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INTRODUCTION

The basic motivation underlying this monograph is two-fold. Firstly,
it is thought that the framework of mathematical system: theory can contri-
bute to the modelling of dynamical systems as encountered in physics. Se-
condly, it is thought that system (and control) theory can benefit from a
closer study of the natural structures possessed by physical systems.

With respect to the first aspect we note that the commonly used axio-
matic frameworks in physics are not really aimed to deal with external in-
fluences exerted on a dynamical system. Indeed, normally attention is con-—
fined to the description of isolated systems or systems undergoing an ex-—
ternal force that is a function of the state of the system and which there-
fore can be incorporated into the system. A paradigmatic example are conser-
vative mechanical systems where one supposes that the external forces can
be derived from a potential function. It is felt that especially in appli-
cations this restriction to essentially isolated systems entails quite a
loss of generality (see BROCKETT (1977), WILLEMS (1979)).

In mathematical system theory the approach to describing dynamical
systems has been entirely different. The possibility of exerting forces on
a system is a basic notion and a dynamical system is above all viewed as an
entity which transforms input signals (for instance external forces) into
output signals. Since system theory finds its roots in engineering this
set-up is quite natural if one for example identifies inputs with control
variables and outputs with observations.

The dichotomy between the approach of (mathematical) physics and of
system theory, grosso modo between the description of a dynamical system
by a set of ordinary differential equations, or by an input-output map, is,
however, not as large as one may think. This is due to the fact that during
the last decades mathematical system theory has recognized the notion of
state as a central issue in the modelling of dynamical systems. The state
of a system at every moment contains all the information about the past
input-output behavior which is relevant for the future input-output behavior.
Consequently, the time evolution of the state due to initial conditions and
external inputs has become crucial in the system theoretic description of
a dynamical system. An important offshoot of this development is the fact
that one ‘has reached a clear and precise picture of the concept of state.

The state has to be rich enough to explain the input-output behavior, but
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on the other hand it is mnatural to look for a "minimal" state explaining the
external behavior. This issue of minimality, together with the question of
uniqueness of a state and its constructibility from input-output data has
given rise to an elaborate theory about the notion of state. We feel that
system theory can therefore contribute to a more fundamental formulation of
the concept of state in physics. Indeed a system theorist feels ill at ease
at the often unprecise and loose use of the word state in physics (e.g. in
thermodynamics). Since both physicist and system theorist are convinced of
the importance of the concept of state, a rapprochement between system
theory and physics should be fruitful.

With respect to the second aspect - the benefits for system theory stem-—
ming from a closer study of the physical structure of systems - we note that
the study of general and especially linear systems has predominated the
development of system theory over the last decades. As a consequence there
has been a tendendy to neglect the natural structures imposed by the physi-
cal character of a system. Furthermore some of the constructions used in
control theory do not have a clear physical interpretation when applied to
systems with a specific physical structure. Apart from being unsatisfactory
from a theoretical point of view this may be also a serious drawback in
applications. Especially for the study of nonlinear (control) systems it
seems advantageous to use explicitly the physical structure of the system

under consideration (see CROUCH(1981)).

The first two chapters of this monograph are devoted to general system theo-
retic models for the description and analysis of physical systems. The main
characteristic is that the usual framework of mathematical system theory is
enlarged by not requiring a priori that the external variables are split
into inputs (causes) and outputs (effects). As is argued in WILLEMS (1979)
the identification of which external variables constitute causes and which
effects,is often not immediately clear in physical systems and should be
regarded as a representation question. This results in a general system
theoretic framework for physical systems, where "physical" is interpreted

in a very broad sense. Section 1.1 gives some intuitive background for this
framework, and Section 1.2 is devoted to a study of these ideas for set-
theoretic dynamical systems. Especially the notion of state and related
issues become very transparent in this set-theoretic context. In Chapter 2
we deal with two important classes of systems: finite dimensional linear and

(smooth) nonlinear systems. With respect to linear systems we concentrate
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mainly on a '"geometric' description of the external behavior in the "fre-
quency domain'. Using an idea of Martin & Hermann we associate to a linear
system a vector bundle over the complex projective line, whose invariants
can be identified with the controllability indices. Furthermore there is
another, dual, vector bundle, whose invariants are the observability indices.
The second part of Chapter 2 contains a unified treatment of nonlinear sys-—
tems with external variables from a differéntial geometric point of view,
with particular emphasis on the use of distributions and foliations as a
generalization of the "geometric (state space) theory" of linear systems.
In Section 2.2.4 we present a new approach to the nonlinear realization
problem.

The central piece of the monograph is Chapter 3 where we treat Hamil-
tonian systems from a system theoretic point of view. After the general
Chapters 1 and 2 this chapter is the cornerstone for the desired rapproche-
ment between system theory and physics. We argue that especially in the
case of Hamiltonian systems, mathematical system theory can contribute to
the formalization of the notion of external force. If we want to regard
Newton's second law and the Euler-Lagrange equationé with external forces
as basic laws of mechanics, and external work as a primary concept, then
the framework of (Hamiltonian) vectorfields on (symplectic) manifolds is
clearly inadequate. We note that historically the science of mechanics has
been the paradigm of a physical science where external forces figure in a
prominent way, and that only in the last century the external forces have
been removed from the Euler-Lagrange and Hamilton:equationms. It will
appear that Hamiltonian systems with external forces and observations have
nice system theoretic properties, and that especially nonlinear Hamiltonian
systems form an elegant subclass of the set of all nonlinear systems. We
remark that the system theoretic interests in Hamiltonian systems are not
restricted to physical systems, since Hamiltonian systems come up naturally
in various places such as optimal control, filtering, signal processing etc.

Another contribution of system theory to the analysis of physical sys-
tems is the treatment of symmetries and conservation laws as given in Chap-
ter 4. From a system theoretic point of view it is natural to start with a
definition of external symmetries, i.e. symmetries of the external behavior
of a system. Then the question arises whether and how such an external sym-—

metry is related to an <nternal symmetry, i.e. a symmetry in the dynamics
of the state. The system theoretic definition of a conservation law is

also more general than the usual notion of a function that remains constant

along the trajectories of the system. For in-
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stance, conservation of energy means that the change in the amount of ener-
gy stored in the system is equal to the externally supplied energy (e.g.

by external work). We note that this generalized conception of conservation
law is often implicitly used in physics, think for instance of the use of
conservation of momentum and kinetic energy by collisions of particles.

The major result we obtain is an extension of a classical theorem of Noether
and can be expressed by saying that also in this generalized setting a
symmetry for a Hamiltonian system corresponds to a conservation law and

vice versa. The second part of Chapter 4 is devoted to the notion of time-
reversibility. Again, time-reversibility is firstly defined in terms of the
external behavior of a system. In fact the definition is particularly ap-
pealing since we only require that the external behavior, i.e. the set of
possible external trajectories, is invariant under change of time direction.
To this external time-reversibility there corresponds a dynamic time-rever-—
sibility of the evolution of the state. Roughly speaking, the set of state
trajectories is invariant under time-reversal, modulo change of sign of the
"velocities". When applied to Hamiltonian systems we arrive at the impor-
tant class of time-reversible Hamiltonian systems, where the internal ener-
gy is the sum of a kinetic and a potential energy term. Furthermore for
linear time-reversible Hamiltonian systems we are able to solve the so-
called synthesis problem. We give a procedure to construct a time-reversible
Hamiltonian system with a specified external behavior. The required elements
are (in an electrical network context) capacitors, inductors and transfor-
mers, and in mechanical context masses, springs and (for small deviations)
levers, or another mechanical analogue of transformers.

Chapter 5 is devoted to a class of physical systems which is very si-
milar to the class of Hamiltonian systems on the level of definition, na-
mely gradient systems. The characteristic properties of gradient systems
are however less clear than in the case of Hamiltonian systems. This is
mirrored as it were in the fact that some of the system theoretic results
which we proved for Hamiltonian systems are no longer true for nonlinear
gradient systems. Chapter 5 therefore shows that Hamiltonian systems form
indeed a particularly nice subclass of (nonlinear) systems and that from a
system theoretic point of view gradient systems are more complex than Ha-
miltonian systems.

Finally in Chapter 6 we give some initial ideas about the application
of the theory of Hamiltonian systems to the area of (nonlinear) optimal

control.



We have confined ourselves in this monograph to the treatment of fun-
damental system theoretic aspects of physical and in particular Hamiltonian
and gradient systems. To return to the beginning of this Introduction we
believe that the systematic study of systems with a given physical struc-
ture is also of help for the treatment of control and synthesis problems

for such systems. Indeed this remains a large area for further research.

Advices and warnings for the reader.

Although this monograph has a pyramidical structure it is not neces-
sary to read everything from page 1 to the end at a stretch. Especially Chap-
ter 2 may be for some readers a bottleneck which can be better postponed
till after reading Chapters 3, 4 and 5. Furthermore it is recognized
that the interests of the readers may differ considerably. We have there-

fore distinguished between three categories of readers:

1. The reader primarily interested in Hamiltonian and gradient systems

is advised to read Section 1.1, to skim over Section 1.2 and to take a
brief glance at the first definitions of Sections 2.1 and 2.2. Then one
should start with the reading of Chapter 3 and continue with Chapters 4
and 5. Occasionally one will notice some references to especially Chapter
2 to which one can return if necessary.

2. For the reader who is especially interested in nonlinear system theory,
the real reading starts in Section 2.2, with a rather elaborate treatment
of nonlinear systems including controlled invariance and a new approach to
the nonlinear realization problem, and can be continued to the end (with
possible deletion of the "linear" sections).

3. The reader who wants to confine him or herself to the treatment of the
material in a mainly linear context, is advised to read Chapter 1, Section
2.1 of Chapter 2 and Sections 3.1, 3.1.4, 3.2.2, 3.5, 3.5.1, 4.1.3, 4.2.3,
4.2.4, 5.1 and 5.2.2.






CHAPTER 1

SYSTEMS WITH EXTERNAL VARIABLES

1.1. Some remarks on the description of physical systems

In this section we want to give some intuitive background and motiva-
tion for the mathematical framework that we will use in the rest of this
monograph for the description of physical systems. In first instance, the
word "physical" can be interpreted in a broad sense. It means that we do
not want to enter the possible axiomatics of some '"general system theory",
and that we confine ourselves on the intuitive level to systems which are
normally considered in disciplines as physics, chemistry and parts of bio-

logy and economics. Later on, in Chapters 3, 4 and 5

'physical" will be
interpreted in a much more narrow sense (i.c. Hamiltonian and gradient
systems).

Very roughly speaking, a mathematical description of a physical sys-
tem consists of a set of variables which in a certain way represent the
"empirical characteristics'" of the system. Moreover, the mathematical model
should give (preferably quantitative) relationships between these variables.
Especially important is usually the description of the dynamical behavior
of the system, i.e. the way the system evolves in time. For this purpose
the variables are seen as functions of time and the mathematical model has
to give information about how these variables evolve. When we talk here
about the description of systems, we will mainly be referring to this dyna-

mical behavior.
Systems with external variables

What kind of procedure should we follow in trying to describe a physical
system? The first step we have to make is to look at the system as an entity
distinguished from the outside world. We have to make clear what belongs to
the system and what we do not want to include in it. After this separation
between system and environment has been accomplished, we have, roughly
speaking, the following three possibilities to describe the system.

The first one is that we comsider the system as actually <solated

from the outsideworld, or at least that for all purposes of accuracy we may
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regard the system as isolated. The paradigmatic example of this possibili-
ty is our solar system. Indeed this can be regarded as a world on its own.
However, it is hard to find down-to-earth and real (i.e. not idealized)
systems which have this same strictly isolated behavior although it ‘may

be in many instances a reasonable assumption.

A second possibility is to regard the part of the outside world which
may influence the system under consideration as nearly constant in time
when compared to the dynamical behavior of our system (if it is really
constant we could have described the system as isolated). The usual proce-
dure is then to include into the mathematical model a set of parameters
which represent this external influence and are supposed to be slowly vary-
ing in time. Indeed, a large part of mathematics dealing with the descrip-
tion of (dynamical) systems is at least partly concerned with or motivated
by this type of modelling. We mention perturbation theory, bifurcation
theory and the theory of structural stability.

The third possibility is to try to really include the connections of
the system with the outside world Znto the description of the system. The
system is therefore, so to say, not regarded as an isolated "box", but as
a "box" together with the "wires" connecting it to the rest of the world.
This third possibility we will call the system theoretic description of a
physical system. Of course this goes along with a changing point of view.
One does not try to isolate the system "at all costs'", but one is especial-
ly interested in the continuous interplay of the system and its enviromment.
Since this environment is considered as "unknown", we have to study the set
of all dynamical behaviors which can occur at the boundary of the system
(the wires of the box), i.e. all behaviors which are compatible with the
system under consideration. This whole set is called the external behavior
of the system. We should, however, mention that for real systems there may
be a very large amount of connections with the outside world, where as also
in a system theoretic description we will normally only treat a small num-—
ber of them and neglect the rest. Hence the same type of questions as
arising in the first and second possibility also exists in a system theo-
reticdescription. However, we have at least on a conceptual level a way to
deal with the influences from and on the outside world. This seems to be
an important advantage of the third possibility.

There is another argument in favor of the system theoretic description.
In disciplines like physics and chemistry it has been a very successful

approach to consider a system as composed of smaller and simpler subsystems



which are much easier to describe. Indeed the success story of physics
seems to be partly based on its concentration on the study of simple and

"understood"

idealized systems. Afterwards the large real system can then be
in terms of the simple systems which constitute the large system. In fact
in celestial mechanics a breakthrough, made by Newton, was to consider the
solar system as composed of the heavenly bodies, each forming a system on
its own, governed by a simple law (Newton's second law), and undergoing
forces from the other systems and on its turn exerting forces on them. This
approach, called "tearing", gives us the system as a (sometimes complicated)
interconnection of all kinds of relatively simple systems. To study the
whole system we can study these simple systems separately. But then we
should also include in their description their external behavior (i.e. the
way in which they can influence and can be influenced by the outside world),
since this will be needed in order to determine the behavior of the whole
system. The procedure is thus as follows. Tear the system into simple sub-

systems. Study the systems fogether with their external behavior. Then inter-

connect the simple systems again with each other.
For example, given an electrical circuit, we can first study the behavior

of its elements (capacitors, inductances, resistances, and so on) out of
which the circuit is composed. Then b& interconnecting these elements in
accordance with Kirchhoff's laws one can obtain the original circuit again.

This brings us to another point in favor of the system theoretic ap-
proach, which has its roots in technical applications and engineering. In-
stead of studying the behavior of a complicated system by tearing it, we
go the other way around an& we want to construct a system with a specified
behavior, out of simple building blocks. This leads to the so-called syn-
thesis problem: which building blocks should we use and Zow should we inter-
connect them in order to achieve a system with a specified behavior. Clear-
ly to tackle this problem we need a theory of systems which also includes
their external behavior.

A more general argument for the system theoretic description, also
originating from engineering, has to do with the attitude to consider a
system as a device. Usually, this goes together with the so-called input-
output framework, to which we return later on. One looks at a system as a
device which transforms inputs (controls) into outputs. The external be-
havior of the device is exactly this relationship between input functions

and output functions. Clearly, this external behavior of the device is



what really counts in applications.

Summarizing, we want to study systems which may be connected with
other systems. Therefore, we consider the system as separated from the out-
side world, but we also incorporate in its description the external be-
havior of the system. We will assume that this external behavior is given
by specifying the possible evolutions in time of a set of variables, which

we will call the external variables.

The notion of state

Apart from connections with other systems there is still another, may-
be even more fundamental reason to study the external behavior of a system.
This has to do with the notion of state. Intuitively the state of a system
should contain the whole memory of the system. Knowledge of the system at a
certain instance of time, together with the knowledge of all future external
influences should totally determine the future dynamical behavior of the
system. Hence, in the case that the system is isolated, the state of the
system is all one needs to know in order to predict the future (single) be-
havior of the system. The usual mathematical structure for this last situa-
tion is a set of first-order differential equations in the state variables.
Partial differential equations can be seen as first-order differential equa-
tions on an infinite-dimensional state space, and many other mathematical
descriptions are also variations on this theme.

Of course, this type of modelling presupposes that one knows which
variables constitute the state of the system. In many situations, however,
a physical system is actually given by a set of '"phenomenological" laws,
describing the external behavior of the system and not involving the state
variables. A simple example is the law for ideal gases PV = constant, which
gives the relation between the two external variables P (pressure) and V

(volume). A state of the system consists of the positions and velocities of
all particles involved. Another simple example is Newton's second law
F = mq which is a dynamical compatibility relation between the two external
variables F (force) and q (position) as functions of time. The state of this
system consists of the position and the velocity, or the position and the
momentum. Hence in this case the state can be very easily constructed from
the knowledge of the external variables as functions of time, but does not

explicitely enter the law F = mq. We can also consider a (large) electrical



network, described by compatibility relations on the voltages and currents
on some wires emanating from the network. These compatibility relations do
not have to involve the state variables, which are the voltages or currents
of (a subset of) the circuit elements Znside the network. We see that there
can be two reasons for giving the system as a set of compatibility relations
("laws") on the external variables, not involving the state variables:
(1) The state of the system can be very complex, while the external behav-
ior is (relatively) simple. .
(ii) The state of the system is not accessible to us; we cannot measure what
is going on inside the system.
This second reason goes along with the so-called "black-box" description of
a system. We can only observe (or we only care about) what comes into the
box and what goes out of it. From an experimental point of view it can be
argued that descriptions of physical systems are in first instance always
"black box'" descriptionms.

Concluding we can say.that in many cases the external behavior of a
system should be actually taken as the starting point for the description
of a system. If we want to know the state of the system we should be able
to deduce it from the observations of the external behavior. This is in
system theory called the Realization Problem: How do we construct from the
external behavior
(i) a set of variables which is rich enough to be called the state of the
system, and
(ii) the equations governing the evolution of the state ?
Since we only want to construct a state which "explains'" the external be-
havior it is of course possible that we end up with a state which does not
correspond to the "real physical state" of the system. In the case of a
mechanical system we might take instead of the natural state, i.e. the
positions and velocities (or momenta) of the particles another set of vari-
ables which is in one-to-one correspondence with it (Notice that we already
mentioned two possibilities for a natural state: pesitions and velocities,
or positions and momenta). For thermodynamic systems it is always possible
to find a set of variables which is much smaller than the set of the posi-
tions and velocities of all the particles involved, but which on a more axio-
matic level can be called the state since it contains all the memory about
the external behavior. An extreme example is an ideal gas satisfying PV =
constant. This system does not have memory, and hence we do not need a state.

The '"real physical state" will be nom-minimal, a notion we will explain



later on. Of course the loss of physical interpretation of the state varia-
bles which may occur can be a serious drawback for the theory. In the case
of Hamiltonian and gradient systems (see Chapters 3 and 5) we will try to

combine these notions of a

'minimal" and a "physical" state, to end up with
a minimal state which is also physically interpretable. The approach which
will be taken can be compared with the use of generalized coordinates in
classical mechanics.

Finally we remark that we restrict ourselves to the description of
deterministic systems. In many cases it is of course necessary to take into
account uncertainty about the observational data and the parameters of our
models, and "Zdentification'" will be a central issue. In this context we
remark that also in the case of systems with external variables we need a
theory which gives information about the validity of our mathematical models,

if some parameters are subject to uncertainty (this has much to do with the

notion of structural stability).
The input—-output point of view

We now look at a special, but important case of a system with external vari-
ables. We suppose that it is possible to split the set of external variables
into two sets, such that the external behavior of the system consists of
"arbitrary" (apart from reasonable smoothness assumptions) functions of time
in the first set of variables and such that the functions of time in the
second set of variables are uniquely determined by the functions in the
first set. We call the variables in the first set the <wmputs and the varia-
bles in the second set the outputs. Moreover we suppose that the output at
every time is already determined by the corresponding input function up to
this time.

We have thus introduced a non—anticipating relationship among the ex-
ternal variables, and we can interpret the inputs as causes and the outputs

as effects. Pictorially we have specified the relation

system — external variables

into a map

inputs —— system outputs




where the arrows stand for the 'causal" relationship. This type of system
with external variables is called an Znput-output system, and is the usual
starting point in system (and control) theory. Whereas in the case of a ge-
neral system with external variables we stress the idea of the existence of
dynamical compatibility relations among the external variables, it is in
the input-output case more natural to see the system as something which
transforms, or maps, input functions into output functions. This point of
view is in many instances very useful, especially for control purposes, and
we will use it quite often in the sequel.

However, we like to stress that for physical systems the input-output
point of view has disadvantages since it is a) often not a priori clear

which external variables are the inputs, and which are the outputs, b) some-
times undesirable or even illogical to distinguish between inputs and out-
puts, c) possible that a global separation of external variables into inputs
and outputs cannot be achieved (for instance in the case of nonlinear sys-—
tems, see Chapter 2.2), and d) the identification of what are inputs and what
are outputs and the corresponding causal structure that is induced seems to
be itself a modeling question.

Consider for example an electrical network with some external currents
and voltages. It is not a priori clear whether the currents should be treat-—
ed as inputs and the voltages as outputs, or vice versa. Moreover for the
description of the dynamical behavior of the network it is not necessary to
make this distinction between inputs and outputs, so why impose this extra
structure? Finally it is then a theorem, which can be proved within a general
framework of (passive) networks with the voltages and currents of the ex- .
ternal ports as external variables, that there always exists an input-out-—
put representation. However, this input-output representation is in general
hybrid, which means that the voltages of a part of the external ports and
the currents of the other ports are the inputs and the remaining external

voltages and currents are the outputs.

1.2. Set-theoretic mathematical models

In this section we give a mathematical framework for the description
of physical systems, which constitutes a formal setting for the intuitive
ideas sketched before in Section l.l. Such a framework will be given here
on a purely set-theoretical level, and only later on in Chapter 2 we add

more structure, e.g. differentiability and linearity, to this framework.



This section closely follows the lines of WILLEMS (1979).

DEFINITION 1.1 Let W be a set, called the set of external variables (i.e.
the set in which the external variables take their values). An external dy-

ramical system Ze on W is a subset of Wk (all functions from R to W).

So an external dynamical system simply consists of a set of functions from
the time-axis R to W, or a set of trajectories in W. The idea is that W
consists of the variables which are being modelled and that Ze expresses
the (physical) laws among them, i.e. the compatibility relations which the
different variables, in order for them to exist simultaneously, need to
satisfy.

We will only consider (for simplicity) time-imvariant systems. Intui-
tively these are systems which are homogeneous in time. Formally, we require
that STze = Ze for all T ¢ R with ST the shift operator (STw)(t):= w(t-T).
To define the state of a system we need to introduce some notions about re-
lations. Let R be a relation on (i.e. a subset of) AxB, with A and B sets.
We define R, as the projection of R on A and R

A B

The relation R is said to be a product relation if R = Ry * Rg. In this case

we say that R is a rectangle with respect to A and B. If (xl’XZ) € R, with

as the projection of R on B.

X, € A and x, € B, and R is a rectangle, X and x, are independent in a set
theoretical sense. Now let R be a relation on (a subset of) A x B x C. We

call R{x2=b}:= {(xl,x3)|(xl,b,x3; € R}the relation R conditioned by {x2=b}.

We say that X, and Xy are independent given X,, O that X, splits X, and X35

if, for all b € B, R{x =b} is a product relation on A x C. These notions

2
can be easily generalized to relations on sets of the form I Ai’ with I an
iel

‘arbitrary index set, and we use them to give

DEFINITION 1.2. Let W be the set of external variables and let X be a set
called the state space. A dynamical system in state space form is defined

as a subset Zi (i from "internal") of (X><w)]R which satisfies the axiom:

x(t) splits {x(1),w(t);t<t} and {x(1),w(t);12t} for every t € R.

We denote an element of (xxw)n{.by (x,w), with x: R> X and w: R - X.
Then the axiom above is equivalent to:

{(x],w])ezi,(xz,wz)ezi and Xl(t)=x2(t)} =

(x;,w) (1), r<t}

{(x,w)eZi, where (x,w)(t):= {(xz’wz)(T)’ >t



Notice that the above definition really formalizes the intuitive idea of
state: it says that the present state is all one needs to know about the

past in order to be able to specify all possible future trajectories.

DEFINITION 1.3 Let Zi be a dynamical system in state space form on XxW.
Then Ze:= {w[}x such that (x,w)ezi} is called its external behavior.We de-
note this by .=>% . If £ 1is given and if I, is such that I.,=>% , then

i e e i i e

. is called a (state space) realization of I,

Let w € wni. Then w and G- denote the restrictions of w to (-~,0) and [0,=)
respectively. We write w = W *W . The product ¢ is called the concatenation
product. Similarly we define for x € Xni, % and x . For a dynamical system
I we denote Z;-:= {ﬁ-]weze} and Zéﬁz= {J.Iweze}. For a system in state

space form Zi with state space X we define

z;(a):= {(x,w)el,| x(0)=a}
Zi?a):= {(ilv;)|(x,w)ezi(a)} aeX
1i(@)i= 16 | Gwer, (a))

Analogously we define

Ze(a):= {weWR13xsuch that (x,w)eZi and x(0)=a}
Ze(a):= {w lwsZe(a)}
+ +
I (a):= {w Iweze(a)}
Obviously £, = U %.(a), £ = U Z (a) and by the axiom of Definition 1.2,
i 1 e e
aeX aeX
. - e e T vt . :
Zi(a) = Zi (a) Zi (a) and Ze(a) Ze (a) Ze (a) (with of course,

- + -+, - _ - +. o+ - + .
Ze (a) Ze (a):= {Wl W, le eZe (a), W, eZe (a)}, and Zi (a)~Zi (a) defined
similarly). Therefore a realization allows one to write Ze, viewed as a sub-
(—00,0) w[oam)

- +
set of the product set W ,as a union U Ze (a)~2e (a) of rec-

aeX
tangular subsets. It can be seen that the converse also holds, i.e. a union

of rectangular subsets forming Ze yields a realization of Ze.

We now use these ideas in order to obtain some specific realizations
of Ze. The producedure is based on a natural generalization of Nerode equi-
valence. This notion was originally defined in the context of input-output
systems and we give the precise formulation of it later on when we treat in-

put-output systems.



.
Define the relation R on Ze by

cwier }
e

+ -+ -
{w]R wz}. <====>{w1 oW eZe¢==> v,

i.e. wlR+w2 if w{_ and wé- have equal futures.

+ + . . .
Now take X := Ze(mod R ) and define the state at time O corresponding to a
. . + .
W € Ze to be the equivalence class (i.e. element of X ) to which w belongs.
Time invariance then allows one to define the whole state trajectory corre-

sponding to this w. This defines a realization denoted by il.

Similarly we define for W sW, € Ze
- -+ - 4+
{w]R wz}. ={y W el =W -w, sZe}

i.e. wlR_w2 if w;- and w;- have equal pasts.

Define analogously X := Ze(mod R™), and obtain as above a realization de-
noted by Zi_. Furthermore we can define {wlRiwz}:= {w1R+w2 and w]R~w2}
i.e. v, and Wy have equal futures and pasts. The realization resulting from
RY is denoted by Zii. ‘

The realizations constructed above are in some sense the canonical

realizations. They also have the nice properties defined below.

DEFINITION 1.4 A realization Zi of Ze, with state space X, is called exter-
nally induced 1if there exists a map f : Ze + X such that {(x,w)ezi} =
{x(0)=f(w)}. It is called past (future) externally induced if there exists

a map f-:Zé‘ > X (f+:ZéF + X) such that {(x,w)ezi}==>{x(0)=f-(w—)}

+, +
({x(0)=f (w)1}).
. + . - .
It is easy to see that Zi is past externally induced, Zi is future exter-

. +
nally induced and that Zi“ is externally induced.

DEFINITION 1.5 A realization I, of Z, with state space X is called minimal
if the following conditions are satisfied:
(i) there does not exist a subset X' c X consisting of more than one point
such that U £ (a) is a rectangle (as a subset of W(—w,O).w[O,w)).

aex' ©
(ii) there does not exist a subset X' ¢ X, strictly smaller than X, such

that I_ = U ze(a).
aeX'

Remark: If Zi is externally induced, then condition (i) implies condition
(ii). Proof: there exists f : Ze + X such that {(x,w)ezi} => {x(0)=f(w)}.

Suppose now that L, = U 1 (a), for X' ¢ X. Then necessarily Im f c X',
aeX' #

However, this implies Ze(a) =@ Va e X\X' and hence condition (i) is not

satisfied.



Intuitively, minimality of a realization means that one cannot make
the state space smaller, while retaining the same external behavior. It can
! - . . . +
be proven (see WILLEMS (1979Y)) that the two canonical realizations Zi and

Zi are minimal.

e e 12 . .
We call two realizations Zi s Zi of Ze with respective state spaces
2
i

X, and X2 equivalent, denoted Z; ~ L., if there exists a bijection

1

S : X, > X, such that {(xl,w)eZi] }<==>{(3xl,w)eziz} with (sx)(t):= S(x, (£).

It would be very nice if we could prove that minimal realizations are unique,
in the sense that %f Z; and Z%? are two minimal realizations of Ze then Z;
is equivalent to Zi . However, in general this is not true (counterexamples
can be found in WILLEMS (1979)). The case that minimal realizations are in-

deed unique can be characterized as follows.

THEOREM 1.6 Let Ze be a time-invariant system. All minimal realizations of
Lo are equivalent if and only if one of the following equivalent conditions
holds
(i) .

+
1
+ - +
1
+

]
™

1]
™
]
™

(ii) =.
(iii) R' = R

. + ..
(iv) I3 is minimal

(v) There exists a realization Zi of Ze with state space X such that for

all a',a" € X with a' # a" it holds that Zé-(a') n Zé-(a") = @, and

+ 1 + ny -
@)z, (@M =g.
Moreover, if all minimal realizations are equivalent they are all

past and future externally induced.

PROOF We first prove that conditions (i) to (v) are equivalent. It is easy
+ - — — -—
to see that R = R == Z.+ = I. and that Z.+ =3I, < Z.+ =X, =Zt..
i i i i i i i
Therefore (i) (ii) (iii). (ii) = (iv) is trivial and we

P T + - +
prove that if Zi 1s minimal then Zi = Zi = Zi . Because of the definition

+ . + .
of R7, every set Ze(a) with a e Zi can be written as

. . + . L. .
Ze(a) = u ., Ze(x). Since Ze(a) is a rectangle and Zi is minimal this

some erE

. X + + + + -
1 = S . =3I, . Simi o= I. .

implies Ze(a) Ze(x) for one x € Zl Hence Zl Zl Similarly Zl Zl

For the proof of (ii) <= (v) we note that Z;- = Zi- = Z;: if and only if

Ze can be written as
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- + ., - - + +
¥ = UB «B withB nB =@ and B n B = ¢ for all o, # a, € A,
e o o o o o o, . 1 2

a€eA 1 2 1 2

; - - + + . - 4+
and with UB =% and UB =13 . Of course a union U B +B as above

a e () e a o
o€A o€A o€

defines a realization of Ze with state space A. Concluding (i) (ii)e—=
(iii)e==(iv)+=(v).

If all minimal realizations are equivalent then trivially condition (i) holds.
We now prove that if conditions (iv) and (v) hold then an arbitrary realiza-
tion Ei is equivalent to Zii. For this we only have to prove that Ze(a):=
Zé-(a)'E;-(a) is a subset of an_flement of Xi, for every a4}n the state space
of Zi, since by mininality of Z{' this implies that Zi ~ Zi'. Let now

) - ¥
Wi W, € Ze(a). Since also w, °w

) 5 € Ze(a) it follows that there is at least

+ -+ -+
one element of Ze » l.eww,y , such that W otW, and Wy W, € Ze.

) - . - + PR .
Using the fact that Ze = U Ba -B;F with Ba and Bu as above this implies

o€A
+ . : -
that wlR Wy Similarly we prove WIR Wy For the last statement we note that
if all minimal realizations are equivalent they are all equivalent to Zi and

Zi- which are past (respectively future) -externally induced. 0

As we saw in the probf, condition (v) in Theorem 1.6 is actually a con-
dition on the structure of Ze’ namely that Ze can be written as a union

-+ - + . .
U Ba -Ba , where the Bu 's and the Bu 's are non-overlapping. We can give
oeA

some other useful characterizations for uniqueness of minimal realizations

which are based on this observation:

THEOREM 1.7 The following five conditions are equivalent:

(1) £ = UB +B' with B _ nB =@ and B Tapt= ¢ for all
e a o a a o o
o€A | 2 1 2
e # a, € A.

(ii) There exists a realization Zi of Ze which is past as well as future
externally induced.

(iii) For every Wy W,y € Ze it holds that if v and Wy "have one common future'
then their whole futures are equal, i.e. {HWEZe such that w{: J'eze

-+ +
and Wy oW eze} == {w]R w2}
(iv) For every W aW,y € Ze it holds that if v, and v, "have one common past',
then their whole pasts are equal, i.e. {HWeZe such that ﬁ-'w{+eze and
- + —
LA eZe} = {WIR w2}.

(iv) All minimal realizations are equivalent.
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) - o+
PROOF (i)<==>(v) was proved in Theorem 1.6. If Ze = U Ba °Ba as above
a€eA

then this clearly defines a realization (with state space A) which is past
as well as future externally induced. Conversely if Zi with state space X is

# a, € X.

past externally induced, then Ze (al) n Ze (az) = { for every a

. + +
If Zi is also future externally induced then Ze (al) n Ze (a2) = ( for every

a, # a, € X. Hence (i) (ii).

Now we prove (iii) == (iv). The proof of (iv)==> (iii) is similar, while it
is clear that (i) (iii) + (iv).

+

N 1

Assume that (iii) is satisfied. Let w € Ze be such that w *w
+ ~ . ~ o+
wotw, € Ze. Suppose w € Ee is such that w W€ Ze. We have to prove that

€ £ and
e

~— ~— ot . -+ . . ~
also w W, € Ee. Now w W€ Ze together with w W€ Ze implies that w
~_+ . -+ ..
and w have one common future. Therefore wR w. Since w W, € Ze, this im-
. ~—
plies w -w, c.I . . O

An important class of systems that satisfy the conditions of Theorem 1.6 and
1.7 is the class of linear systems, which we will treat in Chapter 2. It is
trivial to see that also autonomous systems have equivalent minimal realiza-

tions. For completeness we give

DEFINITION 1.8 Let Ze be an external system on W. Ze is called autonamous

. . .. . - + + -
if there exists a bijection h : Ze - Ze such that w € Ze¢===;w = h(w) .

1 2 . . .
Let now Zi and Zi be two equivalent realizations of an external system Ze.

The following Proposition gives sufficient conditions for the uniqueness of

the equivalence mapping between Zi] and Zf.

PROPOSITION 1.9 Let Z; and Zi? be equivalent realizations of Ze with state

space Xl’ respectively X, . Let S : X, - X2 be an equivalence mapping. If

2° 1
1 2 . . . . .
I and Zi are externally induced realizations, i.e. there exist maps

f :I +X and f, : £ -+ X, as in Definition 1.4, and if f, and f
1 [ 1 2 e 2 1 2

jective, then S is unique.In particular, if all minimal realizations of Ze

are sur-

. 1 2 o . . . .
are equivalent, and Zi and Zi are minimal realizations, then S is unique.

. 1
PROOF Let w € Ze, then there exist X and X, such that (xl,w) € Zi and

(xz,w) € Ei?. It is clear that S : X] > X2 has to satisfy S(x](O)) = XZ(O)'
Hence S is uniquely determined on Im f}. If all minimal realizations of Ze

are equivalent, then by Theorem 1.6 they are all externally induced. O
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Finally we want to make a closer study of the subclass of input-output sys-

tems.

DEFINITION 1.10 Let Ze be an external system on W. Ze is called an external

input-output system, if there exist sets U and Y such that W = Y x U, and
a map F : Un§+ Y]R which satisfies {ul(t)=u2(t),tSr} —

{(Ful)(t)=(Fu2)(t),tST} for all up,u, € U™, such that

2

R
I, = {(y,u) |y=Fu, ueU" }.
In a realization theory of input-output systems it is natural to restrict
the possible realizations to the subclass of past externally induced reali-

zations. Since u, (t) = u,(t), t < 1 implies (Fu, )(t) = (Fu,)(t), t <1, F
1 2(—m'0) (=,0) 1 2
U s’ — Y 3

. Hence an element w ¢ I  is
(—oo’o) e

induces a function F :
given by (F u,u) withu e U If a realization Zi is past externally
induced, there exists a function f : Ze + X such that {(x,w)ezi} —
{(x(0)=f (w)}. Then in the input-output case we may define T U(—w,O) > X
by E-(d-):= f (F u ,u ) and hence {(x,w)ezi} —_— {x(0)=¥—(d-)}. Therefore
past externally induced can be better called past Zmput induced. Further-—
more we notice that the eduivalence relation R' in this case amounts to the
classical Nerode equivalence, which is defined as a relation on the past

input functions. Two past inputs uy and ué- are called Nerode equivalent

if (Fu{-'J')(t) = (Fué--u+)(t) for every t =2 0 and every u € Uni.

Within the class of past externally induced systems (not necessarily

input-output) the following holds

THEOREM 1.11 Let Ze be an external system. Then: all minimal past external-
ly induced systems are equivalent and they are actually all equivalent to
+

L. .
1

PROOF Let Zi be a minimal past externally induced system with state space
+ + +
X. Let Ze(x ) n Ze(a) # @ for x € X and a € X. We will prove that

+
L (a) ¢ £ (x), and hence that % (Q.) = U I (a), for a subset X' c X.
e e e acx' ©

. . .. . . . + +
Since Zi is minimal this implies Ze(a) = Ze(x ) and therefore Zi"'Zi.
Consider all w e Zé-(gv) n Zé-(a). Since Zi and E;- are past externally in-

duced it holds that if ;_-w+ € Ze then also w -w € Ze (Q-) and



~—

+ + PR
w -J. € Ze (a). Therefore Z;-(f') = Ze (a). By definition of Zi this im-

plies Ze(a) C.Ze(;_). 0

Remark: For input-output systems this is in fact the classical theorem on
Nerode equivalence. Notice however that classically the existence of a

groundstate is assumed (see Proposition 1.18).

A minimal past externally induced realization of an input-output sys-—
tem is not necessarily equivalent to other minimal realizations that are

not past externally induced. In fact we can use Theorem 1.7 to state

THEOREM 1.12 Let Ze be an input-output system on Y x U given by F : Uni+ YIR

as before. Let Zi be a minimal past externally induced realization with
state space X. Then all minimal realizations of Ze are equivalent if and

only if for every u,,u, € U

1°72
+ 4+ + 4+ L _
{u] =u, and Yy =Y, } (with v, = Ful’ Yy = Fuz)

— (x,(0) = x,(0)} (with x,(0) = £ (u ), x,(0)=F (u, )).

+ + + +
Proof (=) Let w, = (yl,uJ) and w, = (?Z,uz). Let u, = u,y and Yy, =Yy s

1
+
then w;- =W, and hence LA and W, have one common future. By Theorem 1.7

(condition (iii)) this implies w1R+w2. Since Zi is minimal and past external-

ly induced 1, ~ zi+ (Theorem 1.11). Therefore w R'w,

(= Let W, and W, € Ze’ with W, = (Ful,ul) and w, = (Fuz,uz). Suppose

implies xl(O) = x2(0).

. + - . . .
there exists w = (Fu,u) such that W, W€ Ze and L) -J-e Ze. This implies

by assumption x;(O) = XZ(O), where xl(O) = %n(u{-) and x2(0) = z—(ué-).

. + . . + o s .
Since Zi ~ Zi this gives wlR Wye Hence condition (iii) of Theorem 1.7 is

satisfied. ]

The property expressed in Theorem 1.12 has an immediate system theoretic in-
terpretation. It means that, given a system at time 0, if we apply the same

input function to the system in state x, and to the system in state X5 the

1
resulting output functions distinguish between the two states, i.e. if the
output functions are equal then the two states are actually equal. This is

the strongest version of the notion of observability.

DEFINITION 1.13 Let Ze be an input-output system on Y X U. Let Zi be a rea-

lization of Ze with state space X. Then Zi is called observable if for every

two states a # a, € X there exists an inputfunction u : [0,») > U such

2
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that the output functions v, ¢ [0,=) > Y corresponding to xl(O) = a, and

Y, ¢ [0,») > Y corresponding to XZ(O) = a  are different. Zi is called
uniformly observable if for every input function u : [0,®») > U and every

a # a, e X the corresponding output functions YysYy ¢ [0,0) > Y are differ-
ent.

We obtain

THEOREM 1.14 Let Ze be an input-output system and let Zi be a past external-
ly induced realization with state space X. Then:

(1) Zi minimal <> Zi observable.

(ii) All minimal realizations of Ze are equivalent <= Zi is uniformly

observable.

PROOF (i) (=) If Ei is minimal, then Zi ~ Z;-. Z;- is clearly observable.

(= Zi past externally induced means Ze (al) n Ee (a2) = ) for every

£ ¥
a # a, € X. Zi observable means that Ze (al) # Ze (az) for every

. . - +
a, #a, e X, and £ (a) # @ VYaeX. This implies that if U I (a)-Z (a)
] 2 e f e e
aeX'cX
is a rectangle, then X' has to consist of one element. Therefore since Zi
is past externally induced, Zi is minimal.

(ii) This statement follows from Theorem 1.12. ]

-From a physical point of view the property of uniform observability is very
desirable. It means that if we do not know the state of the system we can
perform an arbitrary "experiment" (i.e. apply an arbitrary known input
function) on the system, and the outcome of the experiment will allow us to
deduce the state of the system. Therefore we obtained the following conclu-
sion:

The, often implicitly made, assumption of the existence of a unique state
space model of a physical system (up to a change of coordinates - equivalence-
and barring irrelevant elements in the model=minimality-) is, although in
general false, equivalent to the assumption that every future experiment

determines the original state of the system.

Besides minimality and observability there is another basic notion in system
theory, which is usually called controllability or reachability, and has to

do with the internal dynamics of a realization.

DEFINITION 1.15 Let Zi be a dynamical system with state space X. Let Xy € X.

I is reachable from %, if Ya € X there exists t 2 0 and (x,w) eZi such



that x(0) = X, and x(t) = a. It is said to be connected if on and X, in X

there exists (x,w) € Zi and t = 0 such that x(to) = x. and x(tl) =X

0

We will now show that past externally induced realizations of an input-out-—
put system Ze enjoy one of these reachability properties if Ze satisfies an

extra condition:

DEFINITION 1.16 Let I, be an external system. z, has finite time memory
if there exists A = 0 such that {w(t); t-A<t<t} splits {w(t);T<t-A} and

{w(t);t=2t} (if A= O the system is said to be memoryless).

PROPOSITION 1.17 Let Ee be an external input-output system with finite time
memory. Let Zi be a past externally induced and minimal realization. Then

Zi is connected.

+

PROOF We will prove that I. 1is connected. It follows from the finite time

[

memory that the state at t = 0 is determined by the past input on the time

interval [-A,0). Therefore for every X, and % in X there exist input

functions uy and u, on [-A,0) such that the state at time O is Xy» respec-

tively X . Now define the shift of u, by El(t):= ul(t—A), for t € [0,A).

Then we just have to concatenate uoon [-A,0) with u, on [0,A) to obtain the

1

state X, at t = A. 0

Classically, another assumption is added to the definition of an external
input-output system. It is assumed that there exists a ty € R and an ele-
ment u* € U such that every input function satisfies u(t) = u* for every

t < ty (The intuitive idea is that we ask tkat the input functions on

"t= -»'" are "zero"). Since y = Fu, there also exists a constant y* € Y such
that y(t) = y*, t < tO. If a realization Zi with state space X is past ex- -
ternally induced this implies that there exists an x* € X such that x(t) = x*,
£ <ty This x* is called the ground state of the system, and we denote the
realization by (Ei,x*).

PROPOSITION 1.18 Let (Zi,x*) be a past externally induced minimal realiza-

tion of Ze = {(Fu,u)]u(t)=u*, t < to}. Then Zi is reachable from x .

PROOF Since u(t) = u*, t < tys every (x,(Fu,u)) € Zi is such that x(to) =
x*. Because . ~ Zf
i i

x(0) = a. ]

there exists for every a ¢ X an (x,(Fu,u)) € Zi, such
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Notes and References for Chapter 1

Section 1.2 is based on a paper bij WILLEMS (1979), see also WILLEMS & VAN
DER SCHAFT (1982). Theorems 1.7,1.12,1.l4seem not to have been stated ex-
plicitly before. A good reference for the formalization of the input-out-
put point of view is KALMAN, FALB & ARBIB (1969, especially Chapter 10),
where we can also find a treatment of the classical theorem on Nerode equi-

valence (see the Remark after Theorem 1.11).



CHAPTER 2

SMOOTH DYNAMICAL SYSTEMS

In this chapter we shall add more mathematical structure to the gen-—
eral definition of a dynamical system with external variables as given in
Chapter 1.

First of all the systems will have a differentiable structure, i.e.
the state space X and the space of external variables W Qill be smooth
manifolds, and the dynamical behavior of the system will be described by
a set of first-order differential equations. Another major assumption will
be the finite-dimensionality of W and in particular of X. Grosso modo, we

shall look at systems which can be described in the form

g(x,u)
h(x,u)

with xeX, the state space, weW the space of external variables, and g and
h smooth functions. The variable u is an auxiliary variable and para-
metrizes in every state x the possible infinitesimal evolutions of x, i.e.
%, and the possible values of the external variables.

In the first part of the chapter we shall treat the special case of
linear systems. Then X and W are (finite-dimensional) vector spaces, g and

h are linear functions and we obtain systems of the form

Ax + Bu

w = Cx + Du

where A, B, C and D are linear mappings.
We shall also deal with differentiable external dynamical systems.
Again W is a smooth manifold, and our basic point of view will be to define

an external system by a set of (implicit) high order differential equa-

tions in w

(k)

P(W,Wyeuupw ) =0

So the external system is determined by a set of compatibility relations
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between the external variables and their time-derivatives up to a certain
order. An example is an electrical network whose external behavior is de-
fined by a set of equations involving the external currents and voltages
and their derivatives. Moreover we require that the high order differential
equations are smooth equations, so the physical laws describing Ze should be
of a differentiable nature.

(k)

For the linear case Pow + PI& + e.. + Pkw

matrices, we shall be able to give a fairly satisfactory treatment of such

= 0, with Pi constant

external systems, including the realization problem. We shall make much use

of the symbolic calculus, which enables us to replace the expression "éa"

by the variable s, with s € €. This 1is of course strongly related to the

Laplace transform, and is in system theory usually called the " frequency-
(k)
=0

domain " approach (in contrast with the equations P w + .... + P w

0 k
and X = AXx + Bu, w = Cx + Du in the " time-domain "). For the nonlinear
case such a theory is still in its embryotic stage, and we shall only give

a general approach together with some problems and partial results.

2.1 Linear systems

2.1.1. Linear systems in state space form

The first class of dynamical systems with external variables which

we consider are the finite dimensional linear time—invariant systems

(2.1) X = Ax + Bu

.Cx + Du

£
]

. n .
with x € X:= R, the state space, W € W:=1Rq, the space of external varia-

bles, and u € U:=iRm, the space of " inputs "

, parametrizing the possible
velocities x and external values w in every state x. A, B, C and D are
linear mappings (matrices) of appropriate dimensions. For the solution of
the differential equation x = Ax + Bu to be well-defined we need some
smoothness assumptions. Formally we define the dynamical system in state
space form Zi generated by (2.1) as

(2.2) L= {(x,w): Rﬁxxwlx is absolutely continuous and Ju € L10c
such that x(t) = Ax(t) + Bu(t) for almost every t € R,

and w(t) = Cx(t) + Du(t) for every t e R}



21

Here Lloc denotes the locally integrable vector-valued functions on R. We

denote equations (2.1) by Z(A, B, C, D) and Zi as in (2.2) by Ei(A, B, C, D).

An important subclass is given by systems IZ(A, B, C, D) where D =(? )
m

and C = (8 ) , with PR™ RY™ and CR™ RIT™ (assume gqzm). If we write
by m
correspondingly w = (wl,wz) with w,e R, Wleﬁkq—m we obtain from (2.1)
(2.3) X = Ax + Bu
w, = Cx + Du
W, =u

We now identify W, and u, denote y:= Wi define Y (the output space) as

RP with p:= q-m, to obtain

(2.4) x = Ax + Bu

y = Cx + Du

which we call a linear <wmput—output system with input space U, output space
Y and space of external variables W= Y x U. Concluding, in the case of a
linear input-output system ‘the input variables u, which are in equations
(2.1) more or less auxiliary variables, can be identified with a part of

the external variables.

We notice that Zi(A, B, C, D) remains unchanged by applying the trans-
formation u - u + Fx, with F:%»U an arbitrary linear mapping. Also non-
singular transformations in U, u —> Ru, det R # 0, do not alter
Zi(A,B,C,D). This can be seen as follows. The above transformations trans-

form (A,B,C,D) in the following way

F,R
(2.5) (A, B, C, D) WA + BF, BR, C + DF, DR)

(We call this class of transformations the feedback transformations, and

we say that I(A + BF, BR, C + DF, DR) is feedback equivalent to L(A, B,

C, D)). Then Ei(A + BF, BR, C + DF, DR) = {(x,w):R>XxW|x is a.c. and 3

u e L, . such that %(t) = (A + .BF)x(t) + BRu(t) a.e., and w(t) = (C +DF)x(t)
+ DRu(t), Yt ¢ R} = {(x,w):R->XxW|x a.c., Ju e Lloc,i(t) = Ax(t) +

B(Fx(t) + Ru(t))a.e., w(t) = Cx(t) + D(Fx(t)+Ru(t)), YVt ¢ R}
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= {(x,w) :R>XxW|x a.c., v ¢ Lper %(£) = Ax(t) + Bu(t), a.e., w(t) = Cx(t)
+ Dv(t), Yt € R} = Zi(A’B,C’D)'

PROPOSITION 2.1 Let (A, B, C, D) be a linear system (2.1) with Ker D ¢
Ker B. Then %(A,B,C,D) is feedback equivalent to an input-—output system (2.4).

PROOF  Suppose first that Ker D = 0. Consider ImDc W and take coordinates

(WI’WZ) for W, w, € Rm, w, e RY™ such that ImD= {(0,w2)|w2 ¢ R™}. Then by

2 1
taking appropriate coordinates for U (i.e. applying R) we obtain

X = Ax + Bu
wl = Clx
w2 = sz + u

C
where we have written C = (C ) corresponding to the basis (w],wz). Now
2

apply feedback with F = _CZ' Then C + DF = (S]) and hence we have obtained
(2.4) (even with D = 0; observe that if we had only allowed partitions
w = (w],wz) of W=mrY consisting of the standard basis vectors of R we
would only have been able to give a partition in which D = ?1 . Then D1

’ m
becomes D). If Ker D # 0, then since Ker D c Ker B, we can eliminate Ker D

a

from U, and take as new inputspace U]: = U/Ker D

We now summarize some results concerning minimality, observability
and controllability from WILLEMS (1979). Let us denote the external
behavior of I, (4, B, C, D) by £ (4, B, C, D), i.e. £ (4, B, C, D): =
{wiR-W| (x,w) « Zi(A, B, C, D)}. We will now give the conditions on (4,B,C,D)
such that Zi(A,B,C,D) is a minimal realization of Ze(A,B,C,D) (Definition
1.5). In order to do this we need to introduce a concept from the geometric
theory of linear systems. The maximal output nulling subspace, V*, is

defined as

Vo= {x0 € X|qu e L10C such that the trajectory w

generated by x = Ax + Bu, w = Cx + Du, x(0) = X
satisfies w(t) = 0, Yt € R}

The space V¥ is easily computed from (A, B, C, D) (see WONHAM (1979) for

algorithms and other applications of V*).

THEOREM 2.2 (for a proof see WILLEMS (1979, 1983)). Zi(A, B, C, D) is a

minimal realization of Ze(A, B, C, D) if and only if V¥ = 0 and
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Ker D n Ker B = 0.

It can be easily proved that a linear input—oufput system (2.4) is observ-
able if and only if it is uniformly observable (Definition 1.13), and that
observability is equivalent to the following condition on the pair (C,A):
the only subspace V c X such that AV ¢ V and V < Ker C, is the zero-space

vV =0.

We obtain the following corollary of Theorem 2.2.

COROLLARY 2.3 Let Zi(A, B, C, D) be an input-output system. Then Zi is

minima1<==92i is observable (or as we will also say: (C,A) is obser&able).

PROOF Ker [C D] = Ker( 82 ) = {(’g)lx € Ker C}.
m

Therefore a trajectory (x,u): R+>XxU contained in Ker[C D] is of the form
(x,0) with x(t) € Ker C for every t, and satisfying x = Ax (since u = 0).
However: I observable <=>there exists no nonzero trajectory x:R>X satisfying

% = Ax and contained in Ker C. Of course Ker D = Ker [2 1=0. .
It is well-known that a system Zi(A, B, C, D) is connecged (Definition 1.15)
if and only if the following condition on the pair (A,B) holds: the only
subspace V ¢ X such that AV ¢ V and Im B c V, is X itself. Usually we say
in this case that Zi(A, B, C, D) is controllable or reachable (or that

(A,B) is controllable).We again note that minimality does not in general
imply controllability. This is not surprising since autonomous linear sys-
tems X = AX, y = Cx are also included in our definition (2.1), and are min-

imal if and only if (C,A) is observable.

2.1.2. External linear systems

External linear systems can be defined in the following elegant way.
Let W be a finite-dimensional vector space, i.e. W = RY. Then an external
linear system on W is given by a linear subspace L, < W:R; i.e. if the

functions LA and w2: R~W belong to Ze then also o + W, belongs to Ze’

1’ az € R.

We can prove the following general facts.

for every o

THEOREM 2.4  Let Ze c W:R'be a linear external system.
R + - P
Then 1) X and X (see after Definition 1.3) are vector spaces

ii) all minimal realizations of Ze are equivalent

PROOF (i) Since Ze is linear, the zero function O ¢ W]R belongs to Ze.
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+ + .. ..
Let WIR 0, then also aw,R O for every a ¢ R. If o = 0, this is trivial, and

1
. - + . . . -
if o # 0 and 0 .w ¢ Ee then since Ze is linear also O -£?w+ € Ze. Because

- +
°&wf+e Ze, and hence ow, .w € ¥ . Therefore aw R+0.

v 1 e 1

1R+O this implies W,

+
Let now w]R 0 and w2R+O. We will prove that (w] + wz)R+0. Indeed since w]R+O

and w2R+O, it follows from above that also 2wIR 0 and 2w2R+0. Let now

0_.w+ € & . Then also 2w —.w+ €3 and 2w, .w € I . Since I 1is linear
e 1 e 2 e e

(2w] + 2w2)—.2w+ € Ze, and also (w1 + wz)_.w+ € Ze. Hence (wl + wz)R+0.
Concluding: R is a linear relation on the linear space Ze and therefore
X = Ee(mod R+) is a vector space. Analogously X is a vector space.
(ii) We will prove that Ze satisfies condition (ii) of Theorem 1.7. By

linearity it is sufficient to prove that if v, 0" e Ze (i.e. v, and 0

- -+
have one common future), and O 'W2+ € Ze then also Wy oW, € Ze. This is

obvious since Ze is linear. 0.

In the sequel we shall give some examples of external linear systems.
First we introduce some notation.

Let R[s] denote as usual the real polynomials in the indeterminate s,
R"[s] the n-dimensional -vectors of real polynomials and R"1™™2 [s] the
(nlxnz) matrices of real polynomials. An element of R(s), the rational
functions, is said to be (strictly) proper if the degree of its denominater
is (strictly) larger than the degree of its numerator. Similar definitions
hold for vectors and matrices of rational functions.

The following cases are clearly examples of external linear systems.

Case 1

= {us d G
L (P): = {(wiR-W|w e L1oe and P( g3)w = 0}

Here P(s) is an element of RP[s] W =RrY

and P(é%)w = 0 is to be interpreted in the sense of distributions.

Case 2
L (P,R) = {w: RW|w e L)o,c» 3 distribution & such that

d

d . .
P(&E)w = R(JE)i , with equality

in the sense of distributions}

Case 3

Let D ¢ RP*®[s], N « RPXm[s], det D(s) unequal to the zero polynomial,

and D-I(S)N(S) a proper rational matrix. Consider now the set of differen-
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tial equations D(é%) y=N (5%)u (equality in the sense of distributions).

This is obviously a system of the type Ze(P) with W =IRP+m, w = (y,u) and

P = [D{-NJ]. It has a special form because the first p components can be cal-
led outputs and the last m Zmputs. We call the proper matrix G(s): =
D—](s)N(s) its transfer matrix. Note, however, that also responses not ex-—
plainable by inputs, but entirely due to initial conditions may occur in

Ze([DS-N]). Later on we will come back to this case.

Case &4
Ze(A,B,C,D) as defined before.

We note that we can always reduce Ze(P,R) as in Case 2 to Ze(i) for
a suitable P:

i

PROPOSITION 2.5 Let Ze(P,R) be given. Then there exists P such that
ze@) = I_(P,R) (for a proof see WILLEMS (1983)).

Moreover we have

THEOREM 2.6 Let Ze(P) be given. Then there exists a minimal Zi(A,B,C,D)
such that Ze(A,B,C,D) = Ze(P), i.e. Zi(A,B,C,D) is a minimal realization of
Ze(P).

Remark. The proof is given in WILLEMS (1983) where one can also find a pro-

cedure to explicitely construct (A,B,C,D).

Concluding, all the above cases can be realized as the external behavior
of a linear system in state space form I(A,B,C,D). Therefore they have the
common characteristic of a finite dimensional state space. We note, however,
that it is easy to construct examples of external linear systems which have
a minimal realization with an infinite dimensional state space. Consider for

instance Ze:= {w:ﬂi+w|w is periodic with period 1}. Then Ze is clearly linear
. + . .
while WIR w2<=»w]|[_1’0) = WZI[—I,O) (I[—I,O) denotes restriction to

[-1,0)). Therefore xt = [—1,0):IR which is an infinite-dimensional space.

It would be interesting to characterize in a simple way the external linear
systems which have a minimal realization with a finite dimensional state
space. In the sequel we shall mainly consider external linear systems as in
Case 1. Let us give a simple example which can be kept in mind while read-
ing the next sectiom.

Example (see also ROSENBROCK (1970, pp 38-40))

Let two masses m, and m, be connected to springs with spring constants k1
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and k2. The displacements of the masses are v and Yy- A force u is applied

to the lower mass

o

my
AN

u 7

The external variables are Vs Yy and u and the external linear system as in
Case 1 is given by the equgtlons my, =u- kl(y] - y2), m, Yy, = k](yl-yz)
- k2y2.

2.1.3. External linear systems in the frequency domain

In this section we make a closer study of the linear systems whose

external behavior is given as in Case 1 of 2.1.2, that is
= {u: 4y = 0twi - g4 P*q
Ze(P) = {w: Rﬁwlw € Lloc’ P( dt)w = Olwith w € W =R* and P(;) e R" ?[s].

We use symbolic calculus to transform these equations to the form
P(s)w(s) = 0, s € €. Of course this transformation corresponds to the

Laplace transform of w, with zero initial conditions. We do not go into

n "

details, and use the " symbolic " approach (which can be justified).

We note that Ze(P) remains unchanged by pre-multiplication of P(s)
with a unimodular matrix U(s) e Rpxq[s] (unimodular means det U(s) =
constant # 0). Let P(s) have rank r, for almost every s ¢ I, then we know
(WOLOVICH (1974, Theorem 2.5.11))) that we can find a unimodular U(s) such
that U(s)P(s) = Pés))’ with P(s) e Rrxq[s] surjective for almost every
s € T. Therefore, without loss of generality, we make the standing assump-
tion that P(s) is surjective for almost every s e L.

Furthermore we have

PROPOSITION 2.7 Let P(s) € Rqu[s], and surjective for almost every s € C.
Then there exist R(s) e RPXp[s] and P'(s) € meq[s] such that P(s) =

R(s)P'(s), and P'(s) surjective for every s ¢ L, and rank R(s) = p for al-

most every s ¢ T.
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Before proving this proposition we have to give some definitions. If the
polynomial matrices K, I and J satisfy K(s) = I(s)J(s) then I(s) is called
a left divisor of K(s) and K(s) is called a right multiple of I(s). The
greatest common left divisor (g.c.l.d.) of two polynomial matrices Kl(s)
and KZ(S) (with the same number of rows) is a common left divisor which is
a right multiple of every common left divisor of Kl(s) and KZ(S)' We call
K, and K, left coprime if a g.c.l.d. of K, and K, is unimodular. Left
coprimeness of K] and K2 is also equivalent to [K](s) : Kz(s)] surjective

for every s € T.

PROOF of Proposition 2.7 Write P(s) = [M(s) i N(s)], with M ¢ R? P[s]

and N ¢ Rpx(q_p)[s]. Find a greatest common left divisor R(s) of M(s) and
N(s). Then M(s) = R(s)Ml(s), N(s) = R(s)Nl(s) for some M]
moreover Ml and N] are left coprime or equivalently [Ml(s)f Nl(s)] sur-
jective, ¥s ¢ T. Define P'(s) = [M,(s) § N,(s)]. 0

and N1 and

Remark: There are actually algorithms to construct a g.c.l.d. of two

polynomial matrices, based on a division algorithm (see WOLOVICH (1974)).

Motivated by the above proposition, we first look at external systems
Ze(P), with P(s) surjective ¥s ¢ T. Only later on we show how we can treat
the case that P(s) = R(s)P'(s), with R(s) and P'(s) as above. Let now P(s)
be surjective for every s ¢ T. We denote by Wm the complexification of W
(i.e. if W = Rg, then Wm = Eq). Since the set of solutions w(s), with

w(s) € wt , of P(s)w(s) = 0, is invariant under pre-multiplication by a
unimodular matrix U(s), we see that the solution set of P(s)w(s) = 0 is
characterized b§ the kernel of P(s), which is for every s € T a linear
subspace of W&. Hence we have arrived at the study of the following
geometrical object: for every s e T there is a linear subspace of

Wps given by ker P(s).

