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CHAPTER ONE 

INTRODUCTION 

1. Historical notes. Already during the design of the first programm­

able computers at the late 1940's, it was noted that computations could 

be sped up by carrying out parts of it in parallel. However, to avoid a 

large number of difficult problems, intrinsic to parallel computation, 

von Neumann and his contemporaries proposed a strictly sequential com­

puter model, in which one instruction is processed at a time. The 

sequential model of computation has dominated programming and the study 

of algorithms for many years. 

Designers began to depart from the strictly sequential model of 

computing in the course of the 1950's, when it was observed that the 

performance of a system could benefit from a distribution of tasks. For 

example, letting the fast central processing unit (CPU) wait for the 

much slower input and output devices, results in the CPU being unneces­

sarily idle for long periods. By introducing separate processors for 

the I/O-devices and (thus) relieving the CPU from the task of I/O­

control the delays could be avoided. Typically, the I/O-processors and 

the CPU work "concurrently", communicating only in a limited sense by 

signals. In modern multiprogrammed systems many separate jobs can be 

loaded and run simultaneously, with the system relying on the services 

of several logically "distributed" but communicating processes to deal 

with the stream of jobs. 

The introduction of terminals made it possible to have access to a 

computer system from locations, remote from the central site. Hence, it 

can be seen as the first "geographical" distribution of a computer sys­

tem. By not only connecting terminals to host computers, but also con­

necting host computers with each other (thus providing facilities like 

using special facilities at the other host, sending data to or accessing 

data at the other host, etc.), computer networks are created. Gradually, 

the computer networks that were designed and built became (and become) 

increasingly more complex and provided more and more complex facilities 

to the users. 
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Breaking up programs and tasks into processes (natural 

work) was another step towards (fully) distributed processing. 

more processing elements (in one machine), different processes 

units of 

By using 

can be 

carried out simultaneously on different processing elements, thus gain­

ing on speed and (perhaps) reliability. (When one processing element 

goes down, other elements may take over its work.) 

In recent years, the interest in distributed computer systems and 

distributed computing has increased very rapidly. We mention three of 

the most important reasons for this growing interest: 

1. Sequential machines have approached the fundamental limits in 

the computing power they can provide. Essential improvements in the 

speed of these machines seems to be possible only if parallelization of 

the hardware and of the programs is used. The idea is that it is some­

times cheaper to use many relatively small and cheap components that 

work in parallel than one relatively large and expensive component. The 

approach leads to a distribution of logical units of works and of a dis­

tribution of control, that needs to be understood and managed. The rapid 

decrease of the size and cost of computer components makes it possible 

to design and build systems with large numbers of processors. 

2. In a modern concurrent operating system many processes work con­

currently, communicating with each other in some (limited) way. It 

seems natural to use a duplication of the hardware components in the 

system, like processing elements (some of which may be dedicated to spe­

cialized tasks), and to assign different processes to different process­

ing elements. In this way we do not only gain on the speed of the com­

puter system, but we also can obtain a more reliable computer system: 

when some (processing) elements go down or malfunction and others do 

not, the system as a whole may continue to work properly by letting the 

"good" components also do the work of the "bad" ones. 

3. For various reasons one may want to use facilities of or provide 

facilities to computers that are on different locations and transfer 

data between computers that are on different locations, and transfer 

data between computers that are on different locations (possibly dif­

ferent locations in the same building, but the systems can also be 
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located in different buildings, cities, countries or on different con­

tinents) These facilities include computing power, information, pro­

grams, I/0-devices, etc. Long-haul computer networks and local area 

networks are designed to provide a large number of these facilities. 

In this work we present a fundamental analysis of some important 

problems in distributed computing. In chapter 2 we consider the decen-

tralized extrema-finding or election problems on rings of processors. In 

chapter 3 we consider a simple version of the load-distribution problem 

on rings of processors. In chapter 4 we give a class of controllers that 

avoid store-and-forward deadlock in packet switching networks. In 

chapters 5, 6 and 7 we make an extensive study of a notion of simulation 

of large processor networks on smaller networks. 

This chapter is intended to provide the reader with some background 

in distributed computing (see also [vL83), [Ta81), [Co85)), and to give 

some definitions that will be needed in later chapters. After comment­

ing on what we will understand by the terms "distributed computer sys­

tem" and "distributed computing" in section 1.2., we discuss in section 

1.3. three important types of distributed systems: long haul computer 

networks, local area networks and multi-processor architectures. 

Several control tasks or structures required in these networks will be 

analysed in later chapters of this work. In section 1.4. we mention 

some of the fundamental problems arising in distributed computing. In 

sections 1.5. to 1.7. we give a number of notions and notations used 

throughout this work. 

1.2. What is distributed computing? There are no commonly accepted 

definitions of the terms "distributed computer system" and "distributed 

computing". (See e.g. [LL81) .) A common feature of all distributed sys­

tems is that there are multiple processes, processors or computer sys­

tems, that communicate and cooperate with each other. Often a distinc­

tion is made between "parallel" and "distributed" computing. In a paral­

lel computer system many identical processors will work on the same 

problem simultaneously, the processors work synchronously, and the com­

munication delay time (of a message) is not large compared to the state 

transition time of a processor (the time needed for one internal 
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computation step). The processors are connected in an "interconnection 

network". In a distributed computer system the processors (or computer 

systems) will work asynchronously, the processors may be of different 

types, and the communication delays may be large in comparison to the 

state transition time of a processor. The processors are connected in a 

"computer network". 

We will mainly use the terms "distributed computer system" and 

"distributed computing" in a broad sense, including both parallel and 

distributed computing. Note that a distributed computer system may con­

sist of several computer systems, and that some of them may be distri­

buted systems themselves. This occurs, for instance, when a multi­

processor computer is connected in a long haul computer network. 

1.3. An overview of distributed computing. In this section we discuss 

three important types of distributed computer systems: long haul com­

puter networks, local area computer networks and multi-processor 

machines. Several other types of distributed computing will not be dis­

cussed here, like data-flow computing (see e.g. [Bo84] or [Sh85]) and 

systolic computing (see e.g. [KvL83J or [MC80]). An appreciation of com­

puter networks is required for the early chapters of this work. In later 

chapters we study aspects of multi-processor organizations and their 

interconnection networks. 

1.3.1. Long haul computer networks. For various reasons it can be 

desirable to connect several computer systems situated at different geo­

graphic locations with each other. These systems then form a (long haul) 

computer network. In many cases the distances between the locations of 

the computer systems are large, as in e.g. world-wide networks. 

With these networks, several new facilities are created: 

(i) it is possible to send messages to other users at other computer 

systems via electronic mail. 

(ii) it is possible to access, enter and modify data, stored at other 

computer systems. 

(iii) it is possible to run (large) programs at another computer sys­

tem. This is useful e.g. if the other system has (much) more computing 
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power (e.g. it is a super computer), or to prevent problems with conver­

sions of programs from one type of machine to another type. 

There are more examples of the use of computer networks. Design and 

maintenance of these networks is often far from trivial. Functions, 

like the distribution of programs and data over the different machines, 

accounting, etc. must be provided by a distributed operating system. 

Either the distributed operating system can be placed on top of the 

-already existing- operating systems, running on the different machines 

in the network, or one can have a single network-wide distributed 

operating system (see e.g. [Mu85)). Many problems must be dealt with to 

guarantee a correct and efficient behavior of the network. Several of 

these problems will be mentioned in section 1.4. A good overview of 

existing network algorithms and architectures can be found in [Ta81). 

(See also e.g. [Co85), [St85) or [H185).) 

1.3.2. Local area networks. Another important class of distributed sys­

tems form the so-called "local area networks", (often abbreviated as: 

LAN's). The most significant difference between long haul networks and 

local area networks is the scale, which is much smaller for the latter. 

The smaller distances facilitate different technologies for faster 

information transfers between all sites involved. Usually many of the 

systems connected in a local area network are small work-stations, per­

sonal computers, etc, within a short range of distances. Typically all 

nodes of a local area network are located in the same building or in a 

few adjacent buildings, and the entire network is owned by one organiza­

tion. 

The advantages of a local area network over other (local) computer 

organizations, like a large mainframe with many terminals, are that 

users are given the flexibility and the ease of having their own per­

sonal computer, while also having access to facilities like the possi­

bility to communicate with other users, shared databases, shared expen­

sive I/0-devices among several users, etc. 

One can also use a local area network to speed up algorithms by 

parallelization. By splitting an algorithm in smaller parts (possibly 
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recursively) and letting different parts run on (possibly) different 

machines concurrently, one can speed up the time needed for carrying out 

the algorithm. Also for some problems one might want to design parallel 

algorithms specifically suited for this type of architecture. In this 

way one can use the otherwise unused capacity of the nodes of the local 

area network. This is useful because in many cases many of the nodes of 

a local area network are unused or under-utilized for a significant part 

of the time. 

Often used current architectures for local area networks are the 

carrier sense multiple access network (e.g. ethernet) and the token ring 

network (see e.g. [Ta81)). Here we remark that a clear distinction must 

be made between the token ring network and the ring networks, discussed 

in chapter 2 and in chapters 5-7 of this work. The token ring network 

usually has at most one message transmitted at the time, and when a node 

receives a message, it can forward it simultaneously to the next node 

with a delay of only the time needed to send (or receive) one bit. In 

the ring networks many nodes can send a message simultaneously to their 

successor node on the ring, but a message can only be forwarded to the 

next node on the ring after it is received entirely by the current node. 

We also remark that some of the protocols, discussed in chapter 3 of 

this work can be implemented on a carrier sense multiple access network 

or a token ring network. 

Many problems of distributed control, arising with long haul com­

puter networks also arise with local area networks, often in a slightly 

different form and under different constraints. These problems, and 

other problems typical for local area networks have to be dealt with to 

ensure an efficient and correct behavior and a (near) optimal use of the 

local area networks. A partial list of these problems can be found in 

section 1.4. For a more detailed introduction in local area networks see 

e.g. [St84), [Ta81) or [Hl85). 

1.3.3. Multi-processor networks. Conceptually it is only a small step 

from a local area network which allow fast communication between 

processes run on different machines in the network to machines with an 

architecture specifically designed for the parallelization of 
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algorithms, the so-called "multi-processor" architectures. For many 

(large) problems, it may be very expensive or even impossible to build a 

single processor machine that solves these problems within reasonable 

time bounds. By using many processors (which may themselves be not very 

fast), and letting these processors share the work of the same problem, 

the problem may be solved much faster and/or cheaper. 

A well-known classification of the multi-processor architectures is 

the classification in SIMD-machines and MIMD-machines, due to Flynn 

[Fl72]. Both types of machines consist of a large number of processors, 

that are able to communicate with each other in some way (e.g. by using 

an interconnection network or by means of shared memory). An SIMD­

machine ("Single Instruction Multiple Data") is synchronized and in each 

timestep a subset of the processors carries out the same instruction 

(identified by the setting of a mask-bit), but may work on different 

data. An MIMD-machine ("Multiple Instruction Multiple Data") is not 

necessarily synchronized and each processor has it own sequence of 

instructions to carry it out. In general, (large) SIMD-architectures are 

easier to design and build, but, on the other hand, it is easier to 

implement parallel algorithms on an MIMD-machine. 

There are various ways in which the communication between the pro­

cessors can be provided. For instance it is possible to use a shared 

memory: processors are connected via a bus or a switching network with 

the same memory. A protocol is needed that resolves conflicts that arise 

when two or more processors try to "write" into the same memory location 

at the same moment, in an efficient way, or that avoids these conflicts. 

Another important possibility is to connect the processors them­

selves in a network ("a multi-processor interconnection network"). The 

structure of such a network does not depend on geographic constraints 

(like in long haul networks), so it can and in general will be chosen 

such that the network is of a regular structure. In section 1.6. we 

will show some important network types. In section 1.4. we will also 
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discuss some problems typical for multi-processo·r networks. 

A good overview of different types of multi-processor architectures 

and algorithms running on these machines can be found in [vL85). Also, 

many aspects of multi-processor machines are treated in [Pa84). 

1.4. Problems in distributed computing. For a correct and efficient 

behavior and use of distributed systems, many problems must be dealt 

with. We will give a partial list of these problems, that only serves to 

give an idea of the type of problems that occur with distributed comput­

ing. With most problems we give one or a few references, that give 

further information on the problem and on known (partial) solutions to 

the problem. The list is not meant to be anywhere near complete. A much 

more extensive treatment of problems occurring with long haul computer 

networks and local area networks can be found in [Ta81). We distinguish 

three classes of problems: problems dealing with "Cooperation", with 

"Communication" and with "Programming and Verification". In the 

corresponding sections we describe these notions more precisely. (The 

distinctions between the three classes is not very sharp.) 

1.4.1. Problems dealing with "Cooperation". In most distributed sys­

tems, one (or perhaps more) process(es) can run on each processor, con­

currently. The processes must cooperate to solve various tasks. We will 

mention some of the problems that (can) arise with this cooperation. 

1. In some applications processes may "fork" off other processes, 

and start up other processes that are possibly located on other proces­

sors. Also, processes may be moved to other processors. As different 

processes may wish to communicate with each other, it must be admin­

istered what process is located at what processor. Also one may want the 

distribution of the processes over the processors to be "balanced", in 

the sense that each processor has about the same work-load. Another 

problem that arises in this area is that of detection that a computation 

has finished (the distributed termination detection problem, see 

[TvL86)). 
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2. Although a distributed system may be (and, in general, is) asyn­

chronous, one still may want to have some notion of "the current time", 

for instance in order to be able to identify the state of the distri­

buted system at some fixed moment. As clocks running at different pro­

cessors may drift away from each other when they are not running at 

exactly the same speed, there must be some protocol to synchronize them 

or one must use some other mechanism to have the processors (virtually) 

synchronized. (See e.g. [La7B] or [HSSD84] .) 

3. A notion of "the state of the system at some fixed moment in 

time" is useful, e.g. when a (part of) the system crashes. For a restart 

procedure one usually wants to restart from a consistent state of the 

system, corresponding to a state not long before the system crash, such 

that little work is lost. For such a restart procedure (and also in 

some other cases) it is often desirable to have one central processor (a 

"leader") that coordinates the restart procedure. In chapter 2 of this 

work we consider the problem of electing such a "leader" processor dis­

tributively in the case of a ring of processors. 

4. For many problems in distributed computing one may want to have 

solutions that still behave correctly if one or a small number of pro­

cessors and/or links go down. Also one may consider the case that a 

small number of processors work incorrectly or even behaves in an 

adverse way. The problem of reaching agreement in a network, where a 

small fraction of the processors may behave in an adverse manner is 

known as the Byzantine agreement problem. (See e.g. [LSPB2] or [ReBS] .) 

5. In general one wants to have a fair distribution of the workload 

over the processors, in terms of processor-use and/or memory-use. A 

special version of this load-distribution problem is addressed in 

chapter 3 of this work. 

6. Processes may want to use the same resources at the same moment. 

Therefore one may want to have some process, called the "resource 

manager", that takes care of a fair and efficient allocation of 

resources to processes, and for instance avoids that processes must wait 

infinitely long for a requested resource. (See e.g. [RSB2J.) 
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1.4.2. Problems dealing with "Communication". In order to interact and 

cooperate with each other, processors must be able to communicate with 

each other. The various needs for communication give rise to a large 

number of problems. A few are mentioned below. 

1. During the transmission of a sequence of bits over a transmis­

sion medium (e.g. a telephone cable or a satellite), some bits may be 

mutilated or disappear. This type of errors must be detected and eventu­

ally corrected. A protocol is needed to ensure correct transmissions 

over a single link. (See [Ta81], chap. 3.) 

2. Also, large(r) sequences of bits may be mutilated or disappear, 

which means that a packet (of bits) must be sent again. In general, a 

message is split into smaller "packets", and these packets are transmit­

ted individually. A protocol must ensure that each of the packets is 

received correctly (by the receiver), and that the packets are placed in 

the correct order. (See [SvL85] or [Ta81], chap. 4.) 

3. In computer networks it is often the case that a message must be 

sent from some processor A (the "source" of the message) to some proces­

sor B (the "destination" of the message). In that case the message (or 

its corresponding packets) must follow some path through the network. 

This can be done either by setting up a virtual channel between A and B 

for the duration of the entire communication ("circuit switching"), 

which means that A and B can communicate over the virtual channel as if 

they have a direct link, or by sending each packet individually over the 

network ("packet switching" or "datagram service"). For a packet 

switching network the routes that the packets must take can be deter­

mined in different ways. The main distinction that can be made is 

between fixed routing strategies (which yield a fixed path between each 

pair of processors (A,B)) and variable routing strategies (in which 

packets can take different paths from the same source to the same desti­

nation, for instance to avoid areas of high message-traffic density). 

(See e.g. [Ta81l, par. 5.2.) 

4. A problem arising in packet switching networks is the problem of 

store-and-forward deadlock. Each processor has a limited number of 

buffers available to store packets that are moved from their source node 
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to their destination node. If some of the nodes in the network have no 

free buffers available and each of the packets stored at these nodes 

must be moved to another node in the set, then none of the packets can 

ever move. In chapter 4 we will discuss this type of deadlock and ways 

to avoid it. 

5. If some shared communication medium is used, like a satellite, a 

radio channel or a bus, then collisions can occur (two or more processes 

try to send a message on the same moment), and protocols are needed that 

deal with collisions in an efficient way, or avoid them. (See e.g. 

[Ta81], chap. 6, or [St85], chap. 10.) 

6. In multi-processor networks, the interconnection pattern of the 

processors has a strong influence on which algorithms can be implemented 

efficiently on the network. Therefore the choice of the (type of) inter­

connection pattern is a very important issue in the design of a multi­

processor network. (See e.g. [Wi81] or [BH83].) 

1.4.3. Problems dealing with "Programming and Verification". An essen­

tial problem for distributed computing is how to design algorithms for 

it, and how to verify that a distributed algorithm indeed does what it 

is supposed to do. The corresponding problems for sequential algorithms 

are nowadays reasonably managed and a large number of techniques for 

designing and verifying sequential algorithms and programs exist. Due to 

the fact that many parts of a distributed algorithm will work con­

currently, interact with each other, and influence each other in a not 

always predictable way, distributed algorithms seem more difficult to 

understand than sequential algorithms. Consequently distributed algo­

rithms are also more difficult to design and verify. We now discuss some 

problems in this area. 

1. For many problems the question arises: how can we solve this 

problem efficiently on some specific SIMD- or MIMD-machine? Often for an 

efficient use of the multi-processor system, it is necessary that one 

knows and uses specific characteristics of the architecture, like the 

size and type of the interconnection network. A notion, which might be a 

useful tool in writing this type of distributed algorithms, called 
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"emulation", is studied extensively in chapters 5, 6 and 7 of this work. 

2. Also, for given problems, the question arises: what type of 

multi-processor architecture is best for this specific problem? What 

speed-up can we expect when we try to solve the problem on a multi­

processor machine? Much experimental and theoretical work has already 

been done on problems of this type. (See e.g. [vV85] or [Ul84] .) 

3. As we have discussed above, verification techniques are needed 

to ensure that distributed programs indeed do what they are expected to 

do. There has been much study on this subject and a number of different 

techniques exists for proving properties of distributed programs. (See 

e.g. [AFdR80J, [GdR84J or [Kn81J .) Also, it is often difficult to debug 

a distributed program, also because of the parallelism (one has to fol­

low a number of components simultaneously), and the nondeterminism, 

intrinsic to (asynchronous) distributed systems. 

4. Presently there is only a relatively small number of programming 

languages for distributed systems (CSP [Ho78J, OCCAM [Oc84J, etc.) . 

However, the availability of enough distributed programming languages 

that are easy to understand and use is essential for a wide-spread use 

of distributed systems (like multi-processor systems). Therefore, there 

is still a need for distributed programming languages, that are easy to 

use, available on a large number of systems and give efficient (paral­

lel) code. 

1.5. Notions and notations from set and graph theory. In this section 

we give some definitions and notations from set and graph theory that 

are used throughout this work. First we give some (well-known) nota­

tions from set theory. 

Notations. Let s, T be sets, k E N. 

(i) Is I denotes the number of elements in s (usually this notation 

is used for finite sets). 

(ii) The set of subsets of s is denoted by P(S)={T/T \;;;SJ. 

(iii) The set of subsets of s with exactly k elements is denoted by 

Pk (S) = {T /T !;;; S I\ IT /=k}. 
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(iv) The Cartesian product of Sand Tis the set S x T 

tET}. 

{ (s,t) I sES, 

We expect the reader to be familiar with most elementary definitions 

from graph theory (cf. Berge [Bg76], Harary [Ha69]). If not mentioned 

otherwise, a graph is considered to be free from self-loops (i.e. (u,v) 

E E => u#v), and parallel edges (i.e. e 1 (v,w) EE A e 2 = (v,w) EE=> 

e 1=e2 ). Unless stated otherwise we assume a graph to be undirected. 

Definition. The path (or path-graph) 

P =(Vp,Ep) with VP= (0,1, ... ,n-1} and Ep 
n n n n n 

with n nodes is the graph 

= {(i,j) li,jEVP, li-jl=l}. The 
n 

directed path-graph with n nodes is the graph itp (V p,itp) with 
n n n 

itP={(i,j) i,jEVP, i:S;n-2, j=i+l}. 
n n 

Definition. The complete graph with n nodes is 

( { 0 , 1 , 2 , ... , n -1 J , { ( i, j ) I i, j E { 0 , 1, 2 , ... , n -1 J , i# j J ) . 

the graph K 
n 

Definition. The complement of a graph G=(V,E) is the graph Gc=(V,Ec) 

with EC= {(v,w) lv,wEV A~# w A (v,w)iEJ. 

Definition. For directed graphs G=(V,E) let GR be the directed graph 

obtained from G by reversing the direction of the edges, i.e., GR=(V,ER) 

with ER= { (w,v) I (v,w)EE}. 

Definition. Let G=(VG,EG), H=(VH,EH) be graphs. 

(i) The Cartesian sum of G and His the graph G+H = (VGXVH,EG+H) with 

VGXVH = {(v,w) lvEVGAWEVH} (the Cartesian product of sets VG, VH), 

and EG+H = {((v1 ,w1 ), (v2 ,w2 )) I (v1 ,w1 ), (v2 ,w2 )EVGXVH and 

[<v1=v2 A (w1 ,w2 )EE8 ) or ((v1 ,v2 )EEG A w1=w2 )) }. 

(ii) The Cartesian product of G and His the graph GXH (VGXVH,EGXH) 

with EGXH={ ( (vl,wl)' (v2,w2)) (v1 ,w1 ), (v2 ,w2 )EVGXVH and 

(v1 ,v2 )EEG and (w1 ,w2 )EEH}. 

(iii) The normal product of G and H is the graph G•H = (V Gxv H' EG•H) with 

E = { ( (vl,wl), (v2,w2)) (vl,wl), (v2,w2) E VGXVH and 
G • H 

[ (v1=v2 A (wl,w2) E EH) or ( (vl,v2) EEG A w1=w2) or 
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(v1,v2 )EEG /\ (w1 ,w2 )EEH))). 

The composition of G and His the graph G[H] = (VGXVH,E [HJ) with 

EG[H]={ ( (v1 ,w1), (v2 ,w2 )) I (v1 ,w1 ), (v2 ,w2 )EVGXVH and l (v1 ,v2 )EEG 

or (v1=v2 /\ (w1 ,w2 )EEH)) }. 

Definitions (i), (ii) and (iii) were taken from Berge[Bg76]; definition 

(iv) was taken from Harary[Ha69]. (Note that the definition of [Ha69] 

of the product of two graphs, GXH, equals our definition of the Carte­

sian sum of two graphs, G+H.) 

With dG(b,c) for b,c EV we denote the distance of b to c in the graph 

G=(V,E), i.e., the length of the shortest (directed) path from b to c. 

If G is clear from the context, we drop the subscript G. 

Definition. Let G=(V,E) be an undirected graph and let n=JVI. A linear 

ordering of Vis a bijection f: V ➔ VP_ f is said to have bandwidth K 
n 

if K= max {lf(u)-f(v)J l(u,v)E E} max {dp (f(u),f(v)) (u,v)E El, 

i.e., the maximum distance in P between th~ image of adjacent nodes in 
n 

G is K. The bandwidth of G is the minimum bandwidth over all linear ord-

erings of V, i.e., Bandwidth(G) = min {bandwidth(f) I f is a linear ord­

ering of V}. 

For the notion of cyclic bandwidth, the nodes are mapped to a ring, 

instead of to a path. The definition of the ring network with n nodes Rn 

will be given in section 1.6.1. The notion of cyclic bandwidth was 

introduced in [LVW84]. The notion of directed cyclic bandwidth is new. 

Definition. Let G=(V,E) be an undirected graph. A linear ordering f is 

said to have cyclic bandwidth Kif K= max {dR (f(u),f(v)) (u,v)E E}. 
n 

The cyclic bandwidth of G is the minimum cyclic bandwidth over all 

linear orderings of V, i.e., Cyclic Bandwidth(G)= min {Cyclic 

Bandwidth(f) I f is a linear ordering of V}. 
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For directed (cyclic) bandwidth, if (u,v)EE then we want to have a path 

of length at most K from f(u) to f(v) in~ 
n 

(f(). 
n 

Definition. Let G= (V,E) be a directed graph. A linear ordering f is 

said to have directed bandwidth K, if for all (u,v)EE f(v) > f(u), and 

K = max {d~ (f(u),f(v)) 
n 

(u,v)EE). f is said to have directed cyclic 

bandwidth K if K= max {di'( (f(u),f(v)) (u,v)EE). If there exists a 
n 

linear ordering with directed bandwidth Kand no linear ordering with a 

smaller directed bandwidth then we write Dir Bandwidth(G) = K. Similarly 

we write Dir Cyclic Bandwidth(G) =Kif K is the least possible cyclic 

bandwidth for all linear orderings of V. 

Note that there only exists a K with Dir Bandwidth(G) = K, iff G is 

cycle-free: suppose G contains a cycle with nodes v1 ,v2 , ... ve and f is a 

linear ordering with directed bandwidth K for some arbitrary K, then 

f(v 1 ) < f(v2 ) < ... < f(ve) < f(v1 ), contradiction. If G is cycle-free, 

then there exists a linear ordering f of v, such that (u,v) e E ⇒ f(u) < 

f(v). Now Dir Bandwidth(f) ~ !VI - 1. 

We now introduce some notations that are needed to denote strings and 

sets of strings, etc. First we introduce some notations that will be 

used when dealing with bitstrings: 

2. 
1 

b 

b 

a bit that can be o or 1 

the complement of bit a (o = 1, 1 = o) 

the address one obtains by complementing every bit of b 

the 'equivalence' test on bits (0=0 O; 
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bl b b (truncation after the i th bit) i 1 ... i 

b .... b (truncation "before" the i th bit) 
i n 

(b), b, (the i th bit). 
J. J. 

For functions f defined on n-bit numbers b we use 

f, (b) 
J. 

(f(b)). (projection on the i th bit) 
J. 

We use b, c, ... to denote full addresses and x, y, 

ments of bits. Individual bits are denoted a, ~, 

following notations: 

to denote seg­

We also use the 

[o] zero or one occurrence of bit 0 (i.e., "empty" or "o") 

[ 1] zero or one occurrence of bit 1 (i.e., "empty" or "1 ") 

(ol) * zero or more repetitions of the string ol (as required) 

(lo)* zero or more repetitions of the string lo (as required) 

The length (n) of a bitstring will always be clear from the context, and 

is usually not given by separate indices. For example, the notation 
. Ln12J (ol)*[o] for n odd will denote the string (ol) o. For n even it will 

denote the string (ol)n/2 • 

1.6. Important interconnection networks. In this section we introduce 

some important networks (graphs), commonly used as (proposals for) 

interconnection patterns of processors in processor networks. 

1.6.1. The ring network. One of the most elementary interconnection 

patterns is the ring. The ring hardly occurs as an interconnection pat­

tern for multi-processor networks, but often is used in local area net-

works (cf. Tanenbaum [Ta81]). The nodes in 

0,1, ... ,n-1 in consecutive order (cf fig 1.6.1.1). 

a ring R 
n 

are named 

Definition. The ring network (or n-ring) is the graph R = (VR, ER) with 
n n n 

VR = {0,1, ... ,n-1} and ER = { (i, j l I i, jEVR, li-jl=l or li-jl=n-1). The 
n n n 

unidirectional ring (network) with n nodes is the directed graph 
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~ = (ifR,~R) with '1R = VR and ~R 
n n n n n n 

the addition modulo n. 

{ (i,i+l) tie '1R),where + is 
n 

1.6.2. The two-dimensional grid network. The two-dimensional grid (or 

mesh) has been used as a processor interconnection network, and exten­

sive studies have been made of algorithms to be executed on a grid (e.g. 

Nassimi & Sahni [NS80]). We use a version of the grid with "wrap-around" 

connections along the boundaries and a version without wrap-around con­

nections. Let GR be the nxn grid network (with n2 nodes), with wrap-
n 

around connections, and let GRn be the nxn grid network without wrap-

around connections. The nodes of GRn and GRn are named by their plane 

coordinates (i,j) with OSi,jSn-1 in the usual representation of the nxn 

grid. (Cf. fig. 1.6.2.1.) 

Definition. The two-dimensional grid network with wrap-around connec­

tions is the graph GRn=(Vn,En) with Vn={(i,j) li,j e N and OSi,jSn-1) and 

En={((i,j), (i',j'))l(i,j), (i',j') e vn and (i=i' A j=(j'±l) mod n) or 

(i=(i'±l) mod n A j=j')}. The two-dimensional grid without wrap-around 

connections is the graph GRn (Vn,En), with En {((i,j), 

(i',j'))l(i,j), (i',j') e Vn and (i=i' A j=j'±l) or (i=i'±l A j=j')). 

o-q 
0 
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fig. 1. 6. 2. 1. b)GR 
n 

1. 6. 3. The shuffle-exchange network and the 4-pin shuffle. Stone 

[St71] proposed a network, called the shuffle exchange network, which 

has been successfully used as the interconnection network underlying a 

variety of parallel processing algorithms. However, there are two 

slightly different types of graphs, both realizing Stone's concept of a 

shuffle exchange network. We will use the terminology of [FF82] and call 

these graphs the shuffle-exchange graph and the 4-pin shuffle, respec­

tively. The nodes of the shuffle-exchange graph and the 4-pin shuffle 

are given n-bit addresses in the range o ... 2n-1. In the shuffle-exchange 

graph there is an edge from node b to node c if and only if b can be 

"shuffled" (move the leading bit to tail position) or "exchanged" (flip 

the tail bit) into c. In the 4-pin shuffle there is an edge from node b 

to node c if and only if c can be reached from b by a shuffle or by a 

shuffle followed by an exchange. Computations proceed by iterating the 

networks some nor more times in a synchronized manner. We use the nota­

tion SEn and Sn to denote the shuffle-exchange graph and the 4-pin shuf­

fle, respectively, with 2n nodes. The inverse shuffle exchange graph 

ISE 
n 

and the inverse 4-pin shuffle ISn are obtained by reversing the 

direction of the edges in the shuffle exchange graph and the 4-pin shuf-

fle, respectively. We use the notations from section 1.5. 

Definition. The shuffle-exchange network is the directed graph with 

self-loops SEn (VSE,ESE) with VSE 
n n n 

o SE 
{b1 ... bn I v'l:'.>i:'.>n bi= 1 land En 

= I (b,c) bjc EV 
n 

and ( (\12:'.>i:'.>n b. 
l. 

ci-l A b 1 = en) or (v'l:'.>i:'.>n-1 bi 



C, 
l 

A b 
n 

self-loops Sn 

c) }. The 
n 

(VS ES) 
n' n 
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4-pin shuffle network is the directed graph with 

with vs= VSE and Es= { (b,c) b,c E V and 
n n n n 

V2SiSn bi= ci-l }. The inverse shuffle-exchange network is the directed 

graph with self-loops ISE =SER The inverse 4-pin shuffle is the 
n n 

directed graph with self-loops ISn S R 
n 

It follows that in SEn a node b 1 ... bn is connected to b 2 ... bnbl and 

b 1 ... bn-lbn, and in Sn it is connected to b 2 ... bno and b 2 ... bnl. 

1.6.4. The cube network. The cube network with 2n nodes (also called 

an n-cube) has perhaps been the first proposal ever for processor inter­

connection. The nodes in the network again are given n-bit addresses in 

the range o ... 2n-1, and there is an edge from node b to node c if and 

only if c is obtained by flipping precisely one bit in b. Information 

can be routed from a source b to a destination c in at most n steps, by 

flipping the bits bi to the corresponding bits ci in some order. Since 

nodes thus have degree n, the cube network is considered practical only 

for small values of n. The i th bit of an address b is denoted by b. 
l 

(lSiSn). For bitstrings x,y with lxl = IYI, let d(x,y) be the Hamming 

distance between x and y, i.e., the number of bit-positions in which x 

and y differ. (See, for example, Deo [De74] sect. 12-5.) 
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Definition. The cube network (or 

Ve (b b ) I '<;/ l:5i:5n: 
n 1··· n 

and 

d(b,c) 1 ). 

1.6.5. The cube-connected cycles. Another important network, proposed 

for processor interconnection by Preparata and Vuillemin [PV81] is the 

cube-connected cycles network. For denoting the 'cube-connected cycles' 

graph we use the notation introduced in [FF82]. Processors in the cube 

connected cycles with r.2r nodes are addressed by r-bit strings with a 

"divide" in any one position between bits. The position to the left of 

the first bit is identified with the position to the right of the last 

bit, so there are r positions for the divide. A node p 1 ... pi_1 1 pi ... pr 

is connected to the following 3 nodes: 

P1···Pi-ll Pi···Pr 

P1···Pi-2l pi-1 Pi···Pr 

and p 1 ... pi-l Pil Pi+l·•·Pr· 

tion (addition) modulo r.) 

fig. 1.6.4.1. c3 . 

P1 ... pi-1 lpi ... pr) 

I 
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R 
1.6.6. we will drop the superscripts R, C, CCC, etc. from Vn' 

when it is clear from the context what type of network is used. 

1.7. Notions and notations from complexity theory. In this section we 

introduce some (well-known) notations for estimating bounds on (integer) 

functions and give a very brief introduction to the theory of NP­

completeness. 

Definition. Let f, g be functions N ➔N. 

(i) g(n) is said to be 0(f(n)), if and only if there exists a constant 

cER+, such that g(n) ~ c-f(n) for all but finitely many values of n. 

(ii) g(n) is said to be O(f(n)), if and only if there exists a constant 

cER+, such that g(n) ~ c-f(n) for all but finitely many values of n. 

(iii) g(n) is said to be 8(f(n)), if and only if g(n)=0(f(n)) and 

g (n) =O(f (n)) . 

We now give a very brief introduction to the theory of NP-completeness. 

An extensive treatment of the subject can be found in [GJ79]. 

We call a problem a decision problem, if with an input of a certain 

type (for instance a graph, or a set of integers), called the "instance" 

of the problem, it must output a boolean which denotes whether a certain 

property of the input holds or not. (An example would be: is the input­

graph connected, or: does the inputgraph contain a Hamiltonian path.) 

The set of decision problems that are solvable on some standard deter­

ministic model of computation, like a deterministic Random Access 

Machine or a Turing Machine, in time polynomial in the size of the input 

is denotes as P. 

Next consider non-deterministic computations. In a non-

deterministic computation, non-deterministic choices from finitely many 

alternatives can be made a number of times. In a non-deterministic step 

the computation can proceed in different ways, depending on the choice 

that is made. We say that the entire computation yields the output 

true, if and only if the non-deterministic choices can be made in such a 

way that the output true is yielded by a computation (i.e., there is at 

least one possible computation yielding true). The time needed for the 
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entire non-deterministic computation is the maximum time needed over all 

possible computations. The class of decision problems solvable on a 

(standard) Random Access Machine or Turing machine in time polynomial in 

the size of the input with a non-deterministic computation, is denoted 

as NP. 

It is a long standing open problem to determine whether P=NP or 

P*NP, i.e., whether all problems in NP can be solved with a determinis­

tic algorithm in polynomial time or not. In general it is conjectured 

that P*NP. (It is obvious that P~ NP holds.) 

Definition. A decision problem A is called polynomial time reducible to 

a decision problem B, if there exists a function f, that maps instances 

of problem A to instances of problem B, such that 

(i) f can be computed in polynomial time 

(ii) for all instances X of problem A, X yields the answer ~ with 

regard to problem A, if and only if f(X) yields the answer~ with 

regard to problem B. 

(Compare with [GJ79, p.111] .) A problem is called NP-hard, if every 

problem in NP is polynomial time reducible to it. It is called NP­

complete, if it is NP-hard and a member of NP. It follows that if an 

NP-hard or NP-complete problem A is solvable in polynomial time, then 

this would mean that P=NP, and hence every problem in NP were solvable 

in polynomial time. 

In 1971 Cook [Co71] showed that there indeed exist "hardest prob­

lems in NP", by proving the SATISFIABILITY problem NP-complete. SATIS­

FIABILITY is the following problem: given a boolean expression in con­

junctive normal form over boolean variables b 1 , ... bn, decide whether one 

can assign to each variable bi a value from {true,false), such that the 

value of the expression is true. After this result was obtained, a large 

number of other problems in computing were proven to be NP-complete. For 

our purposes, important examples are HAMILTONIAN PATH (given a graph G, 

does G contain a Hamiltonian path), HAMILTONIAN CIRCUIT, and the 

directed variants of these. Other problems that are known to be NP­

complete will be introduced where necessary. 
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In general, one proves the NP-completeness of a problem by showing 

that the problem is a member of NP and showing that another NP-complete 

problem is polynomial time reducible to it. 



CHAPTER TWO 

DECENTRALIZED EXTREMA-FINDING 

IN A RING OF PROCESSORS 

~-1. Introduction. Consider a ring of n processors, distinguished by 

unique identification numbers. In general it is assumed that the size n 

of the ring is not known to the processors. There is no central con­

troller. The problem is to design a distributed algorithm for finding 

the processor with the highest number, using a minimum number of mes­

sages. The elected processor can act as a 'leader' (central controller). 

Every processor (possibly several or all processors simultaneously) can 

start the "election", and every processor has to use the same algorithm. 

We further assume that the processors work fully asynchronously and can­

not use clocks and/or timeouts. (Frederickson and Lynch [FL84], and 

Vitanyi [Vi84] analyzed the case where this strict assumption of asyn­

chronicity does not hold, and show that in that case a significantly 

smaller number of messages is needed, if one is willing to spend consid­

erably more time.) This latter assumption makes that we can assume that 

the algorithm is message-driven: except for the initialization of an 

election a processor can only perform actions upon receipt of a message. 

We also assume that there are no faulty processors and no faults in the 

communication subsystem. 

The leaderfinding or "election" problem has received considerable 

attention, after it was proposed by Le Lann [LL77] in 1977. It has been 

studied for unidirectional rings as well as for general, bidirectional 

rings. Figures 2.1.1. and 2.1.2. summarize the solutions presently known 

for both cases, together with the worst-case or average number of mes­

sages required for each algorithm. (All logarithms are taken to the 

base 2, unless stated otherwise.) 

For most of the bidirectional algorithms of figure 2.1.2. and also 

for the algorithms given in section 2.2. the assumption of a global 

sense of orientation (i.e., each processor knows the left and right 



Algorithm 

Le Lann (1977) 

Chang & Roberts (1979) 

Peterson (1982) 

Dolev, Klawe & Rodeh (1982) 
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Average 

2 
n 

n H 
n 

0.943 n log n 

0.967 n log n 

* 
* 

Worst-Case 

2 
n 

0.5 n 2 

1. 44 .. n log n 

1.356 n log n 

Fig. 2.1.1. Election Algorithms for Undirectional Rings 

*: Result experimentally obtained by Everhardt [Ev84]. 

direction on the ring) is unnecessary. In our lowerbound analysis we do 

assume a global sense of orientation for bidirectional rings. This only 

strengthens our lowerbound results. 

In this chapter we will derive some upperbound results, as well as 

some lowerbound results on the decentralized extrema finding problem. In 

section 2.2. we improve on the known upperbound for the average number 

of messages that is needed for decentralized extrema finding in a 

bidirectional ring. In section 2.3. we give various lowerbound results 

on the decentralized extrema finding problem in rings of processors. 

* Hn is the n'th harmonic number, i.e., H 
n 

1 

i=l n 
0,69 log n. 
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Algorithm Average 

Gallager et al. (1979) 

Hirschberg & Sinclair (1980) 

Burns (1980) 

Franklin (1982) 

Korach, Rotem, & Santoro (1981) (prob.) 0.70 .. n Hn 

Santoro, Korach & Rotem (1982) 

Bodlaender & van Leeuwen (1985) (det.) 0.70 .. n H 
n 

Van Leeuwen & Tan (1985) 

Moran, Shalom & Zaks (1985) 

Worst-Case 

5 n log n 

8 n log n 

3 n log n 

2 n log n 

(prob.) 0.5 n2 

1.89 n log n 

(det.) 0.25 n2 

1.44 .. n log n 

1.44 .. n log n 

Fig. 2.1.2. Election Algorithms for Bidirectional Rings 

2.2. New upperbounds for decentralized extrema-finding in a ring of 

processors. 

2.2.1. Introduction. In 1981 Korach, Rotem, and Santoro [KRS81] gave a 

probabilistic algorithm for decentralized extrema-finding in bidirec­

tional rings that uses a smaller (expected) average number of messages 

than any deterministic algorithm for the problem in unidirectional rings 

requires. In this section we consider the key question of whether decen­

tralized extrema-finding can be solved more efficiently in bidirectional 

rings than in unidirectional rings by a deterministic algorithm. (The 

question was first posed by Pachl, Korach, and Rotem [PKR82], who proved 

a lowerbound of nHn on the average number of messages required by any 

reasonable algorithm for leader-finding in unidirectional rings.) 
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Consider a ring of n processors with identification numbers x1 

through Xn. Without loss of generality we may assume each Xi to be an 

integer between 1 and n, hence X=X 1x2 ... Xn is a permutation. We also 

assume that f is "random", i.e., we assume that every permutation can 
1 

occur with an equal probability of n!. One technique of decentralized 

extrema-finding in bidirectional rings makes use of the "peaks" in a 

circular permutation. Assume that initially all processors are active. 

Definition. A peak in a ring of active and non-active processors is an 

active processor X. 
l. 

that is larger that the active processors immedi-

ately to the left and to the right of Xi, assuming a fixed clock-wise 

orientation of the ring. 

A typical algorithm due to Franklin [Fr82) operates in the following 

way. During one stage of the algorithm all active processors Xi send 

their identification number to the nearest active processors to the left 

and to the right. (Intermediate, inactive processors simply relay mes-

sages onwards.) When an active processor finds out that it has a larger 

active "neighbor" to the left or to the right, it becomes non-active. It 

is clear that in one stage only 2n messages need to be exchanged, and 

that precisely the peaks of the current permutation pass on to the next 

stage. As the number of peaks is not larger than half the number of 

currently active processors, Franklin's algorithm requires at most log n 

stages and (hence) 2n log n messages. The experimentally observed, 

smaller number of messages on the average in Franklin's algorithm might 

be explained as follows. 

Theorem 2.2.1.1. (Bienayme [Bil874), 1874). The average number of peaks 
1 

and troughs in a permutation of n elements is 3 (2n-l). 

It follows that one stage of Franklin's algorithm will leave about 
1 
3'1 

processors ("peaks") active on the average. Assuming that the order type 

of the resulting configuration is again random, repetition shows that 

Franklin's algorithm requires only log3n stages and hence 2n log3n ~ 

1.26 n log n messages on the average. 



- 28 -

In another technique of decentralized extrema-finding, identifica­

tion numbers are send on the ring in some direction and travel until a 

processor is encountered that "knows" that the passing identification 

number cannot be the largest. In a typical algorithm due to Chang and 

Roberts [CR79] identification numbers are all send in the same direction 

and are annihilated by the first larger processor that is encountered. 

Thus all identification numbers except the largest are annihilated on 

their way around the ring, and the "leader" is identified as the only 

processor that eventually receives its own identification number as a 

message again. Knowing it is elected, the leader will send its identifi­

cation number around the ring in another n messages to inform the pro­

cessors of the result. 

Given a random sequence (e.g. a time-series), an "upper record" is 

any element that is larger that all the preceding ones. The study of 

records was pioneered by Chandler [Ch52] in 1952, as part of the general 

theory of "order statistics" (see e.g. Galambos [Ga78], Sect. 6.3). Let 

X be a random sequence. Let v =l, and let v, be the index 
0 i 

upper record with index larger than vi-l (i~l). Thus 

of the first 

v, is a random 
i 

'bl f th ' ' f h ' th · varia e or e position o t e i upper record in the sequence. It is 

well known that the distribution of each vi does not depend on the dis­

tribution function of the elements of the random sequence (cf. Galambos 

[Ga78], lemma 6.3.1) and that we may assume in fact that the elements 

are uniformly distributed. Observe that v 1 is the distance to the 

'first' upper record of the sequence. The following result repeatedly 

occurs in the theory (see e.g. [Ch52], [FS54], (HW73]). 

Theorem 2.2.1.2. The average distance to the first upper record in a 

random sequence of length n is Hn-1 

Proof. (sketch) . 

One can show that P(v1=j) 

to v 1 is equal to 

1 
j (j-1) 

0.69 log n. 

(j~2). Thus the average distance 

□ 
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The theory of record distributions in random sequences was considerably 

advanced by Renyi [Rn62J in 1962. He also derived the following useful 

fact, proved later by David and Barton [DB62) (p.181) by a combinatorial 

argument. 

Theorem 2.2.1.3. For every k~l 
1 

k 
TI (j,-1) 

bl 1 

and one has that 

Renyi [Rn62) proved that the number of upper records in a random permu­

tation of n elements has the same distribution as the number of cycles 

in a random permutation. It follows from results of Feller [Fe45J from 

1945 that this number is normally distributed, with expected value Rn 

0.69 log n (see also [Rn62J). 

The results from the theory of order statistics apply to decentral­

ized extrema-finding by observing that e.g. in the algorithm of Chang 

and Roberts the message generated by an Xi is propagated to the first 

upper record in the random sequence xixi+l··· (Because the message can 

travel a~l the way around the ring, the sequence is considered to have 

length n.) By theorem 2.2.1.2. a message will travel over Rn links "on 

the average", before it is annihilated. It follows that the algorithm of 

Chang and Roberts uses nHn 0.69 n log n messages on the average. (This 

fact was proved by Chang and Roberts [CR79) without reference to the 

theory of order statistics.) By a result of Pachl, Korach, and Rotem 

[PKR82) the algorithm is optimal for unidirectional rings. In this sec­

tion we will show that the algorithm is not optimal for bidirectional 

rings, i.e., bidirectional rings are "faster". 

The section is organized as follows. In section 2.2.2. we review a 

probabilistic algorithm for decentralized extrema-finding due to Korach, 

Rotem, and Santoro [KRS81) and derive a deterministic algorithm for the 
3 

problem that uses only ~Rn~ 0.52 n log n messages on the average. In 

section 2.2.3. we improve the analyses to obtain a bound about 0.7nHn 

0.48 n log n messages for both algorithms. 
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2.2.2. Decentralized extrema-finding in a bidirectional ring using a 

small number of messages on the average. We begin by describing a proba­

bilistic algorithm for extrema-finding in a bidirectional ring due to 

Korach, Rotem, and Santoro [KRS81] that uses an "expected" number of 
3 
4'1Hn messages. We subsequently derive a deterministic algorithm for the 

problem that uses the same number of messages on the average (over all 

rings of n processors). 

The probabilistic algorithm employs the second technique described 

in section 2.2.1 but, instead of all xi sending their identification 

number in the same direction on the ring like in Chang and Roberts' 

method, the processors randomly decide to send their identification 

number to the left or to the right. With messages going clockwise and 

counterclockwise on the ring, it is expected that many messages run into 

"larger" messages and (hence) are annihilated sooner, thus resulting in 

the smaller message complexity of the algorithm. The algorithm in every 

processor consists of three successive stages, as described below. 

Algorithm-P 

Each processor Xi keeps the largest identification number it has 

seen in a local variable MAXi (l~i~n). Each processor Xi goes 

through the following stages. 

Stage 1 (initialization) 

MAXi ·= Xi; 
1 

choose a direction de{left, right} with probability 2; 
send message <Xi> in direction don the ring; 

Stage 2 (election) 

repeat the following steps, until the end of the election is sig­

naled by receipt of a<!> message: 

if two messages are received from the left and the right simultane­

ously, then ignore the smaller message and proceed as if only the 

larger message is received; 

if message <X,> is received from a neighbor, then 
J 
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if X,>MAX, then MAX, ·= X · J l. l. • j, 

pass messages <Xj> on 

MAX, then {X. has won the election) 
i-- l. 

send message<!> on the ring 

Stage 3 (inauguration) 

if a message<!> is received, the election is over and MAXi holds 

the identification number of the leader; 

if this processor was elected in stage 2 then the inauguration is 

over, otherwise pass message<!> on and stop. 

One easily verifies that a processor Xi wins the election if and only if 

its identification number succeeds in making a full round along the ring 

in a direction chosen in stage 1. Thus, at the moment that a unique pro­

cessor Xi finds out that it is the leader, all processors must have set 

their local MAX-variable to X,. It follows that it is sufficient to send 
l. 

a simple<!> message around the ring for an inauguration and as a signal 

that the election is over and that the algorithm is correct. We assume 

that all processors start the election simultaneously, otherwise the 

first message a processor receives serves to wake it up and trigger its 

stage 1, before it actually processes the message. For the analyses we 

will assume that the processors work synchronously. 

Theorem 2.2.2.1. (Korach, Rotem, and Santoro [KRS81)). 

(i) Algorithm-Puses~ ½n2 messages in the worst case, 
3 

(ii) Algorithm-Puses (at most)~ 4'1Hn~ o.52 n log n messages in the 

expected case. 

Proof. 

(i) The worst case occurs in a ring X=n n-1 ... 2 1, when all processors 

decide to send their identification numbers to the right (as in the 

algorithm of Chang and Roberts [CR79)). The number of messages adds up 
1 1 2 

to 2'1(n-l)+n ~ 2'1. 

(ii) Observe that the message generated by Xi (in stage 1) will be 

annihilated by the first upper record in the chosen direction on the 



- 32 -

ring. If the first upper record had decided to send its identification 

number in the 

meet "half way" 
1 

probability 2 

opposite direction, i.e., towards Xi, then the messages 

and the <Xi>-message is killed right there. There is 

that the <Xi>-message needs to travel only half the dis-

tance to the first upper record in either direction on the ring. Using 
1 1 1 

theorem 2.2.1.2., the expected number of <Xi>-messages will be 2Hn+2-2Hn 

= ¾Hn. (In case the first upper record decides to send its identifica­

tion number away from Xi, it is possible that the second upper record 

decides to send its identification number towards Xi. If this happens it 

will kill the message of the first upper record, and it can conceivably 

stop the <Xi>-message even before reaching the position of the first 

upper record. Thus the expected number of messages will be slightly less 

than ¾Hn per processor, cf. section 2.2.-3.) It follows that the total 
3 3 

number of messages exchanged is less than ~Hn+n ~ ~Hn ~ 0.52 n log n 

in the expected case. □ 

Observe that Algorithm-Pis probabilistic and, hence, no proof in 

itself that decentralized extrema-finding is more efficient for bidirec­

tional rings than for unidirectional rings. To resolve the problem we 

devise a version of Algorithm-P in which stage 1 is replaced by a purely 

deterministic step. The idea is to let a processor x. send its <X.>-
l. l. 

message in the direction of its smallest neighbor, instead of letting it 

decide the initial direction by random choice. If Xi is beaten by a 

neighbor right away in the first exchange, it is made "inactive" for the 

remainder of the election. 

Algorithm-D 

Similar to Algorithm-P, except that for each processor Xi stages 1 

and 2 are replaced as follows: 

Stage 1* 

send message <*Xi> to both neighbors on the ring; 

wait for the messages <*Xi_ 1 > and <*Xi+l> of both neighbors (with 

the indices "i-1" and "i+l" interpreted in the usual circular sense 

as indices of the left and right neighbor, resp.); 



- 33 -

MAXi •= max(Xi-l' xi, xi+l); 

if MAX. X. then 
1 1 --

if Xi-l < Xi+l then send messages <Xi> to the left 

else send message <Xi> to the right 

fi 

Stage 2* (election) 

repeat the following steps, until the end of the election is sig­

naled by receipt of a<!> message: 

if two messages are received from the left and the right simultane­

ously, then ignore the smaller message and proceed as if only the 

larger message is received; 

if message <X.> is received from a neighbor, then 
J 

if X,>MAX, then MAX, X,; 
J 1 1 J 

pass message <Xj> on 

elif X, MAX, and X, = x. 
J 1 1 J 

then {X, has 
1 

won the election} 

send message <!> on the ring 

elif x. MAX, and X. * x. J 1 1 J 
then {the neighbor of X, will 

1 

pass message <X,> on 
J 

fi; 

(Stage 3 is unchanged. ) 

win the election} 

Algorithm-Dis correct by the same argument as used for Algorithm-P. 

Note that in Algorithm-D, stage l* uses only 2n messages and eliminates 
1 

at least 2'1 processors from active participation in the election. The 

active processors that remain and send an <Xi>-message on the ring, will 

always have an inactive neighbor to the left and to the right. 
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Theorem 2.2.2.2 
1 2 = 4'1 messages in the worst case, (i) Algorithm-D uses 

(ii) Algorithm-D uses 

average case. 

3 
(at most) = 4'1Hn = 0.52 n log n messages in the 

Proof. 
1 

(i) At most r processors are still active after stage l*, and the 

active processor are separated by at least one inactive processor. Sup­

pose the largest processor sends its identification number to the right. 

The worst case occurs if every second processor sends its identification 

number in the same direction and is not annihilated before 
n/2 

• '<" 2 .) 1 2 the largest. This generates at most n + ~ (n- i = 4'1 

worst case occurs in a ring of the 

(the shuffle of n n-1 ... r ½n 7 +l and 

i=l 
form X=n 1 n-1 r½nl 

1 r½n1 r½n1--1 ... 2i. 

it reaches 

messages. The 

n-2 r ½n 7-- 1. .. 

(ii) Note that stage l* only requires 2n messages and leaves at most 
1 r processors (peaks) that will send a message on the ring at the end of 

the stage. To allow for an analysis based on random sequences, we note 

that this is only an optimized version of the algorithm in which every 

processor Xi sends a message on the ring in a direction as determined in 

stage l*. By pairing every permutation with one in which the neighbors 

of xi are interchanged, one easily sees that xi sends its messages to 

the left or to the right with probability½ (averaged over all permuta­

tions). The message sent by Xi will be annihilated by the first upper 

record X, in the direction determined in stage l*, or by the message of 
J 

the first upper record that is a peak in the same direction (in case 

this message was sent towards Xi and collided with the <Xi>-message 

between X, and X,). We ignore the case that X. does not have an upper 
i J i 

record. Without loss of generality we may in fact assume that xi and Xj 

are more than two steps apart, otherwise the <Xi>-message certainly 

travels only 0(1) steps. As a result we may assume that X. sends a mes-
J 

sage towards Xi with probability½, where we note that the complementary 

case with probability -21 consists of X, sending its message away from X, 
J i 

or not sending a message at all. (This is seen by the following argu-

ment, where we use X~ and x~ to denote the left and right neighbors of 
J J 1 

X, as seen from X, in the direction of X,. Note that X, < X,, by the 
J i J J i 

assumption that X, is the first upper record. If Xr <Xi.then pair the 
J j 
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current permutation with the one in which x~ and X~ are switched. If X~> 
J J r J 

X, then pair the current permutation with the one in which X, and X, are 
l. J J 

switched. Of every pair precisely one permutation will give a case in 

which the first upper record of Xi sends a message towards Xi. Note that 

the pairing of permutations is independent of the choice of a direction 

by Xi.) By theorem 2.2.1.2. we know that the average distance of a ran-

dom processor to its first upper record is H It follows that 
3 

n 
Algorithm-D uses (at most) :?1Hn+O(n) messages on the average. (One 

should observe that, as in the proof of theorem 2.2.2.1. (ii), the 

analysis ignores the possible effect of higher order upper records. Thus 

the average number of messages used by Algorithrn-D will actually be less 

than the claimed ¾Hn+O(l) messages per processor, cf. section 2.2.3.) D 

Corollary 2.2.2.3. Decentralized extrema-finding can be achieved 

strictly more efficiently (i.e., with fewer messages on the average) for 

bidirectional rings than for unidirectional rings. 

Note that Algorithrn-P and Algorithrn-D use "time" n and n+l, respec­

tively, when executed under ideal assumptions, not counting the time for 

the inauguration of an elected leader. 

2.2.3. An improved analysis of Algorithrn-P and Algorithrn-D. In the 

proofs of theorem 2.2.2.1. and 2.2.2.2. it was argued that the bound of 

lH on the average (c.q. expected) number of propagations of an <X.>-4 n l. 

message is only an upperbound, because the possible effect of higher 

order upper records was ignored. In this section we will improve the 

analyses and derive a bound of about 0.7Hn on the average (c.q. 

expected) number of propagations of a message in both algorithms. 

For an analysis of Algorithrn-P, we assume without loss of general-

ity that i=l and that the <X1 >-message is sent to the right. Let v 1 , 

be random variables denoting the position of the first and v2, 

higher order upper records (cf. section 2.2.1). 

domly choose to send their <X>-message to the right as 

to X 
vj-1 

well but 

ran-

X 
V, 

J 
sends its message to the left, then the <x1>-message is annihilated by 



the <X >-message if 
V, 

J 

processor X rv.-ll 
l+____J___ 

2 
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the messages meet before X is reached, i.e., at 
vl 

provided vj<2v1 . (For vj-1 odd, the messages will 

not meet but pass over the same link before <X1 > is annihilated at the 

next processor.) Otherwise the <X1>-message is simply killed at X 
vl 

Definition. 

Suppose that we take the effect of up to 1 upper records into account. 

(Further upper records could only lowe·r the bound on the expected mes­

sage complexity.) 

Theorem 2.2.3.1. The expected number of messages used by Algorithm-P is 
1 

bounded by n(Hn L <½>j Kn(j)) + O(n). 
j=l 

Proof. 

The expected number of <X1>-messages propagated by Algorithm-P is 

bounded by the expected value of 

1 l J v ,-1 l 
L <-> J____J___ + 

, l 2 2 
J= 

{ 
1 1 . 1 1 Jv.-17} 

(v -1)- L (-) J (v -1)- L (-) J____J___ 
1 j=l 2 1 j=l 2 2 

1 l '( V,] 
(v -1)- L (-)J v _-1 +O(l) 

1 j=l 2 1 2 

, where each term in the summation arises with the probability of V, 
J 

being less than 2v1 (and thus 

annihilator of the <X1>-message). 

of the <X >-message serving as the 
V, 

J 
We ignore the effect of rings without 

a first upper record. The expected value is given by 
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using theorem 2.2.1.3. Accumulating this bound for all <Xi>-messages 

yields the result. □ 

1 . 
Note that the term -(2)JKn(j) -n denotes the savings in the expected 

number of messages used by the algorithm when the effect of the j th 

upper record is taken into account. 

Lemma 2.2.3.2. 

(i) Kn (1) 
1 
2H + 0(1), 

ln 1 
(ii) K (2) (2 - 2ln2) H + 0(1), n 

1 1 'f 2 
(iii) Kn (3) (2 - 21n2 - 41n 2) H + 0 (1), 

n 
(iv) Kn (j+l) < Kn (j). 

Proof. 
1 

(i) Kn (1) = L ~ 
l<t1~n (tl-l) 

1 
2 Hn + 0(1). 

(ii) See appendix A. 

(iii) See appendix A. 

(iv) The result is obvious by the interpretation of Kn(j+l) and 

Kn(j), but can be proved formally as follows. 

1 
t1-~·+1 

I 
l <t < <t < (tl-1) ... (t. 1-l)t, 1 

1 ... j+l_n J+ J+ 

tj+l<2t 1 
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~ I. { 1 
l <t < <t < (t 1-l) .. (t ,-l)t, 

1 ... j_n J J 

t/2t1 

2t -1 
1 t, 

2t -1 1 
1 t .. ( t 1-~ . l)} I. J J+ < 

t =t +l (t,+1-l)t,+l 
j+ 1 j J J 

2t -1 
1 t. } 
I.~< 

t=tj+l 

where we use that 
t=f.+1~ 

consists of at most t 1-2 terms of size 

J 
less than 1 and thus has a sum <l (but positive) . 

tl 
D 

Theorem 2.2.3.3. The expected number of messages used by Algorithm-P is 

equal to 0.70 ... nHn + O(n). 

Proof. 

By theorem 2.2.3.1. the expected number 
L 

of messages used by 

Algorithm-P is equal to n(Hn - I, <½>jK (j)) + 
j=l n 

O(n), for the largest L 

possible. (Note that no ring has a j th upper record with tj<2t 1 
1 
2°+1.) Using lemma 2.2.3.2. this number is bounded from above by 

0.7075nHn +O(n), 

and from below by 

+ O(n) = 

for 



9 3 1 2 (16 + 161n2 + 321n 2)nHn 

1 1 1 2 (2 + 4ln2 + 161n 2)nHn 

0.7033 nH + O(n). □ 
n 
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+ O(n) 

+ O(n) = 

Because of the analogy to Algorithm-P (cf. theorem 2.2.2.2), it is 

intuitive that the improved bound of 0.70 .. nHn + O(n) messages also 

holds for the average number of messages used by Algorithm-D. We give a 

more rigorous proof of this fact. Note that in its first stage, 

Algorithm-D expends O(n) messages to eliminate every processor that has 

a larger neighbor. The active processors that remain are at least one 

position apart, but must be at least two positions apart if we want to 

claim the independence of their choice of direction at the end of stage 

1* (cf. theorem 2.2.2.2.). This motivates the definition of a modified 

record concept. 

Definition. Given a random sequence, and "upper *-record" is any element 

that is larger than all the preceding ones (thus an upper record in the 

traditional sense) for which the two immediately preceding elements are 

not upper *-records. 

We will bound the average number of messages used by Algorithm-D by tak­

ing only the effect of upper *-records into account, by an analysis that 

is very similar to the analysis of Algorithm-P. (The effect of upper 

records that are no upper *-records will only lower the resulting esti­

mate.) 

1 
Definition. Ln ( j) :E P* (v 1 =t1 ; ... ;v j=tj) . (t 1-~j), where the summation 

is taken over all t 1 , ... ,tj with l<t 1< ... <tj:5n 

t 1+2<t2 , ... ,tj_1+2<tj and tj<2t 1 . 

In the definition, P*(v1=t1 ; ... ;vj=tj) denotes the probability that 
,th 
l. 

the 

for upper *-record occurs at position 

has 

p ( V 1 =t 1; .. • ; V j =t j) ( t 1-1) ... ( t , -1) t _' 
J J 

positions t 1 through tj will automatically 

t. 
l. 

( li:5j) . Note that 

because the upper records in 

be upper *-records. Suppose 
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we only take the effect of 1 upper *-records into account. In analogy to 

theorem 2.2.3.1. one obtains the following fact. 

Theorem 2.2.3.4. The average number of messages used by 
1 

n(H - ~ <½>j Ln(j)) + O(n). 
n j=l 

bounded by (at most) 

For simplicity define 

1 
t1-r· 

L (j) = :t , 
n t 1-1) ... (t ,-l)t, 

extends over all t 1 , ... ,t, as in L (j). 
J n 

Lemma 2.2.3.5. 

(i) Ln (j) ;:: Ln (j!, 

(ii) OS Kn (j) - Ln (j) 

Proof. 

0 (j) . 

J J 

where 

(i) This follows immediately from the definitions. 

Algorithm-D is 

the summation 

(ii) Obviously Kn(j) ;:: Ln(j), as Ln equals the expression for Kn(j) 

over a more restricted range. To show that Kn(j)-Ln(j) = O(j) we define 

the following auxiliary quantity Mn(j,i) for 0SiSj: 

Observe that and clearly Mn (j, j) 1 and 

t1-rj 

t, 
Note that S 1, and that for "fixed" t 1 to ti 

one has 

where 

J 1 
t1-r· 

:t 
(t 1-1) ... (t ,-1) (t, 1-1) ... (t ,-1) t, 

J i+ J J 
the summation extends over all 

0 [ (t 1-1). ~. (ti-1))' 

l<t. 1< ... <t ,Sn 
i+ J 

with 

t,+2<t, 1 , ... ,t, 1+2<t, and tJ,<2t 1 . Next 
i i+ J- J 

observe that 

1 
t1-r· 

Mn(j,i+l)-M(j,i) = ~ (t 1-1) ... (t ,-1) t, 
J J 

where the summation is taken over all t 1 , ... ,tj with l<t 1< ... <tjSn and 

ti+l+2<ti+2 , ... ,tj_1+2<tj and tj<2t1 , and ti+l = ti+l or ti+l = ti+2. It 

follows that 
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o[ :r 
l<t 1< ... <ti+l~n 

ti+l<2tl 

ti+l=ti+l or =ti+2 

0(1). 

j-1 
L (M ( j, i+ 1 )-M ( j, i) ) 

i=O 
O(j). D 

Theorem 2.2.3.6. The average number of messages used by Algorithm-D is 

bounded by (at most) 0.7075nHn + O(n). 

Proof. 

