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Preface

This monograph contains the main results of a research which resulted from my
interest in graph theory (and its applications in social science research). In the course of
this research the aspect of graph theory gradually disappeared. Having finished my
mathematics studies I used the subject for my Ph. D. research.

I owe many thanks to dr A.A. Balkema. His ability to simplify seemingly com-
plicated matters has led me to unify what often appeared to me a collection of curious
but interesting results. I treasure our stimulating discussions on mathematical subjects.

Prof. dr J.Th. Runnenburg read the final draft with painstaking precision. Many
errors and omissions were detected and avoided. For this, and his many helpful sug-
gestions I am very grateful. Of course I bear responsibility for all deficiencies in this
work.

With drs Bert van Es I had some interesting discussions on the more practical sides
of my research.

The personal attention of Teyung Fu made it possible to produce this text on a
modern text-processing device. The joint efforts of drs Edo Velema and drs Antje
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1. Introduction and summary

In this monograph we present some central limit theorems for homogeneous multi-
linear forms and for generalizations of multilinear forms. We are concerned with one
particular generalization of the homogeneous multilinear form: 'clean’ random variables
to be introduced in Sect. 2.2. The purpose of this introduction is to make the reader
acquainted with the subject matter of this monograph rather than to present the results of
the subsequent chapters in full generality. Some special cases may serve to illustrate
some peculiarities of the subject matter and of the methods used in the proofs below.

We start with a sketch of the general setting. Consider a probability space (Q2,F,P)
on which independent random variables X ,...,X  are defined. Define for a finite
subset I  {1,...,n} the c-algebra F; = 6{X; :ie I} and let W, be a F|-measurable
random variable. We assume the random variables W to be centered, square integrable
and uncorrelated:

EW, =0, EW’=0l<e, EW,W,=0ifI#J.

Notice that the distribution of the underlying random variables X is immaterial. We
can write

Wy =w (Xil,...,X id)forI= {ipenig)s

with w_,(...) a Borel measurable function R%> R which may depend on n. (We shall
suppress the subscript n where possible.) The random variables W | are dissociated,
that is WII,...,W Iy are independent if the sets I,,...,I q are mutually disjoint. (See
McGinley and Sibson (1975).)

We shall mainly be concerned with conditions that ensure asymptotic normality for
d-homogeneous sums,

Zm)= 3 Wy,
Il=d
where the summation extends over all (g) subsets I  {1,...,n} of size | I | = d. It is
convenient to assume the sum Z(n) to be normalized to have unit variance:

2
o;=1
mza !
The following condition will play a crucial role in the theory below:

E Z(n)4——) 3 forn —eo,

with 3 being just the fourth moment of the standard normal distribution. In the proofs
below we need a technical condition
E W? <D o;’ , with D not depending on n.



Under these assumptions we do not have a central limit theorem; Z(n) may converge
(even in the simple case d = 1) to any centered random variable with unit variance and
fourth moment equal 3. What is needed is a negligibility condition which forces the
contribution of each individual random variable X; to the total variance to be small with
respect to the total variance:

max Y 0'12—-)0 for n — oo,
i Iai

Do these three conditions above ensure asymptotic normality for the homogeneous
sum Z(n)? The answer in general is no; more structure is needed. However, in the
important special case of homogeneous multilinear forms in independent centered
random variables,

Zm= 3 a I X;,
Ml=d jel
the above assumptions imply asymptotic normality for Z(n). (In fact, it will be shown
that, given the negligibility condition and the uniform bound on the fourth moments of
W, / 6, the convergence of the fourth moment to 3 is also a necessary condition for
asymptotic normality.) This result on multilinear forms follows from the results in the
next two chapters (especially Th. 2.1.1 for the if part and Th. 3.2.5 for the only if
part). These results are valid for more general random variables W .

Before introducing the more general case, we shall consider multilinear forms in
some detail, especially the bilinear case. The above mentioned central limit theorem is
not completely self evident. For the quadratic form in iid normal N(0,1) random
variables

Z n)= a..X . X .
®) 15i§35.n vl
there is a simple proof for the asymptotic normality of Z(n). However, this proof rests
on a non-trivial result from linear algebra and on a special property of the normal
distribution, as can be seen from the following sketch of the proof.

Without loss of generality we may assume the matrix (aij) to be symmetric with zero
diagonal, a,, = 0. There is an orthogonal transformation that brings (a ij) into diagonal
form, and we can rewrite Z(n):

Zm= ¥ B Y
1<i<n
with By the eigenvalues of the matrix (aij) and the random variables Y ; normal N(0,1),
orthogonal and hence independent. Since the diagonal elements vanish, we have
> My =trace(aij)= > aii=0’

1<i<n 1<ign



and Z(n) is a weighted sum of independent centered random variables

Zm)= 3 W, (Y2-1), withvarZm)=2 ¥ p2
1<i<n ! ! 1€isn !
Assume var Z(n) = 1. The above considerations imply that Z(n) has a normal limit
distribution iff
maxuiz—)O for n — oo,

1
which is equivalent to

> u?—>0 for n — oo,
1<i<n
Straightforward calculation shows that the latter condition is equivalent to
EZmn)*— 3 forn — o,

The above proof combines two approaches, an algebraic one: the orthogonal decom-
position of symmetric matrices, and a probabilistic one: the special properties of the
normal distribution and a simple central limit theorem. The proof itself has a limited
scope: If the random variables are not normally distributed, the orthogonal decom-
position results in a weighted sum of squares of uncorrelated random variables. More-
over, if d > 3, then there is no orthogonal decomposition in the above sense.

Matrices with 'many' zero entries seem easy to handle by a probabilistic approach.
Especially block diagonal matrices (i.e. matrices divided into blocks by partitioning the
index set {1,...,n}, with only those blocks which meet the diagonal containing non-
zero entries) allow a simple analysis: The quadratic form can be written as a sum of
independent random variables V , with V  the rth block around the diagonal.

Whittle (1964) gives an interesting example. The matrix (aij) is defined by aizj =Pj.i if
j>iand 2= Oelse, with p, +..+ p_ = 1. Then var Z(n) /n — 1, since

Y G/n)p; < @Wn)/n + 2\1 p; = 0, oo,
1<i<n i>Vn
Taking blocks of size k (withk = [Vn], the largest integer not exceeding Vn), we
have

Z(n) = V1 +...+ an + Rn,

with Vl,...,an iid and var R /n — 0, since the random variables ainiX j are
orthogonal and since var V, /k — 1 forn — o, by the same argument as for the
total variance.

The above approach can be easily generalized to multilinear forms or to uncorrelated
random variables W . This raises the important preliminary question: Is it possible to
rewrite homogeneous sums Z(n) in a trivial way as a sum of independent random



variables plus a vanishing remainder term, as in the example above? The answer to this
question is provided by the Gaussian example above.
Consider the matrix (aij) with all off-diagonal entries equal (and positive) and a = 0;
then Z(n) is asymptotically chi-squared distributed:
2 2
Zn)=a > X.X. =a,(Y X.)-a ¥y X,
12 1gian 1 120G 12 G

witha, = (a(n - 1))

(since var Z(n) = 1). The variance of the second term equals
2n 3%2 =2/ (n - 1) and hence this term tends to 1 in L2. The first term equals
(n/ (- 1))1/ 2 Y2, with Y standard normal. Thus Z(n) has a non-normal limit
distribution.

In Sect. 4.0 it is shown how to construct a matrix (aij) with all off-diagonal entries
having equal absolute value (and diagonal elements equal 0), such that the eigenvalues
vanish uniformly for n — oo, In this case Z(n) is asymptotically normal, as is shown
above. This shows that Z(n) may have a normal limit distribution, while block
diagonalization fails. More generally, this example shows that any condition for
asymptotic normality which is phrased in terms of the absolute values IW I is not
sharp.

We have now touched upon the main themes of the next two chapters. We shall give
a survey of these chapters.

Sect. 2.1 begins with an important generalization of multilinear forms in independent
random variables. Again we start with a probability space (2,F,P) on which
independent random variables Xl""’Xn and the c-algebras fl = G{Xi: ie I} (with
F @ the trivial o-algebra) are defined. Then a square integrable F (o, n]-measurable
random variable Z(n) can be approximated by a sum of independent random variables:

Zim)= ¥ E(Z®m)-EZ@)lX;)+R(),
1<i<n

with the remainder term Rn orthogonal to the independent random variables E (Z(n) -
E Z(n) | Xi)' If the remainder term vanishes (e.g. in L2) for n — oo, then Z(n) can be
analysed as a sum of independent random variables.

Our main concern is the situation where the remainder term does not vanish. In many
interesting problems the latter is the case. To analyse this situation we pursue the
projection in the following way.

Any square integrable 7{ 1o n}-measurable random variable Z(n) can be
decomposed:

(1.1.1) Z(m)= > Wi,
Ic(1,..,n}
where the random variables W are uniquely determined by the following
conditions:



a) W, is f}i-measurablc,

D)EW; 1 f)=0as.if IN] = Q.
Thus
" Wg E W@ E (Z(n) : E@ W;) =E Z(n)

1 =E@Mm- T W1 F)=EZNn)- £ W | F)as.
J#1 J gl

The decomposition is orthogonal. If I # J the symmetric difference IAJ = (I\J) LU
(J\D # . Suppose INI =D, then E W W; =EW E (W; 1% )=0.

The above decomposition was used in Hoeffding (1948) to obtain central limit
theorems for Z(n), Z(n) being approximately a sum of independent random variables.
We shall refer to (1.1.1) as the Hoeffding decomposition (see Van Zwet (1984)).

For d-homogeneous sums in the Hoeffding decomposition satisfying the
negligibility condition and with a uniform bound on the fourth moments E (W, / o, )4 <
D for all I, the fourth moment condition E Z(n) — 3 implies asymptotic normality
(Th. 2.1.1). In Sect. 2.1 it is shown that the assumption of homogeneity in'| I | cannot
be dropped. Th. 2.1.1 follows from a slightly more general theorem (Th. 2.2.3).

In Sect. 2.2 we drop the assumption of underlying independent random variables.
Then we only have a family of random variables indexed by finite subsets of the inte-
gers, W= {W I {1,..,n}} and the c-algebras generated by (subsets) of these ran-
dom variables. Define :’F()— G{W € W:ie 1}. Random vanablesW are clean if

E(W, 1 FDy~0as. forallie L
For d-homogeneous sums of clean random variables W(n) we have a central limit
theorem under the conditions of Th. 2.1.1 if we add as extra condition that the sum of
correlations between the squares vanishes:

z E Wiw2.6262) 50, n— e

The final two sections of Ch. 2 contain the proof of the Th. 2.2.3. We shall not go
into the details of the proof. We make one remark on the sort of result that is obtained in
these sections. We obtain for fixed n a bound on the distance

sup | P{W(n) <x}-P{Y <x}|,

X
with Y a standard normal random variable. This bound can be expressed (but for one
universal constant C,) in the parameters in which the central limit theorem is for-

mulated: D, | EW(n)4- 31, max Y o and | Z (E W W -C O'J )I. Since this
i Ia3i

bound does not seem to have any practical value, we formulate the results in terms of
convergence of distributions.



Ch. 3 starts with some preliminary results with a technical flavour (Sect. 3.1). From
Sect. 3.2 on we restrict ourselves to homogeneous sums in the Hoeffding decom-
position. The main aim of Sect. 3.2 can be formulated as follows. Recall the central
limit theorem for quadratic forms in Gaussian random variables: A sharp criterion for
asymptotic normality of the bilinear form is given in terms of the eigenvalues of the
symmetric matrix. The bilinear form B"x R"— R is regarded as a mapping R"— R",
the matrix (aij)' (Here a short detour is needed: The bilinear form

Zm= ¥ X aini Yj,
1<i<n 1<j<m

with X,,....X , Y ,...,Y  independent, is included in the present setup: Consider the
(n + m) X (n + m) matrix (b ij) with all entries zero except those in the upper rectangle
1€i<n,n<j<m+n,and bij = aij-n' Thus the bilinear form reduces to the cases
treated above.) In the same way as the bilinear form, the d-linear form R" x...x R"—
R can be regarded as a mapping R™ — R"™® for ¢ = 1,...,[d/2]. This gives [d/2]
(rectangular) matrices. Instead of the eigenvalue decomposition we now use the
singular value decomposition. (For real symmetric matrices the singular values equal
the absolute values of the eigenvalues.) We arrive at results analogous to those in the
case d = 2: The d-linear form satisfying the usual conditions of negligibility and with
uniformly bounded fourth moments E (W I / o )4 has a normal limit distribution iff the
maximal singular value vanishes. These results, involving singular values, cannot be
extended in full generality to the general case of d-homogeneous sums in the Hoeffding
decomposition. However, in De Jong (1987) some partial results (for the case d = 2)
are obtained. These results are extended for general d in Sect. 3.2.

In Sect. 3.3 inhomogeneous sums are treated. All results formulated until here
concern homogeneous sums (except the counter-example which shows that homo-
geneity is essential in Th. 2.1.1). However, inhomogeneous sums arise in many
interesting situations (cf. Hall (1984)). Consider the finite sum of homogeneous sums

V(n) = WOm)+...+WDn), with var WOm) - 6%e) >0, n — oo,

and var V(n) = 1. If W(n) / var'”2 W®(n) satisfies the conditions of Th. 2.1.1, then
V(n) has a normal limit distribution. Moreover, the joint distribution of (W(l)(n),
s W (d)(n)) tends to a d-variate normal distribution with vanishing covariances.

The chapter ends with an elaborate example of a simple multilinear form in zero-one
valued random variables, which is an inhomogeneous sum. This example is used to test
the merits of some of the previously obtained results.

In Ch. 4 we start from the following observation (prompted by a question of A.A.
Balkema): Consider the matrix (Wij) of components in the Hoeffding decomposition
(d=2).Let Al,...,Aq be a partition of the integers 1,...,n (q not depending on n). This
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partition induces a partition of (W) with (4 ') elements. This is illustrated in Figure
1. (Without loss of generality we may assume the elements of the partition to be
consecutive blocks.)

Figure 1

If the homogeneous sums W(n) satisfy the conditions of Th. 2.1.1, then the joint
distribution of the (q2+ 1) partial sums tends to a multivariate normal distribution with
orthogonal components, provided the variance of each partial sum converges. This is
the basic result of Ch. 4. By straightforward approximation it can be extended in the
following way. Let x,x ,,... be points in R and embed the random variables W as
random point masses in R™ at (x; X ), with x, < X; if i < j. Define the dxscrete
measures |l on R? with mass 02 at point (x Xj ) Suppose that the probability
measures | converge weakly to J. Deﬁne the stochasnc integral

[tawm = 3 fox;.x)W;
1<i<j<n

If the sums W(n) satisfy the conditions of Th. 2.1.1, then [ £ dW(n) has a normal
limit distribution N(0, | f2dp,), if the function f is bounded and p-a.e. continuous. It is
remarkable that the same result is obtained as would have been obtained under the
(stronger) assumption that the random variables W. are independent. However there is
an important difference: if the random variables W are all independent they can be
embedded in R (instead of R ) and the same result holds In Ch. 4 it is shown that this
is not the case for wij components in the Hoeffding decomposition. For these random
variables the special (coordinatewise) embedding is important. Sect. 4.3 is concerned
with this aspect of the Hoeffding decomposition. Rather, a criterion is given such that



homogeneous sums in the Hoeffding decomposition satisfying this criterion can be
embedded in R (instead of B?).

This text is meant to be selfcontained as far as it is concerned with generalized multi-
linear forms. Except for general results which can be found in textbooks like Chung
(1974) and a central limit theorem for martingale differences, no results from prob-
ability theory are needed to read the text. (E.g. properties of martingalés which are used
without reference can be found in Chung (1974).)

We conclude this chapter with some references to related results. There are many
papers on central limit theorems for generalized multilinear forms scattered throughout
the literature. We shall not try to be exhaustive here. Instead, we shall give a rough
classification according to methods of proof used to derive these results and provide a
few references. We distinguish four approaches.

The first one applies to proper multilinear forms in independent random variables. In
Rotar' (1973) it is shown that the limit distribution of a quadratic form in iid random
variables with zero mean and unit variance does not depend on the actual distribution of
the random variables. More generally, in this approach invariance classes of
distributions are identified. For each invariance class the limit distribution is the same
for any distribution in this class. Then the limit distribution can be determined with the
help of one member in the class for which the limit can be computed. The limit
behaviour of the quadratic form in independent N(0,1) random variables is treated
exhaustively in Sevast'yanov (1961). In Rotar' (1979) invariance classes are given for
multilinear forms.

The second approach we distinguish is the method of projection, given above. In
this situation a central limit theorem can be obtained by methods from martingale
theory. In Beran (1972) a central limit theorem for quadratic forms is proved with the
help of a martingale method, a result which is related to that in Whittle (1964). A special
class of generalized multilinear forms are U-statistics (d = 2):

Zm= 3 7,(X;.X)),
1<i<j<n J

with X, iid and z a symmetric Borel function not depending on the indices i,j. Weber
(1983) proves a central limit theorem using a technique based on backward martingales.
If Z(n) is a homogeneous sum in the Hoeffding decomposition, the U-statistic is said to
be degenerate. This case is treated in Hall (1984). The method used by Hall is a
generalization of that in Beran (1972) and is essentially the same as the one used in De
Jong (1987). In the author's Master's thesis (1982) this method was used to obtain
central limit theorems for components in the Hoeffding decomposition. Backward
martingales are also applied in case of weakly exchangeable arrays in Weber (1980).
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The third method is based on a result in Stein (1970). It is used in Barbour and
Eagleson (1985) to derive a central limit theorem for dissociated random variables. This
concept was defined in McGinley and Sibson (1975). (A definition is given in Sect.
2.2; components in the Hoeffding decomposition are an example of dissociated random
variables.) Earlier a central limit theorem for dissociated random variables was obtained
in Noether (1970). Both Barbour and Eagleson (1985) and Noether (1970) treat cases
of random variables with d 2 3 indices.

The latter paper used the method of moments; the fourth approach. The method of
moments can be applied in a great variety of situations. Although usually strong
assumptions are imposed on the moments of the random variables, it is often possible
to obtain results in situations where at first sight there is a very intractable dependence
between the random variables. As an example may serve the monograph Bloemena
(1964), where by means of the method of moments a central limit theorem is proved for
quadratic forms in dependent random variables. (These quadratic forms are not sums of
dissociated random variables.) When kth moments are calculated of sums of random
variables indexed by pairs of indices, graph theory can give a heuristically useful
description of complicated products. In particular it can be used to describe the way
different random variables have indices in common. The description of higher moments
by means of graph theory was already employed in Moran (1948). Later on it was used
by several authors, e.g. Bloemena (1964), Kester (1975), Brown and Kildea (1978),
and Jammalamadaka and Janson (1986). It was also used in De Jong (1982), where the
method of moments was used to obtain central limit theorems for dissociated random
variables. Contact with this approach seems to have long after-effects: In the next
chapter several ways are introduced to describe higher moments, which are adaptations
of the graph theory techniques, adapted for random variables indexed by more than two
indices.



