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CHAPTER 0

INTRODUCTION

At the end of the nineteenth century special functions, such as Jacobi
polynomials, were studied mainly by using analytic methods. Starting off
from one defining property one obtained series expansions, functional
equations, orthogonality relations, integral representations, differential
equations, etc. by analytic manipulation. Note that each of these expansions
and relations represents a property that could itself be used as a defini-
tion. A summary of many such results, proved by analytic methods, can be
found in ERDELY [51]. l

For instance an addition formula for Gegenbauer polynomials was ob-
tained by Gegenbauer in 1893 in a purely analytic way, cf. [5,3.15(19) 1.
But no such formula for Jacobi polynomials of general order was known. The
first proof of an addition formula for Jacobi polynomials was given by
KOORNWINDER (cf.[19]) by using group theoretic interpretations for Jacobi
polynomials. See also VILENKIN & éAPIRO [30] for this subject. For certain
values of the parameters Jacobi polynomials can be interpreted as complex
spherical harmonics: restrictions of bihomogeneous polynomials of a cer-

2n-1 c €. Now the addition formula for those

tain bidegree to the sphere S
values of the parameters for which this interpretation holds follows from
(highly nontrivial) analysis on the sphere, and the general case is proved
by using differentiation and analytic continuation. This example shows the
strength of the combination of group theory and special functions. (Sur-
prisingly, the case of Legendre polynomials was originally also treated by
means of "group theory'": Legendre's proof of the addition formula used po-
tential theory, cf. ASKEY [1]).

Let (U,K) be a Riemannian symmetric pair of the compact type of rank
one. That is, U is a compact connected semisimple Lie group, K a closed

subgroup of U such that there exists an involutive automorphism 6 of U



with (UG)O cKc Ue, and the -1 eigenspace of df in u (the Lie algebra of U)
contains a one dimensional maximal abelian subalgebra. If (U,K) is a Rie-
mannian symmetric pair, then the homogeneous space U/K is a Riemannian sym-—
metric space. In general, the dimension of a maximal abelian subalgebra in
the -1 eigenspace of d6 in « is called the rank of U/K.

Let D(U/K) be the algebra of all U-invariant differential operators
on U/K. A function ¢ on U/K is called a spherical function if ¢ satisfies

the following conditions:
() w(eR) =1,
0.1) (2) ¢ is left K-invariant,
(3) Dy = ADw for each D € D (U/K) (ADEC).

If U/K has rank one, then D (U/K) consists of all polynomials in the Laplace-
Beltrami operator on U/K, where the Laplace-Beltrami operator is the analogue
of the Laplacian for a symmetric space. Thus a spherical function on a
Riemannian symmetric space of rank one is a K-invariant eigenfunction of the
Laplace-Beltrami operator.

Now CARTAN [3] proved that if U/K has rank one, then the sphericai
functions on U/K can be considered as Jacobi polynomials. These are poly-
nomials, orthogonal on the interval [-1,1] with respect to the weight func-
tion (l—x)a(]+x)B. In the case of spherical functions on a rank one symme-
tric space the parameters o and B are certain half integers. The orthogonali-
ty follows from the fact that the spherical functions are also matrix co-
efficients of certain finite dimensional representations of U, and these
matrix coefficients are orthogonal with respect to the invariant measure
on U/K (the "orthogonality relations of Schur"). In this model the weight
function thus corresponds to the invariant measure on U/K, and this measure
gave rise to Jacobi polynomials. In this way one obtains a tool to‘prove
formulas for Jacobi polynomials which extends the above mentioned method
of complex spherical harmonics.

Besides the rank one symmetric spaces, it was known for two more ex-—
amples of Riemannian symmetric spaces of the compact type that the spheri-
cal functions gave rise to orthogonal polynomials: The Koornwinder poly-
nomials on certain symmetric spaces of rank two, cf. KOORNWINDER [20],
and Grassmann manifolds of general rank, cf. JAMES & CONSTANTINE [18].



Koornwinder polynomials are orthogonal polynomials in two variables on the
regi&n Q = {(g,n) € R? | n >0, 1-g+n > 0, Ez—én <0, 0 <& < 2} with re-
spect to the weight function na(1—£+n)8(52—4n)Y. Then for certain values of
the parameters a,B8,y the Koornwinder polynomials are spherical functions on
compact symmetric spaces of rank two with a root system of type BCZ’ where

the restricted roots ul,Za] and o, have multiplicities 20-28, 2B+1 and

2
2y+1, respectively.

James and Constantine proved that the spherical functions on the
Grassmann manifold 0(p+q)/0(p)*0(q) can be considered as orthogonal polyno-

mials on the region Q := {(yl,...,y ) e RP | 1 > Y,

>...>2y_ > 0} with re-
- con TP $(a-p-1) -} P

spect to the weight function ﬂi=1(1—yi) v; ﬂi<j(yi~yj). (In fact
they even proved more, but that subject will be discussed later.)

In [31] Vretare generalized these results to Riemannian symmetric
spaces of the compact type of general rank. Let U/K be a Riemannian symme-
tric space of the compact type of rank £. Then the spherical functions on
U/K can be considered as orthogonal polynomials in £ variables. For the
proof the structure theory for compact Lie groups was needed, and the or-
thogonality was obtained by means of a translation of the Schur orthogonali-
ty relations. Since these reéults were the basis for this thesis we shall
briefly review Vretare's method here.

So let u be as before the Lie algebra of U. Write, by abuse of nota-
tion, also 6 for the differential of 6. Thus 6 is an involution of u. Let
k be the +1 eigenspace of 6 in U, then k is the Lie algebra of K, and let
ip be the -1 eigenspace of 6 in u. Then U decomposes as U = R + ip. Let 9.
be the natural complexification of u, and put g := k + p. Then g is a real
Lie algebra for which the corresponding Lie group is noncompact; g is called
the dual of (u,0).

For X € g define the linear operator ad(X) on g by
ad(X)Y := [X,Y] (Yeg) .
The bilinear form Byongxg defined by
Be(X,Y) := —tr(adXadoy) (X,Yeg)
defines an inner product on g. Choose a maximal abelian subalgebra a4 in p,

then the linear operators ad(X) (Xea) on g are symmetric, hence they can

be simultaneously diagonalized. Therefore, for a real linear form A on a,



put
g9, ={Xeg | ad(B)X = A(H)X for all H e a}.

If gA # (0) and X # 0, X\ is called a root of the pair (g,a). Let Z be the
set of all roots of the pair (g,a). £ is called a root system.

A set of roots {u],...,az} in a root system T is called a base of Z if
{a],...,at} is a basis of span(Z) such that each root B € Z can be written
as B = 2€=] miai (miez) with either all m, nonnegative or all m, nonpositive.

*

The restriction of Be to a induces an inmer product on a , which we
shall denote Ey (*,*). Choose a base {a],...,aﬂ} of Z, and let .
Hiseeeslp € @ be such that (ui,uj) =0if i # j, and (ui,ai)(ai,ai) =2
or 1 according to whether 2ai is a root or not. (If o is a root, then the
only possible multiples of o which are also roots are *}o,*a,*20). Let < be

the partial ordering on a* defined by AI < AZ if AZ-AI = miai (miez)

i=1
with all m, nonnegative (A],Azea*).

Let 7 be a finite dimensional irreducible representation of U in a

*
vector space V. For any A € 4 put

Vx :={veV:n@H)v = \(H)v for all H e ia},

where A(iH) := iA(H) (Hea). If v, # (0) A is called a (restricted) weight

of m, and V, is then called the weight subspace corresponding to the weight

A
A. Because ad(ia) acts in a semisimple way on V, we have V = Z

A rea* Vi
(direct sum).

The representation m of U is said to be of class 1 if there exists a
nonzero vector e € V which is left fixed by K, i.e. m(k)e = e for all k e K.
By a theorem of Cartan-Helgason (cf. WARNER [33, Theorem 3.3.1.1]) the
representations of class 1 are parametrized by their highest weight, and

precisely all A = mous (miez) with all m, nonnegative do occur as

highest weights. He;elhighest is meant to be with respect to the partial
ordering< . We shall identify the set of all E€=] mou. as above with the
lattice Z_ of all £-tuples (ml,...,mz) of nonnegative integers m, .

We shall now indicate how the spherical functions can be considered as
matrix coefficients of representations of U of class 1. For A € Zf let ™
be the corresponding representation of class 1. Let (+|+) be an inner product

in the representation space V(A) according to which m, is unitary. The K-

A
fixed vector e ¢ V(\) is unique up to a constant factor. Choose it such that



(ele) = 1. Then the function ¢. on U defined by

A

(0.2) wx(x) = (e|ﬂA(x)e) (XeU)

is a spherical function on U. Here we identify functions on U/K with right
K-invariant functions on U. Moreover, if ¢ is a spherical function on U,

then there exists a A € Zﬁ such that ¢ = Oy
Put A := exp a. Then because of the Cartan decomposition

(0.3) U = KAK
the spherical functions are completely determined by their restriction to A.

By means of an induction process with respect to a total ordering on Z,

(which we shall not specify here) we obtain that the spherical function

(2N (A=2 mou, € Z+_) is a polynomial in the "lowest" spherical functions
¢ul,...,¢u£. Hence ¢A°F~l is a polynomial on Q := F(a), where F is defined
by
(0.4) F(H) := (wu (epo),...,&pu (expH)) (Heia) .

1 L

L . .
Because of the fact that for Al,xz € Z+ WA] = WAZ if and only if ™

and ™\, are equivalent (which is the case if and only if X, = Az) the or-

1

thogonality for the ¢, will follow from the Schur orthogonality relations for

A
different representations of U. This gives the following weight function on

Q:

m
(0.5) w(F(H)) := I M sin 0Loc(iH) T sin_la(iH)| (Heion) .
aeZ aeX !
2ad2t
+ . ey e . +
Here £ < Z is the positive system defined by B ¢ T if B = E§=1 m.o. (miez)

with all m, nonnegative (BeZ), and m = dim 9y is the multiplicity of o € Z.
Observe that the first part in the right hand side of (0.5) is just the
Jacobian which occurs in the integral formula for the Cartan decomposition
(0.3), cf. HELGASON [10, Proposition X.1.19]. The second part in the right
hand side of (0.5) is the Jacobian of the mapping F: a - Gﬂ defined by (0.4).

Now Vretare obtained the following result.

' THEOREM 0.1 (VRETARE [31]). The spherical functions on U/K can be considered

as orthogonal polynomials with respect to the positive weight function w,



defined on the region Q.

Via Theorem 0.1 one obtains, for each Dynkin diagram, a set of or-
thogonal polynomials, labeled by a (discrete) set of parameters, namely the
multiplicities of the roots. By letting the parameters take arbitrary real
values one obtains highly nontrivial examples of families of orthogonal po-
lynomials in several variables with group theoretic interpretations as
spherical functions for certain values of the parameters. Except in the
rank one and rank two case these polynomials have hardly been studied yet.
A start was made in VRETARE [32].

Thus from the point of view of special functions Vretare's result is
quite useful. The method we mentioned for Koornwinder's proof of the addi-
tion formula for Jacobi polynomials works in a more general context. A
standard method of proving explicit formulas for orthogonal polynomials of
the above mentioned type is to consider first those values of the parameters
for which group theoretic interpretations can be given, for instance as
spherical functions. For these values of the parameters the whole machinery
of (say) spherical functions is available and it may yield a proof of the
desired formula. The general result then often follows by a process of
analytic continuation, using Carlson's theorem (cf. TITCHMARSH [28, p.1861]).

However, in many cases the distribution of parameter values admitting
a spherical function interpretation does not allow an analytic continua-
tion to all parameter values. Therefore it is desirable to find group theo-
retic interpretations of more general nature for special functions.

An obvious generalization of a spherical function is obtained if one
replaces the K-biinvariance by left-K-, right-H-invariance. Here (U,H) is
(another) Riemannian symmetric pair of the compact type, with an involutive
automorphism ¢ such that (UG)O cHc Uc’ and ¢ and 6 commute. The left-K-,
right-H-invariant functions on U which are matrix coefficients of some
irreducible finite dimensional representation of U (or, equivalently,
which are eigenfunctions of all left-U-, right-H-invariant differential
operators on U, cf. Theorem 4.3) are called intertwining functions. An in-
dication that intertwining functions might also be considered as orthogonal
polynomials is the above mentioned article of James and Constantine. Their
proof is not only valid for the spherical functions on O(p+q)/0(p)x0(q),
but also for the intertwining functions on 0(p')x0(q"')\0(p+q) /0(p)*0(q)
(p'+q'=p+q): The intertwining functions are orthogonal polynomials on the

region Q as before (here it is assumed that p < p') with respect to the



Y(g-p'-1) _i(p'-p-1) -
1 (l_yi) yi ni<j (yi Yj)'

In this thesis, intertwining functions on a compact Lie group are

weight function ﬂ?=

proved to be orthogonal polynomials indeed. Our result contains Vretare's
result (Theorem 0.1) as a special case. Also the line of proof is roughly
the same as in the original proof for spherical functions, see [31]. Still
this generalization is far from a routine excercise: the details of the
proof turn out to be much more involved than in [31]; many difficulties of
an algebraic nature arise. This corresponds to many new phenomena which oc-
cur when a complex semisimple Lie algebra is studied with twc commuting in-
volutions instead of one. Some of the results obtained in this way may have
their use elsewhere.

To conclude this introduction we treat the example of spherical func-
tions on a rank one symmetric space. This gives the above cited result of
CARTAN [3] that all spherical functions on a rank one symmetric space are

Jacobi polynomials.

EXAMPLE 0.2 (the rank one case). Assume dim @ = 1. Let £ = {(-20),-0,a, (20)},
P {a, (20)}. Let HO € a be such that a(HO) = 1. Then u = ko, with k =1
if 20 ¢ Z, k = 2 if 20 ¢ 2, generates the lattice Zl . We shall consider the

spherical functions as polynomials in the variable
(0.6) y := cos k6.

Since ¢u = a cos k6 + b, with a,b € R such that a+b = 1, the weight func-
tion in the variable cos k6 equals w (c£.(0.5)) up to a constant factor. By
abuse of notation we shall denote this weight function by w as well. Thus
the weight function becomes

m

sin %6 sin 2“26
(0.7) w(cos.kf) = I <Tn k0 |.

If 20 ¢ Z, i.e. m, = 0, then (0.7) becomes

20,

f(m -1) f(m_-1)
(0.8) w(cos®) = (1-cosb) o (1+cos8) o

and if 20 € Z, i.e. m

2 > 0, then (0.7) becomes

$(m +m, -1) $(m, -1)
(0.9) w(cos20) = (l-cos26) a. 20 (1+cosb) 20 .
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Thus, via the transformation y := cosf in (0.8) and y := cos26 in (0.9)
we get that in the rank one case the spherical functions can be considered
as Jacobi polynomials of order (%(ma—l), %(ma—l)) (or Gegenbauer polynomials)

if 20 ¢ £, and of order (%(ma+m2a—1),§(m2a—l)) if 20 € 2.

