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Preface

Over the past decades, much attention has been paid to the use of
preconditioned iterative methods for the solution of self-adjoint elliptic
boundary value problems. A thorough investigation has shown that
these iterative methods are eminently applicable for the solution of most
frequently occurring elliptic problems. However, elliptic boundary value
problems are relatively simple, and the increase of the computational
capacity of the large computer mainframes nowadays creates a growing
need to investigate more complex physical problems, such as those found
in the oil recovery, airplane and semiconductor industry. As there is a
growing demand for the investigation of these — often time-dependent
— physical problems, the study of the behaviour of iterative methods for
this type of problems becomes of interest. In view of this development,
this thesis considers the use of such methods for the global finite element
technique applied to initial value problems. This application, recently
shown to be one of a growing interest, has been far less studied so far,
the cause being undoubtedly the complexity entailed by non self-adjoint
differential equations, which can for instance give rise to a solution with
layers moving in time.

In general, the performance of iterative methods for the solution of non-
linear time-dependent partial differential equations depends strongly on
the applied discretization technique, since this technique determines
the subsequent systems of equations to be solved. If the discretization
technique is by a finite element method, the following discretization
degrees of freedom can be distinguished.
e The construction and refinement of a computational grid covering
the computational domain.
e The type of finite elements and associated basis representing the
approximate solution on this grid.
e The non-linear solution method to linearize either the partial
differential equation or the related system of equations.
e The type of — preconditioned iterative — solution method for the
solution of the resulting assembled systems of linear equations.
Each of these points will influence the behaviour of the iterative solution
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method since it influences the coefficient matrix of the system of equa-
tions as well as the coefficient matrix of the preconditioner. For many
physical non-linear time-dependent problems the total computational
solution time involved is dominated by the construction of a suitable
computational grid and the assembly of the resulting linearized system
of equations. Therefore, even iterative methods of optimal complexity,
i.e., with a number of arithmetic operations proportional to the degrees
of freedom, may not lead to effective overall solution methods. In or-
der to overcome this problem, one may integrate the grid construction,
matrix and preconditioner assembly and iterative method into a non-
linear iterative solution method. Alternatively, one can try to optimize
the separate discretization parameters and study the behaviour of pre-
conditioned iterative methods for linear systems of equations separately,
using iterative methods to be found in the literature.

In order to gain insight in the behaviour of the types of linear iter-
ative solution methods for the discretization parameters to be proposed,
the latter approach of separate analysis has been followed in this thesis.
This will hopefully contribute to the construction of effective iterative
solution methods in the future.

To solve the non-linear time-dependent equations, a continuous global
time-space finite element discretization technique will be examined.
This technique uses a finite element approximation in time and space
simultaneously, for a relatively large time-period (¢;—1, ¢;], called time-
slab. The technique is called continuous since the approximate solution
ont = t; will be taken to be an initial value for the solution to be ap-
proximated on the next time-slab (¢;,t;.1], leading to a finite element
solution in time-space which is continuous throughout the whole compu-
tational domain. This is in contrast to the so-called discontinuous global
time-space finite element techniques which are said to be discontinuous
since the solution on each next time-slab only approximately satisfies
the initial value provided on the previous time-slab at ¢ = ¢;. This allows
the approximated solution on the computational domain to be — slightly
— discontinuous at the interfaces between time-slabs. The advantage of
the latter methods is the possibility to adjust the computational grid at
the interface of two time-slabs, but as it turns out to be fairly easy to
use locally refined grids in two and three space dimensions (see chap-
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ter 5 and Binsch [12]), this becomes less important. Early work on the
discontinuous methods in time-space can be found in Hulme [15] for or-
dinary differential equations, and in Jamet [16] for parabolic problems.
More recent publications can be found in Johnson [17], [18] and Aziz
and Monk [9]. For publications concerning the continuous time-slabbing
technique see Axelsson and Maubach [5], [6], of which a summary can
be found in chapters 1 — 4.

In order to obtain an accurate approximate solution on a given time-
slab — as pointed out before, the solution of the differential equation
may have layers moving in time — a coarse initial computational grid of
simplices covering the time-space domain has to be provided (simplex
in two and three space dimensions stands for triangle resp. tetrahe-
dron). Considering problems with one space and one time dimension, a
two-dimensional computational grid is constructed from a coarse initial
computational grid with the use of local newest vertex bisection refine-
ment as shown in Mitchell [19] or Sewell [20]. In the three-dimensional
case, i.e., two space dimensions combined with the time dimension,
analogous refinement methods exist, as is shown by [12]. Contrary to
the two-dimensional regular refinement method of a triangle into four
congruent children, see for instance Deuflhard and Leinen [14], this
newest vertex bisection grid refinement technique has rarely been ex-
amined and/or applied before and is therefore investigated in detail in
chapter 5. The approximate finite element solution on a given time-slab
will be represented either on a standard nodal finite element basis, as
explained in Axelsson and Barker [3], or on a hierarchical finite element
basis as in Yserentant [23].

First, this bisection refinement turns out to be simple to analyze
and effective, i.e, the computational time involved to track and refine
along moving layers is relatively small compared to the computational
time used by the linear iterative solver for the solution of the systems of
equations. Further, as the bisection refinement technique is rather sim-
ple, a sparsity pattern analysis of the resulting matrix can be given (see
section 5.5), leading to a finite element row-wise ordered matrix storage
method, different from the classical row-wise ordered matrix storage
method to be found in [3] or in Bank and Smith [11]. This enables
numerical tests with matrices explicitly represented on a hierarchical
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finite element basis, contrary to results in Bank et. al. in [10], where
the hierarchical matrix is never assembled. Such tests exploiting clas-
sical preconditioning techniques for an hierarchical basis, to the best
knowledge of the author, have never been published in the literature
before.

Furthermore, related to the new matrix storage method, the finite
dimensional vector representation to be used for the approximate so-
lution is also non-standard. Contrary to classical grid point numbering
strategies, where one tries to optimize the bandwidth of the resulting
matrix (see [3]), in this thesis the points are numbered such that the
numbering reflects the level of local refinement applied to create them,
as explained in chapter 5. Since the numbering of the grid points does
not change the resulting finite element basis, it does not influence the
rate of convergence of unpreconditioned iterative methods as this rate
is only determined by the eigenvalues of the matrix. However, if one
uses incomplete Gaussian factorization ILU for the construction of an
accelerating preconditioner, the spectrum of eigenvalues of the precon-
ditioner will depend on this numbering due to the incomplete nature
of the factorization and thus influence the rate of convergence of the
accelerated iterative solution method.

After the determination of the grid and the local refinement technique,
the finite element basis functions to be used for the solution on one time-
slab are taken to be of the exponentially weighted type as in chapter 2
and/or the upwind Petrov-Galerkin type as in chapter 3. This choice has
no influence on the matrix storage or sparsity pattern analysis referred
to above. The weighing or upwind version of the standard nodal or hier-
archical basis functions is used since this yields better results on coarser
grids. For the relatively recent continuous global time-space finite ele-
ment discretization this is shown by discretization error estimates for a
variety of physically interesting classes of problems in the first chapters
of this thesis. Although most discretization error estimates are valid for
finite element basis functions of arbitrary high polynomial degree, only
the linear case, and in chapter 7 the quadratic case, is considered in the
numerical tests presented.

For the linearization of the partial differential equation on a certain time-
slab the damped inexact Newton algorithm as presented in [13] is used.
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One can follow two lines of analysis. One possibility is to use the fi-
nite element method directly for the discretization of the time-dependent
non-linear differential equation, resulting in a non-linear algebraic equa-
tion, which can be solved by the damped inexact Newton algorithm. This
approach has been followed in some of the numerical tests in the first
chapters where the initial coarse grid was refined prior to the application
of the non-linear Newton method.

Alternatively, one can use the Newton method to construct a se-
quence of linear partial differential equations, to be solved by a finite
element rethod, but not necessarily on identical grids. Using this ap-
proach one can combine the Newton method with adaptive refinement
of the grid until the desired accuracy is obtained. This approach has been
used in chapter 5.

The use of a Newton-like non-linear solution algorithm requires
the assembly of the Jacobian matrix, involving the computation of
derivatives. As will be shown for all special but frequently occurring
cases to be presented, this assembly is relatively easy and turns out to be
not much more expensive than the computation of the gradient. It was
often considered to be an expensive task, see e.g. [7] where the Jacobian
matrix is only updated in regions where the solution varies relatively
much. Chapter 7 demonstrates that for the cases to be considered in this
chapter there is no reason to avoid the updating and assembly of the
Jacobian matrix. '

Finally, the iterative methods are presented in the last chapter. Most of
them can be found in [1], [2], [3], [21] and [22]. They are well-known
and have been tested thoroughly in the literature for non self-adjoint
static problems. Several numerical tests in this thesis demonstrate their
performance for the systems of equations emanating from the continuous
global time-space finite element technique, showing their applicability
also to this type of initial value problem. All tests involve an acceleration
by a preconditioner obtained by an incomplete Gaussian factorization,
and are therefore influenced by the grid point numbering as determined
by the local grid refinement technique used. It should be noted that
this type of Gaussian preconditioning is probably far from optimal.
For elliptic self-adjoint boundary value problems on regular grids there
exist optimal order algebraic multi-level iterative solution methods (see
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e.g. [4] or [8]) which can in certain cases be extended to grids obtained
by the local bisection refinement proposed, as is shown in chapter 6. The
construction of optimal order iterative methods for the non self-adjoint
type of problems examined in this thesis still remains an open problem.

The remainder of this thesis is organized as follows. Chapter 1 introduces
the classes of partial differential equations to be considered, defines the
notations to be used in the sequel and presents the continuous global
time-space finite element solution method. It is shown that this method,
which is related to a Petrov-Galerkin variational formulation, leads to a
global discretization error bounded by the maximum local discretization
errors over all time-slabs. The solution of the differential equation per
slab and the applicability of the theory presented is demonstrated with
the use of a simple example differential equation, for which an estimate
for the local discretization errors is provided. Next, chapter 2 defines
the continuous global time-space finite element discretization method
for time-dependent problems in one space dimension and provides dis-
cretization error estimates in order to show that the local discretization
errors are relatively easy to control. An extension of the presented the-
ory to the multi-dimensional Petrov Galerkin streamline upwind case,
is considered in chapter 3. At the end of this chapter a brief discussion
concerning the applicability of global finite element techniques to more
general cases can be found. Then, after the first chapters dealing with a
single partial differential equation, chapter 4 introduces the continuous
and discontinuous time-slabbing technique for the time-dependent Sto-
kes system of partial differential equations. Local discretization error
estimates are provided and the inf-sup condition related to the global
time-space finite element solution is studied in detail.

Chapter 5 investigates the finite element basis used in all pre-
ceeding chapters in relation with the underlying grid geometry and
refinement. The local grid bisection refinement is studied in detail, the
sparsity patterns of the resulting — hierarchical — matrices are investi-
gated and a solution algorithm, combining the grid refinement method
and the non-linear Newton solution method, is provided. As the grid
refinement method proposed leads to level structured matrices, optimal
order algebraic multi-level iterative solution methods for certain locally
refined grids are considered in chapter 6.
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The Jacobian matrix underlies all error estimates in the first chap-
ters and is needed for the non-linear Newton solution method. The fac-
torization of this matrix is studied in chapter 7, investigated are the
properties of the quadrature rules used for the computation of its entries.
Finally, the damped inexact Newton algorithm together with the itera-
tive methods are presented in chapter 8. Studied is the solution of the
linearized systems of equations taking into account the stopping crite-
rion, the Jacobian matrix assembly and its preconditioning. The iterative
solution methods presented are the basis for all numerical tests presented
in this thesis.

All chapters are related to reports which are published, to appear, sub-
mitted or in preparation. Every chapter will be accompanied by informa-
tion, explaining to which reports its sections are related. Some of them
contain additional unpublished sections explaining the basic principles
underlying the theory presented. To avoid overlap, some — parts of —
sections have been deleted, under reference to an earlier chapter, and
cross references have been added. The number of numerical tests has
been reduced by replacing the original — published — tests by new ones:.
Further, in order to enable a more uniform presentation, some notations -
originally used in the reports have been adjusted. However, different
fields in physics prefer their own notation for the diffusion tensor, to
be introduced in chapter 1. In order to adapt to conventional notational
rules the tensor will be denoted as follows.
e Related to the Stokes and Navier-Stokes equation, the diffusion
tensor, being the inverse of the Reynolds number, is denoted by v.
e Related to potential flow theory, it will denoted by p, the non-
linear potential flow density.

e Applied to potential electromagnetic problems, the tensor, refer-
ring to the electromagnetic reluctivity, is denoted by v.
e It is denoted by e in the case of a singular perturbed parabolic
equation.
Finally, for static differential equations, the domain of definition will
always be denoted by §2, throughout all chapters. If the problem is time-
dependent, then §2 will denote the space domain and @) will denote the
time-space domain in order to avoid confusion. Without regard of the
time-dependency, the grid is denoted by Q and all definitions related to
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the grid and the finite element basis defined thereon are with the use of
calligraphic characters.
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The global time-space
finite element method

The abstract and all sections except the added sections

on variational formulations and finite element discretizations

are part of: Axelsson O. and Maubach J., Stability and high order
approximation of monotone evolution equations valid

for unbounded time by continuous time-slabbing methods,
Internal report of the Supercomputer Computations

Research Institute, Florida State University, Tallahassee,

U.S.A. 1990, submitted to SIAM Journal on Numerical Analysis.

Abstract

Using amazingly straightforward and short proofs it is shown that sta-
bility for unbounded time and arbitrary high order discretization errors
for evolution equations with strongly monotone operators, such as arise
for non-linear parabolic problems, can be achieved using time-slabbing.

Within each time-slab one for instance can use finite elements in
the time-space domain. The advantage of doing so is that for problems
with layers (boundary or interior) one can easily obtain a certain order of
the quality of approximation, using an order of magnitude fewer degrees
of freedom than is needed for classical time-stepping methods, possibly
using moving grids.

Key words: Initial value problems, Finite elements, Error bounds, Grid
generation and refinement, Stokes equation
AMS(MOS) subject classifications: 65L05, 65M15, 65M50, 65M60



2 The global time-space

1.1 Introduction

When solving semidiscretized evolution equations for non-linear partial
differential equations using standard time-stepping methods, it turns out
to be difficult to achieve a high order of approximation in both time and
space. The reason for this is that because of the stiffness of the problems
a severe reduction of the order of approximation, obtainable for non-
stiff problems, can occur (for details, see [17] and [28], for instance).
Furthermore, classical theories for ordinary differential equations are
not applicable because the order of the systems and the stiffness of the
problem for semidiscretized evolution problems increases with some
power of h~! where h is the stepsize parameter in space.

