


CWI Tracts
Managing Editors

K.R. Apt (CWI, Amsterdam)
M. Hazewinkel (CWI, Amsterdam) '
J.K. Lenstra (Eindhoven University of Technology)

Editorial Board

W. Albers (Enschede)

P.C. Badyen (Améterdam)
R.C. Backhouse (Eindhoven)
E.M. de Jager {Amsterdam)
M.A. Kaashoek (Amsterdarn)
M.S. Keane (Amsterdam)

H. Kwakerridgak (Enschede)
J. van Leeuwen (Utrecht)
P.W.H. Lemmens (Utrecht)
M. van der Put (Grohingen)
M. Rem (Eindhoven)

H.J. Sips (Delft)

M.N. Spijker (Leiden)

H.C. Tijms (Amsterdam)

CWI

P.O. Box 94079, 1090 GB Amsterdam, The Netherlands

Telephone 31-205929333, telex 12571 (mactr nl),
telefax 31-20592 4199

CWI is the nationally funded Dutch institute for research in Mathematics and Computer Science.



Loop checking in logic programming

R.N. Bol



1991 Mathematics Subject Classification: 68N17.
ISBN 90 6196 456 3
NUGI-code: 811

Copyright © 1995, Stichting Mathematisch Centrum, Amsterdam
Printed in the Netherlands



Acknbwledgements

This book has been written at the Centre for Mathematics and Computer
Science, where I was employed from 1987 to 1991 in the Department of
Software Technology led by Jaco de Bakker.

First of all I wish to express my gratitude to Krzysztof Apt, my supervisor,
for the many things he has done for me. He suggested me to investigate the
subject of this book, and was always ready to advise me on technical and
organizational matters. He also gave me several opportunities to travel abroad.

I also thank Jan Willem Klop for teaching me the foundations of logic
programming, for his continuous and friendly support and for four years of
pleasant cooperation in giving a course at the Free University of Amsterdam. I
thank Johan van Benthem, John Shepherdson, Jan Bergstra, Peter van Emde
Boas, Paul Klint and Jan Willem Klop for their comments on drafts of this
book. .

Finally I thank my colleagues, friends and relatives for all they have done
for me. But most of all I thank my parents and grandparents for supporting me
in so many different ways.

Amsterdam, April 1991

In this edition, I corrected some spelling errors and I added a few references to
related work. The most notable changes are the addition of a discussion on
constructive negation in Chapter 5 and a more thorough analysis of
nontermination of the partial deduction procedure (due to not reaching the
closedness condition) in Chapter 6.

I thank the Eindhoven University of Technology and in particular Jos
Baeten for allowing me to spend time on this book.

Eindhoven, January 1994






Contents

Introduction
. Logic Programming

| BN 11 S PP PP
1.2 SLD-1€SOIUtiON ...euvenineniiieiii it
1.3 Soundness and Completeness of SLD-resolution .................

. Foundations of Loop Checking

2.1 Whatis a Loop Check? ......c.covvviiiiiiiiiiiiiniiiinnn, ‘
2.2 Properties of Loop ChecksS .......ovvivivuiiiniiiiniiiiiiiieneanns
2.3 Non-simple Loop Checks .........cooeviiiniiiiiiiiiiiiiiieens

. Simple Loop Checks

B OVEIVIEW «.eiiniiiiiiiiiie ittt e eenenenes
3.2 Equality Checks ......cccoeviiiiiiiiiiiiiiiiiiiiiiiien
3.3 Subsumption Checks ..........cooiiiiiiiiiiiiiii
3.4 Context Checks .....couiiiieiniiii i

. Generalizing Completeness Results for Loop Checks

4.1 Preparation .......ooceueveineiniineenerneneeateitineeneeerenneneeaaens
4.2 The Generalization Theorem ..............ccoooveviiiiiinnn..
4.3 Applications of the Generalization Theorem .......................

. Loop Checking and Negation

5.1 IntroducCtion ..........ccoeuviiiniiiiiiiiiiii
5.2 Declarative and Procedural Semantics of General Programs.....
5.3 Loop Checks for Locally Stratified Programs .....................
5.4 Soundness and Completeness ...........cccceevuveiniiiiinininine.
5.5 Deriving One Level Loop Checks from Positive Loop Checks....

. Loop Checking in Partial Deduction

6.1 Partial Deduction...........coovvveviiiiiniiiiiniiiii
6.2 The Use of Loop Checking in Partial Deduction..................
6.3 Complete Loop Checks .......coevvieiiieieieiniiniiiieieieianene.
6.4 CONCIUSIONS .....vuiviininiiiiniiiiiii e

. Towards the Implementation of Loop Checking

7.1 More Efficient Loop Checks ............coovviiiiiiiiniiininan,
7.2 Two Simple Implementations of Loop Checking..................

. Related Work
References
Index

List of Notations

....25






Introduction

Logic programming

The first three generations of programming languages are imperative languages:
a program consists of a list of instructions, telling the computer what to do. The
exactness of the instructions can differ (for example storage allocation is
nowadays performed by the operating system and not by the programmer), but
the BASIC idea is the same. The fourth generation is already quite different: it is
based on the composition of functions. This book is about the fifth generation of
programming languages, which are based on logic: logic programming.

Programming languages are used to encode algorithms. An algorithm is a
recipe for solving a problem. Kowalski’s [Ko] famous equation separates the
two aspects of an algorithm: “Algorithm = Logic + Control’. The logical part of
an algorithm states the problem and defines its solutions. The control part
describes how these solutions are to be found. Imperative programs have very
explicit control structures, but it is completely up to the programmer to provide
them with logic. That is why they can be so unreadable: the programs states
what the computer must do, but not why.

For logic programs the converse is true. They consist of a set of
implications in first-order logic. Thus their logical, declarative meaning is
explicit and well-understood. But pure logic programs say a priori nothing about
control. Thus there must be a layer between the logic program and the computer
that adds the control. From where does this layer get its information? First of all
from the one who designs it. He decides how the logical rules of a program are
to be interpreted operationally.

Given an implication or clause A«B1,...,By, its logical meaning
(declarative interpretation) is: if Bj is true and ... and B, is true then A is true.
An obvious procedural interpretation can be derived from this: if the user
requests a proof of A, try to prove B and ... and By,. This very popular control
mechanism is known as top-down interpretation, because it corresponds to the
top-down construction of a proof tree for A.
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A

B; B2 ... Bp

AN A

Top-down

The next question is in what order By,...,B, should be proved. Although
proving them in parallel has its advantages, it is usually done one-at-a-time
(mainly because this is more efficient on sequential machines): first By is
proved, then By and so on. This seems natural, but it has an important
consequence: this interpretation assumes that some control information is
implicitly present in the logic program, encoded by the order of By,...,By. Thus
the addition of control is still partly the responsibility of the programmer. More
sophisticated methods for obtaining and using control information from the
programmer are described in [BdSK].

A definition of logic programs and their logical meaning is given in
Chapter 1. This chapter also formalizes the process called SLD-resolution: the
construction of an SLD-tree, the search space of a top-down interpreter for logic
programs. It recalls an important result: the soundness and strong completeness
of SLD-resolution (Theorem 1.3.2). Soundness generally means that there are
no ‘undesirable results’: in this case it means that every solution that is present in
an SLD-tree is correct w.r.t. the logical meaning of the program. Completeness
means that every ‘desirable result’ is achieved: every correct soiution is present
in every SLD-tree.

The most wide-spread logic programming language, PROLOG, allows the
programmer to add much more and explicit control information to his programs.
Unfortunately, programmers often over-use these extra-logical features of
PROLOG, especially the cut. The result is ‘imperative PROLOG’: a program
that consists mainly of control information and that has no declarative meaning.
Additional control information is often provided to improve the efficiency of a
logic program. The most extreme form of inefficient behaviour of a program is
nontermination. '
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Nontermination

Although every solution is present in an SLD-tree, it is not guaranteed that it is
also found by an interpreter. When a logic program is interpreted by a
PROLOG-like interpreter, the result is often a nonterminating computation. This
does not mean that the program is logically incorrect. It is caused by the fact that
the interpreter employs a depth-first search through the SLD-tree. Consequently
it can enter an infinite branch and miss a solution.

The problem of detecting such a possibility of nontermination is generally
undecidable as logic programming has the full power of recursion theory.
Programmers have developed a number of useful heuristics to enforce
termination. Sometimes it suffices to give a more complex set of logical rules.
However, the resulting program can be very different from the original one.
More often than not, the programmer decides to add explicit control primitives to
the program, thereby destroying its declarative meaning. In both cases the
burden of avoiding nontermination rests with the programmer.

Another possible approach to this problem is based on modifying the
interpreter that searches through the SLD-tree by adding a capability of pruning.
Pruning an SLD-tree means that at some point the interpreter is forced to stop its
search through a certain part of the tree, typically an infinite branch. Every
method of pruning SLD-trees considered so far has been based on excluding
some kind of repetition in the SLD-derivations, because such a repetition can
make the interpreter enter an infinite loop. That is why pruning SLD-trees has
been called loop checking.

Example
To better understand the relevance of the problems studied here, consider the
following example. Let P be the following simple-minded logic program
computing in the relation fc the transitive closure of the relation r:
P = { te(x,y) « 1(x,y).

te(x,y) ¢ r(x,z),tc(z,y). }.
Suppose we add to P the following facts about r: r(a,a)¢—, r(a,b)¢—, r(b,c)¢«,
r(d,a)e. Then we can interpret P as a PROLOG program, but if we ask:
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- tc(a,b) we get the answer ‘yes’;
- tc(a,c) the program gets into an infinite loop

(whereas we should get the answer ‘yes’);
- tc(a,d) the program gets into an infinite loop

(whereas we should get the answer ‘no’);
- tc(b,d) we get the answer ‘no’.

Thus although logically P is the right program for computing the transitive
closure of r, operationally it is not. One solution is to write a different program,
which is not straightforward — see for example the program in [CM,
Section 7.2]. In fact, Kunen [Ku2] proved that any such program must use
either function symbols or negation. In our solution we retain the above program
and we change the underlying interpreter by adding a loop checking mechanism

to it.

Loop checking

A lcop check is a mechanism that prunes SLD-trees. A formal definition is given
in Section 2.1.-Although this definition imposes some restrictions, it is still
fairly general. Thus the question arises: ‘What is a good loop check’. In Section
2.2 we introduce again notions of soundness and completeness, but now for
loop checks.

An undesirable result of the application of a loop check would be the loss of
solutions. Thus we call a loop check sound if it does not prune an SLD-tree to
such an extent that solutions are lost. We call it weakly sound if its application
results in the loss of some solutions, but not in the loss of all solutions. The
purpose of a loop check is to reduce the search space. We would like to end up
with a finite search space. If a loop checks achieves this result then it is
complete.

Due to the undecidability of the Halting Problem, a loop check cannot be
(weakly) sound and complete for all programs. In most cases we consider the
soundness of a loop check to be more important than its completeness (except in
Chapter 6). Therefore we shall usually investigate (weakly) sound loop checks,
and identify classes of programs for which they are complete.

It is important to notice that not every derivation that is pruned by a sound
loop check is actually in an infinite loop. Most of the loop checks we shall

consider prune a derivation as soon as some kind of repetition occurs that makes
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the resulting goal redundant (i.e., not producing any new answers). Whether or
not this repetition gives rise to an infinite loop is irrelevant for them. For
exarﬁple, consider the program
P={ q & p®X.

p(a) < p(b).

p(b) « p(c). }.
The SLD-derivation ¢-q = «p(x) = {x/a} ¢<—p(b) = «—p(c) fails finitely, but it is
pruned at <—p(b) by many loop checks.

Applications

From these considerations we obtain an implementation of the closed world
assumption of Reiter [Re] and of a query evaluation mechanism for various
classes of definite deductive databases. The closed world assumption (CWA in
short) is a way of inferring negative information in deductive databases. Reiter
[Re] showed that in the case of definite deductive databases (DB in short) it does
not introduce inconsistency. However, even though CWA is correctly defined
for DB, there is still the problem of how it can be implemented, since it calls for

the use of the following rule (or rather metarule):

if DB i+ @ then DB - — ¢,

that is: deduce — @ if ¢ cannot be proved from DB using first order logic.

The problem is how to determine for a particular ground atom A that there is
no proof for it. A loop check that is weakly sound and complete for DB solves
this problem as follows. A logic programming interpreter augmented with this
loop check tries to prove A from DB. When this attempt fails, we can infer - A
using Clark’s [CI2] negation as (finite) failure rule, the operational counterpart
of CWA. The weak soundness of the loop check implies that if no proof is
found for A, then there is indeed no proof for A. The completeness is needed to
ensure the termination of the procedure.

A more general problem is that of query processing in DB: given an atom A,
compute the set [A]pp of all its ground instances AO such that DB - A6. In
other words: compute all answers to the query A. Indeed, when A is ground and
DB I+ A, the query processing problem reduces to the problem of deducing — A
by means of CWA. Here we need a loop check that is sound and complete for
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DB to solve the problem: to compute [A]pg for an atom A, it suffices to collect
all computed answer substitutions in the SLD-tree starting from A, pruned by
this loop check. Again, the soundness of the loop check ensures that all
solutions are found and the completeness ensures that the procedure terminates.
These applications of loop checking are formalized in Section 2.2.

An alternative application of loop checking is outlined in Chapter 6, where
loop checking is incorporated in the framework of partial deduction (following
[LS], where it is called partial evaluation). We show two ways in which loop
checking can be used in that framework. Firstly, the search space can be reduced
safely by a sound loop check, as sketched previously. The second application is
the use of a complete (but unsound) loop check to characterize and improve
termination criteria for partial deduction (this is called ‘loop prevention’ in [S2]).
Therefore Chapter 6 includes a description of a class of complete, unsound loop
checks.

Specific loop checks

In Section 2.3 and Chapter 3 we discuss some specific loop checks. The loop
checks of Section 2.3 depend on the program. Those in Chapter 3 don’t: they
are simple loop checks. It appears that for practical purposes simple loop checks
are more interesting than nonsimple ones.

The simple loop checks defined in Chapter 3 have in common that they are
based on making comparisons between goals and their ancestors in the SLD-
tree. A goal is pruned if it is ‘sufficiently similar’ to one of its ancestors. Based
on their notions of ‘sufficiently similar’, these loop checks are divided into three
groups, called equality checks, subsumption checks and context checks
respectively. Each group contains weakly sound and sound versions.

For all three groups of loop checks, we identify classes of programs for
which they are complete (as they are at least weakly sound, they cannot be
complete for all programs). The main restriction we make is that when studying
completeness we rule out programs that compute over an infinite domain. In
order to avoid unnecessary complications, we do so by restricting our attention
to programs without function symbols (function-free programs).

This does not mean that these loop checks can be applied only when
interpreting function-free programs, nor that these loop checks can only be

complete for function-free programs. We do not study explicitly more
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permissive conditions leadihg to a finite domain, but most of our results can be
generalized easily in this direction.

We mention two possibilities. One is the use of typed functions. This
solution requires an adapted form of SLD-resolution, particularly of the
unification algorithm therein. Another solution is to consider only programs (and
goals) that satisfy the bounded term-size property ([vG2], [P]). This property
states that terms occurring in the computation do not grow beyond a certain
- limit. It is not necessary that this limit is known in advance.

As one would expect, equality checks are based on the equality between
goals. They are complete for function-free restricted programs. Restricted
programs allow a restricted form of recursion (hence the name): only one
recursive call per clause is allowed. For example, the transitive closure program
P mentioned before is restricted. Thus P becomes not only logically, but also
operationally correct when the PROLOGe-interpreter is augmented with an
equality check. (In contrast, this solution cannot be applied to an alternative
specification of the transitive closure of r obtained by replacing the second clause
of P by tc(x,y) « tc(x,z),tc(z,y), as the resulting program is not any more
restricted.)

Subsumption checks are based on the inclusion of goals. Consequently,
they are stronger than equality checks. They are not only complete for function-
free restricted programs, but also for function-free programs in which no new
variables are introduced in clause bodies and for function-free programs in
which each variable occurs at most once in every clause body.

Context checks compare atoms in goals, but they take the rest of the goal
(the context of the atom) into account. The context checks are complete for the
three classes of programs mentioned.

Another example
Consider the following program EAX, that summarizes the logical properties of
equality. (The rules in EAX are called the equality axioms.)

EAX = { eq(x,x) . (reflexivity),
eq(x,y) < eq(y.x). (symmetry),
eq(x,y) « eq(x,z),eq(z.y). (transitivity),

eq(f(x1,..-,Xp).f(¥15---,¥n)) € €q(x1,¥1)s---,€q(Xp,Yn)- (substitutivity) }.
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EAX is usually added to an equational program EP. A substitutivity axiom is
present for every n-ary function symbol in the language of EP.

Using EAX as a PROLOG program leads to a search space that contains
many redundant derivations. One cannot expect a loop check to prune them all,
as there can be infinitely many solutions to a query, but some of the most
obvious redundancies are removed already by the equality checks, for example:

« eq(t,u) « eq(t,u)
(symmetry) (transitivity)
« eq(u,t) and « eq(t,z),eq(z,u)
(symmetry) (reflexivity)
« eq(t,u) « eq(t,u)

With or without loop checking, this is a rather naive way to deal with
equality. In fact, the question how equality can be incorporated into logic
prog;ramming has created a research area of its own. For a thorough survey we
refer to [HO].

Generalizations

One could say that both Chapter 4 and Chapter S contain generalizations of the
elementary framework of loop checking outlined so far, but the nature of these
generalizations is quite different. Chapter 4 focuses solely on the completeness
of loop checks. Its central theorem, the Generalization Theorem, allows us to
generalize certain completeness results. The theorem is applied on the results for
the subsumption and context checks mentioned before; stronger completeness
results for these loop checks are thus obtained.

Chapter 5 introduces loop checks for a broader class of programs, namely
programs with negative literals in their clauses. The declarative and procedural
semantics for logic programs with negation are considerably more complicated
than for programs without negation ([ABo], [CI2], [P1], [P2]). As a result the
effect of applying a loop check is also more complex. Nevertheless we show
that loop checks for programs without negation can easily be extended to loop
checks for locally stratified programs, for which satisfactory semantics have
been defined.
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Towards an implementation of loop checking
Finally, we pay some attention to the implementation of loop checking. The loop
checks we describe in Chapter 3 compare every goal with every ancestor of it.
Thus the number of comparisons is quadratic in the number of goals generated.
In practice this might turn out to be too expensive. Section 7.1 describes less
expensive loop checks that compare only some selected goals. It is shown that
this technique usually retains completeness results. Moreover, a proper selection
renders the number of comparisons linear in the number of goals generated.
Section 7.2 reports a preliminary study on the practical implementation of
several loop checks, in particular the equality and subsumption checks and their
variants that compare only selected goals. Two implementations are described.
The first one consists of a meta-interpreter, the second one transforms the input
program such that the new program incorporates loop checking. Although these
implementations are not very efficient, and some questions remain open, the
measurements we performed on our implementations seem to suggest that loop

checking can be done efficiently.

Interdependence of the chapters
The following figure shows how the various chapters depend on each other. It
seems that Chapter 8 is the summit of this book. This is not the case: it discusses

work by others related to several subjects discussed here.







1. Logic Programming

In this chapter we recall briefly the basic definitions of pure logic programming.
More details and motivation can be found in [A] and [L].

1.1. Syntax

The language

A logic program is simply a set of formulas in a limited first-order language. The
alphabet of such a language is determined by:

- a finite set of constants, denoted by a, b, c, d, ...,

- a finite set of function symbols, denoted by f, g, h, ...,

- a finite set of predicate symbols, denoted by p, q, 1, s, ... .

Each function and predicate symbol has a fixed arity, that is its number of
arguments. Function symbols (or just functions) have a positive arity (constants
are introduced instead of 0-ary functions), but O-ary predicate symbols (or just
predicates) are admitted.

We assume that an infinite set VAR of variables is fixed; typical elements of
VAR are x, y, z, X', X1, x2. Every alphabet contains VAR and the set of
symbols {‘(C’, ), ), ‘=7, ‘&, ‘A%, ‘V'}. We now define by induction terms
over a given alphabet:

- a variable is a term,

- a constant is a term,

- if f is an n-ary function symbol and ty,...,t; are terms, then f(ty,...,ty) is a
term.

If p is an n-ary predicate symbol and ty,...,t, are terms, then p(ty,....tp) is
an atom. Terms are denoted by t, u, tj, tp, ... and atoms by A, B, Ay, Ay, ...

A clause is a formula of the form Ajv...VAL<BA...AB, (m,n 2 0),
usually written as Apy,...,An<B1,...,B,, where Ay,...,An,By,...,By are
atoms. We distinguish the following ‘special’ clauses by their values for m an n:
-m=0: goal clauses or goals, with as a special case
-m=0and n=0: the empty clause, denoted by O;

-m=1: program clauses or definite clauses, with as a special case

-m=1and n=0: unit clauses or facts.

1l
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A positive literal is just an atom (A), a negative literal is the negation of an
atom (= A). Literals are denoted by L, Lj, ... . In Chapter 5 we shall encounter
general clauses: constructs of the form Ajv...vA,<LiA...AL,, where
Aj,...,An are atoms but Ly,...,L, are (not necessarily positive) literals. Again,
such a general clause is called a general goal if m = 0, a general program clause
if m = 1. (General) goals are denoted by G, H, Gy, Ga, ..., (general) program
clauses by Cy, Ca, ... . For a (general) program clause A¢«Ly,....Ly, Ais
called the head of the clause and L.|,...,Ly, the body. For a goal G, IGI denotes
its length, i.e., the number of atoms in it.

A logic program (or just a program) is a finite nonempty set of program
clauses. A general logic program (or just a general program) is a finite nonempty
set of general program clauses. With each (general) program P we can uniquely
associate a first-order language Lp whose constants, functions and predicates are
those occurring in P. P is function-free if P contains no function symbols.

An expression is a term, literal, sequence of literals, clause or program, and
is d:noted by E. For an expression E, var(E) denotes the set of variables that
oczur in E. If var(E) = & then E is called ground. '

Substitutions
Consider now a fixed first-order language. A substitution is a finite mapping
from variables to terms, and is written as

0 = {xj/t5,....xp/th }.
It is to be read: the variables xj,...,x, are mapped (bound) to ty,...,t, .
respectively. The notation implies that the variables x1,...,x, are different. We
also assume that x; # tj (i = 1,...,n). A pair xj/t; is called a binding. {Xi,...,Xn}
is called the domain of 6 (dom(6)), {ty,....ty} the range of 8 (ran(6)).If 0 is a
bijection, that is if dom(0) = ran(8), then 0 is called a renaming. Thus a renaming
is simply a permutation of a finite number of variables. The empty substitution
or identity substitution is denoted by €: € = dom(g) = ran(g) = &.

Substitutions operate on expressions. For an expression E and a
substitution 8, EB stands for the result of applying 0 to E, which is obtained by
simultaneously replacing each occurrence in E of a variable from dom(0) by the
corresponding term. A substitution 0 is ground (in a given context) if EO is
ground for all expressions E that occur in that context.
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Substitutions can be composed. Given substitutions @ and m, their
composition OM is defined as Mo (regarding substitutions as functions).
Alternatively, if 6 = {xj/t},...,xp/ty} and | = {y;/uy,...,yn/up}, then On is
obtained by removing from the set {x;/tin,...,.Xy/tyn,y1/uy,...,.yn/u,} the pairs
xj/tin for which x; = tjn as well as the pairs y;/u; for. which y; € {xy,...,Xp}.
Thus for an expression E and substitutions o, 6 and 1, (E6)n = E(61) and can
be written as EOT; (60)n = 6(Bn) and can be written as 601). A substitution 0 is
idempotent if 60 = 0. It is easy to see that a substitution 0 is idempotent if and
only if dom(0) N var(ran(0)) = &. So the only idempotent renaming is €.

For two expressions E and F, E is an instance of F (F is more general than
E, notation F < E) if for some substitution 0, E = FO. E and F are variants if E =
FO for some renaming 0. A substitution 0 is more general than 1y if | = @y for
some substitution 7. 8 and 1 are variants if 1 = 0y for some renaming 7. For a
program P, ground(P) denotes the set of all ground instance of clauses in P in
the language Lp. Notice that ground(P) can be infinite.

Unification

Consider two atoms A and B. If for some substitution 8 we have A9 = B9, then
0 is called a unifier of A and B and we say then that A and B are unifiable. A
unifier 0 of A and B is called their most general unifier (or mgu in short) if it is
more general than any other unifier of A and B. A unifier 6 of A and B is called
relevant if dom(0) < var(A) U var(B). It is easy to prove that every idempotent
mgu of A and B is relevant. The following theorem is due to Robinson [Ro].