REMARK 0.3. Because of the fact that m,, = 1,3, or 7 if 20 ¢ Z (cf. for in-
stance WARNER [33, Appendix 1.1.3.1]), Example 0.2 gives group theoretic

interpretations for Jacobi polynomials of order (im,im), (}(m+1),0),
(4(m+3),1) and ($(m+7),3). Here m is a certain nonnegative integer. As will
be seen in chapter 11 intertwining functions yield group theoretic inter-

pretations for Jacobi polynomials of order (im,in), where m and n are non-

negative integers.



CHAPTER 1

REAL SEMISIMPLE LIE ALGEBRAS WITH TWO INVOLUTIONS

Let g be a noncompact real semisimple Lie algebra, let 9. be a com-
plexification of g. Let ¢ be an involution of g, not necessarily a Cartan
involution. Then there exists a Cartan involution 6 of g such that o and 6
commute, cf. LOOS [23, p.153]. By abuse of notation we will use o and 6 for
the extensions of o and 6 to 9.-

Let g = k + p be the decomposition of g in +1 and -1 eigenspaces of 0.
Then this decomposition is a Cartan decomposition. Let g = h + g be the de-
composition of g in +1 and -1 eigenspaces of o.

Since 06 = 60 we have the following direct sum decomposition
(1.1) g=knh+kRnog+pnh+pnag.

Let u := k + ip be a compact real form of g (cf. HELGASON [13]) and
put W i=koah+ i(p n h), qo :=khnqg+i(pn 2). Then the decomposition of
u in +1 and -1 éigenspaces of o is given by u = hO + qo. Put 90 1= ho + iqo,
then go is a real form of g , and go = ho + iq  is a Cartan decomposition
of go. If 0 # id go is a no;compact real form of 9.- See FLENSTED-JENSEN
[8,§2] for this duality.

Let apq © p n q be a maximal abelian subalgebra. Note that apq consists
cpnhsuch thata :=a_ +a_ is

. o ph 2 pa  ph
maximal abelian in p. Choose akq c k n q such that aq H apq + akq is maxi-

of semisimple elements. Choose a

mal abelian in gq.
LEMMA 1.1. [aph’akq] = (0).

PROOF. Let X € aph’ Y € akq' Then [X,Y] € p n q. Let H € apq’ then

[(H,[X,Y1] = [[Y,H1,X] + [[H,X],Y] = 0. Since apq is maximal abelian in
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.p n q this implies that [X,Y] € apq' Hence
(1.2) ad(X)(akq) c apq'

But ap is abelian, so we have

1.3 d(X) (a 0).

(1.3) ad(X) ( pq) (0)

Now the fact that ad(X) is semisimple together with (1.2) and (1.3) implies
ad(X)(akq) = (0), hence [aph’akq] = (0). O

COROLLARY 1.2, There exists X © k n h such that a := apq + aph + akq * Qg
18 a Cartan subalgebra of g.

PROOF. By [13, Lemma VI.3.2] it is enough to show that there exists

. . . + + . .
Xy € k n h which is abelian, such that apq aph akq +a, is maximal
abelian in g. But by Lemma 1.1 a__ +a . + Q. 1s maximal abelian in

Pq ph q
Png+pnh+*fkngq, hence can be extended to a maximal abelian subalge-

bra of g. 0O

Put ak = akq + akh’ ah := aph + akh' Then a = ap + ak’ and also
a = aq + a . Let ¢ denote the set of roots of the pair (gc,ac). Then

% c (iak+ap)*. Via the Killing form ia, + ap can be identified with its

k
dual. In particular, this yields an inner product (+,+) on (ia +ap)*. Let

k
Ep denote the set of roots of the pair (g,ap), and let Zq denote the set of
roots of the pair (go,a +iak ). It is well known that £ and £ are root
Pq q P q
systems.
Let qu denote the set of roots of the pair (g,apq), then qu satis—
fies the axioms of a root system, cf. [26, Theorem 5]. Its elements consist
of all nonzero restriections of roots in Ep (or, equivalently, Zq) to apq

For a real linear form A on a_ + iak (i.e. for A in the real span of

) put (le)(X) := -1 (6X), (TZA)(X) := =x(0X) (Xeap+iak). Now
:= §(A+TIA) gives the restriction of A to ap,
= %(A+T2A) the restriction of A to aq, and

> > >l e

1 + ..
: ‘(A+11X 12A+T]T2A) the restriction of A to apq

REMARK 1.3. It follows from the above that we have the following situation:
9c

tions of 9o+ 8. = kc + P, is the decomposition of 9. with respect to 6,

is a complex semisimple Lie algebra, 6 and ¢ are two commuting involu-



(=Y
I

\hc +tq, the decomposition of 9. with respect to o, and

a
1

c (apq)C + (aph)C + (akq)C + (akh)c is a CSA (:= Cartan Subalgebra) of
3. such that (apq)c is maximal abelian in P N Gg» (aph)C + (apq)c is maxi-
mal abelian in pc, and (akq)c + (apq)c is maximal abelian in qc. For a € ¢
define T = -0.00, T,a 1= -0e0. This complex setting simplifies calcula-
tions in concrete examples since all the real forms introduced in the be-
ginning of this chapter are avoided. Of course, in this setting we need to
know that 9. has a compact real form u which is 6-, and o-invariant such
that u n acis a CSA of u. The existence of such a compact real form is as-

sured by the following theorem.

THEOREM 1.4. Let 9. be a complex semisimple Lie algebra. Let © L be

1’
commuting involutions on 9> and let a, be a (e],...,en)—invariant CSA of
g.- Then 9. has a (91,.

una, ig a CSA of u.

..,en)—invariant compact real form u such that

PROOF. Choose root vectors Xa € g: according to HUMPHREYS [ 17, Proposition
25.2]. That is, for all a,B,a+B € @:

[x,X_1=%H,

[Xa’XB] = ca,BXa+B’

where c satisfies c = —-c
o,B o, B =05 =B

[17, Proposition 8.3]. Let B-ra,...,R+qa be the a-string through 8. Then
([17, Proposition 25.2]):

, and Ha € aC is chosen according to

2 (a+B,0+B)
(1.4) SR A Ry )

For an involution 6 on 9. put (B)1) (X) := A(8X) (Xeac,X€aZ). Then (1.4) im-

plies
c2 - c2
fo.,08 a,B’
. _ _ _ -1
Let K, € C be defined by SXa = Kuxea' Then Koo = Keg = (Ka) , and by the

definition of c :
a,B

KaKBCOa,OB = Ka+Sca,8 (asB,a+Bed) .
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Let «. be the Ky corresponding to Si (i =1,...,n), and for i. = 0,1 let
. 0 i i
Kull""’ln be the Ko corresponding to the involution ell...en“. Put
i, 1
(1.5) p o= T e ! n
a . . a
i, .,1n=0,1
= +
Then uau_a 1, ua+8 _uuus, and
.
0.0 . )2n

1,0

’
.= -(pn
Put Y : l“al X . Then for all o,B,u+B ¢ @

by, =8,

[Ya’YBJ = Cu,BYa+B’
and
“i,a
- 3
eiYu le. | Ye o
i,o

Now {iHa | o € 8} u {zYa—EY_a | @« € &, z € €} span a compact real form u of

gc (c£.[22, Corollary 2.41). u is ei—invariant:

K K.
- 1,—0

- i,o
0. -z =z —=+<2—Y -2z
1(ZYa Y—a) K. o K. [ Ty
71,0l i,-o
“i,0 i,a
=z Y -2z 2 Y ,
(K . o K. =0
i,o i,o
K.
since T—&lgT-has absolute value 1. [
i ,a
bl

A ~
LEMMA 1.5. Let o € &, and suppose & = 0. Then o = 0 or @ =o.

PROOF. Suppose a € & is such that &= 0, and o # 0, o # 0. Let 0 # Xa €9,
be such that [X’Xa] = a(X)Xa for all X ¢ a,. By the decomposition (1.1) we

can write
(1.6) xa = xkh +X +X, +X

with th € kc n hc’ etc. Let XO € apq' Then a(XO) = 0, hence
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0 = [xo,xa] = [xo,xkh] + [xo,xkq] + [xo,xph] + [ Xo’qu]‘

The decomposition (1.6) being direct, this forces [XO,qu] = 0. But apq is
maximal abelian in p n ¢, hence qu € a_ . Now let X, € aph be such that

1
a(X]) # 0. Then [Xl’xa] = a(Xl)Xa, hence
(1.7) [xl,xkh] + [xl,xkq] + [xl,xph] = a(xl)(xkh+xkq+xph+qu)

Thus a(X])qu = 0, thus qu = 0. But, again by (1.7), this implies that
X = 0.
Pq
Let X, € be such that o(X,) # 0. Then
2 € Mg 2

[Xz,xkh] + [xz,xph] = a(xz)(xkh+xph).

Hence a(Xz)th = a(Xz)Xph = 0, thus th h = 0. Thus we have Xk
= Xk =X, =X =0, thus X, = 0. Contradlctlon 0
h  “ph  “pq

THEOREM 1.6. Choose a pos¢ttue system qu. There exist positive systems
Ep Zq and o* such that for all o e o:

~ +
o € Ep
4 NN
(1.8) & ezt ae o’
pq
N
o € Zq

PROOF. Choose a lexicographic ordering on the dual of ap + iak with respect
to the decomp031t10n apq + aph + lak + 1akh’ and choose positive systems
=t Eq and @ with respect to this ordering. These positive systems satisfy
(] 8) because of Lemma 1.5. [J

REMARK 1.7. Corollary 1.2 and Theorem 1.6 were also stated (without proof)
in OSHIMA [25].

REMARK 1.8. It is a natural question whether all the efforts in this chap-

ter are worthwile, that is, if there exist triples (g,kR,h) such that aph

and akq are both non-trivial. An example of such a triple is given by:
g = sL(n;€), k = su(n), h = 4(gl(p;C)xgl(n-p;C)), with p < in. Then
= JXJ, with J = diag(l,...,1,-1,...,-1), where the first p entries are

+1, and 6X = —X*.



Let Oi' denote the (ixj) matrix with only zeros as entries and put

q := n-p, k := q-p. Then we can choose:

] T 0

PP pk . .
apq = { T 0 : T = dlag(t],...,tp), ti e R for all 1},

0 aq

kp

S T 0Pk
ap = { T S 0pk : T = dlag(t],...,tp), S = dlag(sl,...,sp),

Okp Oka

™Mo
=~

Y = dlag(yl,...,yk); 8.5y, € R for all 1’j=l 23j~+j§] yj==0}

and
1224 pk . .
a = { VA o : Z = dlag(zl,...,zp), z; € ¢ for all 1}.

As a last result in this chapter we mention the following theorem. In
fact it states that the triple (@,11,12) is independent of the choice of a,-

It was proved by Loek Helminck, and the proof can be found in [14].

THEOREM 1.9. Let a and a' be two CSA's of g such that their intersections
with p n q, p and q are maximal abelian in p n q, p and q, respectively.
Then a and a' are conjugate under Int(knh).



CHAPTER 2

REPRESENTATIONS OF K,H-CLASS 1

Let G be a simply connected Lie group with Lie algebra 9. Let G,

K,H, #° and U be analytic subgroups of G, with Lie algebras g, k, h 0 and u,
respectively. We shall, analogous to WARNER [33], identify a finite dimen-
sional representation of G with its restriction to G or U.

Let A be the weight lattlce correspondlng to ¢. Let A c A denote the
set of dominant weights (for a choice of @ as in Theorem 1.6). For X € A+
let ™ denote the finite dimensional irreducible representation of G with
highest weight A. Let V(A) denote the representation space of Ty and for
u € A let the weight space in V(A) with weight p be denoted by V(A)u. Final-

ly, let (+|+) denote a U-invariant inner product in V(}).
DEFINITION 2.1. LY is said to be of K-class 1 if there exists a nonzero K-
fixed vector eK € V(A\), that is such that n)‘(k)eK = ey for all k € K. LY is

said to be of K,H-class 1 if there exist both a nonzero K-fixed vector ex

and a nonzero H-fixed vector ey-

(eK and eys if they exist, are unique up to a constant factor.) The
next theorem gives the generalization of Theorem 3.3.1.1 of WARNER [33].
For spherical functions this theorem seems to go back to Cartan, see also
HELGASON [11]. Let us agree to use the convention toc extend a € Ep to all
of a by rendering it trivial on iak, and similarly for o € Eq’

THEOREM 2.2. Let A € A'. Then LY i8 a representation of K,H-class 1 if and

only if

() AlaHJak =0

,a) 5
(2) ooy © Z  for all a € Ep U a4
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PROOF. This theorem follows immediately by applying [33, Theorem 3.3.1.1]
twice: once for the pair (G,K) and one for the pair (GO,HO), where G0 is

the analytic subgroup of Gc with Lie algebra go. 0

A root system Z with an involution 1 is called normal if, for all

a e Z, a-ta ¢ Z.

LEMMA 2.3. Let a € 6,4 # 0. Then

~ o~ RS,
—-—(i’i) and —(i’i) =1,2 or 4.
(a,a) (a,0)

If value 4 is attained, then 2 e qu

PROOF. We shall prove the lemma by considering all possible values of

~ ~ ~
m, := (a,0) and m, := j@;gl
1 A A 2" A A
(@,0) (a,0)
First, consider the exceptional cases a = Ti0s O = T,0 and o = T TO- If
~ N A
o =10, then a = a, a = o, thus m, = 1,

and, in case of value 4,2§ € Eq, by HELGASON [ 13, Lemma VII.8.4]. If o = Ty

~ A
the lemma follows by a similar reasoning. If a = T To%s then & = 0 = o and

the lemma is obvious. Also a = =T a,-T,0 OT —T T implies a = 0.

1 2 2
Thus, because of the fact that (¢,Tj) is a normal root system ([33,

Lemma 1.3.6]) only the cases

(a,rja)

(o,0) <0

-1 <

are left. This leads to the following table, using (E,E) = %((a,a)+(a,T1u)),

@& = 1(@,0)+(a,1)0)), and (@,8) = F((0,0)+(a,7,0)+(a,7,0)+(a,T,7,3)).



(a,rla) (a,Tza) (a, T a) (g’a) d§,§3 (&,3)

(a,0) (o,0) (a,a) (a,a) (a,0) (o,0)
O R I O A
N T T R A B
A
o T T I A
e T I T O B
S T e S O B
N I
sole | bl s L
o o | b | r L E ]
oo b e ]
1. -1 -1 1 L3 1 1
— 2 2 2 4 4 8
o = R A A A

Because of Lemma 1.5 cases 6, 9 and 10 are impossible, and case 12 is im-
possible because (&,Q) < 0. Thus the lemma follows if we have proved that

case 2 does not occur.

So assume that there exists an a € ¢ such that (a,t a) (o,T m) 0,
(a,t T a) = i(a,a). Because a # T T0 this implies B := l T, € . Thus
é = 0, hence B =0 or ? = 0, by Lémma 1.5. But (B 8) = (B B) = i(a,a), a
contradiction. Thus m,m, = 1,2 or 4.