2. A central limit theorem for clean random variables

2.0. Introduction

In Ch. 1 the first two sections of this chapter have been introduced extensively. Here
we shall make some general remarks on the proof of Th. 2.2.3 which is contained in
the final two sections. The proof rests on a martingale central limit theorem (Heyde and
Brown (1970)). By this theorem we have asymptotic normality for the sum of

martingale differences ¥ U, with ¥ EUZ=1and maxEU} -0, if

1<k<n 1<k<n 1<k<n

1) SEU; 50, no e,
1<k<n

2 L2
2) Z,Uk = 1, n > eo,
1<k<n
These requirements can be relaxed. The fourth moment in 1) can be replaced by the
(2 + €)th moment; the L? convergence in 2) can be replaced by convergence in
probability. However, the above formulation is very suitable in the present situation,
since we are working with fourth moments.

If we write W(n) as a sum of martingale differences, we break the symmetry on
W(n): All conditions on W(n) are invariant under permutation of the indices, whereas
for a martingale the order of the index set plays an essential role. In Sect. 2.3 and 2.4
the fourth moment E W(n)4is split into partial sums over the quadruples (I,J,K,L) of d-
point subsets of {1,...,n}. In Prop. 2.3.1 - 2.3.3 it is shown that the two requirements
above are satisfied if certain partial sums vanish. Prop. 2.3.3. deals with the
asymmetric character of the above requirements. In Prop. 2.3.4 these results are
summarized in a technical central limit theorem, phrased in terms of these partial sums.
In the remainder of this chapter it is shown that under the conditions of Th. 2.2.3 these
partial sums vanish.

2.1. A central limit theorem for components in the Hoeffding
decomposition

In the previous chapter the Hoeffding decomposition was introduced. On the
probability space (2, ¥,P) a sequence of independent random variables X | ,X,,... is
given. Define for finite sets of the integers I the G-algebras f = 6{X; :ie I} and T@

10



11
= o{J,Q}. Any square integrable ,‘}El n]-measurable random variable Z can be

written Z = > W, where the components W are uniquely determined by
Ic({1,..n}
(2.1.1) a) W is _‘Ti -measurable,

B)E(W | ) =0as.if INJ= 2.
For d-homogeneous sums in the Hoeffding decomposition W(n) = 3 W; - we shall
M=d
reserve the notation W(n) for homogeneous sums - we have the following central limit
theorem which follows from Th. 2.2.3 of Sect. 2.2.

Theorem 2.1.1. Let W(1),W(2),... be d-homogeneous sums in the Hoeffding
decomposition, W(n) = ¥ W;, for fixed d with var W(n) = 1, for n = 1,2,... .
Suppose m=d
a) max 20% — 0 forn — oo,
i Iai

b) max E W? / G‘;' <D, D not depending on n,
I

) EW(@m)* = 3 for n — oo

Then d
W(n) — N(,1) forn — oo,

This is Th.2.2 in De Jong (1987), for general d instead of d = 2. We give some
comments on the conditions.

Condition a) excludes degenerating forms with the masses c? concentrating on one
or a few 'hyperplanes' { I:1i € I}. These forms usually have a limit distribution
depending on one or a few random variables X, . By condition a) the following
example is excluded. (If we consider random variables W, indexed by sets I containing
one or two elements, we employ the usual notation: W, instead of W{ i) and Wij instead
of W{i J}')

Example 1. Let X, be iid, EX; =0,EX?=1and

Wm) = -2 X X, + +X, X))
Then W(n) has a normal limit distribution iff X, =% 1 with probability equaling1/2.
The if part follows from the central limit theorem for sums of iid random variables with
diverging total variance. The only if part can be deduced from the characteristic function
of W(n). We shall return to this example below.
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Condition b) is imposed to exclude random variables with heavy tails. In Ch. 3 we
shall return to this issue and show how condition b) can be relaxed in two respects. In
the first place in Th. 3.1.2 it is shown that we can allow D to diverge in a controlled
way. In Sect. 3.2 it is shown how condition b) can be relaxed by means of truncation.
If d =2, then condition b) can be dropped (De Jong (1987)).

Condition b) can be replaced by the somewhat weaker condition

b) Y (E W;‘)U2 < C, Cnotdepending on n.
Il=d

If condition b') holds we can apply Th. 2.1.1 to the partial sum
W@) =3 Wy,
2

with 4= {I: E (W, /0, )*< D} for some D > 1. Then
var (W) - W) =3 o-<CD 2
s

by Chebyshev's inequality. However, since condition b) is clearly the condition which
is needed in the proof of Th. 2.1.1 (and Th. 2.2.3), we shall use the more restrictive
condition. The reader is free to adept the theorems and their proofs to this refinement.

Condition c) may be difficult to check; in Ch. 3 several conditions are given to
replace condition c). These conditions are usually more restrictive than condition c),
which is sharp in some sense: see Th. 2.2.4 and Th. 3.2.5.

Condition c) may be replaced by the weaker condition

¢) limsup E W(n)* < 3.

n— oo
In Sect. 2.3 it will be shown that under the conditions a) and b) of Th. 2.1.1 condition
¢") implies condition c).

The example below shows that the assumption that the random variables W(n) are
homogeneous sums cannot be dropped. In Sect. 3.3 we shall give a central limit
theorem for inhomogeneous sums.

Example 2. We start with the construction of a family of random variables with fourth
moment equal to 3. Then we give a sequence of inhomogeneous sums in the Hoeffding
decomposition with a non-normal limit distribution which satisfies the conditions a) and
b) of Th. 2.1.1 and converges to a member in this family.

Let Y,Z be random variables with EY =EZ =0,E Y= 1,E Z’ =62 EY Z =0,
EYZ#0and EY*=3.Set V=Z+a Y, then

EV2= a2+ 62,
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EV'-3E2V2= 403 EY Z+6 o’ EY?Z2 + 4aE YZ3+E Z*- 6 a2 - 3 6*
This is a polynomial in o of degree 3 (since E Y3Z # 0) which has at least one real
zero, say o For this zero the normed fourth moment of V =Z + oY equals 3.

Now choose
-172 -3/2
Y =n > X.andZ_=n Y X.X.X,,
n 1$i<n n lsicjeksn' ) K
with Xi iid N(0,1) random variables. Then Yn and Zn are homogeneous sums in the
Hoeffding decomposition (of degree 1 and 3 respectively) and satisfy the conditions a)
and b) of Th. 2.1.1. Straightforward calculation yields
-1 2 -
Y=6z +3Y, @' 3 X})-20"7 3 X,

1<i<n 1<i<n
with

n'IZXiZ—-)l, n — oo,
1<i<n

n’ 3 X250, no e
1<i<n

3, _ 2
EYnZn—6EZn¢O.
Since Y n is N(0,1) distributed, we have

Z +aY, S Y6 +Y@-1/2), n— e,
with Y an N(0,1) distributed random variable. Thus we have constructed (with Vn .
(Zn + qOYn) / var”2 Z at qun) ) a sequence of random variables which satisfies the
conditions a), b) and ¢) of Th. 2.1.1, but which has a non-normal limit distribution.
(The tail of the limit distribution is determined by Y3/ 6, which is not normal.)

2.2. Formulation of the main result

In this section the assumption is dropped that there is an underlying sequence of
independent random variables. Then there is no Hoeffding decomposition, and for
similar results conditions have to be imposed that are satisfied automatically in the
Hoeffding decomposition. Two conditions are important here.

In the Hoeffding decomposition two random variables are independent if IN J = &.
Indeed, components in the Hoeffding decomposition are dissociated (see McGinley and
Sibson (1975)). That is, random variables, indexed by subsets of the integers Wll’
...,WI are independent if the sets 11,...,1 a are mutually disjoint. Condition d) of Th.
2.2.3 is weaker than the assumption that the random variables are dissociated.
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More important, however, is the definition of the analogue of (1.1.1). Consider the
family of random variables indexed by finite subsets of the integers W= { W, :Ic
(1,2,...}} and the c-algebras F) =6 (W, e w:ie 1).

Definition 2.2.1. The random variable WI e W is clean if E( WI | ?(i) ) =0 as.
forallie L

Notice that this definition is not the same as the definition of 'clean’ in De Jong
(1987), where components in the Hoeffding decomposition are considered. The family
W is clean if all its members are clean; by abuse of language we say 'y, W/ is clean'
to indicate that the family W is clean. w

Any subset of a clean family is clean. If W is clean and W, c W, then W), is
clean, since with To(i) =0 {We 'Wo :1¢ I} we have for W, e ‘WO

E(Wy | @) =E(E(W; 1 FD)1 D)= 0as.

Homogeneous sums in the Hoeffding decomposition (Sect. 2.1) are clean; since
?(i)cc{Xj:j#:i‘},wchaveforieI ‘

E(W | ?(1))=E(E(WIIXj,j¢i)I}(‘))=0 a.s.

Therefore, we have the following examples (cf. Ex. 2 of Sect. 2.1).

Example 1. The degenerate homogeneous sum in the Hoeffding decomposition W(n) =

W12 +..+ Wi is clean. We can leave out the index 1. The set of random variables

{Wj : Wj = le,j =2,...,n} is clean, since
E(Wile,j#i)=E(E(Wi|Xj,j¢i)IWj,j¢i)=0a.s.

This can be extended easily.

Example 2. Consider the components in the Hoeffding decomposition
( Wij )1<i<k, k <j<n . This is a rectangular part of the upper triangle of the matrix
( wij ). The set of random variables
{ WJ = Z Wl] . _] = k+l,...,n}
1<i<k
is clean:
E(WjIWg,k<g¢j)=E(E(Wj|Xg,k<g¢j)IWg,k<g¢j)

=E( ¥ E(W;lX,, k<g#j)I Wy, k<g#j)=0 as.
1<i<k

Both examples above can be generalized for components in the Hoeffding decom-
position with d indices.
Notice that a random variable is clean with respect to a given set ‘W, A change in one

variable may effect many other variables.
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Example 3. Let U;,U,,... be iid uniform (0,1) random variables and let f 1sf9s-.. De the
Rademacher functions ( fy(x) = 1 - 2 €, (x), with e, (x) right continuous "zero-one" and
S 2k e (x) =x, x € [0,1], where (e, (x) ), are the coefficients in the binary expansion
(l)(f x). Put g, =f} + 1; fori < j we define Wij = fj(Ui)gi(Uj). Since cs{Wg}l : {g,h}=#
{i,j} } < of Ug, £,(U), fk(Uj) :ghke {ij} } and since for fixed i the random
variables f} (U,) are independent, the random variable Wij is independent of the random
variables Wgh , {gh}= {i,j}. Thus E( wij I Wiy, k2j)=E Wij = 0 a.s., whereas
E( Wij 1U;) = fj(Ui)Egi(Uj) # 0 a.s. Hence the set { Wij :1<i<j<n }isclean,
and the set { Wij: 1<i<j<n}u{U;-1/2} is not clean.

The above example shows that the union of two clean families (or the sum of two clean
sums ) is not necessarily clean.

Example 4. 1f {W; :1=1,2,...} is clean, then the multilinear form

IIlz dWI , with Wy=a; JI Wl ((aI)III =d real constants )
= iel

is clean, since with i € I we have
E(Wp ! 7)) = E(E(Wy I'W;,j=i)1 #D))

=aE(( TT WpE(W,IW,,iz)l FD)

__:Oasiel,kvti

Clean random variables are uncorrelated: With i € J\I we have E W{W; =

E W{E (W; | fF(i) ) = 0. This idea can be extended; we shall use it often in the
following form.

Lemma 2.2.2. Let { w11 ,...,WIq}be clean and suppose I; N (U ..U Iq) #1;
(I, is called a free index of the q- tuple ( Il,...,Iq ). Then E W11 ...qu = 0 (provided
the expectation exists).

Proof.Letie 1;/(Lu..v Iq ), then .
E Wy, . Wi =EWp,.. Wy E (W, | Fiy=o.
In fact we have shown more:
E (W_Il'" WIqIWJ eW,Je A)=0as.,if I; n (], V.U U () =14

For the sequence of clean finite sums W(n), homogeneous in | I |, with var W(n)= 1
- recall that we reserve the symbol W(n) for clean sums that are homogeneous in I I 1 -
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we have the following central limit theorem. Notice that each sum below is clean;
nothing is assumed about W(k) + W(m), with k # m.

Theorem 2.2.3. Let W(1), W(2),... be a sequence of clean homogeneous sums of

degree d, W(n) = | Y, Wi with var W(n) = 1, for n =1,2,... (d fixed). Suppose
Il=d

a) max 2012 — 0 for n— oo,
i I>i
b) max EW?/ 0';' < D, D not depending on n,
I
) EW@m)*—> 3 for n — oo,
242 22
d) > (EWIWJ —(SIO‘J) — 0 for n — oo,
INn]=02
Then

d
W(n) — N(,1) for n — eo.

Remark 1. If we compare Th. 2.1.1 with the above theorem we can see that
homogeneous sums in the Hoeffding decomposition are replaced by homogeneous
sums of clean random variables satisfying assumption d). If the random variables Wy
are dissociated, then we have E W%W? = 0‘%0% ,if INJ = . Thus assumption d) is
implied by dissociated.

Remark 2. We shall see below (Ch. 3) that, under the assumptions a) and b),
assumption d) is equivalent to
) 3 W Ei1 for n — oo.
Il=d
Remark 3. If d=1, the clean sum has the martingale property and the reversed
martingale property simultaneously:
E(WiIWj,j<i,j>i)=0 a.s.

In Sect. 2.4 it will be shown (Prop. 2.4.3) that if var W(n) = 1 and E W? / 0’? <D
for all terms in W(n), we have
EW@m® <D C,,
with C; a constant only depending on d (not on n). This implies the following converse
result (using Feller II (1971: 251, parte) ):
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Theorem 2.2.4. Let W(1), W(2),... be a sequence of clean homogeneous sums of

degree d, W(n) = | Y, W with var W(n) = 1, for n=1,2,... (d fixed). Suppose
Il=d

max E W? / 616 < D, D not dependir:g on n.
I

Then

d
W(n) —N(0,1) for n — oo,
implies
EW(n)4 — 3 for n — oo,

If d = 1 then the conditions of Th 2.2.3 can be relaxed somewhat.

Corollary 2.2.5. (Th. 2.2.3 in case d = 1.) Let W(1), W(2),... be a sequence of
clean homogeneous sums W(n) = Z W; with var W(n) = 1, for n =1,2,... .
Suppose 1si<n

a) max °i2 — 0 for n — oo,
i

Then
Wi(n) i) N(0,1) for n — oo,
if two of the following three conditions hold:
b) max EW;t / 0? < D, D not depending on n,
1

c) EW(n)4——) 3 for n— eo,

d) 3 EWW -clol) —0for n—oe.

i#]

(For the proof see Sect. 2.3.)

As a consequence of corollary 2.2.5 we obtain the statement of Example 1 in
Sect.2.1. The sum (n- 1) /(X X, +..+X X ), (X, iid, EX, =0, EX>=1) is
homogeneous (d = 1) and clean and condition a) is satisfied. If the distribution of X i
=% 1 with probability equaling 1/2, then the conditions b) and d) are satisfied. If W(n)
is N(0,1) distributed then the sixth moment E X? is bounded, thus condition b) is
satisfied and, by Th. 2.2.4, we have condition c). The conditions b) and c) imply (see
proof of corollary 2.2.5) condition d), which implies that the distribution of X, is as
required.

Thus Th. 2.2.3 (combined with the trick of 'lowering the dimension d' as shown in

the examples 1 and 2 above) can be applied in cases which are excluded by condition a)
in Th. 2.1.1.
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2.3. Proof of Theorem 2.2.3

In this section we shall consider a fixed finite clean sum W(n) . We can write W(n)
as a sum of martingale differences

W= ¥ U,withU, = > W

1<k<n I, maxI=k r

with respect to the - algebras ﬂi; = CS{WI :max I <k }, since

EG K)= 2 EGWITE
, m

ax I =k

= 3 EEWIFg)

I, max I =k

=0 as. (as ?;(_lc ?(k) ).

Remark 1. There is some arbitrariness in the definition of the martingale differences:
Another ordering of the integers i,...,n, generally gives another set of martingale
differences. In the definition of clean no ordering is assumed. There is even more
structure. A martingale difference is a sum of martingale differences:

U, = Y V.,with V. = > W

kg M K maxiN(k)=j

with respect to the c-algebras 5i =o{(W :maxI=k, max I\ {k} <j }. Notice that
ka 1S ?(] This can be repeated d times: W(n) is a sum of sums ... of sums (d times)
of martingale differences. This extra structure is not needed in what follows.

Notice that for the sequence W(n) with var W(n) = 1, for n=1,2,..., lemma 2.2.2
yields
2 _ 2_ 2 2
ZEUk_Z Yy of = Y o] —landmaxEUkSmax ZGI,
k k maxI=k Il=d k k I>k
which can be chosen arbitrarily small by assumption a). By Th. 1 in Heyde and Brown

(1971) we have for the sum of martingale differences ¥ U, (with L E U12( =1)
k k
supl P(( 3 U, <x}-00)I1<G(TEU; +E( T U2 -1?),
k k k
with X
X 2 )

®x) = (1/2m) 72 j et /2y,

andC, a constant not depending on n. We shall give estimates for Y E Uk and

var (E U ), which vanish under the assumptions of Th. 2.2.3, thus proving the
theorem. We start with proving Corollary 2.2.5.
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Proof of Corollary 2.2.5. Ford =1 with W(n)=3 W, and var Wn)=1=% O'i
we have the following two equalities k k

¢
EW@*- 3 =)%‘,(E vv;‘(-?,oﬁ)mkzl(ﬁ W2wW? ol o?)
<

2
2 Ivar(F W2) -2 SEW;.
k k
Condition b) implies
YEW, <D Y o}< Dmaxop,
k k k

which vanishes by assumption a). Thus equality (1) shows the equivalence of the
conditions c¢) and d). And Corollary 2.2.5 follows by equality (2) (since U =W)
and the martingale central limit theorem.

