Managing Editors

J.W. de Bakker (CWI, Amsterdam)
M. Hazewinkel (CWI, Amsterdam)
J.K. Lenstra (CWI, Amsterdam)

Editorial

W. Albers (Maastricht)

P.C. Baayen (Amsterdam)
R.T. Boute (Nijmegen)

E.M. de Jager (Amsterdam)
M.A. Kaashoek (Amsterdam)
M.S. Keane (Delft)

J.P.C. Kleijnen (Tilburg)

H. Kwakernaak (Enschede)
J. van Leeuwen (Utrecht)
P.W.H. Lemmens (Utrecht)
M. van der Put (Groningen)
M. Rem (Eindhoven)

A.H.G. Rinnooy Kan (Rotterdam)
M.N. Spijker (Leiden)

Centrum voor Wiskunde en informatica
Centre for Mathematics and Computer Science
P.O. Box 4079, 1009 AB Amsterdam, The Netherlands

The CWI is a research institute of the Stichting Mathematisch Centrum, which was founded
on February 11, 1946, as a nonprofit institution aiming at the promotion of mathematics,
computer science, and their applications. It is sponsored by the Dutch Government through
the Netherlands Organization for the Advancement of Pure Research (£Z.W.0.).



D.P. van der Vecht

Centrum voor Wiskunde en Informatica
Centre for Mathematics and Computer Science






ACKNOWLEDGEMENTS

The research for this monograph has been done at the Subfaculteit
Wiskunde en Informatica of the Vrije Universiteit, Amsterdam.

I am indebted to Prof.Dr. I. Meilijson for introducing me to the
topics of Skorokhod embedding. I am grateful to Prof.Dr. P.J. Holewijn
and Prof.Dr. D. Gilat for their guidance and encouragement.

I thank Mr. R.Th. Heemskerk for the excellent typing of the manus-—
cript.

The Centrum voor Wiskunde en Informatica I thank for publishing this

monograph as a CWI tract.



CONTENTS
L. INTRODUCTION AND SUMMARY
1T, CONTINUITY THEOREMS

Notational conventions

Inversion theorem

Continuity theorems

A converse of Theorem 2.b

THE BLACKWELL-DUBINS BOUND FOR STANDARDLY STOPPED BROWNILIAN

The Blackwell-Dubins bound

Sharpness of the Blackwell—-Dubins bound;

the Dubins-Gilat

and Azema—-Yor martingales

STANDARDLY STOPPED d-DIMENSIONAL BROWNIAN MOTION (d

\

1’2’*

The Blackwell-Dubins bound

Azema-Yor type stoppilng times

OF

STOPPING TIMES AND ORDER OF CHARACTERISTICS

Ultimateness of stopping times

Order of characteristics

L.

MOTLON
1V.
V. ULTIMATENESS
VI
APPENDIX
REFERENCES

f~-CHARACTERISTICS FOR FUNCTIONS f ON IR OF BOUNDED VARIATION

.e)

w0 ~ O n

32

37
38

42

47
49
55

63
63
69

73

85

87

171



CHAPTER 1

INTRODUCTION AND SUMMARY

In 1963 Blackwell and Dubins [ 4] obtained a stochastic upper bound
for the maximum of a martingale which 1s closed on the right. This bound
depends only on the distribution of the last element of the martingale.

Fifteen years later Dubins and Gilat [8] showed that this upper bound 1s in

fact the least upper bound by constructing a specific continuous-parameter
martingale for which the bound is attained. They further use their
construction to deduce the equivalence between some of Doob's martingale
lnequalities and related maximal i1nequalities of Hardy and Littlewood,
dating back to their fundamental paper [10] of 1930.

An additional example of a martingale whose maximum attains the Blackwell-
Dubins upper bound, was provided by Azéma and Yor in [1]. In contrast to
the Dubins—-Gilat extremal martingale whose paths are discontinuous, the
Azema~Yor martingale 1s a (uniformly integrable) piece of Brownian Motion
and has therefore continuous paths. The Azéma-Yor construction is a by-
product of their work on the Skorokhod embedding problem.

The original Skorokhod problem i1s to find a stopping time with finite mean
for Brownian Motion (started at zero), that embeds a given distribution,
which means that the distribution of Brownian Motion at that stopping time
1s equal to the given distribution. For such a stopping time to exist, the
given distribution must have mean O and finite variance. Various
constructions of stopping times solving the problem were given by Skorokhod
(18], Dubins [7]1. Root [16], Rost [17], Chacon and Walsh [6] and Azéma and
Yor [11].

Skorokhod's method uses external randomization, while the other methods
don't. More important however 1s that Azéma and Yor glive an explicit
description of their stopping time, whereas the others use a limit
procedure to obtain theilr stopping times. Another important observation 1s

that the requirement of a finite mean for the stopping time (implying a



finite variance for the given distribution) 1s superfluous. Dubins (1972)
notes that for his construction of a "natural" stopping time it is only
essential that the given distribution has a mean 0. That indeed is also the
only requirement for the stopping times defined by Skorokhod. However, Doob
(see Meyer [13]) showed that if one allows the stopping time to have an
infinite mean, then there is a trivial way to embed any distribution, but
then the stopping time it yields, will generally be "too big'. Therefore
1t becomes necessary to select a class of '"good" stopping times. Monroe
L14] explores the class of "minimal" stopping times, which he attributes to
Doob. It comnsists of those stopping times, for which there is no essentially
smaller stopping time that embeds the same distribution. Monroe proves that
minimality of a stopping time together with Brownian Motion at that stopping
time having mean 0 is equivalent to uniform integrability of the stopped
Brownian Motion. Now, that is precisely the class of stopping times which
following Chacon [5] are called "standard". Those stopping times were
studied by Baxter and Chacon [2] and Falkner [9] . Az&ma and Yor [1] also
show that thelr embedding method works for all mean zero distributions and
that 1t yields standard stopping times. Baxter and Chacon [2] consider
stopping times for n-dimensional Brownian Motion. Their work was extended
by Falkner [9] who explicitly uses standard stopping times. His definition
of standardness, being tailored for the n—-dimensional case is somewhat
different from the one given above, but in the one-dimensional case they
coincide. In three and more dimensions "'standard" coincides with "minimal',

but, as Falkner remarks, in these cases all stopping times are standard.

Embedding can be used as a tool to transform certain Brownian Motion
results 1nto martingale results and vice versa. In this work some of those
results are further investigated, often by the use of specially chosen
stopping times. The Dubins—-Gilat martingale will be obtained as a
transformation of the Az&ma-Yor one. The Blackwell-Dubins upper bound will
be derived directly for standardly stopped Brownian Motion. A similar upper
bound 1s obtained for the maximum of the norm of standardly stopped d-
dimensional Brownian Motion (d = 1,2,...). In order to show it is a least
upper bound we define Azéma-Yor type stopping times for which the bound is
attained. Such a stopping time depends on a certain characteristic of the
distribution to be embedded. To show that the ones we define, i1ndeed embed

the desired distribution we prove a continuity theorem for the

characteristics involved. This also yields an alternative way to prove that



the Azéma-Yor construction works. Further these stopping times are shown

to be essentlally the only ones for which the corresponding Blackwell-
Dubins upper bound is attained. This uniqueness property 1s used to prove

a result concerning ultimateness of stopping times.

The characteristic of a distribution involved in an Azéma—-Yor type stopping
time depends on a specific function. For the original Azéma-Yor stopping
time 1t 1is the identity. In the last chapter we investigate uniqueness of
the characteristic for a function of bounded variation.

For the concepts and terminology concerning Brownian Motion, stopplng times
and potential theory, used in this thesis, we refer to the book by Port and

Stone ''Brownian Motion and Classical Potential Theory" [15].



CHAPTER 1L

CONTINUITY THEOREMS

For a function f and a random wvariable X for which Ef(X) 1is well-

defined, the f-characteristic of X, 8y > 1s defined by

E(f(X) I X 2 x) 1if P(X 2 x) > 0,

(1) gy(x) := . ‘
(x) otherwise.

Then gxiis well—defined, though it may have elther —= or +» as one of 1its
values. Note that 8y depends only on the distribution of X. Further note
that 8y is left—continuous on {x : P(X 2 x) > 0}. In this chapter we
consider the f-characteristic for some special choices of f. First we
derive an inversion formula and then some continuity theorems, asserting
weak convergence of random variables, assuming mainly convergence of their

f-characteristics. Finally we prove a converse of one of the theorems.

The functions f considered are given by

X x eIR, for d = 0,
1 X x 2 0, for d =1,
(2) fd(X) .
log x x 2 0, for d = 2,
“XZ-d x =2 0, for d = 3,4,...,

where fd(O) = - for d = 2.

v

Of course 1f d > 1 only random variables X =2 0 have a well—-defined fd“

characteristic.

—characteristics g = g, are:

Further easily verified observations for £ x

d



(1) g < if and only if d 2 3, ord = 2 and Elog X <, or d < 1 and
EX < o,

(11) g is non—decreasing and left-continuous,

(i1i) if g is discontinuous at x, then P(X = x) > O,

(iv) 1if g(x) < ® and P(X = x) > 0, then either g 1s discontinuous at X,
or x = essup X for d = 1, and

x € {0,essup X} for d = 2,
(v) g has at most countably many discontinulties.

Notational conventions

For any function h put in case the right-hand side exists

h(x=) := 1lim h(y) and h(x+) := lim h(y)
y+X Y¥X

Now let h be left—continuous and have right—hand limits, Define
A h(x) = h(x+) - h(x),

C :
and let h denote the continuous part of h.

With f some other function define (formally) for any Borel set B cIR

(3) G(h,B) := 1 [ B&) = £(x) d h° (%)
. B) : \

\ )
% ¢ B hi(x+) — £(x) / SXP é h(x) — £f(x) °’

where the convention is made, that for x < y
G(h:EX)Y)) = O:
whenever h = f on [x,*) and £(x) # f(y).

The dependence on f is suppressed in the notation, because where it is
used f will be fixed.



Inversion theorem

THEOREM | (Inversion Theorem). Take f = fd (as defined in (2)) and let X

~-characteristic g < «, then

be a random variable having £,

( G(g,(ﬂm,x)) x ¢ IR, for d = 0,
(4) P(X 2 x) = ¢ G(g,[0,x)) x >0, for d = 1,
| P(X > 0)G (g,(0,x))] x> 0, ford = 2. 0

For the case d = 0 the result of Theorem | 1s already known and can be
found in Azéma and Yor [1].