By the above table it is clear that if value 4 is attained, then either
(a,Tja = -1(a,a) < 0, hence y := a+1ja € d® (j =1,2), or (a,rlrza) =

= -1(a,a) < 0, hence Y :=oa+t 7,0 € . In all these cases

172
o¢¢=2éezpq. 0

So we can skip 2,6,9,10 and 12 from the table in the proof of Lemma
2.3. Since 11 can be killed by exactly the same method as 2 (cf. the proof
of Lemma 2.3), we are left with the following possibilities for

ce ]
o € & with *a # T % T, OF T, T,0:
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~ o~ A

(a,7,0) (u,Tza) (@, T 7,00 (0,a) @, (@,a

(a,0) (a,0) (o,0) (a,0) (a,0) (a,a)
1 1 1
1. 0 0 0 5 5 T
1 1 1 1
2 0 0 "3 7 7 El
1 1 1 1
3 7 0 0 ¥ 2 B
1 1 1 1 1
A 2 0 2 7 2 %
1 1 1 1
2 0 ) 0 2 % 8
1 1 1 1 1
8. 0 "7 H 2 7 %

TABLE I

Put, for o €
P

e(a) i= max {(E,E) (%’,’é‘)}_
€d ‘
K

(2.1)

Now Lemma 2.3 has the following corollary.

COROLLARY 2.4. Let a € qu. Then c(a) = 1,2 or 4. If c(o) = 4 then 20 € qu.

COROLLARY 2.5. Condition (2) in Theorem 2.2 can be replaced by:

] ()"u)
(2" a0 © c(a)Z for all a € qu.

We shall now give an example for qu such that c(a) = 2 for all

o ez .
Pq

EXAMPLE 2.6. Let U “(l) ?
lutions 6 and ¢ by 6(u,v)
K = diag (SU(2)), H°

choose:

:= SU(2) x SU(2). Put J := (
= (JuJ,JvJ) (u,veSU(2)). Then

= U(1)xU(1). For the maximal abelian subalgebras we

), and define the invo-

= (v,u), o(u,v)

is 0

0 -is 22
it 0

22 0 -it

: s,t e ]R} N
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. 022
a =a = { A = 0 -is . : s € R.}.

0 is

Denote the linear form A + as +bt on a by (a,b). Put a := (1,0),

B := (0,1). Then ¢ = {a,-&,B,-B}. Choose an ordering such that ot = {a,-B}.
Then, because Y = -yo0, TyY = ~yeo (ye®), we have 6 =a-= (4,-hH = -B= —%.
Now (A,u) € A" if and only if X € %Z+, U e %Z+. The restricted root systems

+ + ~ + +
are given by T =2 ={a}, 2 =0 = {a,-B}. Now:
& 7 P4 P q g

((}\,"}\),(%,"%))
((%’—%)’(i’_%))

+ +
e Z <> )\ e iz .

But:

((L,=0),0,00) .+
wr,0, a0 <% }

+
= e Z .

(()\,‘)\),(0,"])) +
(0,1, @, Dy <

Let A__ be the weight lattice corresponding to Z_, A" the set of
Pq Pe” Pq

dominant weights in A_ . It follows from Theorem 2.2 that if Loy is of K,H-

class 1, then A lives only on apq, and the set of all such A forms a lattice.

Hence there exist HpseeesMp € A;q such that w, is of K,H-class 1 if and on-

A

ly if ) = Z§=] m.p. for nonnegative integers m.. Let us identify
A= i=1 mjuj (mj € Z for j =1,...,4) with the point (m],...,mz) e Z

Let the set of all (m .l,mﬂ) € Zg' with all mj nonnegative be denoted

1’
by Zf . (This is analogous to the case of representations of K-class 1,
see VRETARE [31]). Thus LY

In the next chapter we shall obtain explicit expressions for Hyseeeslpe

is of K,H-class 1 if and only if X € Zf .

We conclude this chapter with one more example for ¢, namely one for
which (¢,1112) is not a normal root system. In this example (Eq,T]) also is

not a normal root system
EXAMPLE 2.7. Let 9. = 42(4,C). Put

0 1
g =1 o ©22 ,
0,, 10
22 0 1
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o 1 022
ao=1 ' % 0
2 0
22 1 0

Define the involutions 6,0 by 06X := J]XJ], oX := JZXJ2 (Xegc). Let
= 1 : ] = 4 =

a, : {dlag(z],zz,z3,z4). z; € C(G=1,...,8), 2j=l z; 0}. Put
aij: dlag(z1,22,23,24) - zi—zj (i#j). Then ¢ = {aij: i,j = 1,...,4, 1 # j}.
We ?ave Tla]3 = u32, Tolyg = %40 and 1112a13 = u14. Fhus (a13,Tla]3) =
= 72003501 3)5 (93,750,5) = 0, and (a;3,7;7y0,4) = 1(a;3,0 ). Thus
0y37T To% 5 € %, since (u13’T1T2ak3) > 0. Hence (@,T]rz) is not a normal root
system.
For Z we get o, = Lo, =a,,), T.0,, = i(a. +a.,,). Thus
~ ~ a 13~ 2V712 P R T P A
U37T %3 = @3 = (@37 THe3) € B, since oy 4mTTha, 4 € @, Hence
(Eq,T]) is not a normal root system.

NB. Observe that this gives an example of row 4 (and hence also of

row 6) from Table I.
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CHAPTER 3

THE LATTICE Z°

In this chapter we shall obtain epxlicit expressions for the genera-
tors of the lattice Z&' (see chapter 2). For this, we need to study the
function c(a) (aezpq), as defined by (2.1), first. Let W be the Weyl group
of &, Wp the Weyl group of Ep’ wq the Weyl group of Eq’ and qu the Weyl
group of 2 q For a ¢ £ , let Sy be the reflection corresponding to o.

. *
That is Sa(B) := B~ 2 (B,a)/(a,a) o (Beapq).

PROPOSITION 3.1. Let s € Wpﬁ' Then there exists w € W such that w|a* = s,

. Pq
and WIS W 1i=1,2).

PROOF. Let a € qu. We shall show that there exists w € W, commuting with

L and Tys such that w]a;q = s,- Since the Sy (uequ) generate WP this

proves the proposition.

Let B € & be such that @ =oq. If B = TIB,TZB or 11128, then we are
back in the case of one involution, and the assertion follows from WARNER
[33, Lemma 1.1.3.4], since the w coanstructed there is easily seen to be

commuting with T, as well as 1,. If B # Tls,rzB or TITZB then B is one of

the cases from Table I, since § # 0. In this case we can also quite easily
construct w in the same fashion. For instance, if B satisfies row 1 of

Table I, put w := Then w commutes with 1, and 1,, and

*%7 81,857, 7,8" ! 2
Wla* =5, The other cases are %eft to the reader. [J
Pq

COROLLARY 3.2. c(a) Zs qu—invariant.

PROOF. Let s € W__. Choose w € W, commuting with ™ and T, such that

= s. Let w := wla*, v o= Wla*' Then for all 8 ¢ 6,8 # 0 we have

~~ 4 ~ ~ ~~ o~ ~ o~
sB = ). Thus, if B = wy, (B,B) = ((wy) ,(wy) ) = (wy,wy) = (v,Y),
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and hence also (?,%3 = (?:?5 and (g,é) = (¢,¢)- ]

Let ¢ be defined by
Pq
3.1 = {c(a aeZ_}.
(3.1 pq {c(a)a | pq

LEMMA 3.3. qu 18 a root system.

PROOF. By Corollary 3.2 we have, for a,B € qu

(4

sc(a)a(C(B)B) = Sa(C(B)B) = C(B)sa(B) = C(sa(B))sa(B) € qu-

Choose & € £ such that c(a) = (;,g)/(u,a) (if 2 e Eq is such that

c(a) = (Eﬁﬁﬁ/(a,a) the proof is exactly the same). Then

(c(a)a,c(B)B) _ , c(B) (a,B) _ (&,8)
(3.2) 2 e@orcle) = 2@ o - 2 °® @5y

By Corollary 2.4 c(B) = 1,2 or 4. If c(B) 1, then B = E (Eezp), thus (3.2)

equals

2 ©.B)
(a,0)

which is an integer since Ep is a root system. If c(B) = 2 or 4, then (3.2)

equals

~

el §B o G |

@,%) o,a

~

which is an integer since Zp is a root system and TZB € EP. 0

As a corollary to Lemma 3.3 we obtain the following. Let a,2a € qu

Then we have the following possibilities:

(a) c¢(20)20 = 2c(a)a = c(a) = c(20),
(3.3) (b) c(2a)20 = c(a)a = c(a) = 2¢(2a),
(¢) c(2a)2a = ic(@)o = c(a) = 4c(20).



Now: _ LY is of K,H-class 1 <= X ¢ Zﬂ
= Bya) € c(oc)Z+ for all a € E+
(a,0) Pq
(by Corollary 2.5)
(A,c(a)a) + +
_asclja) )
(3.4) = (e, c(a)a) Z for all o € pq

Let (qu)' be the reduced root system defined by
(3.5) (E;q)' = {c(a)a z;q | 2c(a)a ¢ z;q}.

Let {a . ,at} be the base of qu corresponding to the chosen positive
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system qu. Let BJ € (Z;q)' be such that B. = cjaj with cj >0 (j =1,..,0).
+

Then for all B € (E )' we can write B = ZJ 1 ijj, with all dj € Z or all

d. € Z . Thus, by [17 Theorem 10.1'], the set {61,...,81} forms a base of

(zpq) B

It follows from (3.4) that w, is of K,H-class 1 if and only if A is

A
twice a dominant weight for (E )' (dominant with respect to the base
{B . ’BE} of (E ) ), namely c(a)a is positive in (E )' if and only if

o € E;q' Thus, if A is the weight lattice corresponding to (Zp )', then

Z¥'= 2Ac' Since the Weyl group of (E )' clearly equals qu, this implies:

PROPOSITION 3.4. Zﬁ' s qu—invariant.

Let p! be the fundamental weight corresponding to B . Thus ua is de-
fined by

(u,s)
(B B) :

Put uj = 2u3, then the uj generate Z&', by the above remarks, and thus
we have proved:

L A .
THEOREM 3.5. A ¢ Z  ¢=> )\ =% 5=1 0% (njeZ ,njzo for j = 1,...,4).

Let {al,...,az} be the base for qu as above. Then the following two

lemmas are obvious.

LEMMA 3.6. (ui,aj) F0e=1i=73 (i,j=1,...,0).
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LEMMA 3.7. Let X € Zﬂ . Then

e Zf > ()\,aj) 20 (=1,...,8).

REMARK 3.8. Let Bj € & be such that /éJ = aj (3 =1,...,2). Because of the
obvious fact that ﬁi =¥y for all i, Lemma 3.6 also implies that

. . ~ . . w . .
(ui,Bj) F0e=1i=j, (ui,Bj) #0e>i=j, and (ui,Bj) #0e=1i=]

(1, =1,...,40).
£ . £
LEMMA 3.9. Let v € Z . Then there exists s € wpq such that sv € Z+ .

PROOF. Apply HUMPHREYS [17, Theorem 10.3(a)]. [
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CHAPTER 4

INTERTWINING FUNCTIONS

From now on we shall work with the compact real form U of the simply
connected complex Lie group Gc. Then K and HO are the analytic subgroups
of U corresponding to the Lie algebras k and ho. Let I%)(U) be the algebra

of differential operators on U which are left-U-, and right—HO—invariant.

DEFINITION 4.1. Let m, be a representation of U of K,Ho-class 1 on V(A),

A
with highest weight A € Zf . Let e, € V(A) be a K-fixed vector, e, € V(X)

K H
*) be an inner product in V()) according to which

an Ho—fixed vector. Let (-

m is a unitary representation of U. Then the function N defined by

wx(u) 1= (eK]wA(u)eH) (uel)

is called an Zntertwining function.

Thus oy is determined by m, up to a constant factor . If (eK|eH) # 0,

A

then wA(e) # 0 and it is convenient to normalize ¢. such that ¢A(e) = 1.

A
If, however, wk(e) = 0, then we fix a normalization for 0 In chapter 7

this (arbitrary) normalization will be somewhat refined.

REMARK 4.2. The earliest reference for the name intertwining function 1is
JAMES & CONSTANTINE [ 18], see also DUNKL [4]. The name is motivated by the

following characterization: Let w, be an irreducible representation of U of

A
0 . . ., .
K,H -class 1 in a vector space V(A). Then there exist continuous embeddings

jK,jH which realize by in LZ(U/K) and L2(U/HO):
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L2 (u/k)
Ik
v())
]
. L2/’
Here (ij)(x) = (VIWA(X)eK)’ (ij)(x) i= (VI"A(X)EH)' Since these reali-

zations yield equivalent representations of U, there exists an intertwining

operator for these realizations. Such an operator is given by j

2 . .k
f ¢ L°(U/K). Since JKf = IU f(x)nx(x)ede we have:

% L
wke et

GgigD (0 = Grflm ey =

=V[ f(y)(eKlnA(y—lx)eH)dY = (f*ﬂx)(x)-
1)
Thus the mapping A: f 1> f*wA:Lz(U/K)I+ L2(U/H0) is an intertwining operator.
Hence ¢ ¢ C(K\U/HO) is an intertwining function if and only if
dim(Lz(U/K)*w) > 0, and there is no ¢' ¢ C(K\U/HO) such that
© # LR g LA/ .

Let dk,dh denote the Haar measures on K and HO, respectively, normal-
ized such that [ dk = [ _dh = 1.
K 1O

THEOREM 4.3. Let ¢ be a function on U. The following conditions are equiv-—
alent:

(1) There exists a K,Ho-class 1 representation m, such that ¢ = ¢

A A
(2) v is continuous, not identically 0 and there exists a c # 0 such that

p(x)0(2)e(y) =c f J w(xhz_lky)dhdk for all x,y,z € U.
K H
3) v isC, left-K—-, and right—Ho—inuariant, not identically 0 and there
exists a function \: DO (U) » C such that

Dy = A(D)y for all D e DO ).



29

PROOF (1) = (2)

J m (hz ky)e dhdk =
HO
(

z ky)e |e dey
(ey Ie )

m, (
A dk

1]
R—— R

Jgmy Gey)eydi|m, (2)ey)
(eH I eH) ®n

_ (1 Oeylep) (eglm, (e .

(eKI eK) (eH leH) H

¢>\(y)w)\(z)

(e le) ey Te,) ®g"

-1
Hence: J IO (eK|1r>\(xhz ky)eH)dhdk

‘p)‘(y)wk(Z)

-1
(r. (x De,le)
(eK eK) (eH eH) A K'"H

) wx(x)‘?;(_z_)wk(y)
(egley) (eyley)

(2) = (3) Let p € Cm(K\U/HO) be such that

p(2)v(z)dz # 0.

o

Then:
(.1) [ 0 (2)p(yz 'x)dz = [ v (x2 )0 (2)dz
U U
= j J j w(xhz_lky)p(z)dzdhdk
ok 0
(4.2) = {] v(z)p(z)dzle (v (y).
i

Because of the fact that p ¢ Cw(K\U/H ), (4.1) is ¢ in x. Hence (4.2) is
c” in x, thus ¢ is Cw. Hence for all D € ZDO ) :
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c{['E?Z>p(z)dz}(np)(x>w<y> 2(2)D_p(yz ' x)dz
U

w(Z)(Do)(yz—IX)dz =

i
i

c{j v (2) (Dp) (2)dzle (x)¢ (¥) -
U

(Dp is again left—K-, right—HO—invariant because D € DO (U)). Hence:

IU ¢ (2) (Dp) (2)dz

[, 7@ e (2dz

(D9) (x) = v (x).

