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Introduction

Imagine that you are in a tunnel of a coal-mine. On the walls around you, you see cracks of
all different lengths and in all kinds of directions. One supposes that the lengths of the cracks
are an indicator of rock strength and can be used to assist in deciding the sizes of pillars to
support the tunnel of the mine. Therefore, we are interested in the distribution of the crack
length, because the distribution function tells us with which probability we will find cracks
of a certain length. The motivation for the problem comes from geologists from the CSIRO
Division of Applied Geomechanics (Laslett, 1982a,b).

If we want to estimate the crack length distribution we need data. Looking at a wall of
the tunnel, we will see something like Figure 0.1. We observe the cracks within some window

/ ~_

Figure 0.1: line segment process observed through W.

'W. In this case the window is for instance one of the walls of the tunnel. Some of the lengths
of the cracks are totally observed, others partially. A crack that hits the edge of the window
is partially observed. The real length of the crack is beyond our visual field. The cracks in
the window will be interpreted as a two-dimensional line segment process observed through
a window W. The cracks are the line segments of the process. When we only observe part
of a given crack, we say it is censored. The length of the visible portion we call a censored
observation.



2 Introduction

For each line segment in the window our data consists of: its (possibly censored) length,
its direction and its position in the window. These observations will be used to construct
a nonparametric maximum likelihood estimator (NPMLE) of the distribution function of
the length of the line segments (the crack length distribution). We assume that lengths
and directions are independent. Roughly speaking nonparametric means that we put no
restrictions on the distribution function we want to estimate and the maximum likelihood
estimator is that estimator that gives the highest probability of occurrence to the data.

Why do we bother about the censoring? It is possible to construct estimators of the crack
length distribution based on the uncensored observations only, but it turns out that not using
the censored observations is throwing away valuable information. A censored observation of
length Z does not give us the true length z of the line segment, but nevertheless it tells us that
z > 7 and this means it includes information about the probability of being a line segment
that is greater or equal to Z. If experiments are expensive, it is not possible to generate
more uncensored data if you are not satisfied with the data that is offered to you. Then,
in the search for a good estimator, one is more or less forced to take the censored data into
account. In the line segment processes studied in this book we show that the NPMLE of the
distribution function of the length of the line segments, based on the uncensored and censored
data, is in some sense the best estimator among all other estimators (efficiency).

Another application of a two-dimensional line segment process is described by Chung(1989,
1990): the storage of nuclear waste in a vault in a stable geological rock formation such as the
granitic plutons in the Canadian Shield. The rock mass surrounding the vault acts as a natural
barrier between the nuclear waste and the biosphere. However the ground water system
contaminated with the waste migrates through the rock mass and reaches the biosphere. So
the fracture system in the rock plays an important role. The fractures are approximately
linear planes in nature, and we can only see linear lines on the surface of the rock mass.
These lines form a two-dimensional line segment process and are possibly partially censored
(by soil and vegetation). (For a picture see Gill(1994) p. 182).

In order to understand the two-dimensional case we start by analysing a simpler special
case: a one-dimensional line segment process observed in an interval. If one considers the
rectangular window in Figure 0.1 and all line segments are horizontal, then one obtains the
one-dimensional case.

As a possible application of the one-dimensional line segment problem we consider the
following so-called ‘hospital model’, Laslett(1982a). Suppose that in a one-dimensional line
segment process we want to estimate the distribution function of the length of the line seg-
ments. Suppose we observe the process in an interval (0, 7) (this is the window W), so there
will be line segments that are censored. The edges 0 and 7 can censor a line segment at the
left-hand side or the right-hand side. For instance the line segments could be the periods
between arrival and departure of patients in a hospital and the time interval (0,7) is the
period we are able to observe them. If the arrival time of a patient is before time 0, then the
exact location of the arrival time is unknown. Also the exact locations of departure times
after time 7 are unknown. Now we have four kinds of observations. For a patient arriving
before time 0 and departing after time 7, we observe the sojourn time from time 0 to time
7 (double censored). The parts of the line segment (the sojourn time) from the arrival time
to time 0 and from time 7 to the departure time, are not observed. For a patient arriving
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before time 0 and departing in the time interval (0,7), we observe the sojourn time from
time 0 to the departure time (single end censored left-hand side). For a patient arriving and
departing within the time interval (0,7), we observe the whole sojourn time (uncensored).
Finally for a patient arriving within the time interval (0,7) and departing after time 7, we
observe the sojourn time from the arrival time to time 7 (single end censored right-hand side).
These observations are the available data for the estimation of the distribution function of
the sojourn times and form the one-dimensional line segment process observed in the interval
(0, 7).

Let the line segment lengths be distributed with distribution function F'; let  denote the
mean. F is the parameter of interest. Let the window W be convex. (Convexity ensures
that two censored line segments hitting the edge of the window, do not belong to the same
underlying line segment. This prevents dependence problems in the data.) Another aspect
next to censoring that plays a non-trivial role in the line segment processes observed through
a window is the so-called length bias: longer line segments have a bigger chance of getting
(possibly partially) into the window and being observed. The observed line segments are thus
not a random sample from the distribution of interest F', but from the length distribution of
the observed line segments. The same holds for the distribution function, say K, of the angles
of the line segments. The shape of the window has influence on which directions are more
likely to be observed.

The length bias problem can be taken account of by estimating this length distribution
of the observed line segments and because we will show that there is a 1-1 correspondence
between F' and this length distribution of the observed line segments, we can always turn
back to our parameter of interest F.

In chapter 1 we give a formal introduction to the one- and two-dimensional line segment
processes. Firstly we define the one-dimensional case: the line segment process observed in
an interval (0,7). Secondly, we formulate the two-dimensional case with convex window W
and (un)known angle distribution K. Instead of using the parameter F' we pose the problems
in terms of the length distribution of the observed line segments V' (treating the length bias).
We show that there is a 1-1 correspondence between the two parametrizations. Actually we
show there is a 1-1 correspondence between (F|(o,r), #) and (V|jo,r), k), because it turns out
that the distribution of the data only depends on these parameters and they are identified
by it. We derive the log likelihood-function. Because our model is not dominated we define
the NPMLE of (V, k) following Kiefer and Wolfowitz(1956). We use the EM-algorithm to
calculate the NPMLE and obtain the so-called self-consistency equations. The existence and
uniqueness of the NPMLE will be shown.

There is an important reason why we will use the reparametrization (V, k) of the models.
Using (V, k) we turned the cases into a special nonparametric missing data problem: missing
data models where the parameter space is conver and the distribution of the data is linear in
the parameter. These properties allow us to use powerful special methods to prove consistency
(chapter 2) and asymptotic normality and efficiency (chapter 3).

In chapter 2 we prove consistency of the NPMLE: enlarging the sample size implies that
the estimator gets closer (in supremum norm) to the underlying (V, k). We follow a general
method first used by Jewell(1982) and more recently by Groeneboom and Wellner(1992).
Because of the structure of the log likelihood it is essential to make some adjustments to
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the method. The proof of consistency will be outlined in a general setting and for the one-
dimensional case and the two-dimensional case where W is a circle, we work out the proof in
detail.

In chapter 3 we show the asymptotic normality and efficiency of the NPMLE of (V, k) (it
is in some sense the best estimator), using an identity for NPMLE’s in the ‘convex-linear’
models of Van der Laan(1993). We show that efficiency of the NPMLE of (V, k) implies
efficiency of the NPMLE of (F, g). Again, in the two-dimensional case we restrict attention
to the case that W is a circle. The proof in the circle case relies on the assumption that the
determinant Qy of a certain 2 x 2 matrix is unequal to zero. So far we are not able to verify
the assumption in general, though a reasonable conjecture is that it exceeds 1 for all V' (see
chapter 4).

It would be unfair to give the impression that all cases are covered by this book. Only
for the one-dimensional case and the two-dimensional case where W is a circle, do we give
all proofs in detail. For the circle, calculations get less complicated and it turns out that the
distribution function K of the directions of the line segments plays no role in the problem.
Furthermore we must admit that the efficiency results are obtained under certain conditions
on the class of underlying distribution functions. In chapter 4 we give a suggestion to get rid
of some of the assumptions. For the two-dimensional case where W is arbitrary convex and
the angle distribution K is known, one can copy with more effort most of the proofs. The
case that W is arbitrary convex and K is unknown is different. Now one has to study the
joint NPMLE of (V, k) and K, because we need an estimate of K to get an estimate of our
parameter of interest (V, k).



Chapter 1
The models

In this chapter we introduce the one- and two-dimensional line segment processes and explain
how the data is possibly censored. After choosing a more effective parametrization, we derive
the distribution functions of the data and determine the likelihood based on the data and show
how to obtain the (sieved) NPMLE of the underlying distribution of the length of the line
segments. Section 1.1 deals with the one-dimensional problem observed through an interval
[0,7] and in section 1.2 we find the two-dimensional case observed through a convex window
Ww.

In the two-dimensional case we need to introduce a distribution function K of the angles
of the line segments. It turns out that in the case that W is a circle the distribution function
K (known or unknown) does not play any role in our search for a ‘nice’ estimator of the
distribution of the length of the line segments. We will see that with some more effort the
case that W is arbitrary convex with known K can be treated like the ‘circle-case’. In section
1.2.6 a brief remark will be made in case K is unknown.

Although the one-dimensional line segment process could be considered as a special case
of the two-dimensional problem, it is certainly not redundant to pay so much attention to
this case. Actually, as often happens, we reached results in the two-dimensional case through
the one-dimensional problem and a good understanding of the one-dimensional problem very
much helps one to foresee the difficulties in the two-dimensional case.

1.1 The one-dimensional line segment process

In this section we introduce the one-dimensional line segment process. By [Y, where z < y
and z,y € [0,00) \ {7}, we mean the integral over (z,y], but by [] and [?, wherez <7 <y,
we mean the integrals over (z,7) and over [r,y] respectively. Thus we have [ dF(u) =
F(r—)— F(z) and [! dF(u) = F(y) — F(r-).

1.1.1 The hospital model

Consider arrival times T; of patients at a hospital enumerated in some way, following a ho-
mogeneous Poisson point process on IR with rate . Associated with each T; is a sojourn
time X;; and X, X, ... are i.i.d., positive, independent of the Poisson process and have the

5



6 The models

common distribution function F. We define ¢ = [;° zdF(x). For each patient : we have a
point (T}, X;) € R x R*. All this defines a point process ® = {(T},X;) : ¢ = 1,2,...} on
R x R* and one can show that ® can also be characterized as a Poisson point process on
R x R* with intensity measure

p(dt,dz) = Adt dF(z) (1.1)

(Karlin(1981) p.p. 436-438, Stoyan(1987)).
Consider a time interval (0, 7). Suppose we only observe those portions of patients’ sojourn
times (partly or completely) overlapping (0,7): i.e.

(T, X;) € A= {(t,z) e R x RY|[t,t + z] N (0,7) # 0}.

For the patients arriving at or before 0 with sojourn times passing 0, we observe pairs (W;, E;),

where
1 T;+X; <71

w=mint 0 5={g FI% ST

and for the patients arriving within (0, 7) we observe pairs (Z;, D;), where

Together, we have four kinds of observations, respectively single end censored (left-hand side)
(s.e.c.l.), double censored (d.c.), uncensored (u.c.) and single end censored (right-hand side)
(s.e.c.r.) observations. The observations represent the censored line segments of the one
dimensional line segment process. A typical realization is given in Figure 1.1, where an open
dot means that the observation of the line segment [T}, T; + X;] is censored at that side and
a closed dot means that this is not the case.

OO
L o
G—
e O—
0 T t-axis

Figure 1.1: line segment process observed in an interval (0, 7).

Let N be the number of points of the Poisson point process ® that fall in the set A. Con-
ditioning on N = n, the total number of observed patients (the total number of patients with



The one-dimensional line segment process 7

sojourn times overlapping with (0,7)), we have n independent (possibly partially observed)
observations in A. N has a Poisson distribution with parameter A (7 + p) = [, AdtdF(z).
So N provides information about F through the value of y, but because A is unknown the
information about F contained in N is not useful and this justifies the presumption that
conditioning on N = n causes no loss of information.

In the following picture we draw the set A. Note that A = UL, A; and that (T,X) €

z-axis
A;
As
A
Ay
T t-axis

Figure 1.2: representation of set A.

A; (i =1,2,3,4) implies that the observation associated with (T, X) is respectively single end
censored (left-hand side), double censored, single end censored (right-hand side) and uncen-
sored.

For each (T,X) € A we can construct the observable part of the corresponding line
segment geometrically. Let (p;,0) be the vertical projection of (T, X) on the t-axis and let
(p2,0) be the point on the t-axis such that the angle of the positive t-axis and the line through
(T, X) and (p2,0) is 135°. In other words we have p, = T (the arrival time) and p, = T + X
(the departure time). Now we observe the intersection of the intervals (p1,p;) and (0,7). In
Figure 1.3 we show this for a point (7, X) in A; and A3. The corresponding line segments
are drawn below the t-axis.

1.1.2 Missing data problem

We know that N, the number of points of the Poisson point process ® that fall in the set
A, has a Poisson distribution with parameter A (7 + ). So if we condition on N = n, then
the set of points ® N A is distributed like the set of points in an i.i.d. sample of size n with
probability measure 14(¢,z) Adt dF(z)/(A (7 + p)) (see (1.1)). This we can write as

A

IA(t,I) . m

dtdF(z)
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Figure 1.3: constructing observable part geometrically.

Ttz 1
1
= lA(t,.'L‘) dV(.’t) . mdt, (12)
where 4o ) .
dV(z) = —— dF(z). (1.3)

Note that V is a distribution function. One sees that we obtain the same probability measure
if we consider the set of points in a random sample (T}, X;) of size n on R x R*, where the
X;’s are i.i.d. having the common distribution function V and the T}’s, given X; = z;, are
uniformly distributed on (—z;,7). To get the same kind of observations as in section 1.1.1,
we suppose that

A, ,then we observe t;+z; (s.e.cl).

i =t R A2 ) ” " " T (d.C.).
if(T=t, Xi=2) € Ay , " 7 7 T—1% (secr.).
Ay , 7 " ” z; (u.c.).

The model described in the previous two sentences is a missing data model: the observations
are a function of the (T}, X;)’s, which are i.i.d., the X;’s having the distribution function V.
Note that in the hospital model of section 1.1.1, conditioning on N = n, the X;’s in the
set of points @ N A = {(T;, X;) € ®| (T, X;) € A} no longer have the common distribution
function F, from which they are originally drawn, but the distribution function fy (( +
u)/(7 + p))dF(u). By (1.2) and (1.3) together with the grouping prescription we see that
our hospital model can be interpreted as a missing data problem.

Let Foecl Fde fsecr and F** be the subdistribution functions of the observed length
of the line segments, where F(u) stands for the probability of obtaining a ... observation
with a value < u. In Figure 1.4 we show in which set (T}, X;) lies, when (T}, X;) belongs to an

. observation with a value < u (u € [0,7)). The horizontal axis is the {-axis and the vertical
axis is the z-axis. Now it is easy to calculate the subdistribution functions by integrating
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h

0 T u>T T
s.e.c.l. - d.c.
§ u%

0 T T
s.e.C.T. u.c

Figure 1.4: the sets corresponding to an ...

observation < u.

(1/( + z)) dV(z) dt over the sets drawn in Figure 1.4. For instance for F>**! we find

F:.e.c.l.(u) = /w—“ / .
= /w—() T+w
and so
dFecl(y) =

+u

T+w
dV(w)+u/ :

dtdvi(w) + /w Ny e
- — dV(w)
+w

u W=00 1
dV(w) = S dV() + /w T o dV(w)du

(u € [0,7)). For the other subdistribution functions we can do similar calculations. We find

dFs.e.c.l.(u)

dFd'c‘(u)

dFl.e.C.i‘. (u)

dF“‘c‘(u)

o 1
1jo.r)(u) / — dV(w)du

1[0,)(u) g(u)du (1.4)
h d6 (u) (1.5)
o) [ T—}_;dV(w)du

lior)(u) - y(u) du (1.6)

1[01)( )

17
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where 8,(u) =1 if u = 7 and 0 elsewhere and where ¢(-) and h are defined as

T

00 1 00 Y —
o(z) = /, o4V, b =/1 2 dV(w). (1.8)
For convenience we define
Fa.e.c.(z) = Fn.a.c.l.(z) + F..a.c.r.(z) (1.9)

and note that dF***(u) = 2 g(u) du. Furthermore we note that h is the probability of being
double censored. :

When we discuss the likelihood in section 1.1.4 we need the subdistribution functions
in terms of F too. Therefore we give them here. One can find them by using (1.3) with
(1.4)-(1.7). We get

dF*eet(u) = 1[o,f)(u)l—:f#du (1.10)
aret) = [ ___l:fg”)dwds,(u) (L11)
aF() = lonw) Ty (112
AF*() = lon(w) o dF(u). (1.13)

Note that F*= and F**°™ are the same and so these observations give the same con-
tribution to the problem. Or one can say that the edges 0 and 7 of the time interval (0, 7)
censor the line segments equally. In fact the departure times T; 4+ X; (i = 1,...,n) form a
Poisson point process too, independent of the X;’s.

Before finishing this section we give some equalities, which belong to the model. We have
the following equalities:

1 = V(r=)+2rg(r) +h (1.14)
Ti” = /o Trde(w)+Ty(f)+h (1.15)
= = L e V) +re(r) (L16)

and

TT_w T
/0 T+de(w)+2/0 g(w)ydw+h

-/0 (r—w)dg(w)+2[J gw)dw+h = 1. (1.17)
Furthermore we have
1 1 T 1
T+”_§(1—h-V(r-))+/0 —2 VW) (1.18)
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and with (1.3) we can rewrite (1.18) as

2r T T —w
+
T+p o T+pu

h=1-

dF(w). (1.19)
With (1.14) we express g(z) in terms of V on [0,7) and h:

9(z)

[ v +9)

= [ V) + o (1-h=V(r-)). (120)

Note that ‘(1.14)=(1.15)+(1.16)’ and (1.17) can be obtained from Figure 1.2 by integrating
over A4 which yields [ (1 — w)/(r +w) dV(w), over A, and As which gives 2 f§ g(w)dw, and
over A; which gives k. Figure 1.2 gives a nice geometrical interpretation. One sees that A is
the probability that an observation is double censored ((T, X;) lies in the set A;), 2rg(7) is
the probability that an observation is single end censored and X > 7 ((Ti, X;) lies in the set
(AU A43)N{(t,z) € Rx R* |z > 7}), /(7 + p) is the probability that an observation is an
observation of a patient arriving before time 0 (T, X;) lies in the set A; U A;) and 7/(7 + p)
is the probability that an observation is an observation of a patient arriving within the time

interval (0,7) ((T;, X;) lies in the set A3 U Ay).

1.1.3 Identification

To avoid confusion we remember that by [¥, where z < y and z,y € [0,00) \ {7}, we mean
the integral over (z,y], but by [ and [Y, where ¢ < 7 < y, we mean the integrals over
(z,7) and over [r,y] respectively. Thus we have [] dF(u) = F(r—) — F(z) and [! dF(u) =
F(y) - F(r-).

If we remember (1.4)-(1.7) and (1.10)—(1.13), then with (1.20) we note that the distribu-
tion of the data only depends on V' (or F) through V on [0,7) (or F on [0,7)) and h (or g)
and these two parameters are identified by it. As we already mentioned in the introduction,
we want to translate the model from the parameters F' and p into the parameters V and h.

We are interested in distribution functions F' € F, where F is the set

F = { all distribution functions on [0, 00) with finite mean }.

Of course the translation
TH+w

V(z) 5/0’ i, 4F() (1.21)

does not go from F to F, but from F to F,, where F, is the set

Fo = { all distribution functions on [0, c0) }.
One notes that F C F,,. We define the set S, as

S: = { all subdistribution functions on [0, 7) }.
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Let P(r,) denote the distribution function of the data w.r.t. the parameters (F, u) € S, x
[0, 00]. If we define the map mg : Foo = Sy x [0,00)

mo(G) = (G,, /o ~ de(w)) = (F,p),

where G, € 8, is G restricted to [0,7) (thus G,(z) = G(z) for z € [0,7)), then our model
M, which is the set of all possible distribution functions of the data and where the set of all
possible underlying distribution functions is F, can be described as follows

M ={Pru | (F,p) € mo(F)}.

By a certain map ¢, : §;x[0,00] = S, %[0, 00) we will pass from (F, u) to the parametriza-
tion (V,h), where V and F satisfy (1.21) on [0,7). If we denote by Py the distribution
function of the data w.r.t. the parameters (V,h) € S: x [0,00), then we can describe our
model M as

M= {Pyn| (V;h) € pr(mo(F))}-
Such a reparametrization is only useful if we can go back and forth between the two parametriza-
tions in our model M . In other words is there a 1-1 correspondence between mo(F) and
¢r(mo(F))? Because of the fact that for both parametrizations the parameters are identifiable
from the data, there exists such a 1-1 correspondence.

A natural extension of M would be

N = {Pww| (V,h) € or(mo(®))}

where A stands for the closure of set A. By A we mean the boundary of set A, thus
dA =4\ A, where A stands for the interior of A. The model A is ‘too big’.

The set mo(F \ F) consists of elements, which do not belong to a distribution function
in F, but to a distribution function with infinite mean. If F' € F, \ F, then all data sets
contain only double censored observations a.s. and the probability of being double censored
equals h = 1. In this case the translation from F to V gives us V = 0. This implies

pr(mo(Foo \ F)) = {(0,1)}

and we will have that ¢, (mo{Fe \ F)) C 9p-(mo(F)). Surely, there is no 1-1 correspondence
between mo(F. \ F) and {(0,1)}.

We will see that the rest of the boundary of ¢,(mo(F)), which does not belong to
@r(mo(F)) itself, is not empty and consists of (V, k), which can be transferred back to an
(Fyp) € S; x [0,00], but these F on [0,7) can not be extended to an F on [0, c0) with mean
p. Certainly, this is the case if F(r—) = 1 and [§ wdF(w) < p. This rest of dp,(mo(F))
will be denoted by V<. Thus we have

V< = 3p-(mo(F)) \ {{(0,1)} U s (mo(F))} -

It will be shown that there is a 1-1 correspondence between V¢ and F¢ = ¢;}(V<), where
;! stands for the inverse image of ¢,. We conclude that

pr(mo(F)) = pr(mo(F)) U {(0,1)} U V.
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Let us call ¥, on ¢,(mo(F)) and on V¢ the inverse of p,. (We will show that for our
choice of ¢, this inverse exists). By ¢;! on {(0,1)} we denote the inverse image of ¢,. In the
following scheme we summarize the above paragraphs.

Feo = F U Fo\F

1 mo 1 mo 1l mg

mo(Foo) U F< = mo(F) U mo(Fo \F) U F¢

Lo T4, Ler T¥r Lo 9 ler Tort Lo 190
pr(mo(F)) = ¢r(mo(F)) U {(0,1)} U Ve

Now we will fill in this scheme and describe the sets and mappings concretely. We define
the sets

Frox = {(Fp) |F €Sr, p€(0,00], J§ wdF(w) +7(1 - F(7-)) < p}

Fr = {(Fu) |F €S, pe0,00), fg wdF(w) +7(1-F(r=)) < p
and ‘=" when F(r-)=1}

Fe = {(Fip) |F€Sy pe0,0), [§ wdF(w) <p, F(r—) =1}
f* = {((F,[l)'FEST,[l=OO},
and the sets
Viwc = {(V,h) |V €S, he[0,00), h<1-V(r—)}
V. = {(V,h)|(V,h) € Vsuc, h <1—=V(r=) and ‘=" when h =0}
Ve = {(V,R)|(V,h) €Vru, 0<h=1-V(r=), R #1}
Vo = {(Vih) [(Vih) € Vrpo, h=1,V(r=) =0}

{(V;h) |(V,h) = (0,1)}.

It is clear that
}-‘r,*,<=f‘rUf*Uf< ) v'r,*,<=v'ruv*uv<

and that we have
-}: = fr,t.( ’ v‘r = Vrax<:

How are the sets F,, F< and F related? To give an answer we define for this purpose for
each (F,p) € S; x [0,00) the following set:

'R,(p'“) = {G eF

G(z) = F(z) on [0,7), /om wdG(w) = p,} CF.

One sees that each (F, u) € S, %[0, 00) represents a set of distribution functions in F. Actually
we will see that each (F, x) € F represents a nonempty set R(r,,) in F and one immediately
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notes that for each (F, p) € F¢ we have R(r,,) = 0. Proposition 1.1.3.1 will give us the answer
to the question we posed and is formulated as follows:

F= U Rew= U ReEw (1.22)
(F.u)€Ss x[0,00) (Fin)€Fs
and
V(F,p) € Fr : R #0. (1.23)

With the knowledge that mo(R(r,,)) = {(F,#)} we have that these two statements immedi-
ately imply that .

mo(F)= U moRrw)= U {(Fu)}=7. (1.24)

(Fi)eFr (Fp)eFr
With the definition of mq on Fo, \ F we may write
mo(Foo \ F) = {(F,0) | F € S;} = F.. (1.25)
Now we will define the map ¢, on
Frac = mo(Foo) U Fo,

which we use to pass from (F,u) to the parametrization (V, k). Furthermore we define the
map ), on
pr(mo(F) U Fo),

which we use to pass back to the parametrization (F, u). We define

erFOw) = ([ TEoarwn1- 2 [ T2 apw)

(see also (1.19)) where

1
T4+ w

W(V(),h) = % (1—h—V(r-))+ /o T AV (w).

(We keep in mind that »(V(-), k) corresponds with 1/(7 + p) (see (1.18)).

In proposition 1.1.3.2 we show that ¢, and 1, give a 1-1 correspondence between F, and
V.. In proposition 1.1.3.3 we prove that ¢, and ¥, give a 1-1 correspondence between F. and
V<. These results with (1.24), (1.25) and the straightforward calculation of ¢, (mo(Fwo \ F))
yields

ga,-(mo(f))
‘P‘r(f<)

‘p-r(]:-r) =V,
Ve

pr(mo(Foo \ F)) = ¢, ({(F,00) | F € S;}) = {(0,1)} = V..
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So we have ¢, (mo(Foo) U F<) = Vrsc = Vi = pr(mo(F)).
The scheme becomes

Fe =F U Fu\F

1 mo 1 mo 1l mo

mo(Fw) U Fe = F U F U Fe

Ler T4, Ler T¥: Lo T lor Ter' Lo Tor
Vi< = Vr u {(0,1)} U Ve

From now on we describe the model M as
M ={Pry | (Fp) € Fr} = {Pum | (V,k) € 01}

and use the parametrization (V, k), because of its earlier mentioned advantages, and know
that we can change back to (F, x) € F, without difficulties. In our search for the NPMLE we
will maximize the likelihood over the set V, = V., < so the given specified description of the
larger set could be useful.

In the remainder of this section we prove the propositions 1.1.3.1 - 1.1.3.3.

Proposition 1.1.3.1 Using the definitions of the sets and functions from above, we have
(1.22) and (1.23).

PROOF: we begin with the first equality in (1.22). It is obvious that we have ‘D’, because
for all (F,u) we have R(r,,) C F. Each G € F is an element of R(r,,.), Where Fg equals G
restricted to [0,7) and uc equals the expectation of G. (Note that G € F = 0 < pg < ).
So we have ‘C’ too.

If we prove F = U(r,u)e7, R(F,u), then we automatically prove the second equality in (1.22).
Again, it is obvious that we have ‘D’. We know that each G € F is an element of R(Fr;,.5),
where Fg(z) = G(z) (on [0,7), thus Fg(r—) = G(r-)) and pg = [5° wdG(w). For Fg and
pe we note that ug is finite and nonnegative because G € F and we have

[ wdew)+ [ wiGw)
/u " wdFs(w) + / * wdG(w)
[ wdFe() +7(1-6(r-)
[ wdFa(w)+ 7 (1 - Fo(r-))

00 > pa

v I

and if Fg(r—) = G(t—) = 1 we have

/0 " wdFg(w) = /0 wdG(w) = /0 ” wdG(w) = pe.
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This proves that (Fg, ug) € F, and thus G € U )ex, R(Fu)- So we have showed ‘C’. This
completes the proof of (1.22).

To prove (1.23) we take a (F,u) € F,. Now we look for a G € F such that G(z) = F(z)
on [0,7) and [5° wdG(w) = g. On [0,7) we have to take G(z) = F(z). If F(r—) =1, then
we are ready and choose G(z) = 1 on [r,00). (Note that [5° wdG(w) = p is satisfied). If
F(r-) < 1, then let us search for a G, which gives mass on [r,00) only at r and at some
point b > 7. By AG(7) and AG(b) we denote the height of the jump of G at T respectively b.

If G is a distribution function in F such that it is an element of R(r,,), then AG(7) and
AG(b) have to satisfy

00
/ w dG(w)
o
/ dG(w)
(]
under the condition that AG(r) > 0 and AG(b) > 0. Now (1.26) and (1.27) imply

b\ (AG(r) _(#e-Jf wdF(w)
11 AG®) )~ \ 1=-F(r-) :
Because b > 7 the inverse of the matrix exists and we have

AG(r) = - L s (v= [ war@) - ;_—g—-l—)(l — F(r=)) (1.28)

AG(b) = —Tib (,4—/0’ wdF(w) — (1 _F(T-))). (1.29)

Now —1/(7—b) > 0 and because (F, u) € F, we have p— [J wdF(w)—7(1—F(r—)) > 0 and
thus with (1.29) we conclude that AG(b) > 0. For b — oo we have that —b/(7—b)-(1—F(7-))
tends to (1 — F(r—)) > 0 and 1/(7 — b) - (¢ — J; wdF(w)) tends to 0. Thus there exists a
b € (1,00) such that AG(7) > 0. This completes the construction of a G € Rz, for a given
(F,p) € F, and proves (1.23). O

/o " wdF(w) + TAG(r) + bAG(b) = (1.26)

F(r=)+ AG(7) + AG(b) = 1 (1.27)

I

Proposition 1.1.3.2 If we consider the map ¢, on F, and the map ¢, on V,, then they give
a 1-1 correspondence between F, and V,.

PROOF: we have indeed that if (V(-),k) = ¢.(F(-),p) for an (F,p) € F,, then V € S
T Tr4+w

because
V(=) = /o T+p

is nondecreasing on [0,7) and fj wdF(w) < p implies 0 < V(z) < 1. For h we find with the
condition in F,

dF(w)

2T T—w

h = 1- ’
1 T+”+ A T+,udF(w)
2r 1 4
= 1—T+ll+"'+ll (—T-}-TF(T—)—/O wdF(w)+‘r)
> 1- 27 T—p

R
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If [f wdF(w) +7(1 = F(7—)) < g, then we have F(7—) < 1 and we may write

27 T 2T
d
'r+;4>/(; P F(w)

and this yields

T

—-w
T+

p dF(w)=1-V(r-).

h<1-—/:;%dF(w)+/or

If f[f wdF(w)+7(1 - F(r=)) = p and thus F(7—) = 1, we get that [; wdF(w) = g and so
one sees immediately that V(r—) =1 and kh = 0. Note that we defined A in such a way that
(1.19) holds. So we verified that ¢.(F,) C V,.

Conversely we have that if (F(-), ) = ¥.(V(-), k) for an (V, k) € V,, then F € S, because

1 z 1

F@=Twom b 75w

AV (w) (1.30)

is nondecreasing on [0, 7) and

VSF@) = i b e @

(]0 riw‘“’("’))—l (/0 T_*l_de(w)) <1

From the definition of ¥(V(-), k) we get easily with the constraints in V, that 0 < »(V(-), k) <
(1/7) and so we have

IA

0 T < 00.

1
<p=—r—
BTN
(Compare the definition of u with (1.18)). From (1.30) we get

T 1 T wW—T
/0 (w=7)4F () +7 = s /0 L dV(u) 4
and this implies
/0 " wdF(w) + (1 — F(r—))

7o ([ S ave) +2r v, b)) - . (1.31)

We have

[ 2 aviw) +2ru(v ), )

Tw—T

T
[ 2l avw)+ (1 -h=-V(r-))+2r /0 — V(W)
= (1-h) (1.32)
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If0<h<1-—V(r=) <1, then we get with (1.32) from (1.31)

T 1
[) wdF(uJ)+‘r(1 —F(T—)) < W—T—[l.
If h=1-V(r-) and thus 2 = 0 and V(r—) = 1, then we get with (1.32) from (1.31):
Jo wdF(w)+ 7 (1 — F(r—)) = p. Furthermore with (1.30) we derive that F(r—) = 1. So we
checked that .(V,) C F;.
By straightforward calculation one shows that

e (@o(F(), 1)) = (F(), )

and
or (r(V(-),h)) = (V(-), h).

This proves that there is a 1-1 correspondence between F, and V,. O

Proposition 1.1.3.3 If we consider the map ¢, on F¢ and the map . on V., then they
give a 1-1 correspondence between F¢ and V..

PRrOOF: (In proposition 1.1.3.2 we showed already that if (V(:),k) = @,(F(-),p) for an
(F,p) € F;, then (V,h) € S: x [0,00). The same for (F,u)). First we prove ¢,(F<) C V<.
Let us consider a (F, u) € F<. Because of — [§ wdF(w) > —pu and F(r—) = 1, we have

27 T—p

2r T T —w
h=1- + dF >1-—
T4+ pu /o T+ p (w) ‘r+y+r+p

and thus h > 0 is satisfied. Furthermore we have
i- [ Y 4P(w)
o T+ p

27 T T —w
1-TJ”u+/0 T WF) = h

1-V(r-)

and thus 1 — V(7—) = h is satisfied. We also know that if A = 1, then we would have

2r Tr—w
‘r+ﬂ,—/o i 4F ().

But because we have [j (1 — w)dF(w) < 7, this can only be true if 4 = co. This contradicts
the fact that (F,u) € F¢. Thus we have h # 1. This proves ¢,(F<) C V<.

Secondly we prove 1.(V<) C F¢. Let us consider a (V,k) € V<. Because h =1 — V(1)
we have that

W(V(), h) = /0 ;ﬁdV(w) (1.33)
and thus ) -
F(r—)su(v(_)’h)/o VW) =1.
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Furthermore 0 < h = 1 — V(r—) implies that V(r—) < 1 and with (1.33) we obtain
w
v(V(-),h) Jo 7+w

1

Y 1
TTH+w T T

v(V( ),h)/o T+wdv(w)_v(V(-),h)/o T+w

= (V()h)""’
u(V() D

We have that F(7—) =1 and [j wdF(w) < g and this proves ¥,(V<) C F«.
Of course we have ¥, (¢,(F (), #)) = (F(:), #) and or (¥+(V(-), h)) = (V(:), h) by straight-
forward calculation. This proves the 1-1 correspondence between F. and V.. O

/o " wdF(w)

n

dV(w)

dV(w)

1.1.4 The likelihood and the definition of the NPMLE

We consider the hospital model of section 1.1.1. If we condition on N = n, the likelihood
based on the probability that we have the n independent observations (Z; = 2, D; = d;),
(W; =wj,E; =¢;) (1 =1,...,m;j =1,...,l;n =l + m) is proportional to

T L @FE)* 1= Py ;_[1 (1= F) ([ a-Faya) ™ o3

(use (1.10)-(1.13)). One must be aware that in the likelihood (1.34) p in the denominator
also depends on F. (Note that we have n factors 1/(r + p), one for each observation).