THEOREM 1.1.1 (Unification Theorem). There exists a unification
algorithm which for any two atoms produces an idempotent most general
unifier if they are unifiable and reports nonexistence of a unifier otherwise.

PROOF. The unification algorithm we give here was first presented by Martelli &

Montanari ([MM]). Two atoms can only be unified if they have the same

predicate symbol. When p(sy,...,sp) and p(ty,...,ty) are to be unified, first the

set of equations {s;=ty, ..., sp =t} is constructed. This set is then
transformed according to the following six rules:
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(@) EU {t=x} ‘ = Eu{x=t} ift¢ VAR,
(b) EU {x=x} = E,

) EU{f(s1,...sn)=1(t1,...tn)} = Eu {si=t,....sp=tg} (n20),
(c2) EVU {f(s1,....,5n) = 8(t1,....tm) } = failure iff+g,
(dl) EU {x=t} = E{x/t}u {x=t} "ifxe var(t) and x € var(E),
(d2) EU{x=t} = failure if x #tand x € var(t),

until none of these rules is applicable. (Here U denotes the disjoint union.) If the
algorithm ends in failure, then the two atoms are not unifiable. Otherwise we
take 8 = {x/t | (x =t) € E}, where E denotes the final set of equations. We omit
the proof that this algorithm is correct and that it always terminates. O

1.2. SLD-resolution

SLD-derivations
Let G = «Aj,...,Ap be a goal and C = A¢By,...,By; be a program clause. If
for some i, 1 <i < n, Aj and A unify with an idempotent mgu 6, then we call

G' = «(Ay1,...,Ai-1,B1,....Bm,Ai+1,...,Ap)0
a resolvent of G and C. The transformation from G to G' is called a resolution
step and denoted by G =>c g G'. The atom A is called the selected atom in G.

Now let P be a program and Gg a goal. An SLD-derivation of PU{Gp} is a
(finite or infinite) sequence Gg =>¢,,0, G1 =...= Gk-] =¢,; 0y Gk =... of
resolution steps such that for all i = 1,2,..., C; is a variant of a clause in P and
var(C;) N (var(Gp) w var(Cy) U ... U var(Ci_)) = D (standardizing apart). It is
important to note that, in contrast with [A], we do not require SLD-derivations
to be a maximal sequence.

If an SLD-derivation D is finite, then IDI denotes its length, i.e., the number
of resolution steps in it. Given a goal G = «Aj,...,A,, G~ denotes the formula
AjA...AAp. With each goal in an SLD-derivation Go =¢,,9; G| =...= Gk
=Cy..0k Ok =... we associate a resultant: for i 2 0, the resultant associated to G;
is Go~0107...6; if G; =0, Gg~0193...6;<G;~ otherwise.

In every nonempty goal in an SLD-derivation, one atom must be selected.
Which one it is may depend on every aspect of the preceding derivation. This
dependency is formalized by the notion of selection rule. Let HIS (for history)
be the set of finite SLD-derivations of which the last goal is nonempty. A
selection rule R is a function which when applied to an element D of HIS selects
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an atom in the last element of D. For example, the leftmost selection rule selects
always the leftmost atom of a goal, the rightmost selection rule selects always
the rightmost atom.

Given a selection rule R, an SLD-derivation D = (Gg =c;,6; G| =...=
Gk-1 =¢y,0k Gk =-..) is an SLD-derivation via R if for all i 2 0 (and i < IDI if D
is finite), if G; # O then the selected atom in G; is R(Go =¢ .8, G| =...= Gj).
Obviously for every SLD-derivation D there is a selection rule R such that D is
an SLD-derivation via R (this is not the case in [L]). This explains the
abbreviation ‘SLD’: SLD-resolution is Selection rule driven Linear resolution for
Definite clauses.

For a program P and a goal G, we distinguish SLD-derivations of PU{G}
with four different outcomes:

- infinite derivations,

- successful derivations: finite derivations of which the last goal is empty,

- failed derivations: finite derivations of which the selected atom in the last goal
does not unify with the head of any variant of a clause in P,

- unfinished derivations: all other finite derivations.

A proper initial subderivation of an SLD-derivation D = (Go =¢,,6; G| =...=

Gk-1 =¢y,0 Gk =-..) is an unfinished SLD-derivation D' = (Go =¢,,0, G|

=...= Gk-| =¢y,0 Gx) such that if D is finite, ID'l < IDI.

Successful SLD-derivations are also called SLD-refutations. The computed
answer substitution of an SLD-refutation Go =¢ 9| G| =...= Gg-1 =¢y,0 Ok
=0 is the substitution 610,...6k (in contrast with [A] and [L] not restricted to
var(Gg)). The computed answer is the resultant associated to O, which is
Gp~0,0;...6k.

Two SLD-derivations are variants if the following conditions hold:

- their initial goals are variants,

- in corresponding goals atoms in the same position are selected,

- in corresponding derivation steps the clauses used are variants.

It has been proved in [LS] that these conditions imply that all corresponding
resultants are variants. In particular, if the derivations are successful then their
computed answers are variants (but not necessarily their computed answer
substitutions).
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Properties of SLD-derivations

The following lemma shows that our conditions on SLD-derivations, notably
standardization apart and the use of idempotent mgu’s, guarantee that a variable
in an SLD-derivation has only one ‘meaning’: it appears only in one consecutive
sequence of derivation steps and it is not renamed within this sequence.

LEMMA 1.2.1. Let D = (Go =¢,,0, G| = ... =G =¢j,,.6i4; Gi+1 = ...)
be an SLD-derivation and let 0 <i < k (< IDI). If x € var(Ci+ ) U var(Gj)
and x € var(Gy), then for all j, i < j <k, x € var(G;) and x6; = x.

PROOF. We use induction on j from k down to i. x € var(Gg) is given. Now

assume that i < j <k and x € var(Gj+]). We prove that x6j4] = x and that if j > i,

x € var(G;j). Let Gj = «(S},A,S3), where A is the selected atom in G;. Let Cj4

= H«S83. (81, S and S3 are possibly empty sequences of atoms.) Then 04 is

an idempotent mgu of A and H and Gj4; = «<(51,53,52)0j+1. Sox €
var(81,53,52)0+1, hence for some y € var(S(,83,52), x € var(y8j+1). Two
cascs arise.

- x =y. Thus x6j4+ = x. Also, if j > i, x € var(S3) since x € var(Cj+) U var(G;)
and S3 is standardized apart. So x € var(§81,52) < var(G)).

-x #y. Then x € var(ran(6j+1)), and since 0j+ is idempotent, x ¢ dom(8j+1),
SO x6j+1 = X. Also, since 9j+1 is relevant, x € var(A,H). If j > i, x ¢ var(H)
since x € var(Ci;+1) L var(G;j) and H is standardized apart. So x € var(A) ¢
var(Gy).

So in both cases we have x8j+1 = x and if j > i also x € var(G)). a

The following definition captures the notion that two variables in a goal are
related, i.e., that they might be unified in an attempt to refute the goal. (Compare
this notion with connected (sets of) pregicate instances in [Na].) We then prove
that when two variables occur unrelated in a certain goal, they cannot be related
in any goal later in the derivation.

DEFINITION 1.2.2.
Let S be a set of atoms. We define the relation ~g on variables as:
X ~g y if there is an atom A in S such that x,y € var(A).
Obviously, ~s is a symmetrical relation. Now we define the relation =g to be the
transitive and reflexive closure of ~g. Then =g is an equivalence relation.
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An equivalence class of =g is called a chain (in §). For x € var(S), the chain
of x is denoted by Cg(x), or C(x) whenever S is clear from the context. O

LEMMA 1.2.3. Let D = Gp =c,,6; G| = ... =G =;6;Gi= ... be an

SLD-derivation and let 0 < i (<1D)). ’

If x =G; y and x,y € var(Gj_j), then x =g,;_, y.

PROOF. Let Gj_; = «(A,R), where A is the selected atom in Gj_;. Let Cj =

H«S and let 6; be an mgu of A and H. Then G; = «(S,R)0;. Assume x #y

(for x =y the claim is trivial). Since x =g; y, there is a sequence of variables x =

W1, W2, ..., W2p =y in Gj such that waj_j =gg;, wyj for 1 < j < n and w3j ~Rg;

woj+1 for 1 <j<n.

For 1 < j < 2n, every variable wj € var(R6;), so we can choose for it a
corresponding variable zj € var(R) ¢ var(Gj_) such that wj € var(z;6;). Since 6;
is idempotent, and x,y € var(Gj_) N var(G;), we can choose z] = wj = x = x6;
and zpp = wop =y = y6;. Now let | <j<2n.

We prove that zj =G;_, zj+1. Two cases arise.

- j is even, SO Wj ~Rg; Wj+1-

Then there is an atom B in R such that wj,wj] € var(B6;). So we have variables
Vj,Vj+1 € var(B) such that wj € var(vj8;) and wj; € var(vj+16;). So vj~p
Vj+1, and hence vj~R vj+]. For vj (and analogously for vj;1) two subcases
arise.

- vj = z;. Then vj =4 z;.

- vj #zj. Then, since wj € var(vj0;) M var(zj0;) and 6; is relevant, we have vj, z;
€ var(A). Hence vj = z;.

Therefore zj =A Vj ~R Vj+1 =A Zj+1, 80 Zj =G;_| Zj+1-

- J is odd, s0 wj =gg; Wj+].

If wj = wj41, then zj = zj41, 50 Zj =G,;_; Zj+]. Otherwise, we can prove that z; €
var(A) (and analogously zj+1 € var(A)). Again two subcases arise.

- 2jB; # z;. Then zj € var(A): 6j is relevant and zj € var(Gj_}), so zj ¢ var(H).

- 2jB; = zj. Then wj = zj € var(S6;), say vj€ var(S) such that z; € var(v;0;). Then
vj0; # vj, since vj€ var(S), z;€ var(Gj_;) and S is standardized apart.
Therefore vj € var(H), and hence zj € var(A).

Now zj ~A zj+1, 80 2j =G;_, Zj+1-

Therefore we have x = z| =G;_; 22 =G;_| Z3 =G;_| --- =Gij_| Z2n = Y- 0
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Normal SLD-derivations
In some cases it appears to be convenient to restrict the choice of the mgu by
disallowing the ‘needless renaming of variables in a derivation’. We explain this
now. When we have a variable x in the selected atom of the goal which is to be
unified with a variable y in the input clause, then two idempotent mgu’s are
available: {x/y} and {y/x}.

When {x/y} is chosen, it is likely that the variable y occurs further on in the
derivation as a substitute for x, whereas x itself does not occur any more. On the
other hand, if {y/x} is chosen, the variable x is retained and the variable y will
not occur in any goal of the derivation. Therefore the renaming from x to y is
considered to be a needless renaming. So we choose {y/x}, thereby retaining the
‘older’ variable x and adjusting the ‘newer’ variable y.

A more indirect instance of the same principle is shown in the derivation

—A(X) =AER)Bxy), (x/x} <BXY) =Bz, {ymaux) O
In the first step {x"/x} is chosen for the reason described above. In the second
step, the choice of {x/z,y/z} is out of the question for the same reason.
However, this still leaves the choice between {x/y,z/y} and {y/x,z/x}. Although
x and y occur both im B(x,y), x appears earlier in the derivation than y.
Therefore we choose {y/x,z/x}, thereby again retaining the older variable x and
adjusting the newer variable y.

It is important to note two things. Firstly, Lemma 1.2.1 says that a variable
cannot be introduced, disappear and later on in the derivation reappear, which
would complicate the decision criterion given above. Secondly, the choice of the
magu is still nondeterministic, as is shown in the derivation 7

A DAB(xy), e <BX.Y) 2Baz)e, {yix,zx) O
Here the choice between {y/x,z/x} and {x/y,z/y} is arbitrary.
We now formalize these intuitions.

DEFINITION 1.2.4 (Normal SLD-derivation).
Let D = (Go =c,,0; G1 = ... = Gij_1 =¢;p; Gi = ...) be an SLD-derivation.
For every variable x occurring in D, we define

0 if x € var(Gy),
tag(x) =9

i if x € var(C;).
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D is a normal SLD-derivation if for every i > 0 (and i < IDI when D is finite), for
every variable x € var(Gj_): if x0; is a variable, then tag(x) > tag(x6;). O

Intuitively, the lower the tag of a variable is, the ‘older’ it is. The following
lemma shows that we may restrict our attention to normal SLD-derivations.

LEMMA 1.2.5. Every SLD-derivation has a normal variant.

PROOF. Consider the unification algorithm of Theorem 1.1.1. We change rule
(a) of this algorithm to:

@) EU{t=x} = Eui{x=t} if t¢ VAR or tag(t) < tag(x),

thus taking tags into account.

Recall that we take 0 = {x/t | (x =t) € E}, where E denotes the final set of
equations to which none of the rules is applicable. Thus whenever x0 =y # x,
we have that (x = y) € E and rule (a') is not applicable on E, hence tag(x) 2
tag(y). Showing that this élgorithm also terminates and yields an idempotent
mgu of p(sy,...,sp) and p(ty,...,tp) is straightforward. O

Properties of normal SLD-derivations _

In this subsection we prove some properties of normal SLD-derivations that
appear to be needed in Chapter 3 and 4. The reader who is not interested in such
technical details is encouraged to skip the rest of this section.

LEMMA 1.2.6. Let D = (Ggp =¢,;,0; G = ... ®Gi_] =¢;6;Gi= ...) be a
normal SLD-derivation and let 0 <j < k (<|D\). Let C be a chain in G;.
Then C6, N VAR c C.
PROOF. Let x € C and assume that x0 is a variable. We prove that x0yx € C.
If xBk = x then clearly x6x € C.
Otherwise, x € var(Gg-1), since O is relevant and by standardizing apart, x ¢
var(Cg). D is normal, x € var(Gg-;) and xB is a variable, so tag(x) = tag(x0y).
Hence x0 ¢ var(Cy). x0k # x and 0 is relevant, so x0 € var(Gg—_1). Thus x
and xBx occur both in the selected atom of Gi_;. Therefore x =G, _; x0k.
Also, tag(x0g) < tag(x) < j, thus by Lemma 1.2.1, for every i such that j < i
<k, x € var(G;j) and x6k € var(G;). Applying Lemma 1.2.3 k—1-j times yields
that x =G x0k. Hence x0y € C. ]
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COROLLARY 1.2.7. Let D = (Gg =¢,,6; G| = ... = Gi_] =¢;6;Gi= ...)
be a normal SLD-derivation of a function-free program P and G and let
0 <j < k(<ID\). Then var(G;6k) < var(G;) and var(Gjbj4 j...6) < var(Gj).
PROOF. Let x € var(Gjfx). P is function-free, so for some y € var(G;j), x = yb.
Now by Lemma 1.2.6, x = yBx € CGj(y)Ok N VAR ¢ CGj(y) c var(Gj).
Now var((G;j6j+1)6j+2...6k) < var(Gj6j+2...8¢) < ... < var(G;6k) <
var(Gj). O

COROLLARY 1.2.8. Let D = (Gp =¢,,9; G| = ... = Gi_; =¢;,6;Gi= ...)
be a normal SLD-derivation and let 0 <j < k (<|D|). Let C be a chain in G;.
Then C6j4 16k N VAR < C6jyj and COj1...0¢ N VAR € COj4 .

PROOF. If j+1 =k, then the claim is trivial. So assume j+1 <k.

Let x € COj+1 and assume that x8 is a variable. We prove that x0k € C0j41.

By Lemma 1.2.6, x € C8j+1 N VAR implies x € C. Therefore, again by Lemma

1.2.6, x0x € COx N VAR g_ C. Two cases arise.

- X€k0j4+1 = x0k. Then xBx € C implies x0k = x0k0j+1 € COjy ).

- 10kBj+1 # xOk. Then x0k ¢ var(Gj41), since 0j4] is idempotent. As we have

“Bx € C c var(Gj), x0k ¢ var(Gg-1) by Lemma 1.2.1 and x6y ¢ var(Cy) by

standardizing apart. Thus x0x = x € C0j4.

Now ((C8j+1)8j+2)...0x N VAR c (C6j+1)8j43...60k) " VAR c ... c

(COj+1)8x N VAR c CBj4. ]

In order to formulate the final property of normal derivations we prove in
this section, we need the following definition.

DEFINITION 1.2.9 (Local selection rule).

(This definition is equivalent to the definition of local selection functions in [V].)
A selection rule R is local if every SLD-derivation D = (Gg =>¢,,0, G1= ...)
via R satisfies the following property. If in a goal G;, an atom A is selected and
in a goal Gj (j > i) the further instantiated version B0, ...0; of the atom B (# A)
in Gj is selected, then A is resolved completely between G; and G;. ]

It is easy to see that the leftmost selection rule and the rightmost selection
rule are examples of local selection rules.
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COROLLARY 1.2.10. Let D = (Gg =¢,,0; G1 = ... = Gi_] =¢;6;Gi = ...)
be a normal SLD-derivation of a function-free program P and Gg and let
0< J < k(<ID)). Let A be the selected atom in Gj. Suppose a local selection
rule is used between Gj and Gy and A is not completely resolved before Gy.
Then var(A6) < var(A) and var(A6;...6) < var(A).

PROOF. Let x € var(A) and assume that x0y is a variable. We prove that x0y €

var(A). Let Gj = (A,R) and regard the derivation «-A = H; =Cj41.0j+1 Hjy1 =

. =¢,,0 Hk (hence for j < i <k, Gj = (Hj,R0j+;...6;)). Note that this
derivation exists, since a local selection rule is used and A is not completely
resolved before Gk, and note that the derivation is normal. Now x € var(A) =

var(H;) implies x0x € var(H;) = var(A) by Corollary 1.2.7.

Now var((A6j+1)0j+2...8x) < var(ABj42...8¢) < ... < var(Abk) c var(A).O

1.3. Soundness and Completeness of SLD-resolution

SLD-trees
We are now ready to define the search space of top-down interpreters for logic

programming, the SLD-tree.

DEFINITION 1.3.1 (SLD-tree).

Let P be a program, G a goal and R a selection rule.

An SLD-tree of PU{G) via R is a tree satisfying the following:

- Each node of the tree is a goal; the root node is G.

- If a goal G' has a child G", then the edge between G' and G" is = g such
that G' = ¢ G" is a resolution step.

- Each branch of the tree is an SLD-derivation of PU{G} via R.

- Nodes which are the empty goal are leaves.

- Let G' be a nonempty goal and let A be selected by R in G'. For every clause
C in P such that a variant of the head of C unifies with A, G' has a child G"
such that the clause in the edge from G' to G" is a variant of C. G' has no
other children. o

Notice that the last condition implies that no branch of an SLD-tree is an
unfinished SLD-derivation. An SLD-tree is successful if it contains the empty
goal (equivalently: if at least one of its branches is a successful SLD-derivation),
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otherwise it is failed. An SLD-tree is finite if it has no infinite branches (because
programs are finite sets of clauses, SLD-trees are finitely branching).

Pruning a node (goal) in an SLD-tree means removing all its descendants.
An initial subtree of a tree T is obtained by pruning zero or more nodes of T.
Sometimes we shall call an initial subtree of an SLD-tree an unfinished SLD-
tree: all its branches are (possibly unfinished) SLD-derivations.

Soundness and completeness

We assume that the reader is familiar with the notions interpretation, model and
semantical implication (see [F] for an introduction). The latter is denoted by k.
Let P be a program and G a goal. A substitution 0 is a correct answer
substitution for PU{G} and G~ is a correct answer for PU{G} if P = G~0.
We can now formulate the soundness and strong completeness of SLD-
resolution, which is due to Clark [Cl1]. See also [AVE].

THEOREM 1.3.2 (Soundness and strong completeness of SLD-

resolution).

Let P be a program, G a goal and R a selection rule. Let T be an SLD-tree

of PU{G} via R.

(i) Each computed answer (substitution) of an SLD-refutation in T is a
correct answer (substitution) for PU{G).

(ii) For each correct answer for PU{G), there is an SLD-refutation in T that
gives a more general computed answer. o

A logic program can express (by semantical implication) that certain facts
hold, but it cannot express that certain other facts do not hold. To overcome this
shortcoming Reiter ([Re]) introduced the closed world assumption (CW A).
Given a program P, CWA(P) = {- A | A is a ground atom and P ¥ A}. The
soundness and completeness of SLD-resolution imply that CWA(P) = {=A | A
is a ground atom and every SLD-tree of PU{«-A} is failed}.

Searching SLD-trees

When a program P and a goal G are presented to an interpreter for logic
programming, it will perform a search through an SLD-tree for PU{G} via
some selection rule R (we can also say that it constructs such a tree). The order
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in which the nodes of this SLD-tree are visited (constructed) is determined by
the search rule (which is not to be confused with the selection rule).

From now on we assume that the clauses of a program P are ordered. Then
the SLD-tree becomes an ordered tree: the outgoing edges of a node are ordered
by the clauses in P of which they use a variant. (For simplicity we assume that P
itself does not contain two clauses that are variants.) In practical systems the
clauses of a program form a text, which is naturally ordered.

Informally, we call an interpreter sound if all the answers it gives are
correct, and we call it complete if its answers ‘cover’ all correct answers. The
soundness of SLD-resolution (Theorem 1.3.2.i) implies that interpreters based
on searching the SLD-tree are sound, regardless of their search rule. The
completeness of SLD-resolution (Theorem 1.3.2.ii) implies that these
interpreters are also sound w.r.t. CWA: given a program P and a ground atom
A, if the interpreter terminates on PU{«A} reporting failure, then the SLD-tree
of PU{«A} is (finite and) failed, thus ~ A € CWA(P).

We would prefer to have a complete interpreter, which requires a search rule
that eventually finds each successful branch on the SLD-tree. A breadth-first
search rule satisfies this property, but is not very compatible with an efficient
implementation. Therefore PROLOG uses a depth-first left-to-right search rule.
If a solution in the SLD-tree occurs to the right of an infinite branch, this
solution is not found by a standard PROLOG interpreter (sometimes reordering
the clauses of the program helps, but not always; for an example see [L], page
59). Consequently the standard PROLOG interpreter is not complete.

Completeness w.r.t. CWA would require that for every program P and
ground atom A such that -~ A € CWA(P), the interpreter terminates on PU{«A}
reporting failure. But the SLD-tree of PU{«A} can be infinite, in which case an
interpreter that tries to search it completely does not terminate. So in this case
both a breadth-first interpreter and the standard PROLOG interpreter are
incomplete w.r.t. CWA.

In Section 2.2 we show how the introduction of loop checking can improve
the situation regarding the incompleteness of interpreters with a depth-first

search rule as well as the general incompleteness of interpreters w.r.t. CWA,






2. Foundations of Loop Checking

In this chapter we systematically study the foundations of loop checking
mechanisms. To this end, we provide in Section 2.1 a general definition of a
loop check. We also introduce a natural subclass of loop checks, called simple
loop checks: their definition does not depend on the analyzed logic program.

In Section 2.2 we define some important properties of loop checks, like
soundness (no computed answer to a goal is missed) and completeness (all
resulting derivations are finite). We study the effect of adding loop checks to
top-down interpreters. Finally we prove that no sound and complete simple loop
check exists even in the absence of function symbols.

In Section 2.3 we study some nonsimple loop checks: loop checks that take
the program into account. We show that such a loop check can be sound and
complete for the class of function-free programs. However, their value for
practical purposes appears to be limited: nonsimple loop check are in a sense too
powerful.

2.1. What is a Loop Check?

Definitions

One might define a loop check as a function from SLD-trees to unfinished SLD-
trees. However, this would be a very general definition, allowing practically
everything. The purpose of a loop check is to prune an SLD-tree to an initial
subtree of it. Moreover, we shall use here a more restricted definition: given a
program P and a goal G, the decision to prune a node is based only upon its
ancestors in the SLD-tree of PU{G}, that is on the SLD-derivation from G up to
this node.

Thus we exclude here more complicated pruning mechanisms, for which the
decision whether a node in a tree is pruned depends on the so far traversed
fragment of the considered tree. Such mechanisms are for example studied by
Vieille [V] and Tamaki & Sato [TS] (see Chapter 8).

Due to this restriction we could define a loop check as a function which,
given a program and an SLD-derivation, returns it unchanged if it is not pruned,

and otherwise returns the proper initial subderivation of it that ends in the pruned

25
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node. Of course, if a derivation D is pruned at the goal G, then every derivation
D' that is the same as D until and including G must also be pruned at G: the
ancestors of G are the same in D and D'.