Since P(s) is surjective, Ys € £, the above subspaces Ker P(s) all
have equal dimension q-p. If P(s) would be only surjective for almost
every s € T, and if we write P(s) = R(s)P'(s) as above, then the geometri-
cal objects Ker P(s) and Ker P'(s), for every s ¢ L, are equal except for
those sg € T such that det R(sb) = 0. In these points the dimension of
Ker P(s) suddenly jumps while dim Ker P'(s) remains constant. Later on we
see that these values of s actually are the uncontrollable eigen values of

a minimal realization of P(s).
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Let us now denote by Grass the set of all (q-p)—- dimensional subspaces of

W¢(= Cq). We obtain

PROPOSITION 2.8. Let P ¢ R® U[s] , and surjective ¥s € . Then the map

T - Grass, defined by s » Ker P(s) is an algebraic map. Furthermore the
following set E(P(s)) := {(s,v)|s ¢ T, v e Ker P(s) c Wm} is an algebraic

vector bundle over C.

e T we can find a pxp submatrix M(s) of P(s) such that
det M(s)

PROOF For every s0

det M(so) # 0. Therefore in a Zariski open neighborhood U of So
# 0. Then for every s € U we can actually solve the equatiomns P(s)v = 0,
v € T, using a version of Cramer's rule (i.e. we may divide by det M(s)).
This gives a map & - Grass, which is clearly algebraic. Moreover we obtain
a trivialization of E(P(s)) above U, namely n_‘(U) is isomorphic to UxKer
P(so), with 7 : E(P(s))a-mvdefined by (s,v) € E(P(s)) + s € €. Therefore

E(P(s)) is an algebraic vector bundle over L. 0

From a mathematical point of view, and also from a system theoretic one, as
will become clear, it is advantageous to make one more abstraction. Namely
we can look at Ker P(s) also as a vector bundle over Pl, the complex projec-—
tive line (which can be thought of as T together with the point at infinity).
Let (s,t) be homogeneous coordinates for Pl and embed T in the usual way into
P] by identifying s € € with (s,1) € Pl. Then "s= «" is identified with the
point (1,0) e'Pl, i.e. t = 0. We state

THEOREM 2.9 Let P e'Rpxq[s], and surjective Vs ¢ L. Then:
(i) The algebraic map L - Grass, given by s + Ker P(s), can be uniquely
extended to an algebraic map Plﬁ-Grass.
(ii) Let V(»)be the element of Grass which is attached to "s = =", i.e. to
(1,0) ¢ P]. Then E(P(s)) := {(s,1),v)|s € T, v ¢ Ker P(s)} v
{((1,0),v) [v € V(=)}

. . 1
is an algebraic vector bundle over PP .

For the proof of this theorem we make use of the notion of row properness

of a polynomial matrix.

DEFINITION 2.10 Let P ¢ ]ipxq[s], and surjective for almost every s € T .
i . : k. ki
Then P is called row proper if P(s) = diag(s 1)Pr + L(s), where diag(s 7)
k.
is the pxp-matrix with s t (kienD on the (i,i)~th place and zero elsewhere
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and L(s) € B(pxq{s] is such that the degree of the i~th row of L(s) (i.e.
the highest power of s occurring in the i-th row) is strictly less than ki’

and Pr is a constant pxq-matrix which is surjective.

PROPOSITION 2.11 Let P(s) € Rqu[s], and surjective for almost every s e C.

Then there exists a unimodular U(s) e ]Rqu[S] such that U(s)P(s) is row

proper.

PROOF We can proceed in the same way as in the proof of WOLOVICH (1974,
Theorem 2.5.7), where the proposition is proved (in a constructive way) for

square matrices P(s). d
We are now able to give

PROOF of Theorem 2.9

(i) By Proposition 2.11 we may assume that P(s) is row proper, i.e.

k.
P(s) = diag(s 1)Pr + L(s), as above, with Pr surjective. Then it follows that

-k. ~ _ ~ -
diag(s Lyp(s) = Pr + L(s 1) where L(s 1) is a matrix consisting of poly-

. . 1 . . ~ . .
nomials in § with no constant terms, i.e. L(0) = 0. The substitution

t = s_l gives diag(tki)P(%) = Pr + E(t).
Therefore for every t # 0, ker P(%O is equal to Ker(Pr+f(t).
We now define V(«):= Ker Pr’ and we only have to prove that Ker Pr = lim
>0

Ker(Pr+i(t)) for every path t + 0, and where the limit is taken with respect
to the Grassmann topology of Grass. Since L(0) = 0 and rank (Pr+L(t)) =
rank Pr’ for every t small, this is clear because we can explicitly solve
Ker(Pr+L(t)) as in the proif of Proposition 2.8. This also shows that the
in this way extended map P - Grass is algebraic.
(ii) For (finite) s € T we have given in the proof of Proposition 2.8 a local
trivialization of E(P(s)). In the neighborhood of s = =(or (l,O)EHJ) a local
trivialization is given by solving ker(Pr+f(t)). 0

k k-1 . .
kSt Pk—ls + ...+ Po with k the highest power of
s present in P(s). If Pk is surjective we can of course immediately define

V(w):= Ker P

Remark 1, Let P(s) = P

k" However it can be seen that we can not bring a general P(s)

into this form by pre-multiplication with a unimodular matrix.
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Remark 2. Notice that we have also given above a way to '"homogenize" the
equations P(s)w=0, i.e. we can write this set of equations as homogeneous
equations in‘the coordinates (s,t) for Wl. First we make P(s) row proper
by premultiplication with a unimodular matrix U(s) (i.e. by row operations).
Then U(s)P(s) = diag(s i)Pr + L(s) as above. Now define

k.
P(s,t):= diag(s 1)pr + L(s,t)

where L(s,t) is constructed from L(s) by multiplication by powers of t such

that every term in the i-th row has degree ki'

Example: Return to the example at the end of section 2.12:
myp = ek yyy)
my¥y = kO T kY

with w = (yl,yz,u) € W= R~ . The polynomial matrix P(s) is equal to
m 0 0)32+(0 0 0>S+(k] “k, —1)
0 m, 0 0 0 0 -k, k1+k2 0

2
-k m,s +kl+k2 0

1]

P(s)

Then: dim ker P(s) = 1, for every s € T if and only if k1 # 0. If k1 = 0,

2 . .
0 € C such that m,s, + k2 = 0, are the points with

dim ker P(so) = 2. From physical considerations it is clear that the system

then the points s

is not controllable if k1 = 0. Let us assume kl # 0. If m # 0 and m, #0

. 0
then P(s) is row proper and V(=) = Ker (gl 0 8) = span (O) (see Remark
1
1 above).
kl —k2 -1
If m, = 0 and m, # 0, then P(s) is still row proper and Pr =lo m, ol
1

Therefore V(») = span| 0

k)

Algebraic vectorbundles over ]P1 have some nice properties. The following
theorem is implied by a theorem of Grothendieck (an elementary proof can be

found in HAZEWINKEL & MARTIN (1982)).
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THEOREM 2.12 Every algebraic vectorbundle over ]I’1 is isomorphic to the
direct sum of line bundles (i.e. vector bundles with one-dimensional fibers).
Up to isomorphisms a line bundle is fully characterized by an integer k ¢ Z .
Hence the isomorphism classes of algebraic vectorbundles over EJ are in one-
to-one correspondance with sets of integers Kk, < ... < Kn? with K € 7ZZ the

1
integers belonging to the line bundles in the decomposition.

Actually the integers Ky above can be interpreted in many ways. Topologically
they are called the Chern numbers, but as we see later on they are also some-
times called Kronecker indices, or controllability or observability indices,
dependent on the way the vectorbundle arises.

We can easily construct line bundles with a certain positive Chern
number k 2 0. Define P(s) : EZ + T as P(s):= [s“I-11. Then KerP(s) = span

( L) and V(®) = (?). It can be checked that E(P(s)) has Chern number «.
s

(In order to construct line bﬁndles with negative Chern bundles in this way,
we have to embed T into 1P1 in another way, namely by identifying s ¢ T with
(1,8) € EJ and then do the same construction as above for -«k). We see that
we can actually generate every line bundle (with positive Chern number) by
constructing a polynomial matrix P(s), surjective for every s ¢ L, and ta-
king E(P(s)). Because of Theorem 2.9 we therefore arrive at the following,
somewhat fancy, conclusion:

Every algebraic vectorbundle over P with positive Chern numbers is iso-
morphic to a vectorbundle E(P(s)), with P(s) surjective for every s e (.
Hence the class of algebraic vectorbundles over P! s equal to the class

of external linear systems Ze(P), P(s) surjective Ys e (.

(we also note that we could have replaced "algebraic" by "holomorphic",
since holomorphic over ]P1 is necessarily algebraic, see HAZEWINKEL & MARTIN
(1982)).

Remark: Let Ze(P) be an external system, with P(s) surjective for every

s € ©. Then Ze(P) corresponds to an algebraic vectorbundle E(P(s)). For al-
gebraic vectorbundles over ]P1 we have defined an equivalence relation,
namely E(Pl(s)) is equivalent to E(Pz(s)) if E(PI(S)) is <somorphic to
E(Pz(s)). Isomorphic means that there exists a bundle isomorphism from

E(Pl(s)) to E(Pz(s)), i.e.

U(s) (Ker Pl(s)) = Ker PZ(S)
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where U(s) may depend on s ¢ ]P1 and is algebraic. One could wonder what
kind of mapping from Ee(Pl) to Ee(PZ) corresponds to such a bundle isomor-
phism from E(Pr(s)) to E(Pz(s)). In the case of vectorbundles corresponding
to (minimal) state space realizations of Ze(Pl), respectively Ze(Pz), we
shall answer this question later on (see (2.7), also the Remark after

Theorem 2.18).

There is another way of constructing line bundles over EJ , which is actual-

ly equivalent to giving a state space realization Ze(A,B,C,D) of Ze(P). If

0l1. 0
we define the kxk-matrix A = 7,1 and the kxl vector B = .
0. 0/ kxx 0
et 1 Kkx1
s-1, 0 1
- . L s
then Pl(s):= isi-Ai-B] = <. satisfies Ker PI(S) = span s?
0 s-1 kx(k+1) !
S
0
and Vl(w) = 6 . Now E(Pl(s)) is isomorphic to E(P(s)), with P(s) = [s:-11
1 .

as above. From E(P](s)) to E(P(s)) the isomorphism is given by the constant

1 0. . .0 e+l 2
map F:= 0 ... 2% (k+1) H -+ T, and from E(P(s)) to

E(P](s)) the isomorphism is given by 1 0
s
EZ R mK+1
sK“l 0
0 1 (k+1)x2

In system theoretic language (A,B,C,D) with A and B as above and C:=

1 ... 0 0 Fre . . .
(O o O)ZXK’ D:= (1) (such that F = [CiD]) is a state space realization

of the external system given by Pl(s) : sky(s) =u(s), w = (y,u) € EZ.
For a general external system Ze(P) we state

i x - . . . .

TilEOREM 2.13 Let P ¢ RP q[s_l, with P(s) surjective Vs e C. Zi(A,B,C,D) is
a realization of Ze(P), i.e. Ze(A,B,C,D) = Ze(P) if and only if [CiD] maps

the vectorbundle E([sI-Ai-B] onto E(P(s)), or equivalently
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Ker P(s) = [CiD] KerisI-Ai-B], Vs € T

and V(@) = Im D (V(«) = 1lim Ker P(s)).

S>>

Moreover Zi(A,B,C,D) is a minimal realization if and only if [CiDlis an iso-
morphism between the two vectorbundles E(P(s)) and E([sI-Ai-Bl), or equiva-
lently -

( sI-A  -B

c D) injective Ys € €, and D injective.

Furthermore, since P(s) is surjective for every s ¢ T, a minimal realiza-

tion Zi(A,B,C,D) of Ze(P) is necessarily controllable.

PROOF Zi(A,B,C,D) is a realization of Ze(P) if and only if Ze(P) =
{w:R > W|Ix:R - X, absolutely continuous, Ju : R + U, u ELlOC , such that
i(t) = Ax(t) + Bu(t), a.e., and w(t) = Cx(t) + Du(t), 3t ¢ R}. Hence,

using symbolic calculus

{w(s) |P(s)w(s)=0} = {w(s)|3x(s) and u(s) such that
(sI-A)x(s)-Bu(s) = 0, w(s) = Cx(s)+Du(s)}

={w(s)|3x(s) and u(s) such that (izz;)e Ker[sI-Ai-B]

and w(s) = [CfD](ﬁE:;)}

Therefore Ker P(s) = [CiDJ] Ker[sI-Ai-Bl, Vs € T. [CiD] is an isomorphism
between E(P(s)) and E([sI-Ai-B])

«<==> [CiD] is injective restricted to E([sI-Ai-BJ)
<> [CiD] injective restricted to Ker[sI-Ai-B], Vs ¢ €, and D is injec-
tive (since E({sI-Ai-BJ at s = » is equal to span {(3), uel}).
sI-A -b
C D

R ad

) injective ¥s ¢ €, and D injective.

Furthermore it can be easily be proven that v =0 (Theorem 2.2) if and only

sI-A B

if c D

] injective Vs ¢ T .(see KAILATH (1980,7.6)). Hence by Theorem

2.2, minimality of Zi(A,B,C,D) is equivalent to the conditions given above.
Finally, since dim Ker P(s) = q-p, Ys € T and [C!D] is injective restricted

to Ker [sI-Ai-B] (if Zi(A,B,C,D) is minimal) dim Ked sI-Ai-B] = gq-p, Vs e C.
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This implies that [sI-Ai-B] is surjective for every s e €, which is the so-

called Hautus test for controllability of (A,B) (see HAUTUS (1969)). 00

Remark 1: The class of algebraic vectorbundles over EJ (with positive Chern
numbers) is therefore (up to isomorphisms) equal to the class of controllable

linear systems I(A,B,C,D).

Remark 2: Since D is injective if Zi(A,B,C,D) is a minimal realization,
Zi(A,B,C,D) is feedback equivalent to an input-output system (see Proposition

2.1). We shall come back to this point.

Of course the direct sum of m line bundles with Chern numbers

Kp 2 oo 26 2 0 can be realized by taking

m
0 1. 0
(2.6) A = diag( SN and B = diag(|[ : )
0 ....0fk.xk. 1/ k.x1
- H N 1 1

On the other hand, as we saw earlier if Zi(A,B,C,D) is a realization of
Ze(P), then also Ze(A+BF,BR,C+DF,DR) = Ee(P), for every F and R, with

det R # 0. It is easy to see that we can also allow for state space trans-—
formations S : X - X, with det S # 0. In fact, if Zi(A,B,C,D) is a minimal
realization of Ze(P), then Zi(A',B',C',D') is also a minimal realization of
£,(P) f and only if (A',B',C',D') = (s(a+Br)s”!,sBR™!, (c+pF)s ™!, DR ™YY for
a certain S,R and F with det S # 0, det R # 0 (WILLEMS (1979)). We shall
call this group of transformations (S,F,R) as above the Brunovsky group.
Now it is known (WONHAM (1979,5.7)) that for every controllable pair (A,B)
there exist (S,F,R), det S # 0, det R # 0 such that

- 01
S(A+BF)S = = diag( 1 )
0. . .0} «k.xk
...] 0
and SBR = diag (|- )
1 K.x1
i

for certain K 2 .. 02 Kn 2 0, ko€ N and m = dim U, i.e. the form (2.6).
We call this form the Brunovsky normal form of the pair (A,B), and the in-
tegers k. are called the controllability indices of (A,B), or also the

Kronecker indices of the pencil [sI-Ai-B](see GANTMACHER (1959)). Since mi-
nimal realizations of Ze(P), with P(s) surjective for every s ¢ L, are au-
tomatically controllable, we see that for realizing Ze(P) we can take A and

B already in Brunovsky normal form, with the controllability indices Ky of
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(A,B) equal to the Chern numbers of E(P(s)). Then we only have to construct

n m

a constant matrix[CiD] with C : R® > RY and D : R™ » RY , where n and m

are defined By m:= q-p and n:= Kp ¥ oeee F K Therefore giving a realization
of Ze(P) amounts to replacing the subbundle E(P(s)) of HJ x ¢ by an iso-

morphic vectorbundle E([sI-Ai-B]) which is a subbundle of a higher dimen-

n

sional space Pl x €% x C". Furthermore we notice that after embedding the

vectorbundle over EJ in this higher dimensional space, the isomorphism class
is given by constant linear maps. More precisely if E([sI—Alf—B]]) is iso-

morphic to E(LsI-A 5—32]), then (AI’BI) and (AZ’BZ) are necessarily of the

2
same dimension, say A; nxn and Bi nxm, i = 1,2, and there exists a constant

linear map H : R" x R® > R® x R™ such that

(2.7) H(E([sI-A S—BZJ) = E([sI-AIS—BZJ).

2

This follows from Kronecker theory (GANTMACHER (1959)), or the theory around

the Brunovsky normal form, since E([sI-A —Bz]) isomorphic to E([sI—Ali—BIJ)

25
<> controllability indices of (AI’BI) and (AZ’BZ) are equal .

Therefore there exists an element (S,F,R) of the Brunovsky group such that

-1
A, = S(A,*B,F)S
- -1
B, = SB,R .

-RF R
:—B])H = Ker(sI—AZ:—sz.

s 0
Then H as above equals the map ( )

(we can easily check that Ker(sI—A1

As we already ndticed, Ze(P), with P(s) surjective Ys ¢ L, can always be
realized by a linear Zmput-output system. In fact, geometrically we can
see this as follows.

Define U:= lim(Ker P(s)) = V(x) (= Ker Pr if P(s) is row proper). Then U
B ixacd

is a linear subspace of W = R?Y with dimension m:= q-p. Given a minimal
realization £(A,B,C,D) of Ze(P) we then know that U = Im D. Hence we may
identify the input space of the realization I(A,B,C,D) with the subspace U
of W (since D is injective). Define furthermore Y as an arbitrary p-dimen-
sional subspace of W, complementary to U, i.e. W =Y & U. We may now fix
T sw=mrP x R" as D =

D: R (g ), and by feedback transformations

m
C+r» C + DF we can obtain C : Rr" > RP x R" (R
in the form C = (g).

" = X is the state space)
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So we have written Ker P(s) = [C D] (Ker[sI-Ai-Bl]) with C = (8) and D = (2),
corresponding to a splitting W =Y x U. We call (A,B,C) as above an input-
output realization of Ze(P).

What kind of freedom exists in constructing a minimal input-output

realization of Ze(P)? This is answered in

THEOREM 2.14 Let (A,B,C) be a minimal input-output realization of Ze(P).
Then all other minimal input-output realizations of Ze(P) may be obtained
by applying the following transformations to (A,B,C)

(i) (A,B,C) b—> (SAs"l,SB,Es'l) s: R® > R", det S # 0

(ii) B . ——> BR R: R® > R", det R # 0
(iii) © —> TC T: RP > RP, det T # 0
(iv) A —-> A + BHC H: RP > R"

(i.e. output feedback transformations)

PROOF We have fixed U by setting U = V(»). Therefore the only freedom which
is left are coordinate transformations on U. This is the group of transfor-
mations (ii). If we have chosen a complementary subspace Y, such that W =

Y ® U, then of course coordinate transformations on Y are allowed. This
yields group (iii). Now there is freedom in choosing a complementary sub-
space Y. Given a subspace Y such that W =Y ® U, another subspace Y' ¢ W

is also complementary to U if and only if the projection of Y' along U on
Y is equal to Y, and dim Y' = dim Y = p. Then in a basis corresponding to
W=Y®U, Y' has the form Y' = {(&;)]er}. Therefore the transformation
from a basis corresponding to Y ® U to the basis corresponding to Y' & U

is given by ( ;P g ), and hence in the new basis corresponding to Y' & U
m

we have that Uew = Y14 + Hyold' This is exactly the group of Eransforma—

tions (iv). Finally group (i) are the basis transformations in the state
space and is classical. It is clear that no other transformations are

allowed in maintaining an input-output realization (A,B,C). ad

Remark 1. We notice that after we have chosen Y complementary to U, the

Jordan structure of A in a minimal input-output realization (A,B,E) is
uniquely determined (since only coordinate transformations S : R" + R"are
allowed). Furthermore we see that the eigenvalues of A are exactly given

by those s, € T such that Ker P(so) ny#o0!

0

Remark 2. If we apply feedback F to (A,B,C) then C = (C) is changed into
0
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= (8) + (g)F. We see that Im C' n U = 0, if and only if F is of the form
F = HC. Hence if we apply feedback which is not output feedback then we no

longer have dn input-output realization.

It is also easy to see how we can end up with input-output systems with feed-—
through term D, as in equation (2.4). Take an arbitrary m-dimensional linear
subspace U of W. Then we can take a subspace Y, complementary to V(x) =

lim ker P(s), such that the projection of U along Y on V(=) equals V(») (we
e

only have to take Y complementary to V(») and U). In a basis corresponding
to Y x V(), U is of the form U = {(Ey)lvev(w)} for a certain matrix D, and
with respect to this input space U and output space Y we obtain a realization

= Ax + Bu, y = Cx + Du.

We have shown that, since a minimal realization X(A,B,C,D) of Ze(P)
has the property that D is injective, we can always give an input-output
realization of Ze(P). This can also be seen in another way, since we will
show that Ze(P) can always be written as Ee([DE—N] with D(s) and N(s) as in

Case 3 of Section 2.1.2.

THEOREM 2.15 Let P e'Rqu[s] surjective for every s e¢ L. There ex1sts a
unimodular .U(s)such that U(s)P(s) is row proper, i.e. U(s)P(s) = diag(s 1)P
+ L(s) as before (Definition 2.10). Choose bases for W = RY and for ®RP
such that P = [I_:0J. Write in this basis U(s)P(s) = [D(s)i-N(s)], with
D e RPP Ls] N ep]Rp (a-p) [s]. Then det D(s) is unequal to the zero poly-
nomial, and G(s):= D (s)N(s) is strictly proper.

PROOF Since U(s)P(s) is row proper and we have taken bases such that
Pr = [IpO], it is clear that also D(s) is row proper, i.e. D(s) = diag(s i)Dr
+ LD(s), where in fact Dr = Ip' Therefore det D(s) is unequal to thflzero
polynomial. We now have to show that every entry g..(s) of G(s) = D (s)N(s)
is strictly proper. We can use Cramer s rule to solve for g..(s), indeed
g..(s) det D J(s)/det D(s) where D J(s) is the matrix obtained by replacing
the i-th column of D(s) by the j-th column of N(s). Then we can write
1J(s) diag(s 1)D1J + LlJ(s) with D ij the same matrix as Dr = IP except
for the i-th column which is zero, since the £-th entFY of the j-th column

of N(s) has degree strictly less than kﬁ' Therefore D;J is singular. It

m ..
follows that the degree of det D(s) is z k., while the degree of det DlJ(s)
m i=1
is strictly less than z k. i and therefore 8; (s) is strictly proper. O

i=1
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Hence given P(s), we first have to make P(s) row proper, then define U:=

ker Pr and Y an (arbitrary) complement of U in W. If we write P(s) =
[D(s)i-N(s)] ‘corresponding to W = Y x U then {w(s)|P(s)w(s)=0} = {w(s)=
(y(s),u(s))|D(s)y(s)=N(s)u(s)}. Moreover we can write this system also as
y(s) = G(s)u(s), and since [D(s)i-N(s)] is surjective VYs € T, G(s) =
D—l(s)N(s) is a left coprime factorization of G(s). If we denote the inverse
Laplace transform of G(s) by a(t), t e R, and if we assume that w(t) =
(y(t),u(t)) = (0,0), Vt < tO (see Proposition 1.18) then Ze(P) is also given
as

t
Ze(P) = {(y,u):R ~» YXU|ueL10€u(t)=0,tStO,y(t)=.If(t—r)u(T)dt}-

This external input-output system is in fact the usual starting point for
linear system theory (see KALMAN, FALB & ARBIB (1969))
In the sequel we will make use of a dual way to give the transfer ma-

trix of an input-output system. We need the following

LEMMA 2.16 (for a proof see WILLEMS (1983)). Let P € Rpxq[s], and surjec-
tive Vs € T. Then there exists a polynomial matrix Q e BP*9[s] (with m:=
q-p) such that Ker P(s) = Im Q(s), Vs € €. In particular Q(s) is injective
Vs € C.

Now a polynomial matrix Q which is injective Ys € T can be made column
proper by post multiplication with a unimodular matrix (a polynomial matrix
Q(s) is called column proper if QT(s) is row proper, hence this is already
proved in Proposition 2.11), i.e.

. K,
Q(s) = Q; diag(s Ly + L(s)

with QC injective and the degree of the j-th column of L(s) strictly less

than ki. Then of course lim Im Q(s) is well-defined (Theorem 2.9) and equal
S

to Im QC. Therefore if Ker P(s) = Im Q(s), Vs € T, we obtain that Ker Pr =

0
I 1. If we
m

write correspondingly to these bases P(s) = [D(s)i-N(s)] and Q(s) =

Im Q- Hence we can take bases such that Pr = [IpO] and Q = L

( Nl(s)), then D(s)N, (s) = N(s)D,(s) or D' (s)N(s) = N (s)D, ' (s).
D, (s)
1

The factorization G(s) = Nl(s)D-l(s) is called the right coprime factoriza-

tion of G(s), and the external linear system can also be written as

{(y(s),u(s))|32(s) such that Dl(s)z(s) = u(s), and y(s) = Nl(s)z(s)L
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We define the observability indices of a pair (C,A) as the controllability
indices of (AT,Em). Given a vectorbundle E(P(s)) and Z(A,B,E) a minimal in-
put-output realization of Ze(P), we have seen that the controllability in-

dices of (A,B) are equal to the Chern numbers of E(P(s)). Dually we obtain

THEOREM 2.17 Let P € ]Rpxq[s], surjective {s € T. Let £(A,B,C) be a minimal
input-output realization of Ze(P). The controllability indices of (A,B) are
equal to the Chern numbers of E(P(s)). Now define the algebraic vectorbundle

(E(P(s)))l over EJ by setting

(E(R(s))) = {((s,1),V)|sel,ve(Ker P(s))*} v

{((1,0),v) |ve (V(=))"}

where L denotes orthogonal complement with respect to an inner product on
W= RY. Then the observability indices of (C,A) are equal to the Chern
numbers of (E(P(s)))™. ’

Remark: The freedom in choosing an orthogonal complement corresponds to the
freedom we have in choosing an output space Y complementary to U. It can
easily be seen that the observability indices of (C,A) (as well as the con-
trollability indices of (A,B)) are invariant with respect to the transforma-
tions given in Theorem 2.14.

) - . -N. (s) .
PROOF Write P(s) = LD(s):i-N(s)] and Q(s) = Dl(s) as above, 1i.e.

1
Ker P(s) = Im Q(s) and Pr = [IpO] and QC = [;)] . Then (Ker[D(s)i—N(s)])'L =
. m

= (Im (_glgzg) )'L = Ker[-N]T(s)fDlT(s)]. The transfer matrix of this last

1

]NIT(S) (notice that the in-

input-output system is then given by (DIT(S))—
puts and outputs have changed places). However G(s) = D—](S)N(S) =
Nl(s)Dl_l(s) and hence the transfermatrix equals GT(s). If G(s) has a mini-
mal realization I(A,B,C), then GT(s) has a minimal realization (AT,ET,BT).
Therefore the Chern numbers of (E(P(s)))l are equal to the controllability

indices of (AT,ET), which are equal to the observability indices of (C,A). O

Theorem 2.17 also gives us a wéy to compute the observability and controlla-

bility indices of a minimal realization of Ee(P) directly from P(s):

THEOREM 2.18 Let P € meq[S], surjective Vs ¢ €. Let Q ¢ Rﬂxm[s], m:=
q-p, injective Ys € €, such that Ker P(s) = Im Q(s) (Lemma 2.16). Make P(s)
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row proper by premultiplication with a unimodular matrix (row operations),
and Q(s) column proper by post multiplication with a unimodular matrix
(column operations). Let (A,B,C) be a minimal input-output realization of

Ze(P). Then

(i) degrees of rows of P(s) = Chern numbers of (E(P(s)))'L = observability
indices of (C,A)
(ii) degrees of columns of Q(s) = Chern numbers of E(P(s)) = controllability

indices of (A,B).

Remark: If Pl(s) and Pz(s) are row proper and U(s)Pl(s) = P2(s) for a uni-
modular U(s), then the row degrees of P](s) and Pz(s) are equal. Therefore
the row degrees do not depend on how P(s) is made row proper. Similarly for

column degrees.

PROOF We only prove (ii), (i) is similar. If EﬂA,B,E) is a minimal input-

output realization, then Z(A,B,C,D) with C = (8) and D = (g) satisfies

Ker P(s) = [C D] Ker[sI-Ai-B]l. Now (A,B) can be brought into Brunovsky nor-

mal form by applying a transformation H = (_;F g) to X x U, det S # 0,
det R # 0 (see equation 2.7). Let now (A,B) be the Brunovsky normal form of
~ o~ ~ 0]"_ ~ 0
(A,B), i.e. A = diag "1 , B = diag
0...0 K. XK,
! i1 0

1 K.x1
i

with Ky the controllability indices of (A,B). Then it is easy to check that
Ker[sI-Ai-B] is ‘given by Im a(s), with

1 0 0
S . .
SKI'-1 .
0 1
: . R" = X
. 82 ...,
~ . 0
Q(S):= : :
. 0 venevnnn .
. 1
. S
(')K 0 vevnnn. ¢<m”!
s 1 0Ké ....... 0
0
0 r” =vu
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It is clear that a(s) is column proper with column degrees Ky and if we

write 5(3) = diag (sKi)QC + L(s) as before, then

Therefore Ker[sI-Ai-B] is given by Im

S 0l ~ . . .
-RF R) Q(s), which is still column

proper with the same column degrees, and QC is changed into Rn m) . Then

s 0

)S(S) with ¢ = (%) and D = (g),

-RF R 0

it can be seen that Q(s):= L[C D] (
is also column proper, with the same coluum degrees Ky and of course Im Q(s) =

Ker P(s), Ys € E. ]

Example: Let us return to our mechanical system m1§ s u - kl(yl—yz),
my ., = k](y]—yz) - k2y2 with
;s +k1 _kl -1

2
—k] m,s +kl+k2 , 0

P(s) =

Let us assume that kl # 0, m, # 0 and m, # 0. P(s) is row proper and the
degrees of the first and second row are two. Therefore the observability
indices of a minimal realization (A,B,C) are 2 and 2. The kernel Q(s) of

P(s) is given by

2
m,s +k1+k2
kl

4 2
mymys +(kym +kom +km, )74k ke

The column degree is four, which is equal to the controllability index. Let

mlsz+k] —kl )
us denote D(s):= X o sz+k +Kk and N(s):= ( 0).
1 2 1 72
Then P(s) = [D(s)i-N(s)J,det D(s) # O and
-1 1 ' m252+k1+k2 k] 1 _
G(s):=D "(s)N(s) = 7 - 5 7 9 0 -
(mls +k1)(m2s +k1+k2)—k1 kl m;s +k1
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2
. -1 mzs +kl+k2
B m. m 54+((k +k,)m, +k.m )s2+k k k
12 1 72771 7172 172 2
is the transfer matrix (from u to (i])).
2
A minimal realization (A,B,C) is
¢ 0 l/m1 0 0
= 1 0
Ao 00 0 imy )y o) To i ? 0 8)
—k1 -k] 0 0 1
k1 -(k1+k2)0 0 0

Remark: Let P e R & [s] and Qe RY™[s] as in Theorem 2.18, with P

row proper and Q column proper. Write Q(s) = diag(ski)QC + L (s) as before.
Consider now a polynomial matrix U(s) € Iquq[s], such that U(s)Q(s) is
again proper. Write U(s)Q(s) = diag(§<g-)Qk:+ L'(s) as before. If U(s)
satisfies

a) {K;l,'°"Km}={K;,...,KI;I}
b) Im Q, = Im Qé

then U(s) is called column degree preser&ing and can be interpreted as
feedback. This can be seen as follows: Because Im QC = Im Qé , the input
spaces of the external linear systems corresponding to Q(s) and U(s)Q(s)
are equal. By Theorem 2.18 the column degrees of Q(s) and U(s) are the con-
trollability indices of a minimal state space realization with state space
X and input space U. Therefore there exists a Brunovsky transformation

( S 0
-RF R

) on XXU which carries a minimal realization of Q(s) over in a mini-
mal realization of U(s)Q(s). Conversely to every Brunovsky transformation
there corresponds a column degree preserving U(s). This result was for
input-output systems in fact first stated in HAUTUS & HEYMANN (1978), in the
following equivalent formulation. Consider the submodule § of R (s) gene-
rated by the columns of Q(s). Then feedback corresponds to an R [s]-homo-
morphism from  to another submodule of RI[s] of the same rank, which is
degree preserving (HAUTUS & HEYMANN (1978)). Furthermore it is noticed that
such degree preserving homomorphisms can be related to bicausal isomorphisms
from ]fn[s_l] to itself.

Dually we note that if U(s) : W > W is such that the row degrees of
P(s)U(s) are equal to the row degrees of P(s) and lim Ker P(s)U(s) = lim

S—>o S
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Ker P(s), then U(s) corresponds to output injection. This is a transforma-
tion dual to the Brunovsky transformation: if (A,B,E) is a minimal realiza-
tion of Ze(P); then it is changed into (A',B',C') with B' = B, A' =
s(a+HC)S 1 ,C' = TEs'l, where S : X > X, T : Y~ Y with det S # 0, det T # 0
and H : Y » X.

Finally, we want to way a few words about the case that P(s) is not surjec-
tive for every s € L, but only surjective for almost every s ¢ L. First we
note that in this case (contrary to the situation P(s) surjective Vs ¢ T),
not all information about Ze(P) is contained in the geometrical object

{Ker P(s), sel}. Take for instance W = R and consider pl(s):= s and
pz(s):= 52. Clearly ker pl(s) = ker pz(s), Vs € T, in fact ker pl(s) =

ker pz(s) =0, Ys # 0 and k;r pl(O) = ker pz(O) = W. However, Ze(pl) =
{wl%¥ =0} and 1 _(p,) = {w|9—§ =0}.

dt”
As we already remarked, the s € T where the dimension of Ker P(s) suddenly

jumps are exactly the non-controllable eigenvalues of a minimal realization
of P):
I (P)

PROPOSITION 2.19 Let P simpxq[s], and surjective for almost every s ¢ C.

Let Zi(A,B,C,D) be a minimal realization. Then: P(s) is surjective for all

s e T <

> Zi(A,B,C,D) is controllable. Furthermore, write P(s) =
R(s)P'(s) as in Proposition 2.7. Then the controllable part of Zi(A,B,C,D)

is a minimal realization of Ze(P'), while the s, € T such that det R(so) =0

0
are exactly the uncontrollable eigenvalues of A.

PROOF In Theorém 2.13 we already proved that if P(s) is surjective Vs € T,
then Zi(A,B,C,D) is controllable. Conversely if Zi(A,B,C,D) is controllable.
then by the Hautus test Ker[sI-A{-B] has constant dimension Ys e T. Since
[CiD] maps Ker[sI-Ai-B] isomorphically onto Ker P(s) by Theorem 2.13, it
follows that P(s) is surjective Vs € @. After a basis.transformation on X

(the state space) we can always write A and B as

A= |0 T2) g
0 A3 0
such that (AI’BI) is controllable. The eigenvalues of A3 are the uncontrol-

lable eigenvalues. It is clear that outside the eigenvalues of A, Ker

2 3 ’
[sI—Ai—B]=Ker[sI—AIE—BIJ. Hence Zi(Al,Bl,Cl,D), with C] restriction of C to

the controllable subspace of X, is a minimal (and controliable) realization
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of Ze(P'). We also see that the dimension of Ker[sI-Ai-B] indeed jumps for s
Since [CiD] is an isomorphism between E(P(s)) and

such that det R(SO) = 0. 0

an eigenvalue of A3.
E(LsI-Ai-B]) ‘these s are exactly the points Sy
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2.2 Nonlinear systems

2.2.1 Nonlinear systems in state space form

In this section we give the definition of a smooth nonlinear system
(in state space form), which will be used in the sequel. Furthermore we
show how this general definition can be specialized to various important
subclasses of smooth nonlinear systems. Smooth will always mean Cm, al-
though at this stage the definitions can be easily extended to the Ck—case.

A smooth nonlinear system will consist of the following ingredients.
W, the set of external variables, is a smooth manifold. Also the state space
X is a smooth manifold. There is a smooth fiber bundle B over X, so B —le-x,
with 7 the bundle projection. Finally a smooth map £ : B » TX x W (TX is

the tangent bundle of X) is given such that the following diagram
£
B —_— TX x W
(2.8) \\\\\\s &(//////
m L
X X
commutes (ﬂx is the usual ﬁrojection of TX on X).

DEFINITION 2.20 A smooth nonlinear system consists of smooth manifolds X

and W, a smooth fiber bundle B —> X, and a smooth map £ : B > TX x W

such that (2.8) commutes. It is denoted by I (X,W,B,f), or shortly I.

Let x = (xl,...,xn) be coordinates for X (n-dimensional). Then we
can take coordinates (x,u) = (xl,...,xn,u],...,um) for B ((n+m)-dimensional).
Such coordinates for B are called fiber respecting. Take coordinates
w = (w],...,wq) for W (g—-dimensional). Then locally Definition 2.20 amounts

to

2.9) %X = g(x,u)
{ w = hx,u)

where we have split £ : B »~ TX x W as £ = (g,h), with g : B > TX and
h : B > W. Furthermore we abuse notation by writing g(x,u) € TX as
(x,g(x,u)).

A smooth nonlinear system %(X,W,B,f) as above yields the following

dynamical system in state space form (Definition 1.2)?
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(2.10) Zi(X,w,B,f):= {(x,w) : R -~ X x W | x absolutely continuous and
(k(8),w(t) € £(n ' (x(£))) a.e.}

Furthermore the external behaviour of I (X,W,B,f) is given by (Definition

1.3):
(2.11) L (X,W,B,£):= {w: R >W| I : R > X such that (x,w) € zi}
We denote this by & = Zi = I,

Definition 2.20 differs in two major aspects from more usual starting
points in nonlinear system theory:

I. Instead of inputs and outputs we use a set of external variables W.
II. We use a state-dependent input space (namely the fibers of B).

With respect to I we refer to Chapter 1 for motivation. Furthermore
we notice that, contrary to the linear case, there are situations where
splitting of external variables into inputs and outputs is a delicate issue.
Consider the (nearly) ideal diode given by the following I-V characteristic:

4
\Y

For I > 0 it is natural to regard I as the input and V as the output, while
forV > 0 it is natural to see V as the input and I as the output. Around
(0,0) an input-output description could be given in the scattering variables
(I-V,I+V). So only locally we can define natural inputs and outputs, and
they really differ in the three regions mentioned. In this example it is
still possible to define a global input-output representation, namely by
using the scattering variables. However, one can easily imagine a situation
where it is simply not possible to give such a global split of external
variables into inputs and outputs (think for instance of an I-V characteris-
tic which is a closed curve in ]RZ; a sort of hysteresis loop).

With respect to aspect II we note that a bundle B > X is a mathe-
matical generalization of a product structure B = X x U, with U a smooth
manifold. By taking coordinates u = (ul""’um) for U we obtain in this case

for the first part of equations (2.9):
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(2.12) x = g(x,u), x € X

where now for every u ¢ U, g(+,u) is a globally defined vectorfield on X.
So if we take B = X x U we adopt the framework of a family of vectorfields
on X, parametrized by u ¢ U. This framework, although it is what is normal-
ly used in nonlinear system theory, might be too narrow for control theore-
tic purposes, as is illustrated by the following example. Consider a parti-
cle moving on the surface of a sphere 32 which can be controlled to move in
any direction. If we model this by taking B = X x U (in this case S2 X ]Rz),
then the dynamics of the particle are of the form

(2.13) X = ulzl(x) + uZZZ(X)

with Z1 and Z2 globally defined vectorfields on Sz, and u, and u, the con-
trols. However, vectorfields on S2 always have at least one equilibrium

point, say Zl(x]) = ZZ(XZ) = 0, for a certain X 5%, € SZ. Hence, in x

2 1
and X, we can steer in at most one direction. Therefore if we insist on
taking B = X x U we cannot describe the above situation! The dilemma is
solved by taking B a nontrivial bundle, i.e. not a product X x U.

In fact we can take B isomorphic to TSZ.

Remark: If B is a nontrivial bundle over X, we can still define a state Zn-—
dependent input space U in the following way (see TAKENS (1976)). Take U
equal to the space of all (sufficiently smooth) sections of the bundle B,
i.e. U = {s:X»B|mos=id}. Notice however, that U is in general infinite
dimensional.

We wish t6 be somewhat more detailed about what we called "fiber res-
pecting" coordinates. Since B =X is a fiber bundle there exists a cover-

ing set of locally trivializing charts; i.e. a collection {Vi]]._E of open

I
neighborhoods of X, with X = U Vi’ such that for every i € I,
iel
-1 .. . . .
™ (Vi) is isomorphic to Vi x U, where U is the so-called standard fiber
of B. More precisely, for every chart V there exists a diffeomorphism

6 : 71 '(V) >V x U such that

n—l(V) s vxu

(2.14)
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commutes (pr means projection on V). Moreover if Vi and V, are two charts
with diffeomorphisms ¢i, respectively ¢j, as above, and Vi n V. # @, then
J

the map Qij such that the diagram

-1
T (Vian)
(2.15) ¢i//// \\\¢j
(Viﬂvj)XU —;TT———é (Vian)XU
ij

commutes, is a diffeomorphism. If V is a trivializing chart with diffeomor-
phism ¢ and if X, € V and u, € U, we can take local coordinates x=(x],...xn)
around X3» and u = (u],...,um) around uy ThST (x1°¢,...,xn°¢, u10¢,...,um°¢)
is a set of local coordinates for B around ¢ (xo,uo). Such coordinates are
called fiber respecting and if no confusion is possible, we will omit the
isomorphism ¢ and simply speak about the coordinates (Xl""’xn’ul""’um)
for B. Given a trivialization ﬂ_l(V) = VxU (= means isomorphic) we can in-
terpret g : B > TX restricted to ﬂ_l(V) as a family of vectorfields on V

parametrized by u € U. In fact the trivialization induces a map
(2.16) g : VxU-~>TV

and g(+,u) is for every u € U a vectorfield on V (Notice the abuse of nota-
tion. Formally we should have written g°¢_1 : VXU~TV). In general there are
many trivializations above a locally trivializing chart V. Consider two

isomorphisms ¢l : ﬂ_](V) - VxU and ¢2 : ﬂ-l(V) + VxU, such that (2.14) com-

mutes. If we again take local coordinates x around x, and u around u., then

0 0’
the resulting fiber respecting coordinates
1
(x,u ):= (x]°¢l,...,xn0¢1,u10¢],..,,um°¢l) and
2
(x,u”):= (x]°¢2,...,xn°¢2,ul0¢2,..,,um°¢2)
are different in the input (u) coordinates. There exists a diffeomorphism
o ﬂ-](V) - n_l(V) such that u2 = u(x,ul),in fact a = ¢;1°¢2. This map o
can be interpreted as feedback. The two trivializations also induce two

different sets of Vectorfields.g](-,ul) and g2(~,u2), as in (2.16), which

are feedback related to each other, i.e.

(2.17) g2(,aC,u)) =gl ¢,uh)
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Notice that this also motivates an alternative way to look at feedback.

Namely we can define feedback as a bundle <somorphism o : B ~ B, i.e. a
. a

diffeomorphism o such that B ———— B commutes.

s m
X

Another related point we stress is that if B is not trivial, i.e. not
X x U, it is not clear what we mean by constant imputs. Any local triviali-
zation ﬂ_](V) =~ VxU defines sections u = constant locally above V. To de-
fine globully what are '"constant'" inputs, we need the notion of a global

(integrable) comnection on B. We return to this in section 2.2.3.

We define a nonlinear input-output system as the following specializa-
tion of Definition 2.20. First we give the notion of a pullbgck bundle. Let
k : M~> N be a smooth map between two manifolds, and let E L5 N be a fiber
bundle. Then we define the pullback bundle k*B as the following fiber bundle

over M:
(2.18) K*B = {(x,b)|xeM,beB,k(x)=n(b)}

This gives immediately the commutative diagram

~

KB k

v

*

(2.19)  kK'7 L

Z e Wl
32

M ——

k

with kK7 and k defined by k'm(x,b) = x and k(x,b) = b, for (x,b) ¢ k'B
(and hence k(x) = ;(b)).

DEFINITION 2.21 A smooth nonlinear input-output system in state space form
by

is given by a smooth fiber bundle B > Y, a smooth manifold X and smooth

maps h : X > Y and g : h*E + TX such that the diagram

BB 3 —B . ¢
(2.20) ?l th
X
Yye—=~EB %

commutes. We call Y the outputspace and h the output map. The system is

denoted by Z(X,g,Y,g,h)-
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Definition 2.21 specializes Definition 2.20 in the following sense.
W is a fiber bundle B over Y. Furthermore we have defined B:= h'B and
f : B > TXxW (with w=§) by f:= (g,E). If we choose coordinates y = (yl""’yp)
for Y (p-dimensional) and fiber respecting coordinates (y,u)=
(yl,...,y ,ul,...,um) for B ((p+m)-dimensional) and coordinates x =

P ~
(xl,...,xn) for X then I(X,B,Y,g,h) is locally given by

{ x = g(x,u)

(2.21) h(x)

Notice the following consequences of Definition 2.21:
(1) the outputs are "intrinsically" defined (they are elements of Y)
(ii) we have identified the inputspaces (the fibers of h*i) with the fibers
of B, and hence the inputs can be identified with a part of the external
variables.
(iii) the inputspaces are nd longer state dependent, but only output depend-
ent
(iv) W can be seen as the space of outputs and inputs (although the inputs
are not "intrinsically" defined, since they are elements of the fibers of E).
If in the above definition we would take B trivial, B =Y x U, then the in-
puts are intrinsically defined. Also B = h*B is trivial in this case.

The fiber respecting coordinates (y,u) as we used above are of course
obtained by taking a local trivialization ;—](V) » VxU of E, with V an open
neighborhood on Y. A local trivialization of B induces a local trivializa-
tion of B = h*i, namely n_l(h_l(V)) = h_l(V) x U (with n:=h*F). Let now
e'h_l(yo) and u

Yy € V and x € U. Then we can take local coordinates y

0 0

around Yoo ¥ around X, and u around uy- With the above trivializations of
B and B, this yields fiber respecting coordinates (y,u) for B and (x,u) for

B. In these coordinates h : B + B is given by
(2.22) h(x,u) = (h(x),u)

We call a local trivialization of B as above and the resulting fiber respect-

1~ @ 1~ ¢
ing coordinates (x,u) output-induced. I1f m l(V)-—l—> VxU and 7 l(V) ——2—> VxU

are different trivializations, then we obtain two different sets of fiber-
respecting coordinates (y,ul) and (y,uz) for E’ and correspondingly differ-
ent output-induced coordinates (x,ul) and (x,uz) for B. As before there ex-
ists a bundle isomorphism (y,ul) ———>(y,u2=3(y,ul)) from %_I(V) to itself.

This induces a bundle isomorphism from n_l(h_l(V)) to itself,
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given by (x,ul) — (x,u2=a(x,ul)), where o satisfies
(2.23) a(x,u) = a(h(x),u)

Hence the feedback transformations from one set of output induced fiber res-
pecting coordinates of B to another, are exactly the output feedback trans-

formations.

0f course there are many intermediate situations between Definition
2.20 and Definition 2.21 which are also of some interest. Let I(X,W,B,f) be
a nonlinear system, and write again f = (g,h) with g : B> TX and h : B ~ W.
We can distinguish the following cases
I. Assume that h : B > W restricted to the fibers of B is an immersion.
In other words (%%9 is injective (denote fiber respecting coordinates for B
by (x,v)). Then by the implicit function theorem we can locally define coor-
dinates w = (y,u) for W, in which coordinates h can be written as h(x,v) =

(ﬁ(x,v),v). Hence we can locally identify v and u and write (2.9) as

X
(2.24) {
y

g(x,u)

h(x,u) - w = (y,u)

We call (2.24) a local Znput—output representation with feedthrough term.
II. Assume, apart from (%%) injective, that V + ker dh is an involutive
distribution of constant dimension on B (V is the vertical tangentspace

of B; V(x,v):= {ZeT(x,v)B|ﬂ*Z=O}). Then h*V is an involutive distribution
of constant dimension on W(this will be proved in Lemma 2.27), and hence

at least 1oca11§, we can factor out W by the leaves of the foliation ge-
nerated by h*V. We can take local coordinates w = (y,u) for W such that the
leaves are given by setting y equal to a constant. In these coordinates h

can be written as h(x,v) = (h(x),v). After identifying v and u we obtain

{ x = g(x,u)
y

h(x) w = (y,u)

(2.25)

We call (2.25) a local Zmput-output representation.

III. Suppose that W is a fiberbundle over an output manifold Y with projec-
tion ;, and that h : B ~ W is a bundle <somorphism, i.e. there exists

h : X > Y such that
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W
i;
Y

B
i to

—h
_—
- te
h commutes
Moreover, assume that h restricted to the fibers of B is an isomorphism.
c . . . . —k
Then it is easy to see that B actually is diffeomorphic to h W, and that we
have arrived at Definition 2.21.
IV. Finally, if (%%) is not injective, then there are variables in the
fibers of B which can affect the internal state behaviour via the equation
X = g(x,v), but which cannot be directly identified with some of the exter-
nal variables. Hence even a local input-output representation (with feed-

through term) is not possible. We shall come back to this in Section 2.2.4.

An important subclass of nonlinear input-output systems is formed by the
systems where the inputs enter the equations in a linear way. This can be

formalized as follows

DEFINITION 2.22 A nonlinear input-output system Z(X,ﬁ,Y,g,h) is called

affine if B is a vectorbundle and the map g : h“B > TX is an affine bundle

morphism, i.e. g restricted to the fibers is an affine map.

If we take local fiber respecting coordinates (x,u) = (xl,...,xn,
ul,...,um) for B, such that u = (ul,...,um) are affine coordinates for the
fibers of B (which are linear spaces), then Definition 2.21 yields that
g(x,u) can be written as

m
g(x,u) = A(x) + iZluiBi(x)

where A(x) and Bi(x), i=1,...,m are locally defined vectorfields on X. We can
define Ao(x):= span {Bl(x),...,Bm(x)} and A(x):= A(x)+A0(x). This yields an
affine distribution A on X and a distribution A
{zl-zzlz],zzeA}.

0 on X such that AO = A-A:=

We define another type of an affine system in the following way:

DEFINITION 2.23 An affine control system consists of an affine distribution

A on X, and amap h : X - Y with Y the output manifold. It is denoted by
L(X,0,Y,h).

An affine control system is an example of a nonlinear system %(X,W,B,f)

(Definition 2.20) as can be seen in the following way. Define the bundle B
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over X as the subbundle of TX given by the affine distribution A(in every

x € X there is given the affine subspace A(x) c TXX). Define an affine map

g : B > TX such that Im g = A. Then take the set of external variables equal
to Y, and define h:B>Wash-= hew, with 7 the projection of B onto X.

Set f = (g,ﬁ). In local coordinates y for Y, and x for X, I(X,A,Y,h) is given
given by

m
A(x) + ) u.B,(x)
(2.26) i=1 t*t

y = h(x)

»
1]

for certain (locally) defined vectorfields A and Bi on X.
Remark: Notice that if there exists a bundle B above Y such that B = h*i,
then we can also define W = h"B and we have arrived at an affine nonlinear
input-output system.

Actually we can associate with every nonlinear system I(X,W,B,f) an
affine control system by the following construction, which will be frequent-—

ly used in the sequel.

DEFINITION 2.24 Let IZ(X,W,B,f) be a nonlinear system. Write f = (g,h) with

g : B~>TX and h : B > W. Define

2% (x,v) = {ZeT(x V)Bln*z=g(x,v)} and

Ao (x,v)i= {ZeT oyBlm,2=0}

(x,

55= 2% - A® and Z(B,Ae,w;h) is an affine control system,

with state space B and output manifold W.Z(B,Ae,w,h) is called the extended
system of L(X,W,B,f) and is also denoted by Ze(X,W,B,f).

for (x,v) € B. Then A

If in local fiber respecting coordinates (x,v) for B and w for W,

I(X,W,B,f) is given by

g(x,v)
h(x,v)

w

then the extended system Ze(X,w,B,f) can be written as

{ x = g(x,v)
(2.27) v=u
w = h(x,v)

with (x,v) the new state, and u the new input.
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Remark: Taking the extended system Ze(X,w,B,f) of a nonlinear system
I(X,W,B,f), amounts to "integrating the input one time" (i.e. v = u). There-
fore, if we look at the dynamical systems in state space form associated to
¥ and 1° (see equation (2.10)), we add one degree of differentiability in

o e
the transition from I to I .

2.2.2 Minimality, observability and controllability

In this section we treat the properties of "minimality","observabili-

ty" and "controllability" for the smooth nonlinear systems that we defined
in the previous section. Again smooth will always mean Cw, although the
definitions and results can be often extended to the Ck—case. Furthermore,
in first instance we shall remain within the "regular category'". This means
that we assume that the smooth maps, distributions etc. have constant rank
or constant dimension. From a differential geometric point of view this
adds very much to the clarity of the exposition. Later on we leave this re-
gular category with the introduction of the observability codistribution
and controllability distribution, which do not necessarily have constant
dimensions. We remark that -in some instances the results can be more
elegantly stated by assuming (real) analyticity of the system. The reason
is that in the analytic case singularities (of the (co)distributions) are
easier to handle.

We give the following definition for minimality of a smooth nonlinear

system in state space form.

DEFINITION 2.25- Let £(X,W,B,f) and I'(X',W,B',f') be two nonlinear systems.

Then I' < I if there exist surjective submersions ¢ : X - X', & : B > B'
such that the diagram
]

. t/T'
(2.28) ™ x x '
TX ——>TX'

‘/[X ¢* m
¢

B*

. B
£

XX'

X

commutes. % is called equivalent to ' (z~f') if ¢ and ¢ are diffeomorphisms.

We call % minimal if {£'<y === 1'~1I}.

Remark 1. It is clear that this definition formalizes the same idea as ex-
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pressed in Definition 1.5 for general systems, but now within the "category
of smooth nonlinear systems'": £ is minimal if there does not exist a %' smal-

ler than % and explaining the same external behavior.

Remark 2. In the linear case we have given conditions on I(A,B,C,D) which
are necessary and sufficient for minimality of Zi(A,B,C,D) (see Theorem 2.2).
In the nonlinear case we have that minimality of Zi(X,W,B,f) implies mini-
mality of I (X,W,B,f) as above. However, the converse is in general not true,
and it seems hard to impose conditions on I(X,W,B,f) stronger than the

conditions of Definition 2.25, which ensure the minimality of I (X,W,B,f).

Remark 3. If I is equivalent to L', then the diffeomorphisms ¢ and ¢ as in
(2.28) need not be uniquely determined, even if I is minimal. Recall that
in the linear case (see Section 2.1.1) ¢ and ¢ are indeed unique, if I is
minimal (this is the so-called state space isomorphism theorem (see
BROCKETT (1970))).

Remark 4. Definition 2.25 is an example of our general approach to remain
within a smooth and regular (i.e. constant ranks and dimensions) category.
For instance we could have strengthened the definition of minimality by

allowing that ¢ and ¢ are not submersive at isolated points.

From a differential geometric point of view it is useful to inves-—
tigate what a global definition like Definition 2.25 amounts to locally.

For this we need the notion of a (co)distribution. A Cm-distribution,
or simply distribution, on X is a map p - A(p), where A(p) c TPX is a linear
subspace of T X. Moreover for any p € X there exists a neighborhood U and
k such that span {Zl(q),...,Zk(q)}= A(q)
for every q € U. A distribution D is Zmvolutive if [Zl,Zz] e D for every

there are C vectorfields Zl""’Z

ZI’ZZ vectorfields in D ( [,] 1is the Lie bracket). A distribution D is
regular if it is involutive and it has constant dimension, i.e. dim D(p)
does not depend on p € X. A Cm—codistribution, or simply codistribution,
on X is a map p ~ A(p), where A(p) < T; X is a linear subspace of T” X,

such that locally there exist ¢” one-forms 6 ..,82 with A(q) = span

1’
{el(q),...,ez(q)}. A codistribution P is Zmvolutive if for every 6 e P,
there exists a © ¢ P and an arbitrary one-form o such that d6 = o A 6. A
codistribution P is regular if it is involutive and it has constant dimen-

siomn.
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ile shall now define the prolongation of a general (co)distribution
(see also YANO & ISHIHARA (1973)). Afterwards we shall see that these defini-
tions become much simpler for regular (co)distributions. First we need to
define the prolongation of vectorfields, functions and one-forms. Let Z be
a vectorfield on X. Z defines an one-parameter group Zt:X +~ X, t e R and
small (Zt is the integral flow of Z). Then (Zt)* : IX +.TX is the one-para-
meter group of a vectorfield on TX, which we denote by Z. Given a function
f: X >R, we define the function f:TX > R, by f(v):= df (v), v € TX.
Furthermore, let 6 be a one-form on X, then we define the one-form 6 on TX
by setting é(Z):= 2(0), for a vectorfield Z on TX (the expression Z(6) makes

sense, since we can look at 8 as a function from TX to R). Let now P be a

codistribution on X. Locally P is given as span {el,...,ez} with ei 1-forms
on X. Then define locally the codistribution P on TX by setting P:= span
{n*el,...,n*eﬂ,é‘,...,éz} (with 7 the natural projection of TX on X). Given
a codistribution P on X, we define the (Cm—)distribution Ker P by Ker P =
{c” vectorfields Z on X such that 0(z) = 0, for each 6 ¢ P}. Conversely if
D is a distribution on X we define the (Cm—) codistribution Ann D (the
annihilator of D) by Ann D-= {¢” one-forms 6 on X|6(z) = 0 for each Z e D}.
In general D c Ker(Ann D) and P c Ann(Ker P). The prolongation of a distri-
bution D on X is the distribution D defined by D = Ker ﬁ, with P = Ann(D).
Notice that Z ¢ D if Z is a vectorfield contained in D.

If the (co-)distributions are regular, the above definitions become
much simpler. Let P be a regular £-dimensional codistribution on X, then by
Frobenius' theorem (SPIVAK (1970)), there exist local coordinates (xl,...,xn)

for X such that P = span {dx,,...,dx,}. Hence P = span {dx,,...,dx,,
P 2 P 1 2

1

. . . * . . .
dxl,...,dxz} (we omit m ). It is easy to see that (x],...,xn,x ,...,xn) are

local coordinates for TX. Furthermore if P is regular, then D l Ker P is
regular and P = Ann(Ker P). Also if D is a regular distribution, then
P = Ann(D) is regular and D = Ker(Ann D). If D is regular there exist local
coordinates (x],...,xn) such that D = span {5%—,...,~§—J. Then Ann D =
span {dxk+],...,dxn} and hence D is given by

D = span {5§~ 8 .2 0 3

PR vt vt SRR I v vt
1 ?xk Bxl a*k

Now return to Definition 2.25. Let L' < I and consider diagram (2.28).
Because ¢ and ¢ are submersions they define the following regular distribu-

tions on B, respectively X:
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E:= {ZeTB|o 2=0}
(2.29)
D:= {ZeTX|¢, Z=0}

Furthermore it can be seen that
(2.30) D = {2eTTX|(9,),2=0}.

We notice that diagram (2.28) consists of three subdiagrams (write f = (g,h)

and £' = (g',h")).

B__._q)—_> B!

SERC

Remark: Actually there is a fourth subdiagram

¢

X —— > TX'

’ b

X —> X'

¢

but this commutes by the definition of b,
A close inspection shows that:

subdiagram a) commutes == E c ker dh
(2.31) " b) " == D =17,E

" C) n _— g*E c D

Motivated by this we give
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DEFINITION 2.26 Let Z(X,W,B,f) with f = (g,h) be a nonlinear system. I is

called locally minimal if, when there exist regular distributions E on B and
D on X satisfying

(1) E c ker dh

(ii) n*E = ?

(iii) g,E < D

then necessarily E and D are the zero distributions.

If 2(X,W,B,f) is not minimal then there exists a Z'(X',W,B',f') and
¢ and ¢, not both diffeomorphisms, such that (2.28) commutes. We saw in (2.31)
that E and D as defined in (2.29) then satisfy conditions (i), (ii), (iii).
Moreover E and D are not both zero. Hence I is also not locally minimal.
Therefore we conclude:I locally minimal = I minimal. The converse statement
is in general not true. If I is not locally minimal, then there exist non-
trivial E and D satisfying conditions (i), (ii) and (iii). Since E and D
are regular, they generate a foliation of B, respectively of X. The leaves
of these foliations are the maximal integral manifolds of E, respectively
D. Therefore set-theoretically we can define B' as the space of leaves of
E, and X' as the set of leaves of D, together with projections ¢ : B - B’
and ¢ : X > X'. However, we cannot always give B' and X' the structure of
differentiable manifolds such that ¢ and ¢ are submersions (as one says,
regular distributions can a priori only locally be factored out). Hence we

cannot deduce that I is not minimal.

Remark 1. It is clear that minimality of Zi(X,W,B,f) implies also local

minimality of I(X,W,B,f). The reasoning above shows that if we want to cha-
racterize minimality of z, in a differential geometric way, local minimali-
ty of & is a better candidate than minimality of I(however presumably still
not strong enough since it is possible that an involutive, but not regular,

distribution can be factored out (in a set-theoretical sense)).

Remark 2. In the case of analytic systems we should require that E and D

as above are analytic distributions. Since involutive analytic distributions
always define a foliation (also if they do not have constant dimensions),
they can be factored out in a set-theoretical sense. Therefore we only have
to ask that E and D in Definition 2.26 are involutive. Correspondingly, in

Definition 2.25 ¢ and ¢ should be analytic, and only surjective.

There is an equivalent way of formulating local minimality in terms of

the extended system. For this we need the following
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LEMMA 2.27 Let Dl and D, be two regular distributions on a manifold M.

