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CHAPTER ONE

INTRODUCTION

1. Historical notes. Already during the design of the first programm-

able computers at the late 1940’s, it was noted that computations could
be sped up by carrying out parts of it in parallel. However, to avoid a
large number of difficult problems, intrinsic to parallel computation,
von Neumann and his contemporaries proposed a strictly sequential com-
puter model, in which one instruction is processed at a time. The
sequential model of computation has dominated programming and the study

of algorithms for many years.

Designers began to depart from the strictly sequential model of
computing in the course of the 1950’s, when it was observed that the
performance of a system could benefit from a distribution of tasks. For
example, letting the fast central processing unit (CPU) wait for the
much slower input and output devices, results in the CPU being unneces-
sarily idle for 1long periods. By introducing separate processors for
the I/O-devices and (thus) relieving the CPU from the task of I/0-
control the delays could be avoided. Typically, the I/O-processors and
the CPU work "concurrently", communicating only in a limited sense by
signals. In modern multiprogrammed systems many separate jobs can be
loaded and run simultaneously, with the system relying on the services
of several 1logically "distributed" but communicating processes to deal

with the stream of jobs.

The introduction of terminals made it possible to have access to a
computer system from locations, remote from the central site. Hence, it
can be seen as the first "geographical"™ distribution of a computer sys-
tem. By not only connecting terminals to host computers, but also con-
necting host computers with each other (thus providing facilities 1like
using special facilities at the other host, sending data to or accessing

data at the other host, etc.), computer networks are created. Gradually,

the computer networks that were designed and built became (and become)
increasingly more complex and provided more and more complex facilities

to the users.



Breaking up programs and tasks into processes (natural units of
work) was another step towards (fully) distributed processing. By using
more processing elements (in one machine), different processes can be
carried out simultaneously on different processing elements, thus gain-
ing on speed and (perhaps) reliability. (When one processing element

goes down, other elements may take over its work.)

In recent years, the interest in distributed computer systems and
distributed computing has increased very rapidly. We mention three of

the most important reasons for this growing interest:

1. Sequential machines have approached the fundamental limits in
the computing power they can provide. Essential improvements in the
speed of these machines seems to be possible only if parallelization of
the hardware and of the programs is used. The idea is that it is some-
times cheaper to use many relatively small and cheap components that
work in parallel than one relatively large and expensive component. The
approach leads to a distribution of logical units of works and of a dis-
tribution of control, that needs to be understood and managed. The rapid
decrease of the size and cost of computer components makes it possible

to design and build systems with large numbers of processors.

2. In a modern concurrent operating system many processes work con-
currently, communicating with each other in some (limited) way. It
seems natural to use a duplication of the hardware components in the
system, like processing elements (some of which may be dedicated to spe-
cialized tasks), and to assign different processes to different process-
ing elements. In this way we do not only gain on the speed of the com-
puter system, but we also can obtain a more reliable computer system:
when some (processing) elements go down or malfunction and others do
not, the system as a whole may continue to work properly by letting the

"good" components also do the work of the "bad" ones.

3. For various reasons one may want to use facilities of or provide
facilities to computers that are on different locations and transfer
data between computers that are on different locations, and transfer
data between computers that are on different locations (possibly dif-

ferent locations in the same building, but the systems can also be
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located in different buildings, cities, countries or on different con-
tinents). These facilities include computing power, information, pro-
grams, I/0O-devices, etc. Long-haul computer networks and local area

networks are designed to provide a large number of these facilities.

In this work we present a fundamental analysis of some important
problems in distributed computing. In chapter 2 we consider the decen-
tralized extrema-finding or election problems on rings of processors. In
chapter 3 we consider a simple version of the load-distribution problem
on rings of processors. In chapter 4 we give a class of controllers that
avoid store-and-forward deadlock in packet switching networks. In
chapters 5, 6 and 7 we make an extensive study of a notion of simulation
of large processor networks on smaller networks.

This chapter is intended to provide the reader with some background
in distributed computing (see also [vL83],[Ta81], [Co85]), and to give
some definitions that will be needed in later chapters. After comment-
ing on what we will understand by the terms "distributed computer sys-
tem" and "distributed computing" in section 1.2., we discuss in section
1.3. three important types of distributed systems: long haul computer
networks, local area networks and multi-processor architectures.
Several control tasks or structures required in these networks will be
analysed in later chapters of this work. 1In section 1.4. we mention
some of the fundamental problems arising in distributed computing. In
sections 1.5. to 1.7. we give a number of notions and notations used

throughout this work.

1.2. What is distributed computing? There are no commonly accepted

definitions of the terms "distributed computer system" and "distributed
computing". (See e.g. [LL81].) A common feature of all distributed sys-

tems 1is that there are multiple processes, processors or computer sys-

tems, that communicate and cooperate with each other. Often a distinc-

tion is made between "parallel" and "distributed" computing. In a paral-
lel computer system many identical processors will work on the same
problem simultaneously, the processors work synchronously, and the com-
munication delay time (of a message) is not large compared to the state

transition time of a processor (the time needed for one internal



computation step). The processors are connected in an "interconnection
network™. In a distributed computer system the processors (or computer
systems) will work asynchronously, the processors may be of different
types, and the communication delays may be large in comparison to the
state transition time of a processor. The processors are connected in a

"computer network™.

We will mainly use the terms "distributed computer system" and
"distributed computing"” in a broad sense, including both parallel and
distributed computing. Note that a distributed computer system may con-
sist of several computer systems, and that some of them may be distri-
buted systems themselves. This occurs, for instance, when a multi-

processor computer is connected in a long haul computer network.

1.3. An overview of distributed computing. 1In this section we discuss

three important types of distributed computer systems: long haul com-
puter networks, local area computer networks and multi-processor
machines. Several other types of distributed computing will not be dis-
cussed here, like data-flow computing (see e.g. [B&84] or ([Sh85]) and
systolic computing (see e.g. [KvL83] or [MC80]). An appreciation of com-
puter networks is required for the early chapters of this work. In later
chapters we study aspects of multi-processor organizations and their

interconnection networks.

1.3.1. Long haul computer networks. For wvarious reasons it can be

desirable to connect several computer systems situated at different geo-
graphic locations with each other. These systems then form a (long haul)
computer network. In many cases the distances between the locations of

the computer systems are large, as in e.g. world-wide networks.

With these networks, several new facilities are created:
(i) it is possible to send messages to other users at other computer
systems via electronic mail.
(ii) it is possible to access, enter and modify data, stored at other
computer systems.
(iii) it is possible to run (large) programs at another computer sys-—

tem. This is useful e.g. if the other system has (much) more computing



power (e.g. it is a super computer), or to prevent problems with conver-

sions of programs from one type of machine to another type.

There are more examples of the use of computer networks. Design and
maintenance of these networks is often far from trivial. Functions,
like the distribution of programs and data over the different machines,
accounting, etc. must be provided by a distributed operating system.
Either the distributed operating system can be placed on top of the
-already existing- operating systems, running on the different machines
in the network, or one can have a single network-wide distributed
operating system (see e.g. [Mu85]). Many problems must be dealt with to
guarantee a correct and efficient behavior of the network. Several of
these problems will be mentioned in section 1.4. A good overview of
existing network algorithms and architectures can be found in [Ta81].

(See also e.g. [Co85], [St85] or [H185].)

1.3.2. Local area networks. Another important class of distributed sys-
tems form the so-called "local area networks", (often abbreviated as:
LAN’s). The most significant difference between long haul networks and
local area networks is the scale, which is much smaller for the latter.
The smaller distances facilitate different technologies for faster
information transfers between all sites involved. Usually many of the
systems connected in a local area network are small work-stations, per-
sonal computers, etc, within a short range of distances. Typically all
nodes of a local area network are located in the same building or in a
few adjacent buildings, and the entire network is owned by one organiza-

tion.

The advantages of a local area network over other (local) computer
organizations, 1like a large mainframe with many terminals, are that
users are given the flexibility and the ease of having their own per-
sonal computer, while also having access to facilities like the possi-
bility to communicate with other users, shared databases, shared expen-

sive I/0-devices among several users, etc.

One can also use a local area network to. speed up algorithms by

parallelization. By splitting an algorithm in smaller parts (possibly



recursively) and letting different parts run on (possibly) different
machines concurrently, one can speed up the time needed for carrying out
the algorithm. Also for some problems one might want to design parallel
algorithms specifically suited for this type of architecture. 1In this
way one can use the otherwise unused capacity of the nodes of the local
area network. This is useful because in many cases many of the nodes of
a local area network are unused or under-utilized for a significant part

of the time.

Often used current architectures for local area networks are the
carrier sense multiple access network (e.g. ethernet) and the token ring
network (see e.g. [Ta8l]). Here we remark that a clear distinction must
be made between the token ring network and the ring networks, discussed
in chapter 2 and in chapters 5-7 of this work. The token ring network
usually has at most one message transmitted at the time, and when a node
receives a message, it can forward it simultaneously to the next node
with a delay of only the time needed to send (or receive) one bit. In
the ring networks many nodes can send a message simultaneously to their
successor node on the ring, but a message can only be forwarded to the
next node on the ring after it is received entirely by the current node.
We also remark that some of the protocols, discussed in chapter 3 of
this work can be implemented on a carrier sense multiple access network

or a token ring network.

Many problems of distributed control, arising with long haul com-
puter networks also arise with local area networks, often in a slightly
different form and under different constraints. These problems, and
other problems typical for local area networks have to be dealt with to
ensure an efficient and correct behavior and a (near) optimal use of the
local area networks. A partial list of these problems can be found in
section 1.4. For a more detailed introduction in local area networks see

e.g. [St84], [Ta8l] or [H185].

1.3.3. Multi-processor networks. Conceptually it is only a small step

from a local area network which allow fast communication between
processes run on different machines in the network to machines with an

architecture specifically designed for the parallelization of
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algorithms, the so-called "multi-processor" architectures. For many
(large) problems, it may be very expensive or even impossible to build a
single processor machine that solves these problems within reasonable
time bounds. By using many processors (which may themselves be not very
fast), and letting these processors share the work of the same problem,

the problem may be solved much faster and/or cheaper.

A well-known classification of the multi-processor architectures is
the <classification in SIMD-machines and MIMD-machines, due to Flynn
[F172]. Both types of machines consist of a large number of processors,
that are able to communicate with each other in some way (e.g. by using
an interconnection network or by means of shared memory). An SIMD-
machine ("Single Instruction Multiple Data") is synchronized and in each
timestep a subset of the processors carries out the same instruction
(identified by the setting of a mask-bit), but may work on different
data. An MIMD-machine ("Multiple Instruction Multiple Data") is not
necessarily synchronized and each processor has it own sequence of
instructions to carry it out. In general, (large) SIMD-architectures are
easier to design and build, but, on the other hand, it is easier to

implement parallel algorithms on an MIMD-machine.

There are various ways in which the communication between the pro-
cessors can be provided. For instance it is possible to use a shared
memory: processors are connected via a bus or a switching network with
the same memory. A protocol is needed that resolves conflicts that arise
when two or more processors try to "write" into the same memory location

at the same moment, in an efficient way, or that avoids these conflicts.

Another important possibility is to connect the processors them-
selves in a network ("a multi-processor interconnection network"). The
structure of such a network does not depend on geographic constraints
(like in 1long haul networks), so it can and in general will be chosen
such that the network is of a regular structure. In section 1.6. we

will show some important network types. In section 1.4. we will also



discuss some problems typicél for multi-processor networks.

A good overview of different types of multi-processor architectures
and algorithms running on these machines can be found in [vL85]. Also,

many aspects of multi-processor machines are treated in [Pa84].

1.4. Problems in distributed computing. For a correct and efficient

behavior and use of distributed systems, many problems must be dealt
with. We will give a partial list of these problems, that only serves to
give an idea of the type of problems that occur with distributed comput-
ing. With most problems we give one or a few references, that give
further information on the problem and on known (partial) solutions to
the problem. The list is not meant to be anywhere near complete. A much
more extensive treatment of problems occurring with long haul computer
networks and local area networks can be found in [Ta8l1]. We distinguish
three classes of problems: problems dealing with "Cooperation", with
"Communication" and with "Programming and Verification". In the
corresponding sections we describe these notions more precisely. (The

distinctions between the three classes is not very sharp.)

1.4.1. Problems dealing with "Cooperation". In most distributed sys-

tems, one (or perhaps more) process(es) can run on each processor, con-
currently. The processes must cooperate to solve various tasks. We will

mention some of the problems that (can) arise with this cooperation.