This means that it is better to define a loop check as a set of derivations
(depending on the program): the derivations that are pruned exactly at their last
node. Thus a program P and a loop check L determine a set of (unfinished)
SLD-derivations L(P). Such a loop check L can be extended in a canonical way
to a function fi, from SLD-trees to unfinished SLD-trees by pruning in an SLD-
tree T for PU{Gg} the nodes in {G | the SLD-derivation from Gg to G in T is in
L(P)}. We shall usually make this conversion implicitly.

We shall mainly study an even more restricted form of a loop check, called
simple loop check, in which the set of pruned derivations is independent of the
program. Thus a loop check is a function with a program as input and a set of
derivations, being a simple loop check, as output. This leads us to the following
definitions. '

DEFINITION 2.1.1.
Let L be a set of SLD-derivations. Initials(L) = {D € L | L does not contain a
proper initial subderivation of D}. L is subderivation free if L = Initials(L). O

In order to render the intuitive meaning of a loop check L: ‘every derivation
D € L is pruned exactly at its last node’, we need that L is subderivation free.
Note that Initials(Initials(L)) = Initials(L).

DEFINITION 2.1.2 (Simple loop check).
A simple loop check is a computable set L of finite SLD-derivations such that L
is closed under variants and subderivation free. O

The first condition here ensures that the choice of variables in the input
clauses in an SLD-derivation does not influence its pruning. This is a reasonable
demand since we are not interested in the choice of the names of these variables.

DEFINITION 2.1.3 (Loop check).
A loop check is a computable function L from programs to sets of SLD-
derivations such that for every program P, L(P) is a simple loop check. o
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Of course, we can treat a simple loop check L as a loop check, namely as

the constant function AP.L.

DEFINITION 2.1.4.
Let L be a loop check. An SLD-derivation D of PU{G} is pruned by L if L(P)
contains D or a proper initial subderivation of D. O

An example: the Variant of Atom check

A first attempt to formulate the Variant of Atom (VA) check might be: ‘A
derivation is pruned at the first goal that contains a variant A of an atom A’ that
occurred in an earlier goal.” Note that we have to allow here that A and A’ are
variants: if we required A = A' then we would violate the first condition in
Definition 2.1.2.

The intuition behind this loop check is the following. We wish to prove A'
by resolution. If we find out after some resolution steps that in order to prove A'
we need to prove a variant A of A', then there are two possibilities. One is that
there is a proof for A. Then this proof could also be used as a proof for A', by
applying an appropriate renaming on it. So we do not need the proof of A’ that
goes via A. The other possibility is that there is no proof for A. In that case, the
attempt to prove A' via A cannot be successful. So in both cases there is no
reason to continue the attempt to prove A' via A.

The derivation step «<~B,A =g ¢ <A shows that the first formulation of
the VA check is not precise enough: it does not capture the intuition that the
proof of A' goes via A. The atom A should be the result (after one or more
derivation steps) of resolving A', or a further instantiated version of A' (if A' is
not immediately selected). Therefore we arrive at the following definition.

DEFINITION 2.1.5 (Variant of Atom check).
The Variant of Atom check is the set of SLD-derivations
VA = Initials({D | D = (Go =¢,8, G1 =...= Gk-1 =¢y 8y Gk) such that for
some i and j, 0 <i < j <k, Gk contains an atom A that is
- a variant of an atom A' in G; and
- the result of an attempt to resolve A'8j...0j, the further
instantiated version of A', that is selected in Gj}). O
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We now illustrate the use of this loop check.

EXAMPLE 2.1.6.
(This example is based on Example 8 in [B], see also [vG1])).

LetP={ p(0) «. (C1),
q() «. (C2),
P(x) « p(y). (C3),
r « p(x),q(x). (C4) },
letG=¢r.

That the informal justification of the loop check VA is incorrect, is shown
by applying it to two SLD-trees of PU{G}, via the leftmost and rightmost
selection rule respectively, which gives us Figure 2.1.1. (In this figure and
elsewhere a failed node, i.e., a node without a successor in the SLD-tree, is
marked by a box around it. C' denotes the program clause C, where every

variable v is renamed to v'.)

«T «— T
(C4) (C4)
b b
« p(x),q(x) « p(x),q(x)
&i)' l(cz)
{x'/x} {x/1}
« p(y").q(x) «p(D)
1) ; | (C3y
()"/O‘}/ wxn/y-} VA prunes here l‘ X/}
— q) croam | < PO

() (C3)™ (C3)"
l({x“)} {y"10 / \.{x"vy"; (y/0) / \ X1y’

FIGURE 2.1.1

A detailed analysis shows why the goal G3 = «—p(y') in the rightmost tree is
pruned by the VA check. Clearly, a variant of p(y") occurs in an earlier goal:
p(x) in Gy. So we take i = 1. In Gy, p(x) is not yet selected, so j > i. In fact
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j =2, for in G the atom p(1), which is a further instantiated version of p(x), is
selected. Indeed, p(y') is the result of resolving p(1). Therefore the derivation is
pruned at G3 by the VA check. (In this case, p(y') is the direct result of
resolving p(1), but in general there may be any number of derivation steps
between Gj and Gy.) : ]

Indeed, this loop check has not worked properly here: all successful
derivations have been pruned. Clearly, this is an undesirable property for loop
checks. On the other hand, all infinite derivations are pruned, as intended. In the
next section, we shall give formal definitions of these and related properties of
loop checks.

2.2. Properties of Loop Checks

In this section some basic properties of loop checks are introduced and some
natural results concerning them are established.

Soundness and completeness

The most important property is that using a loop check does not result in a loss
of success: the answer to the query 3G~ (which is simply ‘yes’ or ‘no’) must
not change. Since we intend to use pruned trees instead of the original ones, we
need at least that pruning a successful tree yields again a successful tree.

Even stronger, often we do not want to lose any individual solution. That
is, if the original tree contains a successful branch, giving some computed
answer 0 (thus proving VG~0), then we require that the pruned tree contains a
successful branch giving a more general answer than 0, thus proving (a formula
trivially implying) VG~8. In this way every correct answer is still ‘represented’
by a more general computed answer in the pruned tree, thus ensuring the
complete-ness of SLD-resolution with loop checking.

Finally, we would like to retain only shorter derivations and prune the
longer ones that give the same result. This leads to the following definitions.

DEFINITION 2.2.1 (Soundness).
i) A loop check L is weakly sound if for every program P, goal G, and SLD-tree
T of PU{G}: if T is successful, then f (T) is successful.
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ii) A loop check L is sound if for every program P, goal G, and SLD-tree T of
PU{G}: if T contains a successful branch with a computed answer G~0, then
fi(T) contains a successful branch with a computed answer G~¢' < G~0.

iii) A loop check L is shortening if for every program P, goal G, and SLD-tree T
of PU{G}: if T contains a successful branch D with a computed answer G~0,
then either fi (T) contains D or f (T) contains a successful branch D' with a
computed answer G~¢' < G~6 such that ID'l < IDI. ]

The following lemma is animmediate consequence of these definitions.

LEMMA 2.2.2, Let L be a loop check.
i) If L is shortening, then L is sound.
ii) If L is sound, then L is weakly sound. O

The purpose of a lbop check is to reduce the search space for top-down
interpreters. Although impossible in general, we would like to end up with a
finite search space. This is the case if every infinite derivation is pruned.

DEFINITION 2.2.3 (Completeness).

A loop check L is complete w.r.t. a selection rule R for a class of programs ¢, if
for every program P € ¢ and goal G in Lp, every infinite SLD-derivation of
PU{G} via R is pruned by L. O

We must point out here that by these definitions we have overloaded the
terms ‘soundness’ and ‘completeness’. These terms do not only refer to loop
checks, but also to interpreters for logic programs (with or without a loop
check). As explained in Section 1.3, such an interpreter is sound if any answer it
gives is correct w.r.t. the intended model or the intended theory of the program.
An interpreter is complete if it finds every correct answer within a finite time.

Interpreters and loop checks

When a top-down interpreter is augmented with a loop check, we obtain a new
interpreter. The soundness and completeness of this new interpreter depends on
the soundness and completeness of the old one, as well as on the soundness and
completeness of the loop check. However, these relations are not trivial. For
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example, it is not true that adding a complete loop check to a complete interpreter
yields a complete interpreter (recall that the notion of soundness of a loop check
was introduced to ensure the completeness of the interpreter equipped with it).
The relationships between soundness and completeness of loop checks and
the interpreters augmented with them are expressed in the following lemmas. We
refer here to two interpreters: one searching the SLD-tree depth-first left-to-right
(as the PROLOG interpreter does), and one searching breadth-first. Recall that
without a loop check, both interpreters are sound and sound w.r.t. CWA. The
breadth-first interpreter is also complete, but not complete w.r.t. CWA.

LEMMA 2.2.4. Let P be a program, A a ground atom and L a weakly sound
loop check. Then for every SLD-tree T of PU{<A)},—A € CWA(P) iff
JL(T) contains no successful branches.

PROOF. We know by the Soundness and strong completeness Theorem 1.3.2

that ~-Ae CWAP)= T contains no successful branches.

= T contains no successful branches and fi(T) is a subtree of T, so f.(T)

contains no successful branches either.

<= Since L is weakly sound, a successful branch in T would yield a successful

branch in fi (T). But f{(T) contains no successful branches, hence T contains
no successful branches either. 0

Thus an interpreter augmented with a weakly sound loop check remains
sound w.r.t. CWA. Since f.(T) may be infinite, nothing can be said about
completeness.

LEMMA 2.2.5. Let P be a program, G a goal and T an SLD-tree of PU{G].
Let L be a sound loop check. Then G~@ is a correct answer for PU{G] iff
JUT) contains a successful branch with a computed answer G~T < G~6.

PROOF. We have by the strong completeness of SLD-resolution P G~0 & T

contains a successful branch with a computed answer G~o < G~6.
= T contains this successful branch, and since L is sound, fi (T) contains a
successful branch with a computed answer substitution T such that Gt < Go.
Now G~1 < G~0 < G~6.

= fL(T) contains a successful branch with a computed answer G~1 < G~0, so
T contains this branch as well. 0O
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Thus an interpreter augmented with a sound loop check remains sound.
Moreover, a breadth-first interpreter remains complete.

COROLLARY 2.2.6. Let P be a program, A a ground atom and L a weakly
sound and complete loop check. Then for every SLD-tree T of PUf A},
—A € CWA(P) iff fL.(T) is finite and contains no successful branches.

PROOF. By Lemma 2.2.4 and the Completeness Definition 2.2.3. O

Thus an interpreter augmented with 2 weakly sound and complete loop
check becomes complete w.r.t. CWA.

COROLLARY 2.2.7. Let P be a program, G a goal and L a sound and
complete loop check. Then for every correct answer G~0 for PU{G} and
for every SLD-tree T of PU{G}, f1L(T) is finite and contains a successful
branch with a computed answer G~T < G~6.

PRC.OF. By Lemma 2.2.5 and the Completeness Definition 2.2.3. O

Thus a depth-first interpreter augmented with a sound and complete loop
check becomes complete . This also means that a sound and complete loop check
can be used to implement query processing as defined in the Introduction.
Indeed, given a program P and an atom A with an SLD-tree T of PU{«A}, it
suffices to traverse the finite tree f1 (T) and to collect all (computed) answers.

Comparing and combining loop checks

After studying the relationships between loop checks and interpreters, we shall
now analyze a relationship between loop checks. In general, it can be quite
difficult to compare loop checks. However, some of them can be compared in a
natural way: if every loop that is detected by one loop check, is detected at the
same derivation step or earlier by another loop check, then the latter one is
stronger than the former.

DEFINITION 2.2.8.

Let L} and L be loop checks. Ly is stronger than L; if for every program P and
goal G, every SLD-derivation D3 € Ly(P) of PU{G} that is not itself contained
in L1(P) has a proper initial subderivation D € L(P). n]
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In other words, L; is stronger than Lj if every SLD-derivation that is
pruned by L is also pruned by L. Note that the definition implies that every
loop check is stronger than itself.

When an interpreter is augmented with a loop check, we obtain a new
interpreter. This means that we could iterate the process, adding several different
loop checks in order to detect more loops or to detect loops earlier. Another way
to obtain this result is to combine these loop checks into one new loop check,
which is added to the interpreter. This leads to the following definition.

DEFINITION 2.2.9 (Sum of loop checks).
Let Lj and L; be loop checks. For every program P, The union of L and L3
(denoted by L1+L>) is defined as: (L1+L2)(P) = Initials(L;(P) U La(P)). O

Note that we can not take simply L;(P) U L2(P), since one loop check
might contain a proper initial subderivation of the other. A number of nice,
easily provable properties hold for sums of loop checks.

THEOREM 2.2.10. Let L}, Ly and L3z be loop checks. Then:

i) Lj+L3 is a loop check.

i) Lj+L; = L.

i) Lj+Ly = Lo+L;.

iv) (Lj+Lp)+L3 = Lj+(Ly+L3).

v) Ly is stronger than Ly iff Li+Ly = L;.

vi) If L; and Ly are simple, then Lj+L; is simple.

vii) If L} and Lj are shortening, then Lj+L; is shortening.
PROOF. i)-vi). Straightforward.
vii). For every successful derivation D with computed answer G~0, the shortest
derivation(s) with a computed answer more general than G~G is (are) neither
pruned by L nor by Ly, hence it is (they are) not pruned by L;+L,. O

REMARK 2.2.11. Even if L and Ly are sound, Lj+L> can be unsound. The
following example shows that this is still true if L} and L are both simple.
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Let P = { p(x,1) < p(x,0). (Cl), «p(lL,1)
p(1.x) « p(0x).  (C2), e/ \
'p(0,0) . (C3) } (/1) (/1)
Consider the SLD-tree of PU{«p(1,1)}
in Figure 2.2.1. - «p(1,0) «p(0,1)
Let L; be the set of variants of D = (C2) (cny
(-p(1,1) =c1) «p(1,0) =(c2) «p(0,0) ) {x'/0} {x'/0}
and let Ly be the set of variants of Dy = «p(0,0) «p(0,0)
(ep(1,1) =(c2) «P(0,1) =1y «p(0,0) ). (C3) l l (C3)
Both L and L; are sound: every SLD-tree € £
that contains (a variant of) D; must contain (a O 0

variant of) D, and vice versa. Clearly L1+L)
is unsound. O FIGURE 2.2.1.

The following theorem will prove to be very useful. It will enable us to
obtain soundness and completeness results for loop checks which are related by
the ‘stronger than’ relation, by proving soundness and completeness for only
one of them.

THEOREM 2.2.12 (Relative Strength). Let L; and L; be'l(mp checks, and
let L; be stronger than L.
i) IfL; is weakly sound, then Ly is weakly sound.
ii) IfLj is sound, then Ly is sound.
iti) If L} is shortening, then L is shortening.
iv) If Ly is complete (w.r.t. a selection rule R for a class of programs ¢),
then Lj is complete (w.r.t. R for the class of programns ¢).
PROOF. i)-iii) If an SLD-tree T contains a successful branch, then fi,,(T)
contains a successful branch that satisfies the conditions of Definition 2.2.8.
Since L is stronger than Ly, fi{(T) is a subtree of fL,(T), so this branch is also
contained in fp(T).
iv) Every infinite SLD-derivation is pruned by L, so it is also pruned by L;. O

Now we have a more clear view of the situation. Very strong loop checks
prune derivations in an ‘early stage’. If they prune too early, then they are
unsound. Since this is undesirable, we must look for weaker loop checks. But a
loop check should preferably be not too weak, for then it might fail to prune
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some infinite derivations (in other words, it might be incomplete). Of course, the
‘stronger than’ relation is not linear. Moreover, loop checks exist that are neither
sound nor complete.

The existence of sound and complete loop checks
A question now arises: do there exist sound and complete loop checks?
Obviously, there cannot be such a loop check for logic programs in general, as
logic programming has the full power of recursion theory. (Remember that
according to the definition, a loop check is computable.) So when studying
completeness we shall rule out programs that compute over an infinite domain.
We do so by restricting our attention to programs without function symbols, so
called function-free programs. This restriction leads to a finite Herbrand
Universe, but other solutions (typed functions, bounded term-size property
[vG2]) are also possible here.

Now our question can be reformulated as: is there a sound and complete
loop check for function-free programs? Before answering this question for loop
checks in general, we answer it for simple loop checks.

THEOREM 2.2.13. There is no weakly sound and complete simple loop check
Jor function-free programs.

PROOF. The proof is similar to the proof of Theorem 4.7 in [BW] for sound

loop checks. Let L be a simple loop check that is complete for function-free

programs. Consider the following infinite SLD-derivation D, obtained by

repeatedly using the clause p(x)«—p(y).s(y.x) (using the leftmost selection rule).

«p(x0),q(x0)
]
«p(x1),8(x1,X0),q(x0)
U
«p(x2),8(X2,X1),8(x1,X0),q(x0)
4
p(x3),8(X3,X2),8(X2,X1),8(X1,X0),q(X0)
4

FIGURE 2.2.2
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Since L is a complete loop check, this derivation is pruned by L and since L
is simple, the goal at which pruning takes place is independent of the program
used for this derivation. Suppose this derivation is pruned by L at the goal
«p(Xn),$(Xp,Xn-1);---,8(X1,X0),9(X0)-

Now let P= {s(i,i+1)e. 10<i<n} U {p(0)e. p(x)ep(y),s(y,x).
q(n)¢.}. Extending the above derivation to an SLD-tree of PU{G} (still using
the leftmost selection rule, see Figure 2.2.3), we see that every goal of the
derivation has two descendants, obtained by applying the clauses p(0)<— and
p(x)¢—p(y),s(y,x) respectively. The derivation of Figure 2.2.2 shows the effect of
repeatedly applying p(x)<p(y),s(y,x). After applying p(0)¢ at some goal, a
derivation becomes deterministic: if there are initially m s-atoms, then these
atoms are resolved from left to right by the clauses s(0,1)¢—,..., s(m-1,m)«.

Finally, the goal «—q(m) is left. Since of all goals of the form «q(i) (i 2 0)
only the goal «<—q(n) can be refuted, exactly n s-atoms are needed. Therefore the
only successful branch of this SLD-tree of PU{G} goes via the goal
«P.Xn),S(Xn,Xp-1),...,8(X1,X0),q(x0). As exactly this goal is pruned by L, L
has pruned the only successful branch of this SLD-tree. Hence L is not weakly

sound. ‘ O
«p(x0),q(x0) =|¢q(0)
!
«p(x1),5(x1,X0),q(x0) = «5(0,x0).q(x0) = ¢q(1)
4
«p(x2),8(x2,X1),5(X1,X0),q(X0) = «5s(0,x1),8(x1,X0),q(x0)
= «s(1,%0),q9(x0) = |¢q(2)
U
i
«p(Xp),$(Xn,Xn=1)-..,5(X1,X0),q(x0) = ... nintermediate goals ... = «q(n)
=0
!

FIGURE 2.2.3
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2.3. Nonsimple loop checks

In this section we investigate two nonsimple loop checks. We show that these
loop checks are sound and complete for programs with a finite number of
ground atoms in their language. To enforce this restriction in a simple way, we
assume throughout this section that programs are function-free.

Proof Tree Redundancy

The example of Theorem 2.2.13 suggests that a sound and complete (but not
simple) loop check might exist depending only on the lunguage of the program.
We shall prove that such a loop check indeed exists. Given a derivation, the loop
check first constructs the associated proof tree. It prunes the derivation if this
proof tree contains ‘too much’ repetition, where ‘too much’ depends on the
initial goal and the language of the program. Our definition of a proof tree is an
adapted version of the one in [C11].

DEFINITION 2.3.1 (Proof tree).
Let D = (Go =c,,0, G1 =-..= Gk-1 =¢,,8 Gk) be an SLD-derivation. The
proof tree associated to D is constructed as follows.

First 0)...6 is applied to every goal and clause in D. This new structure is
not an SLD-derivation: instances of program clauses are used and there is no
standardizing apart. Also unifiers are not needed: the head of the input clause is
already syntactically equal to the selected atom in the goal. So a step consists
only of the replacement of this selected atom by the body of the clause. This
means that we can regard these replacements as being carried out in parallel (no
instantiation of shared variables). This yields the proof tree associated to D. In
this tree every node, consisting of an atom A, has as descendants nodes
consisting of the atoms A was replaced by. In the resulting proof tree, a ‘special’
root node is needed: otherwise, a goal of more than one atom would yield a
forest instead of a tree. o

Figure 2.3.1 shows an example of this conversion of an SLD-derivation D
via DOy...0x (where 0;...0y = {x/x"y/1,y/0,2'/z}) into its proof tree.

-
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D DO;...6¢ the proof tree associated to D

«p(x),q(y) CJ «px).q(l)

p(x")e=p(y").r(z) p(x)p(0).r(z)
v {x/x'} v
«p(y").r(z").q(y) «p(0),r(2),q(1)
p(0)«— p(0)¢
y {y/0} v I
«r1(2),q(y) d «r(z),q(1)
r(z)e r(z)
' p(0) r(z)
<_q'(y§2/2} - PO ] [@ ]
q(De q(De

(y/1)
A -

FIGURE 2.3.1

A goal in D corresponds to a ‘horizontal layer’ through the proof tree. A
derivation step corresponds to the replacement of a node (representing the
selected atom) in such a layer by its children. A simple induction argument
shows that the length of an SLD-refutation equals the number of nodes in its
proof tree, not counting the root.

For a program P and a goal G we denote by Lp G the language that is
obtained from Lp by adding the variables of G to the set of constants. We can
now define the intended loop check and show its effect on the derivation of
Theorem 2.2.13.

DEFINITION 2.3.2 (Proof Tree Redundancy check).

For a function-free program P, the Proof Tree Redundancy check is defined

as PTR(P) = Initials({D | for some G, D is an SLD-derivation of PU{G} and for
some predicate symbol p, a branch of the proof tree associated to D

contains more p-atoms than there are ground p-atoms in Lpg}). O
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EXAMPLE 2.3.3.

In Theorem 2.2.13 we considered the program P = {s(i,i+1)¢«—. 10<i<n} U
{p(0)é—. p(x)e—p(¥),s(¥,X). q(n)¢.} and the resulting infinite SLD-derivation
D of Pu{«p(xg),q(xg)} shown in Figure 2.2.2. The proof tree associated to
the first three steps of D is depicted in Figure 2.3.2.

}%\

0)  q(x0)

}N)\ $(X1,X0)
/P(&{ $(x2,X1)

p(x3)  s(x3,x2)

FIGURE 2.3.2

The number of ground p-atoms in Lp g is n+2: p(xg), p(0), p(1), p(2), ...,
p(n). The leftmost branch of a proof tree associated to a proper initial
subderivation of D consists of the atoms p(xg), p(X1), p(x2), ... . Thus when the
(n+3)rd p-atom of this branch is generated, D is pruned, notably at the goal
P(Xn+2),5(Xn+2,Xn+1)>S(Xn+1,Xn)s - - -,8(X1,X0),q(X0). Recall that the derivation
was needed up to and including the goal p(xp),$(Xn,Xn=1),8(Xn=1,Xn=2),
...,8(X1,X0),q(x0) in order to preserve the refutation of <—p(xg),q(x0). 0

For a convenient notation in the following proofs, we write Succ(P,G,0)
for the set of SLD-refutations of PU{G} with a computed answer G~1 < G~0.
We say that a refutation D is a shortest refutation in Succ(P,G,0) if D €
Succ(P,G,0) and IDI = min{ID'l | D' € Succ(P,G,0)}.

THEOREM 2.3.4. PTR is shortening (so a fortiori sound).

PROOF. Let P be a program, G a goal in Lp, ¢ a substitution and D a shortest
derivation in Succ(P,G,0). We must show that D is not pruned by PTR. To this
end we prove that for every predicate symbol p in Lp, no branch in the proof
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tree T associated to D contains more p-atoms than there are ground p-atoms in
LpG.

We prove this claim by contradiction: suppose that for the predicate symbol
p there is such a branch in T. Then there exists a ground instance of T (w.r.t.
Lp,g) in which some node consists of the same p-atom as one of its ancestors.
Now a proof tree with less nodes than T can be constructed:

is replaced by

FIGURE 2.3.3

For any selection rule, this smaller proof tree can be converted back into an
SLD-refutation with the same computed answer substitution as D (because the
ground instantiation of T did not affect the variables of G). Thus D is not a
shortest refutation in Succ(P,G,0). Contradiction. ]

THEOREM 2.3.5. PTR is complete.