Let z; < z2 < ... < z, be the ordered values of w; and z; for which either ¢; = 1 or
d; = 0,1 (these are the uncensored and single end censored observations) and let ¢; and +; be
the number of the uncensored respectively single end censored values at z;. Instead of using
the likelihood (1.34) with the distribution function F, where we would have to deal with u
in the denominator, we regard our problem as the missing data problem described in section
1.1.2 and with (1.3) (or (1.4)-(1.7)) and (1.8) we write (1.34) in terms of V. We get

w0« fror ([, o) ([ o)

l—l

—-r

.I_11 AV (z:))* ( / T v (w) + g(r)) R (1.35)
Here we introduce the following empirical subdistribution functions on [0, 7]:
Fie(z) = %# {double censored observations < z} (1.36)
Fre(z) = %# {uncensored observations < z} (1.37)
Froo(z) = 'lr;#{single end censored observations < z}. (1.38)
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(F*=* is defined by (1.9).) From (1.35) we write by formally taking logs the ‘log likelihood-
function’ on V, as

(k) = /0 log (4 (<)) - dF (c) + /o log(§(z)) - dF**=(z) + log(k) - F2=(r), (1.39)

where (V, ) € V; and

N [T 1 s ~
jo)= [ - — dV(w) +3(r) (1.40)
and §(7) is defined by B ~
Vir=)+2r§(r)+h=1
(compare with (1.14)).
Now we say that (V,, k,) is a NPMLE of (V, k) in V;, if
Y(V,R) — W(Vo, ho) < ¥(Va, hn) — ¥(Vo, ho)

for all (‘7, Tz) €V,and V « Vp, V, <« V, for a (Vo, ho) € V: (for example Vp = -}(‘7+ 17,.))
following Kiefer and Wolfowitz(1956) (see also Scholz(1980), Gill(1989)). When subtracting
log likelihoods we use the following interpretation: if G and H are measures and G < H,
then we rewrite

dG(z) _

d H( ) g ﬁ(z)’
where (dG/dH)(z) is the Radon-Nikodym derivative of G with respect to H at z.

log dG(z) — logdH(z) = log ———~

1.1.5 Existence and uniqueness of the NPMLE

We state that there exists a nondecreasing step-function on [0 ,7) with jumps at the uncensored
and single end censored observations that is a NPMLE (¥, & n) of (V, k). To see this we use
(1.35) to note that if one puts mass between the observation points, then one can always
shift this mass to the nearest observation point on the left and increase the likelihood. (Mass
between 0 and the first observation point can be shifted to this observation point.) So from
now we can consider discrete estimators with mass on the observation points only.

Let I, contain all the indices of the z;’s in z; < z; < ... < 2, < T,41 = 7, which are
uncensored observations and let I, contain all the indices of the z,’s which are single end
censored observations. We note that the distribution of the length of the s.e.c. observations
is continuous and therefore we have I, N I, = @ with probability 1. In the discrete setting we
denote by AV(z) the height of the jump of V at z. If we define v; = AV(x;), then we write
the loglikelihood formally as

Y(V,h 2 &; log(v;) + — Z i log (Z T-:Zj v; +§(T)) Lo

" el n e, j=i

" log(R). (1.41)

Now we define s; = v; (j = 1,...,r), 8r41 = h and s,42 = 27§(7) and we write the loglikelihood
formally as a function ¢ of s = (sq, 52, ..., Sr42):

r+1 42
q(s)=)_ Bi log (Z o Sj) ) (1.42)

=1 i=1
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where §; (i = 1,...,r + 1) is defined as
Bim oo o (=)D
and where the a;; > 0 are defined as follows: for an observation ¢ (i = 1,

the following three possibilities:
1) i € I, (there are u.c. observations z;):

o f1ifj=i
U=V 0 ifj#4,

2) ¢ € I, (there are s.e.c. observations z;):

0 ifj<i
! ifi<j<r
i = T+z;
! 0 ifj=r+1
%- ifj=r+42

3) i=r+1 (d.c. observations 7):

_f1ifj=r41
Y=V 0 ifjEr+l

Note that we have for all ¢: a; > 0.

21

..,7 + 1) we have

(1.43)

(1.44)

(1.45)

For a matrix M we denote by (M);; the entry in M with the coordinates the i’the row
and the j’th column. We use (M); and (M), to denote the i’th row respectively the j’th
column and for a vector a we use (a); (or a;) to denote the i’th entry, thus by (Ma); we mean
the ¢’th entry of the vector Ma. Now we define the (r + 2) x (r + 2) matrix A:

(A)i; = o fori=1,.,randj=1,..,7r+2
(A)r41;, =0 forg#r+1

(A)rsrr1 = 1

(A)r42;, =1 forj=1,..,7+2.

The matrix A has the following structure:

* % Kk + - K% * 0 «
0 « * - * x 0 *
0 0 « - - % %« 0 «
.. 0 -
0o -1,

.o 0 -
000 - 0 ~ 0 «
000 - 0010
111 - 1111
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where the *’s stand for some number. On the diagonal we have nonzero entries. To show that
A is invertible we show that the rank is r + 2 by using elementary row operations on A to
obtain a matrix with 0’s below the diagonal and nonzero elements on the diagonal. Because
(A)11 > 0 we make with the first row A,42,1 equal to 0. Then (because Az; > 0) we make
with the second row A,4,2 equal to 0. We repeat this until all A,45; (j =1,...,r + 1) are 0.
This proves that rank A is r + 2 and thus A~! exists.
We remember that the s;’s that maximize (1.42) represent the mass of V, at the z’s

(i =1,...,r) and 8,41 and s,4; stand for the mass assigned to respectively R and 27Gn(T).
Now q(s) (see (1.42)) will be maximized over the set

r+2
Zs;:l, 3;203%.

=1

S= {seR""”

It is obvious that g is concave on S (use (strict) concavity of the log to obtain g(Ase + (1 —
A)s1) = Ag(so) + (1 — X) g(s1), with sq, 8, € S). It is easy to see that ¢: § —» RU {—o0} is
bounded from above: ¢(s) < (r +1) - log((r + 2) max; j(a;)). Furthermore one notes that g
is continuous on S. The continuity of ¢ on the compact set S guarantees the existence of a
maximum in our problem.

If we define [ : R™? - R U {—o0} as

r+1
(W)=Y B log us,
=1
then we note immediately (8; > 0) that [ is strictly concave on

U, = {u ER™?|u; > 0,ur42 = C},

where ¢ > 0 is a constant. (For each i logu; is strictly concave on I, and thus [ is a sum of
strictly concave functions on U,). Thus [ is also strictly concave on

U= AS)cU
((A8)r42 = 32 5; =1 for all s € S). One easily verifies that
q(s) = I(As).

We know already that ¢ has a maximum on S. Now the fact that [ is strictly concave on
U = A(S) and the fact that A is invertible imply that the maximum is unique.

We know that each s € S corresponds with a subdistribution function Vs on [0, 7), which is
a step-function (with possible jumps only at the z;’s) and a s > 0 such that by < 1— Vs(‘r——)
(and 27§,(7) = 1 — hy — V(r—) > 0). So we have that

Vapmie = {(Vs, hs) |8 € 8} C Vrnc = V> (1.46)

(see section 1.1. 3) (Note that the set Vypmie depends on the sample size). It can happen that
the NPMLE (V,., h,.) which lies in Vopme, lies in the boundery of V, but not in V;, itself. For
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example if we have a sample of size 5 consisting of two u.c. observations z,,z; € [0,7) and
three d.c. observations 7, then we have to maximize

3 -
llogi:l + —l-logﬁz+-logh

subject to the constraints ¥; + 02 + h=1and % >0 and h > 0. The method of Lagrange
multipliers gives us 9, = 9; = 1/5 and Bn=3/5. Thus0< h,=1-V, (1'—) and h, # 1 and
this implies that (¥, h,.) € V<. Thus the NPMLE does not have to be ‘in the model’.

We have proved the following proposition:

Proposition 1.1.5.1 The NPMLE (V,,h,) ezists and is unique and lies in Vapmie C V.

Because we need some ideas from chapter 2, we will give the proof of the following proposition
in section 2.2.3. The proposition says that for increasing n the probability that the NPMLE
lies in the model tends to 1.

Proposition 1.1.5.2 Suppose that we have g(7) > 0 for the underlying g, then for increasing
n the probability that the NPMLE (V,, h,) € V; tends to 1.

1.1.6 EMa-algorithm and self-consistency equations

In this section we will derive the so-called self-consistency equations for the NPMLE (17,., 71,.)
of (V, k) and say something about the EM-algorithm for computing the NPMLE. Although
most of the machinery in the next paragraph is introduced in chapter 3 ((differentiable) one-
dimensional submodel through V, score operator, score equation), we illustrate here all the
same how the equations (1.50)-(1.52) can be derived. If one wants to ignore this derivation
at this time, then one skips the next paragraph.

Just for the moment we parametrize again with V' € F, instead of (V, k) € V, and thus we
parametrize the distribution of the data with Py, V € F, instead of P with (V,k) € V.
We denote by P, the empirical distribution of the data. Let us consider the following class
of one-dimensional submodels through V:

Vau(z) = Jo (1 4+01(u))dV(u)
! I (1 +601(u))dV(u)’
with bounded score ! and where @ is sufficiently small. Now ‘7,.0', is a dominated family

of one-dimensional submodels through V., and because V, is the NPMLE we have that the
log likelihood is maximal at § = 0. By differentiating the log likelihood along P‘f; (one-

dimensional submodels through PV implied by V,.“ and with score A (l), where AV is
the score operator (see section 3. 3)) and evaluating at § = 0 we obtain the score equatlol;.
Er,(Ag (D) =0, (1.47)

for all bounded ! (which are a score of some differentiable submodel PV ol through P ) For
any missing data model the score operator is given by A (l)(Y) E (I( )|Y), where X

is the variable of interest and Y the data. The score equatlon becomes

Ep.(Ey ((X)Y)) = (1.48)
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(for heuristical argument see Gill(1989); for rigorous proof see Bickel et al.(1993) prop. AS5. 5).
Especially (1.48) holds for {(X) = 1{x<z}(z) — V,(z). This provides us with the so-called
self consistency equation:

Vu(z) = / Py (X <c|Y)dPRy(Y)
= —2 P* (X. < z | observation ). (1.49)

Together with the definitions of Fj; de. Faee Fue in (1.36)-(1.38) and gn we get from (1.49)
that the NPMLE (V,.,h,.) of (V, h) satlsﬁee the self-consistency equations

dl(z) = aFre(e)+ [ g()d Free(v) - —— dVi(a)
SR . 1
([T s @ +3un) dF) - o dT(e) (150)
and
ha = Fie(r)=2=T (1.51)
27Ga(r) = 1= by~ Vu(r). (1.52)

A solution of (1.49) and thus of (1.50)-(1.52) can be computed with the EM-algorithm.
We already mentioned that we could consider discrete estimators with mass on the observation
points only. In this discrete setting we mean by dv, (z;) the height of the jump of V. at ;.
Thus dV,(z) = 0 if z ¢ {z1,..., z,}. (Here we use this ‘lazy’ notation, instead of rewriting

(1.50)-(1.52) in the discrete notation AV,(z;)). If we repla,ce in the equations (1.50)-(1.52)
at the left-hand side V,,, k. and G, by V, k“, A,.k“

at the right-hand side V,, &, and § G by V, 71 and §,* respectively, then we obtain the
iterative scheme of the EM-algorithm.

We start with an initial (discrete) estimator (‘7,,0, 7;,.0) which puts positive mass at all

and §,**! respectively and if we replace

the observation points, hn and Gn(7)". Now we evaluate for k = 0 the expressions at the
right-hand side of (1.50)—(1.52) with ‘7,,0, b’ and G(7)°. This is the ‘E’-step in the algorithm
(where the ‘E’ stands for ‘Expectation’; see right-hand side (1.49)). Defining dV,.l(a:), ha and
a(7)" by (1.50)~(1.52) (d¥,’(z), hn" and §a(7)° at the right-hand side) provides us with a new
distribution function, which increases the likelihood. This is the ‘M’-step in the algorithm
(where the ‘M’ stands for ‘Maximization’). Wu(1983) (see also Dempster et al.(1977) and
Turnbull(1976)) shows that the likelihood increases after each iteration and converges to the
maximum, the NPMLE (V,., 3 ), which is in our case unique.

We make here the remark that if one does not start with an initial estimator that puts
positive mass at all the observation points, then the EM-algorithm will converge to a solution
of the self-consistency equations, but not necessarily to the NPMLE. At s.e.c. points where
the initial distribution gives mass zero, all iterated distributions will give mass zero (see EM-
algorithm). Thus if the NPMLE gives positive mass to a point to which the initial distribution
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gives mass zero, then the algorithm does not converge to the NPMLE (see also Groeneboom
and Wellner(1992)).

1.1.7 The sieved NPMLE

In the previous section we already mentioned the fact that if we start in the EM-algorithm
with an initial distribution that puts mass zero for instance at the s.e.c. observation points,
then the algorithm will not necessarily converge to the NPMLE, which is a step-function with
(possible) jumps at all observation points. But the algorithm will converge to a solution of
the self-consistency equations. Actually, in the class of discrete distributions with (possible)
mass at the u.c. observation points only, this solution will maximize the log likelihood. By
this fact we are able to introduce a new kind of NPMLE-definition: the sieved NPMLE. The
estimator sieves its observation points: only the u.c. observation points get mass. Of course
the sieved NPMLE depends on the sieve you choose. Any subset of the observation points
can be a sieve.

For the NPMLE (V,,k,,) of (V,h) € V, we know that we only have to consider discrete
estimators with mass at the observation points only. Of course this is the set Vppmie defined
in (1.46). This set of distributions will be dominated by (m,42, 1/(r + 2)), where 7, gives
mass 1/(r + 2) to the r observation points (in [0,7)) and the same amount of mass is given
to h = s,41 and 27g(7) = s,42. Therefore if II,4; denotes the distribution function of 4,
on [0,7), we have that the definition of the NPMLE (V,, %) in section 1.1.4 is equivalent to
the following definition:

(Varhn) =arg _ max  (¥(Va,hs) = U(I2, 1/(r +2))) (1.53)
(Vs vhﬁ)evnpmle

(provided the maximum exists).

Here the sieved NPMLE is defined as the maximizer of the log likelihood ¥ for distribu-
tions, which only give mass to the u.c. observation points (and k and 27g(7)). Now we define
the set V,icve analogue to the set Vypmie in (1.46). Remember the definition of the set I, in
section 1.1.5: containing all the indices of the z;’s in z; < ... < z, which are s.e.c. observation
points. Now the set Vgeve is defined as

Viieve = {(Vs, hs) |8 € S, Vi € I, 5, = 0},

where Vg and kg are defined as in (1.46). (Note that Vieve depends on the sample size). Let
ro be equal to #1I,. Then this set is dominated by (é,—,+2, 1/(r — ro + 2)), where & —o42
gives mass 1/(r — ro +2) to the r — g u.c. observation points (in [0, 7)) and the same amount
of mass is given to h = s,4; and 27g(7) = sp42. If Z,-ro+2 denotes the distribution function
of &_ro42 on [0,7), we define the sieved NPMLE (Vnh,‘) as:

(Voo ha) =arg _ max  (W(Vs, ko) = W(E,—rosa, 1/(r — 10 +2))) (1.54)
(Vs.hs )€ Vsieve

(provided the maximum exists).

Similarly to what we did for the NPMLE, we can show that the sieved NPMLE exists
and is unique in V,eve and satisfies the self-consistency equations too. We state the next
proposition:
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Proposition 1.1.7.1 The sieved NPMLE (V,., 71,,) ezists and is unique and lies in Vyeve C Vr.

The following statement is proved in section 2.2.3, just as proposition 1.1.5.2.

Proposition 1.1.7.2 Suppose that we have g(r) > 0 for the underlying g, then for increasing
n the probability that the sieved NPMLE (Vq,h,) € V; tends to 1.

We note that the propositions 1.1.5.2 and 1.1.7.2 do not say anything about the probability
that the limit version of the (sieved) NPMLE lies in the model.

There are several reasons to consider a sieved NPMLE (V,, k,)) of (V, k). Firstly, we will
see that consistency results, which are formulated in chapter 2, hold for the sieved NPMLE
in all three cases distinguished there of the underlying (V, k). For the NPMLE we can prove
these results just for two of the three cases.

Secondly, we will see in the sections 1.2.4 and 1.2.6 that in the two-dimensional line
segment problem we are not able to show that the NPMLE lies in some discrete class. For
the discrete setting we know how to use the self-consistency equations as an iterative scheme
of the EM-algorithm to compute the NPMLE. Thus it might be more convenient to consider
the sieved NPMLE, for which we know that it lies in a discrete class because we force it to
be there.

Thirdly, instead of using the EM-algorithm to compute the sieved NPMLE (V,, ﬁ,.), we can
rewrite the self-consistency equations in case of the sieved NPMLE into an iterative scheme,
which works faster than the EM-algorithm. We write (1.50) as

d‘7,.(.1:) = dF*e(z)
+/:0 (a.,(o)_ /w=v- ?i_w dv,,(w))-l AR (y) - % ah),

w=0

which gives us (because ¥, <« Fu<)

Va(z) =
v=z A - -1
(e I CURY ) dF:-=-°'(v))+ dF=(z).(15)

Because of (1.51) we have that 1 — h, = F*<(7) + F2<(r). This we use to write equation
(1.19) as

T—ZT

Ga(0) = Elr’ (F:-c-(r) +Eeem)+ [ — dV,.(x)) . (1.56)

Now (1.55) and (1.56) imply the following iteration scheme:

dK(.’t)n"' =
— 1 v=e old W= 1 new - 2.0.C. - u.c.
(1 Ttz /u=,, (” —/“0 —T+de(w) )+ dFy (v))+ dF™(2)(1.57)
d
" " =R= _l._. (Fu.c.(r)_'_ Fl.c.c.( )+/T T—Z dK old) 1.58
T T\ n T e (@)™)- (1.58)
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Note that ¥, (with §,(0)) is the solution that satisfies these equations. The idea is to take a
value for b and compute successively with (1.57) the dK(z;)’s at the uncensored observation
points. For the computation of dK(z;) we only need the dK(z;)’s with j < i. Now the
equation (1.58) is used to check if the desirable accuracy € is achieved. Let b be the value
to be reached. Because 5™ is a decreasing function of 54 we have that b4 > b implies
v < b < b°M and b°M < b implies 5 > b > 5. Thus 5" > b implies b < band
e < peld implies 5 > b. So we can see on which side of b° we choose our new b. (One
can use binary-search). Note that if b gets bigger at the right-hand side of (1.57), then dK(z)
at the left-hand side gets smaller and if dK(w) (w < z)at the right-hand side of (1.57) gets
smaller, then dK'(z) at the left-hand side gets smaller. Furthermore if b is very big, then the
dK (z;)’s are very small and vice versa: a solution will be reached.

1.2 The two-dimensional line segment process

In this section we introduce a two-dimensional line segment process observed through a convex
window W. A lot of the knowledge about the one-dimensional case and the techniques we
used there, will be useful to get a clear insight in the two-dimensional problem.

We start in section 1.2.1 with the introduction of the model. To make it easier for under-
standing and because of the less complicated computations, we work out the case that W is
a circle in the sections 1.2.2 - 1.2.4. In the sections 1.2.5 and 1.2.6 we get back to the general
case: W is an arbitrary convex window.

1.2.1 The model

Consider the following stochastic process: to each point T = (T1,T2) in a homogeneous
Poisson point process on R x R with intensity A is assigned a line segment of length X and
a direction ©, where © is measured anti-clockwise relative to West-East. The Xj, X3, ... are
ii.d., positive and have the common distribution function F(z). We define ¢ = [;° zdF(z).
The ©,,0,, ... are i.i.d. and have the common distribution function K(8) (6 € [0,7)). X and
© are independent of each other, of other pairs (X*,0*) and the underlying point process.
For each ¢ we have a point (f‘.-,X.-, ©;) € R? x R* x [0,7). All this defines a point process
® on R? x R* x [0,7) and one can show that ® can be characterized as an inhomogeneous
Poisson point process on R? x R* x [0, 7) with intensity measure

o(df,dz,dd) = AdidF(z) dK(6) (1.59)

(see Karlin(1981) p.p. 436-438, Stoyan(1987)).

Let W be a convex window in IR?>. We only observe those portions of the line segments
intersecting W. Again we get the same kind of observations: uncensored (u.c.), single end
censored (s.e.c.) and double censored (d.c.) observations. The observations are the possibly
censored line segments of the two-dimensional line segment process observed through W. In
Figure 1.5 we see a typical realization.

Without loss of generality, we suppose that the southern end of the segments belong to
the underlying Poisson point process of the T:’s. Now consider the line segments pointing
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Figure 1.5: line segment process observed through W.

in the direction 8 only in a slice of W parallel to § of width dr and length 7. Considering
this slice of W we actually have the one-dimensional case of section 1.1 and can express the
observations in terms of T;, X; and ©; in the same way as there.

Just as in the one-dimensional case we define the set A as the set in R* x R* x [0,7)
such that if a point of ® say ('f, X,0) = (,z,6) is in A, then the corresponding line segment
intersects the window W (in other words: is (at least partly) observed in W). So all the points
of @ that belong to a line segment that is observed through the window W, are in the set A.
For each § we define the set Ag as the set of points of A with direction 8. Furthermore we define
the set Ag; (i =1,2,3) as the subset of Ay such that if a point of & say (T, X,0) = (f,z,0)
is in Ag; then the observation is uncensored (i = 1), single end censored (i = 2) or double
censored (i = 3). Finally we define the set Ay, as the set of points of A with a direction 6
and a length z. Note that we have

A= Uae[o ) Uae(o ) U.=1 23 Ao Uae[n x) U:E]R,+ Apz-

In Figure 1.6 we draw one of the sets Ag. (Window W as in Figure 1.5). Note that for another
0 one gets a different picture. As in the one-dimensional case, for each (’f ,X,0) € A wecan
construct its observable part of the line segment geometrically (see section 1.1.1 and Figure
1.3).

In Figure 1.7 we draw a set Ag ;. Actually, we draw the set A at level £ under the angle
6. Let z() be the greatest distance in W in the 6 direction. In Figure 1.7 (a) we have a
representation of set Ay if £ > z and in (b) if £ < 2. In Figure 1.7 (c) and (d) we have this
for another value of 8. We see, because of the shape of the window W, that the shapes of
Ay and Ay, heavily depend on 6. The numbers 0, 1 and 2 in Figure 1.7 refer to respectively
the u.c., s.e.c. and d.c. observations. For instance if (.’f, X,0) = (f, z,0) falls in an area with
number 1, then the observation belonging to this (T, X, ) is s.e.c.
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Let N be the number of points of the Poisson point process @ that fall in the set A.
Conditioning on N = n, the total number of observed line segments through window W,
we have n independent (possibly partially observed) observations in A. N has a Poisson
distribution with parameter

A(IW| + p Exdiam(W)) = /A AdEdF(z)dK(9),

where |W| is the area of W and diam(W, 6) is the diameter of the window as seen in the 8
direction and Exdiam(W) is the average diameter (with respect to the distribution K).

The integral is calculated as follows. For each ® = # and X = z we have to integrate
Adi'dF(z)dK () over the set Ay.. We fix an origin O and consider infinite straight lines
which cross the window W, parametrized by the distance of the line to the origin r together
with the orientation of the line 8. Let 7(r,6) denote the length of the intersection of the line
under angle 6 and at distance r with the window W. r varies in [ry(6), r,(0)] (see Figure 1.8).
Now if we integrate A df dF(z) dK(0) over set Ay, we get

4
L7 S diam(w, @

Figure 1.8: parametrization of W under angle 6.

- 2(6)
/,4 ,, AEAF()AK(O) = ) /nm (r(r,8) + z) dr dF(z) dK (6)

A(|W] + zdiam(W, 8)) dF(z) dK (6).

If we integrate this over all values of z and 0 we obtain A (|W| + p Exdiam(W)).

Therefore if we condition on N = n, then the set of points ® N A is distributed as the
set of points in an i.i.d. sample of size n with probability measure on R? x R* x [0, 7) (see
(1.59))

AdtdF(z)dK(6)
A(|W] + p Exdiam(W))
=dV(z)-dJ(0|X = z)- dA({]X = 2,0 = 0), (1.60)

14(£,2,0)
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where
_ |W| + zExdiam(W)
dv(z) = T4y E};: Toam (W) dF(z) (1.61)
WX =z) = WItadam@b) ., (162)

|W| + zEgdiam(W)

dA(llX =2,06=0) = dt- 14, (3). (1.63)

1
[WI + zdiam(W, 8)

We see that we obtain the same probability measure if we consider a random sample (f‘., X;,0:)
of size n on R? x R* x [0, 7), where the X’s are i.i.d. having the common distribution function
V and the angles ©; given X; = z; are drawn from the distribution J(-|X; = z;) and the T}’s
given ©; = 0;, X; = z; are uniformly distributed over Ay, ;;. Constructing the observable
parts of the line segments as above, we get the same kind of observations. Again, as in the
one-dimensional case, we have described our model as a missing data model.

1.2.2 The window W is a circle

Let the window W be a circle with radius R. Choosing the window W to be a circle, a lot of
calculations will be less complicated and therefore for better understanding of the model we
work out the ‘circle-case’ first. We have diam(W,0) = Egxdiam(W) = 2R. The probability
measure (1.60) on R? x R* x [0,7) can be written as

- \dfdF(z)dK(0) _ 1 .
where Wi oR
+z

One notes that the distribution of T given © = 6 and X = z has the same factor 1/(|W|+z 2R)
for all §. Furthermore by (1.65) V does not depend on K (compare this with (1.61) in
the general case) and we see that dJ(6|X = z) in (1.62) becomes dK(0) meaning that the
observed angle is distributed according to K and independent of the length X and the position
T. Because we are not interested in the distribution function K , this implies that it is quite
irrelevant what K is. We can take w.l.o.g. for K any distribution function, for instance a
degenerate distribution; all line segments have the same angle.

Let us calculate the subdistribution functions of the data. In Figure 1.9 we draw set A,.
In the ‘circle-case’ we get for each 0 the same picture-shape. (Compare with Figure 1.6).

In Figure 1.10 we draw set Ay .. Again, for each § we have the same picture-shape. Figure
1.10 (a) is a representation of Ay, if > 2R and (b) if z < 2R. The'length z is given in the
picture. One sees (for X = z and © = 0) in what areas T lies to obtain from (T, X, ©) an
u.c., s.e.c. or d.c. observation (numbers in the areas are respectively 0,1 and 2).

In Figure 1.11 ( (a) if £ > 2R and (b) if z < 2R) we draw set Ay, again. Now one sees (for
X =z and © = 6) in what areas T lies to obtain from (T, X, ©) an s.e.c. or d.c. observation
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< .3

Figure 1.9: representation of Ay (W being a circle).

X <uorau.c. observation X = X =z (respectively the dashed area, the dotted area and
the lined area). = and u are given in the picture.

We define the area-integral O(-) as
v=R
O(z) = ./':=\/R_3—g VR? — v2dv.

In Figure 1.12 the area O(z) is drawn (z is the length of the line segment from a to b).
IfX = :c_'_('and © = 0), the fraction of the area of Ay, for which (T, X, ©) gives a s.e.c.
observation X < u (0 < u < 2R) is given by

s1(z,u) + sz, u), (1.66)

where
40(u) + 2u\/R? — Lu?
si(z,u) = 2 Wi+ 2R Liz>uy(u)
40(z) +2z(/R? - Ly2
sa(z,u) = 2 (2) 4 Lizcuy(u).

|W|+z2R

If X = z (and © = 0), the fraction of the area of Ay, for which (T, X,0) gives a d.c.
observation X < u (0 < u < 2R) is given by

s3(x,u) + sa(z,u), (1.67)

9 (R —/R? — 1u?) — 20(u)

1
Wl + 2R w>u(v)

0 z((R - \/R? — 12?) - 20(x)

W+ 2R Heguy(u)

where

sa(z,u)

s.,(&, u)
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Figure 1.10: u.c., s.e.c. and d.c. ‘areas’ in set A ..

Finally, if X = z (and © = 0), the fraction of the area of As; for which (T, X, ©) gives an
u.c. observation X < u (0 < u < 2R) is given by

W|—40(z) — 2z\/R? — 122
| I ( ) 4 l(zsu}(u)' (168)

ss(z,u) = Wit <2k

Note that it is obvious that the functions s;(*,-) do not depend on 8. We denote by F**,
F**> and F%° the (conditional on N = n) subdistribution functions of respectively the u.c.
, s.e.c. and d.c. observations X. With (1.66), (1.67) and (1.68) we find (0 < u < 2R)

Fres) = [0 [ (siaw) + sale,w) AK(0) 4V (2)

= [TaEwave + [ aeu)dve)
Fie) = [T slmwdViz)+ [ sieu)dV(e)
Foe(u) = /,:, ss(z,u) dV(z).

Computing the above integrals, provides us with the following expressions for the subdistri-
bution functions of the data X (0 < u < 2R)

1, (== 1
s.e.c. = 2 __ .2
dF*ec(u) = 4R 7 / . WrnrlV@w



34 The Models

Figure 1.11: u.c, s.e.c. and d.c. ‘areas’ in set Ag .

= 4/R? - i—u’g(u) du (1.69)
d.c. _ u F=oo rT—u
dFeu) = 2,/R? — 12 ./z=u |W|+2zR dV(z)du
u

—d(u,u)du 1.70
N (1.70)

dF*=(u) IW| - 40(u) — 2u/R? — Tu? W

W]+ 2uR
z(u)
where ¢(-) and d(%, -) are defined as
— had 1
9(z) = / Wi er V) (1.72)
= °° _____._w it
d(z,y) = / T 2wE 4V () (1.73)
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Figure 1.12: the area-integral O(z).

and 2(-) as

(z) = [W| - 40(c) — 2\ [ R? - %z’. (1.74)

One sees that g(z)di = P(T € df, X =s.e.c,X > z) and if y < z that d(z,y)dt; = P(T; €
dt), Ty € U2, AswX = y,X > z) ((£,2,0) € Asz), where T = (T3, T3). In Figure 1.13 we
see over what regions in Ay we integrate (and integrating over all 8) to obtain these densities.
The lines in Figure 1.13 (a) correspond with g(z) df. Regions as in Figure 1.13 (b) correspond
with d(z,y) dt;. In Figure 1.13 (b) we see the area belonging to d(2R, 0) dt,.

By symmetry, the possibly censored length X and type (u.c., s.e.c., d.c.) of each observa-
tion is independent of its angle ©. Moreover the distribution of © is the original distribution
K of directions. So if we denote by F“<(-, %), F***(-,x) and F%*(-,%) the (conditional on
N = n) joint subdistribution functions of respectively the u.c. , s.e.c. and d.c. observations
(X,0), we have (or calculate with (1.66), (1.67) and (1.68)) for 0 <u<2R, 0<g<m

dFa.e.c.(u’,’) = an.e.c.(u)dK(q) (175)
dF*s(u,n) = dF*(u)dK(n) ‘ (1.76)
dF*e(u,n) = dF*(u)dK(n). (1.77)

That the joint subdistribution functions can be factorized in a part only depending on V
(or u) or only depending on K (or 7) is in general not the case if W is an arbitrary convex
window (compare (1.91)—(1.93)).
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Figure 1.13: the sets in Ay corresponding to g(z)df and d(2R,0)d¢,.

Before we enter the next section we derive an identity for this model similar to (1.14)
in the one-dimensional case. Consider in Figure 1.9 the set Ay3r. Obviously (since V' the
marginal density of X)) if we integrate (1.64) over the part of set Ag just beneath the level of
set Agop and also integrate over all §, then one obtains the value V(2R—). If we integrate
(1.64) over the part of set As drawn in Figure 1.14 (and also integrate over all 8), then we
get the value 2|W|g(2R). Integrating (1.64) over the rest of set A, we find

2 | " d(2R,u) —_d
o= \u) ————=oodu

0 4./R? — iuz
This can be understood as follows. If c; is the probability of being a double censored obser-
vation X < 2R and X < 2R (thus that part of set A that is beneath the level Ag g (for all
0) and that belongs to the double censored region), then we have with (1.70):

2R
F4¢(2R) = / d(u,u) —  du=co+ a.
)

2\/R? — 1u?
Because we have integrated (1.64) over A, we derived the following equation
2R u
V(2R-) +2|W|¢(2R) +2 /0 d(2R, ) 4\/7__—_%—"-2-@ =1. (1.78)
We can write
bl - 2R © 2R-z
d(2R,z) = kLA | /4 i Sl
(2R,2) /m Wit2aR W i Wiz 2V



The two-dimensional line segment process 37

.
R L L ]
.

1

-
---------

Figure 1.14: the set in Ay corresponding to 2 |W|g(2R)

= d(2R,2R) + (2R — z) g(2R).

So we rewrite equation (1.78) as

2R u
L= VeR)+2WseR) +2deR2R) [ e
2R y(2R — u)
+2g(2R)/; 9 Rg_%uz du

V(2R-) +2|W|g(2R) + 2Rd(2R, 2R) + (AR? — |W|) g(2R).

Now we define h as
h =2Rd(2R,2R) (1.79)

and finally obtain the identity
V(2R-) + (|W|+4R*)g(2R) + h = 1. (1.80)

In Figure 1.15 we draw the area in set Ay that corresponds to A+ (4R? —|W|) g(2R). Actually,
now one reads equation (1.80) straight from the figures.
With (1.80) we express g(z) and d(z,z) in terms of V on [0,2R) and h

2R 1
9(z) = / de(u)+g(2R)

2R 1 1
= / Wm0 - V@RS - R) (1.81)
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=

Figure 1.15: the part of Ag that belongs to A.

dei) = [ g AV + gk + (R —2)a(2R)
= /m—u—-dV(u)+ + B2 yor-y—h). (182)
T Jo |W|+2uR |W|+4R’ T

Again with (1.69)-(1.71), (1.81) and (1.82) we note that the distribution of the data only
depends on V on [0,2R) and h and that the parameters are identified by it.

1.2.3 Identification in the case W is a circle

To investigate the relation between the parametrizations (F, u) and (V,h) one can almost
copy section 1.1.3 of the one-dimensional case. Here we only give the definitions of ¢;z and
¥2r (see definitions of ¢, and ¥,):

([ W+ 2R W|+4R* R 4R? — 2uR
er(FC)p) = (o Wit a2k O i aer T |W|+p212dF("))
_ 1 S 1
V00 = (7ym | o (ot 1))

where v(V(-), k) is defined as

W(V()h) = o mdwu). (1.83)

2R
= e —-h—V(2R—))+/0
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Note that »(V(-), k) corresponds with g(0) = 1/(|W| + p2R). The spaces Fz2r and V;g are
defined similar to F, and V,. We define Sz to be the set of all subdistribution functions on
[0,2R). Now we define

Fin = {(Fp)|F € Sin, p € [0,00), f* wdF(w) +2R(1 - F(2R-)) < u
and ‘=" when F(2R-) =1}
Voar = {(V,h)|V € S2r, h € [0,00), h <1 — V(2R-) and ‘=" when h = 0}.

The maps ;g and 1,5 give a 1-1 correspondence between fm and V;g. For the same reasons
as in the one-dimensional case, we rather work in terms of V' and k than in terms of F' and p.

1.2.4 The likelihood, the NPMLE, in the case W is a circle

Here we give the likelihood (conditioning on N = n) based on n independent observations
(X:, 8:,0:) = (zi,di,0) (A; = di = 0,1,2; 0 for u.c., 1 for sec. and 2 for d.c.). Let
z; < T3 < ... < z, be the ordered values of the observations X Let ¢;, v; and (; be the
number of respect.ively the uncensored, single end censored and double censored values at z;.
Using (1.69)-(1.71), the likelihood becomes proportional to

H @V (2:))* (9())* (d(=i, 7)) - H dK(9;)-

=1

We are not interested in the (known or unknown) distribution function K. Because in the
circle-case Exdiam(W) = 2R is known, we have that V (and therefore g(-) and d(-,*)) does
not depend on K through the transformation (1.65) (compare with (1.61)) and therefore in
our search for the NPMLE (V,, k,.) we use the likelihood proportional to

lk(V; ) o< TT (4V (2" (g())™ (d(i,z)", (1.84)
=1
where g(z) and d(z,z) can be expressed in terms of (V, k) (see (1.81) and (1.82)) in V;g.
From (1.84) we define by formally taking logs the ‘log likelihood-function’ on V;p as

2R 2R
\II(V,h)E/0 log(dV(z)) dF*<(z) + /o log(g(z)) dF**<(z)
+ /m log(d(z, z)) dF*(z), (1.85)

The empirical subdistribution functions F*, F2¢ and F&* on [0,2R] are defined as in
(1.36) — (1.38). Now with (1.85) we define the NPMLE (Vs h,.) of the underlying parameters
analogue to the definition in section 1.1.4.