1. In some applications processes may "fork" off other processes,
and start up other processes that are possibly located on other proces-
sors. Also, processes may be moved to other processors. As different
processes may wish to communicate with each other, it must be admin-
istered what process is located at what processor. Also one may want the
distribution of the processes over the processors to be "balanced", in
the sense that each processor has about the same work-load. Another
problem that arises in this area is that of detection that a computation

has finished (the distributed termination detection problem, see

[TvL86]) .



2. Although a distributed system may be (and, in general, is) asyn-
chronous, one still may want to have some notion of "“the current time",
for instance in order to be able to identify the state of the distri-
buted system at some fixed moment. As clocks running at different pro-
cessors may drift away from each other when they are not running at
exactly the same speed, there must be some protocol to synchronize them
or one must use some other mechanism to have the processors (virtually)

synchronized. (See e.g. [La78] or [HSSD84].)

3. A notion of "the state of the system at some fixed moment in
time" is useful, e.g. when a (part of) the system crashes. For a restart
procedure one usually wants to restart from a consistent state of the
system, corresponding to a state not lqng before the system crash, such
that little work is lost. For such a restart procedure (and also in

some other cases) it is often desirable to have one central processor (a

"leader") that coordinates the restart procedure. In chapter 2 of this
work we consider the problem of electing such a "leader" processor dis-

tributively in the case of a ring of processors.

4. For many problems in distributed computing one may want to have
solutions that still behave correctly if one or a small number of pro-
cessors and/or links go down. Also one may consider the case that a
small number of processors work incorrectly or even behaves in an
adverse way. The problem of reaching agreement in a network, where a
small fraction of the processors may behave in an adverse manner is

known as the Byzantine agreement problem. (See e.g. [LSP82] or [Re85].)

5. In general one wants to have a fair distribution of the workload
over the processors, in terms of processor-use and/or memory-use. A
special version of this load-distribution problem is addressed in

chapter 3 of this work.

6. Processes may want to use the same resources at the same moment.
Therefore one may want to have some process, called the "resource
manager", that takes care of a fair and efficient allocation of
resources to processes, and for instance avoids that processes must wait

infinitely long for a requested resource. (See e.g. [RS82].)
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1.4.2. Problems dealing with "Communication". In order to interact and

cooperate with each other, processors must be able to communicate with
each other. The various needs for communication give rise to a large

number of problems. A few are mentioned below.

1. During the transmission of a sequence of bits over a transmis-
sion medium (e.g. a telephone cable or a satellite), some bits may be
mutilated or disappear. This type of errors must be detected and eventu-
ally corrected. A protocol is needed to ensure correct transmissions

over a single link. (See [Ta81], chap. 3.)

2. Also, large(r) sequences of bits may be mutilated or disappear,
which means that a packet (of bits) must be sent again. In general, a
message is split into smaller "packets", and these packets are transmit-
ted individually. A protocol must ensure that each of the packets is
received correctly (by the receiver), and that the packets are placed in

the correct order. (See [SvL85] or [Ta8l], chap. 4.)

3. In computer networks it is often the case that a message must be
sent from some processor A (the "source" of the message) to some proces-
sor B (the "destination" of the message). In that case the message (or
its corresponding packets) must follow some path through the network.
This can be done either by setting up a virtual channel between A and B
for the duration of the entire communication ("circuit switching"),
which means that A and B can communicate over the virtual channel as if
they have a direct link, or by sending each packet individually over the
network ("packet switching" or "datagram service"). For a packet
switching network the routes that the packets must take can be deter-
mined in different ways. The main distinction that can be made is
between fixed routing strategies (which yield a fixed path between each
pair of processors (A,B)) and variable routing strategies (in which
packets can take different paths from the same source to the same desti-
nation, for instance to avoid areas of high message-traffic density).

(See e.g. [Ta81], par. 5.2.)

4. A problem arising in packet switching networks is the problem of
store~and-forward deadlock. Each processor has a limited number of

buffers available to store packets that are moved from their source node
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to their destination node. If some of the nodes in the network have no
free buffers available and each of the packets stored at these nodes
must be moved to another node in the set, then none of the packets can

ever move. In chapter 4 we will discuss this type of deadlock and ways

to avoid it.

5. If some shared communication medium is used, like a satellite, a
radio channel or a bus, then collisions can occur (two or more processes
try to send a message on the same moment), and protocols are needed that
deal with collisions in an efficient way, or avoid them. (See e.g.

[Ta81], chap. 6, or [St85], chap. 10.)

6. In multi-processor networks, the interconnection pattern of the
processors has a strong influence on which algorithms can be implemented
efficiently on the network. Therefore the choice of the (type of) inter-
connection pattern is a very important issue in the design of a multi-

processor network. (See e.g. [Wi8l] or [BH83].)

1.4.3. Problems dealing with "Programming and Verification". An essen-

tial problem for distributed computing is how to design algorithms for
it, and how to verify that a distributed algorithm indeed does what it
is supposed to do. The corresponding problems for sequential algorithms
are nowadays reasonably managed and a large number of techniques for
designing and verifying sequential algorithms and programs exist. Due to
the fact that many parts of a distributed algorithm will work con-
currently, interact with each other, and influence each other in a not
always predictable way, distributed algorithms seem more difficult to
understand than sequential algorithms. Consequently distributed algo-
rithms are also more difficult to design and verify. We now discuss some

problems in this area.

1. For many problems the question arises: how can we solve this
problem efficiently on some specific SIMD- or MIMD-machine? Often for an
efficient use of the multi-processor system, it is necessary that one
knows and uses specific characteristics of the architecture, like the
size and type of the interconnection network. A notion, which might be a

useful tool in writing this type of distributed algorithms, called
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"emulation", is studied extensively in chapters 5, 6 and 7 of this work.

2. Also, for given problems, the question arises: what type of
multi-processor architecture is best for this specific problem? What
speed-up can we expect when we try to solve the problem on a multi-
processor machine? Much experimental and theoretical work has already

been done on problems of this type. (See e.g. [vV85] or [Ul84].)

3. As we have discussed above, verification techniques are needed
to ensure that distributed programs indeed do what they are expected to
do. There has been much study on this subject and a number of different
techniques exists for proving properties of distributed programs. (See
e.g. [AFdR80], [GdR84] or [Kn81].) Also, it is often difficult to debug
a distributed program, also because of the parallelism (one has to fol-
low a number of components simultaneously), and the nondeterminism,

intrinsic to (asynchronous) distributed systems.

4. Presently there is only a relatively small number of programming
languages for distributed systems (CSP [Ho78], OCCAM [Oc84], etc.).
However, the availability of enough distributed programming languages
that are easy to understand and use is essential for a wide-spread use
of distributed systems (like multi-processor systems). Therefore, there
is still a need for distributed programming languages, that are easy to

use, available on a large number of systems and give efficient (paral-

lel) code.

1.5. Notions and notations from set and graph theory. In this section

we give some definitions and notations from set and graph theory that
are used throughout this work. First we give some (well-known) nota-

tions from set theory.

Notations. Let S, T be sets, k € N.
(i) |1S| denotes the number of elements in S (usually this notation
is used for finite sets).
(ii) The set of subsets of S is denoted by P(S)={(T|T < S}.
(iii) The set of subsets of S with exactly k elements is denoted by
Pk(S) = {TIT < S A |IT|=k}.
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(iv) The Cartesian product of S and T is the set S X T = {(s,t)| se€S§,
teT}.

We expect the reader to be familiar with most elementary definitions

from graph theory (cf. Berge [Bg76], Harary [Ha69]). If not mentioned

otherwise, a graph is considered to be free from self-loops (i.e. (u,v)
€ E = u#v), and parallel edges (i.e. e, = (v,w) €E A e, = (v,w) €E =
e1=e2). Unless stated otherwise we assume a graph to be undirected.

Definition. The path (or path-graph) with n nodes is the graph
Pp P, P P -

Pn=(Vn,En) with Vn = {0,1,...,n-1} and Ei = {(i,3)14i,3ev_, [i-jl=1}. The

directed path-graph with n nodes is the graph E;P = (VnP,E;P) with

- .. .. . o
Enp={(l,j) | l,jEVi, i<n-2, j=i+1}.

Definition. The complete graph with n nodes is the graph Kn =

({0,1,2,...,n-1}, {(i,3)14i,3€{0,2,2,...,n-1}, i#j}).

Definition. The complement of a graph G=(V,E) is the graph Gc=(V,Ec)

. C .
with E- = {(v,w)|V,WEV A Vv # w A (Vv,w)EE}.

Definition. For directed graphs G=(V,E) let GR be the directed graph
obtained from G by reversing the direction of the edges, i.e., GR=(V,ER)

with ER = {(w,Vv) ]| (Vv,W)EE}.

Definition. L = = .
efinition et G—(VG,EG), H (VH,EH) be graphs

(i) The Cartesian sum of G and H is the graph G+H = (VGXVH,EG+H) with
X = i
VG VH {(v,w)lveVGAweVH} (the Cartesian product of sets VG' VH)'
and EG+H = (((vl,wl),(vz,wz)) | (vl,wl),(vz,wz)eVGXVH and
[(v1=v2 A (wl,wz)eEH) or ((vl,vz)eEG A w1=w2) }.

(ii) The Cartesian product of G and H is the graph GXH = (VGXVH’EGXH)
with EGXH=(((V1,W1),(v2,w2)) | (vl,wl),(vz,wz)EVGXVH and
(vl,vz)eEG and (wl,wz)eEH}.

(iii) The normal product of G and H is the graph GeH = (VGXVH’EGOH) with
Ece g™ {((vllwl),(vz,wz)) | (vl,wl),<v2,w2) € VXV, and
[(v1=v2 A (wl,wz) € EH) or ((vl,vz) € EG A w1=w2) or
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(vl,vz)eE A (wl,wz)EEH)]}.

G

(iv) The composition of G and H is the graph G[H] = (VGXVH,E with

T[H])
EG[H]={((vl,w1),(v2,w2)) | (vl.wl),(v2,w2)'EVG><VH and (vl,vz)eEG

or (v1=v A (WI'WZ)EEH) }.

2
Definitions (i), (ii) and (iii) were taken from Berge[Bg76]; definition
(iv) was taken from Harary[Ha69]. (Note that the definition of [Ha69]
of the product of two graphs, GxH, equals our definition of the Carte-

sian sum of two graphs, G+H.)

With dG(b,c) for b,c € V we denote the distance of b to ¢ in the graph
G=(V,E), i.e., the length of the shortest (directed) path from b to c.

If G is clear from the context, we drop the subscript G.

Definition. Let G=(V,E) be an undirected graph and let n=|V|. A linear
ordering of V is a bijection f: V —9VE. f is said to have bandwidth K
if K= max {|f(u)-f(v)]| |(u,v)€ E} = max (dP (f(u),£(v)) | (u,v)€ E},
i.e., the maximum distance in Pn between thg image of adjacent nodes in
G is K. The bandwidth of G is the minimum bandwidth over all linear ord-
erings of V, i.e., Bandwidth(G) = min {bandwidth(f) | £ is a linear ord-

ering of V}.

For the notion of cyclic bandwidth, the nodes are mapped to a ring,
instead of to a path. The definition of the ring network with n nodes Rn
will be given in section 1.6.1. The notion of cyclic bandwidth was

introduced in [LVW84]. The notion of directed cyclic bandwidth is new.

Definition. Let G=(V,E) be an undirected graph. A linear ordering f is

said to have cyclic bandwidth K if K= max (dR (£(u),£(v)) | (u,v)e E}.
n
The cyclic bandwidth of G is the minimum cyclic bandwidth over all

linear orderings of VvV, 1i.e., Cyclic Bandwidth(G)= min ({Cyclic

Bandwidth(f) | £ is a linear ordering of V}.
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For directed (cyclic) bandwidth, if (u,v)€E then we want to have a path

= o
of length at most K from f(u) to f(v) in Pn (Rn).

Definition. Let G= (V,E) be a directed graph. A linear ordering f is

said to have directed bandwidth K, if for all (u,v)€E f(v) > f(u), and

K = max (d§9(f(u),f(v)) | (u,v)eEE}. f is said to have directed cyclic
n
bandwidth K if K= max (dﬁ)(f(u),f(v)) | (u,v)eEE}. If there exists a
n

linear ordering with directed bandwidth K and no linear ordering with a
smaller directed bandwidth then we write Dir Bandwidth(G) = K. Similarly
we write Dir Cyclic Bandwidth(G) = K if K is the least possible cyclic

bandwidth for all linear orderings of V.