By theorem 2.2.3.4. and lemma 2.2.3.5. the average number of mes­

sages used by Algorithm-D can be bounded as follows (for any fixed 1): 

The result now follows by using the upper bound on the latter expres-
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sion, derived in the proof of theorem 2.2.3.3. □ 

Recently, this analysis was improved by Flayolet [Fl86], who obtained an 
✓ 2 exact bound of 2 -nHn + O(n) for the average number of messages used by 

Algorithm-P. With the techniques, exposed in this section one can show 

that this bound also is an upperbound for the average number of messages 

used by Algorithm-D. We conjecture that the average number of messages 

used by Algorithm-D also is exactly ~2 -nHn + O(n). 

2.3. Some lowerbound results on decentralized extrema finding in a ring 

of processors. 

2.3.1. Introduction. In this section we will derive a number of lower­

bound results for the decentralized extrema finding problem in rings of 

processors. The first lowerbound for this problem was obtained by Burns 

[Bu80], who proved a lowerbound of¼ n log n messages for the worst-case 

for bidirectional rings. Pachl, Korach and Rotem [PKR82] proved a lower­

bound of nHn = 0,69 n log non the average number of messages required 

by a unidirectional algorithm (hence the Chang-Roberts algorithm is 

optimal with respect to the average number of messages) and a lowerbound 

of½ n log n + O(n) on the average number of messages for bidirectional 

rings. For the 

the processors, 

case that the size of the ring n is initially known to 
6 

they proved lowerbounds of Slogs n log n + O(n) and 
1 7 log n + O(n) on the worst-case number of messages, for unidirectional 

rings and for bidirectional rings, respectively. (No non-trivial lower-

bounds are known on the average number of messages needed for rings with 

known ring size.) 

For the synchronous case, Frederickson and Lynch [FL84] prove a 
1 

lowerbound of ~ log n + O(n) on the worst-case number of messages for 

(bidirectional) comparison algorithms (a comparison algorithm uses only 

mutual comparisons between identification numbers (=, #, <, >, ~, ~)), 

and for (bidirectional) algorithms, that run in time, bounded by some 

constant tn on all rings with size n. This lowerbound is also valid for 

the asynchronous case: every algorithm that runs on a asynchronous ring 

can also run on a synchronous ring, and the time the algorithm uses is 
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bounded, for instance by the number of messages that is sent. 

This section is organized as follows. In section 2.3.2. we give 

some preliminary definitions and results. In section 2.3.3. we relate 

the worst-case number of messages for arbitrary (asynchronous) algo­

rithms to this number for (asynchronous) comparison algorithms. Our 

results and proof-techniques we use in this section are very similar to 

results, proven by Frederickson and Lynch [FL84] for the synchronous 

case. The results of section 2.3.3. will be used in section 2.3.4. to 

answer a question, posed by Korach, Rotem and Santoro in 1981 [KRSBl], 

whether algorithms that use time n, have to send a quadratic number of 

messages. The answer will be positive or negative, depending on the pre­

cise assumptions made about whether we want to find the maximum or 

whether we want to find a leader (which does not have to be the maximum) 

and what processors have to "know" the maximum or leader after comple­

tion of the algorithm. In figure 2.3.1.1 the results of section 4 are 

summarized. In section 2.3.5. we consider the case where the size of the 

ring n is initially known to the processors, for unidirectional rings. 

We give a better lowerbound on the worst-case number of messages and we 

give a lowerbound on the average number of messages for comparison algo­

rithms. 

2.3.2. Definitions and preliminary results. Pachl, Korach and Rotem 

[PKR82] introduced the notion of full-information algorithms (for uni­

directional rings). In full-information algorithms, when a processor 

sends a message, it sends everything it knows. In this way, algorithms 

have to specify only when to send (and no longer what to send). Every 

algorithm A corresponds to an 'equivalent' full-information algorithm 

A' if during execution of algorithm A', a processor p receives a mes­

sage s from a neighboring processor, p can decide from its own 

knowledge, the information that is contained in the messages, and the 

direction from which it received s, whether or not it would have sent a 

message on the corresponding moment during execution of algorithm A. A 

and A' use the same number of messages (although messages sent by A' can 

be considerably longer than messages sent by A) and the same time. (We 



Problem 

-every processor must know the 

maximum 
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Unidirectional Bidirectional 

1 
~ 2 n (n+l) 

-one or more arbitrary processors ~1.356 n log n+O(n) ~1.356 n log n+O(n) 

must know the maximum 

-the maximum must know it is the 

maximum 

1 
~zn(n+l) 

-one processor must declare itself ~1.356 n log n+O(n) ~1.356 n log n+O(n) 

as a leader 
1 

-one processor must declare itself~ 2 n (n+l) 

as a leader, and all processors 

must know the id. of the leader 

Fig. 2.3.1.1. General bounds for problems that have to be solved 

in time~ n. 

assume that in one time unit each processor can send one message. We 

ignore the time used for calculations in processors.) We also assume 

that identification numbers are chosen from Z. 

We will first consider unidirectional full-information algorithms. 

In a unidirectional full-information algorithm, the 'knowledge' of a 

processor consists of its identification number (abbreviated: its id) 

and the id's of a number of processors (initially zero) 'before' it on 

the ring. If a processors with identification number id* receives a mes­

sage <id1 ... idk>, then either it sends a message <id1 ... idk id*> to the 



- 45 -

next processor, or it does nothing. If a processor id* receives a mes-

sage <id1 ... idn> and id* = id1 , then it knows the id of every processor 

on the ring. It depends on what exactly we want the algorithm to do 

whether we have to send some more messages. If we want an arbitrary pro­

cessor to know the maximum, then we are done. If we want that the pro­

cessor whose id is the maximum to become aware of this fact, or if we 

want every processor to know the maximum, then some extra messages may 

have to be sent. In both cases, it is not difficult to find the most 

efficient way to finish the algorithm, and at most n extra messages in 

total have to be used. We therefore only consider messages with length 

Sn= number of processors on the ring. 

Definitions. 

(i) Let X ~ z. D(X) is the set of finite, non-empty sequences of dis­

tinct elements of x, i.e. 

D (X) = {<s1 ... sk> I k:2:1, lSiSk => si E X; ia<j => si a< sj}. 

(ii) D = D (Z) • 

(iii) Let seD. len(s) is the length of s, i.e. len(<s1 ... sk>) k. 

(iv) Let seD. C(s) is the set of cyclic permutations of s. 

(v) Let s,t ED.tis a subsequence of s, if there are u, v e Du {e} 

(e is the empty sequence), with s=utv. 

(vi) For seD, E ~ D let N(s,E) = l{tEEI tis a subsequence of an ele­

ment of C(s)} I. 

Definition. Let E ~ D. Eis exhaustive, iff 

(i) V t, UED 

(ii) V s E D 

tueE =>-tEE. 

C(s) n E a< 0. 

Theorem 2.3.2.1. is a minor extension of a result of Pachl, Korach and 

Rotem [PKR82]. 

Theorem 2.3.2.1. [PKR82] Let A be a (unidirectional) full-information 

algorithm. Let E {tED I a message with content twill be transmitted 

when A executes on a ring labeled t}. Then 

(i) Eis exhaustive 
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(ii) A requires exactly N(s,E) messages with length$ len (s), when exe­

cuted on a ring labeled s (and possibly some extra messages with 

greater length). 

Conversely every effective computable (i.e. recursive) exhaustive set E 

s D corresponds to a maximum finding algorithm: use the full information 

algorithm that sends a message if and only if it is an element of E. 

An algorithm is said to be a comparison algorithm iff no other 

operations on the id's are used as mutual comparisons (=,~,<,>,$,~). We 

now give the corresponding notion for sets. 

Definition. Lets, t ED. S=t (sand tare order equivalent), iff len(s) 

= len(t), Vi,j l$i,j$len(s), s.<s. <=>t. < t .. 
l. J l. J 

Definition. Let Es D. Eis comparison-based, iff V s,tED: S=t ⇒ (sEE <=> 

tEE). 

Definition. Let Es D. Eis comparison-exhaustive, iff 

(i) Eis exhaustive 

(ii) Eis comparison-based. 

Theorem 2.3.2.2. Let A be a (unidirectional) full-information algorithm, 

corresponding to a comparison algorithm. Then E = {tEDI a message with 

content twill be transmitted when A executes on a ring labeled t) is 

comparison-exhaustive. 

Again, conversely, effective computable comparison-exhaustive sets Es D 

correspond to comparison maximum finding algorithms. 

The notion of full information algorithms can be extended to bidirec­

tional algorithms. Our notion of a bidirectional full-information algo­

rithm is very similar to the notion of free algorithms of Frederickson 

and Lynch [FL84]. (Free algorithms run on bidirectional synchronous 

rings). In bidirectional algorithms the behavior of a processor does not 

necessarily depend fully on the id's of the processors in the 
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neighborhood it knows, but can also depend on the order in which it 

received messages from its neighbors, etc. 

Definition. Let X ~ z. Db(X) is the smallest set of strings, such that 

(i) id e X ⇒ <id> E Db(X) 

(ii) id e X,k~l, s 1 ... sk e Db(X), d 1 , ... ,dk E {l,r} ⇒ ·(<id>,<(d1 ,s 1), 

(d2 , s 2 ), .•. , (dk, sk) >) e Db (X). 

We abbreviate Db(Z) as Db. 

The information that a certain processor has on a certain moment during 

execution of a bidirectional full-information algorithm can be 

represented by an element of Db. For instance, read the string (<id>, 

<(l,s1 ), (r,s2 )>) as: my own identification number is id, the first mes­

sage I received came from my left neighbor and contained information s 1 ; 

the second and last message I received came from my right neighbor and 

contained information s 2 . 

So if a processor sends a message, it sends all its information, 

that is: an element of Db. If a processor p with information (<id>, 

<(d1 ,s1 ), .. , (dk,sk)>) receives a messages, its new information becomes 

(dk+l's)>), with dk+l = 1 if the message 

came from p's left neighbor and dk+l = r, if the message came from p's 

right neighbor. 

Now every bidirectional full-information algorithm corresponds to a 

pair (L,R), L,R subsets of Db. L corresponds to the messages that are 

sent to left neighbors, R corresponds to the messages that are sent to 

right neighbors, in a manner similar to the undirected case. Note that a 

message that is sent to both neighbors will be a member of L n R. We 

will not give a bidirectional variant of the notion of exhaustiveness. 

Definition. Lets e Db. sis obtained by taking the successive integers 

that appear ins, ignoring other characters: 

ifs is of the form <id>, with id e Z, thens id 

ifs is of the form <id, <(d1 ,s1 ), (d2 ,s2 ), ... , (dk,sk)>), thens id 

o s 1 o s 2 o ••• o sk, (where a 1 ... an o b 1 ... bm = a 1 .. anbl .. bm). 
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Definition. Let s,t e Db. s = t (sand t are order equivalent), 

- - -len(s) = len(t) ands.< s, ¢c>t, < t. for all i, j, 1:,:;i, j:,:; len (s). 
J 

s.) 

J. J J. 

is the i'th integer in the string 

Definition. Let s,t e Db. s □ t (sand tare equally typed), iff 

a) sand tare both of the form <id>, with id E Z, 

or 

b) there exists a k E Zand d 1 , ... ,dk E {l,r}, such that 

(i} s is of the form <id s'<(dl,sl)' ... , (dk,sk)>); 

(ii) t is of the form <idt' < (d1 , s 1 ), ... , (dk, sk) >); 

(iii) For all i, i:,:;i:,:;k, s. □ t,. 
J. J. 

We call a set E ~ Db comparison based, iff for all s,t with s□t 

S=t:seE ¢c>tEE. Similar to the undirected case one has: 

iff 

and 

Theorem 2.3.2.3. Let A be a bidirectional full-information comparison 

algorithm. Let L, R ~ Db be the sets of all messages that could possibly 

be sent by algorithm A to left and right neigh~ors, respectively. Then L 

and Rare comparison based sets. 

2 .3. 3. Arbitrary versus comparison algorithms. In this section we 

relate the worst-case number of messages needed in arbitrary and com­

parison algorithms. The results and proof-techniques are very similar to 

results, proven by Frederickson and Lynch [FL84] for the synchronous 

case. In the proof we will use a well-known Ramsey theorem (theorem 

2.3.3.1.). We first consider the unidirectional case. 

Theorem 2.3.3.1. (Ramsey's theorem, see e.g. [Ba77] .) Let A be an infin­

ite set, k,n 
k 

u 
i=l 

C,=Pn (A), 
J. 

i~j ~Ci n Cj=0). Then there exists a homogeneous subset B ~ A, i.e. 3i 

Pn(B) ~ C,. 
J. 

Definitions. 

(i) Let E ~ D be exhaustive, and let A~ Z, n E + 
N . We let E(n,A) 

denote the set of all strings in E with elements in A and length 
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at most n, i.e. E(n,A)= {s EE~ DIA) I len(s) Sn). 

(ii) Let n EN+. We fix an enumeration of all permutations of the set 
n n n 

{l, .. ,n), denoted by n 1 , n 2 , ... , nn! 

(iii) Let X ~ N, n=IXI, and lSiSn!. We let denote the string, 

obtained by placing the elements of X, in the order, prescribed by 

n~, i.e. n~(X) E D(X); n~(X) = n~ 
i i i i 

Theorem 2.3.3.2. Let E ~ D be exhaustive. 

There exists a collection of infinite sets A1 , A2 , ... , with 

(i) Al z 

(ii) '<In 
+ 

E N ; A ;;;i An+l n 
(iii) '<In 

+ 
E(n,An) is comparison based. E N : 

Proof. We use induction ton. First note that E contains every string 

<v>, v E Z. (We use that Eis exhaustive). So E(l,Z) = E(l,A1 ) is com­

parison based. 

Now let an infinite set An be given, with E(n,An) comparison based. 

We will now show that An+l can be chosen, such that it fulfills the 

requirements. 

With induction we define a row of infinite sets 

follows: 
n+l 

- B A . 
o n 

n+l n+l 
Bo ' ... ,B(n+l) ! 

n+l 
Let with induction an infinite set B . be given. Let 

n+l 1 n+l) I n+1 1 ) n+lJ n+l n+l 
P BJ' nJ'+l X EE) and Cz=!X c P (B . ) In. l (X) ~ 

- J J+n+l 
sey theorem 2.3.3.1. with k=2 gives that we can choose B. 1 such that: 

J+ 

(i) 
n+l n+l 

Bj+l ~ B . 
J 

(ii) 
n+l 

Bj+l is infinite 

(iii) n+l 1 n+l 
p Bj+l 

as 

Finally choose A =B n+l . It is obvious that An+l is infinite and A 
n+l (n+l) ! n 
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Now suppose s 1 , s 2 e D(An+l) and len(s1 ) = len(s2 ) :s; n+l and s 1 - s 2 . 

If len(s1 ) :s; n, then s 1 e E ~s2 e E, because A ~ An+l and E(n,A) is 
n , nn+l 

comparison based. Now suppose len(s 1 ) n+l. There exists a unique n k, 
n+l 

with s 1 = n k = s 2 . Let s 1 , s 2 be the sets of integers, appearing in 

s 1 , s 2 respectively. (si= <id1 ... idn> 
n+l . n+l 

Bk. The construction of Bk shows 
n+l( n+l n+l 

P B k ) c;; cl ~s2 e c2 ~n k (S2) = 

This shows that E(n+l,An+l) is comparison based. □ 

Theorem 2.3.3.3. Let E c;; D be exhaustive. Then there exists a 

comparison-exhaustive set F c;; D, such that 

t/n max(N(s,F) Is e D, len(s)=n) :s; max(N(s,E) I s e D, len(s)=n). 

Proof. Let an exhaustive set E c;; D be given, and let the sets 

A1 ,A2 , ... ,Ai ... , as implied by theorem 2.3.3.2., be given. Now choose 

F=(S e D I 3 t e En D(Alen(s)): t ss). Fis comparison-exhaustive: 

(i) Let t,u ED and tu E F. Then 3 svEE n D(Alen(tu)): SV tu A 

len(s)=len(t). =>3 s e En D(Alen(s)): s = t =>t e F. 

(ii) Let s E D. One can choose VE D(Alen(s)), with V - s. (Choose 

len(s) different elements from Alen(s) and place them in the right 

order.) Now C(v) n E a<0. Let w E C(v) n E. We can find a t E 

C(s), with t = w. (Use the same cyclic permutation that is neces­

sary to obtain w from v to obtain t from s.) 

Sot E wand w E D(Alen(t)) n E. This implies t E F and C(s) 

,<0. 

(iii) Let s,t e D ands= t. Then 

V - s n VE D (Alen(s)) 

V = t n VE D (Alen(t)) 

This concludes the proof that Fis comparison-exhaustive. 

Finally we will show that for all n: 

n F 

max (N (s, F) I s e D, len (s) n):s; max {N(s,E)ls e D, len(s) = n). 

Let n be given. Lets e D, with len(s)=n. There exists ate D(An)' with 
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t e s. It follows directly from the exhaustiveness of F that N(s,F) = 

N(t,F). Further, for every subsequence t 0 oft: t 0 e E ¢') t 0 e F (use 

that t 0 E D(An) ~ D(Alen(t ))), hence N(t,F) = N(t,E). So for alls ED, 

len(s)=n there exists at~ D, len(t)=N, with N(s,F) N(t,E). So 

max {N(s,F) I s e D, len(s)=n} S max {N(s,E) I s e D, len(s)=n}. □ 

An algorithmic variant of theorem 2.3.3.2 is the following: 

Theorem 2.3.3.4. Let A be a (unidirectional) extrema finding algorithm 

for rings. There exist algorithms B1,B2 , ... ,Bi, ... with for every i E 

N+ 

(i) algorithm Bi works correctly on every ring with size Si. 

(ii) algorithm Bi+l is an extension of algorithm Bi (i.e. algorithm 

Bi+l sends the first i steps exactly the same messages as algo­

rithm Bi.) 

(iii) Bi is a comparison algorithm. 

(iv) For every j Si, the worst-case number of messages used by B, on 
l. 

rings with size j is lesser or equal than the worst- case number 

of messages used by algorithm A on rings with size j. 

Proof. Let A' be the full information variant of algorithm A. Let E= {t 

e DI a message with content twill be transmitted when A' executes on a 

ring labeled t}. Eis exhaustive (cf. theorem 2.3.2.1.). Let the sets 

A1 ,A2 , ... ,Ai, ... be given, as implied by theorem 2.3.3.2. Now let algo­

rithm Bi be the (full information) algorithm, that sends a messages, if 

and only if there is at= s, with t e D(Ai) n E. We first have to show 

that Bi indeed is a comparison algorithm, i.e. 

using only comparisons whether there exists a 

Note that if a certain messages is sent by Bi, 

t, with t = s are sent. B, can use a list of 

that it is computable 

t 5 s with t E D(A,) 
l. 

n E. 

then also all messages 

all permutations of i or 
l. 

fewer elements, and with each permutation nj it is stored whether mes­
k 

sages s, with sent are to be sent or not. For each s, one can find, 

using comparisons only, for which nj s a nj, and then one can look up 
k k 

whether to sends or not. 

It is not difficult to check that (i) - (iv) hold. (Compare the proof of 
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theorem 2.3.3.2.) □ 

Unfortunately, theorem 2.3.3.3. does not imply the following conjecture: 

Conjecture. Let A be a (unidirectional) extrema finding algorithm for 

rings. There exists a (unidirectional) comparison algorithm B (for the 

extrema finding problem for rings) such that for every n, the worst-case 

number of messages used by algorithm Bon rings with size n is at most 

the worst-case number of messages used by algorithm A on rings with size 

n. 

The key difference between this conjecture and theorem 2.3.3.3. is the 

computability of F. To let F "yield an algorithm", it must be effec­

tively computable (i.e. recursive) whether a givens ED is an element 

of For not. This is not necessarily true. However, the results of this 

section show that some worst-case lowerbound proofs for comparison­

algorithms are also valid for arbitrary algorithms. This is when the 

fact that the comparison algorithm is really an algorithm (that is: 

effectively computable) is not used. For instance, a proof can show a 

lowerbound for max {N(s,F) s E D, len(s)=n} for all comparison-

exhaustive sets, not only for recursive comparison-exhaustive se~s. The 

results of this section show that this not only implies the same lower­

bound on the worst-case number of messages, that are sent on rings with 

size n by comparison algorithms, but also by arbitrary algorithms. 

The results can be generalized to the bidirectional case. A bidirec­

tional variant of theorem 2.3.3.2. is: 

Theorem 2.3.3.5. Let A be a bidirectional full-information algorithm, 

and let Land R be the sets of all messages that could possibly be sent 

by algorithm A to left and right neighbors, respectively. There exists 

a collection of infinite sets A1 ,A2 , ... , with 

(i) Al 1;;; Z 

(ii) for all n EN+: An~ An+l 

(iii) for all n e N+ and all strings s,t e Db(An), withs □ t, s = t and 
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len(s) len (t) Sn one has s EL ~t EL ands ER ~t ER. 

Proof. The proof is more or less similar to the proof of theorem 

2.3.3.2. we will only stress the differences. As in the proof of theorem 

2.3.3.2. we use induction ton. Where we had to use one "Ramsey-step" 

for each permutation of n elements in the unidirectional case, (i.e. for 

each equivalence class of the strings in D, induced by the equivalence 

relation =), here we have to use the Ramsey theorem for every combina­

tion of a~ of strings s, with len(s)=n, together with an ordering of 

n elements, i.e. for each equivalence class of the strings in Db, 

induced by the equivalence relation;, where; is defined by: 

s = t (s D t " s = t) . 

In every "Ramsey-step" we divide the subsets of the 

with the right cardinality in four classes: those that 

n+l 
current B. 

l. 

correspond with 

messages sent to the left and to the right neighbor, those that 

correspond with messages, sent only to the left neighbor, ... etc. Now use 

theorem 2.3.3.1. with k=4. D 

Similar to theorem 2.3.3.4. one now can prove: 

Theorem 2.3.3.6. Let A be a (bidirectional) extrema finding algorithm 

for rings. There exist algorithms B1 ,B2 , ... ,Bi 1 ••• with for every i E 

N+ 

(i) algorithm Bi works correctly on every ring with size Si 

(ii) algorithm Bi+l is an extension of algorithm Bi (on rings with size 

Si algorithm Bi and Bi+l behave exactly the same). 

(iii) Bi is a comparison algorithm. 

(iv) for every jSi, the worst-case number of messages used by Bi on 

size j, is lesser or equal than the worst-case number rings with 

of messages used by algorithm A on rings with size j. 

Proof. The proof is similar to that of theorem 2.3.3.4. The main differ­

ence is that we can no longer use the set Ai to obtain algorithm Bi, 

because messages on rings with size i can have a size much larger than 

i. Suppose t. 
l. 

is an upperbound on the number of timesteps algorithm A 
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takes on any ring with size i. Note that the size of the largest 

knowledge of any processor can at most triple in one timestep. (That is, 

when the procE~sor receives equally large messages from both its neigh­

bors). So 3 i is an upperbound on the size of the largest message ever 

used by algorithm A on rings with size i, and we can use set 

obtain algorithm Ai, similar to the unidirectional case. □ 

The same remarks we made about lowerbound proofs concerning unidirec­

tional rings are also valid for bidirectional rings. 

2.3.4. Algorithms that use time~ n. In [KRSBl] Korach, Rotem and San­

toro posed the question "whether algorithms with running time of n must 

have a quadratic number of messages in their worst-case". The answer to 

this question depends on what we exactly want the algorithm to do in 

time n. There are several possibilities: 

(A)- every processor must know the maximum (i.e. the id of the largest 

numbered node) 

(B)- there must be one or more arbitrary processors that know the max­

imum 

(Cl- the processor that has the largest id must know that he is the node 

with the largest id 

(D)- exactly one processor must declare itself as a leader 

(E)- exactly one processor must declare itself as a leader, all other 

processors must know the id of the leader. 

These five problems are closely related. In figure 2.3.4.1. it is shown 

which problems are subproblems of which other problems. 

much difficulty one can show the following relation: 

Also, without 

Theorem 2.3.4.1. If there exists an algorithm that solves one of the 

five problems A-E, and has a worst-case running time t(n), and uses a 

worst-case number of messages m(n), then for each of the other four 

problems there exists an algorithm that has a worst-case running time of 

at most t(n)+2n and uses a worst-case number of messages of at most 

m(n)+2n. 
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Fig. 2.3.4.1. The partial ordering of the problems A-E. 

A line indicates that the lower problem is a 

subproblem of the upper problem. 

In figure 2.3.4.2 we summarize the bounds we prove on algorithms that 

use time :s;n. 

Theorem 2.3.4.2. Every unidirectional algorithm for problem C that uses 
1 

time n, must use at least r(n+l) messages in the worst-case. 

Proof. If the processor with the largest id must be aware of the fact 

that it has the largest id after time n, then it must have sent a mes­

sage to its successor, and this message must have been propagated around 

the whole ring, until it returned to the processor, that has originated 

the message. The exhaustive set, induced by the algorithm must therefore 

contain all messages s 1 , ... ,sn' with 

essentially that every message, used by 

be used here too.) Now this implies a 

messages on rings with size n. (Consider 

~i 2:s;i:s;n s 1~ si. (This means 

the Chang/Roberts algorithm must 
1 

worst-case lowerbound of r(n+l) 

rings labeled with n, n-1, 

n-2, ... ,2,1. Compare this result with the results of Chang and Roberts 
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roblem unidirectional bidirectional 

A 
1 ~2'1 (n+l) Q(n2) 

B ~l. 38 n log n+O(n) ~l. 38 n log n+O(n) 

C 
1 ~2'1 (n+l) Q(n2) 

D ~1.38 n log n+O(n) ~l. 38 n log n+O(n) 

E 
1 

9(n+l) Q(n2) 

Fig. 2.3.4.2. Bounds for algorithms that use time ~n. 

[CR79].) D 

Theorem 2.3.4.3. For every bidirectional algorithm for problem C, that 

uses time ~n, there is a c ER+, such that the algorithm uses at least 
2 

en messages in the worst-case. 

Proof. Let A be a bidirectional algorithm for problem C, that uses time 

~n, on rings with size n and suppose there does not exist 
+ 

such a C E R , 

that the algorithm uses at least 
2 

in the worst-case (on en messages 

rings with size n). Without loss of generality we can assume that A is a 

full-information algorithm. We first assume A is a comparison algorithm. 

Let rings rk,l be defined as follows: the size of a ring 
k,l 

r 

and the id of the i th node of rk,l is 

( (-i-1) mod 1) -k + If l. (l~i~kl). 

So for instance the processors of r 3 ' 5 have successive id's: 

12 9 6 3 15 11 8 5 2 14 10 7 4 1 13. 

is k-1, 

Note rk,l consists of k pieces of 1 nodes. Each piece consists of a 
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decreasing row of 1-1 id's, the last id is larger than every other id in 

the piece. The pieces are - in a certain sense - mutually placed in a 

decreasing order: the i'th processor in the j'th piece has a larger id 

than the i'th processor in the (j+l)'th piece. 

We now suppose the ring works fully synchronous: all message transmis­

sion times are equal and we ignore time needed for calculations in pro­

cessors. This means, that when a processor sends a message on a timestep 

t+l, this message can contain the id's of at most 2t+l processors: the 

id of the processor itself, the id's oft processors immediately to the 

left of the processor and the id's oft processors immediately to the 

right of the processor. This also means that when for two processors 

the strings consisting of this 2t+l id's are equally ordered, we 

may assume that p 0 sends a message on timestep t+l if and only if p 1 

sends a message on timestep t+l. (We use that the ring works fully syn­

chronous and the algorithm is a comparison algorithm.) 

Let <l>(k,l) be the smallest number t, such that on the ring rk,l all 

messages that are sent by the full information algorithm A after time t 

(under the assumption of synchronicity) contain the value of the maximum 

(and, of course, many other data). 

Proof. Suppose not. Let 1 be given, such that~ c 3 k <l>(k,l) ~ c. Now we 

first claim that on every ring rk,l at least the first L¼k-lJ timesteps 

messages are sent with the maximum not in it. This we can see by taking 

k' such that <l>(k',l)~ L¼k1J. On the ring rk',l on each of the first 

L¼k1J timesteps there are messages sent that do not contain the value of 

the maximum(= k' -1). Now use that for each part of the ring rk',l with 

length~ 2-L¼klJ +1 that does not contain the maximum id, there exists 

an equally ordered part of the ring rk,l, that also does not contain the 

k 1 L 1 j maximum id of this ring (=k-1). So on r' the first 4kl timesteps 

there are messages sent that do not contain the maximum id. 

that 

Finally we use, that for each part of rk,l with length 

does not contain the maximum id, there are at least 

~2-L ¼klJ +1 

lk + 0 (1) 
2 



- 58 -

equally ordered parts. So on each of the first L¼ klJ timesteps there 
1 

are at least 2k + 0(1) messages sent, so in total at least approximately 

½ k21 messages. When we take 1 as a constant, and let k grow to infin­

ity, we see that the algorithm costs a quadratic number of messages in 

the worst case. Contradiction. □ 

As the algorithm is 'message-driven' (a processor can only send a mes­

sage upon reception of a message, except for the first timestep), each 

message m, except those sent on the first timestep, has a 'predecessor' 

message, that is, the message that 'triggered' the processor to send 

message m. The processor that sent the message on timestep 1, obtained 

by taking recursively the predecessor message of mis called the origi­

nator of m, the successive messages between the originator of m and m we 

call the chain of messages of m. 

Now look at the last message m, that arrives at the processor with 

the maximum id, and look at its originator and chain of messages. Claim 

2.3.4.3.1. shows that the distance between the originator and the pro­

cessor with the maximum id is at most c 1 on a ring rk,l As the proces­

sor pmax with the maximum id must know all id's of all processors after 

timestep n, there are basically the following possibilities: 

- pmax is the originator of m, the chain of messages of m "goes 

around the whole ring": each processor sends one message of this chain; 

the successive messages have either traveled around the whole ring in 

positive, or in negative direction. 

ring in positive/negative direction") 

(We say "m has traveled around the 

(See figure 2.3.4.3.a.). 

the originator of mis pmax or a processor with distance~ c 1 to 

pmax; the chain of messages goes from the originator to a node, approxi­

mately halfway the ring and then returns. Som can inform pmax of the 
1 

id's of r + c 1 processors, all on approximately the same half of the 

ring (seen from pmax). Some other messages(s) must inform pmax of the 

other id's. (See figure 2.3.4.3.b.). 
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Fig. 2.3.4.3.a. Fig. 2.3.4.3.b. 

Claim 2.3.4.3.2. For each 1, there are only finitely many k such that 

the last message m, that is received at the maximum on ring rk,l has 

traveled around the ring in negative direction. 

Proof. Suppose not. For a ring rk,l there are ½k + 0(1) pieces, that are 

equally ordered to the piece, consisting of the maximum and the L½k-lJ 

id's of the processors before the maximum. We again use that A is com­

parison based, hence if on rk' 1 the last message received .. ..a.t._t.h.e-maximum 

has traveled around the ring in negative direction, then on each of the 

first L½k1J timesteps at least ½k + 0(1) messages are sent, so in total 

at least approximately¼ k21. Now we can keep 1 fixed, and let k grow to 

infinity: the algorithm uses a quadratic number of messages in the 

worst-case. Contradiction. □ 
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Claim 2.3.4.3.3. For each 1, there is at least one k such that the last 

message m that is received ' k,l h 1 d at the maximum on ring r as trave e 

around the ring in positive direction. 

, 
Proof. Suppose not. Then there are 1 and k, such that for all k~k the 

chain of messages of m goes from the originator to a node approximately 

halfway the ring and then returns. Because the maximum must be informed 

of the id's of all nodes on the ring, the turning point has a distance 

of ½kl+ O(c1 ). Further notice that if a message chain goes halfway the 

ring and then back to the maximum on a ring rk' 1 , then a message chain, 

with a similar length and behavior is sent on rm,l, for all ~l. So when 

k grows to infinity, the number of messages sent grows at least linear 

k 2 1 .. to the algorithm uses a quadratic number of messages in the 
cl 

worst-case. Contradiction. □ 

Now consider rings 
1,1 

r ' i.e. rings labeled 1 1-1 1-2 ... 2 1. The pro-

cessor labeled 1 must send a message in positive direction, this message 

will continue to travel in this direction, for at least the first 1½17 

timesteps. (This follows from claim 2.3.4.3.3, the fact that the algo­

rithm is a comparison algorithm and the fact that during the first 1½17 

timesteps, processors cannot distinguish between the cases that k=l and 

k>l.) Because the algorithm is a comparison algorithm, this means that 
.rl 7 3 2 at least 1+1-1 + 1-2 + ... ~ 21 messages~ 8 1 messages are sent on the 

, 1, 1 · ring r , for every 1. Hence the algorithm sends a quadratic number of 

messages. 

We now have shown that every comparison algorithm for problem C that 

uses time~ n must use a quadratic number of messages. Because we have 

never used in our proof, that the way in which processors decide to send 

or not to send a certain message must be by an algorithm in the proces­

sors, i.e., must be effectively computable by a processor, the results 

of the previous section show that the obtained result is also valid for 
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arbitrary algorithms. D 

The bounds proven in theorem 2.3.4.2. and 2.3.4.3. are of course also 

valid for problem A: it contains problem Casa subproblem. Theorem 

2.3.4.4. shows that these bounds are also valid for problem E. 

Theorem 2.3.4.4. Every algorithm for problem E that uses time S n must 

use at least ½n<n+l) messages in the worst-case for unidirectional rings 

or n (n2 ) messages in the worst-case for b~directional rings. 

Proof. First suppose we have a comparison algorithm for problem E that 

uses time Sn, but uses a smaller number of messages. We will derive a 

contradiction with theorem 2.3.4.2. and theorem 2.3.4.3. for the uni­

directional and the bidirectional case, respectively. We also assume 

the algorithm is a full-information algorithm. We claim that when a pro­

cessor knows what id the leader has, then it must know the id's of all 

the processors. Suppose this is not the case: a processor p decides that 

the processor with identification number id is the leader (possibly pis 

self the leader), and the information of p does not contain all id's of 

all processors. Suppose p knows the id's of k successive processors. We 

now define a ring r' with 2k nodes. The first k processors have the id's 

of the successive processors p knows the id of, the second k processors 

have id's, such that this part of the ring is equally ordered to the 

first part of kid's. Now the processor p0 with the same id asp, and 

the processor p1 with distance k to it can behave similar (the algorithm 

is a comparison algorithm), so it is possible that p0 and p1 will both 

decide on the id of the leader, but then these id's will not be the 

same. Contradiction. 

Because when a processor knows the id's of all the processors it 

also knows that the maximum id the full-information comparison algorithm 

can solve problem A in the same time and with the same number of mes­

sages. This contradicts theorem 2.3.4.2. or theorem 2.3.4.3. The results 

of section 2.3.3 show that the obtained bounds are also valid for arbi­

trary algorithms. D 



- 62 -

We assume that the number of bits, needed to express an id ism. 

Theorem 2.3.4.5. There exists a unidirectional algorithm for problem B 

that uses time n, and$ 1.356 n log n+O(n) messages in the worst- case, 

each consisting of O(m+log n) bits. 

Proof. Basically we use the algorithm of Dolev, Klawe and Rodeh [DKR82]. 

To each message we add two fields: one contains the id of the origina­

tor, the other the current maximum id known. If a processor id receives 

a message {idor' idmax' otherdata I, and id~idor' then it uses the field 

'otherdata' to execute the algorithm of [DKR82]. If this algorithm 

decides to send a message {newotherdata), then instead it sends a mes­

sage {idor' idmax' newotherdata). If a processor id receives a message 

{id , id , otherdata) and id=id , then id is the maximum id of 
or max or max 

all the processors. It is easy to see that the algorithm works 

correctly, uses time n, does not use more more messages than the algo­

rithm of [DKR82], and has a message size of O(m+log n) bits. □ 

Note that the use of the algorithm of [DKR82] is not essential in the 

proof. For instance, when a better upperbound is found for unidirec­

tional extrema finding, then this upperbound is also valid for problem B 

and algorithms that use time n. 

Theorem 2.3.4.6. There exists a unidirectional algorithm for problem E 

that uses time n and 1.356 n log n + O(n) messages in the worst-case. 

Proof. Use the full-information variant of the algorithm of Dolev, Klawe 

and Rodeh [DKR82], during the first n timesteps. When a processor 

receives a message that contains its own id in the first field, then it 

knows the successive id's of all the processors, hence it can decide 

what processors also receive messages that contain their own id in the 

first field and whether it has the largest id of this set of processors. 

Is this the case, then it declares itself as a leader. In this way in 

time n exactly one processor will declare itself as a leader; the algo­

rithm does not use more messages than the algorithm of (DKR82]. □ 
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Note that the size of the messages becomes as large as O(n.m) bits. It 

is an open question whether there exists an algorithm for problem E that 

uses time n, and O(n log n) messages of O(m + log n) bits each in the 

worst-case. 

2.3.5. Lowerbounds for algorithms on rings with known ring size. In 

this section we consider the extrema-finding problem on rings "that know 

the ring size", i.e. the number of processors n is initially known to 

the 
6 

processors. For this problem a worst-case lowerbound of 

n log n + O(n) ~ 0.51 n log n + O(n) messages was proved by Pachl, 
5log5 
Korach and Rotem [PKR82]. We will improve on this result by looking at 

comparison algorithms. 

To start our analysis, again we replace an algorithm by its full­

information variant. Notice that if a processor receives a message with 

length n-1 then it knows all the id's of the processors, so it also 

knows the maximum. So now the notion of exhaustiveness is replaced by 

the following definition: 

Definition. Let E ~ D. Eis exhaustive for known ring size n, iff 

(i) 'r;/ t,u E D: tu E E ⇒ t E E 

(ii) 'r:/ s ED with len(s)=n: 3 t e C(s): 3 u, v ED: t=uv, len(u) n-1, 

len(v) = 1, u e E. 

Definition. Let E ~ D. Eis comparison-exhaustive for known ring size n, 

iff Eis exhaustive for known ring size n and Eis comparison based. 

Again we let N(S,E) denote \ {t e E\ tis a subsequence of an element of 

C(S) II. We let K(n) (Kcb(n)) denote the worst-case number of messages 

sent by the "best" algorithm (comparison algorithm) for rings with known 

ring size n. 

Definition. K(n)= min 

ring size n). 

Kcb(n)= min max 
seD 

len (s)=n 

max 
sED 

len(s)=n 

N(s,E) \ E ~Dis exhaustive for known 

N(s,E) IE~ Dis comparison exhaustive for known 
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ring size n) . 

Theorem 2.3.5.1. 

(i) K(n), Kcb(n) are lowerbounds for the worst-case number of 

sent by unidirectional algorithms for known ring size n. 

(ii) K(n) = Kcb(n). 

Proof. 

messages 

(i) This follows from the definitions. Compare with section 2.3.2. 

(ii) Compare with theorem 2.3.3.2 and 2.3.3.4. □ 

Lemma 2.3.5.2. K(5) 

Proof. Let Ebe comparison exhaustive for known ring size 5. If <1,2> 

and <2,1> E E then N(<l,2,3,4,5>,E) ~ 12: <l>, <2>, <3>, <4>, <5>, 

<1,2>, <2,3>, <3,4>, <4,5>, <5,1> EE (use that Eis comparison based), 

and at least one string with length 3 and one string with length 4, that 

are substrings of an element of C(<l,2,3,4,5>), must be an element of E. 

Without loss of generality suppose <1,2> EE, <2,1> ¢. E. If <1,2,3> EE 

then N(<l,2,3,4,5>) ~ 13. (Use again that E is comparison based.) So 

assume <1,2,3> ¢. E. There must be a substring with length 3 of an ele­

ment of C(<l,2,3,4,5>) an element of E, so <4,5,1> EE. Also <1,5,4> E 

E. (Use ring <5,4,3,2,1>. <3,2,1> ¢. E, because <3,2,1> EE =><3,2> EE ⇒ 

<2,1> EE. Etc.) 

Now consider the ring labeled <3,5,2,4,1>. <3,5,2> EE, <2,4,1> EE 

and <5,2,4> ¢. E, <4,1,3> ¢. E, <1,3,5> ¢. E. This means that <3,5,2,4> EE 

or <2,4,1,3> EE. Because <3,5,2,4> = <2,4,1,3>, both are elements of 

E. Hence N(<3,5,2,4,l>,E) ~ 5+3+2+2=12. So max 
sEd 

len (s)=n 

N(5,E) ~ 12. □ 

Proof. Let nn be a permutation of the elements {l, ... ,n), and let nk be 

a permutation of the elements {l, ... ,k). Let nk o nn be the permutation 

of {l, ... ,kn), defined by 



- 65 -

(7tk o 7tn) (i) = n-7tk(((i-l) mod k)+l) + 1tn<1tl> (lSiSk-n). 

In this way the ring labeled by the successive values of 7tk o 
n 

7t con-

sists of n pieces of k elements. Every piece of k successive elements is 

order equivalent to an element of C(7tk); the relative ordering we obtain 

by dividing the ring inn pieces of k elements each and then comparing 

these pieces is given by 7tn. 

We now claim, that for every (full-information) comparison algorithm A 

the worst-case number of messages that is sent by A, taken over all 

rings 7tk o 7tn is at least k-Kcb(n) + nKcb(k)-kn+k+n-1. 

First note that we obtain a correct (full-information) comparison algo­

rithm for rings with known ring size k, by letting Ak send a message, 

iff it has length at most k-1 and is sent by algorithm A. Hence A sends 

at least nKcb(k) messages with length S k-1. It is easy Ro see that A 

sends ~n messages with length k. Now, for each 7tk, let An,7t be the full 

information algorithm for rings with size n, that sends a message 

s=<s1 , ... ,sm> (~n), iff A sends a message t=<t1 , ... ,tr> mkSrSn-k with t 

is a subsequence of an element of C(7tk o 7tn) for certain 7tn, ands -
k 

n,7t 
<tk,tZk't3k, ... ,tmk>. One can check that A is a correct algorithm; 

k 
let the number of messages sent by An,7t be a, then the number of mes-

sages sent by A with length between k+l and (n-l)k (inclusive) is at 

least k-a-kn~kKcb(n) - kn. Finally, for each i, with (n-l)k+l S iSnk-1, 

A will send at least one message with length i. 

The total number of messages is also at least 

kKcb(n)+nKcb(k)-nk+k+n+l. D 

A similar, but weaker result was proved by Pach!, Korach and Rotem 

[PKR82] . 

From lemma 2.3.5.3. it follows that for any fixed k~l, and infinitely 

many n: 

K(n) > (K(k)-k+l)n log n + O(n). 
- k log k 

So now we have proved: 
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Corollary 2.3.5.4. There are infinitely many n, for which the worst-case 

number of messages, sent by any unidirectional algorithm on a ring with 

known ring size n, is at least --8- n log n + O(n) = 0.689 n log n + 
Slogs 

O(n). 

6 
This result improves the lowerbound of n log n + O(n) = 0.51 n log 

5log5 
n + O(n) messages, proved by Pachl, Korach and Rotem [PKR82], and is 

quite close to the best known lowerbound for the worst-case number of 

messages in the case that 

0.693 n log n +O(n)). 

the ring size is not known (i.e. nH 
n 

Formerly no results were known on lowerbounds for the average 

number of messages for algorithms that can use a known ring size. We 

will prove a result for comparison algorithms. 

Lemma 2.3.5.5. Let Ebe a comparison exhaustive set for known ring size 

n. Then: 

kin, k#n ⇒ ("i/ s E D: len(s)=k ⇒ C(s) n E ;c 0 ) . 

Proof. Let kin, k ;c n, s ED, len(s) = k. Because Eis comparison based, 

we may assume without loss of generality, thats E D({l, ... ,k)), i.e. s 

can be written as a permutation of the elements {1, ... ,k). Now label a 

ring r as follows: 

The size of r is n, and for all t ED, with tis a subsequence of an 

element of C(r) and len(t)=k, there is au E C(s) with t = S. There must 

be at least one t EE, with ta subsequence of an element of C(r), and 

len(t) = k. Now there is au E C(s), with t = s, t EE, hence u EE, so 

C (s) n E ;c 0 • ) □ 
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l 
Theorem 2.3.5.6. Let n= x pi, p 1 , ... p1 prime numbers. For every 

i=l 
uni-

directional comparison algorithm A for known ring size n the average 

number of messages sent is at least: 

l 
n- l: <1- ....!..> -1 

i=l pi 

Proof. Let Ebe the comparison exhaustive set for known ring size n, 

corresponding to A. We can now use a technique similar to a technique 

used in [PKR82). 

We are going to estimate the total number of messages sent in all 

rings, labeled with permutations of {1, ... ,n). The total number of con­

tiguious label sequences of length kin all these rings is n(n-1) !=n! 

These can be gathered together in groups of size k, where every group 

consists of all the cyclic permutations of one sequence. If kin, k*n, 

then E intersects each of these groups (lemma 2.3.5.5.) So kin, k*n 
n(n-1) 1 

implies that there are at least k · messages with length k sent. 

Furthermore, notice that on any ring, for k1Sk2 the number of mes­

sages with length k 1 that are sent is at least the number of messages 

with length k2 that are sent. There must also be at least one message 

with length n-1 sent. 

Let M(k) denote the total number of messages sent with length k, 

over all rings, labeled with a permutation of {1, ... ,n}. 

j 
X p, 

n-1 l i=l 1 

l: M(k) <!: l: l: M(k) 
k=l j=l j-1 

k=l+ X p, 
i=l 1 

( 
l j j-1 

___!!J_ ] <!: l: X p,- X p, - n! 
j=l i=l 1 i=l 1 j 

X p, 
i=l 1 



1 

1: 
j=l 

1 -
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n! - n! 

This means that the average number of messages sent by algorithm A is at 
1 

least n- L (1 ) - 1. □ 
j=l 

Corollary 2.3.5.7. For every unidirectional comparison algorithm A for 

known 

is at 

ring size n=2 1 (1 e N) the average number of messages that is sent 
1 

least 2'1 log n -1. 

Theorem 2.3.5.8. Let A be a unidirectional algorithm for known ring size 
1 

n= 7t p. (pl, ... ,pl prime numbers.) There exists an infinite set of 
i=l J. 

labels X ~ z, such that the number of messages sent, averaged over all 

rings with size n, labeled with elements of Xis at least 

1 
n. 1: (1 - 1 > - 1. 

i=l pi 

If n=21 (1 e N), then this average number is at least~ n log n-1. 

Proof. It is easy to prove a variant of theorem 2.3.3.2. for known ring 

size. Now let Ebe the exhaustive set for known ring size n, correspond­

ing to A, apply the theorem and choose X=A. Then use theorem 2.3.5.6. 
n 

and corollary 2.3.5.7. □ 



CHAPTER THREE 

DISTRIBUTION OF RECORDS ON A RING OF PROCESSORS 

3.1. Introduction. Let n processors be connected in a ring, and assume 

that each processor can directly communicate with its two immediate 

neighbors. We usually assume the ring to be oriented. The nodes and 

links of the network are assumed to work fault- and error free. In this 

chapter we consider a special version of the load-distribution problem 

for rings of processors, modeled in the following way (cf. fig. 3.1.1). 

Assume the network knows rounds. In each round the following sequence 

of events can/must happen: 

- an arbitrary processor receives a packet of information (a "record") 

from some external source that must be stored somewhere on the ring, 

- by some protocol the record is moved to a processor somewhere on the 

ring (possibly it is not moved at all), 

- the record is stored at this processor, and 

- (possibly) some administrative actions take place. 

There are no a priori constraints on the processors where a single 

record can be stored. The load-distribution problem asks for protocols 

that attempt to minimize the maximum number of records stored at a node 

and/or the number of messages needed to achieve a fair load-distribution 

on the average. In this chapter several token-based protocols will be 

proposed and analyzed for the problem, that are of sufficient simplicity 

to be useful in practice. 

For the average case analysis of the protocols (viewed as communica­

tion algorithms) we assume that in each round each processor has an 

equal probability to receive the incoming record from an external 

source; i.e., for each node v and for each round the probability that v 

receives a record from an external source in that round is 1/n. We let p 

denote the total number of records stored at the nodes. Initially p will 

be o. 

The model of the load-distribution problem as presented can be 

used, for instance, in the following manner: the network is used to 
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Fig. 3.1.1. A graphical representation of the model 

implement a (distributed) database on which insertions of data-records 

and queries are performed. (In section 3.7. we consider deletions of 

records as well.) We assume that the number of updates (i.e., inser­

tions) is relatively small over time, and the number of queries is 

large. Typically queries are sent around the ring and are pipelined, the 

bottleneck of the pipeline will be the node with the largest number of 

records stored in memory. Therefore it is desirable to minimize the max­

imum number of records stored at a node on the ring. 

In this chapter we will propose and analyze some token-based proto­

cols for the given model. In section 3.2. we recall some elementary 

facts of finite Markov chain theory that are used later in the chapter. 

In sections 3.3., 3.4. and 3.5. we will consider several protocols that 

use tokens to distribute the records in a (more or less) uniform way 

over the nodes. In section 3.6. we consider the trivial protocol that 

stores a record in the very node where it arrives. In section 3.7. we 

discuss how deletions can be incorporated in the model. 

3.2. Elementary facts from the theory of finite Markov chains. In this 

section we will mention some definitions and results from the theory of 
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finite Markov chains that are needed for the analysis in the later sec­

tions. Most of the following definitions and results, and a more 

detailed introduction in the theory of finite Markov chains, can be 

found in [Fe68] or [KS60]. 

Consider a process S that can be in a finite number of states s 1 , ... ,sr. 

At each step in time the process can move to another state. Further sup­

pose that the probability that the process moves from state si to state 

sj only depends on i and j, and on nothing else. We denote this proba­

bility by p ... This type of process is called a finite Markov chain. A 
1J 

finite Markov chain can be represented in two ways: 

i) by a (directed) transition graph, with nodes s 1 , ... ,sr and edges 

from si to sj labeled pij for pij ~ o, and 

ii) by the matrix of transition probabilities 

p 

prr 

For example, consider the following Markov process with 3 states s 1 , s 2 , 

and s 3 . The probability that the process moves from state s 2 to state s 2 

is½; the probability that the system stays in state s 1 is-; the proba-
3 . 1 3 

bility that the system moves from state s 2 to state s 1 or s 3 is 4 and 4 
respectively, and the probability that the system moves from state s 3 to 

state s 2 is 1 (during one step in time). This process can be represented 

by the transition graph from fig. 3.2.1.a. and the matrix from fig. 

3.2.1.b. 
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2/3 

2/3 1/3 0 

1/4 0 3/4 

0 1 0 

(a) (b) 

Fig. 3.2.1. (a) A transition graph and (b) the corresponding 

matrix of transition probabilities 

The probability that the system starts ins. 
J 

is denoted by 
0 

p. . For 
J 0 

instance, 

o if j CF 

after t 

if it is given that the system starts in state si, 

i and p, 0 = 1. The probability that the system is in 
1. 

then pj = 

state-transitions 

state 
t 

from an initial state is denoted by pj 

S, 
J 

It 

easily follows that for all j, i:,;j:s;r and t<!o: 

t+l 
r 
2, 

t 
pj 

i=l 
pij pi (1) 

(2) 

(3) 

➔ t t t t 
Let p denote the rector (p1 ,p2 , ... ,pr)' and recall that pis the 

matrix of transition probabilities. 
➔ t+l (➔ t), p = p p 

From equation (1) it follows that 

( 4) 



and hence, 

for all t :2: o. 

➔ t 
p 
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(5) 

If the transition graph of the Markov chain is strongly connected, 

i.e. each state can be reached from each other state by a number of 

transitions with non-zero probability, then the Markov chain is called 

ergodic. We will further only consider ergodic Markov chains. 

Definition. The period of an ergodic Markov chain is the number d=gcd 

{11 there is a (simple) cycle of length l in the transition graph}. 

Suppose the Markov chain has period d. It means that the set of states 

can be subdivided into d disjunct subjects s0 , ••• ,Sd-l' such that from a 

state in si (oSiSd-1) only states in s(i+l)mod d can be reached by a 

state-transition with non-zero probability. So the system will be in a 

state si E S0 , then in a state si E s 1 , then in a state si E s2 , etc. 

If d=l 0 then the Markov chain 1 is called regular, else ft is called 

cyclic. For all ergodic chains it is valid that the matrix of transition 
r 

probabilities p has a unique eigenvector i:; <p1 , ... ,pr> with L p. 
i=l i 

=1. For this eigenvector i:;the following will hold: 

o $pi$ 1, for all i, lSiSr 

➔ 
p 

If the chain is regular (i.e. the period d=l), then 

( 6) 

(7) 

denotes the 

asymptotic probability that the system is in state si after t transi­

tions with t growing arbitrarily large. 

Theorem 3.2.1. [Fe68,KS60) If d=l, then for all j, lSjSr, lim p~ 
t➔a J 

For cyclic chains a slightly weaker result holds. In this case the 

p, 
J. 

pro-

babilities p. denote the asymptotic average probability that the system 
J 

is in states. (lSjSr), again for the number of state transitions grow­
J 

ing arbitrarily large. (The results are also valid for regular chains.) 
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Theorem 3.2.2. [Fe68,KS60] For all j, lS:jS:r, 

lim [ 
t➔a 

t 
I p~ / t ] = pj and 

i=o 

d-1 
lim [ I p ~t+l)/ d ) = p. where d denotes the period of the 
t➔a i=o J J, 
ergodic Markov chain. 

It means that, in order to obtain knowledge over the average asymp­

totic behavior of an ergodic finite Markov chain, it suffices to find an 
➔ eigenvector p = <p1 , ... ,pr> of the matrix of transition probabilities 

r 
with I pi = 1. 

i=i 

3.3. Token-based protocols for load-distribution with tokens moving in 

the same direction as records. In the first, elementary protocol we pro­

pose for the load-distribution problem, only one token is used. Ini­

tially an arbitrary processor is given the token. A record is moved for­

ward on the ring until it arrives at the node holding the token. The 

record is stored at this node, and the token is passed on to the next 

node. 

Protocol T-1 

Each node v has a boolean variable token(v). Initially for exactly 

one node token(v) is set to true, and for every other node token(v) 

is set to false. 

If v receives a record M either from another node or, at the begin­

ning of a round, from an external source, then v executes: 

if token(v) then token(v) := false; 

send a message <token> to the next node; 

store M 

else send M to the next node. 

endif 
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If v receives a message <token>, then v executes: 

token(v) := true. 

By protocol T-1 records are distributed uniformly over the nodes; 

node either has LE. J 
n 

or records stored. One easily obtains the 

following bounds. 

Theorem 3.3.1. For protocol T-1 the following bounds hold: 

i) The maximum number of records stored at a node is 12=.l + 1. 
n 

ii) The average difference between the maximum number of records stored 

at a node and p/n is .!.(1-.!.) 
2 n 

iii) The maximum number of messages sent in a round is n. 

iv) The average number of messages sent in round is 
1 

a 2 (n+l) 

One might want to decrease the number of messages sent by the protocol, 

by allowing a larger maximum number of records stored at a processor 

(for a given p). However, while increasing the number of tokens in pro­

tocol T-1 will indeed mainly have the effect of increasing the maximum 

number of records stored at a processor, it will not help much to 

decrease the (average) number of messages sent by the protocol. 

Protocol T-k 

Each node v has a counter tokenc(v), which can assume integer 

values in the range o .. k. The value of tokenc(v) represents the 

number of tokens currently held by v. The values tokenc(v) are ini-
n 

tialized such that l tokenc(v) = k, (the sum taken over all nodes 
v=l 

v). 

If v receives a record M, either from another node or, at the 

beginning of a round, from an external source, then v executes: 
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if tokenc(v) >o then tokenc(v) := tokenc(v)-1; 

send a message <token> to the next node; 

store M 

else send M to the next node 

endif 

If a node v receives a message <token>, then it executes: 

tokenc(v) := tokenc(v) +l. 

The variables tokenc(v) are maintained so as to denote the number of 

tokens, present at node v. The total number of tokens will invariantly 
n 

be k: after each round l tokenc(v) = k. During each round exactly one 
v=l 

processor v will execute tokenc(v) := tokenc(v)-1, and exactly one pro-

cessor v' will execute tokenc(v') := tokenc(v')+l. 

Consider a certain token in some round t. The token will move to 

the next node in this round if one of the nodes on the path from the 

node containing the preceding token (this node not included) to and 

including the node containing the token receives a record from an out­

side source in this round. The probability of this event is proportional 

to the length of this path. (See fig. 3.3.1.) This means that tokens 

will have the tendency to be at small distances from each other. (Con-

sider for example the situation in fig. 3.3.1. If tokens are "close" 

like tokens 1 and 2 are, at distance~ 1, then it is more probable that 

the first token (i.e. token 1) will move, towards the second one, then 

that the second token will move away from the first one.) We will 

analyze this effect of token-clustering for k=2 and even n. A similar 

analysis is possible for odd n, and k=2. For k~3 the same effect can be 

expected. 

Suppose k=2, and n is even. We define the ring to be in state s. 
l 

(oSiS ¥>, if the shortest distance between the nodes with tokenc(v)~l is 

i. In particular, state s 0 corresponds to the situation in which there 

is a node with tokenc(v) = 2 (meaning that the tokens reside in the same 

node). Denote the probability that the ring is in state s. after t 
lt 

insertions (i.e.' for a total number of packets p=t) by p,. We also 
n /2 l 

n 
assume that for all i, oSiS 2, 0 0 

pi is given. Naturally l pi= 1 holds. 
i=o 
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0 node 

node with a token 

2 

Fig. 3.3.1. If a node with a* receives a record M from an 

external source, then Mis stored in processor A, 

and token 1 moves up to Bin the round, otherwise 

token 2 moves. 

With these definitions the token system on the ring is a finite Markov 

chain. In fig. 3.3.2. the state-transition graph of the finite Markov 

chain is given. 
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n n r2 r1 

'.'~~'.~, ... , 
n-~ 2 

n n 

n n 

Fig. 3.3.2. The state-transition graph. 

The matrix of transition probabilities for this system is the fol-

lowing tridiagonal matrix A: 

0 
n-1 

0 0 0 
n 

1 0 
n-2 0 

n 
1 n-3 

0 0 n n 

0 0 
2 
n 0 

i-2 n-i 
0 0 0 n n 

A= 
0 i-1 0 n-(i+l) 0 

n n 

0 0 i 0 n-(i+2) 
n n 

0 0 0 i+l 0 
n ½n+l 

0 n 0 

½n-2 0 1 
n 

0 0 
½n-1 0 

n 



Lemma 3.3.2. 
i) t+l 

Po 

ii) t+l 
pl 

iii) t+l 
pi 

iv) 
t+l 

pn 
21 

n-1 
n 

t 
po 

i-1 
n 

+ 

1 
~-2 

n 

n-2 t 
n P2 

t 
pi-1 + 

t 
pn + 

22 

1 
v) t ~-1 t 

pn pn n 
2 21 
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n- (i+l) t (2<i<~2) 
n Pi+l - -2 

t 
pn 

2 

One easily sees that the Markov chain is ergodic (the graph of fig. 

3.3.1. is strongly connected), and that it is cyclic with period 2. We 

!!. 
2 

will now look for an eigenvector t= (p0 , ... ,pn/2 ) of A with I 
i=o 

p, =1. 
l. 

We have the following equations for the eigenvector t: 
n-1 

n 

i-1 n-(i+l) 1 
P + (2 ~is-2 n-2) n i-1 n Pi+l ~ 

Pbi-1 
2 

1 
~-2 

n Pbi-2 + pl 
2 z1l 

We will estimate p 0 and p 1 . 

Lemma 3.3.3. 
1 

= [~-2) pl. 
i-1 

. . 2 < i' n For every 1. with - $ 2 -1, Pi 

(1) 

(2) 

(3) 

(4) 

(5) 

i-1 
n-l pi-land (hence) pi 



- 80 -

Proof. Use induction on i. For i=2 the lemma follows directly 

P2 and po 
n-2 

n p = 2 

Now suppose the lemma holds for a certain i, 
i-1 n-(i+l) d _ i-1 n-(i+l) 

p. = ~ pi-1+ n . Pi+l an pi - n-i pi-1 ⇒ n 

2<'<n 1 Then _i_2 . 
i-1 n-i 

pi-~- i-1 pi 
1 1 l 

=~Pi ⇒ pi+l = n-(i+l) Pi, and the induction step is complete. The 

second expression for pi follows likewise. D 

Lemma 3.3.4. For every i,j with 3~i~j~~, pi~ pj. 

Proof. The result follows from lemma 3.3.3. and equation (5). D 

Lemma 3.3.5. 

i) p = .!. - 0( 12). 1 2 
n 

Proof. 
1 

i) 1 t n-1 
pi 

i=o 
n 

1 
pl+ pl+ n-2 

2-l+ 1 + 2 
n n-2 (n-2) (n-3) 

1 
1 t pl+ 

[ n;2) P1 
+ pi 

i=4 

2 ___ 2_ + 2 + (-½n'--3) . 6 
n (n-2) (n-2) (n-3) 2 (n-2) (n-3) (n-4) 

[ 2 + 0 <1>) -p1 , hence p 1 
n 

ii) Use (i) and equation (1). D 

1 

2+0( ~) 
n 

Lemma 3.3.5. shows that p 0 + p 1 = the probability that the two tokens 

are in the same node (p0 ) or in neighboring nodes (p1 >) grows to 1 as n 

and p/n become arbitrarily large. For instance, if n=20, then one can 

show (as in lemma 3.3.3.) that p 1 > 0.4950 and p 0 > 0.4702. It means 
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that in the case that n=20, in the long run, on the average, at least 

96% of the time the distance between the two tokens is o or 1. This 

clearly proves the effect of "token-clustering". 

Theorem 3.3.6. Let n be even. Assume in protocol T-2 that the tokens 
0 

start in opposite nodes, i.e. pn = 1. The following bounds are valid for 

2 
protocol T-2. 

i) 

ii) 

The 

E. + 
n 
The 

maximum number of records stored at a node, in worst-case, is 

1.l - ~ 
2 n 

average difference between the maximum number of records stored 
1 

at a node and p/n approaches 14, as n and p/n tend to infinity. 

iii) The worst-case number of messages sent in a round is n. 
1 

iv) The average number of messages sent in a round approaches p + 0(1) 

as n and p/n tend to infinity. 

Proof. 

i) The maximum arises when both tokens are in the same node, that is a 

node, neighboring a node where a token started in round o. Then g 
2 

n 
nodes have k records stored, 2 1 nodes have k+l records stored and 

one node (the node where the tokens reside) has k+2 records stored, 

for certain constant k. (Cf. fig. 3.3.3.). Now p 

%-k+(~ 1) (k+l)+k+2, and hence the maximum number of records stored 

at a node is k+2 = ~ + 1½ ~ With some straightforward analysis 

one obtains that no other case gives a larger maximum. 

ii) Notice that for our analysis we may assume that the system stays in 

the set of states {so,sl). Suppose the system is in state p 0 and 

the distance between a node where a token started and the node 

where the tokens reside is i, with o !', i !', 
n 

With analysis 2. an 

similar to (i), one obtains that the maximum 

stored at a node is E. + 1 + i + O(!). A 

number of records 

similar bound can be 
n n n 

obtained for the case that the system is in state p 1 . As i will be 
n 

uniformly distributed over the range 

difference between the miximum number of 

p-l i 1 
and E. will approach 1 + l: n + 0 (-n) 

n bo 

<0,1, ... , 2 1>, the average 

records stored at a node 
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k+l 

A: node where token 1 

started 

B: node where token 2 
k+l k started 

C: node where both tokens 

k+l k reside 

Each number denotes the 

number of records stored 

at the corresponding node. 

k~ 

Fig. 3.3.3. The maximum number of records stored at a node 

with protocol T-2. 

iii) The worst-case number of messages n is sent in the case that the 

system is in state s 0 , and the record arrives in the node following 

the node where the two tokens reside. The record must make (n-1) 

steps until it arrives in a node with a token; one extra message is 

needed to send the token. 

iv) Note that the average number of 

system in state s. isl(½ j 
l. n j=l 

messages needed in a round with the 
n-i 

+ I j] = ~[½(i+l)i+½(n-i) (n-i+l) = 
j=l 

1 i 2 . 1 
r+~i+2 . As n and p/n tend to infinity, the probability that the 

system is in state p approaches½, the probability that the system 
0 1 

is in state p 1 approaches 2 , and the probability that the system is 

in a state pi with i~2 approaches o. So the average number of mes-
1 1 1 1 [ 1 1 1) 1 1 sages will approach 2 (r+2 )+2 r+~l+2 =r+2n• □ 
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The case that n is odd can be analyzed similarly, and yields similar 

results. Theorem 3.3.6. indicates that in order to decrease the average 

number of messages sent in a round, other approaches to fair load­

distribution must be followed. 

3. 4. Token-based protocols for load-distribution with tokens moving in 

the opposite direction as packets. The effect of token clustering that 

arises in protocol T-k (k~2) can be avoided in the following, simple 

manner: let tokens move in the opposite direction as packets. Protocols 

T'-1 and T'-k are obtained from T-1 and T-k by replacing the statement 

"send a message <token> to the next node" by "send a message <token> to 

the preceding node". It is easily seen that for protocol T'-1 exactly 

the same bounds hold as for protocol T-1 (cf. theorem 3.3.1.). 

The main result of this section concerns the asymptotic analysis of 

the average performance of the protocols T'-k for k~2, with finite Mar­

kov chain theory. The protocols appear to have a fairly ideal behavior. 