For some results for lower (second) order time-stepping methods,
see [3], [6] and [24]. In [6] and [24] it was shown that using the so
called ©-method with proper values of O, error estimates of up to second
order of approximations are valid for unbounded time and infinitely stiff
problems, if the operator satisfies the strong monotonicity condition to
be presented in section 1.2. Also see [12] and [13], where it is shown
that one can obtain higher than second order B-convergence for certain
classes of problems. '

In recent years much attention has been paid to moving finite
element methods. In these, the grid is adjusted in space at every time-step
to resolve steep gradients in the space variables of the solutions better,
but the time-step itself is taken constant for the whole space domain.
This means that the time-step must be chosen as small as the steepest
gradients in time require for their solutions but this time-step may be
far too small for the part of the domain where the solution is smooth.
As has been indicated in [25], there is also a danger of overlooking long
range effects of small eddies (circular currents), corresponding to high
frequency components in such methods.

It is shown that by a time-slabbing method, i.e., a method where
one recursively solves the evolution equation in a time-space domain
(called slab) with fixed size, using finite element methods in time-space,
one can resolve the solution where it has layers, i.e., steep gradients,
more efficiently, namely with an order of magnitude fewer degrees of
freedom than for the classical time-stepping method.

In addition, it is shown that this method is stable and that the error
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estimates remain bounded for all times for strongly monotone evolution
equations — which can be infinitely stiff — and depend only on the local
errors at each time-slab. Using finite elements of arbitrarily high order,
for instance a p-method, one also gets discretization error estimates
in time-space of arbitrary high order. The disadvantage with the time-
space finite element method is that one needs elements in a space of one
dimension more than for the space variable of the evolution problem.
However, as has recently been shown in [2] and [11], there now exist
solution methods using a multi-level structure of the matrix for which the
computat.onal complexity is optimal — or suboptimal by a factor log h —
that is, the number of required arithmetic operations is proportional, or
nearly proportional, to the degrees of freedom. This means that method
to be presented, which is of the implicit type, acts essentially as an
explicit method as far as the computational complexity per time-step is
concerned.

The method to be presented steps forward from one time-slab to
the next in a continuous manner, i.e., simply by using the values at a
time ¢; computed for the time-slab (¢;_1,%;], as a Dirichlet boundary
condition for the next time-slab (¢;,¢;.1].

Methods which use time-slabbing techniques but based on a dis-
continuous stepping method, i.e., which allow for — small — disconti-
nuities of the function values at the interface between two time-slabs,
have been considered in [21] and [23]. The advantage of the continuous
time-slabbing method presented here over these earlier methods is, that
it enables the use of standard finite element packages for convection dif-
fusion equations and in addition is simpler to implement and to analyze.
Global error control is provided for, simply by controlling the local er-
rors for each time-slab. This can for instance be done using an adaptive
grid refinement method, with hierarchical basis functions. By creating
hierarchically defined growing finite element spaces for each time-slab
one can solve problems with various scales of physical details. The
continuous method was first presented for a special application in [9]
and [10]. In the present chapter more general proofs will be presented
and applied for evolution equations.

The remainder of the chapter is organized as follows. In sec-
tion 1.2, the type of evolution problems to be considered is introduced,
after which in section 1.3 the variational formulation of the time-slabbing
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method is presented. In section 1.4 the stability of the method is shown
and, after section 1.5 on finite element basis functions, discretization
error estimates are derived in section 1.6. In the last section some con-
clusions are drawn.

1.2 A class of stable evolution problems

There are two general classes of evolution problems — see (1.2.4) — that
are potential candidates for the efficient application of the time-slabbing
method. In order to introduce them, let  C IR"™ be an open bounded
connected domain, defining the time-space domain @ = Q x (0, 00) as
is shown in fig. 1.2. Then, let for an open and bounded set X C R™,
m > 1, X stand for its topological closure, C?(X) denote the set
of p times continuously partial differentiable functions u: X — R,
and C?(X) c CP(X) be the subset of those functions for which all the
partial derivatives can be extended continuously to the boundary 0X
of X. Further, let C°(X) denote the set of continuous functions on a
set X and let the partial derivatives of a vectorial function u on 2 be

defined by Vu = [Vuy,...,Vu,]T with '

1

| 2) 2

Throughout this section V will denote the gradient in the space direc-
tions only. In the case of possible confusion, this gradient will be denoted
by V..

Related to the evolution equations, for given 0 < ¢;_1 < ¢;
boundary conditions u. will be prescribed on the cylinder surface T'. =
{Gx,t) e R™:x € 02 At € [tj—1,t;]} and an initial value uo will be
given at the bottom boundary I'; = {(x,t) € R*.x e QAt= tj—1}.
Here 0 stands for the boundary of the space domain, which is assumed
to be smooth (see [1] or [27]). Finally, let I'p = I'; U T'; and define
for 0 < t; < oo the top boundary I'; = {(x,t) € Q:x € Q At =¢;}.
Boundary conditions on I'y will be denoted by ug, on the cylinder surface
by u., and on the union of the latter two by v = (uo, u.).

19 . 9 4T _(v
Zut - [6131 Ugyoony 5;;;”1] and lzul - (Z

i,7=1

dz;
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In the sequel, unlike usual, C?(Q2) x C?((t;—1,t;]) denotes the set
of functions on the time-space domain  x (¢;_1,t;] which are p times
continuously partial differentiable in the directions of the domain 2 and
q times in the time direction.

The first class of problems can be described by the nonstationary La-
dyzhenskaya model for incompressible viscous flow

B - 3 agk (e(")azk") * ,52“"3%" *tVe=S  qa
Viu=20
in @, and
u(x,t) = u(t)
u(x,0) = uo(x)
atI'; and T';. Here
e the solution components & and p are such thatu = [uy,...,u,]7,
with ug,...,u, € CQ) N {C3() x C'((0,00))} and p €
C'@) n {C'(@) x C°((0, o))}
e the initial value function uy, Dirichlet boundary conditions u.

and source function f are n-dimensional vectorial functions.
e the diffusion tensor e is a function of u.

e(w) =0+ €| Vu|T2, (1.2.2)

where2 < ¢ <4,¢90 >0and e > 0.

The nonstationary Ladyzhenskaya model for incompressible viscous
flow reduces for €; = 0 to the Navier-Stokes equation, and if in addition
the non-linear convection term is neglected, the equation reduces to
the Stokes equation. A finite element approximation method for this
problem (see section 1.5) was recently studied in [16].

The second class is the class of non-linear convection-diffusion problems
described by the equation

%u - an:l 3% (e(u)ag—ku) +bTVu= f in@Q
o u(x,t) = uc(t) atT,
u(x,0) = uo(x) atl'y.

(1.2.3)
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In this case _ ~
e the scalar solution u € C°(Q) N {C%(Q) x C!((0, %))}
e the diffusion tensor e(u), which is given by

0 < e(u) = e(x, t, |Zu|2) < 00,

can be non-linear and time-dependent.
e the absolute value of the flow field b = b(x,t) is bounded above

in Q.

The classes of differential equations defined above have a space-domain
which does not vary with time. However, the theory to be presented is not
restricted to such cases. It allows for space-domains varying with time,
but in order to simplify notations it will be assumed that the boundary of
the domain does not change with time. Also, without loss of generality,
in order to simplify the presentation of the global time-space finite
element method, only problems with Dirichlet boundary conditions will
be studied. In the presence of Neumann boundary conditions at — parts
of — the cylinder I, the theory can be presented similarly.

In order to show that the solutions of the problems above are stable let H
be a reflexive Banach space and consider an evolution equation of the
form

d
all‘}'G(u,t)—O t>0
u(0) = up

where ug € H, and the restriction to time ¢ of the solution u, u(t) € H
for all ¢ > 0. Here, by definition, the functionals Hd? -, G(-,t) are
mappings H — H', where H' denotes the dual space of H. As H is
reflexive, there exists a Hilbert space L such that H is a continuous
injection of L which is a continuous injection of H'. Letin L (-, - ) and
|| - | denote the inner product resp. associated norm, and let (-, - ) be the
duality pairing on L' x L. Clearly, this formulation includes the special
case where G in (1.2.4) is a complex vectorial function of ordinary
differential equations.

(1.2.4)

In order to show the stability of the solutions of G, the following defini-
tions are introduced. First, the function G(-, t) is called an unbounded
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functional if
|G, t)| = o for |u]] — oo

for every time ¢t > (. Further, the functional G is said to be monotone
if there exists a nonnegative continuous scalar function p: [0, c0) — R
such that

(G(u,t) - G(V, t)au - V) Z P(t)"u - V"2 Vu,vEHVt>0 . (1'25)
and G is called strongly monotone or dissipative in the case where in

addition
p(t) > po >0 Viso.

Finally, G is called conservative (such as is the case for first order
hyperbolic systems) if

(Gu,t) — G, t),u —v) =0 VuyeuVi>0. (1.2.6)

It can be seen (see [16]) that Ladyzhenskayas equation (1.2.1) under the
appropriate assumptions corresponds to an evolution equation with an-
unbounded monotone operator. The same is valid for (1.2.3) under the
appropriate conditions on the diffusion tensor and flow field.

Now consider the stability properties of the functional G. If u and v are
two solutions of (1.2.4) for different initial values, then

%(%(u — v, 8 =)+ (Gl t) — GOt u—¥) =0 V0,
that is, by (1.2.5)

d
e =v1")+ 200l =¥ <O Viso

which leads in turn to

t
lu(®) — v(®)|| < exp (— /0 p(s)ds) [#©) = vO)] Veso (1.2.7)
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since the solution of x; + 2p(t)x = c(t) for x(0) € [0, 00) and c(t) < Ois
given by

t
0<x(t)= [x(0)+ / c(s)e*® ds] e~ o®
0
< x(0)e—*®

where a(s) =2 fos p(s)ds. Hence, (1.2.4) is stable for monotone opera-
tors. If F' is strongly monotone then this equation reduces to

le@) — v®)]| < e u(0) — vO)|| Viso, (1.2.8)

$0 [|(w—»)(t)|| — Oast — oo, which means that (1.2.4) is asymptotically
stable. Finally, if G is conservative, then

le(t) — v(@)|| = @) —v(0)| Viso

according to equation (1.2.7).

1.3 A variational formulation

In this section the variational formulation principle will be introduced.
To this end some basic Sobolev space theory is presented and the gradient
functional and its directional derivatives are defined. After an example
of a strictly monotone functional G the global time-space variational
formulation for this example is presented.

To simplify the introduction of the variational formulation, as-
sume that the problem under investigation concerns a scalar problem,
i.e., u = u. Let for an open, bounded and connected set @ C R",
L2(Q) be the space of Lebesgue square integrable functions over  with
associated inner product resp. norm given by

(u,v):/uvdx and  |u| = (u,uw)"/?,
Q

using the Lebesgue integration. Let the Sobolev space H?(§2) be the
closure in |- | norm of the set of CP(Q) (see e.g. [27]). As HP(R) is
the closure of a set of functions which are continuously differentiable,
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associated to each function u € HP(2) exists a so-called trace function,
the restriction of u to the boundary of the set 02.

Most partial differential equations involve Dirichlet boundary
conditions, prescribing the solutions trace at — part of — the boundary of
the domain. Therefore, let the Dirichlet boundary be denoted by I'p C
0N and define the associated set of functions

H%() = {u € H(Q):u = f at Tp} (1.3.1)

for a given trace f. By definition let 'y = 02 — I'p be that part of
the boundary where Neumann boundary conditions, involving the first
derivates of the solution, are prescribed.

The classical variational formulation solution method to obtain a solu-
tion of a differential equation can be seen as a method to find a minimum
of an energy functional g: H,IY(Q) — IR for a given trace . As an example
look at the energy functional

g(u)=%/ﬂ|2u|2dx

defined for all u € HL(Q). In order to find a minimum u € H},(Q) of g
look at the Gateaux directional derivative for allv € H(l,(Q) defined by

5 1
=(g'(u),”)

where the derivative ¢'(u) is by definition required to be a linear func-
tional on the space H(I,(Q) for all u, and where the derivative value
of ¢'(u) in the direction of v is denoted with the use of the duality
pairing (-, -):[H'(Q)] x H/(Q) — R. If the limit in (1.3.2) exists
uniformly in v then the functional g is said to be Fréchet differentiable.

Clearly, the functional g attains a minimum in u € H} (Q) if the
directional derivatives in all directions v € H(l)(Q) are equal to zero,
where with the use of (1.3.2)

(1.3.2)

(G(u),v) = / VuTVov dx (1.3.3)
Q
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forallv € H(l,(Q), where G = ¢’ is called the gradient of g. Analogous
to the definition of the directional derivative of g, the derivative of G is
defined by

9 G(u),v) = lirr(l) -}(G(u +sw) — G(u),v)
C'—b

(6w (1.3.4)
=(G'(u)w,v).

In this case, where G’ is the second directional derivative of the energy

functional g, it is called the Hessian matrix. However, one can prove that

there does not exist an energy functional corresponding to a ‘gradient’

functional G(u) if its derivative (G'(u)w,v) is not symmetric in the

arguments v and w, an example of nonsymmetry being

(G'(wyw,v) = / VwIlVv+bTVwo dx
Q

for a non-zero flow field b. In this case the functional G’ is called the
Jacobian matrix, i.e., the first derivative of G, but in the sequel G will be
called gradient for the sake of simplicity, even if there exists no related
energy function.

Now finding the minimum of g is related to finding the solution of: Find
a function u € H! () such that

A solution u € HEY(Q) N C%(Q) of this problem is also the solution of
the related partial differential equation

—Au=0in

1.3.6
u=~vatl'p =00 ( )

since, using a Green-Stokes partial integration lemma (see e.g. [7]), one
has

/_V_u’-’"y_vdx=/ —vAu dx
Q Q
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for all v € H}(R). A classical solution u € C%(Q) of equation (1.3.6)
is also a solution of (1.3.5), which is called the Galerkin variational
formulation of (1.3.6). Note that there is less regularity required of a
solution satisfying (1.3.5) than for a solution of (1.3.6).