Suppose that D1 + D2 is again regular. Then there exist local coordinates
(xl,...,xn) for M such that

D] n D2 = span {5%T3...,5%;} k <n

D, = span {337"'.,§%;’§§3:13."§%Z} k<l<n

D, = span {327""’5§£’5§%:T""’5%;} £ <m<n

PROOF Notice that D, + D, regular is equivalent to D, +D, involutive and

D1 + D2 or D1 n D2 of constant dimension. By factoring out D] n D2 we may

assume that Dy n D, = 0. Then we refer to RESPONDEK (1982). 0

Remark: Sometimes we actually need the following weaker result: there

exists a basis Zl,...,Zﬂ of vectorfields of D, such that [Zi,DZJ cD

1
i=1,..,£. This can in fact be proved for arbitrary D

2’
1 and regular D2 such
that D], D, and D1 n D2 have all constant dimension and [Dl,Dz] cD, +D

1 2
(see NIJMEIJER (1981), ISIDORI et al.(1981)).
Let us define for two (possibly affine) distributions D, and D, on a
manifold i, [Dl,Dz] as the distribution on M given by [Dl,Dz] = span
{[Y,Z]{YeDl,ZeDz}, i.e. the distribution spanned by all Lie-brackets of

vectorfields in D] and D2.

THEOREM 2.28 Let r(X,W,B,f), with f = (g,h), be a nonlinear system and let
Z(B,Ae,w,h) be its extended system (Definition 2.24). Then: I(X,W,B,f) is
locally minimal <=== there does not exist a nonzero regular distribution
E on B such that
(1) E c ker dh
(1) [a%,E] < E+ag

has constant dimension
e

0

e
0 e
(Recall the definitions of A and A

(iii) En A

from Definition 2.24).

PROOF We prove that: {there exist regular distributions E on B and D on X,
not both zero, such that (i) E ¢ ker dh, (ii) = E = D, (iii) g,E D}

<= {there exists anonzero regular distribution E on B such that (i)

.. - - e . .
E c ker dh, (ii) LAe,EJ c E+Ag, (iii) E n A, has constant dimension}.

(=) [4%,E] c E+A°

0 e‘ Therefore Ae and E are

implies that [AS,E] c E+AO 0
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regular distributions on B such that Ag + E is involutive and AS n E has

constant dimension. By applying Lemma 2.27 we can choose coordinates

(xl,...,xn,ui,...,um) for B such that

39

~ 3
AO = span {Bu ,...,3;—}
: 1 m
e _ il ]
EnA0 = span {au ""’Buz} , L <m
] ] ] 9
E =span{——, ...,y ey}
9xX axk au] Buz

1
Furthermore it is easily seen that these coordinates are fiber respecting.
Then D:= 7w E = span {—3—3...,—3—4 is a well-defined distribution on X (we
* 9x axk
abuse notation by looking at X, as coordinate functions on X). In these
. e e n
coordinates A is given by A (x,u) = z

gj (x:u)'s% + Ag(x,u), with g =
J

j=1
(gl,...,gn). [A%,E] ¢ E + Ag yields
dg. i=l,...,k 2g. i=1,...,2
. 3y = 0 _Jy =
(2.32) (Bxi) j=k+1,...,n and (Bui) 0 j=k+1,...,n

However, in these coordinates g,EcD is given by the same expressions.
(=) Since ﬂ*E = D is a regular distribution on X, we can choose coordi-

nates (Xl""’xn) for X and (xl,...,xn,ul,...,um) for B such that D = span

I ) ] ) ) 3 .
=——yesesx—1}, and E = span {+—,...s5—y5s—3.+.,——} with k < n, £
b 3’ bl b ’ E] b t b
- axl 'axk 9x Bxk Bul Buz

A

m.

—E—J, this implies [AS,E] c a8+ E.

e _ 9
Because A_ = span {Bu ""’Bum 0

0

As above (2.32) gE © h) yields that [Ae,E] c E+A8.

Remark: In fact it can easily be proved that an affine control system
I(X,AY,h) (Definition 2.23) is locally minimal if and only if there does
not exist a nonzero regular distribution D on X such that (i) D < ker dh,
(ii) [a,D] < D+A0 and (iii) D n AO has constant dimension (see also Section
2.2.3, Theorem 2.56). Therefore we proved in Theorem 2.28 that I(X,W,B,f)

is locally minimal if and only if Ze(X,W,B,f) is locally minimal.

Theorem 2.28 enables us to give a conceptual "algorithm" to check lo-
. . . -1 . . .
cal minimality.Define (2%) (E+Ag) as the distribution spanned by all vector-

fields Z on B such that [A%,z] c E+AS

0 Then define a sequence of distribu-—

tions {Em}, m=0,1,... , by setting
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1]

ker dh

- -1, m-1
%= B 0% E™

+Ag) m=1,2,...

We can prove (see NIJMEIJER (1980,1931,Th.4.1), ISIDORI et al(1981 b)) that

if dim(ker dh) = k then lim E® = EF
k mee e e
E" is the maximal regular distribution E which satisfies [A ,E] c E+A0 and

. k . .
and if E has constant dimension, then

E c ker dh. Therefore if Ek n Ag has constant dimension, then Theorem 2.28

implies that I(X,W,B,f) is locally minimal if and only if Ek = 0.

We now direct our attention to nonlinear input-output systems. First
we notice that the definition of equivalence (Definition 2.25) becomes much

simpler.

PROPOSITION 2.29 Let 21(X1’%’Y’g1’h1) and I XZ,E,Y,gZ,th be two nonlinear

5
input-output systems. Choose local fiber respecting coordinates (y,u) for

*r~
B,

B. Choose fiber respecting coordinates (xl,u) for h *g and (xz,u) for h

1
are given by

2

output induced by (y,u), such that Z] and 22

T gl(xl,u), y = h](xl)
Iyt x, = gz(xz,u), y = h,y(x,)

Then L, ~ I, if and only if there exists a diffeomorphism ¢ : X, > X such

1 2 1 2
that
(1) .8 (x0) = g,(¢(x),u) and
(i1) b x) = hyoe(x)

If Zl and 22 are affine input-output systems, they are locally given by

m
> 1 1 _
Ipx = A(x) + .2 wB. (x), vy =h(x)
i=1
.t x, = A2(x )+ % u.B 2(x ) y = h,(x,)
27 % 27 7L MR ) 2v%27
Then I~ 22 if and only if there exists a diffeoﬁorphism ¢ X1 - X2 such
that
. 1 2 1 2 .

(1) ¢*A = A", ¢*Bi = Bi , 1 =1,...,m

(ii) h] = h2°¢

We call ¢ the equivalence mapping.

PROOF I, ~ I, if and only if there exist diffeomorphisms ¢ and ¢ such that

(2.28) in Definition 2.25 commutes. In particular
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*r [0} *~ * ] *
—— > —————
hl B h2 B h] B h2 B
hl i lhz and m l lwz
'E —> 'E X —_—> X
i ! 6 2

commute . In the output induced fiber respecting coordinates (x],u) for

s~
h] B and (xz,u) for h2

The rest follows easily. O

*B as above, this yields that ¢(x,u) = (¢(x),u).

In the sequel we want to show that for nonlinear input-output systems,
local minimality is equivalent to some kind of observability (compare Theo-—

rem 1.14 and Corollary 2.3) First we state a preliminary lemma.

LEMMA 2.30 Let Z(X,i,Y,g,h) be a nonlinear input-output system. Let

n-I(V) —$~> VxU and n_l(V) —539 VxU be two output induced trivializations
'l : -

of B = h*§3 resulting in two sets of coordinates (x,ul) and (x,uz) for

ﬂ_l(V) and two maps g1 : VXU » TV and g2 : VXU > TV. Let P be a regular

codistribution on V such that dh c P. Then (with £ the Lie-derivative):

{£ ) PCP,Vu]eU} = {f£ 9 ?CP,VuZeU}

g (-,u) g (+,u”)

PROOF We know that there exists a map o (output feedback) such that

u2 = a(h(x),ul) and g2(°,g(h(-),ul)) = gl(-,ul). Since P is regular we can
choose coordinates x = (xl,...,xn) for X such that P = span {dxl,...,dxk},

k < n (Frobenius). Suppose now £ PCP,VuZeU.
g (+,u")

1 1 2, ~ 1
dx, = dg., (+,u ) = dg.” (*,a(h(:),u)) =
1 1 i i i
g (+,u’)
2 ~
9g. n m p 29dg., Ja
~ 1

o (hem()udx, + ] ] o

i 1321 =1 221

Then for i = 1,...,k, £

E T ahﬂ
— — (*) dx, (2.33)
j=1 aur ayﬂ ij 3

. 1 1 1 2 2 2 ~ ~ ~
with g° = (g1 ,...,gg,g = (g1 seeraB ),h = (h],...,hp) and o = (ul,...,um).

Since £ 9 PcP, the first term in (2.33) belongs to P. The second term
g (-,u”) ’
is contained in dh = span {dhl,...,dhp} and hence also belongs to P. 0

Then we define the following notion of observability:
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DEFINITION 2.31 Let E(X,g,Y,g,h) be a nonlinear input—output system. I is

called locally weakly observable if there does not exist a regular codistri-
bution P on X, with P # T'X, such that
i) dhcP (i.e. B (T*Y)cp)

ii) Eg(-,u)PCP’ Y ueU

on every output—induced trivialization n_l(V) = UxU, with g : VxU » TV de-

fined by the trivialization.

Remark: In order to define (local weak) observability we have to choose
input-coordinates; i.e. we have to specify the sections u = constant of B.
By Lemma 2.30 it follows that every output-induced trivialization yields
the same observability properties. Also, output-induced trivializations are
natural since they identify the inputs in the fibers of B with the inputs
in the fibers of ﬁ, a part of the external variables. If we take triviali-
zations of B which are not output induced then the observability properties
will change in general (we apply general feedback, instead of output feed-

back).
We can state the following, already announced

THEOREM 2.32 Let Z(X,E,Y,g,h) be a nonlinear input-output system. Then:

% locally minimal <= I locally weakly observable

PROOF (== ) Let (x,u) be output-induced fiber respecting coordinates for

B = h'B. Suppose that & is not locally weakly observable. Then there exists
PcP, Yu.

(eou)” 7

Hence D:= ker P is a nonzero regular distribution on X which satisfies

a regular codistribution P # T*X such that (i) dh < P, (ii) £g

(i) D ¢ ker dh, (ii) [g(e,u),D] ¢ D, Yu. Now we can lift D in a wunique

way to a regular distribution DK on B, such that the integral manifolds of

Dg are contdined in the sets E;l(§;ﬁ), with (y,u) e B. In particular the
integral manifolds of Dﬂ are contained in the sections u = constant of B.
Then (i) yields DK c ker dh and (ii) implies g*DZ c D. Therefore I is not
locally minimal. _

(<= ) Suppose I is not locally minimal. Then there exist regular distri-
butions E on B and D on X such that g E D, m,E =D and E © ker dh. It
follows from E c ker dh, that we can find output-induced fiber respecting

coordinates (x,u) for B such that

3
E = span {5;—,..., } , k<n

%
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Then D = span {5%—,...,32—} (where we now interpret X, as functiouns on X!)
and g*ECﬁ yields [g(+,u),D] c D, Yu. Furthermore E c ker dh implies D c ker dh
Then P:= {eeT*Xle(Z)=O, VZeD} satisfies dh < P and £g(-,u)PCP' Also P is
regular and has dimension strictly less than dim X = n. Hence I is not lo-
cally weakly observable. O
Usually local weak observability is defined in a more intrinsically
control-theoretic way (HERMANN-KRENER (1977)), by requiring the following

property, which we shall call Property I:

For every x € X there exists an open neighborhood V of x such that
for every x' € V, x' # x, there exists an input function u such that if
we apply u to I, then the output functions corresponding to the initial con-
ditions x(0) = x and x(0) = x' are different, while the state space tra-

jectories remain in V.

To understand the connection between Definition 2.31 and Property I

we introduce the observability codistribution.

DEFINITION 2.33 Let Z(X,i,Y,g,h) be a nonlinear input-output system. Let

n_l(V) = VXU be an output induced trivialization of B = h'B. Let us de-
note by G the linear space of smooth functions on V containing all (finite)

linear combinations of functions of the form

(2.34) N 3

£ £ h, with u. € U arbitrar
g(+5u))7g(5u,) g(+ru) ’ i v

where g : VXU +'TV is defined by the trivialization. Then G generates a

codistribution 0 on V by setting
(2.35) 0(x):= span {dk(x)|keG}, x € V.
This codistribution is called the observability codistribution.

The following proposition shows that the definition of the observabi-
lity codistribution is Zndependent of the output-induced trivialization of

n_l(V) (compare Lemma 2.30).

PROPOSITION 2.34 Let n ' (V)

3 >VxU and n_l(V) T—z«VXU be two output in-
1 2

duced trivializations, resulting in two sets of coordinates (x,ul) and

2 -
(x,u”) for =« ](V) and two maps gl : VxU > TV and g2 : VXU » TV. Define
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e as . S . . . 1 .
for both trivializations the observability codistributions 0 , respectively

O2 on V. Then 01 = 02.

» ) ~ 2
PROOF We know that there exists a map o (output feedback) such that u” =

Z(h(x),ul) and gz(',;(h(-),ul)) = gl(-,ul). Therefore £ 1 1 h =
. ’ g(‘,U)
£ 2~ 1 h and hence df 1 1 h = d(g 9~ i h) =
g (*,a(h(),u’)) g (*,u) g (+,a(h(*),u’))
2 ~
ae,  ,m+ Bt Poan
g (+,u") du
( %% means differentiation w.r.t. to the first components).
ag? 2. da 2
Since _§7 (s,u”) 9% 4h is contained in dh, it follows that df heO.
oy 1 1
ou g (+5u’)

By induction to the number of Lie-derivatives in (2.34) it is easy to prove

that 02 c Ol. By the same argument 0l c 02. Hence 01 = 02. O

Remark: The vectorspace G does depend on the trivialization.

It also follows from Proposition 2.34 that the observability codistri-
bution 0 is globally defined (we can take an atlas of trivializing charts
V). Moreover O is involutivé and is the smallest codistribution that con-

tains dh and is invariant under g, i.e. 0c0 for every u, on an out-

£
g(+,u)
put induced trivialization. However O does not necessarily have constant
dimension. Therefore we go outside the regular category in which we worked
so far. The connections between Definition 2.31, Property I and O are ex-

plained in

THEOREM 2.35 Let Z(X,E,Y,g,h) be a nonlinear input-output system. Then:

(i) dim 0(x) = dim X Vx ¢ X ==> I has property I

(ii) I has property I == dim 0(x) = dim X for x in an open and dense
subset of X

(iii) dim O(x) = dim X for a certain x € X === I is locally weakly ob-

servable.

PROOF (1) and (ii) are proved in HERMANN-KRENER (1977). The proof of (iii)
is given as follows: Let I be not locally weakly observable. Then there
exists a regular codistributioﬁ P satisfying the conditions of Definition
2.31, and P # T"X. It is clear that 0(x) c P(x) for every x ¢ X. Hence

dim 0(x) < dim X, Yx e X. ]
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Remark 1. If O has constant dimension then: I has property I <= dim 0 =

dim X <= I is locally weakly observable <===> I locally minimal.

Remark 2. An interesting question is the following: Let dim O0(x) < dim X
for every x e€ X. Does this imply that I is not locally minimal? In the
analytic case the énswer is affirmative (see NIJMEIJER (1982 b)). Since O

is in this case a codistribution generated by analytic functions, O has con-
stant dimension on an open and dense subset of X. Define D as the analytic
annihilator of 0. Then D has constant dimension and hence is regular. More-

over it satisfies [g(+,u),D] ¢ D, WYu € U and D c ker dh.

Remark 3. 1In the analytic case Property I and dim 0(x) = dim X for every
X € X are equivalent if I is also locally weakly controllable (see Defini-

tion 2.53, HERMANN-KRENER (1977)).

Remark 4. Of course, if dim O(XO) = k, then dim 0(x) = k for every x in
some open neighborhood of Xy
For nonlinear systems which have a local input-output representation
with feedthrough term, as- defined in Case I, equation (2.24), we can also
define some kind of observability and show that it is equivalent to local

minimality.

DEFINITION 2.36 Let Z(X¥,W,B,f), with f = (g,h), be a nonlinear system such

that h restricted to the fibers is an immersion. Then I is called locally
distinguishable if there does not exist a regular codistribution P on X,

* . . .
unequal to T X, such that for every local input-output representation with

feedthrough term

x = g(x,u)
(2.36) _
y = h(x,u) w = (y,u)
P satisfies
) £g(-,u)P €P
(ii) dgﬁ(-,u) c P

(dxﬁ(-,u) are the one-forms on X obtained by differentiating h(x,u) with

respect to Xx).

Analogously to Lemma 2.30 we can prove that conditions (i) and (ii)

do not depend on the coordinates (x,v) for B and (y,u) for W such that h is
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given as h(x,v) = (h(x,v),v). We obtain

THEOREM 2.37 . Let I(X,W,B,f), with £ = (g,h), be a nonlinear system, such

that h restricted to the fibers is an immersion. Then:
I locally minimal <=== I is locally distinguishable

PROOF (== ) Let P be a regular codistribution on X which satisfies
£g(-,u)P c P for all u, and d;ﬁ(-,u) € P for all u for every local input-
output representation with feedthrough term of I. Notice that because h
restriéted to the fibers is an immersion, ker dh is a distribution on B
such that AC n ker dh = 0. Furthermore it is easy to see that

0
ker dh(x,u) ® D(x), for every (x,u) € B, where D is the regular dis-

T (x,u)
tribution D = ker P. Therefore we can lift D to a regular distribution DK

on B contained in ker dh. Then g*DZ c D and DZ c ker dh. By local minimali-
ty of I this implies that DK and D are zero, or P(x) = TX*X, for every

x € X.

(<==) If ¢ is not locally minimal, then there exist nonzero regular E and

D such that g,k < ﬁ, T E=D and E c ker dh. If we take coordinates (x,v)
for B and (y,u) for W such that h(x,v) = (F(x,v),v), this implies that

D c dxﬁ(-,v), and [g(+,v),D] ¢ D for all v. Hence I is not locally dis-
tinguishable. 0

Analogous to Definition 2.33,we can also define .an observability

codistribution for nonlinear systems with local input-output representations
with feedthrough term.

DEFINITION 2.38 Let I(X,W,B,f) be a nonlinear system, with £ = (g,h), such

that h restricted to the fibers is an immersion. Take coordinates w=(y,u) for
W and (x,u) for B such that h(x,u) = (B(x,u),u). In these coordinates the

extended system Ze(X,W,B,f) is given by

x = g(x,u)
(2.37) a=v with v the new input
w = h(x,u)

. e . ' . . . .
Define G~ as the linear space of functions on this coordinate neighborhood

V of B containing all finite linear combinations of functions of the form

(2.38) £, £ ... £ h
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9

. 9 .
with Zi = g(x,u)sz or 5;;3 j=1l,0..,m.

Define the codistribution 0% on V by setting

(2.39) Oé(x,u):={span{dk(x,u)|ksGe}

This codistribution is called the (extended) observability codistribution.

Analogous to Proposition 2.34 we can prove that 0% does not depend on which
coordinates for B and (y,u) for W we take as long as h(x,u) = (h(x,u),u).
Notice that the coordinates for B which are allowed are in a certain sense
output—-induced. Thus 0% is a globally defined codistribution on B, which is
involutive but does not necessarily have constant dimension. We derive the

following

PROPOSITION 2.39 Let =(X,W,B,f) with £ = (g,h) and let h restricted to the

fibers be an immersion. Then: dim Oe(x,u) = dim B for a certain (x,u) ¢ B
== 1 is locally distinguishable ( <= I is locally minimal). Moreover
if dim Oe(x,u) = constant, then: dim 0% = dim Be=> I locally distinguish-

able (<= I locally min@mal).

PROOF Suppose that I is not locally minimal. Then there exist regular E
and D, with E # 0, such that nE=D, gEc D and E c ker dh. From these
properties it follows that E c ker 0% and hence dim Oe(x,u) < dim B every-

where. By Theorem 2.37, I locally distinguishable <=> I locally minimal. [

Analogous to Chapter 1, Definition 1.13, we shall now define a kind

of untiform obsetvability. First we deal with nonlinear input-output systems.

DEFINITION 2.40 Let Z(X,E,Y,g,h) be a nonlinear input—output system. I is

called uniformly locally weakly observable 1if there does not exist a regu-
lar codistribution P on X, with P # T*X, such that for every trivializing
chart V of h*i there exists an output-induced trivialization ﬂ_l(V) = VxU

(n:h*i + X projection) such that for at least one u € U
i) £ —PcpP
) Fem
ii) dh c P

with g : VXU > TV defined by the trivialization

Remark 1. Locally we require that the autonomous systems
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g(x,u)
h(x)

]
]

(2.40) U e U, u fixed

corresponding to an output-induced trivialization are locally weakly obser-
vable for every ueU.

4

Remark 2. Let ﬂ_](V) —> VUxU be a local trivialization which gives rise

to the system x = g(x,u), vy = h(x). If ﬂ-l(V) —EZ? VxU is another triviali-
zation, then this corresponds to output feedback v = a(h(x),u). In the same
way as in Lemma 2.30, we can prove that if the autonomous systems X = g(x,u),
y = h(x), ueU, corresponding to the first trivialization are all locally
weakly observable, then the autonomous systems corresponding to the second

trivialization are also locally weakly observable.

If I(X,W,B,f) has only local input—output representations with feed-

through term, we give

DEFINITION 2.41 Let Z(X,W,B,f), with f = (g,h) be a nonlinear system, and

let h restricted to the fibers be an immersion. I is called uniformly lo-
cally distinguishable if there does not exist a regular codistribution P on
X, with P # T*X, such that for every coordinate neighborhood of B, with
coordinates (x,v) for B and (y,u) for W such that h(x,v) = (h(x,v),v)

there exists at least one u with the property that in these coordinates
i) £ PcP
) Teeu)
ii) d_h(-,u) < P.
x
Remark: Locally we require that the autonomous systems

X

g(x,u)
h(x,a)

y

are locally weakly observable for every u. If (x',v') and (y',u') are other
coordinates for the same neighborhood such that still h(x',v') = (F(x',v'),v')
then local weak observability of X = g(x,u), y = h(x,u) for all u, implies
local weak observability of x' = g'(x',u"), y' = h'(x',u') for all u'

(again change of coordinates corresponds to output feedback).

We recall from Chapter 1 that a minimal (past externally induced) rea-
lization Zi of a general external system Ze is uniformly observable if and

only if all minimal realizations of Ee are equivalent (Theorem 1.14). The



70

following conjecture is therefore reasonable. Let Z(X,li,B,f) be a system with
a local input-output representation with feedthrough term. Then I is uniform-
ly locally distinguishable if and only if all locally minimal realizations
'(X',W',B'",f') are equivalent (see Definition 2.25).

However, making conjectures in this context is much easier than pro-
ving them, and only in Section 2.2.3 we shall briefly return to the notion

of uniform observability.

Finally we want to define '"controllability'" for nonlinear systems.
There are several possibilities but the notion which we shall use is strong
accessibility. Our choice is motivated by the following arguments :
(i) Strong accessibility can be defined in the same differential geometric
style as local minimality and local weak observability.
(ii) The definition cof strong accessibility is closest to the definition
of controllability for linear systems (see after Corollary 2.3).
(iii) Strong accessibility is "dual" to local weak observability or local
distinguishability, in a sense which will be made clear in Chapter 3, Theo-
rems 3.19 and 3.31.
However, we remark that also the notion of local weak controllability (defi-
nition 2.53) has a direct differential geometric interpretation and has its
own merits.

First we define strong accessibility for affine control systems (in a

way which is slightly different from SUSSMANN & JURDJEVIC (1972)).

DEFINITION 2.42 Let I(X,A,Y,h) be an affine control system. I is called

strongly accessible if there does not exist a regular distribution D, un-
equal to TX, such that

i) AO cD (A0:=A—A)

ii) [A,D] D (D is invariant under A).

Remark: If D # 0, then [A,D] c D already implies AO c D.

As in the case of local weak observability, strong accessibility is
usually defined in a more control theoretic way by requiring the following
property, which we shall call Property II:

Let x = g(x,u) be the state space equations (in local coordinates)
of a nonlinear system I(X,W,B,f). Define R(T,xo) as the set of points that

are reachable from X, in exactly time T:
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R(T,xo):= {xleX\3 state trajectory x(t), generated by g, for a certain in-
put function u, such that x(0) = x. and x(T) = Xl}'

0
Then I has property II if for all x, € X and for all T > O the set R(T,xo)

0
has a nonempty interior.

The connection between Definition 2.42 and Property II is provided

by the controllability distribution:

DEFINITION 2.43 Let Z(X,A,Y,h) be an affine control system with A(x) =

A(x) + span {Bl(x),...,Bm(x)}. Define F as the linear space.of vectorfields

on X containing all linear combinations Pf the elements ad;'Bj, i=0,1,...,
j=1,...,m, and thgir Lie—bracker (adAlBj is recursively defined by

adAOBj = Bj and adAl+1 Bj = [A,adA}B.], i » 0). Furthermore, define the dis-

tribution C by setting C(x) = span {Z(x)IZ e F}.

It can be readily seen that C does not depend on the way we represent
A as A(x) = A(x) + span {B](x),...,Bm(x)} (contrary to F, which does depend
on the representation). Hence C is a globally defined distribution on X. C
is involutive but not necessarily of constant dimension. It is clear that
C is the smallest involutivé distribution containing AO and invariant under
A {(i.e. LA,C] < C).

We derive (compare Theorem 2.35)

THEOREM 2.44 Let I£(X,A,Y,h) be an affine control system. Then:

i) dim C(x) = dim X, ¥x € C === I has property II

ii) T has property II == dim C(x) = dim X for x in an open and dense
subset of X

(iii) dim C(x) = dim X for a certain x ¢ X = I is strongly accessible.

PROOF i) and ii) can be proved by easy adaptations of the arguments of
HERMANN & KRENER (1977), where these statements are proved for local weak
controllability. To prove iii) let us assume that £ is not strongly acces-
sible. Then there exists a regular distribution D # TX as in Definition 2.42.
It is clear that C(x) < D(x), for every x € X. Therefore dim C(x) < dim X,

for every x e X. O

Remark 1. If C has constant dimension then:

I has property II <= dim C = dim X <= I is strongly accessible.

Remark 2. (compare Remark 2 after Theorem 2.35) It is not totally clear
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when dim C(x) < dim X, for every x e X,implies that I is not strongly acces-

sible.

Remark 3. In the analytic case Property II implies that dim C(x) = dim X
for every x.

For general nonlinear systems we define strong accessibility in the

following way.

DEFINITION 2.45 Let (X,W,B,f), with f = (g,h), be a nonlinear system.

I is called strongly accessible if there does not exist a regular distribu-

tion D on X which satisfies (Recall the definition of D after Definition

2.25) . .
g (r, () cD

0f course we have to prove that for affine control systems Definitions
2.43 and 2.45 are equivalent. We shall prove more, by using the extended

system (Definition 2.24).

THEOREM 2.46 Let Z(X,W,B,f) be a nonlinear system. Then I(X,W,B,f) is
strongly accessible (Defiﬂition 2.45) if and only if its extended system
Ze(X,W,B,f), an affine control system, is strongly accessible (Definition
2.43). If £(X,W,B,f) is already an affine control system, then I is strong-
ly accessible in the sense of Definition 2.43 if and only if I is strongly

accessible in the sense of Definition 2.45.

PROOF Take fiber respecting coordinates (x,v) for B. The state space equa-

tions of I are given by
x = g(x,v)

while z° (the extended system) is given by

g(x,v)

u u the new input.

de Mo

e . . .
If £ (X,W,B,f) is not strongly accessible, then there exists a regular

E # TB on B such that Aéa € E and [Ae,E] c E. Hence D:= m E is a regular
distribution on X, and in fact E =7 ;I(D). In the same way as in Theorem

2.28 we can prove that [Ae,E] c E implies that g*(n*_](D)) c D. Hence: is
not strongly accessible. Conversely, let I be not strongly accessible. Then

there exists a regular D # TX such that g*(n*wl(D)) c D. This implies
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[Ae,n*—](D)] c n*-l(D), and hence % is not strongly accessible.
To prove the last statement we make the following observations. Let
L(X,W,B,f) be already affine, i.e. state space equations

m
X = A(x) + iZlviBi(x) with AO(x) = span {Bl(x),...,Bm(x)} and
Ax) = A(x) + AO(X).

Then the extended system £ is given by

m
A(x) + iZ]viBi(x)

% =
v=u

. e ] 9

i.e. AO (x,v) = span {3;;,...,3;;} and

e ‘z‘ k 3 Ky Kk 9 e
A (x,v) = (AT(x) — + ) v.B, (x) =) + b (x,v)
kel Bxk oy U1 axk 0

(with Ak and B;< the components of A and Bi)'

Let now D be a regular distribution on X such that A < D and [A,D] c D.
e
0

if E is a regular distribution on B such that A

0
em, l(D) and [Ae,ﬂ* 1(D)] cm, 1(D). Conversely,
e
e 0
regular distribution on X. If E satisfies [A ,E] ¢ E, then

Then n*—](D) satisfies A

© E, then D:= 7 E is a

n m
3 .
[ ]850 5=+ ) vBS(0) 5 ,El cE
k=1 Kk i=1 *k
and we obtain [A,D] < D and Bi e D, i=1,...,m. Hence [A,D] ¢ D and

By < D. 0

Since a general nonlinear system is strongly accessible if and only
if its extended system is strongly accessible we can characterize strong

accessibility by the controllability distribution of its extended system:

DEFINITION 2.47 Let I(X,W,B,f) be a nonlinear system. Let (x,v) be fiber

. . . e
respecting coordinates for B, such that the state space equations of I

are given by

g(x,v)

Mo
1]

<
]

u

: € . . P
Define F as the linear space over R of vectorfields on B containing all
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linear combinations of the vectorfields ad" 3 —3—3 i=0,1,...,
g(X,V)*a—‘_x' an

j=1,...,m and their Lie-brackets.

Furthermore define the (extended) controllability distribution c® on B by

setting Ce(x,v) = span { Z(x,v) | Z ¢ Fe3.

Again c® does not depend on the representation of Ze(X,W,B,f), i.e.
c® does not depend on the choice of fiber respecting coordinates for B.
Statement 1ii) of Theorem 2.44 also holds for Cej and for statements i) and
ii) we remark that is has been proved (VAN DER SCHAFT (1982c¢)) that if
Ze(X,W,B,f)-has property II, then also Z(X,W,B,f) has property II. Conver-
sely if ©(X,W,B,f) has property II, and the fibers of B are comnected, then
also Ze(X,w,B,f) has property II.

Just like local minimality has a global counterpart-minimality-, there
is also a global version of strong accessibility. For this we introduce the

notion of a quotient system.

DEFINITION 2.48 Let Z(X,W,B,f) and r'(X',W',B',f') be nonlinear systems
with £ = (g,h) and £' = (g',h"). ' (X',W',B",£') is called a quotient system

of ©(X,W,B,f) if there exist surjective submersions ¢ and ¢ such that

®
B B'
4 g'
(2.41) mT| TX —> TX' '
¢*
Tx "x
X X' commutes.
¢

The above definition is reminiscent of the definition of minimality
(Definition 2.25). The difference is that we,do not require compatibility
of h and h'. Now if Z'(X',W',B',f') is such that B' = X' (such a system is
called aﬁtondmous, see also Definition 1.9), then the regular distribution

i= {ZeTX|¢*Z=0} satisfies g*(ﬁ*_l(D)) c D and £ is not strongly accessible
(if dim X'21).

We saw in Theorem 2.44 that the strong accessibility properties for an

affine control system (or affine input—output system; this makes no
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difference since we only consider the state space equations), are charac-
terized by the linear space of vectorfields F or the distribution C, given

by F. Furthermore, by Theorem 2.46, in the case of a general nonlinear system
strong accessibility is determined by F€ or ¢® of its extended (affine)
system. Especially if F and C do not have constant dimension, it is of in-~
terest to go into more detail about the construction of F and C (and simi-

larly F® and Ce). Let therefore

m
(2.42) x = A®x) + ) u.B,(x)
i=1 1t

be a local representation of an affine distribution A(with Ao(x):=

span {Bl(x),...,Bm(x)}, A(x) = A(x) + Ao(x)). Given vectorfields Z .2

127 %
on X we denote by (Z]""’Zk) the linear subspace of V(X), i.e. the linear

space {over R) of all vectorfields on X, spanned by Zl""’zk'

CONSTRUCTION 2.49 Define F . := (B1’°"’Bm) and T:= A + (Bl""’Bm) (an affine

0
subspace of V(X)). Define furthermore F, := [T,F 1+ Fk—l’ k = 1. Then

k

k-1

F

K © Fk+l’ Yk = 0. Define F:= E F. .

k=0 X

It follows from the Jacobi-identity, that F is a Lie- subalgebra of V(X).
This is proved as follows. An element in F consists of linear combinations
of expressions of the form

* LZl,LZZ,...LZk,Bi]..]] i=1,...,m

with Zj, j=1,...,k, equal to A or Bi’ i=1,...,m.

Consider now the Lie-bracket of two such expressions:
*% [[ZI,[ZZ,...,[Zk,Bi]...]],[Yl,[Yz,...[Yz,Bi]...]]]
This is by the Jacobi-identity equal to:

[Zl,[[Zz,...,[Zk,Bi]...]],[Yl,[XZ,...,[Yz,Bi]..]]]]

- [[ZZ,...,[Zk,Bi]..],[Zl,[YI,[Yz,...[Yﬂ,Bi]..]]]].

Therefore by repeated use of the Jacobi-identity, it follows that we can
write ** as a linear combination of expressions of the form *.
It is now clear that F is the same as F defined in Definition 2.43.

Notice that F can be characterized in the following two ways. F is the
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smallest linear subspace (over R) of V(X) containing Bl""’Bm and invariant

under taking Lie-brackets with respect to A and B .,Bm. On the other hand

1o
F is also the smallest Lie subalgebra of V(X) containing B ,...,B and in-
1 m

variant under A (or equivalently, invariant under A and Bl""’Bm)' It follows
that the controllability distribution C can also be characterized in two

ways. C is the smallest distribution that contains B .,Bm and is invariant

1

under taking Lie-brackets with A ,B Bm, and C is the smallest Znvolutive

l’ 1""’
distribution containing B ,,...,B and invariant under A.
& 1 i}

The distribution C can be also constructed in the following way:

and A be the distribution, respectively affine
k =2 0.

CONSTRUCTION 2.50 Let AO
distribution as above. Define A, = [A,Ak_l], k 2 1. Then Ak c A

X k
Define C(x) = U A (%).
k>0

k+1?

Again it follows from the Jacobi-identity that C is involutive. Then
it is clear that C equals C as defined in Definition 2.43. Notice that if
dim X = n, then aN(x) = A" 1(x) for all k = n-1 (cf. NIJMEIJER (1980, 1982
a)). This constitutes a striking difference with Construction 2.49, where
Fk may be bigger than Fk—]
independent of the representation (2.42) of A, while the F

for arbitrary large k. Note also that the Ak are

K are dependent.

We can also give analogous constructions for G and the observability
codistribution 0 (Definition 2.33), and similarly for G® and 0® (Definition
2.38). Let h : X » Y and take coordinates for Y, such that the coordinate

functions of h are h on X,we denote by

2" k
(rl,...,rk) the linear subspace of C(X),i.e. the linear space (over R) of

.,h_. Given functions r,,...,r
P 1

all C functions on X, spanned by TpseeesTye

LG

CONSTRUCTION 2.51 Define G.:= (h Tl + Gk—l’

0 1,...,hp), and G

with T as above. Then

G Gk

- Gk+1’ k 2 0. Define G:= E

k=0

Notice that G is the smallest linear subspace of C(X) that is invariant un-

der A,B ’Bm and contains hl""’hp' The observability codistribution

e
0 can be also constructed in the following way.

CONSTRUCTION 2.52 Let D0 be the codistribution defined by Do(x):=

span {dhl(x),...,dhp(x)}. Define the sequence of codistributions (kx1):

) (x)+(£, D, ) (x) + + (£, D, )(x) +D

Dk(x):= (£ADk_] B] k=1 .o B k=1 (%)

k-1
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Then D, <

k € Dpsre k = 0. Define 0(x) =U

K20PK (¥ -

Notice that Construction 2.51 depends on the representation (2.42)
of A as well as on the coordinatization of Y. Construction 2.52 is inde-
pendent of the coordinatization of Y, but still dependent on the repre-

sentation (2.42).

For completeness we give for affine systems (see HERMANN & KRENER

(1977) for more information).

DEFINITION 2.53 An affine (control or input-output) system with affine dis-

tribution satisfies the rank condition for local weak controllability if
span {C(x),A(x)} = TxX for every x € X (i.e. if A(x) = A(x) + Ao(x), this
amounts to span {A(x),C(x)} = TXX).

Finally we stress the striking similarity in the conditions of "mini-
mality" and "controllability" for linear and nonlinear systems. A non-
linear system Z(X,W,B,f), with f = (g,h) is locally minimal if there do not
exist regular distributions E and D such that (i) E c ker dh, (ii) " E =D,
(iii) g, & < D, with E nonzero.

In the linear case D is replaced by a linear subspace V c X,
and E is a linear subspace of the form T + U' < XxU, with T of the form
T = {(x,Fx)Ier, for a F : X > U} and U' a linear subspace of U. Hence con-
dition (ii) is satisfied. Condition (i) amounts to (with h(x,u) = Cx + Du)

T c Ker [CiD] and U' < Ker D, while (iii) yields (with g(x,u) = Ax + Bu)
[A:BIJT < V and BU' ¢ V. Since T = {(x,Fx)lst}, the first inclusion equals
(A+BF)V c V. Hence if V # 0, then V is an output nulling subspace, and there-
fore £(A,B,C,D) is not minimal, and if V = 0, but U' # O, then, since

BU' <« V=20, U' ¢ Ker B n Ker D, and hence I(A,B,C,D) is also not minimal
(Theorem 2.2).

For strong accessibility we look at regular distributions D such that
g*(n*—l(D)) c D. In the linear case D is again replaced by V c X, and n;](D)
becomes VXU < XxU. Then g*(ﬂ*—l(D)) cD yields [AiBIVXU < V, or AV + ImB c V.
This is equivalent to AV ¢ V and ImB c V. If V € X, then (A,B) is not con-

#
trollable (see after Corollaryv2.3).
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2.2.3 Controlled invariance

The conditions for local minimality and strong accessibility which we
gave in the previous section are directly related to the notion of controlled
invariance. This concept has proved to be a basic tool in the solution of
various control and synthesis problems (WONHAM (1979)). We shall concentrate
on its connections with the preceding pages (for more information see ISIDORI
et al(1981 a), HIRSCHORN (1981) and NIJMEIJER & VAN DER SCHAFT (1982 b)).

Consider a nonlinear system Z(X,W,B,f), in local coordinates given

by X = g(x,u), w = h(x,u). We shall only look at the state space equations
X = g(x,u). A regular distribution D on X is said to be Znvariant with res-
pect to g (in this trivialization of B!), if [g(-,u),D] ¢ D, for every u.
Of course this means that the integral flow of X = g(x,u) leaves the foli-
ation of X, induced by D, invariant. D is called controlled invariant if
there exists a C feedback v = a(x,u) (with %% nonsingular) such that D is
invariant with respect to the modified dynamics x = g(x,v), where
g(x,a(x,u)):= g(x,u), i.e. [g(-,v),D] c D, for every v.

As we saw before, locally feedback can be interpreted as the choice of

a local trivialization of B. Therefore we arrive at the following

DEFINITION 2.54 Let I(X,W,B,f), with £ = (g,h), be a nonlinear system. Let

D be a regular distribution on X. D is called locally controlled invariant
if for every x € X there exists an open neighborhood V of x and a triviali-
zation n_l(V) = VxU such that [g(+,u),D] ¢ D, for every u ¢ U, with

g : UxU » TV corresponding to the trivialization.
Remark: Later on we shall also define global controlled invariance.

We now give necessary and sufficient conditions for a distribution to

be locally controlled invariant.

THEOREM 2.55 Let I(X,W,B,f), with f = (g,h), be a nonlinear system, and
let D be a regular distribution on X. Assume that ASE n g;-l(ﬁ) has constant

dimension. Then D is locally controlled invariant if and only if
—-1 ° e
g, () <D+ g (5).

PROOF Let ﬂ—l(V) = VxU be a local trivialization, and let (x,u) =
(xl,...,xn,ul,...,um) be corresponding fiber respecting coordinates for

F_I(V). Since D is regular, we can also take the coordinates x = (Xl""’xn)
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© 9

Bxi Bxk

such that D = span {=— }, k £ n.

Write correspondingly g in components: g = (gl,...,g ). For simplicity of
. ; 1 1
notat;on we denote x = (xl,.. ’Xk): x (xk+l’ ..,x ), g = (gl""’gk)
and g~ = (gk+],...,gn). Then g*(ﬂ (D)) ch+ g, (A ) is equivalent to
5 2 3 2
(2.43) —§T (x,u) ¢ Im 3% (x,u), for every (x,u).
9x

I.e. there exist m—vectors mi(x,u),i =1,...,k, such that
2
(2.44) —5—(xu)+———(xu)m(xu)-o i=1,...,k.

xe
Let P be the annihilating codistribution of D (D=ker P). Then g P is a co-

. . ke . . .
distribution on B. Because P is involutive, also g P is involutive. In the

same coordinates as above P = span {dx .,dxn}, and

. . - . k+l’.
P = span dxk+l""’dxn’ dxk+],...,dxn}.

Hence g*ﬁ = span {dxk+l"" dx dgk+l"" dgn} =

og Bg m Bg
span {dxk+1,...,dxn, z k+1 + z __Eildu FEREED Y ———dx ) ~——du }
Yi i=1°%4 i= 1

Because of (2.44) it can now be seen that ker g*f = SPan{E%_ + mi(x,u)g% ,

e
0

. . . LN . . .
assumption has constant dimension. Hence g P is a regular codistribution on

2 2
i=1,...,k} + ker 2§—~du. Note that ker %ﬁr = A l(D), which by

Ju

B, while 7 (ker g P) is a regular distribution on X, equal to ker P = D. It
can now be proved that there exists a k-dimensional regular distribution
E on n_l(V), contained in ker g*f, such that ﬂ*E =D and dim E = dim D
(locally we can factor out the fibers of B by the regular distribution

2
ker %%r du; since ker 3%; du c ker g*P, ker g*f projects then well to a re-

gular distribution).Moreover we can extend E toan n-dimensional regular
distribution H on n_l(V) such that ﬂ*H = TX and E ¢ H. The maximal
integral manifolds of H form a transversal foliation of B. This defines a

i vy —25 u (pr is projection on U, along V),

trivialization ﬂ—](V)
by requiring that the sets(pr o ¢)_1(c), c constant, are the leaves of this
foliation. By definition g*(ker g*ﬁ) c ker P = ﬁ, and hence g E < D. There-

fore the trivialization defined by H makes D invariant. 0
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Remark. If Ada n g;—l(ﬁ) = 0, the vectors mi(x,u) in (2.44) are uniquely
determined. Since g*ﬁ is involutive they satisfy a set of partial diffe-
rential equations. These equations are called the integrability conditions,
since satisfying them is a necessary and sufficient condition for the (local)

existence of a map a(x,u) such that

(2.45) 33-"‘— (x,u) = m,(x,0(x,u)), i=1,...,Kk.
Xi 1

This map o is exactly the feedback which is required to make D invariant.
If Aéa n ng (ﬁ) # 0, we can take arbitrary coordinates on this part of the
fibers in order to make D invariant. This is worked out in detail in NIJMEIJER

& VAN DER SCHAFT (1982 b).
Concluding, if D is locally controlled invariant, them, if we define

s
the codistribution P by ker P = D and the distribution E on B by E = ker g P,
we obtain

n*E =D and g*E cD.

The relation with local minimality and strong accessibility is clear. If E
as above also satisfies E ¢ ker dh, then, if E # 0, Z(X,W,B,(g,h)) is not
locally minimal (Definition 2.26). If E = ﬂ;4 (D) then, if D # 0,I is not
strongly accessible (Definition 2.45). For affine systems, with A an affine
distribution on X, Theorem 2.55 amounts to (as can easily be checked): Let
D be a regular distribution on X, such that Ao n D has constant dimension.

Then D is locally controlled invariant if and only if [A,D] c D+\ .. We re-

0
mark that we can therefore rephrase Theorem 2.28 in the following way:
L(X,W,B,f) is locally minimal iff its extended system has no nonzero locally
controlled invariant distribution contained in ker dh.

We also give

THEOREM 2.56 Let I (X,W,B,(g,h)) be a nonlinear system, and let Ze(B,Ae,W,h)
be its extended system. Then: A regular distribution D on X, such that

g, () n by
only if there exists a regular distribution E on B, with m,E = D, and hence

has constant dimension, is locally controlled invariant if and

. . e . . . . .
dimension E n AO constant, which is locally controlled invariant with res-

pect to £(B,A%,W,h).

PROOF If D is locally controlled invariant and g;-l(ﬁ) n A&a has constant
. . e . . . . o
dimension, then E:= ker g P is a regular distribution and satisfies

nE =D and gE < D. This is equivalent to [A®,E] < Qf
2.28). Conversely if [Ae,E] c E + Aéa and E n A;E has constant dimension,

+ E (see Theorem
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then (Theorem 2.28) mE is a regular distribution D and g,k < D. O

Finally we want to say something about global controlled invariance. For the
definition of local controlled invariance we required that on every trivia-
lizing chart V we can take a trivialization n—](V) = VxU that makes D in-
variant. We also saw that this is equivalent to the existence of an n-di-
mensional regular distribution H on n—l(V), with n H =TV, such that

g*(n;4 (D)nH) < D. Now, for global controlled invariance we need that all
these locally defined distributions H can be nicely put together to a dis-

tribution on B.

DEFINITION 2.57 Let Z(X,W,B,f) be a nonlinear system and let D be a regu-

lar distribution on X. D is called globally controlled invariant if there
exists a regular n-dimensional distribution H on B such that

(i) mH=TX

(ii) g, (" (@)am) < D

We remark that an n-dimensional distribution H satisfying m H = TX
determines what is called an Zntegrable connection on B. We also note that
the existence of an integrable connection on B puts some restrictions on
the structure of B. We shall not further elaborate this point (in fact, a
fiberbundle B allows an integrable connection if and only if B is isomorphic
to a fiber bundle with discrete structure group, see CAMACHO & LINS NETO
(1979, Ch.5, Th. 4), see also NIJMEILJER & VAN DER SCHAFT (1982 b,Definition
3.2)).

We have defined (local) controlled invariance by requiring that, after
applying feedback, the modified dynamics leave the distribution invariant
for gll inputs. This requirement might be too strong and we could be content
if the foliation induced by D is invariant for only a part of the inputs.

We call this degenerate (local) controlled invariance and we formalize it

as follows (only for the most degenerate case):

DEFINITION 2.58 Let Z(X,W,B,f) be a nonlinear system, and let D be a regu-

lar distribution on X. D is called degenerate locally controlled invariant,
if for every trivializing chart V there exists a section s : V » n_l(V)

(i.e. mos=id), such that

[g(';s('))9D] c D.

Remark : Degenerate global controlled invariance can be defined by requiring
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a global section s : X =+ B.

If F is a leaf of D, contained in V, then s induces a submanifold s(F)
of B. The following proposition shows the close relationship between degene-
rate controlled invariance and uniform observability (Definitions 2.40 and
2.41).

PROPOSITION 2.59 Let Z(X,W,B,f) be a nonlinear system with local input-out-

put representations with feedthrough term. Then: I is uniformly locally dis-
tinguishable if and only if there does not exist a nonzero regular distri-
bition D which is degenerate locally controlled invariant and such that
T(s(F)) < ker dh for every leaf F of D. (T(s(F)) is the tangent space of
s(F)).

PROOF If I is not uniformly locally distinguishable, then there exist coor-
dinates (x,v) for B and (y,u) for W such that the local representation (2.24)
x = g(x,u), y = h(x,u) is not locally weakly observable for a certain u, i.e.
there exists a regular D, contained in ker dgﬁ(-,ﬁ) such that [g(-,u),D] < D.
Now define s(x) = (x,u), then D is degenerate locally controlled invariant.

The converse can be proved in the same way. 0
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2.2.4 Nonlinear Realization Theory

In this section we try to generalize some ideas of the realization
theory for linear systems to the case of nonlinear systems. Analogous to
the linear case (see Sections 2.1.2, 2.1.3) we look at external dynamical
systems described by a set of higher-order nonlinear implicit differential

equations

(k)

(2.46) Pi(w,ﬁ,ﬁ,...,w )y =0, i=1,...,p

where w(j) denotes the j-th order derivative of a function w: R~> W (R is
the time-axis). We shall assume that the Pi's are smooth (Cw) equations,
and that W, the set of external variables,is a smooth manifold. Hence we
assume that the physical laws which govern the external system are of a
smooth nature.

Equations (2.46) can also be given in a coordinate-free way. Given
an arbitrary manifold M, we can define in an intrinsic way the higher-order
tangent bundles of M (see for instance YANO-ISHIHARA (1973)). We denote

by T,M the k-th order tangent bundle of M. The first order tangent bundle

k
T M is just the ordinary tangent bundle TM. If M has local coordinates x,

1
then T, M will have coordinates denoted by (x,x,...,x(k)). If s : (~e,e) » M

k
is a Ck—map, then s induces an element of T
dks
at®

W which we denote by P. We assume that

kM, which in the above coordina-

ds dzs
tes is given by (S(O)’EE(O)’ —5(0)5...,

5 (0)). Hence, coordinate-free the
dt

equations (2.46) yield a subset of Tk
P is actually a submanifold. Therefore the external dynamical system is ge-

nerated by a smooth submanifold

(2.47) Pc Tkw.

In order to define Ze(P), the external dynamical system corresponding to P,
we have to worry about the smoothness assumptions that we want to impose on
the functions w : R -+ W belonging to Ee(P). In the linear case this pro-

blem is easily solved by taking w locally integrable and satisfying

d . . . . .
P(EE)W = 0 in the sense of distributions (see section 2.1.2). However, for
the nonlinear case this is not so easy anymore. For simplicity we therefore

define the smoothZ external system Ee(P):

DEFINITION 2.60 Let P c Tkw be a smooth submanifold. Then the smooth ex-

ternal system Ee(P) is given by {W:I{+W|w is Cw,(w(t),&(t),...,wk(t))eP,Vt}.
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Given a nonlinear system »(X,W,B,f) (see Definition 2.20) we can also define

the smooth versions of Ei(x,w,B,f) and Ze(X,w,B,f) (see (2.10), (2.11)):

Ei(x,w,B,f):= {(x,w):R - W|x and w C ,
(2.48) (x(£) (D)) (n ' (x(£))) ¥t}

Ee(X,w,B,f): {w: R~W|3x such that (x,w)egi(X,W,B,f)}.

The Smooth Realization Problem is now as follows:

Given P c Tkw, find a nonlinear system »(X,W,B,f) such that Ee(P) = Ee(X,W,B,f).

In this section we shall discuss a general approach to the solution of
the Smooth Realization Problem. At the end of the section we give an illus-—
trative example of this approach.

Consider Tkw X R, with R the time-axis. Then on Tkw x R the follow-

ing one-forms are defined, called the Cartan forms,

e1

e2

dw - w dt

dw - W dt

(2.49)

ek = dw(k—l) - w(k)dt
(of course by eﬁ i=1,...,k we mean a set of one-forms, for instance 61
is dwI - éldt,...,dwq—&th, if w = (wl,...,wq)). We can restrict the Cartan-
1,...,§£ defined on P x R
Now consider in every point (x,t) € PxR, with x ¢ P and t ¢ R, the linear

forms to P x R to obtain a set of one-forms 6

subspace V(x,t) of T (PxR) = T P x T R given by the kernel of
— _ ‘ (x,t) x t
8],. .,ek:
o= i = 1=
(2.50) V(x,t): {ZET(X’t)(PXIR)|9 (X’t)(z) 0, i=1,...,k}.

Then there are two possibilities for V(x,t):
I. V(x,t) c TXPXO
II. V(x,t) ¢ TXPXO

Furthermore it is clear that it only depends on x if V(x,t) satisfies possi-
bility I or II (this is because the equations (2.46) do not depepd on t).
If possibility I holds for x € P, thenV(x,t) does not contain a vec-

tor Z of the form

(2.51) Z=Y X —
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with YX € TXP and é% N the tangent vector to R. This implies that we can-—
not define a solution of the higher—order differential equations with ini-
tial condition x. This phenomenon already arises in implicit first-order
differential equations. Consider for instance (consult TAKENS (1976 a) for
more information) the submanifold P ¢ TR given by the following graph (TR

has coordinates (q,&))

*

q

> @&
(2.52) —

Then V(x,t), with x € P, is the kernel of dq - & dt restricted to P. It is
easy to see that in x = (H}E}, V(x,t) = span{g%} , 80 X = (E}Z} satisfies
possibility I. All other points of P satisfy possibility II. In the point
X = (E;E) we cannot define a (differentiable) solution of the implicit dif-
ferential equation.

Consider now a point x ¢ P for which possibility II holds. Then

V(x,t) has the form
(2.53) V(x,t) = Ao(x) + span {A(x) + %}

with A(x) € TXP and Ao(x) a linear subspace of TXP. By span {A(x)+ g%} we
denote the one-dimensional subspace of TxP x Ttni = TXP x R generated by
A(x) + é%—. Therefore if for every x € P possibility II holds, we can de-
fine a distribution by on P and a vectorfield A onP such that for every

x, V(x,t) satisfies (2.53). Furthermore we can define an output map

h : P> Y, by taking the output manifold equal to W and h the projection of

T W on W, restricted to P ¢ T

Kk W. Summarizing:

k

PROPOSITION 2.61 Let P c Tkw be a submanifold. Suppose that for every x € P

possibility II holds. Then we can define an affine control system (Defi-

nition 2.23) £(X,A,Y,h), with X = P, A(x) = A(x) + Ao(x), Y = W and h the

natural projection of P ¢ Tkw on W. Furthermore the smooth external behavior
Ee(x,A,Y,h) of I(X,A,Y,h), i.e. Ee(x,A,Y,h):= {w:R-W|w is ¢~ and
Ix : R »~ X, x is c” , such that x(t) e A(x(t)) and w(t) = h(x(t))} is

equal to EE(P).
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Of ‘course Z(X,A,Y,h) as in Proposition 2.61 does not have to be (lo-
cally) minimal. However we can apply the "algorithm" as given after Theorem

2.28, i.e. we define the sequence of distributions on X

0,_
(2.54) Em.— kefldh oot
E :=E n A (E +A0), m=1,2,...
with A—I(Em_l+A0) the distribution spanned by all the vectorfields Z such
that [A,2] ¢ Em_] + AO. Then lim E = Ek if dim(ker dh) = k, and E:= Ek is
m—>

an involutive distribution which satisfies
(2.55) [A,E] ¢ E + AO’ and E ¢ ker dh

(in fact E is the maximal distribution with these properties). If we now
assume that E has constant dimension, then at least locally we can factor
X out by the foliation induced by E, to obtain a smaller state space X'.
Moreover the affine distribution A projects well to an affine distribution
A' on X', and since E ¢ ker dh, we can define h' : X' > W such that

h'em = h (7 is projection of X onto X'). Summarizing:

PROPOSITION 2.62 Let P c Tkw be a submanifold. Suppose that for every

x € P possibility II holds. By Proposition 2.61 we can define an affine

control system I(X,A,Y,h) such that Ee(X,A,Y,h) = Ee(P). Suppose that E as

constructed in (2.54) has constant dimension and that X can be globally
factored out by the leaves of foliation induced by E. Then we can construct
a locally minimal affine control system I'(X',A',Y,h') such that

Ee' (X',0',Y,h") = Ee(P).

We now treat the case that there exist points x ¢ P for which possi-
bility I holds. We shall only propose a tentative approach. First of all
we simply omit all the points x ¢ P for which possibility I holds (of course
from the viewpoint of applications this can be a severe restriction). Then
we assume that the set of points x € P for which possibility II holds
forms a smooth submanifold N of P. Let V(x,t) = AO(x) + span {A(x)+ g%} s
for every x € N, with Ao(x) c TxP and A(x) € TXP for every x ¢ N. We can

distinguish between two cases:

Case I: Let Ao(x) = span {BI(X)"°"Bm(X)}’ Bi(x) € TxP’ for every x ¢ N.

Suppose that for every x € N we can find feedback functions al(x),...,aj(x),
AL
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©m
x € N,such that A(x):= A(x) + Z ai(x)Bi(x) is contained in TXN for every
i=1

x € N. Define furthermore Zb(x):= Ao(x) n TXN for every x € N. Then we can

define an affine control system %(X,A,Y,h) by setting X = N, A(x) =

A(x) + 0,.(x), Y = W and h the projection of Tkw on W restricted to N. Then

Case II: Suppose that there exist points x € N, for which we cannot find
feedback functions such that A(x) e TXN. In this case we should look for

a submanifold M ¢ N such that for every x ¢ M we can find feedback functions
such that A(x) e TXM. Then we can again define an affine control system
L(X,A,W,h) with state space X = M. Furthermore Ze(X,A,W,h) c Ze(P).

In fact, in Case II we should look for a maximal submanifold M with
the above property. Of course it is not clear whether such a maximal sub-
manifold exists. We remark that we can apply the same procedure as before
(Proposition 2.62) to obtain a locally minimal affine control system with

the same external behavior as £(X,A,W,h).

From now on we assume that we have a locally minimal affine control
system I(X,A,W,h) such that‘Ee(X,A,w,h) = Ee(P). Now it can be easily seen
that it is still possible that there exists an affine control system
Z'(X',A",W,h"), such that dim X' < dim X and I (X',8',W,h") = I (P). Con-

sider for instance the two minimal systems

I. i =u II. w=u
(2.56) W= x
xandw C w c”

Then the smooth external behavior of system I as well as of system II is
equal to the set of all C" functions w : R -~ W. This phenomenon arises
because we are considering smooth external behaviors. In fact if we look at
Ei(X,W,B,f):= {(x,w):R > XxW|x and w are ¢~ and (x(t),w(t))ef(ﬂ—](x(t))}
(compare (2.10)), then x € X does not satisfy the axiom of state (Defini-
R + X are C and xl(O) = XZ(O)’

tion 1.2). The reason is that if x ,x

1% ¢

- + ., . oo
then x, *x, 1s not necessarily C .

1 2

The rest of this Section is devoted to a closer study of this phe-
nomenon. We restrict ourselves to a local study. In fact we strive to a
(local) reduction procedure which yields a system that has the same smooth

external behavior as I(X,A,W,h) and has a state space of minimal dimension.
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Suppose that A, = A -— A is a regular distribution on X. Then (locally)

0

we can factor out X by A  to obtain X, , i.e. X - x

0 1 1

Taking coordinates X, for X1 and (xo,x]) for X, and writing A(x) = A(x) +

span {Bl(x),...,Bm(x)} we obtain

, with ker T, o= AO.

0 m
AT (xg,x)) + iz

el
1]

0
1uiBi (XO’XI)

(2.57) 1
X, = A (XO’XI)

By feedback (2.57) is equivalent to

Xy = u
(2.58)

1
X, A (XO’XI)
with u = (;1,...,:m) the new input. This suggests reducing (2.58) by taking

X, as the new input v = (VI""’vn)’ i.e.

0

(2.59) X = Al(xl,v).

Coordinate-free equations (2.59) are the state-space equations of a non-
linear system Z'(X',W',B'f') with B' = X, X' = X] and f' = (g',h') with
g'(xl,v) = A](xl,v) (Notice that the transition from (2.58) to (2.59)

is exactly the converse of the way we constructed the extended system in
Definition 2.24). Now we also want to include the output map h in our con-

siderations. Suppose that not only A, is regular, but also ker dh n A

0
is gegular. Then we can (locally) factor out X by ker dh n AO’ i.e.

X —]> X, with kern

0

= ker dh n A,. Furthermore, since A, is regular,

1 1* 0 0
ﬂ]*Ao is a regular distribution on X1 (Lemma 2.27). Hence we can locally
m
. 2 . _
factor out Xl by NI*AO’ i.e. Xl — X2 with ker Tox = ﬂ]*AO. Let X, be

coordinates for X (x],xz) for X, and (XO’XI’XZ) for X. Then we obtain

2° 1
. 0 0
X A (x],xl,xz) m Bi (xl’xl’XZ)
x = Al(x X ,X,) * z vy B. (X,,X,,X,)
1 0’71272 i=1 i 0’71’72
(2.60) )
X, = A (XO’XI’XZ)
w =

h(xo,xl,xz)

(actually h only depends on x, and xz). By feedback (2.60) is equivalent

1
to
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* = Y
X =u
(2.61) b
x, = A (XO’XI’XZ)

w =nh (XO’XI’XZ)

with u = (;O’El) the new input. Hence we can define new inputs v = (VO’VI)

by setting v, = Xgs V

0 = xl, to obtain

1

2
. X, = AT(X,,V.,V, )
(2.62) 2 2= 0"l

w = h(XZ’VO’VI)

Therefore locally we can define a nonlinear system I'(X',W',B',f') with
2
[ [ L. [ [N 1 =
X XZ’ W W,B X and f (g',h") such that g (XZ’VO’VI) A (XZ’VO’VI)

and h'(xz,vo,v]) = h(x2’v0’v1)' Furthermore it is clear that locally
~ ~
(2.63) L, (X,8,W,h) = T (X',W,B',f').

Hence we have reduced I(X,A,W,h) to a system with a smaller state space
and the same smooth external behavior.
Of course the above reduction procedure may be again applied to

" (X',W',B',f'). Then we need that g'(xz,v ,v]) defines a regular distri-

0
bution on X2. More precisely we have to consider the sets

-1
' .
g (111 (xl,xz)) c TXZXZ.