Not only the effect of token-clustering is avoided, but tokens that have 

a small distance to each other will have the tendency of increasing the 

distance to each other. The analysis shows that the protocols T'-k 

indeed decrease the (asymptotic) average number of messages required for 

load-distribution, while the maximum number of records stored at a node 

(by a given p) shows only a very small increase. 

Suppose the records travel in counter-clockwise direction on the 

ring. Thus, tokens are sent in clockwise direction according to the 

instructions of protocol T'-k. Number the tokens consecutively, in 

counter-clockwise direction (i.e. the direction in 

travel), from 1 to k. Let a~ denote the distance of token 
l. 

which records 

i to token 

(i+l) after t rounds, measured along the ring in the same d ' . t irection, ak 
k 

denotes the distance of token k to token 1. Note that always L a~=n. 
i=l 1 

(l~i~k) with If, after 
k 

the t'th round, a~=a, for l~i~k and certain a, 
l. l. l. 

L ai 
i=l 

n, then the system is said to be in state S 
al ... ak 

The probability that 

is denoted by pt . 
al ... ak 

the system is in state S after t rounds 
al ... ak 
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0 
token with number i 

node 

Fig. 3.4.1. A system in state s0111215 . (k=4, n=8). 

If the system is in state S with a.~l, then the (i+l)st token can 
a 1 ... a i 

move if one of the nodes on t*e path from the node, next to the node 

containing the i'th token, to the node containing the (i+l)st token 

receives a record Min this round from an external source. The probabil-
a. 

ity of this event is precisely -2:._ As a result of the event 
t t+l {: 

ai+l +1 and ai ai -1, and the resulting 

S . (If i=k, then S 
al ... ai-lai+l+l ... ak al ... ai-lai+l+l ... ak 

S 1 1.) 
al+ a2 ... ak-lak-

Theorem 3.4.1. 
k 

i) For all a 1, ... ,ak ~ o with L 
i=l 

L 
lSiSk 

ai+l~l 

a. 
J. 

n and t~o, 

n 

t+l 
ai+l 
state is 

denotes 

1, where the summation is taken over 



k 
all a 1 , ... ,ak ~ o with L 

i=l 
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a,=n. 
l. 

The system of tokens is seen to be a finite Markov chain, which is 

ergodic and has period k. For the asymptotic average behavior of the 

system we have to solve the following system of equations characterizing 

an eigenvector of the matrix of transition probabilities as required: 

(*) 

k 
for all a 1 , ... ,ak ~ o with L a.= n 

i=l 1 

ai+l 
n 

(1) 

L p = 1, where the summation is taken over all a 1 , ..• ,ak ~ 
al ... ak 

k 
o with L ai 

i=l 
n. (2) 

From Markov chain theory it follows that this system of equations will 

have exactly one solution, and the p characterized by the system 
al •.. ak 

of equations denote the asymptotic average probability that the system 

is in state S 
al •.. ak 

Theorem 3.4.2. A solution to the system of equations 

n! 1 p 
al! ... ak! 

, for all al, ... , ak ~ 0 
al ... ak kn 

L 
Proof. Use the well-known fact that osa1 ... ak 

n! 

k 
L a,=n 

i=l 1 

(*) is: 
k 

with L a. = n. 
i=l 

l. 

Now equation (2) follows immediately. Further we have for all a 1 , ... ,ak 
k 

~ o with L ai=n 
i=l 

n! 
a,+1 

l. 

n 
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k 
n! ai+l n! 

n ai+l n! 
I 

a 1 ! ... a/ ai+l! ... ak! al! ... ak ! 
I 

al! ... ak ! i=l 
n 

i=l 
n 

=i 

Theorem 3.4.3. The average number of steps a record must go according to 

protocol T'-k until it arrives in a node with a token is equal to 
1 

2k (n-1). 

Proof. If the system is in states , then the average number of 
al ... ak 

steps a record must go (in that round) until it arrives in a node with a 

token is 

k 
a .-1 

k ai (ai-1) 1 
l 

I I j I 2n n 
i=l j=o i=l 

So the (total) average number of steps a record must go is equal to: 

{ a1 · · :k~ o} 
k 
L a.=n 

i=l l 

n! 1 
{al .. :k~ o} al! ... ak ! 

k 
kn 

L a.=n 
i=l 

l 

k 

{al .. :k~ o} I n! 

j=l al! ... ak ! 
k 
L a.=n 

i=l 
l 

k {al .. :k~ o} 
n! 

al! ... ak ! 
k 
L a.=n 

i=l 
l 

k 

I 
j=l 

a. (a .-1) 

2n 

k a. (a .-1) 
I 2n 

j=l 

1 
a. (a .-1) 

kn 2n 

1 
a 1 (a 1-l) 

kn 2n 
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a 2 ... ak~ o 

k 
I. a.=n 

i=l 1 

{al .. :k~ 0 } 

k 
I, a,=n-2 

i=l 1 

(n-2) ! 

(n-2) ! 

n-2 1 n-1 k .--.--
kn-1 2 

1 
2k(n-l)" 

n-1 
2 

□ 

n-1 
2 

Consider theorem 3.4.3. for the situation that kin and the system is in 

states 
n !!. 

, i.e., the tokens are equally spread out over the ring 
!!. 

k k k 
at distance~- In this "best possible case", the average number of steps 

1 n 
2(kl)' a record has to go until it arrives in a node with a token is 

1 
which differs less than 2 (!) from the calculated asymptotic average 

bound for the algorithm T'-k. 

Theorem 3.4.4. Assume the system starts in a state S , with a. E 
al ... ak i 

{1~1, L~JJ for all i, l~i~k. The following bounds are valid for protocol 

T'-k: 

i) the worst-case maximum number of records stored at a node is 

E + 
n 

.!_k 
2 + 0(1). 

ii) the worst-case number of messages sent in a round is n. 

iii) the (asymptotic) average number of messages in a round is 
1 

2k (n-1) + 1. (n fixed and p tending to infinity) . 

The assumption in theorem 3.4.4. is only necessary for (i). As we start 

in a balanced state, it means that also for small round number t, the 

average number of messages sent in a round will be close to 2~(n-l) + 1. 

It is currently open to give a good estimate for the (asymptotic) aver­

age difference between E and the maximum number of records stored at a 
n 

node. 
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3.5. Token-based protocols for load-distribution with tokens moving in 

both directions. In this section we will briefly consider protocols for 

the load-distribution problem with two types of tokens: tokens that 

travel in the same direction as the records, and tokens that travel in 

the opposite direction. We will only analyze the situation with one 

token of each type. To obtain the best possible bounds, we assume that 

the tokens start in neighboring nodes, as in fig. 3.5.1. 

Fig. 3.5.1. Tokens start in neighboring nodes and go in 

opposite directions. 

Protocol TT'. 

Each node v has boolean variables left(v), right(v). Initially there is 

exactly one node v with left(v) = true, all other nodes have left(v) = 

false, the right neighbor of this node has right(v) true, all other 

nodes have right(v) = false. 
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If v receives a record M, either from another node or, at the 

beginning of a round, from an external source, then v executes: 

if left(v) then left (v) :=false; 

send <left> to left neighbor; 

store M 

elif right(v) then right(v) :=false; 

send <right> to right neighbor; 

store M 

else send M to right neighbor 

endif. 

If v receives a message <left>, then it executes: 

left(v) :=true. 

If v receives a message <right>, then it executes: 

right(v) :=true. 

Lemma 3.5.1. After the t'th round the distance of the "left"-token to 

the "right"-token is (t+l) mod n (measured in the direction of the pack­

ets). 

Proof. Use induction on t. For the distance between the tokens it is 

unimportant 

moves. □ 

whether the "left"-token moves or the "right"-token 

Theorem 3.5.2. The following bounds are valid for protocol TT': 

i) The worst-case maximum number of records stored at a node is 

E. + (1-.!.). 
n n 

ii) The average difference between this maximum and E. 
n 

iii) The worst-case number of messages sent in a round 

iv) The average number of messages sent in a round is 

the long run. 

Proof. 

i),ii) Each node has either fE.7 
n 

or packets stored. 

is ½<1-~). 

is n. 
1 2 1 

in ?1 +- + 2' 3n 
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iii) Trivial. 

iv) If the distance of the left token to the right token is i, then on 
i (i-1) (n-i) (n-i-1) 

the average a record must go~+ 2n steps, in that round, 

until it arrives in a node with a token. If i=o then the average dis-
1 tance is 2 (n-l). From lemma 3.5.1. we have that each of the distances 

between the tokens o,l, ... ,n-1 appears equally often (in the long run). 

So the total average number of steps needed until a record arrives in a 

node with a token is 

.!. 
n-1 

[i(i-1) n-i 
(n-i-1)] 

1 [ ,i [i<~-1)] 1 
I, ---+ - 2 (n-l) 

n 2n 2n n 
i=o l.=O 

n(n+l) (2n+l) 
1 + 

1 1 2 1 

6n2 
- ? + 2· 2n 3n 

One extra message is needed to move the token. D 

Note that each of the bounds for protocol TT' are equal to or better 

than the corresponding bounds for protocol T-1 or T'-1; the average 
1 

number of messages is smaller by a factor of about 12 . 

3.6. Load-distribution by "direct placing". In this section we will 

examine the trivial protocol that just stores a record in the node that 

receives a record from an external source. 

This simple protocol uses no messages; the worst-case number of 

records stored at a node is p (if packets always arrive in the same 

node). Thus, the main problem in analyzing this protocol is the expected 

maximum number of packets stored at a node (for a given p). We can 

reformulate the problem as follows: 

Suppose we haven urns and p balls. For every ball an urn is 

chosen at random (with for each urn a probability 1/n that it 

is chosen). What is the expected number of balls that is in 

the urn with the largest number of balls? 
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We denote this expected number by EP. We know of results on related 
n 

problems (see e.g. [0B62), [Fe68] or [JK77]), but we do not know of 

results that give estimates or even exact expressions for EP. For even p 
n 

one can derive an exact expression for E~ (i.e., the case of two urns). 

Theorem 3.6.1. For p even, E~ = ~ + [ p~2 ) ·fri· 
Proof. The probability that the first urn contains i balls and the 

second urn contains p-i balls is (~)/2P. So 
1 

~ [ [~) . . ) "' -- max(1,p-1) 
i=o 2P 

p 
2. I. 

i=p /2+1 

p [ 1) [ ) =2 . I. ~ ..E.. + _e__ P 
. i=p /2+1 i-1 2P 2p+l p /2 

p/2 

D 

The following results enable us to obtain estimates for Ep for all p and 
n 

n. 

Theorem 3.6.2. Let kin. Then EP S £ EP 
k k n· 

Proof. Simulate the experiment with k urns in the following way: First 

carry out the experiment with n urns (and p balls). Then we add together 

the balls of the first i urns, the balls of the next i urns, etc. So urn 

i in the final experiment contains the balls of urns ;(i-1)+1 to i•i of 

the first experiment. Now each ball has a probability k to be in the 

i'th urn, for all i, lSiSk; and the choices of urn for the balls are 

independent of each other. So this is a correct way to simulate the 

'E~-experiment'. 

If the maximum number of balls in an urn in the experiment with n 

urns ism, then the maximum number of balls in an urn in the experiment 

with k urns is at most £k.m. So Ep S £ Ep D 
k k n· 
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Theorem 3.6.3. Let n be even. Then E~ ~ 
p-Ep 

Epn + n <=21 -1). 
n-1 

Proof. We simulate the experiment with 2 urns as in the proof of theorem 

3.6.2. First carry out the experiment with n urns and p balls. Then 
n choose 2 urns at random, and add the balls of these urns together. Also 

add the balls of the remaining urns together. Again each ball has proba­

bilities½ to be in the first, or in the second set, respectively, and 

the choices for the individual balls do not depend on each other. So 

this is a correct simulation of the experiment with 2 urns and p balls. 

Let the balls be numbered 1 ... p. There is a unique urn X (after the 

first experiment), with the following properties: 

- no urn contains more balls than X does 

- no urn that contains the same number of balls as X, contains a 

ball with a higher number than the highest numbered ball in urn X. 

(We need the last constraint to have a unique urn X which contains the 

maximum number of balls.) Let X contain m balls. The number of balls in 

the set where X belongs to, averaged over all possible choices of~ urns 

is m + E=!!! (.!. n 1) 
n-1 2 - · 

1 . h (Note that each of the ~-1 urns~ X int e set 
p 

p-E2 1 
contains on the average~ balls). Hence E~ ~ E~ + n-l (~-1). □ 

Lemma 3.6.4. Ep + .!_ ~ Ep+l ~ Ep + 1. 
n n n n 

Proof. First do the Ep-experiment, and then add the (p+l)'st ball. The 
n 

probability that this ball is in an urn with the maximum number of balls 
1 

(so the ball increases the maximum by 1) is at least n The maximum will 

never be increased by more than 1. □ 

Definition. For all p, n ~ 1, let xP 
n 

Theorem 3.6.5. Let n ~ 2. Then 

n-1 xP ~ xP ~ n+l xP 
n n+l n n n-1 

E. 
n 

Proof. The experiment with n urns and p balls is simulated as follows: 

do the "Ep 1-experiment", and then take urn n+l and choose for each of 
n+ 
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its balls randomly one of the first n urns (each urn with probability 

1/n). The expected total number of balls in an urn now again is EP. n 
Number the balls l ... p. Again there is a unique urn X with the fol-

lowing properties: 

- no urn contains more balls than X does, 

- no urn that contains the same number of balls as X, contains a 

ball with a higher number than the highest numbered ball in urn X, 

with regard to the outcome of the first experiment (with n+l urns). 

it 

The probability that Xis one of the first n urns is n:l. 

is one of the first n urns. The expected number of balls 

The expected number of balls in urn (n+l) 

Ep 
p- n+l 

now is 
n 

Suppose 

in Xis 

So, the 

expected number of extra balls, added to urn X in the last stage of the 

experiment is 

Ep 
p- n+l 
--2-. This means that the expected number of 

n 

urn X after the last stage of the experiment is Ep + 
n+l 

Ep 
p- n+l 

2 
n 

balls in 

If urn Xis urn (n+l), then note that the maximum number of balls 

in an urn after the last stage of the experiment is at least E 
n 

So Ep ~ _l_ E + n (Ep + 
n n+l n n+l n+l 

_1_ E n (_£__ + + 
n+l n n+l n+l 

Ep 
p- n+l 

2 
n 

xP 
n+l + 

E+ n-1 .xP 
n n+l' and hence xP 

n n 

Similarly xP $ n+l xP D 
n n n+l 

Theorem 3.6.6. Let p be even. 

i) If n is even, then 

p-
_£__ 
n+l 

n 

~ 
n-1 

n 

E+.!...E...(f') 
n n 2P F 

$ Ep $ E + n-1 ..E... [ f' ) 
n n n 2p F 

ii) If n is odd, then 

- xP 
n+l 

2 

xP 
n+l 

~ + n~l : [ft,) S E~ S ~ + [ 1- n~) : [ft,] 
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Proof. 

i) From theorem 3.6.3. one derives (by elementary formula manipula­

tion) that xP ~ 2.n-l_xP2 . The desired inequality now follows from 
n n 

this fact and theorems 3.6.1 and 3.6.2. 

ii) Use the previous result and theorem 3.6.5. □ 

For odd p, an estimate of Ep follows directly from lemma 3.6.4. 
n 

Also, note that by using Stirling's approximation formula: 

__e_[ p ] < ~ 
12 - vff P· 2P p 

Theorem 3.6.6. shows for the trivial protocol that the maximum 

number of records stored at a node will be E + o(✓p), on the average. 
n 

3.7. Load-distribution under insertions and deletions. An interesting 

question is how deletions can be handled. To model this situation we 

assume that at the beginning of a round two different types of record 

can arrive: records that have to be inserted (stored at a node), and 

records that have to be deleted (removed from the node where it was 

stored earlier). Clearly, for a deletion, one always needs to find the 

node where the record is stored first: this costs n-1 messages in the 

d 1 . h worst-case an z71 messages int e average case. In our analysis we will 

always assume that one never tries to delete records that are not stored 

in some node. 

As before we let p denote the total number of records that are 

presently stored on the ring, and we let q denote the number of records 

that were inserted, but deleted later (and thus are no longer stored). 

The total number of insertions that has taken place thus equals p+q. 

We will consider two approaches to deletions. First we consider the 

trivial protocol that handles a deletion by removing a record from the 

node where it is stored, and does nothing further. Next we consider a 

protocol that also moves records from one node to another node, in order 

to maintain a (more or less) uniform distribution of the records over 

the nodes. For the average case analysis we assume that all records are 

equally likely to be deleted. 
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First assume the trivial deletion protocol is used in combination 

with the trivial insertion protocol of section 3.6. It is obvious that 

records that are inserted and later deleted do not influence the number 

of records stored at any node after the deletion of the record. So the 

maximum number of records stored in a node will be 

estimated as in section 3.6. 

which can be 

Next we consider the case where the trivial deletion protocol is 

used in combination with one of the protocols of sections 3.3., 3.4. 

and 3.5. (protocols T-1, T-k, T'-1, T'-k or TT'). For this case we 

observe the following. Consider the experiment of section 3.6., and let 

Fp denote the expected minimum number of balls in an urn (when n urns 
n 

and p balls are used in the experiment). Let f(p,n) denote the average 

difference between p/n and the maximum number of packets at a node with 

the insertion algorithm that is used, if there were only insertions. We 

fix a moment tin time, and again let p denote the number of stored 

records and q the number of records that were once inserted, but deleted 

later. 

Lemma 3.7.1. The expected maximum number of records stored at a node is 

at most 

E±9: + f (p+q,n) - Fq . 
n n 

Proof. The expected maximum number of records that are inserted at a 

node (so are stored presently or were stored previously and were deleted 

thereafter) equals E±S + f(p+q,n). If for each node the probability that 
n 

a record is deleted from that node is equal, then the expected minimum 

number of records deleted from that node is equal, then the expected 

minimum number of records deleted from a node is Fq. However, this pro-
n 

bability is proportional to the number of records stored at a node, so 

nodes with a larger number of stored records will have a larger expected 

number of deleted records. Note that this will result in an expected 

maximum number of records which will be (slightly) smaller than E±S + 
n 

f(p+q,n) 

Fq can be analyzed similar to Eq. We write Fq 
n n n 

E. - yP_ 
n n 



Theorem 3.7.2. 

i) Let p be even. F~ E 
2 
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p-Ep 
p Fp + n 1 iii) Let n be even. F2 ~ n n-l (?1-l) 

Proof. i) Use FP + Ep = p. 
2 2 

ii), iii), iv), v) Similar to the analysis in section 3.6. 0 

Theorem 3.7.3. Let p be even. 

i) If n is even, then E 
n 

n-1 ...E.. 
n 2P 

For odd p, theorem 3.7.2. (v) shows 

theorem 3.7.3. Again we note that 

have the following result. 

1 ...E.. [ p ) 
n 2P p/2 

hoy to obtain estimates 

e-y> ~ ✓p ~ ...E.. [ p) ~ vn 2p p/2 

for Fp with 
✓ 2 n 
Tn ✓p. Now we 

Theorem 3.7.4. The expected maximum number of records stored at a node 

E ✓ 2 ✓ is at most n + f(p+q,n) + ;,n· q. 

Proof. Use lemma 3.7.1. 

E±.9: + f(p+q,n) - Fq ~ E±.9: + 
n n n 

f(p+q nl - [s - ...S.. [ q )) 
' n 2q q/2 

E E..'1 ~ n + f(p+q,n) +~rr•q. 

Finally we consider a load-distribution protocol that tries to 

maintain a balanced distribution of the records over the nodes after 

each deletion by moving a record from some node to the node where the 

record was deleted (in general). 

□ 
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The protocol is used in combination with a protocol T'-k, for some 

k~l. The tokens used for insertions in algorithm T'-k are also used for 

deletions. For a deletion of a record M the algorithm proceeds as fol­

lows. First the node vis found where the record Mis stored, and must 

be deleted. Then we find the first node preceding v that contains a 

token. This token is moved to the next node (i.e., in the direction in 

which records move under insertions). From this (next) node, a record M' 

is deleted, M' is moved to the node v where M was stored and M' is 

inserted at v. 

Protocol DT-k. 

Each node v has a variable tokenc(v), as in protocol T'-k, and a 

boolean variable gap(v), which is initially false for all nodes v. 

For insertions protocol T'-k is used. 

If v receives a message <delete, M>, either from another node or, 

at the beginning of a round, from an external source, then v exe­

cutes: 

if Mis stored at v then delete M, 

gap (v) :=true: 

send <find token> to preceding node 

else send <delete, M> to next node 

endif. 

If v receives a message <find token>, then v executes: 

if tokenc(v) > o then tokenc(v) := tokenc(v)-1; 

send <collect> to next node 

else send <find token> to preceding node 

endif. 

If v receives a message <collect>, then v executes: 
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tokenc(v) :=tokenc(v) +1; 

if gap(v) then gap(v) :=false 

else delete a packet M' from v 

send <fillgap, M'> to next node 

endif. 

If v receives a message <fillgap, M'>, then v executes: 

if gap(v) then store M' at v; 

gap(v) :=false 

else send <fillgap, M'> to next node 

endif. 

The following properties are invariants for the protocol after each 

completion of a round: 

- gap(v)=false for all nodes v, 

- the total number of tokens is k (L tokenc(v)=k, where the sum is taken 

over all nodes v.) 

However, to prove the protocol correct we need to show that always a 

packet M' exists when a collect message is generated. To show this, 

follow individual tokens as insertions and deletions take place. In each 

round, one of the tokens moves to a neighboring node. For each node v, 

let 'l'(v) be the number of tokens for which v lies on the path, starting 

with the node after the token, upto and including the node where the 

token initially started, in the direction in which insertion records 

travel. An example, with 2 tokens is given in fig. 3.7.1. 

Lemma 3.7.5. The following property is invariant under algorithm DT-k 

after each completion of a round: 

- there is a j~-k such that each node v has exactly 'l'(v)+j records 

stored. 

Proof. First we note the property is initially true: note that 'l'(v)=k 

for all nodes v. 

If in a round ta record is inserted in a node v, then there are 

two cases: 
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1 
A: node where token 1 started 

initially 

B: node where token 2 started 

initially 

i: token with number i 

Fig. 3.7.1. An illustration of the function 'P(v). With each 

node v the number 'P(v) is shown. The arrow shows 

the direction in which insertion records move. 

- vis not the node where the (moving) token initially started. Then 

the path, starting with the node after the token to the node where the 

token initially started, is extended by the node v, hence 'P(v) increases 

by 1, and for all other nodes w 'P(w) does not change. The invariant is 

again valid after the completion of the round. 

- vis the node where the moving token initially started. Then the path 

contains after the round only the node v, where formerly each node on 

the ring was on the path (from the node after the token to the node 

where the token initially started.) So 'P(w) drops by 1 for all nodes w * 
v, but 'P(v) does not change. By increasing j by 1, one sees that the 

invariant is again valid after completion at the round. 

A similar analysis can be given for deletions. □ 

It follows that if a node v does not contain a token, then it has at 

least the same number of records stored as the next node. This shows 

that if a node v receives a <collect> message and not(gap(v)) holds, 

then there is at least one record stored at v (so there exists a record 

M' that can be deleted from v.) Without much difficulty one obtains the 
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following result. 

Theorem 3.7.6. Assume the system starts in a state S with for all 

i, 1:5:i:5:k, ai E {l~l, L~J}, 
'neighboring' tokens is r~l or 

al ... ak 
i.e. the distance between each pair of 

The following bounds are valid for 

protocol DT-k: 

i) The worst-case maximum number of records stored at a node is 

E+ 1 
n 2k +0(1). 

ii) The worst-case number of messages sent in a round with an insertion 

is n. 

iii) the worst-case number of messages sent in a round with a deletion 

is 3n-l. 

The average number of messages needed in a round of protocol DT-k can be 

estimated in the following way. Suppose that in a certain round ta 

record is deleted. The probability that a certain token i moves in that 

round (to the next node) is proportional to the total number of records 

stored at the nodes on the path from the node with token i to the node, 

immediately before the node with token i+l. (So if this total number of 

records is p', then the probability is p'/p.) The numbers '¥(v) range 

between o and k, so if p/n becomes large, the probability becomes 

approximately proportional to the length of the path between the tokens. 

If we assume that this probability is exactly the length of this path 

divided by n, then the resulting model can be analyzed similar as in 

section 3.4. For instance, one can easily derive, that - given that in 

round t+l a deletion occurs - for all a 1 ... ak~o 

As in section 3.4. one can derive that the average probabilities that 

h , , n! 1 , h t e system is in state S approach 1 ,.-- if t e number 
al ... ak a1····ak. kn, 

of 

insertions -(and deletions) becomes arbitrarily large. If follows that an 

insertion costs approximately n/k +0(1) messages on the average, and a 
1 2n 

deletion costs~+ k + 0(1) messages on the average. 



CHAPTER FOUR 

DEADLOCK-FREE PACKET SWITCHING NETWORKS 

WITH VARIABLE PACKET SIZE 

4.1. Introduction. In packet switching networks the occurrence of 

deadlock is very undesirable. Therefore one needs controllers (algo­

rithms that control the flow of packets through the network), that 

prevent the occurrence of deadlock. In this chapter we present a class 

of controllers that prevent deadlock, use only local information known 

to the processors and allow packets to have a variable size. Some con­

trollers in this class are proven to be optimal with respect to other 

controllers using the same local information. 

Consider a packet switching network, represented by a (possibly 

directed) graph G=(V,E). V represents the set of processors, E 

represents the set of links between processors. Some processors may 

want to send messages (packets) to other processors in the network. Each 

packet has to follow a path in G from its source node to its destination 

node, in accordance to some routing strategy. We make but one assumption 

on the routing strategy that is followed by a network: there must be an 

integer k, known to all processors, such that each packet needs to 

traverse at most k links to arrive at its destination. Note that k is 

not necessarily at least the diameter of G: it is possible that we do 

not want to send messages between nodes that have a large distance 

between them. 

During the transportation of a packet from source to destination, 

the packet has to be stored (queued) temporarily in the memory of the 

intermediate nodes on the path of this packet. For this purpose each 

processor has an (integer) number of buffers in which packets can be 

stored. We assume each node has b buffers, where bis a fixed constant. 

Each packet p has an (integer) size, denoted by s(p), which is the 

number of buffers the packet needs when stored at a node. The maximum 

size of a packet is assumed to be q, so for each packet pone has 

l~s(p)~q. The sum of the sizes of the packets stored at a certain node 
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on a certain moment can never exceed b. We also assume it is possible to 

store a packet pat node v, if s(p) plus the sum of the sizes of the 

packets currently stored at v does not exceed b. (Later we will forbid 

the acceptance of packets pat nodes v in some cases, even when it is 

theoretically possible to store pat v.) Suppose the buffers of a node v 

are numbered·l, ... ,b. In some cases it is necessary to store a packet 

in buffers, that are not consecutively numbered, or to reallocate one or 

more packets internally in the memory of the processors. For an example 

see fig. 4.1.1. Let b=6, q~2. At a node v packets with sizes 2, 1 and 2 

(in this order) are stored (fig. 4.1.1.a.). The packet with size 1 

leaves v, the buffer where it was stored is "free" again (fig. 

4.1.1.b.). To store another packet with size 2, we can either reallo­

cate the second packet with size 2 (fig. 4.1.1.c.) or we have to store 

the packet at non-consecutive buffers (fig. 4.1.1.d.). We will further 

ignore this problem. 

We consider three types of "moves", made in the network: 

i) Generation of a packet: a node v generates a packet p and places 

it in s(p) of its empty buffers. 

ii) Passing of a packet: a packet pis passed from a node v to a node 

w ((v,w) e E) in accordance to the followed routing strategy; the 

buffers in v where the packet was stored become empty and the 

packet is placed in s(p) empty buffers of w. 

iii) Consumption of a packet: a packet p that is stored at the buffers 

of its destination node vis removed from the buffers of v; the 

s(p) buffers where p was stored become empty. 

For our analysis we assume that moves of the network take one unit of 

time each: each moment tis either before a specific move or after this 

move, never "during" the move. This is no real limitation of the model, 

but facilitates the analysis. 

A (distributed) algorithm that permits some moves of the network 

and forbids others is called a controller. An important and very desir­

able property of controllers is that they prevent deadlock. A deadlock 

occurs if there is a situation when there are packets which will never 

arrive at their destination, no matter what sequence of moves is 



- 103 -

1 2 3 4 5 6 

1 2 3 4 5 6 

1 2 3 4 5 6 

1 2 3 4 5 6 

fig. 4 .1.1. 

performed by the network. A (classic) example of a network with deadlock 

is given in fig. 4.1.2. Assume the controller permits all moves that do 

not let the sum of the sizes of the packets stored at v exceed b. If in 

v 1 b packets are created with size 1 and destination v2, in v2 b packets 

are created with size 1 and destination v3 and in v3 b packets are 

created with size 1 and destination vl, then the network cannot make 

another move, so there is a deadlock. 

Definition. (Toueg and Ullman [TU81)). A controller is deadlock-free for 

a given network, if it does not permit the network to enter a state in 

which one or more packets can never make a move permitted by that con­

troller, as long as no additional packets are generated. 

Toueg and Ullman [TU81) noted that the condition that no additional 

packets are generated is essential to exclude certain strange 
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fig. 4.1.2. A network with a controller that does not prevent 

deadlock. 

controllers, where a packets can only move if some other packet is gen­

erated, and that packet can only move if a third packet is generated, 

and so on. 

We will only consider local controllers: controllers that use only 

information about the local state of a node and the state of a packet, 

but do not use global information. Global controllers have an important 

drawback: if the size of the network becomes large it can cost much 

additional work and messages to gain global knowledge over the state of 

the network. 

Several deadlock-free controllers, that use only local information 

are known. (See e.g. [Ge81J, [MSBOJ, [Sh84J and [TU81J .) Each of these 

controllers assumes that packets have a unit size, i.e. q=l. Toueg and 

Ullman [TU81J proposed 4 controllers, that use only the state of a 

packet p, and the state of the packets stored at node v, to decide 

whether v can accept p or not, called: forward-count, backward-count, 

forward-state and backward-state, and proved each to be deadlock-free. 

We generalize these results in three ways: 

- we allow packets to have a variable size, 

- we show that "forward-count" and "backward-count" are special cases of 

the more general notion of "count-down", and thus obtain a uniform 

theory of deadlock-free controllers of this type, and 
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- we show that every controller that is "in between" a count-controller 

and the corresponding state-controller is also deadlock-free. 

(For more precise definitions of the notions used here, see section 

4.2.) This chapter is organized as follows. In section 4.2 we give some 

basic definitions. In section 4.3 we present a large class of local 

deadlock-free controllers. In section 4.4 we show that some of the con­

trollers in this class are optimal in the class of all deadlock-free 

controllers using the same local information. Some final comments are 

made in section 4.5. 

4.2. Definitions. 

Definition. A count-down function <l> is a partial function that maps a 

triple, consisting of a packet p, a node v and time t to an integer, 

such that: 

i) If pis stored at v on moment t, or vis the next node on the 

path of p on moment t, then <l>(p,v,t) is defined. 

ii) If <l>(p,v,t) is defined then <l>(p,v,t) e {o,1, ... ,k). 

iii) If <l>(p,v,t) and <l>(p,v,t') are defined and t<t', then <l>(p,v,t) ~ 

<l>(p,v,t'). 

iv) If <l>(p,v,t) and <l>(p,v',t) are defined, and vis before v' on the 

path of p from its source to its destination, then <l>(p,v,t) > 

<l>(p,v' ,t). 

For a count-down function <l>, it means that every time a packet p is 

passed to a next node on its path, the <l>-value of p drops by at least 

one. So, for a packet p stored at vat time t, <l>(p,v,t) is an upperbound 

on the number of steps p has still to go to arrive at its destination 

node. If pis stored at vat time t and <l>(p,v,t)=o, then vis the desti­

nation of p. 

Important examples of count-down functions are the following. 

i) Assume that a fixed routing strategy is used, i.e. for each source 

destination pair w0 ,w1 , there is a unique path from w0 to w1 that 

is followed by all packets that are send from w0 to w1 . For a 
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packet p and a node v on the path of p, and for all t, we let 

F(p,v,t) denote the distance from v to the destination of p, i.e. 

the number of message passing steps p has to take to arrive at its 

destination. (F stands for "forward".) 

ii) For a packet panda node v on the path of p, let B(p,v) denote 

the distance from the source of p to v, i.e. the number of message 

passing steps p has to take from its source to arrive at v. (Note: 

B is not a count-down function.) Now let for all times t B(p,v,t) 

k-B (p, v) . (B stands for "backward".) 

It is easy to verify that F and Bare count-down functions. Note that we 

always can choose Bas a count-down function. (This basically follows 

from the assumption that each packet needs to traverse at most k links 

to arrive at its destination.) 

Another example of a count-down function is the following. Basi-

cally Bis used as the count-down function. However, as an addition, in 

each node v, after a packet pis stored in the buffers of v, it is 

tested whether one of the nodes adjacent to vis the destination of p. 

Is this the case, then immediately the value <l>(p,v,t) drops to 1. 

that the "<1>-value" of p can change, even if pis not moved.) 

(Note 

<l>(p,v,t) can be seen as an upperbound on the number of message passing 

steps p has to take from v to arrive at its destination; the closer 

<l>(p,v,t) is to the exact number of steps p has to take, the less res­

trictive our resulting controllers will be. In this sense Fis the 

"best" count-down function, and Bis the "worst": 

Lemma 4.2.1. Let p be a packet stored at vat time t, or let v be the 

next node on the path of p. Let <l>be a count-down function. 

i) <l>(p,v,t) ~ B(p,v,t). 

ii) Assume a fixed routing strategy is used. <l>(p,v,t) ~ F(p,v,t). 
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Proof. 

i) vis the node of index k-B(p,v,t)+l on the path of p. Let v0 , v1 , 

... , vk-B(p,v,t) = v be the first k-B(p,v,t)+l nodes on this path, and 

let times t <t1<2< ... <tk ( ) 1 = t be given such that <l>(p,vi''ti,) is o -B p,v,t + 
defined, for all i, oSiSk-B(p,v,t). Then k;;,t>(p,v0 ,t0 ) > <l>(p,v1 ,t 1 ) > ... > 

<l>(p,v ,t ) = <l>(p,v,t), hence <l>(p,v,t) $ B(p,v,t). 
k-B(p,v,t) k-B(p,v,t) 

ii) Similar. (If not a fixed routing strategy is used, then F is not 

defined.) □ 

Now we define the state of packets and of nodes. Let <l>be a count-down 

function. The state of packet p, stored at node vat time t can be 

described by the pair (s(p),<l>(p,v,t)) e {1, ... ,q} x {o, ... ,k}. The state 

of a node vat time tis formed by the states of the packets that are 

stored at vat time t. We can represent this state by a q by (k+l) 

matrix J, with J(s,d) denoting the number of packets stored at v with 

state (s,d), (lSsSq, oSdSk). J is called the statematrix of v. We use 

the following notions, derived from the statematrix J: 

Definition. Let J be the statematrix of a processor vat certain time t. 

with i) The statevector of J is the vector .,--) .,--) ' ' 
J = J (J) =<Jo' ... 'Jkq>, 

ii) 

iii) 

ji L J(s,d) -s, where the sum is taken over all pairs (s,d), 

with s-d i, lSsSq, oSdSk, i.e. ji is the number of buffers used 

by packets with state (s,d) with s-d = i. 
kq 

The number of used buffers at V is denoted by n L jr 

k 
r=o 

q 
L L (J(rl,r2) .rl). 

r 1=1 r 2=o 

The number of free buffers at V is denoted by m b-n. 

The controllers we consider in this chapter will always allow consump­

tion moves, but will disallow some generation and message passing moves. 

We consider controllers where the decision to accept a packet p at a 

node vat time t only depends on the pair (s(p),<l>(p,v,t)), the statema­

trix of v, and on the global constants q, k and b. A controller, using a 

count-down function <l>, and constants q (for maximum packet size), k (for 

maximum 11>-values) and b (for buffersize) is called a uniform (<l>,q,k,b)-
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controller. A network with count-down function cl>, maximum packet size q, 

maximum (1)-value on the network k and buffersize b is called a 

(cl>,q,k,b)-network. A uniform (cl>,q,k,b)-controller can be used for every 

(cl>,q,k,b)-network. 

Formally, a uniform (cl>,q,k,b)-controller can be described as a sub-

set s ~ l(J,(s,d))I l:5s:5q, o:5d:5k, J is a q by k+l matrix with non-
q k 

negative values and L r J(r1,r2 ) .r1:5b-s}. It means that a packet 
r 1=1 r 2=o 

p can be accepted at node vat time t, with J is the statematrix of v, 

if and only if (J, (s(p),cl>(p,v,t))) e S. 

or 

If we do not use the statematrix J, but statevectors for numbers n 

m, we will describe the controllers with sets of pairs (f, (s,d)), 

(n, (s,d)) or (m, (s,d)). Controllers that do not use J or f, but only n 

or m are called "count"-controllers, the others are called "state"-

controllers. In the case that q=l we also use pairs (f,d), 

(m,d). 

(n,d) and 

4.3. Uniform local deadlock-free controllers. We first recall some 

results of Toueg and Ullman [TU81]. Consider the following 4 controll-

ers. In each case we have q=l and b~ (k+l)q 

assume that a fixed routing strategy is used.) 

k+l. (For i) and ii) 

i) A node v with m free buffers accepts a packet p at time t iff 

(m,F(p,v,t)) e FC(b,k) = {(m,j) (j<m) and (o:5j:5k) and (1$m:5b) }. 

(FC stands for "forward count".) 

ii) A node v with statevector f (with respect to count-down function 

F) accepts a packet pat time tiff (f,F(p,v,t)) e FS(b,k) 
k k 

{(f,j) (Vi, o$i:5j, i<b- L jr) and (o:5j:5k) and (o :5 L jr :5 
=i =o 

b-1) J. (FS stands for "forward state".) 

iii) A node v with n used buffers accepts a packet pat time t, iff 

(n,B(p,v,t)) e BC(b,k) = {(n,i) (i~n-b+(k+l)) and (o$i$k) and 

(o:5n:5b-l) J. (BC stands for "backward count".) 

iv) Let v be a node with statevector f, with respect to count-down 

f t . B W ' ~ ' ' ' h unc ion . rite 1=<10 , ••• ,ik> wit 

denotes the number of packets, stored at 

ir=jk-r (o$r:5k), so ir 

v, that have made r 
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steps so far, i.e. the distance from the source of these packets 

to vis r. Recall that B(p,v) denotes the distance from the 

source of p to v. V accepts a packet pat time t, iff ct'.acp,v)) 
j 

eBS(b,k)={(t',i)l(v'j, i$j$k, j:2: Li -b+(k+l)) and (o$i$k) 
r 

and (o :,; 
k 
I. i :,; b-1)). (BS stand for "backward state".) 

r 

Theorem 4.3.1. [TU81] 

i) For b:2:k+l, FC(b,k) and FS(b,k) are deadlock-free 

(F,l,k,b)-controllers. 

ii) For b:2:k+l, BC(b,k) and BS(b,k) are deadlock-free 

(B,l,k,b)-controllers. 

uniform 

uniform 

A generalization of the controllers FC(b,k) and BC(b,k) is the following 

class of count-controllers: 

- Let <l>be some count-down function. A node v accepts a packet p at 

time t, iff (m, (s(p),<l>(p,v,t))) e IICV(q,k,b) = {(m, (s,d)) I ((d+l)s$m) 

and (1$s$q) and (o$d$k) and c1::;;m::;;b)). <lCV(q,k,b) is a uniform 

(<l>,q,k,b)-controller. 

A generalization of the controllers FS(b,k) and BS(b,k) is the fol­

lowing class of state-controllers: 

- Again <I> is some count-down function. A node v, with statevector 

<I>) time t, 

~ 
J 

iff (with respect to 

ct (s (pl ,<l>(p,v,t))) E 

kq 

accepts a packet p at 

<llsV(q,k,b)=I ct (s,d)) I ("ii, o$i$ds, i+s$ 

b- L j) and (1$s$q) and (o$ct::;;k) and 
. r 

=i 
a uniform (<l>,q,k,b)-controller. 

kq 
(0$ L jr:,; b-s)). <llsV(q,k,b) is 

=o 

If c;l)=F, then we write IICV(q,k,b)=FCV(q,k,b) and <llsV(q,k,b) 

FSV(q,k,b). Likewise for c;l)=B, etc. If q,k and bare clear from the con­

text, then we write IICV, and <llsv. 

For uniform (<l>,q,k,b) controllers Sand T we write S ~ T, iff every move 

that is allowed bys, is also allowed by B. If S ~ T and T ~ S then we 

write S=T. If S ~ T and not S=T, then we write Sc T. 
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Lemma 4.3.2. Let q=l, and b > k+l. 

i) FC(b,k) - FCV (1, k, b) . 

ii) BC(b,k) - BCV (1, k,b). 

iii) FS(b,k) - FSV(l,k,b). 

iv) BS(b,k) - BSV(l,k,b). 

Proof. 

We only give a proof of iv), the other results follow directly from 

the definitions. Let p be a packet that wants to be accepted by node v 

at time t. Let fbe the statevector of p (with respect to count-down 

function B), and let ~= <i 0 , •.• ,ik> be given by ir = bk-r (oSrSk). 

Further writes= s(p), i=B(p,v) k-B(p,v,,t). Now we have: 

BS(b,k) lets v accept p 
j k 

¢c){Vj, iSjSk, j~ L ir - b+(k+l)) and (oSiSk) and (oS L i s b-ll 

r=~ 

¢c){Vj, iSjSk, j~ L j -
r=k-j r 

k 

r=ok 

b+(k+l)) and (oSiSk) and (oS L 
r=o 

¢c){Vj, oSjSk-i, k-j~ L jr - b+(k+l)) and (oSk-iSk) and (oS 
r=j 

b-1) 

r 

jr S b-1) 

k 

L jr 
r=o 

k k 
¢c){Vj, oSjSB(p,v,t), j+lS b- L jr) and (oSB(p,v,t)Sk) and (oS L jr S 

r=j =o 
b-1) 

¢c)BSV (1,k,b) lets v accept p. □ 

Lemma 4.3.3. Let q,k,b be given and let <l>1 ,<I>2 be count-down functions, 

such that Vp,v,t, if <1>1 (p,v,t) is defined and <l>2 (p,v,t) is defined then 

<1>1 (p,v,t) ~ <l>2 (p,v,t). Then 

i) <l>1CV(q,k,b) ~ <l>2CV(q,k,b). 

ii) <l>1SV(q,k,b) ~ <l>2SV(q,k,b). 

Proof. 

i) This follows directly from the definition of <Icv. 

node. Let the statevector of v at time t with 
, 1 .1 , 1 f 

ii) Let v be a 

respect to <1>1 be f 1 <J 0 ,J 1 , ... ,Jkq>, and let the statevector o vat 
, . h ,.,, b ~2 .2 .2 ,2 h f time twit respect to ...,2 e J <J 0 ,J 1 , ... ,Jkq>. Because we ave or 

each packet p 1 , stored in vat time t, that <1>1 (p1 ,v,t) ~ <l>2 (p1 ,v,t), it 
kq kq 

follows that L j: ~ L j!, for every i, oSiSkq. Now suppose <I>1cv lets v 
r=i r=i 
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accept packet pat time t. Then Vi,oSiS~1 (p,v,t) .s(p), i+s(p)Sb -

kq 1 kq 2 
so Vi,oSiS~2 (p,v,t) .s(p), i+s(p) Sb - L j Sb L j, hence 

, r . r 
r=i r=i 

lets v accept pat time t. □ 

kq 1 
L j , 

, r 
=i 

~2cv 

Lemma 4.3.4. For all q~l, k~l, b~(k+l)q, and count-down functions ~. 

<lCV(q,k,b) c ¢6V(q,k,b). 

Proof. 

We first show that <lCV c ¢6V. Suppose <lCV lets a node v with sta­

tevector f at time t accept a packet p. Write s=s(p), and d=~(p,v,t). 
kq kq 

Now (d+l)sSb- L jr. Hence, for all i, oSiSds, i+sSds+sSb L jr 
j=o j=o 

b - so ¢6V lets v accept p, at time t. 

Next we show there are moves allowed by ¢6V, that are not allowed by 

<Icv. Consider a node v with an empty buffer. Let v accept successively 

b(v)-1 packets with ~(p,v,t)=o and s(p)=l (this is possible with <lCV and 

with ¢6V). Now try to let v accept a packet p* with ~(p*,v,t)=l and 

s(p*)=l. It easily follows that ¢6V allows this move, but <lCV does not 

allow this move. (There are many other examples.) □ 

We now give our main theorem. The proof of this theorem is similar to 

the proof in [TU81], that FS is deadlock-free. The introduction of the 

notion of count-down functions allows us to treat the "forward" and 

"backward" controllers as special cases of a more general notion. 

Theorem 4.3.5. Let q~l, k~l, b~(k+l)q, and~ a count-down function. Let 

S be a uniform (~,q,k,b)-controller with <lCV(q,k,b) c Sc ¢6V(q,k,b). 

Then Sis deadlock-free. 

Proof. 

Suppose Sis not deadlock-free. Then consider a (~,q,k,b)-network G 

and suppose the network reaches a state where one or more packets are 

deadlocked. By making every move that is possible, we can reach a state, 

where every packet is deadlocked. So no packet in the network can move 
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at a certain time t, and there is at least one packet pin the network. 

Let p 1 be such a packet; let v 1 be the node where p 1 is stored, and let 

d 1 cl>(p1 ,v1 ,t), s 1 = s(p1 ). It is clear that v 1 is not the destination 

of p 1 , else v 1 can consume p 1 . Let v 2 be the next node on the path of 

p 2 to its destination, after v 1 , and let f= {j 0 , ••• ,jkpl be the sta-
kq 

tevector of v 2 . Now note that L jr~o, else p 1 is accepted in v 2 . So 
=o 

there is at least one other packet in v 2 , this packet can also not move. 

Let p 2 be a packet in v 2 , such that cl>(p2 ,s2 ,t)s(p2 ) is minimal over all 

packets in v 2 : 

cl>(p2 ,v2,t) .s(p2 )= min {r I jr > o}. 

Let d2= cl>(p2 ,v2 ,t), s 2 = s(p2 ). The statevector of v 2 can be written as 

f= <o, ... ,o,jd252 , ... ,jkq>. We have that d2~o, else p 2 can consume v 2 . 

Now we claim that d 2 s 2<d1s 1 . 

Suppose p 5 is the last packet that is accepted by v 2 and is stored 

at v 2 at 

(Note that 

time t; let t 5 be the moment on which p 5 was accepted by v 2 • 

' . -;-+sb h at time t 5 p 5 is not yet stored at v 2 .) Let J et e sta-

tevector of v 2 at time t 5 . we write d 5 = cl>(p5,v2,t5 ), s 5 = s(p5 ). We 

d 5s 5 ~ cl>(p5 ,v2 ,t)s5 ~ d 2s 2 . Note that packets stored at v 2 at have that 

t 
s 

can have been moved out of v 2 (either by a consumption move or a 

passing move). Also for some packets, stored at v 2 at time t 5 and time 

t, it can be that cl>(p5 ,v2 ,t5 ) > cl>(p5,v2 ,t). For all these packets 

cl>(p5,v2,t5 ) ~ cl>(p5,v2,t). The only packet that is newly stored in the 

buffers of v 2 is p 2 . Note that we can ignore packets that are accepted 

at p 2 after ts and have moved out of p 2 before t. Therefore one has: 
kq kq 

v· <"<d L J08r ~ L ]0 -s 1 ' o_i_ s 5 s ' r s 
~i ,ti 

Vi, dss 5 <i~kq, L j; ~ L j . 
r=i =i r 

S lets a node with statevector f 5 accept a packet with state (ss,d5 ), 

and S ~ ¢6V(q,k,b), hence this move is also allowed by ¢6V{q,k,b) and 

therefore one has: 

Take i=d2 s 2 and one gets: 

kq 
~ .s 
k J • . r 

=i 
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hence 

j . 
r 

We have also that S does not let v2 accept p1 at time t. Because 

<ICV(q,k,b) ~ S, this move is also not allowed by <ICV(q,k,b). So we have 

that 
kq 

d1s 1 ~ (Cl>(p1,v2,t) +1) s 1 > b - L jr (= the number of free buffers 
r=o 

of v2 at time t.) 
kq 

d1 s 1 . Then b - L j r 
r=d2s2 

b -

kq 
b - j . 

r 
Contradiction. Hence d2s 2 < d1s 1 . L 

r=d2s2 

kq 
L 

r=o 

The argument now can be repeated with p2 instead of p 1, and so on. In 

this way we obtain packets p 1, p2, p 3, ... , stored at nodes v1, v2 , 

v3,... (these nodes are not necessarily all different), with 

Cl>(p1,v1,t)s(p1) > Cl>(p2 ,v2,t)s(p2 ) > Cl>(p3,v3,t)s(p3) > ... etc. This con­

tradicts the fact that all values Cl>(pi,si,t) and s(pi) are non-negative. 

Hence S must be deadlock-free. □ 

Corollary 4.3.6. Let q~l, k~l, b~(k+l)q, and let Cl>be a count-down func-

tion. <ICV(q,k,b) and «ISV(q,k,b) are local, uniform (Cl>, q, k, b) -

controllers, that are deadlock-free. 

4.4. Optimality of «ISV. 

Definition. Let q,k,b and a count-down function Cl>be given. 

i) Cl> is strict, if it is possible to use Cl> as a count-down function 

in all networks G, for which we do not have to send messages between 

nodes that have a distance of more thank. 

ii) Cl> is stable, if for all packets p, nodes v and times t,t', if 

Cl>(p,v,t) and Cl>(p,v,t') are defined, then Cl>(p,v,t) = Cl>(p,v,t'). 
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If <l> is a strict count-down function, then we can use it in all networks 

where we want to send messages between each pair of nodes with a dis­

tance k between each other. An example of a count-down function, that is 

not strict is the function <l>, with, if F(p,v,t) is defined, then 

<l>(p,v,t) = 2F(p,v,t). Note that, for a strict count-down function <l>, a 

packet p, with the distance between the source of p and the destination 

of pis k, and a node v on the path of p, one has <l>(p,v,t) B(p,v,t), 

and if F exists (i.e. a fixed routing strategy is used), then <l>(p,v,t) = 

F(p,v,t). 

In this section we will consider strict and stable count-down func­

tions only. Important examples of strict and stable count-down functions 

are F and B. The results in this section are mainly rather straightfor­

ward generalizations of the work of Toueg and Ullman [TUBl, p.598-607). 

We generalize these results in two ways: 

- we allow packets to have a variable size 

- the results are valid for every strict and stable count-down function. 

(Toueg and Ullman only considered controllers, depending on For B.) 

Let integers q~l, k~l, b~l and strict, stable count-down function <l> be 

given. Suppose Sis a local, uniform (<l>,q,k,b)-controller. For statema­

trices J 0 and J 1 we write J 0 ~ J 1 , iff and only if there is exactly one 
s 

pair (s,d) E {l, ... ,q)X{o, ... ,k) with J 0 (s,d) # J 1 (s,d), and 

i) for this pair (s,d) one has J 0 (s,d)-l = J 1 (s,d) ~ o ("a packet 

with state (s,d) has left the node") or 

ii) for this pair (s,d) one has J 0 (s,d)+l J 1 (s,d) and v't 

(J0 , (s,d,t)) E S, i.e. Sallows a node with statematrix J to 
0 

accept a packet with state (s,d). 

The transitive closure of the relation~ is denoted 

o 1 2 i , so 1 1 
there are J =J0 ,J ,J, ... ,J =J1 with J ~ J, J 

s 

by~* : J ~* J 1 , if 
0 s 

I f 1-l I i 
,J, ... ,J ,J. 
s s 

Let Q be the statematrix consisting of only zero's: Q(s,d) = o for all 

s,d, 1:s;s:5q, o:s;c±;;k. If Q ~* J, then we write ~* J (J is "syntactical 
s s 

reachable"). Conversely, we write F* J (J is "network reachable"), iff 
s 

there exists a network G, such that, starting from the state where all 
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buffers of all nodes are empty, we can make a series of moves, allowed 

by S, such that after these moves there is a node with state J. 

Lemma 4.4.1. Let ¢>be a strict and stable count-down function, let q~l, 

k~l, b~l. Let S be a local, uniform (¢>,q,k,b)-controller. Then for each 

statematrix J: 

f--* J ~F* J. 
s s 

Proof. 

Suppose f--* J, so there are statematrices J 1 , J 2 , ... , Ji, with Q f-

l 1 L 2 S i-1 L i . h . d . . . 11 h th t . th$ J, J , J, ... ,J , J. Wit in uction to J we wi sow a in e 
s s 

unidirectional ring with k+l nodes Rk+l (see fig. 4.4.1.) there is a 

series of moves, allowed bys, starting from the state where all buffers 

are empty, such that after the moves v 0 has statematrix Jj, and all 

other nodes have statematrix Q. Write J 0 Q. It is clear, that the 

induction hypothesis holds for j=o. Now suppose the induction hypothesis 

holds for certain j. Then we can make a series of moves, starting from 

the state where all buffers of all nodes are empty, resulting in the 

state where v has statematrix Jj, and all buffers of all other nodes 

empty. We have ~hat Ji f-- Jj+l_ If there is a pair (s,d) with Jj(s,d) - 1 
s 

Jj+l(s,d) ~ o, then we can move a packet with state (s,d) to its des­
i 

tination and consume it there. If there is a pair (s,d) with J (s,d) + 1 
·+1 j 

= JJ (s,d), and ~t, (J, (s,d,t)) e S, then create a packet p with sizes 

can be moved in vd+l' wi~h destination vd. This packet 

because (JJ, (s,d)) e S, it can be accepted in V. 
0 

¢>(v0 ,p,t) = B(v0 ,p,t) = d.) Hence the induction 

for j+l. We conclude that f* J. 
s 

hypothesis 

to v 0 , and, 

(Note that ~t 

holds also 

Now suppose that f--* J. From the stableness of¢> it follows that 
s 

the 

state of a node v can only change if a packet is accepted in v (by a 

passing move or a generation move), or if a packet leaves v (by a pass­

ing move or a consumption move). Both types of changes correspond to a 

statetransition J 0 f-- J 1 . With induction one can conclude f--* J. □ 
s s 
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States J with not(~J) ( (:) not(F J)) are called unreachable states. 
s s 

Without loss of generality, we can assume that considered controllers do 

not allow moves from unreachable states. We are now ready to give the 

main result in this section. 

fig. 4.4.1. The unidirectional ring Rk+l· 

Theorem 4.4.2. Let q~l, k~l, b~l, let cl> be a strict and stable count­

down function. Let S be a local, uniform (<l>,q,k,b)-controller, that does 

not allow moves from unreachable states. 

i) If b<(k+l)q, then Sis not deadlock-free. 

ii) If b~(k+l)q and Sis deadlock-free, then S ~ <16V(q,k,b). 

Proof. 

Let q, k, b, cl> and S be given. Suppose that Sis deadlock-free and 

b<(k+l)q or not(S ~ <16V(q,k,b)). We first claim there is a pair (s,d) E 

{1, ... ,q} x {o, ... ,kl and a statematrix J, such that (J, (s,d)) E S and 

for "f "f (J): 
kq 

3 i 0 , o$;i0 s;sd, i 0 +s > b- L jr. 
r=i 

0 

If b<(k+l)q, then we can choose "f= <o, ... ,o>, d=k, s=q and i 0 kq. If 

not(S ~ <16V(q,k,b)), then the result follows directly from the defini­

tion of <16V(q,k,b). When v accepts a packet with sizes, v must have at 
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leasts free buffers, soi +s > b­
o 

kq 
I. 

r=i 
0 

Consider all pairs (s,d), such that there exists a statematrix J, with 

(J, (s,d)) E S, and for f = f(J) one has that 
kq 

3 i 0 , o~i0 ~sd, i 0 +s > b-r!i jr. 

0 

Let (s 0 ,d0 ) be such a pair, such that s 0 d 0 is minimal over 
kq 
I. 

r=i 

J 0 be the corresponding statematrix. As noted before, i 0 ~1, 

hence d 0 ~1. Consider the graph G, given in fig. 4.4.2. 

0 

all these 

j r' and let 

so s d ~l, 
0 0 

In the network G we will only send messages between nodes that have a 

distance k, i.e. we send messages from nodes V, to nodes 
V i-1' nodes V, 

1. 1. 

to nodes wi-2' etc. We now give a series of moves, permitted by s, 

starting from the state where all buffers are empty, such that a 

deadlock will occur in G. We only describe the moves made by the nodes 

vi (o~i~k); the same moves are made by the nodes wi (o5i5k). 

1. As in the proof of lemma 4.4.1. we can reach state J 0 in v 0 , with 

messages with source and destination in {v. lo5i5k). Let f= f(J). 
1. 0 

2. Generate a packet p with size s 0 , in node v(d +l)mod(k+l) with 
0 

fig. 4.4.2. 
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destination w(d -l). Note that Vt, ~(p,v0 ,t) = B(p,v0 ,t) = d 0 . Pass p 
0 

along the successive nodes on the ring {vilo$i$k), and accept it in 

v (this 
0 

tematrix 

write f 1 

is possible, because (J0 , (s 0 ,d0 )) ES). Let J 1 be the sta­

of v, just after pis placed in the buffers of v 0 , and 

= f(J~). We have that 

.l .o 'f d d Jr=Jr, i r #s 0 0 , an 

,1 .o 
JS d =JS d + so. 

0 0 0 0 

3. Let all packets p, in v 0 , with ~(p,v0 ,t) .s(p) $ i 0 be passed to their 

destination, and consumed there. Let the resulting statematrix of v 0 

' ~2 
be J~, and write J 

jr = o, if o$r$i 0 -1, and 

~( h J J 2 ). Now we ave 

·2 .l ,o if ' < < k d d d Jr=Jr=Jr , i 0 _ r _ q an r#s 0 0 , an 

,2 .1 ,0 

JS d =JS d JS d + so. 
0 0 0 0 0 0 

4. The destination of the packets that still are in v 0 is changed, such 

that the next node on their path is w0 . (So a packet p with ~(p,v0 ,t) 

= d; now has destination wd_ 1 .) Note that for each packet pin v 0 one 

has Vt B(p,v0 ,t) = F(p,v0 ,t) = ~(p,v0 ,t) ~ i 0 ~ 1. 

5. As long as it is possible to accept in v 0 

s(p) -~(p,v0 ,t) ~ s 0 d 0 (with regard to S), 

packets p with 

such packets p are gen-

erated in v 
(~(p,v0 ,t)+l)mod(k+l) with destination w~( )-l· The p,v0 ,t 

packets are passed along the successive nodes on the ring {vilo$i$k), 

and are accepted by v 0 • We stop iff this is no longer possible, i.e. 

v 0 reaches a state(matrix) J 3 , with for all s,d; o$d$k, l$s$q, sd~ 

s d , (J3 , (s,d)) rte S. Write f 3 = f(J3 }. We have that 
0 ~3 

Jr= o, iff o$r$i 0 -1, and 

'3> ,2= ,0 Jr-Jr Jr, iff i 0 $r$kq and r#s 0 d 0 , and 

.3 > ,2 
Js d -Js d 

0 0 0 0 

.o 
JS d 

0 0 

+ s . 
0 

Now G is deadlocked. There is at least one packet in v 0 (j! d ~s 0 ), and 
0 0 

every packet in v 0 is directed towards w0 . The statematrix of w0 is also 

J 3 . We now claim V s,d, l$s$q, o$d$k, s~s0 d 0 (J3 , (s,d-1)) rte S. 
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Suppose there are s,d, l$s$q, o$~k, scl.2".s 0 d 0 and (J3 , (s,d-1)) ES. First 

note that (d-l)s<s d (because of the construction of J 3 ). Further note 
kq o o 

that b- "' · 3 
,<., Jr 

r=i -s 
k o 

q 0 
(b- I j ) - s < ( i +s ) - s 

. r o o o o 
r=i 

0 

i . 
0 

kq 3 
b- I jr (Choose i 1 = i 0 - s, so i 1$s 0 d 0 -s$(d-l)s). From the definition 

r=i 1 

of d 0 and s 0 , and from (d-l)s < s 0 d 0 , we now have that (J3 , (s,d-1)) ~ s. 

Contradiction. 

This means that none of the packets that is stored at v 
0 

can be 

accepted in w0 . Similarly none of the packets that is stored at w0 can 

be accepted 

assumption 

in v. So G is deadlocked. This shows that our initial 
0 

that Sis deadlock-free and b<(k+l)q or not(S ~ <!GV(q,k,b)) 

is false. D 

For q=l we have that for every deadlock-free, local, uniform (~,q,k,b) 

count-controller S (with q=l, k~l, b~l, ~ a strict and stable count-down 

function) S ~ <lcV(l,k,b). (The proof is similar to the proof in [TU81], 

for the case that <l>=F.) For q>l this result does not hold: 

Proposition 4.4.3. 

i) Let q>l, k~l, b~(q+l)k, and let ~be a count-down function. S 

(m, (s,d)) I (((d+l)s$m) or ((b-m)k$m-s)) and (1$s$q) and (o$d$k) and 

(s$~b)} is a deadlock-free, local, uniform (~,q,k,b)-controller. 

ii) If b$(k+l)q+q-2, then <lcV(q,k,b) c S 

iii) If b>(k+l)q+q-2, then <lcV(q,k,b) = S 

Proof. 

i) Let q,k,b,~be given. It is clear that <lcV(q,k,b) ~ S. If S ~ 

<!GV(b,k,q), then we have by theorem 4.4.2. that Sis deadlock-free. 

Suppose that not(S ~ <!GV). Then there are s,d and a statematrix J, 

(1$s$q, o$~k), with (J, (s,d)) s, and for ➔ f(J), 3 i o$i 0 $sd, E J = o' 
kq kq kq 

i +s > b- I jr and k. I jr < b I j - s. Let s,d,J and i be 
0 

r=i j=o 
r 0 

r=o 
0 
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given. We have that (d+l)s ~ i 0 + s > b-

kq kq kq 

kq 
I 

r=i 
0 

I jr ~ k. I jr + s, hence sd > k. I jr. From ~k, it follows that 
r=o 

kq 
r=o r=o 

q~s > I j . Now we consider two cases. 
r 

r=o 
kq 

CASE I : i 0 >k(q-1). From I jr < q, it follows that at a node with sta­
r=o 

tematrix J, there are no packets stored with size q, hence for all r ~ 

kq 
k(q-1) +l one has jr=o. So I jr = o. Now kq~s~i0 ~b-s~ (k+l)q-s~kq. 

r=i 
0 

Contradiction. 
kq 

CASE II: i 0 :!>k(q-1). Nowkq~i0 +q~i0 +s>b- L 
r=i 

0 

Contradiction. 

> b-q~kq. 

We conclude that S ~ cl6V(q,k,b), and hence that Sis deadlock-free. 

ii) Let b:!>(k+l)q+q-2. It is clear that CICV(q,k,b) ~ S. We now 

show that not(CICV(q,k,b) ~ S). Controllers CICV(q,k,b) and Sallow a node 

v with all buffers empty to accept a packet with size q-1. Now try to 

accept a packet with state (q,k). Notice that (k+l)q>b-(q-1) m, hence 

(m, (q,k)) ~ cl6V(q,k,b) and (b-m)k = (q-l)k:!>b-3q+2:,;m-q, hence (m, (q,k)) e 

S. S allows a node with b-(q-1) free buffers to accept a packet with 

state (q,k), CICV(q,k,b) does not. 

iii) Let b> (k+l)q+q-2. Again it is clear that CICV(q,k,b) ~ S. We 

now show that CICV(q,k,b) ~ S. Suppose (m, (cf>,s)) ~ CICV(q,k,b) and 

(m, (cf>,s)) e S, for some m,cf>,s, O:!>m:!>b, o:,;cf>:,;k, 1:,;s:,;q. Then (k+l)s > m and 

(b-m)k+s :,; m. It follows that (k+l)s > (b-m)k+s, hence s>b-m and q>b-m. 

Now (k+l)q ~ (k+l)s > m > b-q, hence b:!>(k+l)q+q-2, contradiction. □ 

It is presently open to find an "optimal" deadlock-free, local, uniform 

(cf>,q,k,b)-count-controller for q>l. 
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4.5. Final comments. 

i) It is possible to vary the number of buffers at each node. The 

results of this chapter can easily be generalized for the case that the 

condition b~(k+l)q is replaced by the condition: for each node v, the 

number of buffers of v b(v) is at least max{(<l>(p,v,t)+l)s(p) Ip is a 

packet, and vis possibly on the path of p}. 

ii) The controllers <ICV and ¢6V we presented in this chapter have an 

important drawback: they do not prevent lifelock. Lifelock occurs when 

there are packets that will never reach their destination. An example of 

a network with lifelock is given in fig. 4.5.1. Assume k~2, q~3, 

b~(k+l)q to be given, and suppose the controller FSV(b,k,q) is used. 

In v 0 b-1 packets with destination v 2 and size 1 are 

accepted in v 1 . Now a packet p 1 with size 3 is created in 

created, and 

tination w2 . w0 cannot be accepted in v 0 . Now 

v 2 and is consumed there; still w0 cannot be 

w , 
0 

one packet in v 1 

accepted in v 0 • 

with des­

passes to 

Now a new 

packet with size 1 and destination v 2 is created in v 0 and is accepted 

in v 2 . Again a packet in v 1 passes to v 2 , etc. So there is an infinite 

fig. 4.5.1. 
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sequence of moves, that prevents p 1 to move from w0 to v 1 . Hence packet 

p 1 is lifelocked. 