Similar to section 1.1.6 we obtain the self-consistency equations for the NPMLE (providing
its existence) in the circle-case: .
dF:.C.C.(u) .

dV(z) = dF¥*(z) + / V(<)

1
0 .an(“)
T g—u 1

- dFd.c. .
+ Tww M TR

1
|W|+2zR
dV,(z) (1.86)
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and

by

d,(2R,2R) / d( ” dFde(u) (1.87)

(IW| +4R*) §.(2R) 1—h, — V,(2R). (1.88)

(Compare these equations with (1.50)-(1.52) in the one-dimensional case). Note that in the
one-dimensional case }, was estimated by the fraction of the double censored observations.
We had only one kind of double censored observations there. In the two-dimensional problem,
this is no longer the case.

If we look at the likelihood in more detail and consider the factors g(z) and d(z, z), which
are expressed in terms of (V, k) in (1.81) and (1.82), then we see in (1.81) that 1/(JW|+2uR)
(in the first term at the right-hand side) is decreasing in u, so it pays to move mass to the
left and in (1.82) we have that (u — z)/(|W|+ 2uR) (in the first term at the right-hand side)
is increasing in v and thus for d(z,z) it pays to move mass to the right. This implies that
we do not have (or there is not) a simple prescription to argue that the NPMLE is a discrete
estimator with mass on the observation points only.

Instead of trying to find out how the NPMLE (if it exists) distributes its mass in a
nondiscrete setting, we avoid this by defining the sieved NPMLE (V,H 3 ). Just as in section
1.1.7 we define V,ieve to be the set of discrete estimators in Vzg, which give (possible) mass
to the u.c. observation points only (and h and g(2R)). Similar to the one-dimensional case
one can prove the existence and uniqueness of the sieved NPMLE. Let rq be the number of
u.c. observation points in [0,2R). The measure m,,4+2, Which gives mass 1/(ro + 2) to all
u.c. observation points and to k and g(2R), dominates the set Vjeye. If I, 42 denotes the
distribution function of 7,42 on [0,2R), then we define the sieved NPMLE (V,, ,) by

(Varho) =arg _ max  (¥(V,R) — ¥(ILp42, 1/(ro +2))) - (1.89)

(Vvh)evsieve

Starting the EM-algorithm with an initial distribution like 7,2, the algorithm will converge
to a solution of the self-consistency equations (1.86)-(1.88): the sieved NPMLE (see sections
1.1.6 and 1.1.7).

1.2.5 W is an arbitrary convex window

In section 1.2.2 we derived for the two-dimensional problem the subdistribution functions
of the data, in section 1.2.3 the parametrization (V,h) versus (F,y) and in section 1.2.4
the selfconsistency equations in the case that the window W is a circle. Because of the
completely unimportant role of 6 (and the distribution function K), the calculations there
are rather straightforward. In this section and the next we try to imitate the derivations
to obtain similar results in the case that W is an arbitrary convex window. In this section
we calculate the subdistribution functions of the data and in section 1.2.6 we analyse the
likelihood.

We remember the probability measure (1.60). Now we calculate (conditional on N = n)
the joint subdistribution functions of the data (X;, A;, ©;). We define z(6) to be the greatest
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distance in W in the & direction. Of course in the ‘circle-case’ z(6) equals 2R for all 6.

Furthermore we define
P= max 2(0). (1.90)

Let wi(z,u,0) be the area of the set Ay, for which (T, X,0) = (f,z,0) gives a s.e.c.
observation X < u (0 < u < 2(0)). Because W is convex, there exists a continuous function
a(+,0) such that

_J a(u,0) fz>u
wi(z,u,0) = { a(z,0) ifz <u.

One can see this from a picture. In the ‘circle-case’ we have

a(u,0) =80(u) + 4u‘,R2 - iu’

(see s1(*,) and s;(,-) in section 1.2.2).

Let wy(z,u,0) be the area of the set Ay, for which (T',X,0) = (i,z,0) gives a d.c.
observation X < u (0 £ u < 2(0)). Again (note that W is convex) from a picture one sees
that there exist functions p;(+,6) and b;(0) (i = 1,2) such that

/w=u (z — w) pr(dw, 0) + /u::;(o) (z — w)pa(dw,0) ifz>u

2540 2
- - i <u.
~/w=bl(0) (z — w) p1(dw, ) + /w=b:(0) (z — w)p2(dw,0) ifx <u

wy(z,u,0) =

In the ‘circle-case’ we have b;(f) = 0 and

pi(w,0) = \/Rz - %w’

w
4/R? — fw?

for all § and i = 1,2. Note that s3(*,-) and s4(x,) in section 1.2.2 can be written like
wy(z,u,0).

Let ws(z,u,0) be the area of the set Ay, for which (T, X,0) = (I,z,0) gives an u.c.
observation X < u (0 < u < 2(0)). Note that there exists a function g(z,8) such that
ws(z,u,0) can be written as

or rewritten as

p.'(dw, 0) =

_Jo ifz>u
ws(z,u,0) = { q(z,0) ifz <u.

In the ‘circle-case’ we have

q(z,0) = |W| - 40(z) — 21”R2 - 41.1:2

(see s5(x,-) in section 1.2.2).
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Now if X = z and © = 0, one writes down the fractions of the areas of Ag for which
(T, X, ©) = (t, z,0) gives respectively a s.e.c., d.c. and u.c. observation X < u (0 < u < 2(9)).
We will do this for the s.e.c. case and we obtain

wy (.'l:, u, 0) _ a(u, 0) 1 (u)
W]+ zdiam(W,0) ~  |W|+ zdiam(W, §) {z>u,0<u<2(6)}
Y

W+ sdiam(W, 6) Lz<uogug=(0)) (u)-
Let us calculate F*<<(u, n): '
P ()
= e Lecn () AT(O1X = 2) AV ()
L o / :" Wmn-)—(—ﬁo—)l{o@q(o)}( )dJ(OIX = z)dV(z)

/,_u /0—n ___2(_”1)_____1 o<u<z(oy (1) dJ (01X = z) dV (z)
b=0 |W|+ zdiam(W, ) (°S*<=(O)}

I

_ =00 l=n a(u 0)
= /z=u /_0 W]+ zExdiam(W) Liocuga(e)y (u) dK(8) dV (z)

/ z=u / b=n a(z,0) Liocu<z(oy) (u) dK(8) dV(z).
o=0 |W|+ zEgdiam(W) {0<u<z(9)}

This yields

F‘.C.C.(du, dn)

=00 1
- a(duv ’7) L=u |W| + zEKdiam(W) dV(z) dK(”) 1{05'45:(71)}(“)

_ a(u,n)
W]+ uExdiam(W) dV(u) dK(n) L{ogugs(m) (u)

a(u,n)
|W| ¥ uEKdla.m(W) dV(u) dK(ﬂ) 1(05«5:('1)) (u)

Doing similar computations for the other two subdistribution functions, we find

Fﬂ.e.C.(du, dr’)
T=00 1
= adun) [~ e pgram V@) 4K () Losussn ()
= a(du,n) g(u) dK (1) Ljoguga)(u) (1.91)
Fé<(du,dn) :
= (p1(du,n) + py(du, n))

=00 T—u
x /z:u |W| + IEKdla.m(W) dV(x) dK('I) 1(05“5‘('))}(")

= (pi(du,n) + pa(du, n)) d(u, u) dK (1) Liogugs(ny) () (1.92)
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F"""(du, dﬂ)

_ q(u,n)
- le + uExdia.m(W) dV(u) dK(”) 1(05«5:(1,)}(“), (1'93)

where g(-) and d(x,-) are defined similar to (1.72) and (1.73):

L 1
9@ = [ W+ wExdiam) ¥ @) (1.94)
day) = [ W+ wExdiamw) °¢ @ (1.95)

Now we try to obtain an identity generalizing (1.80). If we integrate (1.60) over the part
of set Ay beneath the level of set Agp and integrate over all 6, then we obtain the value
V(P). If we integrate (1.60) over the part of set Ay starting at level Ay p and similarly drawn
as in Figure 1.14 and integrating over all 8, then we get 2|W|g(P). Note that in this case
the ‘tubes’ drawn as in Figure 1.14 do not have to hit each other at level Ay p as in the
‘circle-case’. Finally we integrate (1.60) over the rest of set A, which is that region of the
double censored observations in A that is above the level Ay p for all . We find

ao
l-l 2

u=s(0)
--12/ /u oy (P Y) Pi(du, 0) AK(6).

We get the equality
V(P-)+2|W|g(P)+ao=1. (1.96)
Again we derive d(P,z) = d(P, P) + (P — z) g(P) and use this to rewrite (1.96) as

V(P-)+2Wlg(P) + dPP) Y [ [ piau,0) ax o)

i=1,2 u=b; ()

+ P T [ [ (P w)pldu,0)dK(0) = 1.

=1,2 =bi(6)

If we define h as o0

h = d(P, P) 21:2 / /u L0 (1.97)
and f=r ru=z(0)
o= '_zljz / / o (P 1) pi(du,0)AK(0),
we derived the identity
V(P-)+(2IW|+a))g(P)+h=1. (1.98)

(Compare (1.98) with (1.80)). One verifies that in the ‘circle-case’ h équals 2Rd(2R,2R) and
a, equals 4R? — |W|.

For given K one can establish the 1-1 correspondence between the parametrizations (V, k)
and (F,p). One can almost copy the definitions of section 1.2.3 to get the corresponding
expressions in this case and go through section 1.1.3 to convince oneself.
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1.2.6 The likelihood, the NPMLE, in the case W is arbitrary
convex

If we write down the likelihood (conditioning on N = n) based on n independent observations
(X:, Ai, ©;) = (x4, d;, 6:), then the likelihood is proportional to

r dV(-’C.) - oo G
I (|W|+ziEKdiam(W)) (g(zi)™ (d(z:,2:)) JI=IldK(0 ) (1.99)

where z; < 7; < ... < z, are the ordered values of the observations X; and ¢;, v; and (; are
the numbers of respectively the uncensored, single end censored and double censored values
at z;. One sees the similarity with the ‘circle-case’, but one must remember that through
the transformation (1.61) V' and therefore g(-) and d(-,*) depend on K. If we write the
(proportional) likelihood in terms of F and g (and K) we get

(W1 + 1 Ecdiam(W))™ T (@F()* (1 = FGa)* ([ (1 = Fup)aw)” 1_11 dK (6.

Suppose we do not know the distribution function K of the angle ©. So we would like to
compute F' and K by jointly maximizing the likelihood above. Unfortunately this does not
decompose into separate maximization problems for F and K, but we can think of a natural
iterative scheme. Firstly, we determine F given K by maximizing

(1W1+ 4 Excdiam(W)) ™ [T @F @) (1 - Py ([ (1 - Fu))dw) "

i=1

This is something we already know how to handle (just use (1.99) with known K which is
similar to the ‘circle-case’). Secondly, we determine K given F by maximizing

(IW|+ p Exdiam(W))™ ] dK(6)).

Lok(1994) shows that the NPMLE K, of K for given F can be expressed as

Jog) (IW| 4+ p diam(W, n)) ™" dLn(n)
Jomy (W] + pdiam(W, 7)) ™" dLa(n)’

K.(0) =

where Ln(0) = L TIZ7 110,9)(©;) is the empirical distribution of the observed angles.

Suppose we know the distribution function K of the angle ©, then Exdiam(W) is known.
Now the likelihood, only with factors depending on V (or F'), becomes similar to (1.84) and
one finds for the self-consistency equations for the NPMLE (V,, &) of (V, k):

1
|W| + z Exdiam(W)

dV,(z) = dF*>(z) + /: i-t_“)

T T—u d.c. . 1 i
/0 Tow AFR ) g Famy AFle) (1:100)

dF2ee(u) - dV,(z)




The two-dimensional line segment process 45

and
7 . u= 1 d.c. u
ha = d(P,P) '_;;2 /“= d"(u’u)an (v) (1.101)
QIW|+a1)§a(P) = 1-Hha—Vo(P), (1.102)

where F;(-) are the marginal empirical subdistribution functions. The same problems arise
as in the ‘circle-case’ in section 1.2.4, if we want to define the NPMLE. Therefore one is
advised to consider here a sieved NPMLE too. :

Because of the fact that in the ‘circle-case’ the distribution function K of the angles does
not play any role in the search for an efficient NPMLE of F and the fact that information
calculations (chapter 3) and consistency analysis (chapter 2) turn out to be less laborious in
this case, we stick for the rest of the book to the ‘circle-case’. So the two-dimensional case in
the chapters 2 and 3 will be the ‘circle’. We think that with more effort one can imitate the
analysis in these chapters to obtain similar results for the case that W is arbitrary convex
and K is known.
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Chapter 2

Consistency

In this chapter we prove consistency results of the (sieved) NPMLE’s of chapter 1. In section
2.1 the proof of consistency is outlined in a general setting and the very few conditions to
be verified make this proof applicable in other linear convex models where the consistency of
the (sieved) NPMLE is investigated. In section 2.2 we obtain consistency results in the one-
dimensional case. In section 2.3 we do the same for the two-dimensional case. Actually, there
we prove consistency in the case that W is a circle. The reason that we write down the ‘circle-
case’ is that the formulas are less complicated than in the case that W is an arbitrary convex
window and one sees immediately the similarity with the one-dimensional case. Furthermore
in the case that W is an arbitrary convex window, we have to deal with the distribution of
the angles and thus the problem arises of maximizing the likelihood jointly for V' (or F') and
K. If K is a known distribution function, we are convinced that section 2.3 can be more or
less copied to get the consistency results for this case too.

The proof of consistency in section 2.1 is a generalization of the method described by
Groeneboom(1991), following Jewell(1982). If ¢(F') denotes the log likelihood function there,
then the method is based on the fact that

#((1 — ) Fu + e Fo) — ¢(F,) <0,

where F, is a NPMLE of the underlying distribution function Fp. For our log likelihood
function we could also write

V((1—€)Vu+eV,(1—€) hn+eh) —¥(V,, k) <0,

where (V,., Ry) is the NPMLE of (V, k). Evaluating this difference, we encounter terms like
log((dV/dV,)(z)), which equal —co when V and V, are mutually singular, so the inequality
becomes —oo < 0, which is completely ininformative. Instead of using the underlying distri-
bution function V, we take some convenient empirical counterpart V, of V (so V;, converges in
supremum norm to V) and satisfying V,, < V,, so that the expression (dV,/dV,)(z) is more
informative. Furthermore we will use the self-consistency equations to get an expression for
the Radon-Nikodym derivative (dV,/dV,)(z).

We think the proof of consistency, described in section 2.1, can be applied in other linear
models such as the random-multiplicative censoring model of Vardi and Zhang(1992). Their
approach gives not only consistency in the random-multiplicative censoring model, but the
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whole asymptotic characterization. Trying to use their approach in our line segment models,
it unfortunately seems to fail.

For the T}, and T in section 2.1 one reads (V,, k,.) and (V, k) respectively, if one wants the
connection with our models. We note that V; is convex and (V, k) — Pvs) is linear (P,
is the distribution of the data under (V,k)). (The same for V,g). In this chapter we use
sometimes || - ||; to denote the || - ||, (supremum norm) on the interval I.

2.1 General idea

In this section we write dP instead of dP(z) to get short notation.

Let T, be the NPMLE of T, T, an ad-hoc estimator (or T itself if convenient), Pr the
distribution of the data under the parameter T' and P, the empirical. Assume that 7 is a
convex set.

Suppose Pr is linear in T, T € T. We have (because T., is the NPMLE)
/ log ( (1-¢)Tn+ern) dP, (2.1)

dPr,
/ log (1 +€ (den - 1)) dP,,

where € € [0,1]. We divide the inequality above by € and let ¢ | 0. We find
dPr,
= — <
./ (den 1) dF, - 0

/ dPr, = dR <1 (2.2)

o
\%

or

As n — oo, we will try to arrange things that (perhaps on a subsequence only—here we
will need assumptions on 7; for example 7 is a set of distribution functions) T, — T, € T,
T, - T, P, = Pr and try to prove from this

[ dPr, P, — - :ﬁ’ dPr <1. 2.3)
T

Showing (2.3) is the same as saying that inequality (2.2) holds in the limit. However we do

have
dPr

dPr,
for all T, € 7, with equality iff T, = T (we assume identifiability: Pr = Pr, <= T =T,,).

This follows because
/1 (dP““’T”*‘T) dPr, eeo,1]

dPr 21
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is maximal at € = 1. Moreover it equals

dPr
log {1 -1} ]} dP
/ og( T (dPTeo )) :
which is concave in € (it is an average of concave functions: log(1 + €c) is concave in ¢, both
for negative and positive c). Its derivative at € = 0 is therefore nonnegative: so we get

dPr
/(dPTw—l) dPr >0

dPr
dPr
We want to show that we have ‘>’ in inequality (2.4) if Pr # Pr,,. If (dPr /dPr,) = 00
with positive Pr probability, then we have immediately
dPr
dPr,

or
dPr >1. (2.4)

dPr =oc0>1

and Pr # Pr,. In the other case we note that log(1 + ec) is strictly concave in € as long as

dPr
c= (dPT,, l) #0,
and an average of strictly concave functions is strictly concave. So we have strict concavity
(and hence ‘>’ in inequality (2.4)) unless (dPr /dPr,_) = 1 with Pr -probability 1, which
implies Pr = Pr_.
Because we have (2.3) and showed that (2.4) holds with ‘>’ if Pr # Pr,, we proved that
we must have Pr = Pr_, and so T' = T,. We proved the following theorem

Theorem 2.1.1 Let T, be the NPMLE of T. Let Pr be the distribution of the data under the
parameter T and P, the empirical. Let T, be an ad-hoc estimator (or T itself if convenient)
such that Pr, < Pﬁ. We assume identifiability: Pr, = Pr, <= Ty = T;. Let T be a convex
set of distribution functions.

If Pr is linear in T, T € T, and

dPr,
den

dPr
dP,,—-»/ mdPT (n — o0)
(perhaps on a subsequence only), then T, = T. So if moreover Ty = Too, we have T, — T.

2.2 Consistency in the one-dimensional case

In this section we formulate consistency results for the NPMLE (V,, k,) of (V, &) in the one-
dimensional case introduced in section 1.1. Furthermore we show that these imply similar

consistency results for the NPMLE (F,, fin) of our original parameters (F, #). These results
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are stated in the theorems 2.2.5 and 2.2.7. Theorem 2.2.5 is about the consistenconf (V,,, 7;,,)
and will be proved in section 2.2.1. Theorem 2.2.7 is about the consistency of (Fj, fi,) and
follows easily from theorem 2.2.5 and the 1-1 correspondence between the parametrizations
(V, k) and (F, p).

Before we prove our consistency results, we give the following four lemmas, which will be
frequently used. The first three lemmas give us some conditions, which imply the convergence
of [* G.(z)dH,(z) to [° G(z)dH(z). Lemma 2.2.4 provides us with conditions for proving
that a weakly convergent sequence of monotone functions, converges uniformly.

We note that with f¥, where z < y and z,y € [0, 7), we mean the integral over (z,y]. Of
course this implies that [¥~ is the integral over (z,y). Remember that with [ we mean the
integral over (z, ).

Lemma 2.2.1 If G, G, H, and H are measures on the interval [a,b] C R such that (i)
Gu(z) — G(z) — 0 for all = € [a,b] ezcept on a negligleable set w.r.t. Lebesque measure, (i)
||Ha — H||, — 0, (iii) G, is bounded and of bounded variation uniformly in n end (iv) H is
absolutely continuous w.r.t. Lebesque measure and dH(z)/dz is bounded, then
b b
/ G(z) dHa(z) — / G(z)dH(z) — 0
for n — oo.
PROOF: the proof of this lemma is straightforward. We write
b b
/ Gn(z) dHn(z) — / G(z)dH(z)
= Ga(b) (Hn(b) — H(b))
—Gu(a) (Hy(a) - H(a))
b
— [ (Ha(=) - H(=)) dGa(2)

+ /  (Gu(2) — G(=)) dH ().

Because Gy, is bounded uniformly in n (condition (iii)) and because of (ii) we see that the
first and second term converge to 0. For the third term we have

b b
[ (@) - H(=))dGu(@)| < I1Ho = Hll - [ 14Ga(@)].

Because of (iii) we have that f* |dG,(z)| < ¢ (uniformly in n) for some constant ¢ and thus
with (ii) we get that the third term converges to 0. With (i), (iii) and (iv) we apply Lebesgue’s
dominated convergence theorem to get the fourth term tending to 0. This proves the lemma.
[m]

Lemma 2.2.2 If G., G, H, and H are measures on the interval [a,b] C R such that (i)
|IGn = Gll, — 0, (i) |Hy — H||, — 0, (iii) Gy is bounded and of bounded variation uni-
formly in n and (iv) H is of bounded variation, then

[ Gulz)at(z) - [ G(@)dH(@) =0

for n — oo.
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PROOF: the proof is the same as the proof of lemma 2.2.1 except for the term f: (Gn(z) —
G(z))dH(z). For this term we have now

b b
[ uto) - cnata)| < 6. - - [ ko

Because of (iv) we have that f} |dH(z)| < c for some constant and thus with (i) we get that
this term tends to 0. O

Lemma 2.2.3 The lemmas 2.2.1 and 2.2.2 still hold if we replace f: by f:'.
PROOF: replace b by b— in the proofs of the lemma’s 2.2.1 and 2.2.2. O

Lemma 2.2.4 If f, and f are cadlag functions on the interval [a,b] C R such that (i) f.
and f are monotone and f is bounded, (ii) f.(x) — f(z) for all z € [a,b] (or = € [a,d)) and
(iii) fa(z=) — f(z=) for all = € [a,b], then

= flle =0
forn — co. (||fll,, can be defined as sup, ¢4 |f(z)| or sup,ep ) |f(2)])-

PROOF: let € > 0 be given. Because f is bounded and monotone, f jumps in (a,b) at most
at a finite number of points, where the height of the jump is bigger than €. Let this number
be m and if m # 0 let these points in (a,b) be z; < 72 < ... < z,,. We define o = a and
Zm1 = b. Of course z¢ and z,,4; can also be points where f jumps.

Without loss of generality we assume that f is monotone increasing. Because of mono-
tonicity there are numbers k; = 2,3, ... (: = 1,...,m + 1) such that k; = 2,3, ... is the smallest
number for which

f(@ica) + (ki = 1) - € > f(zi—)

holds. We construct the sequence y;; € [a,b] (i=1,...,m+1;j =1,...,k) such that
Yir=zi1 and  yik =T

and for j = 2,..., ki — 1 we try to find that z; € (z;_1,z;) such that
f(z) = flzic) + (G =1) - e

If such 2; exists, then we take y; ; = z; and if there is not such z;, then f makes a jump at
some 3; € (-1, z;) and we take y; ; = s;. Because of monotonicity we note that the sequence
¥i,; can be constructed in such a way that y;; < yiy1, (G = 1,..,k; 3 = 2,...,ki41) and
Yik = ¥Yi+1,1 and ¥;; < ¥i,j41. Now we have

1f(yii) = fgij-) < e ' (2.5)

Because of (ii) and (iii) we have that for all: = 1,...,m+ 1 and forall j = 1,...,k; — 1
there exist M;; such that for all n > M; ;

|fa(yi) = f(yij)l S € and |falyijer—) = f(wij—)| < e (2:6)
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Because of the monotonicity, (2.5) and (2.6) we get for all z € [y; ;,¥ij+1) that for all n > M; ;

|fa(z) = f(2)] < 2e. 2.7

If we define
M, = max M;; and M = max M,
i=1,....ki-1 i=1,...,m+1
and note that the intervals [y; ;, yi,;+1) are a partition of [a, b), then with (2.7) we have for all
n > M, that for all z € [a,d): |fa(z) — f(z)| < 2¢. This yields for all n > M, that

sup |fa(2) - f(2)| < 2¢.

z€[a,b)

If we have that f,(b) — f(b), then it is easy to take this into account to get the same result
for sup_ (s 4 | fa(z) — f(z)|. This proves the uniform convergence of f, to f on [a,d) (or [a, b]).
(u]

After this intermezzo we will formulate the consistency results for the one-dimensional
line segment process of section 1.1.
Let 70 € [0, 7] be such that

V((70,7)) =0 (2.8)
and
V((to — €, 7)) >0 , for all € € (0, 7). (2.9)
We distinguish the following three cases:
CaseI : for the underlying V we have 7o = 7,
Case II : for the underlying V we have 7o < 7 and V([r,0)) > 0,

Case III : for the underlying V we have 7o < 7 and V([r,0)) = 0.
One notes that the three cases cover all possibilities for V. To prove the consistency results
we want to use theorem 2.1.1. Unfortunately, in case II we can not apply theorem 2.1.1 for
the NPMLE at the moment (and indeed consistency is still an open problem), but for the
sieved NPMLE we can. For case I and III we obtain the consistency results for the NPMLE
and the sieved NPMLE. We state here the following theorem:

Theorem 2.2.5 For the sieved NPMLE (and also for the NPMLE in case I and III) (V,, k,)
of (V,h) € V, in the one-dimensional case we have that

ho—h—0 as.

and

sup |V.(z) — V(z)l -0 a.s.

z€[0,7—¢]

for all e € (0,7].

The theorem is proved in section 2.2.1. Because the sieved NPMLE in case Il and the (sieved)
NPMLE in case III are constant on (7o, 7), theorem 2.2.5 implies
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Corollary 2.2.6 For the sieved NPMLE in case II and the (sieved) NPMLE in case III we
have

sup [Va(z) — V(x)l -0 as

z€[o,r)

We remember the 1-1 correspondence between (V,h) € V, and (F,u) € F, in section
1.1.3. There we had

3 (1 —h—V(T—))+/0 T_*_—de(w)

1 1 r 1
= 5;_—(1—h—V(-r—))+§;V(r—)+/o mV(w)dw

1 4 1

Theorem 2.2.5 gives us V,(z) — V(z) for all ¢ € [0,7). Then by Lesbesgue’s dominated
convergence theorem (or use lemma 2.2.1) we obtain that

[ g o = [ s Viw du
and so this yields v(V,(-), ka) — ¥(V(:), k). Now we have proved consistency of fi,:
- 1 1
Together with

F(z) =

1 = 1
u(V(-),h)/o Fo V@

(7 + ) (T—i—m v+ [ ﬁ V(w) dw)

and theorem 2.2.5 we obtain easily the following consistency results for the parameters of
interest (F, u), which are formulated in the following theorem. (A corollary as 2.2.6 can also
be obtained for F).

Theorem 2.2.7 For the sieved NPMLE (and also for the NPMLE in case I and III) (F,, i)
of (F,p) € F: in the one-dimensional case we have that

fin—p—0 as.
and

sup |F',,(z) - F(m)] —0 a.s.

z€[0,7—¢]

for all € € (0,7].
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2.2.1 Proof of consistency in the one-dimensional case

PROOF OF THEOREM 2.2.5: let 7o be as in (2.8) and (2.9). At the moment we do not need to
discriminate between the three cases for the underlying V and between the NPMLE and the
sieved NPMLE. We will point out the moments when it is necessary to distinguish between
the cases.

By the Glivenko-Cantelli theorem, we have that

IFde = P4,y = 0, [[F=e = F*e<llg 0, || = F*“llg >0 (2.10)

a.s. (n — oo) (see (1.10) - (1.13) or (1.4) - (1.7) and (1.36) - (1.38)), where || - ||, stands for
the supremum norm on the interval J. With (1.51) we note that

Fie(r)=h,= "1 (2.11)
(the relative frequency of double censored observations) and we immediately see that
|An — | = 0 a.s. (n — o0). (2.12)

In order to apply theorem 2.1.1 we start by introducing the elements that play the roles
of T, T,, T,, and T in the theorem (or in section 2.1). Of course (V, k) plays the role of T'.

¢ The role of T;,: we define

T ZAFe(z) , ha=he (2.13)

dVi(z) =

T -

and gn(7) is defined by V,(7—) + 27gn(7) + h, = 1 and

gn(z) = / Y - i — dVa (1) + gn(r) (2.14)
= L L (e - B - [ TR arew). @)

Because of monotonicity (lemma 2.2.4) and the strong law of large numbers, one proves that

2T+w u.C. :T+w u.C.
/ dF¥e(w) — /0 T2 aFee(w)

lO T—w - w

a.s. (n — o0). So together with (2.10) and (2.12) we conclude

-0
[0,7]

lgn = gllomy = 0 IVa=Vllpsy =0 as. (n— o). (2.16)

Furthermore one notes that g, follows from (V,, k,) according to (1.40).

o The role of T,: again let (V,,%,) denote the (sieved) NPMLE of (V,k) in V,. (V, )
is the image of the underlying distribution function V on [0, 00) under the map described in
section 2.3. For the function g(x) = [[° 1/(7 + w) dV(w) we obtain the estimator g, on [0, 7]

@) = [ o dTa(w) + (),
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where g,(7) is defined by ‘7,.(1—) +27Ga(7) + h, = 1. Here we have again that g, follows
from (V,, h,) according to (1.40).
e The role of T: according to (2.10) we have

"Fn('1w) - F("")"[O o 0

with probability 1 (‘... = u.c., s.e.c. or d.c.”). By the Helly selection theorem we have that for
some subsequence V,, of the sequence of functions ¥, on [0,7), there exists a nondecreasing
right continuous function Ve on [0,7) such that limy—c Vir(2) = Vio(z) at the continuity
points of Va,. Of course we have hy, — hoo = = h. One defines

9o@) = [ = V() + ge(r)

where goo(7) is defined by Vio(7) + 279goo(7) + hoo = 1. We see that

In(@) = [ o d(w) +3u()
1=,
= 21_ T+ Vm;( +/ (1’+ ) Vﬂk( )dw

and by the weak convergence of (V,, , hn,) t0 (Vao, hoo = h) We get limi—co Gy () = goo() at
the continuity points of V,, (or go). One verifies immediately that go, follows from (Vio, hoo)
according to (1.40).

Since (V,, k) is the (sieved) NPMLE we find by (2.2) and (1.4)~(1.7) that
gu(w)

/, dv;

o dV, g ( )
Following the general consistency proof in section 2.1 (see theorem 2.1.1), we want to show that
this holds in the limit, possibly after passing to a subsequence. The subsequence (V,,, ks, ),
we got by the Helly selection theorem, will do. To prove that (2.17) holds in the limit, we

deal in the following three paragraphs with each case for the underlying V separately. We
need to control the possible unboundedness of 1/g,(z).

) dF¥<(z) + dF2ec(z) + by < 1. (2.17)

e Case I: 7o = 7. We consider the (sieved) NPMLE (17,,,71,.) of (V, ). For each a € [0,7)
we can derive the following bound for 1/g, and 1/g.. The estimator V,, gives at least mass
1/n to uncensored observations, so with (2.9) we get for n large enough

1 .
—— < M,, <M, 2.18
oEL e (219
for all points z € [0, a], where M, > 0 is a constant.

e Case II: 7o < 7 and V([r,00)) > 0. We consider the sieved NPMLE (V,.,h ) of (V,h).

We will derive a bound for 1/, and 1/g on [0,7]. The sieved estimator V,, gives only mass



56 Consistency

to uncensored observations, so (because of (2.8)) ga(z) is constant on (7o, 7). The same holds
for V, and g,. Because the integrands in (2.17) are nonnegative we also have

T g,.(z) s.c.c.
/m 3 @) <1

and thus we can write
gn(7) (Fpee(r) = F3%(10)) < Gn(7).
We know that the left-hand side of this inequality converges to

o(1) (F*==(r) = F**(r0)) = 9(r) -2 | glz) .

Because of V([r,00)) > 0 this is strictly positive and thus we may conclude that there exists
a constant ¢ > 0 such that geo(7) > c and for n large enough we have g,() > ¢. This and
the fact that goo(-) and all g,(-) are decreasing imply that for n large enough we get

1 1
e M e =M (2.19)

for all points ¢ € [0,7] and M = (1/c). In this case we note that on (70,7) we have:
dV,(z) = dV,(z) = dVeo(z) = dV(z) = 0 and dF*“(z) = dF*<(z) = 0.

e Case III: 70 < 7 and V([T,oo)) = 0. We consider the (sieved) NPMLE (V,,h,) of
(V, k). For each a € [0,79) we can give the following bound on 1/g, and 1/g.. Again the
estimator V, gives at least mass 1 /n to uncensored observations, so with (2.9) we get for n
large enough

1 1

— < —_<
@ =M @ =M
for all points = € [0, a], where M, > 0 is a constant. In this case we know at the moment
that on (70,7) we have: dV,(z) = dV,(z) = dV(z) = dV(z) = 0 and g(z) = 0 and
dF¥e(z) = dF*“*(z) = 0 and dF?*(z) = dF***(z) = 0 and h, = h = 0. So in this case we
can replace the integrals over (0, r) in (2.17) by (0, 70).

(2.20)

Using (2.18)-(2.20) and the propositions 2.2.2.1 - 2.2.2.3 we prove in lemma 2.2.2.4 in the
next section that (2.17) holds in the limit for all these cases. Here we give a sketch of the
proof. First of all we need the limit version of dV,, /d‘7,, One verifies that V, < 17,. and by
the selfconsistency equation (1.50) we can write

T+z 1 =z
—_— dFz2ee 2.21
2= T2 (1o s [T s ameew). (2:21)
In proposition 2.2.2.1 we present the limit version dV/dV,, of dV,/ dV,,. Further we note that
the integrands in (2.17) are nonnegative and thus the inequality still holds when we replace
the 7’s by an @ € [0, 7). Then in proposition 2.2.2.2 we show (along a subsequence) that

dv, e e dV u.c.
L g @are@ = [ fr@dree) (222)
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for all @ in [0,7) in case I and II and in [0, 7o) in case III. Thereupon we prove in proposition

2.2.2.3 (along a subsequence) that

g"(x) 3.€.C. —_ e g(z) s.e.C.

e el Swe A @2
for all a in [0,7) in case I and II and in [0,70) in case III. In both proofs we need the
boundedness statements of 1/§, and 1/go on [0, a] in (2.18)-(2.20). Because inequality (2.17)
still holds, when we replace the 7’s by an a € [0,7), we get by these convergence properties
(2.22) and (2.23) a limit version (along a subsequence) for (2.17) with the 7’s replaced by a.
In this limit version we let a tend to 7 in case I and II and to 7o in case III and by monotone
convergence we finally prove that (2.17) holds in the limit. The details are worked out in the
proof of lemma 2.2.2.4.

Having this result of lemma 2.2.2.4 (thus the condition of theorem 2.1.1 is checked), we
are almost finished. For each case we only have to gather the obtained outcome and draw the
corresponding conclusion.

e Cases I and II: by lemma 2.2.2.4 we find in case I and II that (2.17) holds in the limit:

(z)dF” )+/ 9(’) AP (z) +h < 1

By theorem 2.1.1 this implies that we have V, (1‘) V(z) on [0,7) and hy = h (identifia-
bility: Py,, = Py <= Vio(z) = V(z) on [0,7) , ho = h). This proves that outside a set of
probability 0, each subsequence of the sequence of functions V, (or gn) has a weakly conver-
gent subsubsequence and all these convergent subsubsequences have the same limit V (or g).
So V, converges weakly to Vy, = V along the whole sequence (at the continuity points).

If V is continuous on [0,7), then all z € [0, 7) are continuity pomts of Voo = V. In this
case we have that V,, () converges to Vo (z) = V(z) for all z € [0, 7).