Note that there only exists a K with Dir Bandwidth(G) = K, iff G is

cycle-free: suppose G contains a cycle with nodes vl,v ..ve and f is a

2"
linear ordering with directed bandwidth K for some arbitrary K, then
f(vl) < f(vz) < ... < f(ve) < f(vl), contradiction. If G is cycle-free,
then there exists a linear ordering f of V, such that (u,v) € E =£f(u) <

f(v). Now Dir Bandwidth(f) < |V] - 1.

We now introduce some notations that are needed to denote strings and

sets of strings, etc. First we introduce some notations that will be

used when dealing with bitstrings:

% : a bit that can be o or 1

o the complement of bit a (5 =1, 1= o)

b the address one obtains by complementing every bit of b
(b, b = b,...5)

oa=f the ’equivalence’ test on bits (0=0 = 1; 0=1 = 0; 1=0 = O;

1=1 = 1)

b : the n-bit address bl"'bn
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. no
bl, : b ...bi (truncation after the it bit)

. .th .
|b : bi...bn (truncation "before" the i bit)

(b). : b, (the it® bit).
1 1

For functions f defined on n-bit numbers b we use

.th .,
fi(b) : (f(b))i (projection on the 1t bit)
We use b, ¢, ... to denote full addresses and x, y, ... to denote seg-
ments of bits. Individual bits are denoted 0, B, ... . We also use the

following notations:

[o] : zero or one occurrence of bit o (i.e., "empty" or "o")
[1] : zero or one occurrence of bit 1 (i.e., "empty" or "1")
(0l)* : zero or more repetitions of the string ol (as required)

(lo)* : zero or more repetitions of the string lo (as required)

The length (n) of a bitstring will always be clear from the context, and

is usually not given by separate indices. For example, the notation

(0ol) *[o] for n odd will denote the string (ol)Ln/zJo. For n even it will

denote the string (ol)n/z.

1.6. Important interconnection networks. In this section we introduce

some important networks (graphs), commonly used as (proposals for)

interconnection patterns of processors in processor networks.

1.6.1. The ring network. One of the most elementary interconnection

patterns is the ring. The ring hardly occurs as an interconnection pat-
tern for multi-processor networks, but often is used in local area net-
works (cf. Tanenbaum [Ta8l]). The nodes in a ring Rn are named

0,1,...,n-1 in consecutive order (cf fig 1.6.1.1).

fotas . . s R .
Definition. The ring network (or n-ring) is the graph Rn = (Vi,En) with
R R . . a2 oR o -
Vn = {0,1,...,n-1} and En = {(i,3)1 l,jEVn, |i=j|=1 or |i-jl=n-1}. The

unidirectional ring (network) with n nodes is the directed graph
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R =R . =R R . =R A .. PR :
ﬁ? = (V’ ,E’ ) with Vv = V_ and E = {(i,i+1) |ie V_ },where + is
n n n n n n n

the addition modulo n.

1.6.2. The two-dimensional grid network. The two-dimensional grid (or

mesh) has been used as a processor interconnection network, and exten-
sive studies have been made of algorithms to be executed on a grid (e.g.
Nassimi & Sahni [NS80]). We use a version of the grid with "wrap-around”
connections along the boundaries and a version without wrap-around con-
nections. Let GRn be the nx? grid network (with n2 nodes), with wrap-
around connections, and let GRn be the nxn gri? network without wrap-
around connections. The nodes of GRn and GRn are named by their plane
coordinates (i,j) with 0<i,j<n-1 in the usual representation of the nxn

grid. (Cf. fig. 1.6.2.1.)

Definition. The two-dimensional grid network with wrap-around connec-

tions is the graph GRn=(Vn,En) with Vn={(i,j)|i,j € N and 0<i, j<n-1} and

En={((i,j), (1,301, 3, (17,37 € Vn and (i=i’ A j=(j’%1l) mod n) or

(i=(i'#*1) mod n A j=j’)}. The two-dimensional grid without wrap-around
’ ’ ’,

connections is the graph GR = (V_,E), with E = {((1,3),

(L,3")) 1,3, (17,3") € Vn and (i=i" A j=3j’"+1) or (i=i'%1 A j=j’)}.

bFO/

fig. 1.6.1.1. a)R6, b)RG'



- 18 -

2000 [N T R OUUR R T |

{ ! !
N S S R W R S

fig. 1.6.2.1. a)GR4. b)GRn.

1.6.3. The shuffle-exchange network and the 4-pin shuffle. Stone

[St71] proposed a network, called the shuffle exchange network, which
has been successfully used as the interconnection network underlying a
variety of parallel processing algorithms. However, there are two
slightly different types of graphs, both realizing Stone’s concept of a
shuffle exchange network. We will use the terminology of [FF82] and call
these graphs the shuffle-exchange graph and the 4-pin shuffle, respec-
tively. The nodes of the shuffle-exchange graph and the 4-pin shuffle
are given n-bit addresses in the range o...2n—l. In the shuffle-exchange
graph there 1is an edge from node b to node ¢ if and only if b can be
"shuffled" (move the leading bit to tail position) or "exchanged" (flip
the tail bit) into c. In the 4-pin shuffle there is an edge from node b
to node ¢ if and only if c can be reached from b by a shuffle or by a
shuffle followed by an exchange. Computations proceed by iterating the
networks some n or more times in a synchronized manner. We use the nota-
tion SEn and sn to denote the shuffle-exchange graph and the 4-pin shuf-
fle, respectively, with 2" nodes. The inverse shuffle exchange graph
ISEn and the inverse 4-pin shuffle ISn are obtained by reversing the
direction of the edges in the shuffle exchange graph and the 4-pin shuf-

fle, respectively. We use the notations from section 1.5.

Definition. The shuffle-exchange network is the directed graph with

self-loops SE_ = (VSE’ESE) with VsE
n n n n

]

(b....b | Vi<i<n b, = 2 } and E°C
1 i n

1

n
= : <i< = = <i<n- =
{(b,c) | b,c € Vn and ((V2<i<n bi ci__1 A b1 cn) or (V1<£ign-1 bi
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c, A bn = ¢ )}. The 4-pin shuffle network is the directed graph with
self-loops § = (V°,E>) with vo = v° and 5 = { (b,c) | byc € V_ and
n n’ n n n n n

V2<ign bi = }. The inverse shuffle-exchange network is the directed

c,
i-1
graph with self-loops ISEn = SEnR. The inverse 4-pin shuffle 1is the
R

directed graph with self-loops ISn = Sn

It follows that in SE_ a node b,...b is connected to b,...b b and
n 1 n 2 n 1l

b,...b b , and in S it is connected to b,...b o0 and b, ...b 1.
1 n-1"n n 2 n 2 n

1.6.4. The cube network. The cube network with 2" nodes (also called

an n-cube) has perhaps been the first proposal ever for processor inter-
connection. The nodes in the network again are given n-bit addresses in
the range o...2n—l, and there is an edge from node b to node c¢ if and
only if c is obtained by flipping precisely one bit in b. Information
can be routed from a source b to a destination ¢ in at most n steps, by
flipping the bits bi to the corresponding bits ¢ in some order. Since
nodes thus have degree n, the cube network is considered practical only
for small values of n. The ith bit of an address b is denoted by bi
(1€i<n) . For bitstrings x,y with [x| = |y|, let d(x,y) be the Hamming
distance between x and y, i.e., the number of bit-positions in which x

and y differ. (See, for example, Deo [De74] sect. 12-5.)

000 000
g =
»L_Io01 001
— < —
g S
T 010
Lot o1

fig. 1.6.3.1. a) SEB. b) Sa.
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c C .
Definition. The cube network (or n-cube) is the graph Cn = (Vn'En) with
C o C
= <i<n: = = = v
Vn { (bl...bn)l V 1<i<n: bi 1 } and En {(b,c) | b,c € n and

d(b,c) =1 1}.

1.6.5. The cube-connected cycles. Another important network, proposed

for processor interconnection by Preparata and Vuillemin [PV81] is the
cube-connected cycles network. For denoting the ’cube-connected cycles’
graph we use the notation introduced in [FF82)]. Processors in the cube
connected cycles with r.2" nodes are addressed by r-bit strings with a
"divide" in any one position between bits. The position to the left of
the first bit is identified with the position to the right of the last
bit, so there are r positions for the divide. A node Py---P | p....P

i-1 i r
is connected to the following 3 nodes:

Py--Py_ gl Py---Py
Pp---Py ol Py_y Pj-- Py
and py---Py_y Pyl Py r

Definition. The cube-connected cycles graph with 2" nodes is the

. c _C . c

(undlrectedé rgraph CCCr —C (Vr'Er)’ with Vr = {pl"'pi—llpi"'pr |
. - <i< = . e . ..

P,---P, € (1) , 1<i<r} and E {(p1 P, _4IP;---Pr Py pi_llpi )

bopy--oPy g IPy--op) €V F WPy Py IRy P PyeeePy IRy P)

pl"'pi—llpi"'pr’ pl"'pilpi+l"'pr € Vr}' (Let - (+) be the subtrac-

tion (addition) modulo r.)

b

e

fig. 1.6.4.1. C
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' R _R
1.6.6. We will drop the superscripts R, C, CCC, etc. from Vn' En,etc.,

when it is clear from the context what type of network is used.

1.7. Notions and notations from complexity theory. In this section we

introduce some (well-known) notations for estimating bounds on (integer)
functions and give a very brief introduction to the theory of NP-

completeness.

Definition. Let £, g be functions N —N.

(i) g(n) is said to be O(f(n)), if and only if there exists a constant
cGR+, such that g(n) £ c.f(n) for all but finitely many values of n.

(ii) g(n) is said to be Q(f(n)), if and only if there exists a constant
cER+, such that g(n) = c-.f(n) for all but finitely many values of n.
(iii) g(n) is said to be ©O(f(n)), 1if and only if g(n)=0(f(n)) and
g(n)=Q(f(n)) .

We now give a very brief introduction to the theory of NP-completeness.

An extensive treatment of the subject can be found in [GJ79].

We call a problem a decision problem, if with an input of a certain

type (for instance a graph, or a set of integers), called the "instance"
of the problem, it must output a boolean which denotes whether a certain
property of the input holds or not. (An example would be: is the input-
graph connected, or: does the inputgraph contain a Hamiltonian path.)
The set of decision problems that are solvable on some standard deter-
ministic model of computation, 1like a deterministic Random Access
Machine or a Turing Machine, in time polynomial in the size of the input

is denotes as P.

Next consider non-deterministic computations. In a non-
deterministic computation, non-deterministic choices from finitely many
alternatives can be made a number of times. In a non-deterministic step
the computation can proceed in different ways, depending on the choice
that is made. We say that the entire computation yields the output
true, if and only if the non-deterministic choices can be made in such a
way that the output true is yielded by a computation (i.e., there is at

least one possible computation yielding true). The time needed for the
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entire non-deterministic computation is the maximum time needed over all
possible computations. The class of decision problems solvable on a
(standard) Random Access Machine or Turing machine in time polynomial in
the size of the input with a non-deterministic computation, is denoted

as NP.

It is a long standing open problem to determine whether P=NP or
P#NP, i.e., whether all problems in NP can be solved with a determinis-
tic algorithm in polynomial time or not. In general it 1is conjectured

that P#NP. (It is obvious that Pg NP holds.)

Definition. A decision problem A is called polynomial time reducible to
a decision problem B, if there exists a function £, that maps instances
of problem A to instances of problem B, such that
(i) £ can be computed in polynomial time
(ii) for all instances X of problem A, X yields the answer yes with
regard to problem A, if and only if f(X) yields the answer yes with
regard to problem B.

(Compare with [GJ79, p.111].) A problem is called NP-hard, if every
problem in NP is polynomial time reducible to it. It is called NP-
complete, if it is NP-hard and a member of NP. It follows that if an
NP-hard or NP-complete problem A is solvable in polynomial time, then
this would mean that P=NP, and hence every problem in NP were solvable

in polynomial time.

In 1971 Cook [Co71] showed that there indeed exist "hardest prob-
lems in NP", by proving the SATISFIABILITY problem NP-complete. SATIS-
FIABILITY is the following problem: given a boolean expression in con-
junctive normal form over boolean variables bl’
can assign to each variable bi a value from {true,false}, such that the

"'bn’ decide whether one

value of the expression is true. After this result was obtained, a large
number of other problems in computing were proven to be NP-complete. For
our purposes, important examples are HAMILTONIAN PATH (given a graph G,
does G contain a Hamiltonian path), HAMILTONIAN CIRCUIT, and the
directed variants of these. Other problems that are known to be NP-

complete will be introduced where necessary.
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In general, one proves the NP-completeness of a problem by showing
that the problem is a member of NP and showing that another NP-complete

problem is polynomial time reducible to it.



