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In this book, I consider least squares estimation of a regression function. T!
study was initiated by a statistical consultation where I was confromed wnh a

tered the recent empmcal process theory, and this 1mm d

| rmulation of a consistency theorem for a general regresswn mod el
Further research consisted partly in refinin hoping tl
it could be apphed directly to two-phase regresswn fowever, 1 did not
succeed in avoiding ad hoc arguments for this model.
[he Cemre for M athemancs and Computer Science provided me the op DOT-

arrv out th .
good suggesuons concerning all aspects of preparin,
much help from Wim van Zwet, who spent a great amount of time o
tmg my mlpresswmsu(: ideas into precise mathematics. I want to express m
than] Wilbert Ka]lenberg for his suggesuons that led to the proof of
re or carrying out the computations and to Jossi
“ustina for her exceﬂent typing. I am most grateful for the support of 1 ny
fnends and especially want to mention the assistance of Leen Stou gie and
Sjoerd Verduyn Lunel during the last months when tim
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1.1. GOAL AND ITINERARY OF THIS STUDY
['he problem we investigate 1s least squares estimation of a regression function.
We have n observations (xg,yz), K =1, - - - ,n, which are assumed to satisfy

Ve = g(Xx) t & , k=1, - ,n,

the dlsturbances ¢, are mdependent and all have expectation zero and
where the x; are vectors in some Euc idean space. Th

1S minimized . where the minimization 18 QVer the ciass G of the 1§ egression func-
] hat one considers feasibie -

nknown, 1.e. on @ Ef ﬁ 1S known thai the
§: et l— 1S the class of linea

study of the leasa squares ests

ator ES
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nvestl gat ed on 3 [

ample we present a two-phase regressmn model in

pecial case of a even more general class of
pa.r A etnc regresswn In the latter cases
finite-dimensional

¢ has m dCﬁVaﬁVES, f ‘ g (m) ‘2 <K }3

lonparametric regression 1s e.g. the situation where only
regression .- Inction 1s assu:med
e regard the funcuon g nself as unknown
an be estimated by the least squares
is a n of a class § of regressmn funcuons It 1s to

A

_ the larger or ncher § 18, the
Us g concepts of empirical process zheory, we
g.. Empirical - €ss the:ory 1s the theor
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(1984), DUDLEY (1984)). A result like (1.1) is very helpful for proving con-
S1S tency of g,

all now present one more two-phase regression model.

['his model
drew our attention to empirical processes indexed by sets because it has sets as
UnkKNown parameters.

ye =min(el) +x; 1 BV +x, 28, o +x; 18P +x4 28P) + €. (1.2)

Here, the measurements y,, k=1, ,n are the log-lifetimes of plastic pipes
for the transportation of fluids. The x; —-(xk 1,Xg 2) are (stress)/(absolute tem-
perature) and (absolute temperature)~!. The idea is that at hi gh stress and
temperature the pipes become brittle and break due to a mechanism dif
from the one at low stress and temperature.

Related to (1.2) is the model
{a(l)_}.xk’ 158”"‘"}:,2351)’}'@ if x; €4
Ye —

a(z) -+ Xk, 1 3‘2) + Xk, g B&?.) + € lf XL @A ’

where 4 ={x;: X 1Y) +Xx, 2Y2<1}. The class of regression functions is now

§ = {g(x1,x2)= (V) +x 1 BV +x, )L (x1,x2) (1.3)
+(a? +x1 BP + x2 B ) 4 (x1,x2):

(a(i)aﬁ‘li)aﬁg))TEB:) | = Eﬁzs A E@}:

with @ the collection of halfspaces in R?. The only difference between thi
model and (1.2) 1is that in the latter one imposes the restriction
(B —B?) /(@ —aM), =1,2. In both models, the halfspace A4 is an
OWH parait eter. In (1 2) the the set 4 18 a function Of he other unknown
ameters a), %) and in (1.3) it is a function of the Euclidean parameter Y.
However, 1n the general two-phase regression model, the class ¢ 1n (1.3) need
not be mdexed by a finite-dimensional parameter. An example is the case
where & is the collection of all monotone sets, i.e. the class of sets 4 such that

if ()Cl,x;)EA also (521,.;3)614 for all (.';31,22) .;31 <X and .;32 <X).

all take two-phase regression models of t
E .3 as the major illustration of the theory we d
models. In this way, we hope m p rowde some
our resuits rnin

wnized as foﬁows Chapter 2 sets thc background for
proving consistency. We give an overview of the history that led to the unifor

law of large numbers (1.1), which goes from sets via bounded functions Eo
integrable functions. We extend the uniform law of large numbers to the case
of non-identically distributed variables and allow virtually everythin

depend on the number of observations (i.e. on the n-th experime




4 , Chapter 1

, followea by SOMC
We m ust stress how—-

& theorem tO the mOdeiS of EX AMDI

mit theorems. We use these in Chapter 5 10 pmve asymptotic norm
squares estimator of the &) and B of Example 1.3. In Chapter 6 we
Eetum to the more general case. We exploit the techniques for pro g uni-
form [in 1] tain rates of convergence for g,. H
make the distinc b ite-dimensional models and 1nfin
dim enswnal medels more exphmt We show to what extent the speed of esti-
mation, i.e. the rate at which the estimation error goes to zero, can be deduced
from the entropy of §. In Section 6.4 the theory 18 apphied to two-phase regres-
ion and the results are compared with those of Chapter 3.