Toueg [To80] showed that FS(b,k) and BS(b,k) can be modified, such 

that the resulting controllers are lifelock free too. We will give a 

short informal description of the modification. The state of a packet 

now consists of the value F(p) (or B(p)) and the time that it was 

created, that is: the first moment that a processor tried to let the 

packet enter the buffers of a node v. (The size of the packet is 1.) A 

processor v accepts a packet p, if and only if the move is allowed 

according to controller FS(b,k) (or BS(b,k)), and there is no other 

packet p' waiting to be accepted by v, with an earlier creating time, 

for which the acceptance of p' by vis also allowed by FS(b,k) (or 

BS(b,k)). These controllers are called FSET(b,k) and BSET(b,k), respec­

tively. The same modification can also be applied if we use other 

count-down functions than For B. However, the same modifications to 

controllers clCV(q,k,b) or cl6V(q,k,b) with q>l do not yield lifelock-free 

controllers. A straightforward, but not very interesting way to find 

lifelock- and deadlock-free controllers that allow the packet size to 

vary, is to 

FSET <L !?.J, k) 
q 

treat each packet as if its size is q and then use basically 

or BSET(l!?.J,k). (Packets are treated as if they all have 
q 

the same size.) It remains an interesting and challenging open problem 

to find lifelock and deadlock-free controllers, that make an (essential) 

use of the differences in packet sizes. 



CHAPTER FIVE 

EMULATIONS: DEFINITIONS AND CHARACTERIZATIONS 

5.1. Introduction. Parallel algorithms are normally designed for execu­

tion on a suitable network of N processors (viewed as SIMD- or MIMD­

machine [vLBS]), with N depending on the size of the problem to be 

solved. In practice N will be large and varying, whereas processor net­

works will be small and fixed. The resulting disparity between algorithm 

design and implementation must be resolved by simulating a network of 

some size Non a fixed and smaller size network of a similar or dif­

ferent kind, in a structure preserving and efficient manner. Notions of 

simulation are well-understood in e.g. automata theory (see [He71]), and 

suitable analogs can be brought to bear on networks of processors. In 

this chapter and in chapter 6 and 7 we study a notion of simulation, 

termed: emulation, that was recently proposed by Fishburn and Finkel 

[FF82]. Independently Berman [Be83] proposed a similar notion. 

Definition. Let G = (v8 ,E8 ) and H = (VH,EH) be networks of processors 

(graphs). We say that G can be emulated on H if there exists a function 

f: v8 ➔ VH such that for every edge (g,g') e EG f (g) f (g') or 

(f(g),f(g')) e EH. The function f is called an emulation function, or in 

short, an emulation of G on H. 

Clearly, emulation between networks is transitive. We shall only be 

interested in emulations f that are "onto". 

Let f be an emulation of G on H. Any processor he V must actively 
1 -1 H 

emulate the processors e f- (h) in G. When g e f (h) communicates 

information to a neighboring processor g', then h must communicate the 

corresponding information "internally" when it emulates g' itself or to 

a neighboring processor h' = f(g') in H otherwise. If all processors act 

synchronously in G, then the emulation will be slowed by a factor pro­

portional to max \ f-l (h) \ . 

heVH 
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Definition. Let G, H, and f be as above. The emulation f is said to be 

(computationally) uniform if for all h, h' E v8 : lf-1 (h) I = lf-1 (h') I. 

f is uniform iff cc(f) = IVGI/IV8 1. 

Every uniform emulation f has associated with it a fixed constant c, 

called: the computation factor, such that for all h E v8 
-1 

If (h) I= C. 

It means that every processor of H emulates the same number of proces­

sors of G. Again, uniform emulation between networks is transitive. When 

G can be uniformly emulated on Hand H can be uniformly emulated on G, 

then G and Hare necessarily isomorphic. (Thus uniform emulation estab­

lishes a partial ordering of networks.) A number of useful, elementary 

results on (uniform) emulations are given in section 5.2. 

The relevant question is whether (large) networks of some class C can be 

uniformly emulated by networks of a smaller size within the same class 

C. Fishburn and Finkel [FF82] answered this question affirmatively for 

the following classes of processor networks : the shuffle-exchange net­

work, the grid-connected network, then-dimensional cube, the plus-minus 

network, the binary lens, and the cube-connected cycles. (For defini­

tions of these networks, see [FF82] .) In this chapter we shall take a 

more fundamental approach and develop a detailed analysis of all possi-

ble emulations in selected classes of networks the shuffle-exchange 

network, the n-dimensional cube, the ring, and the 2-dimensional grid. 

The results will be presented in sections 5.3. to 5.5. Some proofs are 

deferred to appendix Band C. In chapters 6 and 7 we proceed with the 

analysis of (uniform) emulations. In chapter 6 we give a further 

analysis of (uniform) emulations. Chapter 7 is devoted to the complex­

ity of the problem to find uniform emulations between networks of cer­

tain characteristics, and related questions. 

5.2. Elementary results. In this section we present some elementary 

results on (uniform) emulations. 
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Lemma 5.2.1. Let G=(VG,EG)' H=(V8 ,E8 ) be connected graphs (or strongly 

connected directed graphs). f: VG ➔VH is an emulation, if and only 

if for all v,w e VG: dG(v,w) ~ d8 (f(v),f(w)). 

Proof. 

~Use induction to dG(v,w). 

<=Trivial. □ 

Recall the definitions of Cartesian sum, Cartesian product, normal pro­

duct and composition of graphs from section 1.5. 

Lemma 5.2.2. G can be uniformly emulated on H if and only if there 

exists a graph G' such that G is a spanning subgraph of H[G'). 

Proof. 

~Let f be a uniform emulation of G on H with computation factor c. 

The sets (f-1 (h)l, he H, partition G into blocks of size c. Let G' be 

any graph on c nodes such that the induced subgraph of every block (in 

is contained in G'. two nodes 
-1 

G) Next observe that for any g e f (h) 

and g' e f-l (h') of G : (g,g') e EG ~h = h' (and the edge is in G') or 

(h,h') e E8 . It follows that G is a spanning subgraph of H[G'). 

<=From the definition of composition (cf. [Ha69)), by projection on 

H. □ 

G' can always be chosen to be equal to Kc' the complete graph on c 

nodes. When G is uniformly emulated on H, then H can be viewed as a 

"factor" of G (and, in particular: 1v8 1 I IVGI). When IVGl=IV8 i, then G 

can be uniformly emulated on H if and only if G is isomorphic to a sub­

graph of H. 

Lemma 5.2.3. Let Gl=(Vl,El), G2-<V2,E2), Hl=(Wl,Fl), H2=<W2,F2) be 

graphs; and let f 1 : v 1 ➔ W1 and f 2 : v 2 ➔W2 be (uniform) emulations of 

G1 on H1 and G2 on H2 , respectively. Let f 1xf2 denote the mapping v 1xv2 

➔W1xw2 , given by f 1xf2 ((v1 ,v2 )) - (f1 (v1 ),f2 (v2 )), for all v 1 e v 1 , v2 

e v 2 . Then: 
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(i) f 1xf2 is a (uniform) emulation of G1+G2 on H1+H2 . 

(ii) f 1xf2 is a (uniform) emulation of G1•G2 on H1•H2 . 

Proof. The results follow easily from the definitions. □ 

For the Cartesian product and the composition, results similar to lemma 

5.2.3. do not hold. Consider G1 = P4 , H1 = P2 , G2 = H2 = P3 . Let the 

functions f 1 {0,1,2,3) ➔ {0,1) and f 2 : {0,1,2) ➔ {0,1,2) be given by 

f 1 (O)=f 1 (1)=0 and f 1 (2)=f 1 (3)=1; and f 2 (i)=i for i=0,1,2. It is obvious 

that f 1 is a uniform emulation of P 4 on P2 and f 2 is a uniform emulation 

of P 3 on P 3 . However, f 1xf2 is not an emulation of G1xH1 = P 4xP 3 on 

(use that ((0,0),(1,0)) ~ E and 
P4xP 3 

( (0, 0), (1, 0)) 

( ( 0, 0) , ( 0, 2) ) ~ Ep XP 
2 3 

P 4 [P 3 ] on G2 [H2 ] (use that 

The following lemma's relate the (cyclic) bandwidth of a graph and its 

capacity to be uniformly emulated on a path or a ring. 

1.5.) 

(Cf. section 

Lemma 5.2.4. Let G (V,E) be an undirected graph and K I IVI. Let n 

IVI /K. Then: 

Bandwidth (G) ~ K 

=)G can be uniformly emulated on Pn 

=) Bandwidth (G) ~ 2K-1. 

Proof. (i) Let f be a linear ordering of G with bandwidth~ K, K IVI 

and n = IVI/K. Then g: V ➔ Vn, defined by g(v) = lf(v)/KJ is a uniform 

emulation of G on Pn if (u,v) E E then lf(u)-f(v) I~ K, hence 

lg(u)-g(v) I~ 1, and g(u) and g(v) are adjacent in Pn. 

(ii) Let g be a uniform emulation of G on P . 
-1 n 

we can number the nodes in g (i) from o to K-1. 

For every i E V 
n 

Let nb(v) be the 

number given to v, i.e. V v,wEV v#w A g(v)=g(w) =)nb(v) # nb(w) and VvEV 
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nb(v) e {o, .. ,K-1}. Now f: V ➔ VIVI' defined by f(v) 

is a linear ordering with bandwidth at most 2K-l. □ 

K-g(v) + nb(v) 

Lemma 5.2.5. Let G=(V,E) be an undirected graph and Kl IVI. 

IVI/K. Then 

Cyclic Bandwidth (G) SK 

⇒ G can be uniformly emulated on Rn 

⇒ cyclic Bandwidth (G) S 2K-l. 

Proof. Similar to 5.2.4. □ 

Let n 

Lemma 5.2.6. Let G=(V,E) be a directed, acyclic graph. Let K I IVI and 

n = IVI /K. Then 

Dir Bandwidth (G) SK 

⇒ G can be uniformly emulated on ~ 
n 

⇒ Dir Bandwidth (G) S 2K-l. 

Proof. (i) Similar to 5.2.4. 

(ii) Let g be a uniform emulation of G on~. For every i e V 
n n 

we can number the nodes in g-1 (i) from o to K-1, such that if (u,v) e E, 

u,v e g-1 (i), then nb(u) < nb(v). Now f: V ➔ VIVI' defined by f(v) 

K.g(v) + nb(v) is a linear ordering with directed bandwidth at most 

2K-l. □ 

Lemma 5.2.7. Let G=(V,E) be a directed graph, let Kl IVI and n 

Then 

(i) Dir Cyclic Bandwidth (G) SK 

IVI /K. 

⇒ G can be uniformly emulated on Rn and G does not contain a cycle 

with length less than n. 

(ii) G can be uniformly emulated on Rn and G does not contain a cycle 

with length Kor less 

⇒ Dir Cyclic Bandwidth (G) S 2K-l. 

Proof. (i) Let f be a linear ordering of V with directed cyclic 

bandwidth at most K. A uniform emulation of G on~ can be constructed 
n 
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similar to 5.2.4. Suppose G contains a cycle with length less than n, 

with nodes v 0 , ••• v 1_ 1 (1 < n). 
1-1 

Then L d➔ ( f(v.), f(v(i+l) = n, so there exists a i, o 
i=0 RIVI 1 mod l )) 

i ~ 1-1 K: 

the directed cyclic bandwidth off is greater than K. Contradiction. 

(ii) Let g be a uniform emulation of G on~, and suppose G does 
n 

not contain cycles with length Kor less. For every i, o ~ i ~ n-1 look 
-1 -1 

at the subgraph of G, with nodes g (i) and edges {(v,w) lv,weg (i) and 

(v,w)eE). This subgraph is cycle-free (there are K nodes in this sub­

graph). So we can number the nodes in g-1 (i) from o to K-1, such that 

each node in g-1 (i) has a unique number E {o, ... ,K-1), and u,v E g-1 (i) 

A (u,v)EE ⇒ nb(u) < nb(v). This we do for every i, o ~ i ~ n-1. Now 

again f: V ➔ VIVI' defined by f(v) 

with bandwidth at most 2K-l. □ 

K-g(v)+nb(v) is a linear ordering 

The computation factor of the uniform emulations mentioned in lemmas 

5.2.4.-5.2.7. is always K. Another useful property is the following. 

Recall that GR is the (directed) graph obtained by reversing the direc­

tion of the edges of G (cf. section 1.5.). 

Lemma 5.2.8. f is a (uniform) emulation of G on H if and only if f is a 

(uniform) emulation of GR on HR. 

Proof. 

⇒ Let f be an emulation of G on H. It means that for every edge 

(g,g') EEG: f(g) = f(g') or (f(g), f(g')) e EH. Thus, by simple trans-

lation, we have for every edge (g', g) E E f(g') f (g) or 
GR 

( f ( g' ) , f ( g) ) E EHR. Hence f is an emulation of GR R 
on H . 

<=By a similar argument, observing that (GR)R G for all graphs G. 

Finally we note that uniformity is preserved in the constructions. □ 

5.3. Emulations of the 4-pin shuffle. In this section we develop a 

detailed analysis of the possible emulations of the 4-pin shuffle (cf. 

section 1.6.3.). Our main result will be that there are exactly 6 
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different uniform emulations of S 
n 

2k 2k-1 
on S . We also show that there are 

n-1 

at least 2-2 -2 uniform emulations of S on 
n 

5.3.1. we give some preliminary definitions 

section 

and results, in section 

5.3.2. we give the analysis leading to our main result. The proof of the 

main theorem is deferred to appendix B. In section 5.3.3. we discuss the 

uniform emulation of Sn on Sn-kin general and argue that the results 

hold for the uniform emulation of the inverse 4-pin shuffle as well. 

5.3.1. Preliminaries. In this section we use the notations and defini-

tions, introduced in section 1.5. Recall the definition of the 4-pin 

shuffle from section 1.6.3. 

Assume n>2. The fact that Sn can be (uniformly) emulated on Sn-l and, 

hence, on every Sn-k (k~l) derives from the following observation, using 

lemma 5.2.2. (Compare [FF82], theorem 2.) 

Lemma 5.3.1.1. Sn is a spanning subgraph of Sn_1 [K2 ], for n~2. 

Proof. 

Consider the mapping h: Sn ➔ Sn_ 1 [K2 ] defined by h(b1 .. bn) 

<b1 .. bn-l'bn>, which clearly is 1-1 and onto on the set of nodes. Let 
0 

(b,c) e En with c = b 2 .. bn 1 (necessarily). Then (b1 .. bn-l' b 2 .. bn) e 

En, hence h(b) and h(c) are adjacent in Sn_ 1 [K2 J. Thus Sn is isomorphic 

to a spanning subgraph of Sn_1 [K2 ]. □ 

Corollary 5.3.1.2. Sn is a spanning subgraph of 

1:s;k<n. 

for every 

By using a mapping h defined by h(b1 .. bn) = < bn_ 1 .. b 1 ,bn >, a similar 

argument shows that Sn is a spanning subgraph of Sn_1 [K2 ] and (hence) 

that Sn can be uniformly emulated on Sn-land any smaller inverse 4-pin 

shuffle. Clearly S S . 
n n 

Lemma 5.3.1.3. f is an emulation of Sn on Sn-kif and only if for all x 
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o n-1 o n-k-1 o e (1) , y e (1) and a, p e (1) : if f (ax) py then (f(xo) 
0 0 

f(xo) = Yi) and (f(xl) = py v f(xl) =Yi). 

(The proof follows straight from the definitions involved.) For a map-

ping f, define its "companion" f by fi (b) f, (b) for all lSiSn. 
1. 

Lemma 5.3.1.4. If f is an emulation of Sn on Sn-k' then so is f. 

Proof. 

Immediate from lemma 5.3.1.3. □ 

5.3.2. Uniform emulations of S ~-l· The uniform emulations of 
- --

s 
n 

on Sn-l will be shown to be "step-simulating" in a very precise sense. 

Our aim will be to characterize all step-simulations of Sn on Sn-l' and 

to derive from it all uniform emulations. 

Definition. A mapping g : s ➔ s is called step-simulating (or 
n n-1 

o n-1 
"step-simulation" of s on sn-1) if and only if for all X E (1) , 

(-2.) n-2 
n 

and a,p (2.) if py, 
0 0 

E : g (00<) = then g(xo) = Yi and g(xl) = Yi· 1 1 

Lemma 5.3.2.1. Every step-simulation g of Sn on Sn-l is an emulation. 

Proof. 

Immediate. (Compare lemma 5.3.1.3.) □ 

a 

y E 

We shall call a step-simulation "uniform" when it is uniform as an emu­

lation. When g is a step-simulation, then so is g. 

Lemma 5.3.2.2. A mapping g 

if for all x e (i)n-l, 
0 0 

g(ox) = iY and g(lx) = iY· 
Proof. 

Sn ➔ Sn-l is step-simulating if and only 
o n-2 o 

ye (1) and a,p e (1) : if g(xa) = yp then 

By verifying equivalence with the definition of step-simulation. 

(Use the string character of x and y.) □ 

Lemma 5.3.2.2. can be interpreted as stating that the (uniform) step­

simulations of Sn on Sn-l act at the same time as (uniform) step-
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simulations of Sn on Sn-l" Note the following useful properties of 

step-simulations g: 

g(bl .. bn-lo) ln-2 

g(bl .. bn-11) ln-2 

2 lg (obl .. bn-1) 

2 lg (lbl .. bn-1) 

We shall now aim for a characterization of the possible step-simulations 

and uniform step-simulations of Sn on Sn-l" 

Definition. For n~3, define the operators rf : [Vn ➔Vn-1 1 ➔ [Vn-1 

as follows: n 
T : [Vn-l➔ Vn-2] ➔ [Vn ➔Vn-1] 

(bl .. bn-1) = g(bl .. bn-1° 11 n-2 

Tn(h) (bl .. bn) = h(bl .. bn-1) .hn-2(b2 .. bn) 

Theorem 5.3.2.3. For n~3, 

(i) if g is a step-simulation of s on s n-1' then rf(g) 
n 

step-simulation of s n-1 
on s n-2· 

(ii) if h is a step-simulation of s n-1 
on s n-2' then Tn(h) 

step-simulation of Sn on Sn_1 . 

(iii) restricted to step-simulations, rf and Tn are inverses. 

(iv) restricted to step-simulations, rf preserves uniformity. 

Proof. 

➔ 

is a 

is a 

(i) Verify the condition of lemma 5.3.2.3. : rf(g) (xa) yp ::) 

g(xao) = ypi (definition of rfi ::)g(oxa) = iYP and g(lxa) = iYP ::)g(oxo) 
00 00 ~ 

= 71 and g(lxo) = 71 (by shifting right and then left) ::)JJ (g) (ox) 
0 ~ 0 "iY and u (g) (lx) = iY· 

(ii) Similarly Tn(h) (X"(a) = y6p ::) h(X"() y6 ::) Tn(h) (oxy) 
o n o 

h(ox).hn_2 (X"() = °iY6 and T (h) (lX"() = h(lx) .hn_2 (X"() °iY6. 

(iii) Let g be a step-simulation of Sn on Sn_1 . Then Tn°I1n(g) (yx6) 

rf(g) (yx) .rf(g)n_2 (x6) = g(yxo) ln_2 .gn_2 (x6o) = g(yx6) ln_2 .gn_1 (yx6) 

g(yx6) for all y,x,6. Hence Tn°I1n =id.Conversely, let h be a step­

simulation of Sn-l on Sn_2 . Then rf0 Tn(h) (yx) = Tn(h) (yxo) ln_2 
(h(yx) .hn_2 (xo)) ln_2 = h(yx) for all y,x. Hence also rfoTn = id. It fol­

lows that rf and Tn are inverses to one another when considered as 

operators on step-simulations. 

(iv) Let g be a uniform step-simulation of Sn on Sn_1 . Suppose 



rf(g) is not 

I rf (g) -l (y) I 

rf (g) -1 (y) • 

> 

It 

uniform. 

2. Let 

follows 

Then 
(1) 

X 

that 

Because g is step-simulating we 
(2) (2) (3) 

g(x o), g(x 1), g(x o), 
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there 
(2) 

X 

must 
(3) 

X 

be a y e Vn_2 such that 

be distinct elements of 
(1) (2) (3) 

g(x o), g(x o), g(x o) E {yo,yl}. 
(1) (1) 

have, in fact g(x o), g(x 1), 

g(x< 3 >1) e {yo,yl} and hence lg-1 (yo) 1~3 
-1 

or lg (yl) 1~3. This contradicts the uniformity of g. D 

Theorem 5.3.2.3. (i)-(iii) shows that there is a 1-1 onto 

correspondence between the step-simulations of Sn on Sn-land the step­

simulations of Sn-l on sn_2 , for n~3. Theorem 5.3.2.3. (iv) does not 

quite show that this correspondence holds for the subclass of uniform 

step-simulations, but in the next theorem we will show that it is the 

case. 

Theorem 5.3.2.4. For n~2, 

(i) there are exactly 16 possible step-simulations of Sn on Sn_ 1 . 

(ii) There are exactly 6 possible uniform step-simulations of Sn 

on Sn-l (see table A). 

Proof. 

(i) By theorem 5.3.2.4. (i)-(iii) the number of step-simulations 

of Sn on Sn-l is equal to the number of step-simulations of Sn-l on 

Sn_2 , for n~3 (because rf is bijective). By induction this number is 

equal to the number of step-simulations of s 2 on s 1 . Clearly every map­

ping E [V2 ➔ V1 ) is step-simulating. There are exactly 2 4 = 16 mappings 

in this set. 

(ii) There are exactly(~) = 6 mappings E [V2 ➔ V1 J that are uni­

form and step-simulating. By theorem 5.3.2.4. (i)-(iv) the number of uni­

form step-simulations of Sn on Sn-l (n~3) is not larger than the number 

of uniform step-simulations of Sn-l on Sn_2 and thus, by induction, not 

larger than 6. On the other hand at least 6 uniform step-simulations of 

S on 
n 

can be explicitly given, see table A. (The verification of 

the mappings is immediate from the definition.) D 

The remaining problem is to determine whether any other uniform 

emulation of S on S 1 exists. Our main result is the following. 
n n-

Theorem 5.3.2.5. (Characterization Theorem) Every uniform emulation of 
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fl fl (bl .. bn) bl .. bn-1 

fl fl (bl .. bn) bl .. bn-1 

f2 f2 (bl .. bn) b2 .. bn 

f2 f2 (bl .. bn) b2 .. bn 

f3 f3 (bl .. bn) cl· .cn-1 with C, (bi'•bi+l), l$i$n-l 
l. 

f3 f3 (bl .. bn) cl· .cn-1 with C, (bi=bi+ll' l$i$n-l 
l. 

Table A. Listing of the 6 possible uniform step-simulations of the 

4-pin shuffle with 2n nodes on the 4-pin shuffle with 2n-l nodes. 

Sn on Sn-l is step-simulating, and thus equal to one of the mappings 

listed in table A. 

The proof of theorem 5.3.2.5. is long and tedious, and is given in 

appendix A. 

5.3.3. Uniform emulations of S ~-k· We will extend the notion of 
- --

'step-simulation' of Sn on Sn-k' in order to attempt a characterization 

of the uniform emulations in general. We show that the step-simulations 

of Sn on Sn-k (which are not all uniform) can again be characterized in 

terms of the step-simulations of Sk+l on s1 (cf. theorem 5.3.2.4.). It 

remains an open question whether all uniform emulations of Sn on Sn-k 

are step-simulating, and thus whether a suitable analogue of theorem 

2k 2k-l 
5.3.2.5. holds for k~l. We show that there are at least 2.2 -2 
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uniform step-simulations of Sn on Sn-k· We also discuss the uniform emu-
- -

lations of Sn on Sn-k· 

Definition. A mapping g: Sn ➔ Sn-k is called step-simulating (or a 

, , . 'f 11 (.£1 )n-l, y E "step-simulation" of Sn on Sn-kl if and only i for a x E 

o n-k-1 o o o (1) and a,~ E 1 : if g(ax) = ~Y then g(~) = Yi· 

Every step-simulation clearly is an emulation (verify lemma 5.3.1.3.) 

and also the following analogue of lemma 5.3.2.2. holds. 

Lemma 5.3.3.1. A mapping g 

if for all x E <f>n-l, y E 

Sn ➔ Sn-k is step-simulating if and only 

o n-k-1 o (1) and a,~ E (1) : if g(xa) = y~ then 
0 0 

g(ox) = iY and g(lx) = iY· 

We now aim for a characterization of all step-simulations of Sn on Sn-k· 

Definition. For n~k+2, define the operators rf,k: [Vn ➔ Vn_kl ➔ [Vn-l 
n k 

➔ Vn-k-ll and T ' : [Vn-l ➔ Vn-k-ll ➔ [Vn ➔ Vn_kl as follows: 

Theorem 5.3.3.2. For n~k+2, 

(i) if g is a step-simulation of Sn on Sn-k' then rf,k(g) is a 

step-simulation of Sn-l on Sn-k-l" 

(i'i') i'f h ' ' l ' n,k is a step-simu ation of Sn-l on Sn-k-l' then T (h) 

a step-simulation of Sn on Sn-k· 

(iii) restricted to step-simulations, rf,k and Tn,k are inverses. 

(iv) ,restricted to step-simulations, rf,k preserves uniformity. 

Proof. 

is 

(The proof is virtually the same as for theorem 5.3.2.3. and there­

fore left to the reader.) D 

We conclude the following results (cf. theorem 5.3.2.4.) 
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Theorem 5.3.3.3. For n~k+2, 

(i) there is a bijection from the set of step-simulations of s 
n 

on Sn-k to the set of step-simulations of Sn-l on Sn-k-l and (hence) to 

the set of step-simulations of Sk+l on s1 . 

(ii) there is an injection from the set of uniform step­

simulations of Sn on Sn-k to the set of uniform step-simulations of Sn-l 

on Sn-k-l and (hence) to the set of uniform step-simulations of Sk+l on 

Sl. 

Theorem 5.3.3.3. is important, as it characterizes the step-simulations 

of Sn on Sn-k" Clearly every mapping e[Vk+l ➔ V1 ] is step-simulating, 

2k+l 
and thus there are precisely 2 step-simulations of Sn on Sn-k' 

Corollary 5.3.3.4. For n~l, Sn admits precisely 2 graph-isomorphisms. 

Proof. 

Every isomorphism of Sn must be step-simulating. By theorem 

5.3.3.3. (i) the step-simulations of Sn on Sn are in 1-1 correspondence 

to the step-simulations of s1 on s1 . There are four mappings of this 

kind and thus precisely f~ur step-simulations of Sn on Sn: g 1 (b1 .. bn) = 

bl .. bn, g2 (bl •. bn) = bl .. bn, g3 (bl .. bn) o •• o, g4 (bl' .bn) 1. .1. 

Clearly, only g 1 and g 2 are isomorphisms. D 

The 1-1 correspondence referred to in theorem 5.3.3.3.(i) can be made 

explicit as follows. Given a step-simulation g of Sn on Sn-k' the 

uniquely corresponding step-simulation g of Sk+l on s1 is defined by the 

formula g(b1 .. bk+l> g(b1 .. bk+lo .. o) 11 • Conversely, given a step­

simulation h of Sk+l on s1 , the uniquely corresponding step-simulation h 

of Sn on Sn-k is defined by ~(b1 .. bn) 

h(b1 .. bk+l) -h(b2 •. bk+2 ) .. h(bn-k""bn). While the correspondence g ➔ g 

preserves uniformity (cf. theorem 5.3.3.2. (iv)), it does not induce a 

bijection from the uniform step-simulations of Sn on Sn-k to the uniform 

step-simulations of Sk+l to s1 for k>l. The existence of such a bijec­

tion fork - 1 (cf. theorem 5.3.2.4.(ii)) was the key _to the complete 

characterization of the uniform step-simulations of Sn on Sn-land of 

the uniform emulations of Sn on Sn-l (cf. theorem 5.3.2.5.). A similar 
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characterization of the uniform step-simulations and of the uniform emu-

lations of Sn on Sn-k fork> 1 remains a challenging open problem. 

can characterize a large class of uniform step-simulations. 

We 

Theorem 5.3.2.5. Let n ~ k+l, and let g be a step-simulation of 

sn-k· 

S on 
n 

(i) if g(b1 .. bk+l) 

then g is uniform. 

(ii) ifg(b1 .. bk+l) 

then g is uniform. 

Proof. 

E 

We only prove (i) as the proof of (ii) is similar. Induct on n. For 

n k+l, observe from the assumption that of every pair b 1 .. bk+l' 

g is 

uniform. Assume it holds up to n-1 ~ k+l. Let g be a step-simulation of 

Sn on Sn-k for which the constraint on g is satisfied. Let g' be the 

uniquely corresponding step-simulation of Sn-l on Sn-k-l (cf. theorem 

5.3.3.3. (i)) defined by the formula g' (b1 .. bn_ 1 l g(b1 .. bn_1ol ln-l· 

Observe that for all b b E (Q)n (b b b ) 
o · • n-1 1 g o 1 · · n-1 

g(b0 b 1 .. bk) .g(b1 .. bk+l) .. g(bn-k-2 .. bn-l) and likewise for g' (b1 .. bn_1 ), 

hence g(b0 b 1 .. bn-l) = g(b0 b 1 .. bk) .g' (b1 .. bn-l). Since g' = g, it follows 

by induction that g' is uniform. Thus for 
-1 k 

I (g') (c1 .. cn-k-l) I = 2 . Let b 1 .. bn-l e 

tion it follows that of the pair ob1 .. bk, 

o n-k-1 
every c 1 .. cn-k-l E (1) 

-1 
(g') (c 1 .. cn-k-l) . By assump-

lb1 .. bk g will map one too e 

v1 and one to 1 E v1 , and thus g will map one of the strings ob1 .. bn-l' 

lb1 .. bn-l to oc1 .. cn-k-l and the other to lc1 .. cn-k-l" It follows that 

-1 
lg (cocl .. cn-k-1) I 

uniform. This com-

pletes the inductive argument. □ 

Theorem 5.3.3.6. For n~k+l, there are at least uniform 

step-simulations of Sn on Sn-k" 
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Proof. 

For k=l the result follows from theorem 5.3.2.4.(ii). For k>l we use 

the characterization from theorem 5.3.3.5. By induction on k one easily 

2k 
derives that there exist 2 functions g: vk+k ➔V1 that satisfy the 

- - 2 co.nstraint g(b1b 2 .. bk+ll, 2 functions g: v~~l ➔V1 

that satisfy the constraint g(b1 .• bk+l> = g(b1 .• bkbk+l>, and 22 func-

tions g that satisfy both constraints simultaneously. Using the unique 

correspo~dence of g and g, the given bound follows. □ 

By lemma 5.2.8. every uniform emulation f: Sn ➔ Sn-k (n,k ~ 1) 

also is a uniform emulation of S on S k' and conversely. n n-
(Note that S 

n 
= (S )R.) It follows that all results concerning the uniform emulations 

n 
of Sn on sn-k hold ipso facto for the uniform emulations of Sn on Sn-k· 

5.4. Emulations of the shuffle-exchange network. In this section we 

consider uniform emulations of the shuffle-exchange network (cf. section 

1.6.3.). The main results, that are presented in this section are the 

following: we give a complete characterization of the uniform emulations 

of SEn on Sn-land of the graph isomorphisms of SEn, and show there 

exist uniform emulations of SEn on SEk if kin or kS2, and no uniform 

emulations of SEn on SEn-l for ~4. 

In section 5.4.1. we give some preliminary results. In section 

5.4.2. we examine the uniform emulations of SEn on Sn-l" In section 

5.4.3. we examine the uniform emulations of SEn on SEk, for kSn. In sec­

tion 5.4.4. we briefly discuss the results obtained. 

5.4.1. Preliminaries. 

Lemma 5.4.1.1. SEn is a spanning subgraph of Sn_1 tK2 ] for n~l. 

Proof. 

Consider the mapping h: SEn ➔ sn_1 tK2 ] defined by h(b1 .. bn) 

h(b1 .. bn) <b1 •• bn-l'bn>. his clearly 1-1 and onto the set of nodes. 

One easily shows that his an embedding of SEn respectively. □ 
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The following fact follows directly from the definitions. 

Lemma 5.4.1.2. (a) f is an emulation of SEn on SEn-l if and only if for 

all b e (i)n, y e (i)n-k if f(b) y then {f(b2 ... bnb1 ), 

f(bl ... bn-lbn)} ~ {y, Y1•··Yn-lyn, Y2···YnY1}. 

(b) f is an emulation of SEn on SEn-l if and only if for all b 
on o n-k , 

e (1) ,ye (1) : if f(b) = y then f(bnb 1 ... bn_ 1), f(b 1 ... bn-lbn)} ~ 

{y, Y1•··Yn-lyn' YnY1••·Yn-1 1• □ 

For a mapping f, define its companion f by fi (b) f, (b). 
1 

Lemma 5.4.1.3. If f is an emulation of Sn on Sk (or of Sn on SEk, SEn on 

Sk, SEn on SEk), then so if f. 

5.4.2. Uniform emulations of SE ~-i· In this section we examine 

the uniform emulations of SEn on Sn_ 1 . (Compare lemma 5.4.1.1.). 

Lemma 5.4.2.1. Let 

x e (Q)n-l : f(xo) 
1 

(a) for all be 

(b) for all be 

Proof. 

f be a uniform 

f (xl). Then 

(Q)n 
1 f(b 1 ... bn) 

(£)n 
1 f (b1 ... bn) 

emulation of SE on s 
n-1 

with for all 
n 

bl ... bn-1' or 

bl ... bn-1. 

Define g: Sn-l ➔ Sn-l by g(x) = f(xo). g is uniform, (i.e. 1-1), 

f(x2 1) and f is not uniform. Also g is an emulation of Sn-l 

on Sn_1 . Suppose g(x) y. Then f(xo) = y and f(xl) = y, hence f(ox) = 
0 

y or f(ox) = iYi···Yn_2 , and f(lx) y or f (lx) 
0 
iY1. ·Yn-2' so 

and 

of 

g(lxl ... xn-2) = 

Sn-1 on sn-1 

necessarily is a graph isomorphism. We now use proposition 5.3.3.4. : 
o n-1 o n-1 -

either for all x e (1) g(x) = x or for all x e (1) g(x) = x. If the 

former is the case, then for all be (£)n f(b) 
1 = b 1 ... bn-l' and if the 

- --
latter is the case, then for all be (£)n 

1 f(b) = b 1 ... bn-l" □ 
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Lemma 5.4.2.2. Let f be an emulation of SEn on Sn_ 1 . Then for all 

(.9.)n-l: f(xo) = f(xl) or { f(xo),f(xl)} = I (ol)*[o],(lo)*[l] }. 
1 

Proof. 

X E 

If f(xo) * f(xl) then f(xo) and f(xl) must be adjacent nodes, con­

nected by edges in both directions. The only way to realize this in Sn-l 

is to map the nodes f(xo),f(xl) onto the 

I (ol)*[o],(lo)*[l] }. D 

nodes of the set 

Lemma 5.4.2.3. Let f be a uniform emulation of SEn on Sn-l' and let n be 
o n-1 

odd. Then for all x E (1) : f(xo) = f(xl). 

Proof. 

Suppose the lemma does not hold. Then, by lemma 5.4.2.2., there is a 
o n-1 

x E (1) such that { f(xo),f(xl) } = { (ol)*, (lo)*}. 

Now suppose f((ol)*o) rt I (ol)*,(lo)* }. Then by lemma 5.4.2.2. 

f((ol)*l) = f((ol)*o). If f((lo)*o) = f((lo)*l) then f((ol)*o) can reach 

itself by performing 

(f ( (ol) *o), f ( (lo) *o)) 

the uniformity of 

f((ol)*l)=f((ol)*o))), 

}. If f((ol)*o) = an-l 

two shuffle-exchange steps. (Note that 

E s 
n-1 

and (f ( (lo) *1), f ( (ol) *1)) E S 
n-1' 

due to 

f, and f((lo)*o) f ( (lo) *1) and 

which f ( (ol) *o) 
n-1 n-1 

(ol) *,(lo)* forces E {o ,1 , 

= f((ol)*l), then f(o(ol)*) = f(l(ol)*) 
- n-2 
(X(l 

(use uniformity of f). If n * 3, then, by lemma 5.4.2.2. f(o(ol)*) = 

f (1 (ol) *) = f (o (ol) *oo) f(l(ol)*oo), which contradicts the uniformity 

off. Is n = 3 then one obtains a contradiction by successively deriving 

that f(ool) = f(lol) = aa, so f(ooo) = f(loo) = aa, and f(llo) = aa (use 

uniformity of f). So f((ol)*o) E {(ol)*,(lo)*}. Contradiction. If 

f((lo)*o) * f((lo)*l), then, because of lemma 5.4.2.2., f((lo)*l) E 

(lo)*, (ol)* }. Without loss of generality one may suppose f((lo)*l) 

(lo)*, f((lo)*o) = (ol)*. Then f((ol)*o) = o(ol)*, f((ol)*l) o(ol)* 
0 

and f(l(ol)*) = 1o(ol)*o. Contradiction. So f((ol)*o) e I (ol)*, (lo)*}. 

In the same way one can prove f((lo)*l) E { (ol)*, (lo)* ). We have 

now f-l( {(ol)*,(lo)*}) = { (ol)*o,(ol)*l,(lo)*o,(lo)*l }. From the 
o n-1 

assumption there is ax E (1) with { f(xo),f(xl) } = { (ol)*, (lo)* 

now follows that one of the following cases must hold: I.f((ol)*o) 
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(ol)* /\ f((ol)*l) = (lo)*; II.f((ol)*o) = (lo)* A f((ol)*l) 

III. f ( (lo) *l) (ol)* /\ f((lo)*o) = (lo)*; IV f((lo)*l) 

(ol) *; 

(lo)* A 

f((lo)*o) = (ol)*. We will only handle case I; the other cases are 

similar. 

So suppose f((ol)*o) (ol)* and f((ol)*l) (lo)*. With downward 
o n-2k-2 o n-2k-3 

for all x e (1) there is a y E (1) 
(ol)kooy. First we prove this fact for n-2k-2=1 

induction on k we prove 

such that f((ol)koox) = 
1 

i.e. k-2 (n-3). f((ol)*o) = (ol)* =>f(o(ol)*) = o(ol)*o =>f(o(ol)*oo) = 

o(ol)*o =>f((ol)*ooQ) = (ol)*oo (use lemma 5.4.2.2. and the uniformity 
. 1 k 

of f). Now let the proposition be true for a certain k. f((ol) cox) 

k k-1 o k-1 o f((ol)koox) = (ol) coy, so f (1 (ol) 002'1) = (lo) looYi. (Notice that 
k -

f((ol) oox1 ... xn-2k_3xn-2 k_2 ), and due to the uniformity off one gets 
k-1 o K , , h f(l(ol) 002'1) ¢. f((ol) cox). Using basically t e same argument one 

k-1 oo k-1 oo 
proves f((ol) oo1'ii) (ol) ooYii, thus completing the inductional 

proof of the proposition. 
o n-2 

In particular we now have f( {cox I x e (1) I ) = coy y e 

<f>n-3 }. Now f((ol)*l) = (lo)* =>f((lo)*llo) = (ol)*oo. With downward 

induction on k we prove f((lo)kllo(lo) (n-2k-3 )/ 2 ) = (ol)kooy, for some y 
o n-2k-3 

E (1) . We already proved this to be true for k=(n-2k-3)/2. Now let 

it be true for certain k. Notice f((lo)kllo(lo)*) = f((lo)kllo(lo)*ll), 

so f(o(lo)k-lllo(lo)*l) ¢. f((lo)kllo(lo)*), so f(o(lo)*llo(lo)*l) = 
k-1 o n-2k-2 

l(ol) coy' for some y' e (1) . Using the same type 
k-1 k-1 

one proves f((lo) llo(lo)*) (ol) coy'' for some y'' e 
-1 o n-3 

This shows that f ( {coy ye (1) } ) ~{cox/ x e 

{llo(lo)*l, which contradicts the uniformity off. □ 

of argument 
o n-2k-l 

(1) • 

(Q)n-2 1 u 
1 

Lemma 5.4.2.4. Let f be a uniform emulation of SEn on Sn_ 1 . Let n be 

even. Let f SEn ➔ Sn-l be defined by f((ol)*) = f((lo)*), f((lo)*) 

f((ol)*) and f(b) = f(b), if b ¢ { (ol)*, (lo)* }. Then either for all x 
(Q)n-1 o n-1 - -E 1 f(xo) = f(xl) or for all x E (1) : f(xo) = f(xl). In the 

latter case f is a uniform emulation function of SEn on Sn-l" 
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Proof. 

Note that f((ol)*) and f((lo)*) must be adjacent with edges in both 

directions, or equal. If f((ol)*) = f((lo)*), then f((ol)*oo) ¢ f((ol)*) 

by uniformity, hence { f((ol)*oo), f((ol)*) I { (ol) *o, (lo) *1 I, and 

f((lo)*ll) ¢ f((lo)*), hence f((lo)*ll), f((lo)*) I (ol) *o, 

(lo)*l). If f((ol)*) ¢ f((lo)*), then f((ol)*) and f((lo)*) must be 

mutually adjacent to each other, so { f((ol)*), f((lo)*) I= (ol)*o, 

(lo)*l ). In both cases one has f- 1 l(ol)*o, (lo)*l) {(ol)*, (lo)*, 

(ol) *oo, _(lo) *11 ) . 
o n-1 

Now suppose there is axe (1) such that f(xo) ¢ f(xl). Then one 

of the following four cases must hold: I. f((ol)*) (ol)*, f((ol)*oo) 

= (lo) *l, II. f ( (ol) *) = (lo) *l, f ((ol) *oo) = (ol) *o, III. f ((lo)*) 

(ol)*o, f((lo)*ll) = (lo)*l, IV. f((lo)*) = (lo)*l, f((lo)ll) = (ol)*o. 

We will only examine case I; the other cases are similar. 

So suppose f((ol)*) = (ol)*o, and f((ol)*oo) = (lo)*l. Note that, due 

to the uniformity off, f(o(ol)*o) ¢ (ol)*o and f(o(ol)*o) ¢ (lo)*o, so 

f(o(ol)*o) = l(lo)*. Now f(o(ol)*l) l(lo)*, f((ol)*lo) (lo) *o and 

f ( (ol) *11) (lo)*o. So f((lo)*ll) = (ol)*o, and f((lo)*) = (lo)*l. 

Notice that (lo)* is only adjacent to (ol)* and (lo)*ll, and (ol)* is 

only adjacent to (lo)* and (ol)*oo in SEn; each of these nodes is mapped 

to the set { (ol)*o, (lo)*l ), so f is also an emulation function. It is 

easy to verify (using lemma 5.4.2.2.), that for all x e <f>n-l f(xo) = 

f(xl), and that f is uniform. □ 

Theorem 5.4.2.5. (Characterization Theorem). 

(a) If n is odd, then every uniform emulation of SEn on Sn-l is one of 

the following list: 

f ~(bl ... bn) bl ... bn-1 

f f (b1 ... bn) bl ... bn-1 

(b) If n is even, then every uniform emulation of SE on s is one 
n n-1 

of 

the following list : 

s (bl ... bn) bl ... bn-1 

fl (bl ... bn) bl ... bn-1 
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f2 (bl ... bn) bl ... bn-1 if b E { (ol)*,(lo)* } 

f 2 ( (ol) *) (lo)*l 

f 2 ( (ol) *) (ol)*o 

f2 (bl ... bn) bl ... bn-1 if b rt { (ol) *, (ol) * } 

f 2 ( (ol) *) (ol) *o 

f 2 ((1o)*) (lo)*l. 

Proof. 

(a) Use lemma 5.4.2.1. and 5.4.2.3. 

(b) Use lemma 5.4.2.4. If for all x o n-1 
E (1) f(xo) = f(xl), then f 

(.Q_)n-l f(xo) 
1 

is of the form f 1 or f 1 (use lemma 5.4.2.1). If for all x E 

= f(xl), then f is of the form f 1 or f 1 , so f is of the 

5.4.3. Uniform emulations of SE on SEk (k~n). 

form f 2 or 

Proposition 5.4.3.1. For n~l, SEn admits precisely 2 graph isomorphisms. 

Proof. 

If n=l,2, verify directly. 

Let n~3. Clearly g, defined by g(b) =band g, defined by g(b) b 

are isomorphisms. Suppose there is yet another isomorphism of SEn, g. 

Define h(b) = g(b) ln_ 1 . his a uniform emulation of SEn on Sn-l" We use 

theorem 5.4.2.5. and consider 4 cases 
o n 

Case I : for all b E (1) : h(b) = b 1 ... bn. 

Because g * g, there must be a b with g(b) Now 

g(bnb1 ... bn) = bnb1 ... bn_2 i must be adjacent to b 1 ... bn-lbn in SEn. So 
n o n n-1-

b1 ... bn =a, for some a e (1), and g(a) = a a. Now note that the 

outdegree of an is 1 and the outdegree of an-la is 2 in SEn' so g is not 

a graph isomorphism. Contradiction. 
o n 

Case II : for all b E (1) : h (bl = b 1 ... bn-l. 

This case can be handled in the same way as case 1. 

Case III : n is even, h(b) 

(lo)*l, h((lo)*) = (ol)*o. 

If there is a b with g(b) a 
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contradiction in the same way as in case 1. So we may suppose g(b) = b 

for all b ~ I (ol)*, (lo)* }. So g((ol)*) = (lo)*, g((lo)*) = (ol)*, and 

now g((ol)*l is not adjacent to g((ol)*oo). Contradiction. 

Case IV : n is even, h(b) = b 1 ... bn-l' if b ~ ( (ol)*, (lo)* }, h((ol)*l 

(ol) *o, h ((lo)*) = (lo) *1. 

This case can be handled in the same way as case 3. It follows that 

there are no other graph isomorphism of SEn but g and g. □ 

Theorem 5.4.3.2. Let k,n~l, kin. Then the function f, defined by 
n/k-1 

fi (b1 ... bn) = ( ~ b. k .) mod 2 (i=l, ... ,k) is a uniform emulation of 
j=o J. +1. 

Proof. 

By verifying that fi (b1 ... bn) = fi (b1 ... bn-lbn) for i #- k and that 

fi(b 1 ... bnl = fi+l (b2 ... bnbl) for i #- k and f~(b 1 ... bnl = f 1 (b2 ... bnbl) 

one proves that f is an emulation of SEn on SE . If x and ye SEk differ 
-1 -

f (y) = (b1 ... bi-lbibi+l' .. bn I be only in the i'th bit position, then 
-1 -1 -1 

f (x) } , so I f (x) I = If (y) I. With induction one now can prove 
o k -1 -1 

that for all x,y e (1) If (x) I = If (y) I, so f is uniform. □ 

Proposition 5.4.3.3. Let n~2. Then SEn can be uniformly emulated on SE 2 . 

Proof. 

If n is even, then use theorem 5.4.3.2. 

Let n be odd. The graph SE2 is shown in fig. 5.4.3.1. 

00 01 10 

fig. 5.4.3.1. SE2 

Let f be a mapping of SEn on SE2 . We will show that f can be chosen such 

that f is a uniform emulation. We first want f to fulfill the following 

conditions 
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f maps one half of the nodes of SEn on {oo,ol} and the other half on 
n 

{10,11}. We can choose fin such a way that every string with l: b, = 
l. 

i=l 
n 

L~J and bn = o is mapped tool and every string with i:l bi= r~l and 

bn 1 is mapped to lo and f is uniform. We show that f is an emulation 

of adjacent in SEn' then there are four cases SE on SE2 : If b,b' are 
n 

I. bi'$ L~J, then b, b' are mapped to nodes in 
n 

bi $ L~J 
n 

l: and l: 
i=l i=l 

n 
the set {oo,ol}; II. l: b, 

i=l 1 

n 
$ L ~J and l: 

i=l 

b=xo and b'=xl for some x e(£)n-l and 
1 

n-1 
l: 

i=l 
n 

ol and b' is mapped upon lo; III. l: b, 
i=l 

l. 

n 
this case is similar to case II; IV. l: 

i=l 

bi'~ r~l, then necessarily 

x = L =21 J, so b is mapped upon 
i 

~ r~l, 
n 

L~J: and l: b, I $ 
i=l 

l. 

bi ~ r ~1 
n 

r~l, and l: b, , ~ 

i=l 
l. 

then {f(b,),f(b,') J 6 {lo,11). So f is a uniform emulation of SE on 
J. i n 

SE2 . D 

For choices of n and k other than kin and k$2 there are presently no 

uniform emulation functions of SEn on SEk known. We conjecture that for 

n,k>2 with n>k, k/n, no such function exists. The following results show 

that the conjecture is at le_ast plausible. We show that from a uniform 

emulation of SEn on SEk with n>k>2 and k/n, an emulation function of 

Sn-l on Sk-l can be derived, that is uniform, but not step-simulating. 

Presently no functions of this sort are known. We also show that for 

n~4, there indeed are no uniform emulations of SEn on SEn-l' 

Lemma 5.4.3.4. Let f be an emulation function SEn ➔ SEk (n,k~l). 
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· o n-1 
(a) If k is odd, then for all x e (1) : f (xo) I k-l = f (xl) I k-l · 

o n-1 
(b) If k is even, then for all x e (1) f(xo) lk-l f(xl) lk-l or 

{f(xo),f(xl)} = { (ol)*,(lo)* ). 

Proof. 

f(xo) and f(xl) must be adjacent or equal. D 

Lemma 5.4.3.5. Let f be an emulation of SEn on SEk (n,k~2). Let W be a 

function (i)n-l ➔ (i). Let g: Sn-l ➔ Sk-l be defined by g(x)= f(x 

w<x)) lk-l (for all x e (i)n-l). Then g emulates sn-l on Sk_ 1 . 

Proof. 

We first show that g(W(x) (xln_2 )) is adjacent to g(x). Let 
0 0 0 

y. Then f(xw(x)) Yi, so f(W(X)X) = Yi or f(W(x)x) = ?· 
W(W(x) (xln_2 )), then g(W(x) (xln_2 )) = y or g(W(x) (xln_2 )) 

g(x) 

If xn-l 
0 
l(ylk-1)' 

and adjacency is proved. If xn-l w<w<x> (xln-2> l 

or { 

then either 

f (W(x) (x I n-2 ) 1) I n-l f <w<x> (xln_2 > o) ln-l 

f(W(x) (xln_2 )1) I { (ol)*, (lo)*}. (In the latter case k must be even.) 
0 

In the former case g(W(x) (xln_2 )) e {y, 1 (ylk_1 ) }, and adjacency fol-

lows. In the latter case g(W(x) (xln_2 )) e {(ol)*o, (lo)*ll, and f(W(x)x) 

e {(ol)*,(lo)* l, hence f(xw(x)) e {(ol)*, (lo)*, (ol)*oo, (lo)*lll and 

g(x) e {(ol)*o, (lo)*l), and adjacency follows again. 

Next we verify that g(W(x) (xln_2 )) is adjacent (or equal) to g(x). 
0 

Let g(x) = y. Then f(xw(x)) = Yi· If f(xw(x)) lk-l = f(xW(x)) lk-l' then 
0 -- 0 

f(W(x)x) = Yi or f(W(x)x) = iY and the argument can proceed as in the 

first part of the proof. So suppose {f (xw(x)), f (xw(x) } = { (ol) *, (lo)* l. 

Now g(x) e { (ol)*o, (lo)*l} and f(W(x)x) e (ol) *,(lo)*, (ol) *oo, 

(lo) *11}. Hence f(W(X) (xln-2) w<w(x) (xln-2))) e { (ol) *,(lo)*, (ol) *oo, 

(lo) *11) and g(W(x) (xln_2 )) e { (ol) *o, (lo) *l}. Adjacency now follows 

again. D 

Lemma 5.4.3.6. Let f be a uniform emulation of SE on SEk (n>k). There 
o n-1 o n 

exists a W: (1) ➔ (1), such that the function g, defined by g(x) = 

f(xw(x)) lk-l is a uniform emulation of Sn-l on sk_1 . 
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Proof. 

Lemma 5.4.3.5 shows that g is an emulation for every choice of W• 

So we have to show that w can be chosen such that g is uniform. If k is 

o n-1 o . , 'f Th odd, then any W: (1) ➔ (1) will do. Suppose g is not uni orm. en 
o R-1 -1 n-k 

there is an x e (1) with lg (x) I# 2 . One has g(b) = x <=:>f(bW(b)) 

E {xo,xl} <=:>f(bW(b)) e {xo,xl} (use lemma 5.4.3.4.), so lf-1 ({xo,xl}) I 
-1 n-k+l 

2. I g (xl I # 2 . 

Now suppose k is 

So f is not uniform. Contradiction. 

even. For every x e (Q)n-l with 
1 

X 

f (xo) I k-l 
o n-1 

{x e (1) I f(xl) lk-l we can choose w<x) arbitrarily. Let 

f(xo) lk-l # f(xl) lk_ 1 } = {x e (i)n-ll {f(xo),f(xl) I 

There must be an even number of x with {f(xo),f(xl) I 

{(ol)*,(lo)*I}. 

{(ol)*,(ol)*oo}, 

else there would be an odd number of nodes mapped upon (ol)*oo. Likewise 

there must be an even number of x with {f(xo), f(xl)} = {(lo)*, (lo)*ll}. 

Hence there must be an even number of x with {f(xo),f(xl) I 

{(ol)*,(lo)*}. IXI is even. Choose x 1,x2 1;X, such that 1x1 1=1x2 1, x 1 u 

x 2 = x, x 1 n x 2 = 0.) For x e x 1 we choose w<xl, such that f(xW(x)) 

(ol)*. (This is possible, because {f(xo),f(xl)I = {(ol)*,(lo)*}. For x e 

x2 we choose w<x), such that f(xW(x)) = (lo)*. Now g is uniform. For y i 

{(ol)*o, (lo)*ll, g(b) y <=:> {f(bo),f(bl)} !:: {yo,yll, so 2n-k+l 
-1 -1 -1 n-k 

If ({yo,yll) I = 21g (y) I, and lg (y) I = 2 . If g(b) = (ol)*o, then 

either b e {xi {f(xo),f(xl)I \;;;; {(ol)*, (ol)*ooll = z1 orb e x 1 . If 

g(b) = (lo)*l, then either be {xl{f(xo), f(xl)I 1; {(lo)*, (lo)*lll} 

z2 or b e x2 . 

lg-l({(ol)*ol} I 

all y E (i) k-l. D 

Finally notice that IZ 1 1 = IZ 2 1 and IX1 l=IX2 1. Hence 
-1 -1 n-k 

lg ({(10)*11) I, which shows that lg (y) I= 2 , for 

Lemma 5.4.3.7. Let f be an emulation of SEn on SEk and let f be surjec-
o n-1 o 

tive*. Let n~k~3 and kl n. Let W be a function (1) ➔ (1), and let 

g be the emulation of Sn-l on Sk-l defined by g(x) = f(xW(x)) lk_ 1 . Then 

g is not step-simulating. 

* Note that every uniform emulation function is surjective. 



- 147 -

Proof. 

Suppose g is step-simulating. We use the notation 

the string obtained by rotating b 1 bits to the left, i.e. 

R1 (b) to denote 
1 

R (b1 ... bn) 

O k-2 11 . (o)n b 1 +1 ... bnb1 .. b 1 . Let f(b) for certain be 1 . 
With induction we prove for all 1 o~l~n f(R1 (b)) = R1 (f(b)). For 1 

o this is trivially true. Suppose f(R1 (b)) = R1 (f(b)) for certain 1. 

Then f (R1 (b)) I n-l \j/(R1 (b))) R1 (f (b)) I k-l°i (notice that R1 (f (b)) E 

1 1 
{(ol)*,(lo)*l), hence g(R (b)ln-l) R (f(b))lk-f g is step-

sirnulating, so g( 2 1R1 (b)) = 2 1 (R1 (f(b)) lk-l)°i and f( 2 1R (b) (\j/( 2 1R1 (b)))) 
1 o o I+l = 2 1 (R (f(b)) lk_ 1 )11. Notice that for even k f(R (b)) = 

f( 2 1R1 (b)R1
1 (b)) E {(al)*, (lo)* }, because f(Rl+l(b)) must be adjacent 

to f(R1 (b)) R1 (ok-2 11) in SEk. So f(Rl+l(b)) = f( 2 1R1 (b)R1
1 (b)) = 

1 o o 1+1 1 
2 1 (R (f(b)) lk_ 1 )11 and, because f(R (b)) is adjacent to f(R (b)), 

f (Rl+l (b)) = 2 1 (R1 (f (b)) I k-l) R! (f (b)) R~ (f (b)) = Rl+l (f (b)) . This corn-

pletes the inductive proof. 

In particular we now have f(Rn(b)) 

contradiction. □ 

The lemma indicates that it is not very likely that for kin and n>k~3 

there exist uniform emulations of SEn on SEk, and that if they do exist, 

they will probably not have a nice structure. Presently no uniform emu­

lations of Sn on Sn-k are known that are not step-simulating. As a 

corollary we have: 

Theorem 5.4.3.8. There exist no uniform emulations of SEn on SEn-l' for 

n~4. 

Proof. 

Suppose there exists a uniform emulation of SEn on SEn-l' for some 

n~4. Then, by lemmas 5.4.3.5., 5.4.3.6. and 5.4.3.7. there exists a 

uniform emulation of Sn-l on sn_2 , that is not step-simulating. This 

contradicts theorem 5.3.2.5. □ 

5.4.4. Discussion. The 4-pin shuffle with 2n nodes can be emulated on 

the 4-pin shuffle with 2k nodes for all k e {o, ... , n}, whereas the 
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shuffle-exchange network with 2n nodes cannot always be emulated on 

smaller shuffle-exchange networks. This indicates that from the (impor­

tant) viewpoint of emulation the 4-pin shuffle is preferable over the 

(classical) shuffle-exchange network. 

5.5. Emulations of the cube network. In this section we consider emula-

tions of the cube network. Recall the definition of the cube network 

(cf. section 1.6.4.). Our main result will be a complete characteriza­

tion of the uniform emulations of en on en-l' in terms of the uniform 

emulations of e 3 on e 2 . This section will be devoted to various auxili­

ary results and the proof of the main theorem. The argument depends on a 

crucial lemma (theorem 5.5.5.) whose lengthy proof is deferred to appen­

dix e. 

In this section we use b,c, .. to denote full addresses and x,y .. to 

denote segments of bits. The i th bit of an address bis denoted by b, 
1 

(1$i$n). For lxl lyl, let d(x,y) be the Hamming distance between the 

bitstrings x and y, i.e., the number of bit-positions in which x and y 

differ. (See, for example, Deo [D74] sect. 12-5) 

The fact that en can be (uniformly) emulated on every en-k for k~l 

easily derives from the following observation, using lemma 5.2.2. 

Proposition 5.5.1. For k~l, en is isomorphic to a spanning subgraph of 

en-k[ek]. 

Proof. 

One verifies that the mapping h: en ➔ en-k[ek] defined by the for­

mula h(b1 .. bn) = < b 1 .. bn-k'bn-k+1 .. bn > is a subgraph isomorphism. D 

Lemma 5.5.2. f is an emulation of en on en-kif and only if for all b, c 

e Vn: if d(b,c) = 1 then d(f(b),f(c)) $ 1. 

(The proof follows directly from the definition of emulation. Note that 

the condition can be equivalently written as: d(f(b),f(c)) $ d(b,c) .) We 

shall be interested in characterizing the uniform emulations of e on 
n 
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The distinguishing feature of en is that it admits many more isomor­

phisms than e.g. Sn (cf. corollary 5.3.3.4.). This immediately has 

consequences for the characterization of uniform emulations, because of 

the following fact. 

Lemma 5.5.3. Let I, I' be isomorphisms of C n'cn-1 respectively. For 

every f, if f is a uniform emulation of C on Cn-l then so is I' 0 f 0 I 
n 

(and conversely). 

(The easy proof of lemma 5.5.3. is left as an exercise.) The isomor­

phisms of en can be characterized. For permutations Il let Inbe the iso­

morphism defined by IK(b1 .. bn) = bK(l) .. bK(n)' and for index sets J ~ 

11, .•• ,n} let IJ be the isomorphism defined by 

if i e J 

otherwise 

for lSiSn. Thus, IJ flips the bits in the positions with index in J. 

Theorem 5.5.4. I is an isomorphism of en if and only if there are J, Il 

such that I= IJ0 In. 

Proof. 

The "if"-part is obvious. To prove the "only-if"-part, proceed as 

follows. 

I, (o •• o) 
1 

flipped, 

Consider I(o .. o) and choose J such that i e J if and only if 

= 1. Furthermore choose Il such that if the i th bit of o .. o is 

then so is the Il(i) th bit of I(o .. o). Observe that such a per-

mutation Ilmust exist. Define the weight w(b) of a bitstring b as the 

number of nonzero bits in b. We prove by induction on w(b) that for all 

b -l O (b) S 1 it h ld b h I -l e vn: IJ I• In. For w o s o serve tat J 

0 I(o .. o) (o .• o) and that if tl:!e i th bit of .o •. o is flipped, then so 

is the Il(i) th bit of r;1 0 I(o .• o). Suppose it holds for all b with w(b) 

Sm for some m ~ 1. Consider be v with w(b) 
n 

of weight m, with c * c' and d(b,c) = d(b,c') 

m+l and choose c,c' e Vn 

1. Suppose bis obtained 

from c,c' by flipping the i th, j th bit from o to 1 respectively, for 
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-1 -1 
some i# j. By induction IJ O I{c) = Irr{c) and IJ O I{c') = IIT{c') and 

clearly Irr{c) and IIT{c') differ in the IT{i> th and IT{j) th position. If 

I~1 0 I{b) is obtained from I 0 {c) by flipping a bit in a position ~ 
{IT{i),IT{j) then it will have a distance~ 2 from IIT{c'). Contradic-

-1 o , . h IT{ . ) th tion. Suppose IJ I{b) is obtained from Irr{c) by flipping t e J 

bit. Clearly c, = 1. Let c" be the string obtained from c by setting the 
J 

j th bit too. Irr{c") is obtained from Irr{c) by flipping the IT{j) th bit, 
-1 

so IJ O I {bl = IIT{c"). It follows that w{c") m-1 and {hence) b # c" 

and { by induction) I-l O I {b) Irr{c") = I~1 0 I {c"), contradicting 
-1 J -1 

that IJ O I is 1-1. Thus IJ O I{b) is obtained from IIT{c) by flipping 

the IT{i) th bit and thus I-l O I{b) = Irr{b). This completes the induc-
_ij_ 

tion. We conclude that IJ O I= Irr, or I IJ O Irr. □ 

Viewing en as then-dimensional unit cube brings the analysis of 

emulations into the realm of combinatorial topology. 

Definition. For o~~n, an m-face of en is any subgraph {subcube) of 2m 

nodes of en that have identical bits in n-m corresponding positions. 

Crucial for the characterization of uniform emulations is the following 

result, the proof of which is deferred to appendix C. 

Theorem 5.5.5. {Topological Reduction Theorem). Let n~4, and let f be a 

uniform emulation of en on cn_ 1 . Then there exists an {n-1)-face A of en 

such that f{A) is an {n-2)-face of cn_ 1 . 

I\ 
Definition. For mappings g: v 3 ➔ V2 , let g: vn ➔ Vn-l be the mapping 

I\ 
defined by g{b 1 .. bn) = g{b1b 2b 3 )b4 .. bn {n~4). 

Theorem 5.5.6. {Characterization Theorem). For n~3, f is a uniform emu­

lation of en on Cn-l if and only if there are isomorphisms I and I' of 

en and Cn-l respectively and a uniform emulation g of c 3 on c 2 such that 

f = I' 0 ~ 0 I. 
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Proof. 

The "if"-part is obvious. For the "only if"-part we induct on n. 

The characterization is obvious for n=3. Assume it holds up to n-1~3, 

and consider a uniform emulation f of en on Cn_ 1 . By theorem 5.5.5. 

there is an (n-1)-face A of en such that f(A) is an (n-2)-face of Cn_ 1 . 

Up to isomorphisms of en and Cn-l we may assume that A is determined by 

elements b that have identical bn and that f(A) is determined by ele­

ments c that have identical cn-l" Because of uniformity no elements of 

the complementary face Ac (i.e., the elements with bit b flipped) can 
n 

be mapped into f(A). It follows that Ac is mapped to f(A)c (i.e., the 

elements of f(A) with bit cn-l flipped) and, because f emulates, that 

f(b 1 .. bn-lbn) and f(b 1 .. bn-lbn) are equal in the first n-2 bits for all 

b 1 .. bn e Vn. It follows that, restricted to A= Vn-l' f reduces to a 

mapping f' depending on b 1 .. bn-l only and f(b 1 .. bn) = f' (b1 .. bn_1 )bn for 

all b 1 .. bn e Vn or f(b 1 .. bn) = f' (b1 .. bn_1 )bn for all b 1 .. bn e Vn. Up to 

another isomorphism of Cn-l we can assume the former. As a mapping from 

A= V to f(A) : V 2 , f' is seen to act as a uniform emulation of 
n-1 n-

Cn-l on Cn_2 . The induction hypothesis now applies to obtain the desired 

form for f. □ 

The characterization of theorem 5.5.6. is complete once the uniform emu-

lations on c2 are explicitly given. Clearly there are many that 

are similar, by lemma 5.5.3. Characterized by the smallest m such that 

an m-face is mapped to an (m-1)-face, only three essentially different 

uniform emulations of c3 on c2 can arise. The different types are given 

in table B. 