Indeed suppose that g' is of the form

k .
' = Al 1
(2.64) g (XZ’VO’VI) A (XZ’VI) + izlvo Bi (xz)
. 1 k . . .
with v, = (v0 seeesVg ). This is equivalent to the assumption that

g'(m N (x,,x,)) is for every (x.,x,) an affine subspace of T X, such that
1 1272 1°72 X, 2
= g'(“{q (xl’xz)) - g'(ﬂl—-I (x],xz)) does not depend

the linear subspace A

0
on x,. Now the question is if Ad = span {Bf ,...,Bﬁ} is a regular distri-
bution on Xz. If AO is regular then we can factor out X2 by this distribu-—
. . 3 Tr .
tion to obtain a smaller state space X3, i.e. XZ ~3 X3, with
= [ . = '
ker LEW AO . Denote coordinates for X3 by X3, and let X, (x2 ,x3). Then

(2.62). is feedback equivalent to
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x, =V,
(2.65) x, = A'3(x3,x2' V)
y = h(xs,x; ,vl)
with ;0 = (;J ,...,;3() the new input and A'3 the component of A' in the

x3—direction. Notice that we have used the fact that h does not depend on
vy Now we can take x2' as the new input, and we obtain a nonlinear system

with state X3 and inputs xz’ and v,. Hence we have (locally) obtained a
nonlinear system " (X",W,B",f") such that Eé'(x",w,B",f") = E; (X',W,B',f") =

Ze(X,A,W,h).

The reduction procedure from Z'(X',W,B',f') to Z"(X",W,B",f"), with

f' = (g',h) may terminate because of the following three reasons:
I. h is an immersion restricted to the fibers of B'.

II. g' does not define a distribution AB on X'

III. the distribution Aa is not regular.

If h is an immersion restricted to the fibers of B', then we have obtained
a system with a local input-output representation with feedthrough term.
Therefore if in every step of the reduction procedure g' defines a regular

distribution Ad then the procedure is continued till we have a system with

a local input-output representation with feedthrough term. If g' does not

1

0
g'(n] l(x],xz)) - g'(n] 1(xl,xz)) may contain a regular distribution on X',

define a regular distribution A' on X' a serious problem arises, since
by which we can factor out. Therefore it is possible that we can apply a

"partial" reduction procedure. We shall not consider this problem.

Finally we illustrate the reduction procedure by the following example,
considered in a different context in FREEDMAN & WILLEMS (1978).
Let Y = U = ]fn, and let W = Y x U with coordinates w = (y,u). Con-

sider the external system described by the equations
(2.66) P,(y,u,5,0):= 3, - a(u,y,0) =0, i=1,...,m

for certain smooth functions a;. We abbreviate (2.66) as § - a(u,y,ﬁ) = 0.
Equations (2.62) determine in every point w € W a subset of TWW, and hence
determine a subset P c¢ TW. Consider the Cartan-forms dw - w dt, i.e.

dyi - §idt and dui - ﬁidt, i=1,...,m. If we restrict these forms to P x R

we obtain dyi - ai(u,y,ﬁ)dt and dui - ﬁidt, i=1,...,m. The kernel of
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these forms is equal to

. 3 ) N B .
(2.67) span {EE;>,jzlujSG; + aj(y,u,u)5§g»+ g L= 1,...,m}

Therefore for every x ¢ P possibility II holds. Hence we may apply Propo-
sition 2.61 and take X = P. It is clear that (y,u,ﬁ) are coordinates for P.
The output map h : P > W simply is h(y,u,ﬁ) = (y,u). It is clear that we

. . . 3
can always factor out the regular distribution span {Sg—y...,—ﬁ—} on P.
1

After this reduction the new state space X' can be taken equal to W, with

coordinates (y,u). The equations of I'(X',W,B',f') are

U=v
(2.68) y = a(y,u,v)
w = (y’u)

with v = (v],...,vm) the input. The question is: When can we reduce
I'(X',W,B',f') with equations (2.68) to a system " (X",W,B",f") by the re-

duction procedure ? First of all we need that we can write (see (2.64))

v l 0 I
m
(2.69) = ( * ( ) v
a(y’uav) b(y’u) C(Y,U)

. m . .
for a certain smooth map b : R X Rr" » Bfm, and a certain m*m-matrix
c(y,u), whose coefficients are smooth functions of (y,u). We denote the

i-th column of c(y,u) by ci(y,u). Notice that in this example

' e1 e
(2.70) by (y,u) = span { ) yeens ( m }
¢, (y,u) e (y,u)

with e, the i-th basis vector of R" . Therefore Ad always has constant

' is tnvolutive. This is equivalent to

dimension. Hence we cnly need that AO

9 9 9 9
(2.71) [grl—i + Ci(y,u)g-};,-a—q *eyugs 1=0

3 9

. LD
for all i,j = 1,...,m (with 3y~ (3§I,...,5§;)).

Equations (2.71) are equivalent to

aci acj B:i Bcj
(2.72) SEE - SEZ + %-5; - %:5§ =0, i,j = 1,...,m

Now(2.72) are the necessary and sufficient conditions for the existence of
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a smooth map k : R x R®™ + R™ such that (see SPIVAK (1970)):

ok

u.
i

(2.73) (z,u) = ci(ki(z,u),u), with z,u € r".

Furthermore we can take k in such a way that the map (z,u) ——> (k(z,u),u)

is a diffeomorphism. Define
ok -1
(2.74) L(z,u):= (5 (z,u)) "b(k(z,u),u)

(with b as in (2.69)). Then the following system

z = £(z,u)
(2.75) y = k(z,u)
u = u, w = (Yau)

is the reduced systém " (X",W,B",f"). The output map of (2.75) is (z,u) >
(k(z,u),u). This is clearly an immersion with respect to u, so no further
reduction is possible. System (2.75) is an input-output representation with
feedthrough term and the smooth external behavior of (2.75) is equal to
Ee(P).

Notice furthermore that since (z,u) +— (k(z,u),u) is a diffeomor-
phism, we may as well take (z,u) as coordinates for W ({instead of (y,u)).

In these coordinates we obtain the input-output system (Definition 2.22)

z = £(z,u)
(2.76) z =z
u=u

Summarizing we have the following conclusion (also obtained in FREEDMAN &
WILLEMS (1978)):

There exists an input-output system, which has the same smooth ex-
ternal behavior as the external system (2.66) if and only if a(y,u,ﬁ) is of

the form b(y,u) + c(y,u)ﬁ, with the columns of c(y,u) satisfying (2.72).
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Notes and References for Chapter & ,

Sections 2.1.1 and 2.1.2 are mainly based on WILLEMS (1979) (see also WILLEMS

(1983)). For more information about the description of systems of the form
D(é%)y(t) = N(é%)u(t), or in the frequency domain D(s)y(s) = N(s)u(s), we

refer to WOLOVICH (1974) and ROSENBROCK (1970).

The basic idea of Section 2.1.3 is due to MARTIN & HERMANN (1978), see
also HERMANN (1979,1980). These authors associate to a transfer matrix
G(s) = D—l(s)N(s) an algebraic vector bundle over Eﬂ (L), and make the ob-
servation that the Chern numbers of this vector bundle are equal to the con-
trollability indices of a minimal realization of G(s). For a concise treat-
ment of algebraic vectorbundles over EJ (L) we refer to HAZEWINKEL & MARTIN
(1982). The '"geometric" treatment of output feedback as a choice of the
output space in the space U x Y also appears in BROCKETT & BYRNES (1981).
In the text we defined the dual bundle E(P(s))l by taking for every s ¢ U
the orthogonal complement of Ker P(s) with respect to an (arbitrary) inner
product on W. Of course we can also define E(P(s))l as a subbundle of
]P1 x wm* (with W " the dual space of W).

Sections 2.2.1 and 2.2.2 are mainly based on VAN DER SCHAFT (1982 c).
Definition 2.20 is due to WILLEMS (1979), while the idea to give a coordi-
nate free description of x = g(x,u) by using a fiber bundle B over the
state space X is due to BROCKETT (1977, 1980), see also TAKENS (1976). This
"bundle approach'" is also elaborated in NIJMEIJER & VAN DER SCHAFT (1982 a,b)
and NIJMEIJER (1980). For related results on minimality and equivalence of
nonlinear input-output systems (in a somewhat different setting) we refer
to SUSSMANN (1977), HERMANN & KRENER (1977) and BROCKETT (1980). The defi-
nition of local weak observability (in the sense of Property I), and the
corresponding rank condition of the observability codistribution is due to
HERMANN & KRENER (1977). For other approaches to uniform observability
(especially for affine nonlinear systems) we refer to NIJMEIJER (1982 b),
GAUTHIER & BORNARD (1981). The existence of universal inputs, i.e. input
functions which distinguish between every two states X, and xz,has been in-
vestigated in SUSSMANN (1979). The definition of strong accessibility (in
a different setting) is due to ELLIOTT (1971) and SUSSMANN & JURDJEVIC (1972).
The notion of local weak controllability appears in LOBRY (1970) and is
further explored in HERMANN & KRENER (1977), and other papers.
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Section 2.2.3 is maihly based on NIJMEIJER & VAN DER SCHAFT (1982, b,a,
also 1983 b). The generalization of the concept of controlled invariance
for linear systems to affine nonlinear systems is due to ISIDORI, KRENER,
GORI-GIORGI & MONACO (1981 a), and HIRSCHORN (1981). The relations between
controlled invariance, observability and local weak controllability for
affine systems are treated in ISIDORI et al. (1981 a).

With respect to Section 2.2.4 we draw attention to previous work on
realization theory for nonlinear systems from an input—output point of view.
In JAKUBCZYK (1980) a minimal smooth realization of an input-output system
is constructed by using Nerode-equivalence (see Chapter 1). Furthermore
there has been done important work on the realization of input-output rela-
tions which can be described by Volterra series, see for instance BROCKETT
(1976), KRENER & LESIAK (1978), CROUCH (1981 a), and in another direction
FLIESS (e.g. 1981) (see also LAMNABHI (1982)).
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CHAPTER 3
HAMILTONIAN SYSTEMS
"That", said Merry, pointing with his hand, "that is
the line of the Withywindle..... The Withywindle s
satd to be the queerest part of the whole wood - the

centre from which all the queerness comes, as it were'’.

J.R.R. Tolkien: The Lord of the Rings

3.1. Introduction

In the previous chapter we have given a system theoretic framework for
the study of linear and (smooth) nonlinear systems. Within these both
classes we now narrow our scope to what we shall call Hamiltonian systems.
The distinctive feature of a Hamiltonian system will be the existence of
a so-called symplectic structure on the state space as well as on the space
of external variables. Furthermore the equations of the system have to be
compatible with both symplectic structures.

From a mathematical point of view we know that the symplectic structure
is rich enough to define a useful mathematical "category", in which all
operations, transformations etc. respect the symplectic structure. We show
in this chapter that also the system theoretic concepts as introduced in
the previous chapters nicely fit into this symplectic framework.

With the study of Hamiltonian systems we enter the realm of classical
mechanics. Actually the Hamiltonian formalism lies at the basis of a much
larger part of theoretical physics, as for example electro-magnetism and
also quantum mechanics, the non-classical part of physics par excellence.
Most treatments of Hamiltonian systems in the modern mathematical and
physical literature deal only with what is called analytical mechanics. This
part of mechanics confines itself to the study of mechanical systems without
external influences. For instance (see SANTILLI (1978,1983)) the equations
that are customarily referred to as the Euler-Lagrange equations, and

Hamilton's equations are not the equations originally conceived by Lagrange
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and Hamilton. The latter include extermal forces , i.e.

d , 9L oL
——(f - —=F,
dt aqi aqi i
. oH . oH
= =-2" 4+ F
i Spi i qu i

and only since the beginning of this century have the external terms been
removed. As a consequence of the predominance of analytical mechanics, the
recent formalization of classical mechanics in terms of symplectic geometry
(see the text books of ARNOLD (1978) and ABRAHAM & MARSDEN (1978)) has

only been carried out for systems without external forces. In fact to our
knowledge there have been very few attempts to include on a fundamental
level external forces in a modern mathematical theory of Hamiltonian systems
(however we like to mention some work of Tulczyjew and co-workers, e.g.
TULCZYJEW & KIJOWSKI (1979)). Of course there are strong historical reasons
why the study of external forces in modern classical mechanics and theoret-
ical physics is not very fashionable, and we have more to say about that

in Section 3.2.2.

For completeness we.mention that an approach other than ours to the
formalization of external forces in mechanical systems is provided by the
calculus of variations. The starting point is then in fact the variational
derivation of the Euler-Lagrange equations with external forces (TAKENS
(1977), see also HERMANN (e.g. 1982), GODBILLON (1969)). In our approach
we treat, roughly spreaking, Lagrangian systems as a specialization of
Hamiltonian systems (see Section 3.6), and we obtain the Euler-Lagrange
equations with éxternal forces as the basic example of a Lagrangian system.

Another element, apart from the external forces, which we shall intro-
duce in the study of Hamiltonian systems is the formalization of the notion
of partial observations made on a system. This is a typical system theo-
retic concern and seems even more absent in the physics literature than the
conceptualization of external forces. In fact we give a framework for
Hamiltonian systems in which the (generalized) forces and observations are
in the same way dual to each other as the (generalized) positions and

momenta are dual to each other.

In the following sections 3.1.1 till 3.1.4 we give some motivation for

the definition of a Hamiltonian system as given in Section 3.2,
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In 3.1.1 we speak about memoryless ( in this mechanical context better
called static) Hamiltonian systems. Actually there has been some flourishing
of the use of symplectic geometry, especially the notion of Lagrangian
submanifolds, in the treatment of various physical systems with a "recipro-
cal" or "symmetric" character. We shall give some illustrative examples.

After this we are heading for a definition of a dynamical Hamiltonian
system. In section 3.1.2 we give the equations of an electrical network,
consisting of (nonlinear) capacitors and inductors as an example of a
dynamical system which we call Hamiltonian. In section 3.1.3 we give a short
review of the definitions of a Hamiltonian vectorfield in terms of symplectic
geometry, including the formulation as a Lagrangian submanifold of the tan-
gent bundle which is advocated in recent works.

Finally in section 3.1.4 we briefly sketch some motivation stemming
from linear system theory. We show that if a transfer matrix possesses a
certain symmetry, then a minimal realization of this transfer matrix is also
endowed with a special structure and can be called a (linear) Hamiltonian

system.

We now give a very simple but paradigmatic example of what we shall
call a Hamiltonian system.

Consider a point mass m with position ;s influenced by a force F].
According to Newton's second law, the relation between q; and F1 as functions

of time is given by

(3.1) m:f] = F,

Note that we see F, as a basic variable and that (3.1) expresses a compati-
bility relation between forces and positions. Hence we have an external

(linear) system (see section 2.1.2)

Zot= LG (). F G R > B [(q) (), Fy())ely  and
(3.2)

mq, = Fl’ with equality in the sense of distributions}

In fact Ze is an external input-output system with input u, = F.. A minimal

1 1°
realization of Ze is given by

g Py
(3.3) . » Y1 = q
P, =

gl

[+
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i.e. a linear input—output system I(A,B,C) (see equation 2.4) with
1

0 —
A= ( m) ,.B = (?) and C = (10). Any definition of a Hamiltonian system

0 0
surely ought to include systems (3.2) and (3.3). The basic observation is

that the state space (ql,pl) can be seen as a symplectic space with the

usual symplectic form J = (0 0) Then A as above is a Hamiltonian matrix,
i.e. A satisfies A J + JA =0, and B and C are related as BTJ C. Further-

more we notice that the space of inputs and outputs (yl,u]) can be also

seen as a symplectic space with the symplectic form J® = (? _é) .

Next we look at another mechanical system. Consider a particle attached
to a spring with spring constant k. Assume that we can control the position
q, of the particle. We take as output the force F2 exerted by the spring on
the particle, i.e. the force that we experience if we control the particle
in a certain position. This yields the static system Fz = -kq,, which can
be also written as

(3.4) F, =~ dq (q,)

with V(qz) = %kqézthe poﬁential energy. We regard (3.4) as a static Hamilto-
nian system with input q, and output F2. Equation (3.4) defines a Lagrangian
submanifold in the (qz, 2) space with generatlng function V(qz) (see Section
1). Instead of the potential energy Equ corresponding to a linear
spring we can take an arbitrary potential energy function V(qz). Notice also
that (3.4) is an example where external forces are not necessarily inputs.
Finally we .can interconnect the Hamiltonian systems (3.3) and (3.4)

by setting
(3.5) 4, =4, Fl = F2

(this can be regarded as Newton's third law)

r q. = F q
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We shall see that the interconmnection (3.5) is a particularly simple example

of what we call a Hamiltonian interconnection. This will be dealt with in
Section 3.2.1. The system resulting from the interconnection has the form

(setting q=q1=q2)
1

. _ iq)= 07{1) q
(3.6) mg + kq 0 , or, Frs (p (-k 0 P
This constitutes a Hamiltonian vectorfield, or as we shall say an autonomous

(i.e. no inputs) Hamiltonian system. As outputs we could take the position

q, or the position q together with - %%(q) = - kq, which is now the Zntermal

force.

3.1.1 Static Hamiltonian systems; reciprocity.

First we develop the mathematical preliminaries which will be used for
the formalization of the examples of static Hamiltonian systems given in
this section. For details we refer to ARNOLD (1978), ABRAHAM & MARSDEN (1978).
Let M be a manifold provided with a 2-form w which is
(i) nondegenerate, i.e. for every Y ¢ TXM, with Y # 0, there exists a
Z e TxM such that wx(Y,Z) #0
(ii) closed, i.e. dw = 0.
Such an w is called a symplectic form, and. (M,w) is called a symplectic
manifold. It follows from (i) that M is necessarily even—-dimensional, say
dim M = 2n. From (i) and (ii) it can be deduced that there exist local «

coordinates Qyse+s9,sPye 5P, for M such that
3.7) w = 'dei/\dq

This is known as Darboux's theorem (ARNOLD (1978), ABRAHAM & MARSDEN (1978)).
The coordinates (ql,...,qn,pl,...,pn) for which (3.7) holds are called
canonical or symplectic.

The prototype of a symplectic manifold is a cotangent bundle. Let T*Q
be a cotangent bundle, with dim Q = n. Then we can define a natural I-form
0 on T*Q as follows. Take o € T*Q, X e Ta(T*Q) and let m denote the projec-—

tion of T*Q on Q. Then set
(3.8) ea(x) = 8(a) (X):= a(m,X)

If (ql,...,qn) are (arbitrary) coordinates for Q we can define natural coor-

dinates (ql""’qn’pl""’pn) (fiber respecting for the bundle T*Q) by
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n

letting (a ,...,a sPys+++5p.) correspond to the one-form Z p-dq. on Q
1 n’*1 n - j=p 41

in the point (a],...,an) € Q. In such coordinates we have that

n
(3.9) B = .Z p;dq;
i=1
n
Finally we define w:= d6, i.e. in natural coordinates w = Z dpi A dqi,

i=]
. . . *
which is a symplectic form on T Q. Moreover we see that the natural coor-

dinates are also canonical.

The basic notion in the description of static Hamiltonian systems is

that of a Lagrangian submanifold.

DEFINITION 3.1 Let (M,w) be a symplectic manifold, with dim M = 2n. A
submanifold N ¢ M is called Lagrangian if
(i) w|N =0, i.e. mX(Y,Z) = 0, for every x ¢ N, Y ¢ TxN and Z ¢ T N.

(ii) dim N =n

It can be proved that (i) implies that dim N < n. An important property

of a Lagrangian submanifold is the following

THEOREM 3.2 (for a proof see ABRAHAM & MARSDEN (1978)) Let N be a Lagrangian
submanifold of (M,w). Let (ql""’qn’Pl""’pn) be canonical coordinates

for M on a coordinate neighbourhood Uc M. Then for every x ¢ U we can find

an open neighborhood V of x, with V ¢ U, and a function S defined on N n V

such that N n V is given by
(30]0) Q'=—"' s P: =~ 57—

where the index i ranges through a part of the set {1,...,n} and the index
j through the complementary part (S is only a function of the variables P;

and qj with respect to which S is differentiated in (3.10)).

The function S as in (3.10) is called a generating function of N. We
shall now give some typical examples of static Hamiltonian systems which
illustrate the relationship with notions like reciprocity and potentiality.
It will be shown that a natural mathematical framework is the use of
Lagrangian submanifolds. The following treatment is taken nearly verbatim

from KIJOWSKI & TULCZYJEW (1979).
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Consider a particle in 3-dimensional space Q, subject to an external
force field. The position of the particle will be described by coordinates
q = (ql,qz,q3). We assume that for every configuration q there exists a
unique force F = (FI’FZ’F3) exerted by the external field. Hence there exist

functions ¢i such that
(3.11) Fj = ¢j(q), j=1,2,3.

If an external mechanism is used to control the position of the particle,
then an infinitesimal displacement from a position q to q + 8q:=

(ql+6ql,q2+6q2,q3+6q3) requires the mechanism to perform a virtual work

3
(3.12) A= izlpiaqi

with Fi = ¢i(q) (Of course -F is just the force that the controlling me-—

chanism has to exert to maintain the configuration q). If we define the

3
I-form ¢ = Z ¢jqu on Q, then A = —-¢(8q). Consider now a displacement from
j=1

one configuration ql to another configuration qz, along a path y. The work

performed by the mechanism equals

(3.13) A(y) = -f ¢.
Y

If A(y) only dependson the endpoints of y, we can define a potential func-

tion on Q:

(3.14) V(q) = -

rﬂo. a
-

with q0 some fixed (reference) configuration. We obtain that

(3.15) ¢ = -dV, or equivalently, ¢j = s j=1,2,3.

J

Equations (3.15) express the potentiality of the system. A 1-form ¢ such
that there exists a function V with ¢ = -dV is called exact. On the other
hand, if ¢ = -dV, then d¢ = -d(dV) = 0, or equivalently

3. 3¢,

1 J ..
—_— = i,j = 1,2,3.
aqj aqi

(3.16)

We can interpret (3.16) in the following way. Let the system be displaced
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in such a way as to increment the coordinate qj by an infinitesimal value
€ without changing the remaining coordinates. The (first-order) increment

of the i-th component Fi of the force caused by this displacement is

oF, oF.
Eaz-e.lf on the other hand the coordinate q; is incremented by e then sale
j i

is the corresponding first—order increment of Fj. Equations (3.16) imply
that the two first-order increments are equal! This property is called
reciprocity. As we saw the property of reciprocity is equivalent to the
condition that d¢ = 0. We call a I-form ¢ with d¢ = 0 closed. If ¢ is exact,
then ¢ is also closed. If on the other hand ¢ is closed, then (by Poin-
caré's lemma) there exists at least locally a function V satisfying

¢ = -dV (if Q is simply connected V exists globally). Hence locally:

reciprocity <= potentiality-

We can also describe the above situation with the aid of the cotangent
bundle T*Q, whose coordinates are (q,F) = (q],qz,q3,Fl,F2,F3). Since the

force F is a function of q, we have a 3-dimensional submanifold N c T*Q:

(BT N = {(4)58y525,0,(2),6,(@) 6, (@) ).
3

The natural l-form 6 on T*Q is given by 6 = z Fidqi' An infinitesimal dis-
i=1

placement from q to q + 8q yields an infinitesimal change from (q,F) to

(q+8q,F+8F). The virtual work equals

(3.18) A= ((8q,6F)).

CRD)

A finite displacement from q] to q2 along a path y in Q results in a finite
displacement from (ql,Fl) e N to (qz,Fz) € N, along a path y in N. The work

performed equals

(3.19) Ay) =-[ o
7

If the work only depends on the endpoints q] and qZ, we can define a (poten-

tial) function V on N by

(q,F)
(3.20) V(q,F) = - J 6 , with (q,F) € N and (qO,FO) a (reference)

0 w0
(a7,F%) point in N.
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Formula (3.20) is equivalent to

(3.21) -dv = e|N

This means that 0 restricted to N is exact. Therefore the cotangent bundle
interpretation of potentiality is that elN is exact. To find the cotangent
bundle interpretation of reciprocity, we define the natural symplectic form
w = d6é on T*Q. Reciprocity means that GIN is closed, i.e. d(elN) =0, or
equivalently wlN = d6|N = 0. Hence reciprocity is equivalent to saying that
N is a Lagrangian submanifold of (T*Q,m).

A particularly simple example of the foregoing situation is a particle
attached to a spring with one degree of freedom. Themn q ¢ Q < R, F = -kq,
with k the spring constant and N = {(q,~kq)|qeQ} T"R = lR2 . Since a 1-
dimensional submanifold of T R 1is always Lagrangian, the system is reci-
procal and in fact the generating function of N is V(q) = %qu, the Znter—
nal energy of the spring (since V is globally defined we have in fact po-
tentiality). We shall now show for this special example that instead of
taking q as the input (control) and F as the output, we can also regard
F as the input and q as the output. We consider a scale suspended in the
gravitational field attached to the spring with constant k. The force
applied to the system is controlled by placing weights on the scale. The
weights are stored at the level of the equilibrium position if there are

no weights on the scale.

NilaEa

— 0
A l
VRN
7 AN

— 1

7/
b a2 >

The force and the position are in the relation F = -kq. If the force is
increased from F to F + &F by transferring a weight 8F from the storage

to the scale then the performed virtual work equals
(3.22) A = -qdF.

If the weight is changed from O to F then the total work equals
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F - F
(3.23) V=-/qF =-1fFar=--Lp
Kk 2K
0 0

This work is spent on the internal energy of the spring:

1,2 1 2
(3.24) V=5ke =F

and on changing the gravitational energy of the weights by

F2.

|-

(3.25) Y =qF = -

Hence V = -V - ¥, and we see that we can write N = {(q,- %%)]qeﬂQ} also as
dv

N = {(dF’

F)|FeR}.

Return now to the more general situation with Q = ]R3, and assume that
* .
the Lagrangian submanifold N < T Q as in (3.17) can also be parametrized
by F = (FI’FZ’F3)° We shall see that the same construction as above goes

through for the general case. Locally we can define the 1-form

3 3
2= izlqidFi. Then 6 + 6 = dy, with ¥ izltii.

The integral X(?) =- /9 along a path Y contained in N is the work perfor-

med, and only depends on the endpoints. Therefore we can (locally) define
(q,F)

(3.26) V(q,F) = fé , for (q,F) and q%,F0) in N.
(q°,F9)
Obviously, dV = —EIN and if the reference state (q°,F%) is the same as the

one used in (3.20) we obtain

(q,F) (q,F)
(3.27) V(@,F)=- [ &= [ 6-dy=-V(F) -yl
@%F% (¢ F")
. . v .
and N is also given by N = {(- 5§—3Fi)lFien{’ i=1,2,3}.
i

The relation between V and V as in 3.27 is called the Legendre transforma-
tion.

We see that for the notion of reciprocity it does not make a diffe-
rence how the submanifold N is parametrized in canonical coordinates of
T*Q. Also we do not use the cotangent bundle structure of T*Q~but only the

*
fact that T Q possesses a symplectic form. We conclude with the following
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DEFINITION 3.3 Let W, the set of external variables, be a symplectic mani-
fold with symplectic form w. A memoryless (see Definition 1.16) external
system Ze on W is given by a submanifold N ¢ W such that Ze = {wewnzlw(t)eN
VteR} . A memoryless system is static Hamiltonian if N is a Lagrangian sub-
manifold of (W,we).

Above we saw some examples of a :wstatic Hamiltonian systemwith W = T*Q. In
the literature one can find numerous other examples (see for references
ABRAHAM & MARSDEN (1978), KIJOWSKI & TULCZYJEW (1979)). In fact the equa-
tions of nonlinear capacitors or inductors as treated in the next section
are also examples. Furthermore Kirchhoff's laws of interconnecting voltages
and currents can be viewed as a (special) example of a Lagrangian submani-
fold of the space of voltages and currents (see for more information Sec-

tion 3.2.1). We close this section with another mechanical example.

Example: Consider a mass m attached to a rope which is swept around with
constant angular velocity w. Assume that we can control the length r of
the rope, if the mass is attached to the end, or the position r where the

mass is attached to the rope. Take the generating function equal to the

. . . . 2 2 .
kinetic energy of the mass due to the rotation, i.e. %mm r . If r is the
. . 2 . .
input, then we obtain the output y = -mw r, i.e. the centripetal force.

3.1.2 Nonlinear LC-networks

After Newton's second law as treated in Section 3.1, this will be the
first example of what we call a dynamical Hamiltonian system. Our treat-—
ment of anLC-network is strongly influenced by work of BRAYTON (1978), see
also BRAYTON & MOSER (1964), to which we also refer for more details.

A nonlinear inductor is given by a constitutive relation
(3.28) i= £(¢)

with i the current, ¢ the magnetic flu® and f a smooth function. Since i and

¢ are one-dimensional, we can construct a function S(¢) such that
. _ ds

(3.29) i=1£00) = 350

Equivalently, we can look at an inductor as a submanifold

N = {(¢,£($))|¢9eR} of ]R2 = {(¢,1i)|¢eR, ieR}. Since N is l-dimensional,

N is a Lagrangian submanifold of ]RZ with its natural symplectic form (? 7;),
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and therefore an S as in (3.29) exists (Theorem 3.2).

If we intercomnect inductors, satisfying Kirchhoff's laws, the inter-
connected system is still reciprocal, i.e. a Lagrangian submanifold of a
(higher-dimensional) space (BRAYTON (1978)). Indeed, let L be an inductive

n,-port,i.e. a set of inductors connected to each other in some way satis-

1

fying Kirchhoff's laws with n, external channels. The corresponding set of

1

external variables are the fluxes and currents of the n, external channels.

Suppose that L can be parametrized by (¢l,...,¢n ), with ¢j the magnetic
1

flux on the j-th channel. Then there exists (locally) a function

S(¢1,...,¢n ), the magnetic energy, such that
1

{3.30) i, = ==, j=1,.em

with ij the current of the j—-th channel.

A nonlinear capacitor is given by a constitutive relation

(3.31) v = g(q)

with v the voltage, q the charge and g a smooth function. Also a capaci-
tor can be regarded as a Lagrangian submanifold N = {(q,g(q)) |qe R} of ]R2=
{(q,v)lq,veﬂi} with its natural symplectic form. Moreover there exists a

function T( the generating function of N) such that

(3.32) v =g(q) = g—% (q).

Again, interconnections satisfying Kirchhoff's laws leave the system reci-
procal. If C is a capacitive n,-port (a set of capacitors interconnected

to each other with n, external channels), and if we assume that C can be

parametrized by (ql""’qn ), the charges of the external channels, then
2

there exists (locally) a function T(ql""’qn ), the electric energy, such
2

that

(3.33) vj = — j= l,...,n2.

From (3.30) and (3.33) it follows that L as well as C can be regarded as

static Hamiltonian systems (Definition 3.3).
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Let us now connect the first n channels of L and C with each other

(nSn], nSnz):
(3.34) L C
n]—n n n2-n
l.e. dq. d¢,
(3.35) ij=——gtl,vj= Ttl’ j=1l,...,n

(if two channels are connected, the sign of the currents is reversed; this
is a standard convention in circuit theory). Furthermore define the energy

H(¢l,..., ¢n2,q1,...,qn2):= S(¢1,...,¢n1) + T(ql,...,qnz). Then we obtain

from (3.30) and (3.33)

d¢] _ 9H
dt 9q.
qJ
j=1,...,n
M __am
dat 9¢.
¢J
(3.36)
. 9H
i = —— k=1,...,0,-n
{ n+k a¢n+k 1
oH
v = k=1,...,0,-n
n+k Bqn+k 2

We call this a Hamiltonian system with state space (¢1,...,¢n,q1,...,qn)
n+1,...,¢n L IREEREET N ,in+1,...,inl,
1 . 2

and space of external variables (¢

V. iseeesV ).
+
n+l n,

Notice that the assumptions on the parametrizations of L and C, made
in (3.30) and (3.33), are not essential with respect to the external varia-
bles on the external channels which are not connected. If for instance C

is parametrized by (ql,...,qn,v vy ), then there exists a function

2
T depending on these variables such that

n+l’""
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v, = — , . j=1,..04m

(3.37)

= -2, k=1,...,n,7n

(see Theorem 3.2; T is obtained by taking the Legendre transformation of T

with respect to the variables (qn+l"

LN )). If we now define H:= S + T,
2

we obtain after the interconnection (3.35), the following Hamiltonian sys-—

tem
dé. —
_d_J_ =_3§£
t .
qJ
j=1,...,n
da; oW
dt 93¢
(3.38) _
. oH
1 = — k=1,...,n,-n
{ n+k a¢n+k 1
oH
Qep = ’avn+k k = l,...,nz-n

In equations (3.36) we can regard (¢n ST ) as the Znputs
2

Vo ) as the outputs, while in (3.38)

+]""’¢n1’qn+]’;

and (i eesl

o+l A AT )
(¢n+1""’¢n A ASTEEEIA A ) afe the inputs and the remaining coordinates

the outputs. 2

3.1.3 Hamiltonian vectorfields

Let (M,w) be a symplectic manifold. Let H : M > R be a smooth function.

Since w is nondegenerate we can define a vectorfield XH on M by setting
(3.39) m(XH,—) = -dH

n
Let (ql""’qn’pl""’pn) be canonical coordinates, i.e. w = iZldpi A dqi'
Then (3.39) implies that XH is given by

n

(3.40) Xy =

which gives the familiar Hamilton equations
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7, = 2B
1 Bpi
(3.41) i=1,...,n
S— S
Pj aq

We call XH a globally Hamiltonian vectorfield. There are two, equivalent,
ways of defining a locally Hamiltonian vectorfield. The first, most common,
way is to say that a vectorfield X on (M,w) is locally Hamiltonian if in = 0,
x© = (dw) (X,-) +

d(w(X,-)) and dw = 0, this is equivalent to d(w(X,-)) = 0. Therefore by

where £X is the Lie-derivative with respect to X. Since £

Poincaré's lemma there exists, at least locally, a function H : M - R such
that w(X,-) = —-dH.

The other approach makes use of the concept of a Lagrangian submani-
fold. If (M,w) is a symplectic manifold, also TM has a canonically defined
symplectic form, denoted by &, which is defined in the following.way. Since w
is nondegenerate, it defines a bundle isomorphism o : TM —> "M by
setting a(X) = mX(X,—) for X ¢ TxM' Now T*M is a cotangent bundle and there-

. ~ *~ .
fore has a natural symplectic form w. Then o w is a symplectic form on TM

n
which we denote by w. If o = z dpi A dqi, one can check that ¢ is given
i=1

n
by & = ) dp, A dq, + dp, A dq.(where §. and p, are the functions on TM
5 i i i i i i

defined by ﬁi(v) = dqi(v), ﬁi(v) = dpi(v) for v € TM). It can now be seen

(ABRAHAM & MARSDEN (1978, Prop. 5.3.2) that £ = 0 is equivalent to

x®
DEFINITION 3.4 Let X be a vectorfield on (M,w). Then X is a locally Ha-

miltonian vectorfield if graph X ¢ TM is a Lagrangian submanifold of (IM,w).

Let now X be a locally Hamiltonian vectorfield and let (q,p) =
(ql""’qn’Pl""’pn) be canonical coordinates for (M,w). Since graph X is
a Lagrangian submanifold of (IM,&) parametrized by (q,p), it has (locally)

a generating function H(q,p) and is given by

B . _ 9H . _ oH
(3-42) graph X = {(qls'-"qnspl,"'9pn’ql - apls"',qn Bpn,
s o _ B . OH,
Py Bql""’pn aqn

Hence we have again obtained the Hamilton equations (3.41).
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Usually we omit the words "locally" or "globally" and just speak about a
Hamiltonian vectorfield when we actually mean a locally or globally Hamil-
tonian vectorfield.

Because we need it later on we also define the Poissonbracket. Let
F,G : M > R be two smooth functions. By (3.39) they define Hamiltonian

vectorfields XF’ respectively X on M. The Poissonbracket {F,G} is the

G
smooth function on M defined by

(3.43) {F,G} = w(XF,XG).
In local canonical coordinates (q],...,qn,pl,...,pn) this gives

(3.44) {F,G} =

Furthermore, one can check that

(3.45) [XF,XG] = X{F,G} .

Equation (3.45) can be interpreted as follows. Let C(M) be the set of smooth
functions on M. Endowed with the Poissonbracket (3.43) C(M) forms a Lie
algebra, called the Poisson algebra. Consider on the other hand the set of
all globally Hamiltonian vectorfields VH(M)' By (3.45) this is a Lie sub-
algebra of V(M), the set of all smooth vectorfields on M. Then the map

a: CM) > VM), defined by F H»XF

and a : C(M) (modulo constant functions) - VH(M) is a Lie algebra isomor-

is by (3.45) a Lie algebra morphism,

phism.

3.1.4 Hamiltonian transfermatrices

Let G(s) be a mxm transfer matrix (see Case 3 after Theorem 2.4)

enjoying the symmetry property

(3.46) 5G(s) = Gl (-s)E

with £ a signature matrix (i.e. a nonsingular matrix whose only nonzero
elements are +! or -1 on the diagonal). Such a G(s) is called a Hamiltonian
transfer matrix. Let ©(A,B,C,D) (see Section 2.1.1) be a minimal realiza-.

tion of G(s)

(3.47) X = Ax + Bu , Xx € X o
y = Cx + Du ,uelU=R , yeY=TR
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i,e.G(s) =D + C(Is—A)_lB. Since ZG(s) =GT(és)E we obtain ED + EC(Is—A)_1B=
DTE - ﬁQIS+AT)—1CTE, and hence (-AT,—CTE,BT,DTE) is also a minimal reali-
zation of G(s). Since minimal linear realizations are equivalent, there

exists a unique nomsingular J : X » X such that (BROCKETT & RAHIMI (1972))

8T = zcg !
T—‘_
(3.48) T
-A" = JAJ
and also ED = DTE .

Because also —JT satisfies the equations (3.48) instead of J and the solu-
tion of (3.48) is unique, it follows that J = —JT. Hence the bilinear form
(x,y) ~ xTJy, X,y € X, is a symplectic form on X, and X is necessarily even-—
dimensional, say dim X = 2n. By Darboux's theorem there exist (canonical)

bases of X such that

0 -1
(3.49) J = ( n )
1 0

n
We call a system I(A,B,C,D).satisfying (3.48) a linear Hamiltonian input-—
output system with feedthrough term. Notice that —AT = JAJ—1 is equivalent
to ATJ + JA =0, i.e. A is a Hamiltonian matrix. We have obtained the fol-

lowing

PROPOSITION 3.5 {there exists a Hamiltonian realization of G(s)} <=

{G(s) is Hamiltonian} <= {a minimal realization of G(s) is Hamiltonian.}

We notice that the transfer matrix corresponding to Newton's second

law mg= F equals —17 and hence trivially satisfies G(s) = GT(—s). A mini-
ms

mal Hamiltonian realization of —li~is given in (3.3). Also the transfer-
ms

matrix of a linear LC-network is Hamiltonian (with Z depending on the input-
output parametrization). This will be shown inter alia, in Section 4.2.2.

Linear Hamiltonian systems will be further treated in Section 3.5.

3.2 Hamiltonian systems; general definitions

Recall the definition of a smooth nonlinear system I(X,W,B,f) as

given in Definition 2.20. I(X,W,B,f) is given by the commutative diagram
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B—> TX x W, and if we take local coordinates x for X, (x,u) for B, and w

N 7

X X
for W then the system is given by

(3.50) X

g(x,u)
h(x,u)

£
1]

with f: B —> TX x W written as £ = (g,h).
In order to define a Hamiltonian smooth nonlinear system we require

that

i) X is a symplectic manifold with symplectic form . In this case we
denote the state space by M, to emphasize that the state space is a symplectic
manifold. From now on dim M = 2n.
ii) W, the space of external variables, is a symplectic manifold with sym-
plectic form we (dim W=2m).
iii) £ : B —> TM x W is an i<mbedding, and hence f£(B) is a (Cw-)submanifold
of TM x W.

Remark : If I(X,W,B,f) is locally minimal and f has constant rank, we can

actually prove that f is an immersion (notice that the regular distribution
E:= ker df on B satisfies conditions (i) to (iii) of Definition 2.26, with

ﬂ*(ker df ) = 0).

Recall from Section 3.1.3 that w induces the symplectic form & on TM.
* o

Hence we can define the symplectic form Q:= L n;CUe on TM x W (nl and

m, denote. the projections of TM x W on TM, respectively W).

DEFINITION 3.6 ZI(M,W,B,f) with M and W symplectic manifolds as above is
called a (full) Hamiltonian system if £(B) is a Lagrangian submanifold of
(TMXW, Q).

Remark : Definition 3.6 generalizes Definition 3.3 (static Hamiltonian
systems) as well as Definition 3.4 (Hamiltonian vectorfields). Definition 3.4
deals with Lagrangian submanifolds of (TM,q), parametrized by M, and Defi~
nitiqn 3.3 with Lagrangian submanifolds of (W,0%). In Definition 3.6 we

look at Lagrangian submanifolds of TM x W, parametrized by B. We notice

that the definition of a Hamiltonian system only depends on the submanifold

£(B), and not on f and B separately.

In local coordinates Definition 3.6 amounts to
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PROPOSITION 3.7. Let (M,W,B,f) be a (full) Hamiltonian system. Let

(ql""’qn’p1’°"’Pn) = (q,p) be canonical coordinates for M and
(Vl""’vm’zl""’zm) canonical coordinates for W. Then f(B) is locally

parametrized by (q,p) and m coordinate functions (v.). and (z.). , with
171 1 1512

eIl
v, = {1,...,m} and I, 2
u = (ul,...,um) and denote the remaiging coordinate functions for W by

n I, = @. Denote these m coordinate functions by

i=1
locally there exists a function H(ql,...,qn,pl,...,pn,ul,...,um) such that

; e _ i . =2
Ypsees¥y (in such a way that u Z cj duj A dyj with cJ 1). Then

f(B) is given by

q, = o (q,p,u)
: - AN s Py
i aPi i=1, o0
. oH
(3.51) p: = - — (q,p,u)
i 9q.
i j=1, ,m
) : § (q,p,u)
Yj jauj q,P>»

PROOF: Since f£(B) is a Lagrangian submanifold of (TMxW,Q) f£(B) can be locally
parametrized by 2n + m of the 4n + 2m canonical coordinates (ql""’qn’Pl"

.,pn,pl,...,pn,q],...,qn,vl,...,vm,zl,...,zm) of (TMxW,Q) in the specific

way as stated in Theorem 3.2. From the commutativity of

f>TM><W

\\\ ‘////;M (see 2.8)
M

it follows that (q,p) = (ql,...,qn,pl,...,pn) are coordinates on f(B). We

B
i

can choose m additional coordinates on f(B) from the coordinates (Vl,...,
Vm’zl""’zm)' These additional coordinates are called (ul,...,um), and the

remaining m coordinates of (vl,...,vm,zl,...,zm) are called (y],...,ym) such

m

that »° = z cjduj A dyj' By theorem 3.2 there exists locally a generating
j=1

function H(q,p,u) of £(B), and (3.51) results. O

Note that the equations of a LC-network (3.36) and (3.38) are examples
of (3.51). The situation that not all the cj's are +1 or -1 corresponds in

this case to a so-called hybrid representation of the network.

We now show that equations (3.51) are in fact a local input-output

representation with feedthrough term for §(M,W,B,f) (see Section 2.2.1).
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Since f is an imbedding, f is an immmersion, and since f : B —> TM x W
is given as (x,u) + (x,g(x,u),h(x,u)), actually f restricted to the fibers
of B is an immersion.

Moreover:

PROPOSITION 3.8. Let Z(M,W,B,f) be full Hamiltonian with £ = (g,h). If £

restricted to the fibers is an immersion, then h restricted to the fibers

is an immersion.

PROOF: Consider (3.51). Since f restricted to the fibers is an immersion,
the dimension of the fibers of B is m. Because for fixed x € M, dim
h(n_l(x)) = m, it then follows that h restricted to the fibers is an immer-—

sion. 0

Hence for a full Hamiltonian system, h restricted to the fibers is an
immersion and we can obtain a local input-output representation with
feedthrough term by taking coordinates (x,v) for B and (y,u) for W such
that h(x,v) = (h(x,v),v). Notice however that we restrict the coogdinati—
zations (y,u) for W to (semi-) canonical coordinates, i.e. we = '2 deuj Adyj,
Cj =+, 3=l

We shall now extend Definition 3.6 to what we call degenerate Hamilto-

nian systems. We need the following notions

DEFINITION 3.9. Let (M,w) be a symplectic manifold with NcM a submanifold.
Define for every x ¢ N,(TXN)l:= {XeTXMImk(X,Y) =0, VYeTxN}. N is called

coisotropic if (’I.‘XN)‘L c TXN, Vx e N, and <sotropic if TN c (TXN)l, Yxe N.

Let dim M = 2n. It can be proved that if N is coisotropic (isotropic)
then dim N 2 n (dim N<n). Therefore a Lagrangian submanifold is a
coisotropic (isotropic) submanifold of minimal (maximal) dimension (i.e.n),
and N is a Lagrangian submanifold if and only if (TXN)l = TN Yxe N (see
ABRAHAM & MARSDEN (1978)).

DEFINITION 3.10. Let (M,W,B,f) be a full Hamiltonian system, with £ = (g,h).
Let K ©¢ W be a coisotropic submanifold, called the restriction manifold,

such that h—I(K) c B is again a fiber bundle over M. Then Z(M,W,h_l(K),fr),
with f_ the restriction of f to h_I(K), is called a degenerate Hamiltonian

system, which we also denote by &(M,W,B,f,K)

Remark: Note that f(h_l(K)) is an isotropic submanifold of TM x W.
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Intuitively, a degenerate Hamiltonian system is a Hamiltonian system
with less than m inputs, i.e. in equations (3.51) some of the uj, j=1,...,m,
are constant (at the end of this section we give some examples). To make

this idea rigorous we need some preliminary propositions.

PROPOSITION 3.11. Let (Ml,w]) and (M),0,) be symplectic manifolds. Let

. . * * .
Lc M1 X M2 be a Lagrangian submanifold of (MIXM2,9:= TwTT, wz), with ™

and Ty the projections on M, respectively M,. Suppose that L, := nl(L) and

L2:= ﬂz(L) are submanifolds of M, and M2. Then

1
(i) L, and L, are coisotropic
(ii) If L] or L2 is Lagrangian = L] and L, are Lagrangian <> L is equal

to L1 X L2

PROOF (i) Let X € L1 and X € Tx M1 such that wl(X,Y) =0, VY € Tx‘L

There exists X, € M

1
2 such that (xl,xz) € L. Define XX 0 as the element of

T(Xlrxz)(MJXMZ) such that ﬂl*(XXO) = X and nz*(XxO) = 0. Then for every

Z € T(Xl’xz)L we obtain R(Xx0,Z) = wl(X,ﬂl*Z) = 0, since ﬂ]*Zé Tx]Ll‘

Hence X x 0 € (T L)l. Since L is Lagrangian this implies that

(X] ,X2) ’

Xx0eT L and therefore X ¢ T_ L,. Hence L. is coisotropic.

(x5%,) x, 1 1

(ii) Let L, be Lagrangian. Let x; €L, and X, e T L

: 1

such that (xl,xz) e L and X1 X X2 €T

1 There exists X, € M2

and X, € Tx M L, where X, x X

2 9 (XI’XZ)
satisfies L Xl X X2 = Xl and HZ*XI x X2 = XZ' Then for every Z € T

)

2 1 2

L
(% »%5)
0= Q(XIXXZ,Z) = m](Xl,nl*Z) - wz(xz,nz*

and since L2 is Lagrangian this yields wl(Xl,ﬂ]*Z) for every Z € T(XI’XZ)L.
Hence Tx L1 is isotropic. By part(i) Ll is coisotropic. Therefore L1 is
Lagrangién. It is easy . to see that L, xL, is then Lagrangian. This implies

1 2
that L = L] x LZ' Conversely if L = L1 x L2 is Lagrangian it is easy to
check that both L] and L2 are Lagrangian. 0

For the rest of this section we assume that h(B) ¢ W is a submanifold
of W and that g(B) is a submanifold of TM. Then we conclude from Proposition
3.11 that if t(M,W,B,f) is a full Hamiltonian system, then ﬂz(f(B))= h(B)
is a cotsotropic submanifold.

Therefore if the restriction manifold K in Definition 3.10 is equal to h(B)
(or contains h(B)), then no extra constraints are imposed on the system and

I(M,W,B,f) = Z(M,W,B,f,K). If dimh(B) < dim W we say that I(M,W,B,f)
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contains memoryless parts. The extreme case is that h(B) is Lagrangian. Then
by Proposition 3.11 (ii), g(B) is a Lagrangian submanifold of TM. Hence we
have a Hamiltonian vectorfield on M, together with a static Hamiltonian
system on W. If dim h(B) =dimW we call ©(M,W,B,f) a regular system.

The following theorem shows that locally we can reduce every full

Hamiltonian system to a regular system.

THEOREM 3.12. (see for a proof ABRAHAM & MARSDEN (1978, p.416)). Let N be a
coisotropic submanifold of (W,we). Then the distribution D(x):= (TXN)l,

x € N is a regular distribution on N. Therefore locally we can define a
manifold W and a C surjective submersion pr : N —> W, such that ker pr, = D.

. . -e = *—e e
Moreover there exists a symplectic form w on W, such that pr o =uw |N'

Hence if dim h(B) < dim W we define (W,Ge) such that dim pre h(B) = V.
Then %(M,W,B,f), with f = (g,h) and h = pro h is regular.
Finally, the following lemma enables us to give local expressions,

similar to(3.51) for degenerate Hamiltonian systems.

LEMMA 3.13. Let K < (w,nf) be coisotropic with dim W = 2m and dim K =m + k
(k<m). Then there exist canonical coordinates (v],...,vm,zl,...,zm) for W

z = 0.

such that K is given by Zppp T oece T 2

PROOF: There exist (m-k) independent functions G .,Gm such that local-

k+1°°°

ly K is given by G = Gm = 0. Define D(x):= (TXK)l, x € K. Then D

K+l
is a regular distribution on K (Theorem 3.12), with dimension m-k. Let
XGk+l,...,XGm be the Hamiltonian vectorfields corresponding to Gk+1""’Gm'
Then w(XG ,2) = —de+j(Z) =0, j=1,...,mk, for every vectorfield Z on K.
k+j

Therefore D is spanned by X »++.5X, . Since K is coisotropic

G G

k+1 m
0 = w(X ,X ) =1{G,,.,G6, ..} , for every i,j = 1,...,m~k. Hence

Gk+i Gk+j k+1’ k+j

Gpyp2-++sG, are a set of partial canonical coordinates. By Darboux's theorem
(see the proof given in ARNOLD (1978)), we can extend the set (Gk+l""’Gm)
to a set (Fl""’Fm’Gl”"’Gm) of canonical coordinates. ]

With the aid of Lemma 3.13 the following proposition can be proved (the
proof of the linear analogue will be worked out in full detail in Proposi-
tion 3.41),.
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PROPOSITION 3.14. Let I(M,W,B,f) be a regular full Hamiltonian system and

L (M,W,B,f,K) a degenerate Hamiltonian system. Let dim K = m+k. Take canonical
coordinates (ql,...,qn,pl,...,pn) for M. Then there exists coordinates

(yl"°"ym’ul""’um) for W and locally a function H(q,p,u) such that-
m

we = z de“j A dyj’ c.=%1, and f(h‘l(K)) is locally given as

j=1 )
o oH
Qi = g;; (q,p,u)
)%
(3.52) T (q,p,u)
oH .
Yy =_c.53f (q,PsU) Cj =t l, j=l,..om
J ] 3
and Uy = oer S Uy = 0

Of course the most degenerate situation occurs if the restriction set.K
is Lagrangian. Then we obtain (3.52) with Uy =...=u= 0 and therefore the
fibers of the bundle h—l(K) are discrete. If we assume that the fibers
consist of exactly one point, we have in fact obtained an autonomous system

(see Definition 1.9)

_ BH
q; = 557'(q,p)
i
- i=1, ,n
)
(3.53) pP; = aqi (q,p)
Yj = hj(Q;P) j =1l,.0.,m

= oH
where H(q,p):= H(q,p,0) and hj(q,p)== T 3a. (q,p,0)
J
(Notice that Im h (with h = (hl,...,hm)) is contained in K).

We close this section with some examples of Hamiltonian systems (more

examples appear later on; especially in Sections 3.3, 3.4 and 3.5).

EXAMPLE 1 Consider k point masses o, i=1,...,k, in ]R3. Denote their
positions by q1:= (qll,q;',q;"), and their momenta by pl:= (pll,p;',p;').
The masses attract each other according to the inverse square law, and the
m- .
gravitational potential is given by V(q],...,qk):= z 13
i<jla;=q;]
. . . 1 k X 1 i 2
Furthermore the kinetic energy is K(p ,...,p ):= z Eﬁr-lp |
i=1""41
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We assume that we observe the positions of the first £ point masses (£<k)
and that we can exert forces on the masses which are observed. Hence the

. . . 1 k 1 6k
state space is an open set contained in (q ,...,q sP secesP ) = (we have
to exclude the points with q1 = qJ, for some i # j, since V is there not
defined), while W, tbe set of external varlables, is an open set contained
in (q ,...,qK,Fl, .F ) = 1R6£ (F —(F ;', 3 ) is the external force on

the i-th pointmass). We obtain the full Hamiltonian system

qj = —7 i=1,..0.,k , j=1,2,3
9
:pJ
°1 _ aﬁ 1 = =
(3.54) pj ;;I-+ Fj i lyeees 5 ] 1,2,3
j
5} = - Jﬂ% i=4L+1, ok, 3 =1,2,3
9q.
qJ
1
yJ = qj i=1, £, 3 =1,2,3

with the internal energy ﬁ(ql,...,qk,p],...,pk):= V(q],...,qk) + K(pl,...,pk).
The generatlng function H(q,p,u), as 1n (3.51), is in thlS zase
HGa'seendnt s S E L FD s B ) Zl<q F
i=

EXAMPLE 2 Consider again k point masses m,, i=1,...,k, but assume now
that the inputs are the positions of the first £ pointmasses (£<k), i.e.

= (ql,...,ql). The state space consists now of the positions and momenta
of the last k-£ point masses and is therefore an open set contained in

mﬁ(k—ﬂ)‘ The generating function for the full Hamlltonlan system is given by:
£+1 k £+1 k 1

H(q. se+e5q HP seresP 5q 5...5q ):= V(Cl ’-"’q)+ ; —-——-lpll
i=p+1 m
This yields
1 _ JH
J Bpjl i=L+1,...,k
(3.55) i 3H ji=1,2,3
pj __;—1
: Qj
y;' = - _ﬁﬂi i=1,...,2
9q. .
qJ j=1,2,3

i . .
Hence the outputs y~ equal the forces exerted on the first £ point masses,

from which the positions can be controlled.
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EXAMPLE 3 Take again k point masses o, and assume that the input is now the
. . . 1
mass of the first particle m . Assume furthermore that the position q of

this particle is fixed and hence p1 = 0. The generating function is

) R SR
H= E —_— -z “—T|p |© with u
i

m and we obtain

L. i ] 2m
i<j |q*-¢}| i=2
.i _ oH
95 ol i=2,...,k
95 j=1,2,3
i oH
(3.56) Py =T
: 3q.
qJ .
oo B e} =g
Bml i=2 Iq -q |

The output y is (minus) the potential energy due to the interactions of the

. . 1
masses mz,m3,...,mk with a unit mass located at q .

The above examples yield also examples of degemnerate Hamiltonian
systems. In Example 1 we can assume that we observe £ point masses but exert
forces only on a part of the £ point masses, or that the exerted force on
some of the £ point masses is a potential force derived from a potential that
is a function of the positions of the £ point masses. In Example 2 we may
assume that we can only control some of the positions of the first { masses.
The use of degenerate Hamiltonian systems becomes also clear in the next

section.

3.2.1. Hamiltonian interconnections

In this section we define Hamiltonian interconnections and show how a
Hamiltonian interconnection of Hamiltonian systems yields a (degenerate)
Hamiltonian system. In Section 3.1 we already encountered a (very simple)
example of a Hamiltonian interconnection, namely Newton's third law q; = 4y
F] = F2 yielding the autonomous Hamiltonian system (3.6). Also in Section
3.1.2 we saw how by interconnecting electrical circuit elements in a
"Hamiltonian way" (in this case in accordance with Kirchhoff's laws) the

interconnected network is again Hamiltonian (or "reciprocal').
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DEFINITION 3.15. Let (Wi,mi), i=1,...,k, be symplectic manifolds. Then
* e * e
(w1><...xwk, 111 oj} +...+1rkwk

tions of W,x...xW on W,). An Znterconnection of (W.)._ is a sub-
1 k i i’i=1,...k

manifold I © W x...xW, . We call an interconmection (full) Hamiltonian if I

is a Lagrangian submanifold.

) is a symplectic manifold (1ri are the projec-

EXAMPLE: (see (3.1) to (3.6)). Let W, o= {(ql,Fl)} = n&z and W, = {(r )}=]R2,

2°92
. . 0 -1 2

with the natural symplectic form (] 0) on R”. Then the subspace of Wl X Wz,

defined by q, =49, and Fl =F, is a Lagrangian subspace.

Remark: A Hamiltonian interconnection as above is in the literature also

called a canonical or symplectic relation (SNIATYCKI & TULCZYJEW (1972a)).

If the symplectic manifolds wi are cotangent bundles T*Yi, with ejf

the natural I-forms, we can give a stronger version:

DEFINITION 3.16. Let (T*Yi,ai?), i=1,...,k be cotangent bundles. Then

* * * e * e . A .
(T ¥ % ..xT Yk,ﬂ] 91 toootm Gk ) is again a cotangent bundle with a
* *
natural I-form (ﬂi-projec:ions on T Yi)' An interconnection I ¢ T YIX...XT Yk

is called Lagrangian if I is a Lagrangian submanifold, and also n: ef’+..

* e . .
..+ﬂk ek restricted to I is zero.

To see what this last definition amounts to, we assume for simplicity

that we have only two manifolds W, = 'Y, and W, = T*YZ, of dimension 2m],

1 1 2
o
respectively 2m2. In natural coordinates e]e = Z u; dy; and
m j=1
e 2
62 = z uj dyj. Assume furthermore that m, 2 m, and that the intercon-
j=1

nection I < T*Y] x T*Y2 can be parametrized by (y; ,ujz), i= 1,...,ml,

j= 1,...,m2. Then there exists a smooth map : Yl — Y, such that (see
ABRAHAM & MARSDEN (1978, Exercise 3.2F, 5.2B), BRAYTON (1978))
2 .
1= {(yl,ul,yz,u ) € T*Yl X T*Y2|y2 = ¢(yl), ol = - 35} u2} Hence I is,
3y

what is called in electrical network theory, nonmixing, i.e. y2 is only
2.
related to yl, and u 1is only related to ul. Moreover we see that the rela-

. 2 1, . . .
tion between u” and u is lZnear inevery y. An even more special form of I
m m
1 2

. ] _ 1 1 2, 2
arises when W =Y, x U}, w2 = Y2 X U2 and not only 'z ug dy. + z uj dy

(]
! i=1 S| J
o M
but also the dual 1-form z y.ldu.1 + 2
. i i .

y.zdu.2 is zero restricted to I.
i=1 j=1 ] J



121

It follows that the interconnection I is in this case necessarily totally
linear, i.e. there exists a matrix A such that y2 = Ay1 and u1 = —ATuz. These
are exactly the reciprocal interconnections encountered in (linear) electrical
network theory (in fact such an interconnection can be realized by a set of
transformers, see Section 4.2.4, Proposition 4.34).If the only elements of A
are 0,1 or -1 then these equations are exactly Kirchhoff's laws (with for
instance (yl,yz) = (vl,vz) the voltages and (ul,uz) = (il,iz) the currents).
We refer to BRAYTON (1978) for more details and results about interconnec-

tions, especially for electrical networks.
Finally we define a more general kind of interconnection.

DEFINITION 3.17. Let (wi’wié)’ i=1,...,k, be symplectic manifolds. An

interconnection I is called degenerate Hamiltonian if I is a coisotropic

submanifold (see Definition 3.9) of (w],x"'xwk’ﬂ.l* wle+...+n1:wek).

Definition 3.17 allows, contrary to Definition 3.15, interconnections
where not "half of the variables are linked to the other half of the varia-
bles". Indeed, since I is coisotropic the distribution Il(x):= (Txl)l, xelI,
is a regular distribution on I (Theorem 3.12). Therefore I can be (locally)
factored out by 1' to obtain a new symplectic manifold, which can be inter-
preted as the set of those variables which are not interconnected.

The next theorem shows that, under regularity assumptions, a degenerate
Hamiltonian interconnection on the spaces of external variables of dynamical

Hamiltonian systems yields a new (degenerate) Hamiltonian system.

THEOREM 3.18. Let Zi(Mi,wi,Bi,fi=(gi,hi)), i=1,...,k be full Hamiltonian
systems. Define g:= (gl""’gk): B x...xB —> TMIX...XTMk and h:= (h],...,hk):

le"’XBk — WIX...xwk. Let I c Wlx"'xwk be a degenerate Hamiltonian

interconnection such that h_l(I) c B X...><Bk is a bundle over Mlx'°'ka'

f:= (g,h), I) is a degenerate

1

Then Z(MIX...XMk, WIX...XW R le"'XBk’

Hamiltonian system.

PROOF: We note that a product of fiber bundles is itself a fiber bundle
above the product of the basis spaces. The rest follows from Definition
3.10. 0

Remark: It also follows that a Hamiltonian interconnection of degenerate

Hamiltonian systems results in a degenerate Hamiltonian system.
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3.2.2. About forces

"Denm man muss die Gegenstidnde schon in ziemlich
hohem Grade kennen, wenn man die Regel angeben
will, wie sich eine Wissenschaft von ihnen zu Stande

bringen lasse
I. Kant: Kritik der reinen Vernunft

In the previous sections we used without hesitation the word force.
While in older works on classical mechanics the notion of force is treated
as one of the basic concepts of mechanics, nowadays the idea of force has
somewhat of a dubious reputation. Only in the more technical literature the
study of forces still has an important place.