PROOF. Let P be a program, G a goal and D an infinite SLD-derivation of
PU{G}. As the proof tree associated to D is infinite!, but finitely branching, it
follows from Konig’s Lemma that it has an infinite branch. Lp g contains only a
finite number of ground atoms. Thus for at least one predicate symbol p, this

infinite branch contains more p-atoms than there are ground p-atoms in Lpg. O

1 Strictly speaking we have not defined the proof tree associated to an infinite derivation (in
order to avoid an infinite composition of substitutions). Here it is sufficient to consider only
the predicate symbols of the atoms, forgetting the arguments and substitutions altogether.
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PTR may be shortening and complete, in practice it is often useless because
it allows very long derivations. For a program P and an atom A, and an SLD-
derivation D of PU{«A} that is not pruned by PTR, the maximum length of a
branch in the proof tree associated to D is the number of ground atoms in
Lp A, say N (the root is not needed here). The maximum branching factor B is
the maximum number of atoms in the body of a clause used in D. A simple
calculation shows that IDI can be as much as z’,\:: Bi. The problem is not that
PTR is too cautious: even for small languages, a shortest refutation can indeed
be extremely long.

EXAMPLE 2.3.6.
In the program of Theorem 2.2.13, the length of the (longest) successful branch
is only 2n + 2. But if we take P, =
{ s(i,i+)e.10<i<n }uU
{ p(x1,X2,X3) ¢ p(X1,X2,¥),P(X1,X2,y),5(y,X3).

P(x1,x2,0) & p(x1,y,n),p(x1,y,n),8(y,x2).

P(x1,0,0)  « p(y.n,n),p(y.n.n),5(y.X})-

p(0,0,0) «.} . :
then a successful derivation of PoU{«p(n,n,n)} takes 3-2(+13-1_2 steps. This
can be se=n by considering the three arguments of p as representing a three-digit
number in base (n+1). If proving p(x,y,z) takes T(xyz) steps, then we have
T(xyz) = 2-T(xyz-1) + 2 and T(0) = 1. This yields T(x) = 2X+142x -2 =
3:2X-2. Now take x = nnn in base (n+1), that is x = (n+1)3-1. 0

Because PTR takes only the language of the program into account, it will
sometimes prune derivations much later than necessary. In the next section, we
investigate a stronger loop check, that takes the whole program into account.

The strongest loop check
Taking the whole program into account gives us an opportunity to define a
shortening loop check which is stronger than every other shortening loop check
(hence it is complete). Strange as it may seem, this loop check is also
impractical.

The aim of generating an SLD-tree is to find all solutions to a problem. For

a function-free program, this set of solutions is finite. Once this set is known, a
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finite unfinished SLD-tree can be constructed that contains only the shortest
derivation(s) for every solution. The other derivations are pruned as soon as
possible. This loop check is obviously as strong as possible: every derivation
that is not pruned is really needed. It is also useless for practical purposes, as
there is no point in generating the pruned SLD-tree when the set of solutions is
already known.

DEFINITION 2.3.7 (STRONG check).
STRONG(P) = Initials({D = G = ... | for no o, D is an initial fragment of a
shortest derivation in Succ(P,G,0)}). O

Note that an SLD-tree pruned by STRONG consists not only of the shortest
refutation(s) of PU{G} for any computed answer substitution &, but also of the
derivations that follow the path of such a derivation but ‘make a wrong
decision’, that is a step deviating from such a refutation. After such a step, the
derivation is immediately pruned by STRONG. This effect is caused by the fact
that pruning a node in a tree implies removing all descendants, so we cannot
remove the descendants caused by a ‘wrong step’ while retaining the others. The
following example shows the effect of pruning an SLD-tree by STRONG.

EXAMPLE 2.3.8.

LetP={p(l) «. (C1),
P(Y) <« q(y,2),p(z). (C2),
q(w,0) «. (C3),
q(0,1) «. (C4) |,

and let G = «p(x).

Consider an SLD-tree of PU{G} displayed in Figure 2.3.4. In
Succ(P,G,{x/1}) a minimal length derivation has 2 goals, in Succ(P,G,{x/0}) a
minimal length derivation has 4 goals and in Succ(P,G,g) 4 minimal length
derivation has 6 goals. These derivations are retained by STRONG in the
considered SLD-tree, the others are pruned (at the horizontal lines in the figure).
Among these are successful ones, but not minimal length successful ones. (The
tree in Figure 2.3.4 is extended beyond the sixth level to show this effect.) O
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«p(x)
(&)) (C2)
{x/1} {y/x}
0 «q(x,z),p(z)
@ (C4) (C3)
{x/0,z/1} {w/x,z/0}
«p(1) «p(0)
(c2y (&3] (3}
y'/1} {y'/0}
«q(1,2),p(z) «q(0,2'),p(z)
(C3) Cﬂ) (C4) (C3y
{z'/0,w/1} {z'/1} {z'/0,w'/0}
v
«p(0) «p(1) «p(0)
(C2)" (C1) (C2)" (c2)"
{y"/0} a {y"/1} {y"/0}
«q(0,2"),p(z") ( e ) «q(1,2"),p(z") «q(0,z"),p(z")
(C4) (C3y (C3) (C4) (C3)"
{z"/1 } {z"/0,w'/0} {z"/0,w'/1} {z"/1 ] {z"/0,w"/0}
4
<—P(1) «p(0) «p(0) <-—p(l) «p(0)
‘!’
FIGURE 2.3.4

We can now prove the claims we made in the beginning of this section.
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THEOREM 2.3.9. For function-free programs:

i) STRONG is a loop check.

ii) STRONG is shortening.

iii) STRONG is stronger than any shortening loop check.

iv) STRONG is complete.

PROOF. i) STRONG is a loop check. The nontrivial point here is to prove that
for every function-free program P, STRONG(P) is computable. Can we, given
a derivation D = G = ..., decide whether or not D is pruned by STRONG and if
s0, at which node? Indeed we can, using the following procedure.

1. Compute the set of correct answers for PU{G} modulo renamings (e.g.
bottom-up). Since P has no function symbols, this set is finite. Construct
(breadth-first) an initial subtree of an SLD-tree of PU{G} that contains (a proper
subderivation of) D and for each correct answer a successful branch with a more
general computed answer.

2. For each correct answer G~0, mark the nodes of the shortest refutations in
Suc:(P,G,0).

3. Prune D at the first node in the tree that is not marked. If such a node does not
exist, then D is a subderivation of a minimal length refutation.

ii) STRONG is shortening. If a successful derivation D of PU{G} with
computed answer substitution ¢ is pruned by STRONG, then it is not a shortest
derivation in Succ(P,G,0). Obviously, there is a shortest derivation D' €
Succ(P,G,0) in the SLD-tree. D' is shorter than D and not pruned by STRONG.

iii) STRONG is stronger than any shortening loop check. Let L be a loop
check and let D be a derivation of PU{G} that is pruned by L. If D is a
subderivation of a shortest refutation D', then L is not shortening. Otherwise, D
is pruned by STRONG.

iv) STRONG is complete. STRONG is stronger than PTR and by Theorem
2.3.5 PTR is complete. Now apply the Relative Strength Theorem 2.2.12. O

So far, we have not been very suceessful in defining useful sound and
complete loop checks. In the next chapter, we shall restrict our attention to
simple loop checks. They will be shortening (or at least weakly sound), but as
shown in Theorem 2.2.13 they cannot be complete (not even for function-free
programs). Nevertheless, for each of these loop checks we shall introduce one

or more natural classes of programs for which they are complete.



3. Simple Loop Checks

3.1. Overview

In this chapter we study a number of intuitive simple loop checks. We can divide
them into three groups, which are studied in Section 3.2, 3.3 and 3.4
respectively. These sections are all organized in the same way. First the loop
checks of the group are defined and their effect is shown in an example. Also the
relative strength of the loop checks within the group and in relation to the other
groups is investigated.

Then we prove the appropriate soundness results. It appears that every loop
check comes in two versions: a weakly sound one and a shortening one.
Furthermore, the shortening version is always obtained from the weakly sound
version in the same way: by adding a condition involving the computed answers
generated so far. Because adding such a computed answer to a goal yields the
corresponding resultant, we say that the weakly sound loop checks are based on
goals, whereas the shortehing ones are based on resultants. An immediate
consequence of this construction is that the weakly sound versions are stronger
than their shortening counterparts.

Finally we identify one or more natural classes of (function-free) programs
for which the loop checks in the group are complete. The loop checks in all three
groups appear to be complete for restricted programs without function symbols.
Restricted programs allow a restricted form of recursion (hence the name).

All loop checks in this chapter are based on the same idea: a goal is pruned
if it is ‘sufficiently similar’ to one of its ancestors. It is only in the notion of
*sufficiently similar’ that the groups, and the loop checks within each group,
differ. In the first group, the notion of ‘sufficiently similar’ is based on the
equality of goals, respectively resultants. We call these loop checks equality
checks.

The second group consists of loop checks based on the inclusion (or
subsumption, see e.g. [CL]) of goals, respectively resultants. We call these loop
checks subsumption checks. Subsumption checks are stronger than the

corresponding equality checks. This makes it more difficult to establish their
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soundness but opens a possibility for completeness for more classes of
programs than just restricted ones.

We show that subsumption checks are complete for function-free programs
in which no variables are introduced in the clause bodies (so called nvi
programs), and for function-free programs in which each variable occurs at most
once in every clause body (so called svo programs). These completeness
theorems make use of a simple version of Kruskal’s Tree Theorem, called
Higman’s Lemma [H]. While the use of this theorem to establish termination of
term rewriting systems is well-known (see e.g. [DJ] or [Kr]), we have not
encountered any applications of this theorem in the area of logic programming.

The third group of loop checks we study is based on a simple loop check
introduced by Besnard [B]. These checks are directly inspired by the Variant of
Atom check (Definition 2.1.5), but when comparing two atoms they take into
account a certain context (a goal or a resultant) of those atoms. Therefore we call
them context checks. We prove that for local selection rules (see Definition
1.2.9), the subsumption checks are stronger than the context checks.

As mentioned above, we prove that context checks are complete for
function-free restricted programs. We also prove that they are complete for
function-free nvi programs (a result that has been claimed in [B] without much
proof) and for function-free svo programs.

The differences between the loop checks within a group are rather small.
The most important one has been mentioned: the distinction between loop checks
based on goals and those based on resultants. Another (independent) distinction
is made between loop checks testing for variants and those testing for instances.
For example, if the word ‘variant’ in Definition 2.1.5 is replaced by the word
‘instance’, we get the Instance of Atom (IA) check. As every variant of an
expression is also an instance of it, an ‘instance’ check is stronger than the
corresponding ‘variant’ check. (Thus, like VA, IA is not weakly sound.)

Finally, for the equality checks and subsumption checks, which deal with
complete goals, one more (again independent) distinction is made. Whereas
equality between atoms is unambiguous, equality between goals is much less
clear. In SLD-derivations, we regard goals as lists, so both the number and the
order of accurrences of atoms is important. However, we may also regard goals
as multisets, where the order of the occurrences is unimportant. We might even
consider regarding them as sets, which is customary in mathematical logic.
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However that proves to be impractical: the goals «A,A and <A become
indistinguishable, making the derivation step «—A,A = <A seem useless
(which it is not). Regarding goals as sets in our loop checks would require
regarding goals as sets in SLD-derivations, which would result in too many
undesirable effects.

3.2. Equality Checks

In this section we study the equality checks in detail. First we give a definition
of the weakly sound versions. Then we formally introduce the additional
condition that makes these checks shortening. Finally, we define the class of
restricted programs: the equality checks are complete w.r.t. the leftmost selection
rule for function-free restricted programs.

Definitions

In fact, we should give a definition for each equality check. This would yield
eight almost identical definitions. Therefore we compress them into two
definitions, trusting that the reader is willing to understand our notation. The
equality relation between goals regarded as lists is denoted by =1 ; similarly =p¢
for multisets. We begin with the weakly sound versions.

DEFINITION 3.2.1 (Equality checks based on Goals).

For Type € {L,M}, the Equals Variant/Instance of Goalryp, check is the set of

SLD-derivations

EVG/EIGType = Initials({D | D = (Go =6y G1 =...= Gk-1 =¢y,6y Ck)
such that for some i, 0 £ i <k, there is a renaming/substitution
T such that Gy =Type Gjt}). ]

For example, EIGM = Initials({D | D = (Go =c,,0; G1 =...= Gk-i
=Cy.0x Gk) such that for some i, 0 < i <k, there is a
substitution T such that Gx =m Git}).

The informal justification for these loop checks is similar to the one given
for the VA check. Suppose that we want to refute a goal G. If we find that in
order to refute G we need to refute a variant or instance of G, say G, then two
cases arise. If there is no solution for G, then pruning Gr is clearly safe. On the
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other hand, if there is a solution for Gt, then the derivation giving this solution
might be used (possibly in a more general form) directly from G.

We shall prove later in this section that these loop checks are indeed weakly
sound. However, they are not sound. To see this, suppose that we find for Gt a
successful derivation D with a computed answer substitution 6. Then using D
directly from G gives a computed answer substitution 76 (maybe a more general
substitution, but not necessarily). Therefore success is not Ibst. However, the
derivation G = Gj =>C;,1.0j4 -+ =Cy.0x Ok = Gt, followed by D, yields a
possibly different computed answer substitution: 6;4j...6x0, thus possibly
affecting soundness. (In Example 3.2.3, we show a specific program and goal
for which this difference arises.) Of course, we are only interested in computed
answers, i.e., the resultants Gg0...0;6;+...0xc and Gg0;...8;t0, where Gg is
the initial goal. So T and 6j4...0x should coincide on the variables of Gg9...9;.

Hence we can make these loop checks sound, and even shortening, by
adding the condition Goel...ek = Gg0)...0;1. (Note that in this equality it is
irrelzvant whether goals are lists or multisets.) It will appear that this condition
works not only for EVG and EIG, but for all other loop checks studied in this
chapter, as well.

Finally, note that adding this condition is equivalent to the replacement of
the condition Gk =Type Gjit by the condition Rk =Type RjT, where Ri and R;
are the resultants associated to the goals Gg and G;.

DEFINITION 3.2.2 (Equality checks based on Resultants).

For Type € {L,M}, the Equals Variant/Instance of Resultantype check is the set

of SLD-derivations

EVR/EIRType = Initials({D I D = (Gg =, ,9; G| =...= Gk-| =¢y,0y Gx) such
that for some i, 0 < i <k, there is a renaming/substitution T
such that Gk =Type Git and Gg0...8¢ = GoB,...0;t}). O

For example, EVRL = Initials({D 1 D = (Gp =>c .8, G1 =...= Gk-1 =¢} 6y
Gy) such that for some i, 0 £ i <k, there is a renaming T
such that G =, Gjt and Gg0...0x = Gg0j...0;t}).

The following example shows the difference between the goal-based and
resultant-based equality checks. It is so chosen that the other variations (variants
or instances, goals regarded as lists or as multisets) do not play a role.
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EXAMPLE 3.2.3.
Let P = { p(a) «. (),

p(y) «p(@). (C2)},
let Gg = ¢ p(x).

An SLD-tree of PU{Gp} An ‘SLD-tree’ of PU{Gp}
based on goals: based on resultants:
«p(x) p(X)ep(x)
(C2) (Cl) (C2) (C1)
{y/x} {x/a} {y/x} {x/a}
EVG/EIG
prunes | <P(2) p(x)<—p(z) p(a)e
here
{x/a} x/a}
C2
<2/ \cn C_) (' ) (CD) -
(y'z (z/a) y/z) (z/a}
p@) O EVR/ER |PPE) - P
prunes
ALY
FIGURE 3.2.1

Without the condition Gy8;...0x = G¢9,...6;T we would only obtain the
computed answer substitution {x/a}, whereas we should also obtain the empty
substitution. This shows that the EVG and EIG loop checks are not sound.

In the leftmost tree in Figure 3.2.1, «—p(z) is a variant of «p(x), so the
derivation is pruned by EVG at that goal. However, the corresponding resultant
p(x)¢«—p(z) is clearly not a variant of p(x)¢«—p(x), therefore the derivation is not
yet pruned by EVR. After another application of (C2), the resultant p(x)¢«—p(z')
occurs, which is a variant of p(x)<—p(z). There the derivation is pruned by EVR.

The rightmost tree shows an ‘SLD-tree’ in which the goals are replaced by
the corresponding resultants. Note that a successful branch in a resultant-based
SLD-tree does not end by O, but by the computed answer of this branch. O
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LEMMA 3.24. All equality checks are simple loop checks.
PROOF. Straightforward. 0

Figure 3.2.2. shows the ‘stronger than’ relationships between the equality
checks (and the VA and IA checks) and summarizes their properties. In this
figure, an arrow Lj — Ly means that Ly is stronger than L. Proving these
‘stronger than’ relations is straightforward.

EVR<:—-————D EVG,
EIRL » EIG_
\4
EVRM —® EVGpm
\ v
EIRM — EIGMm
weakly sound
shortening |
v not weakly sound
VA
\ v
1A
FIGURE 3.2.2
Soundness

We now prove that the equality checks based on resultants are shortening and
that the equality checks based on goals are weakly sound. According to the
Relative Strength Theorem 2.2.12 it is sufficient to focus on the strongest
checks in both classes: the EIRy and the EIGy checks. The proof consists of
two stages. The first stage, established in the following lemma, does not depend
on the loop checking criterion and can therefore also be used to prove the
soundness of the simple loop checks présented in the following sections.
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LEMMA 3.2.5 (Shortening Condition). Let L be a loop check.
If, for every program P, goal Gy and SLD-refutation D = (Gop =¢,;,0, G| = ...
= Gk-1 =¢4,6, Gk = ... =C,,.6,,0) of PU{Gp} (0 < k <m):
[ Gk is pruned by L ] implies
[ for some goal G; (0 <i < k) in D there exists an SLD-refutation
Gi =g ... =g, O of PU{G;] such that n < m~i ],
then L is weakly sound.
Moreover, if also Gg0...0;G)...0, < G0j...06k+)...6y is implied,
then L is shortening.
PROOF. First we focus on the weakly sound case. Let P be a program, Gg a
goal and T an SLD-tree of PU{Gg}. Suppose T contains a successful branch D
=(Go=c1,0)G1= ... ® Gj_1 =¢;,6; Gi = ... ® Gy} =0k Gk = ..
=C,,,.6, 0) and suppose that D is pruned at Gx. We use here induction on m,
i.e., we assume that for every successful branch B in T shorter than D, fi (T)
contains either B or a successful branch shorter than B.

We prove that f1 (T) contains a successful branch D' that is shorter than D.
By assumption an SLD-derivation D = ( Gj =¢, ... =g, O ) of PU{G;} exists.
Adding (a properly renamed variant of) D to the initial part of D gives the
derivation Dy = (Go =¢,,0; G1 = ... = Gi_| =¢; 6; Gi =1, ... =1, 0 ). By the
independence of the selection rule, T contains a branch D3 such that ID3l = ID5l
and the computed answers of D3 and D» are variants ([KM]). Since D3 is shorter
than D (ID3l = i+n < i+(m—i) = m = IDI), by the induction hypothesis f;.(T)
contains either D' = D3 or a successful branch D' shorter than D3, which proves
the claim.

For the shortening case, it remains to prove that Goo' < Gg01...6,, where
¢' is the computed answer substitution of D'. First we strengthen the induction
hypothesis: for every successful branch B in T shorter than D giving a computed
answer Go, fi(T) contains either B or a successful branch shorter than B,
giving a computed answer Goo' < Ggo.

Then either since D' = D3 or by the new induction hypothesis, and since
the computed answers of D3 and Dj are variants, Goo' < Gg01...0iT)...Tp <
Gg0;...6i01...0, £ GgB...0p,. O

We now use this lemma to prove the desired result.
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THEOREM 3.2.6. i) The loop check EIRp is shortening.

ii) The loop check EIGpg is weakly sound.
PROOF. Let P be a program, Gg a goal and D = (Go =¢;,0; G1 = ... = Gj-
=¢;,0; Gi = ... @ Gk-1 =0 Gk = ... =(C,,.6,,0) an SLD-refutation of
PU{Gg} (where 0 <i<k <m).

1) Assume that for some substitution T: Gy =pM Gt and Gg0;...0k =
Go01...0iT. So the SLD-derivation GiT =C},|.6k4| -~ =Cpm.8m O €Xists (the
order of the atoms in GjT may differ from the order in G, so a different
selection rule may be necessary). By the Lifting Lemma of [L] a derivation
Gj =g ... =0, O of PU{G;j} exists, with 6}...0p < T0k+1...0y (n = m-k <
m—i). Now Gg0...0i01...6 £ Gg01...0;10k+1...0m = GgO1...0kOk+1...0m,
hence the full condition of Lemma 3.2.5 is satisfied, so EIRy is shortening.

ii) The additional condition Gg0...0x = Gg0...0;T was only used to prove
the additional shortening condition of Lemma 3.2.5. O

COROLLARY 3.2.7 (Equality Soundness).
i) All equality checks based on resultants are shortening. A fortiori they are
sound.
ii) All equality checks based on goals are weakly sound.
PROOF. By Theorem 3.2.6 and the Relative Strength Theorem 2.2.12. o

Completeness

For completeness issues, it is sufficient to consider the weakest of the equality
checks: the EVRL check. We know that EVR}, is not complete—Theorem
2.2.13 presents a counterexample that holds for every simple loop check. For
the EVR eheck this counterexample can even be simplified. What we need in
fact is only the propositional structure of the recursive clause that is the ‘core’ of
Theorem 2.2.13, i.e., we may rémove its argumeits.

EXAMPLE 3.2.8.

LetP={peps. ).

Then for ‘the’ SLD-tree T of PU{¢p} vid the leftmost selection rule, fevr(T)
is infinite. Indeed, every descendant of the initial goal has one occurrence of s
mmore than its parent goal, so it cannot be a varidnt of any of its ancestors. O
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Obviously, the problem is that the atom p in the goal is allowed to generate
infinitely many s-atoms, which are never selected, thereby making the goal
wider and wider. We now introduce a class of programs for which this
phenomenon cannot occur and we prove that EVRL is complete for these
programs. The necessary restriction is obtained by allowing at most one
recursive call per clause and allowing such a call only after all other atoms in the
body of the clause have been completely resolved. In order to avoid unnecessary
complications, we shall place the atom that causes the recursive call (if present)
at the right end of the body of the clause, and consider only derivations via the
leftmost selection rule. For a formal definition, we use the notion of the

dependency graph Dp of a program P.

DEFINITION 3.2.9.
The dependency graph Dp of a program P is a directed graph whose nodes are
the predicate symbols appearing in P and

(p.q) € Dp iff there is a clause in P using p in its head and q in its body.
Dp* is the reflexive, transitive closure of Dp. When (p,q) € Dp*, we say that p
depends on q in P. For a predicate symbol p, the class of p is the set of predicate
symbols p ‘mutually depends’ on: cIp(p) = {q ! (p,q) € Dp* and (q,p) € Dp*}. O

DEFINITION 3.2.10 (Restricted program).

Given an atom A, let rel(A) denote its predicate symbol. Let P be a program. In
aclause H—Ay,...,A, (n 20) of P, an atom A; (1 £1<n) is called recursive if
rel(Aj) depends on rel(H) in P. Otherwise, the atom is called nonrecursive.
A clause H&—A|,..., Ay is restricted w.r.t. P if Ay,...,A,_ are nonrecursive.

A program P is called restricted if every clause in P is restricted w.r.t. P. O

Note that this definition allows at most one recursive call per clause. Thus
(disregarding the order of atoms in the bodies) restricted programs include so
called linear programs, which contain only one recursive clause and in this
clause only a single recursive call occurs. The ‘transitive closure’ program given
in the introduction is restricted. Note also that programs of which all clauses
have a body with at most one atom are restricted. The name restricted program
originates from [SS], where essentially the same class of programs is defined
and investigated, although a more rigid format is used.
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We now prove that EVR{ is complete w.r.t. the leftmost selection rule for
restricted programs. First we demonstrate an interesting feature of restricted
programs, namely that in each SLD-derivation via the leftmost selection rule,
goals have a number of atoms which is bounded by a value depending only on
the program and the initial goal. Then we show that this implies that modulo the
‘being a variant of’ relation, the number of possible goals in such an SLD-
derivation is finite.

In the rest of this section, P is a function-free restricted program and G is a
goal in Lp. The maximum length of the goals in a derivation of PU{G} can be
computed by means of the following weight-function, which is defined on goals

and predicate symbols (by mutual induction).

DEFINITION 3.2.11.
The function weight is defined as follows:
i) for a goal G = «A1,...,Ap (n 2 1),
weight(G) = max{weight(rel(Aj)) + n—ili=1,...,n}
(n - i is the number of atoms to the right of A; in G);
it) for a predicate symbol p, weight(p) =
max( { weight(<Ay,...,Ap) |
AeA),...,Ape P,n>0,rel(A) € clp(p), rel(A,) ¢ clp(p) } v
{ 1 +weight(«<Ay,..., A1)
AeA),...,Ape P,n> 1, rel(A) € clp(p), rel(Ay) € clp(p) } L
{1} o

Note that in the definition of weight(p), clauses of the form A«B, with
cl(rel(A)) = cl(rel(B)) are not considered—they do not affect the length of goals
appearing in a derivation. Moreover, if the predicate symbols p and q are
mutually dependent, then weight(p) = weight(q).