CHAPTER TWO

DECENTRALIZED EXTREMA-FINDING
IN A RING OF PROCESSORS

.

2.1. Introduction. Consider a ring of n processors, distinguished by
unique identification numbers. In general it is assumed that the size n
of the ring is not known to the processors. There is no central con-
troller. The problem is to design a distributed algorithm for finding
the processor with the highest number, using a minimum number of mes-
sages. The elected processor can act as a ’leader’ (central controller).
Every processor (possibly several or all processors simultaneously) can
start the "election", and every processor has to use the same algorithm.
We further assume that the processors work~fully asynchronously and can-
not use clocks and/or timeouts. (Frederickson and Lynch [FL84], and
Vitanyi ([Vi84] analyzed the case where this strict assumption of asyn-
chronicity does not hold, and show that in that case a significantly
smaller number of messages is needed, if one is willing to spend consid-
erably more time.) This latter assumption makes that we can assume that
the algorithm is message-driven : except for the initialization of an
election a processor can only perform actions upon receipt of a message.
We also assume that there are no faulty processors and no faults in the

communication subsystem.

The leaderfinding or "election" problem has received considerable
attention, after it was proposed by Le Lann [LL77] in 1977. It has been
studied for unidirectional rings as well as for general, bidirectional
rings. Figures 2.1.1. and 2.1.2. summarize the solutions presently known
for both cases, together with the worst-case or average number of mes-
sages required for each algorithm. (All logarithms are taken to the

base 2, unless stated otherwise.)

For most of the bidirectional algorithms of figure 2.1.2. and also
for the algorithms given in section 2.2. the assumption of a global

sense of orientation (i.e., each processor knows the left and right
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Algorithm Average Worst-Case
Le Lann (1977) n2 n2
2
Chang & Roberts (1979) n Hn 0.5 n
*
Peterson (1982) 0.943 n log n 1.44.. n log n
*
Dolev, Klawe & Rodeh (1982) 0.967 n log n 1.356 n log n

Fig. 2.1.1. Election Algorithms for Undirectional Rings
*: Result experimentally obtained by Everhardt [Ev84].

direction on the ring) is unnecessary. In our lowerbound analysis we do
assume a global sense of orientation for bidirectional rings. This only

strengthens our lowerbound results.

In this chapter we will derive some upperbound results, as well as
some lowerbound results on the decentralized extrema finding problem. In
section 2.2. we improve on the known upperbound for the average number
of messages that 1is needed for decentralized extrema finding in a
bidirectional ring. In section 2.3. we give various lowerbound results

on the decentralized extrema finding problem in rings of processors.

™MB

: X X 1
Hn is the n’th harmonic number, i.e., Hn = L= 0,69 log n.

i=1
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Algorithm Average Worst-Case
Gallager et al. (1979) 5 n log n
Hirschberg & Sinclair (1980) 8 n log n
Burns (1980) 3 n logn
Franklin (1982) 2 n logn
Korach, Rotem, & Santoro (1981) | (prob.) 0.70..n Hn (prob.) 0.5 n2
Santoro, Korach & Rotem (1982) 1.89 n log n
Bodlaender & van Leeuwen (1985)}(det.) 0.70..n Hn (det.) 0.25 n2
Van Leeuwen & Tan (1985) 1.44.. n log n
Moran, Shalom & Zaks (1985) 1.44.. n log n

Fig. 2.1.2. Election Algorithms for Bidirectional Rings

2.2. New upperbounds for decentralized extrema-finding in a ring of

processors.

2.2.1. Introduction. 1In 1981 Korach, Rotem, and Santoro [KRS81] gave a
probabilistic algorithm for decentralized extrema-finding in bidirec-
tional rings that uses a smaller (expected) average number of messages
than any deterministic algorithm for the problem in unidirectional rings
requires. In this section we consider the key question of whether decen-
tralized extrema-finding can be solved more efficiently in bidirectional
rings than in unidirectional rings by a deterministic algorithm. (The
question was first posed by Pachl, Korach, and Rotem [PKR82], who proved
a lowerbound of an on the average number of messages required by any

reasonable algorithm for leader-finding in unidirectional rings.)
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Consider a ring of n processors with identification numbers Xl
through Xn. Without 1loss of generality we may assume each Xi to be an
integer between 1 and n, hence XEXIXZ...Xn is a permutation. We also
assume that £ is "random", i.e., we assume that every permutation can
occur with an equal probability of ﬁ%. One technique of decentralized
extrema-finding in bidirectional rings makes use of the "peaks" in a

circular permutation. Assume that initially all processors are active.

Definition. A peak in a ring of active and non-active processors is an
active processor Xi that is larger that the active processors immedi-
ately to the left and to the right of Xi’ assuming a fixed clock-wise

orientation of the ring.

A typical algorithm due to Franklin [Fr82] operates in the following
way. During one stage of the algorithm all active processors Xi send
their identification number to the nearest active processors to the left
and to the right. (Intermediate, inactive processors simply relay mes-
sages onwards.) When an active processor finds out that it has a larger
active "neighbor" to the left or to the right, it becomes non-active. It
is clear that in one stage only 2n messages need to be exchanged, and
that precisely the peaks of the current permutation pass on to the next
stage. As the number of peaks is not larger than half the number of
currently active processors, Franklin’s algorithm requires at most log n
stages and (hence) 2n log n messages. The experimentally observed,
smaller number of messages on the average in Franklin’s algorithm might

be explained as follows.

Theorem 2.2.1.1. (Bienaymé [Bil874], 1874). The average number of peaks

and troughs in a permutation of n elements is %(Zn—l).

It follows that one stage of Franklin’s algorithm will leave about %n
processors ("peaks") active on the average. Assuming that the order type
of the resulting configuration is again random, repetition shows that
Franklin’s algorithm requires only logan stages and hence 2n log3n =

1.26 n log n messages on the average.
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In another technique of decentralized extrema-finding, identifica-
tion numbers are send on the ring in some direction and travel until a
processor is encountered that "knows" that the passing identification
number cannot be the largest. In a typical algorithm due to Chang and
Roberts [CR79] identification numbers are all send in the same direction
and are annihilated by the first larger processor that is encountered.
Thus all identification numbers except the largest are annihilated on
their way around the ring, and the "leader" is identified as the only
processor that eventually receives its own identification number as a
message again. Knowing it is elected, the leader will send its identifi-
cation number around the ring in another n messages to inform the pro-

cessors of the result.

Given a random sequence (e.g. a tiﬁe—series), an "upper record" is
any element that 1is larger that all the preceding ones. The study of
records was pioneered by Chandler [Ch52] in 1952, as part of the general
theory of "order statistics" (see e.g. Galambos [Ga78], Sect. 6.3). Let
X be a random sequence. Let vo=1, and let \ be the index of the first
upper record with index larger than v,

(i21) . Thus v, is a random
th i-1 i
variable for the position of the i upper record in the sequence. It is
well known that the distribution of each v, does not depend on the dis-
tribution function of the elements of the random sequence (cf. Galambos
[Ga78], lemma 6.3.1) and that we may assume in fact that the elements
are uniformly distributed. Observe that v, is the distance to the
"first’ upper record of the sequence. The following result repeatedly

occurs in the theory (see e.g. [Ch52], [FS54], [HW73]).

Theorem 2.2.1.2. The average distance to the first upper record in a

random sequence of length n is Hn—l = 0.69 log n.

Proof. (sketch).
1

One can show that P(v_=j) = —F——
(v=3) 3G-1)

(j22) . Thus the average distance
to v, is equal to

n i1 n 1
Y= - ¥>=H-1=0.69l0gn. O
j(3-1) j n
j=2 j=2
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The theory of record distributions in random sequences was considerably
advanced by Renyi [Rn62] in 1962. He also derived the following useful

fact, proved later by David and Barton [DB62] (p.181) by a combinatorial

argument.
Theorem 2.2.1.3. For every k21 and 1<j1<...<jk one has that
. s _ 1
P(vl—jl,...,vk—jk) = X
I .H (3,71
i=1

Renyi [Rn62] proved that the number of upper records in a random permu-
tation of n elements has the same distribution as the number of cycles
in a random permutation. It follows from results of Feller [Fed45] from
1945 that this number is normally distfibuted, with expected value Hn =
0.69 log n (see also [Rn62]).

The results from‘the theory of order statistics apply to decentral-
ized extrema-finding by observing that e.g. in the algorithm of Chang
and Roberts the message generated by an xi is propagated to the first
upper record in the random sequence X, X,

i i+l
travel all the way around the ring, the sequence is considered to have

... . (Because the message can

length n.) By theorem 2.2.1.2. a message will travel over Hn links "on
the average", before it is annihilated. It follows that the algorithm of
Chang and Roberts uses an = 0.69 n log n messages on the average. (This
fact was proved by Chang and Roberts [CR79] without reference to the
theory of order statistics.) By a result of Pachl, Korach, and Rotem
[PKR82] the algorithm is optimal for unidirectional rings. In this sec-
tion we will show that the algorithm is not optimal for bidirectional

rings, i.e., bidirectional rings are "faster".

The section is organized as follows. In section 2.2.2. we review a
probabilistic algorithm for decentralized extrema-finding due to Korach,
Rotem, and Santoro [KRS81] and derive a deterministic algorithm for the
problem that wuses only %an = 0.52 n log n messages on the average. In
section 2.2.3. we improve the analyses to obtain a bound about 0.7nHn =

0.48 n log n messages for both algorithms.
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2.2.2. Decentralized extrema—finding in a bidirectional ring using a

small number of messages on the average. We begin by describing a proba-

bilistic algorithm for extrema-finding in a bidirectional ring due to
Korach, Rotem, and Santoro [KRS81] that uses an "expected" number of
%nﬂn messages. We subsequently derive a deterministic algorithm for the
problem that uses the same number of messages on the average (over all

rings of n processors).

The probabilistic algorithm employs the second technique described
in section 2.2.1 but, instead of all Xi sending their identification
number in the same direction on the ring 1like in Chang and Roberts’
method, the processors randomly decide to send their identification
number to the left or to the right. With messages going clockwise and
counterclockwise on the ring, it is expected that many messages run into
"larger" messages and (hence) are annihilated sooner, thus resulting in
the smaller messagé complexity of the algorithm. The algorithm in every

processor consists of three successive stages, as described below.

Algorithm-P
Each processor X.l keeps the largest identification number it has
seen in a 1local variable MAXi (1<i<n) . Each processor Xi goes

through the following stages.

Stage 1 (initialization)
MAX, := X,;

i i 1
choose a direction de{left, right} with probability i

send message <Xi> in direction d on the ring;

Stage 2 (election)

repeat the following steps, until the end of the election is sig-
naled by receipt of a <!> message:

if two messages are received from the left and the right simultane-
ously, then ignore the smaller message and proceed as if only the

larger message is received;

if message <Xj> is received from a neighbor, then
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if X,>MAX, then MAX, := X,;

- 3] E i J
pass messages <Xj> on

elif Xj = MAXi then {Xi has won the election}
send message <!> on the ring

£i;

Stage 3 (inauguration)
if a message <!> is received, the election is over and MAXi holds
the identification number of the leader;

if this processor was elected in stage 2 then the inauguration is

over, otherwise pass message <!> on and stop.

One easily verifies that a processor Xi wins the election if and only if
its identification number succeeds in making a full round along the ring
in a direction choseﬁ in stage 1. Thus, at the moment that a unique pro-
cessor Xi finds out that it is the leader, all processors must have set
their local MAX-variable to Xi. It follows that it is sufficient to send
a simple <!> message around the ring for an inauguration and as a signal
that the election is over and that the algorithm is correct. We assume
that all processors start the election simultaneously, otherwise the
first message a processor receives serves to wake it up and trigger its
stage 1, before it actually processes the message. For the analyses we

will assume that the processors work synchronously.

Theorem 2.2.2.1. (Korach, Rotem, and Santoro [KRS81]).

(i) Algorithm-P uses = %nz messages in the worst case,
(ii) Algorithm-P uses (at most) = %an= 0.52 n log n messages in the
expected case.