Because two-phase regression is closely related to change-point models, we

e a scparate chapter to the latter Chapter '7 concentrates on tests for a

fer the u ef ExamPle 1. 3 usin g SIr ulated and real data
I hrougl out, we make extensive use of Chapters II and VII from POLLARD
_ act, this presem study 1s very much 1n the spint of this book.
We now mention some of our notational conventions:
P is the p robablhty measure underlying either the whole sequence of ran-

dﬂm variables, or the random variables involved in the n-th experiment,
. face Symbols

1l always represent random quantities but not vise versa:
guantities are not boldface because of the limited pOSSibﬂitieS

the greek letter =,
anite-aim parameter that pOSSlbly ndexes g,

. employed for deﬁ sThe g o-entropy, but it can also be a small
number such as g, or th -

- X or x 1s always a row-vector,

- L*? is a Hilbert space of real functions on some Euclidean space, but with
functions not identified with equivalence classes,

- |l.Il is the norm of a Euclidean vector or of a function in L? (in that case it
1S a pseudo-norm),

Iheorems, lemmas and corollaries will be numbered according to the section

they are part of whereas examples and equations are numbered throughout the
chapter they are in.
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Although many other models also fit into the theory, we mainly consider two-
phase regression as an application. For this reason, we shall present a brief
overview of the literature on this subject in the next section.

1.2. MULTI-PHASE REGRESSION AND CHANGE-POINT MODELS
QUANDT (1958) 1s one of the earlier workers on two-phase regression. He con-
siders the model

a(1)+xkﬁ“) +€k 1if X, Y
Ye — a(l) +YB(1) +(Xk (2) +fk if X 2'}/ ? (1‘4)

with oD, gD B and the change-point y unknown parameters. The model
arises 1n many fields. A famous example (BACON and WATTs (1971)) is the
relation between stagnant surface layer height and flow rate in an inclined
channel. The model also describes the influence of warfarin concentration on
blood factor VII, of nitrogen concentration on the intake of protein, of after-
tax mcome on the expenditure on luxury goods, etc.. Recently, IPPEL and
BEEM (1986) fitted the model to reaction times as function of some measure of
discrepancy between stimuli.

Methods for finding the exact solution for the leas
problem are discussed in HUDSON (1966) and WILLIAM
technques to the case of linear three-phase regression. Smooth approxima-
tions to the non-differentiable model are given by BAcoN and WATTs (1971)
and TISHLER and ZANG (1981). HINKLEY (1969,1971) studies the asymptotic
properties of parameter estimators and procedures for obtaining approximate
confidence intervals. FEDER (1975) establishes asymptotic theory for a con-
tinuous model of the form

gV (xe,0) + € if x, <y
Ye — -*f 2))+£k if X, =Y

He provides conditions for consistency, and - for the situation with g@(x,6®)
linear in @, i=1,2 - asymptotic normality, assuming that the model is
identified at the underlying true state of nature.

A more general model does not impose continuity in the parameters, e.g.

(0 f0 +e if X<y
Y = a(z)-l—xkﬁ(z)-i—ck if x, >y °

An example 1s the model for eruptions of the Old Faithful Geyser in Yellow-
stone National Park (Coox and WEISBERG (1982)). I am not aware of any
asymptotic theory for this model.

An 1dentification problem comes up if for instance in (1.4) BV =83 For
testing the constancy of the regression relationship, BROWN, DURBIN and
EVANS (1975) propose a cusum and cusum of squares test. They assume normal-
ity of the errors, so that their tests can be compared with the likelihood ratio
test. Asymptotic comparison in the large deviations sense is carried out by
DESHAYES and PICARD (1982). Many other tests have been developed (e. g.
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BROEMELING (1984) propose b Bayesian test
give our cont ibution to this di SCuSS10mn.
an oiher extenswn of (1.4).

and one

an no Eon ger of a chan ge-pomt [he general hinear two-p hase re gressz on

with obvious extension to p-phase regression - assumes functions of

':;fﬁé £; (1975) and M &
- Exam pie 1. 3 of he prewous _ secton deals w1

near in the parameter, i =1,2, ® CR" and where A
aries in a class @ of subsets of R¥. In Secnon 3.4 we shall formulate condi-
tions on @ that can lead to consistency of the least squares estim
i =1,2 and 4 and Chapter 5 presents conditions for asymptotic normal
the estimators of the Euclidean parameters. In cluster analysis (see e.g. Po
LARD (1981) and two-hnes least squares (LENSTRA et al. (1982)) & 1s the collec-
1on of all subsets of R?. In that case the least squares estimator of g will gen-
aim 1n cluster analysis and two-lines least
squares 1S not to estimate the rcg:resszlon but some other quantity of interest.

rn for 2 moment to the model in Example (1.1). It is widely used,
_ . RAMS (1980) 1t descnbes the shift in basal body tem
perature of a woman. It can be written in the more conventional form

B a(1)+£k ,k:I,‘*‘T A
Ye — a(2)+€k ,k:7+1, SRR/ . ( . )

In a general change-pomt model , one has observations y,, - - - ,y, from disti-

bution F) and y,+1, - * * ¥y from F®, where 7 as well as F 0 and F® are in
_ nknown. In HINKLEY (1970) and HINKLEY and Hink
this model 1s considered for the normal and the binomial distribution

] far Worsley considers the exact
dlsmbutmn of the likelihood ratio test and confidence intervals for the
change-point 7. The asymptotic null-distibution is given in Haccou et al.
(1985) In the case of exponential distributions, and in Chapter 7 in the case of

normal errors. In Chapter 7 also Bahadur efficiency in the situation of a one-
parameter exponential famul

e lly 1s obtained and contrasted with efficiency at

WOLFE and Scm CHTMAN (1984) establish nonparametric confidence inter-
vals for . PETTITT (1979) mvesngates a nonparametric procedure for testing
F)=F®_His statistic is an extension of the M ann-Whitney test for the two-
ample problem. DESHAYES and PicArRD (198 3) propose a Kolmogorov-
SIUrNov type of test. In PRAAGMAN (1986), the asymptotic efficiencies of a
broad class of linear rank statistics are compared.

e—-pomts can occur anywhere, for instance in hazard rates (see e. g.