There are many historical reasons for the fact that the concept of
force is not very fashionable anymore. We feel that it is necessary to say
at least a few words about it, eventhough we do not claim any expertise on
it. For more thorough statements we refer to books on the history of classical
mechanics, and the philosophy of science (see for instance DIJKSTERHUIS (1950),
JAMMER (1957)).

A general reason for the peculiar position of force in classical
mechanics is the emphasis that has been laid on the description of the
behavior of Zsolated .systems. In this case the present .forces are functions
of the configuration and/or velocity variables and are therefore really
internal forces. Especially if these internal forces are comservative, then
they can be easily incorporated into the system by adding a potential function
to the internal energy. Therefore if one concentrates on the description of
isolated systems, one can give a formulation of the behavior of the system
by using only the configuration variables and their time-derivatives. It is
tempting and has the air of rationality to totally disregard the notion of
force, being a notion that can only obscure the mathematical description of
the system. The extreme position is then to identify mechanics with the
study of second-order differential equations (POINCAR£.(1905, pp 89-110).

Even for isolated mechanical systems we are of the opinion that this point
of view does not do justice to the science of mechanics. Newton's contribu-

tion to celestial mechanics was not only to give a second-order differential
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equation, which solutions satisfy Kepler's laws, but also to show how this
equation is obtained. In the first place he showed that the law F = mq,
which is the basic equation for the description of mechanical systems on
earth, can be also used for a description of the orbits of the planets.
Furthermore he defined the gravitational force, according to the inverse
square law, and then he set F equal to this gravitational force. Thus

Newton explained the resulting second-order differential equation by showing
how it is constructed from simple sub systems satisfying basic laws (for a
more elaborate system theoretic treatment we refer to WILLEMS (1979)). In
this context we remark that if there are several internal forces present

in a system, one usually loses information about the structure of the system
by only considering the sum of these internal forces (this point was made

by Kirchhoff (see JAMMER (1957, p 223)). Describing the system as an inter-
connection of subsystems with .external forces can therefore be very

useful. Of course the tendenéy to consider only isolated systems is in sharp
contrast with the attitude in technical applications of trying to prescribe
the behavior of the system. Then a framework which cannot deal with forces
on a fundamental level is totally inadequate. It seems that this "engineering
attitude" did not have much influence on the mainstream of classical mechanics,
at least not on its theoretical developments. For instance the study of
celestial mechanics, the paradigmatic example of an isolated system, has
influenced the mathematical theory of mechanics much more, with problems
like the stability of the solar system. We remark that contrary to mechanics
in thermodynamics the engineering aspect did have an important impact on the
theoretical developments.

The role of force in physics has furthermore been obscured by two more
or less related issues. The first is the notion of causality. It has been
assumed that by using the word force in the description of the dynamical
behavior of a system, one says something about the cause of motion. Indeed,
forces are identified with causal explanations. Now it has become a generally
shared conviction that the search for causes should not be a part of the
science of mechanics. This diminished popularity of causality in science
has also influenced the status of force. We remark however that by adopting
the notion of force, one is not obliged to take a real cause/effect point of
view. In the same way as we can sometimes split the variables of an external
system into variables which we can call inputs and other variables which we

can call outputs (see Chapter 1), we can sometimes split the external varia-
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bles of a mechanical system into forces and positions. This only implies
something about the structure of the compability relations describing the
external behavior of the system.

The second issue that obscures the notion of force has to do with the
nature of gravitation. Ever since the rise of classical mechanics a proto-
type of force has been the gravitational force. Therefore the historical
developments in the treatment of gravitation have had as immediate counter-
parts changes in opinion about the notion of force. The somewhat mystical
character of gravitational forces has been partly responsible for the
flowering as well as the descent of the role of force in science.

We are of the opinion that, despite the historical burden that lies
on the notion of force, forces deserve a fundamental place in a mathematical
theory of mechanics, if one wants to cope with the (from a practical point
of view very plausible) possibility of exerting forces on a system, and if
one wants to include statics in such a theory. We remark that the theory
of statics provides a theory of measuring forces. Hence from an operational
point of view statics can underly a theory of dynamics.

Of course a cornestone in any theory of force is the interpretation of
Newton's second law. If we do not want to allow forces as basic entities
in the science of mechanics we are obliged to interpret F = ma as a mere
definition of force. At most F = ma can be viewed as a methodological rule
for investigating dynamical systems (see NAGEL (1961, pp.153-203)). It seems
that at least Newton himself saw "his second law'" as a synthetic statement,
expressing a relation between two basic variables, the exerted force and
the acceleration, with the mass m assumed to be defined in an independent
way (DIJKSTERHUIS (1950, p.520)).

3.2.3. Controllability and observability

We observed that a Hamiltonian system I(M,W,B,f) has a local input-odutput
representation with feedthrough term (see Proposition 3.7 and 3.8), namely
(3.51). Hence we can define the extended observability codistribution 0°
(Definition 2.38) which characterizes the local distinguishability properties
of a representation (3.51) (and since local minimality is equivalent to
local distinguishability, it also characterizes the local minimality proper-
ties).

Furthermore we can always define the extended controllability distri-

_ bution c® (Definition 2.43), which characterizes the strong accessibility
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properties. We shall now show that for a full Hamiltonian system 0¢ and c®

are isomorphic.

THEOREM 3.19. Let I(M,W,B,f) be a full Hamiltonian system with local

representation
. oH
i< 'a"p-’ (q,p,u)
i i=1,.00.,n
. oH
(3.57) Pi = Tags (q,p,u)
= (3.51) *
I
yJ. == ‘jauj qsP>s
n o m
with w = z dp. A dq. and ¥ = z c.du. A dy.
i=1 * t j=1 33 J

We can regard (q,p,u) as fiber respecting coordinates for B. Denote the

oH

vectorfield &i = %
i

M oH . .
(q,p,u), P, = - 56; (q,p,u) by XH' Define the linear

space of functions G® as the space which contains the functions Upsenesl s

m

oH oH

du,’"""’3u
1 m

the vectorfields XH and 33—,...,5%— . Define the codistribution 0% on B

and is invariant under taking Lie derivatives with respect to

m
by Oe(q,p,u) = Span {dk(q,p,u)lkeGe} (see Definition 2.38). Define the

distribution C® on B as the smallest distribution which contains the vector-

fields 5%—,...,3%— and is invariant under taking Lie derivatives with
1 m
respec¢t to the vectorfields XH and —2—,.‘;,—3—. Défine an isomorphism
Bu] Bum

* . . . 9 9
a: TB —> T B (on this coordinate neighborhood) by a(3;70:=tn(5§~;——
i i

. 9
i=1,...,n and aQEET) = dui. Then:
a(c®) = 0°

PROOF: Rewrite - £ 0 H. It is easy to see that dx(ﬁ 3H) =¢£

o 9 (dxH)
u

‘ i du. aui F) i
(dx means differentiation w.r.t. x).

) e _ dH 3H . . ?
Write 0 = {dul,...,dum, d(aul ,...,d(aum) + invariance under XH and SE;}

e - £ . . 9
Then O {dul,...,dum, 9 dxH,...,i d_H + invariance under XH and 36;}

]
ou ou x

1 m
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Furthermore
c® = {—E— 2 + invariance under and 2
erp B Xy and ;-
= = 2 g0 £ 3 + invaria der and =}
Sa e L XH,..., 9 XH invariance unde XH Ta.
m u, du i

Make now the following observations:

]

3
a) Ot(s-l-l—.') dui
1

b) a(xy)

c) a(f 9 ) =£ 93 a(X.,) =£ 3 dH
'a—fx—xﬂﬁu_}&l 'é'th

dH
X

i
d) £ n*w =0and £ 3 n*w = 0 (with 7 projection B —> X)

XH du,
i
Therefore XH and 3%— are Hamiltonian vectorfields with respect to the

. * . . . .
degenerate symplectic form m w on B. Since Lie brackets of Hamiltonian
vectorfields are again Hamiltonian, c® is generated by Hamiltonian vector-
fields.

e) Take an arbitrary Hamiltonian vectorfield Z in c®. Then

a(f, 2) = £, a(Z) , since £, w=10

% % Xy

a(£ 3 Z) =£ 3 a(Z) , since £ 3 w=0
ou. du, du.
i i i
These observations yield easily that a(c®) = 0% ]

Remark: In fact o respects the "structure'of c® and 0°. This will be more
explicitly stated in the affine case (Theorem 3.31).

We see that for full Hamiltonian systems controllability and observa-
bility is characterized by one codistribution (or distribution). For later

use we give

DEFINITION 3.20. Let I(M,W,B,f) be a full Hamiltonian system. Then
a) I satisfies the minimality rank condition (M.R.C) if dim Oe(q,p,u)

= dim B for a certain (q,p,u) € B.
(or equivalently dim Ce(q,p,u) = dim B somewhere)
b) I satifies the strong minimality rank condition (S.M.R.C) if dim 0¢

= dim B on an open and dense subset of B.
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Remark: If I satisfies the minimality rank condition, then I is strongly
accessible (Theorem 2.46) as well as locally distinguishable as well as
locally minimal (Proposition 2.39). In applications later on we shall

sometimes only use that I is strongly accessible.

3.2.4 Equivalent Hamiltonian systems

In Definition 2.20 we called two nonlinear systems E](xl’w’Bl’fl) and

ZZ(XZ,W,Bz,fZ) equivalent if there exist diffeomorphisms ¢ : Xl+ X2 and

[ Bl -+ B, such that the diagram

2
o
B B,
i id fz/
w —S sy
(3.58) = x x |

—> TX

1
‘/;:1 ¢* m 2
X XX
X

X2 commutes.

We now show that equivalence of Hamiltonian systems implies equivalence

in the "category of Hamiltonian systems", i.e. ¢ is a symplectomorphism.

THEOREM 3.21 Let Z](MI,W,Bl,fl) and ZZ(MZ,W,BZ,fz) be full Hamiltonian
systems, with (M],ml) and (Mz,wz) symplectic manifolds. Let Zl and 22 be
equivalent and let the equivalence be given by ¢ : M1 - M2 and ¢ : B1 > B2
as in (3.58). Assume that Zl and 22 satisfy the minimality rank condition.

*
Assume furthermore that ¢ ¢, - w

2 1 has constant rank. Then ¢ﬁ»2 = wps i.e.

¢ is a symplectomorphism.

*

PROOF Since fl(Bl) is a Lagrangian submanifold of (TM xw,nl dl-ﬂékwe),

we have that gl*cr,l = hl* w®. Analogously gz* (:)2 = hz*

mutes, fl(Bf) is mapped by ¢, and id in a bijective way onto fz(Bz). There-
~ Lo -1 .

fore Z(MZ,W,BZ,EZ), with f2 = (¢*°g1°¢ ,idoh

1
Hence (Q_l)*g:'(¢*)*$2 = (@nl)*h]*(id)*me which implies gr (¢*)*&2 = hi*me.

1
w". Because (3.58) com-

°®—1) is a Hamiltonian system.

Together with gl*u.gl = hl*we, this yields gl* ((¢*)*,:,2—(:,]) = 0.

Define Q = ¢*w2 - W then we obtain g{ké = 0. Since Q is closed and by
assumption has constant rank there exist coordinates (ql,...,qn,pl,...,p )

n
for M1 such that (ABRAHAM & MARSDEN (1978, Theorem 5.1.3))
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k
= <
2 iZldqi A dpi, k <n

(rank Q= 2k). Denote the (regular) distribution ker 9 by D, then

9 ] ] )
D = span { yese sy T——s+0 sy}
s 9" Py 9Py
Write correspondingly to these coordinates g, = (8 ,...58 58 se++58 )
1 q q.’°p P
Xk 1 n 1 n
then g *é = 0 yields Z (dg. A dq. - dg_ A dp.) = 0 which implies that
1 L P; i q. i
i=1 i i
9 9 .
gpi gqi i=1,...,k
du T u =0 j =1 m and
j j ] gs ey
dg dg dg dg .
P _ P; _ q; _ q; o i=1,...,k
9q. 9p. 9q. op. = k+l,...,n
qJ PJ q_] pJ ] ’ ’

These are however the local expressions for gl*(ﬂ*_l(D)) c D! Since
Zl(Ml,Wl,B],f]) satisfies MRC and is therefore strongly accessible

(Theorem 3.19), D = ker Q is necessarily TM., hence Q = 0 or equivalently

1°
*
¢w2=w]. D

Remark: If we assume that I satisfies the strong minimality rank condition
. . . *
we can omit the regularity assumption that ¢ Wy = Wy has constant rank.

There is always an open and dense set of points of M, which have a neigh-

1
5 wl has constant rank. Then by the same arguments
as in the proof of Theorem 3.21 we can prove that on all these neighbor-

borhood on which ¢*w

*
= 0. Hence by continuity ¢ w, = w,6 everywhere.

*
hood -
oods ¢ wz w 2 1

1

Note that Theorem 3.21 expresses.that the symplectic structure on the
state space of a full Hamiltonian system satisfying (S)MRC is itself a

structural invariant.
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3.3 Affine Hamiltonian systems

In this section we treat a subclass of nonlinear Hamiltonean systems,
which encompasses most of the examples encountered in mechanics. This sub-
class has a mathematical structure that is much easier to handle than the
structure of general Hamiltonian systems.

Consider a nonlinear inpuﬁ-output system Z(X,%,Y,g,h) (Definition 2.21).
In order to define a Hamiltonian input-output system we require that
(i) X is a symplectic manifold (M,w)

(ii) B = T'Y. In section 3.1.1 we saw that external forces (inputs) can
be naturally considered as elements of the fibers of the cotangent bundle
over the manifold of positions (outputs). Such an element o of a fiber of
T"Y is a linear function on the tangent vectors § of Y in that same point.
Therefore a(&) (force times velocity) is defined and represents the
instantaneous external work performed on the system. Furthermore,
B=71'Y is a symplectic manifold with the natural symplectic form on Y.
(iii) I is a Hamiltonian system in the sense of Definition 3.6, i.e.
f(h*(T*Y)) is a Lagrangian submanifold of TM x T"Y with symplectic form

To- ) (f equals (g,ﬁ), ™ and ©

1 2 2
The following proposition shows that such a Hamiltonian input-output

. *
™ are the projections on T and T Y).

system is automatically an affine input—output system (Definition 2.22).

PROPOSITION 3.22 Let Z(M,T*Y,Y,g,h) be a Hamiltonian input-output system.

Then I is an affine input-output system.”

PROOF Let (y,u) = (y‘,...,ym,ul,...,um) be natural coordinates for T'Y and
let (x,u) be output induced fiber respecting coordinates for h*B, such that
h:n'B > 'Y is given by ﬁ(x,u) = (h(x),u). Because I is a Hamiltonian
system, f(h*B), with £ = (g,g), is a Lagrangian submanifold of TM x Y.
This yields

(3.59) 'g*d = g*me.

Substituting h(x,u) = (h(x),u) in (3.59) yields

(3.60) 028 (x,u),-) = dh, (x) i=1 o
. au]'_ > ’ i > PR

where h : M > Y is equal to h = (hl""’hm)' Since w is nondegenerate,

(3.60) implies that g%? (x,u) does not depend on u. Hence g(x,u) is affine
i
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in u, and there exist locally vectorfields A and Bi on M, i =1,...m, such
m

1 = ) = a

that g(x,u) A(x) + z uiBi(X) and Bi sﬁ?(x,u).

i=1

By (3.60) Bi satisfies w(Bi,—) = dhi(x)! i=1,...,m. Finally (3.59) yields
n ,

iZIdAm_i A dq; + dp; A dA; = 0, with A = (Aj,..o A LA L 5ee004, ) in ca-
nonical coordinates x = (ql""’qn’pl""’pn) for M. Hence d(wfA,-)) = 0,
and A is Hamiltonian. 0

To simplify notation we give the following concise definition of an

affine Hamiltonian system, which we shall use in the sequel.

DEFINITION 3.23 Let (M,w) be a symplectic manifold, denoting the state

space. Let Y be the output (observation) manifold. Define Q:= n;(L - n;

with »° the natural symplectlc form on T'Y (n and m, projections of

™ x T"Y onto TM and T Y) An affine Hamzltonzan system is given by a sub-
manifold L ¢ TM x T'Y such that

e
w,

(i) L can be parametrized by the coordinates of M and the fibers of ™Y
(ii) Lisa Lagrangian"suk;manifold of (TMxT™Y, Q)
(iii) The value of the Y-coordinates of a point on L is only a function of
the M-coordinates of this point.

We denote the system by E(M,T*Y,L).

Remark: Notice that the input bundle B is totally suppressed in the above

definition.

PROPOSITION 3.24 Let Z(M,T*Y,L) be an affine Hamiltonian system. Thén in

local coordinates the system is given by

m
=X (0 - ) uX, (%)
(3.61) i=1 ="

&i = Ci(x) i=1,...,m

with x local coordinates for M, y= (yl,...,ym) local coordinates for Y and
u = (ul,...,um) the corresponding natural coordinates for the fibers of
T*Y. We call H the energy function and C; the observation (or output)

functions.
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PROOF: Because of i) and iii) the generating function of L with respect

m
to the symplectic form Q has the form H(x) - z “ici(x)' Therefore the
i=1

XH(X) - _Iil

1

x-coordinates of points of L are given by x uiXC (x), and the
i

1
y-coordinates are equal to y; = Ci(x), i=1,...,m. 0

m
We see that an affine input-output system x = A(x) + E uiBi(X)’
i=1
v; = Ci(x), i=1,...,my on (M,w) is Hamiltonian if A is a locally Hamil-

tonian vectorfield (EAw=O), and B, are Hamiltonian vectorfields satisfying
w(Bi,—) = dCi’ i=1,...,m. Another way to look at equations (3.61) is to
start from a (locally) Hamiltonian vectorfield A = XH on (M,w), to add an
observation map C : M —> Y, and to define the input vectorfields (the
directions in which we can exert external forces) as the Hamiltonian vector-
fields with Hamilton functions - Ci’ where in coordinates for Y, C =
(Cl""’cm)' This expresses the idea that the possibilities of influencing
the system correspond to adding to the Hamiltonian H a function that only
depends on the observations.

In a certain sense, an affine Hamiltonian system can be viewed as a
first-order approximation of a general Hamiltonian system. This can be seen
as follows. Let £(M,W,B,f) be a Hamiltonian system, and let K ¢ W be a
Lagrangian restriction manifold resulting in an autonomous degenerate
Hamiltonian system I(M,W,B,f,K) (see Definition 3.10). In coordinates we

have equation (3.53):

. 3H 3H
qi = —3——— (Q9P90) = gp_' (Q;P)
Pi i i=1,...,n
3H 30
p; = ajq—; (q,p,0) = 5&: (q,p)
34 .
yi. == 's'u—. (q,p,O) =3 hj<q,P) ] = 1,"':m
j

where H(q,p):= H(q,p,0). Since K is Lagrangian we know (ABRAHAM & MARSDEN
(1978, Theorem 5.3.18)) that K has an open neighborhood in W, which is
symplectomorphic to the cotangent bundle T*K, with its natural symplectic
form, in such a way that K ¢ W is mapped onto the zero-section of T*K.
Therefore we define Y:= K, and construct an affine Hamiltonian system as

the Lagrangian submanifold of TM x T*Y that corresponds to the equations
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m
x=X(x) - Jux
=17

(3.62) with x = (q,p)

vy = hj(X)

The generating function of this Lagrangian submanifold is
- T T om
(3.63) H(q,p) - ] uw;h.(q,p) = H(q,p,0) + } u; 5—(q,p,0)
i=1 * 9 i=1 i

i.e. the first order approximation (with respect to u) of H(p,q,u).

We now return to the local representation (3.61). First observe that

by choosing other coordinates (y; ,...,y& ) for Y one obtains another set

yeoosX
C] Cm

"XC' , where span {XC, (x),...,XC. x)} =
" m 1 m

of natural coordinates (uf ,...,ud ), and that the vectorfields X

are changed into XC P see
1

span {XC (x),...,XC (x)}. Hence this corresponds. to a state dependent (actual-
I m
ly output dependent) transformation of the input space above each x ¢ M.

We consider the following type of feedback.

DEFINITION 3.25 Let Z(M,T*Y,L) be an affine Hamiltonian system. Hamiltonian

feedback for I corresponds to a Lagrangian submanifold F c T*Y, which can
be parametrized by Y, i.e. F is the graph of a closed one-form B on Y.
Hence locally there exists a function P : Y —> R such that B = dP. The
Hamiltonian feedback is given by the output feedback v = z(y,u) = %g(y) + u.

Remark: Consider the static Hamiltonian system on Y given by F (Defini-
tion 3.3).Define a Hamiltonian interconnection with Z(M,T*Y,L) by identifying
(y,u) € T*Y with (y,~u) € T"Y. The resulting system is an autonomous Hamil-
tonian system with Hamiltonian H + PoC, if H is the energy function of

Z(M,T*Y,L), and C the observation map.
We can prove

THEOREM 3.26 Let Z(M,T*Y,L) be an affine Hamiltonian system in local

coordinates given by

. m
X ='A(x) + jz uiBi(x)

(3.64) i=1
yi:.-.ci(x) i=l,...,m
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with £Aw = 0, and hence locally A = XH’ and m(Bi,—) = dCi, i.e. Bi = —Xci.

Let u —> v:= oa(x,u) be a feedback for (3.64). The system after feedback
is again an affine Hamiltonian system

. ~ m ~
(.65 8GO 7 izlviBi(X)

y; = Ci(x) i=1,...,m

if and only if o is a Hamiltonian feedback, i.e. if there exists (locally)

a function P : Y —> R such that A and Ei satisfy

i) Bi = Bi , 1=1,..,m

ii) & =xﬁ,withﬁ=H+Poc

PROOF: It is clear that if o is a Hamiltonian feedback, then the resulting
system (3.65) is again affine Hamiltonian. Let now a be a feedback such

that (3.65) is affine Hamiltonian. Because the system after feedback must

be again affine, a(x,u) has the forp a(x,u) = v(x) - K(x)u with v a vector
and K(x) a matrix. SinceLu(Ei,-) = dCi, it follows that Ei = B,, i=1,...,m.
Hence K(x) = I (the mxm identity matrix).Take output—-induced fiber respecting
coordinates (x,u) for the vector bundle h*T*Y. Then feedback amounts to
changing the sections u = constant into new sections given by a(x,u) = v =
constant (see Chapter 2). In the Hamiltonian case these new sections of B
have to satisfy the condition that the images of these sections under b in
T*Y are Lagrangian submanifolds and therefore have dimension m = dim Y.

This implies that a(x,u) can only depend on C(x) and u, and therefore there
exists an outputfeedback v = E(y,u) such that a(x,u) = E(C(x),u). Also o is
such that (y,v) are canonical coordinates (i.e. W = ZdviAdyi),‘since the
sections in T'Y defined by v = constant have to be Lagrangian. Consider

now the new zero-section v = 0. This has a generating function P : Y —> R.

If in the old coordinates (y,u) the system had the generating function

m
H(x) - X uiCi(x), then it follows that in the new coordinates (y,v), the
i=1 m
system has the generating function H(x) + P(C(x)) - E viCi(x). Therefore
i=1
A=X§,withH=H+P°C- ]

Notice that the total class of transformations which is allowed in
order that (3.61) remains affine Hamiltonian is exactly equal to the class

of transformations characterized in the following
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PROPOSITION 3.27 (for a proof, see ABRAHAM & MARSDEN (1978, Exercise 3.2F)).
Let ¢: T'Y —> T'Y be such that

(i) ¢ maps fibers of T*Y onto fibers

(ii) ¢*we = w® (we the natural symplectic from on T*Y)
Then there exist a diffeomorphism ¢ : Y —> Y and a closed one-form 8 on Y
° w*, where T

such that ¢ = T denotes fiberwise translation by B.

B B

The transformation ¢ corresponds to changing the input vectorfields

i = caesX
XCi into ch such that span {Xch),...,xcéx)} span {ch(xL Cm,(x)},

while T _xorresponds to Hamiltonian feedback.

B

The definition of a degenerate Hamiltonian system (Definition 3.10)

reduces in the affine case to

DEFINITION 3.28 Let Z(M,T*Y,L) be an affine Hamiltonian system. Let

P c T*Y,’the restriction manifold, be a regular codistribution on Y.
Assume that L':= L n (TMxP) is a submanifold of TM x Y. Then we call

Z(M,T*Y,L') a degenerate affine Hamiltonian system.
We obtain the easily proved analogue of Proposition 3.24.

PROPOSITION 3.29 Let Z(M,T*Y, L'=Ln(TMxP)) be a degenerate affine Hamilto-

nian system. Since P is regular, there exist local coordinates (yl,...,ym)

for Y such that P = span {dy],...,dyk}, k £ m. Let (u ..,um) be corre-

1°°
sponding natural coordinates for the fibers of T*Y. Then the system is given

by

k
X = XH(x) - uiXC‘(x)
1=1 1
(3.66)
v; = Ci(x) i=1,.00.,m
.k
with H(x) - Z uiCi(x)'the generating function of L.
i=1

Remark: We can easily extend Definition 3.28 to the case that P is an affine
codistribution, i.e. P = B + 5, with B a. 1-form on Y and P a codistribution.
We then require that P is regular and that B is closed. There exist coordi-
nates (yl,...,ym) for Y such that P = span {dyl,...,dyk}, and locally there

existsa.function V : Y —>*R. such that dV = B.. Then the.system is given by
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k

X = XH+V°C(X) - ié]uixci(X), v; = Ci(x), i=1,...,m.

3.3.1 Controllability and observability

We shall specialize Theorem 3.19 to the case of an affine Hamiltonian
system on (M,w):

m
x = A(x) + iZ]uiBi(x), y; = Ci(x) i=l,...,m

with £, w= 0, w(B.,-) =dC,, i =1,...,m.

A i i

Recall from Chapter 2 that the strong accessibility and local weak
observability properties of the system are characterized by respectively
the controllability distribution C and the observability codistribution 0
(see Definitions 2.33, 2.43). One way to generate C (Comnstruction 2.49) is
to define T':= A + (Bl""’Bm)’ F0:= (BI""’Bm) and Fk:= [F,Fk_]] +F
k = 1. Then the linear subspace F of V(M) given by F:=

k-1’
u .

k20Fk 1s such that
C(x) = {Z(x)IZ vectorfield in F}. For the construction of 0 we define

(Construction 2.51) G0:= (Cl,...,Cm), and Gk:= £~FGk_1 + Gk—l’ k=1,

Then G:= kgOGk (a linear subspace of C(M)) satisfies 0(x) = span {dg(x)|geG}.
For an affine Hamiltonian system this last construction becomes particularly

nice. Since £,w = 0, there exists (locally) anH : M —> R such that A = XH

A
We derive

PROPOSITION 3.30 Define K:= H + (Cl,...,Cm) (an affine subspace of C(M).

Then the Gk's defined above satisfy G_= {K,G _,} + G _,, with { , } the

Poisson bracket on M.

k

PROOF: Elements of Gk are linear combinations of functions of the form

(3.67) Bp £p ooeenfy Cj’ r < k, with £, =Aor £, = By, L=1,...,m.
1 2 r

The Poisson bracket {NI’NZ} satisfies {NI’NZ} = w(XNl,XNz) = XNl(Nz), for

two functions N,,N, on M (see 3.43)). Therefore, since A = XH and Bi ==X,

1°7°2 Ci
the expressions (3.67) equal

(3.68) + {hl’{hz’{h3""’{hr’cj}"'}’ with hi = H or hi = Cﬁ’ £=1,...,m.
a
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We know that F is a Lie sub algebra of the algebra V(M) of vectorfields
on M (with respect to the Lie bracket), see Construction 2.49. It follows
from Proposition 3.30 that in the same way G is a Lie sub algebra of the
algebra C(M) of functions on M (with respect to the Poisson bracket).
(Sketch of the proof: the Poisson bracket of two expressions of the form
(3.68) can, by repeated use of the Jacobi-identity for the Poisson bracket,
be written as a linear combination of expressions of the form (3.68)). This
suggests the following

m

THEOREM 3.31 Let x = XH(x) - -ZluiXCi(X)’ y; = Ci(x),i =1,...,m, be an
affine Hamiltonian system, with Fk and Gk as above. Then the map

a: C(M) —> V(M), defined by a(N) = XN is an isomorphism between Gy (modulo
R) and F
F.

K for all k = 0. Hence o is an isomorphism between G (mod R ) and

PROOF: It is easy to see that o maps constant functions to the zero vector-

field. Therefore we shall omit for brevity the suffix (modulo R) . By

induction: For k = 0 the statement is immediate because FO = (-XC ,...,—XC )
’ 1 m

and G0 = (Cl""’cm)' Suppose it is true for k-1. We shall prove it for k.
Now Gk = {K,Gk_l} + Gk-l' By the induction assumption Gk—] is mapped
isomorphically'ontoFk_], and hence we only have to prove that {K,Gk_l} is
mapped onto [F,Fk_lj. We have

{K’Gk—l} = {H+GO;Gk_1} = {H’Gk—]} + {GO’Gk-l}
and

[F’Fk—lj = [A+F0,Fk_1] = [A’Fk—lj + [FO’Fk—lj
Because a({N,,N.}) = [XN ’XN 1 (see(3.45)) it easily follows that, since

1272 | 9

a(H) = A and a(Gy) = F, a({H,Gk_]}) = [A,Fk_lj and a({GO,Gk__]}) = [FO,Fk_]])
and therefore o({K,G _1}) = [F,Fk_lj- O

COROLLARY 3.32 O and C are isomorphic, with the isomorphismB —> X, given

B
by w(XB,~) = B, if B is a one-form on M.

Analogously to Section 3.2.3, Definition 3.20, we define
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DEFINITION 3.33 Let Z(M,T*Y,L) be an affine Hamiltonian system. I satisfies

the minimality rank condition (MRC) if dim O0(x) = dim M for at least ome
X € M. I satisfies the strong minimality rank condition (SMRC) if

dim 0(x) = dim M on an open and dense subset of M.

Remark 1: Of course if dim 0(x) = dim M, then necessarily dim 0(q) = dim M

for all q in some neighborhood of x.

Remark 2: Recall from Chapter 2:

I satisfies MRC => I locally weakly observable and strongly accessible.
If dim O0(x) = dim C(x) = constant, then:

I satisfies property I <> I locally weakly observable <= dim 0(x) =
dim M <> dim C(x) = dim M <= I is strongly accessible <= I satisfies

property II.

We note that the second possibility for generating C, i.e. by defining
thedﬁstributionsAo(x):= span {Bl(x),...,Bm(x)}, A(x) := A(x) + Ao(x),
Ak:= [A,Ak_lj, k =2 1 (Construction 2.50), can also be related, via the map

a, to a sequenceof subsets of C(M). This goes as follows. Let Nl""’Nk be

functions on M. Take all (smooth) functions on M that can be written as
"functions of'Ni", i.e. all functions of the forms ¢ °(N1""’Nk) : M —> R,

k

with ¢ : R~ —> R . This generates a linear subspace of C(M), which we

denote by <N,...,N >. Notice that {dN(x)lNe<N1,...,Nk>} =

span {dN](x),...,dNt(x)}. Define E0:= <C1,...,Cm>, E:=H + <Cl,,..,Cm> and
Ek:= {E,Ek_]}, k =2 1. Then one sees that a maps Ek (modulo R) isomorphically
onto Ak’ k =2 0.

In the rest of this section we briefly sketch how we can regard affine
Hamiltonian systems from a different, more algebraic, point of view. Assume
that the local representation (3.61) is global, i.e. H:M —> R and
C; : M—> R are globally defined functions on M. Then the system is
characterized by H and Cl,...,Cm, and their Poisson bracket relations, in
fact the linear spaces Gk as above. Hence from an abstract point of view
we can Zdentify the system with the Poisson algebra G, structured and
generated by H and Cl""’cm' The next step is to forget that this algebra
is realized as a Poisson algebra of functions on M. Then we arrive at an
abstract algebra G with the same algebraic relations as the original Poisson
algebra. This is indeed the same idea that has proved to be useful for

providing a transition from classical mechanics to quantum mechanics.
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Roughly speaking, in this case one tries to realize a Poisson algebra of
functions on a symplectic manifold, which in some way corresponds to a
classical mechanical system, as an isomorphic algebra of (unitary) operators
on a Hilbert space. This last algebra is called the algebra of observables
(a somewhat confusing terminology in our context). The problem to construct
this algebra of observables is called the quantization problem. We remark
that the quantization problem is very delicate. For instance, if we consider
the Poisson algebra of all smooth functions on T"R" , then a '"reasonable"
quantization is not possible (see e.g. ABRAHAM & MARSDEN (1978, 5.4)).
Therefore one takes a sub algebra of the algebra of all smooth functions on
T*Efl, containing if possible the configuration and momentum variables and
the Hamiltonian H, and tries to realize this subalgebra as an algebra of
observables.

It might be of interest to study the quantization properties of a
Poisson algebra G as above; and to relate these properties to the system
theoretic properties of the affine Hamiltonian system corresponding to G.
Also one might hope that this study gives rise to a systematic way of
including external force fields in a description of quantum mechanical
systems.

Without entering the physical implications, we shall give a simple
example which illustrates the mathematical possibilities of a (formal)
quantization of G. The generating function of the affine Hamiltonian system

consisting of a mass m attached to a spring and influenced by an external
2
. 1, 2 . .
force u is H(q,p,u) = %E + Ekq - uq (k is the spring constant; (q,p)eT*R).

The corresponding Poisson algebra G is simply the linear space of functions
on T'R spanned by q,p and 1. We can formally quantize G by assigning to g
the operator q. (multiplication by q), to p the operator %-—— (both are
operators on the Hilbert space L (R,T)), and to 1 the identity operator
on L (R,T). This quantization also quantizes the ''Hamiltonian" H(q,p,u).
The Schrdodinger equation corresponding to the quantized H(p,q,u) is

(set H=1)

2% = - L__J}_ -
1 at(t,q) 2m a 2 kq ¢ uq¢

with ¢ € LZ(E{,E). This can be considered as the equation of a quantum
mechanical description of a particle in an oscillator well, which is also
subject to a uniform external force field, whose overall strength and

direction is an arbitrary function of time u(-) (see also TARN, GARNG HUANG,
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CLARK (1980)).

The Hilbert space Lz(]R,E) has a natural symplectic structure and
(see ABRAHAM & MARSDEN (1978, Proposition 5.5.5) the Hamilton function of
the Hamiltonian vectorfield on LZ(BR,E) that corresponds to the operator
q*, is the function LZ(BR,E) —> R given by ¢ > [ iq ¢9dq, i.e. the

expectation value .pf the observable q. Therefore the "classical output"

3
q (=- sg(q,p,u)) is replaced by the expectation value of the observable q.

3.3.2. Equivalent affine Hamiltonian systems and reduction of the state

space.

In Theorem 3.21 we proved that equivalent "minimal' Hamiltonian systems
are necessarily symplectomorphic. For affine Hamiltonian systems the situa-
tion simplifies considerably. First of all we recall from Chapter 2 that
two affine input-output systems

1 m
i A(xl)+iz

™
M
]

1 _ s =
1ui Bi(xl), X € X1 s y__.l = Cj (x]) s 3= 1l,000,p

2 T 2 2 .
22 P X, A (x2) + izlui Bi(XZ)’ X, € X2 , yj = Cj (x2) s J=1l,0.0,p

are equivalent, if and only if there exists a diffeomorphism ¢ : X, — X,
such that
¢*Al - A2
(3.69) B! =2 i= 1
. ¢* i T B i=1,.0.,m
1 * 2
Cj=¢cj i=1, sP
- . . 1 2 1 * 2
We note that (3.69) implies that ¢*Fk =Fp and G = ¢ G, , for all k,

where F;‘ and G;’ , 1 =1,2 are the linear subspaces of V(Xi), respectively

C(Xi), as defined in Chapter 2, Constructions 2.49 and 2.51 (see also
Section 3.3.1).

For affine Hamiltonian systems we now obtain

PROPOSITION 3.34:
*.
Let Zl(Ml,T Y,L]) and ZZ(MZ,T*Y,LZ) be affine Hamiltonian systems with state

spaces (Ml’wl)’ respectively (Mz,w Let

2)'
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m
. 1 .
X, = XHl(xl) - '2 uiXC.l(xl) s ¥y < Ci (x]) , 1=1,...,m
i=1 i
and
. o 2
X, = X 2(x,) - iZluixciz (x,) , y;=¢ () , 1=1...,m

be local representations of Z] and 22, with (yl""’ym’ul"'°’um) natural

* ) .
coordinates for T Y. Let Zl and 22 be equivalent, with equivalence mapping

¢ 2 M1 —_ M2. Then:

. * 1 1
- = u

i) X;eker ¢ wy, = w;, for all f € G kZOGk

ii) If Zl satisfies the minimality rank condition (Definition 3.33)

* . *
and rank ¢ w 6 - w, is constant, then ¢ wy = Wy

2
iii) If El satisfies the strong minimality rank condition (Definition 3.33),

then ¢*w2 = w

1
iv) If ¢*w2 =, then ¢*H2 = Hl + ¢, with ¢ a constant

. * v
PROOF i) We have ¢ wZ(XC.l’-) = w2(¢* XC'1,¢* -) = wZ(XC.2’¢*—) =
i i i

2 * 2 1 .
= -dCi (¢*—) = -d(¢ Ci ) —dCi = wl(XC.]’_)’ for all i = 1,...,m. Hence

1

* . * =
XCil e ker ¢ wy T wp, 1= l,...,m. Furthermore EX ](¢,w2 wl?,—

* * *
=£_ ¢ w, *+E, w =¢ (£ w,) = ¢ £ ,w, = 0 , and hence
X1 2 Rﬂl 1 ¢* X 172 X.272

0 (" wymw) (X 1,7)) = (4%wymw)) (2 =) = 97wy = w Rpgl o1 oo
i ’

X
e i

: 1
e ker ¢*w2 - oW for every f € G .

= £XH1
By induction this implies that X

£

ii) and iii) Since Xf € ker ¢*m2

dim 0(x), for each x € M. Hence if dim 0(x0) = dim M, then ker(¢*w2—w1)(x0) =

- ), VE e G', dim ker (¢ wymw ) (x) 2

= Tx M. If rank(¢*m2—wl) is constant, this implies ¢*w2 = wy. If dim 0(x) =
0 .

. * . .
dim M on an open and dense subset of M, then ¢ w, ~ w; is zero on this open

1

and dense subset. Hence by continuity ¢*w2 = w,

iv) This follows from ¢*XH1 = XH2 and ¢*w2 =W O
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We now consider affine Hamiltonian systems which do not satisfy the
minimality rank ‘condition. Under the assumption that the controllability
distribution C and thus the observability codistribution 0 have constant
dimension, we show that, if one extra condition is satisfied, we can reduce
the system to a locally minimal system with the same external behavior,

which is again Hamiltonian. This extra condition is explained in

m
PROPOSITION 3.35 Let z = A(x) + 2 uiBi(x), yj = Cj(x), j=1,...,p be
i=1

an affine input-output system on X (not necessarily Hamiltonian). Suppose

that there exists an x, € X such that A(x € C(xO), where C is the control-

0 0)
lability distribution, which has constant dimension. Then an integral
manifold Q of C through X has the following properties:

i) A(x) € TXQ, for every x € Q.

ii) Since also Bi(x) e T,Q, for each x € Q, we can restrict the system
x = A(x) + iiluiBi(X), Y; =‘Cj(x) to an affine input-output system on Q.

The controllability distribution of this system is equal to TQ.

PROOF: It is clear that [A,C]cC. Therefore if A(xo) € C(xo) and Q is an
integral manifold of C through Xg» then A(x) € C(x) = TxQ for each x € Q

(Otherwise A would not leave the integral manifold of C invariant). O

We can regard a submanifold Q ¢ X as in Proposition 3.35 as the
"controllable" (or''reachable") part of the system with groundstate Xy
Next we can factor out Q by the "non-observable" part of the system. In the

Hamiltonian case we obtain:
THEOREM 3.36 Let

m
(3.70) x = A(x) + izluiBi(x) , ¥y = C (%)

be an affine Hamiltonian system on (M,w). Suppose that C has constant
dimension strictly less than dim M. Assume that there exists an X, € M such
that A(xo) € C(xo). Let Q be an integral manifold of C through Xg- Assume
that the distribution C n ker O on Q has constant dimension. Then there
exists a manifold N and a surjective submersion m : Q —> N such that

ker m, =Cn ker OIQ. Mareover N is a symplectic manifold with symplec-—

. - * = . . . .
tic form w such that m 0w = w[Q. On N we can define an affine Hamiltonian
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system
- m_ - -
@71 x = ARG ¢ ] w0, vy = G
which has a controllability distribution equal to TN, such that the external
behavior of (3.71) is equal to the external behavior of (3.70) restricted

to Q-

PROOF: First we show that locally Q can be factored out as above. Notice
that since w(C,-) = 0 by Corollary 3.32 ker 0 equals the distribution C‘l
(with | orthogonal complement with respect to w, i.e. Cl(x) = {ZETXM]wx(Z,Y)=O
for all YeC(x)}. Therefore C n Cl is involutive. Since by assumption

1

dim C n ker 0 = constant, C n C~ is regular on Q. Hence we can locally

factor out Q by the leaves of C n CJ' and obtain a manifold N and a
submersion m: Qi—> N such that ker m_ = Cn Cl. It also follows (ABRAHAM &
MARSDEN (1978, Theorem 5.3.23) that N has a unique symplectic form w such
Land[Bi,Cl] c C'L

that m o = wIQ. Because [A,CJﬂ<:C , i=1,...,m, the vector-

fields A and B, project under m to vectorfields A, respectively Ei on N,
. - = s 1 . .
i.e. ﬂ*A = A, ﬂ*Bi = Bi' Since C™ < ker dqi, i=1,...,m, there exist

functions Ei on N such that n*ai = Ci' The equalities w(Bi’_) = dCi then
imply G(Ei,-) = dai , 1=1,...,m. Furthermore onQ, w(A,-) = n*(a(g,—)) and

therefore w(A,-) is closed, or equivalently A is locally Hamiltonian on N.
We now refer to HERMANN & KRENER (1977, Theorem 3.9) to conclude that the
external behavior of the system on N as defined above is the same as the
external behavior of (3.70) restricted to Q, and that the controllability
distribution of the system on N is equal to TN. Moreover, this last theorem
asserts that since (3.70) is strongly accessible on Q we can globally factor

out Q by C n Cl. Hence the local constructions above hold globally. ]

Another way to look at Theorem 3.36 is to consider the Poisson algebra

G of (3.61). We can extend G to a bigger Poisson algebra G by defining

G = {;EC(M)!§= ¢°(gl,...,gk), for a certain smooth function

(3.72) o : rE — R, and giEG}

Notice that 0(x) = {dg(x)lgea} = span {dg(x)|geG}.
We have the following
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THEOREM 3.37 Let dim O(x) = constant. Then there exist (locally) independ-
ent functions fl,...,fk,h],...,hk,ﬂl,...,ﬂm (m+2k<2n) on M, contained in E,

such that
{f.,£.} = {h,,h.} = {£,,£.} =0 Yi,j
1] 173 173
(3.73) {fi’hj} = sij i, = 1,000,k
{£.,£.} = {£.,h,} =0 Yi,j
1’73 173

and 0(x) = span {dfl(x),...,dfk(x),dhl(x),...,dhk(x),dﬁl(x),...,dﬂm(x)}.

For a proof we refer to LIE & ENGEL (1890) (see also HERMANN (1976)). By

Darboux's theorem (ARNOLD (1978)), we can extend the above set of functions

to 2n independent: functionswhich are symplectic coordinate functionms.

Now it is clear how the manifold N, constructed in Theorem 3.36 can be

interpreted. Indeed, a local coordinate system for N is given by

(£)5005F
k

k’h1’°"’hk) with fi and hi as in (3.73), and w equals w =

df. A dh. .
i i
i=]

In Theorem 3.36 we had to assume that there exists an X € M with

A(xo) € C(xo). There are two important cases where this certainly happens.

Let A = XH.

i) Assume that dH(x) vanishes somewhere.

ii) Consider the functions Ei’ i=1,...,m in (3.73). It is clear that
{g,ﬂi} = 0, for every g ¢ G. Now assume that also {H,Ei} =0, 1i=1,...,m.

3

Then since XH(li) =0, XH is tangent to every manifold of the form Ki =c;
c; constants. However these manifolds contain the integral manifolds of

C and are exactly equal to them if C is coisotropic (see also Chapter 4).

3.4. The rigid body with external torques

A well-known and much studied example of a Hamiltonian vectorfield are
the equations of a rigid body spinning around its center of mass. In this
section we consider the situation that there are also external torques
acting on the rigid body. We shall investigate if this results in an (affine)

Hamiltonian system as treated before (Section 3.3).
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The equations of a rigid body are given as follows. Let § = (a],az,aB)
be a set of axes fixed in the rigid body. Let R be the (3x3)-matrix which
expresses the orientation of the rigid body axes S with respect to a set of
inertial axes Q = (el,ez,e3). Thus if x is a column 3-vector with respect
to the inertial axes Q, then Rx is that same vector with respect to the
rigid body axes S. It follows that R satisfies RTR = 13, and if we only

consider right handed sets of axes det R = 1, so R € S0(3). Let furthermore
w

w = ( wz) be the vector of angular velocities with respect to the rigid body
w3

axes, i.e. ws is the angular velocity around a;. Let J be a (3x3) symmetric

positive definite matrix. J is called the Znertia matrix. We call the eigen-

vectors of J the principal axes, and the eigenvalues the principal moments

0 wyuwy
of inertia. Denote by S(w) the skew-symmetric matrix S(w) = —wg 0 Wy
wymwy 0

Then the equations of the rigid body are (ARNOLD (1978))

R = S(w)R
(3.74) Jo = S(w)Jw

Let now bl’ b, and b, be another set of axes fixed in the rigid body, and

3
suppose that we can exert external torques around these axes bi' In prac-
tice such external torques can be for instance realized by attaching two
identical but opposed gas jets at the end of every axis bi' This yields

(see CROUCH & BONNARD (1980))

: R = S(w)R
(3.75) .
Jw = S(w)Jw + ulb] + u2b2 + u3b3

with uss i=1,2,3, the controls (inputs).
If b], b2 and b3 are independent we call (3.75) the rigid body with
three controls. If b3 = 0, we have only two torques and we speak about the

rigid body with two controls. Finally b, = b, = 0 gives the rigid body with

2 3
one control. We shall now consider the question if it is possible to regard
these three cases as (affine) Hamiltonian systems (notice that we have not

yet defined output maps).

First we give some mathematical preliminaries which are needed to give

a coordinate free description of (3.75). The state space of a rotating rigid
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body is T*SO(3). There are two ways of identifying T*SO(3) with

S0(3) x so*(3) (so(3) is the Lie algebra of S0(3), and so*(3) is the dual

Lie algebra). The first corresponds to giving the equations in body-coordinates
as in (3.75) (i.e. in coordinates with respect to the axes S fixed in the
rigid body), while the second results in equations in space-coordinates (i.e.
with respect to Q). Consider the left translation Lg:SO(B) —> S0(3),

g € SO(3), defined by L h = gh, for h € S0(3). Then we define the isomorphism
A: T SO(3) —> S80(3) x T SO(3) (eeS0(3) is the identity matrix) by setting

(3.76) Ao) = (g,(TeLg)*a)

with g = m(a) (7 projection of T*SO(B) on SO(3)) and T Lg the differential
of Lg in e € SO0(3). Since so(3) =T SO(3) and so (3) T S0(3), X is an

isomorphism T*SO(B) —» S0(3) x so (3). This isomorphism A corresponds to
choosing body coordinates (to obtain the equations in space coordinates we
have to consider the right translation Rgh = hg). Since T*SO(B) is a
cotangent bundle, it has a canonical 1-form 6, and a symplectic form

= d6. Hence (A_l)*e =3 eB is a 1-form on S0(3) x so*(3) and wpi= deB =

= (A_l)*w is a symplectic form on SO0(3) X so*(3). Now comsider the symmetric
positive definite bilinear form J om so(3) = TeSO(3). By left translation

we can extend J to a left-invariant Riemannian metric on SO0(3), denoted by

1

<, ». . Furthermore J induces a quadratic function %pTJ— P onso*(3), with

J
* .
p € so (3). By left translation we can extend this quadratic function to a

left-invariant function K : T*SO(B) — R . We call K the kinetic energy

(of course K and < , >_ are immediately related, see ABRAHAM & MARSDEN (1978,

J
Section 4.5.2)). The dynamics of a rigid body without external torques is

now given by the Hamiltonian vectorfield X, on T*SO(3) (with symplectic

H
form w), where H : T*SO(3) —> R is equal to K. Equations (3.74) are the

expressions of XH in body coordinates.

In order to include the external torques we need to say something more

about so(3). It is well known that a basis of so(3) is given by the matrices

0 0 O 0 0 1 0 -1 0
(3.77) E = 0o o0 -1/, E2 =0 0 O , E3 =11 0 0
0 1 -1 0 O 0 0 0

w

Furthermore we can identify so(3) with R™ by defining j : R —> so(3) as

X = X,e

j B .
181 F X8, t Xy b X=xE +xE + x3E3, with (el,ez,eB) the

272 3 171 272



146

standard basis of E; . If we make R? into a Lie algebra by taking as
operation the vector product X, then j is actually a Lie algebra isomorphism.
In the same way we can identify so*(3) with (R3) *, and a basis of so(3) is

given by the (row vectors) f ,f f3 € (]R3)* such that fi(ej) = 6.

1, 2’ 1j’
i,j = 1,2,3. We can extend Ei ze, by left translation to left invariant
vectorfields Xl’ X2 and X3 on S0(3), while fi can be extended to left

invariant one-forms 6 on SO0(3). It follows from the commutation

1292583
relations (3.77) that
[XI’XZJ =X [XZ,X3] =X

3’ 1

(3.78)

6y =0, A 83, dB, =065 A8, dO; =6, A0,

Let us write (3.75) as (with x = (R,Jw))
(3.79) x = A(x) + ulBi(x) + u,B,(x) + ugB,(x)

where A and Bl’BZ’BS are the vectorfields on S0(3) x so*(3) given by (with
R € S0(3) and Jw € so*(3))

0
, ByRJw) = | ], i=1,2,3
i

= deB on S0(3) x so*(3) has the following explicit

S(w)R
(3.80) A(R,Jw) =(
S(w)Jw

The symplectic form wp

expression (ABRAHAM & MARSDEN (1978, Proposition 4.4.1)). Let (g,u) €
S0(3) x so (3) and (v,p),G,0) € T (g, (SO x 50" (3)) = T,50(3) x 50" (3)

(where we have identified Tuso*(3) and so*(3)). Then :

(3.81) = - -
wg(g,1) ((v,0), (w,0)) = p(T L W) = o(T L_v) -u(lT.L_,v,T.L _ wl)

It is a matter of calculation (see ABRAHAM & MARSDEN (1978)) to see that,
with R € SO0(3) and p € so*(3),

(3.82)  wy(R,p) (AR,p),-) = ~d(3p"37'p)
Moreover it follows from (3.81) that
(3'83) wB(g,U)((O,P),(W,O)) = p(Tng_]W)

Therefore we obtain, for R € SO(3) and p e'so*(3), that

(3.84)  wy(R,p)(B;(R,p),=) = b , i=1,2,3
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where we have identifed b;ré(]R3)* with an element of so*(3). By the
isomorphism A (3.76) between SO0(3) x so*(3) and T*SO(3) we can regard
A,Bl,B2 and B3 also as vectorfields on T*SO(3). Then we obtain from (3.82)
and (3.84) that (with w the symplectic form on T*SO(3))

w(A,-) = -dK

(3.85) w(Bi,—) - b; 0

1
where bi =i} , 1=1,2,3.

b 2

[N

B;
Therefore A is a Hamiltonian vectorfield on T*SO(3). However, since
dei #0, 1=1,2,3 (by 3.78), the vectorfields Bi , i=1,2,3, are not
Hamiltonian vectorfields. This implies that we cannot consider (3.75) as
the state space equations of an affine Hamiltonian system. On the other
hand we can still try to transform equations (3.75) into an equivalent
system which is Hamiltonian. Indeed we may allow for a state dependent

change of the inputspace:

Vl l.l1
(3.86) ( VZ) = N(R,Jw) ( uz)
V3 Y3

with N(R,Jw) a nonsingular 3 x 3 matrix. Then (3.86) transforms (3.79) into
(3.87) x = A(x) + VIBI(X) + v2B2(x) + v3B3(x)

where span {El(x),gz(x),gs(x)}= span{Bl(x),Bz(x),BB(x)} for each
x € S0(3) x so*(3).

Therefore the problem is as follows. Can we find a basis consisting
of Hamiltonian vectorfields for the distribution Ao(x) =
span {Bl(x),Bz(X),B3(x))}? Consider first the rigid body with three contr ls.
Define Y:= S0(3), and the output map C : M —> Y, with M = T*SO(B),as the
canonical projection of T*SO(S) onto S0(3). Then define the affine Hamilto-
nian system ZB(M,T*Y,L) by taking as generating function for L ¢ TM x Y

the function K - uiCi; where C = (CI’CZ’C3) in local coordinates for
i=1
Y = 50(3), and (ul,uz,u3) the corresponding natural coordinates for the
. * . . .
fibers of T S0(3). Using the isomorphism A, we can also take M = S0(3) x so*(3)

instead of M = T*SO(B). Since span {X, (x),X. (x),X, (x)} =
¢ €2 €3
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span {Bl(x),Bz(x),B3(x)}, the state space equations of 23(M,T*Y,L) are
indeed equivalent to equations (3.75) or (3.79). Hence the rigid body

with three controls can be formulated as an affine Hamiltonian system.

Next consider the rigid body with two controls, which are external
torques around the axes b] and bz. Let P be the linear subspace of
so*(3) ~ (IR3)* spanned by bﬁj and b;j. Then by left translation we obtain
a left invariant codistribution P on SO(3). Since the distribution D:= ker P
is one-dimensional, D and hence P are regular. It can be seen that S0(3) can
be globally factored out by the leaves of the foliation generated by D, and
that the quotient manifold is equal to S2 (the two-dimensional sphere). In
fact we obtain a fiber bundle S0(3) Ji> Sz, with ker p_ = D and the fibers
diffeomorphic to S]. For instance if D is spanned by Xl’ then p : S0(3) ——>SZ
is simply the projection of R € S0(3) onto its first column (or its first
row). Therefore we define. the outputmanifold Y:= SZ, and the output map
C:M— Y, with M = T*SO(B), as C:=p o m (7 is the projection of
T*S0(3) onto S0(3)). We obtain an affine Hamiltonian system ZZ(M, T*Y,L),

with L given by its generating function K - uiCi(x), with C = (CI’CZ)
. i=1
in local coordinates for Y = S2 and (ul,uz) the corresponding natural

2. It is easy to see that

coordinates for the fibers of T'S
span{XC (X)’ch(x)} = span {Bl(x),Bz(x)}. Hence also the rigid body with
two conérols cin be formulated as an affine Hamiltonian system. Notice that
the rigid body with two controls can be also considered as a degenerate

“Hamiltonian system (Definition 3.28) by defining Y = SO(3) and P as above.

Finally we consider the rigid body with one control, i.e. one external
torque around the axis b,. Let D be the two-dimensional subspace of so(3)
given by D:= {xeﬂf3:so(3),b3:x=0}. From the commutation relations (3.78)
it can be easily seen that so(3) does not possess a two—dimensional sub-
algebra. Hence the left invariant distribution D on SO0(3) given by left
translation of D ¢ so(3) and the left invariant codistribution P on S0(3)
generated by left translation of b;r are not involutive. Hence we cannot
define a 1-dimensional output manifold Y and an output map C : M —> Y
such that span {Bl(x)} = span {Xc(x)}. Therefore the rigid body with one

control cannot be formulated as a (full or degenerate) Hamiltonian system.

We summarize the above discussion in
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THEOREM 3.38 Consider the rigid body with external torques (3.75). Then

a) The rigid body with three controls can be formulated as an affine Hamilto-
nian system 23(M,T*Y,L), with M = T*SO(3) and Y = S0(3).

b) The rigid body with two controls can be formulated as an affine Hamilto-
nian system XZ(M,T*Y,L), with M = T*SO(3) and Y = Sz, or as a degenerate
affine Hamiltonian system with Y = S0(3).

¢) The rigid body with one control cannot be formulated as a (full or

degenerate) affine Hamiltonian system.

We remark that the controllability properties of (3.75) have been
investigated in CROUCH & BONNARD (1980) and BAILLIEUL (1981). In fact
a) The rigid body with three controls has a regular controllability distri-
bution Cy, and dim C, = dim 7°50(3).
b) The rigid body with two controls has a regular controllability distribu-
tion C,. Moreover dim C, = dim T*SO(3) -2 if and only if (with S(x)=

2 2
0 x3 -x2
—x3 0 X )
x2 —x] 0
(3.88) S(X)J_] X C span{bl,bz}, for each x ¢ span{bl,bz}

If (3.88) does not hold, then dim C. = dim T SO(3).

By Theorem 3.31 it follows thaz the affine Hamiltonian system corre-
sponding to the rigid body with three controls is always locally weakly
observable, while the affine Hamiltonian system ZZ(T*SO(3), T*SZ,L) corre-
sponding to the rigid body with two controls is locally weakly observable

if and only if (3.88) does not hold.

3.5 Linear Hamiltonian systems

Consider a linear system in state space form £(A,B,C,D) (see Section
2.1):

oo
1

(3.89)
= (2.1) w

Ax + Bu , xeX , uel

Cx +Du , weW

A necessary condition for I in order to be a linear Hamiltonian system is

that X and W are symplectic linear spaces. This means that there exist
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nondegenerate skew-symmetric bilinear forms J and J€ on X, respectively
W. By Darboux's theorem there exist bases of X and W, such that in these

0 -I 0 -I

I On) and J° = (I Om) (X and W are necessarily even-dimen-
n m

sional; say dim X = 2n and dim W = 2m) . Such bases are called canonical

bases J = (

(or symplectic). In the next theorem we translate the conditions of
Definition 3.6 ( the definition of full Hamiltonian systems) to linear

systems.

THEOREM 3.39 Let I(A,B,C,D) be a linear system (3.89). Assume that (g)
is injective. Let (X,J) and (W,Je) be linear symplectic spaces. Then
L(A,B,C,D) is (full) Hamiltonian if and only if A,B,C and D satisfy

ATy + ga - %o =
(3.90) Bj - pls% =
DTJeD =0 , and rank D = m

Moreover, if IL(A,B,C,D) is full Hamiltonian, then there exists a feedback
transformation A —> A + BF, C % C + DF (see Section 2.1.1), and a
canonical basis w = (yl,...,ym,ul,....,um) of W such that in these

coordinates the feedback transformed system L(A',B',C',D') satisfies

T

(3.91) A'""J + JA' =0
B'ly =C'
and
= 0
c' m
RHEEEE
Om In

We call £(A,B,C) satisfying equations (3.91) a linear Hamiltonian input-
output system. Hence a full Hamiltonian system is feedback equivalent to a
Hamiltonian input-output system.

. B .. . . . . ..
Remark 1 : ( ) injective is the linear translation of the condition that

D
f : B—> TM x W is an embedding. Compare also Theorem 2.2.

Remark 2: Recall from Section 2.1.1 that feedback transformations do not

change the dynamical system in state space form Zi(A,B,C,D).

PROOF of Theorem 3.40 : Notice that the symplectic form J on TX is given

by (}’ g ). According to Definition 3.6
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X
V = { | Ax+Bu | |xeX,ueU} has to be a Lagrangian subspace of (TXxW, J@—Je),
Cx+Du '
0 J 0 X
ice. (77 yrAT+w BT 3Tty [ 5 0 o Ax+Bu) =0
0o o -J° Cx+Du

Vx,y € X and Yu, v € U. This yields equations (3.90). Notice that BTJ -

DTJeC = 0 implies that Ker D c KerB. Since (g) is injective, this gives that
D is injective and that dim U = rank D. Because V is Lagrangian, and there-
fore has dimension 2n + m, it follows that rank D = m, and that Im D is a

Lagrangian subspace of (W,Je). Hence we can choose a basis for W such that

0 0 -I
p' =| ™| and % = o, By applying feedback u = Fx + v, i.e.
I I 0
m m _
A +—>A+BF, C I—> C + DF, we can bring C into the form C'==(8 ).
m

T. e T. e 0 -Im c' -
This implies that C'"J C = 0, and that D'"J C' = [0 Im] o I c'.
This yields (3.91) .

Remark: A matrix A satisffing ATJ + JA = 0 is called a Hamiltonian matrix.
In Theorem 3.39 we have chosen a canonical basis for W such that

0
D = (Im)' If, on the other hand, we start from a fixed canonical basis
m

(y],...,ym,zl,...,zm) the situation is as follows. Since ImD is Lagrangian,
Im D can be parametrized by a set of basis vectors {yi}iell U {Zj}jﬁlz’
with I, u I, = {1,...,m} and I1 niI,= @ (Theorem 3.2). Then construct an

m X m signature matrix Z by setting the k-th diagonal element equal to +I

if k € I, and equal to -1 if k € I. (remember that the off-diagonal

1
elements of £ are zero). In the permuted basis (rl,...,rm,pl,...,pm)

defined by

, 1f i€ I2 P
and

r;=zo, if i€ I1 P

r. =y,

i ; z,. , 1if i e 12

i i

¥i

i , 1if i e xl

=, _
Im D is then of the form Im (? ) for a certain D'. Therefore there exists
m

I
a non singular R : U —> U such that DR = (? ). Moreover, since Im D is
=T

m
Lagrangian, D' satisfies £ D' = (D') £ . By applying feedback we can bring
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C into the form (C ) . Then the equations (3.90) result in
m

0
A'TJ + JA' =0
(3.92) g7y -=¢
ED -p'Ts

We call (3.92) a linear Hamiltonian system with feedthrough term. Note that
(3.92) are exactly the same expressions as we obtained in equations (3.48)

in Section 3.1.4.