Proof.
(1) The worst case occurs in a ring X=n n-1...2 1, when all processors
decide to send their identification numbers to the right (as in the
algorithm of Chang and Roberts [CR79]). The number of messages adds up
to %n(n—1)+n = %nz

(ii) Observe that the message generated by Xi (in stage 1) will be

annihilated by the first upper record in the chosen direction on the
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ring. If the first upper record had decided to send its identification
number in the opposite direction, i.e., towards Xi’ then the messages
meet "half way" and the <xi>-message is killed right there. There is
probability % that the <Xi>-message needs to travel only half the dis-
tance to the first upper record in either direction on the ring. Using
theorem 2.2.1.2., the expected number of <xi>—messages will be %ﬂn+%-%ﬂn
= %Hn. (In case the first upper record decides to send its identifica-
tion number away from Xi' it is possible that the second upper record
decides to send its identification number towards Xi' If this happens it
will kill the message of the first upper record, and it can conceivably
stop the <Xi>—message even before reaching the position of the first
upper record. Thus the expected number of messages will be slightly less
than %Hn per processor, cf. section 2.2.3.) It follows that the total
number of messages exchanged is less than %an+n = %nﬂn = 0.52 n log n

in the expected case. O

Observe that Algorithm-P is probabilistic and, hence, no proof in
itself that decentralized extrema-finding is more efficient for bidirec-
tional rings than for unidirectional rings. To resolve the problem we
devise a version of Algorithm-P in which stage 1 is replaced by a purely
deterministic step. The idea is to let a processor Xi send its <xi>—
message in the direction of its smallest neighbor, instead of letting it
decide the initial direction by random choice. If Xi is beaten by a
neighbor right away in the first exchange, it is made "inactive™ for the

remainder of the election.

Algorithm-D
Similar to Algorithm-P, except that for each processor Xi stages 1

and 2 are replaced as follows:

Stage 1*

send message <*xi> to both neighbors on the ring;

wait for the messages <*Xi_1> and <*Xi+1> of both neighbors (with
the indices "i-1" and "i+1" interpreted in the usual circular sense

as indices of the left and right neighbor, resp.):;



- 33 -

= X,, X H
MAXi max(Xi_l, i )

if MAX, = X, then
= i { ===

i+l

if X, < X,
= i+

i-1 then send messages <Xi> to the left

1
else send message <Xi> to the right

Stage 2* (election)

repeat the following steps, until the end of the election is sig-
naled by receipt of a <!> message:

if two messages are received from the left and the right simultane-

ously, then ignore the smaller message and proceed as if only the

larger message is received;

if message <Xj> is received from a neighbor, then
if X,>MAX, then MAX, := X,;
- ] E 1 J

pass message <Xj> on

elif X, = MAX, and X, = X,

3 i— "1 j
then {Xi has won the election}
send message <!> on the ring

elif X, = MAX, and X, # X,

J i 1 J

then {the neighbor of Xi will win the election}
pass message <Xj> on

£i;

(Stage 3 is unchanged.)

Algorithm-D is correct by the same argument as used for Algorithm-P.

that in Algorithm-D, stage 1* uses only 2n messages and eliminates

1 : s . . .
at least 20 processors from active participation in the election. The

active processors that remain and send an <xi>-message on the ring, will

always have an inactive neighbor to the left and to the right.
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Theorem 2.2.2.2

(i) Algorithm-D uses = %nz messages in the worst case,

(ii) Algorithm-D uses (at most) = %an = 0.52 n log n messages in the
average case.
Proof.

(i) At most %n processors are still active after stage 1*, and the
active processor are separated by at least one inactive processor. Sup-
pose the largest processor sends its identification number to the right.
The worst case occurs if every second processor sends its identification

number in the same direction and is not annihilated before it reaches

n/2
. 12
the largest. This generates at most n + X (n-2i) = 20 messages. The
i=1 1 1
worst case occurs in a ring of the form X=n 1 n-1 r§n1 n-2 rinl-l...
1
(the shuffle of n n-1 ... F%nhl and 1 I'%n"l [snk1 ... 2).

(ii) Note that stage 1* only requires 2n messages and leaves at most
%n processors (peaks) that will send a message on the ring at the end of
the stage. To allow for an analysis based on random sequences, we note
that this is only an optimized version of the algorithm in which every
processor Xi sends a message on the ring in a direction as determined in
stage 1*, By pairing every permutation with one in which the neighbors
of Xi are interchanged, one easily sees that X, sends its messages to
the left or to the right with probability % (averaged over all permuta-
tions) . The message sent by Xi will be annihilated by the first upper
record Xj in the direction determined in stage 1*, or by the message of
the first upper record that is a peak in the same direction (in case
this message was sent towards Xi and collided with the <Xi>—message
between Xi and xj). We ignore the case that Xi does not have an upper
record. Without loss of generality we may in fact assume that Xi and Xj
are more than two steps apart, otherwise the <xi>—message certainly
travels only O(l) steps. As a result we may assume that Xj sends a mes-
sage towards Xi with probability %, where we note that the complementary
case with probability % consists of Xj sending its message away from Xi
or not sending a message at all. (This is seen by the following argu-
ment, where we use X; and X§ to denote the left and right neighbors of
Xj as seen from xi in the direction of Xj. Note that X§ < Xi’ by the

assumption that Xj is the first upper record. If X§ < Xi then pair the
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current permutation with the one in which X; and X§ are switched. If XF>
Xi then pair the current permutation with the one in which X, and X§ are
switched. Of every pair precisely one permutation will give a case in
which the first upper record of Xi sends a message towards Xi' Note that
the pairing of permutations is independent of the choice of a direction
by Xi.) By theorem 2.2.1.2. we know that the average distance of a ran-
dom processor to its first upper record is Hn. It follows that
Algorithm-D uses (at most) %an+O(n) messages on the average. (One
should observe that, as in the proof of theorem 2.2.2.1. (ii), the
analysis ignores the possible effect of higher order upper records. Thus
the average number of messages used by Algorithm-D will actually be less

than the claimed %Hn+o(l) messages per processor, cf. section 2.2.3.) 0O

Corollary 2.2.2.3. Decentralized extrema-finding can be achieved

strictly more efficiently (i.e., with fewer messages on the average) for

bidirectional rings than for unidirectional rings.
Note that Algorithm-P and Algorithm-D use "time"™ n and n+l, respec-
tively, when executed under ideal assumptions, not counting the time for

the inauguration of an elected leader.

2.2.3. An improved analysis of Algorithm-P and Algorithm-D. In the

proofs of theorem 2.2.2.1. and 2.2.2.2. it was argued that the bound of
an on the average (c.q. expected) number of propagations of an <xi>—
message is only an upperbound, because the possible effect of higher
order upper records was ignored. In this section we will improve the
analyses and derive a bound of about 0.7Hn on the average (c.q.

expected) number of propagations of a message in both algorithms.

For an analysis of Algorithm-P, we assume without loss of general-

ity that i=1 and that the <X1>-message is sent to the right. Let v_,

1
Vor o ee- be random variables denoting the position of the first and
higher order wupper records (cf. section 2.2.1). 1If xv to Xv ran-
1 -1
domly choose to send their <X>-message to the right as well but Xv
3

sends its message to the left, then the <X1>—message is annihilated by
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the <xV >-message if the messages meet before Xv is reached, i.e., at
3 1
i <2v_. (F ,—1 odd, the messages will
processor X [v.-1] provided vj vy (For vJ ' g

1+ 2
not meet but pass over the same link before <x1> is annihilated at the

next processor.) Otherwise the <x1>—message is simply killed at xv
1

1
tl-Eti
-1 ... (t,-D¢t,’
J 3

Definition. K (j)= z

1<t _<..<t .Sn(t
1 ]

1

<
tj 2t1

Suppose that we take the effect of up to 1 upper records into account.
(Further upper records could only lower the bound on the expected mes-

sage complexity.)

Theorem 2.2.3.1. The expected number of messages used by Algorithm-P is
1 .

bounded by n(Hn - X (%)J Kn(j)) + O(n).
j=1

Proof.

The expected number of <X1>—messages propagated by Algorithm-P is
bounded by the expected value of

1 jrvj_l-l 1.1
‘Z ) 2 + )T m1) =
=1
1 14 1 1 JTv.-1]
= (v —1)—{ p (—)J(v -1)- X (_)J__J___}
1 . 2 1 . 2 2
=1 j=1
L o190 Yy
= (vl—l)—'z ) [v1—2 ]+O(1)

J=1

, where each term in the summation arises with the probability of vj

being 1less than 2v1 (and thus of the <xV >-message serving as the
]

annihilator of the <X1>—message). We ignore the effect of rings without

a first upper record. The expected value is given by
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1
1.3 1
= -1)- > =t_;...;v.=t, —-5t.)+0(1)=
) P (v =t,) (£,-1) _}: o)) z P (v =t, vy tj) (t,—3 J) (1)
1<t.<n j=1 1<t <...<t.<n
1 1 3
tj<2tl
t -1 1 .
1 1.3 .
= X - X (3)7K_(5H+0(1)=
- 2
1<t < 87Dty 5 n

1 1.3
Hn—jga(g) K (3)+0(1),

using theorem 2.2.1.3. Accumulating this bound for all <xi>—messages

yields the result. 0O

1.3 . . s
Note that the term —(E)JKn(])-n denotes the savings in the expected
B . h
number of messages used by the algorithm when the effect of the jt

upper record is taken into account.

Lemma 2.2.3.2.

. 1
(1) Kn(l) 2Hn + 0(1),

(ii) Kn(2) (% - %an) H + 0(1),
A 1
(iii) Kn(3)

I

1 2
(7 - 31n2 - Z1n"2) Hn + 0(1),
(iv) Kn(j+1) < Kn(j)-

Proof. 1
5 1
(1) K (1) = Y ——2—=%5H +0(1).
— 2
n 1<t.<n (F171) n

(ii) See appendik A.
(iii) See appendix A.
(iv) The result is obvious by the interpretation of Kn(j+1) and

Kn(j), but can be proved formally as follows.

1
t. -5t
. 1 2759+1
K, +h)= X t.—1)...(t ’ Det, .
< e < TS ]
1 t1< <tj+1 n 1 j+1 J+1
t, <2t

J+1 1
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1
v { 1 s £172%4 } .
- - - -t =
l<t1<...<tj$n (tl 1)"(tj 1)tj<tj+15n(tj+l ) j+1
tj+1<2t1
2t - 1
. s { 1 ; £y (tl—Etj+l)}
B (t.-1)..(t,-Dt, (k. -1t
...<t.< . .=t .+1 1 +1
1<t1< t:J n 1 j J tj+1 tj
tj<2t1
£ -t 267
< hX { 1273 3 ___J__}
=-1).. - . -1
1<t1<...<tj5n (t1 1) (tj 1)tJ t=tj+l(t )t
<
tj 2t1
< Kn(j),
2t1—1 t.
where we use that > ?E:%TE consists of at most tl—2 terms of size
t=t ,+1
J

less than iL and thus has a sum <1 (but positive). 0O
1

Theorem 2.2.3.3. The expected number of messages used by Algorithm-P is

equal to 0.70...nHn + O(n).

Proof.

By theorem 2.2.3.1. the expected number of messages used by

L .

Algorithm-P is equal to n(H - p (%)JKn(j)) + O(n), for the largest L
j=1

possible. (Note that no ring has a j upper record with tj<2t1 for 32

%n+1.) Using lemma 2.2.3.2. this number is bounded from above by

1.1 111 111 1.2
(1 _E(E) ‘E‘EHEI“Z) —§1§hEln2—Zln 2))an + O(n) =

1 2
(16 + 16ln2 + 321n 2)an + O(n) =

0.7075nHn +0(n),

and from below by
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o0
9 3 1.2 11 1. 2 13
Y - —_— — et . +
(Tg * 1gin2 + 331n" 2)nH - (5-31n2-71n"2) '§4(2) nH_+ 0(n)
=&+ b s 2?2 +om - ”
= (2 21in 16 n 2)n n n

0.7033 an + 0(n). O

Because of the analogy to Algorithm-P (cf. theorem 2.2.2.2), it is
intuitive that the improved bound of 0.70..nHn + O(n) messages also
holds for the average number of messages used by Algorithm-D. We give a
more rigorous proof of this fact. Note that in its first stage,
Algorithm-D expends O(n) messages to eliminate every processor that has
a larger neighbor. The active processors that remain are at least one
position apart, but must be at least two positions apart if we want to
claim the independence of their choice of direction at the end of stage
1* (cf. theorem 2.2.2.2.). This motivates the definition of a modified

record concept.

Definition. Given a random sequence, and "upper *-record" is any element
that is larger than all the preceding ones (thus an upper record in the
traditional sense) for which the two immediately preceding elements are

not upper *-records.

