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PREFACE

Through ICIAM 87 four major applied mathematics organisations, GAMM, IMA, SIAM
and SMAI, from Germany, Great Britain, North America and France respectively took
the initiative of organizing a conference on industrial and applied mathematics with a
really international character. When the first ideas were being shaped the organizers
became gradually convinced that this event would gain interest and importance when
other organisations would be invited to join as associate members. In The Netherlands,
being a smaller country with no special organisation for applied mathematicians as
such, a Netherlands Recommendation Committee for ICIAM (NRCI) was formed for this
purpose, in order to foster the conference locally.
From the large number of reactions to the call for contributions, it became clear that
ICIAM 87 promised to become a major event indeed. Therefore the NRCI decided to
invite the Dutch contributors to prepare a manuscript and have it published in this
volume, which hopefully presents an interesting and fairly representative account of
present day research activities in applied and industrial mathematics.
The publication of this volume is motivated not only by the feeling that efforts being
put in preparing a conference contribution should be honoured by more than a short
talk (the responce of which necessarily being limited) but also by the idea that it would
be good to show the liveliness of research in industrial and applied mathematics in The
Netherlands, both at universities and at industrial laboratories. Of course the latter fact
might be similarly true elsewhere. However for smaller countries it is nearly impossible
to organize activities like those at ICIAM on a national basis. Perhaps this is one of the
reasons why this conference has attracted such a tremendous interest. It is certainly
also a reason to hope that ICIAM will become a regularly organised event.
Finally it is a pleasure to thank the contributors who responded so positively to our
request to prepare their paper on such a short notice. We also wish to thank the
referees for their valuable advices and their understanding for very tight time
constraints. Last but not least we acknowledge the Wiskundig Genootschap for their
financial support.

April 1987,

A.H.P. van der Burgh, R.M.M. Mattheij.
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ABSTRACT

A review is given of applications of the state space method from systems
theory in analysis. The applications concern minimal factorization,

Wiener-Hopf integral equations and Szegd limit formulas.



0. INTRODUCTION

Any rational nxn matrix function W()A), which is analytic at infinity,

can be written in the form:
(0.1) W(A) = D + C(AI - A)"1B.

Here A is a square matrix of which the order m may be different from n.
Furthermore, B, C and D are matrices of sizes mxn, nxm and nxn,
respectively. Expressions of the type (0.1) are called realizations.

The idea of realization originated in mathematical systems theory
and has led to a new approach which is now known as the state space
method (see the books [16] and [17]). The representation (0.1) allows
one to reduce analytic problems for rational matrix functions to linear
algebra problems involving only the four matrices appearing in the
realization. This connection is also a natural source of new questions
about finite and infinite dimensional operators.

In this paper we review three applications of the state space method
in analysis. The problems we shall deal with concern minimal
factorization, Wiener-Hopf integral equations and Szegd limit formulas.

A few remarks about notation and terminology: The nxn identity
matrix is denoted by I,, or simply I. Whenever this is convenient,
matrices are identified with linear operators. The null space of a
matrix M is denoted by Ker M, the range by Im M. We use M* for the
adjoint (or conjugate transpose) of M and 2 for the complex conjugate of
a complex number A. The symbol & denotes a possibly non—orthogonal

direct sum and span V stands for the linear hull of a set V.

1. MINIMAL FACTORIZATION

In this section we consider rational nxn matrix functions. We shall

always assume that these functions are proper (i.e., analytic at «) and

have the value I, at ». Up to a simple Mébius transformation and
normalization (to I,) at «, this amounts to requiring that these
functions are regular, i.e., they have a determinant that does not

vanish identically.



Let W(A) be a rational nxn matrix function. The McMillan degree of

W(1), written 8§(W), is the number of poles of W(A) counted according to
pole multiplicity. By definition, the pole multiplicity of a pole )\g of
W()A) is the rank of the block Hankel matrix

W W, « « « W
-1 -2 -p
W, W, W, O
. . . >
W 0o . . . 0
- -p -

where (A - AO)_IELI + eee + (A Ao)_pW_p is the principal part of the
Laurent expansion of W(1) at \qg.

The McMillan degree is sublogarithmic: If W()) = wlgx)wz(x), then
(1.1) §(W) < 8(W) + 8(W)).
0f special importance are factorizations W()) = W1 (MWo(1) such that in

(1.1) equality holds (no "pole/zero cancellations'"). These are called

minimal factorizations.

PROBLEM 1.1. Describe all possible minimal factorizations of a given

rational nxn matrix function W(1).

To deal with this problem, we apply the state space method and write
W(A) in the form (0.1) with D = I,, i.e.

(1.2) W(A) = I, + C(AL, - A)7 !B,
where A is an mxm matrix, B is an mxn matrix and C is an nxm matrix. We

shall assume that the order m of the matrix A is taken as small as

possible, so (1.2) is what is called a minimal realization of W(\A). As a

matter of fact this amounts to requiring that m is equal to the McMillan
degree 6(W) of W()A). The well-known state space isomorphism theorem
asserts that minimal realizations of a given function W(A) are unique up

to similarity transformations.



THEOREM 1.2 ([6]). Let the rational nxn matrix function W(1) be given by

the minimal realization

W(A) = I, + C(AL, - A)71B,

and put A¥ = A - BC. Then there is a one-to-one correspondence between

M, M* of subspaces of C" satisfying
A[M] e M, AX[M*] c M, C"=M@e M

at the other. The correspondence is given by the expressions

WA = I, + C(AL, - A1, - mB,
Wy(A) = I, + CI(AI, - A)7 !B,
W™l = 1, - o1, - maGr, - 49718,

W, = 1 - c(ary - A% s,

where I is the projection of €™ onto M* along M.

We conclude this section with two examples.

EXAMPLE 1.3. Let

-2
WA = [é A ]

Then (1.2) is a minimal realization for W(A), provided that one takes

S I AN A A )

Clearly BC = 0, and so A* = A - BC = A. The matrix A has only one non-
trivial invariant subspace. It follows that W(A) is irreducible, i.e.,
W(A) does not allow for any non-trivial minimal factorization. A similar
argument works when in the definition of W()) the entry 22 s replaced
by A ™, for any positive integer m.



EXAMPLE 1.4. Let

2

1+ 23 - AS + 4
AT+ 1 (A + D\ + 1)
(1.3) W(A) = : .
-1 ! - 1
Aol GZs DG+ D)

Then (1.2) is a minimal realization for W(\A), provided that one takes

0 -1 0 0 o
a=|1 o 1|, B=]1 o, c¢-= ["i 8 é ].
o o0 -i 0o 1

Define M and M* by

1 1 0
M= span{[ -1 ]}, M = span{| 21 | , [ 0 }}.
0

1

Then M is A-invariant, M* is A*-invariant and C® = M & M*. Here, as
usual, A® = A - BC. The projection I of C® onto MX along M is given by

One can now apply Theorem 1.2 to compute the following non—trivial

minimal factorization of W()):

i 21
1 1+
REEE=2 Py )2
W(x) = 1 . -1 1 .
1 —
30-1) 30D 1 PARY



References: For details and additional material, see [1], [6], [8], [14]
and [23].

2. THE WIENER-HOPF INTEGRAL EQUATION
Consider the (vector-valued) Wiener-Hopf integral equation
©
(2.1) ¢(t) = [ k(t-s)¢(s)ds = £(t), t >0,
0
with k ¢ L?xn(-w,w) and f, ¢ € L:[O,w). Here n and p are fixed,
1 < p ¢ = We say that (2.1) is uniquely solvable (1n L;[O,w)) if for

every f in L;[O,w), the equation (2.1) has a unique solution ¢ in
n
Lp[O,m).

PROBLEM 2.1. Give necessary and sufficient conditions for (2.1) to be

uniquely solvable and describe the solution.

The problem may be reformulated in terms of the symbol of the
equation (2.1), that is the function

W(A) =1 - [ eI ie(e)at.

n
-0

Note that W(A) is a well-defined continuous nxn matrix function on the

extended real line. The value of W()) at infinity is I,. A (right)
canonical Wiener-Hopf factorization of W(A) with respect to the

(extended) real line is a factorization

(2.2)  W(A) = W)W (), A eR

involving Wiener—-Hopf factors having the following properties:

(1) W_()A) is continuous on the closed lower half plane G;
(including the point «) and analytic on the open lower half

plane,



(ii) Wp()) is continuous on the closed upper half plane C:
(including the point =) and analytic on the open upper half
plane,

(1i1) det W_(2) # 0, A € C_, det W,()) # 0, A ¢ C.

It will always be assumed that W_(1) and W, (1) are normalized to I, at
o, With this extra assumption canonical Wiener-Hopf factorization is
unique, provided it exists. We are now ready to present the

reformulation of Problem 2.1.

PROBLEM 2.2. Give necessary and sufficient conditions for the symbol

W(A) of (2.1) to admit canonical Wiener-Hopf factorization and describe

the Wiener-Hopf factors.

The equivalence of Problems 1 and 2 was established by I. Gohberg
and M.G. Krein [12].

In the case when W()\) is rational, we can apply the state space
method to get the solution of Problems 2.1 and 2.2 explicitly in terms

of a realization. Our first theorem concerns Problem 2.2.
THEOREM 2.3 ([1, Section 4.4]). Let
(2.3) W(A) = I, + C(AL, - A)7IB

be a realization of W(A) such that A has no eigenvalues on the real
line, and put A* = A - BC. Then W(A) admits (right) canonical Wiener-

(1) A* has no eigenvalues on the real line,

(2) =M M,

where M is the (direct) sum of the generalized eigenspaces of A

corresponding to the eigenvalues of A located in the upper half plane

and M* is the (direct) sum of the generalized eigenspaces of A*

corresponding to the eigenvalues of A* located in the lower half plane.




In that case the canonical Wiener-Hopf factorization has the form (2.2)

with

W_() = I, + C(AL, - A~ NI, - mB,
We(A) = I, + CIAL - A)7lB,
()™ = 1) - o1, - O, - A97 1B,

W™l =1 - car, - 497 L.

Here Il is the projection of C™ onto M along M*.

Example 1.4 may be seen as an illustration of Theorem 2.3. Indeed,
the subspaces M and M* featuring there are of the type described in
Theorem 2.3 and accordingly the factorization obtained in Example 1.4 is
a canonical Wiener-Hopf factorization with respect to the real line.

Theorem 2.3 deals with right canonical Wiener-Hopf factorization. An
analogous result holds for left factorization, where the order of the
factors W_(A) and Wy (1) is interchanged. There are also similar results
for contours in the Riemann sphere other than the (extended) real line
(cf. the end of Section 3 below).

Next we turn to Problem 2.1. Again there is an explicit solution
when the symbol W(A) of the Wiener-Hopf integral equation (2.1) is

rational.

THEOREM 2.4 ([1, Section 4.5]). Assume that the symbol W(A) of the
Wiener-Hopf integral equation (2.1) is rational, and let (2.3) be a

realization of W(A) such that A has no poles on the real line. Then

(2.1) is uniquely solvable in L:[O,w) Af and only if conditions (1) and
(2) of Theorem 2.3 are satisfied. In that case the unique solution of

(2.1) is given by

(2.4) ¢(t) = £(t) - [ y(t,s)f(s)ds, t >0,
0
X X
- 1Ce“itA IIeis'A B, s<t,

(2-5) Y(t’s) = { X x
1ce 1tA (Im—n)eiSA B, s> t,



where I is the projection of €™ onto M along M*.

Condition (1) in Theorem 2.3 is equivalent to requiring that
det W(A) # O for A on the real line. If the symbol W(\A) of the equation
(2.1) is rational, there does exist a realization (2.3) of W(A) such
that A has no eigenvalues on the real line. Indeed, W(A) has no poles on

the real line, and for instance any minimal realization will do.