Theorems 3.20 and 3.33 about the relation between observability and
controllability for Hamiltonian systems have a very simple analogue in the
linear case. Let V be a linear subspace of (X,J). Denote by Vl the orthog-
onal complement with respect to J, i.e. V'L = {xeXleJv = 0, VveV}l. Then we

1

derive: AV ¢ V and Im B c V <« (A.V)L >V and (ImB)‘L >V~ . One verifies
that (AV)l = A_I(Vl), since AIJ + JA = 0, and that (In)B)l = Ker 6, since
BTJ. = C. Hence : (AV)l > Vl and (];mB)'L P} V‘L = AVlC Vl and VlC Ker C.
Concluding: .

3V # X with AV ¢ V and Im B c¢ V if and only if

3Vl # 0 with AVl c 1 L

v and V- ¢ Ker C,
and hence, (C,A) is observable if and only if (A,B) is controllable.

The definition of a degenerate Hamiltonian system (Definition 3.10)
simplifies considerably in the linear case. Recall that a full Hamiltonian
system is called regular if dim h(B) = dim W. Therefore linear Hamiltonian
systems (3.90) are regular if and only if [C E D] is surjective, or equiva-
lently if C in (3.91) is surjective. For the definition of a degenerate
Hamiltonian system I(M,W,B,f,K), with K the coisotropic restriction manifold,
we required that h_l(K) is a bundle over M. In the linear case, K is a
coisotropic subspace of W, and [C S D]_](K) is a bundle over X if and only
if for each x € X there exists a u ¢ U such that Cx + Du € K. Equivalently,
[c i D17 (X) is a bundle over X if and only if Im C c K + Im D. If (3.90)
is regular, then Im C ¢ K + Im D if and only if K + Im D = W. To simplify

notation we only consider the regular case:

LEMMA 3.40 (Compare Lemma 3.13) Let K ¢ Gﬂ,Je) be a coisotropic subspace
(i.e. KlCK). Let Im D be a Lagrangian subspace, such that K + Im D = W.
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Then there exists a canonical basis (al"°"am’bl"""bm) of W such that
i) K = span {al,...,am,bl,...,bk}, for some k < m

ii) Im D can be parametrized by b,,...,b , i.e. there exists a matrix D
1 >“m

such that in the above basis Im D = Im (? ).
m

PROOF: First notice that ii) is equivalent to Im D n span {al,...,am} = 0.
Now take an arbitrary basis Ao o3y for Kl. Then, since K + Im D = W,
Kl n (Im D)l = Kl n Im D =0 (because Im D is Lagrangian). Therefore

Im D n span{ak+l,...,am} = 0. By Darboux's theorem (ABRAHAM & MARSDEN (1978,

Proposition 3.1.2)) we can choose independent vectors b bm such that

Ka1? "
T e _ T e _ sos _ :

bk+i J bk+j =0, bk+i J ak+j = éij’ i,j =1,...,mk. Necessarily

bk+1 ¢ (KJ')'L =K, i=1,...,mk. Furthermore we can choose independent

VeCtors a;s...,ay such that span {al,...,ak} c

e ..
(span{ak+1,...,am,bk+1,...,bm})L, aiTJ ag = 0, i,j = 1,...,k and a; € K.

It can be also seen that we can choose b bm’al""’ak in such a way

TR
that Im D n span {a,,...,a } = 0. Finally we can choose independent vectors
1 m

byseesb satisfying span {b],...,bk} c span {ak -,bm}l

Kk +l""’am’bk+l"'

T .e T e ) ..
and bi J bj =0, b;J aj = Gij’ i,j = 1,...,k, and moreover b, ¢ K. 0

We obtain the following analogue of Proposition 3.14

PROPOSITION 3.41 Let Z(A,B,C,D) be a full and regular Hamiltonian system.

Let the restriction manifold be a coisotropic subspace K ¢ W, such that
K+ ImD=W. If dim K = m + k (ksm), we can choose a canonical basis
w= (yl,...,ymaul,...,um) for W, in which the degenerate Hamiltonian system

has the form

X = Ax + Bu
y = Cx + Du Wepp=eee= Uy = 0
with A'J + JA =0, 8=C,D=5.
PROOF: By Lemma 3.40 we can choose a canonical basis (al,..;,am,b],...,bm)

of W such that K = span {al”°"am’b1""’bk} and Im D = Im( ; |} for some
m

m x m matrix D. Since Im D is Lagrangian, D~ = D. Then define the output

space Y = span {al,...,am} and the input space U' = span {bl,...,bm}.

By feedback we can bring C into the form (g). Since Im D = Im (? ) there
m,
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D

exists a nonsingular R : U —> U such that D = ( ) R, Now identify U' and

m

R(U). Then since K = span {al,...,am,b],...,b it follows that the allowed

k}’

u = 0. 0

1 ' 1 = =
inputs u € U' satisfy Upyp eee= U

3.5.1 Realization theory for linear Hamiltonian systems

In Sections 2.1.2 and 2.1.3 we studied linear external systems of the form

o dy e
Ze(P) = {wiR — w]weL1OC and P(dt) w = 0 in the sense of distributions}

with W = ]Rq and P(s) € H{pxq[s], i.e. a p x q matrix consisting of
polynomials in the indeterminate s. We saw that we can associate with Ze(P)
a geometrical object, by considering for every s ¢ T the linear subspace
of wm = t% (the complexification of W) defined by Ker P(s). In particular,
if dim Ker P(s) does not depend on s, this geometrical object is an
algebraic vector bundle over €, which can be uniquely extended to an alge-
braic vector bundle over P] (the complex projective line), see Theorem
2.9. Furthermore, Ee(P) is in this case uniquely determined by this
bundle over EJ (which we baptized as E (P(s))) together with its embed-
ding in the trivialbundle P;X WE. The condition that dim Ker P(s) is
constant is equivalent to the controllability of a minimal realization
t(A,B,C,D) of Ze(P) (Theorem 2.13).

We shall now formulate conditions on the structure of a vector bundle
E (P(s)) which are necessary and sufficient in order that Ze(P) can be
realized by a linear system Z(A,B,C,D) which is Hamiltonian. Later on we
show how these conditions can be translated to conditions directly on the
structure of Ze(P).

We have to assume that W, the external space, is a symplectic space

(W,Je), with dim W = 2m. Then we can introduce on Wm a "Hermitian symplectic
form" wi: as follows:
(3.93) s @ w):=v—vTJew W,,wW, € W

R R T R I

where ~ denotes the complex conjugate. We call a complex subspace V c WE a
e .

m,mq:) if

. e

i) u)m(v],vz) = 0, for every VsV, € v

ii) the complex dimension of V is m.

Analogous to the '"real" symplectic case (ABRAHAM & MARSDEN (1978, Proposi-

Hermitian Lagrangian subspace of (W

tions 5.3.2, 5.3.3) we can prove that the maximal complex dimension of a
subspace V satisfying i) is m. Let us now define an external linear Hamil-

tonian system.
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m*x2m

DEFINITION 3.42 Let P(s) € R [s]. Let Ker P(s) have constant dimension

m, so E(P(s)) is an algebraic vector bundle over Pl . Then Ze(P) is an
external Hamiltonian system if for every s = iw, w ¢ R, Ker P(s) is a

ey,

Hermitian Lagrangian subspace of (Wm,mm

THEOREM 3.43 Ze(P) has a Hamiltonian realization Z(A,B,C,D) <=> Ze(P) is
an external linear Hamiltonian system <> a minimal realization of Ze(P)

is a Hamiltonian system.

PROOF: Let Ee(P) be an external Hamiltonian system. Ker P(s) at "s = « ',

denoted by V(«), is uniquely determined as lim Ker P(s) for an arbitrary
s>
path s > © in T. Hence V() = 1lim Ker P(iw) = lim Ker P(iw). Since Ker P(s)
w-co

w-> =
is a Hermitian Lagrangian subspace for every s on the imaginary axis, and

V(«) is a real subspace of Wm, and hence a subspace of W, we obtain that
V(~) is a Lagrangian subspace of (W,Je). Then we can take a Lagrangian
subspace Y of (W,Je) that is complementary to U:= V(). Furthermore we
can choose a canonical basis (al""’am’bl""’bm) of W such that Y =
span {a],...,am} and U = s?an{bl,...,bm}. By Lemma 2.16 we can find m X m
polynomial matrices D(s) and N(s) such that corresponding to this basis

Ker P(s) = Im [gg:;

transfer matrix. Since the coefficients of P(s) are real, we notice that

J , ¥Ys € T, and G(s):= N(s) D_l(s) is a strictly proper

if w e Wm satisfies P(iw) w = 0, then P(-iw) w = 0. Because Ker P(s) is
Hermitian Lagrangian on the imaginary axis we therefore conclude that

ijJe Wy = 0 for every W, € Ker P(-iw) and w, € Ker P(iw). This yields

2

0 —Im N(iw)z

1]

N (~iw) vIDT (-iw)) 0, W, z ¢ B®, YueR,

Im 0 D(iw)z

or

(3.94)  -N'(-iw) DT(iw) + D (-iw) N(iw) = 0 , for each u ¢ R.

Since (3.94) is a meromorphic expression we obtain by analyticity
T T T

(3.95) -N"(-s) D (s) + D' (-s) N(s) =0 , for each s ¢ T

or equivalently

(3.96) G(s) = GT(—s) , for each s ¢ T
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Now we can apply Proposition 3.5 to conclude that a minimal input-output
realization Z(A,B,C) of G(s) is Hamiltonian i.e. ATJ + JA =0, BTJ =C,
where (X,J) is a symplectic space. Since by Theorem 3.39 every Hamiltonian
realization Z(A,B,C,D) of Ze(P) is equivalent to a Hamiltonian input-output

realization of ze(P) we have obtained the desired conclusion. 0

Remark: It can easily be seen that the set of controllability indices of
a Hamiltonian system is equal to the set of observability indices. By
Theorem 2.18 this implies that the Chern numbers of E(P(s)) and (E(P(s))l

are equal if Ee(P) is an external Hamiltonian system.

In the case of degenerate Hamiltonian systems we obtain

PROPOSITION 3.44 Let Ze(P) be an external Hamiltonian system. Let Kc W

be a coisotropic subspace of (W,Je) such that K + V() = W. Then a minimal
realization of ZE'(P):= {WEZe(P) and weK} is a degenerate Hamiltonian system
(see Theorem 3.41).

PROOF: A minimal realization of Ze(P) is Hamiltonian. Then apply Theorem
3.41. ’ 0

In Theorem 3.43 the conditions for an external Hamiltonian system were given
in the "frequency-domain'", i.e. as conditions on the structure of E(P(s)).

We can also give conditions in the "time-domain':

mx2m, .
THEOREM 3.45 Let P e R rn'[s], and surjective for every s € L. Then Ze(P)
5 € Ze(P)

and W, are zero outside a compact interval of

is an external Hamiltonian system if and only if for all L
with compact support (i.e. w
R)

1

+ooT
(3.97) [, (£) 3%,() at = 0

-0

PROOF: (only if). Let Z(A,B,C,D) be a minimal full Hamiltonian realization
of Ze(P), with state space (X,J). Let (x],wl) and (XZ’WZ) be elements of
Zi(A,B,C,D). Then one easily checks that

tzT e T T
(3.98) [ Wy (e) 3 Wy (£)dt = x " (£,)3x,(t,) = x (£)Jx,(t))

t
1
for all t, <ty Suppose that v, and W, have support inside the interval
(tl,tz). Then by minimality it follows (Theorem 2.2) that x](t]) =
Xz(tl) = Xl(tz) = xz(tz) = 0, and therefore(3.97) holds.
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+oo
(if) Let f ij(t) Jewz(t) dt = 0, for all Wy oW

00

g € Ze(P)

with compact support. Fourier transformation yields

+o0 T
(3.99) [ v (-iw) Jewz(iw) dow = 0

Since dim Ker P(s) = m, Vs € €, a minimal realization of Ze(P) is controlla-
ble, and we can split w into inputs u € R" and outputs y € Egl, such that
v(iw) = G(iw) u(iw), where G(s) is the transfer matrix corresponding to P(s).
Because u is an input we can reach every frequency w. Hence it follows from
(3.99) that w{r(—im) Jewz(iw) = 0, for every w ¢ R and for every w!(iw),
wz(iw) € Ker P(iw). Since dim Ker P(iw) = m for each w € R, this implies
that Ker P(iw) is a Hermitian Lagrangian subspace of (Wm,wg) for every iw

on the imaginary axis. O

2m

Remark 1: We can take a caﬁonical basis w = (y,u) for W = R™ , such that

y are the outputs and u are the inputs. Then (3.97) is equivalent to
T T
(3.100) / (u; (0)y,(t) =y, (B)uy(£))de = 0

for every (yl,ul) and (yz,uz) with compact support. If y is for instance

the position q, and u the external force F, then this yields
vl e o
(3.101) f F (t)qy(t)dt = / F, (t)q,(t)dt

for every (ql’Fl) and (qZ’FZ) with compact support. Equation (3.101) is of
course highly suggestive, but we do not know any physical interpretation of
it. On the other hand we remark that for reciprocal systems (see WILLEMS
(1974), DAY (1971)) we can obtain expressions similar to (3.101) (however

including a time-reversal ! ), which are just as hard to interpret.

Remark 2: Note that if dim Ker P(s) is not constant in Theorem 3.45
(i.e. if a minimal realization of Ze(P) is not controllable), then
condition (3.97) is not sufficient to conclude that a minimal realization
of Ze(P) is full or degenerate Hamiltonian. Consider for instance the

autonomous system on (X,J)

°

X = Ax , y = Cx, W=(Y,u),u=0

This.system is degenerate Hamiltonian if and only if CTJeC = 0 and
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ATJ + JA = 0. However if CTJeC = 0 and A is arbitrary, then w;r(t)J%JZ(t)= 0

for every w in the external behavior of the system. Therefore if

1°"2
CTJeC = 0 then condition (3.97) is always satisfied. We can interpret this,
roughly speaking, as follows. We have to vZolate the internal intercon-
nections of the system which result in the restriction set u = 0 (a
Lagrangian subspace of W), and after these internal interconnections have
been broken, we can apply condition (3.97) to conclude whether the system
is Hamiltonian or not. This is very similar to the use of variational
principles in the treatment of interconnected systems. Then one considers
variations that do not satisfy the interconnection constraints. Indeed,
equation (3.97) can be considered as a sort of variational principle. We

return to this later on in Section 3.8.
We give some illustrative examples of linear Hamiltonian systems

EXAMPLE 1 Newton's second law F = mq defines an external linear system
Ze(P), with P(s) = (msz; -1). It is easy to see that Ker P(iw) is a

Hermitian Lagrangian subspace of EZ.Auminimal realization £(A,B,C) is given

IR INEHE

(1 0)(3) with u = F
00 +00
Equation (3.97) or (3.101) yields that f Fl(t)qz(t)dt = f ql(t)Fz(t)dt for

by

—_—
Te O

y

all (ql,F]), (qz,Fz) € Ze(P) with compact support.

EXAMPLE 2 (compare the example at the end of Section 2.1.2) Consider two
masses m, and m,, attached to springs with spring constants k] and k2
*2
k T
1 k)

<

Take as external variables the force exerted on the first mass and the

position y of the first mass. We obtain the equations
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'xl 0 0 llml 0 X, 0

é%' X2_ = 0 0 0 l/mz XZ. + 0 U, ¥ =X
ml?l -k1 kI 0 0 1?1 1
m,X, kl —(kl+k2) 0 0 mX, 0

i.e. a linear Hamiltonian system.

The transfer function from u to y equals

2
mzs +(kl+k2)

g(s) =

m.m

4 2
1By +(m2k1+m](kl+k2))s +k1k2

2

Hence g(s) = g(-s) and Ze is given by

(4) (2)

(2)
mm, y + (m2k1+m1(kl+k2))y

+ klka = myu + (k1+k2)u.

In the same way we can prove that n coupled masses

u k1 kz ky

y

with input u the force on the first mass and output y the position of the
first mass form a linear Hamiltonian system. In fact, one can prove that
every external Hamiltonian system with one input and one output (i.e. an
external system corresponding to a transfer function satisfying g(s) =
g(-s)) such that the internal energy of a minimal realization is positive
(this can be expressed as a condition on g(s), namely (o+iw)g(o+iw) +
(0-iw)g(o-iw)20 Y020 and Ywe R) , can be realized by such a Hamiltonian
system by selecting the values of the masses mseee,my and the spring
constants kl""’kn (n is equal to the number of poles of g(s)), see

BROCKETT (1977), WILLEMS (1972)).

EXAMPLE 3 Consider a mass attached to a spring k

Assume that the wall is movable, and that the velocity v of the wall can
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be controlled, i.e. u = Vo Let p be. the momentum of the mass (with respect

to the inertial frame) Then the equations are

(El (0 . (q) )
o = + u
P -k 0 P 0

If we define the output y = 6(3) such that BTJ = E, then C = (0 1), and
hence the output y equals the momentum p. This is a linear Hamiltonian
system. Notice that § is the reaction force. Again we can extend this example

to n coupled masses, driven by a movable wall

k k k

kl 2 3 n
00000 m 6000 D)~ cvcccvene 00

wall

with u the velocity of the wall and y the momentum of the first mass m,
(with respect to the inertial frame). By selecting Moo, and kl""’kn
we can again realize every transfer function g(s) satisfying g(s) = g(-s)

and (o+iw)g(o+iw) + (o-iw)glo-iw) = 0, VYo = 0, Vo e R.

EXAMPLE 4 Consider a mass m in ]R3 attached to a spring k, with electrical
charge e and subject to a magnetic field given by a vector potential
A= (AI’AZ’AB) (i.e. B, the magnetic field, equals rot A). The system has

a Lagrangian function (see Section 3.6)

1 2 e 3 1 3 2
L(q,v) = 5 m [v]|“ + - .Z ViAi + 3 _z kqi
i=1 i=1
) _ . . _ 9L . _ 3L
with v = (VI’VZ’VB) the velocity. Therefore, since p; = aqi > Py < 36;
btai = + 54
we obtain p; =mv, + = A, ]
-k i=1,2,3
P; a;
If we consider the components AI’AZ’A3 of A as the inputs up, U, and s,
then, since v, = i p; - ﬁ% Ai’ we obtain the following system
a! 5 &L\ [ -2 1) fa
4 4z ) em 3 A1
— |[d3| = d3 1 + 2
dt P P
1 1 0 A
Py P, . 3 3
P3 “kI; 0y P3
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Calculating C from BTJ = C yields

C = £
¢ = (03 cm 13)

and hence the output (yl,yz,y3) is given by v; = ﬁ% P;-

Of course, the above examples yield examples of linear degenerate
Hamiltonian systems by setting some of the inputs (or a linear combination

of the inputs) equal to zero.

3.6 Lagrangian systems and the Euler-Lagrange equations

The Hamiltonian formalism yields an elegant description of classical
meachnics in terms of first-order differential equations in the canonical
q- and p- variables. From a mathematical point of view there is a perfect
duality between those q- and p-variables, which suggests that the p-variables
in the same way as the q-variables can be regarded as basic variables. In
many applications however the Lagrangian formulation of classical mechanics,
with q and & as state variables and the dynamics as second-order differential
equations in q is certainly .more obvious, and the p-variables are not a
priori given but are constructed by means of the Legendre transformation.
Furthermore the Lagrangian and Hamiltonian approach are not fully equivalent,
due to possible degeneracies in this Legendre transformation. In a certain
sense one could say that the Hamiltonian framework is for some cases
unnecessarily abstract.

In this section we give the formulation of Lagrangian systems with
external forces, culminating in the Euler-Lagrange equations. First we
state some mathematical preliminaries. Consider a phase space T*Q, endowed
with its natural 1-form 6. Then define a 1-form éL on T(T*Q) as follows
(see TULCZYJEW (1974)). 6 is a 1-form on T*Q so we can also regard 0 as
a function 5 : T(T*Q) —> R . Furthermore for an arbitrary manifold N we
can define a natural involution ~ on TIN. Let (x,i) be coordinates for
TN, and let us denote coordinates for TTIN by (x,i,dx,éi). Then ~ is given

by (x,%,6%,6%x) —> (x,8%,%X,0x) (see TULCZYJEW (1974)). Now we define éL by

-~

(3.102) éL(X):= X(6) , for any vector field X on T(T*Q)

In natural coordinates (ql,...,qn,p],...,pn) for T*Q, it can be checked that
n
GL = izlpidqi + 1 dqi.
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Apart from éL we define another natural I1-form on T(T*Q), which we
. * . . . .
denote by GH. Since d6 is a symplectic form on T Q we obtain an isomorphism
T(T*Q) N T*(T*Q), given by a(X) = do(X,-) for X ¢ T(T*Q). Because

T*(T*Q) has a natural 1-form O, o0 =: éH is a l=form on T(T*Q). In the
same local coordinates as above éH is given by

.

n
(3.103) 6, = iZ]pi dq, - q; dp;

Notice that d SL = deH. Moreover deL

and is equal to w if w = d6 (see Section 3.1.3). Finally we note that there

= déH is a symplectic form on T(T*Q),

exists a canonical isomorphism between T(T*Q) and'T*(TQ)). In local coordi-
nates this isomorphism is given by (q,p,&,ﬁ) —_ (q,&,p,ﬁ) (see TULCZYJEW

(1974)). Therefore we can also look at éL and éH as one-forms on T*(TQ).

First we define Lagrangian vector fields (compare Definition 3.4).

DEFINITION 3.46 A Lagraﬁgian submanifold V of T(T*Q) is a Lagrangian

vectorfield if V can be parametrized by TQ. Then there exists (locally) a

function L : TQ+R such that 6_ restricted to V is equal to dL. L is

L
called the Lagrangian function.

Remark: If V can be also parametrized by T*Q, then V is also a Hamiltonian
vectorfield. In this case there exists (locally) a function H : T*Q —> R,

such that restricted to V, éH = -~dH.

In local coordinates éL = dL yields
n n
. . L AL -
L Py da; +pgday = ] ot de; 4 dgy , or
i=1 i=1 i i
b, = 2L
i 9q.
1 i=1,...,n
(3.104) . 5L
1 qu
and therefore é%~(g¥i) = gﬁi s 1=1,...,n
9 9

i.e. the Euler-Lagrange equations without external forces. On the other

n n
6. = -dH vi : - 4 = -0 )
hand GH = -dH yields 'Z P; dqi q; dpi ;Z 3q. dqi T dpi’ or
i=1 i=1 i 1
G = 2R
(3.105) i 9py i=1,...,n
) :
pl aq
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i.e. the Hamilton equations.

The definition of a Lagrangian system now becomes

DEFINITION 3.47 A Lagrangian system is given by a Lagrangian submanifold

V c T(T*Q) x T*Y (with symplectic form m de ; do e, where Lo and ﬂz
are the projections on T(T Q) and T Y, and ee is the natural I-form on T Y),
which can be parametrized by TQ and the fibers of T"Y. Moreover the value

of the Y-coordinates of a point of V only depends on its TQ-coordinates.

Remark: Note that this is the same definition as for an affine Hamiltonian
system (Definition 3.23), except that V is not parametrized by T*Q and the
fibers, but by TQ and the fibers.

In local coordinates we obtain

PROPOSITION 3.48 Let (ql"“’qn) be local coordinates for Q. Then locally

a Lagrangian system has the form

ERNOR (_ e} -fi) - byeon
dt qu qu =1 j ldt qu qu

(3.106) .
Yj=Cj(q,Q) j=1,...,m

where L and Cl""cm are functions from TQ to R, and (yl,...,ym,ul,...,um)

are natural coordinates for T*Y.
PROOF: V has a generating function of the form

L(q,q) + Z us C, (q,9), i.e.

J-l
n o . m . m L]
L Pjda; *+ pyday + J yidug = d(L(g,0) + ] v,Ci(a,0).
i=1 =1 j=1
oL m 3C,
This yields : p, = —— + z Tpp—
1 qu iop T 9q.
j i
m aC:
. oL o .
P; =5+ ) um= 5 ¥:=C.(q,q
1oo%q; 42y 13 3 b
m BC m aC.
.4 - L B
or: ¢ Bq Z] uJ EE— = aqi + jZ] ug aqi s, 1=1,...,n O

The Euler-Lagrange equations are a simple special case of (3.106). We
assume that the output functions Cj : Q>+ R, j=1,....,m, are given by

Cj = qj » J=1,...,m. Then (3.106) yields
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_d_ oL _ dL i=1 o
- s = ’ 1
dt aqi qu i
(3.107) d oL oL
—_ = - — =0 . i=mtl,...,n
dt aqi aqi
y; =94 , i=1,...,m

i.e. the celebrated Euler-Lagrange equations With external forces.

3.7 Internal energy and external work

In this section we give definitions for internal energy and external
work in the case of affine Hamiltonian systems. Later on we make some
remarks about the general Hamiltonian case.

Let us consider an affine Hamiltonian system Z(M,T*Y,L) locally given
by

. m
X = XH(x) - E uiXCi(x)

(3.108) i=l

= (3.61) Yi~ Ci(x) . i=1l,...,m

with (yl,...,ym,u],...,um) natural coordinates for T Y. First we notice
that on every neighborhood UcM where a representation (3.108) holds,

the function H : U — R in (3.108) is uniquely determined by T (M,T'Y,L)
up to a constant factor. The reason is that we have taken natural coordi-
nates for T*Y, and therefore have fixed the zero-section of T'Y (compare
Theorem 3.26). Hence we can uniquely (up to a comstant factor) define the
“internal emergy of T(M,T'Y,L) onU as H : U —> R.

Let us now proceed to the definition of external work:

DEFINITION 3.49 Let Ze(M,T*Y,L) be the external behavior of Z(M,T*Y,L)
(see (2.11)). Let we Ze(M,T*Y,L) and let w : [0,T] — T*Y be the restriction
of wto [0,T] (T20). Then the external work performed on the system, during

the external trajectory w, is

(3.109) External work = f 6€
W
. e * e . e
with 6~ the natural l-form on T Y and fe the integral of 6 along the

. il * w
trajectory w in T Y.
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We apply Definition 3.49 to the following two cases:
i) Cj = qj » the usual case
ii) Cj = pj , see for instance Examples 3 and 4 in Section 3.5.1.
(In a certain sense these choices of Cj are the "canonical” choices, from
which other output functions can be constructed). In both cases Definition
3.49 is very satisfactory.

In case i) yj = qj and thus u. = Fj (the external force). Then 6% is

m
locally given by 2 Fjdqj and f 0¢ equals

j=1 \
) } ‘Xn' ;
) F.dq, = F.(t) q.(t)dt
(3.110)  / j2p 303 g ey d j

w
if w(t) = (q(t),F()), t e [0,T].

In case ii) yj = pj and thus uj = v, (the (extra) velocity ; see
e T e
Example 3, Section 3.5.1). Hence 6 = X v.dp. and f 6~ equals
j=lJ J w
m T m_ .
(3.111) [ vjdp. = [ ) v.(t) p.(t)dt
wi=1d 0 o=t I

if w(t) = (p(t),v(t)). Therefore (3.111) is the integral of force (ﬁ)
times velocity (v). In case i) we have obtained : external force x (internal)
velocity, while case ii) can, roughly speaking, be interpreted as (extra)

velocity x (internal) force.

We now derive a general expression for the external work [ee.
W

Let (y,u) be natural coordinates for T*Y. Then w can be written as
w(t) = (y(t),u(t)), t € [0,T]. Let x : [0,T] ~ M be such that

- - *
(x,w) € zi(M,T Y,L). Now the external work equals

T m_ .. T m_— » m— )
(3.112) é iZiui(t) y; (©)de = é izlui(t){u-jzluj(t)cj,Ci}(x(t))dt
T'm__ - T m _ _
= é iZlui(t) {H,C;}(x(t))dt - é i’§=lﬁz(t)uj(t){ci,cj}(x(t))dt

. m
where we used that §i(t) = (XH-X Gj(t)xC )(Ci(;(t))) =
j=1 b
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- {m,c,) () - Gjm (€;,0;) G(e)).

I i~18

j=1

Because {Ci,Cj} = -{Cj,Ci} the last term of (3.112) vanishes and we obtain

(3.113) H(x(T)) - H(x(0)) =

1

T
[ u,(t) {H,c.} (x(t))dt
10 * 1

If we try to give a reasonable definition of internal energy and
external work for general Hamiltonian systems I(M,W,B,f) we run into some
serious difficulties. We only make the following remarks:

i) The internal energy H for an affine Hamiltonian system is uniquely
determined because the symplectic manifold T"Y has a well-defined zero
section. This is not the case if W is a general symplectic manifold.

ii) Consequently, if W is a general symplectic manifold, then the splitting
of the w-variables into inputs and outputs as in (3.51) is no longer unique.
Furthermore there does not exist a natural I-form 0% on W.

iii) In Example 2 in Section 3.2 we saw that there exist Hamiltonian systems
with as input u the position of a particle and as output y the force exerted
on this particle. In this case it seems that the external work equals u
times y.

iv) Return to the nonlinear LC-networks of Section 3.1.2. There the internal
energy of the network depends instantaneously on the inputs. Therefore the
internal energy is no longer a function of the state, but of the state and

the inputs.

3.8 Variational principles, realization theory for Hamiltonian systems and

the inverse problem of the calculus of variations

In this section we first show that the generalized 'variational prin-
ciple" (3.100), which we proved for linear Hamiltonian systems, can be
extended to the nonlinear case. Consider a Hamiltonian system Z(M,W,B,f).
Let Zi(M,W,B,f) (see (2.10)) be the corresponding dynamical system in
state space form (Definition 1.2), and let Ze(M,W,B,f) (see (2.11)) be its
external behavior. To avoid technical difficulties we assume throughout
this section that Zi(M,W,B,f) consists of functions (x,w) : R —> M x W
that are at least C!. First we define variations. Let (X,w) € Zi(M,w,B,f)
and assume that there exists a family of functions (x(t,e), w(t,e)), € ¢ R

and small, such that
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ii) (x(t,e), w(t,e)) is at least C1 in ¢ (and by assumption also C1 in t)

iii) (x(+,0), w(+,0)) = (x,w)

Then we define the variation (8x,8w) of (x,w) by:
a [,
Go14)  Gx(e), sw(e) = (X (¢,0), ¥(t,0)

Therefore (8x,8w) is a function from R to TM x TW such that
(8x(t),dw(t)) € Ti(t)M x Tﬁ(t)w,

We obtain (compare Theorem 3.45)

THEOREM 3.50 Let £(M,W,B,f) be a full or degenerate Hamiltonian system.
Then Zi(M,W,B,f) satisfies

t

. . i
(3.115) { ww(t)(le(t),sz(t)) dt =
1

wx(tz) (61X(t2) adzx(tz)) ‘wx(tl) (5]x(t]) ,62x(t1))

for all t;<t,eR, for all (x,w) € Zi and for all variations (6lx,6iw)

2
and (sz,dzw) of (x,w) with respect to Zi.

PROOF: We prove that for every t e [tl’t2]

(3.116) 5% wx(t)(élx(t),szx(t)) = “Fw(t)(le(t)’SZW(t))

where é% denotes differentiation along the trajectory x(¢) in M. We know
that there exists an input function u : [tl’t2] —> U such that x(t) =

(q(t),p(t)) is a solution of

(3.117) a(e) = %% (q(t),p(t),u(t))
. p(t) = - .g% (q(t),p(t),ult))

Now (3.117) are the equations of a time-varying Hamiltonian vectorfield

w=
()

0) (8,x(t),8,%(t))

on M, which we denote by XH(t)‘ Then £ 0, and hence

(3.118) é% Og(ey (81%(8),8,x(8)) = (¢

Xa(e)

* 0Lt (é% (61x(t)),62x(t)) + mx(t)(slx(t), é% (8,%()))

= 0 (8) G (8,x(6)),8,%(8)) + w_(£) (8 %(t), 2=(5,%(0))).
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If (x,w) : R —> M x W is an element of I,, then we can define a function
dx(t)

dt . .
a variation (8x,8w) of (x,w) gives a variation (6x,6x,6w) of (x,x,w). Then

(x,%x,w) : R —> TM x W, by setting x(t) = . It is easy to see that

by our smoothness assumptions:

é% (5 ,%(8)) = alcg% x(£)) = 6,%(t)
L (5,x(t)) = 6, x(£)) = 6.x(t)
dt 2 2'dt 2

Therefore (3.118) yields

(3.119) wgcry (61x(0),8,x(0)) = wx(t)(a]i(t),szx(t))

4
dt
t o (alx(t),azé(t)).

It is a matter of calculation to see that the right hand side equals

w(x(t),i(t)) ((61x(t),61x(t)), (sz(t),ézx(t)). Since Z(M,W,B,f) is
Hamiltonian it follows that ﬂf&) - n;u:e = 0 restricted to £(B) (with ™

and T, projections of TM x W onto TM and W). Therefore
d . . .
20) = = .
(3.120) g w00y (81x(£),8,)%(£)) = w2 0pyy ((8)x(8),8,x(8)),

(6,%(£),6,%(£))) = w(8,w(t),8,w(t)) 0

Remark: Conversely, if (3.115) holds we can prove that ﬂ;J) - n;w -0
restricted to £(B), 7f for every (x,w) € Zi there exists a sufficiently
large number of variations of (x,w). Hence if we also know that f£(B) is a
submanifold of ™ x W with dimension equal to dim M + % dim W, then we can
conclude that £(B) is Lagrangian, and therefore I (M,W,B,f) is a full Hamil-
tonian system (compare Theorem 3.45).

We notice that if we only comsider variations (8x,8w) of (x,w) which

have compact support then (3.115) yields

t
.2
(3.121) tj wew(t)'(élw(t), §,w(t))dt = 0
1

for every t; < t, and for all variations with support contained in (tl’tz)'
Equation (3.121) can be regarded as a generalized variational principle
which holds for the external behavior of a Hamiltonian system. This equation
seems to be crucial for what we call the Hamiltonian realization problem.

The problem consists of finding conditions on the external behavior of a
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system which imply that the system is actually Hamiltonian. More precisely:

The Hamiltonian Realization Problem :

Let Ze be an external system on a symplectic manifold (W,we). Question:
Find necessary and sufficient conditions on Ee in order that we can

construct a Hamiltonian system I (M,W,B,f) such that L, = Ze(M,w,B,f).

For the linear case we solved this problem in Theorem 3.45. For
nonlinear systems the problem is especially hard since there exist very
few results on the:realization even for general nonlinear systems, without
the complication due to the Hamiltonian structure. However, motivated by

(3.121) and by the linear analogue we state the following

CONJECTURE: Let (W,we) be a symplectic manifold. Let L be a space of
sufficiently smooth functions w : R —> W that can be given the structure
of an (infinite dimensional) C -manifold. Define the weak symplectic form
Q (see CHERNOFF & MARSDEN (1974)) on L by setting

400
(3.122) @ (8,w,8,w) = [

—00

e

9ty (le(t),dzw(t)) dt

for w e L, and with 6,w and 62w variations of w with respect to L with
compact support. Let Ee be an external system on (W,0®) such that Ze is
a submanifold of L. Then : Ze can be realized by a Hamiltonian system

(M,W,B,f), if and only if Ze is a Lagrangian submanifold of (L,Q).

We can also give a more restricted version of the Hamiltonian
realization problem, by restricting the external systems Ze to systems

given by high order differential equations (see Section 2.2.4).

The Restricted Hamiltonian Realization Problem:

Let Ze be described by a set of smooth equations Pi(w,&,...,w(k)) =0,
kw, with (W,we) a symplectic
manifold. Question : Give necessary and sufficient conditions on P in order

i=1,...,p, i.e. a smooth submanifold Pc T

to construct a Hamiltonian system ®(M,W,B,f) with Ze(M,w,B,f) = Ze.

We shall show that a classical problem in variational calculus and
classical mechanics, namely the Inverse Problem of the Calculus of Variations

is a special case of the Restricted Hamiltonian Realization Problem. Since
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this Inverse Problem has in fact been solved, also the Restricted Hamil-
tonian Realization Problem is solved in this special case (we only need
the local solution of the Inverse Problem; for a treatment of the global
Inverse Problem we refer to TAKENS (1979)).

We sketch the Inverse Problem and its solution (an elaborate study‘of
the Inverse Problem and its history can be found in SANTILLI (1978)). We
confine ourselves to its simplest form. Let Ri(q,é,&) =0,1i=1,...,m, be

a system of second order differential equations in q = (q],...,qm). Assume
3R,

that the (mxm)-matrix sai
j

can now be stated as follows: Under which conditions on Ri’ i=1,...,m,

is nonsingular everywhere. The Inverse Problem

does there exist locally a function L(ql,...,qm,&l,...,&m) such that

oL oL [ .
Ey il vl R.(q,9,q) , i=1,...,m ?
a; 1

d
(3.123) It adi

In other words, when are Ri(q,&,ﬁ) = 0 locally the Euler-Lagrange equations

corresponding to the Lagrangian function L. Remark that since we assumed

R, 2
that|—=—| is nonsingular, also -—éLEL— , with L satisfying (3.123), has
QQj quBQj

to be nonsingular every%here.

The solution of the Inverse Problem is as follows.
Let q(t,e) = (ql(t,e),...,qm(t,s)), with € ¢ R and small, be a family of
paths in Q = R™, guch that qk(t,e) is at least 02 in t and C] in €.
Define the variations 6q = (6q],...,6qm) by

qu
(3.124) 6qk(t):= TS (t,0) , k=1,...,m

Then define the variational forms Mi(6q) of Ri sy 1= 1,...,m,

aii m 3R, .
(3.125) M (8q(t)):= o= o= ) 3q. (a(£,00,q(£,0),4(£,0)) 8q, (t)
aR]'_ . k=l K . aRi . .
+ _('11: (Q(tgo),Q(t,O),q(t,o)) ‘qu(t) + ?&;(Q(t,o),Q(t,O)Q(t,o))éqk(t)

with ﬁi(c,s):= R; (q (t,e),q(t,e),q(t,e)).

With every system of variational forms Mi as above we can uniquely
associate a system of variational forms ﬁi(dq) such that there exists a

function Q(Gq,gq) with the property that

m
~ ~ ~ d ~
(3.126) izléqi M;(8q) - 8q; M,(8q) = £ Q(8q,80q)
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holds for all variations 8q and Eq of q (*,0) as defined in (3.124) (see
SANTILLI (1978)). ﬁi(gq), i=1,...,m, is called the gdjoint system.

The solution of the Inverse Problem is (SANTILLI (1978)):
There exists (locally) a function L(q,&) such that

9L oL

=~ - == =R

4
dt aq; 9q. i
if and only if the variational forms M, of R, are self-adjoint, i.e.

M, (8q) = ﬁi(dq)’ i=1,...,m. This condition is equivalent.to the following

equations
aRi ) 3Rk
qu qu
9R 9 oR
(3.127) ﬁl"'a_&:za‘dzs*’l‘
ko %9 Y

aRi aRk _1d (aRi BRk

———) for all i,k = 1,...,m
q.
(in SANTILLI (1978) these equations are attributed to Helmholtz).

Now we want to show that the Inverse Problem is a special case of the
Restricted Hamiltonian Realization Problem. Take Y:= R" with
* m m
y = (yl,...,ym) € Y, and W:=*T Y=R xR . Let w= (yl""’?m’Fl""’Fm)
be natural coordinates for T Y. Instead of the equations Ri(q,q,ﬁ) = 0 we

consider the system of second-order differential equations on W
(3.128) 0 =P, (w,w,i):= R, (y,3,9) - F; , i=1,....m

If the Inverse Problem corresponding to Ri can be solved with a Lagrangian
function L, then we obtain the following realization of the external system

on W defined by Pi:

d 9L oL _ .o
(3.129) T -3—(11—- _W—Fi , 1=1,...,m
1 1
Yi T Y

i.e. a Lagrangian system (Section 3.6), namely the Euler-Lagrange equations

2

with external forces. We already remarked that (5%—%5—) is necessarily
°q j

everywhere nonsingular. Therefore (3.129) is equivalent to the Hamiltonian

system
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PR -]
(3.130) -1 9py i=1,....m
i qQ
Yi=qi i=1,...,m
) m
. oL oL 9 . o
With H(Q,seessq smo—seessgr) = z —— 4. - L(q,q)
, 1 4 8ql qu i=13qi i
and - oL i=1 m
pi 321—]‘." s syl

Conclusion : Ze as described by (3.128) has a Hamiltonian realization
(3.130). Furthermore it is easy to see that the observability codistribution
of {3.130) has constant dimension 2m, and hence (3.130) is a locally minimal
Hamiltonian system.

Finally we interpret equation (3.126) in our framework. Since
Ri(y,§,§)«= Fi , 1= 1,.;.,m, Mi(6y) as in (3.125) equals GFi. Hence

(3.126) can be also written as

LOF., - L6F, = — 3

(3.131) zayl i 8y, 6F, = g¢ Q(8y,8y)

or, if we define the symplectic form «® = (g ‘gm onW=TTR",
m

(3.132)  w®((8y,6), (y,8M) = 2 ooy, )

Now we observe that (3.132) is identical to (3.116) with w(&x,gx) = Q(dy,gy).
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Notes and References for Chapter 3

For an elaborate list of references on symplectic geometry and classical
mechanics we refer to ABRAHAM & MARSDEN (1978). The references that we
shall give are concerned with the system theoretic aspects.

Chpater 3 is mainly based on VAN DER SCHAFT (1982 d, 1982 c, 1982 b, 1983 b),
see also the survey WILLEMS & VAN DER SCHAFT (1982). These papers are in
turn much inspired by an innovative paper of BROCKETT (1977), and by

TAKENS (1976). Another source of inspiration were some of the books or
papers by HERMANN (e.g. 1968, 1973, 1974, 1976). The definition of a
Hamiltonian vectorfield as a Lagrangian submanifold of TM, as in Section
3.1.3, can be found in SNIATYCKI & TULCZYJEW (1972b). The result of Section
3.1.4 is due to BROCKETT & RAHIMI (1972). Sections 3.2 and 3.2.1 are based
on VAN DER SCHAFT (1982d). The expression of a Hamiltonian system in local
coordinates as in (3.51) is given in BROCKETT (1977) (apart from the fact

]
of degenerate Hamiltonian systems is an improved version of VAN DER SCHAFT

that here the output y is defined as é%-(%%) instead of - E%-). The treatment

(1982d). Section 3.2.1 is heavily influenced by BRAYTON (1971), and also
HERMANN (1974). Section 3.i.3 is based on VAN DER SCHAFT (1982c). Theorem
3.21 was first proved (under stronger conditions) in BASTO GONCALVES

(1980, 1981). Section 3.3 is mainly based on VAN DER SCHAFT (1982b, 1983b).
Theorem 3.26 was proved in VAN DER SCHAFT (1981), while Sections 3.3.1

and 3.3.2 are partly based on VAN DER SCHAFT (1982b). Section 3.4 is
motivated by CROUCH & BONNARD (1980), CROUCH (1981). Some of the results

of Section 3.5 are already stated in VAN DER SCHAFT (1982d). Section 3.6

is an imprerd version of VAN DER SCHAFT (1982d). Definition 3.46 is in
fact due to TULCZYJEW (1974). Section 3.7 is partly based on VAN DER SCHAFT
(1983b). Finally Section 3.8 is partly based on VAN DER SCHAFT (1982b) and
is inspired by TAKENS (1976) and SANTILLI (1978).
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CHAPTER &

SYMMETRIES, CONSERVATION LAWS AND TIME-REVERSIBILITY

4.1 Symmetries and Conservation Laws

An important topic in the theory of differential equations or more
general dynamical systems and physics, is the notion of symmetry. Usually
a symmetry is a (sometimes infinitesimal) transformation of the state space
which, roughly speaking, leaves the system invariant. The existence of sym-
metries gives (physical) insight into the structure of the system. Further-
more the existence of symmetries is often related to the presence of con-
servation laws. These are usually seen as functions on the state space
which remain constant alohg every solution path of the system of differen-
tial equations under consideration. Apart from their physical relevance
per se, conservation laws can be used for integrating the set of differen-
tial equations: that constitutes the system, since they yield first inte-
grals (see ARNOLD (1978)).

In this section we show how we can define symmetries and conserva-
tion laws for systems with external variables as treated in Chapters 1 and
2. In sections 4.1.1, 4.1.2 and 4.1.3 we specialize these definitions to
the Hamiltonian systems as defined in Chapter 3, and we show how in this
case the existence of symmetries implies the existence of conservation
laws, and vice versa. This generalizes a classical theorem on Hamiltonian

differential equations, usually called Noether's theorem.

Let us first consider the notion of symmetry. This can already be defined

for the set’ theoretic systems as considered in Chapter 1.

DEFINITION 4.1 Let Ze.c Wk be a (time-invariant) external dynamical sys-—
tem (Definition 1.1). An external symmetry for z, is amap ¥ : W~ W which
leaves Ze invariant: if w € Ze then also P(w) € Ze, and if w € Ze then
there exists a w € Ze such that Y(w) = w (Y(w):R-W is defined in the ob-
vious way: (Y(w))(t)=¢p(w(t))). More compactly: w(Ze) = Ze.

Let Ei c (X><w)]R be a dynamical system in state space form (Defini-
tion 1.2). A symmetry for Zi is a pair (¢,y), with ¢ : X > X and ¢ : W > W,

which leaves Ei invariant, i.e. (¢,1p)>:i = Zi.
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It is clear that if (¢,¥) is a symmetry for Zi’ then § is an external
symmetry for the external behavior Ze of Zi. We give some simple examples
of (external) symmetries. The last two examples will be treated in more

detail at the end of Section 4.1.2.

. . . 3 . . .
Example 1 Consider N particles in R in a potential field V(q],...,qN).
Suppose that we observe the positions of the first two particles, i.e.
v = q and Yy = 4y- Now suppose that these two particles are "identical",
and that V(q ,qz,...,qN) = V(qz,q],...,qN). Then an external symmetry

Yo ]R6 - R 1is given by w(y],yz) = (yz,yl). It is clear that w(ze) =71 .

e
The internal map ¢ : ]R3N > R such that (¢,y) is a symmetry is defined
by ¢(q1,q2,...,qN) = (q2,q1,...,qN). If we can also exert forces on the
particles q, and 4, then the external symmetry also has to include the per-

mutation of these forces.

Example 2 Consider a mass m attached to a spring with spring constant k,

say with one degree of freedom. The position of m is given by q € R. We
observe the position, i.e. y = q, and we can exert a force F on m. Hence

W= Rg. The external system Ze is given by all force functions F(*) and
corresponding output functions y(+) = q(+). This external system possesses
the set of external symmetries b, ¢ lR2 > ]R2 given by wa(y,F) =

(y+a,F+ka), a € R. The corresponding internal maps ¢, are given by ¢a(q,v) =

(q+a,v) , with v the velocity, i.e. translations over a.

Example 3 Consider a mass m in IR3 subject to a potential field V and un-
dergoing an external force F. The external variables are F and the obser-—

vation of the position, i.e. y = q. Suppose now that V is invariant under

rotations around the e -axis in ]R3 . Then an external symmetry is given

by rotating the output y around the e -axis and simultaneously rotating

1
the direction of the exerted force around the el—axis. The internal map ¢
consists of rotating the position together with the velocity (or momentum)

around the el—axis.

Remark: We can extend the above definition of {external) symmetry by al-
lowing maps ¢ : Wx R —> Wx R and ¢ : X x R —— X x R, with
R the time axis, such that w(ze) = ze and (¢,w)2i = Ei. Notice also that
if we allow the external systems Ee to be time-variant, then the property
of being time-invariant can be expressed by saying that the shift: operators
(STw)(t):= w(t-T), T € R, are symmetries (in this generalized sense) for

L.
e
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Let now ¥ be an external symmetry for Ze, and let Ei be a state space reali-

zation of Ze with state space X. We can pose the following basic questions:

Question 1: Does there exist a map ¢ : X - X such that (¢,9) is a symmetry
for £.?
i

and if so:

Question 2: When is ¢ : X > X uniquely determined by ¥ : W > W?

The following proposition gives a (partial) answer.

PROPOSITION 4.2 Let Zi be a realization of Ze. Let Zi be externally in-

duced (Definition 1.4), i.e. there exists a map f : Ze + X such that if
(x,w) € Zi then x(0) = £f(w). Let ¥ : W > W be an external symmetry for Ze.
Then we can define ¢ : X » X such that (¢,y) is a symmetry for Zi if and
only if {f(w])=f(w2) - f°¢(w1)=f°w(w2), for all wl,wzeze}. Furthermore
¢ is unique if and only if f is surjective.

If all minimal realizations of Ze are equivalent (see Theorems 1.6 and 1.7)
then if Zi is a minimal realization of Ze’ we can always define ¢, and ¢

is unique.

PROOF ¢ has to make the following diagram comutative.

Ze ———-—E————* X
(. 1) wi Y

) —_—s X

e f

A necessary and sufficient condition for the existence of ¢ is that f(wl) =
f(wz) implies that fow(wl) = fow(wz). If this condition is satisfied we
define ¢ as follows. Let X € Im f. Then there exists (x,w) € I. with )
x£0) = X Since w € I, also Y(w) € Ze and there exists an x such that
(x,p(w)) € Zi. Then define ¢(x0) = X(0). Notice that ¢ is arbitrary out-
side Im f and is uniquely determined on Im f. Hence if Im f = X then ¢ is
unique. Suppose that all minimal realizations of Ze are equivalent. Let

Zi be minimal. Since w(ze) = Ze also (id,w)(ziz with id : X > X the iden-
tity is a minimal realization of Ze' Hence there exists an equivalence

¢ : X > X between Zi and (id,w)(zi). Moreover ¢ is unique (Proposition

1.8). It is easy to see that (¢,¥) is a symmetry for Zi. 0

. . . . + - + .
Remark: We notice that the "canonical" realizations Zi s Zi and Zi (Defi-
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nition 1.4) satisfy the above conditions, i.e. if ¥ is an external symmetry
. . +
for Ze’ then there exist unique ¢'s such that (¢,y) is a symmetry for.Zi ,

- N +
Zi or Z{'. The crucial observation is that: w R+w — w(wl)R w(wz)

1 2

and w R_w2 = w(w])R_w(w

1 2)'

Let us now proceed to the definition of a symmetry for smooth non-

linear systems L(X,W,B,f) (Definition 2.20).

DEFINITION 4.3 A symmetry for a nonlinear system I(X,W,B,f) is a triple
($,9,2), such that ¢ : X > X, ¥ : W~>Wand ¢ : B > B are diffeomorphisms

for which the following diagram

B g B

\f £/ |

w—Lsw

X X ™
TX ——> TX |

Py
z//;x X

X ¢ X commutes.

(4.2) ™

It is clear that if (¢,¢,¢) is a symmetry for I(X,W,B,f) then (¢,¥)
is a symmetry for Zi(X,W,B,f) and Y is an external symmetry for Ze(X,W,B,f),
in the sense of Definition 4.1. For nonlinear input-output systems (Defi-

nition 2.21) the above definition simplifies considerably.

PROPOSITION 4.4 Let (¢,y,%) be a symmetry for a nonlinear input-output

system Z(X,E,Y,g,h). Choose local fiber respecting coordinates (y,u) for E,

and (x,u) for B = h*E; output induced by (y,u), such that I is given by

X

(4.3) y

g(x,u)
= h(x)

Then ¥ : BB has the form ¢(y,u) (p(y),v(y,u)) for certain smooth maps
o and v. Also hod(x,u) = y(h(x,u)) = p(h(x),u) = (p(h(x)),v(h(x),u))
(recall the definition of h:h'B -~ ﬁ, i.e. ﬁ(x,u) = (h(x),u)). Moreover

the following holds:

¢*g(°su) g(‘,v(h('),u))

(4.4) neh = hed

PROOF We refer to the (similar) proof of Proposition 2.29. 0
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Remark: Note that (4.4) expresses that ¢ maps the vectorfields g(+,u) onto
the feedback transformed vectorfields g(-,v(h(+),u)). This feedback is ac—-
tually output feedback.

For smooth nonlinear systems it is mathematically advantageous to

look at infinitesimal symmetries.

DEFINITION 4.5 Let I(X,W,B,f) be a smooth nonlinear system. An infinitesi-—
mal symmetry is a triple (S,T,R) with S,T and R vectorfields on X,W, res-
pectively B, such that (St’Tt’Rt) is a symmetry for every t ¢ R and t small

(Here St’ T, and Rt denote the one-parameter groups generated by S,T and R;

t
they are at least defined locally and for small t).

The notion of infinitesimal symmetry can be expressed in the follow-
ing concise way. Recall the definition of S for a vectorfield S on X (see
after Definition 2.25); if S has one-parameter group St then § is the vec-

torfield on TX with one-parameter group (St)*'

PROPOSITION 4.6 Let :(X,W,B,f), with f = (g,h), be a nonlinear system.

Then (S,T,R) is an infinitesimal symmetry, if and omnly if
$
T

[

(1) g,R
(ii) h,R

PROOF (S,T,R) is an infinitesimal symmetry if and only if (4.2) commutes
for every (St’Tt’Rt)’ t small. Equivalently:

1 ' o = o
(L)' (8),°8 = g°R,
(ii)' T °h = hoR .
Differentiating (i)' and (ii)' with respect to t, in t = 0, yields (i)
and (ii). ]

For infinitesimal symmetries we can answer Question 2 after Defini-

tion 4.1, affirmatively.

PROPOSITION 4.7 Let Z(X,W,B,f) be locally minimal (Definition 2.26). Let

(S],T,R]) and (SZ’T’RZ) be infinitesimal symmetries. Suppose that the dis-
tributions span {Rl(x,u)-Rz(x,u)} on B and span {Sl(x)-Sz(x)} on X have

constant dimension (i.e. 0 orl). Then R, = R, and S1 =S

1 2 2°

PROOF By Proposition 4.6 it follows that



179

I
wn
1
wn

(1) g,(R-Ry)) =55,

(ii) h*(Rl_RZ) =0

Now define the distributions D on X and E on B by

D(x) = span {Sl(x)—SZ(x)}

E(x,u) = span {R](X,U)“RZ(X,U)}

Then E and D are by assumption of constant dimension, and clearly involu-
tive. Moreover they satisfy

(i) gEcD

(ii) hE=0

D

(iii) ™ E
Since ©»(X,W,B,f) is locally minimal, this implies E = 0, D = O and hence
R] = R2 and Sl = SZ. 0

Remark: We can avoid the regularity assumptions on RI_RZ and SI_SZ in the

following way. It can be easily seen that R]—R2 € ker Oe, with the codis-

tribution 0% on B as defined after Theorem 2.35. Therefore, if we assume
that dim 0° = dim B on an open and dense subset of B (an assumption which
is somewhat stronger than local minimality, Prop2.39), then this implies
that R -

1
nuity R

is zero on an open and dense subset of B, and hence by conti-

N

) R2 everywhere. In the case of affine input-output systems (Defi-

nition 2.22) it can be seen that SI_SZ € ker 0, with O as in Definition

2.33. Therefore if dim 0 = dim X on an open and dense subset of X, then

Hence for a locally minimal system, R and S are in fact uniquely
determined by T. We now treat (external) symmetries for linear systems

(see Section 2.1.2, 2.1.3).

DEFINITION 4.8 Let Ze(P) be an external linear system with P ¢ nyq[s],
and W = RY. An external symmetry is a nonsingular linear map Q : W~ W
such that Q(Ze(P)) = Ze(P)-

Let £(A,B,C,D) be a linear system with state space X and inputspace U. A
symmetry is a triple (S,Q,T), with S : X+ X, Q : W->Wand T : X x U —>

X x U nonsingular linear maps, such that diagram (4.2) commutes.

PROPOSITION 4.9 Let (A,B,C,D) be a linear system

x = Ax + Bu , Xxe€e X, ue U, we W

w = Cx + Du

Let (S,Q,T) be a symmetry. Then there exists a nonsingular linear map
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S 0
F R). More

R:U=>U, and a linear map F : X » U such that T is given by (
over the following identities hold

A= s assrs™ s

4.5) BR = SB
qQC = (c+pFs s
DR = QD

Furthermore it follows that F(Ker C) © Ker D. Hence if D is injective (this
is the case if x(A,B,C,D) is feedback equivalent to an input-output system,
cf. Proposition 2.1), then F(Ker C) = 0 and there exists an H : W + U such
that F = HC.

PROOF Follows from the commutativity of (4.2). 0

In the light of Proposition 4.9 we call (S,Q,F,R) as in (4.5) or
(SyQ,H,R), if F= HC, a symmetry for a linear system.

Finally, we show that for linear systems we can answer Questions 1 and

2 after Definition 4.1 affirmatively.

THEOREM 4.10 Let P ¢ Rpxq[s], with W = RY. Let Q : W~ W be an external
symmetry. This is equivalent to Ker P(s)Q = Ker P(s), Vs ¢ £, or

E(P(s)Q) = E(P(s)). Let £(A,B,C,D) be a minimal realization of Ze(P). Then
there exist linear maps S : X > X, R : U~> U, H : W~ U with det S # 0,
det R # 0 such that (S,Q,H,R) is a symmetry for r(A,B,C,D). Moreover S,R
and HC are uniquely determined by Q.

PROOF Since Q is an external symmetry, also Z(A,B,QC,QD) is a minimal rea-
lization of Ee(P). Hence :r(A,B,C,D) and %(A,B,QC,QD) are feedback equiva-
lent (in a unique way). Hence there exist S,R and F satisfying (4.5). A
minimal realization of Ze(P) has the property that Ker D = 0. Therefore

F = HC. 0

We now proceed to the definition of a comservation law.

DEFINITION 4.11 Let Zi c (X><w)]R be a dynamical system in state space form.
Let 2 < wR be its external behavior. Let F, : W~> R be such that for
every w € Ze’ Fe(w(-)) € Lloc’ and let F : X - R. We call the pair (F,Fe)

a congervation law if

ty

(4.6) F(x(t,)) - F(x(t))) = [ F_(w(r))dr
t
1
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holds for all (x,w) € Zi and for all t2 > tl.
We call F in (4.6) the comserved quantity. Equation (4.6) expresses
that the decrease or increase of F along a trajectory x is only a function
of the external trajectory w.
For smooth nonlinear systems we can take the differential version of
(4.6). Recall that if F : X > R, then F: TX * R is defined by f(v) = dF(v),

for v € TX (see after Definition 2.25).

DEFINITION 4.12 Let Z(X,W,B,f) with £ = (g,h), be a nonlinear system.

Let Fe : W> TR and F : X > R be smooth functions. Then (F,Fe) is a con-

servation law if

(4.7) Fog = FeOh.

Notice that if (x,u), with x = (xl""’xn)’ are fiber respecting coor-

n
dinates for B, and w coordinates for W, then F(x,x) = z égl ii. Hence
i=1"71
ﬁOg(x,u) = ggl gi(x,u),and fog(x,u) is just the time-derivative of F in
i=1""1

X along a trajectory of the vectorfield g(:,u). So we can read (4.7) as

4 F(x,u) = Fe(h(x,u)), with é% the time-derivative with respect to g(+,u)

dt
(i.e. g& £ F). Instead of (4.7) we shall frequently use the sugges—
dt g(*,u)
. . d
tive notation EE'ZF = Fe'

Examples of conservation laws as in Definition 4.11 or 4.12 appear in
many instances. Consider an electrical network consisting of only lossless
elements (i.e. capacitors, inductors, transformers or gyrators). Take F, the
conserved quantity, to be the energy stored in the capacitors and inductors.
Let Ve e R™® and Ie e R" be the voltages and currents at the external chan-
nels of the network. Define Fe(Ve,Ie) = V;:Ie, i.e. the supplied power.

Then since the circuit is lossless EE-ZF = Fe.

Another example is provided by the first law of thermodynamics. We take
F equal to the internal energy and Fe equal to the sum of the external in-
stantaneous work performed on the thermodynamical system and the rate of
the supplied heat. More examples of conservation laws for Hamiltonian sys—
tems will appear at the end of Section 4.1.2.

Notice that Definitions 4.11 and 4.12 also cover the usual definitions of a
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conserved quantity for autonomous systems (i.e. no external influences).
Indeed if the system is autonomous then usually Fe(w(t)) = 0 for every
W€ Ze, and hence (4.6) and (4.7) yield F(x(tz)) = F(x(tl)) for all

. d . d . . . o
t2 2 t], respectively EE-F = 0, with It the time~derivative along the state
space equations of the system.

4.1.1 Symmetries and Conservation Laws for Hamiltonian systems.

In this section we show that in the case of Hamiltonian systems the
existence of (infinitesimal) symmetries and of conservation laws is close-
ly related to each other. First we define Hamiltonian (infinitesimal) sym-

metries.

DEFINITION 4.13 Let I(M,W,B,f) be a full Hamiltonian system, with (M,w)

and (W,me) symplectic manifolds. A symmetry (¢,¥,?) for I is called Hamil-

PR * e e

tontan if ¢ w = w and Y w = w .

An infinitesimal symmetry (S,T,R) is called Hamiltonian if fgw = 0 and
e

£Tw =0.

So an (infinitesimal) Hamiltonian symmetry should respect the sym-
plectic structure on M as well as on W. Actually, in the minimal case, the
internal symplectic invariance on M is implied by the external symplectic

invariance on W:

THEOREM 4.14 Let Z(M,W,B,f) be a full Hamiltonian system, which satisfies
the minimality rank condition (Definition 3.20). Let (¢,y,®) be a symmetry
such that w*we = 0%, Assume that ¢*w—w has constant rank. Then ¢* w= w.

Let (S,T,R) be an infinitesimal symmetry such that ETwe = 0. Assume that for

every t small, St*w—w has constant rank. Then £Sw = 0.

PROOF Since (¢,¥,8) is a symmetry, the commutativity of (4.2) yields that
(¢*,w) (£(B)) = £(B). Therefore r(M,W,B,f), with f = (¢*°g,w°h) is also a
Hamiltonian system. Hence g*((¢*)*ao = h*(w*uF) and g*& = h*® = h*w*uF =
g*((¢*)*$). This yields g*ﬁ = 0, with Q:= ¢*w - w, In the same way as in the
proof of Theorem 3.21 we derive that since I satisfies the minimality rank

condition(and hence is strongly accessible) Q@ = 0, or ¢*w = W, ]

Remark: We can avoid the regularity conditions on ¢*w - wand (St)*tu - w
by requiring that I satisfies the strong minimality rank condition (Defini-
tion 3.20), i.e. dim 0% = dim B on an open and dense subset of B (see the

Remark after Theorem 3.21).
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From now on we concentrate on infinitesimal symmetries. We shall speak
about symmetries when we actually mean infinitesimal symmetries.