The fact that P is restricted ensures that the weight-function is well-defined:
if weight(p) is defined in terms of weight(q), then (q,p) € Dp*, hence weight(q)
is not defined in terms of weight(p). Intuitively, the weight of a goal G
majorizes the length of all goals which appear in an SLD-derivation of PU{G)
using leftmost selection rule. More precisely, we have the following lemmas
(recall that IGl denotes the length of G).
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LEMMA 3.2.12. Let G = «Aj,...,A, (n 2 1). Then |G| < weight(G).
PROOF. weight(G) = weight(rel(A})) + n—~ 1 2 n =Gl (]

LEMMA 3.2.13. Let G =¢ H be a derivation step w.r.t. P where the leftmost

atom of G is selected. Then weight(G) 2 weight(H).

PROOF. Since the weight of a goal depends only on the predicates appearing in

it, and not on the arguments of these predicates, we prove this fact for the case

of programs written in propositional logic. Let G = «—A|,...,Ay; then weight(G)
= max{weight(Aj) +n-ili=1,...,n}, and let C = Aj<Bjy,...,.Bn.
Then the goal H = «-By,...,.By,As,..., A, and therefore
weight(H) = max({weight(B)) + m+n-1-ili=1,....m}
v {weight(Aj-m+1) +m+n—-1 —-ili=m+1,...m+n-1})
= max({weight(B;)+m+n-1-ili=1,...,m}
U {weight(Aj))+n-ili=2,...n}).
Two cases arise. ‘
i) weight(H) = max{weight(A) +n-ili=2,...,n}.
Then clearly weight(H) < weight(G).

ii) weight(H) = max{weight(B;) + m+n—-1-ili=1,...,m} (hence m > 0).
We show that in this case weight(H) < weight(A}) + n — 1 < weight(G).
Subtracting n — 1, it suffices to show that

weight(A1) 2 max{weight(B;) + m—ili=I,...,m}. Again two cases arise.
iia) (Bm,A1) € Dp*. Then because of the existence of C, weight(Ay) 2

weight(«By,...,By) = max{weight(Bj) + m-ili=1,....,m}.
iib) (Bm,A}) € Dp*. Then weight(A) > | + weight(«By,....Bm-1) =
1 + max{weight(B))+ m-1-ili=1,....m-1}=
max{weight(Bj)+ m—-ili=1,....m-1}.
Also weight(By,) + m — m = weight(A), since By, € clp(Ay). This proves
the claim that max{weight(B;) + m—ili=1,...,m} < weight(A). 0O

COROLLARY 3.2.14. Let D = (Gy = G = Gy = ...= G; = ...) be an SLD-
derivation via the leftmost selection rule. Then for every goal G;in D: 1G;l <
weight(Gy).

PROOF. By induction on i. The induction basis is provided by Lemma 3.2.12,

the induction step by Lemma 3.2.13. D
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So weight(Go) is indeed the desired maximum length of goals occurring in
any SLD-derivation of PU{Gg}.

We now present a formalization of the ‘being a variant of” relation on
resultants. Our presentation here is more general than needed to prove the
completeness of the equality checks. However, we need these results in full
generality to prove the completeness of the subsumption checks and the context
checks.

DEFINITION 3.2.15.

Let X be a set of variables. We define the relation ~x on resultants as Ry ~x Ra
if for some renaming p, Rjp = Ry and for every x € X, xp = x. Now let G be a
goal and let k = 1. Then the relation ~x g k stands for the restriction of
the relation ~x to resultants S;«S» such that «-S is an instance of G and
lSsol £ k. O

LEMMA 3.2.16. For every set of variables X, goal G and k 2 1, ~x Gk is an
equivalence relation.
I'ROOF. Straightforward. o

For a resultant R, the equivalence class of R w.r.t. the relation ~x G k will
be denoted as [R]x,G k. or just [R] whenever X, G and k are clear from the
context. The following lemma is crucial for our considerations.

LEMMA 3.2.17. Suppose that the language L has no function symbols and '
finitely many predicate symbols and constants. Then for every finite set of
variables X, goal G and k 2 1, the relation ~x G x has only finitely many
equivalence classes.

PROOF. Let #c be the number of constants in L, #p the number of predicate

symbols, #x the number of variables in X and let #a be the maximum arity of the

predicate symbols in L. Let G be a goal of the form «p1(...),p2(...)s--.,.pm(-..)

with m 2 | and let #v be the number of distinct variables in G.

A resultant in an equivalence class of ~x g.k is then of the form
p1(...),p2(...)see e, PmC(...) & qi(...),q2(...)s-..,qn(...) with 0 < n £ k. An
equivalence class of ~x g x is completely described by the predicate symbols



Section 3.2 Equality Checks 57

q1,---,qn, the arguments of py,...,pm (in accordance with G) and the arguments
of qi,...,qp.

The number of arguments that must be specified in this resultant is #v for
P1s----Pm, plus at most n-#a for qy,...,qn. For every argument we may choose
either a constant, a variable from X or another (fresh) variable. However, we
need at most #v + n-#a different fresh variables. Therefore the choice of the
arguments is limited to (#c + #x + #v + n-#a)#vn#a pogsibilities.

Since for a fixed n, the choice of the predicate symbols qy,...,qy is limited
to #p" possibilities, we have at most Z':‘ _o#PN-(#C + #X + #v + n-#a)#v +n¥a
equivalence classes of ~X G k- O

We can now prove the desired theorem.

THEOREM 3.2.18. The loop check EVRy is complete w.r.t. the leftmost
selection rule for function-free restricted programs.
PROOF. Let P be a function-free restricted program and let Gg be a goal in Lp.
Let k = weight(Go). Consider an infinite SLD-derivation D = (Go =c,,8; G1
=...= Gj_| =;,9; Gi =...) of PU{Gy}. By Corollary 3.2.14 for every i 2 0:
IGjl < k. Every goal G; is a goal in Lp and hence every resultant Gg01...0;<G;
belongs to an equivalence class of ~g G k- Since Lp satisfies the conditions of
Lemma 3.2.17, ~@ G,k has only finitely many equivalence classes, so for some
i20and j > i, GoBj...0i«G;j and Go01...8;¢<—G;j are variants. This implies that
D is pruned by EVRL. 0

COROLLARY 3.2.19 (Equality Completeness). All equality checks are
complete w.r.t. the leftmost selection rule for function-free restricted
programs.

PROOF. By Theorem 3.2.18 and the Relative Strength Theorem 2.2.12. 0o

Now combining Corollary 2.2.6 and Corollary 2.2.7 with the Equality
Soundness Corollary 3.2.7 and the Equality Completeness Corollary 3.2.19, we
conclude that all equality checks lead to an implementation of CWA for function-
free restricted programs. Moreover, a depth-first interpreter augmented with any
of the equality checks based on resultants yields an implementation of query
processing for these programs.
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3.3. Subsumption Checks

Definitions

Similar to the equality checks, there are eight subsumption checks. We shall
define them by means of two parametrized definitions, again trusting that the
reader is willing to understand our notation. The inclusion relation between
goals regarded as lists is denoted by | ; similarly ¢y for multisets. Note: G
c1. G if all elements of G occur in the same order in Gy; they need not occur

on adjacent positions. For example, (p,r) cL (p,q.1).

DEFINITION 3.3.1 (Subsumption checks based on Goals).

For Type € {L,M}, the Subsumes Variant/Instance of Goalryp. check is the set

of SLD-derivations

SVG/SIGType = Initials({D | D = (Go =¢,,0; G1 =...= Gk-1 =¢;,6 Ok)
such that for some i, 0 < i < k, there is a renaming/
substitution T with Gk DType GiT}). ]

DEFINITION 3.3.2 (Subsumption checks based on Resultants).

For Type € {L,M}, the Subsumes Variant/Instance of ResultantTyp, check is the

set of SLD-derivations

SVR/SIRType = Initials({D | D = (Gg =¢,9; G) =...= Gk~ =¢y,; Gk) such
that for some i, 0 < i <k, there is a renaming/ substitution ©
with G DType GiT and G9;...0k = Go9;...8it}). 0O

LEMMA 3,3.3. All subsumption checks are simple loop checks.
PROOF. Straightforward. O

The following example shows the differences between the behaviour of
various subsumption checks and the equality checks.

EXAMPLE 3.3.4.

Let P ={ p(y) « p(0),r(y). (CD),
p(0) & (C2),
q(1) ¢« (C3),
1(z) < q(2).p(w). (C4) },
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FIGURE 3.3.1



60 Simple Loop Checks Chapter 3

and let G = «p(x).

Figure 3.3.1 shows an SLD-tree of PU{G} using the leftmost selection
rule. It also shows how this tree is pruned by different loop checks. First we
explain the behaviour of the loop checks with respect to this tree. Then we shall
make some generalizing comments on this behaviour. In this example, the
distinction between list versus multiset based loop checks does not play a role.

Starting at the root, the first loop check that prunes the tree is the SIG
check. It prunes the goal «p(0),r(x), because it contains p(0), an instance of
p(x). Following the leftmost infinite branch two steps down, the SVG check
prunes the goal «q(x),p(w), because it contains p(w), a variant of p(x). One
step later, the atom q(x) is resolved, so the EIG and EVG checks prune the goal
«p(w) for the same reason.

However, the loop checks based on resultants do not yet prune the tree. The
computed answer substitution built up so far maps x to x after the first three
steps and to 1 later on. This is clearly different from the substitutions {x/0} and
{x/v/}, which are used to show that p(0) respectively p(w) are an instance
res pectively a variant of p(x).

Now the derivation repeats itself, but with x replaced by w. Therefore the
loop checks based on resultants prune the tree during this second phase, exactly
where the corresponding loop checks based on goals pruned during the first
phase.

The side branch that is obtained by repeatedly applying the first clause (and
corresponding side branches later on) is pruned by the subsumption checks at
the goal «p(0),r(0),r(x). This goal contains the previous goal «p(0),r(x).
Therefore both the resultant based and the goal based loop checks prune this
goal. In contrast, the equality checks do not prune this infinite branch because
the goals in it become longer in every derivation step (analogously to Example
3.2.8).

The loop checks based on goals all prune the soiution {x/1}, so they are not
sound. Among these loop checks, the 81G check prunes as soon as possible for
a weakly sound loop check. Conversely, the SIR check prunes this tree as soon
as possible for a shortening loop check. So on this tree, it behaves exactly like
STRONG, which exhibits such a behaviour by definition. o
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Another example shows that there can be a nontrivial difference between the
behaviour of subsumption checks based on list subsumption and those based on

multiset subsumption.

EXAMPLE 3.3.5.

Let P = { p(x) « p(y),8(x),r(y). }. (Note the similarity between this clause and
the clause p(x) < p(y),s(y,x) in Theorem 2.2.13.)

Let G = «p(x0),q(x0)-

An SLD-derivation (and SLD-tree) of PU{G} via the leftmost selection rule is
depicted in Figure 3.3.2. This infinite SLD-derivation is pruned by the SVRpm
check at the goal «p(x2),s(x}),r(x2),s(x0),r(x1),q(xp), since a variant of an
earlier goal, namely (¢«p(x1),8(x0),r(x1),q(x0)){x1/x2,x2/x1}, is ‘multiset-
contained’ in it.

«Pp(x0),q(x0)
U

«p(x1),8(x0),r(x1),q(x0)
U

«—Pp(x2),5(x1),r(x2),8(x0),r(x1),9(x0)

U

«Pp(x3),5(x2),r(x3),5(x1),1(X2),8(x0),r(x1),q(x0)

U

FIGURE 3.3.2

However, this derivation is not pruned by the SVRy, check, nor by the
stronger SIGL check. For, assume that the SIGL check prunes this derivation
at the goal Gk = «p(Xk),5(Xk-1),r(Xk),8(Xk-2),1(Xk=1)5---,8(x0),r(x1),q(x0),
because GiT = (¢—p(Xi),S(Xi=1),(Xi),8(Xi=2),F(Xj=1),...,8(X0),1(X1),q(X0))T, an
instance of an earlier goal G;, is list-contained in it.

Clearly, the presence of the g-atoms in G;t and Gy requires xoT = Xg. So the
atom s(xg)T in Gjt corresponds to the atom s(xg) in Gg. Then, because GiT is
list-contained in Gy, r(x1)T can only correspond to r(x1), the only atom between

s(xp) and q(xg). Therefore x|t = x;. Using induction, we can derive x2T = X3,
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..-» XjT = xj. However, the presence of the p-atoms in G;T and G requires x;T =
xk- Since i < k, this is a contradiction. So the assumption that the SIGL check

prunes the derivation is refuted. O

The above examples suggest some ‘stronger than’ relationships (although
an example can only prove the absence of such a relationship). Figure 3.3.3
shows such relationships between the subsumption checks, the equality checks,
VA and IA, extending Figure 3.2.2.

EVR| —————+# EVG|.
EIR | — EIGL
EVRM % EVGy

EIRy—+——¥ EIGpMm

REN RN

SVRL ——+9 SVGL,

~

SIR |- e SIG|.

SIRy—f——1— SIGum

weakly sound
shortening
\ not weakly sound
VA ’
1A

FIGURE 3.3.3
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The arrows between the ‘cubes’ mean that every subsumption check is
stronger than the corresponding equality check in the other ‘cube’. So the
structure of ‘stronger than’ relations between equality checks and subsumption
checks is a four-dimensional hypercube. Again, proving these ‘stronger than’
relations is straightforward.

Soundness

To prove the desired soundness results, we prove that the SIRpM check is
shortening and that the SIGp check is weakly sound, since these are the
strongest loop checks based on resultants, respectively goals, in our scheme.
First we need the following lemma.

LEMMA 3.3.6. Let P be a program and T a substitution. Let G; and G2 be
goals such that Gyt cpm G. Suppose Dy is an SLD-refutation of PU{G )
with computed answer ;vubstitution o}. Then there exists an SLD-refutation
D of PU{G3} with a computed answer substitution o3 such that \D3| <1Djl
and 03 < 10].

PROOF. Let D = (G] =¢;,6, --- =C,.0, 0) and let Cy,...,Cy,, be those clauses

from Cj,...,Cy, that are used (directly or indirectly) to resolve atoms belonging

to Got, with 1 €nj < ... <ny £ n. Then there exists an unrestricted (in the
sense of [L]) SLD-derivation G210;...65 -1 =Cp;6nj---Ono-1 - =CnpBnpy---On

0. Now apply the Mgu Lemma and the Lifting Lemma of [L]. o

We can now prove the desired theorem.

THEOREM 3.3.7. i) The SIRp check is shortening.

ii) The SIGpy check is weakly sound.
PROOF. Let P be a program, Gg a goal and D = (Gp =¢,0; G1 = ... = Gj1
=¢;,6; Gi = ... @ Gk-1 =¢;.0 Gk = ... =¢,.0,, 0) an SLD-refutation of
PU{Gg} (where 0 £ i<k £ m).

i) Assume that for some substitution T: Gy oM G;T and Gg6;...0¢ =
Go01...8it. Since Gk =Cy,,0k41 -+ =Cpy.0y, O- by Lemma 3.3.6 an SLD-
derivation Gj =g ... =¢, O of PU{G;j} exists, with G}...0p £ T0k+1...0m (n <
m-k < m—i). Gg01...0;0)...04 £ GBy...6;T0k+{...0m = GgO1...0kOk+1-..Om,
hence the full condition of Lemma 3.2.5 is satisfied, so SIRy is shortening.
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ii) The additional condition Gg9...0x = Gg0|...8;T was only used to prove
the additional shortening condition of Lemma 3.2.5. O

COROLLARY 3.3.8 (Subsumption Soundness).
i) All subsumption checks based on resultants are shortening. A fortiori
they are sound.
i) All subsumption checks based on goals are weakly sound.
PROOF. By Theorem 3.3.7 and the Relative Strength Theorem 2.2.12. o

Completeness
We now shift our attention to completeness issues. From the results of the

previous section we can immediately deduce the following result.

COROLLARY 3.3.9 (Subsumption Completeness 1). All subsumption

checks are complete w.r.t. the leftmost selection rule for function-free

restricted programs.
Pr.OOF. By the Equality Completeness Corollary 3.2.19 and the Relative
SHtrength Theorem 2.2.12. O

However, the subsumption checks are stronger than the corresponding
equality checks. So we can try to find other classes of programs for which the
subsumption checks are complete. We know that the subsumption checks are
not complete for all programs, not even for all function-free programs. For P =
{p(x)e—p(y).s(y.x)}, a derivation of PU{«p(x),q(x)} is not pruned by any of
the subsumption checks, as was shown in Theorem 2.2.13.

A close analysis of the proof of this theorem shows that the problem is
caused by three characteristics of this clause occurring simultaneously, namely:

1. A new variable, y, is introduced by a recursive atom, p(y).

2.There is a relation between this new variable, y, and an old variable, x,
namely via the atom s(y,x).

3. The recursive atom p(y) is selected before the ‘relating’ atom s(y,x).

It appears that, in order to obtain the completeness of the subsumption
checks, it is enough to prevent any of these events. Clearly, the use of restricted
programs and the leftmost selection rule prevents the third event. We now
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introduce two new classes of programs, preventing the first and the second
event, respectively. '

DEFINITION 3.3.10 (Nvi program).

A clause C is non-variable introducing (in short nvi) if every variable that
appears in the body of C also appears in the head of C.

An nvi program is a program of which every clause is nvi. O

DEFINITION 3.3.11 (Svo program).

A clause C has the single variable occurrence property (in short is svo) if in the
body of C, no variable occurs more than once.

An svo program is a program of which every clause is svo. ]

Clearly, in nvi programs the first event cannot occur, whereas in svo
programs the second event is prevented. We would rather have used the
terminology right-linear instead of svo, which is common in the area of term
rewriting systems. However, in the area of deductive databases this term is
already in use for a completely different notion.

EXAMPLE 3.3.12.
The following program is an nvi program and an svo program, but not a
restricted program. It computes in the relation ‘add’ the sum of two two-digit
binary numbers (the first four arguments of ‘add’); this sum is a three-digit
binary number, stored in the last three arguments of ‘add’.
ADD = { add( 0,0, xy,  Oxy ) .

add( x,y, 0,0, 0,x,y ) .

add( x,y, x,y, xy,0 ) .

add( x1,y1, Xx2,y2, z.X3,y3 )¢ add( 0y, 0,y2, 0,0,y3 ),

add( 0,xy, 0,x2, 0,z,x3 ).

add( xi,1, x2,1, 1,0,0 ) « add( 0,x;, 0,x2, 0,0,1). }.
The first three clauses are evidently correct; every addition of the form 0X + 0Y
is taken care of by them. The fourth clause deals with the case where adding the
last digits of both numbers does not give a carry (ensured by the first atom in the
body). The fifth clause deals with the case where there is such a carry. Only the
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case X] # Xz (or equivalently, x| + x2 = 1) has to be considered there: if x| = x2
then the third clause applies.

Note that this program yields infinite derivations that are not pruned by any
of the equality checks. Indeed, starting with the goal « add(0,y,0,y2,0,0,y3),
the first recursive clause applies, giving the goal « add(0,y,0,y2,0,0,y3),
add(0,0,0,0,0,0,0). Repeatedly selecting add(0,y;,0,y2,0,0,y3) and applying
the first recursive clause yields an infinite derivation containing goals of
increasing length, which is not pruned by any of the equality checks. O

We now prove that the weakest of the subsumption checks, the SVRL
check, is complete for function-free nvi programs. To this end we use the
following (weakened) version of Kruskal’s Tree Theorem, called Higman’s
Lemma. (See [H]; for a formulation of the full version of Kruskal’s Tree
Theorem, see [DJ] or [Kr].)

LEMMA 3.3.13 (Higman’s Lemma). Let wg, wj, wa, ... be an infinite
sequence of (finite) words over a finite alphabet X.
Then for some i and k > i, w; C| wy. ]

In order to prove that the SVR| check is complete for function-free nvi
programs, we prove that that every normal SLD-derivation (see Definition
1.2.4) of a function-free nvi program (and an arbitrary goal) does not introduce
new variables. Then we prove that in the absence of function symbols, infinite
derivations in which no new variables are introduced are pruned by the SVRy,
check.

DEFINITION 3.3.14.
An SLD-derivation D = (Gg =¢,9; G1 = ...) is non-variable introducing (in
short nvi) if var(Gg) 2 var(Gy) 2 var(G) 2 ... . 8]

LEMMA 3.3.15. Let P be a function-free nvi program and let Gg be a goal in
Lp. Let D be a normal infinite SLD-derivation of PU{Gg). Then D is an
infinite nvi derivation.

PROOF. Suppose that D = (Go =c,,8) G1 =C,,00 G2 = ...). We prove that for

every i > 0: var(G;) € var(G;j_). By Corollary 1.2.7 var(G;_16;) c var(Gi-}),
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so it is sufficient to prove that var(G;) < var(G;_;0;). Let A be the selected atom

in Gj-1 and let Sy be the rest of Gj_;. Let C; = H&S5, then Gj = «(51,52)6;.

Let x € var(G;j). Two cases arise.

- x is introduced by G;j_, that is x € var(S19;). Then x € var(Gj_6;).

- x is introduced by Cj, that is x € var(S26;). Then, since P is an nvi program,
x € var(H0;). 0; is a unifier of H and A, so x € var(A6;) ¢ var(Gj-16;). ]

LEMMA 3.3.16. In the absence of function symbols, every infinite nvi SLD-
derivation is pruned by SVR].

PROOF. Let D = (Go =¢,,8; Gi =...) be an infinite nvi SLD-derivation. We
take for X the set of equivalence classes of ~yar(G),Go,1 as defined in Definition
3.2.15. By Lemma 3.2.17, Z is finite. To apply Higman’s Lemma 3.3.13 we
represent for j 2 0 a goal Gj= «A 1js---»Anj (Or rather the corresponding
resultant Gg0,...0;¢-G;) as the word [Gg8...8;¢-Ajl....,[Go0 ...Gje-Anjj]

over X. (Recall that for a resultant R, [R] denotes its equivalence class.) The
sequence of representations of Gg, Gy, Gy, ... yields an infinite sequence of
words wg, W, wap, ... over X.

Now by Higman’s Lemma 3.3.13, for some j and k > j: [Gg0)...0j¢Ajj],
....[GgBj ...ej(—Anji] cL [GpB...0ke—A k],....[G0O1...Oke—Ap,k]. So by the
definition of ~var(G(),Go, 1, there exist renamings p 1+-2Pn; which do not act on
the variables of Gg such that (Gp8...8j<Aj)p1,...,(GB) "‘Gj(_Anjj)pnj cL
(GO1...0k¢—AK),....(G0O1... Ok A, k)

As D is nvi, var(Gj) < var(Gop) and therefore the renamings pp do not act on
the atoms Ajj of Gj (1 < h,i < nj). Thus G; = Gjp; L Gk and GB...0jp; =
Gg0i...0k. So D is pruned by SVRL.. ]

THEOREM 3.3.17. The SVR; loop check is complete for function-free nvi
programs. v

PROOF. By Lemma 1.2.5 (every SLD-derivation has a normal variant), Lemma

3.3.3 (SVRL is closed under variants), and Lemma 3.3.15 and 3.3.16. O

COROLLARY 3.3.18 (Subsumption Completeness 2). All subsumption
checks are complete for function-free nvi programs.
PROOF. By Theorem 3.3.17 and the Relative Strength Theorem 2.2.12. O
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We now prove that the SVR[, check (and hence all subsumption checks) are

complete for function-free svo programs.

LEMMA 3.3.19. Let P be a function-free svo program and let Gg be a goal in
Lp. Let D = (Gop =c,,6; G1 =C5,6p G2 = ...) be a normal SLD-derivation
of PU{Gy). Then for every goal G; (i 2 0): if x occurs more than once in
Gi, then x € var(Gy).

PROOF. By induction. For i = 0, the claim is trivial.

Now suppose that x occurs more than once in G; (i > 0).

Let A be the selected atom in Gj_; and let S| be the rest of Gj_;. Let Cj =
H&S», then G; = «(S1,S2)6;. There are two ways in which we can obtain a
variable x occurring more than once in G;.

1. A variable y occurs more than once in (S,S7) and y0; = x.

By standardizing apart, var(S1) N var(Sy) = J, so y occurs either only in Sj or

only in Sj. Since C; is svo, y does not occur more than once in Sy. Therefore y

occurs more than once in Sy. Then by the induction hypothesis, y € var(Go).