The proof of the theorem i1s preceeded by a lemma, in which a partial
inversion formula is proved, that holds for functions f of a more general
form than fd' In the proof of the lemma we use two assertions, which are
slightly generalized left-continuous versions of two lemmas in Liptser and
Shiryayev [11l, lemma 18.7 and 18.8, p. 253,255] and are proved analogously.
Therefore the proofs are remitted to the appendix.

The first is a formula of integration by parts for Lebesgue—-Stieltjes

1ntegrals.

For left—continuous functions g and h of bounded variation

(5) g(t)h(t) = g(s)h(s) + [ gx)dh(x) + [ h(x+)dgx).
[s,t) [s,t)

The second concerns an integral equation.

Let g(t), t 2 t, € IR, be a left—-continuous function of bounded variation

0
and let v(t) denote the total variation of g over the interval [to,t).

Let a, t 2 to, be a measurable function with
| la_ldv(s) <= for t < =,

Then the equation

(6) P =P + P a dg(s)
' 0 [ty,t) 50

has a unique locally bounded solution, which has limits to the right and

can be defined by



A

L
(1 + asﬁg(s)) exp f asd gC(S).
t
0

neql-valued) function £ and a random variab le X with

ssume, that £ 18 of bounded variation on the
inf lg(x+) - £(x)| > O.
xe [a,bl]

bl we have

g(x) = f f(s)d F(s),
[x,%)

> x)g(x) =

> a)g(a) + [ PX 2s)d g(s) + | g(s+)d P(X = s).
[a,x) [a,x)

two equalities we get

f(s)dP(X28) = [ P(X=z2s)dg(s) +
- [a,x)

[ g(s+)dP(X = s),
La,x)

or

-1

g(s+) - f£(s) d g(s)>

dP{X 2 s) = f P(X 2 s)
- E) [a . X)

checked by writing f on [a,b] as the difference of two

monotone functions. As all the necessary conditions are satisfied, the

solution of the

last equation is given by (7), 1i.e.



P(X 2 x) =

P(X =2 a) aig{}c(l-w)expﬂzm =

Pix = @) az;s<:x (25:1)_“f§?i) ) =P Z g(;ggi(iis) ' -
PROOF of THEOREM l!. Note that for x < essup X with x 2 0 for d = 1 and
x >0 for d =z 2

g(x) = E[f(X) - f(x) l X = x] + f(x) > f£(x),
whence , using the continuity of f and property (ii) of g,

inf (g - £) > O

La,x]

for any a < x with a 2 0 for d = 1 and a > 0 for d > 2. We can therefore

apply Lemma 1. Letting a - - for d = 0, a = 0 for d =1 and a + 0 for
d 2 2 we get the inversion formula (4) for x < essup X. By left-continuity
(4) then also holds for x = essup X. For x > essup X both sides of (4)

equal zero. L]

Continuity theorems

Consider the following situation: take f, as defined 1in (2). Let

X

d

X, X be (real—-valued) random variables which all have a well-

1> 72277 °
defined fd_characteristic,*denated respectively by g, 815 Bpse--
Assume g < o,

Then we have the following theorems.



THEOREM 2a. If g (x) » g(x) for all x < essup X that are continutty-

potnts of g and 1f there 18 an a < essup X with a > 0 Zf d 2 1 such that

A
—
oot
v
a3
St
\{
v
—
<
v

a) and gn(a) -+~ g(a),

e
-

THEOREM 2b. Take d = 0. If g_(x) = g(x) for a Ll continutty-pownts x of g
E -i Su‘p X) and lim inf E Xn > ""‘m_, th@?’l

THEOREM 2’(:, Take d =2 1. If gn (}{) —> g(}{) fOI" CZZZ continuitywpoints X Of £
tn (0,essup X) and gn(O) + g(0) > —oo, then

THEOREM 2d. Take d 2 2. Let the following hold:

(z) gn(x) + g(x) for all continutty-points x of g tn [0,essup X).

L o

(zz) There 1s a random variable X £ 0 with f . —characteristic 24 and an

d
a > 0 such that for all n (large enough)

go(x) < gn(x) fOI‘ all x € (0,al.

D
>

xnlxn:»o X | X > 0,

1.€. P(Xn > x | X > 0) > P(X 2 x | X > 0) for all x at which
P(X = x I X > 0) 28 continuous. L

The proofs of these theorems are preceeded by a string of lemmas. Lemma 4

1s the most crucial one. It contains a kind of conditional continuity
result.



LEMMA 2. Assume f ts a function of bounded variation and g 18 a non-
decreasing left—contirnuous function, both on a given interval 1. Put

C := sup gx+) — f(x) and c inf g(x) - £(x).
xel Xel

If ¢ > 0, then for any Borel-set B contained in 1

(9) exp - -—@‘v-%-—l»--—-B) < exp - jB' g(}f)ging(x) < G(g,B) <
"y STy TGy < o T S
where A(g,B) = éd g(x).
PROOF. For O £ a < 1
a < -log(l - a) =n§1-§-s —
with which
s = | s [, v e S
JB' m ~ X:;:B log (1 - M) = -log G(g,B) <

G i W ey
B g(x) — f£(x) weB g(x+) — f(x) 1 - Ag(x)/ (g(x+) - £(x))

( d g(x)
> g(x) — £(x) °

That implies that the second and the third inequality of (9) hold. The

11

—
ankile

first and the last are evident from the definition of ¢ and C.

Note that Lemma 2 also holds in case g is non—increasing,

C = sSup g(x) - f(x) < 0 and C = inf g(x+) - f(}{).
xel xXeL
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LEMMA 3. Let g, £, g_ > fn,~n e N, be real-valued functions on the interval

[a,b] cIR, a < b. Assume g, g, 0 eIN, to be left-continuous and non-

tnereasing. Denote the set of discontinuirty-points of g by D.

Lf

f 28 continuous on D,

inf (g — £) > 0,
La,b]

g, > 8 potntwise on ([a,b] \ D) u {a},
fn.+'f unt formly on [a,b],
then there 1s an N ¢ IN such that

inf inf (gn - fk) > 0.
n,k=2N [a,b]

PROOF. Put ¢ := 1inf (g - f£). Define D' « D by
La,b]

D' := {d : Ag(d) > %&-

As D' contains only a finite number of points and f is continuous at these

points, there is a & > 0 such that for all 4 € D'

x,y € [d - 6,d + 6] implies [f(x) - £(y)]| < %*.

Choose points €ns €15 €55n- in ([a,b] \ D) v {a} as follows

ey T a, and having chosen €nsrr =38 then
— 1f there 1is a d € D' with e. € [d - §,d], choose e 1 € [d,d + &7,

(which set 1is not empty, as d < b ¢ D,)

- 1f there is a d ¢ D' with e. <d - § and g(d) - g(ei) <*§, then take

1
e. .1 € [d - 6,d],
— otherwise we can and will choose ei+} such that

. | C
g(ei+l) = g(ei) + A

and

< =
< g(ei+1) or e. . b.

|0

g(ei) +



As g(b) —~ g(a) < ® and D' contains only a finite number of points, there

1s an m  IN such that
a:&o{e "’Z,.,<e_r~"=e = o m'.imb#

By that and the uniform convergence of (fn) to f we can find an N ¢ IN

such that n 2 N implies

g (e;) —gle)l <%, i=0,1,...,m,

and
£ (x) = £(x)]| < %‘ for all x ¢ [a,b].

Now for all x € [a,b] there is an 1 £ m with

If there 1s a d € D' with e. £ d < e

: Sl then for n,k =2 N

g, (x) = £, (x) 2 g (e;) - £ (x) 2 gle,) - 58- - f(x) - %
2 8(ei) - f(ei) - %E
> = .
2
If there 1s no such d, then for n,k = N
C C

IV

gn(x) B fk(x) gn(ei) - fk(x) 2 g(ei) - f(x) - )

W sy W s AR

v
0Q
~

o
) g

-

o~
rh
~

P
S

IV

13
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IEMMA 4. Let f be a continuous (real-valued) function of bounded variation

on the tnterval [a,bl. Assume g, g, D € IN, are (real-valued) Left-

—decreasing functions on [a,bl with

continuous, nor

inf (g - £) > 0,
[a,b]

and

lim g_(x) = g(x)

>0

for x = a and for all continuirty—-points x of g.

Then for G, the functional corresponding with £ according to (3):

lim G(g_,[a,b)) = G(g,[a,b)).

nﬂm

PROOF. By Lemma 3 there is a ¢ > 0 such that for all n large enough

inf (gn - £f) 2 ¢. We assume that to hold for all n, which can be domne
fa,b]
without loss of generality. Further we take ¢ so small, that

inf (g - f) 2 ¢ as well.
[a,b]
d

For h = g, 813 89> the discontinuous part, h , and the continuous part,

hc, of h are defined by

hd(x) = X Ah(y) and hc(x) := h(x) - hd(x), x € [a,b].
asy< x

Note that h(x) = hc(x) + hd(x).

-hoose € ¢ (0,1). Let D denote the set of discontinuity-points of g. We
irst assume that D is not empty.

et a =d, <d, < ... <d be a finite subset of D u {a} such that

z Ag(d) = ec.
de D\ {dl,...,dk}

52 Ag(d) < g(b) - g(a) < =, we can certainly find such a set.
de D

h Lemma 2 1t follows that




(10) G(g,D \ {d],...,dk}) = dI'i = {dl,...,dk}<l - E(%%—')(L-f(d')— )
> exXp — E.
Choose ¢ > 0 such that
ga + &) - gla+t) s =,
g(d, + 0) - g(d, - d) - Ag(d.) < %9 s, 1= 2,...,k,
k
(11) G(g, ((a,a + &) Uigz [d, - §,d, + 8} \' D) = exp - ¢,
Var(f,a,a + §) E*%? ’
Var(f,di — 6,di + §) S-%§ s L = 2,...,k,

where Var(f,x,y) denotes the total variation of f over [x,y],
a+ 0 ¢ D,

diwcS, di+c5¢D, 1 = 2,...,k.

Now there 1s an N € IN such that n = N implies

g (x) - g(x)] = .

for all x ¢ {a,a + S,b} u {di - 0, di + & 1 =2,...,k}.

We want to show G(gn’[di — é,di + 6)) 1s close to G(g,{di}) for n large
enough.