Now recall equation (1.2.4), and let H = H'(Q), L = L*(Q) where
the associated norm, inner product and duality pairing are those related
to L2(£2). Before introducing the global time-space variational formula-
tion consider the example where 2 C IR™ and the Laplace functional
G(-,t). I — H'in (1.2.4) for all functions u € H is given by

(G(u,t),v)=/ZuTZv dx Ve Viso.
Q

This functional is strongly monotone since for solutions v and v of

equation (1.2.4) and for w = u — v, with the use of a Green-Stokes
partial integration lemma

(G(u,t) — G(v,t),u — v) =/ VuwlVw dx
Q

=/ IV w|* dx — f wY wlnds
Q r

=/ IV w? dx+%w2ds
Q r

ZC/ w? dx  Viso
Q

for some positive scalar ¢, independent of u, v and ¢t > 0. Here, boundary
integrals can be deleted and added since for solutions u, v clearly u —v =
0 at 992. The inequality above holds in general, for all functions w € H,
see e.g. [27], page 20. Since this inequality will be used quite frequently
in the sequel, in order to understand it, consider

Lemma 1.3.1 For a domain Q@ C R", n > 2, with smooth enough
boundary,

/uzdx S% usznds+c2/ IV | dx
Q o0 Q
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for all functions u € H(Q), where = sup{|x|*:x € Q}/(n — 1).
Proof. For a given function u € C2($) by partial integration one gets

/uzdx= uz:t-nzds—/m(uz)z dx
Q onN Q

=f uza:-n,ds—/Z:cuuzdx
on Q

5f ulz -nyds+ / (uac/c)2 + (Cuac)2 dx
N Q

for arbitrary positive scalar ¢, where n; € R denotes the one-dimen-
sional z-component of the unit outward normal vector. This leads to

/u2(1 —(z/c)?) dx 5}[ u’z - n, ds+c2/(uz)2 dx
Q anN Q

whence the application of this procedure to every space dimension n
yields

/ w(n — (x|/0)) dx < ]{ wxTn ds + & / IV uf? dx.
Q on Q

Setting ¢? = sup{|x|*:x € 2} /(n — 1) gives forall x € O

2
[x|

sup{|x|*:x € Q} '

n—(x|/c)* > n - n-12>1,

and exploiting the fact that H!() is the closure of CZ(—Q) under the L2
norm leads to the desired result forn > 2. O

Note that lemma 1.3.1 is only valid for n > 2; for the simple one-
dimensional case see [27]. With the use of lemma 1.3.1 now G is clearly
strictly monotone since w = 0 at the boundary 0X2.

A global time-space variational formulation associated with the ex-
ample functional G is now derived in the following way. Define for a
given positive ¢y a computational domain Q0 x (0,1 ], for the sake of
simplicity denoted by Q@ C IR™*! for the remainder of this paragraph.
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Then, for a solution u € C*() x C!((0, 00)) of equation (1.2.4) and
smooth enough function v satisfying homogeneous Dirichlet boundary
conditionsonI'p =T UT, i.e., v =0 at I'p, one has

ug—Au=0  Vecq ic0,00) =

/Q [ue@x, ) — Aux, )] vdx =0 Vig,00) =

ty

// [ut(x, t) — Au(x, t)] v dxdt =0 =

s Jo

/ —uvg + VuTVo dedt +/ vVuTn, ds +/ uvngds =0 =
Q 8Q aQ

/ —uvy +VuTVo dedt +/ uv(x,ty) dx =0

Q Q

where n, is the n-dimensional space component of the unit outward
normal vector of the surface 0Q of Q and n; is the one-dimensional
time component of this vector. Taking the derivatives into account, this
latter formula is well defined for all functions u € CO(_Q) N {HI,(Q) X
L2((O, t 1)} and all functions v € H(l,(Q). Here the latter space is defined
substituting @ for € in (1.3.1) and, unlike usual, H2(Q2) x L?((0,%,])
is the set of functions v on Q2 x (0,t;] which have trace v, are p
times generalized partial differentiable in the directions of the domain 2
(see e.g. [7]), and for which the Lebesgue integral of u? + |V ul’
over £ x (0,ts] exists. Therefore, in this case, the global time-space
Petrov-Galerkin variational formulation of (1.2.4) will be given by:
Find u € C°(@) N {H!(Q) x L?((0,¢,1)} such that

(F(u),v) = / —uvy + VuT Vo dedt +/ uv(x,ty) dx
Q Q (1.3.7)
=0 Vienyo)-

The formulation is said to be of the Petrov Galerkin variational for-
mulation type as the space of possible solution functions u, called trial
functions, is not equal to the space of approximating test functions v.

Note that a variational formulation requires less regularity, i.e., smooth-
ness of derivates, of possible solutions in general. However, a classical
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solution of (1.2.4) is also a solution of (1.3.7). Therefore, if one can
prove that there exists only one solution to this latter equation and if
one can prove that there exists solutions of (1.2.4), then the solution
of (1.3.7) will be a solution in the classical sense.

1.4 The time-slabbing solution method

In order to solve equation (1.2.4) the computational domain 2 x (0, ¢ ;] C
Q will be partitioned in time-slabs

Q; = x (tj—1,t;] where O=t)<t;<...<tj<o0

assuming without loss of generality that t; — ¢t;_; = At. In order to
introduce the continuous time-slabbing technique let

e i be the exact solution of (1.2.4) on @ for given initial value uo.

e i; 1, be an approximate solution to the same equation on (); on
the first time-slab satisfying the initial value uo,4, an interpolant
or spline approximation of ug, but at each following interval its
initial value satisfying @ p(tj—1) = #;—1,5(tj—1).

e i be the exact solution of (1.2.4) on Q; satisfying the same initial
value as the approximate solution, i.e., #;(tj—1) = @&;—1,n(tj-1)
forallj=1,2...,J.

Note that &, @; » and i; satisfy the same boundary conditions-at 0Q);.
The functions &; » and @; also satisfy the same initial value condition.

As the approximation method to obtain #; 5 is of no relevance to the
proof of stability, it will be specified later on. Actually, & (¢;—1) caneven
contain types of errors such as numerical quadrature errors and iteration
errors due to the use of an iterative solution method and premature stop-
ping, or errors due to the interpolation of the initial value &;_1,(t;—-1).

The stability analysis for the evolution equation (1.2.4) for strongly
monotone operators now follows readily by (1.2.8). Using the definitions
above one can see that on an arbitrary time-slab Q;

la(t;) —@;n @)l < Nact;) —a;@EHN + la;t;) — i n ;)|

BV ' (1.4.1)
< emPe A actiy) — @it + el
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where the local discretization error at time t; is given by |[r(t;)|| =
lé;(t;) — @ n(t;)|. Note that for

liCtj—1) — (50| = lluo — uo,nl, j=1
lat;—1) — ;-0 = |at;-1) — -1, Ci-Dl, 7 €{2,...,J}

by definition. Repeated use of the above in combination with (1.4.1)
shows that the global discretization error can be estimated by

J
it )=y n )| <e 7P A ug—uop|+ Y e~ Ap(t ;)
b b J
i=1
1= e—JpoAt
—_— max
1 —e= POt 1< i<y

I

<e™ 7P lug—uo,u | +

)l

—Jp. A
e e M lwo—uonl+ T — oA 1o,

for all p, At € R large enough, since

forall 1 # 2 € Rand J € IN. This leads to the following elementary
but important result.

Theorem 1.4.1 Let ;1 be the approximate finite element solution of
the evolution equation (1.2.4) on Q; for initial value @;_; 1 (t;—1) and
let it; be the exact solution of this equation on Q;j for the same initial
value. Then, if G in (1.2.4) is strongly monotone,

lats) — g ntnl<e 772 luo — uo p ||+
(1 —e™?2H~1 max ||r(t))| (14.2)
<<t

forall J € IN, where r(t;) = uj(t;) — @ n(t;) forall j € N and ugy, is
an interpolant or spline approximation of ug. O
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Theorem 1.4.1 shows that one has control of the error, even on an
unbounded number of time intervals, and that the error at any time line
or plane ¢ = t; is bounded by the maximal local error |r(t;)| times the
constant (1 — e~?>4%)~!_ Since the scalar /At can be taken fixed this
constant can also be regarded fixed. (see also [19], page 160).

Similarly, for monotone and conservative operators, the error
bound

la@ts) — g n@s)| < |luo—won| +J l1<’ﬁjaétjlll‘(tj)|| Vien (1.4.3)

is readily derived. Here the errors will increase at most linearly with the
number of time-slabs.

1.5 The finite element discretization

In order to introduce the finite element discretization technique let the
domain @ be covered completely by a set of simplices Q, where in
two dimensions simplex stands for triangle. This set is called grid, and
its elements have mutually empty intersection (for more details see
chapter 5). This grid will be used to construct the finite element basis
functions, which must be of high order if one wants to obtain a high
order discretization error estimate.

First, for the sake of simplicity, consider the definition of piecewise linear
basis functions. Let the n-dimensional reference simplex A C R™ be
defined by

A={xeR:2>0A) i <1},

j=1
having n + 1 vertices Xi,...,X,41 = 0,(1,0,...,0),...,(0,...,0,1),
where for abbreviation ¥, = (£1,r,...,%n,r), and ¥ > 0 means Z; > 0

for all r. It is well-known that for each simplex A € Q there exists an
affine transformation
T12—T1,1 ccc Tinsl — TLl
x=Fprx+x = X+x

Tp2—Tpl - ZTpn+tl — Ta,l
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mapping the reference simplex A onto A such that &1, ...,%n4 are
mapped onto Xxi,...,Xn+1 (see [7]). In order to distinguish vertices of
different simplices easily, the vertices x, of a simplex are denoted by x{)
when needed.

On the reference simplex, corresponding to its vertices, n+ 1 linear basis
functions are defined by

@) =1-7 &
r=1
GrE)=&ry, T=2,...,n+1.

Further, let for each simplex in the grid the linear approximation polyno-
mial o™ corresponding to x{™ be given by the relation (™) (x) = (%)
via the affine transformation. If {x;}{¥ denotes the set of all vertices,
then for given number ¢ there will be several simplices A and r =
{1,...,n+1} such that x{*) = x;. Corresponding to each vertex x = x;
a piecewise linear finite element basis function ; is defined element-
wise as follows. If for given A there exists an = such that (&) = x;,

then ; = (™ on A, elsewise ¢; =0on A.

Higher order finite element basis functions are constructed analogously
to the procedure above using a set of polynomials on the n-dimensional
reference simplex and the affine transformation. For the general case
see [7], section 5.1, or [29] where approximation polynomials of arbi-
trary degree p are used. One can also see chapter 7 of this thesis, which
employs finite element basis functions of order two.

Suppose that grid refinement will be used to obtain a suitable grid, as
will be demonstrated in chapter 5, leading to a sequence of grids Qg-o) C

Qg-l) c---C Qg-k). As in equation (5.9.1), the span of the finite element
basis functions on each subsequent grid Qg.k) is denoted by H( Qg-k)) and

Hy(Q) = {u € HQP): ux) = v(x) at V(Q¥) NTp}

where V(Qg-k)) stands for the set of vertices of all simplices in a grid ng).
A basis of finite element basis functions obtained as above is called a
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standard nodal finite element basis. For future use also define the grid
size parameter hg.k), being the minimum simplex diameter of all the

simplices in Qg"). Depending on the circumstances, hg-k) can be denoted
by 2® or just by h.

Let the computational domain be denoted by @ and the grid on @) by Q
and consider the example (1.3.7). In this case for I'p = I'; U T, the
Galerkin global time-space finite element variational formulation will

be given by: Find an approximate or discrete solution i, € H.(Q) such
that

(F(tp),v) =/ — R Vs +X_7_12{S7_v dxdt +/ uv(x,ty) dx
Q Q (1.5.1)

=0 Veenso-

Concerning the existence of such a discrete solution of a Galerkin fi-
nite element variational formulation as above, see Ciarlet [14]. Now,
requiring the continuous solution to be equal to limp o 4y € Hf,(Q),
the global time-space variational formulation used in all chapters is:
Find i € HL(Q) such that ‘

(F(@),v) = / —ivg + VTV drdt +/ uv(x,ty) dx
Q Q (1.5.2)

=0 Viemo-

This formulation requires more regularity of the solution than equa-
tion (1.3.7) as the solution is supposed to be generalized differentiable
in time, but for many cases of physical interest one can show that existing
solutions have indeed the required smoothness.

Before considering the general case in the next section, consider the local
error on a time-slab 2 x (t;_1, ;] for the sake of simplicity denoted
by Q. If, for given initial value, 4 is defined to be the exact solution on
this time-slab and if i, is the finite element approximate solution of the
variational formulation for the same initial value, then the local error is
given by

r(t;) = a(t;) — an(t;).
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In order to estimate this local error define

47, the interpolation of @ in H(Q),

6 :=i— a, € H! (@), the discretization error,
n

:= @ — ity € H(Q), the interpolation error, and
:=up—ur € Ho(Q), the interpolation minus the discretization

To simplify the presentation, assume that the Dirichlet boundary condi-
tions and *he initial value function are homogeneous, whence

[ Pt axs [ 9ol dudt=
Q Q

(F(@p) — F(ig), ) =
(F(@) — F(ag), ) =

/ —np:+ VTV drdt + f np(x,t;) dx =
Q Q
/ e+ VTV dedt
Q
with the use of the relation
/ vvg dxdt = / v3(x, t;) dx — / vvg dxdt VveH},(Q)-
Q Q2 Q
The last term of the former equation can be estimated above by
([ 2 +190f dxaty' [ o +IT o drdt)
Q Q

with the use of lemma 1.3.1 and the Cauchy-Schwarz relation between
inner product and associated norm. At its turn, the last factor in this
bound can be estimated above by

{ / Px ) dr} 2+ { / Vol dedt}'?.
Q Q
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This clearly implies that there exists a positive scalar ¢ such that

[Pwty i< [ G acs [ 1968 dxat
Q Q Q

< / w2+ |Vl dedt.
Q

Hence, using the Necas trace inequality (see [27], page 84), stating that
there exists a positive scalar c such that

}l ulds < ¢ / u? + |V, ul dedt (15.3)
9Q Q

for all functions v € H!(Q) where V, ¢+ denotes the gradient in space
and time, leads to

Il = [ # ety de
<2 [ Pt dr+2 [ ety de
Q Q

<c / nt +|¥nl* drdt
Q

for some scalar ¢ > 0. Using the classical interpolation error estimate
(2.5.2) presented in chapter 2, the bound

Ir@)I < Dr|al,,,
is obtained for all 0 < p < s, where p is the degree of the finite
element approximation polynomials used for the discrete solution and
interpolant. As this is valid for all time-slabs and the scalar D only
depends on the geometry of the domains @ ;, this implies that for time-
slabs of constant width ¢t; — ¢t;_; = At the global error is bounded
above in time, according to theorem 1.4.1. Note that || - ||,,, stands for
the Sobolev s + 1 norm over @, including all space and time derivatives
up to order s + 1.
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1.6 Newton method and local discretization error
estimates

Here the local errors r(t;) for the Galerkin variational formulation
are considered for the problem (1.2.3) on the domain @;, treated as
a convection-diffusion problem. The diffusion tensor is taken to be that
of equation (1.2.2) for a scalar function, i.e., e(u) = € + 61|Zu|q_2.
Let I'p =T’y UT'. and I'; be defined as in sections 1.2 and 1.3. Then
problem (1.2.3) can be reformulated as follows. Find v € H.(Q;) C

H!(Q) x L*((;-1,1,]) such that for all v € H}(Q;)

tl
//[u,v+e(u)zuTzv+szuv—fv] dedt =0, (1.6.1)
Q
1

t; -

where H; (Q;) for a given trace g is defined using equation (1.3.1). Note
thaton Ty and on '3, V uTn, = 0, where n, is the unit outward normal
vector in the space directions. For the simplicity of notation let Q = @Q;
in the sequel.