(3) = (1) Let ¢ be a spherical function corresponding to the symmetric pair
(U,HO) (in our setting this means that ¢ is an HO,HO—intertwining function) .
Then Dy = Aw(D)w for all D € D0 (U), and the Aw
cf. HELGASON [10, ch.X]. Let p be a continuous function on U. Then:

determine y completely,

(rpwe) (x) = J J VoG 20 (2 ) dydz
Uuvu
- J J VDo 20 (2 ) dydz,
Uvu
and
(p*o*0) (&) =

J @) e Hay.
U

Hence yxp*xp is again Ho—biinvariant, and belongs to the space spanned by all

right-translates of y. Hence:

YrpHp = {J (w*w)(y)p(y_l)dy}w.
i)
Also D(yY*p*p) = A(D) (Y*p*p) for all D € DO w).

Hence:

(4.3) {J (w*w)(y)p(y—l)dy}(A(D)-Aw(D))w = 0.
U
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Equation (4.3) is valid for all continuous p on U and for all spherical
functions Y. Hence X¢ # A implies that ¢*y = 0, and thus ¢ belongs to the
irreducible representation of U which corresponds to the spherical function

Y with A = Aw. ]

REMARK 4.4. The implication (1) = (2) already occurs in DUNK [4].

REMARK 4.5. By the equivalence (2)<+=> (3) in Theorem 4.3 we see that it

would have changed nothing if we had replaced DO (U) by the algebra of left-
K-, and right-U-invariant differential operators on U. This settles the con-
jecture in FLENSTED-JENSEN [6] for a compact Lie group. (NB. In [6] inter-
twining functions are called "spherical" functions). Thus we could even re-
place I%)(U) by Z(U): the algebra of left-, and right-U-invariant differen-
tial operators on U. The proof of (2) = (3) remains the same, and the proof
of (3) = (1) even becomes simpler, by using the fact that every representation

is completely determined by its infinitesimal character.

We are now able to generalize some of the results in section 2 in [31]
to the case of intertwining functions. Therefore, we shall consider inter-
twining functions on exp a.s which is no real restriction because of the
generalized Cartan decomposition for U, cf. chapter 6.

Let fo,...,f be an orthonormal basis of V(A), such that fj is a weight

vector of weight Aj (3 =0,...,d) with AO = ). Then
Aj(X)
(4.4) ﬂA(epr)fj =e fj (Xeac).

Hence, by analytic continuation from iap+ak to a_,

_ d AL (x)
(4.5) @) (expX) = By (e [£) (eplf e J (Xea ).

We have already shown )\ = ¢ m.u. (mjez) with all m. nonnegative, and

b2
. =1 7373
the following theorem is the analogue of Theorem 2.4 in [31]..

THEOREM 4.6. Suppose that

d A (X)
(4.6) wx(epr) = .2 c;e t

(Xea ).
i=0 ¢

£

Then c; # 0 implies that Ay = Ej=1

n.u. (n.ezz) .
JuJ ( J )
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PROOF. We have to prove ii = Xi’ ?i = Ai and (Ai,a)/(a,a) e Z for all
a € Ep u Eq' Just like Vretare we follow the corresponding proof for the

highest weight of a K,K-class 1 representation in [33, Theorem 3.3.1.1],

using P] 1= IK nx(k)dk (projection of V(1) on EeK), and PZ 1= IHO nk(h)dh
(projection of V(\) on CeH).

Again, if Plfi # 0 and PZfi # 0, the proof works and we obtain Ai = Ai’
N .

Ai = Ai and (Ai,u)/(a,a) € Z for all o e Z_ U Eq. However, if P fi =0,
then c; = (eKIfi)(eH|fi) = (eKIP

obtain that P, f. = O implies c.
271 1

1
f')(eHIfi) = 0, and in the same way we

171
=0, 0O
REMARK 4.7. It is easily seen that the coefficient of the highest weight

in (4.6), i.e. o is nonzero, cf. the proof of Theorem 3.3.1.1 in [33].

. . . . . L
Let v ¢ a;q. If there is an intertwining function ¢A (X5Z+) such that
eV appears with nonzero coefficient in the "series expansion" (4.5) of JA’
then we shall call v an appearing weight. Next, we introduce a partial or-

* *
derin on d__ by putting for A ,A, € &
g< oq PY P g pphy € Ao

L
4.7 Al < 12 if ,AZ—AI = jzl mjuj
with all mj nonnegative integers. Here {a],...,az} is the base for a* from

chapter 3. Write Al < Az if A] < Az and Al + AZ.

LEMMA 4.8. Let X € Zf .

(1) Let X, be a weight of m. . Then A, < A.
1 z A 1

(2) Hv e Z:v< A} < o,

(3) Zf 18 the collection of all highest weights of representations of

K,Ho—class 1.

PROOF. (1) A; = A=B =...=B,, with all B, « o" (cf. HUMPRHEYS [17, Proposi-
tion 21.3]). Hence

with all m, nonnegative integers.

(2) (uj,ai)/(qi,ui) = Ciéij with c; > 0. Also (ai,aj) <0 if 1 # 3,

thus (uj,uj) > 0. Hence v ¢ Z+ can be written as

L
v o= 'E aiai (aiZO),
i=]



and thus also

Now if v < A then 0 < a, < b., and b, - a, € Z.
i i i i

(3)_Already known. [
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CHAPTER 5

THE ACTION OF THE WEYL GROUP

It is a natural question whether our intertwining functions are in-
variant under the Weyl group. However, there are some complications here.
Therefore, let us introduce another root system (cf. FLENSTED-JENSEN
r8,§2]). Let g+06 be the (reductive) Lie algebra of fixed points of the

involution 06 in g, thus g+06 =knh+pngq. Let Z
6

0 be the root system

,apq). Then for any root o € Z_ we have

corresponding to the pair (gfc 0

_ L .
wx(exp saX) = wx(exp X) (A € Z+.,X € 1apq), cf. Remark 5.3.
Of course, Z_ < qu. Now the above question leads to two questions

0

here: (i) Can it occur that EO # qu?, and (ii) If EO #+ qu, is N invariant
under all 8,0 @ € qu? Both ‘questions will be answered in this chapter.

EXAMPLE 5.1. Let g := 8£(2,R), k := 0(2), h := 0(1,1). Then we have:

b {(00) ¢ wwen)

-a

LY e

-a

Hence

ST P!

and k n h = (0), thus g+06 =pn q. Since p n ¢ is abelian we can put
apq = pn q. Then apq is a Cartan subalgebra for g, thus
akq = aph =ty = (0) . Now qu = {2a,-2a}, whereas I

abelian. Thus Z z .
0#pq

0 is void, g+0e being
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Let o € qu. If X € 9, then obviously 06X € 9y- Hence, if we define

g—ce to be the -1 eigenspace of g6 in g (thus g~06 =kng+pn h), we have
the direct sum decomposition 9, =8, " g+06 +g,n g_ae. Let 0 # Xa €49, be
such that 06X = X or 06X = -X . Normalize X such that
o a a o a
2
B(Xa,exa) = - W .
Then xu,exa and Ha = - [xu,exa] form a standard basis for a 4£(2,R) .
Define A ¢ a__ by
o Pq

B(X,Aa) = a(X) for all X ¢ apq

Then Ha = 2/(a,0) Aa' Under the identification of a q and a°  we have
s X=X-20(X)/o(A) A for all X e a_ . Put
o a’ o Pq

= 1
(5.1) ka exp 2n(Xq+6Xu),
and

.= 1.2 —
(5.2) P, = exXp ;ﬂl(Xa SXu).

Then ka e K. Also

Ad(k )X s X (Xeapq) s

and

Ad(pa)X qu (Xeapq).

PROPOSITION 5.2. If g_ n 6799 # (0), then for all A e zf:

wk(exp SaX) = ¢A(exp X) (XElapq).

PROOF. Let X € g n g+06. Then 06X = X , hence ke K n HO, by (5.1).
— a a o o [ ‘
Thus, by Definition 4.1, we have for all X e ia

wx(exp saX) = (eKlnA(exp saX)eH) =»(HA(E:)eK]wA(exp X)ﬂx(k;l)eH)

= (eKlnA(exp X)eH) = wx(exp . 0O



37

REMARK 5.3. The condition gy " g+ce # (0) means that a € EO; Thus Proposi-

tions 5.2 states that ¢, is invariant under W

N 0’ the Weyl group of EO'

LEMMA 5.4. Paka = exp(—%ﬂiHa).

PROOF. Let Ua be the analytic subgroup of U with Lie algebra spanned by
{Xa+9Xa, i(Xa~6Xa), iHa}' Then Ua is compact with SU(2) as simply connected

covering group. The lemma now follows by a simple calculation in SU(2),
using the identification:

0 1
Xa * GXa A (—l 0)’
. 0 i
l(X(X—eXU.) «> ( i 0) ’
W, o (g

of X +6X , i(X -6X ) and iH with elements of Au(2). [
o o o a o

PROPOSITION 5.5. If g n g_oé # (0), then for all A e zf:
_ I .
wx(exp saX) ¢A(eXP(X+2n1Ha)) (Xelapq).

-06
PROOF. Let Xa €g,n8 . Then cexa = Xa’ hence ku € K, by (5.1), and

P, € HO, by (5.2). Thus, by Definition 4.1 and Lemma 5.4, we have for all

X e ia
Pq

wx(exp saX) (eKInA(ka)wx(exp X)nA(k;])eH)

(eKlwA(exp(X+%ﬂiHa))ﬂA(Pa)eH)

= (eKI"A(exP(X+%"iHa))eH)

wA(exp(X+%wiHa)). ]

COROLLARY 5.6. If g, n g °° # (0) and g_ n g*%° # (0), then

(A.,a)

(a,0) € 2z

for all appearing weights Aj'

PROOF. By Proposition 5.2 and Proposition 5.5 we have
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wx(exp X) wk(exp s X) = w (exp (X+} an ».

But, by (4.3):

_ d AL (X)
(5.3) ¢A(exp )= 2 ¢, el for all X € ia
=0 3 Pq

Hence:

d A.(X+%niHa)
(exp(X+ miH )) = Z cJe J

120
J (. ,a)
d i ) AL (X)

(5.4) = Z c.e ’ P for all X € ia
j=0 3 pq

(5.4) being equal to (5.3), the corollary follows. [I

So far we have set.up some symmetries for the action of the Weyl group
on the function ¢
o ¢ Zgoey
following example.

Let U := SU(2), and let HZ be the irreducible SU(2)-module of dimen-—
sion 2£8+1 (Ze%zi.) with orthonormal basis wﬁ (n = -£,-£+1,...,£) as con-
sidered in KOORNWINDER [21], see also VILENKIN [29, ch.III]. Here the wﬁ

A" However, the question remains whether for o e qu,
(exp saX) # wx(exp X) (Xeiapq). Therefore, let us consider the

are also weight vectors with respect to iapq. HE is the space of homogeneous
polynomials of degree ZK in two complex variables x and y, and wﬂ is de-

£~ n; £+
fined by ¥_(x,y) = (- ) ¥ "

. Define a representation Tp of U on HZ by
o B .=
"E(Y S EEy) = flaxtyy,Bx+dy),
then To is a unitary irreducible representation of U, and each unitary ir-

reducible representation of U is equivalent to some Tos cf. [29, Theorem

III. 2.5.1]. Let d"ﬂ denote the differential of Tp- Then (cf. Example 5.1)
0

(5.5) dnz(_1
0 i _

(5.6) dﬂz(i 0)eH = 0.

Now (5.5) and (5.6) determine ey and ey up to a constant factor. Namely
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dﬂz(_? (]))wﬁ = - Y(£-n) (L+n+1) wﬁﬂ + Y(L-n+1) (£+n)q;f'l_1.

Hence if dﬂl’_(—(l) é){Ef;:_zcﬁwﬁ} = 0, then

CZ _ / ({&-n) +n+1) cl’_
= 7

n-1 n+l1) (L+n) n+1’
L L L _ .
and ¢y , =0 =c_p, . Hence £ ¢ Z implies ey =0, and if £ ¢ Z
L /@)1 (1)} emy
= }(L-n) 2" j(L+n) L
.7 " 2, VaOmE TG Y
£-ne2z
The same reasoning shows that £ ¢ Z implies ey = 0, and for £ ¢ Z
£ Dy ooy D 1 any.
5.8 = ¢, _1yi@-n) / 5(£-n) “*” § (£+n) 'e.
©8 ey = 2 D G- TG T '
L-ne2Z

ey and e, both being nonzero, £ has to be an integer, ie. £ € Z . Now let

X e iapq' Then for a certain ¢ € R we have

and for the spherical functions on U with respect to K we get, by (5.7):
1 1

£ Dy Dy 2ing

GE-) TG &)t

C.

(eK] nz(exp X) eK) z
n=-£
L-ne2Z

c. Pz(cos 2¢) .

Here P, is a Legendre polynomial. By (5.7) and (5.8) we get the following

expression for the intertwining functions on U:

LWy ®, \lon) 21
- (£-n) *? }(L+n) ,_., $(L-n) 2in¢
P(exe W = (elnglexe Ve =e. Bty YT

L-ne2Z
= c. Pﬂ(cos(2¢-—%‘n)).

Let s be the nontrivial element of the Weyl group of qu, then sX = -X
(Xeia_ ). Then
Pq

wle(exp sX) = tpz(exp(-x)) = c. Pz(cos(2¢+§ﬂ)).
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.Thus in this case we obtain that for s ¢ WO,wz(exp X) # wl(exp sX) .

LEMMA 5.7. Zﬁ'is the collection of all appearing weights. For given X € Zf

the collection of appearing weights is imvariant under wpq
PROOF. According to (4.5) we can write

(5.9) 9, (exp X) =2 ¢ M

Xeia .
u H ( Pq)

We claim that for all o € qu,cu # 0 if and only if cg , # 0. Indeed, if
o
there exists an Xa € ga such that cGXa = Xa’ then wx(exp SuX) = wx(exp X),
and in this case the assertion follows from (5.9). So assume that
cexa = _Xu' Then it follows from (5.9) that
_ . u(s X gmin )
. -3
(5.10) wk(eXp(SuX+2n1Hu)) z cue e
But, according to Lemma 5.5 Jx(exp X) = Jk(exp(sax+§niHa)). Thus, by (5.9)
and (5.10)

|
imip(@ ) (s w)X)
2 c eU(x) =X ce O e @
[V u M
Lo
=3 c ezm(SuU)(Ha) M
u S, '
Hence
|t
smi(s w) (H)
(5.11) c =c¢ .e o o
U SalJ

Now (5.11) implies that cu # 0 if and only if csa“ #0.