The conditions a), c) and d) together imply, by equality (1), ¥ E W';’( — 0, and
thus, by equality (2), var (¥ Wi ) — 0. This proves again Corollary 2.2.5 (without
use of assumption b) ). However, the conditions a), ¢) and d) together do not imply
condition b). This ends the proof of Corollary 2.2.5.

The proof of Th. 2.2.3 for d 2 2 is more involved; one reason being that the
different partial sums that make up the fourth moment E W(n)4 cannot be described
explicitly (as in equality (1) above).The fourth moment

4
EWn)'= Y EWWW,W
gy KR
is split into three partial sums according to whether a quadruple (I,J,K,L) is in one

of the three (disjoint) collections below:
F the collection of quadruples with a free index (see Lemma 2.2.2),

B the collection of quadruples (I,J,K,L) with each element in the union
TUJUKUL in exactly two of the sets LI,K,L. This is the collection of bifold
quadruples:
Ip+ly+lg+ly =21 ko

T the rest F° \ B; a quadruple in T has no free index and at least one element
in the union IVJUKUL is in three or more sets:

>

1I + 1J + 1K+ 1L z 2 llujuKuL.
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In Lemma 2.2.2 it is shown that the set F nor its subsets contribute to the fourth
moment E W(n)4 . For any subset ¥ *< ¥ we have

(2.3.1) > EWW, W, W =0.
(LIKL)e 7*

The quantities T and t*, defined below, will play an important role in the next chapters:

™= p EWW;WW |,

(IJKLeT
= 3 GO0
(IJKLeT
The proof of Th. 2.2.3 is split into several propositions, some of which are quite
easy to prove. In fact there are only three major problems to be overcome: in the first
place the proof that T and t* vanish under the conditions a) and b) of Th. 2.2.3; this is
postponed until Sect. 2.4. Further it has to be shown that the bifold quadruples vanish
except those quadruples that consist of two pairs of identical indices ( Y, W% W_% ).
u INnNI=9

This is settled in Prop. 2.3.6 and Prop. 2.3.5. (If d = 1 this is evident; for d 2 2 much
attention has to be paid to these 'extra’ bifold quadruples.) Finally it has to be shown
that the conditions of Th. 1 in Heyde and Brown (1971) are satisfied. This is
formulated in Prop. 2.3.4. The hardest part of the proof of this proposition rests on a
symmetry argument (Prop. 2.3.3).

Proposition 2.3.1. For Uk, defined above, we have (with WI clean)

YE Ui < t*.
k
Proof.
SE U}
k
=2 2 E W W;We W,
k (IJ,K,L), maxI = maxJ = maxK = maxL =k

E VVIWJWKWL‘
(I,J,K,L), maxI = maxJ = maxK = maxL

On the right-hand side no bifold quadruples occur, since INJNKNL # & . The
conclusion follows by (2.3.1) and the definition of t*.

In order to estimate var (3, Ui ), the collection of bifold quadruples is split again:
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BefH)={QIJKL)e B:IInJI=e, | InK|=1f}.
Given the numbers € = | InJ | and f = | InK |, the number of elements in each
intersection of two indices (other intersections are empty) is known. If (I,J,K,L) is
bifold, then | INL | = d-e-f, since I is the disjoint union (INJ) U (INK) U (INL);
and I InJ1=1KNL |, sinceIAJ=KAL and IIl = 1JI = [Kl = IL| = d, etc. Put

S(e,f) = > EWW; W, W .

(IJK,L) € B(e,f)

Since the value of E WW;W, W, is not changed by a permutation of
(WI,WJ,WK,WL), we have

S(e.f) = S(f,e) = S(e.d-e-f).

Put
S= Y Y S(b),
1<e<d-2 1<f<d-e-1
S0 = Y S(,0),
1<e<d-1
then we have

> EWW; W, W =8+385,+3 5(0,0).
IJKLe B
The following quantity will be used frequently in the sequel:
Y= ¥ EWIW-olol)l
Wehave 1N=9
(2.3.2) 18(0,0)-11

=l I EW/W/-(3 o)
INI=0 Il=d

IA

Y+ Y G% 0J2
INI+@
< Y+7.
We shall give an estimate for var ( ¥, Ui ) in terms of t*, 1, S, S and y; see
(2.3.3). We start with an auxiliary random variable.

Proposition 2.3.2. For clean random variables W, we have

var( Y WI WJ) SY+1:+|S+2§)I+1:*.
N0

Proof. Since the random variables are clean, they are orthogonal

EC ¥ WW)= 3 of=1
INJ#Q@ m=d

Since quadruples with a free index do not contribute by (2.3.1),
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2
EC 3 W WP= 3 EWWWW
N2 InJ#@ #KnNL

= ¥ E WW,WW +R
BIN] D

=3 X SehH+R
1<e<d 1<f<d-e

=S8(d,0)+S +2$0+R,
with
R= > E WW;W,W andthus|RI<7T¥
T,In] # D # KnL
by using

%* I E\VIWJWKWLIS}‘% E WW,WW, I=t*if T* CT.

Now the proposition follows from (2.3.2) and the symmetry relation s(d,0) = S(0,0).
By the symmetry of the bifold quadruples we obtain:

Proposition 2.3.3. For U,, defined above, we have (with W; clean)

var( S WW,-S UL ST+ 1235+§L.
N2 k

Proof. With R a partial sum over quadruples in 7'(and thus | R | <1*) we obtain
var( ¥ WW;-3 Up)

INJ2@ k
=var( ¥ WW;- ) WWp
INJ+D max IuJ € InJ
2
=E( > WiWp)

INT =@, max IUJ ¢ INJ

=4 ) E W W, W, W _+R
BIN] # D, max IuJ € I\J,max KUL € K\L

=4 Y E WW, W, W, +R
BINJ # &, max IUJ = max KUL € KnlI

1}
~

> E W W, W, W, +R
BIN] # D, max IUJUKUL € KNl

=4 Y E W, W, W, W
BIN] # D, max IUJUKUL € KN, INnL =@
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+4 Y E W, W, W, W +R
BIN) # D, max IUJUKUL € KNI, INL # &
= SO +2/3S +R,

where the last equality sign is explained below. The set
U Be,d-e) =((LJKL)e B:INJ2B=#InK,INnL=J}
1

1<e<d-
can be partitioned into 4 subsets according to whether max IUJUKUL is in one of the
following intersections INJ, IN K, KNL, JN L. The sums over these subsets
have equal contributions as can be seen from the equality

Y, £(1,J,K,L)
INJ28#INnK,INnL=@, max [UJuUKuLe In]J

- Z f(I,K,J,L),
INJ2@#In K, INnL=0,max IuJuUKuL € In K

with f(ILJLK,L) = E WIWJWKWL and the commutativity of multiplication,
f(I,J,K,L) = f(I,K,J,L).This shows that

Sp=4 Y E WW,W, W, .
InJ2@#InK,INnL =G max I[IUJUKULe In K
By the same argument it is shown that
S=6 Y, E W W, W, W, .
INnJ#@,InK#30,INnL 3 max IUJUKUL e In K

This proves the proposition.

The three propositions above together imply the following technical central limit
theorem.

Proposition 2.3.4. Let W(1), W(2),... be a sequence of clean homogeneous sums
of degree d, W(n) = Y WI with var W(n) = 1. If all the following conditions hold
Hl=d

Ia) 10 forn— eo,
b) 1% —0 forn— oo,
IIa) SO—)O forn — oo,
b) S—0 forn— eo,
1II Y— 0 forn — oo,
then

d
W(n) — N(0,1) forn — oo,

Proof. Combining Prop. 2.3.2 and 2.3.3 we obtain, by var(A +B) <2 var A +2varB,
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(23.3) var(LU2)<2var( T W W))+2var( I W, W, -3 U?)
k INJ2Q IN#@ k

S41%+21+2y+10/31S1 +61S, 1.
The proposition follows by Th. 1 in Brown and Heyde (1971) and Prop. 2.3.1.

To prove Th. 2.2.3 we shall check the conditions I, IT and III. Assumption d) of Th.
2.2.3 is equivalent to condition III. Under the assumption b) of Th. 2.2.3 we can
reduce condition Ib) to condition Ia). By the Holder inequality we have

1/4 1/4 1/4 1/4
23.4) EIWW,W, W <" w}E" wiEY wi YV wi

<Dg oy 04 G .
This shows 7* < D 1. The proof of condition Ia) is postponed to Sect. 2.4.
Condition II will follow from the two propositions below.

Proposition 2.3.5. For clean homogeneous sums W(n) we have

IS+38y1<T+31+3y+IEW@* - 31

Proof. The fourth moment E W(n)4can be written as:

EW@m'= T E WW,W, W, +SE W, W, W, W,.
T B

Thus

EW(n)4- ‘3 =X E WW;W W +5+3§+35(0,0 -3.
T
The proposition follows by the triangle inequality and (2.3.2).

The right-hand side in Prop. 2.3.5 vanishes under the conditions of Th. 2.2.3.
However, we have to show that S and S ; vanish separately. Here is a lower bound for
So=S(1,0) + ... + S(d-1,0) and for S + 2 §,.

Proposition 2.3.6. For clean homogeneous sums W(n) we have
a)S(e,0)2-1* forl<e<d-1,
b)S+28§,2-1*

Proof. We shall show that both left-hand sides are a sum of squares up to a remainder
term, which is a sum over a subset of 7. Consider two disjoint sets of the integers both

of sized-e: A,A'c{1,2,..} withANnA'=J,1Al=1A"I=d-e. Then
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2
E( 2z WiWp)
INnJl=e, INJ=A,J\I=A"
= Y, E WW,W, W
INnJl=e=IKNLL,INJ=A=L\K,J\I=A"=K\L
= Z E W W, W, W
T,lInJI=e=IKNLLI\NJ=A=L\K,J\I=A"'=K\L
+ Y, E WW; W, W, .
B(e,0), INL = A, JnK = A’
Summation over the subsets A, A' yields
0< Y
A A'c (1,..n}, AnA'= 0D, lAl = 1A'l = d-e
2
E( 2 WiWp)
INnJl=¢, INJ=A,J\I=A'
2.3.5) = 2 E WW; W, W, +S5(e,0)
T,IINnJl =e = IKNLI, INJ =L\K,J\I=K\L
=Rl + S(e,0),

with IR | | St*, since R is a sum over a subset of Z. This proves a).
The second inequality follows from
B X wWw)
INJ#@,1#]

= ) EWW;WeW,
B, 1IN+, 1z]

+ 2 E WW,WewW,
T,INJ# 3 #KNL,I1#J,K#L

= 3 3 SEehH +R,
1<e<d-10<f<d-e

=S+ZSO+RT

with | R, | < *. This proves the proposition.

By the above proposition we have

(23.6) -(@1)T™*<S;=S+38,-(S+28y)<IS+3S,!+1*

Hence Sy and S vanish if S + 3 S, and t* vanish. This completes the proof of Th.
2.2.3, except for estimates of the quantity T.
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Remark. In the next section it will be shown that t and t* vanish under the conditions
a) and b). Thus v, T, ¥, and (S(0,0) - 1) all vanish under the conditions a), b) and d)
of Th. 2.2.3. Hence Prop. 2.3.6 implies that, under these conditions,

liminf E W(n)*2> 3.

n-—»eo

2.4. Estimating the quantities T and t*

The main result of this section consists of estimates for sums over quadruples
(1,J,K,L), containing no free indices. The conditions we impose here on the random
variables are minimal: EW, = 0, EW> = o7 and E W} /] <D for all I Indeed we
shall consider the general case of g-tuples E W L W, . rather than quadruples, where
the indices are finite subsets of the integers. Consider the family of q-tuples Q =
{ (Il""’Iq) : Ig c {1,..,n}, |Igl <d, g = 1,...,q} for fixed d (and n large). Notice
that the assumption of homogeneity in II gI is dropped. Here also g-tuples (I,,...,1 q )
with indices I of different cardinality are taken into account.

In Sect. 2.3 the set of homogeneous quadruples was split into the subsets B(e,f).
We shall now split the set Q in a different way , in which the ordering of the underlying
set {1,...,n} plays an important role.

Definition 2.4.1. The shadow of a g-tuple (Il,...,Iq) e Q with Ilu...qu =
{ij,...igi 1< ..<i} is the g-tuple (I'l,...,I'q)e Q defined by I'g ={j: ij € Ig},
g=1,..,q

Since the shadow of a g-tuple (1,,...,1 q) is determined by q subsets (of at most d
elements) of a set containing at most dq elements the number of distinct shadows with q
elements with cardinality <d is bounded by ((1‘19 +...+ (‘1(1“))q < (qu)ql. Although this
bound may not be sharp, it does not depend on n. Since the number of distinct shadows
(q,d fixed) does not depend on n it is for purpose of estimation, sufficient to evaluate
the sum over all g- tuples with the same shadow (I} ,...,I'q). This amounts to sums
over all ordered f-tuples n;< .. <ng f = IIlu VN | q| ). It is easier to work in a
product space. Therefore we shall sum over all f-tuples (n,,...,n), i.e. integrate over
N with respect to the counting measure. The basics from integration theory are
sufficient for our goal.

Let F be a finite set (e.g. a subset of the integers ) and ¢ a non-negative measurable
function on RF, Q: RF — [0,00). With 7\.F the Lebesgue measure on RF we have by
Fubini's theorem on the rearrangement of the integration order
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[odipg= [ ... [ ¢ dip ..dAg ,
" rfa  gHl ! 1
fora pamtlon ... F ) of F into non-empty subsets and )"F the Lebesgue measure

on RFE. The theorem also holds trivially for the counting measure Hp on K. We shall
use the shorthand notation:

A
[ & dpy:= H{A& dp,

for é [0,¢), A c F.If A #F then j & dp, is a non-negative function
on §FA Wthh may be infinite at certain points. By definition we extend this notation:

I § dugy =&
Put
2 Foa
NEIy= [ & dug,
FAG)Y 5
p)=max sup | g dup\u],
je F N

p(€) is the supremum of the integral of <‘,2 over any hyperplane parallel to some
coordinate. Notice that p(§) < Il § II%, since a sum of non-negative terms dominates all
partial sums.

The next lemma (essentially an application of the Cauchy-Schwarz inequality)
contains the basic results of this section.

Lemma 2.4.2. Let Fg be finite non-empty sets of the integers and & g e - [0,00),
g =1,.,9. Suppose AcF= F U.. qu , and

lF\A(l +.+1g )>21F\A

(any element in F\ A is contained in at least two subsets F ), then
A F\A 2 2
a | (] &1...§qduF\A) du, SUHE NS ..l §qI|2.

b) IfFlnAn(qu...qu) # @, then
A F\A

IO gbdupy a0 diuy SpE) NGNS L IE 1.

Proof. The proof proceeds by induction on q. For q = 1 both assertions are trivial: since
F, =F=A we have [F &,2 dup = g ||§ ; hence a). If q = 1, then condition b) is
empty.

Assume a) holds for q - 1 functions §,,...,§ T Put §= ¢, .. §q. The set F is divided
into 6 disjoint subsets Ri’ i=1,..., 6, according to the scheme below.
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F/A A
Rl R4
P
R, Rs }
F,u..u Fq
R, Rg

Notice that R = & and 2 1R3 < 1R3 (1Fz + ..+ qu ). By rearrangement of the
integration order, application of the Cauchy-Schwarz inequality and again by

rearrangement of the integration order, we obtain
A F\A 2
,[ ( J &1 %duF\A) d“A

A R2 R3 5
.f (I (Eq)( Ié duR3 )duRz) duA

A R22 Rz Rj3 5
I (I&ldug2) (J( I&duRS )dllRZ)dNA

IA

R5 RV Ry 2 R¢“Y R2 R3 5
=JC§ Bldug ) (T (J&dup ) dup g Ndig,

A' F1\Rs F'\A )
= .[ ( I élduFI\RS)( ! §duF.\A.) d},lA,,

with F' = qu...qu and A'= (AUF; ) N F =R,UR4R. Since F\A' = R, we
have 14\ 4. ( 1F2 +..+ qu )22 14 »and thus by the induction hypothesis

A' F'\ A’ 2 5 5

J O &dupya ) dug < NG i Z';ql|2.

IfF,NnAN(F,VL..UF )=R # @, then
q 5

F1\Rj 2
j E.qulFl\Rs < p(E‘q),

where the last inequality rests on a simple property of the counting measure: a; 2 0
implies supa; <3, a;. This, together with the induction hypothesis, proves b).
i i

IfRy = @, then
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F1\Rj

2 2
[ 81 dig \rs= 1§11
This proves the lemma.

Let Bq be the set of bifold g-tuples in Q defined in the same way as for quadruples:

$q= { (Il,...,Iq) : 111+...+ 1Iq =2 lllu...ulq }
and
e . >
‘Tq— {a, ...,Iq).lIl + ..+ IIq %2 lllu...u I 1

the set of g-tuples with each element in the union contained in at least two indices and at
least one element in more than two indices. Let C5(d,q) be the number of different
shadows in B A and C.(d,q) be the number of different shadows in T "

Proposition 2.4.3. Let the random variables W be indexed by subsets of the
integers {l, .,n} of size £d, [W Ic {1,..,n}, 1l £d}, with E W =0, EW O'I
and Y O'I = 1. Put
m<d
D,=max EIW ¥/ o},
I

_ 2
p=max 3 O.

i Iai

Then
a) Y 611"‘°Iq < Cg d9),
(Il""’ Iq) € Bq
b) 3 0,0y, < Cp @Q) pl/2
(Il""’ Iq) € ’I’q
Moreover,
a) S EW,..W] <D Cy @),
(Il""’ Iq) € Qq 1/2
b) S EW,.W!<DCrde”
(Il’“" Iq) € ‘Tq

Remark. The inequalities a') and b') follow from a) and b) respectively, by Holder's
inequality and the definition of D The mequalmes a) and b) can be easily deduced

from a') and b") respectively by deﬁmng W = * o; with equal probability; they are
included for later reference;
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Proof. Consider the fixed shadow (F ,...,Fq ) e Q with | Fg | = eg, g=1,..,qand
F= FU..UE, = (1,..f). Define ¢, : N°E— [0,e<) by

o iflI= {nl,...,neg} and n; <..< neg
(pg (nl,...,neg)=
0 else
and
T g NF - ]IIFg the natural projection,
ég =@ oMy, §= 1,...9

& g is the function ¢, on W 8 considered as function on NF). Then |l 9y II% =

Y 0% <1 and we have

Il = eg
Y, Oy O
(Il,..., Iq) with shadow (F,,..., Fq )
= > &1 Gponrdp ) e & lipannnip)
1<ij<..<if<n
< Y, &y liponnrip ) § g iys wnip)
1<it,...,if<n
F
=] & E,qduF
1 if (F,...,Fq)e %,
24.1) <

{ o2 if (F oE)e T
The last inequality follows from lemma 2.4.2. If (Il,...,Iq e B q the conclusion
follows from part a) of the lemma with A = @. If the shadow is in T q we have
F,NF,NF;#@ (or some other triple). By the Cauchy-Schwarz inequality we have
F F; F\ Fq
I 0y @gdug S @y (f ([ 0@ dupyp) “dug )P
and we can apply part b) of the lemma to the functions @,,..., q taking into account
that IF\Fl ( 1F2+...+ qu)z 21F\F1 and F1 N F2 N ( F3u... qu) o F1 nF2m
F3 # @ and p(E_,l) < p. This proves (2.4.1) and thus the a) and b) part of the
proposition by the trivial inequality: a; +..+ a, Sk max a,, if a; 2 0. By the Holder
inequality and the assumptions on the qth moments of W; we have

1/q q 1/q q
E IWIl...WIq IS E IWIII ... E IWIqI Schh . Op.