We will bound the average number of messages used by Algorithm-D by tak-
ing only the effect of upper *-records into account, by an analysis that
is very similar to the analysis of Algorithm-P. (The effect of upper

records that are no upper *-records will only lower the resulting esti-

mate.)

fsas . 1 .
Def . = * =t_;...;v,=t.,) . -5t
efinition Ln(j) P (v1 tl vJ tj) (tl 2 J), where the summation

is taken over all t ot with 1<t _<...<t.<n and 2<t _,

1 1 1
t_ +2<t [P +2< and < .
1 2, ’ 1 t t 2t

In the definition, P*(vl=t1;...;vj=tj) denotes the probability that the

.th s s

i upper *-record occurs at position ti (1i<j). Note that for

2< +2< RS S . *(v.o=t_;...;v.=t, 2
tl' t1 2 t2, ,tj_1 2<tJ ine has P (v1 tl vJ t])

P =t_ ;...;v,=t, = i
(v1 t1 v:l tj) (tl—l)"‘(tj_l)tj' because the upper records in

positions tl through tj will automatically be upper *-records. Suppose
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we only take the effect of 1 upper *-records into account. In analogy to

theorem 2.2.3.1. one obtains the following fact.

Theorem 2.2.3.4. The average number of messageé used by Algorithm-D is

1 .
bounded by (at most) n(H - X (%)3 L_(3)) + 0(n).

j=1
1
’ tl_z j
$ ici $ 5y = 3 here the summation
For simplicity define Ln(]) t-1)...t.-Lt.’ w.
1 J J
extends over all tl,...,tj as in Ln(j).

Lemma 2.2.3.5.

(1) Ln(j) 2 L;(j),

(ii) 0< Kn(j) - Ln(j) = 0(Jj).

(i) This follows immediately from the definitions.

(ii) Obviously Kn(j) 2> L;(j), as L; equals the efpression for Kn(j)
over a more restricted range. To show that Kn(j)—Ln(j) = 0(j) we define
the following auxiliary quantity Mn(j,i) for 0<i<j:

o

ot
Mn(j,i) =z (tl—l).{.(t?—l)t.' where the summation is taken over all

t.,...,t, with 1<t _<...<t.<n and t,+2<t,
1 J Jj i i+

. < < .
1 'tj~1+2 tj and tJ 2t1

17"

’

Observe that Kn(j) = Mn(j,j)_1 and Ln(j)=Mn(j,0), and clearly

>t
ot
Mn(j,i+1)2Mn(j,i). Note that —l€~—l < 1, and that for "fixed" t1 to ti

1
one has X tl_Etj = [ 1 ]
-1)... .~ L o.—1) ... — . -1)... ~1))!
(t1 1) (tJ 1)(t1+1 1) (t3 1)t:| (t1 1) (tl )
where the summation extends over all 1<ti+1<...<tj5n with
+2< P .
ti 2 ti+1’ ,tj_1+2<tj and tj<2tl Next observe that

1
t -5t
.. C ey 1274

M_(3,i+1)-M(3, 1) = z (t1_1)"'(tj"1)tj

where the summation is taken over all t_,...,t. with 1<t <...<thn and

1 3 1
+2< =t,+ =t +2.
ti+1 2 ti+2' ,tj_1+2<tj and tj<2t1, and ti+ ti 1l or ti+ ti 2. It

1 1
follows that
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‘ 1
M _(3,i+1)-M(3, 1) = o[ z - Z _ ]=
n 1<t _<...<t, .<n (tl l)'"(ti 1)(ti+1 b
1 i+l
£141%%
ti+1=ti+1 or =ti+2
1
= O[ E ]:
(1<t <..<t,Sn)(t1 1)"(ti 1)ti
1 i
ti<2t1
= o[ p)) —li = 0(1).
1<t_<n t2
1” 1
’ j“l
Hence Kn(j)—Ln(j) = Mn(j,j)—Mn(j,O) = X (M(j,i+1)-M(j,1)) =0(3). O

=0

Theorem 2.2.3.6. The average number of messages used by Algorithm-D is

bounded by (at most) 0.7075nHn + O(n).
Proof.
By theorem 2.2.3.4. and lemma 2.2.3.5. the average number of mes-

sages used by Algorithm-D can be bounded as follows (for any fixed 1):

1
1 4 ) 15 ’ .
n - T )7L (9)+0m < nw - T G)L (9)+0m)

J=1 =1
1 1o
=n(H - T )7k (3))+0(m. T () H+on) =
n , n .
j=1 j=1
Loy
= n(Hﬂ—jEﬁ(E) K_(3))+0(n).

The result now follows by using the upper bound on the latter expres-
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sion, derived in the proof of theorem 2.2.3.3. 0O

Recently, this analysis was improved by Flayolet [F186], who obtained an
exact bound of E?-nﬂn + O(n) for the average number of messages used by
Algorithm-P. With the techniques, exposed in this section one can show
that this bound also is an upperbound for the average number of messages
used by Algorithm-D. We conjecture that the average number of messages

used by Algorithm-D also is exactly %%-nﬂn + O(n).

2.3. Some lowerbound results on decentralized extrema finding in a ring

of processors.

2.3.1. Introduction. 1In this section we will derive a number of lower-
bound results for the decentralized extrema finding problem in rings of
processors. The first lowerbound for this problem was obtained by Burns
[Bu80], who proved a lowerbound of %—n log n messages for the worst-case
for bidirectional rings. Pachl, Korach and Rotem [PKR82] proved a lower-
bound of an = 0,69 n log n on the average number of messages required
by a unidirectional algorithm (hence the Chang-Roberts algorithm is
optimal with respect to the average number of messages) and a lowerbound
of % n log n + O(n) on the average number of messages for bidirectional

rings. For the case that the size of the ring n is initially known to

the processors, they proved lowerbounds of n log n + O(n) and

6
1 5log5
e log n + O(n) on the worst-case number of messages, for unidirectional
rings and for bidirectional rings, respectively. (No non-trivial lower-
bounds are known on the average number of messages needed for rings with

known ring size.)

For the synchronous case, Frederickson and Lynch [FL84] prove a
lowerbound of %n log n + O(n) on the worst-case number of messages for
(bidirectional) comparison algorithms (a comparison algorithm uses only
mutual comparisons between identification numbers (=, #, <, >, £, 2)),
and for (bidirectional) algorithms, that run in time, bounded by some
constant tn on all rings with size n. This lowerbound is also valid for

the asynchronous case: every algorithm that runs on a asynchronous ring

can also run on a synchronous ring, and the time the algorithm uses is
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bounded, for instance by the number of messages that is sent.

This section is organized as follows. In section 2.3.2. we give
some preliminary definitions and results. In section 2.3.3. we relate
the worst-case number of messages for arbitrary (asynchronous) algo-
rithms to this number for (asynchronous) comparison algorithms. Our
results and proof-techniques we use in this section are very similar to
results, proven by Frederickson and Lynch [FL84] for the synchronous
case. The results of section 2.3.3. will be used in section 2.3.4. to
answer a question, posed by Korach, Rotem and Santoro in 1981 [KRS81],
whether algorithms that use time n, have to send a quadratic number of
messages. The answer will be positive or negative, depending on the pre-
cise assumptions made about whether we want to find the maximum or
whether we want to find a leader (which does not have to be the maximum)
and what processors have to "know" the maximum or leader after comple-
tion of the algorithm. In figure 2.3.1.1 the results of section 4 are
summarized. In section 2.3.5. we consider the case where the size of the
ring n 1is initially known to the processors, for unidirectional rings.
We give a better lowerbound 6n the worst-case number of messages and we

give a lowerbound on the average number of messages for comparison algo-

rithms.

2.3.2. Definitions and preliminary results. Pachl, Korach and Rotem

[PKR82] introduced the notion of full-information algorithms (for uni-
directional rings). In full-information algorithms, when a processor
sends a message, it sends everything it knows. In this way, algorithﬁs
have to specify only when to send (and no longer what to send). Every
algorithm A corresponds to an ‘equivalent’ full-information algorithm
A’ : if during execution of algorithm A’, a processor p receives a mes-
sage s from a neighboring processor, p can decide from its own
knowledge, the information that is contained in the message s, and the
direction from which it received s, whether or not it would have sent a
message on the corresponding moment during execution of algorithm A. A
and A’ use the same number of messages (although messages sent by A’ can

be considerably longer than messages sent by A) and the same time. (We
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Problem

Unidirectional

Bidirectional

—-every processor must know the
maximum

-one or more arbitrary processors
must know the maximum

-the maximum must know it is the
maximum

-one processor must declare itself
as a leader

-one processor must declare itself
as a leader, and all processors

must know the id. of the leader

z 3

n (n+l)
<1.356 n log n+0O(n)

P4

% n(n+1)
<1.356 n log n+0(n)

>

n (n+l)

N

Q (%
<1.356 n log n+O(n)
Q(nz)
<1.356 n log n+0(n)

Q(nz)

Fig. 2.3.1.1. General bounds for problems that have to be solved

in time < n.

assume that in one time unit each

ignore the time

processor can send

that identification numbers are chosen from Z.

We will first consider unidirectional full-information

In unidirectional

a
processor consists of its identifi

and the

full-information

algorithm,

cation number

id’s of a number of processors (initially zero)

the "knowledge’

(abbreviated:

one message. We

used for calculations in processors.) We also assume

algorithms.
of a
its id)

'before’ it on

the ring. If a processors with identification number id, receives a mes-

sage <id,...id

1 k>, then either it sends a message <idl"'idk id,> to the
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next processor, or it does nothing. If a processor id, receives a mes-

sage <id1...idn> and id, = id then it knows the id of every processor

1’
on the ring. It depends on what exactly we want the algorithm to do
whether we have to send some more messages. If we want an arbitrary pro-
cessor to know the maximum, then we are done. If we want that the pro-
cessor whose id is the maximum to become aware of this fact, or if we
want every processor to know the maximum, then some extra messages may
have to be sent. 1In both cases, it is not difficult to find the most
efficient way to finish the algorithm, and at most n extra messages in
total have to be used. We therefore'only consider messages with length

<n = number of processors on the ring.

Definitions.

(i) Let X ¢ Z. D(X) is the set of finite, non-empty sequences of dis-

tinct elements of X, i.e.

D(X) = {<s,...s ,>|k21, 1<i<k =s, € X; i#j =s, # s.}.
1 k i i Jj
(ii) D = D(2).
(iii) Let seD. len(s) is the length of s, i.e. len(<s_...s >) = k.

1 k
(iv) Let seD. C(s) is the set of cyclic permutations of s.

(v) Let s,t € D. t is a subsequence of s, if there are u, v € D U (g}
(¢ is the empty sequence), with s=utv.
(vi) For seD, E ¢ D let N(s,E) = |{teE| t is a subsequence of an ele-
ment of C(s)}]|.

Definition. Let E ¢ D. E is exhaustive, iff
(i) V t,u€eD : tueE =>teE.

(ii) Vs eD : C(s) N E # @.

Theorem 2.3.2.1. is a minor extension of a result of Pachl, Korach and

Rotem [PKR82].

Theorem 2.3.2.1. [PKR82] Let A be a (unidirectional) full-information

algorithm. Let E = {teD | a message with content t will be transmitted
when A executes on a ring labeled t}. Then

(i) E is exhaustive
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(ii) A requires exactly N(s,E) messages with length < len (s), when exe-
cuted on a ring labeled s (and possibly some extra messages with

greater length).

Conversely every effective computable (i.e. recursive) exhaustive set E

c D corresponds to a maximum finding algorithm: use the full information

algorithm that sends a message if and only if it is an element of E.

An algorithm is said to be a comparison algorithm iff no other
operations on the id’s are used as mutual comparisons (=,#,<,>,5,2). We

now give the corresponding notion for sets.

Definition. Let s, t € D. s=t (s and t are order equivalent), iff len(s)

= len(t), Vi,j 1<i,j<len(s), si<sj ¢=ti < tj.

Definition. Let E ¢ D. E is comparison-based, iff V s,teD: s=t = (seE &
teE) .

Definition. Let E ¢ D. E is comparison-exhaustive, iff
(i) E is exhaustive

(ii) E is comparison-based.

Theorem 2.3.2.2. Let A be a (unidirectional) full-information algorithm,

corresponding to a comparison algorithm. Then E = {teD| a message with
content t will be transmitted when A executes on a ring labeled t} is

comparison-exhaustive.

Again, conversely, effective computable comparison-exhaustive sets E € D

correspond to comparison maximum finding algorithms.

The notion of full information algorithms can be extended to bidirec-
tional algorithms. Our notion of a bidirectional full-information algo-
rithm is very similar to the notion of free algorithms of Frederickson
and Lynch [FL84]. (Free algorithms run on bidirectional synchronous
rings). In bidirectional algorithms the behavior of a processor does not

necessarily depend fully on the 1id’s of the processors in the



- 47 -

neighborhood it knows, but can also depend on the order in which it

received messages from its neighbors, etc.