If V is discontinuous on [0, 7), then of course we have that V,, (z) converges to Vo (z) =
V(z) (and thus g, (z) converges to goo(z) = g(z)) at all continuity points z € [0,7) of V. By
(2.21) and (2.13) we have

R = [ (1 [ o) ane

In the proof of proposition 2.2.2.2 we obtain (2.35) on [0,z] (for all z € [0,7)). Because
we know here that we have g, = g at the continuity points and in S,, we integrate w.r.t.
Lebesgue measure, we get for the S, in (2.34): So(z) = (1 — z)/(7 + z). By (2.35) we have

[15: = S2Hle, — 0 on [0,z]. To show that S;! is of bounded variation uniformly in n (on
[0, z]), one uses the same argumentatlon as in the proof of proposition 2.2.2.2, where we do
this for S,,. We write V,(z) = J S7%(u) dF**(u) and apply lemma 2.2.3. This gives us the

fact that V,(z—) converges to V(z:—) =[5~ Szt (u)dF*“=(u) for all z € [0,7). Note that we
did not prove that V,(7—) converges to V(7—) in case I.

For the continuous as well for the discontinuous case we are not able to prove that Vo (T—)
converges to V(r—) in case I, but for each ¢ € (0, 7] we have that on [0, —¢]: V,(z) = V(z),
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Vi(z—) — V(z—) and the V.. and V are monotone and V is bounded. Now we apply lemma
2.2.4 to obtain ||V, — V||, — 0 on [0, — €], that is the consistency result in theorem 2.2.5.

e Case III: by lemma 2.2.2.4 we get that for case III the inequality (2.17) holds in the
limit:

) 7o
%(z)dF""‘(z) +f g-‘:f(’z)) dF*ee(z) 4 h <1, (2.24)
where we remember that with [;° we mean the integral over (0, 7). To get the consistency
result of theorem 2.2.5, one copies the proof of the cases I and II above, but now one works
on the interval [0,7) (or on [0, 7] if 7o is continuity point of V). To obtain the result for
[0, 70] for all V, we have to pay special attention to the point o, if it is a discontinuity point
of Voo = V. If we prove V,(70) — Voo(70) = V(0), thus if Voo(70) = V(70), then we are ready.

We know already that Vi.(z) = V(z) and geo(z) = g(z) on [0,70). So on [0, 7o) we have
that (dV/dVy) = 1 and g(z)/ge(z) = 1. We also know that in this case V jumps in 7o
to 1 and both V and V,, are monotone increasing. If V., jumps in 7o differently, then the
jump is smaller than the jump of V (and g, does not jump to 0 in 75). This means that
AV (70)/ AV (70) > 1, where A f(z) stands for the height of the jump of f at z. Of course in
this case we have AF*“(r) = (1 — 10)/(7 + 70) AV (70) > 0. If we use these facts to calculate
the left-hand side of inequality (2.24), then we get

AV (1) T—To

o=
/u dF*(e) + AVu(r0) 7+ 70
AV(T()) . T —To

= ~(7-0—) + AVOO(T()) mAV(TO) + F*e '(TO) +h.
All terms are positive. If AV(7)/AVo(70) = 1, then the left-hand side of (2.24) would
become F*“*(70) + F*¢*(10) + h = 1. If AV(70)/AV(70) > 1, then the left-hand side will be
> 1. This contradicts the inequality (2.24). So V(7o) must equal V(7o) and this completes
the proof for case III.

To
AV(r)+ [ dF*=(a) + b

We have proved the theorem. O

2.2.2 Three propesitions and a lemma

In this section one finds the propositions 2.2.2.1 - 2.2.2.3 and lemma 2.2.2.4 to which we refer
in the proof of theorem 2.2.5.

Proposition 2.2.2.1 On [0,7) in case I and II and on [0,7,) in case III, we have V < V,,

and av
T4z 1 v=s 1 s.e.c.
E‘Z(z) B (1 T +z /u=0 Joo(v) aF (‘v)) ’

where dF**(v) = 2g(v)dv (see (1.4), (1.7)).

PROOF: here for all three cases we prove that proposition 2.2.2.1 holds. In the following
derivation we get the first equality by telescoping. The second equality is obtained by in-
tegration by parts of the third term and the integrand of the second term. We start by
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writing

./':u=z /v"=“ _ 1 a < (v) - ank ()

=0 Ju=0 (n, (v)

/ /"_0 goo(v) dFsec (v) dVoo (u)
UST  LUSU 1 1

- o /u_oe(a‘nk(v) B a“;(_)) T
/u__;- [Iu =u F""(v) Facc(v)) --—-—-—dV ( )

0 =0 y..,‘(")
N i (v) () - (Vu(“)“’“(“))

= ./uu—: /:— (gﬂk(v) gml(v)) F”c(v) de(u)
+/u=0 Gy (u )(F"“'(u) F”c(“)) _dV (u)

U=z

[~ /” = (Beeto) — Free(o) d(m) 4w

+T+ (Vna(2) = Viol2)) / - ( )dF.u(v)
A 1 - '8.€.C. v u

+/u=0 V”‘k(")_vw(")) ( + ) v=0 gﬂk(v) F ( )d

_/u=0 (V""‘(u)_v‘”(u)) T+u ( ) F'ec(u) (2.25)

Now we explain that all these terms tend to 0 if ¥ — co. Let = be a continuity point of V,,
in [0,7) in case I and II and in [0, 7o) in case IIL

o The first term: we define on [0, z]

W, (u) = /= - e ( AF*e(v) (2.26)

and

Weo(u) = /"; gw(v) dF* e (v). 2.27)

To W, (u) — Ww(u) we apply lemma 2.2.1: G, = ((1/n,) — (1/9)), G =0, H, = H =
F*ee g =0 an b= u. Now (i) follows from the fact that g,, converges weakly to go, on the
continuity points of V... That we have (ii) is trivial to see and (iii) follows from (2.18)-(2.20)
on [0,u] and the fact that the 1/§,’s and 1/go. are monotone increasing. (iv) follows from
the fact that dH(z)/dz = 2¢g(z) and g(z) is bounded.

We can do this for each u € [0,z] and thus applying the lemma’s 2.2.1 and 2.2.3 we get

Wo () = We(u) = 0 and W, (u—) — Weo(u=)—0
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for all u € [0,z]. The W,,,’s and W,, are monotone increasing and by (2.18)-(2.20) we know
that W, is bounded on [0, z]. Now lemma 2.2.4 tells us that

W — Wal|l, = 0 on [0,z]. (2.28)

Finally we conclude that the first term in (2.25) tends to 0 by applying lemma 2.2.2 (along
the subsequence): Gp = W, — Wy, G =0, dH,(u) = dH(u) = (1/(7 +u)) dVeo(u), @ = 0 and
b= z. By (2.28) we have (i) and (ii) is trivially satisfied. We use (2. 18) (2.20) and the fact
that the W,,’s and W, are monote to get (iii) on [0, z]. Of course V., is of bounded variation
and thus we have (iv) too.

o The second term: for the second term we apply lemma 2.2.2: G, = (1/ga) - (Fa=* —
Free) G =0,dH,(u) = dH(u) = (1/(7 +u)) dVe(u), a = 0 and b = z. By (2.18)-(2.20) and
(2.10) we have (i) and (ii) is again trivially satisfied. Using (2.18)-(2.20) and the fact that
the 1/g,’s are monotone increasing and the fact that the F2*“’s and F** are of bounded
variation, gives us (iii) on [0, z]. We have (iv), because V,, is of bounded variation.

e The third term: because the 1/g,,’s and Vo, are increasing and V., is bounded by 1,
the absolute value of the third term can be bounded by-

1 s.e.c. 3.e.C. . = ;
A ;”Fnk F "°° ./u=0 d(gnk(v))

1 1
-l F:.c.c. _ fsec -
L lloo @
1

; C "F:;E-C. — Fa.c.c."m’

IN

IA

where C = M, in case I and III and C = M in case II ((2.18)-(2.20)). Now one uses (2.10)
to see that this term tend to 0.

e The fourth term: because [y (1/n, (v))dF"“(v) is bounded by C - Fy:=~(z) < C,
where C = M. in case I and Il and C = M in case III ((2.18)-(2.20)) and the fact that
V,.k (2) — Vio(2) tends to 0 for continuity points z of V,,, we get immediately that the fourth
term tends to 0.

e The fifth term: in the fifth term we concentrate first on [’ (1/§,.,|= (v))dF5e(v). To
this integral we apply lemma 2.2.1 with G, = (1/§,,), G = (1/g), H, = F2*° H Free,
a =0 and b = u, where u € [0,z]. Again by (2.18)-(2.20) on [0, z] and the fact that the
1/§.’s are monotone increasing ,we get that G, is of bounded variation uniformly in n. So
we have that this integral converges weakly to fy' (1/g(v)) dF***(v) on [0, z]. Together with
the fact that V,.,, — Vo converges weakly to 0, we apply Lebesgue’s dominated convergence
theorem (or lemma 2.2.1) to the fifth term and conclude that this term tends to 0 too.

e The sixth term: for the sixth term we use lemma 2.2.1 again. We take G, (u) =
(1/(7 + 4)Gny (w)) (Vo (4) — Vao(u)), G =0, H, = F**< and H = F*** g =0and b = z.
Using the same arguments as above one sees that (i)—(iv) are satisfied.

We note here that the only place where we need that z is a continuity point of V,,, is the
sixth term. In the sixth term it is because of the factor (V;,(z) — Vio(z)). The fact that we



Consistency in the one-dimensional case 61

only know that ‘7,.,‘ converges to V., (and thus §,, to go) on the continuity points of V.,
plays no role in the other terms.
Now with (2.25) we have that

Fu.c.(z) —_ Fu.c.(z)
- /"—" AFsEe(o) - —— ¥, ()

u=0 Juv=0 g,.,‘(

U=T

L g,,,(.,) () )':;;d"w(“)—'o (2.29)

for all continuity points z of Vi in [0,7) in case I and II and in [0, 7o) in case III. Furthermore
by (1.50) we have

Vu(z) = F“‘(z:)+/_0 / FAFLe(v) —dV() (2.30)

=0 .‘]n(v

Together with (2.29) and the fact that V,.,‘ converges weakly to Vo, in all the continuity points
z of V., we obtain

Vio(z) = F““(z+ - /;

u=0

dF*ee(v) —— dVio(u) (2.31)

=0 goo(v

at the continuity points z of Vm. Because V,,, is cadlag we also have the relation (2.31) for
z— and z+ and thus for all z in [0, 7) in case I and II and in [0, 7o) in case III. Finally with
(2.31) and dF*<(z) = ((r — z)/(7 + z))dV(z) we find

- (-2 [T ereew)

This means that on [0,7) in case I and II and on [0,7) in case III we have V < V,, and
proposition 2.2.2.1 holds. O

Proposition 2.2.2.2

"k u.c. e dV u.c.
[ ) B = [ ) - aFee) (ko)

for all a in [0,7) in case I and II and in [0, 7o) in case IIL

PROOF: let a be in [0, 7) in case I and Il and in [0, 7o) in case III. With (2.21) and proposition
2.2.2.1 we write

"k u.C. uiv— . u.C.(
[ ) -aRee) - [ ) - apee)

N /"u (1 - 141—1 /v‘: g"k(v) dF’”(”)) dV,, ()
_/0“ (1 - r-lm ./._o o 4 '"(v)) dV(a). (2.32)
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We define on [0, a] the following two functions:

1-—

W (2) (2-33)

W (), (2.34)

Sni(z)
Seo(2)

'r+

1-

r+

where W,,, and W, are defined as in (2.26) and (2.27). One sees that (2.33) is the integrand
w.r.t. dV,, (z) of the first term in (2.32) and (2.34) is the integrand w.r.t. dV/(z) of the second
term. )

We apply lemma 2.2.2 to prove that (2.32) tends to 0: G, = S, G = Sw, dHa(z) =
dV,(z), dH(x) = dV(z). By (2.28) we get immediately that

[[Sny = Sooll., — 0 (2.35)

on [0,a], thus (i) holds. By (2.16) we have that ||V, — V||, — 0 and thus we have that
(ii) is satisfied. For (iii) one uses (2.18)—(2.20) and one verifies that the S,’s are monotone
decreasing and thus one easily sees that S, is of bounded variation uniformly in n. Of course
we have that V is of bounded variation and so we get (iv). Using lemma 2.2.2 along the
subsequence, we have proved proposition 2.2.2.2. O

Proposition 2.2.2.3

90s(2) s pecai) s [* 95 g peec e
[ @ @ = [ i@ e

for all a in [0,7) in case I and II and in [0, 7o) in case IIL.

PROOF: in order to prove proposition 2.2.2.3, we write (using telescoping)

gﬂk(z) s.e.c. g(z) s.e.c.
[ e @ [ gy e

- /0 (g_g_; _ g%% ) dF**(z)

g"k ($) s.e.c. — Fec(g
[ 84 (Fyee(o) - Poo(@)

where a is in [0, 7) in case I and II and in [0, 7o) in case IIl. Again, the two terms tend to 0 if
k — oo. For the first term we use Lebesgue’s dominated convergence theorem: gn(z) — g(z)
and G, (¢) — goo(z) at the continuity points = of Vi, on [0,a] we have (2.18)-(2.20) and
dF*e<(z) = 2g(z)dz is a continuous measure.

To the second term we apply lemma 2.2.1: Gy, = (gn,/Gny)> G = (9/9o0 )y Hn = F1=* —
F*e¢ and H = 0. Just as in the proofs of the propositions 2.2.2.1 and 2.2.2.2 one verifies
again that we have (i), (ii) and (iv). To (iii) we have to pay special attention. To see that G,
is of bounded variation uniformly in n (on [0, a]), we note that the g,’s and g, are positive and
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monotone decreasing and 1/gj, is on [0, a] uniformly bounded in n by (2.18)-(2.20). There is
a D > 0 such that ||gn||, < D and ||ga]l,, £ D on [0,a]. We may write for all n:

[ l(ES)
;

__1_ z gn( )
=) 9n(=) = Guta)? )

I

< [ g Mo+ [ e 8@
< -C- /0 dgn(z) - C? - /0 ()

< Cga(0) +C?3a(0)

< (C+CHD,

where C = M, in case I and III and C = M in case II. This proves that G, is of bounded
variation on [0, ¢] uniformly in n. This completes the proof. O

With the propositions 2.2.2.1 - 2.2.2.3 we prove the following lemma, which is the key to
the proof of theorem 2.2.5. It says that the condition in theorem 2.1.1 is satisfied.

Lemma 2.2.2.4 The inequality (2.17) holds in the limit, possibly after passing to a subse-
quence. .

PROOF: we split the proof in three parts and at the beginning of each part we mention the
cases, for which that part is meant.

e For the cases I, IT and III: because the integrands in (2.17) are nonnegative we also
have

° dV" u.C. a g"(x) 3.¢.C. N
/0 @@+ /0 S @ R s (2.36)

for all @ € [0,7). Together with proposition 2.2.2.2 and proposition 2.2.2.3 we obtain from
(2.36), possibly after passing to a subsequence

(z)dF“‘( + [ g((zz)) dF*ee(z) + h < 1 (2.37)
for all a € [0, 7). The integrands in (2.37) are nonnegative and so letting a converge to 7o we
get by monotone convergence

n- dV ue ©= 9(2) e
av. . < .
/o @ F (z)+/0 L@ s (2.38)
o For the cases I and II: in case I and II the inequality (2.38) gives (2.17) in the limit,
because 7o = 7 and because by [; we mean the integral over (0, 7).
o For case III: of course in case III we also mean by [; the integral over (0,7), but in
this case we already noted that in (2.17) we could replace (0,7) by (0, 7). In (2.38) we have
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(2.17) in the limit on (0,70) and therefore we need an extra analysis. For convenience we
define for a € [0, 7o)

Kn(a) = /0 -—(1: dFe<(z) + / g:EI;dF‘”(:z)+7z,.
K(a) = (a:)dF‘“’( )+/ g(’) L@ b

L@ = [ ;r,—(x)dF:‘-(m I €"§’;dF"°()

(Thus in K,(a) and K(a) we integrate over (0,a] and in L,(a) over (a,7o]). It is easy to see
that in case III (2.17) can be written as

K"(To—') + L,.(To—) S 1. (239)
We know that the integrands in (2.17) are nonnegative, thus we immediately have
K.(a)+ La(ro—) < 1 (2.40)

and 0 < L,(70—) < 1. By the propositions 2.2.2.2 and 2.2.2.3 we have that K,(a) converges to
K (a), possibly after passing to a subsequence. Let n; (k € IN) be this subsequence. Because
0 < Ln(1o—) < 1 there exists a subsubsequence p(k) of nx such that L,x)(7o—) converges to
a number L(7o—). For this subsubsequence we have that (2.40) converges to

K(a) + L(ro-) < 1. (2.41)

Again, the integrands in K(a) are nonnegative and thus letting a converge to 7o from below
we obtain by monotone convergence

K(1o—)+ L(10—) < 1. (2.42)

One notes that if 7o is a continuity point of V', then L,(7o—) = 0 with probability 1 and thus
L(ro—) = 0. The probability of obtaining a s.e.c. observation with X = 7 is 0, and thus if
7o is a discontinuity point of V, we have with probability 1 that

Lin) = [7 GRe)aF(E)+0
_ AV(n) A pue,
= ATy AR,

where A f(z) means the height of the jump of f at z. In the case that 7, is a discontinuity point
of V, we have for an increasing sample that the fraction of u.c. observations X=X=m1
is strictly greater than some § > 0 with probability 1. Thus for n large enough we have
Av, (70) > 6 > 0. Furthermore all the points in (70, 7) are continuity points of V,, because
on (70,7) V., and thus V,, are constant. So on this interval we have V,,k( ) = Vio(z) and
because of the rightcontinuity we get ¥,, (7o) = Vio(7). Furthermore we have that Vi, (7o—)
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exists. If we combine these facts we get that AV,, (7o) = AVi(70) > 6 > 0 with probability
1. So along the subsubsequence p(k) we get that L,)(7o—) converges with probability 1 to

_ dv ( —_ AV(TO) u.C.
L(To—) = de \To) = AVW(T()) AF (To) < 00.

With this definition of (dV/dVi)(7) (in proposition 2.2.2.1 we had only an expression for
(dV/dV4)(z) on [0, 7o) in case III) we proved that (2.17) (thus (2.39)) holds in the limit after
passing to a subsequence:

1

v

K(To—) + L(T’o—)

o= dV u.C. To= (z) 5.e.C. o dV u.C.
/O —(z)dF (:c)+/ S 4F (a:)+h+/m_ @ (2)

(z)dF"C( )+/ (’) JAF*5(2) + h

Now we have proved the lemma. O

2.2.3 Proof of two propositions of chapter 1

We promised to prove proposition 1.1.5.2 and 1.1.7.2 in this chapter. Here we give the proof.
PROOF OF PROPOSITIONS 1.1.5.2 AND 1.1.7.2: for the proof of both propositions we do not

have to distinguish between the NPMLE and the sieved NPMLE.

Because we have g(r) > 0 we know by (2.16) that for n large enough g.(7) > ¢ > 0
for a constant ¢ > 0. Say that this holds for n > N. Now let the sample size be n with
n > N and suppose that the biggest observation point z, in [0, 7) is s.e.c., then (g, and g, are
right-continuous on [0, 7)) on [z,,7) we have that g, and g, are constant and equal §,(7) and
gn(7) respectively (because g, and g, are left-continuous in 7). Furthermore we have that

g,.(.’l:)
= dF’:oe.c. S 1
foor Sy 4@

(because the integrands in (2.17) are nonnegative). Thus we obtain
3n(7) 2 gn(7) AF*(2,) 2 = >0

(because gn(7) > ¢ > 0 for n > N and AF;*“(z,) is at least 1/n). This immediately implies
that 0 < 27G,(7) = 1 — hy, — V,.(7—) and therefore we have (V,, k,) € V,.

The only thing we still have to prove is that the probability that the biggest observation
point is s.e.c. tends to 1. Because g(7) > 0 we have for each a € (0,7) that the probability
that in the interval (a, ) there are observation points tends to 1. Thus we are ready if we can
show that the probability to have an u.c. observation point in (g, 7) given that the observation
point lies in (@, 7) tends to 0 if a tends to 7. For convenience we suppose that V has a density
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v (now we can apply the rule of De I'Hospital). Now we have that this limit of the conditional

probability equals
. TT—w T T—w T -1
kg-] (/a T+wv(w)dw) ' (/u ,T+wv(w)dw+/¢ g(w)dw)

i (Fgv) - (oo +o@)”
0
0r e

(Of course g(7—) > 0 because g(7) > 0 and g is decreasing). This completes the proof. O

Il

2.3 Consistency in the two-dimensional circle case

In this section we formulate consistency results for the sieved NPMLE (V,, k) of (V,h) in
the two-dimensional circle case introduced in section 1.2. Again we show that these imply
consistency results for (F,, fin) of the original parameters (F, u).

First we refresh our memory. We remember that the functions g(z) and d(z, z) are decreas-
ing (see (1.72) and (1.73)). We have that 4,/R? — (1/4) 2 g(z) is the density of the subdistri-
bution function of the s.e.c. observations (see (1.69)) and for the density of the subdistribution

function of the d.c. observations (see (1.70)) we have that z (2,/R? — (1/4) :z’)—1 d(z,z).
Now let 2R, € [0,2R) be such that

V((2R0,2R)) =0 (2.43)
and
V((2Ro — €,2Ro)) > 0 for all € € (0,2R,). (2.44)
We distinguish the following four cases, which cover all (interesting) possibilities for V:
Case 1 : for the underlying V' we have 2R, = 2R,

Case II : for the underlying V we have 2Ry < 2R and V([2R, 00)) > 0
and d(2R,2R) > 0,
Case IIa : for the underlying V we have 2Ry < 2R and V([2R, 00)) > 0
and d(2R, 2R) = 0,
Case III : for the underlying V we have 2R, < 2R and V([2R, 00)) =0
and d(2R,2R) =0,
We note that in case Ila we have g(2R) > 0 and d(2R,2R) = 0. If we remember the
definitions of g and d(-, -), then we know that these constraints correspond with an underlying
V which gives positive mass to 2R but no mass to the interval (2R, 00). Of course there is
no distribution function V on [0, 00) such that V([2R,00)) = 0 and d(2R,2R) > 0 and thus
9(2R) = 0 and d(2R,2R) > 0. So this case does not have to be considered.
For the sieved NPMLE (V;, h,) we state a consistency result in the following theorem:

Theorem 2.3.1 For the sieved NPMLE (V,,,k,) of (V, h) € Vs in the two-dimensional circle
case we have that R
hy—h—0 a.s.
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and

sup
z€[0,2R~¢]

Va(z) — V(w)l =0 a.s.

for all € € (0,2R).

The theorem is proved in section 2.3.1. (A corollary as 2.2.6 can also be formulated here).
One remembers the functions g(z) and d(z,z) in terms of V on [0,2R) and h (see (1.81)
and (1.82)). For the function g we obtain the estimator g, on [0,2R]:

~ R 1 & ~
gn(z) = L md"n(“) +3.(2R), (2.45)
where g,(2R) is defined by Va(2R-) + (IW| + 4R?)§,(2R) + h, = 1. For d(z,z) we get the
estimator d,(z, z) on [0,2R]:

u—=

. 2R - 1~ R
d(z,z) = /, WTraR () + 5P + (2R 2)3a(2R). (2.46)

We have that §, and dy(-,-) follow from (V,,k,) according to (1.81) and (1.82).

Of course in the one-dimensional case one could prove that sup,¢g r—q |92(z) — 9(z)| tends
to 0 a.s. for all € € (0, 7). The proof would be similar to the proof of the following proposition.
Here we put this result for the two-dimensional circle case in a proposition together with a
consistency result for d,(-,-), because we want to emphasize the difference between both
consistency results; for g, we have strong consistency on intervals [0,2R — €] and for d, we
have strong consistency on the whole interval [0, 2R].

Proposition 2.3.2 For the functions §,(-) and J,.(-, -) both defined on [0,2R)], we have

sup  |gn(z) —g(z)| = 0 as.
z€[0,2R—¢]

for all € € (0,2R)] and we have

sup
z€[0,2R)

dn(z,z) — d(z,:v)l —0 a.s.

PROOF: using partial integration we write

1 . 2R 2R -
Gu(z) = ——u—1, — = Pi(w)d
6a() EETAGAI) Wi+ 2Ry )4
1 ~ -
+m V.(2R-) + §.(2R) (2.47)
and
~ 1 -~ 2R 1 ~
du(zz) = o . S—
(z2) = gk (|W|+2zR)/: T ey Vi (u) du

+2R—2) (\WI%II? V.(2R-) + a,.(m)) . (2.48)
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Theorem 2.3.1 gives us V,(z) — V(z) for all z € [0,2R). Then by Lesbesgue’s dominated
convergence theorem we obtain that

2R
(IW] +2uR)?

2R

2Ry du—vE)= [T
[T zary P = Y@ =

Yaz) = [ " V(u) du

for all z € [0,2R]. It is obvious that Y,(z—) — Y(z—) holds. We note that the Y,’s and Y’
are monotone and that Y is bounded, thus we apply lemma 2.2.4 to obtain

sup |Ya(z) = Y(z)| = 0. (2.49)
z€[0,2R]

Theorem 2.3.1 gives us h, — h and because we have (|W|+4R?)§.(2R) = 1 — h, — V,(2R-)
we get immediately

1
W+ 4R

1

Va(2R—) + §a(2R) — Wil

V(2R-) + ¢(2R). (2.50)
Now with theorem 2.3.1 together with (2.47)—(2.50) one easily concludes that both statements
in the proposition hold. (Because of the term (1/(|W|+ 2z R)) V,(z) in (2.47) we have strong
consistency of g, only on intervals [0,7 — ¢]). D

We formulate consistency results for the parameters (F, ) in the next theorem:

Theorem 2.3.3 For the sieved NPMLE (F,,fi,) of (F,u) € Far in the two-dimensional
circle case we have that
fin—p—0 as.

and

sup
z€[0,2R-¢]

Fo(z) - F(z)l —0 a.s.
for all € € (0,2R).

PROOF: the proof is identical to the proof of theorem 2.2.7 using theorem 2.3.1 and using
v(V(-),h) defined in (1.83) and the transformation defined in section 1.2.3. O

2.3.1 Proof of consistency in the two-dimensional circle case

PROOF OF THEOREM 2.3.1: the proof is very similar to the proof of theorem 2.2.5. Here we
only point out the essential differences.

To apply theorem 2.1.1 we give here the elements that play the roles of T', Ty, T and T,
in the theorem. It is clear that (V, k) plays the role of T'.

o The role of T,,: we define

W|+2zR

dV,(z) = | ) dF¥(z) , ha=h
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and g,(2R) is defined by V,(2R-) + (|W| + 4R?)g.(2R) + h, =1 and

_ R 1 d
ga(z) = /z Wi+ 2R Va(u) + 9-(2R)

1-h, 1

Wi+ T Wt iR

([ E R amew - (448 [ oamre @) @)

Monotonicity (lemma 2.2.4) and the strong law of large numbers provides us with the fact

that
= i) 4 3(w)
Fre(u) — dFve -0 2.52)
o z(u) w () / (u) () (0.2R] (
a.8. (n — 00), where || - ||; stands for the supremum norm on the interval I and where j(-) is

any bounded positive function on [0,2R] (we use j(u) = 4R* — 2uR and j(u) = 1 in (2.51)).
Trivially we have h, —h =h —h =0 — 0 (n — o) and with (2.52) one easily verifies that

llgn — g"[o,zR) =0, |Va- V"[o,zn) =0 as. (n— ). (2.53)

One must be aware of the fact that, because of the choice of h, = h (compare this with the
choice of hy, in the one-dimensional case), g,(z) could be negative and then g,(z) will not be
a good estimate for the density g(z). In fact in that case g,(2R) is negative and that would
mean that negative mass is assigned to g,(2R). Then the triple V,(-) (on [0,2R)), h, and
(IW| + 4R?)g,(2R) does not represent a probability measure for the model. By (2.53) we
know that with probability 1 this problem will not occur for n large enough.

According to (1.82) we define d,(z,z) to be

2R g —
duo(z,2) = / mdwu) Rh,.+(2R—x)g,.(2R)

2R\ oR) — (W] +22R) /m  Vi(u)du
= S —— — T ——————————— n

|W| + 4R2 = (|W]|+2uR)?

2Rh + (2R - z) go(2R)

and by (2.53) we get
lldn — dllg 2y = 0 a5. (R — 00)

(one remembers the proof of proposition 2.3.2). We note that g, and d,(-,-) follow from
(Va, ka) according to (1.81) and (1.82).

e The role of T: let (V,.,h ) denote the sieved NPMLE of (V, k) € V;g. The functions
ga(-) and dy(:,-) on [0,2R] are defined in (2.45) and (2.46). We know that g, and dy(-,")
follow from (V,, h,) according to (1.81) and (1.82).

e The role of T,,: by the > Helly Selection Theorem we have that for some subsequence
(Vi hny) of the sequence of (V,, &), there exists a nondecreasing right continuous function
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Vo on [0,2R) and a ko, such that limy . V... (z) = Vio(z) at the continuity points of V., and
hn, = hoo. We define

_ R 1
goo(l') = /; m de(u) + gw(zR)

where go.(2R) is defined by Vio(2R=) + (|W| + 4R?)goo(2R) + hoo = 1. We write
_ L _
(@) = [ g )+ G R
1= hy, 1 R 2R
Wl +4R? W[+ 2R Vou (=) +/ (IW| + 2uR)? You

Vo, (u) du

and by the weak convergence of (V,,, fin,) 10 (Veo, hoo) We get limgvoo Gny (2) = goo(z) at the
continuity points of V. The same result is obtained for doo: limgoo dn, (2, %) = doo(z, z),
where doo(+,) is defined as

d oMo gy h 2R R
w(2,2) = [ e V() + gphes + (2R ~2) 9 2R).
Again one verifies immediately that g., and dw (-, ) follow from (Vio, ko) according to (1.81)
and (1.82).

For the sieved NPMLE (V,, k,,) we find by (2.2)

R %(z)dﬂ..c.(z” R 0(2) yprcey )+/ h(®2) jpaezy <1 (2.50)

dn() dn(z, )

(This inequality plays the role of inequality (2.17) in the proof of theorem 2.2.5). To prove
that (2.54) holds in the limit, possibly after passing to a subsequence, we need not only
to control the possible unboundedness of 1/g,(z), but also the possible unboundedness of
1/dn(z, ). In the following we find that (2.55)—-(2.59) are the analogues of (2.18)-(2.20).

e Case I: 2Ry = 2R. Using the same arguments as for (2.18) we get for n large enough
and for each a € [0,2R)

:'"l"—SMay - SMa, = N 1 SMay L
Gn() 9oo(2) dn(z, 1)

—_ < .
e SMe (2.55)
for all points z € [0, a], where M, > 0 is a constant.

e Case II: 2R, < 2R and V([2R, 0)) > 0 and d(2R,2R) > 0. Usmg the same arguments
as for (2.19) we get for n large enough

1 1 1 1
S <M, —— <M, —— <M, <M 2.56
#n(z) PEY 7(z,7) dn(z,0) (2:56)
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for all points z € [0,2R] and M is constant. For the last two inequalties in (2.56) we use that
(2.54) implies that
2R
/2 dﬂ(zsz) dFd'c'(I)

Ro dy(z,2)

(because the integrands in (2.54) are nonnegative). We know that in this case J,.(z,z) is
constant on (2Ry,2R)] (see (2.43)). The same holds for d,(z,z) and thus we may write

dn(2R,2R) (F“(2R) — F{*(2Ro)) < dn(2R,2R)

and that the left-hand side of this inequality-converges to

d(2R,2R) (F**(2R) — F**(2R,)) = d(u,u)du.

doR2R)- [ — %
(2R, 2 )-/2&2,—-—1%2_%"2

Because of d(2R,2R) > 0 this is strictly positive and therefore we conclude that there is a
constant ¢ > 0 such that d,(2R,2R) > c and for n large enough we have Jn(2R, 2R) > c.
This and the fact that d(:,*) and the dn(-,-)’s are decreasing imply the last two inequalities
in (2.56).

In this case we note that on (2R, 2R) we have: dV,(z) = dV,(z) = dVio(z) = dV(z) =0
and dF¥>(z) = dF*(z) = 0.

e Case Ila: 2Ry < 2R and V([2R, o)) > 0 and d(2R,2R) = 0. Just as in case II we find
for 1/g, and 1/g the bound:

1 1
oM e s

for all points z € [0,2R] and M is constant.
The estimator V, gives at least mass 1/n to uncensored observations, so with (2.44) we
have for each a € [0,2R,) and for n large enough

1
— <M, ——< M, 2.58
d,.(z:,z) - dm(z,:c) ( )

M (2.57)

for all points z € [0, a], where M, is a constant.

In this case we note that on (2Ro,2R) we have: dV,(z) = dVy(z) = dVio(z) = dV(z) =0
and dF*“(z) = dF**(z) = 0 and d(z,z) = 0 and dF?*(z) = dF%>(z) = 0. In this case we
can replace the integrals over (0,2R) in the first and third term of (2.54) by (0,2Ro).

e Case III: 2R, < 2R and V([2R,00)) = 0 and d(2R,2R) = 0. Similar arguments as for
(2.20) give us (for each a € [0,2Ry)) for n large enough

1 1 1
— <M,, <M, ——< <M, 2.59
(@) P E) (2.59)

dy(z,2) =" delz,z) T
for all points z € [0, a], where M, is a constant. In this case we have on (2Ro,2R): dV,(z) =
dVi(z) = dVio(z) = dV(z) = 0 and dF*“(z) = dF*“(z) = 0 and g(z) = 0 and d(z,z) = 0
and dF?*%(z) = dF**“(z) = 0 and dF?°(z) = dF**(z) = 0. Just as in case III of the
one-dimensional problem we can replace here the integrals over (0,2R) in (2.54) by (0,2R,).
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One verifies that V, < V, and by (1.86) we get

dV, .\ _ |W|+2R 1 vz
dr/,,(“) T 1- |W|+2a:R =0 g,.(v) dF7=4(v)
1 V=T g —
dFde 2.60
T Wi+ 2R J=o (v, v) (")) (2.60)

(see (2.21)). From now on one imitates the proof of theorem 2.2.5. All the necessary ingredi-
ents are found in (2.55)—(2.59) and the propositions 2.3.1.1 — 2.3.1.4 and lemma 2.3.1.5. They
are the analogues of the propositions 2.2.2.1 - 2.2.2.3 and lemma 2.2.2.4. In (2.54) one deals

with the term do(z,2)
T,
dch
/o d,(z,7) (=)

in the same way as the term

2R gﬂ(z) 3.e.C.
/0 g,,(:t) AE (@),

In the remainder of this section we give the propositions 2.3.1.1 - 2.3.1.4 and lemma
2.3.1.5.

Proposition 2.3.1.1 On [0,2R) in case I and II and on [0,2Ry) in case Ila and III, we have
V €« Vo and

dv _ |W|+2zR 1 v=z sec.
L@ = 2(2) (1 |W|+2zR =0 go,,(v) dFes(v)
1 =z T — de.
|W|+2zR v=0 doo(v, v) dF (v))

PROOF: the proof is similar to the proof of proposition 2.2.2.1. One treats the difference

Ve T — dc. 1 0
/u_o d(v, 455 0) - g geg ()

V=X -y Fe 1
/u_o o) ) i aeg Y= (2)

in the same way as the difference

v=s 1 13.€.C.
I §,.(v)dF" () |W|+2 7 ()
V=T sec 1
_/_0 - (v)dF (v)- ————|W|+2szVm(z),

which is similar to the difference in (2.25). O
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Proposition 2.3.1.2

dV,.,,
0 dV,.k

(2) - dFg(a) = [ a‘%(z) -dF*e(z) (k= oo)

for all @ in [0,2R) in case I and II and in [0,2R,) in case Ila and III.