This proves the parts a') and b'") of the proposition.
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We conclude this section with some remarks.

Remark 1. Prop. 2.4.3 implies almost immediately Th. 2.2.4. We have only to show
that the sixth moment remains bounded under the assumptions of the theorem. Since
W(n) is clean and E WI6 / 016 < D, we have by Prop. 2.4.3

EWmP< D (Cy(d,6) + Gy(d,6)), sincep< o2 =1.
I

Remark 2. In many cases the fourth moment condition E W‘I1 / 0‘1‘ <D, D not depending
on n is not satisfied. If D diverges to infinity for n — oo, then it can be seen from Prop.

2.4.3 b) that it is sufficient for t* — 0 to impose the combination of the conditions a)
and b) of Th. 2.2.3:

D, p1/2
‘We shall return briefly to this issue in Ch. 3 (Th. 3.1.2).

— 0 forn — oo,

Remark 3. In Ch. 3 we shall show that for homogeneous random variables in the
Hoeffding decomposition W, we do not need Holder's inequality to estimate
E IWII...WIqI ford,,....1 q )e ﬂq. In this case we have the sharper inequality
< .
E |WI1'"WIqI‘ cll...clq if (II,...,Iq)e Bq.



3. Extensions and variations

3.0. Introduction

In this chapter two main items are considered. The first two sections are concerned
with variations and extensions of the results of the previous chapter; in Sect. 3.3 we
give some results on inhomogeneous sums.

One important aspect of the first two sections concerns the condition E W(n)4—> 31t
will be shown that, in some respects, this condition is also a negligibility condition. In
Th. 3.1.5 it is shown that the usual negligibility condition and the fourth moment
condition in Th. 2.2.3 can be replaced by a stronger negligibility condition

max Y, o -0, n—> oo,
ilai

From Sect. 3.2 on, we restrict ourselves to the Hoeffding decomposition. Firstly, it
is shown how with the family coefficients (ar)III =d several ([d/2]) rectangular matrices
can be associated. Then it is shown that the maximal singular values of the matrices all
vanish iff E W(n)4—> 3 for the multilinear form W(n) with coefficients (aI) in
independent centered random variables X; with E Xi2 =1,E X? < D. If the maximal
singular value of a rectangular matrix R™ — R"is small, then the image of every point
in the unit ball of R™ is small. In this respect the fourth moment condition is a strong
negligibility condition. Section 3.2 contains some related results on singular values.

Another aim of this section is to formulate central limit theorems without any
reference to fourth moments. Above, it is indicated how the fourth moment condition
can be repaced. By means of truncation the uniform bound on the fourth moments of
W, / o, can be replaced by a uniform bound on the tails of the distribution of these
random variables. These results together lead to Th. 3.2.7 and Th. 3.2.8, which
generalize results (for d = 2) in De Jong (1987).

In Sect. 3.3 we consider a finite sum of homogeneous sums

V= T W), wih wOm= 3 w.
1<e<d IMl=e

Suppose that the variance of each e-homogeneous sum W(e)(n) has a finite non-zero
limit
var WOm) - o%e) >0.

If W(e)(n) / var 12 W(e)(n) satisfies the conditions of Th. 2.1.1, for 1 < e < d, then
V(n) has a normal limit distribution. However, these conditions may be difficult to
check, since it may be hard to obtain the desired information on the separate

32
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homogeneous sums in situations where information on the total sum only is available .
The chapter is concluded with an example of an inhomogeneous sum: a multilinear form
in iid random variables. These random variables have a particular simple Hoeffding
decomposition, as is shown in Prop. 3.3.5.

3.1. Miscellaneous results

In this section we shall freely use the quantities T, T*, S, etc., as defined in Ch.2.
We start with the proof of Remark 2 in Sect. 2.2 concerning .

Proposition 3.1.1. For (not necessarily clean) random variables W, indexed by
subsets of the integers of size d with Y, c% =1 and 7 and t* both vanishing, we have

m=d
. 2 12
Y20 forn—oeeiff FW; — 1 forn — oo
Hl=d
Proof.Recall thaty=1 ¥ (E W2W7 - 6267 )I. The proposition follows, since

InJ=0Q

va( ¥ W2 )= 3 EWW .-olol)+ I (EWIW-clor),
m=d INnJ#@ Inl=Q

since 3 EWW?ST* and I oo00<t.
InlJ+@ InJ#@

The next theorem is a simple extension of Th. 2.2.3 with the help of Prop. 2.4.3.

Theorem 3.1.2. (Corollary to Th. 2.2.3.) Let W(1), W(2),... be a sequence of clean
homogeneous sums W(n) = 3 WI with var W(n) = 1, for n = 1,2,... . Define
H=d

D(n) =max E W;‘/OA,
I

2
p(n) = max Z_GI'
i Iai

Suppose
a) p(n) "2 D(n) > 0 for n — oo,
b)EWm)* > 3 for n — oo,

c)Y— 0 for n — e,
Then
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d
W(n) = N(0,1) for n — oo.

Proof. We shall check the conditions of the technical central limit theorem Prop. 2.3.4.
Since D(n) 2 1, assumption a) ensures that p(n) vanishes. Thus, by Prop. 2.4.3 b) and
b') we have that T and T* both vanish. If T, t* and vy all vanish, then assumption b)
implies S + 35, — 0 (Prop. 2.3.5). By the propositions 2.3.5 and 2.3.6 and (2.3.6)
both S and S ) vanish. This proves the theorem.

The next proposition will be used often in the sequel. Recall that the sum over all
bifold quadruples was split into partial sums:

S EWW,W W, =5 3 S
5 Ocesd Osf<d-e

In the proof of Prop. 2.3.6.a) it was shown that each of the quantities S(e,0) (= S(0,e)
= S(e,d-e) ), e = 1,...,d-1 can be expressed as a sum of squares up to a remainder term
which can be estimated by T*. For fixed e we shall write S(e,0) symbolically (with o,
and 7y subsets of the pairs (IJ) ):

S@0) =X 3 E( W,W,)> +R,,
o By

where R, is a sum over a subset of T, hence | R, | < T*. We shall show that, with the
same subsets o, and vy as in the expression for S(e,0) above, we also have

S SefH =SE( T WW)’ +R,
0<f<d-e o By

Again |R, | < t*. Then we have by the Cauchy-Schwarz inequality

E TWWHEE 15 E @ W W)
B v B B v

This leads to the final inequality in the proof of Prop. 3.1.3. Schematically

Y S(e,f)SIBI(S(e,O)+IR1I)+IR2|.
0<f<d-e

Proposition 3.1.3. For e = 1,...,d-1

E Sens (202 S0 + v (B2 + 1),
<I<d-€

Proof. For a fixed set C c (1,....,n},1 Cl =2d - 2e we have

E(C T WW)?
IAJ=C
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2
=E( 2 2 WW
AACCANA=3,IAl=1AT=de INI=AJ\NI=A
¥ 2
SO > O R A

ALA'cC,ANA' =D, IAl=1A1=d-e INT=A, J\NI=A

by the Cauchy-Schwarz inequality: (3, b; )2 <@ 12) ) b%). Working out the left-
1 1 1

hand side and summing over all subsets C we obtain

2
2 EC > WWp)
C c{l,..n},ICl=2d-2¢ 1AJ=C
= )y « X E W W W W
C c(1,.n),ICI=2d-2¢ 3,1AJ=C
+ E WW, W, W, )

T,1IAJ=C=KAL

= 2 E W W, W, W _+R

B, IINnJl=¢e
= 2 S +R,
0<f<d-e

with | R | < t*. The proposition follows by summation over all subsets C at the right-
hand side in the inequality above and (2.3.5).

The above inequality is useful, since it reduces the amount of work if we check
condition II of Prop. 2.3.4. This is made explicit in the corollary below.

Corollary 3.1.4. Suppose that t* — 0 for n — oo. Then
S—0 forn—e if §;—0 for n e

Proof. By Prop. 2.3.6 we have (since 1 — 0) that S0 vanishes iff S(e,0) vanishes for
1<e<d. ThusS$S 0™ 0 implies that Y, Y Sef)=S+ 2§, vanishes (by

Prop. 3.1.3); hence S —» 0 forn — asesd-1  Osfsd-e

Corollary 3.1.4 is applied in the following theorem. It is shown that the fourth moment
condition, E W(n)4 — 3, in Th. 2.2.3 can be dropped if the condition on the
negligibility of the hyperplanes (condition a)) is strengthened considerably. An example
of this strong negligibility is

(3.1.1) max 3 o; =0 for n— e
i Iai
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Condition a) in Th. 3.1.5 below is a weaker version of (3.1.1).

Theorem 3.1.5. Let W(1), W(2),... be a sequence of clean d-homogeneous sums

W)= ¥ W; with var W(n) = 1, for n = 1,2,... . Suppose
m=d

a) max T (o Y ©6;)—0 for n—>eo,
Ac(l,.n},1<lAlkd-1 Io A JoI\A

b) max E W? / 0? < D , D notdepending on n,
I

© T EWW:-0lcl) - 0 forn—ses.
In)J=0
Then

d
W(m) — N(0,1) forn — oo,

Remark. Notice that J D I\ A iff J U A D I. Hence condition a) is equivalent to

a") max 3 (o by 6;)—0 for n — e,
A c {1,..n}, 1<lAIgd-1 Nl=d AclclJu A

where for each subset A the summation of J extends over all indices J.
Notice that

2 oy Smax ¥ o; forall subsets A # .
I A i Isi

Thus (3.1.1) implies Yy o; — 0 and hence condition a) of Th. 3.1.5.
JoI\NA

Proof. We shall check the conditions of Prop. 2.3.4. Assumption c) is identical with
condition ITI. Assumption a) with the maximum restricted to | A | =1 and the summation
over J for given I restricted to J = I reads:
max Zo% =0, n-o oo
i Iai

Combined with assumption b) and Prop. 2.4.3 b) and b'") this implies that T and t*
vanish respectively (condition I). By Prop. 3.1.4, condition II is satisfied if SO
vanishes.

Consider a bifold shadow (I',J',K',L') € B(e,0) and the triples (I'K',L') and
J.K',L"). Since I'VJ'UK'UL' = 'UK'UL' = JUK'UL'(= {(1,...,2d}), both triples
are shadows. Thus for each quadruple (I,J,K,L) with shadow (I'J',K',L") there is
exactly one triple (ILK,L) with shadow (I',K',L") and IUKUL = IUJUKUL. The same
holds for (J,K,L). By Holder's inequality, assumption b) and the inequality 2G.0; <
o% + c? we have
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2 2
2| E WIWJWKWL | < D(ojogo; + O'JO'KOL).

This gives
2 Y, IE W, W, W, W, |
(1,J,K,L) with shadow (I'J',K'.L")
< > D( {0y G +0;05})
(1,J,K,L) with shadow (I'J',K',L")
2
=D( > O[O O + )y O?GKGL)
(I,K,L) with shadow (I',K',L") (J.K,L) with shadow (J',K',L")
<2D ¥ 67 ¥ o  max 3 o
m=d Knl=@ ILnIl=d-e L\Ic K
<2D ¥ of  max T o ) o
I=d Acl,lAl=d-e KnA=Q A CLcKUA
<2D max X o > o -

Ac(l,..n},lAl=de KnA=0Q A CLcKuUA

Hence we have, with C e the number of distinct shadows in B(e,0):

IS(e0)I<C,D max T oy PN
Ac(l,.n),1<lAlkd-1 Kl=d 7" AcLcKuU A

Since neither D nor C, depend on n, the theorem follows by assumption a’).

3.2. Results involving singular values and truncation

We recall some well-known facts from linear algebra. The matrix A € R™ * " can
be brought into diagonal form by two orthogonal transforms, U € R™ * Mand V e
REX M UT AV = diag(n,....1r), r = min(m,n) with pj 2...2 pr 2 0, uniquely. This
is the singular value decomposition of A (see Golub and Van Loan (1983: 16 ff.)). If
m = n the singular values p1,...,lln are the absolute values of the eigenvalues of the
matrix. Like the eigenvalues, singular values of a matrix A are related to matrix norms
for A:

G20 lAlkg= 3 ¥ afj =k

1<i<m 1<j<n

(3.2.2) IIAII2 = max Il Ax ||2 = Hy,
xe R IIxllp=1

with Il x |I% = 3 x2i the squared Euclidean vector norm on R® Notice that Il Ax ll, is
1<i<n
the Euclidean vector norm on R™. The matrix norm Il A llHS is the Hilbert -Schmidt (or
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Frobenius) norm and Il A ll,, the operator norm. These facts will be used in the proof of

Prop. 3.2.1.

Consider the family of real valued constants (aI)I & First we shall

c {1,...n}, Il =
extend the family indexed by subsets I c {1,...,n} to a symmetric 'd-dimensional

matrix’ A = (ail...id) 1<iy,...,igsn?

ap if (ij,eiy) =1
ail...id ={

d . e d-e
From A € R" we can form rectangular matrices A(e) e R™ *™ ", 1<e<d- 1,

indexed by d-tuples:

0 else.

A@) =@®);) iy ne j=1,..nde
The indices i and j are obtained by splitting a d-tuple is splitinto two parts: (i, ,...,i,) =

de-1 0

el +..+jn" and

. 0. .
+oHim, j=jy

(y5eeesigs Jseeerige)- Then we have i =i n N

a(C)ij =34} iej1 e’

Conversely, any number i can be written uniquely in a n-ary expansion, etc. Any other
choice of (i 1 vl e) among (i 1 U | d) results in the same matrix A(e) by the symmetry
in A.

The singular values of A(e) are denoted by u(e)1 2..2u(e) . with r = min (ne, nd'e)
and by (3.2.1) we have

’

W3 +..+ pe)* = d! »> da%.

‘ Since the matrices A(e) are uniquely determined by the family (a;),j, _ 4 We shall say
(al)lll =d has singular values ;,L(e)l 2...2u(e)r, 1 <e <d-1 and maximal singular value
H* =max H(e).

1<e<d
The singular value decomposition of the square matrix A(e) A(e) € gndexnde gives
(with the orthogonal transforms U,V defined above):
VIA@©TAE) V=VTA@)TU UTAG) V = diag(uee)?....n(e)? ),
with r = min (n°, n9°%). And by (3.2.1) we have
IA@TAE) IEg = 1E)] +.+ 1.

The following proposition links the facts from linear algebra to the quantities defined
in Ch.2. Define for the family (aI)IIl -d

S0 = Y a.aaza,,
%) I1979KL
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T =§ | ajajaga; I,

So= I S(e0).
1<e<d-1

Prop. 3.2.1 below is equivalent with Lemma 5.1 in De Jong (1987) in the case d = 2.
(If d = 2 then p* is the maximal absolute value of the eigenvalues.)

Proposition 3.2.1. Let SO, T, A, u(e)l,..., u(e)r, p* be defined as above for the

families (a,) _ . with ¥ a7 =1 forn=1,2,... Then
I'Ic {1,..n},0l=d i

SO—-)O,n—)oo and max Y a";'-—)O,n—)co,
i I3i
iff
p* =0, n > oo

Proof. Let e, be the ith unit vector in R", then

(323) max ¥ a° < max IA@-De, I < p@-1)3,
i Iai i
where the final inequality follows from (3.2.2). We have

WE)] SpE)] +.+ 1e); =1l A)TA@) 15 <d! pe)’,

by p.(e)% +...+u(e)f =d! . This implies
neey —0 iff | A(e)TA(e) lIHS —0, n—> oo,

We need, under the assumption that max Y, a% vanishes,

T i Iai
I A(e) A(e) ”HS — 0iff S(,0)—0, 1<e<d-1.
. . . T .
Consider one element in the square matrix A(e) A(e) = (b i j)1 <ijend-®
bij = 151%‘énea(e) xa®©) ik

Writing i,j and k as n-ary numbers and expressing a(e), and a(e) ik ina iy..iqg V€ obtain:

b =i igeitoide = . Sklz ez Gtvid-ekiKe 31nda-cki ke

Notice that {il,...,id_e} N {kl""'ke} # & implies a(e);; =0 and {jl,...,jd_e} N
{kl"“’ke} # & implies a(e)jk = (. With the convention ay = 0if 1 Il < d and using the
abbreviations B = {il,...,id_e} and B'= {jl,...,jde}, we have
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=e!
bij e! 2 ajay .
A c {1,..n}, Al = ¢, I=AUB, J=AUB'

Hence
2 2
b= (eh) E

i apayagay,

AA'c(l,..n},lAl= 1A'l =¢, I=AUB, J=AUB', K=A'UB', L=A'UB
= (N’ Y ajayaga; +R
: 13733 + Ry
®(e,0), INL = B, JnK = B'
. *
with Rij < Rij’

* 2
R;; = (e!) Y lajajaga |.
T,INnL=B,JnK=B",lInJI=¢, IKNLI=¢
Notice that there are no quadruples with a free index; moreover, if {il,...,i d- e} N

{jyiigel # O, there are no bifold quadruples. Thus we have
(3.24) | 1A@A@IEG- (@-e)e)SEe0) s ¥ R

1<i, jend-e Y
and

(325 ¥ R;<t(@-e)le)
1<i, j<nd-e Y
By Prop. 2.4.3 b) and (3.2.3) we have
T<Cp(d4) pd-1y.