UYEN, ROGERS and WALKER (1984)) and in time-series (PICARD (1983)). We

ial family. Of speczal interest is testing F() =F @y

9




Introguction V4

shall only investigate changes in parameters in a sequence of independent ran-
dom vanables, 1.e. two-phase regression type of models. We also point out that
in the literature mentioned above, the sample size is nonrandom. The problem

distinguished from what one could call ‘alarm detection’, where a pro-
cess 1s followed in time and the aim is to react as quickly as possible when it is
ikely enough that a chan ge has occurred (see e.g. SHIRYAYEV (1963)).




2.1. VAPNIK AND CHERVONENKIS® THEORY

Let us reconsider the multi-dimensional two-phase regression model of Exam-
ple 1.3:

C!(I)+Xkﬁ(l)+€k 1f X/{Y@B
e = 1@ +x, 80 +¢ if xpy>1"

with x, X, 1id. (row-)vectors in R with distribution H, and
G nown (column-)vectors. Example 1.3 is about the

case d 2. In the more simple situation with 4 =1, the subsets 4 ={x: xy<1}
are half-lines, and the model can be written as

(I(I)+X(k)B(I)+€(k) if k<7
Yoy = - a(z)-l-x(k)ﬁ(z)—l—e(k) if k>

with x()) < - - - <x,) the order statistics, and y, and €y, the regressor and
disturbance term corresponding to Xy, respectively. The least squares estima-
tors are obtained in the following way. For each /, compute (if possible) ordi-
nary least squares estimators 6{), i =1,2 of #9, i =1,2, and the residual sum
of squares (S{)?, i =1,2, given that the change«-pomt is at . Let 7 be the value
of | where (S{V)? +(S 52) )2 has its minimum. Then 6, =0%), i =1,2 is the least
squares estimator in the two-phase regressmn modei (wnhout the continuity

resmcuon o) + 7B =a® +yBP). The subsets of the form {xy<1} of the

N-r"'“--

(X0} (XX b - (X, Xy )

and complements. Hence, the number of times one has to do ordinary least
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squares 1S at most 2(n — 3) +1, since it Ces to consider on those partitions

values {2 3 N —'2} and n. o -

In the case d >1, the x; can no kmger be ordered. Still, it is not difficult to
all different subsets of the form {x: xy<S 1} of the data (see
HLAFLI (1901), COVER (1965)
SON (1969) for azomi resuhs) Let x,l ,x,d be a d-t s fro
{Xl 3 X, }, W, — (x!1 2N h dit ]
vector (1, ---, .., non-singular, we can take as the partluon

corresponding to (A =X XY,
L€ Smce these are at most ( d) d—tuples for which X; ...

ingular, the number of times one has to do ordinary least squares is
. The computation of the least squares estimator can be done m polyno-

all see, the fact that the number of different partitions 18 polyno-
1 an also be used to derive some asymptotic properties of the least
squares estimator. So-called empirical process theory provides the theoretical
background.

Let @ be a class of measurable subsets of R4, and let A%(xy, - - - ,X,) be the
number of different partitions of {x,, - x,,} of the form A N {x1 , " X b
AN{xy, - - - ,X,}, A<@ Then A%(x,, - - - ,x,) is always at most 2". We have
seen that for

& = { {X: X'YQI}* 'ff

A%(xy, - - - ,X,)=0n%. Let H,=1/n3" 18,‘1E be the empirical measure based

on Xy, * * -,X,. The Glivenko-Cantelli Theorem states that if @ is the collection

of lower-orthants {(— co,x]: x€R“}, then
S % l n(A)m (A)l —

VAPNIK and CHERVONENKIS (1971) extended this to more general classes of
subsets @ than lower orthants. They show that if A%(x;, - - - ,x,) does not grow
exponentially fast, then (2.1) holds for & - prowded some conditions on
measurability are fulfilled.

We have to impose measurability conditions, because the supremum of an
uncountable set of measurable functions need not be measurable. We shall
assume that @ 1s permissible i the sense of POLLARD (1984). The definiti
permussibility is given in Section 2.4. At this stage, it is only necessan
that for a permissible class &, sup dce|H,(4)—H (4 )[ 1S measurable.

Also, quantities like A%(x,, - - - ,x,) need not be measurable, even if @ is per-
missible. B owever, 1t turns out that if probability statements about
A*(xy, - - ,x,) are replaced by statements in term
upper~expectatlons the theory goes through. fini
the underlying probability space, and write E(-) for takis
P. Define for 4 C{,

almost surely. (2.1)

1tion of

1g expectations under
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: BDA, Beb)
and for a real function fon {2 and the Borel o-algebra % on R,

REM 2.1.1. For a pel

missible class & the following statements are equivalent

() -E"(— logA%(x,, - - - ,%,))=0.
P

(i1) ; | H,(4)—H(4)| - 0,

(i) - 10gA%X;, -+ ,%,) = 0,
(1v) sup |H,(4)—H(A4)| — 0 almost surely.

PROOF. See VAPNIK and CHERVONENKIS (1971), and for measurability issues
and (1v) STEELE (1978) and PoLLARD (1981). [

Results of this type can be used in two-phase regression to obta
sistency.
cable.

Let § be a class of measurable real functions on R?. Sup
tions in § are uniformly bounded, i.e.

_ <
sup |g|
. Endow § with L (R?,H,,) semi-norm || [l

“g“m,n — MaX 'g(xk)l

I<k<n

For each 0>(, Eet N o0 (8 ,, ) be the mmmimum value of m, such that there
exist functions g, * - - ,8m, In G, such that for each ge§

!Ig“gjllm,n < 4.

