII+ABS(BLIJ)>NRMUTHENN
NRM2=CLI3+ABS{BLI1)s
HIFAN>THTHENYNRMs @ IFWNRM41>aC [N  J4+ABS(BIN=1]) "THENYNRMSLWELSEN
CIN=11+ABS(BIN=13)3
EMI1Y3aNRMS
DUPCEV{1sNs=1,B5B}3
DUPCEV(2sNp=15C5C)3
RATQR (N, M» EML6] = 1, EM[2], EMINI» By C)3
DUPVEC (1, Ms 0» ZER, R)
WENDW LUPZERORTPOLS
ngEnpn

WCNDE"313643
WPRNCEDUREM SELZERNRTPAL (N» N1s N2, B, C» ZER, EM)3
BVALUE® N» N1, N23 WINTEGERW® Ns N1, N23 WARRAY® B, C, ZERs EM3
UREGINM WINTEGERWIZMREALWNRMZUARRAYMDL1:N]g
WPROCEDURE™ DUPCEV (Ls Us SHIFT, A, B}
HVALUE®LsUs SHIFTSWINTEGER®LsUsSHIFTS"ARRAY A, B3
WEORY U=l WSTEPM =] #UNTIL® L 9DO"™ ACUI:=BLU+SHIFTI3
WPRNCEDURE™ VALSYMTRI (D, BBs N» N1, N2, VAL, EM)3
PYALUE"N,N1sN23 SINTEGER"NsN1sN23WARRAY"D, B8, VAL, EM3
WCAONEM 34151
NRM3=ABS{BIO1}s
HEORWI 3 aNew2 WS TEP W AWUNTILOWLIWDONNIFWCITII4+ABS(BITI) >NRMOTHEN®
MRM:=CLTI1+ABS(BLTI1)s
RCOMMENT®
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NIFUN>LIUTHENTNRM =W IFWNRM+1>=C T N=L J+ABS (BIN=11) "THEN®NRM+ 1 "ELSE®

: CIN=1]+ABS(BIN=11)3
EMI178=NRM:

DUPCEV(1sNs=15DsB)3

VALSYMTRI (Ds C» Ns N1» N2s ZERs EM)3

EMIS513=EML3]
WEND®W SELZERDORTPNL:

"EUP"

WCNDEY 313763
"PROCEDUREY ALL JAC ZER(Ns ALFA, BETAs ZER)3
WYALUEY N, ALFAs BETA 8 "INTEGER™ Nt
NREALY ALFA, BETA 3 YARRAY™ 7ERS
WIF® ALFA = BETA WTHEN®
NBEGINY WINTEGER™ I, M3
HWARRAY™ A, BLOSN//21, EML[O851s
MWREAL® MIN, GAMMAs SUMs ZERI:
MREALWOPROCEDURE® ARRES;
RCODE® 300023
WPROCEDURE® ALL ZER DRT POL(Ns Bs C» ZER» EM)3
NYALUEY N3 WINTEGER™ N3 M"ARRAY™ B,CoZER,EM3
NCODEM 313623
Mss N//235 IF® N “= 2%M WTHENW®
M"BEGINY GAMMAt= 3 (2,535 ZERIM + 11t= 0 mWEND®
HELSEM GAMMALI= = 0,53
MINt= 0,25 =~ ALFAKALFA3; SUMs=s ALFA 4+ GAMMA 4+ 23
ALOTt= (GAMMA = ALFA)/7SUM3s ACL11t= MIN/SUM/(SUM + 2}
Bl11s= 4%{1 + ALFA)#{1l + GAMMA)/SUM/SUM/{SUM + 1)3
AFOR® Tt=s 2 NSTEPW 1 WUNTIL® M = 1 #pOw
NREGINY SUMet= T + I + ALFA 4+ GAMMA:
ALIJs= MIN/SUM/{SUM + 2)3 SUM 3= SUMSSUMS3
BLTJt= 4%I%(I ¢ ALFA ¢ GAMMA)*(I 4+ ALFA)YX(I ¢ GAMMA)/
SUMZ(SUM = 1)
WENDMS
EML072=ARREB; EM[21teW=108 EMI41t= K#M3
"ALL ZER ORT POL (Ms As Bs IZERs EM)3
WEOR" Jsta 1 WSTEP® 1 WUNTIL® M wDO®
WREGIN® 7ERLIYs= ZERIs= = SQRT((1 + ZER[I1}/2}s
ZERIN 4 1 = JJi= = JERI
NENDN
"END" "ELSEN
WBEGINY® WINTEGER®™ T3 WREALY SUM, MINS
WARRAYY A, BI¥ISNI, EM[H251;
UREALMMPRNCEDURE™ ARREBS
WCODEN 300023
WPROCEDURE® ALL ZER ORT POL(Ns Bs C» ZERs EM)S
BVALUE™ N3 ®WINTEGER®™ N3 "ARRAY™ B,C,7ER,EMS
HCODEYW 313623
WCOMMENT®
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MINt=s (BFTA = ALFA)*{BETA + ALFA):

SUMs= ALFA + BETA + 23 BIOl:= O3

ATOl3= (BETA = ALFA)/SUM3

AC13s=s MINJSUMZ(SUM + 2)3

Bl1lt= 4%{1 + ALFA)#*(1 + BETA)/SUM/SUM/(SUM + 1)

WFORM It= 2 NSTEPH 1 WUNTIL® N - 1 #DO¥

WREGINY SUMi= T + I + ALFA ¢+ BETA;
ACIls= MIN/SUM/{SUM + 2)3 SUM2s SUMASUM3
BUIJt= &%I*(I + ALFA + BETA)*{I + ALFA)*(I + RETA)/
(SUM = 1)/S5UM

WENDW 3 .