The rest of the proof is obvious. If u(e); — 0 for 1 < e < d-1, which is equivalent to
W* — 0, then T — 0 and Il Ae) 'A(e) Iifg — 0 for 1 <e < d-1; thus (3.2.4) and (3.2.5)
imply S(e,0) — O, for 1 < e < d-1. This proves, by (3.2.3), the if part of the
proposition.
On the other hand, if

max Y, a% -0,

i Isi

then © — 0 by Prop. 2.4.3 b). In order to apply Prop. 2.3.6, which holds for clean
random variables W}, we notice that with

W =a; ' I1 IXi (X; =% 1 with probability equaling 1/2 and independent )
1€

we have Wy Wy W W, =aja;a,a; and since E W‘It /(S;1 <1 we have t* < 1. Thus, by
Prop. 2.3.6 we have S0 — 0 implies S(e,0) — 0, (since T — 0) hence |l A(e)TA(e) IIHS
— 0 by (3.2.4) and (3.2.5); and consequently p(e)) — 0 for 1 < e < d-1. This
completes the proof of the proposition.
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Now we return to the Hoeffding decomposition. Recall that on the probability space
(22, %.P) a sequence of independent random variables X, X,,... is given. Define for
finite subsets of the integers I  {1,...,n} the c-algebras 9{ = O'{Xi: ie 1}, T@ =
{3,Q2}. Then any square integrable T{lw,n]—measurablc random variable Z can be
written

z= 3 W,
Ic(1,...,n}
where the components in the Hoeffding decomposition W, are uniquely determined by
a) W is :TI measurable,
D)EW 1 H)=0as. if IN]=OD.
The next proposition shows that for V, a component in the Hoeffding decom-
position, there is a bounded component V' close (in L2—sensc) to V.

Proposition 3.2.2. Let V be any square integrable random variable, satisfying the
conditions a) and b) above. For each C 2 0 there is a random variable V' satisfying a)
and b) with

ECV_VY < EVI 5
and

vt e,

Proof. Truncate V at C: V¥ = Vl[|V| <cy Then V* can be written in the Hoeffding
decomposition as

V¥= 3% W.
Jcl
Call W, the clean version of V* and put V' = W,. Then V - V' is the clean version of V
- V*, since we have in the Hoeffding decomposition:

V-V¥= 3 - W + (V-V).
J = I
By the orthogonality of the Hoeffding decomposition

E(V_V)* < E(V_V*?=EV? Lovis ¢y

From Prop. 3.2.3 below we see that V' can be written as a sum of 2™ terms each
bounded in absolute value by C: 1 V' | < 2" C. This proves the proposition.

We give an expression for components in the Hoeffding decomposition in terms of
conditional expectations (cf. Prop. 2.2 in Karlin and Rinott (1982)).
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Proposition 3.2.3. Let Z be f;-measurable,andZ= 3 W, (Hoeffding decom-
position). Then Jel

Wx = T E@ZI }i) (_1)II|-IJI.
Jcl

Proof. The proof is by induction. For I = & the assertion is trivial. For I # & we have
W=z 3 W,

JEI

_Z-3 S E@I%) (-

Jil KclJ
=z- 3 E@If 3z (pH
KgI KchI
O, S E@I%) ((1-1) M- Kl gy - KTy
Kgl
- SE@I%) -
Jcl

Equality (1) follows by (for K GgLI fixed)

3 1 - K _ Y 1 A = s 1) o 1) II\Kl.
Kchl J‘gI\K J'cI\K

This proves the proposition.

In estimating the expectation E W, W; W W, Hoélder's inequality was used involving
fourth moments E W‘; If the quadruple (I,J,K,L) is bifold and the random variables
W, are components in the Hoeffding decomposition, a sharper inequality, involving
only second moments, is available. Consider the case (I,J,K,L) € B(e,0), then by the
Cauchy-Schwarz inequality we have

12 2 12 2
E IW, W, W, W, | <E"* (W, w)? EV? (W, W, )*= o,0;00, ,

where the last inequality follows by the independence of W and W AN K = ), and
that of W; and W, respectively. In fact, the above inequality holds for dissociated
random variables. The obvious idea of invoking Prop. 3.1.3 to obtain an inequality for
all bifold quadruples fails, since the remainder term in Prop. 3.1.3 involves t*, a sum
of higher moments. The idea of the proof of Prop. 3.2.4 below is a refinement of the
above inequality. It resembles the proof of Lemma 2.4.2.

Proposition 3.2.4. Let W, e ,qu be components in the Hoeffding decomposition
andlet(I,...,I q ) be a bifold g-tuple. Then

E 'WII“'WIq| Sql...clq.
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Proof. We start with an assertion which resembles that of Lemma 2.4.2. If F=1, U...
ul " and A c F is covered only once and F\ A exactly twice by the sets I, ,...,1 ¢ i.e.
1I1 +..+ qu =1L +2 1 4
then
(32.6) EE}(IW, .. W, I | £)< o>..02
2. TR A) S Op)-Op

The proof is by induction. If q = 1 the assertion is trivial: F=1= A and E W% = 0%.
Suppose (3.2.6) holds for (q-1)-tuples (q = 2). Then, with G = I2 U..ul ¢
EE?( W W)

Iq
=E E¥( W, | E (W,... W, | EAUPREN!
1
(s)EI-:(wIZl | %) E(Ez(IWIZ...WIqI KA AEN
2)

2 2
SEE(W, 1 %, 1) ECE (MWl LT, 10 6) 15, )
3 2

= o} EE( W Wl L Ey iy mg )

where inequality (1) is the conditional version of the Cauchy-Schwarz inequality and
equality (2) follows since E(W, | TJ ) =E(Wl 9} Al ) a.s. by the independence of
the underlying random variables (see Chung (1972, Th. 9.2.1)). Equality (3) follows
by the independence, since (A NI l) and (A N G) are disjoint by the definition of A in
which every element is contained in only one set. This proves (2.3.6) as

Iy, +ot llq = l(Aull)r\G *25\au L)

The proposition follows from (3.2.6) with A = &.

Remark 1. Notice that Prop. 3.2.4 remains valid for J-measurable, zero-mean square
integrable random variables W;. However, the independence of the underlying random
variables Xi is used in an essential way: The equalities (2) and (3) rest on it.

Remark 2. The inequality of Prop. 3.2.4 is sharp: If W, = a; [ X;, with X;
ie I

independent, E Xi =0,E X12 =1 aj € R and (Il,...,Iq ) is a bifold g-tuple, then

EW ..W, =a, ..a I EX’  =%x¢ ..0;,
= g h lq iejv.U]g ! 011 lq

according to the sign of aIl...an.
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We shall use Prop. 3.2.2 and Prop. 3.2.4 to sharpen Th. 2.2.4 in case W(n) is a d-
homogeneous sum in the Hoeffding decomposition. The sufficiency of the fourth

moment condition E W(n)4—) 3 is proved without any assumption on sixth moments
(as in Th. 2.2.4).

Theorem 3.2.5. Let W(1), W(2),... be a sequence of d-homogeneous sums in the
Hoeffding decomposition, W(n)= 3, WI, with var W(n) =1 for n = 1,2,.... Suppose
Il =d
a)max Y, o% —0, n > oo,
i Iai

b) max E W? / c? <D, D not depending on n.
I

Then the following two statements are equivalent
DEW®*— 3, n— oo,

2) W(n) il—)N(O,l), n — oo,

Proof. Th. 2.1.1 states that 1) implies 2). Assume 2). Put

o= (max Y c% )'1/12.

I Isi

Let W be the clean version (See proof of Prop. 3.2&) of W 1[ Wyl <aop)

Then, with W'(n) = Y W'I, we have W'(n) - W(n) — 0, since
Il =d

oy D ' 2
var (W(n) - W'(n)) = |I|>:—I¢;: W - WD

lIIZ dEW 1( Wil > o o1 }
<a? ) oI EW4

Il =
SD/OL,

which vanishes, since a — eo. Equality (1) follows since (W; - WY)) are components
in the Hoeffding decomdposmon of W(n) - W'(n) and mequahty (2) by Prop. 3.2.2.
Thus 2) implies W'(n) — N(O 1), n— o If E W(n) remains bounded then 2)
implies (by Th. 2.4.4) E W'(n) — 3. The former will be shown. Recall that | W'I I <
2% o; by Prop. 3.2.2. For n sufficiently large we have q / ¢} <2. Then

E (W) /0})% <2°E (W /g )° < 260+D of,

By Prop. 2.4.3 b') we have
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> IEW; ..W' |
(I1,....J¢) € Tg I s
< C(d,6) 26@+D) oS (max ¥ o%)'2
i Iai
=C.(d,6) 26(d+1),
By Prop. 3.2.4 and Prop. 2.4.3 a) we have

3 IEW.Wyl<s £ Eoj.0]

6 6
(I1,....16) € Bg (I1,....I¢) € B6

< Y E 011...016
(I1,....I¢) € Bg
< Ch(d,6),

where the second inequality follows from

2

2 _ 2 2
(3.2.6) o'f=EWT<E W, 1 2.

<
(Wi<aor) =0

Hence E W‘(n)4—> 3. Combining the assumptions a) and b) with Prop. 2.4.3 b") we
have 1* — 0 and also t'* — 0 (that is T* for W'(n) ). Thus S' + 386 — 0 by Prop.
2.3.5. Since E W(n)4= 38(0,0) +35,+ X E WW; W W, , with | S0,0) - 11 <7 (cf.
proof of Prop. 2.3.5) it remains to show S +3 S, — 0. This follows by
IE WW;W, W, - EW W W W, I
=lEWW;W, W, - EW[W,; W, W
+E WIW,W W, - EWW' W, W
+E W'IW’JWKWL -E W‘IW'JW 'KWL
+E W W W' W - EWW W' W I
< 0'[0;0K O + 0[0"j0x 0 + 000"y G + 0100 C,
where the last inequality follows by the triangle inequality and Prop. 3.2.4, with 0"12 =
E (W, - W} )% Hence we have by Prop. 2.4.3 2)
21 E WW;WeW, -E W[ W W W |
B

<% (67050 G + GO0 + GO0 kT + GO0 L)
< 4C.(d4 NS
G )(|1|2= ol )

which vanishes as is shown above. This proves the theorem.
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This theorem yields in combination with Prop. 3.2.1 the following corollary for
multilinear forms.

Corollary 3.2.6. Let W(1), W(2),... be homogeneous d-linear forms

W) = IIIZ 31 11 Xi’ with Xi independent, EXi = OandEXi2 =1,
= ie I

and (aI ) a family real constants with Y, a% =1, for n = 1,2,... and maximal singular

value p*. Suppose =d

a)max Y, a%——)O, n — oo,
i Isi
b)EX?SD<oo, for all i, D not depending on n.

Then the following two statements are equivalent
D p* >0 for n — oo,

d
2) W(n) = N(0,1) for n — oo,

Proof. Since E W% = af we have by a)
max Y, c%—-)O, n — oo,
ilsi
and by b) we have
max EW} /o < DO
I
Thus we have by Prop. 2.4.3 that both t and T* vanish. This implies that the following

five statements are equivalent.
DHu*->0,

2) ¥ Y aajaga;, =0,
1<e<d-1 Bep) | KL

3)S, =0,
HEW@D) > 3,

5) W(n) i)N(O,l).
We have
1) & 2) follows by Prop. 3.2.1.
2) < 3) follows by EWW; W W, =a aagca, for bifold quadruples since E Xi2 =1.
3) = 4) follows from the expression for the fourth moment E W(n)4 and by Corollary
3.1.4, since T and T* vanish.
3) < 4) follows from Sect.2.3, since T and T* vanish.
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4) & 5) follows by Th. 3.2.5.
This finishes the proof of the corollary.

In Th. 3.2.7 below a uniform bound is imposed on the tails of the distributions of
W, /o;:
P {IW I>x0; } SR(x) foralll, with R(x) monotone and not depending on
n,such that [ x R(x) dx < ee.
By partial in‘%’é‘i)ation we obtain for the random variable U =W /

2 2
EU" 1 = x“dP {1UI<x
(IUl>C) (c,{») { }

=- | x*d1-P{I1UI<x})
(C)

De2p(1uisc)+2 fFP(UI>x) 6
(Cio

<CPRO+2 | xR&)dx

K

(2 3 | xR&x)dx,
(1/2C,)

where inequality (2) follows by the monotony of R(x) which implies
| xR®)dx=2R(C) | xdx=3/8C% R(C).
(1/2€,C) (1/2C,C)
Since the integral converges, the left-hand side vanishes if C tends to infinity . This
proves equality (1). Now we can prove the following theorem.

Theorem 3.2.7. Let W(1), W(2),... be d-homogeneous sums in the Hoeffding
decomposition, W(n) = Y, WI' with var W(n) = 1. Let (O'I) have maximal singular
value p*. Suppose =d
a)P (| W I>x o; } £R(x) for all I, with R(x) monotone and
not depending on n, such that | x R(x) dx < oo,
b) u* = 0, n = oo, ©,e<)
Then

d
W(n) - N(0,1), n = oo,

Proof. By Prop. 3.2.1 assumption b) implies

maxZG:;‘

i Iai

— 0 forn — oo,
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Let G, be a sequence such that

C,— and Cimax 3 o7 —>0forn— .
i Iai

* . *
Define WI = WI 1[ | Wil <Cpop) and let WI be the clean version of WI . (See

proof of Prop. 3.2.2.) As in Th. 3.2.5 we shall show that
L2
W'(n) - W(n) - 0, with W'n)= 3 W' .
Il=d

Then we shall check for W'(n) the conditions of Th. 3.1.2.
(0]
var (W) - W) = 3 E (W - Wy )?

@
< zdcfa(wf/of) 1

= {1 Wyl>Cqor)

3
<3 | x R(x) dx,
(1/2 Cyy0)

where the last term vanishes. Equality (1) follows, since (W, - W) are components in
the Hoeffding decomposition; inequality (2) follows by Prop. 3.2.2 and inequality (3)
by assumption a). For W'(n) we shall check the conditions a) and c¢) of Th. 3.1.2 and
condition b) reformulated as E W‘(n)4- 3 var2 W'(n) = 0. Then the result follows,
since var W'(n) — 1.

Since W and W'y are independent if INJ = &, we have y' =0. Thus by Prop. 2.3.5

IEW'()*- 3 var’ Wi(n) 1 37 + 1% + 138y + §' 1.

First we check condition a) of Th.3.1.2. Since E (W, -W')*<3 6% | xR®dx,
we have for n sufficiently large: 2 0'12 2 012 for all I. Then 12Cn)

E (W7]/07)<max W2/ o2
M
< C, )20% / c‘%

2d+1 ~2
Co

<2

where inequality (1) follows by Prop. 3.2.2. Condition a) follows from
Cﬁmax Y 0'% < Cﬁmax Zo%
i Iai i Iai
(by (3.2.6)) and from the choice of Cﬁ. Thus T' and t'* vanish for n — e by Prop.
2.4.3 b) and b"). In order to show that 3 Sb + S' vanishes it is sufficient (by Corollary
3.1.4) to show that S;, vanishes. By Prop. 3.2.1 and assumption b) we have

Y 0,00, — 0 for e=1,...d-1,
a0y 1 KoL
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and for a bifold quadruple (I,J,K,L) we have (Prop. 3.2.4)
E IW'XW'JW‘KW'L | < c'Io'Jc'Ko'L < G0;0¢C]

by (3.2.6). Thus S'o vanishes. This proves th< theorem.

Th. 3.2.7 above may not be the best possible if there is more information about the
form of the components W;. For example, if we apply Th. 3.2.7 to a multilinear form
in independent centered random variables with unit variance and coefficients (aI) we
use the maximal singular value of (O’I) = (Iall)and hence neglect the signs of (aI). The
maximal singular value of (lal;) may be very different from that of (aj). Th. 3.2.8
below generalizes Th. 5.3 in De Jong (1987). The proof combines ideas that underlie
the theorems 3.2.5 and 3.2.7.

Theorem 3.2.8. Let the family (aI), with ¥ a% = 1, have maximal singular value
w* and m'=d
a) max Za%—)o for n — oo,
i Isi
Let Xl’ X2,... be iid random variables and v&;,(...) a symmetric Borel function Rd—) R
with E wn(Xl,x2,...,xd) =0and E W|21(X1""’Xd) =land P {| wn(Xl,...,Xd) I>x}
< R(x) with R(x) monotone and not depending on n such that

b) [ x R(x) dx < ee.

((XD)]

Put W, = anxil"“’xid) forI= { iseniy } and W(n) = | l}i a; W,. Then
W(n) ->N(0,1), n >

if either one of the following conditions is satisfied:
cl)u*—>0, n — oo,

02) E WIWJWKWL — 0, n — oo for all bifold quadruples (I,J,K,L) with
IINnJl=e, INK=0, forl<e<[d2].

Remark 1. Since the random variables Xi are iid and wn(...) is symmetric in its
arguments, we can restrict condition c) to the following [d/2] cases:

I={1,..,d}

K = {d+1,..., 2d}

L = {e+],..., e+d}

J={1,..., e, e+d+l1,..., 2d}, for 1 <e < [d/2].
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Proof. By condition a) the sum W(n) defined above satisfies condition a) of Th. 2.2.3.
We proceed as in the proof of Th. 3.2.7, except for some minor changes. Let C_ be a

sequence such that

C,—wand Cimax 3 67 —0forn— .
i Isi
Then with W‘I the clean version of WI l[ I Wp1<Cp ) and W'(n) = IIIZ— (2111 W'I, we
have as in the proof of Th. 3.2.7 both -
L2

W'(n) -W(n) > 0, n > oo
and

E W"; / c“l‘ <2241 Cﬁ, for n sufficiently large.

d

We shall show that W'(n) = N(0,1) for n — oo, Condition a) of Th. 3.1.2 is satisfied
by the choice of the constants C  and the above inequality for the fourth moments. By
the independence of the random variables X, we have y '= 0. We check condition b).
By the assumptions on W; we have

S0 = Y ajajaga; E WIWJWKWL
Be0)
=E W.W. W, W,. ¥ ajaaza,,
') K L'B(e,O)IJKL

with (I'J',K',L') as in Remark 1 above. Thus Sy 0 under either one of the
conditions cl) and c2). To show S'o — 0 we need | SO - S'o | - 0. With 0":;' =
E (W - W} )2we have by the triangle inequality and by Prop. 3.2.4 as in the proof of
Th. 3.2.5

EIWW,W W - WIW W W I

<o IGJGKGL + O'IG JO'K(SL + GIO'JO' KGL +0'IG JO' KGL

" 1/2 42
<4cy <4 EPW 1w o)

By assumption b) the last term vanishes and by Prop. 2.4.3 a) we have
> | ajajaga; | < CB(d,4),
B

the number of bifold shadows. Thus | S, - S'O | = O for n —» oo, This proves the
theorem.
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3.3. Inhomogeneous sums

Suppose that V(n) has a finite Hoeffding decomposition, that is, for fixed d we have
Vin)-EV(n)= Y > W
1<e<d lli=¢e
In order to obtain a central limit theorem for V(n) we cannot use Th. 2.1.1. In Example
2 it is shown that the assumption that the sums are homogeneous cannot be removed
from Th. 2.1.1. We shall impose stronger conditions on V(n). Write V(n) as a sum of
homogeneous sums:
V() - E V@) = W) +...+ WO(n), with

Wom = 5 W
Il=e

Theorem 3.3.1. Let V(n) and W®(n) be as above. Suppose that
lim var W (n) = 6%e) exists and is finite for 1 <e <d.
n— oo
1E W) /var? W(n) satisfies the conditions of Th. 2.1.1 for each e, 1 < e < d,
with oz(e) > 0, then

V() - E V(n) 4 N(0,0%1) +..+ 6Xd)), n—> oo,

Remark 1. If V(n) satisfies the conditions of Th. 3.3.1, then also V'(n) = XIW(I)(n) +
ot A dW(d)(n), with A e real constants. This shows that the joint distribution of
W(l)(n),...,W(d)(n) tends to a multivariate normal distribution with vanishing
covariances. Thus the sums W(e)(n) are asymptotically independent (see Billingsley
(1968: 49)).