It is open whether a similar, complete characterization can be given of 

the uniform emulations of en on Cn-k fork> 1. 

5. 6. Emulations of the ring and the two-dimensional grid network. 

Throughout this section let n be even, unless stated otherwise. Let Rn 

be the ring network with n nodes, and let GR be then x n grid network 
2 n 

(with n nodes) with wrap-around connections (cf section 1.6.1 and 

1.6.2.). In section 5.6.1. we give a complete characterization of the 
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Type 1 1-face ➔ o-face 

Type 2 2-face ➔ 1-face 

Type 3 3-face ➔ 2-face 

Table B. Classification of the uniform emulations of c3 on c2 

according to the smallest m for which an m-face is 

mapped to an (m-1)-face. 
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uniform emulations of Rn on Rn/2 • In section 5.6.2. we show that the 

number of uniform emulations of GRn on GRn/2 is at least exponential in 

n. 

5.6.1. Uniform emulations of R_ on R 12 • Recall the definition of the 

ring network Rn from section 1.6.1. By "wrapping" it around Rn/2 twice, 

it follows that Rn can be uniformly emulated on Rn/2 . Our aim will be to 

characterize all possible uniform emulations of Rn on Rn12 . 

It will be helpful to view Rn (hence Rn/ 2) as a subdivision of the 

unit circle s1 in the plane. Clearly, every emulation of Rn on Rn/ 2 
induces a continuous mapping from s1 to itself. It is well-known that 

such mappings can be characterized by their topological degree or "wind­

ing number". The winding number indicates the number of times the image 

of s1 is wrapped around the unit circle when s1 is traversed once. By 

analogy we can speak of the winding number of an emulation. 

Proposition 5.6.1.1. The winding number of an emulation of Rn on Rn/ 2 is 

-2,-1,o,+l, or +2. 

Proof. 

Let f be an emulation of Rn on Rn/ 2 • If the image of Rn wraps around 

Rn/2 3 times or more, then then nodes of Rn are mapped to a trajectory 
3 

of at least 2 n consecutive points on Rn12 . This is impossible. □ 

It is relatively straightforward to classify the possible uniform emula­

tions of Rn on Rn/ 2 by their (positive) winding number. 

Case I. Winding number= o. 

If f(Rn) cannot make a full turn around Rn/ 2 then the condition of 

uniformity forces f to be one of the two forms suggested in table C (a). 

We shall refer to the emulations as being of "type l". 
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Case II. Winding number= 1. 

One verifies that f(R) must be composed of a number of "hooks" and 

"zigzags": 

"hook" "zigzag" 

Conversely, any combination of hooks and zigzags defines a uniform emu­

lation of Rn on Rn/ 2 with winding number 1. We shall refer to the emula­

tions of this kind as being of "type 2". Table C(b) shows two extreme 

examples of emulations of type 2. 

Case III. Winding number= 2. 

f(Rn) is necessarily of the kind suggested in table C(c). We shall 

refer to the emulations of this kind as being of "type 3". 

We conclude the following. 

Theorem 5.6.1.2. (Characterization Theorem). For n even, f is a uniform 

emulation of Rn on Rn/ 2 if and only if it is of type 1, type 2, or type 

3. 

Corollary 5.6.1.3. The number of different uniform emulations of 

Rn/ 2 is exponential inn. 

Proof. 

R 
n 

on 

(Two emulations f and g are said to be "different" if g cannot be 

obtained by a rotational shift off.) Clearly the number of uniform emu­

lations of Rn on Rn/ 2 of type 2 is exponential inn. D 

5.6.2. Uniform emulations of GR on GR ____L1_. In this section we consider 

emulations of the grid network (cf. section 1.6.2.) Here we use the 
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(a) Type 1. 

(b) Type 2. • • • 

(c) Type 3. 

Table C. Classification of the uniform emulations of Rn on Rn/Z 

by winding number. 
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version of the grid with "wrap-around" connections along the boundaries, 

which gives the nodes a uniform neighborhood structure. By "folding" 

GRn, it follows that GRn can be uniformly emulated on GRn;z· Every uni-

form emulation of GRn on GRn/Z has computation factor 4. The classifica­

tion of the uniform emulations is presently open, but some useful obser­

vations can be made. 

As GR 
n 

Rn x Rn, it can effectively be viewed as a torus. Let 

n~lO and let f be a uniform emulation of GRn on GRn. Every cycle with 4 

nodes, i.e., a "square" in GRn must be mapped on GRn/Z by f 

the ways shown in Table D. 

in one of 

From this one easily derives that f induces a continuous mapping of 

the torus to itself. Again the notion of topological degree (winding 

number) can be introduced, as expounded in homology theory. Let 

"spanned" by the oriented cycles ~;;; {(o,j)los;js;n-1} and 

GR 
n 
~ 

be 

{(i,o) 1os;is;n-l}. A closed curve C can be classified by the pair (k,l), 

where k is the number of times C is wrapped in the a!-direction and 1 is 

the number of times C is wrapped in the itdirection. One can now clas­

sify (uniform) emulations by the topological degrees of f(a°t and f(iJ"t, 

considered as closed curves on the torus GRn;z· The underlying reason is 

the following fact from homology theory: if closed curves C, C' on the 

torus have equal topological degree and f is continuous, then f(C) and 

f(C') have equal topological degree on the torus also. 

For n$8, the same analysis does not necessarily hold. In Table Ewe 

give an example of a uniform emulation of GR 6 on GR3 for which f(a°t 

f({ (o,j) 1os;js;S}) has topological degree (1,1) and f({ (1,j) I os;j$5}) has 

topological degree (-1,1). (Hence f cannot induce a continuous mapping 

of the torus to itself.) 

Proposition 5.6.2.1. Let f be an emulation of GRn on GRn;z· The topolog­

ical degree (k,l) of f(a°t and f(iJ"t satisfies lkl+llls;:2. 

(The proof follows by observing that then points of~ 

mapped to a trajectory of at most n points on GRn;z·> 

or ~ can be 
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@-===:o-®tt::~@ 

®==® 
@~@ 

Table D. Possible mappings of a cycle with 4 nodes by an emulation f 

of GRn on GRn/Z' for n ~ 10. 
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23 32 03 13 35 44 

34 43 30 31 53 55 

01 10 02 14 15 25 

24 42 20 41 51 52 

00 11 04 12 05 45 

22 33 21 40 50 54 

Table E. A uniform emulation of GR6 on GR3 that does not induce a 

continuous mapping of the torus to itself. 

Theorem 5.6.2.2. The number of uniform emulations of GRn on GRn/ 2 is at 

least exponential inn. 

Proof. 

Let g,h be uniform emulations of Rn on Rn/ 2 . Clearly the mapping f 

defined by f(i,j) = (g(i), h(j)) is a uniform emulation of GRn on GRn/ 2 . 

By corollary 5.6.1.3. at least exponentially many uniform emulations are 

obtained. □ 

For the uniform emulations f defined in the proof of theorem 5.6.2.2., 

the topological degrees of f(i0 and f(N are of the form (k,o) and 

(o,l) respectively. Table F shows an example of a uniform emulation f of 

GR8 on GR4 for which f(i0 has topological degree (1,1) and f(N has 

topological degree (1,-1). (The example can easily be generalized to 

obtain uniform emulations f of GRn on GRn/ 2 for which f(i0 has topolog­

ical degree (1,1) and f(N has topological degree (1,-1), for all even 

n;?:6.) 
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07 32 24 33 14 25 06 15 

43 76 60 77 50 61 42 51 

22 31 12 23 04 13 05 30 

66 75 56 67 40 57 41 74 

10 21 02 11 03 36 20 37 

54 65 46 55 47 72 64 73 

00 17 01 34 26 35 16 27 

44 53 45 70 62 71 52 63 

Table F. A uniform emulation of GR8 on GR4 that is not the direct 

product of two uniform emulations of R8 on R4 . 

Similar results can be obtained for the ct-dimensional analogue of 

GR. Let GRd be the ct-dimensional grid network (with wrap-around) with 
n n 

size n in each dimension, i.e., a "hypertorus" with nd nodes. 

Theorem 5.6.2.3. The number of uniform emulations of GR~ on GR~ 2 is at 

least exponential in dn. 

The proof is a straightforward extension of the argument used for 

theorem 5.6.2.2. 



CHAPTER SIX 

EMULATIONS: FURTHER ANALYSIS 

6.1. Introduction. In this chapter we proceed with the analysis of 

(uniform) emulation. Except for some elementary results, chapter 5 was 

devoted to results on the characterization of networks on smaller net­

works (of the same type). In this chapter we give somewhat more diverse 

results on emulations. In section 6.2. we consider the question of emu­

lating networks of some class Con networks of some (other) class C'. In 

section 6.3. we show that there is a natural way to describe the net­

works that can be emulated on a given network H, using a set of permis­

sible emulations. The results lead to interesting characterizations of 

some networks in terms of their emulated behaviour. In section 6.4. we 

relate the notion of uniform emulation to the notion of covering, from 

combinatorial topology, and characterize all possible coverings of net­

works on (smaller) networks of the same type, for the following classes 

of networks: ring, grid, cube, complete, cube-connected cycles, 4-pin 

shuffle and shuffle-exchange networks. In section 6.5. we extend the 

concept of emulation to the realistic case of networks, that use buses 

for communication, i.e. connections between arbitrary sets of proces­

sors. Several emulations of the spanning bus hypercube and the dual bus 

hypercube are given. 

6.2. Cross emulations. By cross-emulation we refer to the emulation of 

a network G belonging to some class c1 on a network H belonging to a 

different class c2 . The question of cross-emulating G on H can be impor­

tant if algorithms must be transported from one type of interconnection 

network to another. We only consider situations with IGI IHI, which 

means that the resulting uniform (cross-) emulations will necessarily 

have computation factor 1. Several results of Parker [Pa80] concerning 

the "topological" equivalence of some common types of multi-stage net­

works are easily put into this framework. We only consider cross-

emulations between Sn' C , 
n 

Rn' and GRn (as defined in section 1.6.). 
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Cross-emulations between the shuffle-exchange network and the 4-pin 

shuffle were studied in section 5.4.2. 

In a number of cases the existence of cross-emulations is impossible 

by degree arguments. For example Sn, en, and GRn cannot be emulated on a 

ring network of the same number of nodes. en and GRn cannot be emulated 

on a 4-pin shuffle network with a corresponding number of nodes, and 

neither can Sn be cross-emulated on the grid network of an equal number 

of nodes. 

Proposition 6.2.1. For n~2, Sn cannot be uniformly emulated on en. 

Proof. 

!~ipose the:~1was a unif~: emulation f of Sn on en. Clearly 

f(oo ), f(lo ), and f(o 1) must be adjacent to one another in en, 

as the arguments are in Sn. Thus en contains a triangle. Contradic­

tion. □ 

On the positive side, consider GR (with 22n nodes). 
2n 

Theorem 6.2.2. For n~l, GR can be uniformly emulated on c 2n. 
2n 

Proof. 

We prove the following, slightly stronger claim: for every m,n~l 

there is a uniform emulation of the 2m x 2n grid network (with wrap­

around connections) on Cm+n· Putting m=n proves the theorem. To prove 

the claim, induct on m and n. For m=n=l the result is immediate. Assume 

the claim holds for some 

2n grid network on C 
m+n 

m,n~l. Let f 

Consider the 

be a 

2m+l 
uniform emulation of the 2m x 

X 2n grid network, and map it 

to cm+n+l using the mapping f' defined by 

f' (i, j) 

One easily verifies that f' is a uniform emulation. Likewise the X 

2n+l grid network can be uniformly emulated on Cm+n+l· This completes 
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the inductive argument. □ 

By a degree argument it easily follows that, conversely, c 2n can be uni­

formly emulated on GR2n only for n=2. 

Theorem 6.2.3. For values of n as indicated, Rn can be uniformly emu­

lated on the following networks 

(i) for n=k2 , on GRk. 

(ii) for n=2k, on sk and on Ck. 

Proof. 

(The results are equivalent to claiming that GRk, Sk and Ck are 

mil tonian.) 

(i) Left as an exercise. 

ha-

(ii) By the existence of binary de Bruijn sequences ([dB46]) it 

follows that every Sk has a Hamiltonian circuit. To obtain the result 

for Ck, write k=k 1+k2 . As the result is obvious for k=l, we may assume 

that k 1 2~1. It is easy to show that Rn can be uniformly emulated on the 
k le' 

2 1 2 · · · h f f x 2 grid network (with wrap-around connections). In t e proo o 

kl k2 
theorem 6.2.2. it was shown that the 2 x 2 grid network can be uni-

formly emulated on ck
1
+k

2
=Ck. By transitivity the result follows. □ 

Observe that every uniform emulation of the ring of 2k elements on Ck 

corresponds to a Gray code of length k (cf. [RND77]). 

6.3. Defining networks by emulation. Every network H = (VH,EH) can act 

as a "host" under emulation for many different, larger networks. If we 

restrict the class of admissible (uniform) mappings that should act as 

emulations, then the set of graphs G that can be emulated on H will 

likely be restricted also. Our main result will be that Sn, Cn, Rn and 

GRn are uniquely defined by their emulations on Sn-l' Cn-l' Rn/ 2 and 

GRn/ 2 respectively. In section 6.3.1. we derive some general results on 

defining networks by admissible sets of emulations. In section 6.3.2. we 

prove the main results. 
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6.3.1. General characterizations. Let H = (VH,EH) be a given host net­

work, Va set of nodes with IVI ~ IVHI, and Fa collection of functions 

from V onto VH. 

Definition. A network G = (V,E) is said to be F-emulated on H if every f 

e Fis an emulation of G on H. 

Our aim will be to characterize all networks G that are F-emulated on H, 

given F and H. We assume Hand V to be fixed, and F to be variable. 

Definition. EF = { (v,v') I v,v' e V, v~v• and ~feF 

(f (v), f (v')) E EH } . 

f (v) f (v') or 

Theorem 6.3.1.1. (Characterization Theorem) G is F-emulated on H if and 

only if G is a spanning subgraph of (V,EF). 

Proof. 

Let G = (V,E) be F-emulated on H, and let (v,v') e E. By definition 

(of emulation) we have that for every f e F f(v) = f(v') or 

(f(v),f(v')) e EH. Thus (v,v') e EF. It follows that E ~ EF, and G is a 

spanning subgraph of (V,EF). Conversely, it is clear that (V,EF) is F­

emulated on H by definition. Clearly, every spanning subgraph is F­

emulated on H also. □ 

It follows that (V,EF) is the maximal graph that can be F-emulated on H. 
-1 

Define f : V ➔ VH to be uniform if for all he VH If (h) I = c, for 

some constant c = IVI/IVHI (the computation factor). 

Theorem 6.3.1.2. Let f,f' : V ➔ VH be uniform functions. Then (V,E{f}) 

and (V,E{f'}) are isomorphic graphs. 

Proof. 

Since f,f' : V ➔ VH are uniform (and thus map equal sized piles of 

elements onto every node of H) there exists a permutation TI: V ➔ V 

such that for all v e V: f(v) = f' (Il(v)). One easily verifies that IT 

is, in fact, an isomorphism of (V,E{f}) and (V,E{f'J). ·o 
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We derive a further result to characterize (V,E{f)) when f 

Let c be as defined above. 

is uniform. 

Lemma 6.3.1.3. Let f: V ➔ VH be uniform. Let dout and din be the max­

imum out-degree and the maximum in-degree of the nodes in H, respec-

tively. 

H.) 

(If His undirected, let dout = din be the maximum degree in 

(i) the maximum out-degree in (V,E{f}) equals (dout+l) -c-1. 

(ii) the maximum in-degree in (V,E{f}) equals (din+l) ~c-1. 

(iii) If G and Hare undirected graphs, then IE(f)I = 2c(c-1) IVHI + 
2 

C - IEHI. 

(iv) If G and Hare directed graphs, then IE{f}I 
2 

C • IEHI. 

Proof. 

+ 

(i) Consider any node v e V. By uniformity there are precisely c-1 

nodes v'*v with f(v) = f(v'), which thus accounts for c-1 outgoing edges 

with this property. Next there are at most nodes v' with 

(f(v),f(v')) e EH. This accounts for a maximal out-degree of c-l+dout.c 

= (dout+l)c-1. By choosing v such that f(v) has maximum out-degree, it 

is clear that the bound is attained. 

(ii) Similar to (i). 

(iii) EH contains IVHl-½c<c-1) edges (v,v') with f(v) f (v'), 

because c nodes of V are mapped to every he VH. Every edge (h,h') e EH 

accounts for c 2 edges (v,v') with f(v) =hand f(v') = h'. By definition 

EF contains no other edges than the ones that were distinguished. 

(iv) Similar to (iii). □ 

Lemma 6.3.1.3. will be useful later because, whenever f e F and G is F­

emulated on H, then G is a spanning subgraph of (V,E(fl). 

6.3.2. Characterization of the 4-pin shuffle, the cube, the ring and 

the grid networks by emulation. We use the definitions and results con­

cerning Sn' en, Rn and GRn as presented in section 1.6. First we con­

sider Sn' the 4-pin shuffle graph on 2n nodes. From table A we recall 

the following uniform emulations of Sn on Sn-l : 
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fl fl (bl .. bn) bl .. bn-1' 

f2 f2 (bl .. bn) b2 .. bn' 

f3 f3 (bl .. bn) cl· .cn~l with C, (b. = bi+l) for l~i~n-1 
l. l. 

We show that Sn is uniquely characterized by these three emulations on 

sn_1 . Let v = vn (=<f>n), n~2. 

Theorem 6. 3. 2. 1. (V, E { f f f 1) = S • 
l' 2' 3 n 

Proof. 

Clearly S is a spanning subgraph of (V,E{f f f 11, by 
n l' 2' 3 

definition 

(or theorem 6.3.1.1.). We show that every edge of (V,E{f f f I must be 
l' 2' 3 

an edge of Sn (Vn,En). Consider any edge E 

We distinguish the following cases: 

fi (c1 .. en) for l~i~2. It follows 

c 1 .. cn-l and b 2 .. bn = c 2 .. cn and (hence) b 1 .. bn 

that we had an edge between distinct points. 

c 1 .. cn' contradicting 

(bl fi(b 1 .. bn) = fi(c 1 .. cn) for i = 1,3 (and (f2 (b1 .. bn),f2 (c 1 .. cn)) 

E En_1). It follows that b 1 .. bn-l = c 1 .. cn-l and (bn-l"'bn) = (cn_1=cn)' 

so b 1 .. bn = c 1 .. cn' a contradiction. 

(c) (fl (bl .. bn), f 1 (c1 .. en)) E En-l and f 2 (bl .. bn) = f 2 (c1 .. en). It 

follows that b 2 .. bn_1a = c 1 .. cn-l and b 2 .. bn = c 2 .. cn for some a, hence 
n-1 n n-1 n 

b 1 .. bn = b 1a and c 1 .. cn =a. Clearly (b1a ,a) e En. 

i 

(d) f 1 (b1 .. bn) = f 1 (c1 .. cn) and (fi(b1 .. bn)' fi(c 1 .. cn)) E En-l for 

2,3. It follows that b 1 .. bn-l = c 1 .. cn-l and b 3 .. bna = c 2 .. cn for 
n-1 n-2 

some a, hence b 1 .. bn = b 1bn and c 1 .. cn = blbn a. Now 
n-1 n-2 

(f3 (b1bn ),f3 (blbn a)) E En-l implies bl 
n-1 n-2 

(blbn ,b1bn a) E En 

and clearly 

(e) (fi (b1 .. bn), fi (c1 .. en)) E En-l for i 1, 2. It follows that 

b 2 .. bn_1a c 1 .. cn-l and b 3 .. bn~ = c 2 .. cn for suitable a and~, hence 

b 1 .. bn = b 1c 1 .. cn-l" Clearly (b1c 1 .. cn-l' c 1 .. cn) E En. □ 

(It can be verified that no subset of {f1,f2 ,f3 } is sufficient to 

characterize Sn.) Next consider en' the cube network on 2n nodes. We 

select the following uniform emulations of en on Cn-l 
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bl .. bn-1 

(b/=b2 )b3 .. bn 

Theorem 6.3.2.2. For n~3, (V,E(f f 1l=Cn. 
l' 4 

Proof. 

Clearly en is a spanning subgraph of (V,E(f f 1i. Consider any edge 
l' 4 

(b1 .. bn,c1 .. cn) EE . We distinguish the following cases 
(fl,f4) 

(a) f 1 (b1 .. bn) 

and either b 1 .. bn 

fl (c 1 .. cn). It follows that b 1 .. bn-l c 1 .. cn-l' 

c 1 .. cn (a contradiction) or b 1 .. bn = c 1 .. cn-lcn. It 

follows that (b1 .. bn,c1 .. cn) E En. 

(b) (fl (b1 .. bn), f 1 (c 1 .. en)) E En-l and f 4 (b1 .. bn) = f 4 (c 1 .. en). It 

follows that d(b1 .. bn_ 1 ,c1 .. cn_1 ) 1 and b 1 .. bn = b 1b2c 3 .. cn with 

(b 1=b2 ) = (c 1=c2 ). It follows that bn=cn, and thus (b1 .. bn,c1 .. cn) E En. 

(c) (f 1 (b1 .. bn),f1 (c 1 .. cn)) E En-l and (f 4 (b1 .. bn),f 4 (c 1 .. cn)) E 

En_ 1 . It follows that d(b1 .. bn_1 ,c1 .. cn_1 ) 1 and d(ab3 .. bn'~c3 .. cn) 

1, with a= (b1=b2 ) and~= (c 1=c2 ). If a=~ then necessarily b 1b 2 = c 1c 2 

and d(b1 .. bn,c1 .. cn) = 1 thus (b1 .. bn,c1 .. cn) E En. If a~~ then b 3 .. bn = 

c 3 .. cn and (hence) d(b1b 2 ,c1c 2 ) 1. Clearly it follows that 

(b1 .. bn,c1 .. cn) E En. 

We conclude that every edge of (V,E(f 1 ,f4 )) also is an edge of en. D 

Theorem 6.3.2.2. is "minimal" in the sense that C cannot be 
n 

characterized from Cn-l by means of just one uniform emulation. 

Proposition 6.3.2.3. There does not exist a uniform emulation f of Cn on 

Cn-l such that (V,E(f)) 

Proof. 

C • 
n 

Observe 
1 n-1 

that 

edges. 

(the undirected graph) has nodes and 

2 .2 (n-1) Suppose a uniform mapping f: V ➔ Vn-l exists with 

(iii) must have n.2n-2n-l (V,E(fl) =en.By lemma 6.3.1.3. 

edges (c=2), which is more than C 
n 

(V,E{f)) 

can have. D 

Consider Rn' the ring on n nodes. Define the following uniform emu­

lations of Rn on Rn/ 2 (n even) : 
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gl gl (i) = L ½J 

g 2 g 2 (i) = (i mod n/2) 

Theorem 6. 3. 2. 4. For n>8, (V, E { l) 
gl,g2 

Proof. 

Clearly Rn is a spanning subgraph of 

edge 

R • n 

Consider any 

(g1 (i),g1 (j)) e En12 , then we may assume without loss of generality that 

Li/2J = Lj/2J+1 (mod n/2). It follows that iej+2+6,-6, (mod n), with 6, 
1 J 1 

and 6, denoting 
J 

i mod 2, and j mod 2, respectively. Now, in addition, 

g2(i) g2(j) or (g2 (il, g 2 (j)) e En/ 2 . If g 2 (i) = g 2 (j) then li-jl=o 

(mod n/2), hence 2+6.-6,eo (mod n/2) and, by the assumption on n, neces-
1 J 

sarily 2+6i-6j = o and i=j. Contradiction. If (g2 (i),g2 (j)) e En/2 then 

iej ~ 1 (mod n/2), herice 2+6,-6, = +1 (mod n/2). Since n>8, we have 
1 J 

2+6 ,-6, 
1 J 

1 and iej+l (mod n). Thus (i,j) e En. We conclude that every 

edge of (V,E{ 1i is an edge of R. D 
gl,g2 n 

Finally consider GRn, the grid network on n2 nodes. Define the follow­

ing uniform emulations of GRn on GRn/ 2 (n even) : 

<L ½J ,L iJ > h 1 (i, j) 

h 2 (i, j) (i mod n/2, j mod n/2) 

Theorem 6.3.2.5. For n>8, V,E{h h 1i 
1' 2 

Proof. 

GR. 
n 

Similar to the proof of theorem 6.3.2.4. D 

6.4. The classification of coverings of processor networks. 

6.4.1. Introduction. The concept of covering is a fundamental notion in 

combinatorial topology. Every covering is a mapping of ad-dimensional 

complex onto (another) d-dimensional complex. The notion of a one­

dimensional complex corresponds with the notion of an undirected graph 

(with possibly parallel edges and self-loops). (Throughout this section 



- 168 -

we will use the terminology of graphs.) In this section we will study 

the coverings of graphs, for graphs representing the interconnection 

structure of processor networks. The following definition can be found 

in [Re32], and in many other standard books on combinatorial topology, 

often in generalized form. 

Definition. that 

f: v8 ➔ VH covers G on H (or "G covers H") iff 

1. f is surjective 

2. (v,w)EEG implies ((f(v), f(w)) E EH 

3. For all vEVG, let 

f(w1 ), ... ,f(wk) 
V 

w1 , ... ,wk be the neighbors of v in G. Then 

are all dYfferent and each neighbor v' of f(v) 

is equal to a f(wi) (l~i~kv). 

Theorem 6.4.1.1. [Re32] Every covering of a graph G on a connected graph 

His uniform. 

Proof. Suppose f is a covering of G on H that is not uniform, and H is 

connected. Then there must be adjacent nodes v,w with 

lf-1 (v) l*lf-1 (w) I. This contradicts with the definition of covering. □ 

Corollary 6.4.1.2. Let G=(V8 ,E8 ), H=(VH,EH) be undirected graphs and let 

H be connected. Every covering of G on His a uniform emulation of G on 

H. 

In [Re32] the following method is given to describe all graphs that 

cover a given connected graph H with computation factor c: 

- determine a spanning tree B of H, 

- make c copies of B, 

for every edge in H that is not an edge in the tree B we have c 

copies of both its endpoints. These copies are connected on a one-to-one 

basis: every copy of first endpoint must be connected to a unique copy 

of the second endpoint. (This gives c! manners to make the connections.) 

Up to isomorphism every graph G that covers H can be obtained in the 

described manner. For further details of the theory of coverings of 

graphs and more-dimensional complexes, see e.g. [Re32]. 
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We introduce a directed version of the notion of covering: 

Definition. Let G=(VG,EG), H=(VH,EH) be directed graphs. We say 

that f: VG ➔ VH covers G on H (or "G covers H") iff 

1. f is surjective 

2. 

3. 

4. 

(v, w) E EG implies 

For all v E VG, let 

f(w1 ), .. ,f(wk ) are 

is equal to avf (w.) 
l. 

For all v E VG, let 

(f(v), f(w)) E EH. 

w1 , .. ,wk be the successors of v in G. Then 

all diffirent, and each successor v' of f(v) 

(1$;i$;k ) . 
V 

w' 1 , .. ,w' 1 be the predecessors of v in G. 

are aYl different, and each predecessor Then f (w' 1 ), .. , f (w' 1 ) 

v' of f(v) is equal tZ a f(w' .) 
l. 

Let G be the undirected graph obtained by ignoring the direction of the 

edges in the directed graph G=(V,E), i.e. G =(V, E), with E={(v,w) I 

(v,w) EE or (w,v) EE}. 

Lemma 6.4.1.3. Let G,H be directed graphs. If G covers H, then G covers 

H. 

Proof. Clear from the definitions. □ 

Proposition 6.4.1.4. Every covering of a directed graph G on a directed, 

connected graph His a uniform emulation. 

The following theorem from combinatorial topology characterizes pre­

cisely which graphs cover a given tree network. 

Theorem 6.4.1.5. [Re32] Let H be a tree, and let G cover H. Then G con­

sists of a number (~1) of connected components, each graph isomorphic to 

H. In particular, if G is connected then G and Hare graph isomorphic. 

Similar to the description of the graphs that cover an undirected 

graph H with computation factor c, one can describe all graphs that 

cover a directed graph H=(VH,EH) with computation factor c: 

- let B=(VH,EB) be a directed graph, such that: 

(i) Bis a spanning tree of H 
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(ii) IEBl=IVHl-1, so for every pair of nodes v 1,v2 E VH at most one 

edge between these nodes (regardless to the direction) is an 

edge in EB. 

- make c copies of B 

- for every edge (v1 ,v2 ) E EH that is not an edge in EB we have c copies 

of both its endpoints v 1,v2 . These copies are connected on a one-to­

one basis: every copy of the first endpoint must be connected to a 

unique copy of the second endpoint: the direction of the edges is from 

a copy of v 1 to a copy of v2 . 

Up to isomorphism every graph G that covers H can be obtained in 

the described manner. (The proof of this characterization uses lemma 

6.4.1.5. and the result for the undirected case, and is omitted.) 

The notion of covering of processor networks also appears in a dif­

ferent area of distributed computing. Angluin [An80] considered the 

problem of finding a leader in processor networks (cf. chapter 2), where 

processors do not have their own unique identity number, (i.e. proces­

sors having an equal degree are identical), and proved that no algorithm 

for this problem can work "correctly" for both graphs G and H, where G 

and Hare not isomorphic and His a covering of G. For the precise 

assumptions we refer to [An80]. The result can be generalized for 

directed graphs, by using a similar proof and the directed version of 

the notion of covering that was introduced in this section. 

The notion of covering is much more restricted than the notion of 

uniform emulation: in many cases there are many more uniform emulations 

possible of some network G on some other network H then there are cover­

ings possible, and in some cases there exist uniform emulations but no 

coverings of G on H. The classification of coverings of networks on 

smaller networks of the same type is a special case of the problem of 

classification of uniform emulations of networks on smaller networks of 

the same type. In this section the classification of coverings is car­

ried out for the following types of graphs; each type is used or pro­

posed as the interconnection structure for current processor networks: 
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- the ring (section 6.4.2.1.) 

- the grid (section 6. 4 .2 .2.) 

- the cube (section 6. 4 .2. 3.) 

- complete networks (section 6. 4 .2. 4.) 

- the cube connected cycles (section 6. 4 .3.) 

- the 4-pin shuffle (section 6. 4. 4.) 

- the shuffle-exchange network (section 6. 4. 5.) 

6.4.2. Coverings of ring, grid, cube and complete networks. 

6.4.2.1. Ring networks. Recall the definition of the ring network from 

section 1.6.1. It is easy to classify the coverings of the ring net-

works. The following propositions are given without proof. 

Proposition 6.4.2.1.1. Let G be a graph, consisting of connected com-

+ 1.'f and only 1.'f for ponents G1 , ... ,Gj and let k e N, k~3. G covers Rk 

all i, 1$i$j Gi is graph isomorphic to a ring Rn with kin. 

+ Proposition 6.4.2.1.2. Let H be a graph, and neN. Rn covers H if and 

only if His graph isomorphic to a ring Rk with kin. 

Proposition 6.4.2.1.3. The coverings of Rn on Rk with k~3, kin are given 

by the following list: 

(i) f. (m) 
__1 

(ii) f. (m) 
J 

(m+j) mod k (for j, 0$j<k) 

(-m+j) mod k (for j, 0$j<k) 

Proof. It is easy to verify that every fj, fj is a covering of Rn on Rk. 

Let f be a covering of Rn on Rk. Consider f(O) and f(l). If 

f(l)=(f(O)+l) mod k, then f is of type f,; if f(l)=(f(0)-1) mod k, then 
J 

f is of type f,. In both cases j=f(O). With induction one can verify 
J 

that f must be of the designed type. D 

Corollary 6.4.2.1.4. For all k,n, kin, k~3 there are precisely 2k cover­

ings of Rn on Rk. 
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6.4.2.2. Grid networks. Recall the definitions of the two-dimensional 

grid networks with, and without boundary connections from section 1.6.2. 

Proposition 6.4.2.2.1. If n*m then there exist no covering of 

GR. 
m 

GR 
n 

on 

Proof. GRn and GRm both have exactly 4 nodes of degree 2. Because 

degree(v) degree(f(v)) for all v E Vn, and a covering of GRn or GRm 

must be uniform, with a computation factor* 1 because n*m, there exists 
, 

no covering of GRn or GRm. □ 

One can view the two-dimensional grid network with boundary connec-

tions as 

of GR or 
n 

erings of 

the product of two ring networks: GRn RnXRn. Every covering 

GRm (min, ~5) can also be written as the product of two cov­

R on R. 
n m 

Theorem 6.4.2.2.2. Let min, ~5, and let f be a function Vn---Wm. f is a 

covering of GRn on GRm, if and only if there are coverings f 1 ,f2 of Rn 

on Rm, with 

f((i,j)) 

or f ( (i, j) ) 

(f1 (i), f 2 (j)) for all (i,j) e vn 

(f 1 (j), f 2 (i)) for all (i,j) e vn. 

Proof. First note that every cycle with 4 nodes (a "square") in GRn must 

be mapped on a cycle with 4 nodes (a "square") in GRm. With induction 

one can prove that, after having fixed the image of one cycle with 4 

nodes (square) in GRn, the whole covering is fixed and necessarily of 

the described form. □ 

By the results of section 6.4.2.1. theorem 6.4.2.2.2. implies a complete 

characterization of the coverings of GRn on GRm, min, ~5. 

6.4.2.3. Cube networks. Recall the definition of the cube network from 

section 1. 6. 4. 

Proposition 6.4.2.3.1. Let en cover Cm. Then n=m. 
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Proof. 

This follows because degree (f(v))=degree(v), for any covering of en 

on C and v EC. □ 
m n 

6.4.2.4. Complete networks. The same argument can be used for complete 

networks. 

Proposition 6.4.2.4.1. Let Kn cover Km. Then n=m. 

6.4.3. Coverings of the cube connected cycles. In this section we con­

sider coverings of the cube connected cycles. Recall the definition of 

the cube connected cycles network from section 1.6.5. Edges of the type 

(p1 ... pi_1 1Pi··•Pr, p 1 ... pi_1 1Pi···Pr) are called exchange edges; edges 

of the type (p1 ... pi_1 1Pi·•·Pr' p 1 ... pi1Pi+l·•·Pr) are called divide 

shift edges. Notice that every node is adjacent to 2 divide shift edges 

and one exchange edge. When a divide shift edge is passed in the direc­

tion from p 1 ... pi_1 1Pi•••Pr to p 1 ... pilpi+l·•·Pr we say it is passed in 

the positive direction, otherwise we say it is passed in the negative 

direction. 

We will only consider coverings of CCCr on CCCs with r~s~9. 

Lemma 6.4.3.1. Every cycle in CCC with r~9 has at least 8 nodes. For 
r 

every cycle with exactly 8 nodes in CCC with r~9 there are P1 ... pr E 
r (i) r, i E {1, .. ,r}, such that the successive nodes visited by the cycle 

(assuming starting point and direction in which the cycle is traversed 

are well chosen) are: 

P1•·•Pil Pi+l Pi+2··•Pr 

P1·•·Pi Pi+ll Pi+2···Pr 

P1••·Pi Pi+ll Pi+2···Pr 

P1·•·Pil Pi+l Pi+2···Pr - --
P1••·Pil pi+l Pi+2···Pr 

---
P1 ... pi Pi+l I Pi+2 ... pr 

P1·••Pi Pi+ll Pi+2··•Pr 

P1·••Pil Pi+l Pi+2···Pr 
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Proof. 

This is easy, but tedious to check. □ 

Now let f be a covering of cccr or cccs, with r~s~9. Every cycle 

with 8 nodes of cccr must be mapped upon a cycle with 8 nodes of cccs. 

Notice that every edge that is adjacent to a cycle with 8 nodes but not 

part of this cycle, necessarily is a divide shift edge. 

Lemma 6.4.3.2. Let f cover CCCr on CCCs, r~s~9. Then f maps nodes con­

nected by a divide shift edge on nodes connected by a divide shift edge 

and nodes connected by an exchange edge on nodes connected by an 

exchange edge. 

Proof. 

For every divide shift edge e there is a cycle of 8 nodes to which e 

is adjacent, but of which e is no part. Hence e must be mapped upon an 

edge, adjacent to a cycle of 8 nodes, that is: a divide shift edge. 

Because every node is adjacent to exactly 2 divide shift edges and one 

exchange edge, exchange edges must be mapped upon exchange edges. □ 

Now let f(olo .. o) be given. There are two possible values for 

f(oolo .. o), the node reachable from f(olo .. o) by a divide shift in posi­

tive direction, and the node reachable from f(olo .. o) by a divide shift 

in negative direction. The choice of f(olo .. o) and f(oolo .. o) fixes the 

covering f. 

Lemma 6.4.3.3. Let band c be nodes in cccr, that are connected by a 

divide shift edge. There is at most one covering f of cccr on cccs 

(r~s~9) with f(olo .. o) =band f(oolo .. o) = c. 

Proof. 

Suppose f(olo ... o) = b = p 1 ... pi_1 1 Pi···Ps and f(oolo ... o) c 

p 1 ... pi_1 1 Pi+i·••Ps• (If b➔ c is a divide shift in negative direction, 

then the proof is analogous.) Let f be a covering of cccr on 

f(q1 ... qj_1 1qj ... qr) reaches f(q1 ... qjlqj+i···qr) by a divide 

positive direction, then every f(q1 ... q,, 1 1q,, ... q l 
J - J r 

CCC. If 
s 

shift in 

reaches 
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f(q1 ... q,, lq., 1 ... q) by a divide shift in positive direction (l~j•~r). 
J J + r 

Similarly for negative directions. 

Proposition 6.4.3.3.1. Let b',c' be nodes in CCCr, and c' can be reached 

from b' by a divide shift in positive direction. Then f(c') can be 

reached from f(b') by a divide shift in a positive direction. 

Proof. 

Suppose not. We now can divide <f>r in two disjunctive sets A and B, 

with A= {q1 ... qr f(q1 ... qi_1 1qi ... qr) reaches f(q1 ... qilqi+i···qr) by 

a divide shift in positive direction} and B {q1 ... qr I 

f(q1 ... qi_ 1 1qi ... qr) reaches f(q1 ... qilqi+i···qr) by a divide shift in 

negative direction}. (Note that the choice of i is not important.) We 

know that A and Bare not empty. For instance one A. 

There must be strings a e A, be B, that differ in exactly one bit-
, o r (g_1 ) s

1 position. So there are p 1 ... pr e (1) , i, l~i~r, q 1 ... q 5 E q 1 ... q 5 

( 0 ) 5 • l<'< ·, 1<·•< · h E l , J, - J-5, J , _ J _5, w 1 t 

- f(P1··•Pi-ll pi Pi+1··•Pr) ql ... qj-ll qj qj+1···qr 

- f(P1•··Pi-l pil Pi+1··•Prl q~ ... qj-1 qjl qj71···qr 

- f (pl ... pi-1 I pi pi+l" .. pr) 

- f(pl ... pi-1 pil Pi+l" .. pr) 

From 6.4.3.2. we have 

- f (pl ... pi-1 pi I Pi+l" .. pr) q 1 ... qj-l ~I qj+i···qr, hence 

- f(P1••·Pi-ll Pi Pi+1· .. pr) ql ... qj-1 qj qj+llqj+z···qr. 

Now notice that 

P 1 ···Pi_1 1PiPi+l·•·Pr; p 1 ... pi-lpi1Pi+l··•Pr are 4 successive nodes in a 

cycle with 8 nodes in CCCr. However, their images are not 4 successive 

nodes in a cycle with 8 nodes in CCC5 • So there is a cycle with 8 nodes 

that is not mapped upon a cycle with 8 nodes. Contradiction. D 

This shows that f is completely determined by the choice of f(olo .. o) 

and f(oolo .. o). Let d be a node of CCCr. Look at the path from olo .. o to 

d, and the f-images of the nodes on this path. If the path uses an 
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exchange edge, a divide shift in positive direction or a divide shift in 

negative direction, respectively, then the path formed by the f-images 

must use the same type of edge. Hence f(d) is fully determined by 

f(olo .. o) and f(oolo .. o). D 

Corollary 6.4.3.4. Let sir. There are at most 2s,2s coverings of CCC on r 
CCC. 

s 

Proof. 

There are s,2s possible choices for f(olo .. o). For f(oolo .. o) there 

are 2 choices left. D 

Lemma 6.4.3.5. Let cccr cover cccs. Then sir. 

Proof. 

Our analysis shows that cycles, consisting of only divide-shift 

edges in cccr must be mapped upon cycles, consisting of only divide­

shift edges in CCCs. Hence cycles with r nodes must cover cycles withs 

nodes, so sir. D 

Consider the following graph isomorphisms of cccs. 

1. Let I~ {1, •. ,s). The function XI does not move the divide, but flips 

the bits with index in I: 

XI (pl ... pj lpj+l .. •Ps) = ql ... qj' lqj'+l ... qs <=> 

j=j'; qi=pi for all iEI; qi¢pi for all ieI. 

2. Lett e {O, •• ,s-1}. The function St shifts the whole string, the 

divide inclusive, t positions to the left: 

5t<P1···Pilpi+l•·Ps) = Pt+1••Pilpi+1••Ps P1•••Pt 

(or, of course, Pt+i···PsPi•••Pilpi+l·••Pt) · 

3. The function R reverses the string. Notice that the divide is still 

placed after the same bit, not between the same bits, as originally: 

R(P1•··Pilpi+l·•·Ps) = Ps·••Pi+lPilpi-l"""P1• 
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It is easy to check that for every I~ {1, .. ,s}, t e {O, .. ,s-1}, XI, St 

and Rare graph isomorphisms (= coverings) of CCCs onto itself. 

Corollary 6.4.3.6. Every graph isomorphism of CCCs is of one of the fol­

lowing forms: 

(I ~ 11, .. ,sl, o:5:t:5:s-1} 

or XI O St O R (I~ {1, .. ,s}, o:5:t:5:s-1} 

Proof. 

The described forms give 2s.2s different graph isomorphisms of CCC. 
s 

Corollary 6.4.3.4. shows there cannot be more (every isomorphism is a 

covering) . D 

Consider the following function F: cccr ➔ CCCs: 

F(pl ... p.lp.!1·••P) = ql ... q.,lq., 1···q ?ts= r 1 1 + s 

~q. = [ L bk .) mod 2 (for all j, 1:5:j:5:s) 
J k=O s+J 

and i'=i mods (i.e. the divide is placed after the i mod s th bit). 

Lemma 6.4.3.7. Fis a covering of cccr on cccs. 

Proof. 

It is clear that Fis surjective. 

Consider a node p 1 ... pi1Pi+i·•·Pr in CCCr and its 3 neighbors. From 

the definition of Fit is clear that each of these neighbors is mapped 

upon another neighbor of F(p). D 

Theorem 6.4.3.8. Every covering f of CCCr on CCCs can be written as 

f=J°F, where Fis given by the definition above, and J is a graph iso­

morphism of CCCs onto itself. 

Proof. 

Every function of the form J°F is a covering of CCCr on CCCs. There 

are 2s-2s possible choices for J, so there are 2s-2s possible functions 

of this form. It follows from corollary 6.4.3.4. that there cannot be 
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more coverings of CCCr on CCCs. □ 

6.4.4. Coverings of the 4-pin shuffle. Recall the definition of the 4-

pin shuffle from section 1.6.3. and the definition of step-simulation 

from section 5.3.1. 

Lemma 6.4.4.1. Every covering of Sn on Sn-k is a uniform step­

simulation. 

Definition. Let f: Sn ➔ Sn-k be a step-simulation. f: Sk+l ➔ s1 is 

defined by f(b 1 ... bk+l) f 1 (b1 ... bk+lo .. o). 

The following result is very similar to theorem 5.3.3.2. and can be 

obtained in a similar way. 

Theorem 6.4.4.2. The mapping x, defined by X(f)=f from the step­

simulations Sn ➔ Sn-k to the step-simulations Sk+l ➔ S 1 is a bijec­

tion, with the following further properties: 

1. If f is uniform, then X(f)=f is uniform 

Lemma 6.4.4.3. Let f cover Sn on Sn-k· Then: 

(i) {f(o b 1 .. bk), f(l b 1 .. bk)} {o,1}, for all b 1 .. bk e (°i)k. 

(ii) {f(b1 .. bk o), f(b1 .. bk 1)) {o,1}, for all b 1 .. bk e (°i)k. 

Proof. 

(i) b 1 .. bko .. o has predecessors ob1 .. bko .. o and lb1 .. bko .. o. Hence 

f(ob1 .. bko .. o) and f(lb 1 .. bko .. o) must be different: they can only be 

different in their first coordinate, because they are both predecessors 
- -of f(b 1 .. bko .. o), so f(ob1 .. bk) ~ f(lb1 .. bk). 

(ii) is proved by similar argument. □ 

o k-2 -
So, for coverings f of Sn on Sn-k we have that for all xe(1) f(oxo) = 

f(lxl) ~ f(oxl) f(lxo). However, this is also a sufficient condition 

for a step-simulation f to be a covering. 
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Lemma 6.4.4.4. Let f: Sn ➔ Sn-k be step-simulating, and let for 
o k-2 - - - -xe(1) f(oxo) = f(lxl) * f(lxo) = f(lxo). Then f is a covering. 

all 

Proof. 

Without much difficulty it can be checked that the conditions for 

the coverings of directed graphs are fulfilled. D 

So we have a necessary and sufficient condition for a step-simulation Sn 

➔ Sn-k to be a covering. With the help of this condition we can com­

pletely classify the coverings of Sn on Sn-k· 

Theorem 6.4.4.5. 

a. If k=l then the coverings of Sn on Sn-k = Sn-l are the following: 

b. 

f(b 1 .. bn) cl .. cn-1 with ci (bi= bi+l) (l~i~n-1) 

f(b1 .. bn) cl .. cn-1 with ci (bi - bi+l) (1$i$n-l) 

If 2$k<n, then every covering f of Sn on Sn-k can be found by choos­
o k-1 

ing for each string x E (1) whether 

- f(oxo) f(lxl) = o and f(oxl) = f(lxo) 1 
- -or - f(oxo) f(lxl) 1 and f(oxl) = f(lxo) = o 

~l 
c. For every n>k~l there are exactly 22 coverings of Sn on Sn-k" 

(In section 5.3.3. it was proven that the functions f: b➔ b and f: 

b➔ b are the only possible graph isomorphisms of Sn (= coverings of Sn 

on S) .) 
n 

6.4.5. Coverings of the shuffle-exchange network. Recall the definition 

of the shuffle-exchange network from section 1.6.3. 

Theorem 6.4.5.1. There do not exists coverings of SEn on SEk with kin 

and k~3. 

Proof. 

Suppose kin, k~3 and f is a covering of SEn on SEk. With R1 (b) we 

denote the string bl+l(mod n) ... bnb1 ... bl(mod n)' i.e. b rotated 1 posi­

tions to the left. 
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Lemma 6.4.5.1.1. f(R1 (b)) 
1 k-1 R (o 1), for all l~o. 

Proof. 

With induction. For l=o the lemma is trivially true. Suppose the 

Then it holds also for 1+1: lemma holds for certain 1. 

f(R1 (b) ln-l (R1 (b))n) 

must be connected with 

f(R1 (b)) cannot be of 

must be mutually adjacent to f(R1 (b)), so 

f(R1 (b)) via the exchange edge (we use that 

the form (ol)n/ 2 or (lo)n/2 (induction 

that f(Rl+l(b)) must be connected with f(R1 (b)) 

f (Rl+l (b)) = R1 (f (Rl (b)) = Rl+l (f (b)) . D 

hypotheses)). This shows 

via a shuffle-edge, hence 

In particular we now have: ok-ll 

Contradiction. D 

f(b) 

Theorem 6.4.5.2. Let k~3, kin. The coverings of SEn on SEk are given by 

the following list: 

[n /k-1 ) 
L b, k , mod2 (l~i~k). 

j=O J. +i 

[ n/k-1 ) 
L b, k, mod2 (l~i~k). 

j=O J. +i 

Proof. 

SEk 
k 

Because on in SEn has a self-loop, and ok, lk are the only nodes in 
n 

with a self-loop one has for every covering f of SEn on SEk: f(o) = 
n k 

o or f(o) = 1 . We suppose we have a covering f of SEn on SEk with 

f(on) = ok, and will show that f is then necessarily of the form f'. If 

lk then f is of the form f'. 

Lemma 6.4.5.2.1. If f(b) = f' (b) and f(b) rt, {(ol)n/2 , (lo)n/ 2 1, 

then 1. f(b1 ... bn-l bn) = f' (b1 ... bn-l on). 

2. f(b2 ... bn b 1 ) = f' (b2 ... bn b 1 ). 

3. f(bn b 1 ... bn_1 ) = f' (bn b 1 ... bn-l). 
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Proof. 

First note f(b1 ... bn-l bn) must be mutually adjacent to f(b). Hence 

f(b 1 ... bn-l bn) = f' (b1 ... bn-l bn). (Use the definition off'.) Further 

use that f(b2 ... bn b 1 ) must be a successor of f(b), unequal to f(b 1 ... bn 

bn). This shows f (b2 ... bn b 1 ) = f' (b2 ... bnbl). Similarly f (bn b 1 ... bn-l) 

= f' (bn b 1 ... bn_1 ). D 

Without proof we mention the following result: 

Lemma 6.4.5.2.2. For every be(i)n there is a path from on to b, such 

that for every node con the path, except b: f' (c) ~ {(ol)n/2 , (lo)n/ 2 }. 

(If n is odd, it will of course never be the case that f' (c) E {(ol)n/2 , 

(lo)n/2}.) 

With induction to the length of the path, mentioned in 6.4.5.2.2. one 

now can prove that f(b) = f' (b) for every b E (i)n. D 

6.5. Emulations of processor networks with buses. 

6.5.1. Introduction. The given concept of emulation can be used for net­

works that use links for communication (only). However, a realistic pro­

cessor network can also use buses for communication. Theoretically, a 

bus connects an arbitrary set of processors. An advantage of the use of 

buses is that one can keep the diameter of the network (the maximum 

number of hops needed to go from one processor to another processor) 

low, without having a large number of connections per processor. In 

[Wi81] one can find a comparison between a number of different intercon­

nection schemes, including three networks with buses: the "global bus" 

(all processors are connected to one bus), the "spanning bus hypercube" 

and the "dual bus hypercube" (for definitions see section 6.5.4.). In 

this section we extend the notion of emulation to networks that use 

buses for communication. In section 6.5.2. we show how to model the 

interconnection structure of a network with buses by means of hyper­

graphs. Hypergraphs appear to be a natural way to model networks with 
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buses and allow a formal reasoning about these networks without much 

difficulty. In section 6.5.3. we extend the notion of emulation to 

hypergraphs, and define the computation and communication cost of emula­

tions. In section 6.5.4. we give efficient emulations of the spanning 

bus hypercube and the dual bus hypercube, which are the most common 

architectures of bus-networks (cf. Wittie [Wi81]). Some final remarks 

are made in section 6.5.5. 

6.5.2. The hypergraph model. The interconnection structure of a network 

that uses links for communication is usually represented by a (possibly 

directed) graph. For representing the interconnection structure of net­

works with buses the graph model seems to be inadequate. Each processor 

connected to a bus can send messages via the bus, to some subset of the 

processors that are connected to the bus. There cannot be more than one 

message simultaneously on the same bus. Therefore it does not seem 

appropriate to replace all the processors connected to the same bus by a 

clique, (which would result in a graph with edges between nodes v 1 ,v2 

iff there is a bus to which v 1 and v2 are connected). In this way one 

loses (possibly) essential information about the interconnection struc­

ture of the network. For instance the global bus network ("all proces­

sors are connected to a single bus") is replaced by a complete graph. 

However a network with a link between each pair of processors allows 

much more simultaneous message traffic than a global bus network does. 

A natural model for networks with buses is provided by hypergraphs. 

A hypergraph is a 2-tuple (V,E), with Va set of nodes, and Ea collec­

tion of subsets of v (edges), with 

(i) e e E ⇒ e ,;, 0 

(ii) u e = V. 
eeE 

For the theory of hypergraphs, see e.g. [Bg76]. The processors of the 

network correspond to the nodes of the hypergraph, the (links and) buses 

to the edges. We denote edges by a,b,c,d,e, and nodes by v,w,x,y,z. If 

processor v is connected to bus b, then v e b, in the hypergraph. Note 

that the hypergraph is not necessarily simple: multiple busses can con­

nect the same set of nodes. For an example of a network with buses and 
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its hypergraph, see fig. 6.5.2.1. and fig. 6.5.2.2. 

0 processor 

bus 

fig. 6.5.2.1. 

A processor network with 9 processors and 6 buses 

It is possible that processor networks use a combination of links and 

buses. Links can be full-duplex (the two processors can send a message 

to each other simultaneously), half-duplex (at most one processor can 

send at a time) or simplex (messages can be send only in one direction). 

Half-duplex links can be treated as buses with two connected processors. 

To incorporate ~he other two types of links in our model, we define 

"directed hypergraphs". A directed hypergraph is a 2-tuple (V,E), with V 

a set of nodes and E a collection of ordered pairs of subsets of V 

(edges), with 

(i) (d,e) E E ⇒ (d "' ,t, A e "' ,f,) 

(ii) v {e\3d (d,e)EE}=V 

(iii) v {d\3e (d,e)EE}=V. 

Each node in V represents a processor, each edge (d,e) in E a 
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0 0 0 

0 0 0 

0 0 0 

fig. 6.5.2.2. The corresponding hypergraph with 9 nodes and 6 edges 

communication medium. The nodes ind represent processors that can send 

messages via the medium; the nodes in e represent processors that can 

receive messages via the medium. For a bus (d,e) one has d=e. Full­

duplex links are replaced by two simplex links. 

6.5.3. Emulations of hYPergraphs. Unlike in the case of graph emula­

tions, a mapping of the nodes VG of a hypergraph G=(VG,EG) on the nodes 

VH of a hypergraph H=(VH,EH) does not immediately induce a mapping of EG 

on VH u EH. Therefore we include the mapping of EG on VH u EH expli­

citly in the definition of an emulation. 

Definition. Let G=(VG,EG), H=(VH,EH) be hypergraphs. A mapping f: VG u 

EG ➔ VH u EH is an emulation function (in short: an emulation) of G on 

H, if and only if 
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(i) f(VG) ~ VH, and 

(ii) For all VEVG, e EEG, VE e: 

f(e) E VH ⇒ f(v)=f(e) 

and f (e) E EH ⇒ f (v) Ef (e) . 

Clearly, emulation is transitive. (If f emulates G on H, and g emulates 

H on K, then g O f emulates G on K.) For (undirected) graphs (seen as 

hypergraphs with each edge cardinality 2) the new definition of emula­

tion coincides with the old definition. Let f be an emulation of graph 

G=(VG,EG) on graph H=(VH,EH) (by the new definition), and suppose 

(v1 ,v2 ) E EG. If f((v1 ,v2 )) E VH, then f(v1 ) E f((v1 ,v2 )) and f(v2 ) E 

f((v 1 ,v2 )), so f(v1 )=f(v2 ) or (f(v1 ),f(v2 )) E EH. 

Let f be an emulation of hypergraph G=(VG,EG) on hypergraph 

H=(VH,EH). Any processor w E VH must actively emulate the processors in 
-1 -1 

f (w) n VG. When v E f (w) n VG communicates information via a bus b 

to neighboring processors x 1 , ... ,xm Eb, them w must either communicate 

the corresponding information internally (iff w=f(b) E VH), or communi­

cate the information via bus f(b) to the processors f(x1), ... ,f(xm)' (iff 

f (b) E EH). 

To determine the factor by which the emulation "slows down" a compu­

tation on the network we distinguish between the time needed for compu­

tations inside the processors, and the time needed for communication 

between the processors. If all processors act synchronously in G, then 

the time needed for computations will be increased by a factor, propor-
-1 

tional to max If (w) n VG I. 
wEVH 

Definition. Let f emulate 

The computation cost off 

hypergraph G=(VG,~f) on hypergraph 

is cc(f)= max If (w) n VGI. 
wEVH 

Definition. Let f be as above. f is computationally uniform, iff 

It means that for a computationally uniform emulation f, for every 
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processor 
-1 

If (w) n VGI= cc(f): every processor win H emulates 

the same number of processors in G. 

The factor by which the communication time is slowed down can be 

estimated by max I f-l (e) I (=the maximum number of buses a bus has to 

eeEH 

emulate.) This factor can be 0, in the degenerate case that all proces­

sors that can communicate with each other are mapped on the same node. 

In general all processors can communicate with each other using one or 

more communication steps (i.e. the hypergraph is "connected"), so if for 

an emulation f of a connected network G on a network H the maximum is 0, 

then f maps every node of G on the same node of H. In general, there 

will be at least one eeEH, with f- 1 (e) * 0. The factor max lf-1 (e) I is 
eeEH 

obtained if we let 

I f-l (e) I 

each emulated bus bin EG use the bus e=f(b) once 

every max 
_eeEH 

timesteps. 

optimal, but in general it is.) 

(The estimation is not necessarily 

Definition. Let f emulate hypergraph G=(VG,EG) on hypergraph H=(VH,EH). 

The communication cost of f is come (fl = max I f-l (el I . 

eeEH 

Definition. Let f be as above. f is communicationally uniform, iff for 
-1 

all e e EH If (el I= comc(f). 

Again, computationally uniform, and communicationally uniform emulations 

are transitive as relations. For directed hypergraphs, the definition of 

emulation becomes as follows: 

Definition. Let G=(VG,EG) and H=(VH,EH) be directed hypergraphs. f : VG 

u EG ➔ VH u EH is an emulation function (in short: an emulation) of G 

on H, iff 



(i) f (VG) ~ VH 

(ii) For all v,w E 

f (el E VH 

and f(el E EH 
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VH e=(a,b) EEG, VE a, w Eb: 

⇒ f (v) = f (w) = f (el 

⇒ one can write f (e) 

f(b) ~ d. 

(c,d), with f(a) ~ c, 

The definitions of computation and communication cost, and of computa­

tionally and communicationally uniform are the same for hypergraphs and 

directed hypergraphs. 

For graphs (seen as hypergraphs with each edge of cardinality 2) and 

directed graphs (seen as directed hypergraphs, with each edge consisting 

of an ordered pair of sets, each with one element) the definitions of 

"computationally uniform" coincide with the old definition of "(computa­

tionally) uniform" (cf. section 5.1.). 

6.5.4. Emulations of common networks with buses. 

6.5.4.1. Emulations of the spanning bus hypercube. The ct-dimensional 

spanning bus hypercube with width n has nodes, that can be seen as if 

they lie in a nxnx ... xn integer grid with dimension d. That is, each 

node can be specified with d integer coordinates in the range 

{O, ... ,n-1). Each node is connected to d buses, each bus going in a dif­

ferent dimension, connecting all the nodes whose coordinates agree in 

all other dimensions. 

Definition. The ct-dimensional spanning bus hypercube with width n is the 

hypergraph SBd, n (Vd,_n, Ed, n), with Vd, n Vi, = {(xl,x2, ... ,xd) 

and 

0:5x.:5n }. 
i 

le , I 
xl ... xi-lxi+1···xd' 1 

withe , 
xl ... xi-lxi+1···xd' 1 

An example with d=3 and n=4 is given in fig. 6.5.4.1. 
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The one-dimensional spanning bus hypercubes are the global bus networks. 

The spanning bus hypercubes with width 2 are very similar to the cube 

networks. For an analysis of the emulations of the cube networks see 

section S.S. 

One can emulate the d-dimensional spanning bus ·hypercube on the d-k­

dimensional spanning bus hypercube with the same width for any l~k~d-1 

by a straightforward projection. 

Theorem 6.5.4.1.1. The function f:Vd,n u Ed,n ➔ Vd-k,n u Ed-k,n, given 

by 

- f((x 1 , ... ,xd)) = (x1 , ... ,xd-k) and 

- f (e . ) e 
xl ... xi-lxi+1···xd' 1 xl ... xi_lxi+l"""xd-k,i 

iff i~d-k and 

-f(e .) (x1 , ... ,xd-k) iffi>d-k 
xl ... xi-lxi+l·•·xd' 1 

is a computationally and communicationally uniform emulation of SBd,n on 
d-k,n + . k 

SB (d,k,d-k,ne N ), with cc(f)=comc(f)=n. 

(). ,... ,... .f) 

r' r( ,-,r rf 
r~ r-r rf 

r< r< -r ~ 

(' " I' 
I " ( ,r ,< I -(' I'( 

(' r< ,-r 1f 
r< I r '-(' ) 

(' ,, 
' ' '" c ✓ I r ✓ ( 

j. ✓ .r ✓ 

ff ~ .,,. 

~~ ,-p ...r' .>-
Lr ./"' 

~ ,.!' r- jJ 
....... 

fig. 6.5.4.1. 

3-dimensional spanning bus hypercube with width 4. 
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Proof. 

Consider node x=(x1 , ... ,xd) E 

E Ed,n_ If iSd-k then f(e) E 

For all y u 

ll(yl, ... ,yd-k'yd-k+l''"'yd) I yd-k+l''"'yd e IO, ... ,n-l}}I 

f is computationally uniform with cc(f) = nk. 

For all e e , e 

i>d-k, 

emulation. 

vd,nl 

= nk. So 

Y1•••Yi-lYi+l·••Yd-k' 1 

lie .I yd-k+1 , ... ,yde{O, .. ,n-l}}I nk. So f is com-
Y1·••Yi-lYi+l·••Yd' 1 

municationally uniform with comc(f) = nk. D 

For the next result, let c be any integer with cln. 

d n. d n. 
Theorem 6.5.4.1.2. The function f:Vd,n u Ed,n ➔ V 'cu E 'c, given by 

n n n 
- f((x1 , ... ,xd)) = (x1mo~,x2mo~,···•xdmo~) and 

- f(e ) 
xl ... xi-lxi+1···xd,i 

, 1mo#) (x, 1modn.) ... (xdmo#),i 
1- C i+ C an 

is a computationally and communicationally uniform emulation of SB' on 
d,n/c + 

SB (d,n,c e N, cln), with cc(f)=cd; comc(f)=cd-l_ 

Proof. 

d n. 
It is clear that f(Vd,n) ~ v 'c 

ee n n n n , = f(e), 
(x1mod;> ... (xi_1mo~) (xi+lmo~) •.. (xdmo~),i 

hence f is an 

emulation. 

For all y (y1 , ... ,yd) e n 

11 (x1 , ... ,xd) lv',,lSiSd x,modn. 
i d i c 

vd,n/c 

d 
yi} I = C • So f is computationally uni-

form with cc(f)=c. 

Foralle=e , , lf-1 (e)I;= 
Y1•••Yi-1Yi+l·••Yd' 1 
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Vj, l~j~d, j~i; x.mod~ 
d-1 J c 

with comc(f)=c . □ 

cd-l So f is communicationally uniform 

6.5.4.2. Emulations of the dual bus hypercube. Wittie [Wi81] proposed a 

variant of the spanning bus hypercube, which uses significantly fewer 

connections per node: the dual bus hypercube. Nodes in the dual bus 

hypercube can again be seen as points in ad-dimensional integer grid of 

size nxnx ... xn, with n+1~~2. In the dual bus hypercube each node is 

connected to two buses. In one dimension, say the first, buses connect 

nodes, as in the spanning bus hypercube. (These are nd-l buses, each 

connected ton nodes.) Look at the d-1 dimensional layers, that are per­

pehdicular on these buses. In the first layer, buses go in the second 

dimension, each connecting n nodes that agree in all but the second 

coordinate. In the second layer, buses go in the third dimension, etc., 

so in the j'th layer, buses go in the 2+(j-l)mod(d-l)'th dimension. In 

each layer there are nd-2 buses, each connected ton nodes. The advan­

tage of a dual-bus hypercube over the spanning bus hypercube is that 

each node has only two connections to a bus. The diameter of the network 

however is 2d-1, only a factor of about 2 larger than the diameter of 

the spanning bus hypercube (=d). 

Definition. The d-dimensional dual bus hypercube with width n is the 

h h DBd,n (Vd,n 1 -Ed,n), wi'th d,n ~ ypergrap V ={ (x1, ... ,xd) Iv 

0~x.~n-1) and Ed,n= 
]. 

{e . I 
x1···xi-lxi+1···xd, 1 

E 

{ 0, ... , n-1) and (i=l or (2~i~d A i=2+(x1-l)mod(d-1))) ), with 

For d=l and d=2 the d-dimensional dual bus hypercube DBd,n and the 

d-dimensional spanning bus hypercube are the same. One has to take 

n+l~d, to let the dual bus hypercube be connected. 

An example of the dual bus hypercube, with d=3 and w=4 is given in fig. 

6.5.4.2. 

For the projections of the dual bus hypercubes on lower dimensional dual 
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fig.6.5.4.2. 

3 dimensional dual bus hypercube with width 4. 

bus hypercubes with the same width we need the following result: 

Lemma 6.5.4.2.1. Let d,d',n EN+, and d>d'~2. There is a bijection 

wd' d1 'n from {O, ... ,n-1) to {O, ... ,n-1), such that if (x-l)mod(d-1)+2 $ 

d' then (x-l)mod(d-1)+2 = (Wd, d ',n(x)-1)mod(d'-1)+2. 

Proof. 