PROOF: the proof is similar to the proof of proposition 2.2.2.2 and one uses the same comment
as in the proof of proposition 2.3.1.1. O
Proposition 2.3.1.3
gni (%) g(z)
dF;ee(z) — dFe*ec(z k— oo
k@ emee@ = [ g oo
for all @ in [0,2R) in case I, II and Ila and in [0,2Ry) in case III.

PROOF: the proof is identical to the proof of proposition 2.2.2.3. Just replace 7 by 2R and
7o by 2R, and use the corresponding definitions of g(z), goo(z), gu(z), F2** and F*==. O

Proposition 2.3.1.4

N dﬂk(z7 ‘T) dc z) — ¢ d(z,z) d.c. z — 00
o d,, (z,z) 4R (@) 0 du(z,7) dF(z) (k )

for all a in [0,2R) in case I and II and in [0,2Ry) in case Ila and III.

PROOF: the proof is the same as the proof of proposition 2.2.2.3. Just replace 7 by 2R, 7 by
2R, 9(2) by d(z, z) Gn(2) bY dn(2,2), goo(7) bY deo(,T), ga(z) by du(z, ), Fr=e by Fi
and F*<° by Fd°,

Lemma 2.3.1.5 The inequality (2.54) holds in the limit, possibly after passing to a subse-
quence.

PROOF: the proof is almost the same as the proof of lemma 2.2.2.4. In case Ila we could
replace in the first and third term of (2.54) the integral over (0,2R) by the integral over
(0,2Ro). In this case and in this proof (2.38) would become

[)2& dv (z)dFuc( )+/ gg(:: )dFaec( )+/ 2o Msdf“‘"'(z) <1. (2.61)

In case III we would get for (2.38):

/mo dv

u.C. (1) s.e.C. - d(x x) +Co
[ @G )+/ ARz )+/ JAF(z) 1. (262)

deo(, )

To prove that we can replace 2Ro— by 2R, (and thus get the integral over (0,2Ro]) we imitate
the proof of lemma 2.2.2.4 for case III. O
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Chapter 3

Efficiency

In this chapter we prove asymptotic results for the (sieved) NPMLE in the two-dimensional
circle-case. This we do in the sections 3.5 - 3.11. As mentioned in the introduction the
results in the two-dimensional circle-case rely on the assumption that the determinant Qv of
a certain 2 X 2 matrix is unequal to zero. Van der Laan(1993) already studied the asymptotic
behaviour in the one-dimensional case. Applying the analysis, which we used for the two-
dimensional case, to the one-dimensional problem, we discover why this determinant matter
did not appear here. In the one-dimensional case one can prove that this determinant Qv > 1.
This is shown in section 3.12. -

To obtain the results in this chapter we have to restrict the class of underlying distribution
functions V. These assumptions are formulated in section 3.4. But before we start with section
3.4, which is followed by the sections dealing with the one- and two-dimensional cases, we
begin with a summary of some general efficiency theory in the sections 3.1 — 3.3. Because we
estimate linear parameters in convex models, we make use of Van der Laan’s(1993) identity.
In section 3.3 we will show that his condition needed to obtain this identity can be changed
into a condition which is easier to verify.

3.1 General notion of efficiency

3.1.1 Donsker class
Given a probability space (2, A, P) we define the space L?(P) as
L*(P)={f:(9,A4,P)—> R: fmeasurableand [ f2dP < oo}

The set LI(P) will be defined as the set of all elements f € L*(P) with [ fdP = 0. We
endow the spaces with the inner-product norm ||f||, = \/( L f)p= \/ J f3dP, which makes
both spaces a Hilbert-space. Let F C L*(P) and define

I*(F)={H : F-> R: ||H||z =sup |H(f)| < oo}
feF

We can consider function indexed empirical processes as random elements of [°°(F) as
follows. Let X, ..., X, be ani.i.d. sample of random elements in a measurable space ({2, A, P)
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and let P, be the empirical measure which puts mass 1/n on each X; (¢ = 1,...,n). Now we
define the following map from a collection F consisting of measurable functions f : @ = R
to R:

foPf= / fdP,.

One considers P, = (P,f : f € F) as a random element of [°(F). The F-indexed empirical
process is given by

1. &
f= Guf = Va(Pa = P)f = 5= 3 (f(X:) - Pf).
. \/-TI i=1
Let f be given such that Pf and Pf? exist, then we have the law of large numbers and the
central limit theorem:

P.f = Pf as. , Guf=>PN(0,P(f - Pf)?).

If we have
[|Pn— Pl =sup |Pof — Pf|l >0 as.t,
JeF

where a.s.* means outer almost surely, then we call the class F a P-Glivenko Cantelli class.
This is the uniform version. of the law of large numbers.

If we have sup¢ s |f(z) — Pf| < oo for every z, then we can regard the empirical process
G, = (Gnf : f € F) as a random element of I*°(F). Now we can talk about convergence of
Gn=>PG in I°(F), where G is a tight measurable Gaussian law. If this is true we say that
the uniform central limit theorem holds for F at P. We call a class F for which the uniform
central limit theorem holds at P a P-Donsker class. For a more specific discussion we refer
to Van der Vaart and Wellner(1993) and Dudley(1984, 1985). We call F Donsker uniformly
in P € M if this convergence is uniform in P € M (via metrization of ‘==P?), for a certain
set of probability measures M.

Now let Iy = {(bo = 0, 1], (b1, b2}, ..., (Bk—2, Be-1], (bk—1, b = a]} be a disjoint partition of
the interval I = (0,a] C R consisting of k intervals. We define the variation of a function f
on (0, a] as follows '

k
1fllo = sup Z; |£(8:) = f(Bi-1)l-

The variational norm || - ||, on D0, a] (the space of cadlag functions on [0, a]) is defined by

AN, = max (| fllor 1 F1l,0) -

The class of real valued functions on (0,a¢] C R with variational norm || - ||, smaller than
some (fixed) constant M < oo is uniformly Donsker (see Dudley(1987)). Thus the set Fpr =
{f € D[0,a] : ||fll, < M} is uniformly Donsker. For monotone f one easily obtains the
inequalities:

AUl < 2011l (3.1)
lloo < NF Nl (3.2)
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3.1.2 Efficiency theory

In order to get a more or less self-contained chapter about efficiency, we give here the basic
theory. This section contains all the definitions and derivations that are needed to build up
the efficiency theory of section 3.2 and section 3.3. It can be found in Van der Laan(1993)
sections 1.4 and 2.2.

We define a model M to be a set of probability measures on (X, B). Let

My)={PeM: PLv}.

We write p = (dP/dv) for the density of P € M(v) w.r.t. v. The collection of all these
densities p corresponding with a P € M(v) will be denoted by P(v).
We give the following definition of differentiability:

Definition 3.1.2.1 A map € — p, from [0,1] to P(v) is called a differentiable (one- dimen-
sional) submodel of P(v) through p if there ezists an | € L3(P) with

/(%(\/ﬁ—\/ﬂ—%lﬁ)zdu—»o (3.3)
forelO.

Note that if the integrand in (3.3) converges pointwise to 0, then we would have

d
(o) = VP _ ) (@)

I

Thus [ can be considered as a L?(v) version of the score function of the one-dimensional
submodel p,. Submodels P, in M with densities p, in P(v) for a certain measure v satisfying
(3.3) are called Hellinger differentiable.

We write p; € P(v) or P,y € M(v) if we mean a one-dimensional differentiable submodel
of densities (w.r.t. v) or measures respectively, with score ! as defined in definition 3.1.2.1.

Now let 9 : M — © C D be a parameter and let B be a collection of real valued linear
mappings b : D — R. Given an i.i.d. sample Xj, ..., X;, from an unknown P € M we want
to estimate the parameter § = J(P), which is done by an estimator 8, = 0,(X1, X2, ..., Xy).
We have that b4, : (X", B") — R is a measurable map for all b € B.

The Cramér-Rao lower bound, that bounds the variance of unbiased (over P.;) estimators
of bJ(P,,) at € = 0 from below, is given by

1/1 d 2
= =7 —WI(P,)f 34
n ("l”P de ( l) z:O) ( )

(assuming d/de exists). If we define S(P) to be a class of differentiable submodels of M
at P, then the variance of unbiased (over the whole set M) estimators of J(P) is bounded
from below by the supremum over S(P) of (3.4). This leads to the so called generalized
Cramér-Rao lower bound. Because the bound (3.4) depends on the score I through P.;, the
supremum is in fact a supremum over the collection of scores corresponding with S(P). We
will define this collection more precisely

=0
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Definition 3.1.2.2 A cone S(P) in L2(P) is called a tangent cone at P € M of S(P) if for
all | € S(P) there ezists a differentiable one-dimensional submodel P.; € S(P) C M through
P € M with score l.

We remember that a cone C in a vector space over R is a subset for which the following
condition holds: if { € C and a > 0, then al € C. Instead of taking the supremum over S(P)
in the generalized Cramér-Rao lower bound, we can replace it by taking the supremum over
the tangent space T'(P), which we define by:

Definition 3.1.2.3 For a tangent cone S(P) C L}(P) we define the tangent space T(P) C
L}(P) as the closure of the linear extension of S(P) within LI(P).

The existence of the supremum over S(P) of (3.4) will be guaranteed by the following differ-
entiability assumption of bY.

Definition 3.1.2.4 A parameter b9 : M — R is called pathwise differentiable at P € M
relative to S(P), if there ezists a linear mappingd : T(P) — (D, || - ||) such thatb) : T(P) —

R is continuous and linear and
1 .
z (bI(Pey) — BI(P)) —bI(1) — 0

for all | € S(P). By the Riesz representation theorem there ezists a I(P,b3) € T(P) such
that
bi(l) = / (P, b9)(z) (z) dP(z). (3.5)

The Cramér-Rao lower bound (3.4) equals

% (zl,l,;;_l(lf)’ _1 ( I f(P,w)l(l;;") :(z) dP(z))’_

n
With the Cauchy-Schwartz inequality this is maximized over T(P) by | = I(P,b9) and the
result is exactly (1/n) "f(P,b’c?)"z For this reason we consider P,;, | = I(P,b9) as the so
called hardest one-dimensional submodel for estimating b9(P). (If I(P,b9) ¢ S(P), then we
still think of it as an approximate submodel). Thus I(P,b9) is sometimes called the efficient
score. The variance of I(P,bd) is also the optimal asymptotic variance of /n(6, — J(P)) for
so called regular estimators (Van der Vaart, 1988).

Definition 3.1.2.5 Let bf,, be an estimator of b6 = bJ(P) for which we have
Lp (V/n(b0, — b(P))) — L.

We call b9,, a S(P)-regular estimator of b if for all | € S(P) there ezists a P,y € M such
that for e, = 1//n
Le,,, (VA(b0n = bO(P., 1)) = L.
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The smaller we choose S(P) the larger the class of regular estimators (relative to S(P))
and the easier it is to verify pathwise differentiability. On the other hand the lower bound
Var(J(P, b9)) represents a supremum over all Cramér-Rao lower bounds for the one- dimen-
sional submodels p.; and therefore this lower bound can only be attained if S(P) is large
enough and thus in order to have existence of efficient estimators one has to choose a rich
enough class S(P) of one-dimensional submodels p,.

We consider asymptotically linear estimators:

Definition 3.1.2.6 An estimator 0, of @ = ¥(P) is called || - || g-asymptotically linear with
influence curve I(P,b9) € LY(P), b€ B, if .

V(b0 — b9) = V(s — P)I(P,b9) + Rup,

where ||Rullg = supyep |Rap|l = op(1) and the empirical process [ I(P,bd)dv/n(P, — P)
indezed by {I(P,b9) : b € B} converges weakly.

Theorem 2.12 in Van der Vaart(1988) says that for any regular estimator b6, the limiting
distribution L, has a variance which is larger than Var(i (P,b9)) and that equality holds iff
b0, is asymptotically linear with influence curve equal to I(P,bJ). One may call this result a
asymptotic Cramér-Rao bound. This leads to the following definition

Definition 3.1.2.7 I(P,bd) € T(P) is called the efficient influence curve w.r.t. S(P) for
estimating bJ(P) in M.

The convolution theorem tells us that if S(P) is convex, then the limiting distribution L,
of a regular estimator b0, equals the sum of N(0, Varp(I(P,b9)) and another independent
random variable. Now we give the following definition of efficiency of 6,:

Definition 3.1.2.8 Let 0, 0, € D and B be a collection of real valued linear functions on D.
Assume that 0, is || - || g-asymptotically linear with efficient influence curve I(P,b9), b € B.
Then we say that 0, is || - || g-efficient.

Later in this chapter we will prove efficiency of an estimator (Z,.,Z ), which is a 1-1
function of the NPMLE (V,, k,,) of the underlying (V, k) in the two-dimensional line segment
problem (see section 3.5). Furthermore in section 3.12 we prove efficiency of an estimator
(W,,W,), which is a 1-1 function of the NPMLE (V) Bn) of the underlying (V, k) in the
one-dimensional case. (The reason why we do not show the efficiency of (V,.,h,.) directly
is the fact that in that case one has to deal with severe singularity problems. We discuss
this later.) As we remember we obtained (V, k) after some reparametrization of (F, ). Now
we want to answer the question if efficiency of the NPMLE (Z,, Z,) (and (W,, W,) in the
one-dimensional case) implies efficiency of the NPMLE (I?‘,.,ﬁ,.) of ‘the original parameters
(F,p)? The answer to this question is formulated in theorem 3.1.1. We apply this theorem
in section 3.5.3 and 3.12.1.

Let & : Dy C (D, - ) = (B, - l,), where (D,]|- ) and (E, | - I,) are normed vector
spaces. Suppose that Dy, Do, Dy C D such that if G,, G € Dy then h, = \/n(G,—G) € D,.
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We say that ® is compact differentiable if we have that if h, — h, h € Dy and D, separable

then
v (8(G + (1/v/n)ha) — (G)) — d®(G)(h) — 0 (3.6)

for a certain continuous linear mapping d®(G) : Do C (D, || - ||) = (&, - |l,)-
The next theorem gives us that efficiency is preserved under this kind of differentiability
(Van der Vaart(1991)).

Theorem 3.1.1 Let B and B, be a collection of real valued linear functions on vector spaces
D and E respectively, such that (D,||-||g) and (E,||-||p,) are normed vector spaces. Let
@ : Dy C(D|l-llg) = (E,ll - ll,) be a functional.

If 0, € Dy is an || - || g-efficient estimator of € Dy and ® is compact differentiable, then
®(0,) is an || - || p, -efficient estimator of ®(6).

3.2 Efficiency theorem for an NPMLE

In this section and the next section we give Van der Laan’s approach for linear parameters in
convex models with some little improvement.

Let us assume the existence of an (NP)MLE IP,, and let S(IP,,) be a class of one-dimensional
differentiable submodels of M through IP, and let S(IP,) C L%(IP,) be the tangent cone
corresponding to this class of submodels. Let T(IP,,) be the tangent space at PP,,.

We suppose that by is pathwise differentiable relative to S(IP,) at IP, with efficient influ-
ence curve I(PP,,b9) € T(PP,). Let P, ./, be a one-dimensional submodel through P, with
score [, and let P, .1, < v,.

If P, lies in the interior of M, then one obtains, because IP,, is NPMLE, that the derivative
w.r.t. € of the loglikelihood along the submodel P, ., evaluated in € = 0 equals 0. So we
have

d{- / log (‘“P:—:""(z)) dP,(z)

By exchanging differentiation and integration this yields
/ In(2) dPa(z) = 0.

One notes that this holds for all I, € S(IP,,) and by the linearity of I — [ [dP, this also hold
for Lin(S(P,)), the linear extension of S(IP,).
Now if we have I(IP,,, bJ) € Lin(S(IP,.)), then one can write

=0.

=0

/ T(P.., b9)(z) dPa(z) = PaI(IPn, b9) = 0. (3.7)

If I(IP,,,b9) € T(PP,,) \ S(IP,,), then it might still be possible to prove (3.7) by a continuity
argument. Actually for the theory below we only need

P.I(P,, b9) = op(1/+/n) (38)

(Compare with the efficient score equation in theorem 3.2.1). Note that because T'(P) C

L}(P), we always have PI(P,b¥) = 0 and thus for P = IP: P, I(PP,,bd) = 0.
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In Van der Laan(1993) we find the following argument which provides a proof of theorem
3.2.1. By definition 3.1.2.8 we know that 8, is || - || g-efficient if and only if we have

86, — b6 = [ T(P,b9)d(P. — P) + Rus, (3.9)

where |R.|lg = op(1/v/n) and {I(P,b9) : b € B} is P-Donsker. One easily sees that
l|Rsllg = op(1/4/n) can be weakened to ||Ru|lg = op(]|0s — 8||5) and so we get with (3.9)
that ||0, — 0] = Op(1/v/n) + op(||6n — 6]|p). This yields ||6, — 6]|5 = Op(1/+/n).

Now if we assume that P,I(IP,,bd) = op(1/+/n, then (3.9) holds if (and only if)

sup

sup |50, — b0 + [ 1@, 69)dP — [ (T(P,b9) — F(Ps, b)) d(P,.—P)l
= 0p (/16 — 6ll). (3.10)

If we suppose that there exists a P-Donsker class F such that I(P,b9) — I(P,,b9) € F
for all b € B with probability tending to 1, then it follows by the || - ||, continuity of the
limiting sample paths that if sup,p pp(T (P,b9), I(IP,, b9)) — 0 in probability, then we have
supyep | [ (1(P,b9) — I(P,, b9))d(P, — P)| = op(1//n). (Note that

oe(£,9) = [ (F—9) = P(f - 9))*dP).

Showing that the sum of the other terms on the left-hand side of equation (3.10) is op(||0» — || 5)
gives us (3.9). We obtain the following theorem:

Theorem 3.2.1 Let X ~ P € M for a model M and let X;,..., X, be n i.i.d. copies of X.
Let @ = 9(P) € D, D a vector space and let B be a certain collection of real valued linear
mappings on D. Suppose that for each P € M, b9 (b € B) is pathwise differentiable at P
relative to S(P) with efficient influence function I(P,bJ).

Let 0, = 9(IP,,), P,, € M be an estimator of 0 which satisfies the following conditions:

Efficient score equation:

sup
beB

= op(1/VA),

/ I(P., 9) dP,

Differentiability condition:

= op([|6~ —8l5),

W(P) — b9(P,) — / (P, b9)d(P ~ P,

sup
beB
Empirical process condition:

sup | [ (T(P.bo) ~ I(P,, b9)) d(Po ~ P)| = op(1/V/R).

Then 8, is a || - || g-asymptotically efficient estimator of 6.

We know we have
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Theorem 3.2.2 Sufficient conditions for the empirical process condition in theorem 3.2.1
are:

P-Donsker class condition:

There ezists a P-Donsker class F such that I(P,bd) — I(P,,bd) € F
for all b € B with probability tending to 1,

pp-consistency: N N :
sup pp (I(P, o), 1(P,, b19)) — 0 in probability .
beB

3.3 Efficiency of NPMLE of linear parameters in con-
vex models

In Van der Laan(1993) we find theorem 3.3.1 where an identity for linear parameters in convex
models is given.

Let M be a convex set of probability measures and note that this implies that M(v)
is convex. We recall that M(v) = {P € M : P <« v}. For every P, € M(P) the
line P, + (1 — €)P with € € [0,1] is a submodel in M through P. If v is a dominating
measure for P, then the corresponding line ep; + (1 — €)p of densities w.r.t. v can be given by
(p1 = dP,/dv and p = dP/dv): p.; = (1 + €l)p, where | = (p; — p)/p. The score is given by
l and if I € L}(P), then p., is Hellinger differentiable because it satisfies (3.3). For efficiency
calculations a natural class of one-dimensional submodels through P is

S(P)= {cP1 +(1—-¢€)P, e€[0,1] : P, € M(P), %%‘ € L’(P)} (3.11)

and in terms of densities this class (3.11) is given by

{pot=(+el)p: I=(p —p)/p € LAP), P, € M(P)}.

The tangent cone S(P) and the tangent space T'(P) are defined as in definition 3.1.2.2 and
3.1.2.3.
Now we give theorem 3.3.1:

Theorem 3.3.1 Suppose that M is a conver model and ¥ : M — D is linear. Suppose
P, P, € M and that bJ is pathwise differentiable at P, relative to S(Py) with efficient influence
curve I( Py, bY).

Assume that the following condition holds:

Identity condition:

There ezists a sequence P, € M(P,) with dP, /dP, € L*(P,) such that
/T(Pl,bﬂ)dP,,. ——»/T(Pl,bﬁ)dP and bI(P,) — bI(P) for m — co.
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Then we have the following identity
bu?(P)—-bﬂ(P,):/ I(P, b9)d(P - P,) =/f(P,,b19)dP.

So for linear parameters in convex models the identity gives us the differentiability condition
with remainder zero in theorem 3.2.1. One obtains immediately the following theorem:

Theorem 3.3.2 Let X ~ P € M for a conver model M and let X,,..., X, be n i.i.d. copies
of X. Let 8 = 9(P) € D be a linear parameter, D a vector space and let B be a certain
collection of real valued linear mappings on D. Suppose that for each P € M, b9 (b€ B) is
pathwise differentiable at P relative to S(P) with efficient influence function I(P,b9).

Let 0, = J(P,,), IP, € M be an estimator of 0 (typically the NPMLE) which satisfies the

following conditions:

Efficient score equation in theorem 3.2.1,

Identity condition in theorem 8.3.1 with P as here and P, = P,,,
P-Donsker class condition in theorem 3.2.2,

pp-consistency in theorem 3.2.2.

Then 6, is a || - ||B-asymptotical-ly efficient estimator of 0.

In the identity condition the existence of a sequence P, had to be shown. Instead of
constructing or showing the existence of such a sequence P,,, we introduce in theorem 3.3.3
a || - || p-convergence condition and show that this condition implies not only the identity of
theorem 3.3.1 but even the pp-consistency. The theorem is formulated as follows

Theorem 3.3.3 Let X ~ P € M for a convezr model M and let Xy, ..., X, be n i.i.d. copies
of X. Let 8 = J(P) € D be a linear parameter, D a vector space and let B be a certain
collection of real valued linear mappings on D. Suppose that for each P € M, bd (b€ B) is
pathwise differentiable at P relative to S(P) with efficient influence function I(P,bd).

Let 0, = 9(P,.), P,, € M be an estimator of 8. If the following conditions hold:

|| - | p-convergence conditions:
(1) lim sup ||I(IP,,59) — I(P,b9)||p = 0 (in probability)
n—+00 beB
(2) lim 171 = €)P, + €P,b9) — I(P,,b9)||[, =0 (a.s.).

Then this implies the pp-consistency in theorem 3.2.2 and the identity in theorem 3.3.1.

Proor: Firstly, because

elfo)= [ (F-0)- PG - ap s2,[[ (£ - 9P aP =207~ gl
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we have that ~ ~
lim sup ||[I(Pn, b9) — I(P,bJ)||p =0 (in probability)

implies ~ B

sup pp (I(P, b9), I(P,, b19)) — 0 n — oo (in probability).

beB

Secondly, for convenience we define P(€) = (1 —¢)IP, +¢P and let P,; = nP+ (1 —n)P(e)

be the differentiable submodel through P(e) with score

I = dP —dP(e) dP—d((1 — P, + eP).

dP(e) =~ d((1 —€)P,+¢€P)
Note that [ is well defined, ! € S(P(e)) C L3. That [ I[dP(e) = 0 is obvious and from
_ |dP —dP(e) dP
1= l P | Sap@e !
dP dP 1
= — < — = -
AA =P, ep) T 1S@p izl

we conclude that [ is square integrable. Now by linearity of &Y and because of the pathwise
differentiability of 5 at P(e) relative to S(P(€)) we may write

(1= &) (B(P) — bI(P,)) = bO(P)—bI((1 — )P, + cP)
= (P) - bI(P(€))
- % (9(1P + (1 = 1) P(€)) — bI(P(e)))

- % (b3(P,i) — bI(P(e)))

and this yields
(1 =€) (bI(P) — bI(IP»))

[ 1tp(e),69)14P(e)

[ 1P, b9)d(P - P()

/ T(P(e), bd) dP

/ I(IP,,b9)dP + / I(P(e), b9)dP — / I(P,,b9)dP

/ I(P,,b3)dP + / (T(P(e), 89) — I(Pn, b)) dP. (3.12)

Now if we have that
lim | T(P(e), b9) — I(P,, b9)||p = lim (1 = &P, + €P,b9) — I(P,,,b9)]|p =0 (as.)
and thus

|/ (T(PCe), ) — TP, 00)) 4P| < WT(P(6),69) = T, )l 0
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(e | 0), then we immediately obtain from (3.12) the identity
WI(P) — bI(P,) = / (P, b9) dP.

We have proved the theorem. D
The preceding argument showed that the || - || p-convergence condition (2) could be weak-
ened to

lim / (T(P(e), b9) — I(Pn, b9)) dP = 0.

In most applications if one wants to prove the pp-consistency, then one proves actually the
|| - || p-convergence condition (1), but with a little more effort one mostly obtains (2) too. One
could replace the || - || p-convergence conditions by the stronger condition:

Jlim sup (1 = e(k)) Py + €(k)Po, b3) — I(P:, b9)||p — 0 (3.13)
—® beB

(z = 0,1) for all sequences €(k) | 0 and Py, P, € M. It is obvious that (3.13) implies the
|| - || p-convergence condition.
Often one is able to derive an inequality like

sup |[1(Ps, 09) — I(Po, b9)llp < c- | = Foll, (3.14)

(c constant), where F; and F; denote the distribution functions of the measures P; and
P, respectively. If we take P, = Py (n = k) and P, = P and if we have consistency

of F; to Fo, then this provides us with || - || p-convergence condition (1). If we take P =
(1 — €(k))IP, + €(k)P for €(k) | 0 and P, = P, and we have consistency of Fi to Fp, then
we get || - || p-convergence condition (2). In fact for the two-dimensional problem this will be

done in section 3.9.

Now with theorem 3.3.3 we can give a slightly improved version of theorem 3.3.2. The
improvement must be interpreted as avoiding the laborious verification of the identity condi-
tion in theorem 3.3.1 and getting through (3.13) or (3.14) the identity and the pp-consistency
(thus the || - || p-convergence condition) in one move. Theorem 3.3.2 and theorem 3.3.3 imply:

Theorem 3.3.4 Let X ~ P € M for a convez model M and let X,,..., X, be n i.i.d. copies
of X. Let 0 = 9(P) € D be a linear parameter, D a vector space and let B be a certain
collection of real valued linear mappings on D. Suppose that for each P € M, by (b€ B) is
pathwise differentiable at P relative to S(P) with efficient influence function I(P,b9).

Let 0, = 9(IP,,), P, € M be an estimator of 0 which satisfies the following conditions:

Efficient score equation in theorem 3.2.1,
P-Donsker class condition in theorem 8.2.2,
|| - || p-convergence conditions in theorem 3.3.3 .

Then 0, is a || - || g-asymptotically efficient estimator of 6.
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Before finishing this section we want to say something about the calculation of the efficient
influence function. Consider the model M = {Py : V € V}, where V is a convex set. Suppose
that V is a convex set of probability measures. Let the mapping V — Py be linear. Thus M
is convex.

HVy=eVi+(1-¢€V and € € [0,1] is a line from V to V; and Vi « V with score
I = (dV; —dV)/dV € L}(V), then by linearity of V — Py this line gives (assuming d Py, /d Py
exists and it is square integrable) a submodel Py,, = €Py, + (1 — €)Py with score (dPy, —
dPy)/dPy € L%(Py). Note that this score is linear in I. Now we define the linear score
operator Ay as follows :

dPy, —dPy

Av(l) = Py

and denote the adjoint of Ay by AT:

(Av(D),v)p, = (1, AV(v))vs

for all I € T(V) C L}(V) and v € L(Py). The so called information operator Iy is defined
as Iy = ATAv. If fi solves Ivf, = f,, then we write f; = I;'f; even if f; is not uniquely
determined by Iy fy = fs.

Now there is a linear mapping I' such that I'(V) = 9(Py). Suppose that bI' is pathwise
differentiable at V relative to S(V) with efficient influence function J(V,bI') and suppose
that bd is pathwise differentiable at Py relative to S(Py) with efficient influence function
I(Py,bd), then we have for all I € S(V)

(1 (Vep) ~ bE(V))

- %(bﬂ(Pv(,,) — bd(P))

= (I(Pv,b9), Av(1))p, -

(J(V,bT), 1)y,

If J(V,bT) lies in the range of the information operator Iy, then we obtain from this
(AvIF'(J(V,b0)), Av(D)p, = (I(Py,89), Av(D),
for all I € S(V). This implies (under the condition that J(V,bT) lies in the range of Iy) that
I(Py,b9) = AvI;*(J(V,bT)).

We see that calculation of I;? is an important step to find an expression for the influence
function I(Py,bd). By Gill(1989), Bickel et al.(1993) we know that in missing data models
the score operator Ay : L%(V) — L%(Py) is given by a conditional expectation:

A = BXLY) (3.15)
and the adjoint AT : L3(Py) — L3(V) of Ay by
AV(v)(X) = Ev(v(Y) | X). (3.16)

For the information operator Iy = ATAy we get then Ev(Ev(R(X)|Y)]X).
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3.4 The assumptions

In this section we formulate the assumptions that we use to obtain the asymptotic results in
the next sections. For the two-dimensional circle-case we consider:

Assumption I: for the underlying distribution function V' we have that 1/¢(2R) and
1/d(2R,2R) are bounded (or g(2R) > 0 and d(2R,2R) > 0). Because g(z) and d(z,z) are
decreasing on [0, 2R), this is the same as saying: 1/g(z) and 1/d(z, z) are bounded on [0, 2R].

Assumption II for the underlying distribution function V we have that the determinant
Qv of the matrix Ny in (3.70) is unequal to 0. In the sections 3.10.1 and 4.4 we discuss the
necessity of this assumption. We conjecture that Qv > 1 for all V.

Assumption III: for the underlying distribution function V' we have that there is a
2R, € [0,2R) such that V gives no mass to the interval (2R, 2R).

Assumption IV: for the sieved NPMLE V, of the underlying V we have that 17,.(212—) —
V(2R-) in probability.

Because of theorem 2.3.1 and the equation V,(2R—=) + (|W| + 4R?)3.(2R) + k. = 1 this
implies that g,(2R) — g(2R). Of course this implies sup,¢fo2r) [Va(z) = V()] — 0 and
SUP.¢fo.2R) [Fn(z) — g(z)| — 0. One notes that if we have assumption III, then the sieved
NPMLE V, automatically satisfies assumption IV (compare with corollary 2.2.6). Surely we
do not need all the four assumptions at the same time: either we use the assumptions I,II
and III, or we use the assumptions LII and IV. The first set of assumptions restricts
the class of underlying distributions V. In the second set of assumptions we must admit that
we are not pleased with assumption IV, because it assumes something (maybe crucial) of the
estimator, which we want to investigate. Assumption II is discussed in section 3.10.1 and 4.4.
To get rid of assumption IV we give a suggestion in section 4.1 and in section 3.10.2 we look
at assumption I.

Because in the one-dimensional case we can prove that the determinant Qv is not equal
to 0, we consider for this case the assumptions:

Assumption (i): for the underlying distribution function V we have that 1/g(7) is
bounded.

Assumption (ii): for the underlying distribution function V we have that there is a
7o € [0, 7) such that V gives no mass to the interval (7o, 7).

Assumption (iii): for the (sieved) NPMLE V, of the underlying V we have that ¥,(r—) —
V(7—) in probability.
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Assumption (iii) implies sup ¢, r) [Vu(z)—V(z)] — 0 and SUp,¢(o,r) [9n(z) — g(z)| — 0. We
use the assumptions (i) and (ii) or we use the assumptions (i) and (iii) (use corollary
2.2.6). Just as for assumption IV we suggest in section 4.1 an alternative.

3.5 The parameters to be estimated

Here we consider the two-dimensional line segment process observed through a circular win-
dow. We remember the definition of the set Vir in section 1.2.3. We know that we can
parametrize the distribution of the data as Py,, where (V,h) € Vap. Actually we have
identifiability: Py, s, = Py, n, & (W1, h1) = (V2, h2). One writes

Pya(d, {d}) = 1(d = 0) - dF“*(3) + 1(d = 1) - dF**=(F) + 1(d = 2) - dF%* (%),

where the subdistribution functions F*<, F*< and F%< are defined as in (1.69)-(1.71). Now
the model is given by
M= {PV,h : (V, h) € Vzn} .

It would be natural to think of estimating the parameter ¥(Py) = (V(-), h) where we
define b91(Pys) = V(t) with B = {b, : t € [0,2R)} and 9,(Py,s) = h. It turns out that
finding the hardest submodel for d(0,0) (see (1.73)) is easier than for k. For each t € [0,2R)
calculations to obtain the hardest submodel for V(t) are not difficult. Only for V(2R) it is
hard to do or maybe not possible. This causes troubles to get a uniformity result for V(t),
t € [0,2R). To avoid the singularity difficulties at the point 2R we consider the estimation of
the parameter

J(Pv)

(91(Pyvp), 92(Pyp))
(2(-),2)

= ()
(/,-o W +2z8 V) / |W|+2 Rdv("‘))
(F*=(), d(0,0)), (3.17)

where z(z) is defined as in (1.74). We define b,91(Py,s) = Z(t) with B = {b; : t € [0,2R)}.
We immediately see that the parameter 9, is the subdistribution function of the uncensored
observations.

We take for the second parameter 9;(Py,n) = Z = d(0,0). In section 3.5.2 we will prove
that the NPMLE Z,, is an efficient estimator of Z. In section 3.5.3 we see that the relation
d(0,0) = (p/(IW| + 2uR)) gives us the possibility to express fi,, as a compact differentiable
mapping in the efficient parameter Z,. This gives us the efficiency of fi,. Of course one
could take Z = ¢(0). In this case one gets similar calculations to section 3.11 of the efficient
influence curve and the relation g(0) = (1/(JW| + 2pR)) would give us the efficiency of f,.
Note that |W|g(0) is the probability of being a s.e.c.r. or u.c. (or as.e.c.l. or u.c.) observation.

Now let us calculate the efficient influence curves w.r.t. S(Py,;) for estimating Z(t) and
Z in M. From now on instead of writing Py, with (V,h) € Vag, we write for convenience
and without loss of generality the distribution function of the data as Py with V in the set
of distribution functions on [0, co).
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By (3.15) we know that the score operator Ay : L3(V) — L(Py) is given by
Av()(X,D,0) = Ev(I(X)| X, D,©)

and its adjoint AT : L(Py) — L3(V) by

AY(n)(X) = Ev(n(X, D,©)] X).
The information operator Iy : L3(V) — L2(V) is given by

Iy = A} Ay. '

If fi solves Ivfi = f,, then we write fi = Iy f, even if f; is not uniquely determined by
Iv fi = f;. From the context it will be clear if this is the case.
3.5.1 The parameter b9;(Py) = Z(t)
We define the function x; to be

z(z)

m . l(o',](a:) (318)

X,(a:) =
and we note that
xi= 20) = x:— [ x(&)dV(@) = x: = Bv(x:) € L3(V).
For the moment we assume that I;;'(x: — Z(t)) exists. We find for b9,
1
= (bea(Py,) = bt (PV))

L (Zatt) - 2)

([0 s a@ave - [T A ave)

==t 2(z)
/:,-=o |W|+2xRI(I)dV(’)

TW]Z(TI;}—R Lo() (z) dV(2)

(xe, v

(xt = Z(t), D)y

(A7 Av I (e - Z2()), 1),

(4v 17 (x: = 2(1), Av(D) - (3.19)

Assuming that I;'(x; — Z(t)) exists, we have proved with (3.19) that Z(t) is pathwise differ-
entiable with efficient influence curve

1(2,t) = Av I;* (x: — Z(2)). (3.20)

I
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Here we use the notation I(Z, t) instead of I(Pv,b9,). By I(Z,., t) we mean IP,, b1 ), where
PP, is the NPMLE of Py and Z, is the NPMLE of Z, and we use I(Z,,t) for I(Pa, b)),
where Z,, is the estimator of Z induced by P,. N

Now we are ready to verify the conditions in theorem 3.3.4 in order to prove that Z, is a
|l - | g-asymptotically efficient estimator of Z. In section 3.7 we calculate h; = I;;*(x: — Z(t))
and give an expression in lemma 3.7.2.1. One will notice that In section 3.8 we indirectly
prove that ||A]|,, < co. In fact this holds for all distribution functions V/, thus also for

”;gn-E I‘;:(Xg - Z")-

With ||ﬁ¢,.||m < oo one easily proves with the calculated expression of Ay in section 3.6 that
I(Zn,t) = Ap_his has a finite supnorm and is a score in S(IP). Now we obtain from (1.47)

/ 1(Z,,t)dP, =0 for all t € [0,2R).