One can now follow either of two lines of analysis. Using the-
finite element method directly on the non-linear problem (1.6.1) and the
theory for error estimates for bounded monotone operators (see [18]),
we can derive discretization error estimates, similar to the derivation for
linear coercive problems. The resulting equation is a non-linear algebraic
equation which must be solved by some iterative method, such as the
Newton method.

Alternatively, Newton’s method, or some Newton like method
on (1.6.1), can be used to get a sequence of linear differential problems.
Each of these problems is solved by a finite element method, but not
necessarily for identical grids. This latter option opens up the possibil-
ity of combining the algebraic solution method with the discretization
method or more precisely, with the adaptive grid refinement method.
Therefore this second approach has definite practical advantages over
the first one, where one must work on a fixed finite element grid.

Now let F'(u, t) be the Gateaux directional derivative of F'(u,t)
and consider the variational formulation of the Newton sequence u¥,

(Fl(u(l),t)(u(l+1) - u(’)), v) = —T(l)(F(u(l),t), v) VveH})(Q) (1.6.2)
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where, for a given functional G(u,t), F(u,t) = us + G(u,t) and the
duality pairing and corresponding norm are defined by

tj
(u,v) = / / wv dedt, [Jofl = (v,v)"/2.
Q
tj—1

For problem (1.6.1) one has

t
(F(u,t),v) = / / [utv +e)VulVv+bTVuv — fv] dxdt ,
Q
tj

-1
tj

(F'(u,t)yw,v) = / / [wtv +e()Vwl Vo + bTZwv] dxdt +
Q
tj

-1
tj

ba@-2) [ [ 190l TaTTuT Yo dedt,
Q
tj

according to equation (1.3.4). The parameter 7V in (1.6.2) is a damping
parameter if 7" < 1. For 7® = 1, the method reduces to the standard
Newton method. As has been shown in [5] and [15], the damping param-
eter can be chosen such that the Newton method converges for any initial
approximation. In the type of problems here considered, it turns out that
the method converges with 7(¥) = 1, because already the initial function
can be chosen fairly accurately. As has also been shown in [5] and [15],
there is a further important improvement of the Newton method. This
is based on the observation that it is inefficient to solve (1.6.2) very
accurately for the first iterations, because the corresponding approxima-
tion u(*Y is only an approximation of the final solution lim;_, o, u" and
usually not a very accurate one. Therefore, instead, a solution »*D is
computed such thatforall/ =0, 1,...

IF' @@, )™ — u®) + 7O PO, )| < P FD, )|, (1.6.3)

where £ is a sequence of positive numbers converging monotonically
to zero, or to some predetermined accuracy e, i.e., limj_o. e? = e.
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Therefore, as one iterates further, this sequence forces the linearized
equation in the Newton method to be solved increasingly more accu-
rately. This method has been called the damped and inexact Newton
method (DIN), see[S] and [15] for an analysis of its convergence.

What makes this method additionally attractive in the present
context is that it can be combined in a natural way with the finite element
discretization of the problem. At the initial stage one can start with a
somewhat coarse grid and refine this from one Newton iteration to the
next, for instance by adding grid points and hierarchical basis functions
thereon. Note however, that one has to use the exact nodal values of
the bounaary function u. for the new (added) points on the boundary.
Also (1.6.3) needs to be modified to

IF' WP, @™ — uP) + rOF@P, || < P FP, )| (1.6.4)

forall1=0,1,..., where u{" is the interpolant of the function u® from
the possibly coarser grid Q¥ onto the space QU+V. The corresponding
finite element spaces are nested (see section 1.5), H(QW) c H(Q™D)
and are subspaces of H'(Q). A natural choice of the forcing sequence ¢
is then a power of A, :
At every Newton step one needs to solve a linear convection
diffusion problem. The variational finite element formulation of (1.6.4),
assuming homogeneous Dirichlet boundary conditions v = 0, takes the
following form. Find a correction x = u®™D — u{P € Hp(Q™D) such

that
(F'@, t)x,v) = —(F@P,1),v) (1.6.5)

for all v € Ho(QW"D). To simplify the presentation it will now be as-
sumed that the spaces Ho(Q®) = Hy, i.e., are identical for all iterations,
and that R® = h. For the derivation of a discretization error estimate,
first note that for all u € H(Q)

(uy +bTZu,u) =(us — V- (bu), u) and

(us +bTV u,u) = — 3(uV-b, u) + %/ u?(x,t;) dx .
Ts

Analogous to the proofs in [9] and [10], using the condition V-b < 0, the
boundedness of |b|, and exploiting the definition of e(u), it is possible to
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show (see chapters 2 — 4) that there exists a positive scalar ¢ such that
ol Z0ck — x0I +4 [ 0= xrP 1) de < el = ol
3

where the Cauchy-Schwarz inequality and the arithmetic-geometric
mean inequality have been used. Here x; denotes the interpolant of x
in Hop. Now, assume that for some 0 < s < k, where k is the degree of
the approximation polynomials used in the finite elements, the following
relation holds

NV, : O = xDIl < eh?llix o4 -

Here ||| - |||, denotes a Sobolev norm of order s+1 on @ (i.e., containing
LZ(Q) norms of space derivatives of x up to order s + 1) and ¢ a positive
generic constant (in general not the same at different occurrences). Now,
the last two equations show that

1/2
eo||y_<x,.-x,>||m>+{% /P <Xh—XI>2<x,t,->dx} < chllxllp s -
3

(1.6.6)
Analogous to the discretization error estimate at the end of section 1.5,
one can demonstrate that in particular the errors at the interface ¢ = ¢;

1/2
given by the expression { fr3(X — Xn)(x, ;) dx} / , as well as the
finite element errors in the gradient in @), are bounded by the right-
hand side of (1.6.6), which has approximation order s. Hence, if u is
sufficiently smooth and the finite element space of a sufficiently high
order, an arbitrary order of approximation can be obtained.

Note that the parabolic type operators considered here have a
smoothing property in the respect that for increasing ¢, the solution gets
smoother. For any fixed ¢, one can have infinitely differentiable solutions
if the source function f and the boundary conditions allow this, even
if the initial function is non-smooth. However, if one wants accurate
approximations in the whole domain, then the initial function needs to
be smoothed prior to applying the method. At every interface between
two time-slabs a spline approximation of 4, can be taken, using only
the nodal values but defining proper derivatives at the node points by
taking (weighted) averages of the derivatives of @, at the node points.
In this way the spline approximation at time ¢ = ¢; will be (the trace of)
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a function of a higher order Sobolev space, such as H?(§2),p > 2, and
the discretization error estimates above are valid with maximal s, i.e.,
s=k.

Incidently, since the finite element method on the time-slab will
only see the node values of the approximating spline (which equal
the node values of ), the approximating spline function need not be
computed. It will only be needed if a different set of node points at the
interface is used.

The order of the discretization errors at the interfaces can be
improved. For singular perturbation type problems, where e(u) << 1
in (1.2.3), the streamline upwind finite element method of [20] can be
used to this end. As has been shown in [4], [8], [22] and [26] for the
case that ¢; = 0 in (1.6.1), this can improve the interior error estimate
in the L? norm by half an order (so it will still be suboptimal by such
an amount). Similarly the discretization error at the interfaces will be
improved. Now let ¢, = 0 in (1.6.1) and consider instead of (1.6.5) the
variational formulation

6b(u, v) + a(u,v) = —(F, 1), v + v;) (1.6.7)

where v = v; + b7 Vv is the streamline directional derivative in time-
space. Furthermore, a(u, v) is the bilinear form defined by the right-hand
side of (1.6.5) and

blu,v)= ) [ V- (—aY u)vy dedt + / Uz dxdt] (1.6.8)
aeg VA A

where Q is the set of finite elements (triangles) in the time-space domain.
In relation (1.6.7), ¢ is a positive parameter which needs to be chosen
such that g6 < O(h?) in order to guarantee the coerciveness of 6b+a on
the finite element space V (for further details, see [8] and the next two
chapters). The standard Galerkin method can now be applied to (1.6.7)
and it is readily seen that when ¢y = O(h) this method with 6 = O(h)
improves the order of the approximation as compared to the case (1.6.5)
where § = 0. This result is stated in the following theorem.

Theorem 1.6.1 Consider the streamline finite element method (1.6.7)
to compute a finite element correction x in (1.6.5) on a time-slab Q.
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Then, if 06 < O(h?), the discretization error at the upper boundary I's
satisfies

1/2
{ [ ae} ™ < ob [572+ /4 57170] Uil 5 < &
3

where k is the degree of the piecewise polynomial finite elements used
iny.0

The above estimate is proved in [8] and does not use any duality
argument or elliptic regularity. It shows that, if 6 = O(h), imply-
ing 9 < O(h), then

1/2
{ <x—x,,>2dx} < x|y, 5 < .
s

This is an optimal order estimate and applies to singular perturbation
type problems where ¢ is very small. Note that the error estimate in
theorem 1.6.1 is valid even for problems where ¢y = 0, i.e., for first order
hyperbolic problems.

The standard procedure for regular problems, where an elliptic
regularity estimate for the adjoint operator F™* is valid, is to use a duality
argument to prove an optimal order estimate in LZ(Q]-). Then a trace
inequality could be used to improve the discretization error estimate at
the interfaces in (1.6.6) by half an order. However, as the problem is not
of second order in the time variable, such an elliptic regularity is not
valid when the problem is solved in time-slabs.

Finally, note that if an adaptive grid refinement method is used
in order to control the local errors of each time-slab, one also has an
automatic time-step control method. Namely, by increasing the required
number of degrees of freedom within a time-slab as the current time-step
decreases, and vice versa. Proceeding this way, the degrees of freedom
will remain approximately constant within each time-slab. For regular,
uniform elements in time (see figure 1.1), with one layer of piecewise
linear finite element basis functions defined thereon, the time-slabbing
method is equivalent to the Crank-Nicolson method.

As has been shown in [4], where the time-slabbing method with one
or several layers of uniform elements is used (see fig. 1.1) for the in-
terpolation error for linear problems, a cancellation effect occurs in
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the term (& — @x); + b7V (@ — )|l for polynomial basis func-
tions of odd degree, with the effect that the error in [|& — @2,

1/2
and { Jo,@— )2 (x, ;) dx} becomes of higher order than for ir-

regular elements. If either g < O(h?) or g = O(1) it can be shown that
the error is of optimal order but this estimate requires then one order
higher regularity of the solution, & € H**2(Q) N H)(Q). Therefore, the
time-slabbing method will not give lower order of errors than standard
time-stepping methods, but it gives the additional freedom of using ir-
regular elements in time and space to approximate solutions with layers
better.

Finally, it can be seen that if a ‘spectral’ finite element method
based on Legendre polynomials or certain combinations of such poly-
nomials in the time variable is used, the time-slabbing method becomes
equivalent to an implicit Runge-Kutta method for solving the corre-
sponding semidiscrete system of ordinary differential equations.

1.7 Conclusions

It has been shown that time-slabbing is an efficient technique to get
higher order approximations and is applicable for many types of prob-
lems. It does not suffer from the error reduction phenomenon which is
found for certain high order time-stepping methods.

Furthermore, shocks and layers can be resolved more easily us-
ing this technique. An additional advantage not discussed in the present
chapter is that the method for a single time-slab can also be used for a
backward heat equation, for instance when one uses only one — big —
time-slab (0, ¢ y], assuming that the given data on the line ¢ = ¢y corre-
sponds to an essentially layer-free solution. Then the irreversibility of
the process, normally showing up in an exponential increase of numer-
ical errors, will be noticed much less than for a standard time-stepping
method.
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Fig. 1.3 (a) Divide each small cube into 6 pyramids from the center. (b) '
Divide each pyramid into 4 tetrahedrons. (c) One level of the hierarchical
extension type.
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Abstract

Time-stepping methods for parabolic problems require a careful choice
of the stepsize for stability and accuracy. Even if a stable implicit time-
stepping method is used, one might be forced to choose very small
time-steps in order to get a sufficient accuracy, if the solution has steep
gradients, even if these occur only in a narrow part of the domain.
Therefore the solution of the corresponding algebraic systems can be
expensive since many time-steps have to be taken. The same consider-
ations are valid for explicit time-stepping methods.

A discretization technique using finite element approximations
in time and space simultaneously for a relatively large time-period,
called time-slab, is presented in this chapter. This technique may be
repeatedly applied to obtain further parts of the solution in subsequent
time intervals. It will be shown that, with the method proposed, the
solution can be computed cheaply, even if it has steep gradients, and
that stability is automatically guaranteed. For the solution of the non-
linear algebraic equations on each time-slab fast iterative methods can
be used.
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Key words: Time-stepping, Time-space finite elements, Nonlinear par-
abolic differential equations, Convection diffusion, Grid refinement
AMS(MOS) subject classifications: 65F10, 65M20, 65N30, 65N50

2.1 Introduction

The method most frequently used for the numerical integration of para-
bolic differential equations is the method of lines, where one first uses
a discretization of space derivatives by finite differences or finite ele-
ments and then uses some time-stepping method for the solution of the
resulting system of ordinary differential equations. Such methods are, at
least conceptually, easy to perform. However, they can be expensive if
steep gradients occur in the solution, when stability must be controlled.
Also the global error control can be troublesome.

This chapter considers a simultaneous discretization of space and time
variables for a one-dimensional parabolic equation on a relatively long
time interval, called time-slab. The discretization is repeated or adjusted
for following time-slabs using continuous finite element approxima-
tions. In this method the efficiency of finite elements is utilized by
choosing a finite element grid in the time-space domain such that the
grid has been adjusted to steep gradients of the solution, both with re-
spect to the space and the time variables. In this way, all the difficulties
with the classical approach are solved: stability, discretization error esti-
mates and global error control are automatically satisfied. Such a method
has been discussed previously in [1] and [5]. The related boundary value
techniques and global time integrations for systems of ordinary differ-
ential equations have been discussed in several papers, see [13] and the
references quoted therein. In [19] a time-space method with discontinu-
ous elements in time has been used, which is based on methods in [20],
[21] and [24].