For each i in 12, ... ,d'}, one has that I { x I 0$x$n-1 and 

(x-1) mod (d-1) +2 ill $ l{xl0$x$n-1 and (x-l)mod(d'-1)+2 = i} I. So we 

can map all x with (x-l)mod(d-1)+2 $ d' in a one-to-one manner, such 
d d' n 

that (x-l)mod(d-1)+2 (W' ' (x)-l)mod(d'-1)+2, and map the x with 

(x-l)mod(d'-1)+2 > d' onto the remaining nodes. □ 

h 4 , d,d',n 
T eorem 6.5 .. 2.2. Let d,d ,n and 'lf=W be as above. The function 

f:Vd,n u Ed,w ➔ Vd' ,n u Ed' ,n, given by 
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- f (e . l 
xl ... xi-lxi+1···xd' 1 

iff i=l and 

- f (e . l 
xl ... xi-lxi+1···xd' 1 

e , I iff 
\jl(xl)x2 ... xi-lxi+l"""xd, ' 1 

2:5i:5d' and 

- f (e , l (\jl(x1),x2 , ... ,xd1 ), iff i>d', 
xl ... xi-lxi+1···xd' 1 

is a computationally and communicationally uniform emulation of DBd,n on 

DBd',n, with cc(f)= comc(f) = nd-d' 

Proof. 

First we have to show that f is a correct mapping, i.e. we have to 

show that for 2:5i:5d', if e . eEd,n, 
x 1 ... x._1x, 1 ... xd,1 

d' 1 1+ 
eE ,n This is 

then 

because 
e\jl(xl) x2 ... xi-1 xi+l ... xd, , i 

e , eEd,n => i=2+(x1-l)mod(d-1) => (use that i:5d') 
xl ... xi-lxi+1·· .xd' 1 

2+(x1-l)mod(d-1) = 2+(\jl(x1 )-l)mod(d'-l)=i => e ( ) . 
'I' xl x2···xi-lxi+l···xci' ,1 

Now we show f is an emulation. It is obvious that f(Vd,n) 
d' n !:;;; V , 

d n 
Consider x=(x1 , ... ,xd) e V' and edge 

If i=l, then f(x) = (\jl(x1 ),x2 , ... ,xd,) E 

e=e , 
xl ... xi-lxi+1···xd' 1 

e =f(e). If 
x 2 ... xd,,l 

-d,n 
E E . 

2:5i:5d' , 

then f (x) = (\jl(x ),x2 , ... ,x ,) e e , = f(e). If 
1 d \jl(x1 ) x 2 . .. xi-l xi+l ... xd, , 1 

f(e). Hence f is an emulation. 

vd',n, lf-1 (x) n vd,nl= 

{ 0, .. , n-1} } I 

Hence f is computationally uniform 

and cc(f) = nd-d' 

For all 
-1 

e=e 1 , I f ( e) I E 

{ O, .• , n-1 l l I 

Yz ..• yd,' 
a-d' 

n For all e=e ,, with 2:5i:5d', 

-1 
If (e) I = I { e _ 1 

'I' (ya~~?···Yi-lYi+l·•·Yd,yd,+ 1·•·Yd,i 

{O, ... ,n-1}}1 n . Hence f is communicationally 

yl ... yi-lyi+l" .. yd,' 1 

I yd'+l' ... ,yd E 

uniform, and 

come (f) = nd-d' □ 

Theorem 6.5.4.2.3. Let d,n,c e N+, cln, (d-1) I(!!.). 
C 

d !!. d !!. 
d n -d n 'c ~ 'c 

The function f: V ' u E ' ➔ V u E , given by 



- 193 -

n n 
- f((x1 , ... ,xd))= (x1 mod;, ... ,xd mod;) and 

- f(e .) 
xl. · .xi-lxi+1·· .xd,i 

e 
n n n ~). (x1 mod ;) ... (xi-l mod ;> (xi+l mod -) ... (xdmo - , i 

computationally and communicationally uniform emul~tion of DBa,n on is a 

d d-1 
cc(f)=c; comc(f)=c . 

Proof. 

dg 
It is obvious that f(Vd,n) ~ V 'c f is correct mapping: 

e=e . eEd,n ⇒ ( (i=l) or (2SiSd A i= 
x1···xi-lxi+l···xd,i 

⇒ (i=l or (2SiSd Ai= (x1mod(;)-l)mod(d-1)+2) (use 

(x1-l)mod(d-1))+2) 

that (d-1) I (g)) ⇒ 
C 

dg 

f(e) 
~ , C 

E EE The remainder of the proof is similar to the proof of 

theorem 6.5.4.1.2. D 

W 'd 1 ' f d,n d,n/c ' h (d 1) 1 e next consi er emu ations o DB on DB , wit - The 
C 

next result shows that there exist efficient, non-uniform emulations of 
d n d n/c . n 

DB' on DB' , if (d-1) 1 - : we have an extra factor of at most 2 in 
C 

the formulas for the computation and communication cost, compared with 

the costs of the uniform emulations of DBd,n on DBd,n/c, with (d-1) lg 
C 

Lemma 6.5.4.2.4. Let d,n,n' e + N , n' In, n':2:d-1. Let c=n/n' . There 

exists a mapping 'If: {O, ... ,n-1) ➔ {O, ... ,n'-1), such that 

(i) 'ix, OSxSn-1: x mod(d-1)= 'lf(x)mod(d-1) 

(ii) 'ty, 0Sy:5n'-1: \'lf-l(y)\ S 1n/((d-l)-ld~lJ>l S 2c. 

Proof. 

Write n'=k(d-1)+1, with OSl<d-1. The mapping 'If: {O, ... ,n-1) ➔ 

{O, ... ,n'-1), given by 'lf(X)=x mod(k(d-1)) fulfills property (i) and 

(ii):';/ x, OSxSn-1: x mod(d-1) (x mod(k(d-l)))mod(d-1); and 
-1 

OSySn'-1, l'I' (y) l=O, if y:2:k(d-1), and 

mod(k(d-l))=y}I = ln/(k(d-1))7, if y<k(d-1). 

ln/(k(d-1))7 = r (ck(d-l)+cl)/(k(d-1))7 s 2c. 

-1 
l'I' (y) I= 

Note 

D 

that 

I {x I OSxSn-1, 

k=L d~lJ, 

';/y, 

X 

and 
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Theorem 6.5.4.2.5. Let d,n,n',V,c be as above. The function 

Ed,n ➔ Vd,n u Ed,n', given by 

- f((x1,·••1Xd))=(v<x1),x2mod n',x3mod n', ... ,xdmod n') and 

f: 

- f (e . ) = e , , , , iff i=l, and 
x 2mod n ... xdmod n ,1 x1···xi-lxi+1···xd, 1 

- f (e . )= 
xl ... xi-lxi+1···xct' 1 

u 

e , , , , . , iff 2SiSd 
v<x1 )x2mod n ... xi_1mod n xi+lmod n ... xdmod n ,1 , d 1 

is an emulation of DBd,n on DBd,n', with cc(f) S f n/((d-1) .Ld~1J>l-c -

d r L n' J 1 d-2 d-1 S 2c, and comc(f) S n/((d-1). d-l) -c S 2c . 

Proof. 

We first show that f is a correct mapping. For e=e , 
x 2 ... xd, 1 

clear that f(e) e Ed,n_ Now let 2SiSd. e=e , 
xl ... xi-lxi+1···xct' 1 

it is 

E Ed,n 
⇒ 

i=(x1-l)mod(d-1)+2 

f(e)=e , 
v<x1)x2mod n ... xi_1mod n'xi+lmod n' ... xdmod n' ,i 

a correct mapping. f is an emulation of DBd,n on DBd,n' 

i=(V(x1 )-l)mod(d-1)+2 
~d n' 

EE 1 

⇒ 

So f is 

clearly 

f(Vd,n) ~ vd,n' and it is easy to check, that for all x e Vct,n, e e 

Ect,n, x e e ⇒ f(x) e f(e). 

Finally observe that for all 
-1 

If (yl I= 
-1 d-1 

IV (y1 ) I .c , and for all 
-d n' E , : 

lf-1 (e) l=cct-l, if i=l and lf-1 (e) I The esti-

mations of cc(f) and comc(f) now follow from lemma 6.5.4.2.4. □ 



CHAPTER SEVEN 

EMULATIONS: COMPLEXITY RESULTS 

7.1. Introduction. In this chapter we proceed with the analysis of the 

notion of emulations, but now we focus our attention on the complexity 

of the problem of finding uniform emulations between given networks of 

certain characteristics (with a sequential algorithm). Consider the 

following problem: 

[UNIFORM EMULATION] 

Instance: Connected graphs G=(VG,EG), H=(VH,EH) 

Question: Is there a uniform emulation of G on H? 

The variant of this problem in which the computation factor 

c=IVGI/IVHI is fixed will be called c-UNIFORM EMULATION. Note that the 

related question whether G can be emulated on H without the constraint 

of uniformity always yields the answer yes (provided H contains at least 

one node): every constant function is an emulation. We assume that the 

reader is familiar with the theory of NP-completeness (see Garey and 

Johnson[GJ79] or section 1.7. of this thesis). 

We will prove that c-UNIFORM EMULATION is NP-complete, for every c 

E N+. The problem remains NP-complete under several additional con­

straints on the guest and host networks. Realistic constraints are: the 

graphs are connected (or strongly connected in the case of directed 

graphs) and the nodes of the graph have a bounded degree. We will mainly 

consider connected and strongly connected graphs, respectively. 

This chapter is organized as follows. In section 7.2. we prove that 

c-UNIFORM EMULATION is NP-complete and consider graphs of bounded 

degree. In section 7.3. we consider the problem for the case that the 

host graph H is required to be of a specific type, for the following 

types of networks: the two-dimensional grid network, the cube network, 

the shuffle-exchange network and the 4-pin shuffle. In section 7.4. we 

consider the problem for the case that the host graph His required to 

be a path or a ring network. In section 7.5. we prove that UNIFORM 
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EMULATION is NP-complete, even if the host graph His fixed to any con­

nected graph H, that is not complete. In section 7.6. we introduce the 

notion of computation cost of an emulation, and we comment on the 

existence of "good", polynomial time approximation algorithms for minim­

izing the computation cost of an emulation of a network G on a network 

H. In section 7.7. we consider the complexity of finding coverings of a 

network G on a network H. In section 7.8. we comment on the complexity 

of finding uniform emulations between networks with buses. 

7.2. The complexity of finding uniform emulations for graphs of bounded 

degree. In this section we prove c-UNIFORM EMULATION te be NP-complete, 

for every (fixed) c ~ 1 and consider graphs of bounded degree. In sec­

tion 7.2.1. the results on undirected graphs are presented. In section 

7.2.2. we consider directed graphs. 

7.2.1. Undirected graphs of bounded degree. 

Theorem 7.2.1.1. UNIFORM EMULATION is NP-complete. 

Proof. It is easy to see that this problem is in NP. (Guess a function 

f: VG➔ V8 , and check whether it is an emulation and whether it is uni-

form.) To prove NP-completeness, observe that one can polynomially 

transform HAMILTONIAN CIRCUIT to the problem. Let H=(V8 ,E8 ) be a con­

nected, undirected graph and let G=(VG,EG) be the undirected graph con­

sisting of one cycle of IV8 1 nodes. G can be uniformly emulated on H if 

and only if H contains a Hamiltonian circuit. □ 

Theorem 7.2.1.2. For every c 1 , c 2 e N+, the following problem is NP­

complete: 

Instance: Connected, undirected graphs G=(VG,EG) and H=(V8 ,E8 ), 

with each node of VG of degree at most c 1+1 and each node of v 8 

of degree at most c 2+2, and IVGl=c1 -c2 - 1v8 1. 

Question: Is there a uniform emulation of G on H? 

Proof. Clearly the problem is in NP. To prove NP-completeness, we 
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transform HAMILTONIAN CIRCUIT for undirected graphs with nodes of degree 

exactly 3 and no cycles of length 3 or 4, to this problem. This version 

of HAMILTONIAN CIRCUIT is NP-complete [GJ79,GJT76]. Note that the result 

in [GJT76] did not state the last constraint, but the (planar) graphs 

resulting from the construction in [GJT76] indeed do not have cycles of 

length 3 or 4. 

Let an arbitrary graph H0=(V0 ,E 0 ) be given with nodes of degree 3 

and no cycles of length 3 or 4. Construct a graph H =(VH,EH) with 

IVHl=IV0 1+1V0 1 .2. (c 2-l) nodes by adding to each node of H0 c 2-l extra 

"branches" of 2 nodes. An example of this transformation is given in 

fig. 7.2.1.1. (with c 2=3). 

➔ 

H 
fig. 7. 2 .1.1. 

Let n=c2 1VHl=c2 (1V0 1+1V0 1-2-(c2-l)). 

defined by VG={(i,j) I 0$i$n-l A 

(i2, j2)) I (il, jl), (i2, j2) e VG A ( (il=i2 

Let be the graph 

l$j$c1 }, and EG={((i 1,\>, 
A jl~j2) v (j1=j2 A i1=i2±l(mod 

n)))}. So G consists of n cliques of c 1 nodes and thus has c 1 -c2 - 1v1 1 

nodes; each node is also connected to a node in the "successor clique", 

and a node in the "predecessor clique". We assume for the sake of argu­

ment that G is oriented, say, counter-clockwise. An example of G, with 

n=6 and c 1=3 is given in fig. 7.2.1.2. 

The construction of G and H can be done in time polynomial in 1v0 1, 

and G and H satisfy the conditions of the problem. 

Claim 7.2.1.2.1. H0 contains a Hamiltonian circuit if and only if there 

is a uniform emulation of G on H. 

Proof. Suppose we have a uniform emulation f of G on H. Let A. 
J 
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fig. 7. 2. 1. 2 . 

{(i,j)IOs;is;n-1) ~VG, for every j, 1s;js;c1 . Note that for every j, 

l <"< A ' l f G W 'd t -J-c1 , j is a eye e o . e consi er wo cases: 

Case I : c 2~2. Let v E v O ~ VH and let j be fixed, 1s;js;c1 . Now 

look at the set of successors of nodes (i,j) E G with f((i,j))=v. For 

every branch attached to v in H, there is at least one node of VG that 

is mapped upon the "end of the branch", (that is, the node with degree 

1) . This node is connected to a node of the form (x, j), so the "cycle" 

f(Aj) will visit this branch. So there are c 2-l successors of nodes 

(i,j) with f((i,j))=v that are mapped upon branches of v. There must be 

also one such successor that is mapped upon another node v' E v0 ~ VH. 

So there are at least c 2 nodes of Aj that are mapped upon v, for every 

j, 1s;js;c1 . Due to the uniformity off, this number must be exactly c 2 

for all j, ls;j<=c 1 . (This means essentially that the "cycle" f (Aj) after 

visiting a node v E v0 for the first time, must visit successively all 

branches of v, and then leave v to another node v' E v0 and cannot 

return to v for a second time thereafter.) Now we have that for each 

node v E v 0 ~ VH there is a unique v' E v 0 ~ VH such that there is a i e 

{O, ... ,n-1) with f((i,l))=v and f((i+l)mod n)=v'. We can call v' the 

successor of v. By successively visiting the successors of the nodes in 

v0 ~ VH we have a Hamiltonian circuit of H0 . 

Case II: c 2=1. First notice that H=H 0 . We claim that there are no 

i 1#i2 with f((i 1 ,l))=f((i2 ,l)). Suppose there are. In the following we 

let+ be the addition modulo n and - the subtraction modulo n. 

Let J 1 = {jlf((i1,j)) = f((i 1 ,l))l, J 2 = {jlf((i1 ,j) # f((i 1 ,l))}, 

v 1 f ( ( i 1 , 1) ) , j 2 E J 2 , and v 2 = f ( ( i 1 , j 2 ) ) . 
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must 

adjacent to f((i 1 ,J2 )) = v 2 and to f((i 1+1,J1 )) = v 1 . As 

have 3-cycles, we have f((i 1+1,J2 )) ~ {v1 ,v2 J. So 

= {(i1 ,j*)ll$j*$c1 } u {(i1+1,j*)lgj*$c1 J. Now f((i 1-1,1)) 

must be adjacent to v 1 = f((i 1,1)) (it cannot be equal to it due to the 

uniformity of f), f ( (i 1-1, j 2 )) must be adjacent to v 2=f ( (i 1 , j 2 )) (again 

it cannot be equal to it) and f((i 1-1,1)) and f((i 1-1,j 2 )) must be equal 

or adjacent, so H=H O contains a 3-cycle or a 4-cycle. Contradiction. 

Suppose lf((i1+1,J1 )) 1~2. Notice that every node in f((i 1+1,J1 )) is 

equal or adjacent to v 1 and H does not contain 3-cycles, so v 1 E 

. -1 
f((i 1+1,J1 )). If v 2 E f((1. 1+1,J1 )) then f ((v1 ,v2 )) = { (i1 ,j*) ll$j*$c1 } 

u { (i 1+1,j*) ll$j*$c1 } and a contradiction can be obtained as before. So 

there is a node v 3 Ii {v1 ,v2 J with v 3 E f((i 1+1,J1 )). Every node in 

f((i 1+1,J2 )) must be equal or adjacent to v2 and v 3 , and v 2 is adjacent 

to v 3 , so f((i 1+1,J2 )) = v 1 which contradicts uniformity. (We did sup­

pose there was a i 2 with f((i 1,1)) = f((i 2 ,1)), so f- 1 (v1 ) ~ {(i1 ,J1 ) I u 

I (i1+1,J2 ) I u I (i2 ,1) }) . □ 

Now every node in f((i 1+1,J2 )) must be adjacent or equal to v 2 and 

to v 3 = f((i 1+1,J1 )). Note that v 3 is adjacent to v 1 and, because H does 

not contain 3-cycles or 4-cycles we have: f((i 1+1,J2 )) {v1 } and 
-1 -1 

f ·(v1 ) ~ {(i1+1,J2 ), (i 1,J1 ), (i2 ,1)}, hence If (v1 )1 ~ c 2+1, which 

contradicts uniformity. This completes the proof of the claim that there 

are no i 1*i2 with f((i 1 ,1)) = f((i 2 ,1)). This shows that f 1 restricted 

to the set of nodes {(i,1) ll$i$n} is a graph isomorphism of a cycle with 

n nodes to a subgraph of H=HO, so HO has a Hamiltonian circuit. 

Suppose HO has a Hamiltonian circuit. First note that f: ➔ 

{O, ... ,n-1), given by f((i,j)) = i is a uniform emulation of VG on a 

cycle with n nodes. Because uniform emulation is transitive, it is suf-

ficient to give a uniform emulation of a cycle with n nodes on H for 

showing that G can be uniformly emulated on H. 

First we derive a cyclic path in H that visits each node at least 

once and at most c2 times: add to the Hamiltonian circuit of HO extra 
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path parts that visit the branches, added to the nodes of H. This path 

can be transformed to a uniform emulation of the cycle with n nodes to 

H, by mapping successive nodes on the cycle on the same node v in H, if 

the path visits v less than c 2 times. □ 

Corollary 7.2.1.3. For every c e 

complete: 

[c-UNIFORM EMULATION) 

Instance: Connected graphs 

IVGl=clVHI. 

+ 
N ' the following problem is 

and 

Question: Is there a uniform emulation of G on H? 

NP-

with 

By further refining the technique of the proof of theorem 7.2.1.2. 

slightly better results can be obtained. 

Theorem 7.2.1.4. For every c 1 , c 2 e N+ with c 2 ~ 2 the following problem 

is NP-complete: 

Instance: Connected, undirected, planar graphs G=(VG,EG) and 

H=(VH,EH), with each node of VG of degree at most 3, and each 

node of VH of degree at most c 2+2, and IVGl=c 1 -c2 -IVHI. 

Question: Is there a uniform emulation of G on H? 

Note: the theorem is stronger than theorem 7.2.1.2. in two ways: we can 

choose G and H planar, and the degree of the nodes in G is not dependent 

Proof. Clearly the problem is in NP. To prove NP-completeness we will 

again transform HAMILTONIAN CIRCUIT for undirected planar graphs with 

nodes of degree 3 to this problem [GJ79,GJT76). As noted before, this 

version of HAMILTONIAN CIRCUIT is NP-complete. 

Let H0=(V0 ,E0 ) be an arbitrary undirected planar graph with nodes 

of degree 3. We construct a graph H=(VH,EH) by adding to each node of v0 

c 2-1 extra branches, each branch now consisting of 2c1+1 nodes. An exam­

ple is given in fig. 7.2.1.3., with c 1=3 and c 2=2. Note that 1v0 1 must 

be even (every node in H0 has exactly 3 adjacent edges), hence IVHI is 

even. Let n=IVHI. 



- 201 -

Let G=(VG,EG) be defined by VG= {(i,j) IO~i~n-1 A l~j~c1 ), and EG 

{ ( (il, jl), (i2, j2)) I (il, jl), (i2, j2) e VG A ( (i1=i2 A I jl-j2 I =1 A 

(min(j 1 ,j 2 ) is odd ¢=>i1 is odd)) v (j 1=j 2 A i 1=i2 ± 1 (mod n)) ). Thus 

the cliques of the graph G of the proof of theorem 7.2.1.2. are replaced 

by structures that have a much smaller number of edges. The example of 

fig. 7.2.1.4. illustrates the construction. In this example n=6 and 

c 1=5. 

Again we claim that H0 contains a Hamiltonian circuit if and only 

if there is a uniform emulation of G on H. The proof of claim 7.2.1.2.1. 

for the case c 2 ~ 2 can be followed to obtain a proof for this case, 

fig. 7.2.1.4. G with n=6 and c 1=5. 
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with the following observation: for every v e v0 and every branch of V 

there is at least one node that is mapped upon the last node of the 

branch (i.e. the node with degree 1). For every j, 1$j$c1 there is a 

node (i,j) e VG that has a distance$ 2c tow. This means that (i,j) 

must also be mapped upon a node of this branch, so the image of the 

cycle A. 
J 

I (i,jl 10$i$n-ll must visit this branch. Now the remaining 

part of this proof can be done in a similar way as in the proof of claim 

7.2.1.2.1. Notice that for every n, c 1 G is planar. If H0 has a Hamil­

tonian circuit, then one can construct a uniform emulation of G on H 

similar to the construction in claim 7.2.1.2.1. D 

We mention the following corollaries of theorem 7.2.1.2 and 7.2.1.4: 

Corollary 7.2.1.5. c-UNIFORM EMULATION FOR PLANAR GRAPHS is NP-complete. 

Corollary 7.2.1.6. For every c e N+, c even, the following problem is 

NP-complete: 

Instance: Connected, undirected, planar graphs G = (VG,EG) and H 

(VH,EH), with each node of G of degree at most 3, each node of H 

of degree at most 4, and IVGI = c-lVHI. 

Question: Is there a uniform emulation of G on H? 

Proof. This is a special case of theorem 7.2.1.4. with c 1=c/2 and 

c 2=2. D 

Corollary 7.2.1.7. For every c e N+ the following problem is NP­

complete: 

Instance: Connected, undirected, planar graphs G=(VG,EG) and 

H=(VH,EH), with each node of G of degree at most 2 (i.e. G is a 

path of a cycle), each node of Hof degree at most c+2, and 

IVG I =c · IV HI . 

Question: Is there a uniform emulation of G on H? 

Proof. This is a special case of theorem 7.2.1.2. with and 

Note that the graphs H, resulting from the construction in the proof of 
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theorem 7.2.1.2. are planar. □ 

The result of corollary 7.2.1.7. should be contrasted with the fol­

lowing proposition: 

Proposition 7.2.1.8. For every c e N+, and connected, undirected graphs 

G=(VG,EG) and H=(VH,EH) with Ga cycle or a path (i.e., each node of VG 

has degree at most 2), each node of H of degree at most c and 

IVGl=c,IVHI, there exists a uniform emulation of G on H. The emulation 

function can be found in O(IVGl+IEHI) time. 

Proof. It is easy to construct a cyclic path that visits each node at 

least once and at most c times: construct a spanning tree T of H. Now 

visit the root of T; visit recursively the nodes in the subtree of the 

leftmost son of the root, starting and ending with the root of this sub­

tree, then visit the root of T, then visit the nodes in the subtree of 

the one-but-leftmost son of the root, then again visit the root of T, 

etc. In this way a node v is visited at least once, and at most 

degree(v) ~ c times. 

We can map the nodes of the path or cycle G on the successive nodes 

visited by this algorithm. If the algorithm visits a node v less than c 

times we have to map some successive nodes of G on v. In this way a uni­

form emulation can be obtained. 

The time necessary to create the spanning tree is O(IEHI), the rest of 

the work can be done in time O(IVGI). □ 

Interesting open problems are: given a computation factor c, what is the 

complexity of the problem to determine whether a path or a cycle can be 

uniformly emulated on a graph with maximum node degree c+l; and is the 

c-UNIFORM EMULATION problem for G and H graphs with maximum node degree 

3 NP-complete (for c>l)? 

7.2.2. Directed graphs of bounded degree. For directed· graphs the c­

UNIFORM EMULATION problem remains NP-complete if we restrict G to be a 

cycle and Ha graph with each node involved in at most 3 edges: 
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spanning tree 

uniform emulation of a cycle on H 

fig. 7. 2 .1. 5 

Theorem 7.2.2.1. For every c e N+ the following problem is NP-complete: 

Instance: Directed, strongly connected, planar graphs G=(V8 ,E8 ) and 

H=(VH,EH), such that every node in G is involved in at most 2 

edges (i.e., G is a cycle), every node in His involved in at 

most 3 edges, and 1v8 1=c- IVHj. 

Question: Is there a uniform emulation of G on H? 

Proof. Clearly the problem is in NP. To prove NP-completeness we 

transform DIRECTED HAMILTONIAN CIRCUIT for directed, strongly connected, 

planar graphs with each node involved in exactly 3 edges to this prob­

lem. This version of DIRECTED HAMILTONIAN CIRCUIT is NP-complete [GJ79]. 

Let a directed, strongly connected, planar graph H0=(V0 ,E 0) be 

given, with each node v e v 0 involved in exactly 3 edges. H0 has two 

types of nodes. (See fig. 7 .2 .2 .1.) 

fig. 7.2.2.1. 
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We first replace HO by H1 by replacing nodes as in fig. 7 .2 .2 .2. 

(The digits 0, 1, 2 indicate the "type" of a new node for later refer­

ence.) 

➔ 

➔ 
fig. 7.2.2.2. 

To each node of type 2 in fig. 7.2.2.2. we add a binary tree with 

c-1 leaves, with the edges in the tree directed towards the leaves. 

Another tree with edges directed towards the root is placed on these 

leaves. The root of this tree is connected with an edge to the 

corresponding node of type 1. An example is given in fig. 7.2.2.3., with 

c=7. An example of the whole transformation is given in fig. 7.2.2.4. 

(with c=3) . 

Let H=(VH,EH) be the graph that is obtained from H1 in this way. If 

c=l then one can take H=H0 . We let n=IVHI, and Ga directed cycle of c-n 

0 

c=7 

fig. 7.2.2.3. 
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0 

fig. 7 . 2 . 2. 4. 

nodes. 

Claim 7.2.2.1.1. H0 contains a Hamiltonian circuit if and only if there 

is a uniform emulation of G on H. 

Proof. If HO contains a Hamiltonian circuit then there exists a cyclic 

path in H that visits each node at least once and at most C times. We 

visit nodes of type 0 in the order of the Hamiltonian circuit and, when 

we arrive at a pair of nodes of type 1 and 2, we go c-1 times over the 

added structure of the two trees, each time visiting another leaf. This 

path can be transformed to a uniform emulation of G on H by mapping suc­

cessive nodes of G on the same node v in H, if the path visits v less 

than c times. 

Now suppose we have a uniform emulation f of G on H. For every node 

v* of type 1, look at the c predecessors of the c nodes that are mapped 

upon v* by f. Because every leaf in the two-tree structure added to v*, 

(and the neighbor of v* of type 2) must be visited by f(G), and there 

are c-1 such leaves, c-1 of these predecessors must be mapped upon the 
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root of the tree with edges towards v* and exactly one is mapped upon a 

node of type O or 2. This means that every node cluster, consisting of a 

node of type 0, a node of type 1, a node of type 2 and the added two­

tree structure can be visited at most once from another node cluster. It 

has also to be visited at least once from another node cluster. Look at 

the successive node clusters in H that are visited. The corresponding 

nodes in H0 form a Hamiltonian circuit. □ 

The graphs G and H fulfill the conditions and can be obtained from 

H0 in time polynomial in 1v0 1 and c. This completes the proof of theorem 

7.2.2.1. □ 

7.3. The complexity of finding uniform emulation on networks of a 

certain type. In this section we consider the c-UNIFORM EMULATION prob­

lem for the case that the host graph His required to be a network of 

some given type, for the following types of networks: the two­

dimensional grid, the cube network, the shuffle-exchange network and the 

4-pin shuffle. In section 7.3.1. we prove that c-UNIFORM EMULATION is 

NP-complete if the host graph is restricted to be a grid, for every c~2. 

In section 7.3.2. we prove that c-UNIFORM EMULATION is NP-complete if 

the host graph is restricted to be a cube, for every c~l. In section 

7.3.3. we prove that c-UNIFORM EMULATION is NP-complete if the host 

graph is restricted to be a 4-pin shuffle or a shuffle-exchange graph, 

for every c~7 and c~l5. 

7. 3 .1. Uniform emulation on the two-dimensional grid network. Recall 

the definitions of the two-dimensional grid network with and without 

wrap-around connections from section 1.6.2. 

Theorem 7.3.1.1. For every c EN+, c~2, the following problem is NP­

complete: 

[c-UNIFORM EMULATION ON A GRID) 

Instance: A connected, undirected graph G=(VG,EG), such that there 

is an n EN+ with IVGl=c-n2 . 

Question: Is there a uniform emulation of G on GR? 
n 
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Proof. Clearly the problem is in NP. To prove NP-completeness we first 

consider the following problem. 

Given a set of V,;;;; Vn in a two-dimensional grid GRn=(Vn,En), the 

subgraph of GRn induced by V is the graph Gv=(V,EV), with 

Ev={ (v1 ,v2 ) lv1 ,v2 e V and (v 1,v2 ) e En)' i.e. every two nodes in V that 

are adjacent in the grid are adjacent in the subgraph induced by V. The 

following problem is known to be NP-complete [IPS84]: 

[HAMILTONIAN CIRCUIT IN A GRID GRAPH] 

Instance: n e Nanda set of nodes V,;;;; V 
n 

Question: Does the subgraph of GRn, induced by V contain a Hamil-

tonian circuit? 

We show that HAMILTONIAN CIRCUIT IN A GRID GRAPH can be polynomi-

ally transformed to c-UNIFORM EMULATION ON A GRID (for every c~2). Let n 
+ 

e N and a set of nodes V,;;;; Vn be given and let c~2, c e 

construct a connected undirected graph G=(VG,EG), with 

N+. We will 
2 

IVGl=c- (2n) , 

such that there is a uniform emulation of G on GR2n, if and only if the 

subgraph of GRn induced by V contains a Hamiltonian circuit. 

We let G=(VG,EG) consist of the following parts: 

a) c-1 grid layers of 2nx2n nodes: 

A= {v~ kll~i~c-1, 0~j~2n-l, 0~k~2n-l). 
J, 

b) one grid layer of 2nx2n nodes with the nodes of V omitted: 

B {v~ kl0~j~2n-l, 0~k~2n-l, (j,k) If. V). 
J, 

c) a cycle of IVI points: 

C = {wil0~i~IVl-1). 

We connect points whose (j,k)-coordinates are adjacent in 

without regard 

v~ k with (j,k) 
J, 

to the layer, and one node of the cycle to some point 

Now VG 

e V. Choose an arbitrary (j*,k*) e V. 

A U B UC; 

il i2 il i2 
{(v. k,v. k )Iv. k v. k 

Jl, 1 J2, 2 Jl, 1 J2, 2 
E A U B A 

(j 2 ,k2 ~) E E2nl u {(wi, wj) lwi,wj e VA i=(j±l) mod IVI} u 

{(w1 ,vj*,k*)). (E2n is the set of edges of GR2n.) 



- 209 -

Claim 7.3.1.1.1. The subgraph of GRn induced by V contains a Hamiltonian 

circuit if and only if there is a uniform emulation of G=(VG,EG) on 

GR2n" 

Proof. First suppose the subgraph of GRn induced by V contains a Hamil­

tonian circuit. Then the subgraph of GR2n induced ~y V contains a Hamil-
i l 

tonian circuit. Now let f(v. k) (j,k), for all v. k E A u B. Then 
J, J, 

every node in v 2n-V has c nodes of Au B mapped upon it, every node in V 

has c-1 such nodes mapped upon it. Now we can map w1 on (j*,k*), w2 on 

the node that is visited by the Hamiltonian circuit after (j*,k*), etc., 

i.e., we let f map wi on the i'th node on the Hamiltonian circuit, where 

(j*,k*) is considered to be the first node. In this way a correct uni­

form emulation of G on GR2n is obtained. 

Now suppose f is a uniform emulation of G=(VG,EG) on GR2n. We claim 

that for all (j 1 ,k1 ) E {O, ... ,2n-2) X {O, ... ,2n-2) - {O, ... ,n) x 

Io, ... , n l, 

Then we can reach a contradiction as follows: V ~ {O, ... ,n-1) x 

{O, ... ,n-1), so 

il 
V. So v. k 

Jl' 1 
has Sc-1 neighbors in G*, and 

neighbor of a node in 

i2 
v. k has at least one 

J2'. 2 
il 

neighbor in G* that is not v. k or a neighbor of 
Jl, 1 

11 
v. k, so at least 
Jl' 1 

Sc+l nodes must 
il 

be mapped upon f(v. k) and its 4 neighbors in 
Jl' 1 

This contradicts uniformity. In the same way one can prove that for 

as before, 
il 

and 0$i$IVl-1, f(w.) * f(v. k). So the only 
1 Jl' 1 

il 
nodes that can be mapped to f(v. k) 

J 1' 1 
l$~c. There are exactly c 

Io ... 2n-2 l {0 ... n) X 

i2 
f(v. k). Now we claim that 

J2, 2 



- 210 -

the set {v~, 2n_2 1i=0 ... 2n-1} must be mapped upon a cycle in GR2 n (that 

is a set of the form { (j,k) lo'.'>k'.'>2n-1} or { (k,j) I0'.'>k'.'>2n-1}, with j 

fixed). Suppose this is not the case. Then the successive nodes 
1 

f(vi, 2n_2 ) (i=0 ... 2n-1) form a path that must make a bend on the grid. 

Suppose there is a bend in the form as shown in fig. 7.3.1.1. (The other 

cases are similar.) Then the nodes {f(v~*, 2n_ 3 ) Ii* E{i,i+l,i+2}} cannot 

be mapped such that adjacencies are preserved. Contradiction. 

1 1 
f(vi+l,2n-2) f(vi+2,2n-2) 9-----0 

16 
f(vi,2n-2) 

fig. 7. 3. 1.1. 

In the same way one can prove that the set {v2
1 

2 . li=0 ... 2n-1} must be 
n- ,1. 

mapped upon 
1 

f(vi,2n-2) = 

a cycle in GR2 . Without loss of generality one may suppose 
n 1 . 

(i,2n-2) and f(v2n-2 ,i) = (2n-2,i). With induction one can 

for all (i,j) f(v .. ) (i,j). Now f(v~ .) = (i,j) for all 
1-, J 1-, J 

prove that 
a 

Au B. This means that f(wi) EV for all wi EC (use uniformity V, • E 
1-, J 

of f). So f(w1 ), f(w2 ), ... ,f(wlVI) form a Hamiltonian circuit in GV. D 

2 
Note that IVGI = C• (2n) , and the construction of G can be carried out 

in time polynomial in IV\ and n. Hence c-UNIFORM EMULATION ON A GRID is 

NP-complete, for c~2. D 

Theorem 7.3.1.2. For every c EN+, c~2 the following problem is NP­

complete: 

Instance: A connected, undirected graph G=(V ,E ), such that there 
+ 2 G G 

is an nEN with IVGl=c-n. 

Question: Is there a uniform emulation of G on GR' ? 
n 

Proof. Similar to that of theorem 7.3.1.1. D 
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7.3.2. Uniform emulation on the cube network. In this section we use 

the definition of the cube network of section 1.6.4. Recall from 

theorem 6.2.2. t~at GR can be uniformly emulated on c2 , i.e., GR is 
2n n 2n 

isomorphic to a spanning subgraph of c2n. The main result in this sec­

tion is: 

Theorem 7.3.2.1. For every c EN+, the following problem is NP-complete: 

[c-UNIFORM EMULATION ON A CUBE] 

Instance: A connected, undirected graph G=(VG,EG), such that there 

' k + ' I I k lS a EN with VG =c-2 . 

Question: Is there a uniform emulation of G on Ck? 

Proof. Clearly the problem is in NP. To prove NP-completeness we will 

transform the HAMILTONIAN CIRCUIT IN A GRID GRAPH problem to this prob­

lem. (For details on this version of HAMILTONIAN CIRCUIT see the proof 

of theorem 7.3.1.1.) 

+ 
Let n EN and a set of nodes Vin GRn be given. We may suppose 

that n=2k for some k EN+. (If not we can reduce the problem to this 

case in polynomial time.) 

Let f be a uniform emulation of GRn on c2k (as implied from theorem 

6.2.2.) (Note that f is a bijection, i.e. a subgraph isomorphism.) Let g 

be the mapping defined by 

gof(V), and 

{xlxlxlx2x2x2···xi-lxi-lxi-1°0lxi+lxi+lxi+l···x2kx2kx2k001 

xl ... xi_loxi+l···x2k' xl ... xi-llxi+1···x2k E f(V) ), 

{xlxlxlx2x2x2 ... xi-lxi-lxi-1°11xi+lxi+lxi+l···x2kx2kx2k001 

xl ... xi-loxi+l···x2k' xl ... xi=tlxi+l···x2k E f(V) ), 

{x1x 1x1x2x 2x2 ... x2kx2kx2kollf (x1 ... x2k) EV and has 

at most 3 neighbors in V) 
-1 

{x1x 1x1x2x2x2 ... x2kx2kx2klolf (x1 ... x2 k) EV and has 

at most 2 neighbors in V) 
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We let w = v 1 u v 2 uv3 uv4 uv5 ~ v 6k+2 and GW be the subgraph of 

C6k+2 induced by W: Gw=(W,Ew) and Ew={ (v,w) I v,w E w /\ (v,w) E E6k+2} 

(where E6k+2 is the set of edges of c6k+2>. GW resembles the subgraph of 

GR induced by v, Gv= (V,Ev), with E = 
V 

{ (v,w) lv,w E V and v,w adjacent 
n 

in GR } . One can obtain a graph isomorphic to Gw from GV by adding on 
n 

each edge 2 extra nodes (these correspond to the nodes of v2 and V3), by 

adding to each node in V with 3 neighbors one extra neighbor (these 

correspond to nodes of V4) and by adding to each node in V with 2 neigh-

bors 2 extra neighbors (nodes of v 4 and VS). In fig. 7.3.2.1. we show 

an example of this transformation. Although GW is a subgraph of a 

(6k+2)-cube and not of a grid, we draw it as a subgraph of a grid, for 

convenience. 

Let G=(VG,EG), with VG={vi,jl0~i~IVl-1 and l~j~5}, 

EG={ (v, 1 ,v, .) Iv, 1 ,v, , E VG and 2~j~5} v { (v, 2 ,v. l 5 ) Iv. 2 , 
1, 1, J 1, . 1, J 1, 1+ , 1, 

VG}, where+ is the addition modulo IVI. For example, if IV1=6, 

is the graph of fig. 7.3.2.2. Notice IVGl=5- IVl=IWI. 

G c GR 
V n 

G c C 
W - 6k+2 

fig. 7.3.2.1. 

and 
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G, with IVl=6. 

fig. 7.3.2.2. 

Claim 7.3.2.1.1. G is isomorphic to a (spanning) subgraph of GW if and 

only if GV has a Hamiltonian circuit. 

Proof. Let GV have a Hamiltonian circuit. Number the successive nodes 

visited by this circuit v 0 ,v1 , ... ,vlVl-l. So vi EV and vi is adjacent 

to v(i+l)modlVI. Now we can give a subgraph isomorphism f of G into GW. 

Let f(vi,ll = gof(vi), for all i, OSiSIVl-1. We now map the nodes vi, 2 

and vi+l,S on the two nodes between gof(vi) and gof(vi+l). (This is a 

node in v2 and a node in v3 .) There are two other nodes adjacent to 

gof(vi) and we map vi, 3 and vi, 4 on these nodes. In this way an 

phism of G to a (spanning) subgraph of GW is obtained. 

isomer-

If f is an isomorphism of G to a (spanning) subgraph of GW then 

consider the row f(v 0 , 1 ), f(v1 , 1), ... ,f(vlVl-l,ll. Each of these nodes 

f(vi,l) must have at least 4 neighbors in GW, so is of the form 

x1x 1x1x2x 2x 2 ... x2 kx2 kx2 koo and there is a node w of GR2k with 

be f(vi,l)=gof(w). Let Wor•••rWIVl-1 

gof(wi)=vi,l for all i, OSiSIVl-1. wi 

the nodes in GR2k such that 

is adjacent to w(i+l)modlVI (this 

is because f(vi, 2 ) and f(v(i+l)modlVl,S) must be 

w0 ,w1 , ... ,wlVl-l form a Hamiltonian circuit in V ~ GRn. 

adjacent), 

□ 

so 
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Let m=6k+2. To complete the proof we will use basically the same 

technique as in section 4: we take a graph G' with the property that, 

for every emulation f of G' on C m--1, if f maps at most C nodes of G' 

upon each node of C m-1' 
f maps c-1 nodes on the nodes of Wand C nodes 

on the nodes of C \W. To this graph we add G, which will have to be 
m 

mapped upon the nodes of W. 

o m+l 
Choose ax' E (1) , such that x• 1 ... x'm E H and x'm+l=l, and 

x' 1 ... x'm has degree 4 in GH. Now let G*=(V*,E*) with V*=VG u 

{vi 1x1 ... x 1 E (Q)m+l and l~i~c and (i~c or x1 ... xm ~ W or xm+l 
xl ... xm+l m+ 1 _ . 

1)) and E* = E u { (vi,vJ) I vi vj E V*-VG and xis adjacent toy in 
CG X y x' y 

cm+1 1 u { (v0,1' vx,) l · 

m+l 
Notice that G* is connected and IV*l=c-2 . 

Claim 7.3.2.1.2. G* can be uniformly emulated on Cm+l if and only if G 

is isomorphic to a (spanning) subgraph of GW. 

Proof. If his an isomorphism of G* to a (spanning) subgraph of GW, then 

we can suppose without loss of generality that h(v011 )=x'. (Notice that 

h- 1 (x') must be a node vi,l for some i, 0~i~IVl-1, and use the symmetry 

of G.) Now let f(v .. ) = h(v .. ) -o for all v. EV and f(vi) = x for 
i i,J i,J i,j G x 

all vx E V*-VG. One can easily check that f is a uniform emulation of G* 

on Cm+l· 

Now suppose f is a uniform emulation of G* on Cm+l· We will show 

that G is isomorphic to a subgraph of GW. We first need: 

Claim 7.3.2.1.2.1. Vi,j, l~i,j~c 

i 
Proof. f(v 1 ) and 

xl ... xm 
are 

adjacent then every 

adjacent or equal to Because 
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does 

must 

not contain triangles 
i 

be equal to f(v 1 ) 

(cycles with length 3), each of these nodes 

or to f(vj ) . So at least mc+2 
xl ... xm . x 1 ... xml . 

nodes are mapped upon the 2 nodes f(v1 ), f(vJ ) . This con-
. x 1 ... xm: x 1 ... xml 

tradicts uniformity. Hence f (v1 ) f (VJ ) · 0 
x 1 ... xml x 1 ... xml 

Definition. For 0SpSn, a p-face of en is any subgraph of 2P nodes of Cn 

that have identical bits in n-p corresponding positions (i.e.: a p-face 

of en is a subgraph of en, isomorphic to CP). 

Consider A= {v1 
1 1 x 1 ... x 

x 1 ... xm m 
o m 

E (1) }. There do not exist v,w E 

A, v~w and f(v)=f(w), else at least 2c nodes are mapped upon f(v)=f(w) 

(use claim 7.3.2.1.2.1.) This means that f(A) is isomorphic to A, so is 

an m-face of Cm+l· 

f(v 1 ) = x 1 ... xml 
x 1 ... xml 

Without loss of generality we 

all 

may 

i, 

suppose 

lSiSc, 

i 
f(v 1 ) = x 1 ... x 1. For all i, lSiSc, x 1 ... xm E 

x 1 ... xm m_ 

EV* we have that f(v1 ) must be adjacent or 
x 1 ... xmo 

equal x 1 ... xml. Due to the uniformity of f, 

Let B = {x1 ... xmoix1 ... xm E W}. We now have that each node in 

Vm+l\B has c nodes of V*-VG mapped upon it by f and each node in B has 

c-1 nodes of V*-VG mapped upon it by f. So the nodes of VG must be 

mapped upon nodes of B; f, restricted to VG is a bijection of VG to B. 

Because f must preserve adjacencies and GB (the subgraph of Cm+l induced 

by B) is 

graph of Gw. 

w. □ 

graph isomorphic to GW, G is isomorphic to a (spanning) sub­

The function w: x➔ f(x) Im is a graph isomorphism VG ➔ 

Combining claim 7.3.2.1.1. and 7.3.2.1.2. and noting that every 

construction can be done in time polynomial in IVI, we have a polynomial 

time transformation from the HAMILTONIAN CIRCUIT IN A GRID GRAPH problem 

to the c-UNIFORM EMULATION ON A CUBE-problem. Hence the latter is NP-
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complete. D 

Corollary 7.3.2.2. The following problem is NP-complete: 

[SUBGRAPH ISOMORPHISM IN A CUBE GRAPH] 

Instance: A connected, undirected graph G=(VG,EG) and a set of 

nodes W ~ en 

Question: Is G isomorphic to a subgraph of GW, the subgraph of 

induced by W? 

C n 

7.3.3. Uniform emulation on the 4-pin shuffle and the shuffle-exchange 

network. In this section we use the definitions of the shuffle-exchange 

network and the 4-pin shuffle, given in section 1.6.3. and the notations 

introduced in section 1.5. 

Theorem 7.3.3.1. For every c e N+, with c~7 the following problem is 

NP-complete: 

Cc-UNIFORM EMULATION ON A 4-PIN SHUFFLE] 

Instance: A directed strongly connected graph G=(VG,EG), such that 

there is an neN+ with IVGl=c-2n. 

Question: Is there a uniform emulation of G on S? 
n 

Proof. Clearly the problem is in NP. To prove NP-completeness we will 

transform HAMILTONIAN CIRCUIT for directed graphs with each node 

involved in exactly 3 edges to this problem. As noted in section 7.2.2., 

this version of HAMILTONIAN CIRCUIT is NP-complete [GJ79]. Let c~7 be 

given. Note that c is the computation factor of the uniform emulation. 

Let a directed graph G=(V,E) be given with each node involved in 

exactly 3 edges. We will construct a strongly connected graph G*=(V*,E*) 

such that G* can be uniformly emulated on Sn (where c-2n=IV*I), if and 

only if G contains a Hamiltonian circuit. Without loss of generality we 

may suppose that G is strongly connected with no self-loops or parallel 

edges. 

Let a be the smallest integer such that 2a-l~IVI. Let f 1 be an 

injection of V to the set {x1 ... xal~i xi=o v xi=l A 3i xi=o} = 

(i)a\{la}. Such an injection can easily be found in time polynomial in 
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IV\. Let n=5a+7. 

olaoxola+loxolao. 

0 ) n b · b I \ · b t . f 1 th f Let W ~ (1 e given y W = y y is a su s ring o eng no a 
a a+l a a+l a 

string ol oxol oxol oyol oyol o, where there are v, w EV, with 

(v,w) EE and x=f 1 (v) and y E f 1 (w) ). With the subgraph of Sn induced by 

W we denote the graph Gw=(W,Ew), with EW = {(v,w) \ (v,w) E En, v,w E W). 

Now we claim: 

Claim 7.3.3.1.1. G has a Hamiltonian circuit, if and only if there is a 

cycle of \VI. (4a+5) nodes in GW, that visits each node of Wat most 

once. 

Proof. First suppose V has a Hamiltonian circuit. Let v 1 , ... ,v\V\ be the 

successive nodes on this circuit. 

For every pair of nodes vi, vi+l (+ is addition modulo \VI) notice 

that every substring of length n of the string 
a a+l a a+l a 

ol of1 (vi)ol of1 (vi)ol of1 (vi+l)ol of1 (vi+l)ol o is an element of W. 

So there is a path of length 4a+5 of f 2of1 (vi) to f 2of1 (vi+l). By adding 

these paths together one obtains a cycle in GW of length \VI• (4a+5). It 

is not difficult to check from the construction of f 1 , f 2 and W that no 

node of W can be visited more than once, in this cycle. 

Now suppose there is a cycle of \V\. (4a+5) nodes in GW that visits 

each node of Wat most once. 

Note that every address of a node of W has exactly one substring 

la+l_ When we follow the cycle this substring moves in the addresses of 

the nodes we visit one place to the left, i.e. we visit successively 

nodes of the form <f)n-(a+l)-mla+l(i)m, (£)n-(a+l)-m-lla+l(i)m+l, etc. 

After a node of the form la+l(i)n-(a+!) a node of the form 

(£)n-(a+l)la+l is visited. This means that every (4a+5) steps on the 
1 

cycle a node of the form (£) 2a+3 la+l(£) 2a+3 is visited. Necessarily this 
a 1a+l a . 1 

node is of the form ol oxol oxol o E f 2of1 (V). 

Now let v 1 , ... ,v\V\ be the nodes of V, such that the cycle successively 
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visits f 2of1 (v1 ), ... ,f2of1 (vlVI} after every 4a+5 steps. There is a path 

of length 4a+5 from f 2of1 (vi) to f 2of1 (vi+l); due to the construction of 

f 1 , f 2 , and W there now must be an edge (vi, vi+l> EE. (+ is the addi-

tion modulo IVI .} So v 1 , ... ,vlVI form a Hamiltonian circuit. D 

Now we will give the definition of G*=(V*,E*). G* consists of the 

following parts: we take c-1 layers, each consisting of a copy of Sn. 

Between the layers there are connections between copies of the same 

nodes and copies of adjacent nodes. From the upper two layers we leave 

out the nodes that are a member of W. To this we add RIVI ( 4a+S) [K2 l: 

that is two cycles with length IVI• (4a+5), with connections between 

copies of the same and adjacent nodes; and one cycle with just the right 

number of nodes to fill up all the remaining free places. 

Definitions. 

v 1 = {v . I xE (.£1 ) n, l~i~c-3} 
x,i 

~ {v . I xE (.£1)n, x E W, i=c-2 v i=c-1}. 
x,i 

v 2 = {w .. I o~i~(4a+5). IVl-1, j=l v j=2}. 
fi I ) 

r = c.2 -1v1 1-1v2 1. 

v 3 {zil o~i~r-1). 

V* = v 1 u v 2 u v 3 . Let an arbitrary v* Ev be given. 

E* I (v . , v . } I v . , v . E v 1 A ( (x, y) E E v (x=y A i;it,j)) } 
x,i y,J x,1 y,J n 

u { (w. . ,w. . ) I (i1=i2 A 
1 1' Jl 1 2,J2 

and w . . , w . . E V 2 } 
1 l'Jl 1 2')2 

j 1;,t,j 2 ) v (i2=i1+1 mod (4a+5) IVI) 

u { (zi, z (i+l)mod r} 1 zi, 

u {(vf2of1 (v*},l' wO,l}, 

z(i+l)mod r E V3} 

(wO,l' vf2of1 (v*),l}, 

One may notice that G*=(V*,E*) is strongly connected, and IV*l=c•2n. 

Claim 7.3.3.1.2. There exists a uniform emulation of G* on Sn' if and 

only if there is a cycle of length IV1•(4a+5) in GW, that visits each 

node of Wat most once. 

Proof. First suppose there is a cycle of length IVI .(4a+5) in GW, that 
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visits each node of Wat most once. We will now construct a uniform emu-

lation f of G* on s For V E Vl we let f(v .)=x. In this way we 
n x,i x,1. 

have mapped c-1 nodes of Vl on every node in v1 \W and c-3 nodes on every 

node in W. From our previous observations it is clear that the cycle 

must use every node of the form f 2of1 (v), for some v EV, so it must use 

also f 2of1 (v*). We can now map the nodes of v2 on the nodes of W, in the 

following manner: f(w 011 ) = f(w 012 ) = f 2of1 (v*). Let wi be the i'th node 
i 

after f 2of 1 (v*) on the cycle. Then f(wi,l) = f(wi,Z) = w In this way 

adjacencies are preserved and every node in (i)n has c-1 or c-3 nodes of 

v1 u v2 mapped upon it. We now use that Sn has a Hamiltonian circuit 

(this follows from the existence of binary the Bruyn sequences [dB46]). 

The successive nodes of v3 are mapped on the successive nodes of this 

Hamiltonian circuit, starting with f(z 0 )= on. However when we arrive in 

a node that has c-3 nodes of v1 u v2 mapped upon it, we map 3 successive 

nodes of v3 on this node. In this way a uniform emulation of G* on Sn 

is obtained. □ 

Now suppose there exists a uniform emulation f of G* on S . 
n 

Claim 7.3.3.1.2.1. For all vx,i' vx,j E v1 f(vx,i) f (v .) 
x,J 

Proof. Suppose there are 

that (v ., V .) EE* 
x, 1. x, J 

E and (f (v . ) , f (v . ) ) 
n x,J x,1. 

(lo)* [lJ l. 

Every node v 0 

lxl · · .xn-l'k 

f (v . ) and to f (v . ) , 
X 1 1. X,J 

vx,i' vx,j E v1 with 

and (v ., v .) EE*. 
x, J x, 1. 

E En' hence {f(v .), x,1. 

must be mapped 

f(v .)#f(v .) . Note 
x, 1. x, J 

So (f (v . ) , f (v . ) ) e 
X 1 1. X,J 

f(v .)) {(ol)*[o], 
x,J 

adjacent or equal to 

so f(v ) 
0 

e {(ol)*[o], (lo)* [ 1]}. In 

lxl ... xn-l'k 

the same way one shows that for all v E f(v 0 ) E 

x2···xnl'k 

(lo)*[l] }, then notice { (ol) * [o], (lo)* [1] l. 

that neither these nodes and neither their neighbors are members of W, 

so we have at least 3(c-1)>2c nodes mapped upon {(ol)*[o], (lo)*[l]), 

which contradicts uniformity. If x 

all 5 nodes 

<le {on,ln,(ol)*(o),(lo)*[l]}, then 
0 

x 2 ... xn_11J are different, so there 
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are at least 5(c-3) nodes mapped upon the 2 nodes { (ol)*[o), 

again contradicting uniformity. □ 

Claim 7.3.3.1.2.2. For all vx,i E v1 f(vx,i) 

or for all vx,i E v 1 f(vx,i) 

= X 

x. 

(lo)*[l)J, 

Proof. If x#y then f(v 1 ) # f(v 1 ). (Suppose f(v 1 ) = f(v 1 ). Then 
--- x, y, x, y, 
at least 2(c-3)>c nodes are mapped upon one node, contradicting unifor-

mity. Here we use c~7, and claim 7.3.3.1.2.1.). So the mapping x~ 

f(vx,l) is an isomorphism of Sn onto itself. Using lemma 5.3.2.4. we now 

have that either for all x E (i)n f(vx,l)=x or for all x E (i)n 

f(vx,l)=x. With claim 7.3.3.1.2.1. the result follows. □ 

Without loss of generality we may suppose f(v . )=x for all V 
x,i 

E 
x,1 

Vl. Now we have shown that on nodes of (.£) n\W there are c-1 nodes of Vl 1 
that are mapped upon that node, and on nodes of W there are c-3 nodes 

that are mapped upon that node by f. 

Claim 7.3.3.1.2.3. For all i, OSiS(4a+5) -n-1 f(w. 1 ) 
1, 

Proof. f(w. 1 ) and f(w. ) must be adjacent to each other. It is easy 
--- 1, 1,2 
to check that f(wi,l), f(wi, 2 ) ~ {(ol)*(o], (lo)*[l)} (ol)*[o), 

(lo)*[l) are not elements of Wand neither are their neighbors; now use 

uniformity). Hence f(wi,l) = f(wi, 21. D 

Now we have that uniformity forces that every node of v2 is mapped 

upon a node of W. Furthermore, if 0Si,jS(4a+5) IVl-1, i#j and f(wi,l) = 

f(w. 1 ) then a contradiction with uniformity arises. This shows that the 
J, 

successive nodes f (wi, 1 ), i=O ... (4a+5). IVl-1 are mapped upon the succes-

sive nodes of a cycle of length (4a+5). IVI in GW, that visits each node 

of Wat most once. □ 

Corollary 7.3.3.1.3. G* can be uniformly emulated on Sn if and only if G 

has a Hamiltonian circuit. 

The construction of G* can be done in polynomial time in IVI, hence 

the problem stated in theorem 7.3.3.1. is NP-complete. □ 
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By using lemma 5.2.8. one easily obtains the following corollary of 

theorem 7.3.3.1. 

Corollary 7.3.3.2. For every c e N+, c~7 the following problem is NP­

complete: 

[c-UNIFORM EMULATION ON AN INVERSE 4-PIN SHUFFLE] 

Instance: A directed, strongly connected graph G=(VG,EG), 

such that there is an n e N+ with IVGl=c-2n. 

Question: Is there a uniform emulation of G on IS? 
n 

Theorem 7.3.3.3. For every c e N, c~l5 the following problem is NP­

complete: 

[c-UNIFORM EMULATION ON A SHUFFLE-EXCHANGE GRAPH] 

Instance: A directed, strongly connected graph G=(VG,EG), such that 

there is an n e N+ with IVGl=c-2n. 

Question: Is there a uniform emulation of G on SE? 
n 

Proof. The proof is more or less similar to that of theorem 7.3.3.1. 

Clearly the problem is in NP. To prove NP-completeness we transform HAM­

ILTONIAN CIRCUIT for directed graphs with each node involved in exactly 

3 edges to this problem. 

Let c~l5 be given and let a directed graph G=(V,E) with each node 

involved in exactly 3 edges be given. We may suppose that G is strongly 

connected. Again let a be the smallest integer such that 2a-l~IVI and 

let f 1 be an injection of V to the set 
o a o n , 

be the mapping (1) ➔ (1) given by f 2 (x) 

o a a (1) \{l ]. Let n=l2a+6. Let f 2 

ol2aoxxol 4a+loxxol 2a Let 

w1 = {yl y is a 
. 2a - 4a+l 

substring of length n of a string ol oxxol oxx 
2a - 4a+l - 2a 

ol oyyol oyyol , where there are v,w e V with (v,w) e E and x=f1 (v) 

and ye fl (w) }. Let W = w1 u {yl y 1 ... yn-lyn e w1 J. Let the subgraph of 

SEn' induced by W be the graph Gw=(W,EW), with Ew = { (v,w) I (v,w) e En' 

v,w e W}. GW has the property that between every pair of nodes 

f 2of1 (w1 ) and f 2of1 (w2 ), with (w1 ,w2 ) e E there is a path that uses 

exactly 10a+5 shuffle-edges and 4a+2 exchange edges of SEn. One can 

prove in a way similar to claim 7.3.3.1.1.: 
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Claim 7.3.3.3.1. G contains a Hamiltonian circuit if and only if there 

is a cycle of IVI -(14a+7) nodes in GW, that visits each node of Wat 

most once. 

We will now define G*=(V*,E*), such that G* can be emulated on SEn' 

if and only if G has a Hamiltonian circuit. G* consists of the following 

parts: we take c-2 layers, each consisting of a copy of SEn, with con­

nections between the layers between copies of the same node and copies 

of adjacent nodes, but from the upper five layers we leave out the nodes 

that are a member of w. To this we add RIVI. (l 4a+7 ) [K5 J, (that is: five 

cycles with connections between the layers between copies of the same 

node and between copies of adjacent nodes), and -again- one cycle with 

just the right number of nodes to fill up all the remaining free places. 

Definitions. 

E* 

{v . I 
x,i XE <fln, lSiSc-7) 

u (v . I xE <fln, x ~ W, c-6Si$c-2). 

OSiS (14a+7). IVl-1, 1Sj$5). 
x,i 

{w . . I 
i!i' J 

c-2 -1v1 1-1v2 1. 

(zil OSiSr-1). 

v1 u v2 u v3 . Let an arbitrary v* EV be given. 

( (v . ,v .) I V . ,v ' E Vl I\ (x,y E E V (x=y x, l. y, J x, l. y, J n 
u { (w. . ,w. . I (i1=i2 I\ jla"j2) V (i2=i 1+1 mod 

il, Jl J.2' J2 

I\ (w. . ,w. . E v2 ) I 
il, Jl J.2' J2 

u I (zi, z (i+l)mod r) 1 z., z(i+l)mod E V3) 
l. r 

u ( (vf 2of1 (v*),1' wo, 1)' <wo,1' vf 2of1 (v*),1), (v 

I\ ia"j l l I 

(14a+7) · IVI) 

, zo), <zo, n 
, 1 0 

Again G*=(V*,E*l is strongly connected and IV*l=c-2n. 

V 
n 

0 ' . 

Claim 7.3.3.3.2. There exists a cyclic path in SEn that visits each node 

of SE at least once and at most twice. 
n 

Proof. We use the fact that there exists a Hamiltonian circuit in 

0 1 2 2n-l_l 
Let b, b, b , ... ,b be the successive nodes on this circuit. The 

) } 
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following algorithm generates the desired path: (let+ and - be addition 

and subtraction modulo 2n-l). 

For i := 0 to 2n-l 

end 

It is clear that this algorithm visits each node at least once and 
i+l i-1 . 

at most twice. Furthermore note that b b 1 can be obtained from 

bib!~i from one cyclic shift, so the successive nodes indeed form a path 

in SE . □ 
n 

Claim 7.3.3.3.3. There exists a uniform emulation of G* on SE if and 
n 

only if there is a cycle of length IVI. (14a+7) in GW that visits each 

node of Wat most once. 

Proof. If there is a cycle of length IVI · (14a+7) in Gw that visits each 

node of Wat most once, then we can map the nodes of v 1 and v2 on V in 
n 

the same way as in the proof of claim 7.3.3.1.3. Notice that in this way 

each node has at most c-2 nodes of v 1 u v2 mapped upon it. We can use 

the nodes of v 3 to fill up the remaining free places, using the circular 

path of claim 7.3.3.3.2. 

Now suppose there exist a uniform emulation f of G* on Sn. We first 

need: 

Claim 7.3.3.3.3.1. For all vx,i' vx,j E v 1 f(vx,i) f (v .) 
x,J 

Proof. Suppose there are v . , v . E v 1 with f (v . ) * f (v . ) . Then 
--- x,1 x,J x,1 x,J 
f(v .) and f(v .) must be mapped upon mutually adjacent nodes. By 

x,1 x,J 
observing adjacencies one shows that every node of the form 

V , V 1 
x 1 ... xn,k x 2 ... xnx1 ,k 

V , 
xnxl ... xn-1' k 

or of the form v 
xl ... xn-lxn,k 

in v 1 must be mapped upon f (v . ) or f (v . ) • 
X, l x, J 

So at least 4(c-7) > 2c 

nodes are mapped upon 2 nodes, contradicting uniformity. □ 
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Claim 7.3.3.3.3.2. Either for all v . E v 1 f(v,i)=x or ~or all v . x,i x,i 

Proof. Similar to 7.3.3.1.2.2. D 

Claim 7.3.3.3.3.3. For all i, os;is;(14a+7) - IVl-1, kl,k2, 

f (w. k ) = f (w. k ) . 
J., 1 J., 2 

E 

Proof. Suppose there exists an i, os;is; (14a+7) - IVl-1, such that f(w. k ) 
J., 1 

ic f (w. k ) 
J., 2 

mutually adjacent nodes. Since there do not exist pairs of mutually 

adjacent nodes b,c in SEm, such that there is a node din SEm with (b,d) 

E Em and (c,d) 

{ f (w. k ) , 
1, 1 

E 

e E or (d,b) e E and 
m m 

f (w. k ) l (ls;js;S), 
i, 2 

(d,c) e Em we have that f(wi-l,j) 

f(w. 1 .) E {f(w. k ), f(w. k )} 
J.+ 'J 1 ' 1 J., 2 

(Is;js;S), and f (w. . ) E 
J.,J 

{f(w. k ), f(w. k )} (ls;js;S). (+and-are addi-
1' 1 1 ' 2 

tion and subtraction modulo (14a+7) -IVI.) There are also at least c-7 

nodes 

lf-l 

of v1 mapped upon each node of SEm 

({w. k, w. k })I~ 2(c-7)+15 >2c. 
1 ' 1 1 ' 2 

(see claim 7.3.3.3.3.2.), 

This contradicts uniformity. 

so 

[i 

In the same way as in the proof of claim 7.3.3.1.2. we can show that the 

successive nodes f(wi,l) (Qs;is;(14a+7). IVl-1) form a cycle in GW that 

visits each node of Wat most once, of length (14a+7). IVI. D 

So G* can be uniformly emulated on SEn if and only of G contains a Ham­

iltonian circuit. The construction of G* can be done in time, polynomial 

in IVI, hence c-UNIFORM EMULATION ON A SHUFFLE EXCHANGE GRAPH is NP­

complete, for c~15. D 

Corollary 7.3.3.4. For every c EN, c~15 the following problem is NP­

complete: 

[c-UNIFORM EMULATION ON AN INVERSE SHUFFLE-EXCHANGE GRAPH] 

Instance: A directed, strongly connected graph G=(VG,EG), such that 

there is an nEN+ with IVGl=c-2n. 