This provides us with the efficient score equation. In section 3.8 we prove the Donsker class
condition. This is the most difficult condition to be verified. The result is stated in lemma
3.8.6.1. In section 3.9 we check the || - || o, -convergence conditions. This is formulated in
lemma 3.9.2.1 and (3. 150) and (3.151). Applying theorem 3.3.4 we proved the following
theorem:

Theorem 3.5.1.1 Under the assumptions in section 3.4 the NPMLE 2, is a || - |l g- asymp-
totically efficient estimator of Z.

3.5.2 The parameter ¥,(Py) =

Here we define the following function

T

{(z) = Wl+2zR (3.21)

One easily verifies that
(-2=¢- [ E@) V() = ¢ - Bv(©) € L(V).

If we assume for the moment that I;'(£ — Z) exists, then we find for the parameter ¥,:
1 -
- (92(Pr,,) = 92(Pv)) = (Av I;*(€ - 2), A.,(z))Pv. (3.22)

Assuming that I;;'(£ — Z) exists, we obtain with (3.22) that Z is pathwise differentiable with
efficient influence curve
I(2) = v I7'(€ - 2). ‘ (3.23)
Here we use the notation I/(Z) instead of I(Py,9;). By I(Z,) we mean IgP,., 93), where IP,
is the NPMLE of Py and Z, is the NPMLE of Z, and we use I(Z ) for I(P,,9;), where Z,
is the estimator of Z induced by P,.
Just as we did for theorem 3.5.1.1, one verifies the conditions in theorem 3.3.4 to obtain
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Theorem 3.5.2.1 Under the assumptions in section 3.4 the NPMLE Z,, is an asymptotically
efficient estimator of Z.

In section 3.11 we calculate h = I;'(¢ — Z) and the result is written down in lemma 3.11.1.
Compare this calculation with the calculation in section 3.7. To prove the Donsker class
condition and the || - || p,-convergence conditions one can almost copy the sections 3.8 and
3.9.

3.5.3 Efficiency of (Z,, Z,) implies efficiency of (Fy, fin)

In section 3.5.1 and section 3.5.2 we showed that the NPMLE (Z,., 2") is an efficient estimator
of the underlying (Z, Z) € D[0,2R) xR. Here we will prove that this implies that the NPMLE
(Fa, in) is an efficient estimator of the underlying (F, ) € D[0,2R — €] x R for every fixed
e € (0,2R].

Because of the relation

_ |W|+22R
dV(z) = Wi+ 25 dF(z)
we have =00 z M
2=4d(0,0)= /,=o Wi+ 2R @) = Wik
e e (2)
2(z 2(z
From these we obtain W)z
H=123RZ (3:24)
and
F w+2Rr) [ -
) = (Wi+2R) [ o 2@
_ W2 Z(t) ==t 2'(z)
= (IWl +2Ry =) (St / ) 2 de) (3.25)
We fix an € € (0,2R]. Now we define ®; : (R,|-|) = (R,]|-]) as
_ _Wia
%) =T %Ra

and @; : (D[0,2R) x R, || - [|p) — (D[0,2R — €], || - ||, as

®,(f,a)(t) = (|W|+231I_WIG ) (f_(t)+/:=' fl-"’lf(;)dx),

2Ra) \ z(t) =0 z%(z)

where || - ||, is defined as
(£, a)llo = 1 flloo + lal.
Note that we have (®2(Z, 2),9,(Z, 2)) = (F, p).
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Suppose that we have (s;,vn) = VA((fa,an) — (f,a)) — (s,v), where (fn,a,),(f,a) €
(D[0,2R) x R, || - |lo), then one easily checks that for

an(aeo)e = (rgtils) (L4 (7 58 so)ar)

(|W|+22fza)_|."Lz)(t)(f_(’_)+ ;“(' )z(z) (2)d )
20) " Jemo F(@) "0

we have
Vn(22((f,8) + (1/v/R) (s, vn))(t) = Bs(f, a)(t)) — dBa(f,a)(s,v)(t) > 0 (n — o0)
uniformly in ¢ € [0,2R — ¢|. Because

/::=2R ﬂfl

=0 2%(z) TE

we must restrict ourselves to the interval [0,2R —¢]. (Note that d®,(f, a)(s,v) is a continuous
linear mapping in (s,v)). For ®; one obtains a similar result.

Applying theorem 3.1.1 we have proved now that the NPMLE F, = ®;(Z,, Z,)isa || - || .-
efficient estimator of F € D[0,2R — €] and the NPMLE fi, = ®;(Z,) is a efficient estimator
of p.

3.6 The score operator Ay and the information oper-
ator Iy

For the two-dimensional circle problem the score operator Ay : L2(V) — L%(Py) is given by
Av(b)(E,d,0)
= Ey((X)|X=%,D=4d,0=0)
= kZ)-1(D=0,0=0)
1 T=00 1
—_ hz) ————
t9® L MO 2R
+ 1 =00 ( )——
d(#,7) Je=z W[+ 22R
The adjoint AT : L2(Py) — L3(V) of Ay has the following expression
A
= Ev(n(X,D,0)|X =1z)

= _H=) T 0,6)dK(6) - 1( < 2R)

dV(z)-1(D =1,0 = 0)

dV(z)-1(D =2,0 = 6).

|W|+2zR
6=2r z=zA2R
IW|+2zR / Ao (@) 1(3,1,0) d5 dK(0)
1 0=2x

Z=zA2R — - - - -
YT Jomo /;=0 b(z) #(z — 7) n(F,2,0) dz dK (),
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where z(-) is defined in (1.74) and a(-) and b(-) are defined as

4/R? — %a:’

—
2\/R? — %22.

() = —2\[R? - izz - --% a() (3.26)

dF**>(z) = a(z) g(z)dz , dF**(z) = zb(z)d(z,z)dz
(see (1.69) and (1.70)). Now it is easy to write down the information operator Iy = A} Ay :
LY(V) — LYV). We find

a(z)
b(2)

1l

One checks that

and

Iv(h)(=)
L [FRa®) 1 B
YWt 22k o 9B s " h(w) W—RdV(u)dz
1 T=zA2R b(.’l-’) $(.’l’ _ ZC)
W+ 2R oo o e b de(U)dz (327)

3.7 Calculation of I;!(x;: — Z(t))

We know that for a constant ¢ we have Iyc = ¢ and thus I;'Z(t) = Z(t) . So we only have
to look at the equation

Iv(h)(z) = xe(), (3.28)
where x:(-) is defined in (3.18) and assuming for the moment that such a function A, exists.

3.7.1 Invertibility of Iy(h)(z) = x¢(z) for = > 2R
For ¢ > 2R equation (3.28) becomes
z=2R 0(1) 1 -
/;=o 7@ b MO TR YW 4

z=2R b(T)Z(z — F) [u=o° he(u)

/;=o d(7,5) Juz |W| ¥ 2 giVwds=

From this we yield
z=2R a(:r) 1 .
/;:0 g(.t) u=z h (U) |W| + 2 R dV(U) d-'l'
z=2R b(x).’l) u=o00
o 15,5 Jez MO |W| ¥ 2 R

dV(u)dZ =0 (3.29)
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and

=R P(F)F [u=e
/Zzo d(z, ) /u=; he(u) I—“,'—_I_‘é—RdV(u) dz =

Before we use the equations (3.29) and (3.30), we define the following operators:

_ u=2R (z=u a(a:
Uy(h) = /“ Lu ok u)l—v—deV(u)

u=2R  rz=u b(a:):c (u—3%) .. 1
/u Lo G MY i nE

u=2R  T=u K(T)F(u—7%) ,. 1
/..=o Jé=o G5 ) e Y™

dV(u)

Av(h)

and
1

av(h) /.._m ) g

dV(u)

B0 = [ M R V)

and we define the functions (¢ = 1,2, 3)

i = [ 05
i) = [0

Efficiency

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

The functions cy; depend on V through the functions g and d. Now by changing the order
of integration we work out the left-hand side of equation (3.29) in terms of the operators and

functions above and find the next derivation

z=2R g(%

= ﬁ = ’“(")W,%—gdwu)dz
z=2R b(.’l,‘) ~2 u=00

L s L M

u=co rz=uA2R a(:z: 1
/.. / o y 4 b)) g V(W)

u=00 ::=u/\2R b(z) zz(u - ;1;) 1
_ / / 25 dz hy(u) e dV(u)

dV(u)dz

= wik)+ [ f_om ;E”id % ha(u )de(u)

u=oco pz=2R b($)$ u
[on L 1G5 M W eE
u=oco [r=2R b(z)z 1
wtn Fo 43,5 M) T 2ar V)

= Uy(he) + (cva(0) + eva(0)) av (he) — cva(0) By ().

dV(u)
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We do the same for the left-hand side of equation (3.30) and we find

‘[';=2R b(E)i u=00 A dV(u)

o A5.7) ez M) |W|+2 R

usoo  (Z=uA2R () b(Z) F(u — %) 1
/ / (,, ,,,) d h,(u) de(u)

= avtbo+ [ [ D d
u=oo Z=2R b(z)z

u=2R A e Zhi(u) |W|+2uR
= Av(hi) = cv2(0) av(he) + cva(0) By (k).

With these calculations the equations (3.29) and (3.30) can be written as

(& i ) (563)--(RG) o

As one notes in (3.33) and (3.34) the operators ay and Sy only use the values of h(z) with
z € [2R,00). Here we want to express ay(h;) and By (h:) in integrals which only use values
of hy(z) with z € [0,2R). We know that ¥y and Ay are operators which only use values of
h(z) with = € [0,2R). So we have to solve the system of equations in (3.35).

Firstly, we note that 1/g(z) and 1/d(z, z) are bounded on [0,2R) and thus we conclude
that

dV(u)

evi(0) >0 (i=1,2,3,4).
This yields
CV.4(0) CVJ(O) > 0. (336)

Secondly, one derives by the Cauchy-Schwartz inequality

w0 = ([ D2 0)

(£ ()= () s a)

< LMy L gihe

CV'3( ) cv,1 (0)

This yields
cv3(0) eva(0) — ev2(0)* > 0. ~ (3.37)
From (3.36) and (3.37) one concludes that the determinant Dy of the matrix

— cva(0) + cva(0) —cv2(0)
LV = ( --Cv'g(o)3 CVJ?O) )
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is not equal to 0. Actually, one derives
Dy = (cva(0) + cva(0) eva(0) — eva(0)?
= cva(0) cva(0) + (cv,3(0) cv,1(0) — ev,2(0)*) > 0.

Now we have showed that the inverse of matrix Ly exists and with (3.35) we can express
ay(h:) and By (h:) as operators whose value only depends on A, restricted to [0,2R). In other
words we write them in terms of ¥y (k) and Ay (h:). We get

() - (0 @ V. (%0) e

From now on we may therefore regard ay and By as linear operators from D[0,2R) to R
defined by (3.38).

3.7.2 Invertibility of Iy(h;)(z) = x:(z) for z € [0,2R)

One can write (3.29) and (3.30) as

z=z G(E) u=00 1 _
/i':n 9(F) Ju=z h(u) de(u) dz

T=z b(i) 52 U=00

T Ji=o d(%,%) Ju=z (“)W_”—RdV(u)dx
o _[FRaE) ey ] iz
- T=z g(i) -/u:Z h‘( )IW] +-'—_2 RdV( )d
T=2R B(F) 72 fu=oo
*L 3(()> "");‘m dV(u)dz (3:39)
and
T=z1 b(i)i: w=00 u—
-é:o d(z,7) /,,=; hy(u )W'_”—RdV(u)dz
T=R P(F)F [u=eo

dV(u)dz. (3.40)

s=c  d(%,%) Ju=z he(u )|W|+2_R

We use (3.39) and (3.40) to express Iv(h)(z) for z € [0,2R) in terms of av(h:), Av(h:) and a
Volterra integral operator (see Griffel(1981) p.p. 136) which acts on D[0,2R). For z € [0,2R)
we write

Wk)e) = 2 ha)

|W|+2zR
1 z=zA2R a(z) u=0c0 1 _
|W| + 2zR Jz=0 (.1,') -/u—z ht(u’) lwl +"‘2' ""_R dV(u) dz
R SN e € T -3
|W|+2zR Jz=0 d(%,7) /,:_; he(u) |W|+2 R dV(u)dz
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z=zA2R b( 1-) T u=o00

T T
Wb @ s MO R YO
_ _ =)
T |W[+2zR hi(=)

1 z=2R a(z) )
_|W|+21R =z g(m) ~/u-r (u)IW|+2 RdV(u)d:c
1 F=1R P(F)F2 [u=eo
TIW[+22R f=x  d(7,%) Ju=s hq(u) __IWI —ug V(W) dz

z=2R ()T u=00
; - dV(u)dz

W42k foee  45,5) Juz M) m
= ﬁﬂ% (he(z) — Bvhe(z))
z(z)
IW! + 2zR
———|er:ng (;(x—) (zeva(z) — eva(z)) ﬂv(h,))
z(z)

= le T 2R (hg(z) - th;(.’t) — Tv(z) aV(ht) - SV(I) ﬂv(h'))’

( (1 j (eval@) + evale) — 2 evala)) av(h,))

where By : (D[0,2R),|| - |l,) — (D[0,2R),]| - ||,) is defined as
Byh = By,h + Byjh.

The operators By, : (D[0,2R),|| - ||..) — (D[0,2R), || - ||l,) (: = 1,2) are given by

_ 1 z=2R a(;) u=2R 1 N
Byah(z) = @ /;=, 9G) Juz h(u) Wit 2R 7 4V (v) dz

1 [5=2R (%) F(z — F) [«=2R
2(2) == d(5,5) /u=; h(")de(U)dx

and rv(-) and sy(-) are defined on [0,2R) as

l

Byah(z)

ry = tva+rTye

Sv(l‘)

z—(l.—r—i (1; CV.I(I) - CV.Z(I)) ’

where rv; (i = 1,2) on [0,2R) are defined as

rva(e) ;Ex—)cm(z)
1

rve(z) = -z—(-;—) (eva(z) — z eva(x)).

97

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)
(3.46)

(3.47)

(3.48)
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o The inverse of (I — By)
One easily shows that
3
o(2) = O((R* - 327 )

and it is obvious that

2a_1 5}
a@) = O(R-1ay)
1 ,%
b(z) = O((R*-<z%) )
GF-2) = 0((32—%&)) (0 <z <3<2R).

Efficiency

(3.49)

(3.50)

(3.51)

(3.52)

We assume that 1/g(z) and 1/d(z, z) are bounded on [0,2R]. Because g(z) and d(z,z) are
decreasing functions, this is the same as saying that we assume that 1/g(2R) and 1/d(2R, 2R)

are bounded. Here we define

One easily sees that

2 __ 1.2\%
evile) = O (—(f(z —y ) —o(My) (=123
cvalz) = O (%f) =0 (My).
So we may conclude that
e L [FRaE) oL )
D=k ¢ O(g(2R)) =O0(Mv)

and

L (@) —zevin(e) = —— [TRUDETE-q) 4
M@ e = ok Taws

=o( ! )=O(Mv) (i =2,3).

d(2R,2R)
This immediately implies that
va(z)=O0(My) , rva(z)=O(My)

and

rv(z) =0 (Mv) , sv(z)=0(My).

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)

(3.58)

(3.59)
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Now we will write By as a Volterra integral operator (see Griffel(1981) p.p. 136). By changing
the order of integration we get

_ u=2R 1 T=u a(_‘i) - 1
va|h(z) = [‘=t (m A'__-t ;(?_,)-dz:) h(u)WdV(u)
= / i" Kva(z,u) h(x) dV (x)
and
e 1 fF= b(F) E(z - F) o m 1
BV,2h(I) = L___s (% A__ﬂ —dﬁ—(u-—z)dz) h(U)rde(u)
= ":R Kva(z, u) h(u) dV (u),
where
Kva(z,u) = % /f: %di (0<z<u<2R)

1 (5= b(F)F(z — F)

Kvalev) = o5 | a3

(u—7)dz (0 <z <u<2R)

(Again we note the dependence of Ky, on V through g and d.) We have written By, (: = 1,2)
as a Volterra integral operator. Together with (3.56) and (3.57) we are able to bound Kv,(z,u)
(0 £ £ < u < 2R) by writing

Kva(e,u)| < ;(51—) cva(z) = O (My) (3.60)
|Kva(z,u)| < % (eva(z) — zeva(z)) = O (My). (3.61)

If we define
Kv(z,u) = Kva(z,u) + Kva(z,u),

then we have

u=2R
Byh(z) = / . Kv(@whu)dv(y)

and thus we have written By as a Volterra integral operator. With (3.54), (3.55), (3.58),
(3.59), (3.60) and (3.61) and the definition of Ky(z,u), we conclude that there exists a
Cy > 0 such that

|Kva(z,u)| < Cv, |Kva(z,u)| <Cv, |Kv(z,u)]<Cv (0<z<u<2R) (3.62)

and
[rva(z)] £ Cv, |rva(z)l < Cv, lsv(z)| < Cv (3.63)

and

‘CV.!'(‘IN <Cv (z = 1’2’3,4)- (364)
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We note that we have
Cv =0 (My). (3.65)

Because By is a Volterra integral operator we have that

Cv-V(2R)*
185hl., < CTEE) (3.66)
This proves the existence of the inverse of (I — By) in the space of bounded linear operators
on (D[O’ 2R), " ) "oo)’ being ‘
(I-Bv)'=Y B}

k=0
and
I = Bv)™hll,, < exp(Cy - V(2R)) h]..- (3.67)

For By, (i = 1,2) we find the same:

IBV:hll,, <

. k
Lo VEBL . (3.68)

e The solution h; = A? + k! of Iv(h:) = x«(x)
Now we want to solve (3.28) for z € [0,2R). Substituting (3.41) in (3.28) we get the equation
(I = By)hi(z) = rv(z) av(hi) + sv(z) By (h:) + Lo4(2)-

We know that ry and sy are in D[0,2R). This gives us the following equation for h; with
z € [0,2R):
hg(z) = FV(.’L‘) O’V(hg) + EV(.’E) ﬂv(hg) + yg(I), (369)

where 7y and 3v and §; in D[0,2R) are defined as
Ty = (I —_ Bv)_lrv , Sy = (I - Bv)_lsv

and
!7‘ = (I - BV)_ll(o’tl.

Because of (3.38) we know that we can write ay(h,) and SBy(h;) as linear operators which
only use values of h,(z) with = € [0,2R]. Therefore we are allowed to apply av and Sy on
both sides of the equation (3.69). We obtain the next system of equations

l—av(iv) —av(dv) \ [ av(k) ) _ ( av(g)
( =Bv(fv) 1-PBv(5v) ) ( Bv(he) ) B ( Bv () )
If the determinant Qv of the matrix

_ [ 1=av(iv) —av(3v)
NV‘( —Bv(Fv) l—ﬂv(sv)) (3.70)
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is not equal to 0, then the inverse Ny~ of matrix Ny exists and we are able to write

( av (k) ) -1 ( 1-Bv(3v) av(3v) ) . ( av (i) ) - ( Sv(ge) ) (3.71)
By (he) Qv \ Bv(tv) 1-av(iv) Bv(g) )~ \Tv(y) ) '

Because of the result of (3.71) we have proved that, if Qv # 0, then h; is uniquely
determined on [0,2R) by equation (3.69):

hi(z) = 7v(2) Sv(§) + 3v(2) Tv(9:) + 9(2)-

For z > 2R the solution h; (there could be more possibilities) only has to satisfy (3.38).
Actually, we proved the following lemma.

Lemma 3.7.2.1 If we assume that 1/g(z) and 1/d(z,z) are bounded on [0,2R)] and Qv # 0
and let h? and h! be defined as
he(z) = he(z) - 1pary(z) o hi(2) = he(2) - lproo)(2),

then
Iy(h)(z) = xi(z) for all z € [0,00)

is equivalent to
h(z) = (Fv(z) Sv(Fe) + v () Tv(Fe) + 9e(2)) - Lpar)(z)

and h} satisfies

( av(h}) ) __ 1 [eva(0) ev,2(0) [ ¥v(h])

Bv(hi) )~ Dy \ eva(0) cva(0) + evs(0) Av(h?) )

Here we see why we need assumption II of section 3.4. In the sections 3.10.1 and 4.4 we come
back to it.

Something must be said about the existence of A} in lemma 3.7.2.1. Throughout the
section we assumed the existence of h; to make the analysis above. The result is formulated
in lemma 3.7.2.1. There we state that k! only has to satisfy the given system of equations.
Does there exist such h} that satisfies this system of equations? The answer is yes. Looking
for a h! we are actually solving the system of equations

[ B av)
'i'_;?,R N
[ ukwdv = o

where ¢; and g, are the constants at the left-hand side of the system of equations in lemma
3.7.2.1 and dVi(z) = 1/(JW| + 2zR) - dV(z). If we choose for each z € [2R,00): hl(u) =
k - 1iz.00)(u) + I, where k en [ are constants then we get

k./u_: dVl(u)+l-/u__2R Vi(u) = @

k/:" udVl(u)-H-/u

Q1

. udVi(u) = ¢s.
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There exist a k and [ iff
Det(z) 5/ - dV,(u)-/:R udVl(u)——/u_; udV](u)-/“_;R dVi(u) #0.

Now if we suppose Det(z) = 0 for all z € [2R, 00), then we obtain by differentiating both
sides w.r.t.

—dVi(z) - /':: wdVi(u) + zdVi(z) - / ;: dVi(u) = 0 Vz € [2R, 00). (3.72)

The assumption that g(2R) > 0 means that [j=;5 dVi(u) > 0 and [{57 udVi(u) > 0. Let
us define ¢ = ([X5R vdVi(u)/ [ush dVi(u)). We write (3.72) as

(—c+z)dVi(z) =0 Vz € [2R, 00).

If we have that V gives positive mass to more than one point in [2R,00) and thus W
gives positive mass to more than one point in [2R, o), then we get —c+ z = 0 for all z, to
which V) gives positive mass . This contradicts the assumption and thus the assumption that
Det(z) = 0 for all = € [2R, 00) is not true. Now we have proved that there exists an = such
that Det(x) # 0 and thus there exist constants k and I. This shows the existence of k} in the
case that V gives positive mass to more than one point in [2R, 00).

In the case that dV(z) > 0 in just one point in [2R, c0), we will not be able to observe
this feature of the underlying distribution function V. So for estimating V on [0,2R) we
may assume without loss of generality that V gives positive mass to more than one point in
[2R, o). Redistributing the mass in (2R, co) (keeping the mean constant) has no effect for
V on [0,2R). Estimating the redistributed distribution function on [0,2R) is the same as
estimating the original underlying distribution function on [0,2R).

3.8 The Donsker class condition

To prove that there exists a Py-Donsker class K (and a m > 0) such that I(Z,t)—I(Z.,t) € K
for all n > m and uniformly in ¢ with probability tending to 1, it is enough to show that

sup | 1(Z,4)(,d) = I(Za,t)(:, ), < Lv, (3.73)

(for d = 0,1,2) with probabilily tending to 1, where Ly is some constant (not depending on
n or t). To find out what we need to obtain this result, we concentrate on I(Z,t) where Z
varies through V.

If we have that the score operator Ay is a bounded operator w.r.t. the || - || ,-norm, such
that

lAv(R)(,d)l, < Hy |Ikll, k€ D[0,2R) , ||Av(A)(-d)ll, < Uy, (3.74)

where Hy and Uy are constants, then we can write, knowing that Z(t) < m,;V(2R) (with
ma = 2(0)/|W])

IHZ,0C,d)ll, = l4v I (xe - Z®)d),
IAv(A)(-,d) + Av(hy)(-, d) = Z(2)],

Hy ||B2]l, + Uy + my V(2R). (3.75)

IN
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We prove (3.74) in section 3.8.4.

Now we want to bound ||k{||,. By lemma 3.7.2.1 we know that this can be done if we can
bound ||Fv|l,, lI3vil,» l17ell,, |Sv(y')| and |Tv(#:)|- In section 3.8.3 we show that Sy and Ty
are bounded operators. For the others we need to show that ||( — By)™" f||, is bounded for
f =rvi, f =3y and f = y;. This is done in section 3.8.1 and section 3.8.2. Together with
(3.75) we find _

IF(Z,8)(,d)ll, < B3 Cv (3Hy +1) + Uy +my V2R), (3.76)
where C is also some constant. (One sees that the right-hand side of the inequality does not
depend on t).

The inequality (3.76) holds, under some conditions, for all distribution functions V. So if
we replace in (3.76) Z by Z, and V by V,, we get the bound for ||1(Z,,t)(-, d)||,. We will see
that Cy depends on 1/g(2R) and 1/d(2R,2R) and Hy depends on Cy and 1/|Qv| and 1/Dy
(where Qv and Dy are the determinants defined in section 3.7.1 and section 3.7.2) and Uy
depends on Cy and Hy. In section 3.8.5 we show the continuity in V of Dy and Qv (thus
we have

Dy = Dv , Qp —Qv

a.s.). This together with the fact that 1/g,(2R) converges to 1/g(2R) and 1/1?,.(212, 2R)
converges to 1/d(2R,2R) a.s., implies that we can bound all the constants depending on V'
and V, by a constant not depending on n (and t). Finally in section 3.8.6 we show that this
implies (3.73) (lemma 3.8.6.1).

3.8.1 |rv|l, and ||sy||, are bounded

Now we will bound ||rv||, and ||sv||,. We remember the definitions of rv, rv; (: = 1,2) and
sv in (3.45) - (3.48). Knowing that 2'(z) = —} a(z), one derives

4oy o 20 MA@ 1)
& = 50 b im e
_ =R (a(z)a(Z) _ a(z)a(%)
- 222(x)/ ( 9() 9(z) )
Because g is decreasing, we find that
4 rva(z) >0 (3.77)

dz
and thus ry, is positive and increasing on [0,2R). Therefore we obtain together with (3.63)
lrvall, = llrvall,, < Cv. (3.78)
Now we write for : = 2,3

d'd£ (le_) (eval() — zcv..--l(r)))
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Z(z) [F=R WEF)FNE-z)
T 2(z) /,-:, G =
1 [F=R b(F)F1
" 2(s) /;=, d(z,%)

1

= 7@ {-Z(2) evi(e) + (2 7'(2) — 2(2)) evi-a(2)}

The last inequality follows from the fact that from cvi(z) 2> 0 and

bE)F! F b(Z) 71
Ga S ! (3.79)

2R d(z,3)

we easily get (1 = 2,3)
0 < cv,i(z) £ 2Rcevima(z).

One verifies that

L= —2;3()35) + 5‘% (z € [0,2R))

and so we get
0 < -2RzZ(z) < z(z) — z ()

and therefore we have
—2RZ'(z) + (z 2'(z) — 2(z)) < 0.

This yields (i = 2, 3)

d 1
= (-2—55 (evi(z) — = cv..'-x(x))) <o. (3.80)

Now we have proved for ry (i = 3) that

d
E Tv'g(.'E) S 0 (381)
and for sy (i = 2) that
d

So we have that rv; and sy are monotone functions and rvz(z) > 0 and sy(z) < 0. This
gives us together with (3.63) the following statement

Irvall, < Cv (3.83)
Isvlle < Cv (3.84)

||TV.2||,,
llsvll,

and thus
Irvll, < lirvalle + llrvally, < 2Cv. (3.85)
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3.8.2 The boundedness of ||(I — By)™'f||,

Before we get some results for ||By,f]|, (i = 1,2), we introduce some short notation. We
define for a function f € D[0,2R) the operators

u=2R 1
/..:: ) e Y™

u=2R
Jvaf(z) = / (u)l—W—|T2—RdV(u)

=z

Jvaf(z)

It is easy to see that for f > 0 we have
0< Jvif(z) <moV(2R) ||fll, (i=1,2), (3.86)

where mo = max(1/|W|, 2R/|W|) (not depending on V) and both Jy, f and Jvf are de-
creasing. Furthermore we keep in mind that we have

Il £20fllee » Iflle S NFll, i £ is monotone (3.87)

and
IIfll, =Iflle if f is monotone and f >0 or f < 0. (3.88)

o ||Bv.fll, is bounded
Firstly, we look at the derivative of By, f(z) w.r.t. z. We obtain

L Bafe) = & (—‘—) L T ase)aa)

Z(.’E = ()
_ ) Ra@) o 1)
A ke @ O g 5 M

_ ﬁ/;:m (a(:cza)(:t).] S(F) - (z%a)(z)‘] f(z))

Now we can write By, as
BVI = B:"l}l) + BdOWﬂ

where BV1 f is increasing and Bdown f is decreasing. Remember that g(-) is decreasing. Now
we have for f > 0 (so we have that Jvaf 2 0 is decreasing and (3.86) holds)

0< L BRf@) = s “”’( A as(2) - L sy 1(2)) a2

22%(z) 9() 9()
z=2R (a(z)a(%) a(z) a(Z)
< JVlf(z)z 2(.7:) Fa ( g9(%) 9(z) )

= vaf( )"d—TV1( )

mo V(2R) || fl| o - ETVJ(”)‘

IN
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Together with (3.78) this implies that

IBVEAIl, < moV(2R)Ifllu, lIrvall,
< meV(2R) Cv ||fllo-

Because Bdown is monotone and (3.68) and (3.87) hold, we have

211B9" Il
2||Bvaf - B SIl,

2 (IBvafl. + IBVESI.,)
2(1 +ma) Oy V(2R) [ fll.

IBdown s

IA

IANIA

Now we have obtained the following result for f > 0

IBvafll, < IBVRFI, + IBISWR A, < (2+3mo) Cv V2R) |If - (3-89)

¢ ||Bvz2f]|, is bounded
Let us consider the derivative of By, f(z) w.r.t. z. We find

4 Braf@)
d (1 [5=R yF)3(z - ) o
T (;(—::7 Jé:z WJV.zf(")dI)
_ _Zl(z) T=2R HZ)I(r - I) 2)di —1_ b(.’t)z 1 dz
- ) e e Ta ()45 + [ o) Jvaf (%) di
z=2R z Y
22(3) ( (= )A . b(() 5 Jvz(x)dm—(:cz(z)-—z(x))l b((~)~) Jvz(z)dm)

If f > 0 then (3.86) holds and we can actually use the same arguments, which lead to (3.80),
to prove

d
-J; Bv,gf(l') Z 0.

(Multiply in (3.79) both sides with Jy,f(z)). It is easy to see that for f > 0 we have
By,f < 0. So we have that By, f is monotone and By f < 0 and together with (3.68) and
(3.87) we obtain the following result for f >0

| Bvafll, = 1Bvafllee < Cv V(2R) || flloo- (3.90)
o (I - Bv)'f|l, is bounded
By (3.43) and (3.44) we know that if f > 0 then By, f > 0 and By,f < 0. If we define
Ev,zf = —Bvaf,
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then for f > 0 we have by (3.90)
IBvafll, < Cv V2R) Il (3.91)
and of course Ev,g f > 0. For notational reasons we define
Bvaf = Bv,f.

Furthermore we define

It is obvious that m; Cv V(2R) > Cv V(2R) and so we have for f > 0 by (3.89), (3.90) (or
(3.91)) that _
IBvifll, <miCvV2R) [ fll, (i=1,2). (3.93)

One easily sees that if f > 0 then
Bvi By, -+ Bvif 20 (=12, j=1,..k). (3.94)
Because of (3.93) and (3.94) we get immediately
1Bvis Bvss - - Bviufll, S miCv V(2R) - || Bvy, - - Bvufll, (3.95)
(:;;=1,2 , j=1,...,k). The Volterra structure of By, (i =1,2) gives us a similar result as

(3.68):

. k
(_C_'V_‘;!(_ml”f”m (;=1,2,j=1,.,k). (3.96)

|Bv, Bv,, -+ Bvifll, <

Now we gathered all the tools to bound ||(I — By)~'f]|,. Using (3.88), (3.95) and (3.96) we
find the next derivation for monotone f and f > 0:

Nz -Bv)fl, < X IBHfI,
k=0
= Y (Bvaf + Bvaf)*ll,
k=0
o ~ ~ k
= Y |l(Bvaf = Bvaf) |,
k=0
oo k k [ = - -
< 22| ;) W=1) By By, -~ Buafll,
k=0 I=0
(1 of the i;’s are 2 (j = 1,..., k), the others are 1)
oo k k - - -
< M+ X ( ! ) 1Bviis By -+ Bvaufll,
k=1 =0
o k
k ~ -
< Wl o V2R) 3532 (4 ) W -+ Bl

k=1 I=0
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>3- (k) CrvermT
< Wl 1 Gy VER) e 33 ( ) YR
< Nl +m1Cv VR Il ng(}%

< (1+2m; Cy V(2R) exp(2Cv V(2R)) - || fll.o-

Here we define
Hy; = (14 2m; Cy V(2R) exp(2Cv V(2R))
and

Hyz=4—L  meC2V(2R) (1 +12 2 mo C3 V(2R) exp(Cy V(2R)))

lQviDy |D Dy

and )
Hyz = max <l 2mo V(2R) —=~ (2R) , 2mqo V(2R) 0E, 2R)>
HV = max (HV,], Hv,g,Hv'a) . (397)

The use of Hy,, Hyv;z, Hvs and Hy becomes clear from (3.98), (3.104) and (3.105). We want
to decrease the number of introduced constants.
Now we have for monotone f and f > 0:

I = Bv) ™ flly < Hva lflloo < B [1fll- (3.98)

We define Hy to be

3.8.3 Sy and Ty are bounded operators

Here we will bound the operators Sy and Ty on D[0,2R) (to R) defined by (3.71). Firstly,
we bound the operators ay and Sy on D[0,2R) (to R) defined by (3.38). We remember the
definitions of the operators ¥y and Ay on D[0,2R) in (3.31) and (3.32). With (3.64) one
verifies that
[Tv(Nl < mocva(0) V(2R) || fllo, +mocv2(0) V(2R) || fll o
< 2moCy VER) Ifll.

For Ay we find
[Av(f)] € moeva(0) V(2R) || fll oo < moCv V(2R) || fll0

The constant mg is defined as before: mo = max(1/|W|, 2R/|W]). Now together with (3.38)
and (3.64) we obtain

lov(Nl < 3= (Ea(®) 19|+ eva0) V()
< 35-meC3VER) I, (3.99)
\’4
BN S 3= (eval®) [Bv(D)]+ (eval0) + eva(0) IAv(D
< 4—3—mocv VER) If]l... (3.100)

Dy
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Secondly, we bound ||7v||.,, ||5v ||, and ||7:|l,- Because of (3.78), (3.83), (3.84) and (3.67)
we immediately get

I#vlle = (= Bv)rvll., < 2Cv exp(Cv V(2R)) (3.101)
Isvlle = II(Z—Bv) " svll, < Cv exp(Cv V(2R)) (3.102)
7lle = (= Bv) 14l < exp(Cv V(2R)). (3.103)

Now with (3.99)-(3.102) we can bound the operators Sy and Ty. We find

[Sv(f)I l?l— (A +18v(3v)D) - lav ()l + lev (5v)l - 1Bv()])
vl

IN

IN

1 1
3o Dy ™o Ok V2R) (148 5o moGY V(2R) exp(Cy V(2R)) Il

17v () |—Q17| (1Bv( )] - lev (NI + (1 + lev(F)]) - 1Bv()])

IA

< moC} V(2R) (1+12 L o C2 V(2R) exp(Cy V(2R) Ifle:

gt
|Qv| Dv Dy
One remembers the definition of Hy in (3.97). We have for found for f:
1Sv(HI < Hvallfllo € Hv 1 flleo »  1TV(HI < Hyzllfllo < Hv | flloo- (3.104)

3.8.4 The score operator Ay is a bounded operator w.r.t. || -||,-
norm

In section 3.6 we calculated the score operator Ay : L}(V) — L%(Py). One easily sees
that Av(R)(Z,d,0) does not depend on 6 at all. Therefore from now on we leave out the
0 in our notation and write Ayv(h)(Z,d). If we restrict ourselves to functions h(z) ljo2r)(z)
(h € L*(V)), then one regards Ay as a linear operator from D[0,2R) to D[0,2R). Note
that h(z) = hi(z) - ljo2r)(z). Now we will prove that Av(*)(-,d) : (D[0,2R),||+]|,) —
(D[0,2R), || * ||,) is a bounded linear operator (d = 0,1,2).