In strong con-
But there are also results available that are even more directly appli-

pose that the func-

.

for some constant

For example 1f Q 1S a class & of mdlcator functions, then (identify sets with
theu dlC&tOl’ S) N 00 (3 @) A@(Xl y T " ,,) 0<<1.
ring "number of § wit

| respect to the

J o ( R d 1 [, )_n orm. This termin
does not requue that the cove:

- ,m} 1s a subset of §. Note
arily in G, one can always

In the follow g L , WE assume per’ ' luy of 6. In fact this concept
1s defined for classes of funcuons wﬂh a coHecuon of sets as special case. Per-
missibility of § implies measurability of

sup | [gd(H,—H)|.
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measurable covering numb

Again, permissibil ty need not result

[HEOREF formly bounded functions, the fol-
lowing statements are equivalent

() E'(— logNo(8, H,, 9) - O for all §>0

P#
H,, §) — 0 for all §>0,

H)| — 0 almost surely.

PROOF. VAPNIK and CHERVONENKIS (1981) obtained the uniform weak law of
1arge numbers, and STEELE (1978) shows that conver gence in probability
mplies almost sure convergence, by noting that

1s a subadditive process. Statement (1v) of 'l
this. [

heorem 2.1.1 1s a special case of

In two—phase regressmn least squares estimators can be obtained in polyno-
mial tim the covering number of the class of feasible partitions does not
gmw exponenu 1y fast. This property also leads to a uniform law of large
numbers, as Theorems 2.1.1 and 2.1.2 assert. We shall briefly indicate why.

For bounded random varnables (such as 1, (x) or g(x), g bounded), one has
exponential probabﬁlty inequalities (see e.g. BERNSTEIN (1924, 1927), HOEFFD-
ING (1963)). For instance, for |g| <M, Berstein’s mnequality says that

L A T nit 2 f
P(| [gd(H, ~H)|>1) < 2exp | ———7—— |,

where o =E(g(x)—Eg(x))*. Now if the covering number of § does not grow

exponentially fast, there are only m =exp(o(n)) essentially different g’s in &.
Moreover, If card (§)=m

P(sup | f gd(H,
gES

[hese observations, and a randomization dewce (which 1s necessary
N (0, H,, 8 is random) are the major ingre

sufficiency part of Theorem 2.1.2 (2.1.1).

H)|>1) < m max P(| [gd(H,—H)|>1).
£€

because
dients of the proof of the
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P

Moreover, for §C L°(R4, ), we define the COVEri g nun ber N,(9, Q, as the
mallest value of m such thm there exist ¢ .- g in 8 such that for all g6

funcuons 1.e. Gel® l': , .-l for all Q. )-g_,()ve ] ng
numbers are useful. For a class of p0551bly unbounded functmns with
GeL’(R? H), 1<s<co, it is more appropriate to work with the N, (6, H,, 9)-
covering number of 8 equipped with || - ||, ,-norm. We shall first treat the case

s =1 and afterwards extend this to arbitrary s=1.

p*
-1- log N1(8, H,, §) — 0 (2.3)

for all 0.

PROOF. POLLARD (1981) shows that if G el l' H), (2.3) imphlies (2.2), and
GINE and ZINN (1984) prove necessity of (2.3) and of the envelope condition

3

Remember that for bounded random variables, exponential probability ine-
alities are available, whereas this need not be the case for unbounded ran-
m variables. Therefore, one mught have expected that in the unbounded case

a more stringent condruon than (2.3) on the covering numbers as aa

order to arr niform law of large numbers (2.2). Th ¢

H}




14 Chapter 2

and ZIN 1 984) pecause .. L]

[HEOREM 2.2.2. Suppose § is a permissible class with envelope GeL'(R
Then

=
— 1ogN 10, Hy, 6) > 0 (24

for all 6>0 zmplzes that the theoretical covering number N (8, H, §) is finite, i.e.
is a finite function of 6=>0. Furthermore
P* (lim sup N1(0,H,,9)>T1(6—n) =0, 0<ny<d, 86>0. (2.5

n-— Qo

PROOF. Consider the class §={|g—g|: g, g€8)}.
2GeL'(R?, H), and moreover (2.4) implies that also

p#

This class has envelope

rience, we can apply Theorem 2.2.1 to ¢, provided it is permussible. Indeed,
this follows easily from the permissibility of §, as we show in Section 2.4. It
follows that

su d(H
sup | Jle—2

1s measurable, and that
sup | f g —2|d(B
gg<8

Or, using the notation in L'(R?, - }-norms

sup |llg—gli,—llg—glly| - 0
ggeﬁ

—H)| (2.6)

—H)| — 0 almost surely.

almost surely. (2.7)
Let

A, = {well: sup |llg— g“m"‘“ug gh’(w g}
88 <9

that 4, €b, 1.e. A4, is measurable. Moreover, the almost sure convergence
(2.7) unphes convergence In probability. So, for n=ny'(=ny’(8)), ny’
sufficiently large

P(4,) > 1—86

Let {g1, - - ,gm} be a 6/2-covering set of § endowed with || - |1 »-norm
the set A,,, we have

. On
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ji=1,---,m

Hence, for weA | N | ( 8

tzon '- 1at there exists a B,€& such that
P(B,)>1— 3/ nlogN,(6/2, H,, S (w)<<d for . and for all
n=ny’(= no”(B)) [t follows that for ng =max(ny’, ny”)

H (Ang A : > 1—20.
But for weA4, NB,

does not depend on wefl, this proves that N (8,

Q) CXT (n 08) (28)

Since (2.8) ite for

[he almost sure convergence (2.7) means that for some A €& with P(4)=1,

sup| llg —glh.—llg —glh | (w) < 7
g8

for all » ?—Ho((o)( :?20(8, 1, (O)) and all weA. Thus

for all n=ny(w), weA. This shows that

SUp N 1 (8, ns Q)> Tl (8 """"T])) = 0. O

n—» o0

VAPNIK ai
class §,

id CHERVONENKIS (1981) proved that for a uniforml

1 logNm(S ,,,(3) —> 0 for all 6>0

imp]ies that Ni(9, H, 9) 1s finite, for all 6>0, and that this in turn implies that
1(8 iy, g) remai

ns finite 1n probabihity, for all 6>0. They do not concemn

themselves with measurability problems.