In the present chapter, an equation which describes the electro-
magnetic vector potential in ferromagnetic materials is taken to demon-
strate the proposed discretization and solution method, but the tech-
niques provided may also be applied to other types of parabolic equa-
tions including equations in many space variables.
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The remainder of the chapter is organized as follows. In section 2.2
the necessary information about the parabolic differential equation and
the parameters involved is given. Then in section 2.3 this non-linear
parabolic equation is reformulated as a two-dimensional boundary value
problem. After this, section 2.4 and section 2.5 consider the solution
method and discretization error estimates for the problem. Section 2.6
concludes with a discussion of the method. Numerical results can be
found in section 3.5.

2.2 Evolution equations

Let 2 C R be an open interval and consider the following non-linear
evolution equation defined on the time-space interval Q) := 2 x (0, co)

—(eug(z, 1))z +bus(z,t) + sus(z,t) = f(z,t) (z,t) €Q
u(z,0) =uo(x) €
u@©,t) =1¢)  t€(0,00)
ul,t) =r@#) te€(0,00)

(2.2.1)

where the diffusion € and the flow velocity functions b, o satisfy e =
e(u?(z,t)) resp. b = b(z,t) and ¢ = o(z, ). Here f is a source function
and uo some L2(Q) integrable function, ! and r are the left- and right-
hand side square integrable boundary conditions. In addition, assume
thato > 09 > 0, 0,0 € CI(Q). The latter space stands for the vector
space of continuously partial differentiable functions in (), which —
including the partial derivatives — can be extended continuously to the
boundary of the domain (). Further, let for the simplicity of notation

by, + 0 < 0 and define ¢ = E%e(g) where ( = uﬁ, and assume that

e > 0and € > 0. The theory to be presented in this chapter will be valid
for inhomogeneous boundary conditions of the Dirichlet type.

In the classical way of solving (2.2.1), one first discretizes the space-
variable z, e.g., with the use of a finite element method (see [25]). Then
the calculation of the solution of the system of ordinary differential
equations obtained is done with the use of a time-stepping method. One
of the disadvantages of this approach is that, in order to get a good
approximation of the solution #(z,t) for large values of ¢ > 0, many
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small time-steps must be used if the solution has steep gradients, even
if these occur only in a small part of the space interval. Furthermore, for
explicit time-stepping methods, the stepsize must be chosen to satisfy
an Euler method type stability criterion (however, as shown in [17]
and [23] there exist methods with extended stability regions which can
partly alleviate this difficulty). Also the local discretization errors made
with the use of a time-stepping method have to be monitored closely
to control the global errors made in time. Here a method is considered
where a finite element grid is chosen for the time-space domain. This
method has no such disadvantages.

2.3 Two-dimensional time-slab formulation

In order to compute the solution of (2.2.1) a computational domain
Q x (0,t5] C Q is partitioned into a number of time-slabs QQ; = Q x
(tj-1,tj1for0 =ty < t; < ... < t;j < oo, assuming without loss of
generality t; — t;_; = At for all j (see fig. 1.2). The time-slabs Q;
have lower and upper boundaries denoted by I'; resp. I';, and left and
right boundaries I'4 resp. I';. The number of such time-slabs is finite,
independent of the choice of the grid parameter, associated with the
finite elements. For the first time-slab ); an initial value up on I'; has
to be given, but for each following time-slab @ ;41 the solution at I'; of
Q; will be taken to provide a Dirichlet boundary condition at I'y.
With this approach problem (2.2.1) can be rewritten into:

—(Buy(z, 1), +b Yu(z,t) =f(z,H) inQ;

u(z,0) = ug(x) atTy
u(0, 1) =1(t) onTy 23-1)
u(l,t) =r(t) onI'

on each time-slab with

e tensor E = e(u2) and flow field b = [b(z, t), o(z, 1)]T, where it
is assumed that ¢ > oo > 0 in order to preserve the parabolic
nature of the equation

e square integrable functions ! and r, prescribing the Dirichlet
boundary conditions on the left respectively right boundary

e the divergence operator V- and gradient operator V defined on
the two-dimensional (z, t) space and
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e square integrable source function f at ); and initial value func-
tion ug at the boundary I';.

Note that in the remainder of this chapter the gradient and divergence
operators will act on the two-dimensional time-space space. Further,
there is no need to impose any boundary condition at the boundary I's,
because for all possible trial functions v and all test functions v the
corresponding boundary integral

f vEuzn, dz =}£ ve(ui)uz -0dz =0,
J s

where n, is the  component of n, the unit outward normal of the
boundary 6@,-. At this boundary the solution @ of (2.3.1) and @, are
initially unknown.

An advantage of the formulation (2.3.1) is that it permits the
use of small sized elements inside layers, for an accurate time-space
finite element discretization. Such layers can arise for b > 0 along the
boundary I';, for b < 0 along the boundary I's and in the interior along a
shockwave, typically starting at the south-west corner, if uo(0) # [(0) and.
b > 0. In other parts of the time-space domain one can use much larger
elements thus reducing the number of degrees of freedom considerably
compared to a classical time-stepping method.

As will be shown, the computation of the finite element solution
on each time-slab can be done efficiently. The solution @ of (2.3.1) will
be calculated by a non-linear iterative method, which implies that an
initial solution uo must be provided. If there is any a priori knowledge
about the solution then this information can be used to construct a proper
initial grid for each time-slab.

2.4 Variational finite element solution method

Consider the variational formulation of the non-linear two-dimensional
problem (2.3.1) for a certain time-slab @) := Q;. Let the space HY(Q)
be the Sobolev space of order 1 on () and define the boundary function
vatI'p =T, U F2,4 by v := (uo,r,0), e, v = up at 'y, v = r(t)
at I'y and v = I(¢) at I'4. To simplify the analysis, assume that there
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exists an extension of 7 to Q in H'(Q), which excludes the occurrence
of interior layers due to discontinuous boundary data. Define the test
and trial spaces by H}(Q):= {v € H(Q):v = 0 at Tp} resp. H,(Q): =
{u € H(Q): u = v at Tp}, both in the sense of traces.

In order to improve if possible standard Galerkin finite element dis-
cretization error estimates, consider the use of a suitable weighted
Petrov-Galerkin method and therefore the determination of a suitable
weighing function g (see e.g. [16], section 3.4, page 90). The weighted
Petrov Galerkin variational formulation is

(F(w),v) =0 VYyepyq) u € HL(Q) (2.4.1)

where the gradient F' is given by
-T
(F(u),v) =/ [——(Euz)x +b Vu-— f] vg dzdt 2.4.2)
Q

for all u,v € H'(Q). In order to determine g, without being restrictive,
it is assumed that all boundary conditions are homogeneous Dirichlet
conditions. Then, with the use of the Green-Stokes formula, (2.4.1) turns
out to be equivalent to

/Euxvxg + L(g)Vuv da:dt:/ gfv dzdt ‘v’veﬂé(Q) (2.4.3)
Q Q

where L(g) = [E g z ] + gb is a functional on [H'(Q)] ", As

/ L(g)TZvv dzdt = %f vZL(g)Tn dzr — %/ v2V-L(g) dzdt
Q I's Q

for all v € H)(Q), the substitution of u = v into (2.4.3) leads to a
left-hand side equal to

f gEv2 — IV L(gW? dwdt + 1 f{ v2L(g)Tn dz . (2.4.4)
Q )
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This left-hand side can be estimated below in terms of ||v ||f onlyifg > 0
satisfies

/ ——%V-L(g)v2 dzdt 2/ cv? dzdt

@ ? (2.4.5)
f v2L(¢)Tn dz >0

Ts

for all Lebesgue square integrable functions v and some ¢ > 0.

Assuming that —V-b =0and ¢ = 0, the first inequality (2.4.5) is satis-
fied, if — %V- L(g) = c. Note that the latter equation resembles the adjoint
equation of the original unweighted variational formulation (formula-
tion (2.4.2) with g = 1) since

AT -
~V:L(g) = —(Eg:): —b Vg —gVib.

This implies that the determination of a suitable weight function can be
as difficult as solving the original variational problem.

_However, for the global time-space case with tensor E and flow
field b as defined before, the functional L(g) is given by

L(g) = [e(ug)g ’] +gb.

One can easily verify that the choice g(z,t) = e~*(~%) satisfies (2.4.5)
for a given time-slab @; and fixed o > 0 as VLL(g) = ¢V'b < 0. To
simplify future proofs only this function will be used for the derivation
of error estimates in section 2.5. It suffices to consider the first time-slab
(to,t1) := (0, T), thus reducing the weight function to ¢ +— e~ ?,

Using the exponential weight function, one finds that, for all u,v €
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H'(Q), (F(u),v) is equal to

/ Eug(ve™ %Y, + (I;TZu - f)ve—“tdmdt—f ve *Eugn, ds=
Q oQ

/ €uzi(ve_°’t) + (i)TZu - f)ve_"tda:dt—f ve " Eugn, ds=
Q Ba: I‘2,4

/ eugvge *t + (I;TZu — f)ve_“td:cdt—f ve **FEu.n, ds=
Q T24

/ [Euzv;E + (5T_V_u — f)v] e_"‘td:cdt—f ve *'Eugng ds
Q T4

is valid, because Eu,n, = 0atT'; UT3 and B%(ve“‘”) =y e,

Linearization of this weak formulation with the use of a damped Newton
method now leads to a sequence of linear systems and solutions u*+D €

H(@)
(F'(u(k))(u(’”l) — u(k)), v) = —'r(k)(F(u(k)), v) VvGH(')(Q) . (2.4.6)

Here the Hessian or Jacobian matrix F' is defined as in (1.3.4), by
substituting F' for G, whence for all u,v,w € H(Q)

(F'(u)w, v) =/ [B(u)w,wz +5T2wv] e dxdt —

Q

2.4.7)
f ve ¥ B(u)w,n, ds
T24

where the tensor B(u) (see chapter 3 for the multi-dimensional case) is
defined by
B(u) = e(u2) + 2u€' (u?)

as can be seen easily using (1.3.4). Further 7(¥) is a positive scalar which
is called damping parameter for values less than 1. This scalar can be
monitored from step to step in order to achieve convergence, see for
instance [3] and [12].

The fact that u®+D — 4® ¢ H}(Q), a linear vector space on
which the Jacobian matrix will be positive definite (see below), implies
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that the damped Newton algorithm defined by (2.4.6) will converge for
properly chosen damping parameters 7 (see e.g. [3]).

Note that, due to the convective term BTZwv in the integrand of (2.4.7),
the Jacobian matrix F”'(u) is not symmetric, but because of the special
structure of the tensor e¢ and the nonsymmetric term, the technique
described in [10] for symmetric problems can be modified easily in
order to assemble the gradient and Jacobian matrix cheaply.

Define the Hilbert space ﬁl(Q) > HY(Q), the closure of C1(Q)
under the weighted norm

ol ;=(/ [0* + 2] e dzdt)t a € R,
Q

which is related to a corresponding inner product. Let the norms || - ||, ,
and | - |s,o denote the exponentially weighted Sobolev norm resp. semi-
norm of order s on H!'(Q), and let (-, - )s,a denote the inner products
corresponding to the weighted seminorms. In the case that a = 0, the
subscript o’ is omitted. Note that || - ||, , and || - ||, are equivalent norms
forall s > 0 and a > 0. The norm ||| - || can be seen as a weighted
Sobolev 1 measure in space combined with a weighted L2 measure in

time on I:II(Q). With the use of the set of norms introduced, and under
some assumptions to be derived on the tensor € and flow field b, F'(u)
will be seen to be uniformly positive definite on Hy(Q), i.e.,

(F'(wv,v) 2 cllvll >0 Vyenyq),

for some positive scalar c.
In order to see this, first note that

(Fuw,o) = [

A [Bwﬂ,;vz +I;T2wv] e dadt

for all v € HY(Q) and all uw,w € H'(Q). An analysis of the separate
terms in this expression shows that

0 < Amin vie"’t dzdt < / B(u)vie“‘” dzdt (2.4.8)
Q Q
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for all u, v € H!(Q), with
Amin := inf{e({) +2¢€'(): ¢ = ul(z, ?), (z,1) € Q},

and that

/ 5T2wve‘°’t dzdt =% vwe""tI;Tn ds —/ wV- (ive""‘) dzdt
Q 0Q Q

is identical to

f vwe=%" n dz — / w(Vhve=t +5° ¥ (ve=Y) dzdt
T3 Q
=6“an vwﬁTn dz —
Ty
/ w [V-ive""‘t +v5Ty_e"°’t +e_°‘ti7TZv] dzdt
Q
=6—an vwo dz —/ BT_V_vwe""t drdt +
T3 Q

/ vw(ao — Vb)e™*t dzdt Vwew(Q)Vveﬂé(Q)
Q

because v =0 atTy UT,4, Ve = [0, —ae~**]T and 5Tn =coatls.
This latter relationship leads to

/ (I;Tyv)ve”"t dzdt =
Q

%e_“Tf vio dx+%/ v (ao—V-b)e~t dzdt > (2.4.9)
| Y Q

%e""T f v20 dz+bgp / v2e~ % dzdt
T Q

forallv € Hy(Q) where byin := inf{1(ao(z,t)—V-b(z,1)): (z,1) € Q}.
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Now (2.4.8) and the above show that the Jacobian matrix satisfies

(F'(w)v,v) >Amin vze_"t dz dt+bpmin /vze_"t dzdt+
Q Q

%e—"Tf v?o dz
Ty (2.4.10)

> min{ Apin, Omin } / [v2 + v";] e o dxdt
Q

=c-loll VoenyoVuem@

i.e., is uniformly positive definite if Apip and by both are positive. For
positive byin < Amin this estimate turns out to be uniform in e.

In the situation where bpin = 0 note that for piecewise continuous
functions v on @ the restriction to a certain time t € (¢;_1,t;], will also
be piecewise continuous on §2, in particular v(z,t) € H'(Q). If T is a
nontrivial subset of €2, then, due to a Friedrichs inequality (see [26],
page 20, or [15]), there exists a positive scalar 5 > 0 such that for all

functions v € H(Q)
/ vi(w,t) dz +f v¥(z,t)ds > ,3/ [vz(x,t)+vﬁ(m,t)] dz .
Q r Q

In the one-dimensional case, where I' is equal to the set endpoints of
the open interval €2, it is by definition nontrivial. Because v is piecewise
continuous on §2 and due to the fact that the space-domain does not vary
within time, the expression above can be integrated with respect to the
time, with the use of a weight e =%, leading to

f vZe™*ds +/ vie™ dxdt > ﬂ/ [vz +vi] e” " dxdt
IUly, Q Q
for all piecewise continuous functions v on 2. This implies that
(/ vf.e_at dmdt)% and (/ [v2 +v§] et dwdt)%
Q Q

are equivalent norms on the subspace of piecewise continuous functions
of v € H'(Q) with v = 0 at T'; 4, whence for by, = 0 and such functions
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(F'(u)v,v) >Amin vie’“t dzdt + %e_“Tf v?o dz
Q Ts

2.4.11)
>BAnin / [0 +v2] = dadt = cljo]®
Q

forall « > 0. Because by, = 0 this estimate is not bounded uniformly in
€ (see the definition of Any;,) but contrary to the previous estimate (2.4.10)
it is also valid for a = by, = 0. Hence (2.4.10) will be used mainly for
singularly perturbed problems while (2.4.11) will be used for regular
problems.