EXAMPLE 2.5. Consider the Wiener-Hopf integral equation (2.1), where

3t 3
- -ie Zie
k(t) = ’ t <0,
t 1
i 2e - 4ie
[ 3 -t 7, -t 3, -t
- -ie Zie + Eite
k(t) = , t>0.
1 -t 1, -t 1, -t
I Ee - Zie - Eite

Then the symbol W(A) is given by (1.3). So (2.3) is a (minimal)
realization for W(A), provided that A, B and C are as in Example 1l.4.
From Theorem 2.4 and the remark made after Theorem 2.3 it is now clear
that the integral equation 1s uniquely solvable in Li[o,w). Further, the
solution is given by (2.4) with y(t,s) as in (2.5). Note that

N 0o -1 0
A" = A- BC = 4 0 o,
-1 0 -i
and hence
t - -
%ez + %e 2t %ieZt _ %ie 2t 0
X
e_itA = —ie2t + ie-zt %eZt + %e-Zt 0 .
1, 2t 1 2t -t 1 2t 1 -2t 1 -t ~t
-éie - zie + §ie - ﬁe 7 + 3 e

X

isA : just replace t by -s.

A similar expression holds of course for e

Since the projection II was already described in Example 1.4, all
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ingredients for calculating y(t,s) explicitiy are available. We leave

the final matrix computations to the reader.

References: For details and additional material (also on non-canonical
Wiener-Hopf factorization, singular integral equations, the Riemann-
Hilbert boundary value problem and the infinite dimensional case), see
[1] - [5] and [9].

Consider the situation of Theorem 2.3, and assume in addition that

for each real A the matrix W(A) is positive definite, i.e.,
X*W(A)x >0, =-o< A< O0%xecCt

It is well-known that under these conditions the matrix function W(1)
admits canonical Wiener-Hopf factorization. Let us explain how in this
context the state space method works.

First observe that W(\A) = W(i)*. So besides the realization (2.3),

we have
(2.6) W(A) = I, + BY (AL, - A7 Ik,

Assume now that (2.3) is minimal. Then (2.6) is a minimal realization
too, and the state space isomorphism theorem guarantees the existence of

a unique matrix H such that
(2.7) A =wmanl, ¢ =-m, B =crl.

Taking adjoints and using the uniqueness of H, one sees that H is
selfadjoint (cf. [7] and [10]). The first identity in (2.7) means that A
is H-selfadjoint, i.e., A is selfadjoint with respect to the (possibly)
indefinite inner product x*Hy induced by H.

Next we follow A.C.M. Ran [19]. Observe that (2.7) implies that A
is H-selfadjoint too. So

(2.8) A*H = HA, (A%)*H = HA®.

Here, as usual, A = A — BC. Since det W(A) # O for all real A, we have
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that A* has no eigenvalues on the real line. Define M and M as in
Theorem 2.3. The identities (2.8) yield

(2.9) H[M] = ML, H[M ] = (MXYL,

where ML and (Mx)i'ate the orthogonal complements of M and M*, respec—
tively. In other words M and M are H-neutral. Take x e M n Mx. Then
Ax € M, and so x*HAx = 0. Similarly X*HA % = 0. This leads to
x*HBCx = 0, Now HB = C*, and we get x*C*Cx = 0. Thus Cx = 0 and
Ax = A"x € M n M*, Hence M n M* is A-invariant and M n M* ¢ Ker C.
Since (2.3) is minimal, the largest A-invariant subspace contained in
Ker C is (0). So M n M* = (0).

From (2.9) it is clear that dim M = dim ML and dim M° = dim(foL.
But then dim M = dim M* = 4m. Together with M n M* = (0), this gives
™ = M® M. So our hypotheses imply that condition (2) of Theorem 2.3
is satisfied ("automatic matching"). As a result, we obtain a canonical
Wiener-Hopf factorization involving factors W_(A ) and w+(x) as
described in the theorem. Analysis of the factors reveals that the
factorization is symmetric, i.e., W_(1) = W+(i)*.

References: For additional material (also on symmetric non-canonical

Wiener-Hopf factorization), see [9] and [13].

Another case of "automatic matching" (but then in an infinite
dimensional context) appears in linear transport theory (see [1, Ch. 6],
[15] and [18]).

3. SZEGO LIMIT FORMULAS

Let W(A) be a continuous nxn matrix function on the unit circle |A| =1,

and introduce

k

Dk(w) = det([wi"jli,j=l)’

where ..., W5, W_;, Wy, Wy, Wy, ... are the (matrix) Fourier
coefficients of W(A). Under additional assumptions on W(A), the strong
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Szegd limit theorem holds true, that is

(3.1) " %
. L, (W) = 1lim
2 Joreo EI(W)k+1

exists, Here
(3.2) (W) = exp[l— } log det W(eit)dt]
1 2% b °

The additional assumptions alluded to include

(3.3) detw(el®y 20, -w<tgm,

(3.4) arg det W(eit) :=_" = 0,

i.e., the winding number of the curve W(eit), -m { t { = with respect to
the origin is zero. Under these circumstances, the right hand side of
(3.2) is well-defined.

PROBLEM 3.1. Describe, for a rational nxn matrix function W(1) having no

of a realization.

We shall assume that W(A) is normalized to I, at the origin. Thus

W()) can be written as

(3.5) W(A) = I + AC(I - AA)”IB,

where A has no eigenvalues on the unit circle. Condition (3.3) then
amounts to requiring that AX = A — BC has no eigenvalues on the unit

circle too.

THEOREM 3.2 ([11]). Let the rational nxn matrix function W(A) be given

by (3.5), and suppose that neither A nor A* has eigenvalues on the unit
circle. Assume, in addition, that (3.4) 1is satisfied. Then the limit in

the right hand side of (3.1) exists, and the Szegd constants £;(W) and
L,(W) are given by
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det(1_ - P+ AP
det(Im - P+ AP) °

I,(W) = det(PP" + (I - PY(I_ - ),

where the Riesz projections P and P* are defined by

1 -1
P =1 = 5= (AL = A) “da,
m 2ni l"{=1 m
X 1 x. -1
PP=1 == [ (AI_ = A") "dx.
m 2ri |>‘|=1 m

Here as usual A* = A - BC.

Put V = PP* + (I, - P)(Im - P*), where P and P* are as in Theorem
3.2. Then EZ(W) = det V. Note that det V # 0 if and only if

C" = Ker P® Im P*, (™ = KerP* 6 Im P.

Hence I,(W) # 0 if and only if W(A) admits both left and right canonical
Wiener-Hopf factorization with respect to the unit circle (cf. Section
2). In that case (3.1) implies another Szegd limit formula, namely
1
(3.6)  1im B, (N" = 5, (W).
koo

By way of illustration, we present a simple example.

EXAMPLE 3.3. Consider the (scalar) rational function

2 5
A +§)\+1

2_5 *
A A+ 1

This function can be written in the form (3.5) with

w(x) =

ol
o

o
N
—
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We now have

and

13 =20
. 6 3
A =A-3C =
5 -14
3 3
-16 40
0 0 9 9
P = , P= ,
0o 1 -10 25
9 9

where P and P* are as in Theorem 3.2. It follows that

25
ZI(W) = -1, ZZ(W) =35

Since ZZ(W) # 0, the identity (3.6) holds true.

References: For details and additional material (also on the Kac-

Achiezer formulas, the continual analogues of the Szegd formulas), see
[11], [20] - [22] and [24] - [26].
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Abstract

Various evolution equations from mathematical physics conserve one or
more ihtegrals (constants of the motion; e.g. the energy) and have solu-
tions in the form of steadily propagating waves (e.g. solitairy waves).
In spatial discretizations these properties are generally lost. However,
observing that the properties are a consequence of a certain variational
structure (Poisson structure) of the evolution equation, we derive dis-
cretizations in such a way that they inherit this structure. Consequently
the constants of the motion and the existence of steadily propagating
waves are conserved.

Calculations are shown for the Korteweg-de Vries equation as an example.
Introduction

Many numerical methods for evolutionary partial differential equations
treat the discretization in space and that in time as two separate and
consecutive operations. We will focug in this paper on the spatial dis-
cretization. Generally speaking this leads to a system of ordinary dif-
ferential equations in time. Specifically, let the partial differential

equation be given as

(1) atu = Ku
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where K is some (non-)linear mapping in an infinite dimensional space V,
and u(t) € V. A spatial discretization of (1) wilk be based on approxi-

mating the elements of V, i.e. on a projection u » Z u of V, onto a N-

s
dimensional subspace B = [s1,...,sN], through which :PZ problem can be
reformulated in B, or, equivalently, in the space V of N-dimensional
vectors G representing elements of B. With an appropiate choice of a
mapping ﬁ B G > G the system of ordinary differential equations

AA

(2) d,u = Ku
may be, in a certain sense, an approximation to (1) provided, of course,
that requirements concerning numerical consistency, stability, etcetera,
are fulfilled.

In this paper we consider a class of evolution equations (1) that has a
specific structure. As a consequence special properties will hold, such
as (a) the existence of constants of the motion and (b) a simple charac-
terization of steady states (travelling waves). The aim is to exploit the
specific structure to find spatial discretizations that satisfy the addi-
tional requirement that (2) conserves as much as possible these proper-
ties, thereby anticipating that conservation of these properties does not
decrease the numerical consistency for arbitrary solutions, while impro-
ving specific features such as travelling waves.

We will outline and demonstrate these ideas for a class of partial dif-

ferential equations of the form

sP
(3) dpu =3 < ()

where u: [-w,n] » R is periodic, and P is a translation invariant func-
tional on V. (The extension to vector valued functions u is obvious.) As

a particular example we will take the Korteweg-de Vries equation:

(4) u o tu ot 6uux =0

which is of the form (3) with
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(5) P(u) = %fuxz dx - fu3dx.

The translation invariance that is present in (3) is fundamental for many
of the specific properties mentioned. The aim to preserve this invariance
almost naturally leads us to consider discretizations that are based on
trigonometric approximation of functions. Although a formulation in the
spectral plane could equally well be used, we present a translation in-
variant discretization in the physical plane, i.e. based on nodal values,

facilitating a possible comparison with finite difference methods.

Remark 1. We assume that the functional P is such that (3) admits only
smooth solutions, i.e. we consider dispersive wave equations, excluding
equations with shock wave solutions.

Remark 2. We will be very concise here; a more elaborate treatment is
given in Van Groesen & Van Beckum 1987.

Remark 3. We are not going into time integration methods; for integration
of systems of ODEs with conservation properties see e.g. Baumgarte 1973,
Shampine 1984, Feng 1986 and Gear 1986.

Features of the continuous equation

In order to specify the particular properties of the continuous equation
(3), we will first show that it admits (at least) three constants of the
motion, and examine the underlying structure that leads to their conser+
vation. The three conserved quantities are (with a name that is justified

for some specific applications):

(6) the total mass M(u) = fu,

112
(7 the momentum Cc(u) = Efu s
(8) the energy P(u).

The conservation of M is a consequence of the fact that the operator
ax is an anti-symmetric mapping (on periodic functions) and that

3x1 = 0. Indeed, writing < , > for the usual L2—innerproduct:
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sP sP
M) = fu = <1, 8, S0 > = =<3, > =0,

For the conservation of P the essentialities are both the anti-symmetry
of Bx and the appearance of the variational derivative %% in the right-
handside of (3): '
8P §P §P
atP(u)=<E, ut>—-<§a, 3x'6—u>=0.
The conservation of C is a consequence of the translation invariance of

P. More precisely, with TE the shift operator in V, defined by
(9) (Teu)(x) = u(x+e) for u eV

we suppose that

(10) P(Teu) = P(u) for all u € V and all € € R.

For density functionals, like (5), this simply means that the density
does not depend explicitely on x. By differentiating (10) with respect
to e at € = 0, it follows that

S§P

< 0’ 8xu >=0 for all u e V.