EMTOTs=ARREBS EM[2]1t= 1,0"=83 EMI4T2e H%NS

ALL ZER ORT POLINs As Bs» ZERs EM)

HEND® ALL JAC ZER:
wEQp®

WCNDE" 313713
NPROCEDURE® ALL LAG ZER(N», ALFA», ZER):
WYALUE® N» ALFA 3 WINTEGER"Ng WREALM™ ALFA 3 WARRAYM 7ER3
UBEGINY WINTEGER™ I3 WARRAY™ A, BLOIN], EM[D$513
WREALMWWPROCEDURE™ ARREBS
WCODE® A3 23
WPROCEDUREM™ ALL ZER DRT POL{(N» Bs C» ZERs, EM)S
WYALUE® N3 "INTEGER®™ N3 WARRAY® ByCy ZER,EMS
WCODEN 313423
BLOIz= 03 ALN = 178= N 4+ N + ALFA = 13
WEORM Tt=m 1 WSTEPW 1 WUNTILW N « 1 WDOW®
WREGIN® AT = 11t= I + I + ALFA = 13
BLITt= I#{I + ALFA)
WENDW;
EM[O13=ARREBs EM[213= "=1N3EM[4]s= 6%N;
ALL ZER ORT POL(Ns» A» By ZER» EM)
HEND® ALL LAG ZER3
ngQpn
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AUUTHOR: CeGe VAN DER LAAN.
INSTITUTES MATHEMATICAL CENTRE.
RECEIVED: 730815,

BRIEF DESCRIPTION:

COMKWD CALCULATES THE ROOTS OF A QUADRATIC EQUATION WITH COMPLEX
COEFFICIENTS. :

KEYWORDS ¢

ZEROS» QUADRATIC EQUATION,POLYNOMIAL EQUATION, COMPLEX COEFFICIENTS,

CALLING SEQUENCE

THE HEADING OF THE PROCEDURE READSt
"PRNCEDURENCNIMKUWD(PRSPISQRsQI,6GRsGIsKRs KIS
HYALUEWPRSPISQR,QISYREALMPR,PI» QR»QISGRIGI»KR,KI S

THE MEANING OF THE FORMAL PARAMETERS ISt
PRsPIsQRsQIS<ARITHMETIC EXPRESSION>S
ENTRYSPR»QR ARE THE REAL PARTS AND PI»QI ARE THE
IMAGINARY PARTS OF THE COEFFICIENTS OF THE
QUADRATIC FQUATION®
XA 2k (PR+T*PI)#X=(QR+I%QI ) =01
GReGIsKRsKI2<VARIABLE>S
EXIT:THE REAL PARTS AND THE IMAGINARY PARTS OF THE
DINOMIAL ARE DELIVERED IN GRsKR AND GIsKI»
RESPECTIVELYSMOREOVER, THE MODULUS OF GR+I#GI IS
GREATER OR EQUAL THE MNDULUS OF KR+I#*KI,

PRDCEDURES USED?
COMMUL=CP34341;

COMDIV=CP 343423
COMSQRT=CP34343,

LANGUAGE: ALGOL 40Q.
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EXAMPLE OF USEs

"BRGINWAREALMGRsGIs» KRsKI3
WPROCEDUREY™ COMKMWD(PRsPISQR5QISGRsGIsKRsKI) S
NCIIDEM"3413453
COMKWD(=615035011se02sGRsGIsKRpKI)S
OUTPUT (61, (MW (MYkk2e2 (mol4o3*T )4 Xm( o114692%I) HAS ROOTSW)IN, /7,
=DeDDs+Do DNy W (NATNU) M, /,
=DeDDs +Do DDy W{NAIN) U)W, GR,GI,KRyKT)
HEND® ,
Xk (moltoI*T)kX={ o11+,02%1) HAS ROOTS
w(e3041)o40%]
0:1040.20%1

SNURCE TEXT(S):

NCODEM34345%
WPROCEDURE™ COMKWD{PRsPIsQRsQI»GRyGI>KR,KI)S
HYALUE" PRsPI-QR,QISWREALY PRyPISQRsQIsGRsGI»KRyKI3
WREGINM
BPROCEDURENCOMMUL (ARsAI»BRsBISRRsRI)S
MCODEM343413
MPROCENUREVCOMDIV(XR,XI» YRy YI»ZRs21I);
HCNDEM34342%
"PROCEDUREMCOMSQRT(AR,AI»PRyPI) S
"CODE"343433
WIFW QR=0 & QI = O WTHEN®
WBEGINY KR$=aKIt=0 3GR3=PR*2;GI1aPI%2 WEND® WELSE®
WIFH PR=) & PI= ) WTHENW
"BEGINY COMSORT(QRsQI»GRSGI)$KRE==GRJKIB==GT WENDW WELSEW
WBEGINY WREALW HR,HI3
BIFW ABS(PR) > 1 nORW ABS(PI) >1 WTHEN® NBEGIN®
COMDIVIQRsOIsPRsPIoHRSHI) S
COMDIV(HRsHIsPRsPI,HRSHI) S
COMSQRT(1+HR,HIsHR,HI )3
COMMUL{PRsPIoHR+1sHTI»GR»GI)3
WENDW ME|SEM WBEGIN® COMSQRT(QR+ (PR+PIVk(PR=PI)sQI+ PRH¥PI*2,HR,HI}}
WIFY PR % HR 4 PI # HI > O WTHENW
HBEGIN® GR t= PR + HRIGI 3= PI ¢ HI WENDW ®ELSE™
WREGINY GR 3= PR = HR3GIt= PI1 = HI WENDW;
WENDMS
COMDIVI=QRs=0TsGRsGIsKRsKI) 3
WEND®
WENDM COMKWD1:
wEDPH
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