For all d « {dl,...,dk} and n 2 N do the following, where d — ¢ must be
read as d, 1f d = c:':l1 = a,

Choose discontinuity-points Py <Py < «vv <P of g in (d - 6,d + 3),

(Lf there are any,) such that

2 Ag (X)S__"s
X € (d" 63d+6)\{p13"'$p }



For 1 = 0,..

Note that X
i=0

whence

. ,m define

Vl = Var(fsplspi+])*
£¢
Vl 5 "'f(_ »
C
?i-!-l dgn (x)
e%P g (x) - f(x)
P n
C
c d
P. &, (x) + g8 (x) - f(pi) + f(Pi) - £ (x)
C
C d
p; 8, (x) +g (p.,.) - £(p,) +v
exp —.1Og gn(pi+l) - f(Pi) + Vv
C d '
g, (py) + 8 "(p..;) —f(p,) +v
C d
g, () *g (0, ) - £(p.) + v,

G(gn,[d - 8,d + 8)) <

IN

=



17

C d
m g (Pi) + g (pi+l) - f(pi) + v, gn(pi) - f(pi)

Rxll —mrriio0mnnmc s :l}  fe i e e i e =

1.=0 gn(pi-i-]) - f(pj'_-l-]) gn(pi+) = f(Pi)
g (p,) - £(p.) m gd(p- )-gd(p+)+v
R X _______;I_)_-_______Q______‘_________g____ H (1 + Il 1+ 1] 13 i | i ) _
grJ.(pm—f-l) - f(pm+1) 1=0 gn(pi+) - f(pi)

g (d = 9d) - £(d - 6) re
lxgn(d-t- Y — £(d + 8) °FP

[A

€£C

g(d - 8) - £(d - 8) + k_ 2¢

g (d+8) - £(d + &) PR T
2E¢C

g(d) — £(d) + k 2¢€

(A0 - E@T S P T

g(d) - £(d) [ o 28 _c \ 28 _
g (d+38) - £(d+ &) \ k g(d) - £(d@) ) P x =

gld+) = £(d) — g (d + 0) + £(d + O)\ L
L m ) exp 2
g (d +8) - £(d + §) / k

g(d) — £(d)
g(d+) - £(d)

-

Le

(d + 8) - g (d + 6)
g(d) - £(d) S n' e
(1 T @+ 8 -f@+ o) Tk ) ®XP - °

g(d+) - £(d)

g(d) = £(&) . 6

g(d+) - £(d) k
Conclusion:
6€
(12) G(gn,[d - 0,d + (5)) < G(g,{d}) exp . for n =2 N.
Also
c
exp - ?i"'l :gm__P____(}Qm >
| g (x) - £(x)
P- n
1
C
Pi+l d gn (x)

(D
3
o
|
—d
o
li



(b, ) * 8 e - £, ) m vy
gn(Pl"‘) - f(pi+l) - Vl
g (p:,,) — £(p; )

whence

) — . gn(Pi) - f(Pi)

Rx H MWHWM b A A ——— >
i=0 8, (Psy ) — E(py ) g, (P;+) — £(p;)
(exp - =) Wgn(d ~ e I /I - m—_—-—-—mn-—-—-mf(pi+l) s S Vi):>
k gn(d + §) - £(d + &) =0 \ gn(pi-l-) - f(Pi) =
. €gn(d-6)—-f(d-6) 2
(e - s @ —f@v ey |k

>
3€c
(d) - £(d) - k 2€ €

BUZ LDt - e -

g(d+) - £(d) + B

g(d) - £(d) , _ &% . _ 2¢ €

g(d+) — f(d) (1 k) (=3 exp - 2

g(d) - £(d) [l _ _g_g:_) 3

g(d+) - f£(d) k '
In the last but one equation we thrice use —Z > =2 (1 - --z--) ] - =

y +z y (=3
for y > 0 and x,y > z 2 0.
Conclusion:
I _ 5

(13) G(gn,[d - 8,d + 8)} 2 c(g,{dH (1 - -%l-ff-) for n > N.

Now consider for i = 1,...,k with d'k-!-l - 3 =b



Note that for the case D is empty the proof starts here with k = | and
o = 0.
Let d. + 0 = ey < € < ... < ey = di+1 - 0 be a partition of

[di + G’di+l - 5]'withe0,...,eMé D \ {al} such that
e
(exp - -E) exp — X

e C
M d
exp - J g(:j *Exl)‘f(x) = G(g,ley,ey] \ D) <

€ .
Choose N ¢ (O;—S), then there 1s a én > 0 such that for all d € D with
Ag(d) = -g-

Uar( r + T) < N
d + 6 - d - - A < 1.

For 1 = 1,...,M select a set {qj € [ei_l,ei] : J e 1 C]NO} of continuity-

points of g in the following way

and for j =2 1,

1f g(qj_l) 2 g(ei) — N, then q. := e, and the procedure stops, otherwise,

J 1
if possible, take qj such that
g(q. ) + 2 < g(q.) < glq._,) +n
-1 2 ] 3-1 ’

otherwise there is a d with Ag(d) = 3%- such that

e(d) - '"2" < g(q;_)) < g(d+) - n,

19
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and then if q. , 2 d — O_ take q; € (d,d + Gn], otherwise take

Jj-1 n
qJ e [d - 6n,d).
As ~ ~ g(ei“l) < +o, we get only finitely many points qj . Further it 1is

clear, that I = {0,1,...,m} for anm €N and e, _, = 4, <qp < ... < q = ey

ign(qj) - g(qj)| < N j = 0,¢..5,M.

; J ) ' . } i
By the way of choosing <5n, Qps + <+ Y we get for n 2 Nl

sup (g, - f) = 2n + sup (g — f)
and
1nf (gn‘-- f) 2 -2n + 1inf (g = 1).
[ei“l,ei] [ei_l,ei]
Using Lemma 2 in the first inequality we get for n 2 max N,
i=l,..,M
M
*ﬂ G(gn,[el_l,ei)) =
1=]
M gn(ei) - gn(ei--l)
exp - L ————————————— %
ir..-] [Sup (gn - f)
®5-1°%3)
exp — Y mr——————————————————etrmn it <
i=1 2n + sup (g = £)
[e. ,,e.]
1-17 1
M g(ei) - g(ei_l) - 2N
exp - L —m—m—m—m——m—— Y £
fe. .,e.]
1-17 1
;_1 gc(ei) - gc(ei__l) M
P T Z MF swp (g- D P °
Le; 108y
M gC(e.) - g€(e,_.)
I 1 1-1 2N C C 2nNM
exp T e—— el | - 1§
= sup (g — f) eXp C2 (g (eM) 24 (EO)) exp """'""""'""‘"""‘c =<

[e.

e.
1~1"7 l]



G(g,[eo,eMJ \ D) exp

&

k

Conlusion: for all n large enough

exp (ﬁ%ﬁ'(gc(em) - gc(eo)) +

2€

SOl

k

) -

21

)

1%

o)

(14) g »Ld; + 6,d,,, - 8)) =
C C
c g (d, , ~06) — g (d, +9)
G(g,[di4~5,di+l'~§) \ D) EXP'E'<3 + - _ -
for 1 = 1,...,k.
On the other hand
M
Rl G(gn,[e1 1,ei)) 2
1=1]
e *g. g (e.) - gn(eiﬂl)
P . inf (g = £)
1=l Le e.) o
i-17"1
B galey) — 8 (e ) .
€XP T S on + inf (g - £) =
1= 1]
[e. .,e.]
1—-17 1
o — ]é g(ei) - g(ei__l) + 2N .
P~ < TOn+ inf (g - £) =
1=]
Le. .,e.]
1~-1" 1
ex — f;_'i g(Ei) * g(Ei“I) - ex — “@L >
® i=] -2n + 1inf (g — £) P c - 2n
fe. .,e.]
1~17 1
C | C d d
M g-(e.) — g-(e._.) g (e.,) — g (e,) + 2nNM
exp — 2 - e exp - LS S
P72, -2n+ inf (g- £) =P c - 27
(e, _,»e.]
- c — «C
. ;4 g-(e;) — 8 (e. _,)
SEP . inf (g - )
1=}
Le. .,e.]
1—~17 1
e (e) - g5 ) + g%Ce,) — g + 2mM
exp — & ey’ 0 M 0

c - 2n
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G(g,[eO,EMJ \ D) X

£
exp ("" 'E

2n(gS(ey) - 8°(ey)) + 8°(ey) - £9(ey) + 2
_ o) E

G(g,[eO:EM] \ D) X

s 26(g(ey) - 8°e) + 1D gy - g%(ey) )
exp ' e e e

k k(1 - 2¢€) c(l - 2¢)
Conclusion:
(15) G(gn,[dl + 6’di+l - 6)) =
G(g,Ld; + O,d. ., = ) \ D) X
/e 26(8T(dg, =8 — g (d;+8) + ]
e k(1 = 2€) -
d d
f (di+1 0) - g (di + 6) \
c(l - 2e) ]
for 1 = 1,...,k.
As
K C C
2 g(d,, , -0 - g(d, +6) s g() - gla) <,
1=1
X d d
> g (di+l -38) - g (di + Q) < 3 Ag(d) < ec,
1=1

de D\ {dl’”"dk}

and € was arbitrary,

the proof finishes by combining (10), (11), (12), (13), (14) and (15). [

Lemma 5. Let f and g be non-decreasing real-valued funtions on [a,bl],

f continuous and g left-continuous. Assume inf (g - f) = ¢ = 0,
then La,b]

PROOF. First assume ¢ > Q. Choose € > 0. As g(b) - g(a) < +», we can find

finitely many discontinuity-points of g in (a,b) such that the sum of the



jumps in the other discontinuity-points of g in (a,b) 1s smaller than ec.
Let al < a2 < ves < an be such points. Put ao := a and an+1 := b.
For all d < e in [a,b] we have

G(g,[d,e)) <

g(d) - £(d) % dgt(x)

g(d+) - £(d) - P é s (x) - £(x)

g(d) = £(d) o[ ___dg X _
AL — AN P

g(d+) = £(d) d ge) - g (e) + g (x) - £(d)

g(d) - £(d) gle) - A(g-,(d,e)) — £(d) _
g(d+) - £(d) g(e) — £(4)

() - £@) 8(g®, (d,e)) ) -

g(e) - £(d) g(d+) - £(d)
d

g(d) - £(d) Alg ,(d,e))

g —£@ TP T <

It follows that

G(g:[a3b)) =

-

n
Il G(g,[a.,a.+1)) <
l"..."”.