This leads to the conservation of C:

SP SP
atc(u) =< u, atu > = < u, ax 3a > =~ < sa’ axu > = 0.

Remark 1. For linear equations, with %% = Lu for some symmetric operator
L, any quadratic density functional (u,Qu) for which the symmetric opera=-

tor Q commutes with axL is conserved.

Remark 2. The structure, based on the form of the differential equation
(3) and the translation invariance of the functional P, can be recognized
as a Poisson structure. In this respect M and C are Casimir functionals,
i.e. conserved functionals that only regard the kinematics of the system
(independent of the specific choice of the functional P). See Van Groesen
& Van Beckum 1987,
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The existence of three conserved quantities (which are independent in
interesting cases) restricts the dynamies to a space of codimension 3,
which, in an infinite dimensional space V, is only a very limited gain in
this sense., However, a restricted, but usually interesting, class of so-
lutions is completely determined by these conserved quantities and can be
obtained by looking for critical points of one of the functionals on le-
vel sets of the others. For instance, for a rather large class of func-

tionals P, the constrained minimization problem
(11) min {P(u) | M(u) = m, C(u) = c}

has a solution, ¢ say. From the translation invariance of M, C and P it
then follows that Te¢ is also a solution for any € € R. These functions

TE¢ satisfy the equation
§P sC
(12) TSE(¢)=A_-&G(¢)+1“=A¢+”’

where A and y are real Lagrange multipliers, arising as a consequence of
the constraints. A translation of a specific solution ¢ uniform in time

with velocity =i,
(13) U(x,t) := Txt¢(x) = ¢(x+At)

then satisfies

SP
atU(x,t) = 1 Bx¢(x+At) =9, 0 (o(x+1t))
i.e. it is a travelling wave solution of (3), propagating undisturbed in

shape with velocity -a.

Remark. From general variational theory it is known that for the minimum
value of P in (11), considered as a function of c¢ at constant m, the

derivative with respect to ¢ is equal to the multiplier A = A(e).
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Summarizing, we can say that the presence of translation invariance in
equation (3) provides the conserved quantity C, with the aid of which
travelling wave solutions of (3) can be found from the variational cha-
racterization (11).
Specifically, for the Korteweg-de Vries equation, ¢ is a solution of the
eigenvalue problem

“Orxx 6¢¢x = A

X x’

in the periodic case it is known as a cnoidal wave; see e.g. Whitham,.

Discretization

Like in finite difference methods, we will describe a state by function
values at a given»set of grid points xj over the interval [-w,w]. The
concept of translation invariance, however, requires some specification
of the behaviour in between these discrete values, i.e. we have to in-
terpolate with a given set of continuous functions. Trigonometric inter=-
polation will turn out to be most natural. We start however with a gene-
ral definition of discretization.

Given a subspace B of V, spanned by a finite number of basefunctions

B = [s1,...,sN], we conceive a discretization as a projection of V on
N . ~ - ~

B: u > 2 uksk, or equivalently, as the mapping u > u of V on V, where V
1 - ~

is the N-dimensional Euclidian space of vectors (u1,...,uN). If discre-

tization is done by collocation, e.g. with splines or trigonometric func-

tions, {uk} is to be solved from u(x,) = ) uksk(xj). In the special case

that s, is chosen to satisfy sk(xj) = ijk(Kroneoker delta),uk coincides

with the funection value u(xk).

Remark. In a certain sense finite difference methods can be included in
this treatment; although in that case the introduction of a subspace B is

ambiguous, the mapping V » V still applies.
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Guided by the aim to discretize (3) in such a way that the desired pro-
perties are conserved, we will reformulate the previous section within
the framework of the space G.

In order to arrive at an equation of which functionals like M and P are
conserveg, it is required to take a ?iscretizatiog for ax, D say, opera-
ting in V, with the properties: (1) D1 = 0 (where 1 is the discretization
of u=1), and (2) D is antisymmetric. Moreover, the functional deriva-
tive %5 has to be discretised in iuch 3 way that it is again a variatio-
nal derivative of some function P of u i.e. a gradient with respect to
the innerproduct < , > in G defined by restriction of the Lz-innerpro—
duct of the infinite dimensional space V. The resulting equation then

reads:

() du=D-— ,

§P
t su

and it is easily verified that for (14) the functions

(15) ﬁ(ﬁ):= < ;,; >
and
(16) P(u)

are conserved. Indeed:

aM@) =< dut>=<pE @, 1>=-<%w,n>-0
t t
su su

and

a.p(u) = < &), du>=<Lw, pEw >=0
t t
su su su

Note that, up to now, we have "derived" the equation (14) only by analogy
with equation (3), and no arguments about numerical consistency have
been invoked. Of course, it is anticipated that if ; is chosen in a pro-
per way, i.e. related to P for the given discretization of functions u,
then (14) will be a numerically consistent approximation of (4). Before
entering into the arguments of conserving a functional 6 and consequently
the existence of discrete travelling waves for (14), let us specify the

ideas so far in an example.
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Example. Let us see how various discretizations work out on the simple

linear evolution equation
aT7) 3 u =23.u

where, as throughout this paper, periodicity on =7 £ x < 71 is assumed.

Every function
u(x,t):= p(x+t),

with ¢ differentiable, is a solution to (17), i.e. every initial state
Y just moves with constant speed (= -1), conserving all translation inva-

riant functionals. In particular for (7) we find

a.C = f udu = f ud u = % f axu2 =0

an explieit proof that C is conserved. The functional P coincides with C

in this simple case.

a. Finite differences, with forward differencing on a uniform grid:
xj = jAx, AX = 2w/N, and uj(t) is meant to approximate u(xj,t). As
discretization of (17), (7) and (8) we take, naively:

A -~

(18) dtuj = (uj+1-uj) / AX
2 AX 2 °
(19) c(t) = ) z uj = P(t).

Conservation of C would require

Iu 2

0=4d,C=AXxZ u, du, =3I u,u, - .
J .t J i+ J

t
which is not true for most functions u, not even for u = sin ax. The
reason of failure is that the discretization of ax, i.e. the mapping

uj > (uj+1—uj) / A%, is not an antisymmetric operator.
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b. Finite differences, with central differencing:

(20) dpuy = (uJ+1-uJ_1) / 2Mx

and C, P as (19). In this case we find

~ A A

1
dtC =3 I ujuJ+1

1
3 z ujuj_‘1 = 0,

So C and P are conserved. Indeed, central differencing is an antisymme-
tric operator, and P fits in the variational formulation (14). However,
the agreement between solutions to (20) and solutions to (17) is rather

restricted. A complete set of solutions to (20) is:

{ﬁ(k)(t) | x = 1,2,...,20/8x}

~ (k) ik(jAx+at) sin kAx
with uj (t) = e and A = TR

~(k)

From this we see that every eigensolution u travels with its own speed

and none of them with the correct speed =1, In this case the reason of
failure is the fact that expression (19) is not translation invariant if

w 1is the discrete representation of u after a translation: wj = u(xJ+e),
~ 2

then in general I wjz is unequal to & uJ .

c. Spectral method: truncated Fourier series.

We %?oose B = [e inx' eey 1, eix, ey einx]’ and for u € B we write

u(x) = ukeikx. So in this case u is not a vector of function values -
but a _nvector of Fourier coefficients with respect to the

basis {eikx}. For real u we have

(22) u = u

(23) P=C=2] (Jue
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Translation invariance of P is an immediate consequence of Parseval's

identity. In the Euclidean space V we define as discretization of ax:

(24) D = diag (-in, .., 0, i, .., in)

so that D corresponds with ax exactly for u € B. D is antisymmetric, so P
will be conserved. Equation (14) becomes:

~

(25) du=Du

and an explicit proof of conservation is:

n n
- A A ~ 5
4P = 2m ) udou, = 2m ) ku © =0 by (22).
-n -n
tb *

The solution of (25) is u(t) = e~ u(0), and for every function u € B we

have:

X eikx etD a (

ulx,t) = J etk Gk(t) =7 L (0) =

=3 olkx glkt u, (0) = u(x+t,0),

so every function in B travels with the correct speed -1.

Translation invariance. Let us now return to the translation invariance

of P as condition for conservation of C. The example, though too simple
to distinguish between C and P, has already shown the importance of

translation invariance.

Translation invariance of P is to be understood as follows. Let u € V;

then u:= Z uk € B; perform an arbitrary translation u -» Teu and let the

s
Kk
projection of T u on B be denoted by w = ) W, S, then

(26) P(w) = P(u)
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must hold for every € € R. Since the original P is assumed to be transla-

tion invariant, one can hope to transfer this property to P by defining:
27) P(u):= P(} s, ).
With this definition equality (26) implies

Pw) = P(} ws,) = P(w) = P(u) = P(] us ) =P(u) = P(T_u)

Comparing left and right end we see that usually this equality will be
satisfied only if w = Tsu, i.e. if Tsu e B for every €.

Since by continuity and consistency arguments (27) is the only way to
define ; in G, we arrive at the conclusion that ; inherits the transla-
tion invariance from P provided that the subspace B is translation inva-
riant.

Translation invariance is a rather severe requirement for B; e.g. spline
functions do not meet this condition. The case of degree 1 (piecewise
linear interpolation) is illustrated in figure 1, showing (a) a set of
Gk = ugxk),'(b) U= a € B, (e) T_u, (d) the set of values

(e) w=13w

values 1Sk
Wer KK Clearly figure e is different from figure c.

The translation invariance almost naturally leads to approximation with
trigonometric functions, i.e. to spectral-like methods. Before presenting
a specific example, let us first look at the travelling wave solutions of
the discretised equation.

A consequence of the invariance of P will be that exact travelling wave
solutions do exist for the discretised equation (14) and that these solu-
tions -just as in the continuous case- are translations of the solutions

of the minimization problem

(28) min { P(@) | M(@) = m, C(1) = c }
ueV

which 'problem is nothing but the discretization of (11). Denoting a mi-
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(a)

the values u

(b)

u=2=xI uksk

=]

(c)

-———— - - -

S —

(d)

the values LR

(e)

Figure 1.
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nimizing vector by ¢ we now have
(29) D grad P(¢) = A D grad C(¢)

Again the multiplier X is related to the travelling wave speed -},
and for a family of solutions of (28), to be denoted by ¢(C), it holds

A A A

(30) A= a(C) = RLe(C))
dC

Discretization of the Korteweg-de Vries equation.

Having examined the general properties of translation invariant discreti-
zations, we will work out a numerical example regarding the KdV-equation.
As was explained before, and indicated already by the simple example, the
specfral method is the most promising. On the other hand we have chosen
to work with function values as representing a function, like in common
finite difference methods.

To combine these ideas we consider again:

Ba=r e—inx, .., einx]

but now we choose another basis: the functions

] n 1p(x—xk)
Y (%) = 5 p§~n e with x = kix, Ax = 2n/(2n+1)
-n £k <n

satisfy vy (x,) = § (Kronecker delta), and are orthogonal in the L,-
k K 2

J J

innerproduct:

[0 4y () ax = ax S

~

This implies that the representation u of a function u 1is given by

u, = u(x

J J

), and that the functional C, see (7), becomes:
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(31) ¢

The discretization A of the differential operator ax is an antisymmetric

matrix, operating in V, and is found to be given by

A (D" n<ij,j+k<n, k#£0
P =2 T ———— e y y .
NENAL 2 sin Eéi

In contrast to (24) we now find a full matrix, the entries of which are
equal along diagonals (Toeplitz-form). Another property of numerical
interest is that the absolute values of the entries are increasing to=-
wards the main diagonal.AThe matrix A is exact for functions in B, i.e.

if u(x) =7} ukwk(x) and v = Au, then v(x) = ] v y (x) is the derivative

v
k 'k
of u for all x. Consequently eEA is an exact shift in B. In fact the ex-

ponential, seen as an infinite power series in A, reduces to a polynomial
in A of degree 2n: as A is of finite order, higher powers are linearly
dependent on lower ones. A concise illustration is found in the simplest

case, n = 1, where

: 1 -1 ] e
A= -1 0 1|, AS==]| 1-2 1],
B0 3

3

A” = -A, Au = -A2, etcetera. The exponential becomes

2 3
R 1 s en s B A%

€7 ,3
2 31

AT+ ...

n

=1+(e—§—!+...)A+(§T—§—!+...)A

2

=1+ (sine) A + (1 - cos €) A2,

a quadratic polynomial. In particular, for € = AX = 21/3 we have

[}
I
=
+
“if
w
£
+
nlw
£
I
- 00
[eRoIN
o -0
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which represents an exact shift over Ax.