Definition. Let X ¢ 2. Db(x) is the smallest set of strings, such that
(1) id € X =<id> € Db(X)
(ii) id € X,k21, sl...sk € Db(X), dl,..
(dyrs,)renes (d)8,)>) €D (X).

.,dk € {l,r} = (<id>,<(dl,sl),

We abbreviate D, _(Z) as D _.
b b

The information that a certain processor has on a certain moment during

execution of a bidirectional full-information algorithm can be

represented by an element of D For instance, read the string (<id>,

b*
<(l,sl), (r,52)>) as: my own identification number is id, the first mes-
sage I received came from my left neighbor and contained information S,i
the second and last message I received came from my right neighbor and

contained information s, -

So if a processor sends a message, it sends all its information,
that is: an element of Db' If a processor p with information (<id>,
<(d1,sl),.., (dk’sk)>) receives a message s, its new information becomes

id> .. i = i
(<iad>, <(d1,sl), ,(dk,sk), (dk+1,s)>), with dk+1 1 if the message

came from p’s left neighbor and dk+l = r, if the message came from p'’s

right neighbor.

Now every bidirectional full-information algorithm corresponds to a
pair (L,R), L,R subsets of Db' L corresponds to the messages that are
sent to left neighbors, R corresponds to the messages that are sent to
right neighbors, in a manner similar to the undirected case. Note that a

message that is sent to both neighbors will be a member of L N R. We

will not give a bidirectional variant of the notion of exhaustiveness.

Definition. Let s € Db. s is obtained by taking the successive integers

that appear in s, ignoring other characters:
- if s is of the form <id>, with id € Z, then s = id

- if s is of the form <id, <(d;,s)), (dy8,), ..., (d,5,)>), then s = id

K’ (where al...an ° bl...bm = al..anbl..bm).

o S o 8 ©...0 S
1 2
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Definition. Let s,t € Db. s=t (s and t are order equivalent), iff
len(s) = len(t) and Ei < ’s'j aEi < Ej for all i,j, 1<i,3< len (3). (s

is the i’th integer in the string s.)

Definition. Let s,t € Db' s Ot (s and t are equally typed), iff
a) s and t are both of the form <id>, with id € Z,
or
b) there exists a k € Z and dl""'dk € {1,r}, such that

(i) s is of the form <ids,<(d1,sl),...,(dk,sk)>);
(ii) t is of the form <idt,<(dl,sl),...,(dk,sk)>);

(iii) For all i, 1<izgk, s, [m] ti.

We call a set E ¢ D, comparison based, iff for all s,t with st and

b
s=t:s€E &> t€eE. Similar to the undirected case one has:

Theorem 2.3.2.3. Let A be a bidirectional full-information comparison
algorithm. Let L, R C Db be the sets of all messages that could possibly
be sent by algorithm A to left and right neighbors, respectively. Then L

and R are comparison based sets.

2.3.3. Arbitrary versus comparison algorithms. In this section we

relate the worst-case number of messages needed in arbitrary and com-
parison algorithms. The results and proof-techniques are very similar to
results, proven by Frederickson and Lynch [FL84] for the synchronous
case. In the proof we will use a well-known Ramsey theorem (theorem

2.3.3.1.). We first consider the unidirectional case.

Theorem 2.3.3.1. (Ramsey’s theorem, see e.g. [Ba77].) Let A be an infin-
+ n k n
ite set, k,n € N, and Cl,..,Ck a partition of P (A). ( U Ci=P (a),
i=1
i#j =$Ci F\Cj=¢ ) . Then there exists a homogeneous subset B ¢ A, i.e. di
P'(B) cc,.
1

Definitions.

+
(i) Let E ¢ D be exhaustive, and let A¢cZ, n € N . We let E(n,A)

denote the set of all strings in E with elements in A and length
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at most n, i.e. E(n,A)= {s € E ¢ D(A) | len(s) <n}.

+ ,
(ii) Let n € N . We fix an enumeration of all permutations of the set
n
n!’
(iii) Let X € N, n=|X|, and 1€i<n!. We let n?(X) denote the string,

{1,..,n}, denoted by n? , n:,..., T

obtained by placing the elements of X, in the order, prescribed by

n N n n
no , i.e. o (X) € D(X); W (X) = W,
1 1 1 1

Theorem 2.3.3.2. Let E ¢ D be exhaustive.

There exists a collection of infinite sets A, A

1 ERRY An,..., with

(1) Al =12

(ii) Vn € ;A oa
" “n = Tn+1

, + \ .
(iii) Vn € N : E(n,An) is comparison based.

Proof. We use induction to n. First note that E contains every string
<v>, v € Z. (We use that E is exhaustive). So E(1,2) = E(l,Al) is com-

parison based.

Now let an infinite set An be given, with E(n,An) comparison based.

We will now show that An can be chosen, such that it fulfills the

+1
requirements.
With induction we define a row of infinite sets Bn+1,..., (;::5| , as
follows:
_ Bn+1 = A .
° n n+1l
- Let with induction an infinite set B 3 be given. Let Cl={X c
n+l n+1l n+1 +
PN 1 a1 e B) and cpmix s “;1) | ngii(X) ¢ E). Ram-
+
sey theorem 2.3.3.1. with k=2 gives that we can choose B?+1 such that:
. n+1 n+1
(1) Bj+1 cB 3
- S
(ii) B? is infinite
IJ+1
cas n+l _n+l n+l n+l
P B .
(1ii) ( 341 ) C© Cl or P (Bj+1 ) C 02
Finally choose A =B nt+l It is obvious that A is infinite and A
¥ n+1" " (n+1) ! n+1 n

= An+1'
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= < = .
Now suppose sl, 52 € D(An+1) and len(sl) len(sz) < n+l and s1 32
If len(sl) < n, then s1 € E c:sz € E, because An 2 An+1 and E(n,A ;+is
comparison based. Now suppose len(sl) = n+l. There exists a unique 7 k ’
with s, = nn;1 = s,. Let Sl, 32 be the sets of integers, appearing in

i = <j i = i i . c

sllls2 respectively. (si <1:ii..1dn> = S, n+ildi""’ldn}) Sl,s2 c
Bnk . The construction of B X shows that = " (Sl)= s1 € E ¢:Sl € C1 =
n+l _n+1l n+1 .

= . € E &s_, € E.
P (B X ) © C1 ¢:Sz € C2 =% " (82) 326 E. So again s1 2
This shows that E(n+1,An+l) is comparison based. 0O

Theorem 2.3.3.3. Let E ¢ D be exhaustive. Then there exists a

comparison-exhaustive set F ¢ D, such that

Vn max{N(s,F) | s € D, len(s)=n} € max{N(s,E) | s € D, len(s)=n}.

Proof. Let an exhaustive set E ¢ D be given, and 1let the sets

Al,AZ,..
F={S e€eD | 3teEND(A ): t =s}. F is comparison-exhaustive:
len(s)

(i) Let t,u € D and tu € F. Then 3 sveE N D(A ): sv = tu A
len(tu)

len(s)=len(t). =3 s € E hD(Alen(s)): s =t =t € F.

(ii) Let s € D. One can choose v € D(A ), with v
len(s)

len(s) different elements from Alen(s) and place them in the right

order.) Now C(v) NE #g. Let w € C(v) "E. We <can find a t €

.,Ai..., as implied by theorem 2.3.3.2., be given. Now choose

s. (Choose

C(s), with t = w. (Use the same cyclic permutation that is neces-
sary to obtain w from v to obtain t from s.)

So t = w and w € D(A ) NE. This implies t € F and C(s) N F
len(t)
#J.

(iii) Let s,t € D and s = t. Then

se€EF&®Ilv v=snNnveED (Alen(s))
@I v v=tNveD (Alen(t))
ot € F.

This concludes the proof that F is comparison-exhaustive.

Finally we will show that for all n:
max {N(s,F) | s € D, len(s) = n}< max {N(s,E)Is € D, len(s) = n}.

Let n be given. Let s € D, with len(s)=n. There exists a t € D(An), with
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t = s. It follows directly from the exhaustiveness of F that N(s,F) =
N(t,F). Further, for every subsequence to of t: to € E & to € F (use

that to € D(An) < D(A )), hence N(t,F) = N(t,E). So for all s € D,

len(t )
len(s)=n there exists a t € D, len(t)=N, with N(s,F) = N(t,E). So

max {N(s,F) | s € D, len(s)=n} € max {N(s,E) | s € D, len(s)=n}. O

An algorithmic variant of theorem 2.3.3.2 is the following:

Theorem 2.3.3.4. Let A be a (unidirectional) extrema finding algorithm

for rings. There exist algorithms B
+

+Bos..

1B, .y Bi,... with for every i €

N
(i) algorithm Bi works correctly on every ring with size <i.

(ii) algorithm Bi+1 is an extension of algorithm Bi (i.e. algorithm
Bi+1 sends the first i steps exactly the same messages as algo-
rithm Bi.)

(iii) Bi is a comparison algorithm.

(iv) For every j £ i, the worst-case number of messages used by Bi on

rings with size j is lesser or equal than the worst- case number

of messages used by algorithm A on rings with size j.

Proof. Let A’ be the full information variant of algorithm A. Let E= {t
€ D| a message with content t will be transmitted when A’ executes on a
ring labeled t}. E is exhaustive (cf. theorem 2.3.2.1.). Let the sets
Al,Az,...,Ai,... be given, as implied by theorem 2.3.3.2. Now let algo-
rithm Bi be the (full information) algorithm, that sends a message s, if
and only if there is a t = s, -with t € D(Ai) N E. We first have to show
that Bi indeed is a comparison algorithm, i.e. that it is computable
using only comparisons whether there exists a t = s with t € D(Ai) NE.
Note that if a certain message s is sent by Bi, then also all messages
t, with t = s are sent. Bi can use a lis? of all permutations of i or

fewer elements, and with each permutation ni it is stored whether mes-

sages s, with s = ni are to be sent or not. For each s, one can find,
using comparisons only, for which n) s =nl , and then one can look up

k k
whether to send s or not.

It is not difficult to check that (i) - (iv) hold. (Compare the proof of
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theorem 2.3.3.2.) O
Unfortunately, theorem 2.3.3.3. does not imply the following conjecture:

Conjecture. Let A be a (unidirectional) extrema finding algorithm for
rings. There exists a (unidirectional) comparison algorithm B (for the
extrema finding problem for rings) such that for every n, the worst-case
number of messages used by algorithm B on rings with size n is at most

the worst-case number of messages used by algorithm A on rings with size

n.

The key difference between this conjecture and theorem 2.3.3.3. 1is the
computability of F. To 1let F "yield an algorithm", it must be effec-
tively computable (i.e. recursive) whether a given s € D is an element
of F or not. This is not necessarily true. However, the results of this
section show that some worst-case lowerbound proofs for comparison-
algorithms are also valid for arbitrary algorithms. This is when the
fact that the comparison algorithm is really an algorithm (that is:
effectively computable) is not used. For instance, a proof can show a
lowerbound for max {N(s,F) | s € D, 1len(s)=n} for all comparison-
exhaustive sets, not only for recursive comparison-exhaustive sets. The
results of this section show that this not only implies the same lower-
bound on the worst-case number of messages, that are sent on rings with

size n by comparison algorithms, but also by arbitrary algorithms.

The results can be generalized to the bidirectional case. A bidirec-

tional variant of theorem 2.3.3.2. is:

Theorem 2.3.3.5. Let A be a bidirectional full-information algorithm,

and let L and R be the sets of all messages that could possibly be sent
by algorithm A to left and right neighbors, respectively. There exists

a collection of infinite sets Al,Az,..., with
i) A Z
(i) 1 S N
ii) for all n € N : A A
(i1) n = n+l

+ , . -~ -~
(iii) for all n € N and all strings s,t € Db(An), with s O t, s = t and
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len(g) = len (E) <n one has s € L &t € L and s € R &t € R.

Proof. The proof is more or less similar to the proof of theorem
2.3.3.2. We will only stress the differences. As in the proof of theorem
2.3.3.2. we use induction to n. Where we had to use one "Ramsey-step"
for each permutation of n elements in the unidirectional case, (i.e. for
each equivalence class of the strings in D, induced by the equivalence
relation =), here we have to use the Ramsey theorem for every combina-
tion of a type of strings s, with len(§)=n, together with an ordering of
n elements, i.e. for each equivalence class of the strings in Db’
induced by the equivalence relation =, where = is defined by:

nt

s t =1 (sOtAs=1¢t).