Question: Is there a uniform emulation of G on ISE? 
n 
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We conjecture that also for smaller computation factors c the problems 

stay NP-complete. 

7. 4. The complexity of finding unifom emulations on paths and ring 

networks. 

7.4.1. Introduction. In this section we consider"UNIFORM EMULATION for 

the case that His a path or a ring (cycle). We will call these problems 

UNIFORM EMULATION ON A PATH and UNIFORM EMULATION ON A RING, respec­

tively. We use the definitions of the path graph, and the bandwidth and 

cyclic bandwidth of a graph from section 1.5. and the definition of the 

ring from section 1.6.1. 

The UNIFORM EMULATION ON A PATH-problem is strongly related with 

the problem to determine whether a graph G has a bandwidth of at most K, 

for some KEN+. To be precise, the BANDWIDTH problem is the following: 

[BANDWIDTH] 

Instance: A graph G=(VG,EG) and an integer K ~ IVGI 

Question: Is there a bijection f: VG ➔ {O, ... , IVGl-1) such that 

for all (v,w)e EG lf(v)-f(w) l~K, i.e. is bandwidth(G) ~ K? 

Leung, Vornberger and Witthoff [LVW84] introduced a variant of 

BANDWIDTH, called CYCLE-BANDWIDTH. This is the problem to decide whether 

a graph G has cyclic bandwidth Kor less. The CYCLE-BANDWIDTH problem 

is strongly related with the UNIFORM EMULATION ON A RING-problem. The 

relation of the UNIFORM EMULATION ON A PATH (RING) with the various 

types of bandwidth problems was already suggested by lemma 5.2.4. -

5.2.7. 

This section is organized as follows. In section 7.4.3. we prove 

UNIFORM EMULATION ON A PATH and ON A RING NP-complete. In section 7.4.4. 

we will show that this result even holds, when the guest graph G is 

chosen to be a tree, with each node degree at most 3. In section 7.4.5. 

NP-completeness results are given for the directed variants of the prob­

lems. In section 7.4.6. we will give polynomial time algorithms for the 

UNIFORM EMULATION ON A PATH (RING)-problems, for the case the computa­

tion factor (that is, IVGI divided by the length of the path (ring)) is 
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some fixed constant. In section 7.4.7. we will show that the problem 

becomes again NP-complete, if we keep the requirement that the computa­

tion factor is fixed, but drop the requirement that G is connected, for 

each computation factor c~4 (UNIFORM EMULATION ON A PATH) or each compu­

tation factor c~2 (UNIFORM EMULATION ON A RING). 

7.4.2. NP-completeness for arbitrary undirected graphs. The problem to 

determine whether a given, connected graph G=(V,E) has bandwidth Kor 

less is NP-complete, even when we restrict G to trees with no node 

degree exceeding 3 [GJ79]. On the other hand, when we fix the bandwidth 

factor K to a constant there exists an algorithm that is polynomial in 

[VI, (but exponential in K) to determine whether a given graph G has 

bandwidth at most K [Sa80]. CYCLIC BANDWIDTH however is NP-complete 

even for fixed K ~ 2, if we allow the graphs to be not connected. If G 

is required to be connected then CYCLIC BANDWIDTH can be solved in poly-

nomial time for any fixed K [LVW84]. (It is not difficult to provide a 

proof that the problem whether a given connected graph has cyclic 

bandwidth K or less is NP-complete (for variable K), by transformation 

from BANDWIDTH.) 

The resemblance of these results to the results for UNIFORM EMULATION 

ON A PATH and UNIFORM EMULATION ON A RING, respectively, is not very 

surprising, given lemmas 5.2.4. and 5.2.5., but the details are tedious. 

Theorem 7.4.2.1. The following problem is NP-complete: 

[UNIFORM EMULATION ON A PATH] 

Instance: A connected graph G = (V,E) and an n EN+ 

Question: Is there a uniform emulation of G on P? 
n 

Proof. Clearly the problem is in NP. To prove NP-completeness we will 

transform BANDWIDTH 

N+ be given. Let n= 

to this problem. Let a graph G= (VG,EG) and a KE 

IVG[. We will construct a graph G' = (V1 ,E1 ) such 

that G' can be uniformly emulated on P2n+ 5 if and only if G has 

bandwidth$ K. One may suppose that G is connected. 

Let c 4 K2+4K+4. We will now define G'. (We will only give a more or 
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less informal description of G'). We let G' consist of the following 

parts: 

a) 2 "blocks": subgraphs with nodes 

and edges { (v~ . v~ . ) Iv~ . , 
1 1')1 1 2')2 1 1')1 

Ba={v.a.11Si$3, lSjSc} 
a 1 J a a 

V .. EB, V, . 
1 2')2 1 1')1 

(a=l,2) 

and 

(The blocks will have to be mapped on the 'ends' of 

p 2n+5 ·) 

b) a path with length 2n-l between the two blocks: nodes 

w0 ,w1 ... ,w2n-Z~ with connections between wi and wi+l (o$i$2n-3~; w0 is 

connected to v 3 ,j for all j, 1$j$c and w2n-l is connected to vl,j for 

all j, iSjSc. (This path must be mapped on a one-to-one basis to the 

nodes 3, ... , 2n+l.) 

c) we add to each node w. with i odd 
i 

have to be mapped upon the same node as 
. 3 

odd and 1$ JS-4c) and w. . is connected to 
i, J 

d) for every node xeG we let G' have 

'represents x': for every xeVG we have 

(x.,x.) for i * j. 
i J 

¾c (=3K2 +3K) nodes which will 

w.: i.e. nodes {w . . 11Si$2n-3, i 
i i, J 

wi-l and wi+l· 

a clique of ¾c nodes, that 

nodes { (x)ili=l ... ¾c}, and edges 

e) for every pair of nodes {x,y} with (x,y)eEG we connect the clique 

representing x and the clique representing y by a path of length 2K-l. 

We have nodes {x,y}i o$i$2K-2 with {x,y} 1 connected to every node xj, 

1<"<3 d .<3 -J-4c an {x,y} 2K-l connected to every node yj, l$J_4c and {x,y}i con-

nected to {x,y}i+l· (The notation is somewhat imprecise. Of course 

(x,y)EEG ~ (y,x)EEG. We will however have one, and not two paths between 

the clique representing x and the clique, representing y.) 

f) We make the graph connected by choosing an arbitrary xeVG, and 

connecting (x) 1 to w2n_ 2 by a path with length 2n-l, (so we use nodes 

;i, o$i$2n-2, ;i connected to ;i+l' ; 0 connected to w2n_ 2 and ; 2n_ 2 con­

nected to (x) 1 ). 

g) Let the total number of nodes we used in parts a) - f) be m. It 

is easy to verify that m<(2n+5)c. Add a path with (2n+5)c-m nodes to 

v, i.e. nodes;_ (o$i$(2n+S)c -m-1), w. connected to;, 1 and w con-
o 1 1 i+ 0 

nected to v . Now G' has (2n+5)c nodes. 
0 

Let G' be the graph in this way obtained. 
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Claim 7.4.2.1.1. G' can be uniformly emulated on P2n+S' if and only if G 

has bandwidth$ K. 

bandwidth $ K be 

G' on p2n+s· We will 

the nodes of G' are 

Proof. First let a linear ordering f: VG➔ Vn with 

given. We now construct a uniform emulation g of 

successively designate the nodes in v2n+S on which 

mapped upon. When we have - on a certain moment in our construction 

already mapped c-a nodes on a node p e v2n+S' then we say that p 

free places left. 

a) g(v~ .) i-1 (15i53, 15j5c) 
2'] 

g(v .. ) 2n+l+i (15i53, 15j5c) 
i, J 

b) g(wi) = i+3 (o5i52n-2) 

c) g(w .. )= i+3 (15i52n-3,i odd, 15j5¾c) 
J.,J 3 

d) g( (x)i)= 2-f(x)+3 (xEVG, l$i54c) 

has a 

Now we have mapped c nodes on the nodes {O, 1, 2, 2n+2, 2n+3, 2n+4) and 
3 
4c+l nodes on every other node in v2n+s· 

e) If (x,y)EEG and lf(x)-f(y) I= K then the distance between the 

images of the node cliques representing x and y (g({(x)ill $ i $ ¾c)) 
3 

and g({ (y)ill $ i $ 4c})) is 2K: we can map the nodes in the path 

{{x,y}ilo $ i $ 2K-2} on the nodes between g((x) 1 ) and g((y) 1 ). If 

lf(x)-f(y) I< K then we map a part of the path on 2-min(f(x),f(y))+3 

min(g((x) 1 ),g((y) 1 )), and the rest of the path, in a one-to-one basis on 

the nodes between g((x)~) and g((y) 1 ). In this way there are mapped at 

most 2+4+ ... +2K-2 = K +K nodes from the paths of the form {x,y}., on a 
1 i 2 

node in P2n+s· So each node in {3,4, ... ,2n+l} has at least 4c-1-(K +K) 

3 free places left. 

f) By folding it once we can lay the path consisting of the 

such that 

- g(v0 ) is adjacent or equal to g(w2n_2 ) = 2n+l. 

V. 
l. 

- g(v2n_l) is adjacent or equal to g(x1 ) for the chosen x E VG 

, s 

- every node in H has at most 2 nodes of the path {vili=l ... 2n-l) 

mapped upon it 

- g({vil i=l. .. 2n-1}) ~ {3, ... ,2n+l) 

At this moment each node in {3, ... , 2n+l} has at least one free place. 

g) With the path{;, lo$ i $ c(2n+s)-m-1) we can fill now every 
l. 
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remaining free place and thus make the emulation uniform: let there be 

so far c-r1 nodes mapped upon 3, then map the nodes w0 , ... ,wr _ 1 upon 
1 

3, let the number of nodes we have mapped so far upon 4 c-r2 , then map 

the nodes w ... w upon 4, etc. In this way the path 
r 1 r 1+r2-1 

{w. li=o ... c(2n+5)-m-1) can fill up every free place. 
1 

The mapping so obtained is a uniform emulation. 

Now let g be a uniform emulation of G' on P2n+s· We will construct a 

linear ordering of G with bandwidth at 

First we claim that either g(v~ .)= 
1~J 

i,j, 1 s is 3, 1 s j s c; or g(v .. ) 
1,J 

most K. 

i-1 and g(v~ .) = 2n+l+i for all 1,r 
= 3-i and g(v .. )= 2n+5-i for all 

1,J a 
i, j, 

and 

1 sis 3, 1 s j s c. 

a 
v2 . 

,J2 
have the same 

To prove this, first note that nodes v 2 . 
, Jl 

3c-l neighbors (with exception of the nodes 

self), and therefore must be mapped upon the same node. 

g(v~ . ) for i=l or i=3, j 1 * j 2 must be adjacent to 
1, J2 

Now g(v~ .) and 
a 1, J 

g(v2 . ) (due to 
,Jl 

uniformly they cannot be equal) and adjacent or equal to each other. So 

g(v~ . ) = g(v~ . ), for all 1 sis 3, 1 s j 1 ,j 2 s c, a E {1,2). 
1 'Jl 1 'J2 

Each of the nodes in g({v~ .I a E{l,2), 1 sis 3, 1 s j s cl) has 
1, J 

c nodes of a block mapped upon it, so there are no other nodes (from b) 

-f)) mapped upon these nodes. Note that every node not in the blocks has 

a path of non-block nodes to the path {w. I 0 S i s 
1 

2n-2) (b)). This 

means that every node not in the blocks must be mapped between the 

images of the two blocks. Uniformity gives that the images of the 

blocks must lay upon the two ends of H. Because there is a path with 

2n-1 nodes between {v~ .llsjs3) and {v~ .I lsjsc) we have dp 
'J 'J 2n+5 

(g{v1
3 .llsjs3)), g{v2

1 .llsjs3)) s2n, which shows our claim holds. 
, J , J 

Without loss of generality we may suppose g(v~ .)=i-1 and 
1, J 

g(v~ .)=2n+l+i, for all i,j, lsis3, lsjsc. This forces w1.=i+3 for all i, 
1, J 

osis2n-2 and w . . =i+3 for all odd i E {1,3,5, ... , 2n-3) and j, lsjsl4c. 
1,J 

So there are on each node in {o,l,2,2n+2,2n+3,2n+4) c nodes not of the 

form (x)i for x E v8 mapped, on each node in {3, ... ,2n+l) that is odd 

numbered one node, and on each node in {3, ... ,2n+l) that is even 
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3 numbered 4c+l nodes not of the form (x)i for x E VG mapped. For every x 

E VG lg({ (x)illSis¾c}) IS 2 (all nodes in the set must be mutually adja-

cent). Because g is uniform, and our previous observation there is 

exactly one odd numbered node in g({(x)illSiS¾cl), for all x E VG. This 

node we call g (x). g has the following properties: 

1. g(x) is odd, for all x E VG 

2. 3 S g(x) S 2n-3, for all x E VG 

3. If x * y then g(x) * g(y), for all x,y E VG (use uniformity). 

4. If (x,y) EEG then there is a path between {(x)illSiS¾c} and 

{(y)illSis¾c} with length 2K-l: because g is an emulation we have 

that lg(x)-g(y) IS 2K. 

So the function f: VG ➔ Vn' defined by f(x) (g(x)-3)/2 is a bijec-

tion and (x,y) EEG ⇒ lf(x)-f(y) IS K. So f is a linear ordering with 

bandwidth at most K. 

Finally notice that the construction of G' can be done in time polyno­

mial inn. This completes the proof of theorem 7.4.2.1. D 

Theorem 7.4.2.2. The following problem is NP-complete: 

[UNIFORM EMULATION ON A RING] 

Instance: An undirected, connected graph G and an integer n EN+. 

Question: Is there a uniform emulation of G on R? 
n 

Proof. One can use the same construction as in 7.4.2.1. Rather than that 

the blocks must be mapped on the ends of the path, they must be mapped 

now adjacent to each other on the ring; the proof of claim 7.4.2.1.1. is 

easily translated to this case. D 

The technique, used in the proof of theorem 7.4.2.1. will be used again 

in the next section. In section 7.5. we prove with a different tech­

nique a stronger result, namely that UNIFORM EMULATION is NP-complete, 

even if H is fixed to any connected graph, that is not complete. For 

instance, H can be fixed to a path or a ring with a fixed length. 
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7. 4. 3. NP-completeness for trees. We will now show that the NP-

completeness results of section 7.4.2. also hold when G is restricted to 

trees with each node of degree at most 3. 

Theorem 7.4.3.1. The following problem is NP-complete: 

[UNIFORM EMULATION ON A PATH, for binary trees] 

Instance: An undirected, connected graph G, that is a tree with each 

node of degree at most 3, and n EN+ 

Question: Is there a uniform emulation of G on P? 
n 

Proof. Clearly the problem is in NP. To prove NP-completeness we will 

transform the BANDWIDTH problem for trees with each node of degree 3 or 

less to this problem. This version of BANDWIDTH is NP-complete [GJ79]. 

Let G = (VG, EG) be a tree with every node degree 3 or less; and let 

an integer K, 0 ~ K ~ IVGI be given. Let n = IVGI. 

We will construct an undirected graph G' = (Vl,El), that is (again) a 

tree with every node degree 3 or less, and an 
+ 

such mE N , that G' can be 

uniformly emulated on Pm, if and only if G has bandwidth at most K. 

We can choose k EN+ such that (k-1) is a power of 2, 2k ~ 42kK and k 

is polynomially bounded in log n. Let c= 2k+l/(k+l). Notice such a k can 

be found (in polynomial time in log n) and c is polynomially bounded in 

n. c will be the computation factor of the (possible) resulting uniform 
3 emulation. Let m= 4(k+l) + 6k(n-l) + 4 (k+l)n. 

We now describe the construction of G'. The main idea is similar to 

that in 7.4.2.1. G' consists of the following parts: 

a) To replace the blocks of 7.4.2.1. we take 2 perfect binary trees 

of depth k (i.e., with 2k leaves, and 2k-l internal nodes each). The two 

roots of the trees are connected by an edge (see fig. 7.4.3.1.). We 

take two of these "tree blocks". They fulfill the same role as the 

blocks in the proof of theorem 7.4.2.1. 
3 

b) take a path with length 6k(n-1)+4 (k+l)n between a leaf of one of 

the tree blocks and a leaf of the other tree block. 
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fig. 7.4.3.1. 

c) In the proof of theorem 7.4.2.1 we managed that every other node 

had a lot of nodes of type c) mapped to it; thereby creating "slots" and 

"mountains". Here "slots" and "mountains" will use more consecutive 

nodes on P . 
m 

We take a perfect binary tree of depth k and remove (K+4)k leaves. A 

copy of this tree is connected to the j'th node of the path of b), for 

each j E {¾(k+l)i + 6k(i-l) + a I lSiSn-1, a E {k,k+l,3k,3k+l,5k,5k+l)). 
3 

In this way we create n "slots" of 4 (k+l) consecutive nodes each on 

P and n-1 "mountains" of 6k nodes each on P m m 
d) The nodes x of VG are represented by (k-1)-deep perfect binary 

trees T . 
X 

e) For each x,y (x,y)e EG, we connect a leaf 
3 with a path of length 4 (k+l) (K+l)+6kK. 

of T and a leaf 
X 

of T 
y 

f) Connect an arbitrary leaf of an arbitrary T to the first node of 
3 X 

the path of b), with a path of length 4 (k+l)n +6k(n-l). 

g) Add to the last node of the path of b) a path with just enough 

nodes to total the total number of nodes to c.m. 

Let G' be the graph so obtained. G' is a tree, and without difficulty G' 

can be chosen, such that no node has degree more than 3. 

Claim 7.4.3.1.1. G' can be uniformly emulated on Pm' if and only if G 
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has bandwidth at most K. 

Proof. We will only stress the difference with the proof of theorem 

7.4.2.1. Again we will say that a node pin Pm has a free places left 

if we have designated c-a nodes of G' so far to be mapped on p. 

First let a linear ordering f:VG ➔ Vn with bandwidth~ K be given. 

We will show there is a uniform emulation g of G' on Pm. 

a) The constructions of a) are mapped on the first 2k+2 and the ·1ast 

2k+2 nodes of Pm. We will only see how the first construction must be 

mapped on the first 2k+2 nodes of Pm (the other construction must be 

mapped in a similar way on the last 2k+2 nodes). 

One of the trees of the construction is connected to the path of (b), 

the other tree not. We map c leaves of the tree not connected to the 

path to o, and 
1 

leaves 2c of this tree on each of the nodes 1, 2, ... , k-1. 

In this way we have mapped every leaf of this tree. We let nodes with 

similar ancestors be mapped as much as possible on the same node. Then 

we can map the parents of the nodes, mapped upon ion i+l, for each i E 

{o, ... ,k-1). The rest of this tree we map on k. When we would map the 

other half of the tree in the same manner on {k+l, ... ,2k+l}, then every 

node in {o, ... ,2k+l} would have mapped c nodes upon it, except k and 

k+l, which would have mapped c-1 nodes upon it. We can now alter this 

mapping slightly (we move some nodes one place towards the begin on Pm), 

such that every node in {o, ... ,2k} has c nodes mapped upon it, and 2k+l 

has c-2 nodes mapped upon it. One has to take care that the leaf, con­

nected to the path of (b) is mapped to 2k+l. 

b) We now can map the nodes of the path (bl to the nodes 2k+2, ... , 

2k+1+6k(n-l)+¾(k+l)n, (i.e. the j'th node of the path is mapped to 

2k+l+j.) 

c) We can map the trees of (cl in a manner, similar to the mapping of 

the trees in (a), in such a way that 

- a tree connected to the j'th node of the path (b), where 

j E {¾(k+l)i + 6k(i-1)+ a I 1 ~ i ~ n-1; a E {k,3k,5k}} is mapped to 

the nodes {2(k+l)+j-k, ... , 2(k+l)+j-1}. 

a tree connected to the j'th node of the path (b), where j E 
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<¾<k+lli + 6k(i-ll + a 1 Si S n-1; a e {k+l,3k+l,5k+l}} is mapped 

to the nodes {2(k+ll+j-1, ... ,2(k+ll+j+k-2) 

- every node in. H has at most c-(K+4l such nodes mapped upon it. 

dl Now notice we haven "slots" Si= <¾(k+lli +6k(i-ll + a-11 1 S a S 

¾<k+ll} where i e {o, ... ,n-1). Each node in these slots has c-1 free 

places. We use these slots to map the T: We map the nodes 
k 1 x 

Note that IT I= 2 -1 = 2 (k+llc-1, so we have 

of T in the 
X 

in a slot in slot ~f(xl. 
total 4 (k+llc 

1 X 3 1 -(2 (k+llc-ll - 4 (k+ll = 4 (k+ll (c-3l+l free places left. We 

have to take care that in each node in the slot at least k+6 free places 

are left. This can be done, in a manner similar to (al. 

el Now notice if (x,yl EEG then the trees T and T are at most K slots 
X y 

apart, so the leaves of these trees have distance at most 

¾<k+ll (K+ll +6kK. So we can lay out the paths of (el. If nodes f (xl, f (y) 

have distance less than K then we must fold the path between Tx and T . 
y 

This can be done in the space left in one of the slots Sf(x)-l' 

such that in every node in a slot at least 3 free places are 
sf(yl-1' 
left. We 

3 k need 4 (k+l) places in a slot for the path of (bl, 2 -1 places for the 

tree of (cl, at most ¾<k+l)K places for the paths that connect node­

trees Tx placed in other slots, at most 3(¾(k+l) (K-1)+6k(k-1)) places 
3 for the folding of the paths to the node-tree T in the slot and 34 (k+l) 

3 X k 3 
places for the nodes of 

3 <¾(k+l) (K+l) l +Gk (K-ll l 

(fl and (gl. Now 4(k+l) + 2 -1 + 4(k+llK + 

+ 3-¾k S 2k+2l(k+l)K S ¾<k+llc. 

The nodes of fl and g) can be mapped in a manner, similar to 7.4.2.1.1. 

Now let g be a uniform emulation of G' on P We will construct a m 
linear ordering f VG ➔ V with bandwidth SK. First look at the 

n 
images of the constructions of (al. If for a construction the two roots 

of the two trees are mapped upon the same node, then we derive a con­

tradiction: every node of the construction has distance S k to one of 

the roots and there are 2.2k+l_2 such nodes. This means that 2.2k+l_2 

nodes are mapped upon the image of the roots and the 2k nodes with dis­

tance Skin Pm. This contradicts uniformity. So the roots of the trees 

are mapped upon two neighboring nodes and the 2.2k+l_4 = 2(k+l)c-4 other 

nodes are mapped upon the 2(k+l)nodes with distance at most k to one of 

the images of the roots. This means that in this 2(k+l) nodes in Pm only 
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2 free places (total) are left, so these constructions function in the 

same way as the blocks in 7.4.2.1.1. they have to be mapped to the ends 

of Pm; the path (b) is stretched out along Pm: the i'th node of the path 

must be mapped upon i+2(k+l)-1. 

Now look at the images of the roots of Tx' for all x E VG. If there 

{2(k+l)+¾(k+l)i + 6k(i-1) + alo $ i $ is such a root r x' with g(r) E 

n-1, k-1 $ a $ 5k} (that is, g(r ) is more than k-1 nodes 
X 

away), then we can reach a contradiction: on the 
k 

g(rx)-k+l, ... ,g(rx)+k-1 are mapped not only the 2 -1 nodes 

also at least (2k-1) (c-K-4)-2k(K+4)-2c nodes of the 

of "a slot" 

2k-l nodes 

of T x' but 

trees of (c). 

Because 2k-1+(2k-1) (c-K-4)-2k(K+4)-2c > (2k-l)c, a contradiction with 

uniformity arises. (Use 2k ~ 42 kK and c= 2k+l/(k+l) .) In a similar 

manner one can prove that in an interval 2(k+l)+¾(k+l)i+6ki-k-l, ... , 

2(k+l)+¾(k+l) (i+1)+6ki+k-l (that is a slot and k nodes at each side of a 

T 
X 

we can slot) nodes of at most one tree Tx are mapped. So to trees 

assign a (unique) slot, in which, or near which it is placed. Now 

+ define f(x)=i, if the root of Tx' rx is mapped in [2(k+l) 

6ki-k-l,2(k+l)+¾(k+l) (i+l) + 6ki +k-1], i.e. Tx is placed in 

¾(k+l) i + 

the i+l'th 

slot. If (x,x') EE, then between T and Tx' there is a path with 
3 G x 

length 4 (k+l) (K+l) + 6kK: if Tx and Tx' are placed more than K slots 

away, then the minimum distance between a node of Tx and a node of Tx' 

is 6 k(K+l)+ ¾(k+l)K -4K > ¾(k+l) (K+l) + 6kK. (Use that Tx' Tx' have a 

depth k-1). Contradiction. So (x,x')E EG ⇒ 1 f(x)-f(x')I $ K, i.e. f is 

a linear ordering with bandwidth$ K. □ 

Again one can adept this proof for the case of uniform emulation on the 

ring. 

Corollary 7.4.3.2. The following problem is NP-complete: 

[UNIFORM EMULATION ON A RING for binary trees] 

Instance: An undirected connected graph G, that is a tree with each 

node of degree at most 3 and an n EN+ 

Question: Is there a uniform emulation of G on R? 
n 

7. 4. 4. NP-completeness for directed graphs. The techniques used in 
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sections 7.4.2. and 7.4.3. can be used to prove NP-completeness results 

for the directed versions of the problems there addressed. The question 

whether uniform emulations of certain graphs exist on a directed path is 

not very interesting, because the directed path is not strongly con-

nected. For completeness we mention a result for uniform emulation on 

the directed path too. 

We will use the DIRECTED BANDWIDTH problem, i.e., the problem to 

determine whether a connected (but in general not strongly connected) 

graph has a bandwidth of Kor less. This problem is NP-complete [GJ79J. 

We remark that it is not difficult to prove the DIRECTED CYCLIC 

BANDWIDTH problem (for connected graphs) NP-complete too (reduction to 

DIRECTED BANDWIDTH). 

Theorem 7.4.4.1. The following problem is NP-complete: 

[UNIFORM EMULATION ON A DIRECTED RING] 

Instance: A directed, strongly connected graph G and an n EN+. 

Question: Is there a uniform emulation of G on R? 
n 

Proof. We use similar techniques as in section 3 and 4. Clearly the 

problem is in NP. To prove NP-completeness we transform DIRECTED 

BANDWIDTH to this problem. 

+ Let a directed graph G = (VG,EG), and a K $ IVGI, KEN be given. 

We will construct a graph G', that is strongly connected and G' can be 

uniformly emulated on R if and only if G has bandwidth at most K. 
IVGl+l' 

(We suppose IVGI ~ 3.) 

Let n=IVGI. Let c= K(K-1)+2n+4. We let G' consist of the following 

parts: 

a) one 'block' B: a clique with c nodes (nodes v 1 , ... ,vc,edges 

for all 1 $ i # j $ c) 

(v. ,v.) 
J. J 

1 
b) nodes x of VG are represented by cliques ex of 2 c nodes: (nodes 

w . , x E VG, 1 $ i $ -21 c, (w . , w . ) E E for all i # j, x E VG) x, J. x, J. x, J G 

c) a path of length n from v 1 (EB) to wx,l for every x E VG is added, 

(so there are n such paths). 

d) also a path of length n from wx,l to v 1 (EB) for every x E VG is 
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added. (The paths of c) and d) make G' strongly connected.) 

e) if (x,y) e E, then add a path with K-1 nodes from wx,l to wy,l· 

f) Let the total number of nodes used so far in a-e) be m. Add a path 

with c(n+l)-m nodes, that goes from v1 to v1 . 

Claim 7.4.4.1.1. G has directed bandwidth of at most K, if and only if 

G' can be uniformly emulated on i\i+l 

Proof. Suppose f is a uniform emulation 

if (v1,v2) EEG' and (v2 ,v1)e EG' then 

Now notice that 

This makes B again 

an 'unpassable object' for paths, and forces the cliques to be mapped 

upon the same node. Because on every node at least one node of the path 

of (f) is mapped, there cannot be two different ex and ex, that are 

mapped upon the same node. 

Now let f(B) =a.Then define g: VG ➔ Vn as follows: g(x)= (f(w 1 )-a) x, 
mod n. Notice g is a linear ordering of VG and if (x,y) e EG then there 

is a path with length K-1 from w 1 tow 1 , that cannot pass over f(B) x, y, 
a, so g(y)-g(x) ~ K-1 and g(y)~ g(x): G has bandwidth~ K. 

The 'only if' part can be easily provided, in a manner similar to 

3.1.1. D 

Finally note G' can be constructed in time polynomial in IVGI. Hence the 

stated problem is NP-complete. D 

With a small refinement of the techniques we can get a slightly stronger 

result. We first need: 

Lemma 7.4.4.2. For every n e N+, n ~ 2 and every me N+, m ~ 5, there 

exists a directed graph Gs=(Vs,Es)' with the following properties: 

- Gs is strongly connected 

- IV l=n 
s 

each node of Gs is involved in at most 3 edges 

at least 2 nodes of Gs are involved in exactly 2 edges 

For every graph G, of which Gs is a subgraph, and every emulation f of 
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G on R, 
II\ 

f maps every node of G 
s 

on the same node of R, i.e. 
II\ 

If (V ) I =l. 
s 

Proof. We use induction ton. For n=2, 3, 4 and 5 see fig. 7.4.4.1. 

For n ~ 6 let A be a structure with L~J-1 nodes and let B be a structure 

with l~l-1 nodes, as defined by the lemma. Let vA,l' vA, 2 , vB,l' vB, 2 

the nodes with degree 2. Then the construction of fig. 7.4.4.2. satis­

fies the desired properties. D 

Theorem 7.4.4.3. The following problem is NP-complete: 

Instance: A directed, strongly connected graph G=(VG,E~) 

node of G involved in at most 3 edges, and an n EN. 

Question: Is there a uniform emulation of G on ii:? 
n 

with each 

Proof. Clearly the problem is in NP. To prove NP-completeness we will 

again use a transformation from DIRECTED BANDWIDTH. Let G=(VG,EG) be a 

directed graph. We will again give a construction of a graph G', such 

that G' can be uniformly emulated on 

Dir Bandwidth (G) ~ K. Let n= IVGI and let 

➔ 1.'f d Rn+ 3 , an 

c= K(K-1)+2n+4. 

only 

We 

if 

will 

further only stress the differences with the construction of theorem 

7.4.4.1. The block Bis replaced by 

n n = 2 n = 3 

fig. 7.4.4.1. 



,------------------------'*-------
' i 
' ! 
' ' : 
' : : 
! 
' : 
' ' : : 
' ' : 
' ' ' ' ' ' : 
' ! ................................................................ .. 
A 

- 239 -

fig. 7.4.4.2. 

(al) a cycle with c nodes, with an edge from this cycle to 

B 

(a2) the structure as described in lemma 7.4.4.2., with c nodes, with an 

edge to 

(a3) another cycle with c nodes. 

Every node of (a2) must be mapped to the same node x 2 in Rn+3 , and 

therefore also every node of (al), resp. every node of (a2) must be 

mapped on 

cycles of 

the same node a 1,resp. a 3 . The cliques ex are replaced by 

nodes: these cycles must also be mapped on the same node 
1 
2c 

g(x), because the images of (all, (a2) and (a3) cannot be passed. The 

paths of (cl, (al, (e), and (fl can be added in such a manner, that the 

rele·vant connections are made, but no node becomes involved in more than 

3 edges. The proof that a resulting graph G' can be uniformly emulated 

on~ if and only if G has directed bandwidth Kor less, 
n+3 

to 7. 4. 4 .1. □ 

With a similar proof one can show: 

Proposition 7.4.4.4. The following problem is NP-complete: 

is similar 
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Instance: A directed, connected graph G=(V,E), with each node 

involved in at most 3 edges, and an n EN+. 

Question: Is there a uniform emulation of G on Pn? 

7.4.5. Polynomial time algorithms for fixed computation factors. In the 

preceding sections 7.4.2. - 7.4.4. we needed for the NP-completeness 

proofs that the computation factor c(=IVGl/n) could grow with the size 

of the problem. If we fix the computation factor, then the problems 

become polynomial time decidable. In 1980 Saxe [Sa80) has shown, that 

for each constant K there exists an algorithm that uses O(f(K)nK+l) time 

to determine whether a given graph G=(V,E) with IVl=n has bandwidth Kor 

less. Monien and Sudborough (see [GS84]) improved the running time of 

the algorithm to O(f(K)nK). (We will further let K, resp. c be con­

stant, and do not mention factors, like f(K) .) 

For each constant c, we will give an algorithm that determines in 

O(n2c-l) time whether a connected graph G=(V,E) with IVl=n can be uni­

formly emulated on Pn/c' and a similar algorithm, that uses O(n3c-l) 

time, and determines whether a connected G can be uniformly emulated on 

Rn/c" The algorithms are a rather straightforward modification of 

Saxe's algorithms. 

First note that if there is a node v in G with degree 3c or more then G 

cannot possibly be emulated on Pn (or Rn): every node adjacent to v, and 

v itself must be mapped upon f(v)-1, f(v) or f(v)+l. So we may assume 

without loss of generality that every node of G has degree 3c-1 or less. 

We will now introduce the notion of a partial uniform emulation: 

Definition. A partial uniform emulation of G=(V,E) on Pn/c is a function 

f from some subset V' of V onto {o, ... ,M-1), for some M such that 1 $ M 

$ n/c, such that: 

(i) Vi E {o, ... ,M-1) lf-l(i)l=c. 

(ii) If u,v EV' and (u,v)E Ethen f(u)=f(v) or 

(f(u),f(v))E Enp (i.e. lf(u)-f(v) I$ 1). 

(iii) If u EV' and f(u) $ M-2 and (u,v)E Ethen v EV'. 
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We say that f is feasible iff it can be extended to a (total) uniform 

emulation of G on Pn/c" Notice that for every mapping f of some subset 

V' ~ V onto {o ... M-1), condition (i), (ii),· and (iii) are necessary to 

be feasible. 

Definition. For a set S ~ V let Adj(S)={w e VI w is adjacent to a node v 

ES and w ~ S}. 

Definition. The active region of a partial uniform emulation (on Pn/c) f 

is the set f- 1 (M-1), together with the set Adj(f-1 (M-l))\f-1 (M-2). 

(Note: the active region of a partial uniform emulation is the set of 

nodes mapped upon the last-so-far used node and the nodes that have to 

be mapped upon the next node.) 

Theorem 7.4.5.1. Let f and g be two partial uniform emulations of· G on 

Pn/c with identical active regions. Then 

i) f and g have identical domains 

and ii) f is feasible iff g is feasible. 

Proof. i) Let the active region off (and g) be (S,A). G is connected, 

so a node vis in the domain off, or of g, if and only if it is path 

connected to a node in S by a path, that does not use any node in A. So 

the domains off and g are the same. 

ii) Note that any mapping of the remaining vertices to {m, ... ,n/c}, 

which extends either for g to a uniform emulation must also extend the 

other to a uniform emulation. □ 

Now we say that two partial uniform emulations are equivalent, if they 

have identical active regions. Note that the number of different active 

regions is bounded: each node has a degree of 3c-l, so I Adj (c) I :5 

different active 

essentially a 

breadth-first search over the space of all equivalence classes of par-

(3c-l) c, so there are at most 2 (3c-l) c. (£) = O(nc) 
C 

regions, or equivalence classes. The algorithm is 

tial uniform emulations. The algorithm uses the following data 
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structures: 

1. A queue Q, whose elements are active regions 

2. An array A, which contains one element with two fields for each 

active region. For each active region r A[r] .examined is a boolean 

which will be set to true when r is examined for the first time, and 

A[r] .unplaced is a list of the nodes, not in the domain of each par­

tial uniform emulation with active region r. 

We will now give the algorithm: 

Algorithm P 

1. Set all A[r] .examined FALSE. 

2. Let Q be the empty queue. 

3. (Set all the active regions of partial uniform emulations with M=l on 

the queue). 

For each set S ~ V with ISl=c, perform the following steps: 

a. Lets be the active regions= (S, Adj(S)). 

b. Set A[s] .examined TRUE. 

c. Set A[s].unplaced to be V\S. 

d. Inserts at the end of Q. 

4. Extract an active region r from the head of Q. 

5. Suppose r=(R,A). 

If IAI > c then go to step 7. (r cannot be extended to a uniform emu­

lation, so does not have to be considered.) 

6. For each set S ~ A[r] .unplaced, with An S 

IA u SI= c, perform the following steps: 

a. Compute B= Adj(A u S)\R. 

Lets be the active regions= (Au S,B). 

0, and IAI + ISi 

b. If A[s] .examined= FALSE then perform the following steps: 

i) Set A[s] .examined on TRUE. 

ii) Let A[s] .unplaced be A[r] .unplaced\($ u A). 

iii) If A[s] .unplaced is the empty set, then halt: 

there exists a uniform emulation of G on Rn;c· 

iv) Inserts at the end of Q. 
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7. If Q is empty, then halt: there does not exist a uniform emulation of 

G on Rn/c· Otherwise go to step 4. 

In step 3 we place every active region of partial uniform emulations 

with M=l (so with the first c nodes mapped) on the stack. In step 6 the 

partial uniform emulation(s), whose active region is (are) considered is 

(are) extended by mapping c nodes on the first node in Pn/c that still 

has no nodes mapped upon. Note that for every extension f of a partial 

uniform emulation with active region (f-l(M-1), Adj(f-l(M-1)\f-l(M-2)) 
- -1 -1 

it must hold that f(Adj(f (M-1) (M-2)) = {M}. 

The space required by this algorithm is O(nc+l). Now estimate the 

(worst-case} running time of the algorithm. Note that we first have to 

test whether there exists a node with degree at least 3c. This can be 

done in time O(n). Step 1 costs O(nc) time, step 2 0(1), step 3 costs 

O(nc+l) time. For each active region r, step 4-7 are performed at most 

once. So the cost for step 4,5 and 7 are at most O(nc). To calculate the 

costs of step 6, note that A must contain at least one node (G is con­

nected), so step 6a and the test of step 6 bare performed at most 

O(n2c-l) times. For every active region, steps 6b(i)-6b(iv) are per­

formed at most once. The amount of computation needed for one execution 

of steps 6b(i)-6b(iv) is O(n) so the total cost of steps 6b(i)-6b(iv) 

becomes 

C ~ 2). 

c+l 
O(n ) . So the total time the algorithm costs is O(n2c-l) (if 

Theorem 7.4.5.2. Let c e N+ be a constant. There exists an O(n2c-l) time 

and O(nc+l) space algorithm, which determines whether a connected graph 

G=(V,E) with IVl=n and cjn can be uniformly emulated on Pn/c· 

Proof. If c=l then test in linear time whether G is isomorphic to Pn;c· 

If c ~ 2 then test whether there exists a node with degree~ 3c. If 

such a node does not exist, then use Algorithm P. D 

Given a constant c e N+, this algorithm can be adepted to testing 

whether a connected graph G=(V,E) with IVl=n and cln, can be uniformly 

emulated on Rn/c· 
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Now we let a partial uniform emulation of G=(V,E) on Rn/c be a func-

tion f from some subset V' ~ V onto {o, ... ,M-1), for some M, such that 1 

$ M $ n/c, such that 

(].,) ...., i' I f-l (' l I v E { 0, ••. , M-1 ) l. =c . 

(ii) If u,v EV' and (u,v)E Ethen f(u)=f(v) or (f(u),f(v)) E ER. 
n 

(iii) If u EV' and l$f(u) $ M-2 and (u,v) EE then v EV. 

Again f is feasible iff it can be extended to a (total) uniform 

emulation of G on Pn/c· Notice that for every mapping f of some subsets 

V' ~ V onto (o ... M-1), conditions (i), (ii) and (iii) are necessary to 

let f be feasible. 

The active region of a partial uniform emulation f is now the 

4-tuple (f-l(M-l),Adj(f-l(M-l))\f-l(M-2),f-l(o),Adj(f-l(o))\f-1 (1)). 

(We will not consider partial uniform emulations for M<2.) 

Theorem 7.4.5.3. Let f and g be two partial uniform emulations of G on 

Rn/c' with identical active regions. Then 

i) f and g have identical domains. 

ii) f is feasible iff g is feasible. 

Proof. i) Let (S,A,T,B) be the active region off and g. A node vis in 

the domain off (or of g) if and only if it is path connected to a node 

in Sor to a node in T by a path not using any nodes in A and B. 

and g have identical domains. 

ii) similar to 7.4.5.1. D 

So f 

First we test whether G has a node with degree 3c or more. Suppose such 

a node does not exist. 

Let v* be an arbitrary node in V. For symmetry reasons we may suppose 

that f(v*)=o. So we only have to consider active regions (S,A,T,B) with 

v* ET. The number of different active regions with v* e Tis O(n2c-l). 

The algorithms uses a queue Q and array A as before: there is an entry 

in A for each active region with v* e T. The algorithm now becomes: 
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Algorithm R 

1. Set all A[r].examined FALSE. 

2. Let Q be the empty queue. 

3. For each pair of sets S,£ ~ V with 

ISl=l£1=c and v* e £ and S f"I£ = 0, perform the following steps: 

a. Let S be the active region (S, Adj(S)\£, £, Adj(£)\S). 

b. Set A[s].examined TRUE. 

c. Set A[s] .unplaced to be V\(S U£). 

d. Inserts at the end of Q. 

4. Extract an active region r from the head of Q. 

5. Supposer= (R,A,S,B). 

If IAI > c or IBI > c then go to step 7. 

6. For each set T ~ A[r] .unplaced with A f"I T 

IA u Tl= c perform the following steps: 

a. Compute C = Adj (A u T) \R. 

0 and IAl+ITI= 

Lets be the active region (Au T, c, s, B). 

b. If A[s].examined= FALSE then perform the following steps: 

i) Set A[s).examined on TRUE. 

ii) Let A[s].unplaced be A[r].unplaced \(Au T). 

iii) If A[s].unplaced is the empty set, 

then if B ~Au T then halt: there exist a uniform emula­

tion on Rn/c" 

else B ~ Au T then go to step 7. (First note that there 

exists exactly one T ~ A[r] fulfilling the requests 

(IA[r].unplacedl=c); and this T yields a mapping that 

is not an emulation: "the ends of the ring do not fit 

together"). 

iv) Inserts at the end of Q. 

7. If Q is empty then halt: there does not exist a uniform emulation of 

Q on Rn/c" Otherwise go to step 4. 

The algorithm uses O(n2c) space -(for each active region (S,A,T,B) with 

v* e T O(n) space is used). To estimate the time, note that we can no 

longer suppose that for an active region (S,A,T,B), A"# 0. So step 6a 

and the test of step 6b cost O(n3c-l) time. If c ~ 2 then the cost of 
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the other steps is smaller, so the time used by the algorithm is 

O(n3c-1). 

Theorem 7.4.5.4. Let c e N+ be a constant. There exists an O(n3c-l) time 

and O(nc+l) space algorithm which determines whether a connected graph 

G=(V,E) with IVl=n and cln can be uniformly emulated on Rn/c" 

For the directed case the same results hold. 

7.4.6. Disconnected graphs. It is interesting to see, that if we drop 

the requirement that G is connected, then the problem to determine 

whether G=(V,E) can be uniformly emulated in Pn/c (or Rn/c) (IVl=n, cln) 

becomes NP-complete, even for fixed computation factors c. 

Theorem 7.4.6.1. For every c e N+, c ~ 4, the following problem is NP­

complete: 

Instance: An undirected graph G=(V,E), with n=IVI, cln. 

Question: Is there a uniform emulation of G on Pn/c? 

Proof. We use a technique which is similar to a technique used in 

[LVW84]. Clearly the problem is in NP. To prove NP-completeness we 

transform 3-PARTITION to it. 3-PARTITION is the following problem: 

[3-PARTITION] 

Instance: A set A of 3m elements, a bound Be N+, and a size s(a) 

N+ for each a e A, such that B/4 < s(a) < B/2 and 

E s(a)=mB. 
aeA 

E 

Question: Can A be partitioned into m disjoint sets A1 , ... , A such 
m 

that for each i, 1 $ i $ m E 
aeA. 

1 

s(a)=B? 

3-PARTITION is NP-complete in the strong sense [GJ79]. (Note that 

necessarily IAi1=3 for each i, 1 $ i $ m.) 

Let an instance of 3-PARTITION be given, i.e. a set A, IAl=3m, B e + 
N , 

and a size 

E s(a)=mB. 
aeA 

s(a)e N+ for each a E A, with B/4 < s(a) < B/2, and 
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Let W ~ N be the set {0,l,B+2,2B+3,3B+4, ... ,mB+B+l,mB+B+2}. We will 

create a graph G0 , that when emulated on PmB+B+ 3 such that each node in 

PmB+B+3 has at most c node mapped upon it, forces that each node in W 

has c nodes mapped upon it, and each node in {0, ... ,mB+B+2}\W has c-1 

nodes mapped upon it. To this graph G0 we add for each aEA a copy of 

Ps(a) (a path with length s(a)). 

The resulting graph G can be uniformly emulated on PmB+B+3 iff there is 

a solution to the 3-PARTITION problem: the paths must be mapped upon the 

remaining free places, after G0 is mapped: there are m parts of exactly 

B consecutive nodes with one free place each. 

Definition. G0 =cv0 ,E0 ) is defined as follows: v 0 ={v .. lo~i~mB+B+2 
1., J 

E v 0 and 

Lemma 7.4.6.1.1 .. For every emulation f of G0 on PmB+B+ 3 , such that 

lf-1 (i) I~ c for every i EV : 
mB+B+3 

i) Either f (v. . ) =i for all v. . E V or f (v. . ) =mB+B+2-i for all 
1.,J 1.,J O 1.,J 

V, . E V and 
1.,J 0 

ii) If i E W then lf-1 (i)l=c. 
-1 

If i E VmB+B+ 3 \W then If (i) l=c-1. 

Proof. Omitted. (For this proof it is essential that c ~ 4.) 

Now let G=(V,E) be defined by V=Vo u {(al. I a 
1. 

u {((a).,(a).) I (a).,(a). E V\v0 A 
1. J 1. J 

IVl=IV I+ L s(A)=c- (mB+B+3). 
o aEA 

I i-j I 1}. Note that 

Lemma 7.4.6.1.2. G can be uniformly emulated on PmB+B+ 3 if and only if A 

can be partitioned in m disjoint sets A1 , ... ,Am such that for each i, 

l~i~m L s(a)=B. 
aEA, 

1. 

Proof. Suppose an emulation f of G on PmB+B+ 3 exists. For each i, l~i~m, 
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look at R=f-l({i-1) -(B+1)+2, ... , (i-(B+l) }. Necessarily this set exists 

of (c-1) -B nodes E v 0 , and B nodes E V\v0 . There must be 3 elements 

(a 1 ), (a2 ), (a 3 ) EA with (a1 ) . E R for oSjSs (a1 )-1, 1$1$3. Now let A. con-
2 3 J i 

sist of (a 1 ), (a), (a). In this way a correct partition is obtained. 

Now suppose a partition of A in A1 ... Am with I: 
aEA, 

l. 

s(a)=B is 

given. Let f(v .. )= i. For 
1-,J 

each i, 1Si$m we can map the nodes in 

{(a), \aEA.,lSjSs(a)} on the 
J J._ 

these nodes has exactly 

nodes (i-1) (B+1)+2, ... ,i(B+1). (Each of 

one free place left after mapping of G0 ). In 

this way a uniform emulation of G on PmB+B+3 can be obtained. □ 

The constraint c~4 is essential for the proof. If c$3 then nodes, that 

we want to be mapped on consecutive nodes can be mapped on the same 

node. (See fig. 7.4.6.1.) 

fig. 7. 4. 6 .1. 

In fact, we conjecture that there exist polynomial time algorithms for 

the considered problem for c=2 and c=3. (For c=l it is trivial that a 

polynomial algorithm exists.) With a similar technique one can prove: 

Theorem 7.4.6.2. For every c EN+, c~2 the following problem is NP­

complete: 

Instance: An undirected graph G=(V,E) with \V\=n and cln. 

Question: Is there a uniform emulation of G on Rn/c? 
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The same results hold for the directed versions of the problems. 

7.5. The complexity of finding uniform emulations on fixed graphs. In 

this section we show that for every fixed graph H, that is connected (or 

strongly connected in the case of directed graphs) but not complete, the 

problem to decide whether another (strongly) connected graph G can be 

uniformly emulated on His NP-complete. 

Definition. Let G=(V,E) be an undirected, bipartite graph. We say that G 

contains a balanced complete bipartite subgraph (abbreviated as BCBS) of 

2 * K nodes, if there are two disjoint subsets v1, v2 ~ V, such that 

1v1 1 = 1v2 1 =Kand u e v 1, v e v2 implies that {u,v} e E. 

The problem to decide, given a bipartite graph G, and a + K E N , 

whether G contains a BCBS with 2 * K nodes is NP-complete [GJ79]. We 

now prove the following variant of BCBS to be NP-complete. 

Lemma 7.5.1. Let neN+, n~3. The following problem is NP-complete: 

Instance: Bipartite graph G=(V,E) with nl IVI, and at least one 

node of Vis isolated (i.e. is of degree 0). 

Question: Are there two disjoint subsets v 1,v2 s.v1, such that u e 
1 v 1, v e v2 implies that {u,v} e E and 1v1 1=1v2 1= ~-IVI? 

Proof: Clearly the problem is in NP. To prove NP-completeness we 

transform the BALANCED COMPLETE BIPARTITE SUBGRAPH problem to it. 

Let an instance of BCBS be given. We consider three cases: 

Case I: cK>IVI. 

In this case add cK-IVI extra nodes of degree Oto G. The graph G', 

in this way obtained, is bipartite, has at least one node of degree 0, 

and contains a BCBS with 2*K = ·2*l•IV' I nodes if and only if G contains 
C 

a BCBS with 2*K nodes. 

Case II: cK<IVI. 

We transform this case to case I. In polynomial time we find dis­

joint sets Va,Vb such that V=Va uvb, and each edge e E goes between a 

node of Va and a node of Vb. (Va,vb are the two "halves of the 



- 250 -

bipartition".) 

Now add IVI extra nodes to Va and IVI extra nodes to Vb and connect 

each of the extra nodes to each of the nodes in the other half: we have 
a a b b a b 

extra nodes v 1 , ... ,vlVI' v 1 , ... ,v 1V! and edges (vi,vj) 

(v~,w) (l$;i$;IVI, w e Vb) and (v.,w') (l$;i$;IVl,w'e V). 
J. i a 

(l$;i, j~ IVI l; 

The graph 

G1=(V1 ,E1 ) so obtained has the following properties: 

- G1 is bipartite 

- G1 contains a BCBS of 2*(K+IVI) nodes if and only if G contains a 

BCBS of 2*K nodes. 

- C• (K+IVI) > IV' I 

So now we have an instance of case I, and handle the graph as described 

there. 

Case III: cK=IVI. If G does not contain isolated nodes, add one, and we 

are in case II. 

We finally obtain in this way a graph, that has a BCBS of 2*llV' I 
C 

nodes if and only if G contains a BCBS of 2*K nodes. Note that the con-

structions can be carried out in time, polynomial in the size of G. □ 

Lemma 7.5.2. Let v 1 , v 2 be disjoint finite sets, and G= (v1 u v 2 ,EG) be 

an undirected bipartite graph, with edges between nodes of v 1 and v 2 

only, i.e., (v,w) e EG ⇒ (v e v 1 ~we v 2 ). Let G = (V1 uv2 ,EG) be the 

undirected, bipartite graph with EG = {(v,w) Ive v 1 Awe v 2 A (v,w) E 

EG). Then there is a uniform emulation of G on P 3 with f(V1 ) i;;;; {0,1) 

and f(V2 ) i;;;; {1,2) if and only if G contains a BCBS with 2 * IVl/c nodes. 

Proof: First suppose f is a uniform emulation of G on H. Choose w1 

f-l (0) and w2 = f-l (2). Now w1 i;;;; v 1 , w2 i;;;; v 2 and v e w1 , w e w2 ⇒ (v,w) 

EEG, hence (v,w) e EG. So G contains a BCBS with 2 * IVl/c nodes. 

Now suppose G contains a BCBS with 2 * IVl/c nodes, i.e., there are 

sets wl i;;;; vl, w2 i;;;; v2 with IWll = IW21 = IVl/c and v e wl, we w2 ⇒ 

(v,w) e EG ⇒ (v,w) EEG. Let f(W1 )= 0, f(W2 )= 2 and f(V1 \w1 ) = f(V2 \w2 ) 

1. It is easy to check that f is a uniform emulation of G on P3 and 

f(V1 ) i;;;; {0,1), f(V2 ) i;;;; {1,2). □ 
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Lemma 7.5.3. The following problem is NP-complete: 

Instance: Disjoint finite sets v1 , v2 , undirected graph G 

V2, EG) 

Question: Is there a uniform emulation f of G on P3 with f(V1 ) ~ 

{0,1), f(V2 ) !;;; {1,2)? 

Proof: Use lemma 7.5.1. and 7.5.2. □ 

Lemma 

( 0, 1) 

fig. 

7. 5. 4. Let H= (VH,EH) be a directed graph, with V={0,1,2) and 

E EH, (1,2) E EH, (0, 2) eEH. (H is one of the 8 graphs, given in 

7. 5 .1.) The following problem is NP-complete: 

Instance: Disjoint finite sets v1 , v2 , directed graph G= (V1 u 

V2,EG) 

Question: Is there a uniform emulation f of G on H, with f(V1 ) ~ 

{0,1), f(V2 ) ~ {1,2)? 

Proof: Similar to the undirected case. □ 

Theorem 7.5.5. Let H= (VH,EH) be a connected undirected graph that is 

not complete. The following problem is NP-complete: 

6 .() ►6 
2 3 1 2 3 

6 .o◄ ►6 
1 2 3 1 2 3 

1 2 
6◄ 

1 
.Q ►Q 

Q◄ .Q◄ ►o 
fig. 7. 5 .1. 8 possible choices for H in lemma 7. 5. 4. 
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Instance: A connected undirected graph G=(VG,EG) 

Question: Is there a uniform emulation of G on H? 

Proof: Let H=(VH,EH) be a connected undirected graph, that is not com­

plete. Clearly the problem is in NP. To prove NP-completeness we will 

transform the problem stated in theorem 7.5.3. to it. 

Let disjoint finite sets v1, v2 and an undirected graph G = (V1 u 

v2 ,EG) be given. We will construct a connected graph G'= (V',E'), such 

that there is a uniform emulation of G' on H iff there is a uniform emu­

lation f of G on P3 with f(V1) ~ {0,1), f(V2) ~ {1,2). Let c = IVGl/3. 

( c is the computation factor of the emulation of G on P3 .) 

From the fact that His not complete, it follows that there exist 

nodes v0, v1, v2 e VH with (v0,v1) e EH, (v1,v2 ) e EH and (v0,v2) i EH. 

(The subgraph of H, induced by {v0, v1, v2 } is isomorphic to P3 .) We let 

G' consist of the following parts: 

- 3c + 1 copies of H. From the first c copies of H, we omit the nodes 

v0, v1, v2 . We connect copies of the same and adjacent nodes. 

- a copy of G. 

Each copy of v0 and v1 is connected to each node in v1; each copy of v1 
and v2 is connected to each node in v2 . 

Definition. Let G'= (V',E') be the undirected graph, with V'= VG u 

{v , x,i X E VH, 1SiS3c+l, X i {v0,vl,v2} V i.!:c+l }, and E'= EG u {(v ., x,i 
V .) 

Y,J 
V x,i' V y,j E V' and (x,y) E EH} u { (v ,,y) 

w,i I y E v1, w E {vo, 

vl}} u { (v .,y) w,i I y E V2, WE {vl, v2}}. 

Lemma 7.5.5.1. There is a uniform emulation of G' on H if and only if 

there is a uniform emulation f of G on P3 with f(V1) ~ {O, 1), f(V2 ) ~ 

{ 1, 2}. 

Proof: First suppose there is a uniform emulation g of G on P3 with 

f(V1) ~ {O, l}, f(V2) ~ {l, 2}. 

f(vx,i)=x and for ye VG f(y)=vg(y). 

uniform emulation of G' on H. 

Define f V' ➔ VH as follows: 

It is easy to check that f is a 



- 253 -

Now suppose there is a uniform emulation f of G' on H. For every x 

set consisting of x and its neighbors, i.e., E VH, let N(x) be the 

N(x)={x) u {y\ (x,y) E EH). Number the nodes in 

of non-increasing degree, i.e., if degree (wi) 

H w1 , ... ,w\VH\' in order 

> degree (w.) then i<j. 
J 

Claim 7.5.5.1.1. Vi,Os;is;\VH\, there exists a uniform emulation fi of G' 

on H, such that Vj, k, 1 with v , v E V' A OS:js;i 
wj,k wj,l 

Proof:We use induction to i. For i=O the claim follows immediately. 

Now let fi be given. Notice that for 
i i 

v 1 EV' f (v 1 )=f (v 1 ) ⇒ w. E {v0 ,v1 ,v2 ). 
wi+l' wj, wi+l' J 

l<"<" and wj, -J-1 

Therefore if wi+l 

i {v0,v1 ,v2 ), then there are at most 3c nodes v E {v 1 I 1S:ls;3c+ll 
wi+l' 

with 3j, lS:jS:i, fi(v)=fi({v k\c+lS:kS:3c+l)). 
wj, 

there are at most 2c such nodes in {v 1 \ c+1s;1s;3c+l). 
wi+l' 

exists such that there is no j, 

Hence there 

with 

Let such 1 be given and write V 

Look at the degree of f(v). Uniformity prevents that 

degree(f(v .)) < degree(x), for all v , E V'\V. 
x,J x,J G 

Hence degree(f(v)) = 

degree(wi+l). (We use that the degrees of are non-

increasing.) 

i 
Further notice that for every y E N(f (v)), there is aw E VG with 

= y and (v,w) EE'. Now let fi(v )~fi(v). Every neighbor of 
. wi+l'm . 

vis a neighbor of v 
wi+l'm . 

Hence N (f1 (v )) ;;:i N (f 1 (v)) . Choose a 
wi+l'm 

node y with f 1 (y) =f1 (v) and y not of the form 

v . (1S:ms;3c+l, if wi+l E {v0 ,v1 ,v2 ) then c+1s;ms;3c+l.) For all z E 
wi+l'm 

VG (y'.z) EEG implies fi(z) E N(fi(v)). We obtain a new uniform emula-

tion f 1 by 'exchanging' the images of 

-i i 
⇒ f (z)=f (z), 

-i i 
f (y)=f (v ) and 

wi+l'm 
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fi maps every neighbor of y upon a node in N(fi(v)) s N(fi(y)), and 

every neighbor of v is v or a neighbor of v, so is mapped upon a 
wi+l'm 

node in N(fi(v)) = N(f1 (v )) . So fi is again a uniform emulation 
. wi+l'm . 

of G' on H, but now f 1 (v )=f 1 (v). 
wi+l'm 

By repeated use of this 'image-exchanging' process one can obtain a 

uniform emulation fi+l with fi+l(v )=fi+l(v) for all 
wi+l'm 

With the induction hypothesis one proves that 

□ 

Now let g = flV 1 • g, restricted to the set of nodes {v3c+llx E 
H 

VH) can be seen as a graph isomorphism of H. Hence we have: 

Lemma 7.5.5.1.2. There is a uniform emulation g of G' on H with 

f(v .)=x for all v ,E V'\V8 . 
x,i x,i 

Notice that if wEVG then g(w) E {v0,v1 ,v2 J, and g maps c nodes of v8 on 

each of the nodes v O, v 1 , v2 . Further w E v1 implies that g(w) must be 

adjacent to g({v k I c+lSkS3c+l))=v0 and to 
VO' 

g({v k 
vl, 

c+1SkS3c+l))=v1 . Hence g(w) E {v0 ,v1 ). Likewise w E v2 

implies g(w) E {v1 ,v2 ). So the mapping h ➔ {O,1,2), given by 

h(w)=i ¢:) g(w)=vi is a uniform emulation of G on P3 with h(V1 ) s {O, 1) 

and h(V2 ) s {1, 2). □ 

Finally notice that the construction of G' can be carried out in polyno­

mial time in 1v8 1. Hence the stated problem is NP-complete. □ 

With the following simple observation we have a complete classification 

of the complexity of finding uniform emulations on fixed, connected 

undirected graphs. 

Proposition 7.5.6. Let G=(V8 ,E8 ) be an undirected graph, ~nd let Kn be 

the complete graph with n nodes. There is a uniform emulation of G on Kn 

iffnl 1v8 1. 
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For the general case of graphs, that are not necessarily connected, we 

mention the following results: 

Corollary 7.5.7. Let H be an undirected graph, such that at least one 

connected component of H is not complete. The following problem is 

NP-complete: 

Instance: An undirected graph G=(VG,EG) 

Question: Is there a uniform emulation of G on H? 

Proof: Transformation from the problem of theorem 7.5.5. □ 

Proposition 7.5.8. Let H be a fixed undirected graph, such that each 

connected component of H is complete. Then there exists a polynomial 

time algorithm that decides whether a graph G can be uniformly emulated 

on H. 

Proof: The problem becomes the question whether we can allocate the con­

nected components of G to the connected components of H, such that the 

numbers of nodes that are allocated to components of Hare proportional 

to its size. By exhaustive search over all allocations this is solvable 

in polynomial time. (We use that a graph can be separated in its con-

nected components in linear time.) □ 

The general problem of deciding whether a given undirected graph G can 

be uniformly emulated on a given undirected graph H, with each connected 

component of H complete, is NP-complete. (Use a transformation from 3-

PARTITION.) For directed graphs a result similar to theorem 7.5.5. can 

be proved. 

Theorem 7.5.9. Let H=(VH,EH) be a strongly connected directed graph, 

that is not complete. The following problem is NP-complete: 

Instance: Strongly connected directed graph G=(VG,EG) 

Question: Is there a uniform emulation of G on H? 

The proof is similar to the undirected case, and uses lemma 7.5.4. 
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On approximation algorithms for determining minimum cost emula-

7.6.1. Introduction. In this section we introduce the notion of compu­

tation cost, and comment on the possible existence of "good" approxima­

tion algorithms, that try to minimize the computation cost of an emula­

tion of a network G on a network H, and run in polynomial time. 

Definition. Let G,H and f be as above. The computation cost of f is 

cc(f) = max lf-1 (h) 1-
heVH 

Definition. Let G, H, f be as above. The emulation f is said to be (com­

putationally) uniform iff for all h,h' e VH: lf-l(h) I= lf-l(h') 1-

Proposition 7.6.1.1 . . Let G,H and f be as above. 

f is uniform iff cc(f) = IVGI/IVHI. 

A natural extension of the UNIFORM EMULATION problem is the following 

problem: 

[MINIMUM COST EMULATION] 

Instance: Connected graphs G,H, integer c e N+. 

Question: Is there an emulation f of G on H, with cc(f) ~ c? 

We will abbreviate MINIMUM COST EMULATION as MCE. 

MCE is also NP-complete: it contains UNIFORM EMULATION as a sub-

problem. However, it seems reasonable to look for approximation alga-

rithms for this problem: an emulation with "relatively low cost" will 

enable us to simulate the given large network G on the given smaller 

network H "relatively efficiently". 

Unfortunately there is some evidence that it will be hard to find 

polynomial time approximation algorithms for MCE that find "good" 

approximations for the computation cost of the emulation. By "good" 

approximations we mean e.g. approximations that give a computation cost 
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that differs at most by a constant factor from the optimal solution. 

In section 7.6.3. we show that every polynomial time approximation 

algorithm for MCE will give - in worst case - approximations that differ 

at least a factor 2 from the optimal solution (unless P=NP). In sections 

7.6.4., 7.6.5. and 7.6.6 we show that the existence of a "good" polyno­

mial time approximation algorithm for MCE will imply the existence of 

"good" polynomial time approximation algorithms for BANDWIDTH, CLIQUE 

and BALANCED COMPLETE BIPARTITE SUBGRAPH. However, for the latter three 

problems no polynomial time approximation algorithms are known to exist 

that guarantee approximations that differ for instance by a constant or 

even a logarithmic (in the size of the problem) factor from the optimal 

solution. In 1974 Johnson [J74) proved that for all of the polynomial 

time approximation algorithms for CLIQUE that had been suggested at the 

time, the worst case ratio between the approximation and the optimal 

value grows at least as fast as O(ne), where n is the problem size and 

£ > o depends on the algorithm. Presently no algorithm that gives better 

ratios is known. 

7.6.2. Definitions and notations. The frame work in which we present 

the results is taken from [GJ79, chapter 6). An approximation problem TI 

consists of the following parts: 

(1) a set DX of instances (DX* 0). 

(2) for each instance I e DX a finite set Sx(I) of candidate solutions 

for I; and 

(3) a function mx' that assigns to each instance I e DX and each candi-

date solution cr e Sx(I) a positive rational number mx(I,cr), called 

the solution value for cr. 