To continue with the dynamies of the KdV-equation, the functional P, de-
fined by (5), will be discretised according to (27):

P = 5 (jzkAijka<x))2 - (1 uguy0?
’ J

Ax A5 aA Ao
=3 (Aaw.” - ¥ uuu Iw.w v .
2 3 J $km Jk'm' 3 k"m

The last integral is invariant under permutation of subscripts and under
shifting of all subscripts together (j,k,m > j+1, k+1, m+1), so it is

sufficient to calculate

1
Q5 = [vohevy =

sin~ n:Ax sin™ n=Ax
- L ((-1)K JZ - (-3 .
sin -Erﬂx sin EAX sin EAX
J
. ) iin n2Ax >
0,J sin iAx
2
3n2 + 3n + 1
%,0 =
’ 4n” + U4n + 1
Defining q = q(u) by:
(32) q(u)m = kzj Uerm Qk,j uJ+m
’

we find for (14) the following system of ordinary differential equations:

(33) = A (- A% - 30@)

~

The righthandside reflects interaction between all the components uk, as

is usual in spectral methods.
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Compared with finite difference methods we see that we miss the benefit
of sparce matrices, but on the other hand equation (33) has the advan-
tage that it admits travelling wave solutions and that it conserves
6, Q and ;, while these quantities are exactly equal to C, M and P for u
€ B. For the sake of completeness we remind that 6 is given by (30), and

M and P are:
n . n

. ~ax NP
(34) M = AX gn u;, P==5 En {(Au)j quj(U)}-

Numerical results.

We have shown how to discretise certain evolution equations, in particu-
lar the periodic KdV-problem, on a given number of grid points, and how
to discretise certain quantities in such a way that they will be conser-
ved in time. To illustrate the conservation numerically it will be suf-
ficient to use a standard fourth order Runge=Kutta time integration.

The computer runs have been made using only five grid points for the spa-
tial discretization. Of course, the approximation of solutions will
become better with grid refinement. But to show the numerical consistency
is not our main object. On the contrary, we want to demonstrate that con-
servation is not a matter of grid spacing: in spite of the spatial appro-
ximation error the quantities ;, 6 and & are found to be conserved exact-

ly, if only the time integration could be performed exactly.

First we have solved minimization problem (28) for m = O and various

values of C.

S A A

The minimizing values of P are depicted in the C-P-diagram in figure 2.
The slope ; of the curve -see (30)- is a decreasing function of 6. (For
the linear equation ut + uxxx = 0 the graph would be a straight line with
slope 1.)

Since ; is equal to the velocity of the travelling wave solution ;, we
see that these waves slow down with increasing 6. At the maximum value of
;, occuring for 6 = m/2, the wave speed is zero; this solution will not
appear physically, because such high values of 6 lie beyond the model
assumptions for the KdV-equation. Nevertheless the mathematical treatment

still applies, theoretically as well as numerically.
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Figure 2. C-P-diagram for the discretised Korteweg-de Vries equation
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Figure 3.

5-point—-approximation of cnoidal waves for the KdV equation,

for C = 0.1,

0.5,

/2,

2.5

and 3.5.
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Solutions to (28), interpolated with trigonometric functions, are shown
in figure 3 for several values of C. For C » 0 the "discrete cnoidal
wave" approximates the harmonic wave cos x, which is the exact solution

to the linearised equation u, + u = 0.

For increasing E the deviat;;n f:z; the continuous cnoidal wave becomes
apparent, obviously due to the small number of grid points. Yet we know
theoretically that every solution ; will be propagated as a travelling
wave solution to (33).

To find this property confirmed we have run a fourth order Runge-Kutta
integration of the ODE system (33), and compared it with a uniform shift
based on the velocity ; predicted by (29). The errors after 10 periods,
run with 240 time steps per period, are shown in the table. Runs with
smaller time steps have produced even smaller errors. The machine accura-
ey is 10"8. The table reflects the universal tendency that solutions with
steeper time derivatives have greater errors. It is clear that the errors
in M C and P are only due to the time integration and machine round off.
This confirms the theoretical result that in the discretised problem the
quantities ﬁ, 6 and ; would be conserved and that discrete cnoidal waves
would exist provided that the time integration could be done exactly.

Table of errors after 10 periods

(fourth order Runge-Kutta with 240 time steps per period)

c M AC AP M

0.01 4.0 (-8) 4.2 (-8) 4.0 (-8) 1.6 (-6)
0.1 3.5 (-7) 3.7 (-8) 6.7 (-8) 1.3 (-5)
0.5 2.5 (-6) 7.2 (-7) 7.2 (-7) 7.5 (-5)
a2 0 2.4 (-7) 0.7 (-7) 1.6 (-5)
2.5 3.8 (-6) 3.3 (-6) 1.1 (-5) b2 (-4)
3.5 1.2 (-5) 3.5 (-5) 7.5 (-5) 2.6 (-3)

*) Since no period can be defined (wave speed is zero), the time interval
has been taken from the case C = 0.5.



35

Concluding we can say that for a whole class of evolution equations of a
specific form we have given a procedure to find spatial discretizations
that preserve conservation properties exactly, even in the case of strong
nonlinearity. For long time computations, e.g. to study wave interac~
tions, our numerical results motivate further investigations into time
integration processes that can maintain these conservation properties

over a long time.
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ABSTRACT

In this paper the dynamics of an oscillator with two degrees of free-
dom in a steady flow is studied. Priﬁciples from the theory of galloping are
used to derive the equations of motion.

The normal forms for the equations of motion for a number of interesting
cases are presented and the existence of periodic solutions and their stabil-
ity is established. Formulas, which may be used to calculaté amplitudes and

periods in an approximative way, are presented.

1. INTRODUCTION

Overhead transmission lines on which ice has accreted may have cross-
sectional shapes that are aerodynamically unstable to transverse disturb-
ances in a wind-field. The evolution from this unstable equilibrium position
may result in galloping: a large amplitude oscillation with a low frequency
( 1 Hz). The very complicated phenomenon of galloping of overhead trans-
mission lines which involves the aeroelastic interaction of longitudinal,
transversal and torsional oscillations of a continuous system is far from
bging understood.

For an interesting survey paper on wind-induced vibrations of overhead
power transmission lines the reader is referred to [1]. In the present paper
a simple oscillator, which has some relation with this galloping problem is
introduced. At this stage the oscillator is a theoretical model, that is, no
experimental prototype has been developed yet: however, it is believed that

the ideas presented here, may be used for the actual development of an expe-
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rimental model. The oscillator, sketched in Fig. 2.1, consists of a rigid
circular cylinder with a small ridge and a number of springs mounted in a
frame. The oscillator is constructed in such a way that the cylinder-spring
system has two degrees of freedom, i.e. oscillations in the direction and
perpendicular to the direction of the air flow; both modes of vibrations
are decoupled in the absence of an air flow. A more detailed description of
the oscillator is given in section 2. The oscillator may be considered as
an extension of the one degree of freedom oscillator introduced and studied
theoretically and experimentally ina wind-tunnel in [2] and [3], where only
oscillations perpendicular to the direction of the air flow are possible.
The remainder of the paper is organized as follows.
In section 2 the equations of motion of the oscillator in a uniform wind-
field are derived. The assumption is made that the aerodynamic forces are
quasi-steady which implies that they can be derived from static force mea-
surements (in steady flow); for the study of galloping there is no disagree-
ment in the literature (e.g. [2] and [3]) on the use of a guasi-steady
theory. The mathematical modeling of the oscillator is analogous to the
modeling of a swinging-spring oscillator introduced in [4]. This oscillator
consists of a cylinder, hung from springs, such that spring and pendulum
oscillations may be carried out. However, in the equations of motion of the
oscillator as considéred here a new parameter representing the position of
the ice accretion (ridge) on the cylinder is introduced. Finally, by trun-
cating the equations of motion, the so-called model equations are obtained.
In section 3 the theory of normal forms is presented and used for the study
of periodic solutions. The main result is a theorem which states existence
of periodic solutions with a period close to the period of the solutions of
the unperturbed model equations, which are equations describing the free
oscillations (absence of the external aerodynamical forces) of the oscil-
lator. This theorem is an extension of theorems to be found in [5,6,7] where
the existence of periodic solutions, with a period that equals the period
of the solutions of the unperturbed system (or the period of the time-
periodic vectorfield f in x = €f(t,x,€)), is established.
In section 4 periodic solutions for the model equations in a number of
interesting cases are established and criteria for the stability of these
periodic solutions are given (based on the theorem mentioned above) .
The paper ends with some concluding remarks. With respect to the calcula-
tions of the normal forms use has been made of the computer-algebra system

Macsyma [9] which has the capability of manipulating algebraic expressions



39

involving unevaluated variables; in fact, theorem 3.1 has been implemented

on the computer.

2. THE OSCILLATOR AND THE EQUATIONS OF MOTION

In this section the oscillator, as sketched in Fig. 2.1 and 2.2 is
described in more detail. In addition, the equations of motion will be de-
rived. The oscillator, as sketched in Fig. 2.1, consists of a rigid circular
cylinder with a small ridge (representing the ice-accretion) and six springs

providing linear elasticity. The cylinder is rigidly attached with two sup-

flow-direction .

Fig. 2.1. The aeroelastic oscillator.
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ports to two shafts that are supported by four air-bearings (indicated with
a rectangular parallelepiped in the sketch). These four air-bearings are
subsequently rigidly attached to a system of four shafts that are supported
by eight air-bearings fixed to a frame indicated with slant lines in the
sketch. The two springs fixed to the supports of the cylinder and the air-
bearings provide restoring forces in the direction perpendicular to the
flow directions whereas the other four springs provide restoring forces in
the direction of the flow.

Figure 2.2 is a sketch of the view from above; the position of the cylinder,
remaining always perpendicular to the picture-plane, can be defined by the
two coordinates x and y as indicated. The origin of the (x,y) coordinate-
system is the equilibrium position of the centre of the cylinder in absence
of aerodynamic forces. Although the cross-section is not circular, due to
the ridge, it has still an axis of symmetry; as (static angle of attack) is
the angle between the direction of the wind-field and the axis of symmetry

cylinder
with rid
Pan L
air flow Y T
X
| s W s
1
1 — ——=
a

Fig. 2.2. The aeroelastic oscillator; view from above.
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of the cross-section. To be more precise as is the angle obtained by rota-
ting gas (unit vector along the axis of symmetry pointing from the ridge to
the centre of the cylinder) to . (unit vector in the direction of the
windfield), positive in anti-clockwise direction.

It may be clear now that the oscillator has the property that the two degrees
of freedom are mechanically uncoupled. However, as will be shown in what fol-
lows there will be an aerodynamic coupling when the oscillator is interact-
ing with a wind-field.