Consequently x = y0; € var(Go8;) < var(Go) (by Corollary 1.2.7).

2. There are variables y{, y2 in (S1,S2) such that y;6; = y20; = x and y; # y>.

In this case yj, y2 € var(A,H), since 6; is relevant. If y; € var(Sy), then by

standardizing apart y; € var(H), so y; € var(A). Therefore y; occurs more than

once in G;j (in A and in Sy), and we can apply the induction hypothesis and

Corollary 1.2.7 again. Since the same argument holds if y € var(Sy), only the

case yi, y2 € var(Sy) is left. In this case, since yj, y2 € var(A,H), and by

standardizing apart yj, y2 € var(H). Since y;0; = y70; = x, the sets

Zy = {z € var(A) | z occurs in A at the position of an occurrence of y| in H} and

Zy = {z € var(A) | z occurs in A at the position of an occurrence of y; in H} are

not disjoint. (Otherwise, a more general unifier of A and H than 6; would exist,

mapping y) to an element of Z| and y; to an element of Zy.) Letze Z1 N Z3. z

occurs at least twice in A, so z € var(Gg). Thus x = z0; € var(Gg9;) < var(Gg).0

We can now prove the desired theorem.

THEOREM 3.3.20. The SVRy loop check is complete for function-free svo

programs.



Section 3.3 Subsumption Checks . 69

PROOF. Let P be a function-free svo program and let Gg be a goal in Lp. Let
D =(Go=c,,0) G1 =c,,6; G2 = ...) be an infinite SLD-derivation of PU{Go}.
By Lemma 1.2.5 and 3.3.3 we may assume that D is normal.

Again, we take for I the set of equivalence classes of ~var(Gg),Gg,1 a8
defined in Definition 3.2.15. By Lemma 3.2.17, Z is finite. To apply Higman’s
Lemma 3.3.13 we represent a goal Gj= A;j,...,Anjj in D as the word wj =
[GoB1-..0jA(j],...,[Gob) ...9j<—Anﬂ] over X. The sequence of representations
of Go, G, G2, ... yields an infinite sequence of words wg, wj, wa, ... over Z.

Now by Higman’s Lemma 3.3.13, for some j and k > j: [Gg01...0j<A|j],
...,[GoQ]...Qjé——Anjj] cL [GOi...0ke—A k],....[GoB ... Oke—Apk]. So there
are renamings Pls---sPn such that (G0, ...6j<—-A|j)p1,‘..,(Go(~)]...(-),-(—-Anji)pnj
crL (GoBy...0ke—A|k),....(GO1...0k—Ap, k).

We now construct a renaming p. Consider the set X = var(Gj)-var(Go). By
Lemma 3.3.19 a variable x € X occurs at most once in Gj; if x occurs in Ajj,
then we define xp = xp;. In order to make p a renaming p maps (one-to-one) the
variables of Xp—X to the variables of X-Xp; p is the identity mapping on
variables outside XUXp. Since, by the definition of ~var(G),Gy, 1, the renamings
pi do not act on variables in var(Gg), x € XUXp implies x ¢ var(Gp). Hence p
does not act on the variables in var(Gop), so Gjp L Gk. By Corollary 1.2.7
var(Go#;...6;) < var(Go), thus Gg01...0jp = Gop8;...6;. So Gjp cL Gk and
Go01...0jp = GgB...6k, hence D is pruned by SVRL. o

COROLLARY 3.3.21 (Subsumption Completeness 3). All subsumption
checks are complete for function-free svo programs.
PROOF. By Theorem 3.3.20 and the Relative Strength Theorem 2.2.12. O

Now combining Corollary 2.2.6 and Corollary 2.2.7 with the Subsumption
Soundness Corollary 3.3.8 and the Subsumption Completeness Corollaries
3.3.9,3.3.18 and 3.3.21, we conclude that all subsumption checks lead to an
implementation of CWA for restricted programs, nvi programs and svo
programs without function symbols. Moreover, the subsumption checks based
on resultants also lead to an implementation of query processing for these
programs.
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3.4. Context Checks

Definitions

The explanation for the fact that the Variant (Instance) of Atom check is not
(weakly) sound is that it does not take into account the context of an atom.
However, whereas «—p(x) and «p(y) are variants, the existence of a refutation
of «p(y),q(x) does not imply the existence of a refutation of «p(x),q(x). To
remedy this problem we should keep track of the links between the variables in
the atom and those in the rest of the goal.

Roughly speaking, the IA check prunes a derivation as soon as a goal Gy
occurs that contains an instance At ‘produced’ by an atom A that occurred in an
earlier goal Gj. But when a variable occurs both inside and outside of A in G,
we should not prune the derivation if this link has been altered. Such a variable x
in G;j is substituted by x0;4]...0x when Gy is reached. Therefore T and 6;4)...0x
should agree on x. This leads us to a loop check introduced by Besnard [B].

DEFINITION 3.4.1 (Context checks based on Goals).

The Variant/Instance Context check based on Goals is the set of SLD-derivations

CVG/CIG = Initials({D | D = (Go =¢ .8, G1 =...= Gk_| =,y Gk) such that
for some i and j, 0 < i < j < k, there is a renaming/
substitution T such that for some atom A in G;: At appears
in Gy as the result of an attempt to resolve A6i4]...0;,
the further instantiated version of A in G;j and for every
variable x that occurs both inside and outside of A in G;,
X0i+1...0k = xt}). O

Besnard describes the condition on the substitutions as follows: ‘When At
is substituted for AB;4...0¢ in G;B;4...0, this should give an instance of G;.’
We show that this formulation is equivalent to ours. Let G; = (A,S), that is A
occurs in G; and S is the list of other atoms in G;. Then (A1,56;4...0x) should
be an instance of (A,S), say (Ac,S0).

XT for x € var(A),

Clearly, xo =
x0;4+1...0, for x € var(S),

so for x € var(A) N var(S), XT = x6;41...6.
The following example clarifies the use of the context checks.
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EXAMPLE 3.4.2.

We use the program P and the goal G of Example 2.1.6 and apply the CIG
check on two SLD-trees of PU{G}, via the leftmost and rightmost selection
rule, respectively. This yields the trees in Figure 3.4.1.

The goal G3 = «<—p(y') in the rightmost tree that was incorrectly pruned by
the VA check, is not pruned by the CIG check. Certainly, p(y") is the result of
resolving p(1) in G, the further instantiated version of p(x) in G;. But replacing
p(x)0203 by p(y") in G16203 yields «p(y'),q(1), which is not an instance of

«p(x),q(x). O
«r T
l(m) L(C4)
«p(x),q(x) «p(x),q(x)
Y)' , CIG prunes here l(CZ)
{x'/x} {x/1}
«p(y").q(x) «p(l)
(C3)
cn /. \(Cc3)" ;
(y0) (x1y' l{"/”
—q(x) Py “p0)
C2) )y 1)
({xll} o / \:3)(),,,/y,,} {x"/y;/ \'/0}
| €POY) g
FIGURE 3.4.1

CLAIM 3.4.3. CVG and CIG are weakly sound simple loop checks.

PROOF. Proving that CVG and CIG are simple loop checks is straightforward.
Besnard proves in [B] that CIG is weakly sound. From this it follows that the
weaker CVG check is also weakly sound. See also Theorem 3.4.6. o

In Example 3.2.3, the context checks act exactly in the same way as the
corresponding equality checks. This shows that CVG and CIG are not sound.
Again we can obtain sound, even shortening, versions by using resultants

instead of goals.
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DEFINITION 3.4.4 (Context checks based on Resultants).

The Variant/Instance Context check based on Resultants is the set of SLD-

derivations

CVR/CIR = Initials({D | D = (Go =¢,,8; G| =...= Gk-1 =,y Gk) such that
for some i and j, 0 < i < j < k, there is a renaming/
substitution T such that Gg8,...06x = GgB;...6;T and for
some atom A in Gj: AT appears in Gy as the result of an
attempt to resolve A6;4;...8;, the further instantiated
version of A in G;j and for every variable x that occurs both
inside and outside of A in Gj, x0j4]...0x = xT}). O

Using Besnard’s phrasing, the conditions on the substitutions can be
summarized as: ‘When AT is substituted for A0j4;...0k in the resultant

Ri0;+1...6x, this should give an instance of R;.’

LEMMA 3.4.5. CVR and CIR are simple loop checks.
PFOOF. Straightforward. o

Soundness
Now we prove that the CIR check is shortening. From this it follows that the
weaker loop check CVR is also shortening.

THEOREM 3.4.6. The CIR check is shortening.
PROOF. Let P be a program, Gg a goal and D = (Gp =¢,,0; G1 = . . = Gj_| '
=¢;,0; Gi = ... @ Gg-1 =¢;.0 Gk = ... =¢,,.0,, 0) an SLD-refutation of
PU{Gp} (where 0 <i <k < m).

Assume that D is pruned by CIR, that is for some substitution T: G; =
«(A,Sj), Gk = «(AT,Sk), At descends from A, Si0;+;...0x = S;T and
Gg91...0x = Gp0;...0;T. (Here G = «(A,S) means: A occurs in G and «-S is
obtained by removing A from G.)

Then «S; cMm G; and «AT M Gk. Since G; =Ci41.0i41 -+ =C.0kCk
=Ck41.8k+1 -+ =Cpn,0m O» by Lemma 3.3.6 we have SLD-refutations D of
PU{«S;} and D; of PU{«A}, where the computed answer substitution of Dy,
T) < 0j41...0y and the computed answer substitution of D2, T2 £ T0k41...0m.
Say 127 = 10k+1...Om. Now we combine D and D7 into an unrestricted SLD-
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refutation of PU{«(A,S;)}: first resolve A as in Dy; the goal SjTy remains.
Replacing the last mgu p of this derivation by py, this remaining goal becomes
Sit2Y = SitOk+1-..0m = SiBj41...0k0k+1...0,,. From Lemma 8.5 of [L] and the
existence of Dy it follows that PU{«S;0;4|...0,} can be refuted indeed, giving
a computed answer S;0i41...6,. The Mgu Lemma of [L] shows that the
combined unrestricted refutation can be turned into a real SLD-refutation D3 of
PU{«(A,S))} giving a computed answer Gg0...8i13 < Gg0j...0;10k+1...0m =
Gg01...6k6k+1...Om.

Since AT descends from A, an inspection of the proof of Lemma 3.3.6
shows that every derivation step in D} and D has a corresponding derivation
step in the tail (G; =...= 0O) of D. This tail consists of m—i derivation steps. On
the other hand, at least one step in this tail has no corresponding step in D or
Dj: the step in which A;4;...0; is selected. Hence ID3l = ID|l + ID3l) < m—i.
Now apply Lemma 3.2.5. o

COROLLARY 3.4.7 (Context Soundness).
i) The context checks based on resultants are shortening. A fortiori they are
sound.
ii) The context checks based on goals are weakly sound.
PROOF. By Theorem 3.4.6 and the Relative Strength Theorem 2.2.12. Note that
omitting the considerations about computed answer substitutions from the proof
of Theorem 3.4.6 yields a proof for ii), i.e., for Claim 3.4.3. O

For derivations via local selection rules (see Definition 1.2.9), e.g. the
leftmost and rightmost selection rule, a different soundness proof exists, based
on the relative strength of the context checks.

LEMMA 3.4.8. The SIG|, check is stronger than the CIG check and the SIR],
check is stronger than the CIR check w.r.t. local selection rules.

PROOF. Suppose D = (Gg =¢,0; G| =...=¢y,0y Gk) is pruned at Gi by the

CIG check. We show that D is pruned by the SIGy, check at Gy (or earlier).

We have an atom A in Gj, ABj4...0; in Gj as the selected atom and AT as
the result of resolving A;;1...6;. Let Gj = (S,A,T), where S consists of those
atoms in G; that are completely resolved between Gj and G;. The use of a local
selection rule yields Gj= (A8j4...0;,T6;|...6;) and Gk = (AT,U,T6i4]...0k)
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(U consists of the atoms.in Gy other than AT that are the result of resolving
ADj41...0)). Finally, if x € var(A) N var(S,T) then x0;4...8 = xT.

G, s |A T
f i
au
H
e ;
GJ Ae,+1 6, Te,+1 GJ Context check
\
i Subsumption check
Gk At] U T9i+l"9k

FIGURE 3.4.2

We show that for some substitution 6, Gjo . Gk. We define o as follows:
X if x ¢ var(Gj),
x0 = § X0j+1...60k if x € var(Gj) — var(A),
XT if x € var(Gj) N var(A).
We show that (i) A8j+1...0;6 = At and that (i) Ti41...8;0 = TBj4...0k.
(i) Let x € var(A), then x € var(G;). We prove that x0;41.. .0j6 = xt.

If x € var(Gj), then (by Lemma 1.2.1) x8;41...6; = x, hence x8j4j...0;6 =
X0 = XxT.

If x ¢ var(Gj) thén x6;41...8j # x, hence x € var(S). So xBj;...0k = x1T.
Moreover, for every y € var(x;4;...8;), either y € var(S) ory is
introduced by Ci4y,...,Cj, i.e.,y ¢ var(Gj), in particular y ¢
var(A). In both cases yo = yBj4(... Bk (iotice that y €
var(x0i41 ...Gj) c var(A9§+|...9j) < var(Gy). So X641 ...0j0 =
%0i4i...0k = x%t.

(ii) Now let y & var(T0j4 ...Gj). We prove that yo = ijH ...6k.
First note that for some x € var(T): y € vai(x8;41...8)).

If x @ var(8), then x = x6;41...0; =y, s0 y € var(T), hence yo = y0j4|...0k.

If x € var(8), then again either y € var(S) or y ¢ var(A), and in both cases
¥ = y6j+1...6k.
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If D is pruned by the CIR check, then we also have that Gg8y...0k =
G09...0iT. We show that this implies Gg0...0x = Go8)...6jo, i.e., that D is
pruned by the SIR| check. Let x € var(Gp0...0;), hence x6;4]...0x = xT. We
show that x0j4]...8j0 = x0j+...6k.

If x ¢ var(S), then x0j4)...0j = x, hence x04,...0j0 = x0 =

X = X0j41...0; = x04...0k if x ¢ var(Gj),

= < X0j41...0k = x0j41... 0k if x € var(Gj) - var(A),
XT = X0j41... 60k if x € var(Gj) N var(A).

If x € var(S), then again for every y € var(x6i4+1...9j), either y € var(S) ory
€ var(A), and in both cases yo = yBj4...0k (if y ¢ var(G;j) then
yo =y =Y¥0j+1...0). S0 x0i41...0j0 = x0i4;...0k. 0O

Although we conjecture that the subsumption checks using variants are also
stronger than the corresponding context checks using variants, it appeared not
easy to prove this. (One must show that ¢ is a renaming, or more precisely that
an alternative definition for ¢ makes it a renaming and preserves the properties
proved above.) We feel that the conjecture is not interesting enough to justify
such an effort.

The following example shows that the previous result does not hold for
selection rules that are not local.

EXAMPLE 3.4.9 (based on Example 10 in [B]).
LetP={peq. (ChH,

qep. (C),

res. (C3) },
and let G = «p,r.
Then the derivation ¢=p,r =(C1) ¢q.L =(C3) ¢q.5 =(C2) <P,s (in which the
selected atoms are underlined) is pruned by the context checks (the p in the
fourth goal is the result of resolving the p in the first goal), but not by the
subsumption checks. O

Now we can add the context checks to our ‘stronger than’ scheme (see
Figure 3.4.3; the dotted arrows are only valid for local selection rules). Proving
the relations between the context checks is again straightforward.
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shortening weakly sound
EVRL\‘ —» EVGL
EIR | — EIGL
EVRMm ® EVGpMm
v \ v
EIRf——+—#® EIGy
CVR SVRL\‘ —» SVGL CVG
CIR SIR, » SIG 4— CIG
v
SVRm —» SVGMm
v
SIRm » SIGMm / |~
/
e
VA

IA
not weakly sound

FIGURE 3.4.3
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That the equality checks and the context checks are incomparable (even
when we consider only derivations via local selection rules) is shown in the

following example.

EXAMPLE 3.4.10.

The derivation ¢—p =>pp q <P,q is pruned by each context check, but not by
any of the equality checks. Conversely, the derivation ¢ = p(x),q(x).€
—P(x).q(X) =p(y)e-,{y/x}) <AX) =q(z)—pw).q(w).zx} <P(W),q(W) is pruned by
each equality check, but not by any of the context checks (q(x) produces q(w),
but x occurs both inside and outside q(x), and the substitution {x/w} does not

agree with {y/x}{z/x} on x). O

Completeness

Again we shift our attention to completeness issues. We first prove that, like the
equality checks and the subsumption checks, the context checks are complete
w.r.t. the leftmost selection rule for function-free restricted programs.

THEOREM 3.4.11. The CVR check is complete w.r.t. the leftmost selection
rule for function-free restricted programs. '

PROOF. Let P be a function-free restricted program and let Gg be a goal in Lp.
Let k = weight(Gp). Consider an infinite SLD-derivation D = (Gg =¢,,0, G1
=...= Gj_1 =¢;,; Gi =...) of PU{Gp}. By Corollary 3.2.14 for every i 2 0:
IGijl < k. Every goal G; is a goal in Lp and hence every resultant Gg0j...0;<G;
belongs to an equivalence class of ~g G, k- Lp satisfies the conditions of Lemma
3.2.17, s0 ~@ G,k has only finitely many equivalence classes. Thus the set
E = {e | ¢ is an equivalence class of ~g G, k and for infinitely many resultants R
associated to goals in D: R € ¢} is nonempty. For simplicity, we shall say that
the goal G; is in an equivalence class e, when in fact (GgB,...0;<Gj) € e.

For every equivalence class g of ~g Gk, we define the length of ¢, denoted
by lel, as the length of the goals in e. Since E # &, we can define [ = min{lel | e €
E}. Now we choose an equivalence class e € E with lel = [. According to the
choice of e, D contains infinitely many goals in e and a finite number of shorter
goals (since the number of equivalence classes of ~g G k is finite).



78 Simple Loop Checks Chapter 3

Let G; and Gk be (the first) two goals in D that are in e such that no goal
lying in D between them is shorter. Since G; and Gy are in the same equivalence
class e, we have Gg = G;T and Gg0...0x = Gg0;...0;T for some renaming T.

Let A be the leftmost atom in Gj and let S be the rest of G;. A is selected in
Gi. However, A is not completely resolved between G; and Gk, otherwise a
goal shorter than G;, namely an instance of S, would appear between G; and Gg
in D. Therefore the atom At in G is the result of resolving A. Furthermore, no
atom of S is selected between G; and Gy, so Gk = (AT,56;+1...6x). Hence
S0j41...0x = S1.

When in the resultant R;0;.1...0x, we replace A8;;|...0x by AT, we obtain
(Gg91...0k—AT,S0j41...0¢) = (GpB)...0;T<AT,ST), which is a variant of R;.
Therefore D is pruned by the CVR check. O

COROLLARY 3.4.12 (Context Completeness 1). All context checks are
complete w.r.t. the leftmost selection rule for function-free restricted
programs.

PROOF. By Theorem 3.4.11 and the Relative Strength Theorem 2.2.12. O

Besnard [B] claims without much proof that the CIG check is complete for
function-free nvi programs. It appears that even the weakest of the four context
checks, the CVR check, is complete for function-free nvi programs.

THEOREM 3.4.13. The CVR check is complete for function-free nvi
programs.

PROOF. Let P be an nvi program, Go a goal in Lp and D = (Go =c,,0; G1

=C,,80 G2 = ...) an infinite SLD-derivation of PU{Gy}.

Since D is infinite, at least one atom in Gg has infinitely many selected
descendants, hence the proof tree of this atom is infinite. Applying Konig’s
Lemma on this proof tree shows that it has an infinite branch, so there exists an
infinite sequence of goals Gmp.Gm,»--- (OSmp<my <...) containing atoms
Ag,Ay,... such that for every i 2 0:

- Aj is the selected atom in Gmi'

- Aj41 is (the further instantiated version of) an atom A;,|', which is introduced
in Gmi+] as the result of resolving A;.

The situation is depicted in Figure 3.4.4 (selected atoms are underlined).
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Go =(...... Ag' ...... )
* * 6' . -e|no
Gmo = ( ...... ﬂ) ...... ) (A() = A()'e| . ven]o)
/ \ * 6mo+l
G|n0+ 1 = ( ...... A 1 e s )
* * em()+2- . -9m|
Gml =( ...... ﬂ ...... ) (A| =A]len]0+2...eml)

/ \ * Bmy+1
! Vo

FIGURE 3.4.4

We now consider the resultants Gp0,0>... e'“i « Aj (1 2 0). These
resultants belong to equivalence classes of the relation ~var(G),Gg, 1> which has
by Lemma 3.2.17 only finitely many equivalence classes. Hence for some p
and q > p: (606192‘--9mp « Ap) ~var(Gp),Go,| (G()9|92...9mq «— Ag).

So by Definition 3.2.15, there exists a renaming p such that:
- G()9|92...9mpp = G09192---9mq,

- App =Aq,

- p does not act on the variables of G.

When this is compared with the definition of the CVR check, takingi=j =
mp, k = mgq, A = Ap and T = p, it appears that the only additional condition for
pruning is that ‘for every variable x that occurs both inside and outside of Aj in
Gmp: xemp+1...9mq =xp’. We now prove that this condition is also satisfied,
which proves that D is pruned by the CVR check.

By Lemma 1.2.5, 3.3.15 and 3.4.5 we may assume that D is an nvi
derivation. Then var(Gmp) c var(Go), so for every variable x in Gmp: Xp = X.
In particular, it follows that Aq = App = A,
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Now suppose that x occurs both inside and outside of A in G p Then x
occurs in Aq, hence in qu. By Lemma 1.2.1, x occurs in every goal between
Gmp and qu and xﬁmp+1 =..= x(')mq = X. Hence xemp+| ...qu =x=xp. O

COROLLARY 3.4.14 (Context Completeness 2). All context checks are
complete for function-free nvi programs.
PROOF. By Theorem 3.4.13 and the Relative Strength Theorem 2.2.12. O

Finally, it appears that the context checks are also complete for function-free
$VO programs.

THEOREM 3.4.15. The CVR check is complete for function-free svo
programs.
PROOF. The proof of this theorem is identical to the proof of Theorem 3.4.13,
up to the point where the condition ‘for every variable x that occurs both inside
and outside of Ap in Gmp: Xemp.H ...qu = xp’ must be proved. In the case of P
being an svo program, this condition is proved as follows. If x occurs both
‘nside and outside of Aj in Gmp, then x occurs more than once in Gy, P so by
Lemma 3.3.19 x € var(Gp). Thus xp = x. Hence x occurs in Aq, hence in qu.
By Lemma 1.2.1, x occurs in every goal between Gg and qu and xemp+| =
=x6mq=x. Hence xemp+x...9mq=x=xp. 0

COROLLARY 3.4.16 (Context Completeness 3). All context checks are
complete for function-free svo programs.
PROOF. By Theorem 3.4.15 and the Relative Strength Theorem 2.2.12. O

Now combining Corollary 2.2.6 and Corollary 2.2.7 with the Context
Soundness Corollary 3.4.7 and the Context Completeness Corollaries 3.4.12
and 3.4.14 and 3.4.16, we conclude that all context checks lead to an
implementation of CWA for restricted programs, nvi programs and svo
programs without function symbols. Moreover, the context checks based on
resultants also lead to an implementation of query processing for these
programs.

More results on the completeness of loop checks can be found in [FPS],
and in the next chapter.



4. Generalizing Completeness
Results for Loop Checks

This chapter is devoted to the Generalization Theorem. This theorem presents a
method to extend (under certain conditions) a class of programs for which a
given loop check is complete to a larger class, for which the loop check is still
complete. These conditions and classes of programs are presented in Section
4.1. The theorem is proved in Section 4.2.

In Section 4.3 the theorem is applied to Corollaries 3.3.18, 3.3.21, 3.4.14
and 3.4.16 (‘The subsumption and context checks are complete for function-free
nvi and svo programs.’), giving rise to stronger completeness theorems. The
proof of the result based on nvi programs is straightforward, whereas the result
based on svo programs requires a more elaborate analysis.

4.1. Preparation

Introduction

In the previous chapter, a number of natural simple loop checks was introduced.
These loop checks were proven to be sound, but only complete for certain
classes of programs. For each of these loop checks, one or more such classes
were determined.

Here, the problem of finding classes of programs for which a simple loop
check is complete is addressed in more generality. We prove the Generalization
Theorem, which allows us to generalize certain completeness results: given that
a loop check L is complete for a class of programs ¢, we may conclude that L is
also complete (w.r.t. the leftmost selection rule) for a class of programs
extending C, provided that L and Csatisfy some natural conditions.