0 1 1

% g(ai) - £(a;)

1 eXp E.
;=0 8(a5, ) f(a;)

By induction we shall prove

ﬁ gla.) — £(a.) ) glay) — £(ay)

— - — 3
which completes the proof for ¢ > 0.
For n = 0 the assertion 1is trivial. Assume 1t holds for n = m - 1, then

Iﬁl g(ai) o f(ai)
i=o 8(a3,) ~ £(a;)

<

23
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8(30) - f(ao) g(am) - f(am)

gla ) - £(ag) gla )~ £(a))

glay) - £(ay) g(a_..) — £(ay) s8la ) - £(a )
ga_,,) — £(ay) sgla)) - £(a,) gla_.,) — f(a )

So it suffices to prove, that the product of the last two factors 1is

smaller of equal to 1, or equlvalently
(gla_..) — £(ag))(g(a ) - £(a )) <
(gla_, ;) - £(a ))(g(a ) — £(ay)),
or

-g(a

LPE@) - ga)f(ay) <

—gla_ )f(ay) - gla Jf(a ).
The last 1inequality follows from

0 =< (gla ) —&la ))(f(a ) - £(a,)).
If ¢ = 0 then for d > 0

G(g,la,b)) <

G(g + d,[a,b)] <

gla) + d - f£(a)
g(b) +d - f(a)

where the last inequality follows from the first part of the proof. Letting

0. i

d go to zero settles the result for c

Note that Lemma 5 holds with equality, if g(x) = g(b) for all x in (a,b).



25

LEMMA 6. Let f and g be non—decreasing real-valued functions on [a,b],

f continuous and g left—continuous, with g(x) - f(x) > 0 for all x ¢ [a,b).
Then for all x € [a,b)

PROOF. Choose x € la,b). If f£(x) = g(a), then there is nothing to prove.

So assume f(x) < g(a). Choose € ¢ (0,1). Select a finite number of points

S, = @ < S < +e. < s =X such that the sum of the jumps of g in the
remalning discontinuity—-points is smaller than e€(g(a) - £(x)), then
Ag(s) \
Il (1 —-—-—5-—-——-—--—— >1 - €,
se La,x]\ {SO »S_} gls+) - £(s))
whence
G(g:[a:x]) >
n 8(8 ) - f(S ) c
d g (s)
l —g) I ————————— - [ e
( ) -0 g(s +) -~ f(s ) €xp £ g(s) = £(s)
n 8(3 ) — £(x)
] — € H —eee
- G —f®
n s. C
eXp — 'Z fl ——— e d% (s) . =
n g(s ) — £(x)
- H e A+t e ARt et
(1 ) =0 g (s. +) - £(x)
Ir} g(s i ) - f(x) . .
. C - B
1=1 g (Si) 4 (Si“l) + g(si“1+) f(X)
g(so) - f(x)
- £) ————
(1 ) g(sn+) - f£(x)
As s, = 2 and s = X, the result follows by letting € go to zero. L

Note that we have equality in Lemma 6, if g(s) = g(a) for all s in [a,x].



eMMA 7. Let £, g and h be non-decreasing real-valued funcetions on la,bl],

£ contiruous and g and h left—continuous with £ < g < h on [a,b).

Then for all x in [a,b)

G(h,[a,x]) = G[g,[a,x))'%%i%T:ZE%%%j-.

PROOF. Choose x ¢ [a,b). Let Sy be a sequence, whose elements consist of

. s € {a} u ([a,x]1n @) and g(s) < h(s)}, then sp; 1is dense in

the set {s
{s : s ¢ [a,x] and g(s) < h(s)}.
Define the functions hO’ hl’ ... by

and

' hn-l on [a,tn] and (sn,b],

g(sn) on (tn’sn]’
where
t := suplt : hn-l(t) < 8(Sn)}s

and sup @ = —=, [a,~=] = 0.

Then by Lemma 6
G(hn__],[a,x]) > G(hn,[a,x]), n ¢ IN.
Further (hn) converges pointwise to h' defined by

h on (x,bl,
h'! :=
g on [a,x].

So, using Lemma 4,

G(h,[a,x]) =2

G(h',[a,x]) = G(g,[a,x)) hﬁﬁ)"_fﬁ;) | -
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The more general lemmas are now covered. Before we prove the theorems, we
give two more lemmas, which consider only f = f, as defined in (2) and

d
functions g that are the f-characteristics of random variables.

LEMMA 8. Take d =2 2 and £ = fd‘ Let X be a random variable that 1s not
tdentically zero and whose f-characteristic g 8 well-defined and not

tdentically +«, then

g(s) _
£(s) = 0,

1im
s+

PROOF. 1If g(0+) > =~«, then the lemma follows directly from f(0+) = —w

»

If g(0+) = ~», then evidently liminf g(s)/f(s) = 0. Therefore it is left
sv O
to prove limsup g(s)/f(s) < 0.
s+ O
Choose a € (0,1). Note that for 0 < s £ x £ a, we have 0 < —-f(x) < -f(s)

and so 0 £ f(x)/f(s) < 1. Now

limsup g(s)/f(s) =

sv
] 1 f(X)
RSP EE = &) © E(s) {xzal T '{ssx<a}) *

~
1im5up_____l____m M.;.P(Sﬁx{a)):
<4 0 P(X = s)

P(O < X < a)
P(X > 0) °

Let a go to zero to get the desired result. U

Let X, Xn’ n € N, be random variables with a well—-defined fd-—-

characteristic, denoted respectively by g, g.> D € IN. Then we have the

following lemma.



EMMA 9. Agsume m = 8 sup X < <00 and '?:f d 2 2 s 1 > 0 3 the 4! bO th

g (x) + g(x) for all continuity-points of g in an tnterval
ol

(m - a,m) wtth a > 0

P(KI1 >b) >0 for all b > m.

Choose b > m and € > 0. Choose 8§ € (0,a) such that m - ¢ is a

£
continuity-point of g and f(m) - £f(m - 0) < > (f£(b) - £(m)).
Let N be such that n =2 N implies

g (x) < g(x) +3EDB) - £(m)),

where x is either m or m — 8. Note that g(x) < f(m), and therefore

gn(x) - f(x) £ e(f(b) - £f(m)) < E(gn(b) - £(x)).

With Theorem | and Lemma 5 we get for n =2 N

g (x) — £(x)

> b ) —_— < £,
P(X_ 2 b) < G(g_,[x,b)} = ROEEIC >
PROOF of THEOREM 2a. Let s < essupX and if d 2 2, s > 0 be a continuity-

point of g. Put x = min(s,a) and y = max(s,a). Using Theorem 1 and Lemma &4:

P(X_ 2 y) P(X 2 y)

PR s - Gl lon) > olelny) - 5
whence

P(X 2 s) » P(X = s).
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FordzlnowP(ans)mlmP(Xas) for s £ 0, and by Lemma 9

P(Xn 2 s) >0 =P(X 2 s) for s > essup X. So it only remains to consider
S = es sup X.

If P(X = essup X) > 0, the proof is ready. Otherwise select a sequence X

of continuity-points of g in (—»,es sup X) converging to es sup X, (that can

be done, because g has at most countably many discontinuities,) then

limsup P(X_ = essup X) <
n-> H

lim 1im P(X =2 x ) =
11 m
Mmoo 110

P(X =2 essup X) = 0. [

PROOF of THEOREM 2b. By Theorem 2a it is sufficient to prove

P(Xn > a) > P(X =2 a) for a continuity-point a < essup X of g.

As for s < a

P(Xn =2 a) = G(gn:(“mss))(;[gns[:s:a))

and

P(X

v

a) = G(g,(*m,S))G(g,Es,a)),

1t 1s by Lemma 4 sufficient that for any € > 0 we can find a continuilty-

poilnt s of g such that

G(h,(ﬂw,s)] 2 1 - €

for h = g and h g for all n large enough.

Note that g(—~) = EX and gn(-—m) =EX , ne IN, and

—0 < 1im inf EXn < lim inf gn(x) = o(x)

for all continuity—-points x of g, and therefore

-0 < 1im inf EXn < EX.
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Choose € € (0,1). Put ¢ := liminf EXn. Now choose a continuity-point s of

g so small that
g(s) - EX =1,

and

c-l-—-‘g(Ex - ¢ + 3).

N
IA

Let N ¢ IN be such that n 2 N implies gn(s) -~ g(s) <1 and gn(-m) >c - 1.

Then for h = g, & BN+p’ " we have using Lemma 2

d h(x)
exp | < =
(-—w,s) h(X) *
d h(x)
1 - = >
(=0, 5) h(x) X
_h(s) = h(==)
: h(—*) - s z
l__-_g(s)*i-l*---'--'::+1 5
c — 1 - s
| __F.X“c-I-B >
c -1 - s
] - € Ll

PROOF of THEOREM 2c. For d = 1 put gn(x) = gn(O) = EXn and
g(x) :=g(0) = EX, x < 0, and the result follows from Theorem 2b.

For d 2 2 we have lim f(x) = —». So for all € > 0 there 1s a continuity-
x+0
point s of g such that

g(s) — g(0) <1 and £f(s) = g(0) -1 -

M Lo

Also there is an N € IN such that n 2 N implies
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g (s) < g(s) +1 and g (0) 2 g(0) - 1.
Then for h = g, Bn® Bney® "t using Lemma 2

G(h,[0,s)) =

iiﬁG[h,[O,t)) exp -[t{s)*ET§%§£5%7§$- >
exp — €.
Use Lemma 4, Theorem 1 and 2a to get the desired result. L]

PROOF of THEOREM 2d. Note that because of convergence and left—continuity

g 2 g, on (0,a] too and therefore X # 0. Choose a contlnulty—-point x of g
in (O,essup X). Choose € € (0,1). By Lemma 8 we can and do select a

continuity-point s of g in (O,min(a,x)) such that
g(s)/f(s)| < €/8, lgo(s)/f(s)l < /4, and
G(go,(O,s)) > 1 - €/2.

Choose N € IN such that for n =2 N

=)

g(s) - g ()| < FIE()I,

implying
g_(s)/g(s)l < e/é.

Now for h = g, 8y Byape - We get using Lemma 7

¢(h,(0,s)) =
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_ gO(S) - £(s)
G892 (0:9)) Ry = Fe) 3

(1~ /) Tt

With Lemma 4 and Theorem 1 it follows that

p(xn:lex >0) >P(X 2x | X > 0).