If one puts this oscillator in a uniform wind-field with wind-velocity

v

Veo! Yoo X
forces, the drag DgD and the lift ILe

=ve (v, > 0), forces will be generated on the cylinder. These

L, are sketched in Fig. 2.3. ep and e
are unit-vectors (D and L are the magnitudes of the drag respectively lift
force) such that ep has the same direction as the virtual wind velocity

VoV = Yy T (xgx + ygy), and e, is obtained by rotating ED over an angle

T/2 in anti-clockwise direction. (X and y are the velocity components of

the cylinder).

axis of symmetry

l

air flow

Yy

P —
v
~o0

e
v

ES

Fig. 2.3. Wind-velocities and aerodynamic forces
acting on the cross-section.

It is easy to verify that the equations of motion for the cylinder become:

mxi + s x = Dcos¢ - Lsind
(2.1)
my + s = Dsin¢ + Lcos
Yt sy ¢ ¢
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with mx(my) the total mass of that part of the oscillator that can move in
x-direction (y-direction), S, (sy) the total stiffness of the springs in
x-direction (y-direction) and ¢ the angle between e and epr positive in
anti-clockwise direction. It will be assumed that the mass of the shafts
and air-bearings is small compared with the mass of the cylinder which im-
plies that m_ = m_ := m.
X y
The magnitude of the aerodynamic forces D and L may be expressed in terms

of aerodynamic coefficients as:

D = 3 pdc” (@) v’
S 2.2)

1 L 2

L = 5 pdc (Ot)vs,
where P is the density of air, d is the cylinder diameter, vy = Igs| and o

the angle between Ve and the axis of symmetry of the cylinder (see Fig.
2.3). cD(a) and cL(a) (functions of 0) are the quasi-static drag and 1lift
coefficients which may be obtained from wind-tunnel experiments; typical re-

sults obtained from measurements in a wind-tunnel are sketched in Fig. 2.4.

D
C ()
1+
L
c(a)
0,5+
{
[+}
0 90°
-0,5 ¢

Fig. 2.4 Aerodynamic lift and drag coefficients

According to the den Hartog criterion galloping may occur if

[cD(a) + g%-cL(d)]j <0 (linear instability of the equilibrium
o

s position).
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Since c” (0) is always positive attention is only paid to the case where

9 L

-BEC (OL)|u < 0.
s

Hence the drag and lift coefficients curves are approximated by:

cD(a) = cg, where cg > 0 a constant and
(2.3)
Lo, _ L. _ L. 3 L L
c (@) = Cl(u ao) + c3(a ao) , where ¢y < 0 and c, > 0 are
constants.
Note that:

2 2 . .2 .2
() v.=v -2%v +% +vy,
s =) o

v - x . .
o -
(.) cosd = — sin¢ = - ;,L and tan¢ =-V_§—,_J7I'
S S ©o

() a=0¢ + o (in figure 2.3 the angle ¢ is negative),

By using these expressions one can show that the equations of motion become

(the terms of fourth and higher order are neglected):

D 2 D
X+ wx = pdcoqw - ZDdcoq” X + P cTa + c153 v +
1* % T om . zm . <7 Tom \“1 3%s) ¥
D D
pdc . c ’
0.2 pdf L- -3\ .. . pa(°0 L =2 L\ .2
tm * T ;m ("10‘5 + °3°‘s) X+ on (2 €y ¥ 30c3, ¥
CL CL
pd |1 - L- _3_-3] .3
+ 2mz” (2 Og ¥+ 3C3 st 2 %) Y,
(2.4)
a 2 2pa
o v e = PV ( 1= N CL&3> | P (1 2553 5
¥ 2Y = 7om \“1% 37s, 2m \°1%s 3 ¥
pdq»
D -2 1, pd ( L= -3\ .2
- om (co + ¢y + 3asc3> y + —E-(cl s + c3a ) X +
CL C]:l
pd |- L, %3-3 CS1-1 .2
+ 5 (3u5c3 50+ us] ve o+
D
pd (D L. -21\... pd 0  ©1 1 -2\ 1|.3
* _E'<CO et 3a 3] Ty T2 76 T (1 *2 s) °3j¥
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2 3
() VI z =1+%-%-+f—6- .,z €ER, |z|] <1,
z z5
(.) arctan(z) =z -t T e z €ER, lz| <1.

It is assumed that this system of equations describes the motion of the
cylinder; in what follows an analysis of this system of model equations will
be carried out in a rigorous way, that is all elaborations will be moti-

vated.

Introduction of the dimensionless variables X, ¥, T defined by X = wzx/gw,

Y = wzy/qw and T = W,t yields the following system:

2

%+ 2%x =¢ [;D - 2c% + (cL& + cLaz ¥+ 2% - (cL&s + cL&S) XY +

0 0 17s 3 0 1 3
cD cL cL
0 L 2 L 2 1 = L- 3 =3| .
+ [T - 1" 3a C3] Y + (T ocs + 3C3 s + 5 aS] Y] ’
(2.5)
- B L- L-3 I~ -3\ . L
Y+Y =€ {ic1ds + c3a ) -2 (clas + c3as) X - (CO + ¢y + 30 c3> Y +
cL cL
L= L-3\ :2 - L 3 =3 1 - -2
+ (c1 s + c3us> X + [3asc3 + ??'“s + TT-as] +

where 92 = w?/wg, € = pdz”/Zmu and a dot now stands for differentiation

2
with respect to T.

A system of four first order equations may be obtained by setting

B D, 2 : _ _ L L-3\ o _ .
X =x + Eco/Q r X=X, Y= x4 E\ci0 +cl0 ), ¥=x, from which fol-
lows that:
X 2x2 0
X — 2 2 3
1%, B Q Xy ayXy +a X, +ay,Xs Ay, XX, +a, Xyt oa,,,x,
al= < | *E 0 , (2.6)
3 4 3
; _ 2 2
X, xq b2x2 + b4x4 + b22x2 + b24x2x4 + b44x + b444x4
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where:
a e —2cD <0 b = -2 cL& + cL_3
2 0 2 17s 37s
L- L-3 D L -2 I
a, = (clas + c3ocs) b4 = - (co +ooy + 3ocsc3) >0
a =P>o b =M+ a3
22 0 22 17s 37s
L- L-3 D L =2 L
a,, =- (clas + c3us) by, = cy * oy * 30Lsc3 <o
_ D L, =2 1L .= L, L,=3 L=
Ay, = cO/Z -cy+ 30LSc3 >0 b44 = 30Lsc3 + c3/2ocs + claS/Z
< a3 2
_1's - L s o 0 1 1 =2\ L
3444 = T3 T 300t C3 3 b444"[7+'6_+(1+2°‘s)°3]<0'
The equations (2.6) will be studied for the case that the coefficients ay,
Bnor By b4, b24 and b444 have a sign as indiqated above. As follows from

measurements of the aerodynamic coefficients in a wind-tunnel these signs

are relevant for the description of the galloping phenomenon.

3. PERIODIC SOLUTIONS AND THE THEORY OF NORMAL FORMS

In this section normal forms will be used for the study of periodic
solutions for a class of differential equations, of which the system of
model equations derived in the previous section is a prototype. The study
concerns existence, stability and location of the periodic solutions in the
phase space as well as the calculation of amplitudes and.periods in an
approximative way. The results are formulated in two theorems. For the
proof of these theorems the reader is referred to [8] where also the rela-

tion with the (extensive) literature on normal forms is pointed out.

The model equations derived in section 2 are a special case of:

% = Ax + €f(x,€), x €D, (3.1)

0
where:

(.) 0€D cmzn (n € N) open and bounded,

(.) € € (—eo,so) cr, 0< €, <1,



46

() A = A , with A~ = and w, > 0,

2 2 |
(.) £€C (Dx(-€y,€0), R M, £(0,e) =0 for all € € (-€,,€,). 1

Furthermore, it is assumed that

w,
(.) =€ Q for all i,j € {1,...,n},
j
(.) the domain D has the property that if x € D then also
A
e 0:_: € D for all ¢ € IR, where:
1
oA %) -1
oA - AP e 0 d)Ai cos (t.uid)) wi sin(wid))
0 n 0 .. 0
e =) " —+= . n|, e = .
n=0 M @ . %
‘e -wisin(w.d)) cos((.o.gb)
Wy

Note that the cond:.tion Le Q for all i,j € {1,...,n} implies that there
J

exists a T > 0, independent of €, such that ¢ - ed> 0 is T-per:.odic, T

the primitive period of ¢ - e¢A0

015

To introduce and motivate the use of the normal forms used here consider

the differential equation:
£=na+e ), with £ € D, (3.2)
and suppose that fo satisfies the following condition:

oS o
go (e OE) =e 0§0 (§) for all ¢ €R and § € D. (3.3)

tA
By using the transformation P_; = e 05_( the following differential equation

for y holds:

g =y, (3.4)

Crltlcal points of (3.4) induce periodic solutions of (3.2): Y € o~ {o}
tag

and f (yo) = 0 implies that t = e Yo is a non-trivial ‘I‘O—perlodlc solu-

tion of (3.2). In what follows property (3.3) is used to define a normal
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form for system (3.1) and a (near-identity) transformation will be intro-
duced to put system (3.1) in normal form.

This normal form will then be used to give a theorem on the existence of
periodic solutions for system (3.1).

More explicitly one needs:

o , 2
Definition: A vectorfield go € CO(D,IR n) is called a normal vectorfield
(with respect to AO) if it is invariant under the flow pro-

duced by AO’ i.e.:

on oA
fo (e 0x) =e OEO(}_{) for all x € D, $ER

and

Definition: System (3.1) is in first order normal form when £(x,0) is a

normal vectorfield (with respect to AO) for all x € D.

It may be clear that in general system (3.1) is not in first order normal
form. In order to establish this, one may use a near-identity transforma-

tion of the form (P will be specified in theorem 3.1):
x =&+ er(@). (3.5)

Substituting (3.5) in (3.1) yields, for £ small enough, the following dif-

ferential equation for §&:

£ = Aog + € (Aog(g) - Dg(g)Aog + §(§,0)> + 0(62); (3.6)
here is g - Dg(g) the Jacobian matrix of P with respect to g.

In order to have system (3.6) in first order normal form one has to apply

a near-identity transformation as given in the following theorem (see [8]):
Theorem 3.1: Consider. system (3.1), i.e.
% =2a7x+ €f(x,€), x €D, (3.7

0

where
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Remark 1:

Remark 2:

(.) D CIR2n open and bounded, € € (—E:O,EO), 0< € L1,

2 2n
() £ €C (Dx(—eo,eo), R ), £(0,6) =0 for all € € (—so,eo),

w,
(.) fui € Q for all i,j € {1,...,n} and D has the property that

J tAO
x € D implies e “x € D for all ¢ €TR.

With

T

0 -¢a , ¢
L = TL[ e ¢ (e °>_;,o> a6

0“0

and

) -0A oA
P (x) si—J o (e Ot e %%,0) - fo(x)) b,
=2 TO 0 = b p

the following holds:

@ 2,2 € o ®Y, 20 =20 =0,

(2) go is a normal vectorfield,

(3) application of x = § + €P(§) yields, for € small enough

£ = B.E + ego(g) + €2g(€,€). [ Q, le] < Eo'

where g € C1 (Bx(-go,go) , IRzn)

here is 0 < € < €, and D a domain close to D (that is

0

B-’Dforso-bo). .

It is not difficult to extend theorem 3.1 to the case where
wi n,

— =-—+¢€§,, withn,,n, €EIN and §, € IR.

w n, i I | i

J J

Theorem 3.1 concerns an algorithm for the calculation of the
first order normal form of (3.7). In a straightforward way this

algorithm can be extended to calculate higher order normal forms.

In order to formulate a theorem on the existence and stability of periodic

solutions of system (3.1) two transformations are needed.
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The first and most obvious one is (3.5) which puts by virtue of theorem 3.1
system (3.1) into first order normal form:

~

g = AE + ego(g) + gzg(g,s) » E € D, €€ (—eo,go).