[he situation with unbounded functions is treated in GINE and ZINN (1984)

[heir approach to measurab ity 1ssues differs somewhat from ours. Modulo

measurability, their Remark 8.9 asserts that for a class § with GelL : (Rd

and for 6= {glg<c: g€9}, C>0,
] P

0>0, C>0 (2.9)

implies that there exists a finite function 7(6) such that
P*(N(8,H,,8)>T(®)) = 0, forall §>0.

It is easy to see that if GeL!(R?, H), than (2.9) and (2.4) are equivalent.
all a class ¢ eq mpped wnh some metric totally bounded if for all 6>0,
the number of elements of a minimal 6-covering set 1s fimite. Since (2.4) 1s a
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a reformulat -

other L § ¢ H

g numb ers, and what con sequences con c litions lik
[ing nu bers have 1f G eLS(R%, H). Note first of all, that
* permissible ciass g of

un o rm) y bounded functions

P*

-1- log N o, (8, H,, §) — 0.

For cia.sses of unbounded functions, it is often easier to emp loy a truncation
device. GINE and ZINN (1984) use truncation at {G>C)} = d work with
QC:{glg-&;C: g€}, C>0. For reasons that will become clear in Section 2,3,
we mtroduce an other way of truncation. Define for all C>0

Cif g>C
i g U —C=<sg<C.
—C if g<—C

Let (@)C — {(g)ci gEQ}

Such that

H), 1<<s<<oo, then for all §>>0 there exists a C>0

N,3 H,9) < Ni(2, H, (9)c). (2.10)
and with probability 1 for n sufficiently large

Ny (0

H,,§) < N S(-é- , H,,, (9)c). (2.11)

Moreover, for 1<<s<<co and arbitrary probability measure Q, §>0, C >0
N,3,Q, §)c) < N,(5, Q. 9) 2.12)

N1(0, Q, (9)¢c) < N,(8, Q, (9 c)<N, (-a-c%i—:l—— , Q, (9)¢) (2.13)

and, if we denote by &
¢ ={lgl’ ge8)

N1, Q, (F)c) < Nj(—————, Q, (§)c). (2.14)
(2C ) *
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[f GeL*(R

PROOF. Let g, g8 be arbitrary.
im |G —(G)clly = 0

as well as

im lim sup |G —(G)clls, = O

n~—>»00

almost surely.

)I/S’

< ([1(@®)c—@)c|*dQ)"* +2( /|G —=(G)c|*dQ

this implies (2.10) and (2.11).
Of course, |[(g)c—(g)c|<<|g—g|, so (2.12) follows easily. Furtherm
for arbitrary Q,

< (f [(g)c—(g)c|°dQ)"

< (QCY 7 [ |(®)c—@)c|dQ)"",

which yields (2.13).
inally, (2.14) follows from

s“

l
[1(0g19c=Ug1)c1dQ < 2C) = [I(ghec» =g e |dC

Sm

!
< (20) ° f [ (®)c —(8)c | Q.

]

The following theorem is the analogue of Theorem 2.2.1, albeit that we do not

present necessary conditions.

[HEOREM 2.2.4. Suppose § is a permissible class with envelope G cL*(R?, H),
1<<s<<oo. Then

p*
,,8) — 0 for all 6>0 (2.15)

1 E
" log Ny(9, |

implies

sup | liglls.,—liglls| — O almost surely.
ge'

'hus, the theorem

PrROOF. We show in Section 2.4 that also & is permissible.
is proved if (2.15) implies

P*
L 10g N\ (8, H,,5) > 0 forall >0, (2.16)
L

because then, we can apply Theorem 2.2.1 to &. But application of (2.11) and

(2.12) with s =1 to &, shows that it suffices to prove that (2.16) holds for the
truncated class, 1.e. that

_ P _
-i- logN (8, H,, (§)c) » 0 forall 6>0, C>0.
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. .

And this follows 1mi

Nl(aa

nediatly from (2.13) and (2.1

n's (Qs )C) < N 1 (*-*—*---;t"i—* , &K,

(2C) °

< N(

Of course, it also follows from Lemm:
covering numbers are used. This 1s made exphcit m Lemm
where we show the analogue of Theorem 2.2.2.

LEMMA 2.2.5. Suppose that § is a perr
1<s<<oo. Then

issible class with envelope G ¢

P#
~ logN (8, H,,§) = 0 for all >0 (2.17)

implies that Q is totally bounded for |- ||, i.e.
T(0) = Ny(9, H, §)
is a finite function of 6>0. Furthermore
P"(lim sup Ny(8, H,,8)>T,(6—n)) = 0, 0<n<§, 6>0. (2.18)

II—-—)M

PROOF. We have seen 1mm Theorem 2.2.2 that (2.17) imphes that
T,(6)=N,(6, H, 9) 1s a finite function of . In view of (2.12) and (2.13), for all
C>0

_0
Qcy~t

0°

Ns(6, Ha (Q)C) < Nl( (ZC), 1 )

H, O))<T(—5=
and moreover, by (2.10)

N3, H,9) < N,(2

for C sufficiently large. This gives that T(6)=N,(d, H, §) 1s a finite function of

0.
Using again (2.12), (2.13), we see that (2.17) also implies that for all C>0,
6>

L 10g N, (8, H,,(9)c) > 0

and from (2.11), for all 6>0
-
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, In view of Theorem 2.2.4

Sup | liglls,»—llglls| — O almost surely.
But this means that for § arbitrary, 0<<n<<0, a (0 —n)-covering set of & for |- li,
1S for n suffi mently large a d-covering set of § for || - ||, ,, almost surely. Th
by the same argument as in the proof of Theorem 2.2.2

P"(lim sup N;(8, H,, §)>T,(§—n)) = 0. O

Fl > GO

We conclude that if (2.17) holds and
boun

ded for “ ' “s If s= QO, (217) 1S ..;. ;Z
p#
";1? log N (8, H,, 8) — 0, for all

RY, H), 1<s<oo then § is totally

0>0,

in particular, if GeLS(R%, H), (2.17) is equivalent to

6>0, C>0.