1l

With Theorem 2a the result now follows. (]

A converse of Theorem 2b

: . - X .
For a random variable X in L, 1.e. E{X| < +o the function U given by

Ux(x)

- EIX - x|, x € IR,

il

is well-defined. It is called the potentzial of X.

THEOREM 3. Let X, Xl, XZ’ .« . be random variables in L1 with potential

and £ .—-characteristic denoted respectively by U, U ., U and

0 1_, 2_, " &
8> 815 Bos o Then the following four assertions are equivalent.

(7) Xn Y X, and there 18 a ¢ € IR such that Un(c) -+ U(c).
(12) K 9 X, and the X , nelN, are uniformly integrable.
(127) u >U pointwise.

(1v) gn(x) + g(x) for all continuity-points x of g in (—°,es sup X),
and lim inf EXn 2 EX.

If the assertions hold, then also EX ~ EX. L
REMARK. The equivalence of (i), (ii) and (iii) is already known.
Before the proof of Theorem 3, we state a theorem that can be found in

Billingsley [3, Theorem 5.4, p. 32] and almost immediately settles the

equivalence of (i) and (ii), and we make two other useful observations in
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a separate lemma.

THEOREM 4. Suppose X, X 3

then

X X,

... are random varitables in L., and Xn

1° 727 1

(Z) Xn’ n ¢ IN, uniformly integrable 1mplies Exu > EX, and

(272) X, Xis Xos e non-negative and EXn

untformly integrable. L]

+ EX Tmplies K , nelN, are

LEMMA 10. Assume X 18 a random variable in L, with potential and fo-—-

characteristic denoted respectively by U and g, then

M
(7) U(y)*U(x)+y*x#2fP(X>z)dz_, and
X
EX - U(x) - x.

(27) 2(g(x) - x)P(X =2 x)

PROOF. (i) follows easily from the following.

-U(x) = E{X - x| = E(X - x)+ + E(X - x)” =

0 X
[P(X>2z)dz+ [ PEX<z)dz.

b, ¢ wnee OO0

Whence

y
P(X > z)dz - (1 = P(X>2))dz =
X

U(y) - U(x) =

M

y
x -~y + 2 [ P(X>z)dz.
X

For x 2 essup X both sides of (ii) equal zero.

For x < es sup X
2(g(x) - x)P(X 2 x) =
2E (X - x) =
E(X - x) - E(X - x) - U =

EX - x - U(x).,. L]
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PROOF of THEOREM 3. Theorem 4 applied to [X - cl, !Xl - cl, le - cly ...
gives the equivalence of (1) with (11).

Part (i) of Lemma 10 with y = ¢ and a bounded convergence argument give
that (i) implies (11ii).

Assume that (iii) holds and let x be a continuity-point of X.

Take h > 0. Using part (i) of Lemma 10 we get

lim sup P(Xn > x) <

h
1im sup%— | P(Xn > z)d z =
x—h

1im sup i%(un(x) - Un(x - h) + h) =

o= (U(x) - U(x - h) + h) =

;X
{ P(X > 2)dz <
x-h

=

P(X > x - h).

and

v

lim inf P(l*'(r1 > X)

P(X 2 x + h).

As h > 0 was arbitrary, it follows that Xn Q- X. So (1i1i1) implies (1).

Assume that (iii) holds and let x be a continuity-point of X in
(—°,es sup X). Note that (i1i) holds now too, whence EX -~ EX by Theorem 4.

n
Part (1i) of Lemma 10 now gives gn(x) + g(x). So (iii) implies (1iv).



Assume that (iv) holds, then by Theorem 2b Xn Q X. Now

lim sup EXn < lim sup gn(y) = g(y)

for all continuity-points y of X 1n (-~,essup X). Letting y = —° gives

lim sup EXn < EX. So (iv) implies

EX = EX.
n

Part (11) of Lemma 10 now gives
U_(x) ~ U(x)

for all continuity-poilnts x of X 1n (—,es sup X).

So (iv) implies (1i).

35
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CHAPTER III
THE BLACKWELL~-DUBINS BOUND FOR STANDARDLY STOPPED BROWNIAN MOTION

For a random variable X with distribution function F define the

: -1 . i :
function F ', the generalized inverse function of F, by

(1) F“l(s) := inf{x : P(X < x) >s}, 0 < s < 1.

]

Then F 1s right—continuous and non—decreasing.

.. : . ) 1
Let A denote Lebesgue—measure on the unit interval. The distribution of F

with respect to A is equal to the distribution of X.

If EX < o, then associated with (the distribution of) X 1s the so-called

Hardy—-Littlewood maximal fﬂnctionﬂﬂx,‘which is defined by

]

1
(2) Hx(t) 1= I_t{F“I(s)ds, 0 < t < 1.

Note that HX is continuous and non—-decreasing.

In this chapter we only consider foﬂcharacteristics. Recall that for any

random variable X with E X < o 1its foﬂcharacteristic gX:is given by

E(X | X 2 x) if P(X =2 x) > O,
(3) g (x) i=
X otherwise.
Because
l l
f le(s)dsmf]?“l(s) l{s *F-l(s)>x}ds=
P(X< x) 0 ) -
E X I{XEX}’

there exists the following relation between Hy and 8y



38

(4) H, (P(X < x)) = g, (x)  for x with P(X < x) < 1.

If E|X| < =, then UX, the potenticzl of X, 1s given by

UX(X) = -E|X - x|, x € IR.

Let (B )t> 0 denote standard Brownian Motion started at zero.
C 2

A stopping time T (for (Bt)tz O) is called standard, if whenever R and S

are stopping times with R < S < T, then

| < © and EIBSI < o, and

(5) Uu =20 (pointwise).

LH

Note that for a standard stopping time T it follows by taking R O and

S = T that EIBTl < © and moreover by letting X - ® and —® in
EIBT - x| - E!BO - x| = E[BT - x| - |x| 2 0, that EB, = 0.

Another characterization of standardness is given in the following lemma

due to Falkner [9, prop. 4.9., p 386].

1. A stopping time T i1s standard 1f and only 1f the stopped process
)

18 uniformly integrable. |

(B

tA T t20

For a stopping time T let MT denote the maximum of the stopped process,

1.e.

MT P= sup Bt'
0<t=s T

The Blackwell-Dubins bound

THEOREM 1 (The Blackwell-Dubins bound ). Let T be a standard stopping
time, then

(6) P(MT > gBT(x)) < P(BT 2 X)), and

(7) P(M, 2 y) < A(Hy > y).

(A denotes Lebesgue-measure on the wunit imterval.) L]
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Our main objective is to derive (7). However, we use the weaker assertion
(6) in deriving (7). Notice that 1n case P(BT = x) = 0 for all

x € (=o,essup X) 8B is continuous, in which case (6) and (7) can be

seen to be equivalent using (4).

COROLLARY. (Blackwell-Dubins [41]) Let (Xn)ne]N be a martingale having X

as 1ts last element. Let M be defined by M := sup X . Then
Il

PM =z y) < A(Hy 2 5). B

The bound on the distribution of M‘I‘ in (7) or M in the corollary will be

referred to as the Blackwell-Dubins bound.

X X X

PROOF of THEOREM 1. For every x ¢ IR define £, H1 » By s T 5 y

f(x) := min(x,es sup BT)’

In the remainder we omit the superscript x and we write g for =3

| T
Note that

{T 2 Hl} = {MT > g(x)}.

Because T 1s standard and ‘1‘1 < T2 < T, we have with Ui the potential of

| 7 = >
As

U (£(x)) = ElB, = £(x)|(

+ ] ) =
'l {T< Hl} {Taﬁl}

EIBT - £f(x)|]1

IV

{T< H}} + (g(x) — £(x))P(T Hl)’

and
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Uy (£G) = Elby = £ [ Ugp gy * Tepsm )

2
EIBT - f(x)ll{T<H2} =
EIBy = £G)11ep H, } + ElBp - f(x)!l{ng T<H,}
it follows that
(8) (g(x) - £(x))P(T2H ) < E[By - f(X)ll{H] « T < Hz}*
For x < essup B, we have £(x) = x < g(x) and
(g(x) - x)P(BT > x) = E(BT - X)I{BTz:x}

and

{H1 < T < Hz} - {BT > x}.

\Y

So for x < essup BT (8) implies P(T = Hl) < P(B x), whence (6) 1is

T
established for x < essup BT.
T We have g(x) - f(x) = x — essup BT > 0 and

I"(H1 < T < HZ) = 0, whence using (8) P(T = Hl) < 0 = P(B

For x > essup B

sz).

For x = essup B,. (6) follows because both sides of (6) are left—continuous,

T

or 1s trivial in case BT = 0. This completes the proof of (6).

Proof of (7): We write H for HBT.

For x < essup B, we have g(x) = H(P(BT < x)) and

P(BT > xX) = )\(ST: H(s) = H(P(BT < X))), because H 1s strictly increasing
on I:O_.,P(BT < essup B‘l’))'

T Ve have g(x) = x and P(BT > xXx) = A(H 2 x). So (7) follows
from (6) for all x € R(g), the range of g.

As E(BT) = 0, 1t follows that H =2 0 and A(H = x)

therefore (7) is trivial for x < 0.

For x 2 essup B

1 for all x £ 0 and

Now take x > 0 and x ¢ RK(g). As g is non-decreasing and left-—continuous

and lim g(y) = E B, = O, there 1s a z € IR such that g(z) <x < g(z+),
y=

For such z 1t is necessary that



z < g(z) and P(BT = z) > 0.

First consider g(z) < x < g(z+).

As H 1s continuous and

H(P(BT < z)) = g(z) < x < g(z+) = H(P(BT < z)),

there 1s an s € (P(B,. < z),P(BT < z)) such that H(s) = x.

T
Moreover A(H 2 x) = 1 - s.

Choose b > z and let a(b) be such that

P(BT < z) — S

z-a®m __~T °
b - =z s-*P(BT>z)'
< —
Th (b) < and z - a(b) mP(BTHZ) >
en 4 Z B b - a(b) P(BT = z)
Define the stopping time Tb by
. T 1f BT # z,
LIS

v

inf{t T : Bt { (a(b),b)} if B, = z.

T

Then Tb is standard too, which i1s easily seen by observing that

{Bt - B, : T <t < Tb} is uniformly bounded and using Lemma 1.