The independent variable and the invariance property (3.3) of the normalised

vectorfield play a part in the second transformation. With:

t(l-en_)a
E(t) = e 0% (3.8)

for some ne ER (nE depends on € and will be specified in theorem 3.2), it

follows that t - y(t) satisfies:

. 0 2~
yit) =€ (ners_( + £ (3_1)> + e°glt,y,n,€) =

(3.9)

2~
eg(g,ne) + € g(t,g,neyE),
where

(.) E(z,ne) = nEAoz + go(z); F is a normal vectorfield,

) §(t,3_r,n8,€) - t (1 Ene)Aog (et(i ene)Ao}_{,E) .
-A.t
As aforementioned the transformation y(t) = e £ (t) may be used to
establish periodic solutions with period TO. In general, however, when
periodic solutions exist of system (3.1) their period depends on %6 Assuming
that the period is smooth with respect to € one may write T, = T - ene

where nE depends continuous on € and lim ene = 0. This motivates the intro-

duction of the second transformation.E

Definition: §:BXIRX(—EO,EO) -,

Te

G (Xg'”g'e) =I [g(ge (t,!o) me) + €§(t,§_z€ (t,zg) ,ne,s)] at,
0

where t = Ze(t,zg) is the solution of (3.9) satisfying
0,50 =y°
Zg ’Zg - ZE'

Observe that:
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m cec BxmaE ), B,
(2) for e # 0 t = zs(t,zg) is a periodic solution of (3.9) with

period T if and only if G(zg,ne,e) = 0.

With the previous transformations the problem of finding periodic solutions
of 3.1 has been reduced to the problem of finding critical points of G. Now,
by using continuity arguments and the implicit function theorem the follow-

ing theorem may be proved (see [8]):

Theorem 3.2: Suppose that there exists a (zg,no) € Dx IR, Xg # 0 and a
i € {1,...,2n} such that:

(1) E(Xglno) =0,

(ii) The Jacobian matrix of F with respect to the variables
n'yl""’yi—l’yi+1"‘"an in the point (zg,no) is regular.
Then, for € sufficiently small (€ # 0), there is exactly
one critical point of G, say (zg,ns), in a O(€) neighbour-
hood of (zg,no). This implies the gxistence of a non-triv-
ial unique periodic solution §(t,§€) of (3.1) with period

To 0 0 0

_ . o, .0, -
T, = z—:—Eﬁ;-satlsfying §(O,§€) = Xoi X =¥t eg(ge).

Furthermore, the periodic solution is stable if the
9 )
n
0 17 Yy g ¥y Yo
(Xo,no) is stable and unstable if the Jacobian is unstahle

_ . S(Fy seesFy 4 oF  qreeiF
Jacobian matrix € Sy

in the point

Remark 3: The condition (i) in theorem 3.2 is a necessary condition i.e. if
F(y,n) # 0 for all y € D and n € R then there does not exist a

periodic solution of 3.1 with smooth period.

4. PERIODIC SOLUTIONS OF THE MODEL EQUATIONS

In this section periodic solutions of the model equations will be
established on the basis of the theory of section 3. In this theory it is
assumed that the unperturbed system has periodic solutions with period TO'
This implies that 2 € Q (in the model equations (2.6) w, = Q, w, = 1).

However, it is not difficult to show that the results which will be obtained
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also apply for the case that Q = % + 82 with n,m €N and § € R.

The model equations (2.6) may be written in the form:

Ax +eE(, x€®', €>o0. (4.1)

1%
]

In order to analyse this system one has to calculate:

(1) The first order normal form of (4.1) with respect to A

0
(Theorem 3.1):
[ 0 2
[ AO§ + €f (§) + 0(e7), (4.2)
0 4 .
(2) The zeroes (zo,no) € R xR of the vector function F:
Fly,m) = Nay + £ (y) 4.3)
2N = Nagy + £ Ay). .

Subsequently, Theorem (3.2) may be applied; firstly, one may decide whether
the critical points, if any, correspond to periodic solutions of (4.1) and
secondly, one may investigate their stability.

An interesting parameter in the equations of motion is &s’ which determines
the position of the ridge. Interesting here means that a number of terms in
b

f i.e. and b vanish when one sets &s = 0. In what fol-

3413247%444P2P22 44 )
lows the case us = 0(e), which includes us = 0, will be studied and some

results will be presented when &s = 0(1).
The case &s = 0(e)

As already pointed out the normal form depends on Ao and hence on Q.

One may distinguish two cases: Q # 2 and Q = 2.

(1) Q # 2:

The first order normal form of system (2.6) becomes:

a
- 2 2
g, = g +E5E +0(ED,
. 2 i) 2
g, = - 61 + € 7;—62 + 0(e7),
b (4.4)

3b
. 4 444 .2 2 2
€y = £y *+E [3; £3 + ——5——-(53 + 54)€3] + 0(e%),
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b 3b444

E= Eyre e et @l 52)54] +oeh.

As critical points of the vector function F one finds:

(1) 3_;8 = (0,0,0,0)F and n, arbitrary,
0 . T
(2) Yo = (0,0,pcos¢d,psing) and no =0,
4 b4
where p = \/- = —— and ¢ € [0,27] arbitrary.
3 b444

The critical point (1) corresponds with the trivial periodic solution
x(T) = 0; further analysis show that there are no non-trivial periodic
solutions of (4.1) in the neighbourhood of the origin (the origin is
unstable) . Although (2) suggests that there is an infinite number of
periodic solutions one can show-that they all correspond to one and
the same periodic solution which is stable. As an approximation for

the periodic solution one has:

"9 0 1
X(T) =e "y, + O(€) on time-scale O(7) and with period

Ts = 2Tm + 0(82) where Q = E—and ged(n,m) = 1.

Remark 4: One may observe that the first two equations up to order € of
system (4.4) are decoupled from the other two and can be solved
exactly; both solutions are asymptotically stable, i.e. tend to
zero if t = o, The third and fourth equation represent, up to

order €, the Van der Pol equation in first order normal form.

(ii) @ = 2:

Now the first order normal form of system (2.6) becomes:

ra a
2 Z2 44 2
€= E+ce 7 51t 2 6354]+0(€),
ra a
: 2 44 .2 2 2
£, =-48, +e | ¢ +——(€—E)]+o(e),
2 1 2 %2772 ha T >3 (4.5)
b b 3b
;o C4 24 _ 444 2 .2 2
B3 = Egr e g byt 85, - 88 v —5— (& +£4)E3] + 0%,

. b b 3b
Ep= “E3 e |5 &+ 7 REE +EL) + ——%—‘-li (E§ + Ei)£4] + o).




As zeroes of F one finds:

0
(1) yg = 0,0,0,007
0
(2) XO = (019110102)
0 0 0 0
(3) XO = (Y1.Y2,0:Y4
0 0 O
(4) XO = (‘yllyzroly
where
-a
44 2
() Py =57 Py Py
0 2n 0
(.) Y1=—bn IY2=
24

and no arbitrary,
T
and no =0,
T -
) and ﬂo =1,
0. T -
4) and Ng = -N.
_ \/ 4a2b4
- ’
344P04 = 32350444
a, O 2(a,+2b,)
2 = \/—2 4
by 74 ~3P 444

Iﬁ=

1

4
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(4.6)

\/a44b

24
3b

(a2+2b4) 2
a,-

444

The critical point (1) again corresponds with the trivial solution

(x(t) = 0) and there is no non-trivial periodic solution in the neigh-

bourhood of the origin. For the other three critical points

(ii) in theorem 3.2 holds if

(a)

a, b, , (a, +
a2 + 4472472

2b4)

2 3b

444

can thus distinguish:

2 ayqPpqfay +

2b4)

@n#+0).

2
#
2 3b444

condition

In this case one can apply theorem 3.2. One finds that system (4.1)

has at least three different periodic solutions; these periodic

solutions are stable and as approximation one finds:

TAO 0
e ¥q

x(T)

with period Te = 2T + Eno + O(€2).

+ O(€) on time-scale o(é0 and

Finally, by virtue of remark 3 one may conclude that

exactly 3 periodic solutions with smooth period (for

ly small).

there are

€ sufficient-



54

2 34qPpq(3y * 20

2 3b444

(b) a
In this case the critical points (2), (3) and (4) coincide. One
may therefore conclude, on the basis of remark 3, that system (4.1)

has at most one periodic solution with smooth period.

Remark §: Since in case (a) ﬁ # 0 the periodic solutions have also different

periods:
0
21 + o(e?) for y, = (0,01,0:02)T:
~ 2 0 0 0
2m + €n + O(e”) for y, = (y(l’.yz,o.y3)T and
- 2 0 0 0 0, T
2m - en + 0(€") for yg = (-y;,¥,5,0,¥,)

As is shown in section 1, the relation between the motion of the cylinder

in the (x,y)-plane and a solution of 4.1 is given by:

v, Echb
x(t) = @ %, (wzt) + w292 , x(t) = v x, (wzt)
' 2
Voo € L- L-3 .
y(t) = o x3(w2t) + 5 clas + c3as Vo y(t) = g”x4(w2t)

2 wzﬂ

One can therefore conclude that in the case &s = 0(€) the cylinder can have
exactly 4 periodic orbits (if N # 0) in the (x,y)-plane; 1 in the case of
# 2 and 3 if Q = 2.

The approximations for these orbits are listed in table 4.1 and they are
sketched in Fig. 4.1 to Fig. 4.4.
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\[0.2 _ 07z, i e Y2
Note: p, = \Ay)" + (y2) /4, B € (0,5) satisfying tgb =

-3
Zy:l

Resonance | Periodic orbit (on time-scale Period Stability | Fig.
0(1/€))
x(t) = o(g)
Q+ 2 o 2m . o?) | stable | 4.1
o 2
y(t) = ——wz- sin (wzt) + 0(g)
o,V
x(t) = 2—1—-"-'1 sin(2w,t) + O(g)
w, 2 21 2
Q=2 — + 0(g™) stable 4.2
o] v u)2
y(t) = sin(w,t) + O(g)
0)2 2
p.v
x(t) = 3'” sin (2w,t+8) + O(E) )
Q=2 02 —277:)1":—“— + 0(€2) stable 4.3
AR 2
y(t) = sin(w,t) + O(g)
w2 2
PV
x(t) = jw sin(2w2t—6) + 0(e)
2 -
Q=2 0 21N |\ o(e?)| stable | 4.4
Y4V )
y(t) = sin (w,t) + O(g)
wz 2
0
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Y y
Fig. 4.1 Fig. 4.2
y y
D
Fig. 4.3. 0 = 7 Fig. 4.4. 0 = T

The case &s = 0(1)

In this case all non-linear terms in the model equations in section 2
have to be taken into account. It turns out that if one compares the results

one gets here with the case as = 0(g) one should distinguish 2 cases:

(@) 2#1ana0# i
Although the original differential equations ((4.1)) are different from
the case &s = 0(€), they have the same first order normal form ((4.4)

if Q@ # 2, (4.5) if Q = 2). Hence the same results apply.
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(ii) =1 0r O =

N =

In these 2 cases the first order normal forms are different from those
found for &s = 0(g). In fact, preliminary results show that they do not
only give rise to resonance, which did not appear for these frequency
ratio's in the case &s = O(e), but also instability occurs and periodic
solutions vanish as a, = 0. It would go too far to present all the
possible periodic solutions here. In order to give the reader an idea
of the kind of periodic solutions that may occur some typical periodic
motions of the cylinder are sketched in Fig. 4.5 and Fig. 4.6. Both

periodic orbits are unstable and vanish as &s - 0.