[his observation is useful because L*(R?, H,)-covering numbers are often
easaer to compute

- 1 the results of this subsection with an example. In a sub-
stantial number of ap plications the conditions on the covering numbers can be
checked without imposing distributional assumptions, apart from a moment

condition on the envelope G. An important special case occurs when a collec-
tion & of sets satisfies

sup A@(xl, -0 X)) < 0T (2.19)

{x,, -

for some r and all n, A%(x,, - - - ,x,) bemg defined in Section 2.1. Recall for
instance that if @={ {x: xy< 1} yeRY)

sup  A%(xy, - - Lx,) < (Z)s;.nd.
{xl* C X )
An @ satisfymg (2.19) 1s calle
(1971)).
For classes of functions, POLLARD (1984) introduces the related concept of

VC-graph classes. Let g: Rd —R be some function and define the graph of g as
the subset

d a VC-class (VAPNIK and CHERVONENKIS

{(x,0): O<t<g(x) or g(x)=<t<0}

of RY*!. A class § is a VC-graph class if the collection of graphs of functions
in § form a VC-class.



20 Chapter 2

[HEOREM 2.2.6. Let Q be some probability measure on R®, and let § be a VC-
graph class with envelope de Q=Cy say. Then

N1(8,Q,8) < A,CQhé™" for all §>0,

where A, and r’ are constants independent of Q.

It is easy to see that if §is a V'C-graph class, then so 1s (9)c.
Ni(3,Q,(8)c) < A4,C"6™" forall 6>0, C>0
a 2.2.3, 1<s<oo

and from Lemn

7 ’ 85 —t ? o\ ope?
N, (5, Q S A CT(———) " = 4,C7 67, 6>0, C>0.
8, Q () < A1 C7 (o) _
Note that if @ 1s a V'C-class, then {1,: 4 €@} 1s a V(-graph class. Since the
envelope of a collection of indicator functions 1s bounded by 1, this gives for @
a V(C-class

N6,Q,& < A,67™ forall >0, I<s<oo
for some A; and r’, and by (2.19)
N o ( 6 : . ’ @) < 4

for some r.

EXAMPLE 1.3 continued. In this two-phase regression model, § is a class of
regression functions of the form

8 = {g(x)=(@V+xBD) 1y (x) (@ +x D)1, n 1y (X):

o eR, BYeR?, i=1,2, yeR?).

The graph of a ge§ is the union of two intersections of three halfspaces. Now,
the class of halfspaces forms a V'C-class. And it is easy to see that the VC-
property 1s preserved under taking finite unions and intersections. Hence, § is
a VC-graph class.

2.3. EXTENSIONS

In many regression models, the class of feasible regression functions is allowed
to vary with the number of observations. Also, the independent variables and
disturbances are often not identically distributed, and their distributions migh

vary with n too. To handle these situations, we generalize some of the results
of the previous sections.

Let for each n=1,2, - - -, x, 4, - - - ,Xn.n D€ Independent random vectors in

R?, X, having distribution H, ,. Furthermore, let for each neN, §, be a class

of functions on R with envelope G, =sup,s |g|. Define
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and let H, be the empirical measure generated by x

n1s ~ " " s Xnn-
law of large numbers, we make use of Hoeffding’s

MMA 2.3.1 (HOEFFDING’S INEQUALITY). Let vy, Y. be independent ran-
dom variables with zero means and bounded ranges: a -ﬁéyk <by. Then for each
>0

< exp[—2nn’ / — 2 (bk —a)*).

n <

ProoOr. HOEFFDING (1963). O

We have seen that in the 1.1.d. case with §, =8 (Section 2.2), necessary condi-
tions for the umiform law of large numbers are that the covering numbers

bounded 1n probabi]ity, and that the envelope of G 1s 1In
R, H). In general however, the covermg numbers are allowed to grow
with n Furthermore, the L‘(Rd 7")-norm of the envelope of 8, is allowed
th n too, but the faster N (3, H,, §,) grows, the more stringent the
envelope condmons become. This resu}t 1s stated in [heorem 2.3.2 below. We

d; | heorem 2 3 2 reduce to those of Th eorem 2. 2 1.
In the general set up, with triangular arrays, it is not possible to obtain

a

strong uniform law of large numbers: all resuhs only concern convergence in
'he assumption of perr 331b1hty is needed again to guard against
ifficulties (see Secuon 2.4). We shall prove the uniform law of
Ing to the recipe Poﬂard supphes for the 1.1.d. case

probability.
measurability d
large numbers exactly accord
(POLLARD (1984), Ch. II). ]

Proposes.

THEOREM 2.3.2. Let {S,} be a sequence of permissible classes with envelopes
G, =sup,cs |g|. Suppose that for some sequence c,=1, c,=0(n)

, (2.20)

=0, 2.21)

and that (c¢,/n)log N (0, H,, 8,) remains bounded in probability, i.e.

im lm sup P (“—* log N (o,

T-—>00 n-—so0

for all §>0. Then

H,,6,) > T) = 0 2.22)

sup | [ gd(H,—H®™)| — o (2.23)
B €Y,
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ROOF. First, we shall _
numbers for the truncated class {glg<c: g€ G, } Let 0<6<E be arbitrary.