Recall the set-up for Noether's theorem on Hamiltonian vectorfields
(see ABRAHAM & MARSDEN (1978), ARNOLD (1978)). A vectorfield S on (M,w) is
called a Hamiltonian symmetry for a Hamiltonian vectorfield XH on M if
(i) £qu = 0
(ii) s(H) = 0.
Then it follows from (i) that there exists (locally) a F : M » R such that
S = XF. Moreover (ii) implies XH(F) = =S(H) = 0. Hence F is a conserved quan-
tity for Xy Conversely, if F : M ~» R is such that XH(F) = 0, then S = XF
satisfies (i) and (ii) and is a Hamiltonian symmetry.

Concluding we can state Noether's theorem as follows: if S is a Hamil-
tonian symmetry for XH then there exists locally a conserved quantity F for

Xy If on the other hand F is a conserved quantity then XF is a Hamiltonian

symmetry.

Remark: Usually a restricted version of the above is called Noether's theo-
rem. In this restricted version it is assumed that M = T*Q and that the

symmetry vectorfields on T*Q are generated by vectorfields on Q. Originally
Noether's theorem was stated for vectorfields on Q which leave the ILagran-

gian 1invariant.

In our framework we obtain the following generalization of Noether's

theorem:

THEOREM 4.15 Let I(M,W,B,f) be a full Hamiltonian system. Let (S,T,R) be a
Hamiltonian symmetry. Then (locally) there exists a conservation law (F’Fe)’
i.e. é%{ZF =;Fe. Conversely if (F,Fe) is a conservation law, then there
exists a Hamiltonian symmetry (S,T,R) such that S = XF and T = XF .

e
PROOF Let (S,T,R) be a Hamiltonian symmetry. Since I(M,W,B,f) is Hamil-
tonian, g*é = h*we. Because S and T are Hamiltonian vectorfields, there
exist (locally) functions F : M+ R and Fe : W~> R such that S = X, and

T ='XF . Then by Proposition 4.6:
e

*e * .
g 0(R,-) = h"w®(R,-) == a(g,R,g,-) = u®(h R,h -)

0(8,8,7) = wS(T,h,-) == dF(g,-) = dF (b, -) == d(Fog) = d(F_oh)
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where we have used the fact that if w(S,-) = -dF, then L(é,—) = -dF (see
HERMANN (1976)). By using the freedom in the choice of Fe (uniquely deter-
mined by T up to a constant) we obtain Fog = Feoh. Hence (F’Fe) is a conser-
vation law. Conversely, let (F,Fe) be a conservation law. Define the func-
tion F - Fe: TMxW +~ R by setting (F—Fe)(x,x,w):= F(x,x) - Fe(w), for

(x,x) ¢ T™M and w ¢ W. Then the fact that (F’Fe) is a conservation law is
equivalent to: F - Fe restricted to f(B) is zero. Define the Hamiltonian

vectorfield Xﬁ—F on (TMxW,m * o= *we) with Hamilton function F - Fe. It
e

1 2

is clear that X. . (XI;,,XF ), with X; the Hamiltonian vectorfield on TM
e

and XF the Hamiltonian vectorfield on W. Since F - Fe restricted to f(B)
e

. . * o * e _ . -

is zero we obtain T, L (Xk,XF_Fe) = Xk(F Fe) 0 on £(B) for all

Hamiltonian vectorfields Xk tangent to f(B). Because f£(B) is Lagrangian

this implies that also Xﬁ—F = (XE:,XF ) is tangent to f(B). Denote S:= XF
e e

and T:= XF . Then, since (é,T) is tangent to f(B), we obtain for every t
e
small:

((5),,T ) (E(B)) = £(B).
Now we can construct a smooth one-parameter family ¢t : B > B such that

((St)*,Tt)Of = f°®t, for every t small. Define the vectorfield
ds

= —t
R on B by R(x):= it t=0(x).
Then (S,T,R) is aHamiltonian symmetry. 0

Remark: The proof of theorem 4.15 shows that in the definition of an infi-
nitesimal Hamiltonian symmetry the vectorfield R on B is somewhat redundant.
We can also define a Hamiltonian symmetry as a pair (S,T) with S and T vec-
torfields on M respectively W, satisfying

(i) £S.w=f_Twe =0

(ii) (S,T) is tangent to f(B) in every point of f(B).

Often one does not consider a single symmetry of a dynamical system,
but a group of symmetries. This can be also easily formalized in our frame-

work. We do not go into details, but only give the following key observation:
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THEOREM 4.16 Let I(M,W,B,f) be a full Hamiltonian system. Let (S1 Tl Rl),

i=1,...,k be Hamlltonlan symmetrles with conservation laws (F ,F ),
i=1, ,k. Then ([S SJ] [t TJ] [R RJ]) are Hamiltonian symmetrles with
conservation laws ({F FJ} {F J }) for all i,j = 1,...,k.

PROOF Take k = 2. Then (é‘,Tl) = (xfl,XF 1) and (éz,Tz) = (Xﬁz,XF 2) are
e e

tangent to f£(B) and the functions é] F ! and ﬁz - F;Z are zero restricted
2

to £(B). This yields that {ﬁ]-F l,F —Fe XFI l(F -F 2) = 0 on £(B)

(Poisson bracket on TMxW !) and that ([é] S 1, [T T ]) is tangent to £(B). [

Remark: Let P be the Poisson algebra on M generated by Fi, i=1,...,k.
Let Pe be the Poisson algebra on W generated by F:’, i=1,...,k. Define
a: P~ Pe such that (F,o(F)), with F € P, is a conservation law. Then it
follows that a is a Poisson algebra morphism. If £(M,W,B,f) satisfies the
strong minimality rank condition, then o : P(modulo constant functions)
—_ Pe is an isomorphism. (Use Proposition 4.7 and the Remark after Pro-

position 4.7).

4.1.2 Symmetries and Conservation Laws for affine Hamiltonian Systems.

We now specialize the results of the preceding section to the case
of affine Hamiltonian systems (see Section 3.3), to obtain more explicit
formulas than is possible in the general Hamiltonian case. We already no-
ticed in the remark after Theorem 4.15 that we can omit the vectorfield
R on B in the definition of a Hamiltonian symmetry. Since we also suppress—
ed the fiber bundle B in the definition of an affine Hamiltonian system

Z(M,T*Y,L) (Definition 3.23) we arrive at

DEFINITION 4.17 Let Z(M,T*Y,L) be an affine Hamiltonian system. A Hamil-

tonian symmetry is a pair of diffeomorphisms (¢,y), with ¢ : M > M and

¥ : T°Y > T'Y such that

1) G0 =

(ii) ¢*(u= w, w*me = o (me the natural symplectic form on T*Y).

An infinitesimal Hamiltonian symmetry is a pair of vectorfields (S,T), with
S a vectorfield on M and T a vectorfield on W such that

(1) (é(z),T(z)) € TZL, Vz ¢ L ((é,T) is tangent to L)

(ii) £gu = 0, £Twe = 0.
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Remark: Analogous to Theorem 4.14 we can prove that if dim O = dim M on an
open and dense subset of M(i.e. the strong minimality rank condition is sa-

tisfied) thenw*uF = together with (¢*,w)L =L (or £ u0=0 together with
(8(2),T(2))eT L) implies that ¢ w=w (or £

VAN DER SCHAFT (1983 b).

T

guw = 0). Details can be found in

We prove

PROPOSITION 4.18 Let (¢,y) be a Hamiltonian symmetry, then y : 'Y > TY

is fiber respecting. Let (S,T) be an infinitesimal Hamiltonian symmetry.
Then T is fiber respecting (i.e. w, T is a well defined vectorfield on Y,

*
with m : T Y - Y the projection). Therefore T has locally a Hamilton func-

tion of the form
m
(4.8) F (y,u) = iz,“iKi(y) + V(y)

for smooth functions Ki and V on Y((y,u)= (yl,...,ym,ul,...,um) are natu-

. *
ral coordinates on T Y).

PROOF The fiber respecting property follows from the structure of the sub-
manifold L (linear in the direction of the fibers of T*Y). If ¢ : 'Y > T'Y
is fiber respecting and satisfying w*me = me, then there exists a diffeo-

morphism p : Y > Y and a closed 1-form B on Y such that ¢ = T Op*, where

B
TB denotes fiberwise translation by B(see ABRAHAM & MARSDEN (1978, Exercise
5.2 B). Locally there exists a function £ : Y - IR such that B = df.

Equation (4.8) is the infinitesimal version of this theorem. 0

In the sequel we shall only deal with infinitesimal symmetries. There-
fore we omit for brevity the word infinitesimal. Theorem 4.15 specializes for

affine Hamiltonian systems to

THEOREM 4.19 Let Z(M,T*Y,L) be an affine Hamiltonian system with output
map C : M > Y and local representation (see Proposition 3.24)

m
X = XH(x) - iz uiXC (x)

=1 i

y; = Ci(x) i=1,...,m

where (yl,...,ym,u .,um) are natural coordinates and C = (C],...,Cm).

T
Let (S,T) be a Hamiltonian symmetry. Then there exist (locally) functions

F:M—>]R,Ki:Y->]R,i=l,...,m, and V : Y » R such that
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{H,F} = VoC

(4.9) {C.,F} = -K,oC i=1,...,m
1 1

Conversely if there exist functions F : M >~ R, Ki tY>R,i=1,...,m
and V : Y > R such that (4.9) holds, then (XF,X ), with Fe(y,u) =
F

m e
z uiKi(y) + V(y) is a Hamiltonian symmetry.
i=1

PROOF If (S,T) is a Hamiltonian symmetry, then we know by Theorem 4.15
that there (locally) exist functions F : M > R, Fe : W~> R such that

m

Fog = F ch with g given by g(x,u) = XH(X) - uiXC.(x) and h equal to

i=1 i
m

h(x,u) = (C(x),u). This yields {H- ] u,C.,F} = F_(C(+),u) =
i=1

m
{H,F}~ _Z u, {C;,F} = F_(C(+),u).
i=1
Since the left hand side is affine in u, also Fe is affine. Hence there

exist functions V and Ki onY, i =1,...,m, such that Fe(y,u) =

m
z uiKi(y) + V(y) (this also follows from Proposition 4.18). Then we ob-
i=1

tain (4.9). For the converse part we refer to the proof of Theorem 4.15. [

Remark: It can be easily deduced that V = 0 if and only if T is tangent to

. *
the zero-section of T Y.

A maybe unsatisfying feature of equations (4.9) is that we obtain
{H,F} = VoC, instead of {H,F} = 0 as is the usual definition of a conserved
quantity in the case of a Hamiltonian vectorfield. However, we shall show
that by adding a potential function P, only depending on the outputs, to
the internal energy H we can change {H,F} = VoC into {H+PoC,F} = 0.
(Notice that this is equivalent to applying Hamiltonian feedback, see De-

finition 3.25). In fact, we can prove the following more general

THEOREM 4.20 Let Z(M,T*Y,L) be an affine Hamiltonian system. Let (Si,Ti),
i=1,...,k, k€m, be Hamiltonian symmetries such that w*Ti, i=1,...,k
(by Proposition 4.18 well-defined vectorfields on Y; m is the projection
of T'Y on Y) are in every point of Y linearly independent and hence no-
where zero. Let (Fi,F:') be the corresponding conservation laws. Suppose

1.
that {Fe ,F; }=10, i,j = 1,...,k. Then we can (locally) construct a
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function P : Y > R such that {H+P°C,F1}

0, i =1,...,k.

i
o

PROOF Since {Fel ,FJ} =0, also (r',171 = 0. This implies [n T ,n T1]

i,j = 1,...,k. Therefore we can take local coordinates (yl""’ym) for Y
3%— , 1=1,...,k. Denote v, = F;’, i=1,...,k. Then we

such that ﬂ*Tl =
have independent fufictions Yyseees¥p and AFERRERA A k<m, such that

{yi,yj}=0 i’j=1:"'9m
{vi,vj} =0 i,j = l,...,k
{yi,vj} = aij i=1,.00,m, j=1,...,k

Therefore (Darboux's theorem, cf. ARNOLD (1978)) we can construct a com-

plementary set of independent functions v Vo such that {Vi’vj} = 0,

TR

i=1,...,m,j = k+l,...,m and {yi,vj} = Gij’ i=1,...,my j = k+l,...,m,

or equivalently,*{yl,...,ym,vl,...,vm} are canonical coordinates. Then the

submanifold of T Y given by VS e =V S 0 is Lagrangian :nd has there-

fore (locally) a generating function P : Y - R. Since I(M,T Y,L) has ge-
m

nerating function H - Z uici in the natural coordinates (yl,...,ym,
i=1.

: m
.,um), it has generating function H + PoC - z ViCi in the new ca-
i=1

upse

nonical (but not necessarily natural) coordinates (yl,...,ym,vl,...,vm).
i . i, .
Because Fe =V, 1= l,...,k and therefore T" is tangent to the section

v, = ... =v_= 0, it follows that {H+P°C,Fl} =0, 1=1,...,k. ]
1 m

Remark: Note that if we write C = (C "’Cm) corresponding to the y-

1*°
coordinates constructed above, we obtain

fo,Fd = -5, L=1,00,m j=1,...,k.
More details can be found in VAN DER SCHAFT (1983 b).

Finally we observe that if a conservation law satisfies {H,F} = 0 and
{Ci,F} =0, for all i = 1,...,m, i.e. Fe = 0, then if dF has constant dimen-
sion 1, the affine Hamiltonian system Z(M,T*Y,L) is not locally minimal.

In fact the codimension 1 submanifold F_](c) of M, with ¢ a constant, can be
(locally) factored out by the integral curves of the vectorfield X, to ob-
tain a new symplectic manifold M, with dim M = dim M-2. The affine Hamil-
tonian system projects (locally) to an affine Hamiltonian system Z(ﬁ,T*Y,ib,

which has the same external behavior as Z(M,T*Y,L) (cf. Theorem 3.36, see
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also the discussion at the end of Section 3.3.2).
We give some illustrative examples of Hamiltonian symmetries.

Example 1 Consider Newton's second law, written as

q 0 - [a 0 a
(5)= . 0) (p)+(l)u, y= 0@ =q qe R, peR.

If u = 0, then p is a conserved quantity, indeed {7% pz,p} = 0. Since
{q,p} = -1 the corresponding external Hamiltonian symmetry on Y = TR
is given by the Hamiltonian vectorfield é%- with Hamilton function u. So
the external behavior is invariant under translation of the output y = q.
The total symmetry is given by (S,T) = (é% , g%), i.e. translations of q

and y. The conservation law equals (F,Fe) = (p,u), indeed é% p = u.

Example 2 Consider the affine Hamiltonian system

q -l-p 0
(.)=(m ) +()u,y=q,q€1R,P€]R

dR
"Ha(q) 1
. . . 1 2 dR .

with R a potential function. Then {EE p +R(q),p} = - Ea(q). Since y = q
we can define V : Y > R (with Y = R) as V(y) = - g%(y). Because {q,p} = -1

. . . 3 . d2r 3 * .
we obtain the external Hamiltonian symmetry 5§-+ ——5-(y) o on T Y, with

dy
Hamilton function u - %%(y). Thus the conservation law is (F,Fe) =
2

dR . . . ] 3 d'R 3

(psu dy(y)) and the Hamiltonian symmetry is (563 5§~+;;7(y) 5;).

Of course the potential function P as in Theorem 4.20 is given by -R.

Example 3 Consider a particle in ]R3 with mass m in a potential field V,

and subject to an external force u:

. . oV .
mq, = - sa; tu, oy, =q;, i=1,2,3.
- 3
Suppose that V(q) (or equivalently Z 7%?i? + V(q)) is invariant under ro-

tation around the e]—axis. Then we know that the rotations around the e~

. *
axis generate a symmetry S on T ]RB, the phase space. For zero external

force the angular momentum around the e, -axis is preserved, i.e.

1
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dI . .
i - 0, with I:= <gxmg,e >.

However for a nonzero external force u we obtain

dI
— = <gxu,e

ac > = <yxu,e >.

1 1

. 3 * .
Now I:= <yXu,e,> is a function on T Y. Hence (I,Ie) forms a conservation

1
*
law. The corresponding external Hamilton symmetry T:= XIe on T Y is given

by v, 0 0 0\ fy, u, 0 0 0\ /fu
d d _ _

| V2 0 0-=11lyy|> g (%2)= |0 O-1/iw

Y3 0 1 0 Y3 ug 01 0 uy

This expresses the fact that the output corresponding to an external force

whose direction is rotated around the e —axis, is obtained by rotating

1
the output in the same way.

Example 4 Consider the rigid body with three controls as treated in Sec-
tion 3.5. The internal energy is invariant under left translation Lgh = gh,
g,h € S0(3). The infinitesimal generators of this left action of SO0(3) on
itself are the right-invariant vectorfields on S0(3). Since C: T*SO(3) —
Y = S0(3) is just the projection, the Hamiltonian symmetries are of the
form (R*,R*), with R a right-invariant vectorfield on SO(3), and R" the
induced vectorfield on T*SO(3).

In the case of the rigid body with two controls we have an output
map T*SO(3) T, S0(3) —L Sz. The map C: S0(3) —> 82 is obtained
by factoring out a left—invariant distribution D on SO(3) (cf. Section 3.5).
Now it can be easily checked that no right-invariant vectorfield R on S0(3)
projects under C toa well-defined vectorfield on Sz. Hence the usual sym-
metries for the rigid body do not yield any Hamiltonian symmetry for the

rigid body with two controls.

We close this section by giving the definition of a symmetry for
degenerate Hamiltonian systems (see for more details VAN DER SCHAFT (1983 b).

DEFINITION 4.21 Let Z(M,T*Y,L=L'n(TMXP)) be an affine degenerate Hamil-

tonian system (Definition 3.28). A pair of vectorfields (S,T) is an infini-
tesimal Hamiltonian symmetry for Z(M,T*Y,L) if (S,T) is an infinitesimal
Hamiltonian symmetry for Z(M,T*Y,L') and the vectorfield T is tangent to

P c T*Y, i.e. T(z) € TZP for every z € P.
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Remark: A similar definition can be given for a general degenerate Hamil-
tonian system (Definition 3.10) by requiring that T is tangent to the res-—

triction manifold K.

4.1.3 Symmetries and Conservation laws for linear Hamiltonian systems

In this section we briefly sketch the situation for linear Hamiltonian

systems.

DEFINITION 4.22 Let Ze(P) be an external Hamiltonian system on (W,Je)

(Definition 3.43), i.e. dim Ker P(s) = m, for each s, and Ker P(s) is for
every s = iw, w € R, a Hermitian Lagrangian subspace of (W¢,wic), where
mi:is the Hermitian symplectic form on wz induced by J®. An external linear

Hamiltonian symmetry is an external symmetry Q : W - W such that QTJeQ = J%.
We obtain (compare Theorem 4.14)

THEOREM 4.23 Let Ze(P) be an external Hamiltonian system and let %(A,B,C,D)
be a minimal Hamiltonian realization with state space (X,J). Let Q be an
external Hamiltonian symmetry. Then there exists a symmetry (S,Q,H,R) for
£(A,B,C,D) (Theorem 4.10). Moreover S : X » X is symplectic, i.e. STJS = J.

PROOF By Theorem 3.40 we may assume that Z(A,B,C D) is a minimal input-
output realization of I (P), with C = ( ) and D = ( ) in a canonical basis

of W. It follows from (4.2) that Q in thls basis has the form Q = (Ql g ).
Q Q
Moreover since Q is symplectic Q3 (Ql ) -1 and QITQ2 = QZTQI' It also
follows from (4.2) or (4.5) that R = (Q] -1 and that we may take H = Q2.
Then (4.5) yields: SA = AS + BQ,C, SBQ1 = B and Q16'= CS. Since I(A,B,C,D)

is a Hamiltonian input-output realization ATJ + JA =0, BTJ = C. Therefore
T T T = -
(1) s JB=-S¢C CTQIT = JBQIT = JS lB

(2) stI(aB) = -sTaTsp = -(aTsT- CTQZTBT)JB -aTsTyB + ETQérEB.

Now by (1) —ATSTJB = -aTss7'B = gas7's = J(S Tass™ qucs hg =

(AB) + JS BQ2CS ]B Furthermore JS BQZCS lB = JBQ1 QZQ CB =

JBQ2 B -‘C Q2 CB. Hence S J(AB) (AB) By induction we can prove
that S J(A B) = (A B), for every r = 0,1,2,.... Then by controllabili-
ty STJ = JS 1, or STJS =J. 0
Remark 1: Notlce that since Q C = CS we obtaln A= (A+BQZCS )S

T

(A+BQ2Q C)S Because (Q2Ql ) = (Q] )~ Q2 = QZQ , the term
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BQZQ]'1 C is Hamiltonian feedback (Definition 3.25).

Remark 2: By using the same arguments as above, we can prove that two mi-
minal linear Hamiltonian realizations Zj(Aj,Bj,Cj,Dj) of Ze(P) with state
spaces (Xj,Jj), j = 1,2, are linked by an equivalence map S : X, > X such

1 2’
that STJZS =J, (compare Theorem 3.21, see also the end of Section 5.2.2).

As we already remarked, it follows by the state space isomorphism
theorem (see for instance BROCKETT (1970)), that S in (S,Q,H,R) is uniquely
determined by Q. Let us now assume that a group G of external symmetries
for Ze(P) is acting on W. In other words, there exists a group represen-
tation G -—~—E————* GL(W), such that every Q € Im p is an external symme-
try for Ze(P). If £(A,B,C,D) with state space (X,J) is a minimal realiza-
tion of Ze(P), it follows by Theorem 4.2% that for every Q € Im p there

JS, = J. Since S, is unique, it

Q7"Q Q

if QI’QZ € Im p. Hence we have obtained

exists a unique SQ : X > X, such that §
is easy to see that S ‘=8 S

4 QQ, ~ Q,°Q,
another representation G — GL(X), which is equivalent to the re-
presentation p. Notice also that Im p is contained in the space of symplec-
tic matrices on (W,Je) and that Im o is contained in the group of symplec-—

tic matrices on (X,J).

Finally, instead of linear Hamiltonian symmetries we can also consider
infinitesimal linear Hamiltonian symmetries. The associated conservation

laws are quadratic functions of x and w.

4.2 Time-reversibility

In this section we deal with a special kind of "symmetry'", namely
time-reversibility. This notion does not fit into the definition of symme-
try given before, since it involves a change of time-direction.

After treating time-reversibility for general set-theoretic, non-
linear and linear systems, we look at time-reversible Hamiltonian systems.
For linear and affine nonlinear Hamiltonian systems we are able to prove
that, very roughly speaking, time-reversibility corresponds to the proper-
ty that the internal energy is the sum of a "kinetic energy" and a "poten-
tial energy" and that the inputs are really external "forces". This shows

that the often encountered statement that "Hamiltonian systems are neces-—
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sarily time-reversible" is only true for a specific, although important,

subclass of Hamiltonian systems.

In analogy with Section 4.1 we define time reversibility first for

set—theoretic systems (see Section 1.2). Let V be an arbitrary set. We

define the time-reversal operator R : V]R > VIR by (R(v))(t) = v(-t), for

vV € Vn{.

DEFINITION 4.24 Let Ze c w]R be an external (time-invariant) dynamical sys-

tem (Definition 1.1). Then Ze is time-reversible if R(Ee) = Ze.

A definition of time-reversibility for a dynamical system in state
space form Ei is more problematic. Of course we could require that
R(Zi) = Zi. However, this requirement is too strong, especially since we
want that time-reversibility of z, is more or less equivalent to "time-

reversibility" of Zos if L, is a minimal realization of .. Therefore

DEFINITION 4.25 Let Ei c (Xxw)lR be a dynamical system in state space form

(Definition 1.2). Let R : (X><W)]R > (XXW)lR be the time-reversal operator.
Zi is dynamic time—reuersib?e if there exists a map ¢ : X > X, with ¢2 = id
(¢ is an Znvolution), such thatR°(¢,id)(Zi) = Zi (with ((¢,id) (x,w))(t):=
(¢(x(t)),w(t))). ¢ is called the time-reversing symmetry.

Example: Consider an autonomous system described by the equations:
. oV . 3 ., . .
m.q; + 3&; (ql""’qn) =0,i=1,...,n, q; € R, i.e. n particles in a

6n

potential field. The state is given by (ql,...,qn,él,...,in) e R This

system is dynamic time-reversible with time reversing symmetry (ql,...,qn,
é],...,&n) — (ql,...,qn,—&l,...,-&n). If we define the output

y = (ql,...,qn) (the positions),then the external system with external
variables y is time-reversible, i.e. if y(*) : R +-IR3n belongs to the
external behavior then also the time-reversed function Ry(:) : R »'m?“ is
a feasible external trajectory. If we assume that we can also exert forces
on the n particles then the resulting external behavior consisting of all
functions (y(+),F(*)) : R - ]R3nx ]R3n (with F = (Fl""’Fn) the ex-
ternal forces) is also invariant under time-reversal. So if F(-) yields
y(+) for a certain state space trajectory, then there exists a state space

trajectory such that the time-reversed external force RF(-) yields Ry(-).

Remark: Note that if we extend the definition of symmetry (see the remark
after Definition 4.1) then time-reversibility is a symmetry in this genera-

lized sense.
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It is clear that if L, is dynamic time-reversible, then the external
behavior Z, of L is also time-reversible. The question arises when the

time-reversibility of I, implies dynamic time-reversibility of Zi.

PROPOSITION 4.26 (Compare Proposition 4.2). Let Ze be time-reversible, and

let Zi be an externally induced realization of Ee (Definition 1.4), i.e.
there exists f : Ze + X such ;hat (x,w) € Ei = x(0) = f(w). Then there
exists a map ¢ : X > X with ¢~ = id such Ro(¢,id) Zi =1z (i.e. Ei is dy-
namic time-reversible) if and only if f(w]) = f(wz) > fOR(w}) =

fOR(wz), for all Wy W, € Ze. Furthermore ¢ is unique if and only if f is

2
surjective. If all minimal realizations are equivalent, then minimality

of Zi implies that we can always define ¢, and that ¢ is unique.

PROOF ¢ has to make the following diagram commutative

S S

e

| ;
v

1, —L— x

e -

A necessary and sufficient condition is that f(wl) = f(wz) = fOR(wl) =
fOR(wl%. Then ¢ is uniquely determined on Im f. Defin; ¢ outside Im f such
that ¢~ = id. We prove that ¢ inside Im f satisfies ¢~ = id. Let (x,w) € Zi
with x(0) = X = f(w). Then ¢(x0) =%, with X, = x(0) if (x,Rw) € Zi.

Then R(¢(;),R(w)) = (R°¢(;),w) € Zi and hence Xy = ¢(x1) = ¢2(x0). Suppose
now that all minimal realizations are equivalent. Let Zi ====>Ze and Zi
minimal. Then RZi is also a minimal realization. Hence there exists a uni-
que ¢ : X > X such that (x,w) € Zi = R(¢(x),w) € Zi (see Proposition

1.8). 0

Remark: We notice that_?f satisfies the above conditions, i.e. if Ze is .
time reversible, then Zi‘ is dynamic time-reversible. The crucial observa-
tion is: w1R+w2 = (RWI)R—(RWZ) and wlR—w2

that the other '"canonical" realizations Zi and Zi do not necessarily

s (Rwl)R+(Rw2). Notice

satisfy the conditions !

We now proceed to the definition of time-reversibility for nonlinear

systems (Section 2.2).
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DEFINITION 4.27 A smooth nonlinear system I(X,W,B,f) is called dynamic

time-reversible if there exists a diffeomorphism ¢ : M -+ M, with ¢2 = id,
such that

(4.10) (¢,,1d) (£(B)) = (N,id) (£(B))
where N : TM +~ TM is defined by N(x,i):= (x,—i).

If I (X,W,B,f) is in local coordinates given by X = g(x,u), w = h(x,u),

then this means that ¢*(g(-,u) = =-g(+,u) and h(4(x),u) h(x,u) (compare

Proposition 4.4).
For linear systems we prove that time-reversibility of the external
system is equivalent to dynamic time-reversibility of a minimal realization

(compare Theorem 4.10).

THEOREM 4.28 Let P ¢ RP 0[s], with W = R?. Then £_(P) is time-reversible
if and only if Ker P(s) = Ker P(-s), ¥s € €, or equivalently E(P(s)) =
E(P(-s)). Furthermore let £(A,B,C,D) be a minimal input-output realization
with feedthrough term of Ze(P), i.e. D = (2 ) and C = (g). Then if Ze(P)

is time-reversible there exists a unique noﬂsingular map V : X » X, with

V2 = I such that
-1
-A = VAV
(4.11) -B = VB
t=cv!

Hence L(A,B,C,D) is dynamic time-reversible (with involution V). Conversely

if z»(A,B,C,D) is dynamic time-reversible, then Ze(P) is time-reversible.

PROOF It is clear that Ze(P) is time-reversible if and only if E(P(s)) =
E(P(-s)). Let £(A,B,C,D) be a realization of Ze(P). Then % (-A,-B,C,D) is a
realization of Ze(P(—s)). Hence if E(P(s)) = E(P(-s)) and I(A,B,C,D) is mi-
nimal, there exist maps V : X > X, F : X > U, T : U > U, with det V # 0,
det T # 0 such that

-A = V(A+BR)V |
-B = VBT
¢ = (c+DF)V !
D = DT

Since D is injective, it follows that T = I. Let now D = (?) and C = (g).
m
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Then it follows from C = (C+DF)V‘_1 thatF = 0. This results in (4.11). More-
over V in (4.11) is unique. Since clearly also V—] satisfies (4.11), it

follows that V2 =1I. 0

Theorem 4.28 implies a sort of normal form for a time-reversible lin-

ear system (see WILLEMS (1978)). Since V2 = I we can always find a basis for

I 0
X such that V = { ) , with k+£ = n = dim X. Then (4.11) yields in this
£
basis
0 A oy _
(4.12) A= (Az o ) , B = (Bz) , T = (c,0).

4.2.1 Time-reversibility for Hamiltonian systems

In this section we combine the notion of (dynamic) time-reversibility
with the Hamiltonian structure of the system. We require that the time-re-

versing symmetry is an anti-symplectomorphism.

DEFINITION 4.29 Let r(M;W,B,f) be a full Hamiltonian system. I is called

time-reversible Hamiltonian if there exists a diffeomorphism ¢ : M > M (the
time-reversing symmetry) satisfying

(i) ¢ = id

(ii) ¢*m = -w (w is the symplectic form on M)

such that (¢*,id)(f(B)) = (N,id)(£(B)) with N : TM > TM defined by N(x,i) =

(x,-%) .

Remark: For brevity we have omitted the word '"dynamic" in the above defi-
nition.
. .. . . * . .
Using local minimality, we can in fact prove that ¢ w = -w (¢ is anti-

symplectomorphism) is implied by the other conditions (compare Theorem 4.14).

THEOREM 4.30 Let £(M,W,B,f) be a locally minimal full Hamiltonian system.
Let I be dynamic time-reversible (Definition 4.27), i.e. there exists
¢ : M > Mwith ¢2 = id and (¢*,id)(f(B)) = (N,id) (f£(B)). Assume that ¢*w+w

*
has constant rank. Then ¢ w = -w.

PROOF Write f£ = (g,h). It is clear that y(M,W,B,f) with £ = (Ne¢,og,h)
satisfies ?(B) = f(B), and thus is also a Hamiltonian system. Hence

(N°¢*°g)*é = n"w®. Together with g*é = h*w® this yields g*((N°¢*)*&—&) =0
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or, g*((¢*)*N*é—é) = 0. Since N = -, we obtain g*é = 0, with Q:= ¢ w +u.
In the same way as in the proof of Theorem 3.21 we derive that local minima-

lity implies @ = 0, or ¢*w = -w. 0

. . L *
Remark 1: We can again omit .the constant rank condition on ¢ w + w by con-
sidering 0® (see the remark after Theorem 3.21), and requiring that dim 0® =

dim B on an open and dense subset of B.

Remark 2: Let I(M,W,B,f) be time-reversible Hamiltonian with time-reversing
symmetry ¢ : M - M. Let H(q,p,u) be a generating function for £(B). Then,
since (¢*,id)(f(B)) (N,id) (f£(B)) and ¢*m = -w, we obtain that H(¢(q,p),u) =

H(q,p,u) + constant.

Diffeomorphisms ¢ : M + M satisfying ¢*w = —w and ¢2 = id have been studied

in MEYER (1981), from which we summarize the following results,

THEOREM 4.31 Let (M,w) be a symplectic manifold. Let ¢ : M > M satisfy
¢*m = - and ¢2 = id. Then the set of points p € M such that ¢(p) = p forms
a Lagrangian submanifold Q of M. Moreover there exist an open neighborhood
Uof Qin M and a diffeomorﬁhism Yy from U to an open neighborhood V of the
zero-section in T*Q such that, if we denote the natural symplectic form on
T*Q by » and take natural coordinates (q],...,qn,p],...,pn) for T*Q,

i) ve=o

1) 0oy (apseeesdpaPyseeesD

n) = (qlg---,qn,"P],---,‘Pn)-

We see that ‘the existence of a time-reversing symmetry has some impli-
cations for the form of the generating function H(q,p,u), which by Remark
2 has to satisfy H(¢(q,p),u) = H(g,p,u) + constant. We shall only analyze

this for affine Hamiltonian systems.

4.2.2 Time-reversible affine Hamiltonian systems

Let Z(M,T*Y,L) be a full affine Hamiltonian system, which in local coordi-

nates is given by

m
X = XH(x) - Z uiXC (x)
i=1 i
(4.13)
y; = Ci(x) i=1,...,m

with (yl"°"ym’u1""’um) natural coordinates for T Y. Then it is easily



198

seen from Definition 4.2Y that I is time-reversible Hamiltonian if and only

if there exists a diffeomorphism ¢ : M > M with ¢2 = id and ¢*w = -w such

that

01Xy = Xy

(4.14) 0%, = X

O0f course we can prove, analogous to Theorem 4.29 that, if dim O = dim M on
an open and dense subset of M,i.e. I satisfies the strong minimality rank
condition, equations (4.14) Zmply that ¢*w = -w. Even the property of in-
volutiveness of ¢(¢2=id) is in a certain sense implied by (4.14) and local

minimality:

PROPOSITION 4.32 Let ¢ : M -+ M be a diffeomorphism satisfying (4.14). Let

G be the Poisson algebra of the affine Hamiltonian system (4.13) (see Sec-
tion 3.3.1). Then (¢2)*f f, Vf ¢ G. Hence if 0 (0(x) = span dG(x)) has
dlmen31on equal to dim M everywhere in x, and ¢ has a fixed point X (i.e

) (x )=x ), then, if M is pathconnected from Xy ¢ = id.

PROOF By (4.14) ¢*ci =C;» and ¢*{H,Ci} = ¢*(£ C.) =¢ -1 q>*ci =

Xt b, Xy

= £_X Ci = —{H,Ci}.
H
Therefore, by induction to the number of Poisson brackets we can prove that
¢*f +f for every f ¢ G. Hence (¢2)*f f, for every f ¢ G. Let now
(¢ )(x ) = x, Then consider the vectorflelds Xf, with £ ¢ G. Since (¢ ) f =
f and ¢ w = -w, it follows that (¢ Yy X = Xf. Since 0 has full dimension

we can now travel along the integral curves of X_ to every point x € M, and

2 £
we obtain ¢ (x) = x. 0

Remark: Notice that we really need the assumption of a fixed point. Consi-
der for instance M = T'R with ¢ the translation in the gq-direction by +m
(qeR) . Let G be the vectorspace spanned by the functions cos q, sin q and p
((q,p) natural coordinates for T*]R). Then clearly dim 0 = dim dG = 2 every-
where, and (¢2)*f = f, ¥f ¢ G. However ¢2 # id.

We conclude that for a Hamiltonian system to be time-reversible H and
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Ci have to satisfy

*
¢ H=H + constant

(4.15) ¢7c. = c., i=1,...,m

Let us now apply Theorem 4.31 and choose canonical coordinates (ql,...,qn,
pl,...,pn) around Q (the set of fixed points of ¢) such that ¢(ql,...,qn,
pl,...,pn) = (ql""’qn’-pl""’_pn)' I1f H(q,p) is quadratic in the p-coor-
dinates, then it follows from (4.15) that H can be written as

n ..
H(q,p) =4 ] glJ(q)pipj + V(q)

i,j=1

]

for smooth functions gl : Q > R, satisfying glJ = gji, i,j = l,...,n, and
a smooth function V : Q ~» R. Hence H is the sum of a potential energy V
and a kinetic energy given by a "Riemannian metric" with component functions
n .
. . . Jky _
gij (with gij satisfying jEl(gij)(g ) 6ik)'

These considerations lead us to the definition of the following sub-

class of Hamiltonian systems.

DEFINITION 4.33 Let Q be a manifold with Riemannian metric <,> (<,> 1is

non-degenerate but not necessarily positive definite) . Let (ql,...,qn,
pl,...,pn) be natural coordinates for T*Q. In these coordinates (ql""’qn)
for Q the metric <,> is given by smooth functiozs gij : Q-+ R, i,j = 1,...,n
with gij = gij' Define the kinetic energy K : T Q -+ R by K(q,p)

n .. ..
z glinpj, with (glJ) the inverse matrix of (gij). (K can be also de-
i,i=1

fined in a coordinate free way, see ABRAHAM & MARSDEN (1978 , Def. 4.5.2).)

Let V : Q> R and C: Q > Y, with component functions Ei’ i=1,...,m, be

| —

smooth maps, and denote V:= Von, C:= Eon, Ci:= Eion, with ©m the projection
of T*Q on Q. Define the internal energy H:= K + V. We call the affine Ha-

miltonian system

m
X = XH(X) - 2 uiXC (%), X € T*Q
i=1 i

V.

i = Ci(x) i=l,...,m

with state space M = T*Q a simple Hamiltonian system.

It is clear that a simple Hamiltonian system is time-reversible with
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time-reversing symmetry ¢ : T*Q - T*Q given by (q,p) » (q,-p). Of course ,
there are many other reasons why the simple Hamiltonian systems form a na-
tural subclass of the set of all Hamiltonian systems. In Chapter 5 we shall
consider the connection between simple Hamiltonian systems and gradient sys-—

tems.

4.2.3 Time-reversible linear Hamiltonian systems

In this section we show that for linear systems the property of time-
reversibility of a Hamiltonian system is exactly equivalent to the system

being a simple Hamiltonian system.

THEOREM 4.34 Let P(s) € Bimxzm[s], surjective for every s € €. Let W = Ilzm

be a symplectic space with linear symplectic form J%. Let Ze(P) be an ex-
ternal Hamiltonian system (i.e. Ker P(s) is a complex Lagrangian subspace

for every s on the imagindry axis, see Definition 3.42), and time-reversible
i.e. Ker P(s) = Ker P(-s), ¥s ¢ £. Then there exists a minimal realization

% (A,B,C,D) of Ze(P) with the following properties:

i) D = (g ) and C =(8), in a symplectic basis w (y,u) of (W,Je).
m

R?n, and has a symplec-

ii) The state space X is even—dimensional, say X
tic form J.

iii) There exists a symplectic basis (q,p) = (ql,...,qn,pl,...,pn) for (X,J)
such that:

0 P 0. — o~
(4.16) A= (_Q 0),B=(§), ¢=(CcO0

Be RY™ and € e R®® and satisfying P = PT, Q = QT

and NBT = C. We call £(A,B,C) as in (4.16) a time-reversible Hamiltonian

. X nxn
with P and §Q ¢ R s

system in normal form.

PROOF Since ZE(P) is Hamiltonian, there exists a minimal realization

L (A,B,C,D) with state space X such that D = (2 ), C = (g) in a symplectic
m
basis for (W,Je). Furthermore there exists a unique symplectic form J on X

such that (Theorem 3.43)

1]
o

ATJ + JA

(4.17) BTJ

L}
al
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Moreover X = ]Rzn for a certéin n. Since Ker P(s) = Ker P(-s), also

Z(-A,—B,E) is a minimal input-output realization of Ze(P). Hence (Theorem
. . . 2

4.28) there exists a unique nonsingular map V : X > X, with V' = In such

that

1 -1

(4.18) -A=VAV ', -B=VB, C=CV
It follows from (4.17) and (4.18) that for all r = 0,1,2,.

(4.19) vIs(aTB) = -Jv(aTB)

Hence by controllability of (A,B), VTJ = -JV or equivalently

(4.20) Vi = -J.

Now it follows from MEYER (1981, Lemma 1) that there exists a symplectic

basis (q,p) = (ql,...,qn,pl,...,pn) such that

In 0
(4.21) vV = (0 -1 )
n

It follows from (4.17) and (4.18) that in this basis A,B and C have the
required form (4.16). . 0

Remark 1: Note that we can even take a symplectic basis of X for which

(4.16) holds, and such that B and C have the simple form

L 0 I 0
~ k ~ k
. - = <

(4.22) B (0 0) , C (0 O) k<m

This can be seen as follows. Let rank C = k. Then there exists a nonsingu-
lar S : B > R® and T : R™ > R™ such that T'(VJS_1 = IK 0} . Now apply

_ s o ) E T S
the symplectic basistransformations S = (0 (ST)—I and T = 0 (Tt)_l
0o P
to X, respectively W. Then A = -Q 0) transforms to
0 spsT 0 0
, B = (E) transforms to Ik

~sTylos™! o -
. K
and C=(C 0) transforms to 0

0 0

Remark 2: Of course the conditions on Ee(P) to be time-reversible Hamil-
tonian can also be given as the following conditions on the transfermatrix

G(s) associated with P(s): G(s) = GT(—s) and G(s) = G(-s).
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We see that the linear Hamiltonian system (4.16) has an internal

T T
energy equal to jp Pp + 3q Qq. Moreover

PROPOSITION 4.35 Let (A,B,a) be as in equation (4.16). Then Z(A,B,E) is

minimal if and only if (PQ,P%) is controllable. Hence if Z(A,B,E) is mi-
nimal, then det P # 0.

PROOF Since Z(A,B,E) is Hamiltonian we have the equivalence: (A,B) con-
trollable <= (E,A) observable (this follows easily from 4.17). There-
fore: (A,B,C) minimal <= (A,B) controllable. It is easy to see that

(A,B) controllable <= (PQ,PE) controllable. O

Since det P # 0 if Z(A,B,C) is minimal, we can interpret the term
%pTPp as the kinetic energy (motice however that not necessarily P > 0).
The term %qTQq equals the potential energy, and the outputs are the posi-

tions and the inputs the external forces. Finally we state:

PROPOSITION 4.36 Let Ei(Ai,Bi,ai), i =1,2,be two minimal realizations of

a time-reversible Hamiltonian system Ze(P) as in (4.16), i.e.

o e, 0 .
A "\lq. o ) » By = (E.) » €5 = (¢ 0.
1 1

Let K : m?“ - R?n be the unique equivalence between I

A =KAK ), B, = KB, C, = C K !. Then K has the form

1 and 22, i.e.

2 1 2 1
L 0
. nxn T.-1 . s

K = (O E with L and M ¢ R and M = (L°) . Moreover L satisfies
LTPZ—IL = P]"l LTEI - B,

(4.23)
'1‘ ~ ~
L'QL =gQ C, = C,L

PROOF Writing out BI’AIBZ""’ and B8,,A,B.,..., and using controllability,

2272722
one sees (since for r = 0,1,2,... K has to satisfy KA B =a rBz) that

L o 1 2
K = (O M) . Because Zi(Ai,Bi,Ci) are minimal Hgmllfgnlan, the equivalence
K has to be symplectic, i.e. KTJK = J with J = (I 0“) . This yields

. n -
M= (LT)—]. The rest follows easily. O

Remark 1: Note that if rank Ei = rank B.1 = m, and if we take a basis of X

such that Bi = (2 ) and Ei = (Im 0) (this is possible by Remark 1 after
m
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Theorem 4.34), then L has to be the identity.

Remark 2: Let Zi(Ai,Bi,Ei), i =1,2,be two minimal realizations, with state
spaces (Xi’Ji)’ i = 1,2, of an external Hamiltonian system. Then the unique
equivalence mapping S : X, =+ X, satisfies S_IA S=A and $'J.8 = J,. There-

1 2 1 2 1
fore ST(JZAZ)S = JA. Since ix TJ A.x and }x, J A x are the internal ener-

2 72 171
gies, we can say thal S leaves the iiternal energylof a minimal realization
invariant. Equations (4.23) imply that if we consider minimal realizations
of time-reversible external Hamiltonian systems, then S leaves also the
kinetic energy and the potential energy invariant. We remark that for reci-
procal systems (or gradient systems, see Section 5.2.2) a similar result

can be stated, namely that the difference of the "kinetic'" and "potential"

energy (or "electric" and "magnetic" energy) is an invariant (WILLEMS (1972)).

4.2.4 Synthesis of linear LCT-networks

We show that a linear electrical network consisting of only induc-
tors (L), capacitors (C) and transformers (T) is, apart from possible de-
negeracies, a time-reversible Hamiltonian system. Conversely, we show that
every time-reversible Hamiltonian system with a positive internal energy
can be realized by an LCT-network. This equivalence allows us to give ne-
cessary and sufficient conditions on a transfer matrix in order to be the
driving point admittance or impedance of a LCT-network (we can also allow

for hybrid representations).

First we give the simplest example of a LCT-network: a capacitor C

coupled to an inductor L. There are two cases

a. Series interconnection

|

Let: Ve the external voltage
o1 the magnetic flux of L
the electric charge of C

IL the current of L, V. the voltage of L

L
IC the current of C, VC the voltage of C.
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We have the constitutive relations (Compare (3.29) and (3.32))

LI

¢L L

(4.24)

9% = V¢

and the interconnections (Kirchhoff's laws)

V =V, +V
(4.25) e ¢ L
I,=1
. . |
This yields: 9 = IC = IL = L¢L
. 1
L6 A A (o R P e
Qr:'
q 0 l- q 0
(4.26) & ( C) - -( 1 L) ( C) + ( , v
9y, ) oL ioe

If we define the output y by

= qny -
(4.27) y = (OGO =g

then (4.26) together with (4.27) is a time-reversible Hamiltonian system as
in (4.16).

b. Parallel interconnection

Ie the external current

With the same notation as above we have the interconnection

(4.28)
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This yields
1
4 6 0 T ¢L 0
—(L)=(1 + 1
dt 'q 1 ; e
C 1 [V} 1

If we define the output

oy,
(4.30) y=(10) (qC) = ¢

then we have again obtained a time-reversible Hamiltonian system.

Remark: Usually the output in Case a) is taken to be § = IC’ and in Case

b) § = VL' We return to this later.

BRI

@ 0)(3) , with O =

Let now

(4.31)

o9

y

be a minimal time-reversible Hamiltonian system with positive internal
energy ipTPp + %qTQq, i.e. P 20 and Q 2 0. Since (4.31) is minimal, Pro-
position 4.32 implies P > 0. We now show that (4.31) can be realized by
an LCT-network. Because P > O there exists a nonsingular S with P = SST.
i sThoo

Now apply the symplectic basis transformation S = ( T) to (4.31).

0 S
This yields (with different q and p)

qj 0 I q 0
(4.32) ﬁ) = | -sTos 0) (p) * sTE) u
y = ETSq

. T . T T .
Since 57QS 2 0 we can write S QS = RDR', with D a diagonal matrix with dia-

. T -
gonal elements di 2 0; i=1,...,n, and R* =R 1. Applying the symplectic

_ [R 0
transformation R =(0 RT) one obtains

R H A I R e

B sRq

y
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We now first realize the system

201 -

n

(q
(4.34) g,)

y =4

as an LC-network. This can be done as follows. If di >0, 1=1,...,n, we

take n series interconnected pairs of one unit inductor and one capacitor

1
45 v! vh
e e
(4.35) i
1 - 1
d] dn

. . 1 ' i,
with input u = (Ve ,...,V;l) and output y = (ql,...,qn) (q1 is the charge on
the i-th capacitor). If for a certain j dj=0’ then we replace the j-th cir-

cuit by the following circuit, consisting of only one unit inductor.

v
e

Yy
A

(4.36)

_._JW\.____

with the equations

)
(4.37) 3

j i

]
—_—
o o
o —
——
——
e Fa]
(TSN
e
+
——
— o
e
<
® o

y

L}
Nal

1

Notice that & equals the current through the inductor.

Finally, to obtain a realization of (4.33) we need transformers.

PROPOSITION 4.37 (Let (V,,I)) « R" x R%, (V,,1,) € R™ x R" be voltages

and currents. Let W be an arbitrary (nxm)-matrix. Then we can construct a

transformer block with the transformer equations

\

g

1 2

T
12 = =W I]

(4.38)
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PROOF Consider first the case that W is a (l1xm)-row vector s = (al,...,am).

Then the following construction of transformers

I, I

T

where L denotes a transformer with ratio a;, yields the required

transformer equations

V= ole1 L umYm
(4.39) )}

I, = —all

Let now r and s be two (lxm)-vectors corresponding to a construction of

transformer as above, i.e.

V, = sV vV, =V
(4.40) S and B3
I. =-s1 I,=-r1
1 2 3 4
Consider the interconnection
(4.41) V= Vl = V3 and I= I] + IZ

This yields

v
2] 2
(4.42) ( V4) =

s I
Yo s-

Therefore (2xm)-matrices W, and in the same way (nxm)-matrices W can be rea-

lized as transformer equations of a block of transformers. 0
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A realization of (4.31) as an LCT-network can now be completed as follows.
Take the LC-network (4.35). Define the block of transformers with transfor-
mer equations

_ ST I,
V] = RS BV2

_ T
I2 = =-B SRI1

(4.43)

and interconnect this with the circuit (4.35) by setting
- 1 n
V] (Ve ,...,Ve )

ol n
I] = -(q seeesq )

Usually the input-output behavior of an electrical network is given
in terms of a transfer matrix G(s) between the external voltages Ve and
currents Ie. If G(s) is a map from Ve to Ie it is called an admittance
function, and if G(s) is a map from Ie to Ve it is an Zmpedance function.
If G(s) is a map from a part of Ve and Ie to the complementary part of Ve
and I_ we have a hybrid representation. Let us assume that the transfer
matrix G(s) is an admittance (the other cases can be treated similarly, see
VAN DER SCHAFT (1982 a)). The following theorem characterizes transfer

functions of LCT networks.

THEOREM 4.38 Let G(s) be a proper transfer function. Then G(s) satisfies
. T

(1) G(s) =G (s)

(ii) G(s) -G(-s)

(i1i1)G(o*+iw) + G(o-iw) = 0, for all ¢ > 0 and real w(this property is

called positive realness)

if and only 2f G(s) is the (driving point) admittance of an electrical net-
work consisting of only inductors, capacitors and transformers.

The number of capacitors in such a minimal realization is less than or equal
to the number of inductors. Furthermore the number of capacitors is equal

to the number of inductors if and only if the McMillan degrees of G(s) and
s_lG(s) are equal (the McMillan degree of G(s) is equal to the dimension of
the state space of a minimal realization; it can be directly defined in

terms of G(s), see for instance KAILATH (1980)).

PROOF (only if) Define F(s):= s_lG(s). Then F(s) is a strictly proper trans-—

fer matrix which satisfies
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i) F(s) = Fl(-s)
ii) F(s) = F(-s)

Therefore (Remark 2 after Theorem 4.31) there exists a minimal time-reversi-

ble Hamiltonian realization (A,B,C) of F(s):

q 0 P\ |q 0 o
(4.45) () =( ) ( ) * (N)u, y= G o
P -Q 0 p B P

Then § = ET& = %TPp. Hence

(4.46) (p) ] (—OQ Z) (Z) '

~T q
(0 B P)(p)

0
B

is a realization of sF(s) =VG(s). Notice that
T ~ ~
( o P ) (Q 0 ) + |Q 0) ( 0 P) = 0 and (0 BT) (Q 0 ) = (0 BTP)
-Q O 0 P 0 P
1T

o Pl \-q 0
Therefore (see WILLEMS (1972)) %-(quT)(Q 0) (q) = %QTQQ + 5P Pp

<
]

0 P P 2

is a storage function. Since G(s) is positive real it follows that this
function is positive definite. Hence P 2 0, Q 2 0. By minimality of (4.45)
P > 0 (Proposition 4.35). Therefore F(s) can be minimally realized by an LCT-
network ((4.35) together with (4.43)) with the voltages Ve as inputs and the
charges as outputs.

We note that (4.46) is controllable but not necessarily observable,
and hence not necessarily a minimal realization of G(s). In fact we can

prove
LEMMA 4.39 (4.46) is a minimal realization of G(s) if and only det Q # O.

~T 0 P . . .. .,0 =Q 0y, -
PROOF ((0 B'P), (_Q O)) is observable if and only if ((P 0) , (PB)) is

controllable. Hence by Proposition (4.32) iff(QP,QPE) is controllable. If
(QP,QPE) is control}able, then necessarily det Q # 0. Conversely let

det Q # 0. Then (QP,QP%) controllable iff (Q_IQPQ,Q_IQPﬁ) = (PQ,P%) control-
lable. Now (PQ,P%) is indeed controllable by Proposition 4.35. ]

Proof of Theorem 4.38 continued

It is clear that (4.46) is a minimal realization of G(s) if and only if
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the McMillan degrees of G(s) and F(s) are equal. By Lemma 4.36 this is e-
quivalent to Q > 0. We saw above (4.35 and 4.36) that Q > 0 if and only if
the number of inductors is equal to the number of capacitors in a minimal
realization of F(s). Suppose now that det Q = 0. Then a minimal realization

of G(s) can be constructed as follows. Let rank Q = k < n. There exists

a symplectic basistransformation such that A = (fg g) has the form
0 I
— n - -
-Q 0 0 , for a kxk diagonal matrix Q with det Q # 0. Write cor-
0 o
9
. ) (% . k n-k .
respondingly =\ P with 9;5P; € R~ and 955P, € R . We claim
P PZ
that
?1 q 'Ik 0 q, 0
(4.47) P, =|-Q 0 O P, + Bl u
Py 0 Py 2
q
_ T T, [
42
(where (gl) is the form of B in this basis) is a minimal realization of
2 0 I 0
_ n
G(s). In fact, since (|-Q 0 0 , B1 ) is controllable, it is easy
0 0 B2
0 Ik 0 0
to see that ( |[-Q O 0 . B] ) is controllable. Furthermore
0 0 B
0 0
( -a 0 ) controllable == (( Q O) ( 1)) controllable
0 o0
<= (since det Q # O) rank B = n-k and (a,Bl) controllable <=
Q 0
(since det Q # 0) , B1 ) controllable =——
B)
T T - k
(0 B1 B2 ), -Q O 0 ) observable. We notice that (4.47) amounts to
0O 0 O

the deletion of (n-k)-capacitors.
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(if) Let us assume that we have a minimal electrical LCT-network. Then we

do reactance extraction (see NEWCOMBE (1966)), and write

0 . z, 0 v,
= (-z.- 0 -z

ot 2

0z, 0 v

with (IC,VC) the currents and voltages of the capacitor block, (IL,VL) the
currents and voltages of the inductor block and (Ie’ve) the external cur-
rents and voltages (see for further information WILLEMS (1972)). This con-

stitutes a minimal state space description I (A,B,C,D) with

0 -z, 0 _ T -
(4.48) A= ZIT o] »B= (Zz) ,C=(2,),D=0

From the controllability of (A,B) it follows that Z, is surjective, or that

1
Z]T is injective. Assume first that Zl is square. By applying the state
27" o o I
space transformation we obtain A = ,
0 I T
—Zl Z1 0

Z,

q 0 I
WER PN
(4.49) P -z 2, 0

T 54
(z, O

0
B = ( ) s C= (0 ZZT). Integrating y(Z:=y) yields

N
]

i.e. a time-reversible Hamiltonian system.

Consider now the case that Z] is not square. Because Zl is surjective, Zl

has more columns than rows. Let Zl be a (kxn)-matrix (k<n). Then construct

a non-singular nxn-matrix S such that SZ T =(i¥). Application of the trans-

-1

1

IZn—k 0 0 ZIS
formation gives A = | -L ). It is easy to see that we
k
0 -S 0 0
can construct S in such a way that —Z]S—1 can be completed yo a symmetric
-1
matrix P, i.e. Z1b = P with V a (n-k)xn matrix. Hence we have in fact
\
Ik 0

obtained equations (4.46) with Q = ( ) . It follows that in both cases

0 0

the transfer: matrix of this voltage controlled LCT-network satisfies
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G(s) = Gl(s) and G(s) = -G(-s). Moreover transfer matrices of electrical net-

works (with only passive elements) are necessarily positive real. O

Remark 1: One can in fact prove that G(s) positive real, together with

G(s) = -G(-s) implies G(s) =-GT(s) (WILLEMS (1972)). Furthermore we note
that the fact that a transfer matrix satisfying conditioms i), ii) and iii)
corresponds to being the transfer. matrix of an LCT-network is already known
in the literature (see WILLEMS (1972, pp. 384,385) for a summary of this and

similar results).

Remark 2: Instead of realizing G(s) satisfying conditions i), ii) and iii)
by electrical elements as above we can also use mechanical elements. Induc—
tors are replaced by masses, and capacitors become springs. The mechanical

equivalent of a transformer should have the equations

F1 = an
v, = -av,
with F, and F, forces and v, and v, velocities. One can think of levers

(for small deviations) or. hydraulic devices.
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Notes and References for Chapter 4.

The treatment of symmetries and conservation laws is an extended version
of VAN DER SCHAFT (1981, 1983 b). The treatment of time-reversibility is
mainly based on VAN DER SCHAFT (1983 b, 1982 a). Definitions 4.24 and 4.25
can be found in WILLEMS (1978, 1979). In WEINSTEIN (1973), MEYER (1981),
see also ABRAHAM & MARSDEN (1978), a definition similar to Definition 4.29
is given for a time-reversing symmetry of a Hamiltonian vectorfield. The
terminology "simple Hamiltonian systems" in Definition 4.33 is inspired by
the definition of "simple mechanical systems" in SMALE (1970), see also
ABRAHAM & MARSDEN (1978).
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CHAPTER 5

GRADIENT SYSTEMS

5.1 Introduction

The precise notion of a "gradient system'" is much less clear than the
notion of a Hamiltonian system. One reason is that although there are many
examples of systems which have a 'gradient-like" behavior, convincing exam-—
ples of gradient systems are not as abundant as examples of Hamiltonian
systems.

Usually two aspects are thought to be characteristic for gradient
systems. The first is that, while a Hamiltonian system is a prototype of a
conservative oscillatory system, a gradient system should be a prototype
of a non-oscillatory dissipative system. This is normally formalized by
requiring the existence of a potential function which is decreasing along
the trajectories of the system if no external energy is supplied. The
second characteristic aspect of a gradient system is its symmetrical or
reciprocal structure. Mathematically this is formalized by an inner product
structure (or more generally a Riemannian metric) on the state space. We
remark that for Hamiltonian systems there is also a symmetric structure
present, which is in this case formalized as a symplectic structure.

In the Hamiltonian case the existence of the symplectic structure and
the conservation of energy are intimately related. For gradient systems the
connection between reciprocity and dissipativeness is much looser. For
instance in electrical circuit theory one distinguishes between systems
which are only dissipative and systems which are only reciprocal.

Usually some sort of stability is included in the definition of dissi-
pativeness. Together with reciprocity this yields that the system converges,
without "oscillatory' behavior, to the minima of its potential function.
Our approach will be not to include the stability properties in the defini-
tion of gradient systems. Consequently we shall not demand a priori (as is
usually done) that the Riemannian metric is positive definite, nor do we
impose any structure on the potential function (note that in the Hamiltonian
case ﬁe also considered arbitrary Hamilton functions). However we should
remark that probably nearly every vectorfield can be written as a gradient
vectorfield with respect to an indefinite metric (TAKENS, 1983). Therefore,

if we do not require that the metric is positive definite then not much
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can be said in general about the qualitative properties of a gradient vector-
field. (However, even if the metric is indefinite, the definition of a
gradient system (Definition 5.1) certainly implies a strong relation between
the external variables of the system).

Concluding, we do not need positive definiteness of the metric on the
level of definition, but in order to say something about the (internal)
dynamical behavior of the system we need to know more about the specific

form of the metric and the potential function.

A very nice example of a gradient system is provided by a linear or
nonlinear electrical network consisting of capacitors, inductors and resis—
tors (see BRAYTON & MOSER (1964), BRAYTON (1971)). Recall the notation of

Section 3.1.2, An n, -port of nonlinear capacitors C is given by (see 3.33)

_aT
(5.1) Vo = _an (qc)

1 o 1 ™
with Vo = (vC seeesVe ) and 9 = (qC seeesds ) the voltages, respectively

electric charges. T(qc) is the electric energy. An n,-port of nonlinear
inductors L is given by (see 3.30)

(5.2) i =25

T (op)

n n
with iL = (i; ,...,iL 2) and ¢L = (¢L1 ,...,¢1‘2) the currents, respectively

magnetic fluxes. S(¢L) is the magnetic energy. In the same way an n-port of

resistors R is given by

R

(5.3) VR = Ei— (lR)
R
with v, = (v I vrl) and i = (il irl) the voltages, respectivel
N R VR R seensip ges, resp y

currents. Hybrid representations of a resistive n-port are given by

a _ OR ,.a _b
(5.4) vp = " (1R Ve )
R
;o 2R (;a by
R b R’R
ov
. _ a b . _ ¢,.a .b
with Vg = (vR Vg ) and i (1R »ip ).

Consider now the following interconnection:

_ a _b e . _¢s.a .b .e
Let Vg = (vR Vg VR ) and ip = (1R sipg Hip )
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and let

<
~
I
o
&e
-
I
<
I
"
~
I
1
o
-

(5.5)

o
[=9)
t
Na}
A
]
1
o
a
<
i
o3

i.e. we have interconnected the L, C and R ports:

(5.6) L R C

v&1;e
R R

where VRG3 and iRe1 are the external voltages and currents.
Now we assume that the Legendre transform (see Section 3.1.1) T of T in
(5.1) exists. Then(5.1) yields

(5.7) qc=% Gp)

In the same way we assume that the Legrende transform S of S in (5.2) exists.