Further observe that

P(By 2 2) = P(Bp > 2z) + P(Bp = z,By = D)
b b
= P(B, > 2z) + P(B, = 2) E - :E:g
=1 - s =A(H 2 x),
and writing g, for EBT,
g, (z) = (1 - S)ml E (B 1{Bsz:z})

(1 - s)"](E(BTl

{BT > 230 b(P(B, = z) = 8))
P(BT-‘;Z)“S
*H(S)-P(b“‘.?.)m-l-ﬂ:wgwm

P(BT < z) — S
x + (b - z) ———m—m—m———

1 — s

41
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Now using (6) for Tb it follows that -

P(MT > gb(z)) < P(MTb > gb(z)) < P(BTb > z) = A(H =z x),

and by letting b + z

Taking x * y (7) now follows for all v € (g(z),g(z+)] and therewith (7) 1is

fully established. (]

PROOF of COROLLARY. We assume that p =EX = 0. (That i1s allowed, because

Hy = W = HX-—u‘) For n ¢ N let M_ be the maximum of {XI"“ ,Xn}. The

martingale {Xl" - ’Xn’X} can be embedded in Brownian Motion by means of

standard stopplng times Tﬂﬁ1 < ... < Tn,n < T . (See Falkner [9].)

Using Theorem ! we get

I

P(Mn 2 X) < P(MT 2 x) < )\(HBTI1 > X) }x(HX > X).

As M2 x}=U{M = x} = 1lim {Mn > x} we can conclude
n

Sharpness of the Blackwell-Dubins bound;

the Dubins-Gilat and Azéma-Yor martingales

Let X be a random variable with distribution function F with
ey e -1 .. . i
generalized inverse F and finite mean . As 1t will not be a real
restriction, we assume Y = 0. Let H denote the Hardy-lLittlewood maximal

function associated with X and g the fo--characteristic of X. (See (2) and

(3).) On the Borel unit interval (A = (0,1),B,A) as probability space
Dubins and Gilat [8] considered the stochastic process

Y = (Yt(a), a € A, 0 £t £ 1) defined by

4

i H(t) for t £ a,
el =94
| t F (a) for t > a.
It 1s easily seen that Yl = Fm1 2 X and max Yt(@) = H(a).

0 ts 1
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As moreover Y is a martingale, as is explicitly proved in Dubins—-Gilat [8],

it is an example of a (continuous parameter) martingale for which the

Blackwell-Dubins bound 1s attailned.

The Az&ma-Yor martingale is the stopped Brownlian Motion process (BtﬁtT)t>-0’

where T 1s defined by

T := inf{s : g(B ) < MS}.

This special stopping time T was devised by Azéma and Yor [1].

They proved the following properties of T.

(1) T embeds X, 1.e. B 2 X,

T
(1i1) T 1is standard.

We refer to T as the Azéma-Yor stopping time (embedding X).

The connection between the two martingales 1s stated in Theorem 2.
For 0O £t £ 1 let g, be the foﬂcharacteristic of Yt and Tt the Azéma-Yor
stopping time embedding Y _, i.e. T = inf{s : gt(BS) ﬂ’MS},

Notice that '1‘1 = T,

THEOREM 2. The set of stopping times (Tt)05;t$;1 18 such that T s Tt for

I__) |
0O <r=<t<=<1 and (BTt)OﬂtSI Y. L]

From Theorem 1 and 2 the following is now direct. (See also Azéema and Yor

Lib].)

COROLLARY. The Azéma-Yor martingale 1s a martingale for which the
Blackwell-Dubins bound ts attained. L
PROOF of THEOREM 2. First consider Yt to determine g, - As H(t) = F_l(a)
for t > a, 1t follows that

H(t) for F (t) < x £ H(t)

gt(X) =
X for x > H(t).
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1 -1 _
——— ((1 - t)H(t) + B F ' (a)d o)
P(Yt 2 X) ( {aoe (O,t) : F 1(@.)azx}
(gL Flwad) -

A(a : F (o) =z x) {a: F (o) = x}

g(x).

Now grﬂg for 0 £ r £t £ 1, because

t
g (x) = g, (x) for x < F ' (1),
g (x) = x < g, (x) for x > H(r), and
g (x) = H(r) < H(P(X < x)) A H(t) = g(x) A H(t) = gt(}c)

for F_I(r) < x £ H(r), because then r £ P(X < x).

From the definition of the stopping times (Tt)0< . 1t 1s now easily seen

that Tr < Tt for 0O £ r £t £ 1,

. - < <
T  on {BTr < H(x)} for 0 < r <t <1, for

]

Moreover Tr

gt(BTr) = g(BTr) = gr(BTr) on {BTr < H(x)} for t = r,

and

A

gr(BT ) M‘I‘ ’

r r

The equalities hold, because By, = le(r) on {BTr < H(x)} .
The 1nequality holds, because (BS) 1s continuous and 8. 1is left—continuous

and non—-decreasing.

Take 0 < t; <ty < ..l S t < 1 and CyseeesC e IR and consider

P(BTti_ < Cs s i=1,...,n). As P(BTt < H(t)) = 1 for all t, it is no

restriction to take c. < H(ti)’ i=1,...,n. But then

P(BTti < Cs s 1 =1,...,n) = TI:”(BTtl < min C.),

and



P(Yti < ¢c., 1 =1l,.0.,n) =

Alae ¢ F (o)

IA
0
-
-
I
J
!

Al ¢ F (o)

A
=
| sl
-
0
-
|

P(Yt1 < min C.)
I<1<n

Hww
-

As Yt] BTt1 and P(Yt < H(t)) =1 for all t, Y = (BTt) 1s proved.
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CHAPTER IV

STANDARDLY STOPPED d4d-DIMENSIONAL BROWNIAN MOTION (d = 1,2,...):

We derive a bound for the maximum of the norm of d-dimensional
Brownian Motion up to a standard stopping time. It is similar to the bound

in chapter IIl. Further Azéma-Yor type stopping times are defined and proved

to be standard stopping times for which the bound is attained.

For x EIRd we denote its Euclidean norm by ||x|| (d =2 1). For an IRd-
valued random variable with Efd (| 1X]|]) < o let &y denote the fd-
characteristic of | |{X]|]|, 1.e.

B CECESUHIXTD | LRI 2 %) Af POLIXED 2 x) > 0,
{ fd(x) otherwise.
Let F-IIIXH denote the inverse distribution function of | |[X]|].
Define the function hX by
1 ; -1
= < 1.

h, (t) — { fd(F[lXH(S))dS’ 0 <t <
Between g, and h.'X the following relation exists.

gx(x) = hX(P(I IX]] < x)) for x 2 0 with P(|[X|]| < x) < 1.

It follows from

1
j £ (F, (s))d s =
p(l1X| | < %) d* | 1X]]

1
-1
£f (F (s))1 ;  —1 d s
{) d | I1xX]| {s..FHX“(s)?_};}
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EL CHXID T rrigyy 2 x)

LEMMA |. Let the distribution of X be such that Ef (| |X|]) < e for

d = 1,2 and P(IIX]]| = 0) =0 for d = 2.
. - | -1 _ -1
Then with h = hxand F FlIXll
t _
B-tme::{p“f dh(s)“l
O h(s) - de (s)

0 <t < P(|IX|| <« essup ||X]|]).

PROOF. Note that h(t) is continuous on [0,!) and

]
(1 - ©)h(t) = [ £,F (s)ds,
t
whence
-h(t)dt + (1 — t)d h(t) = -deul(t)d t.

As h(t) - de“I(t) > 0 for 0 < t < P(||X]]| < essup | |X]|]),

dt _ dh(t)
1 -t

h(t) - de"I(t) ‘

By integrating the last expression and taking limits for the boundary

points we now get the result.

The potential of X, denoted by UX, 1s defined by

Ux(x) =~Efd([!X-xH), erRd.

Let (Bt) denote (standard) d-dimensional Brownian Motion (started at

t=>0

the origin). A stopping time T (for (Bt) ) 1s called standard, if

t=> 0
whenever R and S are stopping times with R £ § £ T, then

Efd(l]BRII) < and Ef, (IIBSH) < o,

and

Bg

UBR > U (polntwise).

_____
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The following lemma characterizing standard stopping times is due to

Falkner [9, prop. 4.9, p. 386 and p. 388/9].

LEMMA 2. A stopping time T for d-dimensional Brownitan Motion is standard
1f and only 1f

d =2 3,

or

+

d < 2 and the process (£, (IIBylly )

18 unitformi:
t> 0 untf Y

ntegrable,

+ +
where fd (x) = max(O,fd(x)), X EIRO .

If T s standard, then for any stopping time S < T

For a stopping time T let M, denote the maximum of H'Btl | up to T, i.e.

M, := sup HBtH-

O0<t<T

The Blackwell-Dubins bound

THEOREM 1. Let T be a standard stopping time, then

(1) £, g, () < P(IIBLI] 2 %),

T

ae
—

5

\Y

(2) P(MT > x) < )‘(fdmlhBT X)) .

The right—hand side of (2) is what we call the Blackwell-Dubins bound for

standardly stopped d-dimensional Browntan Motion.

PROOF. We first proof (1) and then use it to derive (2). For x = 0 1t 1is

_ + , . ., X X X
trivial. For every x € IR define £, KIX, :{2 5 T1 . T2 by

f(x) := min(x,es sup HBTl 1)

X ) -]
K, ™ := inf{t : IlBtl| > fd gBT(X)}s

sz = inf{t = K : IIBtI! < f(x)},



in the

NOLe that

for

BT, - yil) | {Ky < T}"

| IBr,11 2 £(x), we have on

i=1,2.

(4) g(x)P(K, s T) s Ef, (1B, 1)1,



As liBTzll = f(x) on {Kz < T} (4) now implies
(5) (8(x) - £,(£(x)))P(R, < T) <

E(£,CHIBLID) = £,(E(x))) 1 (K < T<K,}

We conslider the cases x <

As both sides of (1) are left continuous, we do not need to consider

X = es sup HBTI |, unless BT = 0, but then T

O and things are trivial.

Assume X < es sup lIBTH.

Then f(x) = x and

(6) g(x) - fd(X) =

1
SCTELTT 55 Slfall Bl D = 54600 1 gyyp a2 O

Now {Kl < T < KQ} - {l!BTll > x} and fd(llBTll) > fd(x) on {||B

Nap———

whence, using (5) and (6), we get

P(K, = T) < P(llBTII 2 X),

which 1s (1).