We call TI a minimization (maximization) problem, if we look for 

(approximations of) the minimal (maximal) value of mx (I,cr) for a given 

instance I E D and all candidate solutions cr E s (I). This minimal 
X n 

(maximal) value is denoted by OPTX(I). (The subscript n is usually 

dropped when the problem is clear from the context.) 

Let A be an approximation algorithm for a minimization problem TI, 

(like MINIMUM COST EMULATION), and let I e DX, and A(I) be the 
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approximation for OPT7t(I), yielded by the algorithm A on input I. 

Definitions. 

RA inf 

RAOO inf 

mx (I,A(I)) 

RA (I) = OPT (I) 
7t 

r<?: 1 '¢ I E D R (I) $ r) = sup {R (I) I I E D ) . l A A 7t 
r<?: 1 3 NE N : '¢IE DX OPT7t(I);?: N =)RA(I) !> r). 

R 
min 

(IT ) inf { r<?: 1 there exist a polynomial time approximation 

algorithm A for IT with RA00 = r). 

00 

RA is called the "absolute performance ratio"; RA is called the "asymp-

totic performance ratio". These ratios will always satisfy 1 $ RA00 $ RA 

$ oo Ratios that are closer to 1 indicate a better performance. 

Rmin (IT) is called the "best achievable asymptotic performance ratio". 

For a further discussion of these measures see [GJ79]. For approxi­
OPT7t(I) 

mation algorithms A for maximization problems define RA(I) 

(RA(I) denotes the ratio between the optimal value and the approximation 

for input I. ) 

7. 6. 3. 

MCE. 

A bound for the best achievable asymptotic performance ratio on 

Theorem 7.6.3.1. If P * NP, then no polynomial time approximation algo­

rithm A for MINIMUM COST EMULATION can satisfy RA00 < 2. 

Proof. Let p * NP. Suppose A is a polynomial time approximation algo-

rithm for MINIMUM COST EMULATION with RA 
00 

2. Then there exist 2 < y < 

and NE + undirected graphs with N , such that for all connected, G,H 

cc(G,H) ;?: N , cc(A(G,H)) $ y.cc(G,H) < 2 cc (G,H). Let such an + be N E N 

given. (y is not used.) 

We will now give a polynomial time algorithm BN that solves HAMIL­

TONIAN CIRCUIT for graphs with nodes of degree 3. (This subproblem of 

HAMILTONIAN CIRCUIT is NP-complete [GJ79] .) 
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Let H = (VH,EH) be a connected, undirected 

d 3 h h o ( o o) . b . d . egree . Te grap H = VH, EH is o taine in 

each edge (v0 ,v1 ) e EH is replaced by a path with 

graph with nodes of 

the following manner: 

length 3: i.e. we 

introduce additional nodes V 
ol' vlo' 

(vlo' vl). Furthermore to each node 

branches, consisting of one extra 

and edges (v0 , v 01 ), (v01 , v 10 ) and 

v e VH ~ v8° we add two extra 

node each. An example of this 

transformation is given in fig. 7.6.3.1. 

So IVH0 I = 6- IVHI. Let G=(VG,EG) be the graph consisting of a cycle 

with 3. IVHI nodes, in which to every third node on the cycle 6N-3 

branches are added, each consisting of one node (see fig. 7.6.3.2.) So 
0 

IVG I = 6N · IV H I = N · IV H I . 

H 

fig. 7.6.3.1. 

fig. 7.6.3.2. G, with N 4. 
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Claim 7.6.3.1.1. a. If H contains a 

cc(G,H0 ) = N. 

Hamiltonian circuit, 

b. If H does not contain a Hamiltonian circuit, then cc(G,H0 ) ~ 2 N. 

then 

Proof. a). It is clear that 
0 IVG I 

cc(G,H) ~ °'j'v""J N. Now suppose H contains 

Ho 
a Hamiltonian circuit. We can map the successive nodes of the cycle in 

0 H with degree 6N-1 on the successive nodes v e VH ~ VH, visited by the 

Hamiltonian circuit. The other nodes can be mapped in such a way that 

the resulting function f is a uniform emulation, i.e. cc(f) N. 

b) If an emulation f maps two nodes v0 , v1 e VG with degree(v0 ) 

. 0 
degree(v1) = 6N-1 on the same node we VH, then cc(f) ~ 2N (at least 12 

N nodes are mapped upon 6 nodes). If f maps a node v e VG with degree 
0 (v)= 6N-1 on a node we VH with degree (w) 

must be mapped upon 3 nodes, so cc(f) ~ 2N. 

2, then at least 6N nodes 

So if cc(G,H0 ) < 2N, then 

there exists an emulation f of G on H0 , that maps nodes v e VG with 

degree(v)= 6N-1 on nodes We VH ~ vH0 on a one-to-one basis. Now let v0 , 

v1, v2 , .•. , v 1VHI be the successive nodes in G with degree 6N-1. Then 

f(v0 ), f(v1), f(v2), ... ,f(vlVHI) (seen as nodes in G) form a Hamiltonian 

circuit. □ 

From claim 7.6.3.1.1. it immediately follows that cc(A(G,H0 )) < 2N if 

and only if H contains a Hamiltonian circuit. This gives a method to 

test in polynomial time whether H contains a Hamiltonian circuit. (G and 

H0 can be constructed in polynomial time.) This contradicts our assump­

tion that P ~ NP. □ 

Corollary 7.6.3.2. If P ~ NP, then Rmin (MCE) ~ 2. 

7.6.4. Relation of MCE with BANDWIDTH. 

Definition. Let G= (VG,EG) be a connected, undirected graph and let f: 

VG ➔ {o, ... , IVGl-11 be a bijection. The bandwidth of f is max 

{lf(v)-f(w) I I (v,w) e EG}. The bandwidth of G is min ({Bandwidth (fl I f 

is a bijection of VG to {o, ... , IVGl-1}). 
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Define BANDWIDTH to be the following problem: given a graph G 

(VG,EG), find a bijection f 

bandwidth. 

VG ➔ lo, ... , !VG!-1) with a minimum 

Turner [Tu86] has shown that heuristic algorithms, that fall in the 

class of the so-called "level algorithms", have an asymptotic perfor­

mance ratio oo. Most of the approximation algorithms, that have been 

proposed for the BANDWIDTH problem, (see e.g. [GPS76,WS76]) fall in this 

class. It is not known presently, whether there exists a polynomial 

time approximation algorithm A for BANDWIDTH with an absolute (or asymp­

totic) performance ratio that is bounded by some finite constant. 

(Also, Turner [Tu86) analysed the probabilistic performance of the 

heuristics and proposed a new approximation algorithm that produces (on 

the average) solutions, that are nearly optimal, but still has an asymp­

totic performance ration oo.) We will see that the existence of a "good" 

approximation algorithm for MCE implies the existence of an approxima­

tion algorithm for BANDWIDTH that is at most "twice as bad". 

Lemma 7.6.4.1. Let G=(V,E) be an undirected graph. Let Ke N+, and let n 

;;?: r !VI /Kl. Then 

Bandwidth (G) ~ K 

=>G can be emulated on Pn with computation cost K 

=>Bandwidth (G) ~ 2K-1. 

Proof. Similar to the proof of lemma 5.2.4. □ 

Corollary 7.6.4.2. Suppose there exists a polynomial time approximation 

algorithm A for MCE with RA(G,H) ~ g(!VGI, IVHI) for a certain function 

g. Then there exists a polynomial time approximation algorithm A' for 

bandwidth minimization with RA' (G) ~ 2g(!VGI, IVG!). 

Proof. Use algorithm A with H=PIV 1 • □ 

G 
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Corollary 7.6.4.3. Rmin (bandwidth minimization) S 2-Rmin (MCE). 

7.6.5. Relation of MCE with CLIQUE. Define CLIQUE to be the problem, 

given a graph, to find the maximum 3ubgraph all of who5e point5 are 

mutually adjacent. In 1974 John3on [J74] 5howed that for every polyno­

mial time approximation algorithm for CLIQUE that had been 3ugge3ted, 

there exi5t5 an E>o, Buch that RA (G) ~ O(IVGIE), (for infinitely many 

graph3 G=(VG,EG)). 

known. 

Pre5ently no algorithm that give5 better ratio5 is 

Similar to the argument in 5ection 4 one can 5how that a "good" 

polynomial time approximation algorithm A for MCE give5 a "good" polyno­

mial time approximation algorithm A' for CLIQUE. 

Definition. The complete graph on n node5 iB the graph Kn= (Vn,En) with 

{(i,j) li,j e vn Ai~ jJ. 

+ Lemma 7.6.5.1. Let G = (VG,EG) be an undirected graph, and n e N. 

Kn can be emulated on G with computation co5t Sc, if and only if G 

contain3 a clique with~ r£7 node5. 
C 

Proof. Suppo5e f emulate5 Kn on G with cc(f)S c. Then it iB ea5ily Been 

that f (Kn) i3 a clique with at lea3t r;l node5. 

Suppo5e G contain3 a clique with r£7 node5. We can map the nodes of 
C 

Kn onto the node5 of thi5 clique, 3uch that every node of the clique ha5 

c or c-1 node5 mapped upon it. In this way an emulation f 

with cc(f) = c i5 obtained. □ 

of K on G 
n 

Corollary 7.6.5.2. Suppo5e there exist5 a polynomial time approximation 

algorithm A for MCE with RA(G,H) S g(IVGI, IV8 1), for a certain function 

g. Then there exist3 a polynomial time approximation algorithm A' for 

CLIQUE with RA' (G) S g(K, IVGI), for all connected graph3 G of which the 

largest clique contains K nodes. 

Proof. Let G = (VG,EG) be given. By a55umption one can calculate A' (G) = 

max {r A(K~,G)l I 1 Si S IVGI} in polynomial time. (A(Ki,G) denote5 the 
1 
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approximated computation cost of an emulation of Ki on G, produced by 

algorithm A). 

Suppose the largest clique in G contains K nodes. A' (G) is the 

r i7 rt1 desired approximation of K: for all i, cc(K.,G)= -K. So A(K.,G) ~ K 
i . i 

and r A(K:,G)l $ rr½ll $ K. Furthermore A(KK,G) $ 1-g(K, lvGI), so A' (G) ~ 

r g(K,~VGl)l. This shows RA' (G) $ g(K, IVGI). D 

Corollary 7.6.5.3. Rmin (CLIQUE)$ Rmin (MCE). 

7.6.6. Relation of MCE with BALANCED COMPLETE BIPARTITE SUBGRAPH. Simi-

lar results can be obtained, relating approximation algorithms for MCE 

to approximation algorithms for the BALANCED COMPLETE BIPARTITE SUBGRAPH 

problem (BCBS). Again, a (bipartite) graph G=(VG,EG) is said to contain 

a BCBS with 2*K nodes, if there are disjunct v 1 ,v2 ~ VG, IV1 1=1V2 1=K 

with for all v 1 E v 1 , v 2 E V2 (v1 ,v2 ) EEG. Recall that the BCBS problem 

asks to find the largest BCBS in a given bipartite graph G and that BCBS 

is NP-complete [GJ79]. (Cf. section 7.5.). 

Definition. The Balanced Complete Bipartite graph with 2*K nodes is the 

(undirected) graih BCB~K (V2!,E2K); with v 2K = {vijli E {1,2), 1 $ j $ 

Kl and E2K = { (v . , v . ) I v . , v . E v 2 } . 
Jl J2 Jl J2 K 

Let G = (VG,EG) be an undirected, bipartite graph and K,c Lemma 7.6.6.1. 

e N +, r ~1 ~ 2. 
C 

BCB2K can be emulated on G with computation cost$ c, if 

G contains a BCBS with 2*r~l nodes. and only if 
C 

Proof. Suppose f emulates BCB2K on G with cc (f) $ c. Take Vl = 
1 2 r~l f ( {v 

j I 1 $ j $ Kl) and v2 = f ({v 
j 

1 < j $Kl). Now IV1 I~ ~ 2, 

r~l 
C 

IV2 1 ~ ~ 2, and every node in v 1 is connected to every node in v2. 
C 

So v 1 and v 2 must be disjunct (G is bipartite) and G has a BCBS with 2*K 

nodes. (The remainder of the proof is more or less similar to lemma 

7.6.5.1.) D 

Corollary 7.6.6.2. Suppose there exists a polynomial time approximation 
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algorithm A for MCE with RA(G,H) $ g(IVGI, IVHI), for a certain function 

g. Then there exists a polynomial time approximation algorithm A' for 

BCBS with RA' (G) $ g(2K-IVGI) for all connected, bipartite graphs G of 

which the largest BCBS consists of 2*K nodes. 

Corollary 7.6.6.3. Rmin (BCBS) $ Rmin (MCE). 

7.6.7. Discussion. The results in this section leave a number of ques­

tions open. For instance, we do not know whether 2$ Rmin (MCE) <=or 

Rmin (MCE) =, i.e. whether there is a polynomial time approximation 

algorithm for MINIMUM COST EMULATION that finds emulations whose compu­

tation costs differ at most a constant factor from the optimal computa­

tion cost. We gave some evidence that it will be hard to find such an 

algorithm: the existence of such an algorithm would imply existence of 

polynomial time approximation algorithms for BANDWIDTH, CLIQUE and BAL­

ANCED COMPLETE BIPARTITE SUBGRAPH that give approximations to within a 

constant factor from the optimal solution. Up to now, it is not know 

whether such algorithms exist. 

7.7. The complexity of finding coverings. Recall the definition of 

covering from section 6.4.1. In this section we consider the following 

problem: 

[GRAPH COVERING] 

Instance: Connected, undirected graphs G=(VG,EG), H=(VH,EH) 

Question: Is there a covering of G on H? 

The subproblem of GRAPH COVERING, in which the computation factor 

c=!VGI/IVHI is fixed is called c-GRAPH COVERING. The following lemma 

shows that 1-GRAPH COVERING and GRAPH ISOMORPHISM are virtually the same 

problem. 

Lemma 7.7.1. [Re32] Let G=(VG,EG) and H=(VH,EH) be connected, undirected 

graphs and IVGl=IVHI. A function f: VG ➔ VH covers G on H iff f is a 

graph isomorphism of G on H. 

It is still an open problem whether GRAPH ISOMORPHISM is solvable in 
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polynomial time or not, and whether it is NP-complete or not [GJ79]. 

Theorem 7.7.2. shows that c-GRAPH COVERING is at least as hard as GRAPH 

ISOMORPHISM, indicating that it will be very hard, if not impossible to 

find a polynomial time algorithm for it: any polynomial time algorithm 

for c-GRAPH COVERING would enable us to solve GRAPH ISOMORPHISM in poly­

nomial time. 

Theorem 7.7.2. If there exists an algorithm that solves c-GRAPH COVERING 

in time$ f(IVHI), then there exists an algorithm that solves GRAPH ISO­

MORPHISM in time S f(IVHl+4)+ O(max {IVHI, IEGI, IEHI)), for every c~l. 

Proof. 

For c=l this follows from lemma 7.7.1. Let c~2 be given, and let 

there exists an algorithm for c-GRAPH COVERING that uses time S f(IVHI), 

that is: it decides whether G=(VG,EG) covers H=(VH,EH) in time at most 

f ( IVHI). 

Now let an instance of GRAPH ISOMORPHISM be given, i.e. we have two 

connected graphs G=(VG,EG) and H=(VH,EH), with IVGl=IVHI and IEGl=IEHI 

and ask the question whether G and Hare graph isomorphic. 

We will now define graphs G', H' with IVG, l=IVHl+4, IVG, l=c.lVH, I and G' 

covers H' if, and only if G and Hare graph isomorphic. 

To H we add 4 extra nodes v 1' ,v2' ,v3' ,v4', with extra edges between 

v 1' and every node inVH, and (v/, v 2'), (v2', v 3'), (v3', v 4'), and 

(v4', v/). (See fig. 7.7.1.) 

G' is formed by taking c copies of G, adding 4c extra nodes 

(1$iSc, l$jS4), and adding the following edges: 
i 

is connected every node in the .th 
of G (1$i$c) - vl to J. copy 

J. 
is connected 

i 
(1$i$c) - vl to v2 

J. 
is connected v~ and to v! (1$i$c) - v2 to 

J. 
is connected i+l)modc (l<"<) - v3 to v 4 _J._c 

An example of the construction is shown in fig 7.7.2., with c=4. 

i 
V, 

J 
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fig. 7. 7 .1. 

fig 7.7.2. G' with c=4 

Claim 7.7.2.1. G' covers H' if and only if G and Hare graph isomorphic. 
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Proof. 

Let f cover G' on H'. Note that the only node with degree IVHl+l in 

H' is v 1'. Hence f(v~) = v 1' for every i, l~i~c. This shows that the 
1 copy of G, connected to v 1 , must be mapped upon the copy of H, connected 

to v 1' and f restricted to this copy of G gives a graph isomorphism of G 

on H. 

It is easy to see that if G and Hare graph isomorphic, then G' 

covers H'. D 

G' and H' can be constructed in time O(max {IV8 1, IEGI, IEHI}), hence 

there exists an algorithm that solves GRAPH ISOMORPHISM in time~ 

It is an interesting open question whether c-GRAPH COVERING is polynomi­

ally equivalent to GRAPH ISOMORPHISM for c~2, and whether it is NP­

complete. 

7.8. A note on the complexity of finding uniform emulations of networks 

with buses. The problem to decide whether there exist computationally 

uniform emulations from a given hypergraph G on a given hypergraph His, 

in general, NP-complete. For instance, this problem contains the UNIFORM 

EMULATION problem for graphs as a special case (cf. sections 7.2. 

-7.5.). One also has that the problem whether a given hypergraph can be 

emulated with computation cost 1 on a 2 dimensional spanning bus hyper­

cube, with given width Nin one, and Min the other dimension is NP­

complete: it contains as a special case the EDGE EMBEDDING ON A GRID 

problem. (This problem is: given a graph G=(V,E), positive integers M,N, 

is there an injective function f: V➔ {l,2, ... ,M} X (1,2, ... ,N}, such 

that if (u,v) e E then f(u)=(x1 ,x2 ), f(v)=(y1 ,y2 ) implies x 1=x2 or 

y 1=y2 , i.e. f(u) and f(v) are on the same 'line' in the grid?) EDGE 

EMBEDDING ON A GRID is NP-complete (see e.g. [GJ79,p.219]). 



Appendix A 

Proof of estimates for K (2) and K (3) (lemma 2.2.3.2.) 

We give a proof of the estimates for K (2) 
n 

and K (3) 
n 

lemma 2.2.3.2. through the following auxiliary results. 

Lemma 2.2.3.2.1. K (2) = (l_lln2)H + 0(1). 
n 2 2 n 

Proof. 

stated in 

We use the following estimate: if f(x) is non-negative and decreas­

ing 

f (x) 

on [a,b], 
1 

t1-r 
= --- we 

(x-l)x 

b 
then I: 

t=a 

obtain 

f (t) = bJ f (x) dx+E f (a) for some 0~ 1. 
a 

Now observe from the definition of K (2) that 
n 

n-l min(n,2t1-1) 

I: I: 
t1=2 t2=t1+1 

and (thus) 

1 2t 1-1 1 
n-1 

2t1-1 1 r tl-~2 tl-~2 
I: 

Taking 

(t1-1) (t2-l)t2-Kn( 2 )s; I: I: 
t1=2 t2=t1+1 t1=2 t2=t1+1 

(t1-1) (t2-l)t2 

By substituting the previous estimate we obtain 
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1 1 · 
1 1 2'1 1 [ 2'1 1) 1 1 n-l 

(22ln2) I: t70 I: 2 SKn (2)S(22ln2) I: 
t 1=2 1 t 1=2 t 1 t 1=2 

, hence K (2) = cl_lln2) H + 0(1). □ 
n 2 2 n 

To derive an estimate for Kn(3) we follow a similar approach, 

although the analysis becomes slightly more involved. 

1 
2 ln 

tl 1 1 1 tl 1 
= u - 2 - 2ln2 - 2ln -;:;:-- + 0 (tl) ' 

where we use that log(l+z) z + O(z2 ) for z S ½- □ 

It follows that 

2t1-2 
tl 1 1 1 -tl 

2t1-2 o[.l:_) ---ln2--ln-
n t2 2 2 2 t2 n tl 
I; I; 

(t1-l) (t2-l) + I; I; . 

t1=3 t2=t1+1 t1=2 t2=t1+l (tl-1) (t2-l) 

Note that Oft 2 terms Of Sl.'ze < .l:_ and thus 1- - t 1 
is 
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Consequently the second summand in the expression above is 

~ )= 0(1). Rewrite the first summand as B-C, with 

tl 

B 

C 

2t 1-2 
1 1 Lemma 2.2.3.2.3. For a ~2ln2 + 2 lnt 1 , E 

1 
a-2lnt 

t=t 1+1 
(t-1) 

Proof. 

2t 1-2 
1 

2t 1-2 
1 

2t1-2 
1 

E a-2lnt = E a-2lnt + E a-2lnt = 

t=t 1+1 
(t-1) 

t=t 1+1 
t 

t=t 1+1 
t (t-1) 

Lemma 2.2.3.2.4. K (3) 
n 

1 1 1 2 (2 2 ln2 - 4 ln 2)Hn + 0(1). 

Proof. 

aln2 

By the analysis in the proof of lemma 2.2.3.2.1. it easily follows 

that we have 
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B (l__lln2)H + 0(1). 
2 2 n 

1 1 Applying lemma 2.2.3.2.3. with a-2ln2 + 2lnt 1 we obtain 

and thus 
n 
I: 

C 

t1=3 t2=t1+1 t3=t2+1 

1 1 1 2 = (2 - 2ln2 - 4ln 2)Hn + 0(1). 

can now estimate Kn(3) by 

below using ½n instead of n. 

H +0(1). D 
n 

l ln22 H + 0(1), 4 n 

B-C+0 (1) 

As in the proof of lemma 2.2.3.2.1 one 

this expression from above, and also from 

Thus K (3) (l lln2 l1n22) 
n 2 2 4 



Appendix B. The proof of the Characterization Theorem for the 

uniform emulations of S ~-l (theorem 5.3.2.5.). 

We use the notations and terminology of Section 5.3. Our aim is to 

prove the following result. 

Theorem 5.3.2.5. (Characterization Theorem). Every uniform emulation of 

s 
n 

on is step-simulating, and thus equal to one of the mappings 

listed in table A. 

The proof is based on the lemma below and a subsequent analysis of 

cases. Assume n>2. 

For the proof of theorem 5.3.2.5., assume that there exists a uni-

form emulation f of 

that there must be an 

f(ax) = ~ya and f(xy) 

S on S 1 that is not step-simulating. It follows 
n o R:r o n-3 o 

x E (1) , y E (1) and a,~,y,a E (1) such that 

~ya, with ~y * ya. (Cf. lemma 5.3.1.3. and lemma 

5.3.2.2.) We will fix the notation throughout the remainder of this sec­

tion. 

Claim 5.3.2.5.1. Under the assumption stated, one of the following 

situations must hold 

(1..) n-1 x o and (a=o v y=o) 

(ii) X 1n-1 
and (a=l V y=l) 

(iii) ~ya (ol) * [o] 

(iv) ~ya (lo)*[l] 

Proof. 

In addition to f(ax) = f(xy) pya we must have: (f(ax) pya v 

f(ax) il3Y) and (f(xy) pya v f(xy) = yai), from the emulation pro­

perty. Because f is uniform, only two nodes can be mapped to pya. The 

following situation can be distinguished: 

(a) f(ax) = f(ax) pya. Because f(xy) = pya also, we have xy ax 
~1 ~1 

(⇒ x=o and a=l and y=o, or x=l and a=o and y=l) or xy = ax ( ⇒ 

~1 ~1 
x=o and a=o and y=o, or x=l and a=l and y=l). 

(b) f(xy) = f(xy) ~ya. Now also f(ax) = pya, and the same cases as 

under (a) result. 
- 0 (c) f(ax) = f/3Y and f(xy) 

0 
ya1. Clearly f(xy) 

0 
f/3Y or f(xy) 
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.2.13y yo.2. j3y6 
0 Because l3Y*YO only the former case can hence or yoi. 1 1 

.2.13y 0 
follows that j3yo = l3yo (lo)* [1]. arise : yoi. It (ol) * [o] or 

1 
n-1 n-1 

(The "solutions" l3yo o and j3yo = 1 are not valid, because it 

would yield j3y=yo.) □ 

We now obtain the basic step for the further case analysis. 

Lemma 5.3.2.5.2. Under the assumption stated, one of the following six 

cases must hold: 

(I) f((ol)*[o]) 

(II) f((ol)*[o)) 

(III) f ( (ol) * [o]) 

(IV) f((ol)*[o)) 

(V) f ((ol) * [o]) 

(VI) f((ol)*[o]) 

Proof. 

on-l f((lo)*[l]) 
n-1 

1 , f((lo)*[l]) 

(ol)* [ol, f((lo)*[l]) 

(ol) * [o], f( (lo)* [1]) 

(lo)* [1], f((lo)*[l]) 

(lo)* [1], f((lo)*[l]) 

Let f((ol)*[o)) = u 1 .. un-l and f((lo)*[l]) 

n-1 
0 

1n-1 

(ol)*[o) 

(lo)*[l] 

(ol)*[ol 

(lo)*[l). 

Because 

(ol)*[o] and (lo)*[l] are adjacent in Sn and f is an emulation, the fol­

lowing situations can arise: 

(a) u 1 .. un-l = v 1 .. vn_1 . Write u 1 .. un-l = j3yo. (Note that we cannot 

assume that l3Y*YO,) By the analysis under claim 5.3.2.5.1. it follows 
o o n-1 n-1 

that -j3y = yo- (hence j3yo = o 1 , (ol) * [o), or (lo)* [1)) or j3yo 
o 1 1 n-1 n-1 

yol (hence j3yo = o or 1 ) . This proves cases I, II, III, and VI. 
0 0 

(b) u 1 .. un-l*v1 .. vn-l' but u 1 .. un-l = v 2 .. vn-ll = ~ 1 .. vn_2 . It fol-
n-1 n-1 

lows that v 1 .. vn-l = o 1 , (ol)*[o], (lo)*[l) but only for the 

latter two cases can u 1 .. un-l be chosen to satisfy the constraint 

(namely u 1 .. un-l =(lo)*[ll, (ol)*[o) respectively). This proves cases IV 

and V. □ 

We proceed by analyzing the cases of lemma 5.3.2.5.2. and showing that 

in each case a contradiction must arise. (Recall the assumption that f 

is uniform and not step-simulating.) 

Case I. f((ol)*[o]) = f((lo)*[l)) = on-l 

We show that this forces f to be equal to f 3 , one of the six step-
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simulations listed in table A. 

Claim 5.3.2.5.3. For l$i$n-1 and be (i)n, fi(b 1 .. bn) = (bi=bi+l). 

Proof. 
n o n 

Define B. = {b1 .. b IV. : gj$i-1 => b,#b. 1 ) c;;;; (-1 ) 
i n J nl1 J+ n 

{c1 .. c 1 1V. l$j$i-1 =>c.=o} c;;:;(2 ) . NotethatB 
n- J 1 1 J 1 n n-1 n 

(10)*[1]} and c:=l ={on-}, and hence that f(Bn)=Cn-l and 

Bn (by uniformity). We claim that for all l$i$n, 
~1 n-1 n 

f (Ci_ 1 )=Bi. For a proof, use downward induction starting with i=n, for 

which the claim clearly holds. Suppose it holds for some i~l. Consider 

any b 1 .. bn e B~_ 1 . It follows that b 1b 1 .. bn-l e B~ and thus that 
- n-1 l 

f(b 1b 1 .. bn_ 1 ) e Ci-l" Since f is an emulation, we must have f(b 1 .. bn) e 
~I ~1 ~1 

Ci-l or f(b 1 .. bn) e Ci_2 . In either case f(b 1 .. bn) e ci_2 , and we have 

f ( n ) n-1 n 2 n-1 I d f . . h . f B, 1 c;;;; C, 2 . Because IB. 1 1= IC. 2 an is uniform, we ave in act ~=r n=i i- -1 n=i n 
f(Bi_ 1 )=Ci_2 and ipso facto f (Ci_2 )=Bi-l" This completes the inductive 

argument. 
o n-2 

We immediately conclude (take i=2) that for all x e (1) , 
forces f 1 (oox) = 

n 
= {b1 .. bnlbn .. b 1 e Bi} and 

before one shows that for all 

o and f 1 (lox) = o. Because of uniformity this 
o n-2 ~n 

1 for all x e (1) . Define Bi 
n-1 

{c1 .. c 1 1c 1 .. c 1 e C. 1 . As 

f 1 (olx) 

fl (llx) 
~n-1 
ci-1 

1$i$n, 
~n ~n-1 n- -I ~n-1 1 :n 

f(Bi)=Ci-l and f (Ci_1 )=Bi. We now argue by downward induction on i 
~n 

that for all x e Bi' f(x)=f 3 (x) (with f 3 as in table A). For i=n we have 
~n 
B 

n 
{(ol)*[o], (lo)*[l]} and f((ol)*[o]) = f((lo*)[l]) 

n-1 
0 which 

indeed coincides with f 3 . Suppose it holds for some i~l. Consider any 
~n 

x 1 .. xn-i+l (ol)*[o] e Bi-l" If xn-i+l 

argument by induction. Let 

1 then f and f 3 coincide 

xn-i+l 
and that 

o. Observe 

on the 

that 

E 
~n ~n-1 

f(x2 .. xn-i+l (ol)*[o]) e f(Bi)=Ci+l 
~n ~n ~n-1 ~n-1 

f(Bi_ 1 \Bi)=Ci_2 \ci-l' where the latter holds because xn-i+l = o and uni-

formity of f. It follows that f(x1 .. xn-i+l (ol)*[o]) # 

f(x2 .. xn-i+l (ol)*[o]) 

f(x1 .. xn-i+l (ol)*[o]) 

assertion it 

and thus, because f is an emulation, necessarily 

= 21 .f(x2 .. x . 1 (ol)*[o]) I 2 . Using the inductive 
n-1+ n-

follows that fi (x1 .. xn-i+l (ol)*[o]) 

(f3)i(xl .. xn-i+l (ol)*[o]) for all 2$i$n-1. At the beginning of this 

paragraph we showed that this must hold also for i=l. Thus f and f 3 
~n ~n 

coincide on Bi-l' which completes the inductive argument. Because B1 
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Vn this shows that f and f 3 coincide for all arguments, which proves the 

claim. D 

Because f was assumed not to be step-simulating, claim 5.3.2.5.3. 

clearly proves that case I is contradictory. 

Case II. f((ol)*[o]) = f((lo)*[l]) = ln-l_ 

The proof of claim 5.3.2.5.3. can be completely dualized to show that in 

this case f must be equal to f 3 , another one of the six step-simulations 

listed in table A. Because f was assumed not to be step-simulating, this 

case is also contradictory. 

Case III. f((ol)*[o]) = f((lo)*[l]) = (ol)*[o]. 

We show that for n>2 no emulation f of Sn on Sn-l with this property 

exists. Suppose on the contrary that an f does exist. We derive a con-

tradiction as follows. 

First let n be odd, which implies that the assumption turns into 

f((ol)*o) = f((lo)*l) = (ol)*. Since f is uniform no other nodes can be 
0 

mapped to (ol)*, and we necessarily obtain: f(oo(lo)*l) 1 (ol)*o, 
0 0 

f(l(ol)*oo) l(ol)*1, f(ll(ol)*o) e{l(ol)*1, ll(ol)*), f(o(lo)*ll) e 

{i(ol)*o, (ol)*oo}.· Observing that necessarily (f(ll(ol)*o), f((lo)*l)) e 

En-l and (f((lo)*l), f(o(lo)*ll)) e En-lit follows that f(ll(ol)*o) 
0 0 

l(o1)*1 and f(o(lo)*ll) = 1 (ol)*o, and the emulation property now forces 
0 

that f(l(ol)*oo) = f(ll(ol)*o) = l(ol)*i and f(oo(lo)*l) = f(o(lo)*ll) = 

i(ol)*o. From the assumption one easily derives f(ll(ol)*o) i(ol)*o 
0 

and f(o(lo)*ll) = l(ol)*1, thus forcing all four nodes to be mapped to 

l(ol)*o. This contradicts uniformity. 

For n even we have f((ol)*) = f((lo)*) (ol)*o. By uniformity 

again no 

f(oo(lo)*) 

f(ll(ol)*) 

f ( (ol) *oo) 

f(oo(lo)*) 

f (11 (ol) *) 

uniformity. 

other 
0 

nodes are mapped to (ol)*o, and we necessarily obtain: 

1 (ol) *, f ( (ol) *oo) 
0 0 

(lo)*1, f((lo)*ll) (lo)*1, 
0 
1 (ol) *. The emulation property forces f(oo(lo)*) and 

to be adjacent 

f ( (ol) *oo) 

in sn-l 

l(ol)*. 

(impossible) or equal, hence 

By the same argument f((lo)*ll) = 

l(ol)*. Thus four nodes are mapped to l(ol)*, contradicting 
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Case IV. f((ol)*[o]) = (ol)*[o], f((lo)*[l]) = (lo)*[l]. 

A more tedious argument is required to show that in this case again 

every uniform emulation f that satisfies the constraint must be step­

simulating, contrary to our basic assumption. 

First let n=3, which turns the constraint into f(olo) ol and 

f(lol) =lo.We show that f must be equal to the step-simulations f 1 or 

f 2 from table A. By emulation f(ool) e {ol,oo,lo}, f(loo) e {ol,lo,11), 

f(oll) e {lo,oo,ol}, f(llo) e {lo,ol,11). Uniformity is heavily used in 

the following further analysis: 

(a) Suppose f(ool) = f(olo) = ol. Then f(loo) 

f(loo) = f(lol) = lo. It follows that f(oll) = 12 = 
1 

0 0 
1 o 11 , hence 

o d' . o1 , contra 1ct1on. 

(b) Suppose f(ool) = oo. It follows that f(loo) = lo (=f(lol)) and 

f (ooo) e { oo, lo}, hence f (ooo) f(ool) = oo and thus f(oll) ol 

(=f(olo)) and f(llo) = 11. Necessarily f(lll) = 11, and f is proved to 

coincide with f 1 from table A. 

(c) Suppose f(ool) = f(lol) = lo. It follows that f(loo) e {ol,11). 

If f(loo) = f(olo) = ol, then f(llo) = oo and this is impossible. Thus 

f(loo) = 11 and necessarily f(llo) = ol (=f(olo)) and f(oll) 

follows by emulation that f(ooo) = f(loo) = 11, and f(lll) 

proves f equal to f 2 from table A. 

oo. It 

oo. This 

Now let n~4. We shall first derive a number of auxiliary facts that 

are needed later. 

Claim 5.3.2.5.4. For n~4, f(on) e {on-l,ln-l} and f(ln) e {on-l,ln-l}. 

Proof. 

We only consider f(on), as the argument for f(ln) is similar. Let 

f(on) Then f(lon-l) 0 n-l u 1 .. un-l" e {u1 .. un-l'~1 .. un_2 } and f(o 1) e 
0 

{u1 .. un_1 ,u2 .. un_11}. The following cases can arise: 
n-1 n 

(a) f(lo ) = f(o) = u 1 .. un_1 . Because of uniformity we must have 
n-1 o n-2 o 

that f(o 1) = u 2 .. un-ll ~ u 1 .. un-l' and also f(olo ) = ~ 1 .. un_2 and 
n-2 o o n-2 n-2 o 

f(lo 1) e {~1 .. un_2 , u 1 .. un_21J. If f(lo 1) = f(olo ) = ~ 1 .. un_2 
n-2 o n-2 o 

then by uniformity f(o lo) u 1 .. un_21 and f(o 11) = u 1 .. un_21, 
n-2 n-2 - n-1 o 

hence f(o lo) = f(o 11) = u 1 .. u _ 2un_ 1 . Thus f(o 1) = u 2 .. un-ll 
o . n-j n-1 
~ 1 .. un_2 and necessarily u = o or u = 1 In either case unifor-

mity is contradicted. Thus f(lon-2 1) = u 1 .. un_2f, which implies in fact 
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u1 .. un_2un-l and hence that f(on-210) { E u 1 .. u 2u 1 , 
n- 1 n-

- o n-2 n-2 
u2 .. un_2un_11J. If f(o lo)= f(lo 1) = u1 .. u _2un-l 

o o n-Y n-1 
then f(on- 1) = 

u 2 .. un-ll ~ 1 .. un_2 and necessarily u = o or u = 1 In either 

case uniformity is contradicted again. Thus f(lon- 21) = u1 .. un_2un-l and 

f(on- 210) 0 d th f(on-ll) 0 
u2 .. un-2un-ll' an us u2 .. un-ll 

n-2 . 
It follows that u2 .. un-l = a (with a= o or a= 1 

= an-2a. If u = a then we are finished. Thus assume that 

h f(on) = f(lon-l, = aan-2 Consider bl .. bn E f- 1 (an-l), u1 = a, ence 
n-1 

a thus Because of uniformity it follows that 
n-1 

that b 1 .. bn-l * o ), and 
n-1 . 

n-1 . 
a (using 

likewise f(olb 1 .. bn_2 ) f(llb1 .. bn_2 ) = a and, provided b 1 .. bn_2 * 
n-2 n-1 

o , also f(oob 1 .. bn_2 ) a . This shows that at least 3 nodes are 

d n-1 d' . 'f . mappe to a , contra icting uni ormity. 
n-1 n 

(bl f(o 1) = f(o) = u 1 .. un_1 . The argument is analogous to case 

(a) by 'reversing' the orientation of the strings. 
n-1 o n-1 o f(lon-1) (c) f(lo ) = ~ 1 .. un_2 and f(o 1) u2 .. un_11. If 

n-1 
f(o 1) then necessarily u 1 .. un-l = (a~)*[a]. Because of uniformity a=~ 

(otherwise one of (ol)*[o) and (ol)*[l) would be mapped to (a~)*[a] 

tool, and 

f(lon-l) 

f(on-lll 

n-1 n-1 
thus u 1 .. un-l o or u 1 .. un-l = 1 . It follows that 

f(on-ll) = f(on), contradicting uniformity. Thus f(lon-ll * 
and by emulation necessarily f(on-ll) = u 2 .. un-li = u 1 .. un_2f, 

n-1 n-1 
o or u 1 .. un-l = 1 . D 

(The condition n~4 was used in case (a), to make sure that on-210 * 
olon-2 and (hence) lon-21 * (lo)*[l] and on-2 lo* (ol)*[o).) Next 

observe from f((ol)*[o]) = (ol)*[o] that f(oo(lo)*[lll E {(ol)*[o], 

(lo)*[l],oo(lo)*[l]} and from f((lo)*[l]) = (lo)*[l] that f(ll(ol)*[o]) 

E {ol)*[o), (lo)*[l], ll(ol)*[o]}. 

We tackle a particular combination first, because it will be central in 

the remainder of the proof. 

Claim 5.3.2.5.5. For n~4, 

(i) if f(oo(lo)*[l]) oo(lo)*[l], then for all b 1 .. bn_3 E <fln-3 

th . t (Q)n-3 h th t f(b b ) ere exis c 1 .. cn_3 , c 1 .. cn_31 E, 1 sue a 1 .. n-3000 = 

c 1 .. cn_3oo and f(b 1 .. bn_3ool) = c 1 .. cn_3oo. 
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(ii) if f(ll(ol)*[o)) = ll(ol)*[o), then for all b 1 .. bn_ 3 E (i)n- 3 

there exist c 1 .. cn_3 , c 1 .. cn-3, E, (i)n-3 such that f(b 1 .. bn_3llo) = 

c 1 .. cn_ 311 and f(b 1 .. bn_3111) = c 1 .. cn_311. 

Proof. 

We only prove (i), as (ii) is similar. First we induct on i to show 

that for all b b E (£)i there exist a c c E (£)i with 1··i 1 1··i 1 
f(b 1 .. biool(ol)*[o)) c 1 .. cioo(lo)*[l). Since f(ool(ol)*[o]) 

oo(lo)*[l] by assumption, we have for i=l f(b 1ool(ol)*[o)) E 

0 
{ool(ol)*[o), 1oo(lo)*[l]}. f (ool (ol) * [o)) 

oo(lo)*[ll then one easily verifies that claim 5.3.2.5.1. is contrad­

icted. (Use CX=b 1 , x=ool(ol)*[o), y=o or 1.) Thus f(b 1ool(ol)*[o)) 
0 

c 1oo(lo)*[l), for some c 1 E 1. Suppose it holds for some i, 1 ~i<n-3. 

Con~ider f(b 1 .. bi+lool(ol)*[o)). By induction there exists a c 2 .. ci+l E 

0 l (1) such that f(b 2 .. bi+lool(ol)*[o)) = c 2 .. ci+loo(lo)*[l), and thus 

f(b 1b 2 .. bi+lool(ol)*[o]) E {c2 .. ci+loo(lo)*[l], ic2 .. ci+loo(lo)*[l]}. If 

f(b 1b 2 .. bi+lool(ol)*[o]) = f(b2 .. bi+lool(ol)*[o)) = c 2 .. ci+loo(lo)*[ll, 

then one easily verifies again that claim 5.3.2.5.1. is contradicted. 

Thus 
0 

for some c 1 E 1. 
This completes the inductive argument. We conclude in 

o n-3 
particular (take 

i=n-3) that for every b 1 .. bn_3 E (1) there exists a c 1 .. cn_3 E (£)n-3 
1 

Next consider f(b1 .. bn_3ooo). Since 
f . bl o n-3 . or suita e c 1 .. cn_3 E (1) it 

0 
{c1 .. cn_3oo, 1c 1 .. cn_3o}. If b 1 .. bn_3 

f(b2 .. bn_3oool) c 1 .. cn_3oo 

follows that f(b1b2 .. bn_3ooo) E 

n-3 
0 then necessarily 

n-1 
f(b 1 .. bn_3ooo) = o by claim 5.3.2.5.4. and the form 

n-3 
claimed under (i) 

holds. Thus let b 1 .. bn_3 * o . If f(b 1 .. bn_3ooo) 

the form claimed under (i) holds too. Hence 

c 1 .. cn_3oo, then 

let f(b 1 .. bn_3ooo) = 
0 

Pc 1 .. cn_ 3o and, consequently, f(b 0 b 1 .. bn_3oo) E {Pc1 .. cn_3o, 1pc1 .. cn_3 } 

for some p E O and b E £1 . (Note that necessarily b b 1 .. b 300 * 
1 o o n-

b1 .. bn_3ooo.) If f(b 0 •• bn_3oo) = f(b 1 .. bn_3ooo) = pc1 .. cn_ 3o, then it 
n-1 

follows from claim 5.3.2.5.1. that Pc1 .. cn_3o E {o , (ol)*[o], 

. (lo)* [1)}. In each of the three cases uniformity is contradicted. (Note 

that on E f- 1 (on-l) by claim 5.3.2.5.4. in this case, and (ol)*[o] E 

f-l((ol)*[o]) and (lo)*[l] E f-l((lo)*[l]).) Thus f(b 0 .• bn_3oo) 
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0 

1Pc1 .. cn_3 . Since 
o n-3 (1) , it follows 

f(b 1 .. bn_3ool) = c 1 .. cn_370 f7r suita?le : 1 .. cn_ 3 E 

0 
that f(b 0b 1 .. b_3oo) E {c1 .. cn_ 3oo,1c 1 .. cn_3o) and 

thus ends with a "o". Hence cn_3 = o, and f(b1 .. bn_3ooo) = fc 1 .. cn_ 4oo 

as claimed. □ 

We now begin our case analysis. 

Claim 5.3.2.5.6. For n~4, the case f(oo(lo)*[l)) 

f(ll(ol)*[o)) = ll(ol)*[o) is contradictory. 

oo(lo)*[l] and 

Proof. 
n-2 o n-3 

By claim 5.3.2.5.5. the 2 strings of (1) ooo u (9.)n- 3001 
1 

are 

d h 2n-3 . f (o)n-3 'f . mappe tote strings o 1 oo. By uni ormity it follows that no 

h . b d (o)n-3 'k . ot er strings can e mappe to 1 oo. Li ewise no 

the elements of (2.) n-3 110 u (2.) n-3 111 are 

other strings than 
o n-3 

mapped to (1) 11. Let 
1 1 

b b (2.1 ) n-3 . 1 · 5 3 2 5 5 1 .. n-3 E By c aim ..... we have f(b 2 .. bn_3ollo) 

c 1 .. cn_311 and 

f <?1. ·?n-3oll) 

f(b 2 .. bn_3looo) c 1 .. cn_ 3oo and, consequently, 

and 
0 

E, l:1 .. cn-311,lcl .. cn-31) E 

0 
{c1 .. cn_ 3oo, 1c 1 .. cn_3o). The cases that f(b 1 .. bn_3oll) 

f_<b 2 ·;bn_3ollo) c 1 .. cn_ 311 or f (b1 .. bn_3 loo) f (b2 .. bn_3 looo) 

c 1 .. cn_3oo clash with :lai~ 5.3.2.5.1. Thus f(b 1 .. bn_3oll) = fc 1 .. cn_31 
0 

and f(b 1 .. bn_3 loo) = 1c 1 .. cn_ 3o and, since neither one can "end" with oo 

or 11, we have in fact that f (b1 .. bn_3oll) d 1 . ;dn_3ol and 

f(b 1 .. bn_ 3 loo) = d 1 .. dn_ 3lo (for suitable d 1 .. dn_ 3 and d 1 .. dn_ 3 ). By a 

very similar argum;nt 7ne now shows that f(b 1 .. bn_3olo) 

f(b1 .. bn_3lol) = e 1 .. en_3lo, for suitable e 1 .. en_3 and 

follows that f 'resembles' f 1 of table A.) 

As f was assumed not to be step-simulating, there 

= ;i··;n-301 and 

e 1 .. en_3 . (It 

must be X E 

(2.) n-1 
1 

and y E (2.) n-3 and 
1 

a,p,y,o E (2.) 
1 

such that f (ax) = f (xy) pyo 

and py 'F- yo. By claim 5.3.2.5.1. of the strings ax, is 
n ln one xy 0 or 

and hence (by claim 5.3.2.5.4.) pyo E {on,lnl, or pyo E { (ol) * [o], 

(lo)*[l)). In the former case the condition py i'- yo is violated. In the 

latter case we necessarily have pyo = py'oo (for a suitable y') and 

hence, by our earlier analysis, necessarily ax 
- 0 

ax' 001 for suitable x'. 
- 0 0 

contradicting It follows that xy x'ooiY and thus f(xy) ends in 01' 
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that it equals ~y6 and thus ends in 66. □ 

Next let f(oo(lo)*[l]) (ol)*[o] and f(ll(ol)*[o]) 11 (ol) * [o]. 

Observe that f(oo(lo)*[l]) = f((ol)*[o]) = (ol)*[o] and thus by unifor­
o 

mity, f(loo(lo)*[l]) = 1(ol)*[o]. 

Claim 5.3.2.5.7. For n~4, the case f(oo(lo)*[l]) 

f(ll(ol)*[o]) = ll(ol)*[o] is contradictory. 

Proof. 

We distinguish two further cases. 

(ol) * [o] and 

(a) f(loo(lo)*[l]) = o(ol)*[o]. As in the proof of claim 5.3.2.5.5. 
0 i 

one shows by induction that for all lSiSn-3 and b 1 .. bi e (1) there 

exists c 1 .. ci e (i)i such that f(b1 .. biloo(lo)*[l]) c 1 .. cio(ol)*[o]. 
o n-3 

Thus for b 1 .. bn_3 e (1) we have f(b1 .. bn_31oo) = c 1 .. cn_3oo. It also 
0 0 

follows that for every b 0 e (1) f(b 0 b 1 .. bn_31o) = 1c 1 .. cn_3o. For bn_3=1 

this contradicts claim 5.3.2.5.5. (ii). 

(bl f(loo(lo)*[l]) 

have f(oloo(lo)*[ll) 

lSiSn-4 and b 1 .. bi e 

f(b1 .. bioloo(lo)*[l]) 

l(ol)*[o] = f((lo)*[l]). By uniformity one must 

= ll(ol)*[o]. By induction one shows that for all 

(i)i there exists c 1 .. ci e (i)i with 

c 1 .. cill(ol)*[o]. Thus for i=n-4 we have 
0 

f(b1 .. bn_ 4oloo) = c 1 .. cn_ 411o, and it follows that also for every b 0 e 1 
that f(b0 b 1 .. bn_ 4olo) = i°i·•cn_411. (For if f(b0 b 1 .. bn_ 4olo) 

f(b1 .. bn_ 4oloo) = c 1 .. cn_ 411o, one easily derives a contradiction with 

claim 5.3.2.5.1.) By claim 5.3.2.5.5. and a uniformity argument (cf. the 

proof of claim 5.3.2.5.6.), no .other 
o n-3 o n-3 (1) llo u (1) 111 can be mapped 

strings than the elements of 

to (i)n-311. This contradicts the 

assertion for f(b 0 b 1 .. bn_ 4olo). □ 

By a similar argument the following cases are proved contradictory as 

well: f(oo(lo)*[l]) (lo)*[l] and f(ll(ol)*[o]) 

f(oo(lo)*[l]) oo(lo)*[l] and f(ll(ol)*[o]) 

f(oo(lo)*[l]) = oo(lo)*[l] and f(ll(ol)*[o]) = (lo)*[l]. 

Claim 5.3.2.5.8. For n~4, the case f(oo(lo)*[l]) 

f(ll(ol)*[o]) = (lo)*[l] is contradictory. 

11 (ol) * [o], 

(ol) * [o], and 

(ol) * [o] and 
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Proof. 

By uniformity (recall that f((ol)*[o)) = (ol)*[o) and f((lo)*[l)) 

(lo)*[l)) we necessarily have f([l)(ol)*oo) [l)(ol)*oo, and also 

f ( [o) (lo) *11) [o) (lo) *11. Thus we have a situation similar to the one 

considered in claim 5.3.2.5.5. and 5.3.2.5.6., with the orientation of 

the strings involved "reversed". Clearly a contradiction is again 

derived. □ 

The case f(oo(lo)*[l]) = (lo)*[l] and f(ll(ol)*[o]) = (ol)*[o] is proved 

contradictory in the same way. By noting that the cases f(oo(lo)*[l)) = 

f(ll(ol)*[o]) = (ol)*[o) and f(oo(lo)*[l)) = f(ll(ol)*[o]) (lo)* [1) 

cannot occur because of uniformity, the case analysis is complete. 

Case V. f((Ol)*[o)) = (lo)*[l), f((lo)*[l)) = (ol)*[o). 

This case is "dual" to case IV, which was shown to be contradictory. 

Case VI. f((ol)*[o)) = f((lo)*[l)) = (lo)*[l). 

This case is "dual" to case III, which was shown to be contradic­

tory. 

This completes the proof of theorem 5.3.2.5. □ 



Appendix C. The proof of the topological reduction theorem for 

emulations of C ~-l (theorem 5.5.5.) 
- --

We use the notations and terminology of Section 5.5. Our aim is to 

prove the following result. 

Theorem 5.5.5. (Topological Reduction Theorem). Let n~4, and let f be a 

uniform emulation of en on Cn-l" Then there exists an (n-1)-face A of en 

such that f(A) is an (n-2)-face of Cn-l" 

The proof proceeds by way of contradiction. Let n~4, and let f be a 

uniform emulation of en on Cn_1 . Suppose that there does not exist an 

(n-1)-face A of en such that f(A) is an (n-2)-face of Cn-l" 

Claim 5.5.5.1. For every k with l~k~n-1, there does not exist a k-face A 

of en such that f(A) is a (k-1)-face of Cn_ 1 . 

Proof. 

Without loss of generality let k<n-1. Suppose the claim is false. 

Let k be the largest integer e 1 .. n-2 for which there exists a k-face A 

of en such that f(A) is a (k-1)-face of cn_ 1 . Without loss of general­

ity we may assume that the elements of A have identical bits in the last 

n:kn~~~itions, hence A {xaulx e <flkl f:r certa!nka e <fl and u e 

(1) . Consider the (k+l)-face A'={x-:-u1 Ix e (-1 ) I= {xaulx e (£)kl u 
- o k l 

{xaulx e (1) }. For every b = xau e A, let b' xau. Because of unifor-

mity no elements b' can be mapped into f(A). It follows that f(b') is 

obtained from f(b) by flipping one bit. We claim that for all b,c e A 

one has f(b)-f(b') = f(c)-f(c'), where"-" denotes the component-wise 

subtraction, i.e., (b1 .. bk)-(c1 .. ck) = (b1-c1 .. bk-ck) e {-1,o,l}k. It is 

sufficient to prove this for pairs b,c e A with d(b,c) = 1. Note that 

f (b'), f (c') i f (A) . Suppose f (b') = f (c') . If f (b) = f (c), then f (b) \­

f (b') = f(c)-f(c') and we are finished. If f(b) * f(c), then necessarily 

d (f (bl, f (c)) = 1 and (f (bl, f (c)) is an edge of cn-l (in fact, of f (A)) . 

However, both f(b) and f(c) are connected to f(b') = f(c') i f(A) too. 

It follows that Cn-l contains a triangle, which is impossible. Next sup­

pose f(b') * f(c'). If f(b) = f(c), then one easily argues again that 

Cn-l contains a triangle, and a contradiction arises. If f(b) * f(c), 

then the nodes must form a 4-cycle and hence (necessarily) a 2-face of 
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Cn_ 1 . It follows that f(b)-f(b') f(c)-f(c'). 

f(b) f(b') - f(c') f(b) f b') 

f(c) f(c) f (c') 

Using the claim we now argue that f(A') is a k-face of Cn_ 1 . Note that 

A' Au {b' lb EA). Fix ab EA and assume that f(b') is obtained from 

f(b) by flipping the i th bit, where i belongs to the bit-positions with 

fixed values for face f(A). For arbitrary c EA, the identity f(b)-f(b') 

= f(c)-f(c') forces that f(c') is obtained from f(c) by flipping exactly 

the same i th bit. Thus f(A') ~ f(A) is a k-face of Cn-l" This contrad­

icts that k was the largest integer for which a face of en with this 

property exists. □ 

We shall now prove a number of results that will eventually contradict 

claim 5.5.5.1., which thus proves that our initial assumption was false. 

Definition. For l~k~n-1, a k-face A of C is called stable if f(A) is a 
n 

k-face of Cn-l. 

Claim 5.5.5.2. There exists a 2-face A of C that is stable. 
n 

Proof. 

Consider the 2-face A= {xoo .. oJx E (i) 2 ). Suppose A is not stable, 

i.e., f(A) is not a 2-face of Cn-l" By uniformity f(A) contains at 

least 2 elements, but by claim 5.5.5.1. it can not be a 1-face. It fol­

lows that f(A) contains precisely 3 elements. Observing adjacencies, the 

following two cases can arise: 

(a) f(oooo .. o) = f(lloo .. o) and f(oloo .. o) * f(looo .. o). Consider 

f(oolo .. o). By uniformity it cannot be equal to f(oooo .. o) and 

f(lloo .. o). If f(oolo .. o) f(oloo .. o), then either f(lolo .. o) 
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f(looo .. o) or f(lolo .. o) is different from f(oooo .. o), f(oolo .. o), and 

f(looo .. o). In the former case f(oooo .. o), f(oloo .. o) and f(looo .. o) 

will form a triangle, which is impo~sible in Cn-l" In the latter case 

one verifies that B = {ao~o .. o\a,~ e ii is a stable 2-face of en. If 

f(oolo .. oo) f(looo .. o), then a similar argument shows that 
0 B'={oa~o .. o\a,~ e 11 must be a stable 2-face again. If f(oolo .. o) * 

f(oloo .. o) and * f(looo .. o), then observe the following. If f(lolo .. o) 

would coincide with either f(oloo .. o), f(looo .. o), or f(oolo .. o), then 

triangles are formed in Cn_1 . Contradiction. Thus f(lolo .. o) is dif­

ferent from all these, and one verifies again that Bis a stable 2-face. 

(b) f(oooo .. o) * f(lloo .. o) and f(oloo .. o) = f(looo .. o). Consider 

f(lolo .. o) and distinguish cases as under (a). Once again triangles in 

Cn-l are formed (contradiction), or B = {ao~o .. o\a,~ e 

{oa~o .. o\a,~ e (i)l is proved a stable 2-face of en. 

(.£) I or B' 
1 

The cases "f(oooo .. o) = f(oloo .. o) and f(lloo .. o) * f(oloo .. o)" and 

alike cannot arise, because it would lead to 1-faces being mapped to 

a-faces (points), contradicting claim 5.5.5.1. □ 

The proof of claim 5.5.5.2. shows, in fact, that either 

(.£)0(.£)on-3 or o(.£) 2on-3 must be a stable 2-face of C 
1 1 1 n 

(.£) 2 n-2 
1 0 , 

Claim 5.5.5.3. For every k with 2~k~n-2, there exists a k-face A of 

that is stable. 

C 
n 

Proof. 

We induct on k. The case k=2 follows by claim 5.5.5.2. Assume it 

holds up to some k with 2~k<n-2. Let A be a stable k-face of C. Without 
n 

loss of generality we 
o n-k-1 

E (1) . Let A'= 

o k 
can let A= {xaulx e (1) l 

0 
for some a e (1) and u 

- o k 
{xau\x e (1) I (a k-face), and for every b = xau e 

A' let b' = xau e A'. We show that there must exist a stable (k+l)-face. 

Suppose first that f(A) n f(A') = 0. As in the proof of claim 

5.5.5.1. one shows that for all b,c e A: f(b)-f(b') f(c)-f(c'). Now 

note that f(A) is a k-face of Cn-l" As in the proof of claim 5.5.5.1. 

one shows that for all be A f(b') is obtained from f(b) by flipping the 

same bit (in a position with fixed value for the elements of f(A)). Thus 

f(A') is a k-face of Cn-l too, and one easily verifies that Au A'= 
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o k+l . 
{yuly e (1) I is a stable (k+l)-face of en. 

Suppose next that f(A) n f(A') * 0. If f(A) = f(A'), then Au A' is 

a (k+l)-face of en whose image is a k-face (namely, f(A)) of Cn-l and a 

contradiction with claim 5.5.5.1. arises. Thus f(A) * f(A'), and it 

easily follows that b',c' EA' must exist with d(b',c') = 1 and f(b') ~ 

f(A) and f(c') e f(A). (We assume that b,c are the corresponding nodes 

in A.) Let£* c be any other node EA adjacent to b, and let£ EA be 

obtained from c by flipping the same bit (as the one flipped to obtain£ 

from b) . We now claim : (i) f (b) = f (c'), (ii) f (£') ~ f (A), and (iii) 

f(£') E f(A). For the proof, observe the following. 

(i) Suppose f (b) * f (c'), and consider f (c) . If f (c) f (c') then 

f(b), f(b'), and f(c) form a triangle in Cn-l (by observing adjacen­

cies). Contradiction. If f(c) * f(c'), then note that also f(b) * f(c) 

(because f is necessarily 1-1 as a mapping from k-face A onto k-face 

f(A)). Thus f(b), f(b'), f(c'), and f(c) form a 4-cycle, hence a 2-face 

of Cn_ 1 . But with f(b),f(c'), and f(c) belonging to f(A) the entire 

2-face must belong to Cn-l' hence f(b') E f(A). Contradiction. We con­

clude f(b) = f(c'). 

(ii) Suppose f(Q') E f(A). By uniformity f(Q') * f(b) = f(c'). If 

f(Q') f(Q) then f(b), f(b'), and f(Q') form a triangle in Cn_1 . Con­

tradiction. If f(Q') * f(£) then f(b),f(b'),f(Q), and f(Q') form a 

4-cycle, hence a 2-face of Cn-l with three nodes in the k-face f(A). It 

follows that also f(b') e f(A). Contradiction. We conclude f(Q') ~ f(A). 

(iii) Note that f(£) * f(Q), (else a contradiction with claim 

5.5.5.1. arises), so f(£) is adjacent to f(Q), and f(£) is adjacent to 

f(b)=f(c'). Hence the distance between f(c') and f(£) is 2. f(£') must 

be adjacent to f(c') E f(A) and f(£) E f(A), hence f(c') E f(A). 

From the claim we derive that£',£' is a pair exactly like b',c' and 

the argument can be repeated. In this way we can let b' range over all 

of A', and obtain that f(A') must beak-face of Cn-l and f(A) n f(A') 

is a (k-1)-face (because nodes are paired in adjacent couples with one 

mapped to f(A) n f(A') and the other to f(A') - f(A)). Now consider two 

more k-faces A",A''' adjacent (parallel) to A obtained, say, by flipping 

the first and second bit of u respectively. (Note that lul~2, because 

k<n-2.) Either f(A) n f(A") = 0 or f(A) n f(A''') = 0 and we would be 
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finished by the first part of the proof, or both f(A) n f(A") * 0 and 

f(A) n f{A''') * 0. In the latter case one derives the same conclusion 

for f{A") and f{A''') as for f{A'). It follows that f- 1 {f{A)) contains 

at least 2k-l elements of each A',A", and A''', thus at least 2½.2k-l 

elements in all. This contradicts the uniformity off. 

This completes the induction argument. □ 

We now derive a contradiction as follows. By claim 5.5.5.3. there 

exists a {n-2)-face A of C that is 
n 

we can let A= {xoolx E <f>n-2 ). Let 

E {i)n-2 }, and A''' {xlllx E 

stable. Without loss of generality 
o n-2 

A' = {xlolx E {i) }, A"= {xollx 

<f>n-2 ). From the proof of claim 

5.5.5.3. one derives that A',A", and A"' must be stable {n-2)-faces of 

C 
n 

as well, and that the f-images of adjacent {parallel) faces are 

either disjoint or intersect {pairwise) in a {n-3)-face. We distinguish 

the following cases for the pairwise intersections : 

{a) f{A) n f{A') is an {n-3)-face, f{A) n f{A") is an {n-3)-face. 

If f{A') n f{A'") = 0 or f{A") 
o n-2 o 

{i) } or A" U A'" {~llx E 

0 n f{A''') = 0, then A' U A'''= {xlilx E 

cf>n-2 ) is stable (n-1)-face (as is its 

one parallel face Au A" or Au A', resp.) and either f(A) and f(A") or 

f(A) and f(A') must be disjoint respectively. Contradiction. We conclude 

that f{A') n f(A''') and f(A") n f(A''') both are (n-3)-faces too, in 

this case. Let b = xoo EA and c' = ylo EA' be such that f{b) = f(c') 
. o n-3 o 

E f(A) n f(A'). Without loss of generality let f(A) = (i) (i)~ and 

f{A') = <f>n-3acf>. Because flA and flA' act like isomorphisms of Cn_2 

theorem 5.5.4. applies, and there must be literals li and li correspond­

ing to bi (l$i$n-2) and permutations TI and I1' such tha; f{b 1 .. bn_ 2oo) 

1TI(l) .. 1TI(n-3 )1TI(n-2 )~ and f(b1 .. bn_2 1o) = lrr'{l) .. lrr'(n-3 )al'TI'(n-2 ). 
o n-2 

By letting the argument b 1 .. bn_2 range over (i) and observing that 

f(b 1 .. bn_ 2oo) and f(b1 .. bn_2oo) and f(b 1 .. bn_2;o) must have distance$ 

1, one easily concludes that Il=TI' and lTI(i) = lTI(i) for l$i$n-3. If 

f(xoo) f{ylo) then necessarily x=y or d(x,y) = 1. Now let b' = xlo E 

A', b" = xol EA", b''' = xll EA''', and let c = yoo EA, c" yol E 

A", c' '' yll E A'''. If x=y, then one obtains that the 1-face of en 

spanned by band c' is mapped to a o-face {a point), contradicting claim 

5.5.5.1. for k=l. If d{x,y) = 1, then band care adjacent and likewise 
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are their primed companions. By a similar analysis of f(A') n f(A''') 

and alike, one shows that necessarily f(b') = f(c"'), f(b") = f(c), 

and f(b''') = f(c"). It follows that the 3-face of en spanned by 

b,b',b",b''',c,c',c",c''' is mapped to a 2-face of cn_ 1 . (The case that 

more f-value coincide is excluded by uniformity.) This contradicts claim 

5.5.5.1. for k=3. 

(bl f (A) n f (A') is an (n-3)-face, f (A) n f (A") 0. If f (A') n 

f(A''') is an (n-3)-face, then one can use the argument under case (a) 

and derive a contradiction. Thus let f(A') n f(A''') 0. It follows 
o o n-2 o o n-2 

that both Au A"= {xo(1) Ix E (1) ) and A' u A''' = {xl(1) Ix E (1) ) 
are stable (n-1)-faces, thus their images each span Cn_ 1 . It follows 

that f(A) n f(A''') and f(A") n f(A''') cannot be empty, and thus must 

be (n-3)-faces. Now a similar argument as given under case (a) applies 

to derive a contradiction. 

(c) f(A) n f(A') = 0, f(A) n f(A") = 0. We may assume that f(A') n 

f(A''') = 0 and f(A") n f(A''') = 0, otherwise analyses similar to case 

(a) and case (b) apply. It follows that f(A) f (A''') and f (A') 

f(A"), and the sets are complementary (n-2)-faces of Cn_ 1 . Consider 

b=xoo EA, b'=xlo EA', b" = xol EA", and b''' = xll EA'''. Note that 

there is exactly one node in the (n-2)-face f(A) that is adjacent to 

f (b') Ii. f (A) . Hence f (b) f(b'''). With a similar argument one shows 

f(b') = f(b"). It follows that the 2-face of en spanned by b,b',b",b''' 

is mapped to a 1-face. Contradiction with claim 5.5.5.1. 

This ends the proof of theorem 5.5.5. □ 
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