Let v be an appearing weight, then v € Z by Theorem 4.6. Conversely,
let v € 2&'. Then there exists s € qu iuch tha} SV € Zﬁ , by Lemma 3.9.
Thus gy # 0 in the expansion (5.9) of ¢Sv(sveZ+ ), hence by what is said

above <, # 0 in the expansion of Jsv' Hence v is an appearing weight. [J

LEMMA 5.8. Let Apphy € Zf:. There exists a function Syt Z{ - € such
s

that 12

(5.12) 9y 9y = cxl,)\z(v)w\) s

1 72 v< A1+A2
and

CA],AZ(A1+X2) # 0.
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PROOF. m) @m), is a representation of U of highest weight A*A,. Let V be

the representation space of ™ ®Thgs then we have the following direct sum

decomposition

Dg
= 2. V.
(5.13) v 21 Y5

with Vj irreducible. Let m, be the representation of U on Vj' Let e;(e;)

denote the K-fixed (Ho—fixed) vector of TA; in the representation space
) 12, - . 1.2
V(Ai) (i =1,2). Then eg = eK®eK is a K-fixed vector in V, ey = eH®eH

an H -fixed vector in V, hence ™8Ty is of K,Ho—class 1. Thus we have

n
. = .2 .
(5.14) ey 5E1 eK,J
with ey f €U, (j =1,...,n). Because the decomposition (5.13) is direct
the vec;ors ey 3 in (5.14) are K-fixed (apply Loy ®w12(k) to both sides of
1

s’
(5.14) and use the directness of (5.13)). In the same way we obtain

4

(5.15) ey = & eH’j’

with ey 5 e U. and Ho—fixed vector (j = l,...,n). Hence we have for all

u ¢ U, by using (5.13), (5.14) and (5.15):

o, (We, (W) = (e, |m, om (we)
A, k™M,

n
(5.16) .z (eK,j]nj(u)eH’j).

3=1

If eg j # 0 and ey F # 0, then ni is of K,Ho—class 1, hence “j = with
Vv € E;, and v <{ A1+A2, K, i H,j

ﬂj does not occur in (5.16). Hence (5.12) follows. The fact that
cxl’kz(xl+kz) # 0 follows by considering the '"series expansign" (4.5) of
both sides of (5.12) and observing that the coefficient of e ! is non-

zero in the left-hand side. [J

by Lemma 4.7(1). If however e, , = 0 or e ; = 0, then
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CHAPTER 6

THE GENERALIZED CARTAN DECOMPOSITION U = KquH0

- Let notation be as in chapter 1, and put B := exp apq' Then, as was

proved in FLENSTED-JENSEN [7, Theorem 4.1(i)], one has the decomposition
6.1) G = KBH.

In the case g = 6 (6.1) states G = KBK, ie. the Cartan decomposition.
Therefore we shall call (6.1) the generalized Cartan decomposition for G.
In fact (6.1) is much older than the paper of Flensted-Jensen (it goes back
to BERGER [2]), but nowadays it gets more attention because of the increased
interest in harmonic analysis on pseudo-Riemannian symmetric spaces. For
our intertwining functions on U, which are left-K-, and right—HO—invariant
we shall need an analogous decomposition for a compact Lie group. This
generalized Cartan decomposition for U will be the main result in this chap-
ter. But first we prove a Cartan decomposition for HO.

Let U be a compact connected Lie group with commuting involutions 6

and 0. Put K := (Ue)o, H := (UU)O'
LEMMA 6.1. (H,(KnH)O) 18 a Riemannian symmetric pair.

PROOF. Observe that (KnH)0 = (HG) a

0
Lemma 6.1 enables us to use differential geometric methods, cf. eg.
HELGASON [13, chapter 1], for H/(KnH)O. Therefore, introduce an H-invariant
Riemannian structure on H/(KnH) ;. In this chapter only, write u = k+p = h+q
for the decompositions of the Lie algebra u of U with respect to 6 and o

respectively.

LEMMA 6.2. H = (KnH), exp (pnh) .
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PROOF. By Lemma 6.1 H/(KnH)O is a compact Riemannian symmetric space.
Hence every closed, bounded subset of H/(KnH)0 is compact, hence H/(KnH)O
is complete, by [13, Theorem I.10.3]. Now identify p n h with the tangent
space to H/(KnH)0 at o (:= e(KnH)O), then it follows from [13, Proposition
I. 10.5] that Exp(pnh) = H/(KnH)o. a

Let bph be maximal abelian in p n h, and put Bph := exp bph'

LEMMA 6.3. pn h = U Ad (k) .b he

ke (KnH) P
PROOF. h is a subalgebra of 4, invariant under the Cartan involution 6,
hence h is reductive. If h is semisimple, the lemma follows by
{13, Lemma V.6.3]. So suppose h is not semisimple. Then h = [h,h] + z(h)
(direct sum), with [h,h] semisimple and z(h) the center of h
([17, Proposition 19.1]). The only part in the proof of [13, Lemma V.6.3]
in which the semisimplicity of h would be used is B]knthnh is negative
definite (here B denotes the Killing form on h), hence B([Ad(kO)X,H],T) =0
for all T € k n h implies [Ad(ky) .X,H] = 0 (koeKnH,Xepnh,Hebph). But if &
is reductive we can argue: B([Ad(ko).X,HJ,T) =0 for all T ¢ k n h implies
[Ad(ko).x,HJ e z(h) n Lh,h] = (0), hence [Ad(ko).X,H]= 0 (kOeKnH,Xspnh,Hebph).

Thus the proof of [13, Lemma V.6.3] also works in the case h is reductive. [

THEOREM 6.4. H (KnH)OBph(KnH)O.

PROOF. Let h ¢ H. Then we can write

(6.2) h = Zl exp X (Kle(KnH)O,Xepnh),
and
(6.3) X = Ad(ZZ)Hl (Zze(KnH)o,Hlebph),

because of Lemma 2.2 and Lemma 2.3, respectively. Combination of (6.2) and
(6.3) yields

_ _ -1
h = El exp(Ad(Kz)Hl) = ZIZZ exp HIKZ € (KnHO)Bph(KnH)O. 0

Let notation be again as introduced in chapters 1,2. Let Uy be the
analytic subgroup of G, with Lie algebra Uy = U.+oe(u+Oe and w9
b and g—ce in chapter 5). Thus

are de-

fined analogously to g;U
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u0=knh+i(pnq).

In the rest of this chapter we shall need Lemmas 6.1, 6.2, 6.3 and
Theorem 6.4 also in the case where the pair (8,0) is replaced by the pair
(6,06). For later reference we shall state these results in a lemma. There-

fore, put

6.4 A i= ia
(6.4) o4 exp ia

0
Observe that (KnUO)o = (KnH )O'

LEMMA 6.5.
ay ®°
@ v,
@ U,

exp i(pnh) . (RnEY)

exp 1i(png) . (KnH)
0 0

(KnH )qu(KnH ).

I

Let Exp be the exponential mapping in the space U/K.
LEMMA 6.6. Left multiplication with exp i(pnh) leaves Exp i(pnh) imvariant.

PROOF. exp i(pnh)exp i(pnh) c w0 = exp i(pnh).(KnHO), by Lemma 6.5(1). Thus
exp 1(pnh) Exp i(pnh) < Exp i(pnh). O

Now Lemma 6.6 has the following corollary:
COROLLARY 6.7. Exp i(pnh) Zs a totally geodesic submanifold of U/K.

NB. Note that Corollary 6.7 also follows from the fact that i(pnh) is a Lie
triple system included in ip, as defined in [13,p.224], by using
[13, Theorem IV.7.2].

LEMMA 6.8. Exp i(pnh) Zs closed in U/K.

PROOF. HO is closed in U, hence compact. Because of Lemma 6.5(1) we have
Exp i(pnh) = n(HO), where m: U » U/K is the natural projection. Hence
Exp i(pnh) is closed in U/K. [

PROPOSITION 6.9. U = K exp i(png)exp i(pnh).

PROOF. We shall prove U/K = exp i(pnh)Exp i(png), which implies the propo-
sition. Let P ¢ U/K. Let X € i(pnh) be such that Exp X is an element of
Exp i(pnh) with minimal distance to P (such an X exists because of Lemma

6.8). Let o := m(e), and put Q := exp(-X)P. Then it follows from Lemma 6.6
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that o is an element of Exp i(pnh) with minimal distance to Q. Let

y(t) = Exp tY (Yeip) be a geodesic which realizes the minimal distance be-
tween o and Q (such a y exists because of [13, Theorem I.10.4], U/K being a
complete Riemannian manifold, cf. [13, Theorem I.10.3]). We shall prove
that Y € i(png), hence P = (exp X)Q = exp X Exp t.Y € exp i(pnh)Exp i(pngq)
(toeR) .

Let W be an open ball around o in ip of sufficient small radius such

0

that Exp: W~ V := Exp W is a diffeomorphism and, for any QI’QZ eV, Q] and
Q2 can be joined by precisely one geodesic of minimal length, which lies
entirely in'V,.cf. [13; Theorem I.9.91].

Let Q' be an element of y lying in V between o and 0. Suppose Q' has
a shorter distance to Exp i(pnh) than d(Q',0) (d denoting the Riemannian
metric in U/K), say to Exp Z (Zei(pnh)).

Then
d(Q,Exp Z) < d(Q,Q")+d(Q',Exp Z) < d(Q,Q')+d(Q',0) = d(Q,0),a contradiction,
since o was the element of Exp i(pnh) with minimal distance to Q. So we may
assume Q € V.

V is a ball around o, hence V is o-invariant, hence 0Q ¢ V. Let B(t)
be the unique geodesic in V which joins Q and ¢Q. Since B is unique, we
have B = oB. We claim 0 € B. Namely, suppose o ¢ B. Since B = 0B there
exists a Q" ¢ B such that oQ" = Q", hence 8 n Exp i(pnh) 3 Q". Now Q" # o,

since o ¢ B. Let d, be the distance between points along B8, dY distance

along v. B minimalizes the distance between Q and 0Q, and d(Q,o0) = d(ocQ,0).
Hence:
dB(Q’Q") = %dB(Q,OQ) < %(dY(Q,o)+dcy(o,oQ) = dY(Q’O)’ a contradiction.
Hence o € B, hence B = vy.

Remember that Y € ip is such that y(t) = Exp tY. Since B = v,
oy(t) = y(-t), hence oY = -Y, ie. Y € i(png), which proves the proposition

by the above remarks. [

THEOREM 6.10. (Generalized Cartan decomposition for U)
KA H
Pq
PROOF. Let u € U. Then, by Proposition 6.9 there exists an X e i(png) such

that:

(6.5) u € K expX exp i(pnh)..
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By Lemma 6.5(3) there exists an a ¢ qu such that:

(6.6) exp X ¢ (KnH)a ko).

Combination of (6.5) and (6.6) gives u € KaHO. O
REMARK 6.11., The above proof of the generalized Cartan decomposition also
applies to the case of a noncompact semisimple Lie group. In HOOGENBOOM

[16] we present a proof of the generalized Cartan decomposition for a general

semisimple Lie group G.






49

CHAPTER 7

INTERTWINING FUNCTIONS ON THE COMPACT GROUP U

LEMMA 7.1. Let ¢ be a function on U. Then ¢ is an intertwining function on

U if and only if ¢ is an intertwining function on U.
PROOF. This follows immediately from Theorem 4.3(2). [

REMARK 7.2. Let X € Zf, and let 7
tation of U of K,Ho—class 1, ¢
Then ¢
A 0

also unitary and of K,H -class 1.

N be the corresponding unitary represen-

the corresponding intertwining function.

of U, which is

A
corresponds to the contragredient representation 7

A
Let WA be an intertwining function. Then JA is also an intertwining

function, by Lemma 7.1. Hence there exists A' ¢ Z, such that JA = CcSt.gy .

such that ¢

Normalize the ¢ =¥ (cf. the remarks at the beginning of

A A

chapter 4).

ya L
REMARK 7.3. Let w, ¢ W _ be such that w.(Z = -Z~ . Then ' = -w .
—_— 0 P4 0( +) + A O(A)

Let du be a Haar measure on U, normalized by IU du = I. Let V) and
¢A2 be intertwining functions on U. Then, because of the fact that WA] and

L2 belong to different representations of U whenever A] # Az,it follows
that

(7.1) j ) (U)JA (w) =0 (A, #2,) .
U 1 2

Define an inner product (+,+) on the space of all Lz—functions on U by

(7.2) (0,¥) := [w(uw(u)du (vt ).

U
THEOREM 7.4. Let A,u € Zf} Then there exists a function dA e ZE - € such
that: '
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(7.3) ¢ (wy, (u) = z d, (e, (v) (uel) .
\ L —u'vgi Au
A+vez+

PROOF. (7.1) implies, together with Lemma 5.8, that:

(7.4) @ 0,0 ) #0 = v< A+ y.
uaAtTy

Also

(7.5) @, 0 )=(@ ¢ ,0,) #0 = A<u" +v.
HATY uoovita

It follows from (7.4) and (7.5) that cu X(v) # 0 implies that

’
-u'< v-A< u. (For the definition of cu A(V) see Lemma 5.8). This proves

’

the theorem. [J

Observe that the number of terms in the sum (7.3) is independent of A,
hence (7.3) can be seen as a recurrence relation for the intertwining func-
tions.

2 T B4 A
If A = (ml,...,mﬂ) € Z+, denote the monomial Xy eeeXp by x . Thus

we can define a polynomial P(x) = I xv(Fvem for all v) with FA #0

V<A Fv
to be of degree A. For i = 1,...,£ put 0L =0y . For a polynomial P(x) as
i

above Lemma 5.8 implies

= . = Z .
(7.6) P(v) P(¢1, ,wz) Fvwv (FA#O)
V<A
So we can speak of polynomials in the variable ¢ = (¢],...,¢£), and it is
clear that P(¢(u)) = 0 for all u € U implies that P is identically zero.

, , , *x .
Let < denote the lexicographic ordering on apq with respect to an

orthogonal basis {p,ez,. e N
where m, = dim 9y (NB. any other total ordering < which satisfies
) A <A, implies A; <Xy, and (2) #v e Zf : v <Al < » for all

AI,AZ € Zg, Ae Z_ will do. It is clear that the total ordering < defined

..,ez} of a;q. Here we have put p := } I -+ ma,

above satisfies conditions (1) and (2)).
The proofs of the following two theorems are taken from VRETARE [31].

For reason of completeness we shall reproduce them here.

THEOREM 7.5. ¢, s a polynomial of degree \ in the variable ¢.
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PROOF. We prove the theorem by induction with respect to the total ordering
< defined above. If A = 0 the theorem is obvious. Suppose 0 # )\ € Zf , and
the theorem is true for all v ¢ Zf , V< A. Write X = Ei=1 mu . Since

A # 0 there is a j such that m; # 0, hence A-uj € Z,_. Now, by Lemma 5.8

= pX
by = C et c o

j joova VY

b

with ¢ # 0. This proves the theorem by the induction hypothesis. [J

THEOREM 7.6. For all k (1<k<f) there exists a j (1<j<f) such that Jk =9..

J
PROOF. Let P(¢) denote the polynomial w“i- Then
Py " 5111.{ = P(v) = f’(spu;,---,w%)-
If the degree of P is E€=] m.u. it follows that v, is a polynomial of
%egr;e Ej=d mjuji SinceJué EJZZ. this is possible gnly if W = u3 for some
j.

DEFINITION 7.7. Let X € iapq: Define a function F: iapq - GK by

F(X) := (w](epr),...,wz(exp X)).

Let Q. < Cﬂ be defined by @, := F(ia_ ).
: 0 Pq

0

Theorem 7.6 implies that Jk € {¢]""’¢£} for 1 < k < £. Thus we can

renumber the wj such that

¢j+j0 if j= l,...,jo s
(7.7) ¢j = ¢j_j0 if j = JO+1,...,ZJO,
o i § = 25, L.