Now let h € D[0,2R). Firstly we calculate dz Av(k)(Z,0):

dz Av(h)(F,0) = d3 h(%).

This implies
lAv(R)(:, 0)ll, = lIAll,-
Secondly we calculate d; Ay (k)(Z,1):

B)(E 1 z=2R 1

d; Av(R)(Z,1) = d;ﬁ'/ﬂ; h(w)mdv(f)
1 - 1 ~

“i@ "R Ve

We know that 1/¢(Z) is an increasing function, so we have dz(1/g(Z)) > 0. Now one writes
1 1
dz Ay(R)(Z,1)| S dz —= moV —_ . z).
5 Av(R(E, ] € d5 oV (2R) [l + 3 Il -4V (2)
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This implies (using the fact that 1/g(z) and V(z) are positive and monotone (thus (3.88)
holds) and the fact that ||&|| < ||&][,)
lAv(R)( DIl < mo

o tmolIVil, ooy 1Al

IA

2me V(2R) m R,

Thirdly one calculates dz Av(h)(Z,2). Similar calculations lead to the following outcome

‘ 1
~ . < —_— .
We have proved that Ay (x)(-,d) is a linear bounded operator for d = 0,1,2 w.r.t. the
|| - )|,-norm and
lAv(R)(-, d)ll, < Hvsllkll, < Hv ||A],, (3.105)

where Hy is defined as in (3.97).
Now we regard Ay as an operator on D[0, 00) again. We want to investigate Ay (h})(Z,d)
(again we leave out the 8). If we calculate Ay(h})(Z,0) we find

Av(h)(Z,0) = k() = 0,
because Z € [0,2R). It is obvious that
I Av (R)(-, O)ll, = 0.
If we calculate Av(h!)(Z,1) we get (using (3.71) in the last equality)

AED = — [T R
1 fe=oo 1

—_ ho(z) —————
9(%) Jz=2r (2) |W|+2zR

1
= ;(—:)' Qv(hg)

= ( ) SV(yt)

Because 1/g(z) is a monotone function and because of (3 103) and (3.104) we have
lAv (k) DI, =
If we calculate Av(h})(Z,2) we obtain (using (3.71) in the last equality)

o 1
Av(R)(E,2) 77 e (’)ITVTH—R

1
W[+ 2zR V()

dV(z)

2| tsvtson < g v emtes vieny,

dV(z)

d(z z) /=2R hi( )|W|+2 RdV(:c)

= d(f ~) ﬂV( i) (~ ~) av(hg)

= —:—: Tv(§:) —

d(%,7) Sv (5).

(~ z)
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Because 1/(d(%,7) and Z/d(Z,Z) are monotone functions and because of (3.103) and (3.104)

we have
142R

lAv(h)(,2)ll, < 12R.2R) Hy exp(Cv V(2R)).
Now we have proved for d =0, 1,2 that
lAv(h)(-, I, < Uv, (3.106)
where Uy is defined as
Uy = max (—1—— Hy exp(Cy V(2R)) , —E22_ Hy exp(Cy V(2R))) . (3.107)
g9(2R) d(2R,2R)

3.8.5 The determinants Dy and Qv are continuous in V

Throughout this chapter we introduced several operators and functions depending on the dis-
tribution function V. If we replace V' by another distribution function V,, and V,, converges for
instance in supremum norm to V, then what can we say about the convergence of the operators
and functions which depend on V? Here we mean by ||f||, the supremum norm on [0,2R).
We know that the functions g(x) and d(z,z) depend on V through their definitions and are
decreasing. We write g, and d, to mark their dependence of V;,. Throughout this section we
assume that we have ||V, — V||, — 0 and also ||g. — g||., — 0 and ||da(:,) — d(-,")|lcc = O
hold. In particular we assume that g(2R) > 0 and d(2R,2R) > 0.

e Continuity in V of Dy
If we consider the functions ¢y, (¢ = 1,2,3,4), then we can write for example for cy;:

[evan(z) = evi(z)] <
z=2R
/. b(z) 5 d3 -

z=0

1 1
m‘m";"'

One obtains similar results for the other cv,’s. Now we proved that (i = 1,2,3,4)

llevai — evill , = 0 (n — o0). (3.108)

From (3.108) we get immediately the result for the determinant Dy:
|Dy, — Dy| =0 (n — o0). (3.109)
Remember that we have Dy > 0 for all V and thus also for V = V,,. Now (3.109) implies
that there exists a Dy > 0 such that
1 1 1 1
—_—< —_— — < — . .
Dy < Dvs’ Dv. ~ Dva for all n (3.110)
With (3.56), (3.57) and the proof of (3.108) one easily gets the foilowing result for ry and
sv:
lrve = rvll, = 0 (n— o0) (3.111)
llsva = svlle = 0 (r— o). (3.112)



112 Efficiency

o Continuity in V of ay and Sy

Now let us consider the operators ¥y and Ay defined in (3.31) and (3.32). By telescoping
and using integration by parts we write for Ay:’

Av. (k) = Av(h)
_ [u=2R E=u b(F) F(u —
= / ﬁ dn(z, ~) dz h(u) |W|+2 7 4 - V)(®)

w=2R /:_:. (b(zzn :E(iu;)z) _ b(czi ?Su~; z)) & h(u)mdwu)
= Wa-vien [ i )

o g e

+ /.. (Vo = V)(u) / N "(’”} JE(;~) 2R (wl -24-R2uR)’d

_ /“ (Vo = V() ,[ N b‘? ?(;;)z) d~]W|-+l-2uR dh(x)

+/u.;zn /;:;u (b(zd)j(iaji—) z) b(zz(zgti-)- Ec')) d h(u) mdv(u)'

This yields (using (3.64))
|Ava(R) — Av(h)|
d
< V=Vl (d @R, 2R()0(|21)’I Farm) AReval0) = eval0) Ml

2R d(0,0)
ZRR2R) W] cva(0) IRl

@R d0,0)_
2R, 2R) W 2Reva(0) = eva(0) 1kl

+§"(2d3(,0§—1?)|m (2Reva(0) = eva(0)) | :’R |dh(,,)|>

V(2R)
< Wl

max((2R)*/|W*, 1/|W|, 2R/|W|) - 2R eva(0) (3 Ik, + lIAll,)

V(2R)
< wl

max((2R)*/|W|*, 1/|W|, 2R/|W) - 2RCv 4||A]|,

+11/d(z, 2) - 1/dn(2, 2)||

d(0,0)
© 7.(2R,2R)

+11/d(Z,Z) — 1/da(3, 2)||

d(0,0)
* d,(2R, 2R)

(2R cv1(0) — cv2(0)) 1A,

IN

IVa = VIl

2R eva(0) [|2]lo

IA

Ve = Vi

HI1/d(Z,2) = 1/da(Z, 2| oo 377~ 2R v (0) ||l -
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The last term tends to 0 because ||1/d, —1/d||_, tends to 0 and for the first term we note
that ||V, — V||, tends to 0. Because d,(2R,2R) converges to d(2R,2R) > 0, we know that
1/d.(2R,2R) is bounded. So if ||k||, (and thus ||A]|,) is bounded one has proved the following

result:
|Av,(R) — Av(R)] =0 (n— o0) if ||A]|, < oo . (3.113)

Similar arguments are used to prove this result for ¥y:
v, (h) — Ty(h)] = 0 (n — oo0) if |lA|, < oo. (3.114)
By (3.38), (3.108)-(3.114) we obtain easily the next statement:

lava(h) — ay (k)] = 0 (n — oo) if ||A], < oo (3.115)
1Bva(k) = Bu(R) = 0 (n — oo) if |[A]], < co. (3.116)

¢ Continuity in V of 7y and sy
Now let us consider the operators By, (i = 1,2) defined in (3.43) and (3.44). Again one can
use the same method as for (3.113) to prove that (i = 1,2)
1Bih — Bushll, =0 (n—o0) it |, < oo
and this implies for our opera.to? By defined in (3.42)
||[Bv,h — Bvh||,, =+ 0 (n— o0) if ||h||, < oo . (3.117)

We know that there exist Cy, > 0 such that (3.62)-(3.64) hold, where V is replaced by V,
and
CVn =0 (M Vn) )

with

My =max|—— L
Y = 9n(2R)’ d,(2R, 2R)

(compare with (3.65) and the definition of My in (3.53)). By the knowledge that g,(2R)
converges to g(2R) > 0 and d,(2R, 2R) converges to d(2R,2R) > 0 and the fact that V,(2R) <
1 and V(2R) <1 and V,(2R) converges to V(2R), we conclude that there exists a Cyo > 0
and [; > 0 such that

Cv £Cvp, Cy,<Cyp foralln>l (3.118)
and
Cv,Va(2R) < CvoV(2R) foralln>1, (3.119)
with
Cvo=0(My).

The I; ensures us that g,(2R) # 0 and d.(2R,2R) # 0 for all n > [;. This and the inequality
(3.67) imply that we have

(I = Bv,)'h||, < exp(CvoV(2R))|bll,, for alln > i. (3.120)
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Now one writes

(I = Bv.)™"h — (I — Bv) "kl (1 - Bv,)™" (Bv, — Bv) (I - Bv)'h|,

< exp(Cvo V(2R)) - |(Bv, = Bv)flloos
where f = (I — By) k. Together with (3.117) we obtain

(I = Bv.) 'k = (I = By)'hll, = 0 (n— o0)if |Ifll, = lI(Z — Bv)7'All, < oo0. (3.121)
For 7y we derive

[IFve = vl
= |l = Bv.)'rva = (I = Bv,)'rv + (I = Bv,)'rv = (I = Bv)'rv||,
< exp(CvoV(2R)) lIrv, = rvllo, + I = Bv)'rv = (I = Bv) 1yl (3.122)

By (3.78), (3.83) and (3.98) we know that

I(I = By)'rvll, = I(I=Bv) (rva+rvall,
< Hyllrvall, + Hv lIrvell,
< 2HyCy.
So we have
l#vll, = I(Z = Bv)'rvll, < 2 Hv Cv. (3.123)

This implies that (3.121) holds for & = ry and together with (3.111) we get from (3.122) the
following result:
lFva = vl = 0 (n — ). (3.124)

A similar proof can be produced to get
Isvll, = I( = By)'svll, < Hv Cv (3.125)
and
I5v. = 3vlle =0 (n— o0). (3.126)
e Continuity in V of Qv

Now we are ready to prove the continuity in V' of the determinant Qv. With (3.99), (3.110),
(3.118) and (3.119) we may write

1

<
lev, (k)] <3 Dy,

moC2, Va(2R) ||kl <3 Dt, moClo V(2R) |hll,, forall n > k.

o

This yields (n > I)

lav, (k) — av(h)]

lav, (ha) — av, () + av,(h) — av(h)|

1
35— moCloV(2R) b = hlleg + lava(h) — av ()]
v,0

IN
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If ||A|l, < oo, then we know that (3.115) holds and together with ||k, — h||,, — 0 we get
lav,(hn) —av(h)] = 0 (n — o0) if ||hs — h|, — 0 and |||, < oo. (3.127)
For Py one derives a similar result
1Bua(ha) = By(B) = 0 (n = 00) if lhn — hll, =0 and A, <oo.  (3.128)
Applying (3.127) and (3.128) with (3.123)-(3.126) we immediately get for the determinant
Qv = (1 = av(v)) (1.— Bv(5v)) — av(3v) Bv(iv) (3.129)

the following statement:

IQv. — Qv =0 (n— ). (3.130)
Remember that we assume Qv # 0. Now by (3.130) we know that there exists a Qv,o > 0
and [; > 0 such that

1<1 I1<

1
Qv = Qvo’ 1Qvl = Quo

The meaning of the l; is not important. It only ensures us that Qy, # 0 for all n > I5.

for all n > [,. (3.131)

3.8.6 Verification of the Donsker class condition

With all the preparations in the previous sections we will verify the Donsker class condition
for a sequence V, described in section 3.8.5 .

Firstly, we note that with (3.110), (3.118), (3.119) and (3.131) one immediately sees that
there exist a Hyp > 0 and Uy, > 0 such that

Hy < Hyp, Hy,<Hyp foralln>m (3.132)
and
Uy <Uvg, Uy, <Uyg foralln>m, (3.133)

where m = max(ly, l;) and
Hyo=0O(Hy) , Uyo=0(Uy).

Secondly, we obtain with (3.98) (knowing that 7v,, rv; and —sy are monotone and posi-
tive), (3.104), (3.78), (3.83) and (3.84) that

BN, < W7vll, 1Sv(@)l + Isvil, ITv(@d + I,

(1K = Bv) ' rvall, + I = Bv)*rvall,) ISv(3)l

+I(I = Bv)svll, ITv(@)l + 11 = Bv) " 'wll,

HY (Irvall + lirvell) 1ello + HE lsvllo, yello + v llvell o
2H}Cy + H:Cv + Hy

Hy (3 Hy Cy + 1).

IN A

I IA IA
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Note that this holds uniformly for ¢ € [0,2R) (llyellc = lIl0gll, < 1 for all ¢ € [0,2R)).
Furthermore one writes

0<2(t) < f‘(v% V(2R) = m,V(2R),

where m; is defined as m, = 2(0)/|W|. Again this holds uniformly in ¢.
Thirdly, we obtain with the analysis above and with (3.105) and (3.106) that

(2,0 dll, = llAv I (xe — Z@®)d)ll,

lAv I (xe) (-, d) = Z(t)l,

llAv (k¢ + k)(-, d) — Z(2)l,

lAv (), d)ll, + lAv (RY)(, I, + Z(t)
Hy |||, + Uv + Z(t)

H} (3Hy Cy +1) + Uy + m2 V(2R).

INIA A I

This yields for all n > m

(2, t)(-,d) = T(Za,t)(-, D), (2, ), + 1 T(Zn, 1), A,
HZ (3Hy Cv +1) + Uy + m; V(2R)
+H (3 Hy, Cv, +1) + Uy, + m, Vo(2R)

2(H‘2/'0 (3HvoCvpo+ 1)+ Uvo+ my).

<
<

IA

Again this holds uniformly in ¢. If we define
Ly =2(H},o(3HvoCvo+1) + Uvo+ my)
(of course not depending on n and t), then we have proved the following lemma.

Lemma 3.8.6.1 If we assume that 1/g(z) and 1/d(z,z) are bounded on [0,2R] and Qv # 0
and if V, is a sequence distribution functions such that ||V, — V||, — 0, |lgn — g|loc — 0 and
llda(:,+) — d(:, )lloo — O, then we have Qv, — Qv and thus there ezists a m such that for all
n > m we have Qv, # 0 and

sup [|1(Z,t)(,d) = I(Zn,t)(, |, < Lv

ford=10,1,2.

3.9 The || - | p,-convergence conditions

In this section we are going to prove the || - || , -convergence conditions in the two-dimensional
‘circle’-case. We recall (3.13) and (3.14). In section 3.9.1 we write f(Z,t) - i(Z,.,t) as a sum
of four terms and for each term we prove that we can bound it by a constant times K(n)
(where K(n) is defined by (3.135); compare K (n) with P, — P in (3.13) or (3.14)). In section

3.9.2 we use the results in section 3.9.1 to conclude that the || - ||, -convergence condition
holds.
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3.9.1 Calculating I(Z,t) — I(Z,,1)
Let us write down the following derivation
1(2,t) — I[(Z,,t)
= AvIF'(x:) = Av. Iy} (xe) — Z(t) + Za(t)
= Av(hi + b)) — Av, (b + b)) — Z(2) + Za(t)
= (Av = Av) (k) + Av, (B = B3,) + (Av(h}) — Av,(hl)) — (Z(2) — Za(1))(3.134)

For convenience we define
K(n) = max(||[V - Vallo » 11/9 = 1/gnlle » 11/d(,+) = 1/dn(:,)lao) » (3.135)
(thus K(n) — 0) and
gv = max((2mo + (mo+ ma + my) Cvo) Hvo (3 Hvo Cvo+1) ,
(1+2moCvo)qva , qva , (ma+2((2R)*/IW)))). (3.136)

We start to investigate all terms in (3.134) separately.

o The term (Ay — Ay, )(Y) -

Regard Ay(*)(-,d) as a linear operator from (D[0,2R),|| *||.,) to (D[0,2R),|| * ||l,) (d =
0,1,2), then for f € D[0,2R) we write the following derivations.
If d = 0 it is easy. Then we have '

I(4v = Av)(f)(Z,d = 0)||, = I|0]l, = O.
If d = 1 we write, using integration by parts,
(Av — Av,)(f)(&,d=1)

- G-m) 12 @ mrrmeve

e [T fla) e d(V - Vi)
9n(E) Jo=z W[+ 22R n

- (- 5) [ o e

1 1
1 — 1
@ (V-V)@3E) f(3) Wi+ 2R
L [TV - V@) e df(a)
gn(i) z=%T " ’WI +2zR
1 2R

z=2R
—= [ V-%E@ e

9n (%) (W] +22R)? do
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If we define (2R)2
m3 =2mo + wir
then this yields
[(Av — Av,)(f)(E,d = 1)]|
< 119 = 1/snllo Wl 0 VR) + 2 IV = Vil L
dgmg 1V = Vol [ W)+ s IV = Vel % 1l

IA

11/9 = /gl 11l .m0 V(2R)
1
e IV~ Velle (s llfll +mollf1l,)
mo[|1/g — 1/gnllo I 1l
1
toam IV~ Vel (mo + ma) I,

IA

For (Av — Ay, )(f)(Z, d = 2) one carries out similar calculations as for d = 1 and one finds
that there exists a constant m4 such that we have

I(Av — Av,)(f)(Z,d=2)| < moll1/d(:,-) = 1/dn(:, ")l Ifll,

1
+m IV = Vallo ma | £,

Now we have by the results above, (3.118) and (3.135) that forn > m
I(Av — Av.)(£) (s d)lloe < (20 + (M0 + ma + m4) Cryo) || fIl, K(n) (3.137)

Because we showed in section 3.8 that ||A?}|, < Hv,o (3 Hve Cv,o+1), one obtains from (3.137)
with f = A? and (3.136) (n > m)

l(Av = Av) () Dl < av K(n) (3-138)

(d=0,1,2).

e The term Ay, (hY — A2,)

Again regarding Av(x)(:,d) as a linear operator from (D[0,2R), || » || ) te (D[0,2R), || *||..)
(d =0,1,2), one easily sees that
1
. < _
ANl < 1l + sem M VR Iflls +
1 1

(l TR ™t 2R 2R) '"0) Mo (3.139)

1
EEIR) ™ V2R) | fllo

IA
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(For d = 0,1,2 we get respectively the 1, the mo (1/9(2R)) and the mq (1/d(2R,2R))). Now
(3.139) holds for all distribution functions V, thus also for V = V;,. Because of (3.118) we
may write for n > m
lAva ()1 )l < (1 +2m0 Cvp) || fll - (3.140)
Furthermore we write
h(z) = hen(z) = Fv(2) Sv(Fe) — Fva(@) Sva(Ge) + 3v(2) Tv (§e) — 5va () Tva(32)-

With (3.115), (3.116), (3. 124) (3.126) and (3.130) and telescopmg we immediately get that
Sv and Ty are continuous in V. We find

1Sva(f) = Sv(N) =0 (n—o0) if ||fll, <oo (3.141)

ITva(f) = Tv(H)l =0 (n— o0) if ||fll, < oo (3.142)
Together with (3.124) and (3.126) we obtain

Actually, with a bit more secretarial administration, one can show that there exists a qv; > 0
such that (n > m)

1Su(f) = Sv(NI < avallfl, K(n) (3.143)
T (£) =T < avallfll, K(n) (3.144)
[i(z) - Bu(@)] < avaK(n). (3.145)

(Note that the right-hand side of inequality (3.145) does not depend on t, because ||7:||, <
Hy |ly:|l, and ||yell,, < 1 for all t). Finally we obtain with (3.140), (3.145) and (3.136) for
n>m

llAva (B = Be,)(, d)lloe < (1 +2m0 Cvio) qva - K(n) < av K(n) (3.146)
(d=0,1,2).

e The term Ay(hl) — Ay, (kL)
Compare the calculations below with the calculations in section 3.8.4. If d = 0 we have
Av(h}) — Ay, (h},)(F,0) =0 -0 = 0.
If d =1 we find
Av(h}) = Av,(h},)(Z,1)

1 _
(I) Sv(ge) - e Sv,.(3:)

1
(ﬁ gn(z)) Svlw)
+$)— (Sv(5e) = Sva(52)) -

For d = 2 one get a similar expression. Using (3.118), (3.143), (3.144) and the fact that
II7ell, £ Hv < oo (Hy of course not depending on t) one finds that there exists a gy, such
that forn > m

lAv (k) = Ava(hia) (2 D)lloe < qvia K(n) < gv K(n) (3.147)
(d=0,1,2).



120 Efficiency

e The term Z(t) — Z,(t)
For the term Z(t) — Z,(t) we find (using z(z) = —} a(z))

20-2) = [ g dlV - W)
- _ =) a(z)
= V-V mriss +/ V= Vo)) 5w + 228 &°
=t 2R 2(z)
L, V- (W] + 22R)’
Because m; = 2(0)/|W| and a(z) < 4R, this yields
120) - 22001 < s + 2 855) WV = Ul < v K o). (3.145)
3.9.2 Verification of the || - || -convergence condition

With the help of section 3.9.1 it will be easy to verify the || - ||, -convergence condition.
Because of (3.134), (3.138), (3.146), (3.147) and (3.148) we know now that for n > m

IHZ,0)(d) = I(Za,1)(:, )l < 4qv K(n)
(uniformly in t). So we can write
"i(Z,t) - i(Znst)";V = / (i(Z, t)(ia d) - i(th)(i’ d))zdPV(E7 d) < 3(4¢IV)2 Kz(n)

(3.149)
and thus we have (see the definition of K(n) in (3.135))

sup |[1(Z,t) = I(Za, )l p,
< 4V3qv K(n)
= 4V3qy max(|V = Valloo » /g = 1/gnlleo » I1/d(-,-) = 1/da(:,)lle) -
Together with the results of section 3.8 this proves the following lemma

Lemma 3.9.2.1 If we assume that 1/g(z) and 1/d(z,z) are bounded on [0,2R] and Qv # 0
and if V, is a sequence distribution functions such that ||V, — V||, — 0, |lgn — g|.o — 0 and
[ldn(:,+) = d(:,*)llo = O, then we have Qv, — Qv and thus there ezists a m such that for all
n > m we have Qy, # 0 and

Jim, sup W1(2,t) = I(Za,t)|lp, = 0.
If we take in lemma 3.9.2.1 V, = V, (and thus g, = §a, dn = d, and Z, = 2, ), where V 1s

the NPMLE of section 1.2.4, then we have (because we have consistency: ||V — ¥, lloo
llg = Gall, — 0 and ||d(-,-) = da(*,")|lo, = O a.s. (see section 3.4)

Jim, sup I17(2,t) = I(Zp,t)||p, =0 as. (3.150)
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If we replace in lemma 3.9.2.1 V (but we do not replace the V in Py; note that we get
(3.149) also with a Py, instead of Py) by V,, (with corresponding Z,) and V, by (1-1) V,+31V
(with corresponding Z,i), then we have immediately

lim sup [|1(Za,t) = [(Znx,t)|p, =0 as. (3.151)
k—oco ¢

3.10 The determinant Qy # 0 and assumption I

3.10.1 Some remarks about the determinant Qy

For the existence of a hardest submodel h; in section 3.7, we had to assume that the deter-
minant Qv # 0. In this case we can write down the hardest submodel as the solution k; of
the equation Iv(h¢)(z) = x¢(z) in lemma 3.7.2.1. One has to be sure that the determinant
Qv # 0 for the underlying distribution function V. It could be possible that Qv = 0 is an
identity of the model for all choices of distribution functions V. Then the entire analysis in
the previous sections would be worthless. Therefore we have to show that Qv # 0 is not an
empty statement.

We take a distribution function V such that V(z) = 0 for all z € [0,2R). In this case we
have g(z) = g(2R) for all z € [0, 2R] (and g(2R) is assumed to be > 0) and d(z, z) = d(2R, 2R)
for all z € [0,2R] (and d(2R,2R) is assumed to be > 0). One easily checks that the operators
Uy and Ay in (3.31) and (3.32) both become the nil-operator. This means that the operators
ay and Py as operators on D[0,2R) defined by (3.38) are nil-operator too and so we get
immediately that Qv = 1. This shows that there are distribution functions V' for which the
determinant Qv is not equal to 0.

If one can only observe within a window with diameter 2R, an underlying distribution
function V such that V(z) = 0 for all z € [0,2R], is not interesting to estimate. Are there
distribution functions V with mass on [0,2R] for which Qv # 0?7 Let V be a distribution
function such that V(z) = 0 for all z € [0,2R] and let V be an arbitrary distribution function.
Then V, = (1 — €,)V + €,V, where ¢, | 0, converges in supnorm to V. By section 3.8.5 we
know that this implies that Qv, — Qv. So for n large enough we have that Qy, # 0. This
proves that there exist distribution functions V with mass on [0, 2R)] for which Qv # 0.

The assumption Qv # 0 is not something that one can easily assume from arguments
of the underlying V. On the other hand one could imagine that Qv 3 0 holds for a large
class of distribution functions V. In section 3.12 we calculate the determinant Qv in the one-
dimensional line segment problem and show there that Qv > 1. In section 4.4 we conjecture
that in the two-dimensional case we also have Qv > 1 for all V.

3.10.2 The assumption g(2R) > 0 and d(2R,2R) >0

Let us consider the class of distribution functions V' for which V(z) = 1 in (e, 00) for an
ez < 2R. For a V in this class we can write for g(z) and d(z, z)

u=ey 1 u=ez u—z
s@) =, FTnEV @ dee)= [ Wiz e’
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and one notes that these are the underlying distribution functions V for which g(2R) = 0 and
d(2R,2R) = 0. For the information operator Iy we find

Iy(k)(z)
) be) A S o)
S=she uee
* TW—ITI%—E 5=0 2;53 ..=,2 (“)de(u)dz
* IW|+12zR ,:m b(zzz(xé,zz; 2 /__;2 h(u) -—|W|+;c FdV(wdz. (3.152)

Again we look at the equation (3.28): Iv(h.)(z) = x:(z), where x, is defined as in (3.18). If
we consider the invertibility of Iv(h:)(z) = x:«(z) for £ > 2R, then one notes immediately
that Iy(h)(z) does not depend on the values of h(z) for z € (ez,00). So for all functions h,
and h, with support on (ez,00) we have Iv(h,) = Iv(h;) = 0.

For the invertibility of Iv(h:)(z) = x:(z) for z € [0,e;), we work as follows. Just as we
did in section 3.7.1, we find for £ > 2R (actually, for = > e;)

T=ep a(S:') u=ez _
/;=., 9(3) Jues ht(u)de(u)dz

F=a b(F) F(z — F) [u=e u—
+A=o T dF,7) s hy(u )de(u)dz =

From this we obtain similar equations like (3.29) and (3.30). One derives the equations
(compare with (3.39) and (3.40))

= a(8) [u= 1 -
/Z:o 5(—51 - ht(u)de(u)dm

=z b(i) 52 u=ey
—:":)' [‘ - (U) Wm—}i dV(u) dz

B 0 d(&,3) Jusz
= -L" ;—E;‘:—; [T h,(u)de(u)di
+ /j g—((f;—)% ; ,(u)WZ—RdV(u)dz (3.153)
and
L ;’((%;) [ h,(u)de(u)dz
- -/ ;’(‘?; [ h,(u)mdwu)dz (3.154)

Together with (3.153) and (3.154) we write for z € [0, ;] (compare with (3.41))

o (h)(e) = g (o) = B(z))



The determinant Qv # 0 and assumption I 123

where By : (D[0,€3], || - lo) — (D[0,e2], || - |loo) is defined as Byh = By, h + Byzh and the
operators By, : (D[0,ea], |- ll.) — (D[0, €2], I - ll) are
_ 1 T=ez a(i) u=ey
BV.lh(I) = Z(I) A g(i) =3 (u) |W| + 2 R
1 [7=a b(Z)F(z - I)
Z(.’E) z=z d(.’t,~ u=z h(u) IWI + 2 R
Now we want to determine the inverse of (I — By). The method in section 3.7.2 can not
be used now. Changing the order of integration will not help to find a kernel for which we
can prove that it is bounded. But we use here the advantage of e; < 2R. On [0, €3] x [0, €2)
we have that

dV(u)dz

By2h(z) dV(u)dz.

a(y) +b(¥) y(y — =) _ a(0) + bles) 3
0= 2(2) =T )

=c < oo.

Now we prove that
k
clea—z
(BYA()) < a2y (3.155)
We derive for k =1 and z € [0, ¢;]

| Bvh(z)|
|Bv1h($)| + |szh(3)|

= o9
e 55 [ ForGL

1 fE=a b(:z:)a:(:z:——:i:') -
Al 3@ /,_, G35  d&d

cliall, /~ 7 dz
c(e2 = z) ||hllo-
Suppose (3.155) is true for a certain k. We derive for k + 1 (and z € [0, e;])

IA

IN

IN A

|By ()|

1 z=ey a(a:) 1 3
L —
= 2z) o= gF) Ju=z |th(u)|———|W|+2uRdV(u)dx

1 T=ez b(z) (1: - 1;) u=ez u—3
+3@ ree | d(5,7) /m; |BYh(u)| W oaR VW) &

T=e2 g% cez-ik o am
A, —‘—“-L—l)-g(z)dm

< z(m) =z g(i) k!
< .G /;_ (ez—i)"di
(c(e2 —2)) k“

BT Al oo
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Now we showed with induction that (3.155) holds for all k. This provides us with the following
statement

k
ce
1851, < S22 1Al

This proves the existence of the inverse of (I — By) in the space of bounded linear operators
on D0, e;] being (I — By)™ = £¢= Bt and ||(I — Bv)™'h||,, < exp(ces) k|| ,. Now the
equation Iv(h)(z) = x«(z) for = € [0, e;] can be written as -

k() = §i(2), (3.156)

where §; = (I — By)'1(,4. Actually we proved the following lemma (compare with lemma
3.7.2.1).

Lemma 3.10.2.1 If we consider the distribution function V for which V(z) =1 on [e;,0)
for an ez < 2R and let kY and h} be defined as

h(z) = hi(2)  loen)(2) hi(2) = he(2) - Ly 00 (),

then
. Iv(h:)(z) = x4(z) for all z € [0,00)

is equivalent to
h{(z) = §i(2)) - Lo.ea) (%)

and we can choose h! =0 .

Actually it is not strange to find lemma 3.10.2.1 as the solution of h;. In the case that
dV(z) = 0 for all z € [2R, 0) we find that ay and Bv in section 3.7.1 are the nil-operators
and thus (3.156) could be expected from (3.69).

If one wants to check the Donsker class condition and the || - || o, -convergence condition
in this case, then one goes through the sections 3.8 and 3.9. A lot of the analysis there can
be skipped. We only have to look at section 3.8.2 and the beginning of section 3.8.4 and one
has to check (3.121); the continuity of (/ — By)™" in V. In section 3.8.2 one must be aware
that if one tries to bound (d/dz) B:,l? f(z) from above and (d/dz) By,zf(x) from below, then
one must use the same technique as we did above to determine the inverse of (I — By). This
provides us with similar efficiency results in the case that g(2R) = 0 and d(2R,2R) = 0 and
V(z) equals 1 for an e; < 2R.

3.11 Calculation of I;;/'(¢ — Z)

In this section we only give the calculation of I;!(¢é — Z) which we need for theorem 3.5.2.1.
The calculation is at some points different to the calculation of I;;*(x: — Z(t)) in section 3.7.

We know that for a constant ¢ we have Iyc = c and thus I;*Z = Z. Therefore we only
have to concentrate on the equation

Iv(h)(z) =&,
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assuming for the moment that such a solution k exists. (¢ as in (3.21)).

One writes £ as .

@) = Wit =R

Now we imitate section 3.7.1. For z > 2R we get from Iv(k)(z) = £(z) with (3.27) the
following two equations analogous to (3.35)

( eva(0) + eva(0) —cva(0) ) _ ( ay(h) ) __ ( Uy (k) -0 ) . (3.157)

0+ z).

—cv2(0) cva1(0) Bv(hk) - Av(h) -1

(All the functionals and functions defined as in section 3.7.1). Using the same arguments
as in section 3.7.1, we get the existence of the inverse of the matrix and get the system of
equations analogous to (3.38)

(o) = - (| e )

—L ( Af’(‘,’lg"_)l ) (3.158)

Again we expressed ay(h) and Sy (h) as operators which only use the values of h(z) with
z € [0,2R). For each choice of h on [0,2R) one is able to find an h on [2R, 00) such that
(3.158) holds. (See the remark after lemma 3.7.2.1).

If we define the operators &y and By for an f on D|[0,2R) as

( g:éf)) ) =L ( X:((g ) + Ly ( (1) ) (3.159)
and we define ay and By regarded as operators on D[0,2R) just the same as in (3.38) then
we get by (3.158)

aV(h'o) _ «a (hO) _ 0 _ o (h[)
( Bv(h°) ) - ( ﬂ::(hf’) ) + Ly ( ] ) = ( Bu(h!) ) (3.160)

where h%(z) = h(z) - 1jp2r)(z) and h'(z) = h(z) - 12Rc0)(T)-
For the invertibility of Iy (h)(z) = £(z) for z € [0,2R) we imitate section 3.7.2. One easily
checks that the equations analogous to (3.39) and (3.40) (derived from (3.29) and (3.30)) are

T=z T u=00 1 _
s YBF e w3 _
" iz d(3,%) Ju=z h(“)de(")dx
T=2R 7 u=00 1 _
I ';E_;; = h(")md‘/(u)dz
R YF)F e uE _
+/;=z d(z,7) L; "(“)md"(u)dxw (3.161)
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and

T=z b(f) T u=00
/:-o d(Z,%) Ju=z h(u) |W| + 2 R dV(v)dz
z=2R b($) T fu=

=k G e MW |W|+2 R

With (3.161) and (3.162) and the definition of Iy in (3.27) we get from Iy(h) = ¢(z) for
z € [0,2R)

dV(u)dz + 1. (3.162)

e = 2 )

|W|+2 R
z=2R a(z)
~wrrEE b 0 e M e Ve
1 z=2R b($)$ U=00
YW+ %R S 4G,7) Juz (")|W|+2 7 dV(u) d&
T T=R B(F)F [u=e
T|W|+42zR f==  d(&, %) Ju=z (“)md‘/(u)dz
T
t Wi 22k
T
T W[+ 22R (3.163)

Now from (3.163) we obtain just as in (3.41)

Iv(h)(z) = W% (h(z) — Bv(h)(z) — rv(z) av(h) — sv(z) Bv(R)) =0

and this yields for z € [0,2R)
h(z) = Fv(z) av(h') + Sv(z) Bv(h').