Each linear system (2.4.6) is discretized with the use of two-dimensional
triangular finite elements (FE) (maximum height k) with linear ba-
sis functions (see e.g. [28], [14], [6] or [22]). Additional upwind, i.e.,
streamline-upwind diffusion basis functions (SUPG) (see [18] or [4]), is
optional. For this latter method the linear basis functions v are replaced
by v+6V v for some scalar § > 0. As has been shown in [7], for instance,
the upwind technique can be very helpful to get a more strongly positive
definite system for convection dominated problems and hence increase
the rate of convergence of certain generalized preconditioned conjugate
gradient iterative methods.

The use of a finite dimensional subspace of H! (@) in (2.4.6) to approx-
imate 4 leads to a sequence of corresponding finite dimensional linear
systems of the form Fj ()@Y —ulP) = —r® F, @), defined as
usual in finite element methods, with limg . u%k) := i, the discrete
solution in vector representation (see e.g. [3]). These linear nonsymmet-
ric finite dimensional systems of equations are solved by iteration with
the use of preconditioned linear equation solvers. For the numerical tests
GCGLS [2] or CGS [27] are used to this end. These iterative methods

and the Newton method can be found in chapter 8.

2.5 Discretization error estimate

In order to study the discretization error on time-slab Q = @;, con-
sider the introduction of a finite dimensional finite element test function
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subspace H of H! (@), based on an underlying (initial) finite element tri-
angulation Q@ = Q; of the time-slab. Using H, define Ho := H(Q)NH,
Hy = HIY(Q) NH. The function -, which describes the Dirichlet bound-
ary conditions, is assumed to be of such a type that H., # 0, e.g., if H is
a space of piecewise linear functions, then - has to be piecewise linear
too. Also consider the following definitions.

Definitions
e U € Hl,(Q), a solution of (2.4.1), ie., (F(d),v) = 0 for all
v € Hy(Q),
e 4, € H,, adiscrete solution satisfying (F'(iz),v) = 0 for all
functions v € Ho,
4, the interpolation of @ on H,
0:=1—1y € HI(Q), the discretization error,
ni=u-—4ur € HI(Q), the interpolation error and
@ = ap — Uy € Hy, the interpolation minus the discretization
error.

In order to estimate the discretization error note that ¢ = 0 at I'p, and
assume that €, b with o > o9 > 0 and o > 0 are such that the following’
four conditions are satisfied

( Amin =inf{e(() +2¢€'(0): ¢ = ul(z, 1), (z,1) € Q} >0
Amax =sup{e(0) +2C€'(O): ¢ = u3 (1), (2,8) € Q} < o0
bmin =inf{1(ao(z,t) — V-b(z,)): (z,t) € Q} >0

‘ bmax =sup{max{!5(x,t)l,a(a:,t)}: (z,t) € 2} < 0

(2.5.1)

for all u € H'(Q). Then for byin > 0 with the use of (2.4.10)
1
(F(an)—F(ir),e) =( / F'(ir+sp)pds, )
0

. 1
= / / [B(ﬁ] + cgo)(pi +bTZgoap}:"°‘td:cdtd§
0/Q

> Amin go“;e_"t dz dt+bpin /cpze""tdxdt
Q Q
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1.,—aT 2
+-:,:e o f @Y o dzx
s

> min{ Amin, bmin} e lI* =: ctlloll®
or for byi, = 0 with the use of (2.4.11)

(F(ap)-F(ar),e) Z/\min/ cpie_"t dzdt + %e—an gpza dz
Q Ts

>BAmin | [p*+p2] e dadt =: el
Q
Further

(F(ap)—F(ar),v) =(F(@) — F(ir),v) Veen,
and foralla > 0

1
(F@)—F(ay),e) =( /0 F'(ir +sn)nds, o)

1
=//[B(ﬁ1 + SN Pz +I;Tchp}:_°‘tdwdtdc
0JQ

< / A
Q
~ 1
+ /chTz ne~ 29

2 ,—at 1 2 —at 1
<Amax( [ nz€ drdt)2( [ pze dzdt)2 +
Q Q

——lat -—-l—ozt
nze 2% ||p e 27| dzdt

—lat
pe 2% dxdt

1 1
bmax ( /(nﬁ +n2)e™* dedt)2( / e % dzdt)?
Q Q
1
< mx { Amar, bmax ) /(ni +rdet dedh)?
Q
1 1
((/wﬁe_"‘t dzdt)2 +(/<pze"°’t dzdt)?)
Q Q
2 2\ . —at 1
<VZ max{ Amax, bmes ) /(’h +ee dedillo|)?
Q

<V2 max{ Amax, bmax} 7|1l
=c2fnlillell -
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This relation is obtained with the use of the estimate
Va+vVb<V2Va+b

for all positive real numbers a and b.

These relations above, in combination with

e = lilm — @l < lllmll +Meell < llnlly + el

lead to e
el <+ c—l)”’?”l .

Finally for & € HP(Q) consider the classical interpolation error estimate

"77"1' S Dhs+l_r",&"s+l VOSrSaSp . (252)

In combination with the former relations this gives the discretization
error estimate

N ~ c T
13— anll < DA+ Dh%alyy Vogozt  (253)

which is uniform in € if byin > 0. Since the || - ||| norm is slightly weaker
than the | - ||, norm, the discretization error estimate is not of optimal
order,even if u € HZ(Q), the Sobolev space of order 2.

In order to investigate the conditions in (2.5.1) consider, as an example,
the electromagnetic field penetration into a half-space of ferromagnetic
material. In a Carthesian space the imposed magnetic field is parallel to
the z-axis, while the induced electric field is parallel to the x-axis. In this
case the magnetic vector potential has only one contributing component
parallel to the z-axis, and under certain additional assumptions (see
for instance [23]) this enables the formulation of a one-dimensional
parabolic differential equation for this component.

The following non-linear parabolic differential equation models
a magnetic vector potential in a one-dimensional piece of iron with a
sinusoidal magnetic potential applied on its right boundary:

—(V(ui(:v,t))uz(x,t))z+aut(:c,t) =0 O<z<l1, O<i<oo
u(z,0) =uo(z) O<z<1
u(l,1) =csin(2rwt) 0<t<oo
u(0,1) =0 0<t<oo

(2.5.4)
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for some L2(0,1) integrable function g with g(1) = ¢(0) = 0. The
parameters involved are

(w the angular frequency of the magnetic vector potential
on the left boundary,
¢ the amplitude of the magnetic vector potential applied thereon,
the material-dependent electric conductivity, often a constant,
po the magnetic permeability of the vacuum, o = 4710~ "Hm ™!,
Lr the relative magnetic permeability inside the iron, p, = p,(0),
o the magnetic permeability inside the iron, p = po - ¢ and
v the magnetic reluctivity, v = p~!.

The reluctivity is in practice a non-linear material-dependent function
depending on the square of the magnetic flux density ¢ = u?(z,t)
(see [8] for an example of a measured reluctivity). Here, in all test cases
considered, it will be modeled by

arctan(s(¢ — Go)) + arctan(s(Co))

3 +arctan(s((o)) (25:3)

v(¢) = Vmin + Vmax -

where

Vmin the relative minimum of the modelled reluctivity v((),
Umax the relative maximum of this function,

S its steepness and

o its turning point.

Its derivative adzu therefore is given by

d 1 1
—=v(() =< Vmax -

d¢ T yarctan(s(Co)) 1+ (s(C — Co))?

See [9] for an example of this function for given viin, Vmax, s and (o.

Note that for the time-independent formulation of (2.5.4) with
a reluctivity defined as above and boundary conditions uo(z) = 0 and
u(1) = ¢, the exact solution # is given by @ (z) = c¢- z. Hence the solution
of the stationary problem contains no layers.
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Denoting the magnetic reluctivity v by €, note that in this case ¢ > 0
and A(¢) := e({) + 2¢€'({) is a continuous function, bounded above and
below on [0, 0co) by

0 < Amin := €min < /\(C) < A(Cmax) =! Amax < 00 V(E[O,oo)’

o = %«4&4& +3)7 — oo)

whence the first two conditions of (2.5.1) are satisfied. Due to b= [0, 117,
clearly bpin = 0 and bpax = 1 < oo, whence all conditions of (2.5.1)
are satisfied for all weighing functions e~** with a > 0. For numerical
results we refer to [9] and section 3.5.

2.6 Conclusions

The use of finite elements in both time and space, where the time-space
domain is considered as a whole in the generation of finite elements,
is efficient. The method is applicable also in multi-dimensional prob-
lems, where tetrahedron elements can be used, for instance. As has been
shown, the stability of time-stepping on the larger time-slabs is an im-
mediate consequence of the positive definiteness of the Jacobian matrix.
The use of ordinary continuous finite element approximations enables
the use of standard finite element packages for the time-space domain.
Adaptive refinement of an initial grid on each time-slab in order to lo-
cate and fit steep gradients is advisable and is presently studied by the
authors.

Finally the solution of the linear systems can be performed quite
cheaply. Using still more efficient preconditioners, for instance those
based on incomplete factorization or domain decomposition (see [7]
and [11]), one can get methods for which the computational effort is not
larger than about proportional to the number of node points.
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Abstract

Time-stepping methods for parabolic problems require a careful choice
of the stepsize for stability and accuracy. Even if a stable implicit time-
stepping method is used, one might be forced to choose very small
time-steps in order to get sufficient accuracy, if the solution has steep
gradients, even if these occur only in a narrow part of the domain. There-
fore the solution of the corresponding algebraic systems can be expen-
sive since many time-steps have to be taken. The same considerations
apply to for explicit time-stepping methods. In this chapter a discretiza-
tion technique is presented, which uses finite element approximations in
time and space simultaneously for a relatively large time-period, called
time-slab. This technique may be repeatedly applied to obtain further
parts of the solution in subsequent time intervals. It will be shown that,
with the method proposed, the solution can be computed cheaply, even
if it has steep gradients, and that stability is automatically guaranteed.
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For the solution of the non-linear algebraic equations on each time-slab
fast iterative methods can be used.

Key words: Time-stepping, Time-space finite elements, Nonlinear par-
abolic differential equations, Convection diffusion, Grid refinement
AMS(MOS) subject classifications: 65F10, 65M20, 65N30, 65N50

3.1 Introduction

The method most frequently used for the numerical integration of par-
abolic differential equations is the method of lines. Here one first uses
a discretization of space derivatives by finite differences or finite ele-
ments and then uses some time-stepping method for the solution of the
resulting system of ordinary differential equations. Such methods are,
at least conceptually, easy to perform. However, they can be expensive
if steep gradients occur in the solution, stability must be controlled, and
the global error control can be troublesome.

This chapter considers a simultaneous discretization of space and
time variables for a one-dimensional parabolic equation on a relatively
long time interval, called time-slab. The discretization is repeated or ad-
justed for following time-slabs using continuous finite element approxi-
mations. In such a method the efficiency of finite elements is utilized by
choosing a finite element grid in the time-space domain where the finite
element grid has been adjusted to steep gradients of the solution both
with respect to the space and the time variables. In this way, one solves
all the difficulties with the classical approach since stability, discretiza-
tion error estimates and global error control are automatically satisfied.
Such a method has been discussed previously in [1] and [3]. The related
boundary value techniques or global time integration for systems of
ordinary differential equations have been discussed in several papers,
see [9] and the references quoted therein. In [11] a time-space method
with discontinuous elements in time has been used, which is based on
methods in [12], [13] and [15].

In the present chapter a non-linear convection diffusion problem
is considered. This problem is presented and reformulated as a two-
dimensional boundary value problem in section 3.2. In section 3.3 the
discrete problem and a solution method is formulated, and in section 3.4
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the stability and discretization error estimates for the method-are consid-
ered. Finally in section 3.5, numerical tests and a discussion of the grid
generation method used, is found, and after a short overview of other
possible applications of the global finite element method in section 3.6
some conclusions are drawn in section 3.7.

3.2 Parabolic differential equations

Let @ C R", n > 1, be an open bounded and polygonal domain and
consider the following multi-dimensional non-linear parabolic partial
differential equation on the time-space interval @ := Q x (0, 00):

—Vir (¥ u(x, 1)) + BV ju(x, t) + ouslx,t) = flx,t) (x1)€Q

u(x,0) =wup(x) x €N
u(x,t) =u(t) x€dNt>0
3.2.1)

where the diffusion e and the flow velocity functions b, o satisfy € =
e(|zxu]2) resp. b = b(x,t) € R" and 0 = o(x, 1), f is a source function,
uo some L2(Q) inte grable function and u is a square integrable Dirichlet’
boundary condition. In addition, assume that o > 09 > 0,b,0 € Cl(a)

(see chapter 1). Further, let Vb + o, < 0 and define ¢ = adze(o

for ¢ = |_V_,,u|2 and assume that ¢ > 0. The parabolic problem above
occurs in many applications of which one was considered in [6].

As in chapter 1, in order to compute the solution of (3.2.1), a computa-
tional domain Q x (0, ¢ ;] C @ is partitioned into a number of equidistant
time-slabs Q; = Q x (tj—1,t;1for0=1% < t; <... < t; < oo, assum-
ing without loss of generality ¢t; — ¢t;_1 = At forall j (see fig. 1.2). The
time-slabs have lower and upper boundaries denoted by I'; = {(x,?) €
R™:x € QAt =t;_1}resp. s = {(x,t) € R"*:x € QAt =t;},and
the cylinder surface T'; = {(x,t) € R™':x € 0Q At € [tj_1,t;]}. The
number of such time-slabs is finite, independent of the choice of the grid
parameter, associated with the finite elements. For the first time-slab @y
an initial value up on I'; has to be given, but for each following time-
slab Q41 the solution at I'; of Q; will be taken to provide a Dirichlet
boundary condition at I';. With this approach problem (3.2.1) can be
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rewritten into:

—V (B ule, ) +b Vu(x,t) =fex,t) inQ;
u(x,0) =uo(x) atly (3.2.2)
u(x,t) =uc(t) onI’,

on each time-slab with
e tensor F = Diag(e(lzxulz), ey e(|qu|2)) of order n and flow
field b = [b(x, t)} = [b] € R™!, where it is assumed that
o(x,t) o
o > o9 > 0 in order to preserve the parabolic nature of the
equation
e square integrable functions ug and u., prescribing the initial value
and the Dirichlet boundary conditions on the cylinder surface
e the divergence operator V- and gradient operator V defined on
the n + 1 dimensional (x, t) space and
e square integrable source function f at {2 and initial value function
ug at the Dirichlet boundary T';.
Throughout this chapter the gradient operator V. = V. , will denote
the space plus time derivatives contrary to V, which stands for the
derivatives in space only.