Remark 2. In De Jong (1985) a stronger version of Th. 3.3.1 is given ford =2:
Suppose V()= ¥ W, + 3 W, withoXl) = TE W2 and6i2) = TE W2
2 =2

satisfies 1<i<n Il = 1<i<n
Ia)maxEWi2—>0, n — oo,
oy
b ¥ W, - NOoci1)), n — o,
1<i<n
IIa) max 20%—-)0, n — oo,

i Isi

DE( Y W36 50, no .
=2
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Then

V(n) g N, 611) + 642)), N — oo,

Th. 3.3.1 follows immediately from Prop. 3.3.2 below. This proposition is the
analogue of Prop. 2.3.4 for inhomogeneous sums in the Hoeffding decomposition.

Proposition 3.3.2. Let v(n) and W(e)(n) be as above. Suppose

Ia)t— 0, n — oo,
b)t* = 0, n — oo,
II)SO—)O, n — oo,

for each W(e)(n) with limsup var W(e)(n) #0.
N n-— oo
Then

12 d
(V) -E V(n))/var* V(n) — N(,1), n —» oo

Proof of Th. 3.3.1. Eliminating the vanishing homogeneous sums from V(n) we have,
2

t —_ (C) J L J W4 4
for Viin)= ¥ W'”“(n), that V(n) - V'(n) — 0. For V'(n) we have E 1S D(e) o
o02(e) 20

for| Il =e and p(e) = max > 0% — 0. By Prop. 2.4.3 we have, with p =
i HMl=ejiel

max p(e) and D = max D(e), that T and t* vanish for V'(n). Under the conditions of
c [

Th. 2.1.1 §, vanishes, as is shown in Sect. 2.3; thus Prop. 3.3.2 implies Th.3.3.1.

Proof of Prop.3.3.2. Without loss of generality we may assume limsup var W(e)(n) #0,
n — oo
e = 1,....d and var V(n) = 1. Define for each e the martingale differences U(E) =

W, with respect to the increasing ¢-algebras § = 6{X,...,X, }. Then
Il=e, max I =k

U, = Ug) +..+ U(l?) are also martingale differences with respect to % . Then by Th.1

in Heyde and Brown (1971) we have the required asymptotic normality for

V)= T U.if T EUj—0Oandvar( 3 UZ)->0forn— o (cf. Sect. 2.3).
1<k<n 1<k<n 1<k<n

By Holder's inequality we have

4
15%‘,<EU1= T E( 3 U9
<n i1<k<n  1<e<d
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< TEQ 3 ¥y W)ty
1<k<n 1<e<d 1<e<d

= ¥ 3 Wy
1<e<d 1<k<n
where the final term vanishes by the assumptions on W(e)(n) and Prop. 2.3.1, since
©* — 0. By the Cauchy-Schwarz inequality we have

var( 3 UD=E( 3 3 UPUP-EUPUud))
1<k<n 1<e,f<d 1<k<n

<E( ¥ 1) (s (3 uPuP.-eu®u?)y?)
1<e.f<d 1<ef<d 1<k<n

=d> ¥ var( 3 UPUY)

1<e,f<d 1<k<n
For the homogeneous case we have, combining Prop. 2.3.2 and Prop. 2.3.3,
33.1) var( 3 (UL = var ( 3 W, W))
1<k<n k I
- Il =1JI = e;max IUJ € INJ

s2(1;+'t*+lS+2§)I+|2/3S+§)I),

where the right-hand side vanishes under the conditions of Prop 3.3.2. Notice that, by
Corollary 3.1.4, S vanishes if 1* and S0 vanish.
For the inhomogeneous case (e < f) we have to show, since E WW; = 0,
E ( > W, W) - 0.
Il =e, JI = f,max IUJ € INJ
This will follow from Prop. 3.3.3 and Prop.3.3.4. With
A= 2 Wi Wy
Il =e, Jl =f,max IUJ € INJ
and
B= Y, LAY
Il =e, Ul =f,max IUJ ¢ INJ
we have E (A +B) A - 172 E A%— 0 (by Prop. 3.3.4), hence E (A + B)?- E B2 0.

By Prop. 3.3.3 we have E (A + B)®— 0 and hence E B2— 0 and E A2~ 0. This
proves the proposition.

Proposition 3.3.3. Under the conditions of Prop.3.3.2, with | Il=e<f=17J1, we
have

EC 3 WW)Y-o
INJ+0@
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Proof. Throughout the proof we shall assume |1 =1 K|l=e<f=I1JI1=1L1 The
remainder terms R, below are sums over subsets of Tand vanish by | R (st

B I WW)'= I EWWWW +R
INJ#Q B, 1IN+ D
= Y E WIWJWKWL - Yy E WIWJWKWL+ Rl,
B, J2L B,J2L, IN) =D

where the first equality follows since in a bifold quadruple I A J = K A L and hence
IITNJI=1K NLIand the last equality follows, since in a bifold quadruple INJ # &
implies J # L.We shall show that the last sum is, up to a vanishing remainder term, a
sum of squares and hence (asymptotically) non-negative. Then, since the left-hand side
is non-negative, it remains to show that the first sum in the final expression above
vanishes.

We start with the last sum.

)y E( ¥ w,W, )2
A c (1,...,n}, Al < f-1 LL,L\I=A

= ) )y EWW;W, W +R,
Ac(l,..n),IAI<f-1 8,JAL=A,In] =@

= P E WW;W, W, +R,,
B,J2L, In]J =2
where the last inequality follows from | A 1 < f-1.

To show that the first sum vanishes we write

E(Y WW,)( 3 WW )= ¥ EWWW,.W +R,.
LK 17K J#L,JNnNL # @ L B, J#L 17K 3

The first factor on the left-hand side has a bounded second moment

E( 3 W W)= E(WOm))'s t* +3 1418+ §1+3va W),
I,K

by (2.3.2), with the right-hand side bounded (since under the assumptions on W(e)(n),
all terms vanish except 3 var? W(e)(n) < 3). For the second factor we have by the
Cauchy-Schwarz inequality
E( 3 WW, < 2@ar( §  WW)+var( 3 W)
J#L,INL # @ INL#Q i=f
By Prop. 2.3.2. and Prop. 3.1.1 the right hand side vanishes. Now the proposition
follows by Cauchy-Schwarz.

Proposition 3.3.4. Under the conditions of Prop. 3.3.2 we have, with | I[I=IKl=¢ <
f=1JI=ILI
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EC 3 WW)O( T  WW)-IREC 3 WW)’ -0

N0 max KUL € KNnL max [uJ € In]

Proof. The quantities R, below are sums over subsets of T and can be estimated by
IR, | st

EC T WW( O WeW)
INJ2@ max KUL € KnL
= Y, E WW,W, W +R,

B, max KUL € KNL

= 2 EWW;WgWo
B, KNL 3 max KUL > max IUJ
+ Y EWW, W W +R,.
B, KNL 3> max KUL < max IuJ € InJ
Notice that max I U J > max K U L implies max I'u J € I n ] for bifold quadruples.
Consider the second sum in the assertion of the proposition:
2
E( Y Wi Wp)
max IuJ € InJ
=2 Y, E WW,W, W, +R,.
B8, KNL 3 max KUL < max IUuJ € In]
To prove the proposition we have to show that the following sum vanishes.
2 E \NIWJ WKWL
B, KNL 3 max KUL > max IuJ
=E( 2 WiWp ( 2 WyWp -Rs.
max IUK € K\I max JuL € L\J,JnL # @
The second moment of the first factor in the cross product above

E( I A A
max IJuK € K\I

= 1/4E( T WwW)?
max JuUK¢ KnI

=14E( 3 W Wy - s W, W, )2
LK max [UKe Kn1

=14E( WOm? - 3 UP)?)?
1<k<n

remains bounded, since E (W(e)(n))4remains bounded and since
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E 3 UP)2=vawm) <landvar( T (U2 )0,
1

1<k<n <k<n

under the assumptions on W(e)(n) by (3.3.1). Further, the second moment of the
second factor

2
E( 3 W, W,)>= 1/4E ( Y W, W)
max JuL e L\J,JnL#d max JUL ¢ JINnL # @

vanishes by the assumptions on W(f’(n) and Prop. 2.3.3. Now the proposition follows
by Cauchy-Schwarz.

The example below concerns d-linear forms in iid random variables

Zin)= Y a 11 Xi’ Xi iid.
Ml=d je1

These multilinear forms have a simple Hoeffding decomposition as can be seen from
the following proposition.

Proposition 3.3.5. Let Z be a d-linear form

Z= 3 a; IIX,,
M=d "je1l

with X independent random variables E X; =E X, var X; =var X,. Then Z has the

following Hoeffding decomposition:

Z-EZ= 3 W +.+ 3 W,
=1 Hl=d

withforlJl=¢

Wy =EXp™ I X;-EX) T ajand
jel Ml=d,Jc I

var( S W)=EX)P* varXx)D® 3 (3 a).
Ui=e Jl=e m=dJc I

Proof. Apply the Hoeffding decomposition toa; [T X;:
iel

-1
a, WX, =2, 3 (Ex))*"nm X, -EX,).
iel Jcl jeJ

Example. Consider the d-linear (d = 2) form Z(n) in iid zero-one random variables X i
e {0,1}, E Xi =p, < 1/2. Assume the family (aI) to be of a very simple form, with
aj € {0,1}subject to the condition
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max 2 a;=0np)),
Jc (1,..,n},0l=d-1 I J

with p  the mean nuinber of ones in (a,):
Pn I

n -1
= a;.
Pn= () mz= a !

We use f(n) = O(g(n)) to denote | f(n) / g(n) | < C for all n and some constant C. Thus
for each one-dimensional row {I:111=d, 1> J} for fixed J with | J | = d-1 the number
of a; equal one is bounded by C np . Notice that the condition on the family (a)
implies that ay = OforallIif np > 0, since aj € {0,1}. In fact we have more; since

n\-1
max T oa 2 (41) 3 Y a;
Jc (1,..,n),0l=d-1 I Ii=d-1 157

n \-1
= d
(H) |1|2= daI

=m-d+1)p,,
we have

max Y a; e np,,
Jc (1,.,n},0l=d-1 I ]J
with f(n) e< g(n) if 1/C < | f(n)/ g(n) | £ C for all n and some constant C 2> 1.

The behaviour of Z(n) can be described in terms of the two parameters p. and p .
Notice that E Z(n) = (§) p,, (p)® Hence p  (ap )" 0 implies Z(n) — 0. We shall
assume p (npn)d——> oo, Indeed, we shall show in Prop. 3.3.6 that p n (np n)d—> o is
sufficient for a normal limit distribution of Z(n). Notice that p n (np n)d—> oo implies
np —>eo,since0<p <1.

The simple structure of the family (a;) has an interesting consequence. For fixed J
with | J | = e we have

(332) T a =

o(n®%p ) if1<e<d,
Io] {

ay ife=d.
This 'discontinuity' at d = e gives, since p n <172,

(np )**%p? ifl<e<d,
var(m{':vj)x{ d
(mp) P, ife=d,
where the first estimate follows from Prop. 3.3.5 and the boundon ¥ a for the

upperbound, and from the inequality >3
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T (T -GOp, =3 (%) Q@EHe)Y 20
J Jl=e 157

Ji=e 1>
for the lowerbound. Hence we have for 1 <e<d

var( S W) /var( 3 W) e (mpp' o 0.
Ul=e Jl=1

Thus Z(n) can be written as the orthogonal sum of only two (instead of d)

homogeneous sums plus a remainder term:

Zm)-EZm)= ¥ W+ ¥ W+ R,
=1 Ji=d

with var R(n) / var Z(n) — 0 for n — oo,
Since
var (S W) /var( S W) e p)*p,,
Ji=1 Ji=d
the random variable Z(n) - E Z(n) is approximately: 1) a sum of independent random
variables if (np n)d'lpn — oo, 2) a d-homogeneous sum if (np n)d'lpn — 0, and 3) a
mixture of the two above cases else.

Notice that (np n)d'lpn < Cimplies p, — 0, since we assume np  — e and d > 1.
The speed at which p  vanishes depends on p and the value of d. We have the
following bound for the 'number of ones per one-dimensional row": np <C nz'dp rll'd.
E.g. for d = 2 this yields np_ < Cp.

Proposition 3.3.6. Let Z(n), p,and p  be as above. If (npn)dp n > then

12 d
(Z(n) - EZ(m)) / var? Z(n) = N(0,1), n — oo.

Remark. The excluded case d = 1 falls under the above proposition, since a sum of
independent bounded random variables with diverging total variance has a normal limit
distribution.

Proof. As shown above we may assume without loss of generality:

Zm)-EZm)= ¥ b, (X;-p)+ I W,
. 1<i<n I=d
with
d-1
b =) T a,
Is3i

WI =aI H (Xl 'Pn),

iel
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and

var Z(n) o< (npn)dpn (1 +(npn)d-lpn)-

We shall apply Prop. 3.3.2. The main part of the proof consists in showing that T
and t* vanish. This will be done by direct computation using the special regularity of
the family (a;) and the fact that the random variables are iid. The theory developed in
Sect. 2.4 for estimating the quantities T and t* does not (or at most partially) apply.

We start with some special partial sums of t and t*. First we consider homogeneous
quadruples in 7. Since

(3.33) EIX;-p, %« p, foraxl,

we find by (3.3.2):

I BIEOq-py* var'Zn)
=0( mp) et 1 @p 2 1+ @p e )
=0( mpy)" (mpp™lp, / A +mp)*p) 1),

which vanishes since np — . Thus the partial sum of 1* of homogeneous
quadruples with | I | = 1 vanishes, as does the corresponding partial sum of 1, since
E2 (Xi -P n)2 <E (Xi -p n)4' Next we shall estimate partial sums of T and 1* of
homogeneous quadruples with | I'1=d.
By (3.3.3) we have
d

o =a @)

and for a quadruple with f = | IUJUKUL | we have
f
EIW W WW | e ajaaca; (@),

u
0;0;O0g O, = ajajaga; ()~

This yields for a quadruple without a free index (and consequently f < 2d)

00,00, = O(EI WIWJWKWL .
Thus we only need to show that partial sums of 1* of homogeneous quadruples with | T1
= d vanish. We start with a special sum.

Y EWj/var’Z(mn)
Nl=d

= 0(@p)%, / @p 2 (1 +@p)*p)?)

= 0(((p )%, (1 +@p ™o )2)Y),
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which vanishes by the assumption (npn)dp a0

Consider a shadow (I'J,K'.L") with f = | 'UJ'UK'UL',, d < f < 2d. Without
restriction we assume | I'"\J' | = e < d. Thus we have | (K'UL)\ (I'UJ) I =f-2d +e.
Then

aI aJ aKaL
(1,3.K,L) with shadow (I'’J'X'",L")

< z ajajaga;
(LJK,L), InJI=e, IUJUKULI = f

=0 3 apa).
INJl=e
Since by (3.3.2)
Y aap= O(pinme ),

INJl=e
we have by (3.3.3)
E | W, W, W W, |/var® Z(n)
(LJ,K,L) with shadow (I'J",K',L")

= 0 (p2p)" 1 (p )% (1 + (op ™o )
= 0(@p )™/ (1 + (ap )™ 'p ),

which vanishes since f < 2d.

Thus the contribution of all homogeneous quadruples to T and t* vanishes. We shall
estimate the contribution of the mixed quadruples with indices not all containing the
same number of elements by the contribution of the homogeneous quadruples. Define

{ W, iflI1=d

VI =
b, (X, -p,) ifl= {i}
and
a iflIl=d
¢ =
b; if I = {i}.
Then, since E V? o< c% (p n)m, we have
1/2 (T +IKI+ILIE)
01050k S, = €5k Pp) ’

and by (3.3.3)

El VXVJVKVLI oc CICJCKCL (pn)IIUJUKULI )
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By the definition of Twe have 1/2 (11l + 1JI + Kl + ILI ) > | IUJUKUL | and thus

00,0k 0 = O(EI VIVJVKVL ).

Consider a mixed quadruple (1,,I,,15,1,) in 7. Then any index with only one element
is contained in some index with d elements. For each such mixed quadruple we
construct a homogeneous quadruple ( J,,J,,J5,J, ) also in T with ILuLulul, =
T UT,0T 0], by

{Ig 1flIg|=d

I iflIgl:l,|Ih|=d,IgCIh,hminimal.

Then with b* = max b, and o the number of indices with one element in ( I,05.05.1,)
1

Jg=

we have
H\ 0L
cIlclch3cI4 < aJlanaJsaLt (b*)™.
For a fixed shadow (I',J',K',.L") we have

E | W, W, W, W, |/ var’ Z(n)
(I,J,K,L) with shadow (I'J',K',L")

= 0 (p2(np ) *)® / (ap )2 (1 + (np Yo )%)
= 0(p )" (p)*'p)* 1 (1 +@p ™o )%).

If o £ 2 then the above estimate vanishes since f < 2d. If oo = 3 then f = d and we have
the estimate

@p,)'p, (@p ™o, 1 A+ @p)p )

which vanishes since np | — ee. This shows that T and ©* both vanish.

Condition II of Prop. 3.3.2 remains to be checked. For a sum of independent
random variables we have § = 0. For a bifold quadruple (IJ,K,L) we have
E W, W,W W, =aaaga, (E (X - pp?) 2 = 6,0,0,0,. In the proof of Th.
3.1.5 it is shown that condition a) of Th. 3.1.5 implies for clean sums with var W(n) =
lthat ¥ ©,0,0,0; vanishes. We shall check condition a) for ¥ W,/ var!/?