(See section 3.7 for all the definitions). Now we apply &y and By defined by (3.159) on both
sides of the equation and we obtain

(i) = (Grimavied st ) oo ()

This yields

(Mo e ) (o)) (D)= (2)

and under the assumption that Qv # 0 we obtain
Sy
Tv |-

(35) - (1)

Now we have proved the following lemma.
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Lemma 3.11.1 If we assume that 1/g(z) and 1/d(z,z) are bounded on [0,2R] and Qv # 0
and let h° and h! be defined as

h°(z) = h(z) - lpzm(z) , h(z) = h(z) - lpreo)(2),
then
Iy(k)(z) = £(z) for all z € [0,00)
is equivalent to
ho(z) = Fv(z) Sv + Ev(z) Ty

and h! satisfies
(av(hl))__ 1 (cv,l(o) cv.2(0) )( Uy (h°) )
Bv(h') )~ Dy \ cva(0) cva(0) + cva(0) Av(k®) -1 )"
3.12 Efficiency proof for the one-dimensional case

The method we used to obtain the efficiency results in the ‘circle’-case can also be applied to
the one-dimensional case. Van der Laan(1993) studied the efficiency in the one-dimensional
line segment problem, but the proof there is incorrect without the assumptions in section 3.4.
If we put the proof of the one-dimensional case into the ‘general’ setting of the proof of the
two-dimensional case, then we will see why the two-dimensional case is harder to solve.

In the one-dimensional line segment process the score operator is given by

Av(h)(Z,d)
= h(F)-1(d=0)
1 T=00 1
1 Z=00 -
+d(-r, 7) Jo=r h(z) T+

: dv(z)-1(d = 2).

For the adjoint of the score operator we find

AG(n)()
(2,01 <7)

T
2 T=zAT - d"’
+r+a: A:o n(#,1)dz

z—71
. >T).
T+z17(1',2) (z>71)

+

Thus for the information operator Iy = AgAv we obtain

Iy (h)(=)

T—T

T4z

h(z)-1(z < 7)
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2 T=TAT 1 U=00 1 _
*7 +z /‘z’=o 9(Z) Ju=z h(u) Tru dV(u)dz
T—T 1 u=0o u—1
— e >
T2 dr) e MW T V) U= 2 7)

Recall that the parameter k in section 1.1.2 equals d(7,7) here. To avoid misunderstanding
we write throughout this section W = d(r,7) instead of the parameter % used in chapter 1
and 2. Again for convenience and without loss of generality we write Py (V in the set of
distribution functions on [0, 00)) instead of Py, with (V, k) € V..

3.12.1 The parameters (W, W) to be estimated

As in section 3.5, we introduce here the parameters for which we show that the NPMLE is
efficient. We consider the estimation of the parameter

I(Fv) (91(Pv), 92(Pv))
W(),w)
_ =T —T T=0 p — T
= (-/:::O T4z dV(m)’./z‘:‘r T+zx dV(z))
= (F*=()),d(r,7)),
where we define b,9,(Py) = W(t) and B = {b; : t € [0,7)}. (Compare with (3.17)). Again
we consider the distribution function of the uncensored observations because then we have

less trouble with the singularity problems at « = 7, which occur if one inverts the information
operator.

e The parameter b,d,(Py) = W(t)

Just as in section 3.5.1, we calculate the pathwise derivative of W (t). If we define the function
K¢ to be

Kki(z) = ':_-_i__—: - Lo4(z), (3.164)

then we note that
Ko — W(t) = ke — / re(z)dV(2) = ke — By (xe) € LE(V)
and we get the following equality analogous to (3.19)
1 -
~(Wa(t) - W(1) = (Av I (ke — W(t)),Av(l)>Pv. (3.165)

Assuming that I;"(k,— W (t)) exists, we have with (3.165) that W (t) is pathwise differentiable
with efficient influence curve

T(W,t) = Ay I (k, — W(2)). (3.166)

In section 3.12.2 we calculate b, = I;;'(k, — W(t)). The calculation must be compared
with section 3.7 of the two-dimensional case. In lemma 3.7.2.1 we have to assume that the
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determinant Qv is not equal 0 to be sure of the existence of h;. In the one-dimensional case
we are able to prove that this Qv is not equal to 0, therefore this assumption is not needed
in lemma 3.12.2.1. One verifies the conditions of theorem 3.3.2 or checks the conditions of
theorem 3.3.4 using section 3.8 and 3.9 (and the proof of theorem 3.5.1.1) to obtain the next
theorem

Theorem 3.12.1.1 Under the assumptions in section 3.4 the NPMLEW, isa || - || g- asymp-
totically efficient estimator of W.

e The parameter ¥3(Py) =W
We define the function v to be
T—T
v(z) = T3 1fr,00)(2). (3.167)
Again one checks that

T=W=7- [ 1()dV(z) =7 - Bv(v) € Li(V).

For the parameter W one finds

S = [ 4@l V()

d(Tv T) : AV(I)(Ta 2)

(1(d = 2), Av(0)),
(1(d=2) = W, Av(D)p,

showing that W is pathwise differentiable with efficient influence curve
IW)=1d=2)-w.

We know already that the NPMLE W, equals the fraction of double censored observations
(see (1.51)). So we get

%Zuu=¢=m—w

L X =2)-W)
/mem
/mem—ﬁy

W, - W

This immediately proves the efficiency of the NPMLE W, of W. The explicit calculation of
I;*(y — W) is not needed. Now we got without any assumption:

Theorem 3.12.1.2 The NPMLE W, is an asymptotically efficient estimator of W.
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o Efficiency of (W,., Wu) implies efficiency of (f‘,., fin)

Just as in section 3.5.3 one can show that the fact that the NPMLE (W,, W,) is an efficient

estimator of the underlying (W, W) € D[0,7) x R implies that the NPMLE (F,, &) is an

efficient estimator of the underlying (F, ) € D[0,7 — €) X R for every fixed € € (0,2R).
Here one uses the relation

T+
dV(z) = T+#dF(z)
to obtain v 2
=T T — g T
1—W+W(‘r)-1—-d('r,‘r)+/z=0 e =
and T—1 T—z
dW(z) = TT: dV(z) = — dF(z).
From these we get
__w
F=1Tow+win)
and 0 W) .
T t =t
P = T W (T—ﬁ/,:o T W(:c)da:).

Now one copies the proof given in section 3.5.3.

3.12.2 Calculation of Ij!(x; — W(t))

Again we remember that Iyc = ¢ for a constant ¢ and thus I;;'(W(t)) = W(t) and therefore
we only have to concentrate on solving

Iy(he)(z) = Ki(2), (3.168)

assuming for the moment that such a h; exists. («; as in (3.164)).

e Invertibility of Iv(h¢)(z) = ki(z) for z > 7

For z > 7 equation (3.168) becomes

=T 1 u=00 1 -
2 / ho(u) 4 dV(u) dE

=0 ;(T‘-) u=zT
1 u=0o u—T
+(1‘ - T) W /u=f h,(u) de(u) dz = 0.

This yields (compare with (3.29) and (3.30))

2 /“'_1_ T ha(u) —— AV (u) dz

z=0 g(Z) Ju=z T4z
1 u=00 u—T ,,
T Lo M v dE = (3169
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and 1 T
u=00 u — -
e / T h(w I dv(wdE=o. (3.170)
So (3.169) with (3.170) and the assumption that d(7,7) > 0 gives us
T=7 1 u=00 1
—_ = A7
L s & L MW dv@eE=0 (3.171)
and U=00 u— T
/.. L MW I dvwdE=o. (3.172)
Now if we define the operator ¥y as follows
u=T T=u 1 - 1
wk= [ j; s 7 B V)

and we define the operators ay and By as

a(®) = [T k) Jlr -~ dV(u)
Bv(h) = / :°° h(w) = : -4V (u)

and we define

ov(z) = J[? L gz,

=z g(i)
then the equations (3.171) and (3.172) can be written as
cy(0) O ay(hy) \ _ Wy (he)
(‘LT 1)'(ﬁ:(he))“_< 0 ) (3.173)

If we assume that 1/g(z) is bounded on [0,7) we have that 0 < cy(0) < oo and thus the
determinant Dy of the matrix
cv(0) O
-7 1

equals cy(0) # 0 and therefore we may write
(ﬂ:(h,) ) =-5 (T cv(O)) ( "0 ) (3.174)
(Compare (3.174) with (3.38)).

o Invertibility of Iyv(h:)(z) = xi(z) for z € [0,7)

Here we do the same as in section 3.7.2. One writes (3.171) as

T=z 1 U=00 1 -
/~ R:’l)'_) ez ht(u) m dV(u) dz

z=0

z=T1 1 U=00 1 -
R 5 /u=; he(v) -7 dV(v) dZ. (3.175)
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Because of (3.170) and with (3.175) we write for = € [0,7)

T—Z

Lk)(=) = 75 hle)
2 T=TAT 1 =00 1 -
+r +z A.—.o ﬁ u=z hw) T+u dV(u)dz
T—z
o7 +z h'(z)

2 T=t1 1 u=00 1 -
—— Jéﬂ o / L h(w) S dV(w)dE
T—

= 7I: (he(z) — Bvhi(z))
T—Z 1

T+ ' T—x cv(z) av(h¢)
= : ;z (he(z) = Bvhe(z) — rv(z) av(hy)),

(compare this with (3.41)) where the operator By is defined as

th(z)5;2— [: L ("7 i) —— aV(u) a7

- T Jz==z g(i) u=7 T4+u

and the function ry on [0,7) is defined as

rv(z) = Ti ov(@).

T
Now we get for (3.168) the following equation
(I = Bv)hy(z) = rv(z) av(he) + 1(0,4(2)-
Similar to section 3.7.2 one proves that (I — By)™" exists as operator on D[0, 7). So we obtain
hi(z) = fv(z) av (k) + 3, (3.176)
where 7y and §; in D[0,7) are defined as
fv=(I-Bv)'rv , = -Bv) " Loy

Just as we did in section 3.7.2 we note that we can apply ay and Sy (as operators on D0, 7))
on both sides of the equation (3.176) and so we get the next system of equations

( L= av(Fv) 0) ( av(h) \ _ ( av(@)
—Bv(iv) 1 Bv(he) Bv(g) |-
We see immediately that the operator By maps positive functions to positive functions and

thus (I — By)™' = ¥, BS maps positive functions to positive functions. Because ry is a
positive function we have now that 7y is a positive function. Furthermore we note that the
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operator ¥y maps positive functions to positive numbers and thus ay = —(1/Dy) ¥y maps
positive functions to negative numbers (remember that Dy > 0). This means that ay(fv) is
a negative number. From this we may conclude that the determinant Qv = 1 — av(Fv) of

the matrix (")
_(l1=—av(fv) 0
v = ( —Bu(Fv) 1 )

is greater or equal to 1 and thus Qv # 0. The inverse Ny! of Ny exists and so we obtain

ay(h) y _ 1 1 0 [ av@@) ) _ [ Sv(s)
( By (k) ) % ( Bu(Fv) 1-av(iv) ) ( Bv(5) ) = ( Tv(5) ) - e
Now we have proved that h, is uniquely determined on [0, 7) by equation (3.176):
hi(z) = 7v(z) Sv(g:) + (=)

For z > 7 the solution h, only has to satisfy (3.174). We get the following lemma (see lemma
3.7.2.1).

Lemma 3.12.2.1 If we assume that 1/g(z) is bounded on [0, 7] and let h? and h} be defined
as

h(z) = he(2) - lpy(2) 5 hi(2) = he(2) - Uro0)(2),
then
Iv(he)(z) = Ke(z) for all z € [0, 00)

is equivalent to
he(z) = (Fv(z) Sv(3t) + §e(z)) - 1o,y (2)

(568) =2 (1 o) ("89):

3.12.3 One-dimensional case versus two-dimensional case

and h} satisfies

One of the reasons why the efficiency proof in the two-dimensional case is more difficult than
in the one-dimensional case, is the role of the determinant Qy. In the one-dimensional case
we could prove Qv # 0 using simple properties of the operator By and the functionals ¥y
and ay. The structure of the determinant in the two-dimensional case is much more complex.
There we can only prove the existence of a hardest submodel, the existence of A, if we assume
that Qv # 0.

If one considers the equations (3.69) (two-dimensional case) and (3.176) (one-dimensional
case), then one actually sees why the determinant in the two-dimensional case becomes more
difficult to analyse. Because we have several kinds of double censored observations in the
two-dimensional case, we get the contribution of sy(z) to the equation (3.69). In the one-
dimensional case, because of (3.171) and (3.172) (the double censored observations all take the
same value 7), this contribution drops out. An explanation could be the fact that in the one-
dimensional case the NPMLE of the distribution function of the double censored observations
(equals the probability of being double censored; the distribution function is degenerate at T
and equals the parameter k) is estimated by the fraction of the double censored observations
and does not depend on the NPMLE V;, of V on [0, 7).
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" The idea is to regroup‘ the data in such a way that all the observatlon paints.i [}' — €, T,),
(¢ € (0,7]) which are s.e.c.l. and all the double censored observation points ],Qgephet rare
considered to be a new kind of observations. Furthermore all the observation points in [T—¢,T)
which are s.e.c.r. or u.c. are regarded to.be a new: kind of observation. We define a new h, and




136 Open problems

show that the distribution of the data only depends on V on [0, — ¢€) and the new parameter
h., For € | 0 we will have that (V,h.) converges to the original parameters (V, k). Thus for
€ = 0 the regrouping of the data is the original grouping of the data described in chapter 1.
We apply all the techniques developed in the chapters 2 and 3 on the new structure to get
results for the (sneved) NPMLE (V,.¢, hn) of (V, k) on the whole interval [0, — €), because
by the regrouping of the data we are able to get consistency in 7 — €. If we concentrate for
instance on V(7—) (or g(7)), we will have

Jim Vicl(r—€)=) = V((r—¢)—) forall €€ (0,7]
lj{g V((r —€)=) = V(r-).

A sequence €(n) that converges to 0 in such a way that
Vet (7 = €(r))=) = V(7=) (n— o),

(and thus gy (n)(7) — 9(7)) provides us with an estimator (ﬁ.,,(n),ﬁn,c(n)) of (V, k) € V, for
which we have the consistency results in chapter 2 uniformly on [0,7) and the asymptotic
results in chapter 3 without the assumptions (ji) and (iii) in section 3.4.

4.1.1 Regrouping in the one-dimensional case

Let € € (0, 7] be given. We consider the set of points (T;, X;) in a random sample of size n
on R x R*, where the X;’s are i.i.d. having the common distribution function V and the T}’s
given X; = z;, are uniformly distributed on (—z;, ). (This is the same set up as in section
1.1.2). Now the data will be grouped differently. For the T; = ¢; < 0 we observe pairs (Z;, D;),

where B
1 i+Xi<1-¢
2 T;+Xi>1—¢

and for the T; = t; € (0,7) we observe pa.u's (Z;, D;), where

Z; = min(T.- + Xi,t—¢), D;= {

0 T+X <X <‘r—-e
Zi =min(X;,7r-T,r—¢), Di=¢ 1 T;+Xi>7,Ti>¢
3 Xi>r—¢T;<e

If D; = 0 we call the observation u.c. If D; = 1 we call the observation s.e.c., if D; = 2 d.c.
and if D; = 3 we call the observation ‘new censored’ (n.c.). We note that this grouping of the
data can be obtained from the grouping in the sections 1.1.1 and 1.1.2 by labeling all the u.c.
and s.e.c. T oBservatlon points in [r —¢,7) with 3 and the s.e.c.l. observations in [r — ¢, 7) and
the d.c. with 2 and the s.e.c. observation points in [0,7 — €) with 1 and the u.c. observation
points in [0,7 — €) with 0. Instead of working with the interval [0,7) we now deal with the
interval [0,7 — ¢). In Figure 4.1 we see in what areas the (T3, X;)’s fall which belong to a d.c.
or n.c. observation.
We define k. and k. as follows:

h(Eit+/0¢ g(r — z)dz
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and

k= Tz dV(z)+/ g(r —z)dz = eg(t —¢).

For the subdistribution functions we obtain (u € [0, — €))

dF*%(u) = lpor-g(u)- g(u)du (4.1)
dFie(u) = h, db,_.(u) (4.2)
dF*e(u) = 1[0',_.)(u):;ZdV(u), (4.3)

dF,"'c'(u)

ke dé,_.(u) (4.4)
where g is defined as in (1.8). Here we have the equality
1=V((r—e)-)+(2r —€)g(r —€) + ke (4-5)
(see (1.14)). We also have
1=V((r—€)=)+2(r — €) g(r — €) + he + k. (4.6)

The subdistribution functions of the data only depend on V on [0,7 — €) and k.. Of course,
just as in (1.20) we can express g(z) in terms of V on [0,7 — €) and k. using (4.5):

9(z)

/m — aV(w) + g(r — o)

T T+

T—€ 1
L7 e V@) + gy = k= V(= 9))

and thus indeed with (4.1)-(4.4) and the fact that k, = € g(7—¢), we have that the distribution
of the data only depends on (V, k.). Furthermore it is obvious that for ¢ | 0 we obtain the
model with the original grouping described in chapter 1.

The likelihood becomes

TT (@V(=:)* (f - T%U dV(w) + g(r — e))—ﬁ TR,

i=1

where the ; < z; < ... < z, are the observation points (in [0,7 — ¢)) and ¢; and +; are
the number of u.c. and s.e.c. observations respectively at z; and ro is the number of n.c.
observation points. (see (1.35)).

By (V,.,,h,. <) (and gn and En.) we denote the (sieved) NPMLE of (V, k) (and g and k).

In this case (V,. o P ) satisfies the self-consistency equations: (z € [0,T — €))

", u.c. == 1 3.c.c. . 1 U
Facl@) = ARL(E)+ [ s AL (0) - s dP(e)
- dF“.C.(x)
v=z w=T—¢ ~ - -1 s.e.c 1 5
[ ([ ) + 3T = 0))  AFE(0) - —— dVae(a)
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and
zn.l = Fd.c.(,r - 6)
R _ ner — ¢ g,.,e(‘f ) aec v
(27 = €)gne(r—€) = F < ( )+ ./ Gne(v) F )
1- hnc - u,t(T —e),

where F;;, stand for the empirical distribution function of F;".

We hope the reader agrees with the fact that all consistency proofs in section 2.2 can
be imitated for the (sieved) NPMLE A mes Bine) of (V, k). Actually it is nothing more than
replacing all the V,’s by V,” (all the g,’s by ... etc.) and all the k’s by h. and at several
places the 7's by 7 — € and in this case we have to deal with the k.. We explain now that
we get consistency uniformly on the whole interval [0,7 —€). For ¥, we could not prove that
V(r—) — V(=), but for ¥, we can prove V,((r — €)=) = V((r — €)=). If we write (2.2)
(compare with (2.17)) for this model we find

¢ - g,.(a:) aec 7 g"(T ) n.c.
/0 dV Yo (z)dFs( )+/ Sy AF (:c)+h,.¢+-,m_—r—)F c(r—e <l

Again we note that the integrands are nonnegative and thus we also have

gn(T_E) n.c.
g,.,c(T—-e)F (T )Sl

and this implies that g, (7 — €) > 0 (for n large enough). Now one uses (2.21) (or (2.30)) to
conclude the consistency of V, (1 — €) (and thus of g, ( — ¢€)).

To imitate the calculations and derivations in chapter 3, we only need the assumption that
1/g(r — €) is bounded. Again one only has to change some notation and replace several ’s
by 7 — €’s. Together with the consistency uniformly on [0, T — €) we obtain similar efficiency
results for the parameters

W(Pyhy) = [ T dV@) = W), 9Py = he

(see section 3.12.1). Here we define b1 (Py ) = We(t), where B, = {b: : t€[0,7—¢)}.
The set B = By will be defined as B = {b; : t € [0,7)}.

Except the condition on g(7 — €) we can drop the conditions on Vi(r—) and g,(7), thus
here on V, ((7 — €)—) and g, (7 — €), because of the consistency uniformly on [0, 7 — €). Of
course we are only interested in small ‘e-models’, thus it will be enough to assume that for
the underlying ¢ we have

g(r —€) >0 for all € € (0,a) . (4.7

for some a and for all these ‘e-models’ we have the above story.
Now for a fixed € we have efficiency for the (sieved) NPMLE

W.(t) = b9 (P s =
(8) = b (V,e-hn,e))
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(uniformly on [0,7 — €)) and for the (sieved) NPMLE A,.. This implies (using theorem
3.1.1 or section 3.5.3) that V. isa || - || 5,-asymptotically efficient estimator of V. Of course
here efficient means efficient among the estimators which only make use of the information
on [0,7 — €), thus efficient among the estimators, for which the regrouped data would be
the ‘original’ data. Actually, here regrouping of the data means throwing away information,
because we ignore the fact that in the original data we have u.c. and s.e.c. observation points
in [r — €,7). So V,. will not be efficient (for V on [0,7 — €)) among the estimators which
make use of all the data.

To obtain from W,(t) on [0,7 — €) a statement for W(t) (= Wo(t); see section 3.12.1)
on [0,7), we only need proposition 4.1.1.1, where we show that there exists a sequence ¢(n)
such that VM(,.)((T — €(n))—) — V(r—). From now on we write V,.'g(,,)(‘r — €(n)) instead of

Vam (7 — e(n))—).
Proposition 4.1.1.1 There ezists a sequence €(n) — 0 such that in probability we have
Vaem (7 = e(n))=) = V(7).

PROOF: for convenience we assume that the underlying V is continuous and strictly increasing

on [0, 7). With more effort one proves the statement for the general case. We remember the V,

in section 2.2, for which we had consistency uniformly on [0, 7): dV, = (+z)/(r—2z)dF*(z).
For all k there exists a x4 € (0, 7] such that

0 < Vi(r=) = V(r — i) < % (4.8)

This implies that
Tz — 0 (k— o0). (4.9)

(We show this later). Let zx € (0,7] be such that V(r — z) = Vi(r—) (exists because of
continuity V). Because of (4.8) and V being strictly monotone increasing, there exists a
Yk € (zk, zx) such that

Vir—ai) < V(T =) < V(7 — z) = Vi(7—). (4.10)

This easily implies that
0<Vilr=) = V(r-w) < 1.

It follows (in the same way that (4.9) followed from (4.8)) that
yr — 0 (k — o0).
Now because we (4.10) and
lim Vo, (r =) = V(r —w), (4.11)
there exists a m(k) > m(k — 1) such that

V(1 = 2k) € Vi (T = 1) S V(7 = ) = Vi(r=). (4.12)
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Of course by (4.11) we have for : > 0

V(7 = k) < Vi (7 — 91) < Vilr-)- (4.13)
So we obtain the sequence (m(k),yk);»;, for which m(1) < m(2) < m(3) < ... and yx — 0.
Now for n = m(k) to n = m(k + 1) — 1, we define e(n) = e(m(k) + i) = yx. So we get the
sequence
V(s (T =91)s Vo) 1n (T =31); s Vinia)-10 (7 = 1)y Voni@)a (7 =32); V@)1 (7 = 92), - -
For this sequence we have (4.12) and (4.13) and thus immediately we get that the sequence

Vet (T = €(n)) = Vi (T — i)

lies between V(7 — zx) and Vi(7—), which both tend to V(r—). This proves the proposition.

The only thing we still have to prove is (4.9). Suppose (4.9) is not true, then there is a
subsequence zy, for which z, = a # 7 (I — o). Because V is strict monotone we have
that V(=) — V(7 — a) > 0. We also know that Vi(r—) — V(7—), thus from (4.8) and the
continuity of V' we obtain that

0= lim (Viy(r=) = V(r —a)) = V(r=) = V(r — a).
We have a contradiction and thus (4.9) must be true. O
So we immediately obtain .

Proposition 4.1.1.2 Under the assumption (4.7)

—

Wen) = b (P 5 -

) ! 1( (Vn,a(n)vhn,((n)))

is a || - || g-asymptotically efficient estimator of W and ’I;M(,,) is a asymptotically efficient
estimator of h.

Using theorem 3.1.1, this yields

Proposition 4.1.1.3 Under the assumption (4.7) we have for each ) € (0,7] that V, ) is
a || - || -asymptotically efficient estimator of V € D[0, 7 — ).

In practice one wants to have a method to construct a suitable sequence €(n). A suggestion
would be as follows. We consider the ad hoc estimator go.(7) of g(7):

~ F:.e.c.(,r) —- F:.c‘c.(.’. —- n—(1/3))
Gon(T) = 2 n-01/3) ’

which has a squared bias and variance of order n=(3/3), Now we choose €(n) to be the smallest
€ such that
Gne(T — €) > Gou(r) — n~ /9,

In this way we are sure that for n large enough that g, (T —¢€) > 0 because Gon(7) —n~(/4) —
9(7) (in probability) (and g(7) > 0) and we are sure that such an ¢(n) exists because we have
(using Chebyshov inequality) that P(go.(7) —n~(/4) < g(7)) — 1. Thus we ensure that our
ad hoc estimator is between 0 and g(7). We think that in this way we have €(n) converging
to 0 and that the information I(€) (depending on € in the ‘regrouped’ model) will converge
to the information 7(0) of the original model.
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4.1.2 Regrouping in the two-dimensional ‘circle-case’

For the two-dimensional ‘circle-case’ we only give the regrouping. What we did in section
4.1.1 can be similarly done for this case. Here the regrouping of the data is somehow the
same as in the one-dimensional case. In Figure 1.11 we have drawn the set Ay .. If we take
there u = 2R — ¢, than for £ > 2R and for 2R — € < = < 2R the regrouping is done by calling
the observations in the white areas of the circles on the left double censored (d.c.) and on
the right new censored (n.c.).

Just as in the one-dimensional regrouping, we got rid of the ‘sharp’ edge in the subset in
A which belongs to the u.c. observations. Also in this case one shows that the distribution of
the data only depends on V on [0,2R —¢€) and k.. Note that we do not have to regroup within
the d.c. observations, because for d(z,z) (density of the d.c.) we know that it is consistent
uniformly on [0, 2R).

4.2 Non-homogeneous Poisson point process

In the line segment processes in the previous chapters the points T; in the one-dimensional
case and the position points T. in the two-dimensional problem, follow a homogeneous Poisson
point process on respectively R and R x R with rate \. We have seen that the number of
observed line segments N has a Poisson distribution with parameter respectively A (7 + )
and A(|W| + p Exdiam(W)). We were not concerned about the rate A, though its value
was unknown. Fortunately by conditioning on N = n, we got rid of the X, because in the
probability measure it appeared as factor in the nominator and denominator and cancelled
out. From that moment the (un)known rate A did not play any role in the analysis.

What will happen if the position points follow a non-homogeneous Poisson point process
with intensity measure po(df) = A(t)df? (For convenience we assume that the intensity
measure has a density w.r.t. the Lebesgue measure). Unfortunately in this case we do not get
rid of A(£) by conditioning on N = n. In the nominator and denominator of the probability
measure (conditioning on N = n) the A(Z) does not appear as a factor that cancels out. In
our search for an estimator of V (or F) we have to find an estimator for A(-) as well.

Let us consider the one-dimensional line segment process described in section 1.1, but
instead of the homogeneous Poisson point process with rate A we assume that the position
points T; follow a non-homogeneous Poisson point process with intensity measure po(dt) =
A(t)dt. Just as in section 1.1.1 we note that the points (T}, X;) € R x R* follow a Poisson
point process on R x R* with intensity measure

p(dt,dz) = A(t)dt dF(z).

In this case the number of observed line segments N has a Poisson distribution with parameter

s= [ AWadrE) = [T /:_ At)dtdF()

(the set A is defined as in section 1.1.1). We define S(-) on [~7,00) as

t=T

S(z) = / A(t)dt.

t=—z
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The lengths of the observed line segments are distributed according to
dV(z) = f% dF(z)

and the position points T; given X; = z are distributed according to

A(t)dt

dA(th = :t) = 1(-2.1)(t) . S(.‘L’) .

If we condition on N = n, then the set of points (T;, X;), that belong to observed line segments,
are distributed as the set of points in an i.i.d. sample of size n with probability measure on

R x R*
A(t) dt dF(z)

T2 Mt)dtdF(z)

If we write down the subdistribution function of the data, then we find for 0 <u <7

14(t,z) - = dV(z) dA(t|X = z).

dFeeel(y) = /:‘” A(u_x)_s%x_)dt/(z)du
e = 100 [T [ ol

A< (y) = A(r—u) /:“” %I)dV(z)du
arew) = [T ,\(t)dt.g(l—ujdV(u)

(compare with (1.4) - (1.7)).
Let us define h similar to the definition of A in section 1.1.1:

T=00

h = AR dto—dv
= =7 ./t=—::+‘r ( ) S(I) (x)
(the probability of being double censored). We can estimate A(t) only on (0,7). Thus the
Mu — z) in the subdistribution function of F***! can not be estimated, but the A\(r — u) in
F*ecr can. Because A(t) can only be estimated on (0, 7), we are not able to estimate S(z) for
z € (0,00) and thus how do we get F(z) back with dF(z) = (S/S(z))dV(z)? The approach
we used in the homogeneous case seems not to work.

In the next section we will see that if we restrict the class of possible (), we get a familiar
situation.

4.2.1 () is unknown if ¢ > 0 and 0 otherwise

If we assume that A() is unknown if ¢ > 0 and 0 otherwise, then we actually say that there
are no s.e.c.l. and d.c. observations in the line segment process. In terms of the hospital model
interpretation this would mean that in some time interval (0, 7) we set up an experiment and
take only into account the patients, which arrive during the time interval (0,7) and observe
their sojourn time only during the time interval. We obtain only u.c. and s.e.c.r. observations.
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We will see that in this case the rate at which patients arrive at the hospital, plays no role in
estimating F on [0, 7). We have

=00 t=1 t=1
5= /::o /t=o A(t)dt dF(z) = [=o A(t)dt = S(z)

for all z > 0. So we have that the observed line segments are distributed according to
dV(z) = (S(z)/S)dF(z) = dF(z) and the arrival times T; given X; = z are distributed
according to dA(t|X = z) = (A(t)dt/S) - 1(o,+)(t). Conditioning on N = n we write down the

subdistribution functions of the data (0 <u <7):
dFa.e.c.r.(u) =" ’\(1_ _u) /:;im %
dFe) = ¢ [ A@)dt-dF(u)
(w) = S Ji=o w

dF(z)du

We know that in this case S does not depend on F. If we drop out all factors depending on
S(-) and S, then we obtain the proportional likelihood

1 (@F(@)* - (1 - F(e)",

i=1

which corresponds with the Kaplan-Meier situation.

4.3 Non-convexity of the window W

In the two-dimensional case we always assumed that the observation window W was convex.
This ensured us that two censored line segments hitting the edge of the window did not belong
to the same underlying line segment. In Figure 4.2 we observe two censored line segments in
the non-convex window W, that belong to the same underlying line segment. One can not
regard the two line segments inside the window as two independent observations. One does
not know whether the observed line segments belong to the same underlying line segment or
not. On the other hand, in the case that the position points T; follow a homogeneous Poisson
point process on IR? with rate A, the probability that two points of the underlying Poisson
point process on R? x R* x [0, 7), say (T, X1,01) = (f1,21,6,) and (T;,Xz, 02) = (2, £2,62),
are such that the angle of the line through the position points ffl and fg equals 6, = 0, is 0.
This means that with probability 1 in a non-convex window W we may say that two censored
line segments, which lie on the same line through these segments, belong to the same line
segment. It would be nice if we could add the observed lengths together and regard this as
one observation to obtain eventually a sample of independent observations as in chapter 1
and then apply the theory we developed in the previous chapters.

Unfortunately this will not work in general. For instance it is essential that the self-
consistency equations for V, and the empirical distribution of the data obtained in this way,
are also satisfied by V and the distribution of the data (which depends heavily on the shape
of the window) and this is certainly not clear.

An idea is to split the non-convex window into convex pieces and each piece can be
treated as in the previous chapters. Bot now the data sets belonging to the convex pieces
are not independent, because a line segment can hit more pieces, therefore the proofs of the
asymptotic results break down, but the results maybe not.
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Figure 4.2: window W is not convex.

4.4 A conjecture:‘ the determinant Qy > 1

In section 3.10 we already made some remarks about the determinant Qv. There we showed
in the two-dimensional circle-case that the statement Qv # 0 is not an empty statement. We
need Qv # 0 in the proof for the existence of a hardest submodel k; in lemma 3.7.2.1. In the
one-dimensional case one is able to show that Qv = 1 — ay(Fv) 2 1, using simple properties
of the operator By and the functionals Uy and ay (see section 3.12.2).

We must admit that the assumption Qv # 0 in the two-dimensional circle-case for proving
efficiency, is not satisfying. Compared with the one-dimensional case the structure of the
determinant in the two-dimensional case is much more complex. In the one-dimensional case
the determinant equals

Qv =1-av(fv),

where ay and 7y are defined as in section 3.12.2. In the two-dimensional case the determinant
equals

Qv =1-av(iv) — Bv(Sv) + av(iv) Bv(3v) — av(5v) Bv(Fv),

where ay, fBv, 7v and Sy are defined as in section 3.7.2. In both cases we see immediately
that if V' puts all mass outside the interval [0, 7) respectively [0,2R), then the determinant
equals 1. In the one-dimensional case we proved that —ay(fv) 2> 0 and thus the determinant
is greater or equal to 1 for all V (satisfying: 1/g(z) is bounded on [0, 7]). We think that in the
two-dimensional case —av(fv) — Bv(3v) + av(7v) Bv(3v) — av(Sv) Bv(Fv) = 0. Again this
would mean that Qv > 1 for all V (satisfying: 1/g(z) and 1/d(z,z) are bounded on [0,2R)).
The conjecture is based on some computations of Qy for different choices of V, because a
nice proof as in the one-dimensional case is not available yet and seems hard to find.
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Suppose R =1 and V puts mass on z; = \/(2) and T2 = 2\/(2) only; thus on one point in
the interval [0, 2R] and on one point outside the interval. Now the calculations can be done by
hand and one finds for the case P(X = ;) = 1/2 and P(X = z,) = 1/2 that Qv ~ 2.940329.
For the case P(X = z;) = 1/3 and P(X = z2) = 2/3 one finds Qv = 2.089088. Decreasing
the mass at z; to 0 and increasing the mass at z; to 1 one finds a sequence of Qv’s decreasing
from above to 1.

If we take R = 1.4 and

k=1

P(X = k) = (ic-l—_—l—)' exp(—l) y k= 1,2,3,...

(Poisson(!) on 1,2,3,...), then we find using the computer

l =0.5 2 2.1 5 10 15
Qv =~ 7.688234 2.335098 2.221792 1.125199 1.002395 1.000033.

Of course the bigger [ is, the more mass of V is placed after 2R and thus the determinant
tends to 1 (from above) if ! tends to infinity. In the following tabel one sees what happens if
we differ R and fix | = 2:

R =1.01 144 148 151 1.52 2.01 5.01 20.01
Qv ~3.08 228 223 6.95 690 17.07 1080.87 22868.13.

We also checked some continuous distribution functions V, for instance the ‘Cauchy’ dis-

tribution on (0, c0) with density .

7 (1 +z2)

In this case if we take R = 1.5, then we find that Qv > 5.5 and thus greater than 1. For the
exponential distribution v(z) = A exp(—Az) wefind for R=1.5: Qv > 16if A =1, Qv > 1.9
if A=5and Quv > 1.3if A = 10.

One checks that in the computations for the determinant we need to calculate certain
integrals and for instance (I — By)™"'. To implement this in a computer program we have to
discretize the problem. We will not bother the reader with the difficulties and features of the
computer program we used. For the discrete distribution functions V we could approximate
the determinant quite well, because we did not need to discretize. In the continuous cases
we had to discretize the problem and of course the finer the grid was, the more accurate was
the outcome and the more computer-time was needed. Instead of calculating the determinant
as exactly as possible, we were satisfied with an underbound. Here we state the following
conjecture:

v(z) =

Conjecture 4.4.1 The determinant Qv is equal or greater than 1 for all permitted V.
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