Now assume X > €S sup lIBTI | .

Then P(K1 < T < Kz) < P(] iBTH > es sup llBTl 1) = 0, and g(x) - fd(f(‘x)) =
fd(x) ~ fd(essnmaliBTlf) > 0. So (5) implies (1) for this case, which
completes the proof of (1).

We shall now prove (2). Write h for hBT'
-1

an

>1

es sup | IBTH and x > es sup | !BTH now separately.

— .. . -1
As fd h = £ 1h(O) (= 0), it is sufficient to consider only X = fd h(0).

IfZP(l]BTil > x) = 0, then x = fd— e(x) and (2) follows trivially from (1).

Therefore assume P(llBTll < x) < 1.

If x ¢ Rf "lg’ the range of fd_lg, (2) follows from (1), because then with
d

x = £, gy

P(!lBTll > vyv) = A(t ¢ t 2 P(liBTll < y)) <
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At fd“]h(t) > fdﬂlh(P(I Bl < ¥))) = At : fd_'lh(t) > x).

-1

Now assume x £ K As *lh(O) = fd g(0), there 1is a y such that

w— L 4 f
fd lg(y) < X £ fdnlg(y+) and therefore P(HBTHm y) > 0.
As both sides of (2) are left-continuous, we need not consider x = fd“]g(y+).
We consider the following three cases seperataly: (1) y = 0 and d = 2;
(i1) vy = 0and d = 1; (1i1) vy > 0 and d arbitrary.

. : : : d
(1): In this case (0,0,...,0) 1s a polar set, 1.e. for all z 1R
P(inf{t > 0 : B_ = (0,0,...,0)} < o | B, = z) = 0.

t ——
So {||B.l|= 0} = {T =0} a.s. and therefore, as x > fd 1g(O) > 0,

n

P(Mﬁ > X) < P(IIBTlI > 0) = A(t ¢ t 2 P(IIBTII = 0)) =
\(f. 'h > fd“lg(o+)) < A(fd“’h > x),

whence (2) holds.

. . -1 . . . ) .
(i1): As fd h(t) 1s continuous and strictly increasing on

[0,P (] lBTI{ < es sup | {BTI 1Y), there is a t < P(| IBTII = Q) with

...1 B
fd h(t) = x.

Further there 1s a ¢ > 0 such that

t

P(iiBTII < ¢c) £t + P(IIBTlI = 0) for all c ¢ (O,ct)

wawithpC s = (P(IIBTII <¢c) -t) / P(lIBTII= 0) define the randomized
stopplng time Tc by

inf{t =2 T : i[BtI] > ¢} on {1{BTII = 0} with
Tc s = probability P>
T otherwise.

Use Lemma 2 to derive that TC 1s standard.

Now use the strong Markov-property to check that



> c) = P(IIB.l]| = ¢) + P(||B

oy

Let 2. denote the f, —characteristic of HBTCI | , then

]

1 .
-t

——
—_———

BTCI | > c}

E (EilBTlll{llBTlIE:C}+-C(P(IIBTll cc) - ) =

and

lim g (c) = x.
C
c->0

Apply (1) to Tc with ¢ < x to get
P(M, = g.(c)) = P(MTC 2 g .(c)) <
P(llBT '] 2¢) =1 - t,

C

whence with ¢ -~ O

] -t = A(fl”lh > x).

IA

P, > x)
Taking left—hand limits in the last expression yields (2).
(1i11): Note that in thlis case

P(IIByll > ) < A(fy 'h 2 %) < PCIIBLII 2 ),

-1 -1
because P(!| |B.ll > y) = A(f h =2 £ g(y+)) and
T - d | d

P(I1B 11 2 ¥) = A(f; h=2£f, ().
Now for 0 < a <y < b define the stopping time T' by

inf{t = T : l!Btll ¢ (a,b)} if HBTII = Y,

T otherwise.

53
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Use Lemma 2 to derive that T' 1s standard.

1

Note that y < fd“ g(y) < x and that, using the Markov-property,

” fd(y) - f,(a)
fd(b) - fd(a)

P(|I|B

v

Il =) = RCIBLIL > y) + P(IIB I

(See Port & Stone [15, prop.l.5, p. 55 and prop. 4.8, p. 75] for the

expression in fd.)

From this it 1s clear that we can choose b < x and that for all b close

enough to y we can choose a such that P(| |B | =2 y) = A(fdwlh,z x) .

ool

b)

For such a pair (a,b) with g' the fdﬁcharacteristic of IIET,ll*we have
g (y) =
Ef, (1B 1)1 (18,01 > y) + £ P IBLI =y, B, I ] = Db)
(£, 'h 2 x)
(1B > Y)h(RIIBLI] < y)) + £,()P(1Byl] = y,1 By || =
k(fd"]hzx)
_ P(lIB,.l| = vy, IB.,|] = b)
h(M (£, b > %)) + (£,(b) = £,(y)) 1 — L
A(f, h 2 x)
P(IIB, Il =y, IB. Il = b)
£,00 + (£,0) - £,(0) ————— T,
l(fd h 2 x)
whence
g'(y) > fd(x)b
and

lim g' (y) = £,(x).
bty

Apply (1) to T' with b < x to get
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whence letting b + vy

P(M% > X) < A(fd_lh > X).

Taking left—hand limits in the last inequality settles this case and

" finishes the proof. L]

Azema-Yor type stopping times

Let Y be a non—negative random variable and let g denote its fd-'

characteristic (d = 1,2,...).
For d = 1,2 assume Ef‘:1 (Y) < © and for d =2 2 assume P(Y = Q) = 0.

Define the stopping time T for (Bt) (, d-dimensional Brownian Motion,) by

. -1
(7) T := inf{t > 0 : M_ 2 fd g(llBtll)}i
Note that, as M_ = sup | lBSi |, T is actually a stopping time for the
O<s=< t

Bessel process (| ‘Bti ')tz 0"

THEOREM 2. The stopping time T defined in (7) has the following properties

(27) P(T < o) = 1,
D

(i2)  |IBpll =¥,
(127) T 18 standard,
. -1
(1v) P(MT > x) = ?&(fd hBT > X). B
COROLLARY. The inequalities of Theorem 1 are sharp. [

PROOF of THEOREM 2. It is convenient to assume first that X 1s bounded,

say m = eS8 sup Y < o,

For k «IN let D. be the set containing the points in [0,m] given by

k

sup{x : £ ﬂlg(x) < —1-'--}, i e IN, and m itself.
d 2k

Let dk(l) < dk(2) < J.. < dk(nk) = m denote the points of Dk'

Define the function &1 and stopping time T by
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g(dk(l)) for 0 £ x < dk(l),

gk(x) = g(dk(i)) for dk(i. - 1) < x < dk(i),
X for x > dk(nk) = m,

-1
T := inf{t : M = £

. . q gk(llBtll)}-

Then

1im &, = 8-

| a

Moreover 8, > _gz Z ... 2 g, whence

T, 2T, 2 ... 2T =2 0,

] 2
and therefore (Tk)k> 1 1s convergent.
As limsup IlBtllﬂm a.s. and MT] <ma.s., it follows that (Tk)k_:a- [ and T

t = o
are all finite a.s..

We shall now show

HBTkH Dy and T, > T ad.S.,

k

D

= Y.

whence with continuity of the paths of (Bt)t?.: 0" l IBT

-1
d Sk
Dk \ {m} as discontinuity-points, and f

Note that the restriction of £ to [O,m] 1s a step—function with

d gk(x) > x for x < m.

With the continuity of paths of (Bt) it follows, that

t=20

P(|IBpl] e D

)
" k

Use the strong Markov-property to get

P(11Bp |1 > 4 (1)) = g, (d (2)) = £,(d (1))

and

g, (4, (1)) - £4(d (1))

P(IIBp 11 > d (i) | [IBp Il 24 (i) = g (4, (i+1)) - £(d, (1))’
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whence

g, (d (1)) - £,(d, ())

P(lIBp || 2 y) = dkf(li) <y g (4 1+ 1)) - £ (d (1))

= G(gk$[03}7))*

Therefore 81 is the f .,—characteristic of i‘BTkll‘

d
Now apply Theorem I.2¢c for d = 1 and Theorem I.2d with g4

h

g for d =z 2

to conclude

| 1By | 2 y.
Define S := 1lim T and consider the set

k?

koo

{T # st = U (T + = < S}.

ne IN
Now with x (y) := sup{x : g (x) < g(y)}
(r+L<sre By, 11 >x (B D, 0sts—, ke

As xk(y) increases to vy, when k tends to infinity, 1t follows that

1

]
{T+~H <S}c{[IBT+tIIZHBTlI, 051:5;}.
Now
P(IIB,, |12 [IByll >0, 0s¢t=2)=
E(E(1 _ 1, | B.)) = 0,
{I1B,, 1= 1IB;lI>0, 0st=—] T

because for y > 0 all x on the sphere with radius y are regular for
{z + |lzll < vy}, i.e. P{Anf{t > O :llBtll <y} =0 | BO = x) = 1.
(See Port & Stone [15, prop. 3.1,3.3 and 3.4, p. 30,311].)

So
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As :"i.nIR1 x is regular for {x}, i.e. P(inf{t > 0 : B_ = x} =0 | By = X) =

it follows that T = S a.s. for d = 1.

InIR@, d > 2, we have, that {0} is polar and therefore

I
-
~

"
s
~
-3

{
-
-’

P(liBTll

fdnlg(llstll)}.

j
H »
-
h
ooy,
rt
IV
M
=
Y

For € > Q define Te :
Then

‘I‘E =S a.s. on 1S 2 €}.

by the previous part of the proof. So

S < TE a.s.

As 1im.'I‘E =T and T £ S, 1t follows that
e+0

S=T a.s.,
which settles (1) and (i1) for Y bounded.

For the case that Y is unbounded define the functions g, and the stoppiling

times T\)’ Vv € IN, by

g(x) for x < v,
g, (x) = { g(V) for v < x < £, g(V),
-1
fd(x) for x > fd g(V),
-]

T, := inf{t > 0 : M2 f, g, (l1B

1) 3.

r

, _ . .. 1
Verify that g, 18 the fd characteristic of Y1 (Y < v} + fd g(v) 1 {v> v}

So by the first part of the proof

o

B, [11 {1 IBpll< v} Ty <y

and
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T < o a.s.