! n+l
In every "Ramsey-step" we divide the subsets of the current Bi

with the right cardinality in four classes: those that correspond with
messages sent to the left and to the right neighbor, those that

correspond with messages, sent only to the left neighbor,...etc. Now use

theorem 2.3.3.1. with k=4. 0O
Similar to theorem 2.3.3.4. one now can prove:

Theorem 2.3.3.6. Let A be a (bidirectional) extrema finding algorithm

for rings. There exist algorithms Bl'BZ""’Bi"" with for every i €
N :
(i) algorithm Bi works correctly on every ring with size < i

(ii) algorithm Bi+l is an extension of algorithm Bi (on rings with size
<i algorithm Bi and Bi+1 behave exactly the same).

(iidi) B, is a comparison algorithm.

(iv) for every j<i, the worst-case number of messages used by Bi on
rings with size Jj, is lesser or equal than the worst-case number

of messages used by algorithm A on rings with size j.

Proof. The proof is similar to that of theorem 2.3.3.4. The main differ-
ence 1is that we can no longer use the set Ai to obtain algorithm Bi'
because messages on rings with size i can have a size much larger than

i. Suppose ti is an upperbound on the number of timesteps algorithm A
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takes on any ring with size i. Note that the size of the largest
knowledge of any processor can at most triple in one timestep. (That is,
when the procg§sor receives equally large messages from both its neigh-
bors). So 3 * is an upperbound on the size of the largest message ever

used by algorithm A on rings with size i, and we can use set B t to
< s . 371
obtain algorithm Ai, similar to the unidirectional case. 0O

The same remarks we made about lowerbound proofs concerning unidirec-

tional rings are also valid for bidirectional rings.

2.3.4. Algorithms that use time £ n. In [KRS81] Korach, Rotem and San-

toro posed the question "whether algorithms with running time of n must

have a quadratic number of messages in their worst-case". The answer to

this question depends on what we exactly want the algorithm to do in

time n. There are several possibilities:

(A) - every processor must know the maximum (i.e. the id of the largest
numbered node)

(B) - there must be one or more arbitrary processors that know the max-
imum

(C)- the processor that has the largest id must know that he is the node
with the largest id

(D) - exactly one processor must declare itself as a leader

(E) - exactly one processor must declare itself as a leader, all other

processors must know the id of the leader.
These five problems are closely related. In figure 2.3.4.1. it is shown
which problems are subproblems of which other problems. Also, without

much difficulty one can show the following relation:

Theorem 2.3.4.1. If there exists an algorithm that solves one of the

five problems A-E, and has a worst-case running time t(n), and uses a
worst-case number of messages m(n), then for each of the other four
problems there exists an algorithm that has a worst-case running time of
at most t(n)+2n and uses a worst-case number ' of messages of at most

m(n)+2n.
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AN
V4

Fig. 2.3.4.1. The partial ordering of the problems A-E.
A line indicates that the lower problem is a

subproblem of the upper problem.

In figure 2.3.4.2 we summarize the bounds we prove on algorithms that

use time <n.

Theorem 2.3.4.2. Every unidirectional algorithm for problem C that uses

. 1 .
time n, must use at least En(n+1) messages in the worst-case.

Proof. If the processor with the largest id must be aware of the fact
that it has the largest id after time n, then it must have sent a mes-
sage to its successor, and this message must have been propagated around
the whole ring, until it returned to the processor, that has originated
the message. The exhaustive set, induced by the algorithm must therefore

contain all messages s "Sn’ with Vi 2<i<n 512 s, - (This means

17

essentially that every message, used by the Chang/Roberts algorithm must
1

be used here too.) Now this implies a worst-case lowerbound of En(n+1)

messages on rings with size n. (Consider rings 1labeled with n, n-1,

n-2,...,2,1. Compare this result with the results of Chang and Roberts
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problem unidirectional bidirectional
A 2%n(n+l) Q(nz)
B <1.38 n log n+0O(n) <1.38 n log n+O(n)
C 2%n(n+1) Q(nz)
D <1.38 n log n+0(n) <1.38 n log nt+O(n)
E 2%n(n+1) Q(nz)

Fig. 2.3.4.2. Bounds for algorithms that use time <n.

[CR79].) O

Theorem 2.3.4.3. For every bidirectional algorithm for problem C, that

\ \ + .
uses time <n, there is a ¢ € R, such that the algorithm uses at least

2 .
cn messages in the worst-case.

Proof. Let A be a bidirectional algorithm for problem C, that uses time
<n, on rings with size n and suppose there does not exist a c € R+, such
that the algorithm uses at least cn2 messages in the worst-case (on
rings with size n). Without loss of generality we can assume that A is a

full-information algorithm. We first assume A is a comparison algorithm.

k,1 k,1

Let rings r be defined as follows: the size of a ring r is k.1,

and the id of the ith node of rk'l is

((=i-1) mod 1) .k + F%T (1<i<kl) .

3,5 \ \
"~ have successive id’s:

12 9 66 3 15 11 8 5 2 14 10 7 4 1 13.

k,1 . ; : .
'~ consists of k pieces of 1 nodes. Each piece consists of a

So for instance the processors of r

Note r



- 57 -

decreasing row of 1-1 id’s, the last id is larger than every other id in
the piece. The pieces are - in a certain sense - mutually placed in a
decreasing order: the i’th processor in the j’th piece has a larger id

than the i’th processor in the (j+1)’th piece.

We now suppose the ring works fully synchronous: all message transmis-
sion times are equal and we ignore time needed for calculations in pro-
cessors. This means, that when a processor sends a message on a timestep
t+l, this message can contain the id’s of at most 2t+l processors: the
id of the processor itself, the id’s of t processors immediately to the
left of the processor and the id’s of t processors immediately to the
right of the processor. This also means that when for two processors
po,p1 the strings consisting of this 2t+1 id’s are equally ordered, we
may assume that P, sends a message on timestep t+l1 if and only if P,
sends a message on timestep t+l. (We use that the ring works fully syn-

chronous and the algorithm is a comparison algorithm.)

Let ®d(k,1l) be the smallest number t, such that on the ring rk’l all
messages that are sent by the full information algorithm A after time t
(under the assumption of synchronicity) contain the value of the maximum

(and, of course, many other data).

Claim 2.3.4.3.1. V113 ¢y Vk dk,1) < c;-

Proof. Suppose not. Let 1 be given, such that Vc 3 k ®(k,1l) =2 c. Now we

first claim that on every ring rk’l

at least the first L%k-l] timesteps
messages are sent with the maximum not in it. This we can see by taking
k’ such that ®(k’,1)2 L%kl]. On the ring rk,'l on each of the first
L%kl] timesteps there are messages sent that do not contain the value of
the maximum (= k’.1). Now use that for each part of the ring rk,'l with
length < 2-L%kl] +1 that does not contain the maximum id, there exists
an equally ordered part of the ring rk'l, that also does not contain the

k,1

maximum id of this ring (=k.1l). So on r the first L%kl] timesteps

there are messages sent that do not contain the maximum id.

Finally we use, that for each part of rk'l with length S2-L%klj+l

that does not contain the maximum id, there are at least %k + 0(1)
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1
equally ordered parts. So on each of the first LZ k1] timesteps there

are at least %k + 0(1l) messages sent, so in total at least approximately
1

8 k"1 messages. When we take 1 as a constant, and let k grow to infin-
ity, we see that the algorithm costs a quadratic number of messages in

the worst case. Contradiction. 0O

As the algorithm is ’‘message-driven’ (a processor can only send a mes-
sage upon reception of a message, except for the first timestep), each
message m, except those sent on the first timestep, has a ’predecessor’
message, that 1is, the message that ’triggered’ the processor to send
message m. The processor that sent the message on timestep 1, obtained
by taking recursively the predecessor message of m is called the origi-
nator of m, the successive messages between the originator of m and m we

call the chain of messages of m.

Now look at the last message m, that arrives at the processor with
the maximum id, and look at its originator and chain of messages. Claim
2.3.4.3.1. shows that the distance between the originator and the pro-
cessor with the maximum id is at most c, ona ring rk'l. As the proces-
sor p o with the maximum id must know all id’s of all processors after
timestep n, there are basically the following possibilities:

= Prax is the originator of m, the chain of messages of m "goes

around the whole ring": each processor sends one message of this chain;

the successive messages have either traveled around the whole ring in

positive, or in negative direction. (We say "m has traveled around the
ring in positive/negative direction"). (See figure 2.3.4.3.a.).

- the originator of m is Pl ax OF @ processor with distance < < to
Prax’ the chain of messages goes from the originator to a node, approxi-

mately halfway the ring and then returns. So m can inform P of the

id’s of %n + ¢, processors, all on approximately the same half of the
. £ . .

ring (seen from pmax) Some other messages(s) must inform pmax of the

other id’s. (See figure 2.3.4.3.b.).
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Fig. 2.3.4.3.a. Fig. 2.3.4.3.b.

Claim 2.3.4.3.2. For each 1, there are only finitely many k such that
. k,1
the last message m, that is received at the maximum on ring r '~ has

traveled around the ring in negative direction.

Proof. Suppose not. For a ring rk’l there are %k + 0(1) pieces, that are
equally ordered to the piece, consisting of the maximum and the L%k-lj
id’s of the processors before the maximum. We again use that A is com-
parison based, hence if on rk'l the last message received.at._the maximum
has traveled around the ring in negative direction, then on each of the
first L%kl] timesteps at least %k + O0(1l) messages are sent, so in total
at least approximately % kzl. Now we can keep 1 fixed, and let k grow to
infinity: the algorithm uses a quadratic number of messages in the

worst—-case. Contradiction. 0O
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Claim 2.3.4.3.3. For each 1, there is at least one k such that the last

, k,1
message m that is received at the maximum on ring r '~ has traveled

around the ring in positive direction.

Proof. Suppose not. Then there are 1 and k’, such that for all ka’ the
chain of messages of m goes from the originator to a node approximately
halfway the ring and then returns. Because the maximum must be informed
of the id’s of all nodes on the ring, the turning point has a distance
of %kl + O(cl). Further notice that if a messigi chain goes halfway the
ring and then back to the maximum on a ring r ', then a message chain,
with a similar length and behavior is sent on rm,l, for all m>1. So when

k grows to infinity, the number of messages sent grows at least linear
2

to o the algorithm uses a quadratic number of messages in the
worst-case. Contradiction. 0O

Now consider rings rl’l, i.e. rings labeled 1 1-1 1-2... 2 1. The pro-
cessor labeled 1 must send a message in positive direction, this message
will continue to travel in this direction, for at least the first r%lT
timesteps. (This follows from claim 2.3.4.3.3, the fact that the algo-
rithm is a comparison algorithm and the fact that during the first F%11
timesteps, processors cannot distinguish between the cases that k=1 and
k>1.) Because the algorithm is a comparison algorithm, this means that
at least 1+1-1 + 1-2 +...+r%l1 messages = 3 l2 messages are sent on the

8
, 1,1 . s
ring r'’", for every 1. Hence the algorithm sends a quadratic number of

messages.

We now have shown that every comparison algorithm for problem C that
uses time < n must use a quadratic number of messages. Because we have
never used in our proof, that the way in which processors decide to send
or not to send a certain message must be by an algorithm in the proces-
sors, i.e., must be effectively computable by a processor, the results

of the previous section show that the obtained result is also valid for
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arbitrary algorithms. O
The bounds proven in theorem 2.3.4.2. and 2.3.4.3. are of course also
valid for problem A: it contains problem C as a subproblem. Theorem

2.3.4.4. shows that these bounds are also valid for problem E.

Theorem 2.3.4.4. Every algorithm for problem E that uses time £ n must

use at least %n(n+1) messages in the worst-case for unidirectional rings

or Q (n2) messages in the worst-case for bidirectional rings.

Proof. First suppose we have a comparison algorithm for problem E that
uses time <n, but uses a smaller number of messages. We will derive a
contradiction with theorem 2.3.4.2. and theorem 2.3.4.3. for the uni-
directional and the bidirectional case, respectively. We also assume
the algorithm is a full-information algorithm. We claim that when a pro-
cessor knows what id the leader has, then it must know the id’s of all
the processors. Suppose this is not the case: a processor p decides that
the processor with identification number id is the leader (possibly p is
self the leader), and the information of p does not contain all id’s of
all processors. Suppose p knows the id’s of k successive processors. We
now define a ring r’ with 2k nodes. The first k processors have the id’s
of the successive processors p knows the id of, the second k processors
have id’s, such that this part of the ring is equally ordered to the
first part of k id’s. Now the processor Py with the same id as p, and
the processor P, with distance k to 