In view of (2.20)

rience
(2.24)

by assumption (2.2 1) Application of Chebyshev’s inequality gives that for each
ges,

2 f gde(")

' y n __§__ G =,

— e ST =7
(8/4) (8/4)

for n sufficiently small, and all n suff; ciently large. For the symm etﬁzation we
introduce an independent copy {X'n1, X nnt Of {Xn1, " ,Xpn}, 1.€.
Xp 15 * " " »XnnoX'm 1, * ° ° »Xn, are independent and x’ k has dlstnbutmn Hn L -
Let H',, be the cmpmcal dlsmbunon based on x’, 1, - - -, X, .. Since (2. 25)
holds we have for al ges,

- . 0 ]
H,—H®)| <7) = 7. (2.26)

. rmissibility of §, ensures that for some random g 8 |
mdependent of |
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l f 5 * d(H,—H

G, <c,

on the set

We shall v describe the randomization device. Let o
dent random variables, independent of {x, 1, - - - ,X, », X',

!
;r & — 1) — P .‘;: k — 1) m— ”‘i‘_

- ,0, be indepen-
' ,X'nn }, With

Write H) for the signed measure that puts mass 1/n o} at x,, ¢, €.g.

2 @ (Xn i) 1(G,<c,) (X k) ~E(X'n i) (G, <) (X'ni)) | > 7))

/ F 6
(X i) 6, <c}Fnk) — X ni) (6, <c,) X'ni)) | > 1)

p(ggg‘ o 2,

2, Ok 8(Xn k)1 (G <y (Xnk) | > "‘é")

2, 018X )6 <c ) (X nk)| > )

" G, =c,

minimal 6/16-covering set of §,.




ter 2
. Chap

-, X, n Satisfying

:ZNl("l'%“ . Hm Q,,)exp [“‘“"

Therefore, by Fubini’s theorem

dH) | >—) < 2exp[— 1+ P(4,)+P (B,) (2.29)

and
Cr 0 .
B, = {“";'1“ 10gN1(-i"g, H,, §,)> T/1024}.

We shall now show that P(4,) and P(B,) can be made arbitranly
Using (2.21), we see that

L [ GidH"™ < =

C”G <,

53
T

all n sufficiently large. Again by Chebyshev’s inequality, this implies

P*(B,)<é6

gh, because of assumption (2.22).
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nl
1024 ¢,

for T sufficiently large and all » sufficiently large. In view of the truncation,
symmetrization and randomization inequalities ((2.24), (2.27) and (2.28)

respectively), this completes the proof. [

arifies that Th raly
"Theorem 2.2.1 an he weaker version will
PIove consmtency of the Eeast squares estimators.

be used in Chapter 3 to

MMA 2.3.3. Suppose {G,} is a sequence of permissible classes with envelopes
G Assume that for some sequence b,=1, b,=o(n'/?)
im sup f G,dH™ = ( (2.30)

n—»Qo G >b

and

b i P*
H,, 6,) -0 for all 4>0. (2.31)

1s nondecreasing 1n 0, (2.31) ensures the existence of sequences 7,0 and 6,]0
such that

"T'hus imphlies that there exists a sequence E,, =1 with l;,.,. /b, — 00, 5,-,- = o(n %),
such that

~2
b,
— logN (8, H,, 8, ol ,0 forall §>0. (2.32)

By (2.30) we have

[ GdH® < [ G,dH™ — 0. (2.33)
G,>b, G, >b,

Moreover, also
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Wﬂh Cn b . D

al\ C()ndluon fOI the 111 11f oI

['his corresponds to
imposing (2. 30) with {b } any sequence tending to infin ty Letting b, grow

slowly enough, we see that (2 3 l) reduces to condition (2.3) of Theorem 2.2.1:

]
. l()gN 1 (6,

heorem 2.2.2 that under the conditions of
[heorem 2.2.1 the covering num iain bounded. Obviously, if G,
varies with » the uniform law of large numbers no longer imples that
N,(6,H,,5,) does not grow with n.

Moreover, we showed in

EXAMPLE 2.1. Let § be a permissible VC-graph class with envelope not neces-
sanly in L'(R9,H™). As in Section 2.2 we define (§)¢ as the class of functions
truncated at C:

©)c = {sign(g)|g| NC]: g8},

The class (8)¢ is still a VC-graph class (with envelope the constant function C).
Application of Theorem 2.2.6 yields that for all 6>0

N8, H,, (8)c) < AC'8™"

for some constants 4 and r. Also, if § is permissible, then so i1s (§)¢ for all
C>0.

Let >0 be arbitrary and take ¢, =n(logn)™', then (2.20) and (2.21) hold
for (g)n”(logn)”%“

zggl(g)n”(logn)‘”“"l < n*(logn)”"""<c, for n suf

iciently large

up| () ogn+| <nlogn) 1 = ol
Also, (2.23) is met for (8),4qogn)

T logjvl(‘S 1y s (g)n (logn)*“”’) — 1ogn

O(logn)=0(1) .

Hence, for a pemusable VC-graph class

B P
sup| [ ogny >+ d(M, —H®)| — 0



(2.36)

(2.37)
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and

Then

ProOF. Conditions (2.38) and (2.39) imply that

P
l“Gn “S,rz o ”GH “3’ (")I — 0.

It now follows from (2.37) that for some K <00

with arbitrary large probability for all
to see that (2.40) implies

Hglls (n) by venfym(2 42) duectl :

. MEASURABILITY |
Let X1,X2,... be independent, identically distributed random varnables, with
distribution H on R?. As underlym g probablhty space, we take the product
space

@, 6,P) = (R, 2%, H*)®(M, I, Q))

where (M, 9, Q) 1s some probability space on which some auxiliary random
variables live (we need some additional space for randomization). Without loss
of generality, ({2, &, P) is assumed to be complete. We observed that

need not be measurable. Of course if § is a countable class of measurable func-
tions, there are no problems. Suppose now that there exists a countable (8
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such that

n=l1. (2.43)

(2.44)

o=>0.

Now, suppose § is separable. The process g+ [gd(H, — H) is called stochasti-
cally separable if there exists a countable (§C§ such that for all closed §C8
and open B CR

[gdMH,—H)eB forall ge8n,§

implies
f gd(H,—H)eB forall g X

with probability one (GIHMAN and SKOROHOD (1974)). If g+ | gd(H, — H
stochastically separable, (2.43) holds.