A0e) m=d
Z(n).
By (3.3.2) we have

max Y oy > oy / var Z(n)
Ac({l,...n),1<IAl<d1 Io A JToI\A

= 02mp,)"/ (p)p , (1 +@p ) )

= 0(@py™ (wp)*'p, 1 (1 +@p)*lp )
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=0(pp"®),

which vanishes for d > 2. This proves the proposition.

We shall use the above example to test some of the conditions of the different central
limit theorems given above. We start with condition b) of Th. 2.1.1: E W? / 0‘;' <D. It
may seem reasonable to impose this condition. However, for the homogeneous com-
ponents in the Hoeffding decomposition of the multilinear form above it is a severe
restriction:

EW[ /o] = pi/p) = py Gfa; #0),

which is not bounded if p, — 0. We have given two ways to circumvent (partially)
condition b).

In the first place we have truncation (cf. Prop. 3.2.2) However, truncation is not
very useful in case of zero-one valued random variables: Consider a zero-one valued

random variable X, with EX = Pn (var X = pn(l -p n) ) The variance of the truncated
version

var (X 1 XSCPLIZ} o< pﬁforn—)oo,

which vanishes with respect to var X.
Th. 3.1.2 combines the conditions a) and b) of Th. 2.1.1 allowing D to diverge in a
controlled way:

2

(max EW} /0}) (max 3 63)"2— 0forn— ee.
1 \

i i3]
In the case of the homogeneous components in the Hoeffding decomposition of the
multilinear form above we have with 0? =E W? [var( Y W%)
Il=d
max Y 0% o< p‘; nd'1 Pn / (pnn)dpn = 1/n.
i isl
Thus condition a) of Th. 3.1.2 is satisfied if npid — oo, The latter condition implies in
combination with (pnn)d'lp n S C (which ensures that the variance of the d-homo-
geneous sum does not vanish) that the family (aI) contains elements ay = 1, only if
d=2.Ifd =2 we have
1
np < Cp o’
if d > 3 we have
X -1)/d-2
nanCp?l 1nz'd: C( pgd )/ @ ))24.
(d-1)/(d-2)

Thus np | vanishes, sincenp

— oo for d 2 3.
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In the proof of Prop. 3.3.6 we did not check condition c) of Th.2.1.1 directly. In-
stead we checked condition a) of Th. 3.1.4. In Sect. 3.1 we also mentioned a more
restrictive form of condition a)
(3.1.1) max ¥ o =0 for n — e

i I3i
If we apply (3.1.1) in the example above we find with 012 =E WI2 [var( Y W%):
l=d
max 3 o;=0@*p 0%/ (np ) 012
i Iai

- 0@ 1pl)

which vanishes if nd'zpn — 0. Again for d 2 3 this implies np_ — 0.



4. W(n) as a Gaussian process

4.0. Introduction

In this chapter we shall we restrict ourselves to homogeneous sums in the Hoeffding
decomposition, W(n), with respect to one given sequence X ;,X,,... of independent
random variables. If we mention several d-homogeneous sums (for the same n), these
sums are all defined with respect to this one sequence of independent random variables.
The main aim of this chapter is to show how the random variables W, can be embedded
as random point masses at points x; in a suitable product space E® Given this
embedding, a fairly broad class of functions f is identified such that the stochastic
integral

[faWm) = T f(x)W,
Il=d

converges to a stochastic integral with respect to a Gaussian process with independent
increments. We shall follow the usual approach for defining integrals; we define at first
the integral for stepfunctions. Indeed, once the problems with the stochastic integral for
stepfunctions have been solved, the extension is by standard approximation techniques.

A stepfunction f=a, 1 Ay Pt a ql (A ¢ disjoint) partitions the space into finitely
many subsets. The distribution of the stochastic integral It dW(n) is the distribution of
the linear combination of the partial sums W(g)(n) = Y WI for subsets of the indices
Ag=(L:ix €A ). Te A,

Section 4.1 is concerned with questions regarding the distribution of partial sums of
W(n), with W(n) homogeneous and satisfying the conditions of Th.2.1.1. Clearly, any
partial sum inherits the conditions a) and b) of Th. 2.1.1, since

2

a) max 3 c% < max Y oy,
i Iri,Ie 2 i Ia3i

b) max EW?/O’? < max EW?/O'?.
Ie a 1
Condition ¢) (in the alternative formulation E W‘(n)4- 3 var2 W'(n) = 0, n — o) need
not to be satisfied, as is shown at the end of this section. Thus some caution is needed
in constructing the subsets A in such a way that partial sums over A inherit condition c).
This construction is carried out in Sect. 4.1 in a rather unexpected way. Instead of
using directly a geometrical approach, e.g. devide the index set {I: I c {1,...,n}} into
appropriate 'blocks' and consider the (joint) distribution of these blocks, we define two
algebraic operations on W(n). Addition is defined in the usual way: W(n) = W'(n) +

64
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W"(n), with W'(n) and W"(n) homogeneous sums in the Hoeffding decomposition. In
Th. 4.1.1 it is shown that W(n) has a normal limit distribution if W'(n) and W"(n) both
satisfy the conditions of Th. 2.1.1. Further we define 'scalar’ multiplication. We

consider products of a homogeneous sum W(n) and a family (aI) of real constants
defined by

Wm= 3 aW.
M=d

If the family (aI) has a special structure, then W'(n) satisfies the conditions of Th.
2.1.1, provided W(n) satisfies these conditions. Using these operations we define a
class of subsets of the indices such that the partial sums over these subsets have normal
limit distribution.

In Sect. 4.2 these results are extended. With the help of the subsets, constructed in
Sect. 4.1, stepfunctions are defined on the product space Ed, such that the stochastic
integrals of the stepfunctions converge in distribution. By approximation the class of
stepfunctions is extended.

In Sect 4.3 a simple condition on W(n) is given, ensuring that any partial sum W'(n)
has a normal limit distribution, provided the variance converges. Homogeneous sums
satisfying this condition can also be embedded. However, the embedding has a
different character. Whereas in the general case the product structure of Ed is used, this
structure is not needed to embed homogeneous sums W(n) of the restricted class
considered in Sect. 4.3. By the simple extra condition imposed on W(n) the 'dimension
of W(n) is lost'.

Example. We shall construct a sequence of matrices (aij)l <ij<n with eigenvalues A i
such that max liz / (l? +...+7L§) — 0, n — oo, Then, as is shown in the introduction,
the fourth moment of the quadratic form in independent normal N(0,1) random
variables with respect to (a ij) tends to three for n — eo. We shall give a subset 4 of the
indices (i,j) such that the maximal eigenvalue of the matrices (a"ij)1 <ij<n =
(aij)1 <ijen, (i) € A does not vanish. Then the quadratic form W'(n) with respect to
(a"ij) does not satisfy condition c) of Th. 2.1.1:

lim (E W'n)*- 3 varr W'(n)) = 0,

n — oo
and hence W'(n) does not have a normal limit distribution.

We construct a symmetric 2™ x 2™ matrix with all entries +1 and all rows mutually
orthogonal vectors. We start with the construction of the 2m orthogonal vectors; then
we give an enumeration of these vectors that makes the matrix symmetric.
Lete, (x): [0,1) — {0,1} be the ith digit in the binary expansion of x € [0,1). To make
the representation unique take e, (x) to be right continuous. The functions T, = 2 -1
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(-r; is the ith Rademacher function) are independent with respect to the Lebesgue

measure, andr = 1. Notice that
' 1-€;)
r, = (1),

Define for the set A c {1,...,m}

fA= I'[ r I‘I (r )IA(E) H (_1)(1'eg) 1A(8) .
ge Ag 1<g<m 1<g<m
There are 2™ different subsets Ak c {1,...m}, k = 1,...,2™. For two subsets A, A'
we have by independence

1 ifA=A
| f W) fux)dx= I [ r;(xdx = {
[0, ie AAA [0 1) 0 else.
Define for each set A; the vector with jth entry
f(Lh).

At om
These vectors are mutually orthogonal:

S aga, =2m j £, 00 £ (x)dx— ifi].
Jkepm KK

With the following definition of the set A; we obtain a symmetric matrix with ith row
the vector defined by A; :

A= {g:rg(lz-—m) = -1}.

Since
1p®=1- eg(z_m)’
we have
ay= Il ' (om0 m e 'e(l_))(les(zm

1<g<m 1<g<m

(Thus ay = -1 if the number of zeros in the same position in the binary expansion of
(-1) and (i-1) is odd; and a =1 else.)

Thus the real matrix (a, ) is symmetric and orthogonal and has real eigenvalues l
with 17\ I—2m/2 i=1,. ,2 and hence max 12/(12 +.. +7»2) — 0 for n — oo, We
need for our example a matrix with zero diagonal. Define the real symmetric matrix
(a'ij), with a'ij = aij ifi=#]j, a!. = 0, and with eigenvalues li. Then we have

> 2= 3 azj = 2"™_2™andmax I}l <max A+ 1
1<ig2m 1<j j<om i i

by the triangle inequality for matrix norms, since the matrix (a, iC a‘ij) is a diagonal
matrix with diagonal entries 1 and hence with maximal absolute eigenvalue 1.
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The quadratic form
wieh= T aX; X,
1<ijeom V1)
with Xi independent normal N(0,1) distributed, satisfies the conditions of Th. 2.1.1,
as is shown in the introduction. (This can also be seen directly from the theorems 3.2.5
and 3.2.6.) However, since the matrix (a"ij) = max(O,a‘ij) has a non-vanishing

maximal eigenvalue > 2m1

w(2M= ¥ a"X. X;

1gigeom V!

- 1 (use vector with all entries equal 1), the partial sum

does not inherit condition c) of Th. 2.1.1. This ends the example.

4.1. Simple operations on W(n)

In this section we give central limit theorems for transforms obtained from
homogeneous sums W(n) (several for the same n) by the two operations addition and
multiplication. We start with addition.

Theorem 4.1.1. Let W(n) = W(l)(n) +..+ W(q)(n) be a sum of q (q not depending

on n) d-homogeneous sums in the Hoeffding decomposition. Suppose that W(g)(n) :

satisfies the conditions a), b) and ¢) of Th. 2.1.1, with c) in the alternative formulation:
EW®m)*- 3 var*W®m) — 0, forg=1,..,q, and

lim var W) =02 (0<0<).
n — oo

Then d
W(n) — N(0,6%), n— oo,

Proof. Without loss of generality we assume 6 = 1. We shall check the conditions of
Prop. 2.3.4. For W, = ng) +.+ W(Iq) we have by the Cauchy-Schwarz inequality

cf < q(c§1)2+...+ G(an)
and hence

max 3 o% <q(max I 0(11)2 +..+ max Y 0(1‘1)2 )

i Isi i Iai i Iai

where the right-hand side vanishes. Thus we have by Prop. 2.4.3 b') that T vanishes.
Notice that condition b) of Th. 2.1.1 is not closed under finite addition. However, by

Dy DO
IEWW,W W 1< 3 1EWOWOwdOwWD,
1<i,j.k,1<q
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we can use condition b) for W(g)(n), 1 <g<q. Thus

T*= > IE WIWJWKWLI
dJKLeT
<D Y Y o(li) o?) o(ll(‘) og)

I<ijkl<q (IJK,L)e T
=D 3 (6P +.4+69) . P +.+6))
(IJKLeT
and since
max Y (0'(11) +..+ c(lq) )2S q (max Y, ((S(Il))2 +..+ max Y (cr(lq))2 )s
i Iai i Iai i Isi
which vanishes, we have by Prop. 2.4.3 b') that t* vanishes.
The random variables W, are components in the Hoeffding decomposition, hence
Y = 0. We shall now check condition II of Prop. 2.3.4. By Corollary 3.1.4 it is suf-
ficient to show that S0 = S5(1,0) +...+S(d-1,0) vanishes. As in the proof of Prop. 2.3.6
we rewrite S(e,0) as a sum of squares plus a remainder term (see (2.3.5)). The remain-
der terms Ri (i=1,...,5) below are sums over subsets of T, so we have | Ri | < 1%,

(4.1.1) S(e0) = >
AA' c (1,..n},lIAl=1A"T=d-e, AnA'= O

2
E( )) WW,)” 4R,
INJI=e, I\NJ=A,J\I= A"

with WWy =3 W(Ig) Wgh). By the Cauchy-Schwarz inequality we obtain
1<g,h<q

1Se0)i<q® 3 3
1<gh<q  AA'c (1,..,n), 1Al = IA" = d-e, ANA' = @
E( > WOWM 2 4R 1
INnJi=e, INT=A,J\I=A'

If g = h, the sum of squares vanishes by the assumptions on W(g)(n). It remains to
show, with Wy =W®, W =W, g2 h, that

AA'C (1,..n}), Al = 1A'l = d-e, ANA' = @

K

1 ” 2

E ( Y W W)
INJl=e, INJ=A,J\I=A'

= Y EWW. W, W, +R
B(e0) I J7 KL 2
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vanishes. The right-hand side equals up to a vanishing remainder term the following
sum of covariances

> EW/ W' W' W, +R
Be0) I J7 K7L 3

AA' c (1,..n],l1Al=lAl=¢, ANA' = @
E ( 2 Wt[wlL )( z wanuK )
InLl =d-e,\NL = A, L\I = A’ JnKl=d-e, NK = A, K\ = A’
" 1 L] 1 1/2 " " " n 1/2
S(Y EWW. W_ W, +R,)"“( ¥ EWW' W' W' +R.)"",
B(e0) I"J7 KL 4 B(e0) I"J7 K7L 5
where the last inequality follows by Cauchy-Schwarz and (2.3.1). This proves the

theorem, since the right-hand side vanishes under the assumptions on W(g)(n) and
Wm)(n), as is shown in Sect. 2.3.

Next we shall look at multiplication. Consider the homogeneous sum W(n) and its

transform

W)= 3 a;W,withla I<1

Il=d

Put W} =a;W; and 6'% =E W'%. Suppose that W(n) satisfies the conditions a), b)
and c) of Th. 2.1.1. Clearly W'(n) inherits the properties a) and b) since

max Y, 0"% < max Y 6%

i Ia3i i I3

and

EW' /6'f =EW] /o] fora, 0.

In general, condition c) is not inherited: Consider W(n) = ¥ ai'Xin , with (a ij)

~. _ij
. . . 1<i<j<
and X, as in the example of the previous section. Then =n

Wm= 3 aXX, =123 X 7P 5 x})
1<i<j<n 1<i<n 1<i<n
has a non-normal limit distribution.
We introduce a special family (a}) with a very simple structure: The family (a;),;, d
isof rank 1 ifaI = 11 a, for all | Il =d, with a fixed sequence (ai)

. i=1,..,n
iel

Proposition 4.1.2. Let the homogeneous sums W(n) satisfy the conditions of
Th. 2.1.1 and let (aI)III =d be of rank 1 with | a, | £ 1. Then the transform

Wm= Y aIWI
Il=d
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inherits the conditions a), b) and c) of Th. 2.1.1 (with the latter condition reformulated
as EW'(m)* - 3 var> W'(n) — 0 for n — ).

Proof. Only condition c) needs a proof. Since | E W'(n)* - 3 var® W'(n) | <13 Sp +
S'1+3 1 + 1" (see proof of Prop. 2.3.5), and since by the conditions a) and b) and
Prop. 2.4.3 both t' and T'* vanish, it suffices to show that §' and S|, vanish. By
Corollary 3.1.4 it is sufficient to show Sb = §'(1,0) +...+ S'(d-1,0) »> 0. As in
(4.1.1), S'(e,0) is written as a sum of squares plus a remainder term. These remainder
terms Ri are sums over subsets of 7; hence | R i | < t*. Using the fact that a is a

product we obtain
(4.12) S'(e0) = 3 ( I &)
; AA c(1,..n},lAl=lAl=de AnA'=Q@ 1€ AU A
2.2
E( > WW, II a; ) -R,.
InJl=e, INT=A,J\I=A' ielIny

Since Y, bi C;» < bi ¢ S 1) vanishes, if 3, bi — 0, it is sufficient to show
i i

$"e0) = TE WWW W, M a8 -o
Be0) ie InJ) U (kNL)
S"(e,0) is obtained from (4.1.2) by omitting the coefficients ( I a2i ), cal-
ie AU A’

culating the squares and summing over the subsets A, A' and finally neglecting the
contribution of non-bifolds. As in (4.1.2) we obtain

$"(e.0) = 3 ( m &)
AA c(1,..n),lAl=1A'l=¢, AnA'=@ 1€ AU A’

E ( > ww, ) - R
INnJl=d-e,INL=A,L\I=A'

9

The right-hand side with the coefficients ( I aiz) (which are < 1) replaced by 1
ie AU A’

equals, up to a vanishing remainder term, S(e,0) (see (4.1.1)). And S(e,0) vanishes by

the assumptions on W(n) as is shown in Sect. 2.3. This completes the proof of Prop.

4.1.2.

With the help of Th. 4.1.1 we can extend the class of coefficients in Prop. 4.1.2.
A family (as)lll - ¢ Is said to be of finite rank if a; = a?) +...+ a?) for all I, with q
ﬁxedandagg ofrank 1 for1<g<q.
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Theorem 4.1.3. Let the family (aI)III =d be of finite rank. Suppose W(n) is a
homogeneous sum in the Hoeffding decomposition satisfying the conditions of
Th. 2.1.1. Put W'(n) = Y aIWI and suppose var W'(n) — 02 for n — oo, with
0 <G <o, Then m=d

d
W'n) — N(0,6%) for n — oo,
Proof. Obvious from Th. 4.1.1.

In the remainder of this section we shall prove a result mentioned in the introduction.
For each n, let A1 Y- q be a partition of the integers 1,...,n (q not depending on n).
This partition induces a partition Ay A of the indices {I < (1,...,n}: Il =d}. The
elsments A, are defined in the following way. Consider the symmetrized product sets
/‘Zlh =UA g6 (l)x...x A £o(dy where ¢ = (6(1),...,0(d)) passes through all permutations
of 1,...,d and where h = 1,...,( q«:id-l ) is some enumeration of the d;tuples ((gl,..., g d)
1< g <. QSq}.ThenI= {il,...,id} € }4hif(i1,..., id)e }Zlh

We shall show that for fixed h the family (1 Ay (08} XII =d is of finite rank. Hence
Th. 4.1.3 can be used to show that the partial sum

W@ = § 14 OW = 3 W
m=d le 4y

has a normal limit distribution, provided

lim Y c% is finite and positive.
n—>o le Ay
We shall use a well-known theorem in algebra that states that a d-linear symmetric
function ¢(x ;,..., X 5) can be written as a linear combination of diagonals:

¢(x1,...,xd) = lszlsral ¢(yi’-..’Yi)’

withy; =B, %, +..+ Byyxy.
Let 1™ be the Banach space of bounded real sequences
F={(@)_ 1.2.... : supla;l <Cfor some C <},
1

equipped with scalar multiplication Aa = (Aa;), _ ; , , addition a + b =
(ai+ bi)i= 12.. andnormllall= sup | ail. Let l‘; be the Banach space of bounded
real sequences on ¢ !