Note that, analogous to chapter 1, there is no need to impose any bound-
ary condition at the boundaries I'; and I's, because for all possible trial
functions u and all test functions v the corresponding boundary integral

f v(Equ)Tnx dx = ve(ly_xu|2)zxu 0dx = O,
F3 FJ

where n, is the n-dimensional space component of n, the unit outward
normal of the boundary 9Q) ;. At this boundary the solution @ of (3.2.2)
and V _4 are initially unknown.

3.3 Weighted streamline upwind solution method

Consider the variational formulation of the non-linear two-dimensional
problem (3.2.2) for a certain time-slab Q = @Q;. Let HY(Q) be the
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Sobolev space of order 1 on () and define the boundary function ~ at
I'p :=T1UT . by v := (uo, uc), ie., y(x,t) = uo(x) at 'y, y(x, 1) = u ()
at I'.. To simplify the analysis, assume that there exists an extension of
4 to Q in H(Q), which excludes the occurrence of interior layers due
to discontinuous boundary data. Furthermore, for the sake of simplicity,
assume that o (x, t) = g9 > 0. Define the test and trial spaces by H)(Q): =
{v e H(Q):v = 0at Tp} resp. H,(Q): = {u € H'(Q):v = v at Tp},
both in the sense of traces, and define the partial differential operator
L(u) by

L) = -V (EV,u)+b Yu—f. (3.3.1)

The weighted streamline upwind variational formulation now becomes

(F(u),v) =0 V,emg),u € HY(Q) (33.2)

where for a given triangulation @ = {A} of the domain @, fixed @ > 0
and fixed 6 > 0, the gradient F for all v € H}(Q) is defined by

(F(u),v) = / [—SV-(ISL(u))+L(u)] ve 9D dxdt
Q
= / SL(wb Vved® drdt
Q

/ SL(w)abywe 9D dxdt —
Q

) T (3.3.3)
}{ §L(w)vedDb nds + / L(uw)ve?® dxdt
aQ Q

=5 / L(wh' Tve®® drdt +
aregvs

(1 — abo) / L(w)ve® dxdt
Q

since L(u) = 0on Ty UT3and v = Q0 on I'.. Here t — e9® is a
weight function controlled by a continuous differentiable function g on
[0, 0o). This weight function can be useful to get better estimates of the
discretization errors, as will be demonstrated in section 3.4. It suffices to
consider the first time-slab, where the weight function t — e~ is used.
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The positive scalar 8 is the streamline upwind parameter, which will be
used in order to get a strongly positive definite system for convection
dominated problems and to obtain a discretization error estimate in the
H!(Q) norm. The streamline upwind technique will increase the rate of
convergence of certain generalized preconditioned conjugate gradient
iterative methods.

Note that a solution of (3.2.2) is also a solution of (3.3.2). Unless
u € H2(Q) the leading term in (3.3.3) only exists as a sum of integrals
over each individual element A. Therefore dividing (3.3.3) by 1 —
abo and setting § := & /(1 — abo) leads to the equivalent variational
formulation

(Fu),v) =0 V,emq)»u € Hy(Q)

where now F' is defined by

(F(u),v) =6 3 / L(uw)b Y ve= dxdt + / L(u)ve=" dxdt
AEQ Q

whence

(F(u),v) =6 ) / Vi (EY,w)b’ Yve~ dedt +
A€Q

s / [’; Yu-b Vo~ fﬁTZv] e~ dxdt+ (3.3.4)
Q .
L [(E_V__xu)Tva +i)TZup — f’l)] e—at dxdt

forallv € H},(Q) where faQ ve“"‘(ESqu)Tnx ds = 0 dropped out due

tov = 0 on I, and the fact that (EV u)Tn, = 0 at T'; U I's. Note that
forc=ao

6
1+c¢6’

For every positive c the map h is a strictly increasing function, a bijection
from [0, co) onto [0, 1) whence 6 is uniformly bounded away from
infinity in 6.

§=h(), h:br

Linearization of this weak formulation by a damped Newton method
now leads to a sequence of linear systems and solutions u®* € HX(Q)
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F'®)@®D — y®), ) = —r®(Fu®),0) Yoo (33.5)
€H(Q)

where the Gateaux directional derivative of F', the Jacobian matrix F',
is defined as in chapter 1. For linear functionals F' the Jacobian matrix
is simply given by (F'(v)w,v) = (F(w),v) for all functions u, v and
w; in the non-linear case the Jacobian matrix is given by

(F'(u)w,v) =8 Z / —V;-(BV ,w) -5T2ve_°‘t dxdt +
aeg’A

5 / 5TV w - 5TV ve=t dedt + (3.3.6)
Q

/ [(B_V_xw)T_V_xv +5T§7_wv] e~ dxdt
Q

for all v € HA(Q) and all u,w € H'(Q), where the tensor B is defined
by
B=E +2E'VYuVuT, (3.3.7)

with E' = Diag(e(|V,ul”), ..., €|V, u[*), a matrix of order n. In
order to see this consider the following lemma.

Lemma 3.3.1 Let 2 C R" be an open and bounded domain, let E be a
diagonal matrix of order n with diagonal matrix entries €;;(x, |§7_xu|2),
and let

(F(u),v) = / (EY )T v d,
Q

then

(F'(u)w,v) =/ {E +2E'__V_xu_V_qu}2xw]T_V_xv dx
Q

where E' = Diag(e}, (x, leu|2),...,e;n(x, |Y_xu|2)). Further, if all
diagonal elements of E are equal to € = e(x, |2xu|2), then for B :=
E+2E'VuVuT

o(B) = {e, € + 2|V ul*e'},
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where the first and second eigenvalues have multiplicity n — 1 respec-
tively 1.

Proof. Using the chain-rule for differentiation in a Banach-space, first
note that

(F'(u)w, v) =/ [E_Zx'w +2(V, uTV, w)- E'qu]szv dx
Q

= /Q (EV,w)TV v dx +
2 /Q (V,uTV, v) (B'V uTV, w) dx

This, in combination with the fact that

(V,uTV, 0, E'V 0TV w), =(V,v,V uE'Y 0TV w),
=(_V_xv, EIY.xu.quT_v_xw)e
=(E,2xuy_quz_xw) _V_.xv)e

yields the desired result. Here, (-, -). stands for the Euclidian inner
product. The eigenvalues of B and the multiplicity thereof follow easily
from the definition of B, exploiting that V ,uV ,uT is a matrix of rank 1.
O

As an example consider the tensor matrices E = Diag(e(u2)) respec-
tively E = Diag(e(u? +u2), e(u2 +u?)) for which the lemma above leads
to

e+2ule  2uguye

e, 2 —
B =Diag(e +2uz€e')and B = 2uzuy6' e+2u§6’

Note that the first tensor corresponds to a time-slabbing problem with
space-dimension 1, whereas the second tensor originates from the case
of two space dimensions. This tensor also arises in the case of a static
two-dimensional partial differential equation, since the lemma is not
restricted to time-dependent problems. Now combining lemma 3.3.1
with integration in time leads to (3.3.6).

In order to study the Jacobian matrix on time-slab Q = @; in detail,
introduce the finite element test function spaces H, Ho and H, on Q;
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as in section 2.5. Finally, let the norms || - ||, . | - |s,o and corresponding

inner product on H'(Q) be defined as in section 2.4. Norms || - ls,a,a
with additional domain subscript (here A) denote weighted Sobolev
norms of order s over this domain. With the set of norms introduced and
under some assumptions to be derived on H, and with the tensor € and
flow field b, F'(u) will be seen to be uniformly positive definite on Ho,
ie.,

(F'(u)v,v) > /[%Anﬁnl_V_xvlz-i-%&(ﬁT_V_v)z} e~ “dxdt+
Q
/ [%/\minbminvz] e~ dxdt +
Q

%e_“Tf vio dx
T's

2 2
=loll},a,ns = 3XI0lT Voerns,

(3.3.8)

for some positive scalars Amin, bmin and x. The subscripts A, é in
Il -l x5 henceforth are omitted for simplicity. The difference of sub-

sequent approximate discrete solutions uglk“) - uglk) is an element of
Ho, whence (3.3.8) implies that the damped Newton algorithm given
by (3.3.5) will converge for properly chosen damping parameters 7*
(see e.g. [2]). The relation (3.3.8) implies that there can be at most one
solution of equation (3.3.5) as, using a standard inequality, '

1
0=(F(u)— F(v),u—v)= /(F' (u+s(w—u))(u—v),u—v)ds>clu ——-v]lf
0
for all solutions u, v € HEI(Q) implying u —v € H{(Q). Under appropri-
ate assumptions on F' the nonsymmetric Galerkin type equation (3.3.5)
has a solution u®**) € H!(Q) according to [10].

In order to show that the Jacobian matrix is coercive, i.e., to show
that (3.3.8) is satisfied, let 0(A) denote the spectrum of a matrix A and
assume that

e There exist bounds Apin and Apax such that for all functionsu € ‘H
and all (x,t) € Q

0<dmin <{AER:AET(B)} < Apax < 00
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where B = B(u(x,t)).
e The scalars Apip and Apax satisfy

h
A2 6< (a)zxm.

e There exists a positive scalar Cy such that the following inverse
inequality holds

|Av]o,e,8 < Coh™ |V 0l0,0,8 Voen (3.3.9)

(see e.g. [10], page 140, for arbitrary high order of finite element
basis functions). Note that this is trivially true if H is the space of
piecewise linear finite element basis functions on the triangulation
Q.

e Oneach A € Q the tensor B satisfies | Vi (BV ,v)|o < ¢|Axv]o
for some scalar ¢, which is set to 1 for ease of notation. Note
that this condition is satisfied for all differentiable functions e
if piecewise linear or constant finite element basis functions are
used. Also, in the cases where the diffusion changes only in time,
i.e., where ¢ = €(t), or where ¢ is elementwise constant, this
condition is satisfied. '

Now consider the terms in (3.3.6) separately. Exploiting the above as-
sumptions, the first term in (3.3.6) can be estimated below because it is
bounded above by

~T
6|V-V'(Bzxv)|0,a,A ’ ‘b Y.UIO,O,A
2 2 - T 2
<IN S| o p + 161D VU3, A
-2 ~T
<IN 6C3RT2V wf3  p + 26107 Vol A

~T
S%Aminlzxvlg,a,A + %6Ib —V—vlg,Q,A

(3.3.10)

for all v € HL(Q), since |(v,w)s,o| < [v]s,a|w]s,o forall v,w € HA(Q)
and |ab| < 1(a? + b?) for all positive a, b. An analysis of the separate
sub-terms in the third expression of (3.3.6) shows that

Amin / IV, o2~ dxdt < / (Bw)Vv) Ve dxdt (3.3.11)
Q Q
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forall u,v € HI(Q), and that, analogous to the derivation in (2.4.9),

/(éTzv)ve-—at dxdt Z %e-an vzg dx +bmin/ ,v2e-—-at dxdt
Q F3 o

forallv € H)(Q), where bpin := inf{1(ao(x,t)—V:b(x, 1)): (x,1) € Q}.
Now (3.3.10), (3.3.11) and the above show that the Jacobian matrix
satisfies estimate (3.3.8)

(F'(u),v) 2/ [%)\nﬁn|_V_xv|2+%5(iJTZv)2] e~ dxdt+
@ (3.3.12)

/ [bminv2] et dxdt+%e—°'Tf v2o dx
Q I3

for all v € Hy because of (3.3.9).

In order to get a coercivity estimate in the Sobolev 1 norm note that one
has
-T
Amin| V. ,0[* + 83 V0)? =t (B V)TV

where
Ept = Amin H;' g] +6bb" (3.3.13)

with I,, the identity matrix of order n. Omitting the subscript ‘min’
for Amin to simplify the notations, elementary computations show that
forn>1

Det(E, — zI,) =(\ — 2)" 7 - (2% — (8]b)* + N)z + \60?)

3.3.14
=\ —2)""" - pa(2). ( )

Under the substitution |b|2 = (1+¢)o? for ¢ > 0, the discriminant of the
factor p)(2) is equal to the following quadratic polynomial in A

d()) :=(6|b|* + ))? — 4)60?

=A% +26(|b|* — 20P)\ + 82|b|*
=22 +2(c — D602\ + (1 +¢)28%0*.



64 A multi-dimensional

The discriminant of d()) is equal to
4(1 — ¢)%8%* — 4(1 +¢)%8%0* = —1666%6* < 0

leading to d(\) > O for all values of A. This inequality in turn guarantees
that the factor py in (3.3.14) has at least one positive real root. As the
product of py’s roots is equal to its last term A§o? this ensures the
existence of two positive roots. Therefore, all eigenva}lues of E, are
positive for all possible combinations of Ayin > 0 and b, foralln > 1.
Note that for e << 1 the roots of py(z) are of order é and of order Amin,
implying
U(En) = {/\mim O(Amin)a 0(6)} - (O, OO) .

Denoting the smallest eigenvalue of E,, with Y, this leads to

I minl V0 + 16 TZo)? > > (V0] +0?) (3.3.15)

whence for x < 1 the Jacobian matrix
(F'(u)v,v) > Lx|o]2+ le=eT f 20 dx VoersVaerie (3.3.16)
T3

is uniformly positive definite for positive byin. The condition O(A\8) =
O(h?), following from the relation below (3.3.9), implies x = O(h) for
A = O(h) and § = O(h), and x = O(h?) if one of these two scalars
is O(1) and the other is O(h?).

In the situation where by, = 0, the restriction to a certain time ¢ €
(tj—1,1;] of piecewise polynomial functions v on @, will also be piece-
wise polynomial on £, in particular v(x,t) € H'(Q). As in chapter 2,
due to a Friedrichs inequality, there exists a positive scalar § > 0, not
depending on v, such that,

f v2(x,t) ds + / IV, v, t)* dx > 8- / v2(x, 1)+ |V, o, t)) dx.
onN Q Q

Since v is piecewise polynomial on €2 and the boundary of the space-
domain does not vary with time, integration of the expression above
with respect to the time shows that

( / IV v|%e~*tdxdt)? and ( / [v2+|y_xv|2] e~tdxdt)?  (3.3.17)
Q Q
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are equivalent norms on Ho C H'(Q). Hence, for byin = 0

(F'(u)v,v)z/[%Anﬁnﬂlzxv|2+%5(5TZv)2] e~ *dxdt+
Q

/ [1Bv?] e~ *'dxdt+ie™T f vio dx
Q Ts

for all v € Hjy. This estimate is not bounded uniformly in €, but con-
trary to the previous estimate (3.3.8) it is also valid for a = by, = 0.
Hence (3.3.8) will be used mainly for singularly perturbed problems
while relation (3.3.17) will be used for regular problems. The coer-
civity constant estimate in the Sobolev 1 norm can now be obtained
from (3.3.15).