Stochastic separability suffices for most practical purposes (DUDLEY (1984),
Section 11.3). Note that it implies measurability of

sup | {gd(H, — H)|.

However, the proof of a uniform law of large numbers needs measurability of
other quantities too. If one assumes that § is nearly linearly supremum measur-
able (ALEXANDER (1984), GINE and ZINN (1984)), measurability difficulties are
overcome without the assumption of stochastic separability.

POLLARD (1984) introduces the concept of permissibility. A permissible class
§ 1s also nearly linearly supremum measurable, but need not result in stochas-
tic separability of the process. We shall now copy the definition of permissibil-
ity - of a class of functions on R? - from Pollard’s book (POLLARD (1 984),
Appendix C). We say that § can be indexed by T if §={g(:,1):reT}.

) 1S

(2.45)

DEFINITION: § is pern

such that

1) g(-,-)1is BON(T) - measurable on R‘@T—R (B is the Borel o-algebra
on R? B(T) the Borel o-algebra on 7)), B

(1) 7 is an analytic subset of a compact metric space T (from which it inher-
its its metric and Borel o-field).

issible if § can be indexed by a separable metric space T



ible, then so 1s {| — g| g, ge@} (see (2.6)) a

| <s<oo,

gn(g)(g|AC): g8}, C>0

H_,8) still need not be measurable even 1 § is permissi-
he use of outer-probab ities for statemems about the possibly
i th proving laws of large

x,, . are mdependent random variables, X, x
ach n, we denote the
.m- g probablhty space by (Q,, : 6,, , P ) and we shall assume that 1t is
complete. Let {4,} be a sequence of classes of measurable functmns on R?. In
d andle measurablhty for the non 1.1.d. case and triangular arrays, it
uffices to assume permissibility of each 6,. To see this reca 1 the proof of
Theorem 2.3.2. Note that all probability statements are for fixed (sufficiently
large, but nonrandom) n. For each n,

LARD (1984) shows that for fixed

1s valid. Of course, if §, is per:
class of functions on R? ™
The use of Fubint’

1ssible

nissible, then {g(x)o: ge§,} is a perm
_ . This makes 1t possible to randomize -
[heorem 1n (2.30) is thus legitimate.




3.1. L*-CONSISTENCY
Consider the regression model

y = g(x)te

where x is a R%valued random vector with distribution H, € 1s independent of

ind has expectation zero and finite vanance, and g 1s a ‘member of a class §
of regressmn functions on R?. For an estin ator of the unknown g to be sta-

ally meaningful, it should at least be consistent in some sense. In the
least squares context the most natural requirement is L*-consistency. In this
chapter we show that entropy conditions on a (rescaled and truncated version
of) 6 imply this type of consistency. The results from Chapter 2 are used to
prove this.

Let L*(R?, H) be the Hilbert space of [-square mtegrable functions on R?.
Writing K for the distribution of ¢, let L*(R¢ XR, P) be the Hilbert space of
measurable P = H X K-square integrable functions on R4 XR with norm |- [|,.
For convemence, we omut the subscript 2, 1.e. we write H . Confusion 13 not
ikely, because from now on L°-norms with s2 will only a
and then we shall use our old notation.

Denote by x and e the first and second coordinate projections into R¢ and
R respectively, and write g =g(x), 80 =go(x), y =go T¢, where we assume that
20, the true state of nature, is in L*(R¢ We have for geL*(R?, H)

ly —gli* = E(y—gx))* =llell* +llg —go 12,
since X and € independent.
Let (x;,€), (x2,€), -+ be independent copies of (x,€) with
Yi =go(Xx)te€. Write P, for the empirical distribution based on
(X1, €), " - * (X, €,) and H, for the marginal empirical distribution generated




in a class of regression f unctions § c

]

3 SO nsastency m f 03‘ Su D-NOITI.

QLI ! !
ges

|G*dH < oo (3.3)
and the entropy condition

" logN,(0, H,, 9)

d. Remember tha

PROPOSITION 3.1.1. Suppose that 8 is a permissible class with gq€8 and that (3.3)
and (3.4) are fulfilled, then

lg, —g,ll = 0 almost surely,

as well as

g, —2lln = 0 almost surely.



Consistent least squares estimation 33

PROOF. Obviously, conditions (3.3) and (3.4) ensure

_ that we can apply
I'heorem 2.2.4 to the class {y —g: g€8}, so

supllly —gll, —lly ~gll| - 0

Now, lly —gll*=llell*+llg —goll?, and since goe$, lly —g,lI2<<llell2. Hence,
for arbitrary >0, and for all » sufficiently large

lell* +1lg, —goll* < lly —g, 12 +n<|lell2 +n<|le||> + 27

aim OSt SU_Iely.

1S 11 phes that

1S clear that condition (3.3) and (3. 4) from empirical process theory will
ever be satisfied for a class of regression functions §. For exam
Q {g(x ) xﬁ 91x1 -i-@dxd 9ERd} (3 3) al
partly due to the fact that G 1s a cone (1.e. if ge§ also age§ for all
Therefore, we consider a class scaled functions

— o *
V=135 - 89

[hen ||fI|<<1 for all fe9%, and ¥ is often essentially smaller that &, e.g. if §is a
cone. In smooth enough models, (3. 3) a.nd (3.4) will hold for %. Thais is for
instance the case in linear regression. However, the envelope condition on &

till seems to rule out many mterestmg models. Therefore, we propose to

eaken (3.3) to umform square integrability of & and to impose the entropy
condition on a class of truncated functions.

A class % 1form! L

(3.3)

% 1s defined as before: 1.e. let C

be a positive number and denote

Cif f>cC
e =41 1 <G
—C if f<—-C

and (%)c={(f)c: f€9%]}.



(3.7)

i, (;Gf) C ),
g1,

15 (3.9)



because gy 6. H

or

ag € gﬂ _ & ”2 < “ €T 808
1+ [lg] ol

2
T 7 +27

almost surely.

almost surely,
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