In the rest of this monograph we shall always assume that the ¢, are

numbered according to (7.7).

DEFINITION 7.8. Let ¢: @K - €£ be given by w(zl,...,zz) = (xl"“’xﬂ)’ with

Xj defined by
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5 (

zj+j0+zj) if j= 1,...,30 R

:= i . —Z. i i =3 veas2]
Xj : 2(Zj_JO ZJ) if J J0+1’ ’2.]0’
zj if j= 2j0+l,...,£ .

Let Q c RK be defined by 9 := w(ﬂo).

_ {(u,a) .
(a,a)
subgroup of Z, hence there exists a smallest positive element in Va' Thus

For o € qu define Va by Va : TS Z&} . Then V is an additive

the following definition makes sense.

DEFINITION 7.9. k(a) := mi ‘ E“’“g ‘ 6 e .
HeZ a,0 Pq
(u,a)#0

LEMMA 7.10. Let s € wpq. Then k(sa) = k(a).

PROOF . ZZ' is qu-invariant, by Lemma 4.5. Hence Vsa = Vu’ thus k(sa) =
=k(a). O

By using the techniques introduced in chapter 3, we have for o ¢ qu:

= min | @) 1 ; _(uye(@)a)
k(o) —1316-;2 (a,a) I C(OL)-:?;K I (c(@)a,clma) |:
(u,0)#0 (1,0)#0
and, by (3.4),
2 (u,e(e)a)
e Z <« @, c@a) € Z for all o € qu

Thus we have the following implications, by (3.3)

1 = .
(a) ace qu,za,Za ¢ qu = k() = c(a)

b 0,2 2 . Then:
(b) @,2a € pq

(7.8) c(@) = c(20) = k(20) = c(20), k(a) = 2c(a)
c(a) = 2¢(20) = k(20) = c(2a), k(a) = c(a)
c(a) = 4c(2a) = k(20) = 2c(2a), k(o) = c(a).

Together with Corollary 2.4 (7.8) implies:

LEMMA 7.11. For all o € qu,k(a) = 1,2 or 4.

Now, let Z_  be the set of all roots of the pair (g+ce,apq

0 )s
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cf. chapter 5. That is, EO = {a € ZPq: g, " g+06 # (0)}. Let El be the com-

plement of EO in Z qQ that is 21 = {a € qu: g, n g+oe = (0)}. Put

' i={a ezt i "}, and for i = 0,1 t ! =2, nZI'
pq € Tyt f T L PUE i " “pq

THEOREM 7.12. det dF(X) = c.ﬂ&ezb sin k(a)a(iX) ﬂani sin k(o) (a(iX)~-im).
PROOF. Theorem 4.6 and Lemma 4.7(1) imply, just as in the spherical case
(cf. VRETARE [31, Lemma 3.3]), that det dF is a linear combination of ex-—

ponentials ev, Vv € zlg v < AO’ where we have put
(7.9) A, =

Because of Proposition 5.2 and Proposition 5.5 the function oy transforms

under the action of the Weyl group wpq as follows (aequ):

+00
g

9y "
(7.10) {

9

#(0) = v, (exps X) = ¢, (exp X)

209 = v (exps,X) = v, (exp(X+hmil ),

ya . . . . . .
for all X € Zi_,X € ia Since F is a combination of v 's, it follows that

Pq’ A
det dF transforms under the Weyl group wpq as follows (uezpq)

(7.11) {

for all X € ia_ . Here we have put s': X + s X - iniH for a € Z
pq a a a

ga'n g+09 # (6) = det dF(qu) det dsa det dF(X)

g ng%% % = det dF(s X) = det ds! det dF(X)

o

1 X e iapq,
and s' = s for a € X.. Thus we have that det ds' = det ds = -1.
o o 0 o o

For X € io ut
pa’ P

(7.12) G(X) := M sin k(a)ia(X) I sin k(a)ia(X+£wiHa).

1 1
aeEO aeEl

. . . . . v L . .
Since a linear combination of exponentials e ,v € Z , v < A, is uniquely

0
determined, up to a constant factor, by the transformation properties (7.11),

we only need to prove that G(X) is also a linear combination of exponentials
ev,v e Z , v< AO which transforms under Sy, (aezpq) according to (7.11).
Let {al,...,az} be the base of qu from chapter 3. Then we know

(cf. HUMPHREYS [17]) that s, . permutes the roots in E;q except aj, and
N
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Su-“j = —aj. Let Al be defined by
~ 7]
(7.13) Al = 2 k(a)a,
aeX!
Pq

and let uj be a simple root. Then it follows from the above that

Sajxl = A] - 2k(aj)uj (by Lemma 7.10)
(7.14) NP L
. =X ?&Ej&;TAaj
Also
(7.15) Ay =X, = 2 (uj’a.)
- Suj 0 "o (uj,aj) 0Lj’

by Lemma 3.6. Combination of (7.14) and (7.15) yields

sa_(kl—xo) = AI-AO for j = 1,...,2.
J
Thus A] = AO' This implies that G(X) is also a linear combination of ex-
ponentials ev, with v € Zﬁa v < k] = Ao. Now we only need to prove that

G(X) transforms under S (with o simple) according to (7.11), because the

s, gemerate W__. Therefore, let a ¢ {ai,...,uz}, and put s := su,s' 1= s&.
If o € 26 then sin k(o)ia(sX) = - sin k(a)ia(X). If o € E; then
sin k(u)ia(s'X+%niHu) = - sin k(u)iu(X+£wiHa).

We claim that s leaves the rest of G(X) invariant. If o € 26 then,

because of the fact that 26 U —26 is a reduced root system, s permutes
Zé\fu}, and so = -0 (HUMPHREYS [17, Lemma 10.2B]), and thus s also permutes
Ei. Thus if o € 26, then det dF(sX) = —det dF(X), by Lemma 7.10 and the
fact that sH, = H zZ ).
g sB (Be pq)
If o € Z! then the above reasoning also applies to those B ¢ 26 for

1
which sB € Z' and to those B € Z' for which sB ¢ Z'. So assume a ¢ Z' such

0 1 1 1

that sB = vy, B € 2;, Y € 26. Thus ga c g_ce, gB c g_ce and gY n g+°e £ (0).
Write
(7.16) G(X) = ... sin k(y)iy(X) sin k(B)iB(X+£niHs)

By Lemma 7.10 k(B) = k(y). If k(B) = 2 or 4, then (7.16) becomes (k(B) = 2,



55

the case k(B) = 4 being similar):

G(X) . sin 2iy(X) sin ZiB(X+%niHB)
... sin 2iy(X) sin (2iB(X) - %HB(HB))

= ,..-sin 2iy(X) sin 2iB(X) ... ,

because we have normalized B(HB) = 2, see chapter 5. Also

G(s'X) = ... sin 2iy(sX—%ﬂiHa) sin ZiB(sX—éniHu)
= ... -sin (ZiB(X)—nB(Ha))sin(Ziy(X)+ﬂB(Ha)) vees
because Y(Ha) = _B(Ha)' It follows that this part is invariant under s. So

assume k(B) = k(y) = 1. Then we have, because of Corollary 5.6, that

gY c g+09. Thus

G(s'X) = ... sin iy(s'X) sin iB(s'X+%ﬂiHB)
= ... sin iy(sX—%niHa) sin iB(sX—%niHa+%niHB)
= ... sin isY(X+£niHa) sin(isB(X+§wiHa)—%n)

(7.17) = ... sin iS(X+%ﬂiHu) sin(iY(X+%ﬂiHu)—%w) -

Thus we need to prove that the expression in (7.17) is equal to (7.16). Now

we claim that

(7.18) sin(iB(X)-4mB(H,)) = * sin(iB(X)-4m)
and
(7.19) sin(iy(X) - %w(l—B(Ha))) =+ sin iy(X),

with the same signs in (7.18) and (7.19). If we have proved (7.18) and
(7.19), it follows that (7.17) equals (7.16) and the theorem will be proved.
To prove (7.18) and (7.19) we proceed as follows.

Because sB # B we have that S(Ha) # 0. Thus, because of the definition
of Eéq’ B(Ha) = *1,%2, or *3 (remember that B(Hu)sz).

If B(Ha) = 1, then sin(iB(X —%nB(Ha)) = sin(if(X)~-im), and
sin(iy(X)-%n(l—B(Ha))) = sin iy(X), thus (7.18) and (7.19) both hold with
sign +1., If B(Ha) = -1 or *3, then the assertion follows in the same way.
Now we shall prove that B(Ha) = *+2 is impossible, thus (7.18) and (7.19)



56

‘hold, which proves the theorem.
So assume B(Ha) = -2, the case B(Hu) = 2 being similar. Then
s = =g - = . i
- Y saB 8 2 B(Hu)/u(Ha) o B + 2a. Choose Xa € ga as in chapter
5. Since xa,exa and Ha form a standard basis of a Lie algebra isomorphic to

82(2,R), it follows from the representation theory of this Lie algebra that

# 0. Then % € gB+2a =g,

there exists Y, € gB such that Z := (ad Xa)zY ¥

8 -
hence 06Z = Z (since gY c g+oe). But 9, <9 cg and 9g © g Ue, thus
08z = oG[Xu,[Xa,YB]] = -Z, so Z = 0. Contradiction. [
A A

REMARK 7.13. Let B € 9, # 0. By checking all possible values for k(B) one
sees that in the spherical case (ie. T]=T2) ZE ¢ Zp implies that k(g) =1,

~ ~ ~ 53
and 28 € EP implies that k(B) = 2 (remember that here B = % = B for all

B € ). Thus in that case one gets

A = T B,
BeZ

2B¢4%
P

which is the way in which Xl was originally defined by Vretare.
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CHAPTER 8

THE SINGULAR SET

LEMMA 8.1. Let k ¢ K, h € Ho and a,b € qu be such that b = kah. Then

b* = ka7l

PROOF. Apply 6,0 and 60 to b = kah and eliminate 6h and ok. This gives

a3 = hb3k, or b3 = h71a%"!. Thus b* = b.b> = kan.h 'adk ! = k¥ O
Put
D :={X e iapq: k(a)a(X) € miZ for some o € Z', or
k(a) (0 (X)+imi) € miZ for some a € E{},
8.1 A' = A D.
6.1 pq pq \®*P

By abuse of notation we shall denote the function on qu defined by
exp X = F(X) (Xeiapq) also by F. Let F' denote the restriction of F to A;q'
* *
Put = N (ia := C_(ia M := N ia M :=C (ia ,
"k Kf pa’? fK k¢ pq)’ HO HO ( pq)’ i HO( pq)
then qu = MK/MK = MHO/MHO.

DEFINITION 8.2. Let J be the set of all pairs (s,mh) such that m ¢ M;,
0
heH,mheA and s = Ad(m)|. .
, o @ o
Then J is a finite set, since J © (wpq,KHOnqu), qu is finite by
definition, and KHO n A is discrete (by Lemma 8.1) as well as compact,
hence also finite. Let j := |J| be the number of elements of J.

Observe that J can be given a group structure. For (s],m]hl),

(sz,mzhz) e J put

(8.2) (s],mlh])(sz,mzhz) = (slsz,mlmzhzhl).
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Since (8.2) equals (slsz,m](m h )m (m h )) this is well-defined. The in-
verse of (s,mh) ¢ J is given by

(8.3) (s,mh) ™! = s Ln D).

Thus (8.2) gives J a group structure. Moreover, J acts on qu in a diffeo-

morphic way, via
(8.4) (s,mh) (exp X) := (exp sX)mh (Xeiapq),

and F is invariant under this action.
Now we would like to calculate j. For this, notice that the set
MK? —? A _TS a §Toup: (mlhl)(mzhz) 1= m]m2h2h1’ (mh)(m—]h—l) = e, and
= (mh) m e ngo n A Putw i |wp , |MKH

LEMMA 8.3. Let s W . There ewists mh < 1’ such that (s,uh) < J.

PROOF. Let oo € £ . As a first step we show that there exists g € M;HO
such that (s,g) € J. Let Xa be as in chapter 5, and let ka’pa be as in

(5.1), (5.2). Then either 06X =X or ¢6X = -X . If 0cfA = X , then
o o o a o

0 * —1 %0
ka € H', hence we may take g :=e = € ng n A . If oexa = -Xa, then

0 0
p, € H', hence we may take g := exp(} leq) kapa € MKH n qu.
. i e i z -
Next, let s € qu Then, if {ul, ,az} is the base for pq from chap

ter 3, we may write s = Suj -+-Say for certain 11,. ,1 e {1,...,£}. For
i= .4 let m, by e MKHoln Ap ge such that (sq;,mh, ) € J. Put
m:=mj...mj o, ho:=hj ...hj,. Thenm e M h e HO, and Ad(m)llapq =s.
Moreover
mh = (mi - omg )(mi hi )(mi .oy )_].
J n-1 n n 1 n-1
Moy eemg @ by D@ ..mg )7
1 n-2 n-1 "n-1 1 n-2

e . m; (m, h, )mfl.m. h. €A
i i i, L
Thus (s,mh) ¢ J. [

PROPOSITION 8.4. j = wk.

PROOF. The mapping (s,mh) » s: J > wpq is a surjective homomorphism. The
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kernel of this homomorphism is

* 0 . _ 0
{mh: m € M, hoe H, mh e qu, Ad(m)|iapq = id} = MH 0 qu.

- 0 -
Hence |J| = ]qu].IMKH n =wk. [

Al
Pq
THEOREM 8.5. F <s regular at a € qu if and only if a € Aéq' F' {8 a regular

wk~to-one mapping of A;q onto an open dense subset Qé of QO'

PROOF. Regularity follows from Theorem 7.12, and A;q is open dense in qu,
0" So the only thing left to prove
is the fact that F' is wk-to-omne. Therefore, let A;q be the set of all

ae qu such that the sequence {a4,a8,a12

hence F(A' is open dense in F(A =Q
( pq) P ( pq)

...} is dense in A_ . Then A" is
Pq Pq
dense in A_ .
Pq
"
Assume a ¢ qu, 2
Theorem 7.5 that F(al) = F(az) if and only if wx(a]) = ¢A(a2) for all

a, € qu such that F(a]) = F(az). It follows from

. . 0
A€ Zf . But the functions ¢, form a complete set of functioms on K\U/H ,

A
thus because of Theorem 6.10 we obtain ¢A(a]) = wk(az) for all X € ZE if

. . =1 -1 _
and only if kla]h] = k2a2h2"0r’ by pzttlng k := k2k1’ h := h] 9 s 3y < ka]h.