=G

sup la. .dISCforsomeC<oo},

1...idll,...,id= 1,2,... : . iq...d

115e.00ld
with addition, scalar multiplication and norm as above. Define ¢: 17 )d - 1: by
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¢(a(1),..., a(d)).

- (c(1)) _(o(@d)
it..dg E’ ail @y

4

where ¢ = (o(1),..., 6(d)) passes through all permutations of 1,..., d. Then ¢ is
symmetric and d-linear in a(l),..., a(d).
Define 2® e 1° by a(ig) =1 Ag(i) i = 1,2,... for each element A g in the partition
Al,...,A . Then we have
¢(a(g1),..., a(gd)) =y lﬂh*’

%
with 4, the symmetrized product set of Aglx...x A £ and y the number of permu-
tations that leave Aglx...x A g4 invariant. Thus lﬂh* can be written as a sum of
diagonals

Vige= ¥ a; o0%,.. b0,

1<i<r
with b = Bila(g1)+...+ B ida(gd). Using the definition of ¢, we have
i i) = (OJEN 0
Y lﬂh* (]1,"-’Jd) - Z ai d! bjl .on bjd

1<i<r
and, forI = {jl,...,jd}, this gives

lg O =1g+ Goodp) = @/Y Ta; T b(ji),

1<i<r je 1
Hence it is shown that (lﬂh (D )y = g s of finite rank. Thus we have by Th. 4.1.3
W@ 5 NOGD forn - w withol=lim ¥ o
n—oo Ie 4y
In fact, we have shown more: The joint limit distribution of the partial sums W(h)(n) is

@ dd'S-variate normal with vanishing covariances, provided the variances converge:

lim Y03 =ol, h=1..,0T".

n—oo Ie 4

This follows directly from Th. 4.1.3 which implies that any linear combination of

partial sums with coefficients a,...,a; (1= (©*31 )) has a normal N0, 3 a2o? )
1<hs<]

limit distribution since 3, a1, () is of finite rank and var ( 3 a,W®(m) )
1<hs] 1<hsl

converges. Summarizing we have

Corollary 4.1.4. Let W(n) be homogeneous sums in the Hoeffding decomposition
satisfying the conditions of Th. 2.1.1. Let A,...,A q be partitions of the integers
{1,...n} (q fixed) and A,,...,4, the corresponding partition of the indices {I
{1,...,n}: M =d} withl1= (qtld'l) elements as described above. Define the partial sums
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whmy= ¥ w.
Ie Ay
Suppose that for coeificients a,,...,a; (not depending on n) the variance of the linear
combination of partial sums converges,

lim var ( ¥ aW"m) =0’
1<h<l

n-— oo

then
d
> aWPm) o NO6%), n-s e
1<h<l

Moreover, if the variance of each partial sum converges,
lim var W) =oZ, h=1..,351),

n— o
then any linear combination converges in distribution:
d
> a,W®m) - N©, ¥ a207) for n - e,
1<h<l1 1<hsl
Thus the simultaneous distribution of the 1 partial sums is 1-variate normal with
vanishing covariances.

4.2. Convergence to a Gaussian process

It is well known that on a finite measure space (S,B,11) a Gaussian process § with
independent increments can be defined in the following way. Take for & a process on a
probability space (2,%.P), indexed by elements B € ‘B, with finite dimensional
distributions E,(Bl),...,ﬁ(Bq) that are g-variate normal with cov(E,,(Bg), §(Bh)) =
|.1(Bg N B,). The existence of such a process follows from the Kolmogorov extension
theorem. (In fact, {£(B) : B € ‘B} is a collection random variables with prescribed
consistent finite dimensional distributions.)

Define the stochastic integral with respect to & for stepfunctions t = bllBl
+..+ bqqu, with B, ,...,Bq measurable and disjoint, by

Jtdg=b, E®B ) +..+ b EB).
Then

var (J1d&) =b} u(B,) +..+ bflu(Bq)=It2du.
Thus & maps the linear set of stepfunctions isometrically into LZ(P). Since the

stepfunctions are dense in L7(u), this isometry has a unique extension to an isometry
from LAy) into LYP).
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The random variables W, are embedded in S as real-valued random point masses at
points s;, I < {1,..,n} IT1=d. Define the stochastic integral with respect to W(n) by

[fdWm) = 3 f(s))W,.
I=d

Suppose W(n) satisfies the conditions of Th. 2.1.1. In order that the stochastic integrals
converge in distribution at least the variances should convergc Suppose that the discrete
probability measures p_ defined by Ho({s; hH= O'I, Ic {1,..n} IIl=d, converge
weakly to . Then [ f° dy — | £2 du if f is p-a.e. continuous ésee lemma 4.2.5).
However, these restrictions are not sufficient to ensure [f dW(n) — [f d&, n — oo,
for f p-a.e. continuous. This is shown in the following example.

Example. Consider the matrix (a .), constructed in the example in Sect. 4.0. Notice that
n=2"m=12,. Put W, = (2) I/ZaUX‘X with X; iid, N(0,1) for 1 Si<j<n.
Now embed (Wij) in the pomt set {sk =2k / n(n-1) : k =1,.,nn-1)/2} < [0,1].
Any enumeration k = 1,..., n(n-1) / 2 of the set of indices {(i,j) : 1 £i < j < n} results
in a discrete measure n({sk}) =E Wizj = (g)'1 and K, A weakly, with A Lebesgue
measure on [0,1]. Choose for each n an enumeration, such that {i,j} with a;; = 1is
mapped into (1/2,1], and (i,j} with aij = -1 into [0,1/2]. Then the stochastic integral

I Qapn - Yorp W@ =" 5 X X,

1<i<j<n ]

12, .1
( (;Elsinxi) % X )

M 1<i<n

= (2(n 1))

does not have a normal limit.

Recall that in the previous section we defined a transform W'(n) of W(n) of the form

W= 3 ag W.The integral | fdW (n) = 12 480 W is such a ransform.

Given the embedding of the above example not all stepfunctions on [0,1] result in
transforms W'(n) with the family (a ) of finite rank. (The stepfunction 1(1 21" 1[0’1 n
corresponds with the family a; =a;. ij )

We are looking for embeddings such that integrals of stepfunctions result in
transforms of finite rank. To achieve this goal it is sufficient to embed W, in a d-fold
product and to carry out the embedding 'coordinatewise': Let S be a d-fold product S =
Md with M a separable metric space and m;,...,m_ a sequence in M. Put $; =
(mll,...,mld) forl={i ipenig iy <. <xd} Measurability in M or M%is meant with
respect to the Borel o-algebra.
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Remark. There is some arbitrariness in this embedding: A renumbering of the points
m, results in a different embedding, since by another enumeration point masses W can
be moved to another one of the d! points (m, ,...,m id) with {il,...,i d] = L. Therefore,
we shall only consider integrands f on M~ that are symmetric in their arguments:
f(mil,...,mid) = f(mio(l),“., mic(d)) for any permutation ¢ = (6(1),...,6(d)) of (1,..d).
Then it does not matter in which of the d! points (m i1’“"mid) the random mass WI’
1= [il,...,id} is placed.

Proceeding from the given embedding, we identify in the two following theorems a
broad class of integrands f, for which the integrals | f dW(n) converge in distribution
to the stochastic integral [ f d§, with & the Gaussian process given above. Loosely
speaking, these functions should obey three requirements: 1) f is symmetric, 2) f can be
approximated in L7(u) by stepfunctions, 3) | f dp, — [f dp if W, — H weakly. The
first requirement is obvious; the second one allows a very broad class: stepfunctions are
dense in Ly(p.). The third requirement is a real restriction.

Theorem 4.2.1. Let M be a separable metric space, S = M%and K a probability
measure on the Borel c-algebra of S. Let & be the Gaussian process with covariance
measure | given above. For each n, (m,), _ 12.... is a sequence in M and s; =
(mil,...,mid) e Sforl= {il,...,id: i1 <.< id}. Let W(n) be as in Th. 2.1.1, with d as
above. Suppose the probability measures p | defined by u _(s; ) = o% converge weakly
to i. Then for h, bounded and symmetric and p-a.e. continuous, the stochastic
integrals [ h dW(n) = lIIZ ‘ h(s[) WI converge in distribution:

d
fhdW(®n) - Jhd& forn— oo,
Proof. The theorem follows immediately from Th. 4.2.2 with h =h for all n.

Theorem 4.2.2, Let S, W, &, My [sI} and W(n) be as in Th. 4.2.1. Suppose that
hn, h are symmetric, uniformly bounded, measurable functions and suppose that hn -
h in the following sense:

ui{se S:I h (s;)-h(s)! > 8 for some & > 0 and some sequence s, s }=0.
Then the stochastic integrals converge in distribution:

d
[ h,dW(n) > [hd§ forn — .

Proof. Let T be the set of symmetric stepfunctions that are p-a.e. continuous and that
are defined on measurable rectangles, i.e. t € T can be writtent=b, 1B1 +.+b 1
with By,...,B, disjoint and B, = B(gl) X..X B(g), B(g") < M measurable and p(3(B,)) =
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0, g = 1,..., q, with 9(A) the boundary of the set A. The proof rests on three lemmas,
which will be proved below.

Lemma 4.2.3. Fort € T we have

d
ftdWm) >ftdé, n— e
Let Lz(u) be the set of symmetric functions in ILEL).
Lemma 4.2.4. T is dense in Lf(u).

Lemma 4.2.5. Let }h h be as in Th. 4.2.2 then
b2 dy »fh*dp  n - e

We apply these in the following way. By Lemma 4.2.4 we can find for given € > 0
somete T suchthat | (h - t) Zdu < €. Since t is p-a.e. continuous we have by Lemma

425, | (h, - t)2 dpn-—-)j' th - t)2 du. Choose n such that for n > n, we have
f (h_- 0% dy <2e. Then

fhdg=ftdE+ [(h-1)de,

[ h dW(n)= [t dW(n) + [ (h_-1t) dW(n).

Since both var ([ (h - t) d€) and var (J (h, - t) dW(n)) are small, the theorem follows
by Lemma 4.2.3.

Proof of Lemma 4.2.3. Consider t € T,
- : fins ey (d)
t=b, 1Bl +..+ bqquwuh Bl,...,Bqdls_wmt and Bg = Bg XX Bg ,

with B(ge) Borel sets in M. The sets B(;‘), 1<g<q,1<e<d, induce a partition
Al""’Ar of M. Define the symmetric sets ﬂlh =Y Aic(l)x...x Aic(d) wit;llc =
(o(1),...,0(d)) running through all permutations of (1,...,d),and h=1,..,1 = (”d “)an
enumeration of the d-tuples {(il,...,id) 1< il <..£ id <r }. Since t is symmetric in
its arguments, it can be rewritten:

t= Y a 1,.

1h<t P P

Clearly, the partition A4, ,..., A, induces a partition on the grid {m,,..., m n}d and thus
on {1,..., n}d and thus on the indices { I < {1,..., n} : [Il = d}: the partition of
Corollary 4.1.4. Thus Corollary 4.1.4 (first part) can be applied to

ftawm = 3 a, W@, wih W= T w,
1<h<l I, S{ € An
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provided the variance of |t dW(n) converges. This convergence follows, since t is -
a.e. continuous by definition. Hence, by Lemma 4.2.5, we have |t 2 dy, - Jt 2 du.
This proves the lemm:a.

Proof of Lemma 4.2 .4. Symmetric stepfunctions are dense in Lz(u), since the set {a <f
< b} is symmetric if f is symmetric; hence f can be approximated by linear combination
of symmetric indicator functions. Let B be a symmetric Borel setin S = M Since S is
a metric space, J is regular; that, is for any € > O there is an open set O and a closed set
F such that F ¢ B < O and p(O \ F) < €. The topology on S is generated by open
rectangles oW x..x O(d), o® open in M for e = 1,...,d. Cover B by open e-rectangles
Oe(s) = Oe(m(l)) x..xOE(m(d) ) around any s € B, with s = (m(l),...,m(d)) and Oe(m(e))
the &-ball around m®. It is possible to choose for any given s an € such that for any
permutation o of 1,..., d we have
2) Q. m°M) x..x O @m*D) c o,

b) 1 @CO,mM) x...x O m@D)y)) =0,
where a) is obvious. For b) notice that a(oa O)a a(Oe,(s) = if € # €' and that only

countably many disjoint sets can carry mass > 0. Hence it is possible to choose € > 0
for given s such that a) and b) are satisfied. The product space S is separable, since M

is separable. Thus the open cover U Os(s) has a countable subcover and O can be
se B

approximated by finitely many symmetrized open rectangles such that

u(O\l(( e . 0, (59)) =u(0\§ b ) (0, (50 W A(Q, (s9)) <e.

Hence B can be approximated by symmetrized open rectangles without mass on the
boundary. This proves Lemma 4.2.4.

Lemma 4.2.5 is Th. 5.5 in Billingsley (1968).

4.3. The dimension of a multilinear form

Consider a triangular scheme of rowwise independent random variables (Yi“)i c A’
with A a countable set which may depend on n. For each n the random variables

. 2
(Ym)i c A &re independent. We assume E Y, =0 and . ZAE Y, =1
1€
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d
If ¥ Yin—) N(0,1) forn — o, then also Y

d
a. Y. = N(0,1), with (ain)l
ie A ie A

in “in e A

a family of real coefficients with | a, | = 1. This can be seen from the condition below,
which is equivalent to asymptotic normality of the rowsums in the triangular scheme
Y jIxIIP{YinSx}-P{Y'inSx]Idx—é(),n—-)oo,

ie A IxI>e
with Y'i n normal N(0,E Yizn ) distributed (see Shiryayev (1984: 326)). The above
criterion is invariant under sign changes. If the assumption of independence is dropped,
then, in general, a central limit theorem is not invariant under sign changes. E.g. take as
(Y,,) the d-homogeneous components in the Hoeffding decomposition (W), with their
sum W(n) satisfying the conditions of Th. 2.1.1. Then the transform

Wh)= Ya IWI

m=d

in general does not have a normal limit as can be seen from the example in the
introduction of this chapter. However, we can take as a starting point the property that
asymptotic normality is invariant under sign changes. It will be shown that
homogeneous sums in the Hoeffding decomposition satisfying this property behave in

some respects as sums of independent random variables. This leads to the following
definition.

Definition 4.3.1. Let (W), _ abe cgmponents in the Hoeffding decomposition
with sum W(n), var W(n)) = 1 and W(n) - N(0,1), n — eo. The family (WI
pseudo independent if

d
W@ = 3 a,W; >NO1), n— e
Ml=d

Jn=gqis

for any family of real coefficients (ap), _ 4 with la; I = 1.

For pseudo-independent d-homogeneous components Th. 4.2.1 holds with S a
separable metric space irrespective of the value of d. Since all arguments concerning the
embedding itself are identical to those in the proof of Th. 4.2.1, we give a schematic
proof of this embedding (Th. 4.3.3). We start with the analogue of Th. 4.1.3 for
pseudo-independent components.

Proposition 4.3.2. Let the pseudo—independednt components (W) _4 satisfy the
conditions a) and b) of Th. 2.1.1. If W(n) » N(0,1), n = oo, then W'(n) =

Y a W satisfies the conditions of Th. 2.1.1 for any family (@p)y =q With | a I=1.
Il =d
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Proof. This follows from the definition of pseudo independent and from Th. 3.2.5.

This leads to the following corollary of Th. 4.2.1.

Theorem 4.3.3. Let the pseudo independent components (W), _4 With their sum
satisfying the conditions af Th. 2.1.1 be embedded in a separable metric space M at
points m; such that the probability measures i defined by p ({m}) = c% converge
weakly to a probability measure | on M. Let £ be a Gaussian process with covariance
measure W. Then, for any bounded and p-a.e. continuous function h the stochastic
integrals [ h dW(n) = IIIZ dh(mI)WI converge in distribution:

JhdWm) —» [hdf, n— eo.

Proof. The key observation is the following consequence of Prop. 4.3.2: For any
subset A€ {1 {1,...n) :111=d} we have 3 W, = N(0,6°), n — o, provided
the mass converges: Te 2
20%—)02,n—>oo,0<c2< oo,
le 2

This follows since

TW =12( ¥ bW, + ¥ W),
le a m=d m=d
with bI =21;-1e {0,1}; the result follows by Th. 4.1.1.

Notice that T defined in the proof of Th. 4.2.2 (the set of symmetric stepfunctions
on measurable rectangles without mass on the boundary) in the present case (without
explicit product structure ) is just the set of p-a.e. continuous stepfunctions. And for
any te T we have [t dW(n) — [t d§, n — oo, by the above observation and by Th.
4.1.1. This replaces Lemma 4.2.3. Now the theorem follows in exactly the same way
as Th. 4.2.2. This completes the proof.

In Ch. 3 several sufficient conditions are given that ensure asymptotic normality for
clean random variables. Most of these conditions are more restrictive than the
conditions of Th. 2.1.1. In fact, in Prop. 4.3.4 below it is shown that some of these
conditions imply pseudo independence.

Proposition 4.3.4. The components in the Hoeffding decomposition (W =4
satisfying the conditions a) and b) of Th. 2.1.1 are pseudo independent if any one of
the following conditions holds:
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) T IEWW W W [ 50 for n—oee,1<e<d-1,
BAe0)

2) ¥ 0,0;0,0 —0 for n—>oe,1<e<d-1,

Be0)
3)u* -0 for n — oo, with p* the maximal singular value of the family
Y

4max ¥ o; -0 for n— e,
i Iai

5) max Y oy Y o, >0 for n— e,
Ac(l,.., n}, 1<lAlkd I A JoI\A

Proof. All conditions are invariant under sign changes of (W}). Condition 1) implies
So — 0 and thus S — 0 (Corollary 3.1.4) and hence W(n) has a normal limit

distribution by Prop. 2.3.4. Further we have

1 2 3 4
4);35)(:)2)(:)»1)and3)(=22).

(1) follows since Y, C; S max ¥ Oy .
JoINA i Isi
(2) is shown in the proof of Th. 3.1.5.
(3) follows by Prop. 3.2.4.
(4) follows by Prop 3.2.1.
This finishes the proof.
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