From (5.2) we obtain
- 35
(5.8) ¢p = aiL (1L)

Differentiation of (5.7) and (5.8) gives

- d
Yg _af e
dt 8v2 ¢’ dt
(5.9) c
o % ) dig
dt Bi2 L’ dt
L
Assume now that R can be parametrized by (v;),iéé,véa). By using the
interconnection (5.5), together with.(5.4) and (5.9), we obtain
_ 3% Yo i vS)
2 dt ] C>L’>'R
3VC
(5.10 a) .
s L e vt v S
3; 2 dt 91 c’’L’'R
i L
L
. e dR . e
(5.10 b) ip =-—4 (vC,J.L,vR )
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We can interpret the matrix

327
- - 0
v, 2
C
575
0 .2
81L

as a Riemannian metric on the state space (iL,vC). Then (5.10a) are for

every constant v the equations of a gradient vectorfield with respect to

R
this metric and with potential function R(vc,iL,v;E). Normally
427 23 v
;i;%»> 0 and g%j% > 0 , so the metric is Zndefinite. If there are no
Ve .
C 1L

inductors present (an RC network), or if there are no capacitors present
(an RL network), then the Riemannian metric can be taken to be positive
definite.

e e, . .
R VR ) is even-dimen-
sional and can be endowed with a symplectic structure such that the

Notice that the space of external variables (i

equations (5.10b) can be interpreted in a coordinate free way (as
Lagrangian submanifolds of the space of external variables).

We call (5.10) a gradient system with ewternal variables. A general
definition of a gradient system including this class of examples will be
given in Definition 5.1.

A mechanical example of a gradient system is provided by the following
interpretation of Newton's second law mq = F (compare the treatment in

Section 3.1). Define v = i and write mq = F as
(5.11) w = F

If we define the output y equal to v, we can regard (5.11) as a gradient
system. The state space is the space of velocities v and the Riemannian

metric is m. Furthermore consider the memoryless (static) system
oR
(5.12) F' = 357 (v')

which describes the force F' due to a friction depending on the velocity
v'. We call (5.12) a static gradient system. (Notice that (5.12) is also

a static Hamiltonian system; indeed the definition of a static gradient
and that of a static Hamiltonian system coincide.) Intercomnect (5.11) and

(5.12) by setting
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(5.13) v=v', F=-F'

(i.e. a Hamiltonian interconmection). We obtain

'

(5.14) m\}+§_§(v) =0

which is an autonomous gradient system with potential function R.

A\
5.2 Gradient systems, affine gradient systems

In this section we give the general definition of a (nonlinear) gradient
system with external variables. The definition can be given in a way that is
very analogous to the definition of a general Hamiltonian system (Definition
3.6). ‘

Let L(X,W,B,f) be a smooth nonlinear system (Definition 2.20), i.e.

a system that in local coordinates (x,u) for B, w for W has the form

(5.1 ¥ = &t
h(x,u)

w

In order to define a nonlinear gradient system we require that
i) X is a Riemannian manifold with Riemannian metric < , > . The Riemannian
metric is nondegenerate but not necessarily positive definite. To emphasize
that X is a Riemannian manifold we denote the state space by (Q,<,>). From
now on we assume that dim Q = n.
ii) W, the space of external variables, is a symplectic manifold with
symplectic form «® (dim W=2m).
iii) £ : B—> TM x W is an Zmbedding, and hence £(B) is a submanifold of
™ x W.

Since < , > is a nondegenerate metric on Q, it induces a bundle
isomorphism a: TQ —> T*Q by setting o(X) = <X,=>, X € TQ. Since T*Q
is a cotangent bundle it has a natural symplectic form w. Then e is a
symplectic form on TQ (compare the definition of w in Section 3.1.3).

* e

. . * %
Furthermore we can define the symplectic form Q:= 7, o w - 7, w on

1 2
TQ x W (nl and , denote the projections of TQ x W on TQ, respectively W).

DEFINITION 5.1 £(Q,W,B,f) with (Q,<,>) a Riemannian manifold and (W,we) a
symplectic manifoldis called a (full)gradient system if £(B) is a Lagrangian
submanifold of (TQxW,Q).
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In local coordinates Definition 5.1 yields

PROPOSITION 5.2 Let £(Q,W,B,f) be a (full) gradient system. Let

q= (ql""’qn) be coordinates for Q and let (vl""’vm’zl"""zm) be

canonical coordinates for W. Then f(B) is locally parametrized by q and m

coordinate functions (vi)ie and (z.). with Il ul, = {1,...,m} and

I1 1 1612
I1 ni,= @#. Denote these m coordinate functions by u = (ul""’um)’ and
denote the remaining coordinate functions for W by (yl,...,ym) (in such a

m

way that «® = E c.du, A dy., with c. = ¥ 1). Let < , > in the local coor-
i=1 i i

dinates q be given by the matrix (gij(q)), i,j=1,..,n , with gij = gji'

Then locally there exists a function V(ql,...,qn,ul,...,um) such that £(B)

is given by

E g;:(0)q; = - éﬂL (q,u) i=1,...,n
'____] J J qi
(5.16) v )
Yj=—cj-51—_‘-j(q,u) j=1l,...,m
J

PROOF: Let (ql,...,qn,p],...,pn) be natural coordinates for T*Q. Then

n n n
w = 2 dpi A dqi, and o0 = 2 d ( z gi.(q)q.) A dqi. For the rest of the
i=1 i=1 =1 ¥ 73

proof we refer to the proof of ‘Proposition 3.7. O

Analogous to Proposition 3.8 we can show that (5.16) is in fact a local
input-output representation with feedthrough term of the gradient system.
We see that the equations of an RLC network (5.10) are an example of (5.16).

We can define degenerate gradient systems in a manner that is totally
similar to the definition of a degenerate Hamiltonian system (Section 3.2,
Definition 3.10). Furthermore we can show that a Hamiltonian interconnection
(Definition 3.15) of gradient systems results, under the same regularity
conditions as in Theorem 3.18, into a degenerate gradient system. As we
already remarked, the definition of a memoryless gradient system coincides
with the definition of a memoryless (or static) Hamiltonian system
(Definition 3.3).

We now immediately proceed to the definition of an affine gradient
system. We require that the space of external variables W is equal to T*Y,

where Y is the output manifold. Analogous to Proposition 3.22 we can prove
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' * . .
that a gradient input-output system I(M,T Y,Y,g,h) is then automatically
an affine input-output system. We arrive at the following definition of an

affine gradient system (compare Definition 3.23).

DEFINITION 5.3 Let (Q,<,>) be a Riemannian manifold. Let Y be the output
manifold. Define Q:= 7 *aﬁu—ﬂz*we with ° the natural symplectic form on

1
T*Y, m, and T, the projections of TQ x T*Y onto TQ and T*Y, and o and w as

b

1
above. An affine gradient system is given by a submanifold L < TQ x Y

such that
(i) L can be parametrized by the coordinates of Q and the fibers of Y.
(ii) L is a Lagrangian submanifold of (TQXT*Y,Q).
(iii) The value of the Y-coordinates of a point on L is a function of only
the Q-coordinates of this point.

We denote the system by Z(Q,T*Y,L).

In order to give a local expression of an affine gradient system we
first define gradient vectorfields. Let (Q,<,>) be a Riemannian manifold.

Let V : Q —> R be a smooth function. The vectorfield Z, on Q, defined by

<ZV,—> = —dV is the (glopal) gradient vectorfield with pztential function V.
If d<Z,-> = 0 for a vectorfield Z on Q, then by Poincaré's lemma there
exists (locally) a function V : Q —> R such that Z = Zv. Z is called a
(local) gradient vectorfield. It can be easily seen that Z is a local
gradient vectorfield if and only if graph Z ¢ TQ is a Lagrangian submanifold
of (TQ,a*m), where as above o: TQ —> T*Q is given by a(X) = <X,->, and w

is the natural symplectic form on T*Q. (Compare Definition 3.4). Usually

we shall omit the prefix "local' or "global".

PROPOSITION 5.4 (Compare Proposition 3.24). Let Z(Q,T*Y,L) be an affine

Hamiltonian system. Then in local coordinates the system is given by

Qe
]

m
zy(q) - -E,“i Z. (@
(5.17) = t
Ci(q) i=1,.0.,m

Yi

with q local coordinates for Q, y = (yl,...,ym)local coordinates for Y and
u= (u;,...,u_) the corresponding natural coordinates for the fibers of

. 1 m
T'Y. We call V the Znternal potential and C; the observation (or output)

functions.
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PROOF: (Compare Proposition 3.24). Because of i) and iii) the generating
*.
function L with respect to the symplectic form © on TQ x T Y has the form

m

-V(q) + 2 uiCi(q). Then (5.17) results. O
i=1 .

Remark By choosing natural coordinates for T*Y, the internal potential

function V is uniquely determined up to a constant (compare the definition

of internal energy in Section 3.7).

Gradient feedback for an affine gradient system is defined analogous
to Hamiltonian feedback (Definition (3.25), i.e. locally there should
exist a function P : Y —> R such that V = a(y,u) = %% (y) + u. We can
prove, just as in Theorem 3.26, that the only feedback which transforms

any affine gradient feedback' into. another affine gradient system is gradient.

feedback. The transformed system is of the form

m
q=Zyo(@ - ] v Z. (@

(5.18) i=1 1

v; = € (@) ‘ i=1,...,m

where (yl,...,ym,vl,...,vm) are now symplectic (mot necessarily natural)

coordinates for T Y.

5.2.1 Controllability, observability amd equivalence of affine gradient

szstems

Most of the results in this section will be of a megative nature. We
show that the nice results on controllability and observability for Hamil-
tonian systems, roughly speaking controllability implies observability and
vice versa (Theorems 3.19 and 3.31), do not hold for affine gradient systems.
Also the result that "minimal" Hamiltonian systems which are equivalent are
necessarily "symplectomorphic" (Theorem 3.21 and Proposition 3.34) does not
have an analogue for affine gradient systems. A fortiori similar results

do not hold for general nonlinear gradient systems (Definition 5.1).

First we give a neat characterization of observability for affine
systems, very similar to the Hamiltonian case. Recall the construction of
G and the observability codistribution 0 (Definition 2.33 and Construction
2.51). We define for a local representation (5.17) G0:= (Cl,...,Cm)
((Cl,...,Cm) denotes the linear subspaceover R of C(Q)), and



222

> k21 (withT=2_+ (2, ,...,2, ), an affine subspace
k-1 A C1 Cm

satisfies 0(x) = span {dg(x)]geG}. Recall

6 *= £r8y

over R of V(Q)). Then G:=

+ G

Y20k
the definition of the Poisson bracket. Let K and L be functions on (M,w), then
the Poisson bracket is given by {K,L} = m(XK,Xt) (see (3.43)). Aﬁalogously,

we define the Beltrami bracket of two smooth functions K and L on (Q,< , >)

by setting (HERMANN(1968))

(5.19) [x,L 1:= <zK,zL>

It is clear that the Beltrami bracket [K,L] is again a smooth function on
Q. Notice that although the Beltrami bracket is defined in a very similar
way as the Poisson bracket, their properties are quite different. While the
Poisson bracket is anti-symmetric, the Beltrami bracket is symmetric. More-
over, contrary to the Poisson bracket, the Beltrami bracket does not sa-

tisfy the Jacobi-identity.

Analogously to Proposition 3.30 we obtain

PROPOSITION 5.5 Define R:=V + (Cl’°"’Cm) (an affine subspace of C(Q).
Then:

6 = IR,G . 1 +G _,, k=1

Hence G = is the smallest linear subspace (over R) of C(Q), which

Uie>0%k

contains C -+sCh and is invariant under taking Beltrami brackets with

1°°
respect to V and Ci’ i=1,...,m

PROOF Elements of Gk are linear combinations of functions of the form

(5.20) S S L T L IO

with fr = A or fr = BE’ r=1,...,j, £ = 1,...,m. The Beltrami bracket

[K,L] satisfies [K,L] = <ZK,ZL>==-dK(ZL)=-ZL(K), for K,L € C(Q). There-

fore the expressions (5.20) are equal to

(5.21) :ﬁhl,ﬂhz,...[hj,ci],...,],jsk, i=l,...,m with h =V or

b =Cp r=1,...,5, £=1,...,m. 0
Remember that in the Hamiltonian case we have proven that G = UkzOGk

is a Poisson algebra by using the Jacobi-identity for the Poisson bracket.

Since the Beltrami bracket does not satisfy the Jacobi-identity we can-—

not use the same argument to conclude that G is an algebra of functions on

Q with respect to the Beltrami bracket. In fact this remains an open pro-

blem (we conjecture that G is indeed an algebra).
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We know that the controllability properties of an affine gradient
system are characterized by the Lie algebra F of vectorfields on Q (see
Construction 2.49). Hence if G is indeed an algebra it is clear that F and
G cannot be isomorphic, as was the case for Hamiltonian systems (Theorem
3.31). This raises socme doubts about the existence of a relationship between
observability and controllability for gradient systems. Indeed, we can easi-
ly construct counterexamples, where the (affine) gradient system is locally
weakly observable but not strongly accessible (see VAN DER SCHAFT (1982 c,
p.353)).

We now direct attention to the issue of equivalence of gradient
systems. It would be desirable to have conditions which guarantee that equi-
valent gradient systems are Zgomorphic, i.e. if (Qi’<’>i)’ i = 1,2, are the
state spaces of two gradient systems and ¢ : Q] > Q2 is an equivalence map-
. This would imply that the

ping (see Proposition 2.29), then ¢*<,> = <>

curvature of the state space of a gradiint syslem, defined by the Rieman-
nian metric, is an invariant. In Section 5.1 we saw that a nonlinear elec-
trical RLC network can be modelled as a gradient system, and that the Rie-
mannian metric can be constructed from the constitutive relations of the ca-
pacitors and inductors (see (5.10)). Therefore an isometry between two RLC
networks yields a structural similarity of the networks. In fact it has been
conjectured by VARAIYA (1971) that some kind of controllability and/or
observability implies that an equivalence mapping between two RLC networks
is automatically an isometry. However, only under very restrictive assump-
tions on the system it has been possible to prove this conjecture (for in-
stance it can be proved for linear systems, see Section 5.2.2). In BASTO
GONCALVES (1981) a counterexample is given for the conjecture in the gene-
ral affine case. In this reference it is shown that if the equivalence
mapping preserves the comnections defined by the Riemannian metrics, then it
is indeed an isometry. This seems to be the strongest result that is ob-
tainable in the general case. In Section 5.3 we shall state another conjec-
ture for obtaining an isometry between gradient systems, by associating to

a gradient system a (simple) Hamiltonian system.

5.2.2 Linear gradient systems

In this section we briefly summarize some results about linear gra-
dient systems. Let I(A,B,C,D) be a linear system (Section 2.1), with state

space X (dim X=n). A Riemannian metric on X is given by a nonsingular sym-—
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. * . . . .
metric nxn matrix G. It can be easily seen that o w as in Definition 5.1

-G) . We

is the symplectic form on "X = R?n given by the matrix (8 0

obtain (compare Theorem 3.40)

THEOREM 5.6 Let Z(A,B,C,D) be a linear system with state space X and space
of external variables W. Assume that [ ﬁ] is injective. Let G be a nondege-
nerate symmetric form on X (dim X = n), and let J€ be a symplectic form on

W (dim W=2m). Then %(A,B,C,D) is a full gradient system if and only if

GA - ATG + cT3% = 0
(5.22) GB +¢fs® = 0
DTJeD =0, and rank D = m

Moreover if I(A,B,C,D) is a full gradient system, then there exists a ca-
nonical basis w = (y,u) for W and a feedback transformation A » A + BF,
C = C + DF, such that the transformed system 3(A',B',C',D') in this basis

for W satisfies

(5.23) GA' = A'TG, GB' = (C")T

0). We call X = A'x + B'u, y = C'x, with

ekl
with ¢' = () and D' = (|
(A'",B',C'") as in (5.23) a ™ Jinear input-output gradient system. Hence
a full gradient system is feedback equivalent (see Section 2.1.1) to an

input-output gradient system.

PROOF By Definition 5.1 the linear subspace

X
n . 2n _2m
V = {| Ax+Bu xeX=R" , ueU} has to be a Lagrangian subspace of R” xR
Cx+Du
0 -G 0
. . T TT T.T
endowed with the symplectic form G 0 O . Hence (y ,y A +v B,
o o -J°
0 -G 0 x
yTCT+vTDT) G 0 O Ax+Bu = 0 for every x,y ¢ IJI, u,v e U.
o o -J% Cx+Du

This yields equations (5.22). Notice that GB + CTJeD = 0 implies that
Ker D c Ker B. Sincel g] is injective, this yields that D is injective and
that rank D = dim U. Because V is Lagrangian, and therefore has dimension

2n+m, it follows that rank D = m and that D is a Lagrangian subspace of
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(W,Je). Hence we can choose canonical coordinates w = (y,u) for W such that

D = (é) ) . Furthermore we can apply a feedback transformation A - A+BF,
m o
C + C+DF, such that C is transformed into C' = (ﬁ)) in this basis for W. Then

- T| 0 -L 0
1 1 =
a + @02 ) [ 2] - o
m m
yields GB' = (E')T. Moreover C'TJeC' = 0. Hence equations (5.23) result. ]

Remark: Instead of choosing a canonical basis for W such that D = (;)), we
can start from a fixed canonical basis for W. This results in formula's

which are completely similar to the equations (3.92).

Analogous to the Hamiltonian case (Section 3.5.1) we can develop a
realization theory for linear gradient systems. Let (W,Je) be a linear sym—
plectic space. Then J® induces a symplectic form J¢e on W(z by setting

Je(v,w) = vTJew, for v,w € W¢ (compare (3.39)). We give (compare Defini-
tion 3.43):

DEFINITION 5.7 Let (w,Je) be a linear symplectic space, with dim W = 2m,
and let P ¢ Rpxzm[s]. Then Ee(P) is an external gradient system if for

every s € @ Ker P(s) is a Lagrangian subspace of (w¢,J¢e).

THEOREM 5.8 Let Ze(P) be an external gradient system. Let »(A,B,C,D) be
a minimal realization of Ze(P) with state space X. Then there exists a
unique nondegenerate symmetric form G on X such that I(A,B,C,D) is a full
gradient system. Conversely, if Z(A,B,C,D) is a full gradient system (not
Ze(A,B,C,D)

necessarily minimal) then there exists a P such that Ze(P)

and Ze(P) is an external gradient system.

PROOF Let Ze(%) be an external gradient system. Then V(®):= 1lim Ker P(s)

g§—>®
is a Lagrangian subspace of (wg,Jﬁe). Since V() is a real subspace of Wg,
it is a Lagrangian subspace of (W,Je). Then we can take a Lagrangian sub-
space Y of (W,Je) which is complementary to U:= V(). Furthermore we can
choose a canonical basis w = (y,u) for W, such that U is spanned by (0,u)
and Y is spanned by (y,0). By Lemma 2.16 we can find polynomial matrices
D(s) and N(s) such that in this basis Ker P(s) = Im (N(S) ), Vs ¢ ¢, and

Z D(s)
G(s):= N(s)D ](s) is a strictly proper transfer matrix. Since Im (gg:;) is

Lagrangian we obtain
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0 —Im (N(s)\
@¥(s)p (s)) =0, V¥s ¢ ¢, or -N'(s)D(s) + D (s)N(s) = O.
10 (0(s)

Equivalently G(s) = GT(s). Let now Z(A,B,El be.a minimal input-output rea-
lization of G(s), i.e. D = (g) ) and C = (g ) , with state space X. Since

m
G(s) = GT(s) also Z(AT, CT,BT) is a minimal realization. By the state space

isomorphism theorem there exists a unique nonsingular map G : X - X such that
AT = GAG_], ET = GB, BT = EG—I. Moreover D = DT. Obviously, also GT satis-—
fies these equations. Hence G = GT. Since by Theorem 5.6 every gradient sys-—
tem is equivalent to an input-output gradient system, we have obtained the
desired conclusion. Finally it is easy to see that if %£(A,B,C,D) is a full
gradient system, then [C D](Ker [sI-Ai-Bl)is for every s ¢ ¢ a Lagrangian
subspace of (wz,J¢e). Hence there exists a P such that Ze(A,B,C,D) = Ze(P)

and Ze(P) is an external gradient system. O

Remark: Let P € Rszm[s] such that Ze(P) is an external gradient system.
Then it follows that rank P(s) = m for every s ¢ €. Hence we can find a umni-
modular matrix U(s) € EPXp[s] such that U(s)P(s) = (P'és), (see Section
2.1.3) and P'(s) € ]anZm
that if I(A,B,C) is an input-output gradient system then the transfer matrix

G(s) = E(Is—A)_lB satisfies G(s) = GT(s). Conversely if G(s) = GT(s) then

[s] surjective for every s. Furthermore we notice

there exists a minimal input-output gradient system that realizes G(s).
For more information about transfer matrices G(s) satisfying G(s) = GT(s)

we refer to WILLEMS (1972).

Remark 2: It easily follows from (5.23) that the set of controllability
indices of a linear gradient system is equal to the set of observability
indices. Therefore if Ze(P) is an external gradient system, then the Chern
numbers of the bundles E(P(s)) and (E(P(s)))l (see Section 2.1.3) are equal.
In Section 5.2.1 we remarked that for nonlinear gradient systems
observability and controllability are not equivalent, and that equivalent
nonlinear gradient systems need not be isomorphic. For linear gradient

systems however these statements do hold (compare Remark 2 above): .

THEOREM 5.9 Let £(A,B,C) be an input-output gradient system.
Then: & is observable <= I is controllable.

Let Z(Ai,Bi,Ci,Di) with state space Xi and inner product Gi’ i=1,2, be
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two minimal realizations of an external gradient system. Let S: X, — X,
be the equivalence mapping. Then STGZS = G].

PROOF: Let V c X and let Vl:= {xeXIxTGv=O, YveV}. Then, since ATG = GA,

AV e v o= vie@an)l = a7 wly = avl c v, ‘and, since 6B =TT, (mB)l=
Ker C. Therefore : {3VcX, AVcV, Vo>ImB} <« {HVICX,AVlCVl,VCKer C}, and
hence controllability <=> observability.

For the second part we remark that by Theorem 5.6 we may assume that

C,
i _ {0
(0 )and Di—(I )
m
-c.s!

= ]S— (compare

Z(Ai,Bi,Ci,Di) are input-output realizations, i.e. Ci =
! c

Then S: X1 —> X2 satisfies : A2 = SA]S R B2 = SB

Theorem 4.23). Therefore
T-T _ ~T_ 1

. T _ = -
i) S GZBZ =8 C2 C1 GIBI = GIS B2

oy T _IT RS SER S S P
ii) §°6,(A,B,) = S"A,G,B, = A;S°G,B, = A G;S B, = GAS By =G5S (4B

and hence by induction STGZ(A;:BZ) = Glsdl(A;:Bz) for r = 0,1,2,.. . By

12 72

2)

controllability this yields STG2 = Gls_l, or STGZS = Gl'

5.3 Relationships between gradient systems and Hamiltonian systems.

Although the dynamical behavior of a Hamiltonian system is rather
different of that of a gradient system, in fact often even opposite, it is
worth while to look for parallels between the gradient and Hamiltonian
framework.

From a mathematical point of view it is clear that the definition of a
gradient system is very similar to the definition of a Hamiltonian system.
Also from a physical viewpoint the symmetry structures imposed by the
Hamiltonian framework on the one hand and the gradient framework on the
other hand are certainly not mutually exclusive. Indeed, one could hope
that it might be possible to combine the notions of Hamiltonian and gradient
systems. For instance a theory of <ntercomnecting Hamiltonian and gradient
systems could create a framework to treat dissipative mechanical systems.
In fact in electrical network theory there have been some attempts in this
direction (see for some references CROUCH (1981)).

In the sequel we shall only give a relation between (affine) gradient
and Hamiltonian systems which seems interesting from a system theoretic

point of view. We show how we can associate with every affine gradient system
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a gimple Hamiltonian system as considered in Definition 4.33 and vice versa.
Let'Z(Q,T*Y,LG) be an affine gradient system with an output map
C: Q —» Y. Q is a Riemannian manifold with Riemannian metric < , >. In

local coordinates the system is given by

m
Q=25 - JuZy (@, qeQ
(5.24) =t

y; = Ci(q) i=1,...,m

with C = (E],...,Em) and V : Q —> R the internal potential. Now define
as in Definition 4.33 the kinetic energy K: T*Q —> R by K(qg,p):=

% . g_] 8ijpipj, with (gij)the inverse matrix of (gij); the functions that
ré;;Lsent the Riemannian matric in a basis g = (ql,...,qn)u Of course

(q,p) = (q],;..,qn,p],.7.,pn) are natural coordinates for T*Q. Furthermore
define Vi=¥ o ¢, Ci= C oy, Ci:= Ei o 7, with ¢ the projection of T*Q on Q.
Define the iZnternal energy H:= K + V. Then

. m
=00 ) ot
i=1 i

(x) xeT

(5.25)
y; = Ci(x) i=1,...,m

is a simple Hamiltonian system with state space T*Q (see Definition 4.33).
We denote (5.25) by Z(T*Q,T*Y,LH). It is clear that conversely to every
simple Hamiltonian system there corresponds an affine gradient system.

Let us first investigate what this connection means for linear
gradient systems. Let I(A,B,C) be a linear input-output gradient system
with an inner product G on the state space X. Define Q:= -GA, then QT =Q

and the system is also given by

Gq

- Qq + GBu
(5.26)

y = Cq s with ET = GB

The associated simple Hamiltonian system is (set P:=G_1)

y=(C 0O)q

(5.27)
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Let FG be the transfer matrix of (5.26) and FH the transfer matrix of (5.27).

Then it follows by the matrix inversion lemma (e.g. GOODWIN & PAYNE (1977))

T

that Fy(s) = Clt + pQ) ! pct = E(SZI + G_IQ)—l B = FG(SZ).

On the other hand if Fé(s) = Fg?(s), and if we define FH(s):= FG(SZ),
then it follows that FH(—s) = FH(S) = F;j(-s), and hence FH is the transfer
matrix of a simple (or time-reversible) Hamiltonian system. A simple example
(with Q=0) is provided by Newton's second law written as mv = F, with out-

1 1, .
put y = v. Then FG(s) v and FH(S) = ;;5 is the transfer function of

mq = F, with y = q. Notice that if Q = 0, then FH(S) = FG(sz) = i FG(s).
In Proposition 4.35 we proved that (5:27) is minimal if and only if

(PQ,PET) is controllable. However (PQ,PET) is controllable if and only if

(5.26) is minimal (use Theorem 5.9). For nonlinear gradient and simple

Hamiltonian systems we obtain the following result:

THEOREM 5.10 Let Z(Q,T*Y,L ) be a gradient system such that V = 0. Then:

. . 3 3 * . .
The observability codistribution O, of I (Q,T Y,LG) has everywhere dimension

G
equal to dim Q <= The observability codistribution 0H of Z(T*Q,T*Y,LH)

has everywhere dimension equal to dim T*Q.

PROOF Let Z(Q,T*Y,LG) and Z(T*Q,T*Y,LH) have the local representations
(5.24) and (5.25) with V = 0. The key observation is that for arbitrary
functions NI’NZ: Q —> R the following identity holds

(5.28) {{K,Nl°n}, Nzon} = [Nl,Nz J o

(ms T*Q — Qthe projection). Indeed

. n i : n i aNl
{K,Nl°'ﬂ'} = {E z g JPin, N]°1T} = z g Jp. 3

i,j=1 L=t 1Y
and therefore

n .. oN 9N _ _ °
{{K,N or}, Njon} = [ g"J —2 L =Zy () om =N, Npdem.
1 2 Lk 3q. 9q. 1
i,j=1 1 J

For notational brevity we shall omit m in the sequel. So a function
N: Q — R will also be viewed as a function N : T*Q —> R that only

depends on the q-variables. Now assume that dim O, = dim Q. As we know

G
(Proposition 5.5), OG(q) = span {dg(q)lgeGG}, where GG is the smallest
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linear subspace of C(Q) that contains Cl""’cm and is invariant under taking

Beltrami. brackets with C "Em (remember that V=0). On the other hand

yeo
OH(q,p) = span {dg(q,p)léeGH}, where GH is the smallest linear subspace of
C(T*Q) that contains Cl""’Cm’ and is invariant under taking Poisson
brackets with Cl""’cm and ‘K (Proposition 3.30).

Notice that since we omit T, Ci = Ci’ i=1,...,m. It is clear from (5.28)
that

(5.29) GG c GH

Therefore, since dim OG = dim Q, 0H has dimension equal to dim Q in the
"dq-direction'. Furthermore it is clear that {K,GG} c GH’ and also that
functions in {K,G.} are lZmear in the p-variables. Taking differentials

of functions in {K,GG} then yields that O, has dimension equal to dim Q

H

in the "dp-direction". Hence dim Oy = dim T*Q.

Conversely assume that dim 0H = dim T*Q. Functions in GH are of the form
(5.30) {Nl’{NZ’{"'{Nk’Ci}""}

with Nj equal to Ci’ i=1,...,m, or equal to K. Denote the number of times

K appears in (5.30) by o, and denote the number of times that one of the

Ci’ i=1,...,m, appears in (5.30) by B. Now notice that by (5.28):

(i), if o > B, then (5.30) is quadratic or of higher order in the p-
variables (or zero).

(ii) if o <B-1, then (5.30) is zero.

(iii) 1if o B, then (5.30) is linear in the p-variables (or zero).

(iv) if o = B-1, then (5.30) is actually a function on Q (does not depend
on the p~variables).
Let f be an expression (5.30) with a >B. Then f can be neglected for the
dimension of OH since df is zero on the zero-section of T*Q. Therefore only
categories (iii) and (iv) count. Let now f be a function (5.30) in category
(iii). Then df calculated in points on the zero-section is zero or is of
the form h(q)dp. Hence category (iii) does not count for the construction
of 0H in the dq-direction at points of the zero section. Therefore since
dim 0H = dim T*Q, span {dg(q) |g expression in category (iv)}= T;Q, for
every q € Q.

We shall now show that

(5.31) GG = {all functions in category (iv)}

It is clear that an element of GG belongs to category (iv).
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On the other hand, by repeated use of the Jacobi-identity one can see that
the expression (5.30), with o = B-1, can be written as linear combinations
of expressions of the form

(a) {{FI,K},{{ FZ,K},..., {{FZ,K},Ci}i...} or
(b) { F],{K,{Fz,{K,...{Fz,{K,Ci}}... }

with Fi equal to one of the Cj's. It follows immediately from (5.28) that
the expressions (a) and (b) can be written as Beltrami brackets of the

functions Cy» i=1,...,m. 0

It remains an open problem if Theorem 5.10 also holds for;general
affine gradient systems, i.e. if V is arbitrary.

An example for Theorem 5.10 is provided by the rigid body with external
torques as treated in Section 3.5. The associated gradient system for the

rigid body with three (independent) controls is given by

q=-u,2z (@) ~u, Zx (@) -u, zz (q) , qe SO(3)
(5.32) ¢ 2°¢, 3¢

y; = C.(@ ,i=1,2,3

where C = (61,52,53) : 80(3) » -S0(3) is the identity mapping. Of course
this system has an observability codistribution with dimension 3 = dim SO(3).
For the rigid body with two (independent) controls we obtain the

associated gradient system

q= -ulzgl(q) ~u, Zgz(q)
(5.33) N .
v, = ¢ (@ 5 vy, = Cy(q)

where C = (EI’EZ) : S0(3) — 52 and (y],yz) are local coordinates for Sz.
In Section 3.5 we gave the necessary and sufficient conditions in order that
the observability codistribution of the Hamiltonian system corresponding to
the rigid body with two controls has dimension equal to 6 = dim T*S0(3).

By Theorem 5.10 these conditions are also necessary and sufficient in order

that the observability codistribution of (5.33) has dimension 3.

Finally we shall use the connection between gradient and simple Hamil-
tonian systems to state a conjecture about the equivalence between gradient
systems (see Section 5.2.1). Let us say that we call equivalent affine

gradient systems Zgomorphic if the equivalence mapping
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. . . *
0t (Qs<,>) —> (Qy5<5 >,) is an isometry, i.e. ¢ <, >) =<, >.
Analogously we say that two equivalent affine Hamiltonian systems are
isomorphic if the equivalence mapping ¢: (Ml,mi) —> (Mz,mz) is a

. . *
symplectomorphism, i.e. ¢ w, = w Then we state:

1

CONJECTURE 5.11 Let ZGi = Z(Qi,T*Y,L l) , 1 =1,2 be affine gradient

. * i . . .
i=z(T Qi,T*Y,L;'), i = 1,2, be their associated

systems, and let ZH
Hamiltonian systems. Suppose that the observability codistributions of
ZGi and ZHi have dimension equal to dim Qi’ respectively T*Qi, i=1,2.
Then: Lol and L;2 are isomorphic <« ZHI and ZHZ are isomorphic.

Remark : It follows from Proposition 3.34 that ZHI and ZH2 are isomorphic

if and only if they are equivalent.

Actually one direction in Conjecture 5.11, namely (= ), can easily be
proven. Let ZGl and EG2 be isomorphic. Then the -equivalence mapping

¢ Q1 — Q2 satisfies

i) ¢*ZVI = sz
ii) ¢*Zel = ZEZ i=1l,...,m
i i

e ~1 *~ 2
iii) Ci = ¢ Ci i=1l,...,m

. *

1v)¢<,>2=<’>]

) B R ~2 % ~2
where V' = Z uiCi and V© - z uiCi are the (local) generating functions
i=1 i=

1
of Igl and ;2. Then ¢: = (49*)-_1 : T*QI —> T*Q2 will be an equivalence

between ZHI and ZH 2 . This can be seen as follows. From i) and iv) it
*~2  ~] . i o~ * .
follows that ¢ V° = V . Define V' = V" om (ni:T Qf—e-Qi projections),

. *_2 1 . . . * 2 1
i =1,2. Then y V- = V . Furthermore iv) implies that y K° = K . Hence

2 ce . .
w*(K +V2) = K1 + V] or w*H2=H]. Moreover iii) yields ¢*Cf C; , if we

define C;’ = E;‘o LI j=1l,.0e.,m , 1 = 1,2, Therefore ¥ is an equivalence.
. o s * 1 . i .
Finally it is clear that ¢ mz =w , with w' the natural symplectic forms

on T*Ql, i=1,2.
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Notes and References for Chapter &

Definition 5.1 is taken from VAN DER SCHAFT (1982 d). The use of Beltrami
brackets in the context of affine gradient systems is due to CROUCH (1981).
The association between gradient systems and simple Hamiltonian systems
was first made in BROCKETT (1977), see also CROUCH (1981), and worked out
in the linear case in VAN DER SCHAFT (1982 a). The conjecture in BROCKETT
(1977) that "controllability" of a gradient system might be equivalent to
"controllability" of the associated Hamiltonian system seems not to be true
in general. However there may be a strong connection between the "observa-
bility" of both systems. Conjecture 5.11 is inspired by work of BASTO
GONCALVES (1981). For a broader discussion of gradient and related systems
we refer to CROUCH (1981).
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CHAPTER 6

OPTIMAL CONTROL AND HAMILTONIAN SYSTEMS

In this chapter we wish to indicate some connections between optimal
control and the theory of Hamiltonian systems we treated so far. Especially
we want to relate the so-called Maximum Principle of optimal control to the
framework of Hamiltonian systems.

We shall briefly sketch the basic idea of the Maximum Principle. For
thorough treatments we refer to the classic PONTRYAGIN, BOLTYANSKII,
GAMKRELIDZE & MISCHENKO (1962), and the more recent book by FLEMING & RISHEL
(1975). For simplicity we only treat the so-called free terminal point pro-
blem.

Consider a control system described by the state space equations
(6.1) X = g(x,u) x e X, uel.

Usually X is equal to R" or an open subset of R" . Furthermore usually

the assumption is made tﬁat the input space U is a closed subset of R”. Let
now t, and £ be the fixed initial and terminal times, and let X, € X be the
given fixed initial condition. Furthermore let L : X x U+~ R and ¢ : X > R

be given real functions. Assume now that we wish to minimize the expression

t
1
(6.2) [7 Lx(e),u(t))de + ¢ (x(t)))
t
0
over the (measurable) control functioms u : [to,t]] -+ U. Here x : [to,t]] - X

denotes the solution of (6.1) corresponding to u : [tO’t]] -+ U and the ini-
tial condition x(tO) = X;. Of course certain smoothness assumptions have to
be made about the functions g,L and ¢, and the control functions that are
allowed; we refer to the references mentioned above. We call L the running
cost and ¢ the terminal cost, and the problem of minimizing (6.2) the opti-
mal control problem.
In order to solve the optimal control problem the Maximum Principle

tells us to introduce the "Hamiltonian" function H : X x R™ x U - R given

by

(6.3) H(x,p,u):= L(x,u) + p g(x,u)
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with p € R" the co-state, and to consider the following set of differential

equations’

x(t)

-fj% (x(t),p(t),u(t)) = g(x,(t),u(t))

(6.4) p(e) = = 2 (x(0),p(t),u(t)) =

3L T 3g
v (x(t),u(t)) - p (t) > (x(t),u(t))

with the (mixed) boundary conditions

x(to) = X,

(6.5)
- 2 (x(e,))

p(tl)

where x(tl) is the solution at time t, of (6.1) for a certain control func-

tion u(+) and the fixed initial condilion X
Then the following holds:

A necessary condition in order that a (measurable) control function

v [tO’tl] + U is optimal, i.e. minimizes (6.2), is that for every

t e [to’t1]

*
(6.6) max H(x(t),p(t),u) = H(x(t),p(t),u (t))
uel
where (x(¢),p(*)) is the solution of (6.4) with u(s) = u*(-) and boundary
conditions (6.5).
So the Maximum Principle leads to the following optimization problem:

Find for every (x,p) € X X R® a u* ¢ U such that

(6.7) max H(x,p,u) = H(x,p,u")
uel

In order to relate the Maximum Principle and especially equations (6.4) and
(6.7) to the theory of Hamiltonian systems we make the following (rather
severe) assumptions:
1. We assume that the input space U is a manifold (without boundaries).
2. We assume that the function H(x,p,u) in (6.3) is a smooth function of

all its arguments.

Assumption 1 is serious, since it excludes that U is a closed subset

of ﬂfn, unequal to R™ and with non-empty interior. The case that U is a

manifold with corners is actually the most interesting one in applications.
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Furthermore as pointed ouf in PONTRYAGIN et al. (1962, Chapter ¥), if U is

an open subset of R™ then the optimal control problem is in fact equal to
the so-called Bolza problem in the classical theory of the Calculus of Varia-
tions. Moreover the Maximum Principle is in this case more or less equivalent
to the classical Weierstrass -conditioms.

With respect to Assumption 2 we remark that we really only need that
H(x,p,u) is C] in all its arguments. However, since we always assumed in our
treatment of Hamiltonian systems that the generating function H is c” we
shall also assume that H in (6.3) is c .

Remark that under Assumptions 1 and 2 the optimization problem (6.7)

implies the following first order necessary condition
oH *
(6.8) I (X:P,U ) =0

In the sequel we show that we can associate with every optimal control pro-
blem a Hamiltonian system as in Definition 3.6. Moreover we show that by
applying the first order condition (6.8) the Hamiltonian system reduces,
very roughly speaking, to a Hamiltonian vectorfield on T*X, the (x,p)-space
(in fact we only obtain a Hamiltonian vectorfield if we assume some strong
regularity conditions). Furthermore if x  : [t]’t2] + X is an optimal tra-
jectory resulting from an optimal control u*(-) then there exists a

p* : [tl,tz] + R™ such that (x*(-), p*(-)) is a solution of this Hamil-

tonian vectorfield satisfying the boundary conditions (6.5).

Let us take a nonlinear system Z(X,W,B,(g,h)). We forget about the

external variables w € W, so we only consider

B —& - X

(6.9) ™ T

X

or in local coordinates (x,u) for B
(6.10) x = g(x,u)

We call (6.9) simply a control system L(X,B,g). Let furthermore L : B > R
be a smooth function. Firstly we assume that B is trivial, i.e. B = X x U,
with U an m~dimensional manifold. (Notice that in the usual setting of the

optimal control problem as in (6.1) and (6.2) we also assumed that B = X x U)
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Now M:= T*X has a natural symplectic form w = d0® (see Sectiom 3.1.1).
Furthermore (see Section 3.1.3) TM is a symplectic manifold with symplectic
form w. Define the space of external variables W = T*U. Then W has a natural
symplectic form w® = d6%. Therefore T(T*X) x TV is a symplectic manifold

. . *e . .
with symplectic form Q:= ™ w + ﬂz*we (nl and 7w, are the projections on

2
T(T*X), respectively T*U). Then define the function H : T'X x U » R by

(6.11) H(x,p,u) = L(x,u) + PTg(X’u)

((x,p) are natural local coordinates for T*X). H(x,p,u) is the generating
* *
function (see Theorem 3.2) of the Lagrangian submanifold N ¢ (T(T X)*T U),R)

given by the equations

. oH
%, = 5= (x,p,u)
Pj
i=1,...,n
. oH
(6.12) Pi =- %, (x,p,u)
i
oH
Yj =- 3u. (x,p,u) .
k] j=1l,...,m

with (u,y) = (u],...,um,yl,...,ym) natural coordinates for U, Concluding:

PROPOSITION 6.1 A control system IZ(X,XxU,g), together with a smooth function

L:XxU-> R defines a (full) Hamiltonian system (see Definiticn 3.6)
$(T*X, T*U,T"XxU,f.) where £, is defined by (6.12), i.e. £, = (gy,h )with

* * . 9H oH

gy ¢ T XxU - T(T X) given by gH(x,p,u) = (X,p, 3p° - 5;) and
* * . oH

hH : TXxU > T U given by hH(x,p,u) = (u,- 5;).

Remark: An interesting but open question is the interpretation of the "out-

puts" y; in (6.12)!

If B is not a trivial bundle, the situation becomes more complicate.
In fact in this case we cannot define a Hamiltonian system in the strict
sense of Definition 3.6, but only something which is very close to it.
Although we shall restrict ourselves in the sequel to trivial bundles B, we

briefly give this construction.

Let Z(X,B,g) be a control system with B an arbitrary fiber bundle. Let
* *
p : T X~ X be the canonical projection, then the pull back bundle p B is a

* . . . *
bundle over T X. Moreover denote the canonical projection from T(T X) to
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to T*X by p, then p*(T*B) is a bundle over T(T*X). Let w = d6 be the natural
symplectic form on T*X. Then o : T(T*X) > T*(T*X), defined by o(Z) = d6(Z,-),

ZeT(T*X), is an isomorphism. So we obtain

- - a Py *
Bi=(a D% T'B «—2— ' —L2— 1%B

N

T (1T¥%) — T(T'X)

*
>T X

. *x_ o, *x kK __ * %
Since p B is a bundle over T X, T (p B) is a bundle over T (T X). Then the
*
identity mapping id :T (T*X) > T*(T*X) induces a bundle isomorphism

~.

5 — . o'
(6.14) l l
T (T¥%) — ™ (T*X)

So we can identify B and T*(p*B). Now T*(p*B) and'T*(T*X) have natural
1-forms GB, respectively OX. By_identifi:ation of*ﬁ and T*(p*B), we cin*al—
so interpret GB as a l-form on B. Then a OB and o @X are l-forms on p T B,
respectively T(T*X). Let (x,p) be natural coordinates for T"X and let
(x,u,p,y) be natural coordinates for T*B then it can be easily checked that

n m
~%k . .
w0y = 1 pydey -~ ayde ¢ L vidy

(6.15)

~% n
o O X

We define a function H : p*B -+ R by
(6.16) B =7"L+pgx,u)

Then H is the generating function of a Lagrangian submanifold N of (p*T*B,
dg*GB). N is given by

9H
55_.' (x,p,u)

i i
i=1,...,n
. oH
(6.17) P; = "3 (xp50)
i
oH .
yj i rren (x,p,u) j=1,...,m

J
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Concluding: we do not have a Hamiltonian system in the strict sense of Defi-
nition 3.6. Instead of a product structure T(T*X)XT*U, we have a bundle
structure p*T*B > T(T*X). If U is the standard fiber of B, then the standard
fiber of p*T*B is T U.

From now on we shall assume that B = X X U. Thus we can associate with
every control system with running cost L a Hamiltonian system. In (6.8) we

. . . * .
observed that a first order necessary condition for optimality of u is that

%% (x,p,u*) = 0. We obtain

PROPOSITION 6.2 Let £(X,XxU,g) be a control system, with dim X = n, dim U

imU =m. Let L : X x U > R be the running cost. Consider the associated
Hamiltonian system Z(T*X,T*U,T*XXU,fH) as in Proposition 6.1, with genera-
ting function H(x,p,u) = L(x,u) + pTg(x,u). Then

2n

(i) If the map %%-(x,p,u) : R x R® > R™ has rank m for every point

(x,p,u) in (%%)_](0), then (%%)—1(0) is an immersed 2n-dimensional
submanifold of T*X x U. Moreover V:= gH((%%)—l(O)) is an immersed

Lagrangian submanifold of (TT*X,Q).
2

(ii) If the mxm matrix (53355— ) has full rank in every point, then V can

be parametrized by T"X. Hence V is locally the graph of a Hamiltonian

vectorfield XH on T*X.
~“opt

BZH

Remark: Of course rank (53_55_) = m implies that the rank of the map ot
i77j

du

is equal to m.
. . oH oH, -1 . ..
PROOF i) It is well known that rank (56) =m on (SG) (0) is a sufficient

condition in order that (%%)_1(0) is an immersed submanifold of T*X x U of

dimension 2n. For the associated Hamiltonian system it holds that
(6.18) gy w = hH w

. * . - . . :
Since hH w® restricted to (%%) ](0) is zero, it then follows that

gH((ggQ_l(O)) is an immersed Lagrangian submanifold of (T(T*X),é).
2

ii) If rank (—>h

FWT ) = m, then the equation %% (x,p,u*) = 0 has locally a
ij
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solution u” = u*(x,p). Therefore V is locally given as

o

(6.19) v = {(x,p, TS

(XaP:U*(XaP)), - g_g (X,Pau*(X,P)))}

Hence V is locally the graph of the Hamiltonian vectorfield

v

I

5H *
T (x,p,u (x,p))

. oH *
P - 5;{' (XaP,U (X:P))

on T*X, with a locally defined Hamiltonian function Hopt(x,p):=H(x,p,u*(x,p)).
0.

Proposition 6.2 can be interpreted in the following way. Consider

82H

du.du,

1]

tonian vectorfield XH on T"X. The projection on X of the solution curves
opt

first the case that rank ( ) = m. Then we obtain (locally) a Hamil-

of this Hamiltonian vectorfield form a set of curves on X which by the Maxi-

mum Principle contains the optimal trajectories x (¢). In fact if rank

2
(53235" ) = m, then we can locally construct the Legendre transform (see
imj

Section 3.1.3) of H(x,p,u) with respect to u. If this function is denoted

by ﬁ(x,p,y) then the Hamiltonian vectorfield XH is given by
opt

3H
3 (x,p,0)

X

(6.21)

p

0H
- 3_X (X,P,O) .

(We see that in a certain sense the optimal control case is dual to the case
of an autonomous Hamiltonian system (see 3.53)). In the first case we set
y = 0, while in the second case u = 0).

Secondly if we only have that the rank of the map g%-is m, then we

obtain an immersed Lagrangian submanifold V of (T(T*X),Q). Now such a La-
grangian submanifold can be viewed as an Zmplicit Hamiltonian differential
equation P(x,p,%,ﬁ) =0, If 7 : T(T*X) + T"X is the natural projection, then
we know that in the points (x,p,;,;) € V where 7 restricted to V does not have
maximal rank, the solution of this implicit differential equation cannot be
defined (see also Section 2.2.4). When projected from T"X onto X this pheno-

menon can cause singularities and non-uniqueness of the optimal trajectories
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of the optimal control problem. We conclude that implicit Hamiltonian dif=
. . * o

ferential equations corresponding to Lagrangian submanifolds of (T(T X),w),

which do not project well onto T*X, arise in a natural way in the solution

of optimal control problems.

In the rest of this seétion we only wish to make some remarks. First
of all we observed that optimal control problems give rise to Lagrangian
submanifolds of (T(T*X),&). Conversely, every Lagrangian submanifold of
(T(T*X),&) can, roughly speaking, be generated by an optimal control problem.

For this we need

THEOREM 6.3 Let (T*Q,w) be a cotangent bundle. Let N c T*Q be a Lagrangian
submanifold. Let P ¢ N and n(i) = PeQ (m is projection on Q). Then there
exists a neighborhood V of P, some number k ¢ N, a neighborhood W of 0 in

oF 9F -1
35 °n (a_u) (0

is k and {(q,—g% (q,U))](q,U)e(-g—i)_l(O)} is a neighborhood of P in N ((q,u)

Bg( and a function F : VxW >~ R such that the rank of the map

are coordinates for VxW).
PROOF See WALL (1977), also KLOK (1982). 0
Theorem 6.3 yields the following corollaries

COROLLARY 6.4 Let N be a Lagrangian submanifold of (TM,&), with (M,w) a
symplectic manifold. Then there exists a k € N and locally a H : MXJRIc + R

such that locally N is equal to

(@550 (0,2,u),= 30(a,2,w) | (4,2, G (0)).

COROLLARY 6.5 Let N be a Lagrangian submanifold of (Twa,ﬂ]*é—ﬂz*we), with

M,w) and (W,we) symplectic manifolds. Let (q,p) be symplectic coordinates

for M and (y,u) for W. Then locally there exists a k ¢ N and H(q,p,u,v),

vV e EF such that locally N is equal to

{(q,p,u,g—;I (a,p,u,v),- % (a5p,u,v),- g—ﬁ (q,p,u,V)I(q,p,u,V)e(g—s)-l(O)}.
Very roughly, we can interpret Corollary 6.4 by saying that every La-

grangian submanifold of (TM,0) is generated as the solution of an optimal

control problem. Of course this is not entirely correct since the functions

H(q,p,u) that result from an optimal control problem are arbitrary except

that they are affine in the p-variables (notice that the Hamiltonian

functions H(q,p,u) corresponding to affine Hamiltonian systems are arbitrary
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except that they are affine in the u-variables). In the same way, Corollary
6.5 shows that every Lagrangian submanifold of TM x W results from a sort of
partial optimal control problem. Remember that in Definition 3.6 we did not
define a Hamiltonian system as an arbitrary Lagrangian submanifold of TM x W,
but as a Lagrangian submanifold that is parametrized by a bundle B over M,

implying that coordinates for M are also coordinates for this submanifold.

Finally we make a remark about an application of the theory of symme-
tries and conservation laws as treated in Chapter 4 to the optimal control
problem. Let Z(X,XxU,g) be a control system, with running cost L : XxU - R.

Denote by Zo the associated Hamiltonian system (Proposition 6.1). Suppose

that Zopt hagta Hamiitonian symmetry (S,T), with S a vectorfield on T*X and
T a vectorfield on T U (see Definition 4.13, also the Remark after Theorem
4,15). Let (F’Fe) be the corresponding conservation law. Suppose now that
in every point of the zero section of T*U, the vectorfield T is tangent to
the zero-section. Equivaléntly, 7;?-(u,0) = 0 if (u,y) are natural coordi-

* . . .
nates for T U. Then S is a symmetry for the Hamiltonian vectorfield XH
opt
in the sense that [S,XH ] = 0. In particular if Fe(U,O) =0Y u, we ob-
opt
tain that XH (F) = 0. Hence we can use the associated Hamiltonian system
opt
in order to find symmetries and conservation laws for the resulting Hamil-
tonian vectorfield XH . This yields on its turn information about the
opt

. 0 *
optimal trajectory x (-).
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Notes and references for Chapter 6

The idea of applying the theory of symmetries and conservation laws to eopti-
mal control can also be found in BROCKETT (1981). We remark that under the
assumptions made in Chapter 6, the first order necessary condition (6.8)

can be also derived using classical variational methods. This is not sur-
prising since we already remarked that under our assumptions optimal con-
trol problems can be treated as classical variational problems (with dynami-
cal constraints). See for more information BUS (1982), and PONTRYAGIN et al.
(1962).
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CONCLUDING REMARKS

In Chapters 1 and 2 we have laid down a framework for the study of
systems with external variables in three subsequent cases: set-theoretic,
linear and nonlinear systems. The basic issues covered were: definition and
properties of external systems, definition and properties of a system in
state space form and the notion of state, the relation between external
systems and systems in state space form including the realization problem,
and the related topics of minimality, observability and controllability. It
is shown that these issues (except for observability) can be satisfactorily
treated without specializing first to input-output systems. In fact, notions
like state and minimality of a realization are in the general case even
more transparent than in the input-output case.

The treatment of (external) linear systems as a vector bundle over
P' embedded in a trivial vector bundle over P’ (giving also rise to a dual
vector bundle) seems to provide a promising alternative approach to some
aspects of linear system theory, especially for dealing with properties which
are related to taking the limit s -+ o, s ¢ £ (see also MARTIN & HERMANN (1978)).

In the nonlinear part of Chapter 2 it is shown that the geometric
approach to linear systems in state space form as advocated for instance in
WONHAM (1979) can also be profitably used in the nonlinear case (with dis-
tributions or foliations instead of linear subspaces). We are of the opi-
nion that such a theory provides a useful basic framework for the study of
nonlinear systems (see also BROCKETT (1980), ISIDORI et al(1981 a)). This
framework can also be used for the solution of control problems like distur-—
bance decoupling and non-interacting control (see e.g. NIJMEIJER (1983)).
However, much remains to be done in nonlinear control theory. Especially
lacking is a well-developed theory of stability and stabilizability (by
feedback) of nonlinear control systems. Finally in Section 2.2.4 we have
proposed a new approach to the nonlinear realization problem by starting
with nonlinear higher order differential equations. This seems to be a large
area for further research.

In Chapter 3, the central chapter of this monograph, we have given a
unified treatment of Hamiltonian systems with external variables. We suggest
two major open research problems. The first one is the so-called Hamiltonian
realization problem, see Section 3.8 and the conjecture given there. The

second one is the explicit use of the structure of Hamiltonian systems for
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the solution of control and synthesis problems. For instance one cannot es—
cape the feeling that more can be said about the controllability properties
of Hamiltonian systems. The fact that the controllability distribution is
generated by a Poisson algebra of functions on the state space should give
more detailed information about the reachable sets of the system. Also a
closer study of the stability properties of Hamiltonian systems seems pro-
mising. We remark that in VAN DER SCHAFT (1983 a) a preliminary result has
been obtained on the disturbance decoupling problem for (linear) Hamiltonian
systems. It is an interesting question how this result can be extended to
the nonlinear case. Another area of research is the explicit formulation of
the Hamiltonian structure which seems to underly the nonlinear filtering
problem (see also the preliminary remarks about quantization at the end of
Section 3.3.1).

An open problem is how the theory of symmetries and conservation laws
as treated in Chapter 4 can be used for control theoretic purposes. At least
it is clear that the existence of a conservation law implies a certain struc-
ture of the Poisson algebra of an affine Hamiltonian system. For instance in
the case of the rigid body with external torques there should be some con-
nection between the (non-)existence of symmetries, the controllability of
the system and the Lie group structure of the configuration space.

In Chapter 5 we have given the basic definitions of a gradient system.
We have shown that gradient systems are, at least from a system theoretic
viewpoint, more complex than Hamiltonian systems. It seems therefore use-
ful to study (subclasses of) gradient systems firstly in a more concrete con-
text (see for instance CROUCH (1981)). Also attention could be directed to
the related class of dissipative systems. The described connection between
gradient systems and (simple) Hamiltonian systems remains intriguing.

Finally it is an open question in how far the theory of Hamiltonian
systems can contribute to the understanding of optimal control problems for
nonlinear systems. At least we have been able to give a simple proof how un-
der regularity assumptions the first—order necessary condition on the Hamil-
tonian occurring in the Maximum Principle results in a (possibly implicit)

Hamiltonian differential equation on the space of states and co-states. This
is dealt with in Chapter 6.
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affine system 52

affine gradient system 220

affine Hamiltonian system 130

associated Hamiltonian system 237

autonomous system 13,74,117,131,140

Beltrami bracket 222

canonical coordinates

Chern number 31

codistribution 55

coisotropic 114,152,156

column proper 38

connected 17,23

connection 49,81

conservation law 180,181

controllability 23

controllability distribution 71,75,135

controllability indices 34

controlled invariance 78

degenerate (affine) Hamiltonian system
114,134

distribution 55

dynamic time-reversibility 193,195

dynamical system in state space form
8,20,46

Euler-Lagrange equations 96,164,170

equivalence 11,54,61,127,139,223

equivalence mapping 13,61,232

99

extended controllability distribution
74,124

extended observability codistribution
68,124

external behavior 9,22,46,85

external (dynamical) system 8,23,83

external input-output system 14

external
external
external
155,159
external symmetry 174,179
external variables 4,8
external work 129,164
externally induced |1
feedback 21,42,48,63,78
feedback equivalence 21
fiber respecting 45,47
generating function 100,237
global controlled invariance
gradient feedback 221
gradient system 218
gradient vectorfield 220
Hamiltonian feedback 132,133
Hamiltonian interconnection 120

linear system 23
linear gradient system .225
linear Hamiltonian system

|

o

78,81

realization problem 169
symmetry 182,185,191
system 112

transfer matrix

Hamiltonian

Hamiltonian

Hamiltonian

Hamiltonian
155

Hamiltonian vectorfield 108,109

hybrid representation 113,208

implicit Hamiltonian differential
equation 240

infinitesimal symmetry 178

input—-output representation with
feedthrough term 51,113

internal energy 130,164

internal potential 220

involutive 55

isotropic 114

Lagrangian interconnection 120

Lagrangian submanifold 100

Lagrangian system 96,163

Legendre transformation 104

linear input-output system 21,35

linear input-output gradient system
224,226

linear system (in state spece form)
20

linear gradient system 224

linear Hamiltonian input-output
system 111,150

linear Hamiltonian system

local

local

local

local

local

110,

108,109

150
controlled invariance__z§
distinguishability 66
minimality 58,59
weak controllability 70,77
weak observability 63
Maximum Principle 234,235
memoryless system 17,105
minimality 10,22,33,54
minimality rank condition
natural coordinates 99
natural one-form 99
nonlinear input-output system 49
nonlinear system (in state spece
form) 45
observability 16,23
observability codistribution 64,
76,135,222
observability indices 39
output-feedback 36,51,63,132
output induced 50
Poisson bracket 110
polynomial matrix 24
prolongation 56

126,137
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pullback bundle 49

quantization 138

quotient system 74

reachability 16,23

realization (state space -) .9,25,32,83
reciprocity 102

regular 56

restriction manifold 114,134,153

rigid body 143

row proper 28

simple Hamiltonian system 199,213,228
state (space) 4,5,8

static Hamiltonian system 105,132

strong accessibility 70,72

strong minimality rank condition 126,137
symmetry 174,177

symplectic coordinates = canonical coordinates
symplectic form 99

symplectic manifold 99
time-reversibility 193

time-reversible Hamiltonian system 196,198,200
transfer matrix 25,37,38

uniform local distinguishability 69
uniform local weak observability 68
uniform observability 16,23

unimodular 26 -

variational principle 158,168
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C

Dy
E(P(s))

E(p(s))t
F

F,F,)

G(s)
G

P(s)
P
(Q9<’>)

(sometimes) controllability distribution 71
prolongation of distribution D 56
1ift of distribution D ’ 63

. 1 .
algebraic vector bundle over TP corresponding to

P(s) 28
algebraic vector bundle over EJ dual to E(P(s)) 39
linear space of vectorfields characterizing strong 71

accessibility ; a Lie algebra

conservation law 180
transfer matrix 25
linear space of functions characterizing

observability; 64

in the case of Hamiltonian systems a Poisson algebra 136

identity mapping 54,127
linear symplectic form (on X) 150
linear symplectic form (on W) 150
locally integrable functions 21
symplectic manifold 99
observability codistribution 64
polynomial matrix 24
prolongation of codistribution P 56
Riemannian manifold 218
time-reserval operator 193
prolongation of a vectorfield S,Z 56
cotangent bundles 99
k-th order tangent bundle 83
input space 14
input variable 14
space of external variables 8,19
external variable 8,19
state space 8,19
state variable 8,19
Hamiltonian vectorfield with Hamilton 108

function H

output -space 14

255
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y output variable 14
ZV gradient vectorfield with potential V 220
A affine distribution 52
by distribution consisting of input vectorfields 52
6 one-form, sometimes natural one-form 56,99
0¢ natural one-form on T Y 120
6 prolongation of one-form 56
i (m:B~+X) bundle projection 45
Ty (ﬂX:TX+X) projection 45
T system, see Z(X,W,B,f), I(A,B,C,D) etc.
I external (dynamical) system 8
Ze(P) external system corresponding to P(s), or to 24
PcTW 83
I dynamical system in state space form 8
z(A,B,C,D) linear system (finite-dimensional) 21
Z(A,B,C) linear input—output system . 21
Z(M,T*Y,L) ‘affine Hamiltonian system 130
r(M,W,B,f) Hamil@onian system 112
Z(Q,T*Y,L) affine gradient system 220
2(Q,W,B,f) gradient system 218
I(X,W,B,£) smooth nonlinear system 45
Z(X,E,Y,g,h) nonlinear input-output system 49
n(X,A,Y,h) affine control system 52
Ze(X,W,B,f) extended system 53
w symplectic form 99
w® symplectic form on W 105,112
® prolongation of w 109
Pl complex projective line 28
R[s] real polynomials in s 24
!
R [s] n, X n, polynomial matrices 24
R (s) real rational function in s 24
.© (Fe,Ge,Ce,Oe,Ae,Aga), with respect to the extended
system
L, 1 Lie bracket 55
£ Lie derivative 62
{,1 Poisson bracket 110
L, T Beltrami bracket 222

<, > Riemannian metric 199,218
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