Thus, by Lemma 8.1, we obtain a, = kalk_1 (hence a, € A;q).
Let X ¢ iapq. Then Ad(k)X € ip, but also o(ad(k)X) = -Ado(k)X = -Ad(k)X,
hence Ad(k)X € i(png) . (The last identity follows by applying o6 to
a; = ka?k—l, which gives a; = c(k)a?o(k_l). Hence (knlc(k))a?(o(k_l)k) = a
hence (k_lo(k))a(o(knl)k) = a for all a ¢ A, thus Ad(k)X = Ado(k)X for
all X € iapq.) P A .
Moreover, Ad(k)X centralizes iapq. Namely Ad(az)Ad(k)X = Ad(k)Ad(al)X =
= Ad(k)X, hence Ad(a)Ad(k)X = Ad(k)X for all a € qu and all X ¢ i?
Thus [Y,Ad(k)X] = 0 for all X,Y ¢ iapq. Thus k ¢ M;, and kh = kglk a, ¢ A

| 0 1 2 Pq
€ qu, k e K, h e H', then a

4
]’

So, if a;,a

kh ¢ A .
Pq

. . *
= kalh ;f and only if k € MK and

2 2

0
" i = =
Now, let a;»a, i]qu, k]k2 € %1 h],h2 e H™ be such that 22_] klazh]
= kZath’ Put k := E k], h := h1h2 , then kalh =2, thus kalk =ap, by
Lemma 8.1. Thus kak = a for all a ¢ qu, hence Ad(k)X = X for all X € iapq
Thus Ad(kl)liapq = Ad(kz)liapq, thus kb, = kyh.

Thus F is a j-to-one mapping of A;q onto F(A" ). We shall now prove
that F is a j-to-one mapping of A' onto F(A' ). F(A" ) is dense in F(A'
3 pping pq ( pq) ( pq) ( pq)
because A" is dense in A'

. -1 . -1
Let y ¢ F(qu). Assume |(F') I > j, x],...,xj+] e (F') "(y). Then
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there is an open neighbourhood V of y, and disjunct open neighbourhoods U,

of X, (i =1,...,j*1) such that F: Ui + V is a homeomorphism. But there is
azeVn F(A;q),_%hus F ](z) c A;q’ f?d |F ](z)] > j+1. Contradiction.

Assume |[(F') "(y)| < j, ie. (F") ‘(y) = {x],...,xt}, t < j. Again,
take V open neighbourhood of y, and Ui open neighbourhood of x5 1=1,...,t)
such that F: Ui + V is a homeomorphism. By the action (8.3) J acts on qu
in a diffeomorphic way, and Foj = j, hence j(Aéq) = Aéq (jeJ). Let Y, Y
with v, € Vn (A;q). Let z € U] be such that F(zn) =y, There is a jn e J
such that jn.zn ¢ U1 U...U Ut’ because J.zn has cardinality j > t, and is
mapped to Y, since F is injective on each Ui (i=1,...,t). Hence there is
a subsequence jo.zin, with j0 € J fixed (because J is finite), zi, > X
and jo.zin > jO'Xl ¢ U1 U...U Ut (since qu\U] U...u Ut is closed), with
F(jO'Xl) = F(xlzi and jo.xI € Aéq since X € A;q' Contradiction.

Thus |(F') (y)| = j = wk, by Proposition 8.4. [J
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CHAPTER 9

AN INTEGRAL FORMULA FOR THE GENERALIZED CARTAN DECOMPOSITION

In chapter 6 we have proved the decomposition U = KquHO. For the non-
compact analogue of this decomposition, ie. G = KBH (for notations, see
chapter 6), FLENSTED-JENSEN [8] gives an integral formula. Since our treatise
of the analogue of this formula for U is mainly based on his ideas, we shall
summarize the results from [8, section 2] here. For a € qu, put
p = dim(gang+oe), q, = dim(gang_ce). Put

o

pot qOL
9.1) 8, (%) := | M sh "a(X)ch o (X) |, Xea

aeX
Pq

Put L' := K n H,M' := CL,(an). Then, with a suitable normalization of the

rq’

involved measures, we have the following integral formula ([ 8, Theorem 2.61]):

(9.2) J £(g)dg = vol (L'/M") J J J £ (kexpXh) 8, (X)dhdXdk, £ ¢ C_(G)
G K a;q H

We shall now give the analogue of (9.2) for U. Therefore, put

0 . . . 0
L:=KnH,M:=C (ia . Define a mapping ¢ :=K/Mx A > U/H b
’ L( pq) pping Pq y

(9.3) ®(kM,a) := kaHO, k e K, ac qu.

Normalize measures as follows:

(9,4) J du = J dk = j dh = j ae
U K ° L M

n
—
(=1
8
1}
>
(a9
o
[}

Pq
The Killing form on 4 induces invariant measures on U/HO, K/M, L/M and ia_ .
Let the corresponding Riemannian measures be denoted by duHO, dkM, dfM e
and dX, respectively. Let £,m be the Lie algebras of L,M, respectively. Let
£' be the orthogonal complement (with respect to the Killing form) of m in
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£. Then, just as in the noncompact case, we have to calculate |det dQ(eM a)l’

- b

where doé : L' + (kng) + ia__ - dt(a) (kng+i(png)) is the Jacobi matrix.
(eM,a) o P4 g

Here 1 is defined by t(u)xH := uxH for u,x € U. Because of the fact that

for X € ia q exp X = e implies a(X) e 2miZ for all a € qu, the following

definition makes sense.
Py 9
DEFINITION 9.1. 8(expX) := | T sin “a(iX)cos o(iX)|, X € iapq

LEMMA 9.2. |det dQ(eM’a)| =

PROOF. Let 9 be the dimension of the zerospace of ad iapq in i(pnh), and
L the dimension of the zerospace of ad iapq in k n g. Choose ON (:= or-

thonormal) bases as follows:

1 pa + Y
Ta""’Ta (aezpq) of ',
! T8 @ert ) o i(pngna)
FEEEEI € pq o i(png pq’’
1 Py o+ 1 99 .
X seeesX) (aezpq), XyseeenXy  of i(pnh),
and
1 pa + 1 1:'O
ZyseeesZy (aezpq),zo,...,zo of kng
such that
ad(X)T; = —u(iX)Yi,
ad(X)Yi = u(iX)Ti,
ad(X)Xg = —u(iX)Zi,
and

I 2 L ieyyd
ad(X)Za a(1X)Xa

for all X € ia_ . Choose an ON basis {X,,...,X,} of ia_ . We shall calcu-
Pq 1 Z Pq

late the matrix of dé with respect to the ON basis
(eM,a)
1 Py oy 1 Py, o+ 1 9o
Ta""’Tu (aezpq),za,...,zu (aeEPq),zo,...,zo s Xl""’xl

of £' + (kng) + iapq and the ON basis
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1 pa + 1 q : qo

z . E X
Ya""’Ya (ae pq), Za, (ae ) Z X

...,Z0 KpseennXy

of qO = i(pnqnalq) + kng + iapq. It is clear that d<I>( M, a)( .) = dt(a) (x ).
IfYehknm d¢( M, )(Y) follows from differentiation of the l—parameter

curve
t > m(exptYexpX) = epr.n(exp(te—ade)),

where m: U > U/H0 denotes the canonical projection, and X € iapq is such

that a = exp X. Thus

dQ(eM,a)(Y) = dT(epr)%(e"adXY _ eadxoy).

Hence

dQ(eM,a)(Tg) dr(epr)sina(iX)Yi,

j ix) 79
(eM a)(z ) df(expx)cosa(lx)za,

and

iy _ 4 0z,
dQ(eM,a)(Z ) T (expX) 2y

which proves the lemma. [

Let (qu)r be the set of elements in qu such that & is regular at
(eM,a). That is

(9.5) (qu)r = {expX: X ¢ iapq’ a(X) ¢ miz if P, 0,

a(X) + mi ¢ mZ if q # 0 for all u € E;q}'

Thus A;q c (qu)r ;q.OLet the image of K/M x (A ) under &, which is an
open dense subset of U/H  (by Theorem 6.10), be denoted by (U/H ) . Let
again wk be the number of elements of J, with J as in Definition 8.2, cf.
Proposition 8.4. Let j] 1= (Sl’mlh])’ jz .= (sz,mzhz) € J (mieM;,hieHo,

= Ad(mi)|iapd). Then

. -1 -
(9.6) i = =m,m oM and h, = (m2 m])h].

12 1 2
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Thus there is a well-defined action of J on K/M x qu via

9.7 (Ad@)[;, »mh).(KM,a) := (km 'M,mah).
Pq

If m e M£ is such that (s,mh) ¢ J, then m normalizes M, thus (9.6) implies
that (9.7) is well-defined.

It is clear that ¢oj = j for all j e J.
LEMMA 9.3. ¢ Zs a regular wk-to-one mapping of K/M x (qu)r onto (U/Ho)r.

PROOF. Regularity follows from Lemma 9.2, and the open dense subset (U/HO)r
is by definition the image of K/M x (qu)r' So the only thing left to prove
is the fact that & is wk-to-one. So assume a € A; > a, € A @ kl,k2 € K be
such that ¢(k1M,a]) = ¢(kZM,a2). Then for certain h’,h2 e HY we have

klalhl = k2a2h2. Thus, just as in the proof of Theorem 8.5, it follows that
a, € A;q and a, = j.a1 for a certain j € J. Hence (kZM’aZ) = j.(k]M,al) and
¢(k1M,a]) has exactly wk pre—images. Now the extension from A" to (qu)r
can be done by a reasoning similar to the extension from A" to A' ,

cf. proof of Theorem 8.5 (see HOOGENBOOM [16, Proposition 4.5] for full

details). This proves the lemma. [0

THEOREM 9.4. Let £ € C(U). Then, with the normalization of measures (9.4),

(9.8) J §(a)da J f(u)du = J J J f(kah) 6 (a) dhdadk.
J 0
U

A KA H
Pq Pq

PROOF. From what is said above, it follows that we have the following ex-—

pressions:

9.9) J f](uHO)duHO = X J J f](kaHO)G(a)dkMda
0
U/H qu K/M
(v = ——+—— . £ ¢ cum®)
Y=%o1a ) i ¢ ’
Pq
(9.10) vol (u/u%) J £,(u)du = J (J fz(uh)dh)duHO (£,6C0)) 5
U U/HO HO
(9.11) vol (K/M) J f3(k)dk = J (J f3(km)dm)dkM (fBEC(K)).

K/M M
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Now (9.9), (9.10) and (9.11) imply (cf. HELGASON [10, p.384]) that for all
f e CU):

vol(U/HO) J f(u)du = ;JYE Vol(K/M)J J J £ (kah) § (a) dhdkda.
U A K Ho
Pq
(9.8) follows by substitution of £ = 1. [J -

REMARK 9.5. The evaluation of fAé(a)da leads to integrals of Selberg-type.
See MACDONALD [24] for some explicit values and some conjectured values for

integrals of this type.

REMARK 9.6. In chapter 11 we shall derive some restrictions on the multi-

plicities P, and q, in connection with k(o). By using these results one

obtains ite easily (A =A' .
qu y (pq)r o
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CHAPTER 10

INTERTWINING FUNCTIONS ON U AS ORTHOGONAL POLYNOMIALS

In this chapter we shall prove the analogue of Theorem 3.6 in VRETARE
[31] for intertwining functions. That is, we show that the intertwining
functions on U may be considered as orthogonal polynomials on a region in
Rz' (namely Q, cf. Definition 7.8), with respect to a certain positive

weight function. This weight function is given in the following definition.

DEFINITION 10.1. Let the positive weight function w on Q be given by:

P q
wE®)) = | T, sin %a(iX) cos “a(iX).
aeZ
Pq
m sin 1k(oc)a(iX) m sin 1k(oc)(a(iX)—%n)], X e ia
aezé an; Pq

LEMMA 10.2. For £ € C(Qo) we have

-1
J f(y x))wx)dx = c J f(wl(u),...,wt(u))du.
Q U
PROOF. As the proof of Lemma 3.5 in [31]. The complements of A' in qu and
of Q' in Q are sets of measure zero (here Q' = ¢(96), cf. Theorem 8.5). The

lemma now follows from Theorem 7.12, Theorem 8.5 and Theorem 9.6. [J

THEOREM 10.3. The mapping P = PoyoF is an isomorphism of the algebra of
polynomials on Q onto the algebra of functions on A q spanned by the inter-—
twining functions such that the orthogonal polynomial Peoy of degree X e Zf

with respect to the weight function w is mapped onto the intertwining func—

t .
ton ¢,

PROOF. According to Theorem 7.5 we have that ¢, is a polynomial of degree

A
A in the variable ¢ = (wl,...,¢£). Hence N is a polynomial of degree A in
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the variable V¥ (¢). Denote this polynmomial by PA’ that is PA(W(w(u))) = WA(U)'
The orthogonality follows from Lemma 10.2 and the orthogonality relations
of Schur ((7.1)). 0O

REMARK 10.4. It follows from Theorem 10.3 that for certain symmetric spaces
of rank two the orthogonal polynomials considered in SPRINKHUIZEN-KUYPER
[27] can be considered as intertwining functions for certain values of the
parameters o,B,y. For this topic, see also VRETARE [32]. In [32] generaliza-
tions of the Koornwinder polynomials from [27] to more variables are proved
to be intertwining functions on symmetric spaces of higher rank for certain
values of the parameters. Vretare's treatment of intertwining functions,

however, is an ad hoc approach for the spaces

S0(p) x SO(n-p)\SO(n)/S0(q) x SO(n-q),
S(prUn_p)\SU(n)/S(UqXUn_q),
and

Sp(p) x Sp(n-p)\Sp(n)/Sp(q) * Sp(n-q).

In the first of these three cases the measure w(x)dx becomes the measure on
the squares of the cosines of the critical angles, as considered in JAMES
& CONSTANTINE [ 18, formula (6.2)].

Let again DO (U) be the algebra of left-U-, right—HO—invariant dif-
ferential operators on U. Let &'(Q) denote the radial part of the Laplace-
Beltrami operator on U/HO, acting on a K-invariant function f € Cw(U/HO)
(which we shall denote by f ¢ Cw(K\U/HO)). Now the polynomials we have con-—
structed in Theorem 10.3 can be characterized in yet another way, namely
as eigenfunctions of §'(Q). Remeber (cf. HELGASON [12]) that for a non-
compact Lie group G a function ¢, which has a certain convergent series
expansion which is regular at », is an eigenfunction of all invariant dif-
ferential operators on G if and only if it is an eigenfunction of §'(Q).
See HOOGENBOOM [15] for an application of this theorem. For a compact Lie
group we have the following analogue of this theorem: orthogonal polynomials

which are spherical functions on a compact Lie group are characterized by
iv (X)

V<A Fv(k)e

are eigenfunctions of §'(Q). This result can easily be generalized

the fact that they are of the form Z and the fact that they
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to intertwining functions.

Therefore, let us first calculate §'(R). Choose a basis X "Xﬂ of

oo
iapq such that B(Xi’xj) = éij’ where B(+,+) denotes the Killing form on u.

Let the function § on qu be as in Definition 9.1. For a ¢ Z q let

+q,- Put p := 4 2 moa.

o aeE;q o
Let Au be defined as in chapter 5, and define Ap by B(X,Ap) = p(X) for all

Xea .
Pa

w be the multiplicity of a in g. Thus m =P

LEMMA 10.5. §'(Q) = Z§=1

2ia

21(!_])—1_(10‘(e

2 .
Xj + 21Ap + 2a52+ (pu(e
Pq
PROOF. (See also [7, formula (4.12)] and [8, p.307]). According to Theorem
6.10 we have U = KquHO. Let f € Cw(K\U/HO). Observe that according to

Theorem 9.4 we have

(10.1) J f(x)dx = c. J f(a)§(a)da.
0 A

U/H
/ Pq

Then it follows from HELGASON [12, Theorem I.2.11] that
1 1 =1 1
(10.2) (8" () £)(a) = & *oA(8%£) (a)=§ *0A(87%)(a),
where A is the Laplace-Beltrami operator on qu. Thus
-4 1 -1 1
(10.3) §'(R) = & %oAo8? - & 2oA(82).