Y Y
(xo,yo) (xo,yo)
. x
. 1
Fig. 4.5. 0 =1 Fig. 4.6. Q = 5
)

(1:1 resonance) (1:2 resonance

5. CONCLUDING REMARKS

In this work a non-Hamiltonian system of two non-linearly pérturbed
harmonic oscillators is studied with reépect to the occurrence of periodic
solutions. The mathematical framework e.g. the theory of normal forms and
the theory of existence for periodic solutions has been developed and pre-
sented in a rather general way, that is, extensions to autonomous problems
involvingn (n €N, n > 2) degrees of freedom and general polynomial vector—
fields can be carried out.

The non-linear coupling terms in the model equations as considered here are
non-homogenous polynomials of the third degree. In the model equations the

parameter &s determining the position of the ridge at the cylinder plays an
important part. When g is small and the frequency ratio  # 2 the two

degree of freedom motions are decoupled and the resulting oscillations in-
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volve one degree of freedom, perpendicular to the directions of the wind-
field only. When the frequency ratio 2 = 2 (and as is small) the harmonic
oscillators are coupled by quadratic terms, which give rise to resonance.
This resonance is induced by an interaction of (non-~Hamiltonian) external
forces. The type of solution corresponding to this resonance phenomenon is
a limit-cycle in]R4. As this type of resonance seems not to be known in the
literature one may wonder whether a new type of resonance is involved in
this problem.

Preliminary results show that in the case that &s is not anymore small as
well in the 1:1 as in 1:2 frequency ratios resonance occurs, which dis-
appears when as - 0. This is a bifurcation problem which has to be studied
in more detail. In addition, it is of interest to introduce a detuning
parameter § defined by wl/u)2 = 2 + €8. It is known that this parameter is
very appropriate to study near-resonance cases.

Finally one may say that since the general theory as presented here applies
to problems involving a finite number of degrees of freedom, the way is
open to develop and study extended model problems with three degrees of
freedom including rotational oscillations of the cylinder induced by aero-
dynamic moments.
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ABSTRACT.

We study a mathematical model for the interface between
fresh and salt groundwater which consists of a Poisson equation
in a strip for the stream function coupled to a time evolution
equation for the moving interface. We first present a numerical
study. The equation for the stream function is solved by means
of a finite element method while an S*f scheme is used to
discretize the interface equation. We then prove a local
existence and uniqueness result in a space of analytic
functions; our proof also extends to the Rayleigh-Taylor
instability in the case that the flow domain is a strip.

1. INTRODUCTION.

We consider a model which describes the two-dimensional
motion of fresh and salt water through a horizontal aquifer.
The fresh and salt water have different specific weights,
denoted by 7, and 7, (7} < 1;), respectively. As is common in
hydrology (e.g. see Bear [2] and de Josselin de Jong [12]) it
is assumed here that the fluids do not mix and are separated by
a sharp interface. The difference in specific weight induces a
flow and thus a displacement of the fluids and their interface.
Our interest here is in the time evolution of this interface.
Mathematically, this yields the following problem :
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2 ,
—A¢=F5—-[H(u(x,t)—z)] in 2 x R

X
¢ =0 on 38 x R
P P,
d
u, = — [dlx,ulx,t), t] inRx R
dx
u(x,0) = u (x) x € R
\
where
2= {(x,z) e Rx (0,M} , '=17, - 7,
and H is the Heaviside function : H(s) = 1 if s > 0 and

H(s) = 0 if s < 0.

The function ¢ is the stream function of the flow and u
represents the height of the fresh-salt water interface,
0 S u<xl.

We give a physical derivation of Problem P in Section
2. Using the Green function of the Laplace operator we then
give an explicit formula for ¢ and transform Problem P into a
problem with a single integro-differential equation for u.

We describe a numerical method in Section 3. The
equation for the stream function is solved by means of a finite
element method. The equation for the interface, when considered
apart, is hyperbolic ; the S*P scheme introduced by Lerat and
Peyret [14] is used for its discretization. A particularly
interesting case is that where u = 0 for small x, u = Il for
large x, and 0 < u < Il elsewhere. It is then essential to
calculate as precisely as possible the x-coordinates Sl(t) and
Sz(t) of the points where the interface reaches the bottom
z = 0 and the top z = I of the aquifer. We do so by
discretizing as well the differential equations for S1 and S;
and calculating u only between S1 and s;. Similar techniques
have been used by DiBenedetto and Hoff [5] and Hoff [11] for
the discretization of the porous media equation. We then show
some numerical results. In particular it clearly appears that
for large t u behaves as a rotating line. The contents of
Sections 2 and 3 summarize a joint paper with C.J. van Duijn
and J. van Kester [4].

Our analytical treatment of Problem P still leaves many
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questions unanswered. In Section 4 we restrict ourselves to the
case where u is bounded away from zero and from /7 ; no
hypothesis is made concerning the initial configuration of the
salt and the fresh water : the salt water can either be below
or above the fresh water. We prove the local existence and
uniqueness in time of the solutionin a space of analytic
functions, closely following a method due to Bardos, Frisch,
Sulem and Sulem [1] and Sulem and Sulem [15] ; the idea is to
apply a Cauchy-Kowalewsky theorem in a scale of Banach spaces.

In Section 5 we extend results of [1] and [15] for the
Kelvin-Helmholtz and the Rayleigh-Taylor instabilities to the
case
that the spatial domain is a strip. For more details about
the proofs of the results of Sections 4 and 5 we refer to Chan
Hong [3].

By other methods, Duchon and Robert [6,7,8,9] obtain
local and global existence and uniqueness results in the case
that 2 = R 2.

2. THE PHYSICAL DERIVATION.

In this section we give a physical derivation of
Problem P. We suppose that the interface [} separating the
fluids can be parametrized in the form z = u(x). Then the
specific weight throughout the flow domain is given by

7(x,2) = (7; - 7)) Hlu(x) - z) + 7, for (x,z) € Q.

f

A situation of particular interest is that where u = 0 for
small x and u = /I for large x (see Figure 1).

The motion of the fluid is governed by Darcy's law
(2.1) q + grad p + e, =0 in Q

and the continuity equation (expressing the incompressibility
of the fluid)

(2.2) divg=20

In these equations g and p denote the velocity field and the



64

pressure, respectively, and e, the unit vector in the positive
z direction. Equation (2.1) is written here in dimensionless
variables. Finally we suppose that g satisfies the no-flow
boundary condition

(2.3) g.v =0 on 9fl.

Suppose now that g s {I* (£)}? and that u is a continuous
s

function such that 5— € H-'(£). Oone can deduce from (2.2) and
X

(2.3) that there exists a function ¢ € H:(Q) such that g =
curl ¢ and it follows from (2.1) and (2.3) that ¢ is the unique

solution of the boundary value problem P¢

F:]
(2.4) - O&p= — = — (Hlulx) - 2)} in H' () P¢
ox ox

=0 on o042

where I = T, T, Before we proceed to the physical derivation
of the equation for the interface let us make two remarks.

(i) For R > 0, we define L% = (~-R,R) x (0,1). Then one can show

that ¢ € d"“(za) for all R > 0 and all « € (0,1). However, ¢
is not continuously differentiable : if n is the normal unit

&
vector to f;, it follows from [4] that 5— is discontinuous
n

across [; H

(ii) in order to solve Problem P, numerically, we shall solve
in fact the corresponding boundary value problem with a
homogeneous Dirichlet boundary condition in the bounded domain
ﬁ%. This procedure is justified by the following result. Let ¢
be the solution of Problem P¢ and 4; be the solution of the
corresponding problem in L&. Then, as R — ®, ¢ converges to ¢
uniformly on compact subsets of 2 (see [4]).

Next we derive the interface equation. Let u = u(x,t)
denote the height of the fresh-salt interface at a certain time
t > 0. Then the corresponding velocity field can be found by
solving problem P¢. From this the displacement of the interface
is calculated with the kinematic condition
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qg.n _— .

Using g = curl ¢, this equation becomes
d

(2.5) u, = — [e(x,u(x, t),t)] inRx R .
dx

Problem P¢ together with equation (2.5) and an initial
condition for u gives Problem P.

In Section 3 we consider the case where u - IIH (where
H is Heaviside function) has compact support. In view of the
nature of the problem, we conjecture that the speed of
propagation of the points Sl(t) and S;(t) where the interface
u(x,t) reaches the bottom and the top of the aquifer,
respectively, (see Figure 1), is finite. We define Sl(t) and
s, (t) by

sup {x € R | u(s,t)

Sl(t) 0 for all s £ x}
and

Sz(t) inf {x € R | u(s,t)

II for all s =z x}

The differential equation for S is found by observing that the
speed at which S1 travels in the (x,t) plane must be equal to
the velocity of the salt water in the salt water toe. We have
the formulas

. o

(2.6) Sl(t) = lim qx(x,o,t) = - lim — (x,0,¢t)
x 15 (t) x1 s (v 97
. . i P

(2.7) Sz(t) = lim q;(x,ﬂ,t) = - lim — (x,1, t)
x 1t 5, (t) x 1 s, (t) 9F

We observe that equations (2.6) and (2.7) are not part of the
original problem. However they will be used in the numerical
algorithm.

Next we suppose that u is a smooth function such that
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u € I(R) and 0 < u < 1 ; in what follows we transform
Problem P into an initial value problem with an
integro-differential equation. Using the Green function of the
Laplace operator we express «¢ as

ch(x - y) - cos (z - u(y,t))

I
P(x,z,t) = - — I 1n
411

ch(ix - y) - cos (z + u(y, t))
u (y. t)dy

and deduce from (2.5) that u satisfies the integro-differential
equation

u
¢ 4an ox
uy(Y' t) dy

r 0 1 ch(ix - y) - cos (u(x,t) - u(y,t))
= n
ch(x - y) - cos (u(x,t) + u(y,t))

For what follows it is handy to introduce the quantities

sh(x - y)
Viu, f) (x,t) = f(y, t)dy
ch(x - y) - cos(u(x,t) - u(y,t))
sh(x - y)
W(u, £f) (x,t) = f(y, t)dy
ch(x - y) - cos(u(x,t) + u(y,t))
: sin (u(x,t) - u(y,t))
X(u, f) (x,t) = f(y, t)dy
ch(x - y) - cos(u(x,t) - u(y,t))
sin (u(x,t) + u(y,t))
Y(u,f) (x,t) = f(y, t)dy
chix - y) - cos(u(x,t) + u(y,t))

Ql(u,f) = V(u,f) - W(u,f) and Qz(u,f) = X(u,f) - Y(u,f) . Then
the system (2.4),(2.5) can be written as the equation E,

r
E u= - ZTI {Q (uyu) +u @9 (uud} .

3. THE NUMERICAL METHOD.

In this section we describe a numerical algorithm for
solving Problem P and show some numerical results. The
algorithm is based on an explicit time integration scheme for
the initial value problem
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d
u, = — [$(x,ulx, t),t)] in (-R,R) x R
dx

u(x,0) = q)(x) in (-R,R)

3.1. Discretization of the problem for ¥ .

Let u” (x) be the interface at time t". The
corresponding stream function satisfies the problem

FZ]
- &p =T — (Hu(x) - 2)} in £
ax ®

A =0 on BL%

Let 9; be a triangularization of Z%. Using the finite element
method with piecewise linear basis functions, we obtain the
following discretized problem

Find 43 € V; such that

R
Jﬂ grad &, grad v, = - r I‘k (u:) (x) V;(x,u:(x))dx
R

for all v, € Vh
where

v, = {v, € ‘G(??R) | vKeZ v, is linear on K and v, = 0 on 34}
In [4] we present two variants for the

triangularization of La. The first one consists in a fixed

triangle distribution throughout L% : the other one is done

with the help of an automatic mesh generator, allowing the mesh

to vary at each time step in such a way that the discretized

interface coincides with sides of triangles. In this way only

values of ¢z at mesh points are needed in the computations.