T =T, on {lIBp I} <V},

and

lim P (| IBT\)II < V) = 1lim P(Y < V) = 1,
Voo V>0

1t follows that

Hw

T < © a.s. and HB,I.II Y,

completing the proof of (i) and (i1).

As for d 2 3 all stopping times are standard, we only have to consider

d < 2 in proving (iii). In doing so we use the stopping times Tv, v € IN,
again.

+ . ,
Note that for all v € IN the process fd (llBt/\T ] |) 1s bounded and there-—
| AV,

fore uniformly integrable, whence using Lemma 2
Tv 1s standard.

To prove T is standard it is therefore sufficient to prove, that for any

stopping time S < T

.
Ef, (HBSH) < o,

and
lim Ef, (] |B - x||) = Ef, (|IB. = x!|1) erRd.
- d SAT d S ?
)0 V
Use Lemma 2 and Fatou's Lemma to get
Ef " (|B.l1) < liminf E£, (| |B 1) <
g (I1Bgll) < limint EX, SAT =
) r o N\
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' . 3 . + < o
ilﬁl;lefd (HB‘I‘vll) =Ef, (IIBTI() :

Use a monotone convergence argument to get

lim Ef, (|[Bg = x|1) 1 (S<T ) =Efd(IIBS - x|1).
\)-H00 V

Further for v 2 |Ix|| + 1
lEfd (HBTV - x| ]1 {T, < S}l <

fd(fdﬂl(g(\’)) + | x| l]P(Tv < T) =

£,(£,7 @V + [1xl1)
— sw  FRUBID g a0y

The last expression tends to 0 for v = o, with which the proof of (iii) 1is

finished.

We shall prove (iv) now.

As

and

P(IIBLIl 2 y) = A(fd-lh 2 fdhlg(y)},

, the range of fdmlg.

(iv) is immediate for x € R_
fd g

fdmlh(O) = fd“]g(O) both sides of (iv) are equal to 1.

Consider the only case left: fd_lg(y) < X < fdwlg(y+).

As fdmlh 1S continuous and

For x =

-1 -1 -1 . - ]
f, gly) =f, h(P(X <y)) <f, h(P(Y £y)) = £, g(y+),
d d d d
there 1s a t € (P(Y < yv),P(Y £ y)] such that

X = “]h(t).

ta
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Now

IV
s
o’
|
IV

fdﬂlg(y))P(MT 2 x | My 2 fdﬂlg(y))

P(MT PCMT

] g(y) o fd(Y)
g(y)) fd(x) — fd(y) »

}

IV

tg

P(MT

because given MT > fdmlg(y), T can not stop before either llBtli reaches

level x or llBtil returns to level vy, starting from level fdﬂlg(y),

Using Lemma 1 we get

C
A(fdﬂlh = X) = ] - t = exp “I““jLELEQH”:T_“_‘ -
0 h(s) - £ ,F (s)
C
(1 - P(Y <y)) exp - [ d h(s) -

P(Y{:Y) h(S) - fd(Y)

E ]
iy

h(t) - fd(Y) )

P(Y 2 y) exp ("103'ﬁf???“?"???":”?2757*

g(y) - £,(y)

- ]
P(MT z £, g(y)) f;igs—:f?zﬁgs' .

As one saw already that the last expression equals P(MT > x), the proof 1is

now complete. [

PROOF of the COROLLARY. The corellary is immediate except when d 2 2 and

P(llBT!l = Q) > 0. But in that case

{{IB Il =0} = {T = 0},
and embedding of the distribution of IIBTII | liBTll > 0 according to
Theorem 2 yields that the bound is sharp. L]

REMARK. The methods employed in the proof of Theorem 2 (together with
Theorem I.2b) provide an alternative for the original proof of the

analogous statements for the Azéma-Yor stopping time used in chapter III.
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CHAPTER V

ULTIMATENESS OF STOPPING TIMES AND ORDER OF CHARACTERISTICS

Let X be a random variable in ]Rd and T a standard stopping time for

d-dimensional Brownian Motion, that embeds X. It i1s well known, that for

any ]Rd*--valued random variable Y with E fd+(| Y| ]|) < « satisfying

Ef (1Y - xI1) 2 Ef, (11X = xID), x e rRY

and for d 2 2 a condition concerning polar sets, there exists a standard
stopping time T' 2 T, that embeds Y. (See Falkner [9].)

The question of the converse was for l-dimensional Brownian Motion
considered by I. Meilijson [12]. In this chapter we derive simillar results

for higher dimensions, which are naturally phrased as results for Bessel

processes (| iBt| l)t> 0°

—

Ultimateness of stopping times

A standard stopping time T for 1-dimensional Brownian Motion (Bt)t::- 0 1S

called ultimate, if whenever X is a random variable with

E|X - x| < EiBT ~ x|, then there is a stopping time S < T, that embeds X.

For the following result of Meilijson cf. Meilijson [12] and Van der Vecht

[19].

THEOREM 1. A standard stopping time T is ultimate 1f and only i1f there

are a < 0 £ b such that P(BT e {a,b}) = 1. ]

yp——

A stopping time T for (| lBtl ) is called standard, if T 1s a standard

stopplng time for (Bt).

Before defining ultimateness for stopping times for Bessel processes we

state a lemma, with which it becomes clearer how this should be done.



64

Let 0 denote the uniform distribution on the surface of the d-dimensional
r

ball with radius r and the origin as 1ts centre.

_ d
f£.(lx - ylDdo (y) = £,00IxI1 v ), xeR.

PROOF: See Port and Stone [15, prop. 1.7, p. 56 and prop. 4.9, p. 751]. ]

With Lemma | 1t follows that

IA

Efd(HK* x| 1) Efd(llY - x{l), =x el

implies

IV
-

Ef, (1IXI| v o) <EE ([IYI] v, =

A standard stopping time T for (| lBtl 1) is called ultimate, if whenever

X is a non-negative random variable with

IV
O

Ef, X vr) <Ef (B Il vr), r
and for 4 =2 2

P(X =0) = P(| lBTH = 0),
then there is a stopping time S for (| lBtl ) with S £ T, which embeds X.

LEMMA 2. Let T be a standard stopping time for (Bt) and let g denote the

£ ;~characteristic of ||B.ll.
If
P(M, > £, 'g()) = P(IB 1| 2 %), x2o0,
then
T “=°° inf{t > 0 : M, = fd"lg(HBtll)} on {T > 0}. (]
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LEMMA 3. Let T be a standard stopping time for (| lBtl |) and let g denote

the £ d-—characteristic of | IBTI | .

If T s ultimate, then

a

T O

inf{t > 0 : M 2 fdmlg(llBtil)} on {T > 0}. (]
Theorem 2. A standard stopping time T (for C(HiB 1)) 18 ultimate 1f and
only 1f there is an m 2 0 such that P(ilBTll e {O,m}) =1 and T 28 as

described in Lemma 3.

PROOF of LEMMA 2. Define Tx.by Tx := inf{t : M_ 2> fdmlg(x)}.

r
Now
By (HBpll v ey 2 5y (lBy, o 11V 0) 5
Efﬁ.(llBTll v 1) | {T<:Tx} + fd(fdmlg(x) v r)P(T 2 TK) >
Ef, (1IBpl1 v r)] {T<Tx} + g(x)P(lIBLI] 2 x),
whence
Bifqg (IBpll v T M 2 fd“lg(x)} 2 Efy (1B 11D {IIBL Il 2 x}’

With r > 0 it follows that for x > O

{MT > fd"lg(x)} = {IiBTII > x} a.s.

The last equality holds trivially for x = 0. It also a.s. holds for all x

: + - : . .
in a countable dense subset onRO . As fd g 1s left—-continuous, 1t a.s.

holds for all x E]R0+, which i1mplies

M, 2 fd_lg(ilBTll) a.s,

Hence

T 2 inf{t > 0 : M = £ (l1IB.11)} a.s. on {T > O}.
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As inf{t > 0 : M.t > fd“lg(iiBtll)} embeds the distribution ot
(IB.1l | T > 0O in (ilBtll)land |/B. || 1s nowhere constant, it follows from

T t
the standardness of T that the desired result holds. 0]

PROOF of LEMMA 3. By Lemma 2 and Theorem IV.1 it 1s sufficient to prove

PO, 2 £, g(x) 2 P(IIByIl 2 %), x eRy .
Define the stopping time T' by
0 1f T = 0,
T' := !
inf{t > O M2 £, g(llBtIl)} otherwise,
then
| |B iI-Q-HBllandP( }fﬁlg(x))mP(llBllzx).
! T Mpr = 54 T

Vv

.....1 .
As T' is standard and P(Mr: > fd g(x)) = P(| lBTll X)), the ultimateness

of T implies
PM, 2 £, g(x)) = B(IIBylI 2 x). n

PROOF of THEOREM 2. First assume T i1s ultimate. Then by Lemma3 T 1s as

described in there.

Assume there are 0 < a < ¢ with P(a < ||B.l|l < ¢) > 0 and
P(IHBTII >c) > 0.

(If there are no such a and ¢, then there i1s an m = 0 such that
P(leTll e {O,m}) = 1.)

Now define b by

T

_ . —1

b= £, E(£,([IB;ID) | 1Bl € (a,0)),

then a < b < c.

Let X be a non—negative random variable distibuted as IIBT][ onIR \ (a,c)
and P(a < X < ¢) = P(X =b) = P(a < IIBTII < c).

Then



Efd(er)sEfd(IlBTll vV r), r € IR. ,

which follows from the observation that by Jensen's inequality

P(X = b) (ECE,C(11BLID) | 1B 1] € (a,0)) v £,(r)} =
P(x = b) E(£,(1IBLI1 v ©) | [IByll € (a,0)) =

BEq UIBLIE VT ry1p 11 e (a,0)}°

As T is ultimate, there is a stoppling time Tb < T embedding X.

Define the stopping time T' by

T for ||B., || # b,
T' := b Tb
T A inf{t = 'I'b llBtli { (a,c)} for llBTbll = b,
Then T' £ T and so E fd(HBT'H V r) < Efd (HBTH vV 1), r =2 0.
From which with A = {1 1BTbH = b,HBT,H = a}l,
A, = {lBg |l = b, 1By, 11 =c} and Ay ={lIB, Il = b} \ (4 u &)
we get for r € [b,c)
Efy ¢ lB’I‘| vor)l {] IBTH e (a,c)}
Efy (WBpo 1l v o)l {llBTb!l=b} <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>