But if {X1""’X£} is an orthonormal basis of iapq’ then we have

£
A= Z X%.
j=1 1

Thus (10.3) becomes

2 £ 1 1
10.4 T@ = .3, s toxZest - B s ex?(sh),
(10.4) 81(R) = (Z) & FeXjod® - .F & TeX (67

or, by a simple calculation

(10.5) 6@ = .5 x2 4 2 : s tox, (51) ox
' R N
. . p(x . qu
Substitution of &(expX) = | ﬂ+ sin %*a(iX)cos “a(iX)| (X € iapq, cf.

1>
Pq
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Definition 9.1) in (10.5) gives

2 . 2ia -1 2ia -1
: z - -
Xj + 21Ap + 21 + (pu(e 1) qu(e +1) )Au' gd

aeZ
Pq

We shall need a slightly different version of (10.6). For a ¢ E;q, write

L
(10.6) 8' () = E

(10.7) @2yt 2 é] o 2ika

(10.8) (e2ie, gyl o

s

(_l)k—l e—Zlka

k=1 ’

.+
where (10.7) and (10.8) are to be evaluated in X € —(1apq), for reason of
convergence. Here a;q is the positive Weyl chamber in d__ corresponding to

the base {a],...,az} of qu. Thus (10.6) becomes

(o)

® k -2iko.
q, kzl( 1)7e )Aa'

(10.9) §'(Q) = .2 X% + 2iA + 21 T (p b e-2]_k0L+
j=1 3 p gext o k=1

Let X € Zf . By Theorem 10.3 there exists a polynomial PA’ which is of
the form

iv(X)

(10.10) PA(X) = v?k Fv(A)e (Xeiapq),

~with FA(A) # 0, such that P, is an intertwining function on K\U/HO. Thus,

A
by Theorem 4.3, Py is an eigenfunction of all left—U—,fight—HO—invariant

differential operators on U. In particular, this means that P, is an eigen-—

A
function of §'(Q). By making use of the expression (10.9) for §'(Q) we can

calculate the eigenvalue of Py under §'(Q).
LEMMA 10.6. 5'(Q)PA = —(A,A+20)PA.

PROOF. Let p be the eigenvalue of PA under &'(Q). Thus

' =
(10.11) [ (Q)PA UPA'
Substitution of (10.9) and (10.10) in (10.11) leads to the following recur-

sion formula for Fv(k) (here we write Fv for Fv(k)).

(10.12)  —(ut(u,v#2))T = 2 3, 3 (pu+(—l)kqa)(v+2ka,a)F

west ko1 v+2ka’
Pq
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f . But, by (10.10),

it is clear that v > A implies Fv = 0, Now substitute v = A in (10.12).

where k runs over all integers > 1 for which v + 2ka ¢ Z

Then the right-hand side of (10.12) becomes zero, by the above remarks. Thus
the left-hand side of (10.12) becomes zero, but FA # 0, thus p + (A,A+2p) =0,
hence y = - (A,A+2p). O

REMARK 10.7., If G =G, x G, and K = H = diag(Gl), then (10.12) reduces to

1 1
Freudenthal's formula, cf. [17, Theorem 22.3].

In the case of spherical functions on a noncompact semisimple Lie group
the above calculation is due to HARISH-CHANDRA [9]. Actually, it is not too
hard to compute the eigenvalue of PA under §8'(Q) directly, cf. eg.

HUMPHREYS [17, Excercise 23.4]. However, in the following we shall need the
recursion relation for Fv which was obtained in the proof of Lemma 10.6
((10.12)) . We shall now give the characterization of intertwining functions
as eigenfunctions of §'(Q). Let P be a pélynomial of the form

(10.13) P(X) = %, 1! V)

Xeia
( pq)’
with Fi # 0. Assume P transforms under qu according to Proposition 5.2 and

Proposition 5.5.

THEOREM 10.8. P %8s the restriction to qu of an intertwining function on
U 2f and only <f 8'(Q)P = u'P for some u' € C.

PROOF. The "only if" part follows from Theorem 4.3, hence we only need to
prove that §'(2)P = u'P for some p' ¢ € implies that P is the restriction
to A of an intertwining function on U. As in the proof of Lemma 10.6 it
follows from (10.9), (10.13) and the fact that P is an eigenfunction of
§'(Q) that the coefficients F; satisfy a recursion relation of the form
(10.12). Thus

k
(10.14) -(u'+(v,v+20))T =2 I Z (p +(-1)"q ) (v+2ko,o)T! .
v aezt k21 © o vt2kg
Pq
Again as in the proof of Lemma 10.6, (10.14) implies that u' = —-(\,A+2p).

But then the coefficients Fv for P,, and T; for P satisfy the same recur-

A

sion relation (10.12). Since (10.12) determines the FV, and hence P, up to

A
a constant factor, P must be equal to PA up to multiplication by a con-

stant. [J
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CHAPTER 11

EXAMPLE: THE CASE dim Aq = 1

As a final example we shall treat the case dim apq = 1 here. This is
a direct generalization of Example 0.2 from the introduction.
So assume apq has dimension one. Let £ = {(-2a),-0,a,(2a)},
+
2 ={o(20)}. Let X, € a__ be such that a(X,) = 1. Then := k(a)a
sy = o) 0 < %oq (X, b
generates the lattice Z , and we get for 6 € R:
acos(8+im) + b if P, = 0 and k(o) =1,
(11.1) wk(a)u(exp 16X0)’=
acosk(a)® + b if P, >0 or k(a) > 1,

where a,b ¢ R are such that a+b = 1, Again as in Example 0.2 we shall con-

sider the intertwining functions as polynomials in the variable

cos (8+}m) if Py = 0 and k(a) =1
(11.2) y :=
cos k(a)b if P, >0 or k() > 1.

Clearly the weight function in the variable y equals w up to a constant
factor. By abuse of notation we shall denote this weight function by w as

well. Thus the weight function (cf. Definition 10.1) becomes

P q P q
sin %8 cos *8 sin 2“29 cos 2a26

sin k(a)6

(11.3) w(cos k(a)d) =

if P, > 0 or k(a) > 1 (remember that P, > 0 implies that a € 26, and
k(a) > 1 implies that |sin k(a) (o+im)| = |sin k(a)a|), and



74

q P q
cos “@sin 2a26 cos 2“29

(11.4) w(cos(0+3m) = sin(6+]m)

if P, = 0 and k(a) = 1 (remember that P, = 0 implies that o € Ei).

In the following lemma qu may be of general rank.

LEMMA 11.1. Let a € qu. Then k(o) = 1 Zf and only Zf 2o ¢ qu and P, = 0

or q, = 0.

PROOF. Assume k(a) = 1. If 20 € qu, then (4,20)/(20,20) ¢ Z for all
W e Z , hence (t,a)/(a,a) € 2Z for all u € ﬂ& . If P, > 0 and 9, > 0, then
(u,0)/(a,0) € 2Z for all u € Z%’ by Corollary 5.6 and Lemma 5.7.

Conversely, suppose 20 ¢ qu, and P, = 0 or q, = 0. By (7.8) we have

k(a) = c(a), hence it suffices to show that for B ¢ 9o, ﬁ # O,g@ c g+Oe or

gg c g_ce implies g = % = E.

Therefore, let 0 # Xﬁ c QE' Then GSXE = eXE, with € = £1, and
[X’ng = B(X)X. for all X ¢ ap. In particular, taks X e aph’ and apply
0. This gives —XLEXNJ = E(X)sxg, hence [X,X~] = :B(XiXE for all X ¢ aph.
But X§ # 0, hence B(X) = 0 for all X e aph’ hence B = B. By a similar

reasoning we prove =8 0

Hence, if k(a) = 1:

Nl

pa*l 2 épa_ .
(11.5) w(cosf) = c.sin 6 = é.(l-cos™0) if P, + 0,

(X

qy"1 9 29,
(11.6) w(cos(8+im)) = c.sin B+im) = c.(l-cos“(8+im))

if dy # 0.
Observe that, via the substitution y := cos 6 in (11.5) and y := cos(6+3im)
in (11.6), (11.5) and (11.6) both give Jacobi polynomials: orthogonal poly-
nomials on [~1,1] with respect to the weight function (l—x)a(l+x)B (0,BeR,
a,B > -1). If k(a) = 2 we have:

+ip bq +ip, ~4

2 T2
o o (1+cos26) .

pq ip
(11.7) w(cos28) = c.|cos 26| (1-cos26)

Note that (11.7) gives rise to Jacobi polynomials if and only if A9y = 0.
Fortunately the following proposition holds. Again this proposition is

valid for qu for general rank.

PROPOSITION 11.2. Let o € qu. If k(o) = 2 then dpy = 0.
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(Observe that this proposition is a corollary from Proposition 11.6 below.)

Thus we obtain the following weight function:

1

ip_+ip, -1 iq +ip, -~}
(11.8) w(cos208) = c.(1-cos26) o 20 o 2

(1+cos286) if k(a) = 2.

The case k(a) = 4 can be treated by the following proposition, which

again holds for qu of general rank.

PROPOSITION 11.3. Let o € qu. If k(o) = & then P, = d4-

PROOF. Since k(o) = 4, 2a € qu. (If 20 ¢ qu, then k(a) = c(a), by (7.8).

But c(a) = 4 implies 20 € £, by Lemma 2.3). By (7.8) we have moreover

Pq

(c(@), c(2a)) = (4,1), (4,2) or (2,2). We will next show that if
A

Be &, B = a, then TITZB # B. So suppose not.

Suppose c{a) = 4. Then there exists y € & such that ¢ = o and
G = 40 = @D (or G, = 4@.B). But then F,1 ) = -1,
and 2(Y,8)/ (YY) =
Suppose c(2a)
GoD = 2Q20,20) = 8(a,0) = 8RB (or (.7 = 8F, D). But then 7,B) = 0,
hence 2(a,a) = (Q,E) = (?+12;,§) = 0. Contradiction.

Hence, if B ¢ 9, é

d Z . Contradiction.

ol

A
2. Then there exists y € & such that y = 20 and

a then T 7,8 # B, thus T 799 = 91 1 g # 9g- Thus

the collection {B € & : é = o} is a disjoint union U?=l {Bi,llgzsi}, and

. . . . . . +
each pair Bi,TlTZBi gives rise to a one-dimensional rootspace of o in g o6
and a one-dimensional rootspace of o in g_oe. a

Hence the weight function becomes:

| +1

ip_+ip, —% 3q, —3
(11.9) w(cos48) = c.(l-cos4d) & 20 20

29
(l+cos48) if k(o) = 4.

By (11.5), (11.6), (11.8) and (11.9) we obtain thé following theorem, which

generalizes Cartan's result for spherical fimctions (cf. Example 0.2).

THEOREM 11.4. If dim ap = 1, then the intertwining functions on U can be
considered as Jacobi polynomials of order (im,in), where m,n are nonnega—

tive integers.

As a corollary to the previous results in this chapter, together with
Proposition 11.6 below, we obtain that k(a) and k(20) are completely de-

. oy . e e e
termined by P9y 2Py 299, Hence pq together with the multiplicities
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completely determines the weight function w.
In Lemma 11.5 and Proposition 11.6 below qu may be of general rank.

= 0, then Py, = 0.

z . =
LEMWA 11.5. Let o € I . If k(@) = 4 and py,dy,

PROOF. As in the proof of Lemma 11.1 we obtain c¢(20) = 1, hence c(a) = 4 by

(7.8) . There exists ; € Ep (or $ € Eq) such that/Q = o and (;,?) = 4(a,a).

For y we now have the following possibilities:

(i) Y =Y, % = a. Thus 0,20 € Eq (since c(2a) = 1). Hence, by [33,
Appendix 1.1.3], 20 ¢ ®. Let 0 # X € gY, then 0 # [X,t 1,X] €

1°2

=06
9y, N 89 . Hence A9 > 0, thus Py, = 0.

(ii) vy satisfies row 2 of Table I. Then y + T ToY € o, (Y+T1T2Y)A = 20.

(o]
Let 0 # X ¢ gY, then 0 # [X,T]TZX] €9 ng . Hence Qg > 0,

Y+TIT2Y
thus Py, = 0. N
(iii) y satisfies row 5 of Table I. But then y + T,Y € o, (Y+sz) =

=Yt T,y # 20, and (y+sz)A = 20, hence c¢(2a) > 1. Contradiction. [

PROPOSITION 11.6. Let o € qu. Then qy, # 0 2f and only Zf k(o) = 4.

PROOF. Since k(a) = 4, the "if" part follows by Lemma 11.5. So we only need

" T £n .
to prove the "only if" part here. Assume 99 > 0, and define Aa’Hu’AZa and

qu as in chaifer 5. Then AZa = 2Au’ and qu = £Ha. Since 49y 0 we have
for all X € Z,, X e iapq by Proposition 5.5:

(11.10) wk(exp SZQX) = wA(exp(X+%niH2a)) = wx(exp(X+£WiHa)).

But Sq = hence (11.10) implies

s
20.%

(11.11) wx(exp saX) = wx(exp(X+%ﬂiHa)).

We shall now consider two cases, P, > 0 and 9, > 0.

(1) P, > 0. Then, by Proposition 5.2, for all A ¢ ﬂf, X e iapq
(11.12) wx(exp saX) = ¢A(epr).
Combination of (11.11) and (11.12) yields

= 1oi
¢, (expX) = ¢, (exp(X+imiH )).
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As in the proof of Corollary 5.6 this implies

(.,
J R
! D € 2Z
. . (u,0) Ve
for all appearing weights )\j, hence CR) € 4Z for all we Z .
e
(dd) 4y > 0. Then, by Proposition 5.5, for all A ¢ Zf, X e iapq

= Lod
(11.13) tp)\(exp qu) cpA(exp(X+27r1Ha)) .
Combination of (11.11) and (11.13) implies
¢, (exp (X+4miH )) = ¢, (exp (X+imiH )).

Again as in the proof of Proposition 5.6 this implies

(Aj,a)

o J
W) e 2Z

EZ’Z; € Z for all u e ZZ'K. O
s

for all appearing weights Aj’ hence

Now, by Lemma 11.1, Proposition 11.3 and Proposition 11.6 we obtain

the following table, which is valid for Z q of general rank. Here * means

nonzero.

) k(2
m, Py 9, Pog Uy c(a) c(20) k(o) (20)
* 0 0 1 - 1 -
* * 0 1 1 2 1
* * 0 0 2 - 2 -
* * * 0 2 1 2 1
* * 0 * 4 1 4 2
* * * * 2 2 4 2

4

Table II
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The following corollary shows how k(o) depends upon Py »9y5Poy and 99"

COROLLARY 11.7. Let a ¢ Z

Pq’
a. 2a ¢ qu. Then: Pd, =0 = k(a) =1
P9, > 0 = k() = 2.
b. 20 € qu. Then: Qy, = 0 = k() =2 -
0 = k() = 4.

994 >
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