Basically, the theorem is only applicable to a class of programs Cif C=
{P | every clause in program P satisfies Pr!}, for some property Pr of clauses
that is ‘local’ to clauses (that is, whether a clause satisfies Pr is independent of
the rest of the program). We say that Cis the class of Pr programs. By allowing

! We do not give a formal definition of a property: we assume that the notion ‘a clause C
satisfies a property Pr’ is given.

81
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the addition of nonrecursive atoms (Definition 3.2.10), the class of nr-extended
Pr programs is obtained.

The Generalization Theorem states that if the loop check L is complete for
function-free Pr programs, then L is also complete for function-free nr-extended
Pr programs, provided that the nonrecursive atoms are resolved before other
atoms are selected. For simplicity, this is achieved by using the leftmost
selection rule, and putting the nonrecursive atoms left from the other atoms in

the clause. Formally, we have the following definitions.
Definitions

DEFINITION 4.1.1. .
Let Pr be a property of clauses. A program P satisfies Pr (P is a Pr program) if
every clause in P satisfies Pr. ]

DEFINITION 4.1.2 (Nr-extended Pr program).

Let P be a program. A clause C = (H&NR,R) is nr-extended Pr w.r.t. P if the
clause HeR satisfies Pr and NR contains no recursive atoms. NR is called the
nonrecursive part of C and R is called the Pr-part.

A program P is nr-extended Pr if every clause in P is nr-extended Pr w.r.t. P. O

EXAMPLE 4.1.3.

If Pr is the property ‘C is a unit clause’, then the class of nr-extended Pr
programs is the class of hierarchical normal programs ([L]): programs in which
no recursion is allowed.

If Pr is the property ‘the body of C has at most one atom’, then the class of nr-
extended Pr programs is the class of restricted programs (Deftinition 3.2.10). O

Note that the property of being a nonrecursive atom is not local to clauses;
therefore the construction cannot be applied repeatedly. We must make one more

restriction on the properties we consider.

DEFINITION 4.1.4.
A property of clauses Pr is closed under instantiation if for every clause C that

satisfies Pr and for every substitution ¢, Co satisfies Pr. O
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Note that Co is not necéssurily a ground instance of C. The Generalization
Theorem is only valid for properties that are closed under instantiation, such as
the properties of Example 4.1.3 and the property ‘C is non-variable introducing’
(Definition 3.3.10). However, in the next section, where we study some
applications of the Generalization Theorem, we also consider a property that is
not closed under instantiation, namely the single variable occurrence (svo)
property (Definition 3.3.11). A detailed inspection of the proof of the
Genernlization Theorem enables us to derive useful results for this property as
well.

The Generalization Theorem is only valid for loop checks satisfying certain
conditions. These conditions are formalized here. The first condition is that the
loop check is ‘safe for goal extension’. Informally, this means that when we
have a derivation that is pruned by the loop check, adding some atoms to the
initial goal that are never selected (before the derivation is pruned), yields a
pruned derivation again.

DEFINITION 4.1.5.

A loop check L is safe for goal extension if for every SLD-derivation D of
PU{ &G} that is pruned by L, an SLD-derivation of PU{«(G,H)} which
selects the same atoms, and uses the same input clauses and mgu’s as D is also
pruned by L. a

The second condition is that the loop check is ‘safe for initialization’.
Informally, this means that when we have a derivation that is pruned by the loop
check, adding some derivation steps in front of it (‘initialization steps’), yields a
pruned derivation again.

DEFINITION 4.1.6.

A loop check L is safe for initialization if for every SLD-derivation D = (G;
=Ci+1.8i+1 Gi+l =C;42.8i32 Gi+2 = ...) that is pruned by L (i > 0), every
derivation (Go=c,0; G1 = ... = Gi=¢;,1.6i4| Gi+1 =C;42.8i42 Gi+2 = ...)
in which in Gj, Gi41, ... the same atoms are selected as in D, is pruned by L. O

The third condition is that the loop check is ‘safe for detailing’. Informally,
this means that when we have a derivation that is pruned by the loop check,



84 Generalizing Completeness Results for Loop Checks Chapter 4

replacing every derivation step by one or more steps giving the same computed
answer (‘showing the details of one step in several steps’), yields a pruned
derivation again.

DEFINITION 4.1.7.
A loop check L is safe for detailing if for every SLD-derivation
D =(Gop=c;,0; Gi = ...) that is pruned by L, every derivation of the form

114! 1 1o
(Go =C.1, Hl =... =>Hn|_] ::'Cnp'fm G;‘

2 2

2 2 22
=C.1 Hi=..= Hn2_l =Gy Ty Gy=...)

with for every i > O:
i i
Ty -+ Tp; var(Go,G1,....Gi—) = i Ivar(Go,G1.....Gi-1)

in which in Gq, Gy, ... the same atoms are selected as in D, is pruned by L. O
4.2. The Generalization Theorem
We can now formulate the Generalization Theorem.

THEOREM 4.2.1 (Generalization Theorem). Let Pr be a property of
clauses that is closed under instantiation. Let L be a loop check such that
- L is complete for function-free Pr programs and
- L is safe for goal extension, initialization and detailing.
Then L is complete w.r.t. the leftmost selection rule for function-free nr-

extended Pr programs.

In the rest of this section, we shall assume that Pr is a property and L is a
loop check satisfying the above conditions. For proving this theorem, we use
the following lemma.

LEMMA 4.2.2. Let P be a function-free nr-extended Pr program and let Gy be
a goal in Lp. Let D be an infinite SLD-derivation of PU{ G} via the
leftmost selection rule. Suppose that

for no goal Gi=«G,H) in D (i 20), the derivation of PU{ <G} (using
the same input clauses, mgu’s and selection rule as D) is pruned by L. (*)
Then D is pruned by L.
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Before proving this lemma, we show that the Generalization Theorem is an
immediate consequence of it.

PROOF OF THE GENERALIZATION THEOREM. Let P be a function-free nr-
extended Pr program, Gg a goal in Lp and D an infinite SLD-derivation of
PU{Gg}. Two cases arise.

i) For no goal «(G,H) in D, the derivation of <-G (using the same input
clauses, mgu’s and selection rule as D) is pruned by L. Then by Lemma
4.2.2, D is pruned by L.

ii) Otherwise, there is a goal «(G,H) in D for which the derivation of «G
(using the same input clauses, mgu’s and selection rule as D) is pruned by L.
Then the tail of D starting at this goal «(G,H) is pruned, since L is safe for
goal extension. So D is pruned by L too, since L is safe for initialization. O

PROOF OF LEMMA 4.2.2. Assume that D is an infinite SLD-derivation of
PU{Go} that satisfies (*). The dependency graph Dp of P (see Definition 3.2.9)
defines a (well founded) partial ordering < of the set {clp(p) | p is a predicate
symbol in Lp}. Therefore we may assume as induction hypothesis (by a
complete induction on <), that this lemma has been proved for every derivation
of PU{G} where G contains only strict <-smaller predicate symbols than the <-
largest predicate symbol in Gy.

CLAIM 1. D is of the form _
T 1 11
(Go=c, v, H, :“':Hnl—l =c .t G

nyptng
2 2

ﬂcz,,rf Hi B =c

np-1 ny ny G2=...)

and where Cy, Cy, ... all satisfy Pr. Moreover, in the goals Gy, Gy, ..., the

same atoms are selected in D and D',

Lemma 4.2.2 follows from Claim 1: D' is a derivation of {G(,C;,Ca,...},
{C1,Ca,...} is a function-free Pr program and L is complete for function-free Pr
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programs, so D' is pruned by L. As L is safe for detailing, D is pruned by L

too.

PROOF OF CLAIM 1. We prove the claim by induction. Suppose we have

constructed D' and proved the claim up to the goal G;. (Up to Gy, the claim is

trivial.)

Let Gi= ¢Al,...,Ap, let C= C}*' = (A<NR,R) and let 1= 7'*'. Suppose
that NR is the nonrecursive part of the body of C and that R is the Pr-part. The
next step in D is G =¢c 1 «(NR,R,A3,...,A)T. Let D be the SLD-derivation
of PU{«NRt} that uses the same input clauses, mgu’s and selection rule as the
tail of D starting at «—(NR,R,A»,...,A)t. Four cases arise.

1) NR is empty. This is a special case of case 4: PU{«NR7} is immediately
successfully refuted. (If Gg is <-minimal, then this is the only possible case,
since then rel(Aj) = rel(A) is <-minimal and by definition every predicate
symbol in NR is strictly <-smaller than rel(A).)

2) Dj is failed. Then D is failed too, which contradicts the assumption that D is
infinite.

3) D, is infinite. By definition, every predicate symbol in NR is strictly <-
smaller than rel(A1), which is <-smaller than the <-largest predicate symbol in
G;j (hence in Go), so by induction on < we can apply Lemma 4.2.2 on Dj.
Hence Dj is pruned by L or D; does not satisfy (*). However, this
contradicts the assumption that D satisfies (*): if Dy is pruned then we take G

= NRt and H = (R,A3,...,Ap)T; if Dy does not satisfy (*), say for Hiif'l =

«(G'H), then we take G = G' and H = (H'(R,Az,...,Apt" ' .til).

i

4) D is successful, yielding a computed answer substitution ¢ (if NR is empty
then ¢ = €). This is the only remaining case. In this case we have in D the
goal Gjy1 = «(R,A,,...,Ap)T0, immediately after NR is completely resolved.

CLAIM 2. The sequence of resolution steps between Gi and Giyy in D can be
mimiced by one resolution step G; = ¢;,;.6,,; Gi+1 in D', where Ciyj is an

instance of AR and TO\wvar(Gy.G.....Gi) = Giv I varGo.G.....Gi)-

Claim 1 follows from Claim 2: since Pr is closed under instantiation, Cj4|
satisfies Pr. So we have constructed D' and proved Claim 1 up to the goal Gj41.

Now the construction of the resolution step G; => ¢, |.6;,; Gi+1 remains.
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PROOF OF CLAIM 2. First, we define Ci; and 6;,, then we prove that G; =
Ci+1.8i+1 Gi+1 is indeed a derivation step. Finally, we check the other
requirements on Cj4 and 6;;|. By Lemma 1.2.5 we may assume that D is
normal.

For every chain C in NR, we fix a substitution pc such that for every x €
var(Ct), xpc € C and xpcT = x. Moreover, if x € var((var(R) n C)t), then xpc
€ var(R). For every chain, such a substitution exists: if x € var(Ct), then {ye C
lyt=x}2@.If {ye varR)n Clyt=x} =, then xpc‘ must be chosen from

the latter set, otherwise any element of the former set will do.
‘ [ x if x ¢ var(NR)
Now we can define y by: xy =1 xT0pC(x) if x € C < var(NR)
(Note that if xT0 is a variable, then xt6 € var(C(x)to) < var(C(x)T) by Corollary
1.2.8, since D is normal.)

Finally, we define Cj; = (A«R)y and 8;4| = TOlvar(A |, Ay)- Now we must

prove that G; = ¢, |,8;,; Gi+1 is indeed a resolution step. That is:

CLAIM 3. (AeR)y is properly standardized apart.
CLAIM 4. 6, is an idempotent mgu of Ay and A .
CLAM S. (Ry,A3,...,Ap)Bi+1 = (RA),....Ay)T0.

In the proofs of these claims, we take C(x) = CNR(X).

PROOF OF CLAIM 3. We prove that var((A«—R)y) ¢ var(A«NR,R).
Let x € var(A«<R). Then:
if xy = x, then xy € var(A«<R);
if xy # x, then x € C(x) < var(NR), so if xy is a variable, then xy =
xTopc(x) € C(x) < var(NR).

Before proving Claim 4, we prove an additional claim.

CLAIM 6. y is idempotent.

PROOF. Let x be a variable. If xy = x, then xyy = xy.

Otherwise, xyy = xTopc(x)Y = (since xTopc(x) € C(x) € var(NR) or xT0 is a
constant) = XTOPC(x)TOPC(x) = XTOOPC(x) = (O is idempotent) = XTOPC(x) = XVY.
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PROOF OF CLAIM 4. We prove that for every relevant unifier n of Aj and Ay:

1 = 0i41M. Let 1 be a relevant unifier of A| and Ay: Ajm = Aym.

By standardizing apart, var(A|) N var(NR) = &, so we have A = Ayvy.
Therefore, ym is a unifier of A| and A. Since 7T is an idempotent mgu of A and
A, we have ym = T = Tt = Ty1n ( T < Y, so for some ©: TO = yn ).

Let x be a variable. If x ¢ var(A|,Avy), then x = X041, $0 X1 = x0;417M.

If x € var(Ay), then at the corresponding position in A, we find a term (constant

or variable) t such that x1 = tym and xT = tt. Two cases arise.

- xt=xT0. Then x1 = tymn = tTY1n = XTYN =" XTN = XTON = XOj4 M.

*: x1 ¢ var(NR), since either xT is ground, or xT € var(A|t) c var(Ay) (the latter
inclusion by Corollary 1.2.10, since D is normal).

- XT # xT6. Then xtT € var(NR1), so for some v € var(NR): vt = xT and vy =
vIOPC(v). Now X1 = tym = ttym = xTym = viymn = vym = (by Claim 6) =
VYYM = VYTYN = VIOPC(v)TYT = VIOYN = XTOYTN =" XTOT = X0y 1M.

* . x7o ¢ var(NR), since either TG is ground, or XTo € var(A|T0) C var(Ap).
(.he latter inclusion by Corollary 1.2.10, since D is normal).

If x € var(Ay), then for some y € var(A) we have yy = x. At the corresponding

Josition in Aj, we find a term t such that x1 = tn and yT = tt. Again two cases

arise.

-y ¢ var(NR). Then yy = y and yt6 = yT. Therefore we have xn = yymn = ytym
="y = y10M = yy10m = XT0M = XBj4 M.

*: y1 ¢ var(NR), since either yT is ground, or yT € var(AT) = var(A1) <
var(Aj).

- y € var(NR). Then yy = y10pc(y), 50 (see Claim 6), yy = yyy = yytopc(yy)
= XTOPC(x)- Therefore we have xn = yyn = (by Claim 6) yyym = yytym =
XTOPC(x)TYN = XTOYM =" xTo™M = X0411. * : again, x10 & var(NR).

PROOF OF CLAIM 5.
If x € var(Aj) (2<1i<n), then
if x ¢ var(A|) then x0;,| = x = x10;
if x € var(A) then by definition x0;4| = xT0.
If x € var(R), then two cases arise.
- Xy € var(Awy). Then xy0;4| = xy10 =
(if x ¢ var(NR)) : xto.
(if x € var(NR)) : XT6pC(x)TO = XTOO = XT0.
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- xy ¢ var(Ay). Then either Xy is ground or for no y € var(A): yy = xy.
If xy is ground, then xto is ground, so Xy = XTGPC(x) = XTO.
If for noy € var(A): yy = xvy, then in particular, x € var(A), 50 XT = X.

Now, if x ¢ var(NR), then xy = x = xT = x10.
If x € var(NR), then xy = xT0pc(x). Also, x10 € C(x)10 < C(x)T (by Corollary
1.2.8, since D is normal), so for some z € C(x): zT = xt6 ( and C(z) = C(x) ).
Then 216 = XTO0 = X0, s0 2y = xy. Hence z ¢ var(A), s0 zT = z = ZpC(z)T, SO
Z = 2PC(z) = 2PC(x)- Therefore XTOPC(x) = 2TPC(x) = ZPC(x) = Z = ZT = XTO.

Obviously, Cj4j is an instance of A«R. Also, 0i+11var(G.G).....Gj) =
TOlvar(A},Ay)wvar(G,Gy.....Gj) = TOlvar(A|) = TOlvar(Gg.GJ.....Gj))» by Corollary
1.2.10, since D is normal and a local selection rule is used. This concludes the
proof of Claim 2 and thereby the proof of Lemma 4.2.2. O

4.3. Applications of the Generalization Theorem

Introduction
A simple example of the application of the Generalization Theorem, based on the
first observation in Example 4.1.3, is the following.

COROLLARY 4.3.1. If P is a function-free hierarchical normal program, then
every SLD-derivation of PU{G} via the leftmost selection rule is [inite.
PROOF. We prove an equivalent proposition, namely that the empty loop check
is complete w.r.t. the leftmost selection rule for function-free hierarchical normal
programs. This follows from the Generalization Theorem and the following

observations.

- The empty loop check is complete for ‘unit-programs’, programs that consist
solely of unit clauses.

- The ‘unit’ property is closed under instantiation.

- The empty loop check is safe for goal extension, initialization and detailing.

- Nr-extended unit-programs are hierarchical normal programs. O

Of course, this result is well known, even for arbitrary selection rules and
programs with function symbols. More interesting results can be obtained by

using the Generalization Theorem to extend the completeness results presented
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in Chapter 3. The first result presented there is the completeness of equality
checks for function-free restricted programs w.r.t. the leftmost selection rule.
The Generalization Theorem cannot be applied on this proposition. In contrast,
the Generalization Theorem provides an alternative proof for this proposition,
based on the lemma ‘the equality checks are complete for function-free programs
in which the body of each clause contains at most one atom’.

A generalized completeness result for subsumption and context checks

The other results of Chapter 3 are only valid for the subsumption and context
checks. Therefore we shall now prove that the weakest of those checks, the
SVR| check and the CVR check, satisfy the conditions of the Generalization
Theorem, i.e., that they are safe for goal extension, initialization and detailing.

LEMMA 4.3.2. The SVR check and the CVR check are safe for goal extension.
PROOF. Let D be an SLD-derivation of PU{«Gg}. Let D' be an SLD-
derivation of PU{«(Gg,Hg)}, in which the same atoms are selected and the
same input clauses and mgu’s are used as in D. Thus D cannot contain any
variable occurring in Hg but not in Gy. Denote by 0,, the mgu used in the n-th
resolution step of Dand D' (n 2 1).

If D is pruned by the SVRL check resp. the CVR check, then we have for
some renaming T two goals G; and Gy in D with Gg81...0x = Gg01...6;t and Gy
2L Gjt resp. (A in Gj ‘produces’ AT in Gk and T and 6j4...0x agree on
var(Gj)nvar(A)). Assuming that T acts only on the variables in D, we have that
01...6x and 0;...0;T coincide on all variables of Hp. So (Go,Hg)0;...0x =
(Go,Hp)8;...0;t and (Gg,Hg0;...6x) o1 (Gi,Hp9,...6;)1, resp. T and 0j4j...0x
agree also on var(Hg91...8;)nvar(A). This means that D' is pruned by SVRp,
respectively CVR, as well. O

Notice that it is essential to consider loop checks based on resultants here. It
is easy to see that the loop checks based on goals are not safe for goal extension
(consider e.g. the program of Example 3.2.3 and the goal «~p(x),p(x)).

LEMMA 4.3.3. The SVR}, check and the CVR check are safe for initialization.
PROOF. Let D' = (Gop =¢,,0; G| =500 G2 = ...) be an SLD-derivation.
Suppose that for some i > 0 the derivation D = (Gj =¢;, |.6i1| Gi+1 =Ci42.8142
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Gj+2 = ...) is pruned by ' SVRL resp. CVR. Clearly for some j, k > j and
renaming T (acting only on variables in D): T ‘proves’ that Gj and G are
‘sufficiently similar’ for SVRy, resp. CVR, and Gi64...60k = G;fj+]...6jT. So
it remains to prove that Go8;...6x = Go8;...6;t.

Let x € var(Gg0j...0;). Two cases arise.
i) x ¢ var(G;j). Then x does not occur in D, hence x0j41...0k = x8j41...6;T = x.
ii) x € var(G;j). Then Gibj4]...0k = Gi0j4|...0jt yields x0;4]...0k = x0j4...6jT.
Hence D' is pruned by SVRL, respectively CVR, as well. O

LEMMA 4.3.4. The SVR;, check and the CVR check are safe for detailing.
PROOF. Let D = (Gop = ,9; G| = ...) be an SLD-derivation that is pruned by
SVRL resp. CVR and let D' be an SLD-derivation of the form

I 1yl 1 Pl
(Go =c, 1, H;=... =>Hnl_I =Cp o G

2 2142 2 2 2
=c¢; i Hi= ... =¢¢an_l =ChyThy Gy=>...)

. N o
with for every i > 0: Ty -+ Ty, Var(Go,Gy,...Gi-1) = 0 Ivar(Go,G1,..-,Gi-1)

in which in Gg, Gy, ... thé same atoms are selected as in D. Since D is pruned
by SVR|, resp. CVR, we have for some j, k > j and renaming T: T ‘proves’ that
Gj and Gy are ‘sufficiently similar’ for SVRL, resp. CVR and Gg0;...0x =
Gg01...8jt. For CVR this proof includes that ‘for every variable x that occurs
both inside and outside of A in G;, x0;;1...0yx = xT". It follows immediately that

1 1.2 2 k ok _~ 1 1.2 2 4 ..
Gty Ty, Tp-- Ty Ty -+ T, = G0T, ...tnlt‘...tnz...r'l...‘c'njt, and

for CVR that ‘for every variable x that occurs both inside and outside of A in G;j,

i+1 i+l k _k

XT Ty e Ty = xT’. Hence D' is pruned by SVR, resp. CVR. O

Now we can use the Generalization Theorem together with the fact that the

subsumption and context checks are complete for function-free nvi programs.

COROLLARY 4.3.5. The subsumption and context checks are complete w.r.t.
the leftmost selection rule for function-free nr-extended nvi programs.

PROOF. The nvi property is obviously closed under instantiation. Therefore by

Theorem 3.3.17 respectively 3.4.13, the Generalization Theorem 4.2.1, and the
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Lemmas 4.3.2, 4.3.3 and 4.3.4, the SVR[ check and the CVR check are
complete w.r.t. the leftmost selection rule for function-free nr-extended nvi
programs. Since the SVRY check is the weakest of the subsumption checks and
the CVR check is the weakest of the context checks, by the Relative Strength
Theorem 2.2.12 the same holds for the other subsumption and context checks. O

The single variable occurrence property

Finally, in Chapter 3 it was proved that the subsumption and context checks are
also complete for function-free svo programs. However, the single variable
occurrence property is not closed under instantiation, so we cannot immediately
use the Generalization Theorem. In fact, this should not come as a surprise,
since every program can be converted into a ‘computationally equivalent’ nr-
extended svo program. This can be done by replacing the k > | occurrences of a
variable x in the body of a clause by ‘new’ variables x1,...xx and adding the
nonrecursive atoms eq(x,‘xl),...,eq(x,xk) in the body of the clause. Finally the
clavse eq(x,x) is added to the program (assuming that eq is a new predicate
sy nbol in P).

In the proof of Lemma 4.2.2, we need that the clause Cj4; = (A&R)y
satisfies the property Pr considered, given that the clause A«R satisfies Pr. Up
till now, this was derived immediately from the assumption that Pr should be
closed under instantiation. Since for the svo property this is not true, we shall
derive conditions that ensure directly that Cj;| satisfies the svo property, i.e.,
that every variable in Ry occurs only once (provided that every variable in R
occurs only once).

Formally, let x,y € var(R) such that x # y and xy,yy € VAR. We shall
derive conditions on the program ensuring that xy # yy.

If x ¢ var(NR), then xy = x.
Then, if y € var(NR), yy =y # x, and
if y € var(NR), yy = ytopc(y) € C(y) < var(NR), so yy # x.
The same argument holds if y ¢ var(NR). So a problem can only arise in the
case that x,y € var(NR): then xy = xtopc(x) € C(x) and yy = yt0opc(y) € C(y)-

One solution is demanding that for every pair of distinct variables x,y €
var(R) N var(NR), C(x) # C(y). Then C(x) N C(y) = &, so xy # yy. This
means that two variables in R should not be ‘linked’ by a chain through NR,
thus the addition of the eq-atoms in the construction above is disallowed.
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Another solution is to avoid that different variables in a (sub)goal are unified
while the (sub)goal is refuted. (That is: to ensure that for every variable x in a
goal, and for every unifier G in the derivation, either X6 = x or X0 is a constant.)
This condition can be met (for normal derivations) by the demand that variables
do not occur more than once in the head of a clause. This disallows the addition
of the clause eq(x,x)¢.

In this case such a condition yields xy = xTpc(x) (XTO cannot be a constant,
since xy is a variable). Then xT = XxTpc(x)T = XyT. Using the condition again
(but now w.r.t. T), we obtain x = x\ (still, xt cannot be a constant). Similarly
we obtain y = yy, so Xy # yy.

These two solutions give rise to two classes of programs for which the
subsumption and context checks are complete w.r.t. the leftmost selection rule.