(3.3.18)

In order to give a discretization error estimate in section 3.4 it is neces-
sary to show that the Jacobian matrix is a bounded functional. To this
end, note that

e Foralla,b,y e R,y >0

jab| < La?+ 12, (3.3.19) -
2 2y

e The following relationship is valid for an arbitrary flow field b

T ~
b Yw) <[b? Y w|? = (b + o»)|Tw|?

) ) (3.3.20)
=bmax : ”Zw"e
for allw € H'(Q).
Here it is assumed that bpax < oo and || - ||, stands for the Euclidian
norm,

Using (3.3.6) and (3.3.10) it is easy to derive that |[(F"(u)w,v)| is
bounded above by

1 Y 2T 1 .7 Y e T
ﬂM(w)+55|b yv|§,a+55|b SZwI(z),a+§6|b Vol§ o+

1 07 1 .71 v
ZAmaxly_xwl(%,oﬂ'a)‘max|y-xv|(2),a+—2; lb —V-wlg,a+§ |vl(2),a
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which is at its turn bounded above by
1
S5 [M(w) + (1 + b0} o + Amax| Vw[5 o] +
7 (3.3.21)
2
for arbitrary v > 0 where M (w) is defined by

M@w) =20 Y 800w} 4 A
AEQ

X / [v2 + Amaxlzxv|2 + 26(I;T2v)2] e~ dxdt
Q

for all functions w piecewise in H*(Q).

3.4 Discretization error estimate

In order to estimate the discretization error, consider the exact solu-
tion & € H.(Q), the discrete solution &, € H. and its interpolant il €
‘H. as introduced in section 2.5. In addition, define the discretization
errorf ;=14 — Uy, € HI(Q), the interpolation errorn ;=4 —ty € HI(Q)
and the interpolation minus the discretization error ¢ := 4y — 4y € Hp.
Note that ¢ = 0 at I'p and that in fact iy € H., and 6, n € H}(Q) due
to the fact that H., # 0.

Now assume that €, b with positive o and « are such that forall u €
H!(Q) the following conditions are satisfied

([ Amin =inf{A € R: X € 6(B)} >0
Amax = Sup{A € R: A € 6(B)} < o0
bmin = inf{ 3 (ao(x,t) — V-b(x,1): (x,t) € Q} > 0

> (3.4.1)
bmax = sup{max{!b(x, t)l}: ) eR} <o

h h
2 < 2 2 .
\ )‘max‘s = max{(co) ,(D) })\mm

for some positive scalar D, to be specified below. Let « be a positive
constant small enough such that

mln{;\ﬁ -1 -27)bmin - %7, 1} >0

max
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independent of the upwind scalar é. Then for by, > 0 with the use
of (3.3.12)

1
(F(an) — F(i), o) =(/ F'(iir +sp)pds, )
0 (3.4.2)

1
> /0 lell? o ds = lloli?
Further
(F(&h) — F(ay), v) = (F('&) — F(uy), v) V,,Eﬂ;.(g) (3.4.3)

and according to (3.3.21) foralla > 0

1 _
(F(@) — F(ar), ) =( /0 F'(4r +snnds, p)

1
<3 [M@®) + 1+ 8Bl o + Amax |V en[3 o] +

-;- / [ 2+Amax|_V_x<p|2+25(l;T_Ygo)2] e~ *'dxdt .
Q

A combination of these three relations leads for v small enough to the
existence of a positive scalar ¢y, independent of A and é, such that

1
collell o < 5= |M@) +erlnll o] Vazo (3.4.4)
2y

where ¢; := (1+6)b2,, + Amax. Now suppose the finite element subspace
of H!(Q) under consideration is the space spanned by piecewise polyno-
mials of degree k on the triangulation Q. Let udenote the corresponding
Lagrangian or Hermitian interpolant of a function v € H**!(Q). With

the use of
Y a2 <O lail? Vaer
in combination with the classical interpolation error estimate (2.5.2)

Y la =il o a0 < DR,y Vocr<ack
A€Q
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(see [4], theorem 5.6) this leads to

1
lell} < s— | M@ +eilml} ,
2coy

- 2
1 , 2
< 2 ’\rznax6 Z "Ax’?"o,a,a +c1”77“1,a
coy rEQ
< [\, 8D 2|, + c, D*h ¥l
<3 max sy + e 0I5,
coy L
1 2vp 281112
< ZH(A"ﬁ"+ch )10 (171 Y
12
=: 62h2’||u||3+1

forall 0 < 2 < s < k. In the case of piecewise linear Lagrangian basis
functions note that fors =k =1

Inzzllo,,a = 1@ = @Dzsllg 0 a = l8szllo,qn < B 7 dly, -

Finally, in combination with the triangle inequality ||0]|, = |7 — ¢, <
Inll; + ll¢ll,, this leads to a discretization error estimate satisfying

llé —anll, < C-r°|la|

s+l

1 (34.5)
Ia —anll, < Cx2 - R°|la],4

for all s and & as above and x as defined by (3.3.15). Note that the error
estimate is of optimal order for & € H?(2) and that the error constant
is O(1) using the || - ||, norm.

To analyze the boundedness in the space and time H!(Q ;) norm of the
discrete solution 45, consider (3.3.4). For the sake of simplicity assume
that the Dirichlet boundary condition u. on the cylinder surface T,
is a homogeneous boundary condition, i.e., u. = 0. Then the discrete
solution 45 on time-slab @; with triangulation Q; is bounded by the
global data e, b, f and initial data uo on that time-slab because un-
der the appropriate assumptions posed in the beginning of this section
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(F(ap),as) =0 implies

||ﬁh"ia,5 +4eoT }{ ahods—1 f 4o ds
F3 l-‘l

<6y / Ve (EY, ) - b Vane ™ dedt +
INT R

5 / B Vi) dydt +
a (3.4.6)

/ BV, )7 sitn BT nin] = ded
Q
= / (f +b7V: fare=*t drdt
Q
AT n
SIfF+b VSl o lanlly o

for a some positive constant ¢, implying that [|@x||; , is bounded. This
is equivalent to

R ~T A
lanl? , — If +57%fl, o - Il o < /Q o, Oyuo(0)? dx —

1.,—aT ~
2€ f upo dx
I3

for some positive constant ¢ depending on the data €, 6 and a. Denoting

the right-hand side of the latter equation by ¢; and || f + bv flly,o bY
sp this leads to

1,.
lanhe S <1f+B Vg if s, > Oand ¢ < 0
f ilods <e°T / ud(x)o(x,0) dx ifsy=0.

I's Q

For many important equations of the type (3.2.2) the weighing scalar «
can be taken zero, leading to a discrete solution bounded in L?-norm in
time. Note that uo = 0 leads to ¢; < 0 and therefore to the boundedness
of the discrete solution by the source function f and flow field b.
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3.5 Grid generation and numerical results

In order to study the performance of iterative solution methods for the
global time-space finite element discretization technique proposed, three
test problems in one-dimensional space are considered (see fig. 1.2). De-
pending on the choice of the diffusion function ¢, there may appear a
parabolic layers along I'; and T'4. If the grid would not be refined here,
oscillations would arise with the finite elemenent discretization method
used, even in the case of a standard streamline upwind method, because
no artificial diffusion perpendicular to the streamlines is used. However,
the use of a fine grid along this layer makes artificial diffusion unneces-
sary, and in addition provides an accurate resolution of the layers.

Table 3.5.1 Grid generation details.
Test || Grid T N | Fig.

1 || o 12 12
Q¥ | 3218 | 855 |3.1
Q{® | 3216 | 856 |3.3

2 | Q© 6 8
o' | 5200 | 1377 | 3.5
QY | 4882|1281 | 3.8
3 | o 80 | 54
Q{2 | 38004 | 9605 | 3.11

The subsequently approximated parts of the solution are piecewise lin-
ear. The old grid points at I'3 of (); must therefore be used as grid
points for the boundary I'; of the new time-slab domain @)1, because
otherwise the restriction of the discrete solution on I'; (Q);) will not be
exactly represented by the finite element functions on the new subdo-
main. However, more grid points may be added, where the Dirichlet
boundary conditions are determined by linear interpolation, to represent
a boundary layer better. Also, one can adjust the grid such that one ends
up with fewer nodes on I'; than on I'y, which is convenient if the solution
gets smoother with increasing time.
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As an initial solution for the non-linear iterations on each time-
slab, the initial solution for the first time-slab is used, imposing the
Dirichlet boundary condition on I'.. In practice, it would have been
better to use the numerical solution of the previous time-slab contrary
to the solution of the first time-slab.

Table 3.5.1 gives a survey of the grids to be used for the numerical
tests. For each grid Qg-k) (see sections 1.5 and 5.4) the space domain as
well as the number of triangles T and the number of grid points N,
depending on the time-slab, are given. The grids are constructed using
an adaptiy e refinement procedure, as described in section 5.9.

Table 3.5.2 The test cases.
Test case | No. 1 No. 2 No. 3
Q (0.00,0.03) | (0.00,0.06) o,1)
(to, 1) (0.00,0.02) | (0.00,0.02) 0,2)
Vinin 10~ 104 106
Viax 0 4.6-1073 0
Co - 4.0 _
S - 3.0 —
b 0,7 |01 [5G +2),1]"
f 0 0 0 :
(@) 0 0 1
r(t) h(t) h(t) 0
uo(x) 0 0 0
« 0 0 1
Wt |5 | 55 - kO {0 elsewise
&) 1.0 1.0 1.0
Enonlinear 1010 1010 1010
Elinear 10— p: ||F(u(’°))ﬂe < 10710 | 10712
Remarks | Linear Nonlinear Linear

The test problems are defined using table 3.5.2, where the abbreviation
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h(t) := 440sin(2750¢t) is used. Reference material for the first two test
cases, which are based on the electromagnetic equation at the end of sec-
tion 2.5, can be found in [14]. The first problem is a linear problem with
a parabolic boundary layer for which an exact analytical solution exists.
For a figure of the electromagnetic reluctivity v, see [7]. Following [14],
the magnetic vector potential applied in (2.3.1) has a frequency w of
50Hz and an amplitude of ¢ = 440Wbm™". The electric conductivity o
is taken to be a field independent constant, 5 - 10Sm™!. The data for
the reluctivity in test case 2 are determined with the use of the data in
[14] and normalized for a conductivity equal to 1.

Example 3 has a shock moving in time. It was chosen to demonstrate that
large time-slabs — with moving shocks — can be handled efficiently. One
of the differences between examples 1 and 3 is that for v = vpin | 0
there will appear a parabolic boundary layer along I'; in the former
case, whereas there is a shock inside the domain in the latter example.
Another difference is that problem 3 has a flow ﬁgldi) such that Vb > 0.
Problems 1 and 2 have a flow field where V:b = 0. Therefore, only
for problem 3 additional exponential weighting is used. Note that this
problem is not covered by the provided theory, because the boundary
conditions -y can not be extended to a function in H'(Q)

For a given problem, grid, and linear solver, table 3.5.3 shows the total
number of non-linear iterations, with the number of linear iterations
specified for each non-linear step. The Euclidian norms of the residuals
of the initial solutions u° on the first fime-slab are 0.25, 8.27 and 0.55 for
tests 1 — 3. The linear solvers are accelerated with an ILU preconditioner,
see for instance [4]. More information on these solvers can be found in
chapter 8. The number of iterations for the third test is reasonable since
there is very little diffusion. For « | it has been observed that there is no
convergence of the iterative solvers. For & — oo however, the number
of iterations decreases rapidly for increasing «. This is caused by the
scaling with e~*?,

The “*’ in table 3.5.3 indicates that the streamline upwind finite element
basis functions have been used, contrary to the standard nodal ones,
which are supposed to be the default choice. Figure 3.1 shows the
grid Q(lw) used for the first case. Because there is a parabolic boundary
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Table 3.5.3 Numerical results.
Prob. || Grid | Lin. Solver | # Iterations

1* | Q!'® | 6eGLs | 1:39
Q(IO)

; GCGLS | 1:39
Qi | cGs 1:29
y? | CcGS 1:29

Q?O) CGSTAB | 1:27
Q{? | CGSTAB | 1:27

1 | " | GCGLS | 1:112

Q{'” | cGs 1: 89
Ql1” | CGSTAB | 1:83
2* || Q"9 | cGs 4:4,18,31,42
Qy” | CcGs 4:4,29,31,36
3* || o{'? | CcGS 1:276

layer along I';, the grid is only fine in a small area along this boundary.
The equidistant levels of the SUPG solution as well as the SUPG solution
itself are shown in fig. 3.2 and 3.4, for the first time-slab and fifth time-
slab respectively. Note that this solution almost behaves oscillatory on
the latter time-slab.

Figures 3.5-3.10 show the refined grid and the SUPG solution for
the second test case, in which there is no layer involved. Note that the
grid is partially refined over a larger area because the electromagnetic
field penetrates further into the material.

For problem 3, the grid Q(lm on the first time-slab and the equidistant
levels of the computed solution are shown in figures 3.11 and 3.12.
Magnifications of this grid and the computed solution thereon can be
found in figs. 3.13 resp. 3.14. Analogous to grid generation for the
problems 1 and 2, the grids on each time-slab have been constructed
following the adaptive refinement procedure given in section 5.9, where
other numerical examples can be found.
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3.6 Other global finite element applications

The time-slabbing technique may also be used for the solution of delay
differential equations , i.e., equations of the type

Ve (B, u(x, ) + b Vu,t) +ulx,t — At) = f(r,8)in Q
'll,(x, t) = UO(x7 t) in QO
u(x,t) =uc(t)atl,
(3.6.1)

with Qo = Q x (—At,0) analogous to (3.2.2). In this case the Jacobian
matrix of the corresponding variational formulation in (3.3.6) will have
an additional term on every time-slab (arguments (x, t) are omitted where
possible)

/ wx,t — Ab)(v +8b° V) dxdt Yy wem) (3.6.2)
Q

which vanishes on the finite element subspace H if the triangulation is
such that all triangles have longest edge less than At.

The global finite element techniques can be applied as well to partial dif-
ferential equations which depend on a single parameter. As an example
consider the equation

—(e(1 +u2(z, )" ?u(z, A)2)s + Auz, \) =0in Q

(3.6.3)
u(z,\)=gatT

for a small positive scalar e. Here streamline upwind techniques analo-

gous to the time-slabbing techniques introduced earlier can be applied
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