3.2. Discretization of the interface equation.

In order to discretize the interface equation, we use
the S*F explicit scheme of Lerat and Peyret [14] with «, B
optimal. We consider in particular two cases :if 0 < u < I, we
compute u on the whole interval (-R,R) ; in the case that
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u = 0 for small x, u = Il for large x, and 0 < u < 1
elsewhere, we use the extra equations (2.6) and (2.7) and

calculate u only between Sx and S;.
a) The S*P scheme with «, 8 optimal.

Let u: be the approximation of u(xj,t") where the x?‘s

are the x-coordinates of the mesh points at time t”. The
function u: that we have introduced above is obtained by linear

interpolation. Further we use the notation bg = xf*l - xf and

At® = tf*1 - t" The S*F scheme is given by

~ R PaY
u';=(1—ﬁ)ul+ﬁu‘;”+oz
hl.l
1
[, ) - e G )
a+1  _ an act xB u? - +
u u, = . {(a - 3)43( PR )
a(h; + h:-1)

+ (2B - 1) ¢, (x,u], t") +
(1 - a-po(x] ,uf_ . t") +

1 i
~

+ @, W) - w_ )

where E: = xj + B h?, T = t" 4+ a(t?*'- t"), the predictor

term u® is an approximation of u(iﬁ, t) and ¢4, €V, &g € i&
are the solutions of

R
Jﬂ grad ¢, grad v, r I—R (u:)'(x)v;(x,u:(x))dx
R

for all v, € Vh

and of

~ ~ R . ~ ~
JQ grad ¢, grad v, =T JLR(u:) (x)vh(x,u:(x))dx
R
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for all v, € Vn .
respectively, where ;: and 31 are the analogs of u: and V;. Our

choice of the parameters a = 1 + JE/z and B = 1/2 is called
optimal ; when applied to Burger's equation this choice of the
parameters minimizes the dissipative effect of the scheme.

In order to insure the stability of the S*Pscheme, we
choose At" such that it satisfies the CFL condition

ct at" / B® <1
max
where h:ax = max {h:} and where C" is an approximation of the
i
I,

oz

maximum of on both sides of the discretized interface.

b) Boundary conditions.

In the case that 0 < u < /I, numerical boundary
conditions are necessary. Since the lines x = * R are
characteristics of the differential equation (2.5), we obtain
the boundary values by approximating the equations on the
characteristics

u (*R,t) = 4&(iR,u(iR,t),t)
by means of a suitable scheme [4].

c. Computation of S‘md ss .

Let Sf and E? be the approximated values of Sl(t") and

Sl(??). We assume that Sf > = R and define kf and ﬁf by

k;‘=min{i,x';>sf} andif=min{i,3':‘1'>§;’}

We discretize the equation (2.6) by the following analog of the
second order Runge-Kutta scheme :
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un
Ko
1
s1tl = gn -
1 1
@, (% Ut @, (UL T
P A kK , L Kk
2a u 2a ;i
K %

and use similar formulas for the discretization of (2.7).

3.3. Some numerical results.

We choose L& = (-3,3) x (0,1), I' =1 and take as
initial condition the function u
0 - R< x< -1/2
2x+1 -1/2 < x < -1/6
u = |-x+1/2 -1/6 < x < 1/6
2x 1/6 ¢ x £ 1/2
1 1/2 < x < R

The computations of Figures 2 and 3 have been performed with
the adaptive mesh. One observes that for large t the interface
behaves as a rotating (nearly straight) line. It turns out that
this rotating line is very close to the similarity solution
computed by van Duijn and Hilhorst [10] in the case of an
approximated model.

4. LOCAL EXISTENCE AND UNIQUENESS.

In this section we give a local existence and
uniqueness result for Equation E together with an analytic
initial function which is valid in both the cases where the
constant ' is positive and negative.

In order to get a feeling for the sort of difficulties
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that arise, we first linearize this problem around the constant
u = [I/2. We obtain the initial value problem

d 1 (y.t)d in R x R
v, = - — —_— v (y, i X
¢ an sh(x - y) e of
(4.1) .
v(x,0) = vb(x) in R

Let v be the Fourier transform of v
viE, t) =J‘ ML y(x, t)dx .
Then 3 satisfies the problem
v, =- T HE th (IFE) V(E,t)
V(£,0) = ¥ (&)

whose solution is given by

~ _ -rmEenc eyt 3
v(E, t) = € th( Yoy (&)

If I > 0, that is, if the salt water lies below the fresh
water, and if v, € L* (R), then 35 € I* (R) and v(t) € I? (R) for

all t > 0 so that Problem (4.1) is well-posed in L? (R). If on
the other hand I" < 0, that is if the fresh water lies below the
salt water, then in general,

e Mmetn 1P &)t %(g ¢ I*(R) for t > O.

However, if v, is analytic in a strip of the complex plane, its
Fourier transform decreases exponentially fast as £ — + ® and
the function

e—rr’Eth( nzf)t Vo(é)

remains in I? (R) during a time interval which is proportional
to the width of the strip. Hence the motivation to use spaces
of analytic functions for the study of Equation E.



72

Next we present our basic tools of study.

Definition 4.1. Let {Bs}s>o be a set of Banach spaces.
S = U 0 B, is a scale of Banach spaces if for all 0 < s' < s
s>

there holdsBs C B_, and Hu"s, < ||u||s for all u € Bs where H.Hs
stands for the norm in B .

Fix « € (0,1). For each s > 0 we consider the set of
functions {u(z)} analytic in the strip of the complex plane

b = {z=x+1i0, x € R, lo| < s} .

We define

Ju(x + i0) - u(y + io)|

full, = lul, + Sup
x4+ ioc € b, Ix - y1*
y + io € bs
where
lul, = Sup lu(x +io) |
x + io € bs
and
llullee = |ul +
Z L,
1 3 3
+ Sup Sup - lu(x + d +i0) - u(x + io) |dx
loj < s d> 0 d*
where
lulL = Sup j lu(x +io) |dx .
s lol < s

We will use the following notations, which are due to Bardos,
Frisch, Sulem and Sulem [1] and Kano and Nishida [13] :

‘c,; = {u, u analytic in bs . HullS < + o}
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¥ = {u, u analytic in b ., ||u||:£ < + o}
K3

and

%

{u, u analytic in b, . Mull, : = llull, + "uu&; < + o}

and introduce the scale of Banach spaces

S = U B
s>0 °

where

B ={u€‘cjs queﬁs anduneiﬁs}

s

is equipped with the norm

Null, = max Cllull,, Wi, . Hu, 1)

The following relations are very useful in what follows. For
all 0 < s' < s

Ju c
(4.2) —_ € — ul| for all u € ¢
ox s - s' o s

8?

and

A

c
— Jjull for all u € .
s - s' 2; &;

Jou
(4.3) —
“ax

G

Our proof of the local existence and uniqueness of a
solution of Equation E is based on the following
Cauchy-Kowalewski theorem

Theorem 4.2. Let S = U 0 Bs be a scale of Banach spaces and
s >
let s . R and 71 be positive constants, u € Bs and

0
(u,t) — F(u,t) a continuous mapping of {u € B, ., u - uOHB <
8
R} x [-7.,7m] into B,
any t € [-7,7]

, satisfying for any 0 < s' < s < s, and

’
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lhu, - u, i,

g
i - <
(i) NF(u, , t) F(uzt)uBs, c p—
for all u, . i=1,2 such that Hul— UOHB < R, where C is a

k-4
constant which does not depend on t, ul; u., s and s'

~e

(ii) HF(uo,t)HBs <
o

where C' is a fixed constant.

Then there exists a positive number a and a unique
function u(t) such that, for every positive s < s, and

|t} < a(s0 - s), u is a continuously differentiable function of
t with values in Bs, lu - uonB < R and u satisfies
s
u, = F(u(t),t) jt} < a(so - s)
u(0) = u

0

If, in addition’to (i) and (ii) with t complex, F satisfies the

following assumption : for 0 < s' < s5 < 5, and u holomorphic

for t € C, |t] ¢ m valued in B, with Sup flu(t)y - ull, <R,
s

|t} < 7
t — F(u(t),t) is a holomorphic function for |t| < 7 valued in
B_,, then u is a holomorphic function of ¢ with values in B_.
In order to apply Theorem 4.2, we look for functions u
and f which have an analytic continuation in the strips tg

I 11
satisfying |Sm uxls < K< 1 andju - 5'5 < 7‘5 with 7 €(0,1) so

that the functions Ql(u,f) and Qz(u,f) can be analytically
continued in those strips. Further we set

r
Flu,t) = - 2177 {Q (u,u) +u 9 (uu)}

We have to obtain a priori estimates for
MF(ul,t) - F(uz,t)HB and for HF(uo,t)HB for suitable
5

s
functions u..ou and u, . Next we indicate the main steps needed
to estimate uF(ul,t) - F(uz,t)HB , or in other words,
8
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)
IFCu t) - Flu ,E)_, . ms; (F(u ,t) - F(u ,t)ll,, and
2
Il (F(ul.t) - F(uz,t))us,. These estimates will follow from
ox*
estimating (IF(u ,t) - F(u, ,t)ll, ., WF(u ¢) - F(u,, t)lll, and

3

|— (F(ul,t) - F(uz.t)lls and using the relations (4.2) and
x

(4.3).

Next we state results which permit to obtain estimates
of ||F(u ,t) - Flu,,t)ll, and |IF(y ,t) - Flu , | .

Proposition 4.3. For u and u in B, with | m ux|s< K <1,

b4 1
lu - 5' < 7 5 , 7€ (0,1), max (Hu“s,ﬂuxus, Huxxus) < R and

similar conditions for 5, E; and ;xx and for f, fe ﬂ%,
we have the following estimates with i = 1,2 :

(i) if |1, u‘fus < R, then

o, (u.£) - o (@B, <

< . - - .
< c(r R (lu-ull, + Nu-T N, + o, -3 I, + I£-F,)

(ii) if ||fnz,s , "?"Z < R, then
S

o, (u, £) = 0 (w0, By <

xXx Xx

< c(nR (lu-ull, + Nu-u l, + o, ~u N, + (1£-Fllg )
8

where the constant C(7,R) is uniformly bounded in 7 for
T € [0,7;] with 7, < 1.

There remains to estimate the term

2]
— (F(u_,t) - F(u ,t))
ax 1 2
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To that purpose, one first derives the equalities

3 / 3 ( £ / 3 FFu )
X
— (u,f) (z) = u,— (z) + @Q u,— (2)
ox o Q ox 1+ 2 X L14_1_12
\ \ X \ x//
3 ( £ \ / 3 (fu )
+u(z) @ |u— (z) + u (2) (VW Ju— (z)
\ x/7 \ \ x]/
and
3 P ( ¢ / 3 (Fu N
— Q, (u,f) (z) = 9, |u— (z) + (VW) |u — (z)
ax 3x 1+u2 aX 1+u2
\ x \ \ %7/
£ ) / 3 (fu
- ux(z) 9 |u— (z) + ux(z)(X+Y) u,— (2)
x / \ \ X/7

for all z € t; .
Using these equalities, the estimates of Proposition

4.3 and similar estimates for V, W. X and Y, one can show the
proposition

Proposition 4.4. For u and T in Bg with

bif n
| u | < K<1, lu-—-| < 7r—, 7€ (0,1), |lul < R and
x 2 2 By

~

similar conditions for u and for f and f in ﬂ% and f; and f; in

%% with max (MfHL, ”f;"s) < R and max(M?HL,HEiMS) < R, we have
the following estimates with i = 1,2

3 .
— (o (u, D - o (B <

Ix 1

(7. R {llu - ull, + Wf- FI, + £, - F I}
s

where the constant C€(7,R) is uniformly bounded in 7 for
7 € [0,7;] with 7, < 1.
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Finally, one can deduce from Propositions 4.3 and 4.4
the following result :

Let u, be a function which can be analytically
continued in b, such that u € B |Smu | < K< 1 and
1] (] 1]

b I

jlu - 