DEFINITION 4.3.6 (Chain-restricted svo program).

Let P be a program. A clause C = (A«NR,R) is chain-restricted svo w.r.t. P if
C is nr-extended svo w.r.t. P, where NR is the nonrecursive part and R is the
svo-part of C, and for every pair of distinct variables x,y € var(R), CNR(X) #
CNR(Y)- A program P is chain-restricted svo if every clause in P is chain-

restricted svo w.r.t. P. 0

DEFINITION 4.3.7 (Head-restricted svo program).

Let P be a program. A clause C is head-restricted svo w.r.t. P if C is nr-
extended svo w.r.t. P and in the head of C, no variable occurs more than once.
A program P is head-restricted svo if every clause in P is head-restricted svo
w.r.t. P. 0

COROLLARY 4.3.8. The subsumption and context checks are complete w.r.t.
the leftmost selection rule for function-free chain-restricted svo programs.
PROOF. By Theorem 3.3.20 respectively 3.4.15, the Generalization Theorem
4.2.1, the Lemmas 4.3.2, 4.3.3 and 4.3.4 and the considerations above, the
SVR[, check and the CVR check are complete w.r.t. the leftmost selection rule
for function-free chain-restricted svo programs. Since the SVRL check is the
weakest of the subsumption checks and the CVR check is the weakest of the
context checks, by the Relative Strength Theorem 2.2.12, the same holds for the
other subsumption and context checks. O



94 Generalizing Completeness Results for Loop Checks Chapter 4

COROLLARY 4.3.9. The subsumption and context checks are complete w.r.t.
the leftmost selection rule for function-free head-restricted svo programs.
PROOF. By Theorem 3.3.20 respectively 3.4.15, the Generalization Theorem
4.2.1, the Lemmas 4.3.2, 4.3.3 and 4.3.4 and the considerations above, the
SVRL check and the CVR check are complete w.r.t. the leftmost selection rule
for function-free head-restricted svo programs. Since the SVRL check is the
weakest of the subsumption checks and the CVR check is the weakest of the
context checks, by the Relative Strength Theorem 2.2.12, the same holds for the
other subsumption and context checks. o

We give now an example of a function-free head-restricted svo program that
does not fall into any other class of programs discussed so far.

EXAMPLE 4.3.10.
The program NONRECp characterizes the predicates that are defined without
recursion in a given program P (predicates in P are constants in NONRECp). Dp
(see Definition 3.2.9) cannot be represented in NONRECp by {dep(p,q)¢. |
(p,q) € Dp}, because (without the use of negation) these clauses fail to express
that (p,q) ¢ Dp for some p and q. Instead, let {p),...,pn} be the predicates in
Lp. For every predicate pj, there is only one ground clause dep(p;,q1,...,qn)¢
in NONRECp such that for some m: {(p;,q1)s.--.(piqm)} < Dp and qm+1 = ...
= @y = nil (nil is a constant in NONRECp that differs from py,...,pn)-
Furthermore, NONRECp contains the following two clauses:
nonrec(nil) <.
nonrec(x) ¢ dep(x,Xy,...,Xp),nonrec(xy),...,nonrec(x,).
Without loop checking, this program goes into an infinite-loop if and only if
the predicate p is defined in P by means of recursion. As the program is head-
restricted svo and function-free, the subsumption and context checks prune all

its infinite loops, thus making the program work properly. O

Of course, in this example it is easier to write a restricted program that
succeeds on predicates defined using recursion and that fails otherwise (using
{dep(p,q)«. | (p,q) € Dp} and computing the transitive closure of ‘dep’). Then
‘nonrec’ can be defined via negation. Yet the combination of negation and loop
checking is a delicate matter. That it is indeed possible is shown in Chapter 5.



5. Loop Checking and Negation

5.1. Introduction

In Chapter 2 a formal framework is given for loop checking mechanisms that
operate on top-down interpreters for positive logic programs. This chapter
extends this framework to interpreters for general logic programs, i.e., logic
programs allowing negative literals in clauses’ bodies. Several problems arising
in the presence of negation are identified and solved. In a different setting, a
combination of loop detection and negation was also studied in [KT] and [SI].

Loop checks are used to prune the search space generated by a top-down
interpreter. Therefore, before loop checks can be defined, this search space
needs to be described properly. The search space must in turn agree with the
intended semantics of the program. For positive programs the choice was
obvious: least Herbrand models and SLD-trees. However, in the presence of
negation, we must pay more attention to this problem.

In the most well-kndwn approach, introduced in [CI2] and treated in [L],
the intended semantics of general logic programs is derived from the completion
of a program; the corresponding search space consists of SLDNF-trees,
obtained when the interpreter is equipped with the negation as finite failure rule.
Informally this rule states that = A may be inferred when an attempt to prove A
(again by SLDNF-resolution) fails after a finite number of resolution steps.
According to Theorem 16.5 of [L], for positive programs the completion
semantics corresponds exactly to finite failure, i.e., m A is a logical consequence
of the completion of P if and only if PU{«A} fails finitely. Due to the
restriction to finite failure, this approach is hardly compatible with the use of a
loop check. Indeed, the intention of loop checking is to turn infinite (hence
failed) paths in the search space into finitely failed paths. Thus if PU{«A} fails
finitely due to the use of a loop check, — A is not entailed by the completion-
semantics. So completion semantics is inappropriate for our purposes.

Numerous alternative semantics have been proposed; see [ABo] for an
overview. Here we adopt an approach of Przymusinski, which is based on
perfect model semantics ([P1]). Furthermore, we restrict our attention to locally
stratified programs; it is shown in [P1] that these programs have a unique perfect
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Herbrand model (a ‘perfect’ model is defined as being minimal w.r.t. a certain
partial ordering on models, which is a refinement of the usual subset ordering).
The perfect model of a locally stratified program is also its unique stable model
[GL] and its (total) well founded model [vGRS], [PW].
In [P2] a corresponding search space, called SLS-trees, is defined for
stratified programs; this definition is generalized here to locally stratified
programs. As pointed out by Przymusinski, an SLS-tree represents the search
space of a top-down interpreter, equipped with the ‘negation as failure’ (not
necessarily finite failure) rule.
Obviously this rule is in general not effective, so SLS-resolution cannot be
effectively implemented, but only approximated.! However, as Przymusinski
[P2] suggests, loop checks can yield such approximations:
‘Suitable loop checking can be added to SLS-resolution without destroying its
completeness. For large classes of stratified programs, SLS-resolution with
subsumption check will result in finite evaluation trees and therefore can be
implemented as a complete and always terminating algorithm. This is the case, in
particular, for function-free programs.”’

Cne of the contributions of this chapter is a substantiation of this claim.

It appears that for our purposes the standard SLS-trees do not present
enough detail in the treatment of negative literals. Therefore these SLS-trees are
augmented with justifications, which show explicitly the construction of a
subsidiary SLS-tree of «—A, when —A is selected.

A further major problem (not treated in [KT] and [SI]) is the occurrence of
floundering: when only substitutions are used as computed answers, a
nonground negative literal cannot be answered properly: the derivation is said to
flounder. Floundering lies between success and failure, making it hard to
determine which floundering derivations can be pruned. This problem is solved
by considering floundering derivations as potentially successful, and giving a
potential answer substitution. These substitutions ‘cover’ the semantically
correct answers (which cannot be expressed as substitutions), but are possibly
more general. A new completeness theorem for SLS-resolution, based on these

UIn contrast, it is decidable whether a certain tree is an SLDNF-tree, but not by using SLDNF-
resolution: one selection rule may result in an infinite SLDNF-trce, whereas another selection

rule yields a finitely failed one.
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potential answers, is proposed. The proof of this theorem requires generalized
versions of the Mgu and Lifting Lemma (as presented in [Ca]).

In order to keep the potential answer substitutions as specific as possible, a
selection mechanism is proposed that postpones floundering as long as possible.
It appears that the restriction to these selection rules allows us to prove a form of
the ‘independence of the selection rule’ property, which is well-known for
positive programs.

In Section 5.2 we formalize this approach. Loop checks for locally stratified
programs are formally defined in Section 5.3. Apart from the replacement of
SLD-derivations by SLS-derivations, the definitions hardly differ from those in
Section 2.1. Only the effect of applying a loop check on an SLS-tree with
justifications appears to be complicated.

In Section 5.4 the soundness (no potential answer is lost) and completeness
(the search space becomes finite) of loop checks for locally stratified programs
are studied. Soundness becomes even more important than it was in the positive
case: if a loop check prunes a (potential) success in a subsidiary SLS-tree, then
the ‘parent’ SLS-tree should be extended; this extension might contain unsound
answers. It is shown that . a top-down SLS-interpreter remains sound and
complete when it is augmented with a sound loop check.

Finally, in Section 5.5 it is shown how loop checks for positive programs
can be turned into loop checks for locally stratified programs. The main
observation is that in locally stratified programs negative literals cannot give rise
to a loop. Thus any loop is caused by positive literals and can be detected by a
loop check for positive programs; the negative literals are simply removed. It is
shown that this construction preserves the completeness of the loop checks.
Soundness is not preserved for every possible loop check (a counterexample
using a highly nontypical loop check is given), but for ‘reasonable’ loop checks,
including the ones studied in Chapter 3, soundness is preserved.

5.2. Declarative and Procedural S emantics of G eneral Programs
SLS-resolution

DEFINITION 5.2.1 (Local stratification).
Let P be a program. P is locally stratified if there exists a mapping stratum from
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the set of ground atoms of Lp to the countable ordinals, such that for every
clause (H « Ay,...,An,—By,...,—B;) € ground(P):

for 1 £i<m, stratum(A;) < stratum(H) and

for 1 <i < n, stratum(B;) < stratum(H). O

Obviously, stratified programs ([ABW]) and programs without negation
(positive programs) are locally stratified. From now on, only locally stratified
programs shall be considered, therefore we usually omit the qualification ‘locally
stratified’. Consequently, we assume that for every considered program a

mapping stratum, satisfying the above requirements, is available.

DEFINITION 5.2.2.
Let P be a program. We extend the mapping stratum as follows.
1. For an atom A, not necessarily ground,
stratum(A) = sup { stratum(Ag) | Ag is a ground instance of A inLp }.
2. For a negative literal - A, not necessarily ground,
stratum(— A) = stratum(A) + |
3. For a goal G,

G { 0 if G =0,
strat =
sratum(G) =1 x { stratum(L)| 1 Si<n ) ifG=eLy.....Ly. O

A selection rule determines which literal is selected in a goal of a derivation.
A well-known problem concerning the ‘negation as (finite) failure’ rule is
floundering: the selection of a nonground negative literal (cf. [CI2], [L]). We
assume that such a selection is avoided whenever possible.

DEFINITION 5.2.3.
A selection rule is safe if it never selects a nonground negative literal in a goal

containing positive and/or ground negative literals. 8]

Following Przymusinski’s presentation for stratified programs in [P2], we
now define for a given program P and goal G the SLS-tree of PU{G}, together

with some related notions. The definition uses induction on stratum(G).
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DEFINITION 5.2.4 (SLS-tree).

Let P be a program and G a goal. Let R be a fixed safe selection rule. Assume

that SLS-trees have already been defined for goals H such that stratum(H) <

stratum(G). We define the SLS-tree T of PU{G) via R. (In fact this tree is not
uniquely defined, as the choice of the names of auxiliary variables is left free.)

The root node of T is G. For any node H in T, its immediate descendents
are obtained as follows:

- if H=0, then H has no descendents and is a success leaf.

- if R selects a nonground negative literal in H, then H has no descendents and
is a flounder leaf.

- if R selects a positive literal L in H, then H has as immediate descendants: for
every applicable program clause C in P, a goal K such that H =¢c g Kis a
derivation step and C' is a (properly standardized apart) variant of C.

If no program clauses are applicable, then H is a failure leaf.

- if R selects a ground negétive literal L = = A in H, then the SLS-tree T' of
PU{«A} via R has already been defined.

(Either some ground instance By of an atom B in G depends negatively on

A, therefore stratum(G) 2 stratum(B) = stratum(BYy) > stratum(A); or —A is

an instance of a negative literal in G, so again stratum(G) > stratum(A).)

T' is called a side-tree of H (or, of T). We consider three cases:

- if all leaves of T' are failed, then H has only one immediate descendant,
namely the goal K = H - {L}, i.e., the goal H with L removed (such a
derivation step is denoted as H = K).

- if T' contains a success leaf, then H has no immediate descendants and is a
failure leaf.

- otherwise, H has no immediate descendants and is a flounder leaf.

If T has a success (flounder) leaf then T is successful (floundered); hence an

SLS-tree may be both successful and floundered. T is failed if all of its leaves

are failed (note that a failed SLS-tree may contain infinite branches).

An SLS-derivation (of PU{G}) is an initial segment of a branch of an SLS-
tree (of PU{G}). An SLS-derivation ending in a success (flounder) leaf is called
successful (floundered). An SLS-derivation is failed if it is infinite or ends in a
failure leaf. Otherwise it is called unfinished.

A successful SLS-derivation (or SLS-refutation) of PU{G} yields a

computed answer substitution ¢ in the same way an SLD-refutation does:
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whenever in a refutation step a negative literal is selected, such a step does not
contribute to the computed answer substitution. G~0 is called the computed
answer of the derivation.

An SLS-derivation or -tree of PU{G} is potentially successful if it is
successful or floundered. The potential answer substitution o of a potentially
successful SLS-derivation is again the sequential composition of the mgu’s of
the derivation (thus the potential answer substitution of a refutation coincides

with its computed answer substitution). Its potential answer is again G~0. O

Soundness and completeness of SLS-resolution
We need the following soundness and completeness results, which strengthen
the results of [Ca], [KT] and [PP].

THEOREM 5.2.7 (Soundness and strong completeness of SLS-resolution).
Let P be a program and G a goal. Let Mp be the unique perfect Herbrand
model of P as defined in [P1], but based on the canonical language of [Kul].
Let R be a safe selection rule and 6 a substitution.
i) If G~0 is a computed answer for PU{G ] then Y(G~0) is true in Mp.
ii) If PU{G} has a failed SLS-tree, then —3(G~) is true in Mp.
iii) If Y(G~0) is true in Mp, then there exists a /)()tenticllly successful SLS-
derivation of PU{G} via R giving a potential answer G~0 < G~0.
iv) If =3(G~) is true in Mp, then the SLS-tree for PU{G] via R is not
successful.
PROOF. iv) follows immediately from i) and ii) follows immediately from iii).
i) and ii) are proved in [Ca, Theorem 5.3(i)]. So iii) remains to be proved.
We introduce the following terminology.
An SLS-derivation is unrestricted if instead of mgu’s, arbitrary unifiers are
used.
An (unrestricted) SLS-derivation is grounded if every goal in it is ground.
An oracle SLS-derivation differs from the standard SLS-derivation in the
treatment of selected ground negative literals: such a literal = A is removed if
A ¢ Mp and the derivation fails if A € Mp (and floundering does not occur).
From this it follows that a grounded (oracle) SLS-derivation never floun-
ders. Now assume that V(G~0) is true in Mp. It can then be shown (similarly to
other completeness proofs, e.g. in [Ca] and [KT]) that there exists a grounded
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oracle SLS-refutation of PU{G0y} via R, where y= {x/a|,..., Xp/am } binds
all variables xj,...,xm in GO to new constants aj,...,am. (More precisely, these
constants are added to Lp. Notice that P remains locally stratified under this
extension of the Herbrand Universe. More importantly, the oracle in the oracle
SLS-refutation uses the model Mp w.r.t. the extended Herbrand Universe. The
use of the oracle replaces the more usual induction on stratum .)

In this grounded oracle SLS-refutation, we can textually replace the
constants ap,...,aym by Xj,...,X; again. Thus we obtain a ‘derivation’ of
PU{G0O} of which the unifiers do not act on the variables of GO6. However, it is
possible that some a; is replaced by x; in a selected negative literal, causing this
‘derivation’ to flounder, in which case the rest of the derivation must be
discarded. Thus we obtain a potentially successful unrestricted oracle SLS-
derivation of PU{G8} of which the unifiers do not act on the variables of G6.

Now we supply side-trees for the remaining successful oracle steps (in
which a ground negative literal —A is selected and removed). As in such a case
A ¢ Mp, from iv) it follows that the constructed side-tree, an SLS-tree of
PuU{«A} via R, is not successful. If it is failed, then we have found the desired
side-tree. If it flounders, then again our derivation flounders at this point and the
rest of it is discarded. So we obtain a potentially successful unrestricted SLS-
derivation of PU{G8}, of which the unifiers do not act on the variables of G6.

Now we need the following generalizations of the well-known Mgu Lemma
and Lifting Lemma (see e.g. Lemma 5.2 and 5.3 in [Ca]).

LEMMA 5.2.8 (Mgu Lemma). Let P be a program and G a goal. Suppose
that PU{G} has a potentially successful unrestricted SLS-derivation using
the unifiers 0,...,0,. Then there exists a potentially successful SLS-
derivation of PU{G} using the mgu’s 0'y,...,0'y,, such that G~0';,...,0',
<G~0,,....6, and m <n.

PROOF. First the construction of the proof of the original Mgu Lemma can be

applied, disregarding floundering. The resulting ‘derivation’ uses the mgu’s

0'y,...,0', and G~0'y,...,0', £ G~0y,...,0;. It is a valid SLS-derivation up to

the first selection of a nonground negative literal. At this goal (obtained after m

steps if it exists, otherwise m = n) floundering occurs and the rest of the ‘deri-

vation’ is discarded. The result is a potentially successful SLS-derivation with a

potential answer G~0'y,...,0',; £ G~6'y,....0', £G~0,....0p;and m<n. 0O



102 Loop Checking and Negation Chapter §

LEMMA 5.2.9 (Lifting Lemma). Let P be a program, G a goal and 6 a
substitution. Suppose that PU{G0) has a potentially successful SLS-
derivation using the mgu’s 0y,...,0,. Then there exists a potentially

successful SLS-derivation of PU{G) using the mgu’s 0'},...,60'y,, such
that G~0'y,...,0',, £ G~006,,...,0, and m < n.

PROOF. First the construction of the proof of the original Lifting Lemma can be

applied, disregarding floundering. The resulting ‘derivation’ uses the mgu’s

0,...,0',, and G~6'(,...,0', £ G~60},...,0,. It is a valid SLS-derivation up to

the first selection of a nonground negative literal. At this goal (obtained after m

steps if it exists, otherwise m = n) floundering occurs and the rest of the ‘deri-

vation’ is discarded. The result is a potentially successful SLS-derivation with a

potential answer G~0'1,....8',, < G~0'(,...,0, < G~60},....0p;and m<n. O

Applying these lemmas on the potentially successful unrestricted SLS-
derivation of PU{GO} proves the existence of a potentially successful SLS-
derivation of PU{G}, giving a potential answer G~o < G~6. o

Theorem 5.2.7 allows us to omit in further considerations the perfect model
semantics: in order to show that a loop check respects this semantics it is
sufficient to compare pruned SLS-trees with original, unpruned trees.

The following example shows
why a stronger result than the one
presented in [Ca] is needed here.

«p(x)

EXAMPLE 5.2.10. P P(Y)—p(¥),—=q(y)
LetP={ p(1) «. {x/1} {y/x}

p(y) < p(y),— q(y) p(x)mq(0)

q(1) & —r(x).

Figure 5.2.1 shows an SLS- p(h)e p(y)=p(y)—q(y)

tree of PU{«p(x)} via the leftmost {x/1} / {y'/x}
selection rule. Since the tree floun-

ders, ordinary completeness results
like the one in [Ca] cannot be used.
However, a loop check might very
well prune the goal «p(x), —~q(x).

—=q(l) «p(x),—q(x),=q(x)
flounders / \

FIGURE 5.2.1
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In this case the pruned tree does not flounder, so it is expected to be
complete. Indeed this completeness follows from Theorem 5.2.7 (as the only
potential answer occurring in the tree is p(1)). D

A more precise description of the search space

In the positive case, when a program P and a goal G are input to the interpreter,
only an SLD-tree of PU{G} is searched. However, in the presence of negation,
not only an SLS-tree of PU{G} is searched, but also its side-trees, and the side-
trees of its side-trees, et cetera. We call such a construct consisting of an SLS-
tree and its side-trees (to the required depth) a justified SLS-tree. As in
Definition 5.2.4, induction on stratum is used.

DEFINITION 5.2.11 (Justified SLS-tree).

Let P be a program and G a goal. Let R be a fixed safe selection rule. A justified
SLS-tree T of PU{G} via R consists of an SLS-tree Tyop of PU{G} via R,
which is, for every goal H in Ty,p in which a ground negative literal = A is
selected, augmented with a justified SLS-tree T' of PU{«A} via R. Such a tree
T' is called a justification of H (or, of T), Tyop is called the top level of T. T is
successful (potentially successful, floundered, failed) if Tyop is successful
(potentially successful, floundered, failed). The computed/potential answers of
T are those of Tiop. O

Figure 5.2.2 shows a justified SLS-tree.

Y j P

D €~ q RO T (—q

failure qe—r)/\qe——us

I 8 el €—§
re flounder
s —t(x)

0

«— —t(x)
flounder

FIGURE 5.2.2
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Notice the relationship between a side-tree T of H (an SLS-tree), and a
justification J of H (a justified SLS-tree): T is the top level of J.

In order to render potential answers as specific as possible, it is worthwhile
to ‘postpone’ floundering until all nonfloundering literals are resolved. This is
achieved by considering the class of deeply safe justified SLS-trees defined

below. The definition uses induction on stratum again.

DEFINITION 5.2.12.

A justified SLS-tree is deeply safe if for every flounder leaf «Lj,...,L; in it,
every literal L; (1 <1< n) is a negative literal = A;, and either A; is nonground or
every deeply safe justified SLS-tree of PU{«A;} flounders unsuccessfully. O

In a deeply safe justified SLS-tree, all justifications are also deeply safe (as
the definition refers to every flounder leaf, not only those at the top level). Using
a safe selection rule alone is not enough to obtain deeply safe trees: a ground
negative literal —~ A may be selected in a goal that still contains positive literals;
then the side-tree of — A may unsuccessfully flounder.

In this chapter, deeply safe trees are only used as a theoretical construct:
Theorem 5.4.6 implies that the interpreter to which our loop checking
mechanism is added can be allowed to use any safe selection rule. Nevertheless,
it might prove profitable in practice to construct deeply safe trees, for this
reduces the occurence of floundering to a minimum.

At first, it seems that checking whether ‘every deeply safe justified SLS-tree
of PU{«A;} flounders’ requires the construction of deeply safe trees of
PU{«A|} via every possible selection rule. The following lemma shows that
this is not the case, as for deeply safe trees the independence of the selection rule
holds.

LEMMA 5.2.13 (Independence of the selection rule for deeply safe trees).
Let P be a program and G a goal. Let Ty and T be deeply safe justified
SLS-trees of PU{G). Then there exists a bijection @ from the potentially
successful branches in T to the potentially successful branches in Ty such
that \Bl = |¢(B)| and the potential answers of B and ¢(B) are variants.

Moreover, B is successful if and only if ¢(B) is.



Section 5.2 Declarative and Procedural Semantics of General Programs 105

PROOF. Remove all negative literals from T that are never selected (since T} is
deeply safe, precisely these literals remain in the flounder leaves). The resulting
tree is successful, hence the Switching Lemma (Lemma 3.3 in [KT]) can be
applied repeatedly. In this way, a successful tree can be obtained in which the
selections take place in the same order as in T. Now adding the ‘floundering
literals’ in their place yields exactly Ta: because T3 is deeply safe, the added
literals are never selected before the tlounder leaves.

Notice that induction on stratum is needed to show that whether a literal is a

‘floundering literal’ or not is independent of the selection rule. 0

Therefore a valid method for creating deeply safe justified SLS-trees is to
create only one (again deeply safe) justification for a selected negative literal. If
this justification flounders unsuccessfully, then the literal is marked as
‘floundering’ and the interpreter ‘backtracks’ over this selection (that is, this
selection is ‘undone’, and another literal is selected). Only if all literals in a goal
are marked as ‘floundering’, the goal is a flounder leaf.

The final lemma of this section shows that in deeply safe trees the
occurrence of floundering is indeed reduced to a minimum, i.e., given a
program and a goal, every computed answer that can be obtained is present
(modulo variants) in every deeply safe tree. Conversely, if the deeply safe tree
has a floundering branch, such a branch is also present in every other tree (with
a more general potential answer, indicating the possibility that the other tree
flounders sooner).

LEMMA 5.2.14. Let P be a program and G a goal. Let Ty and T be justified
SLS-trees of PU{G} and let T| be deeply safe.

i) For every computed answer in Ty, T; contains a variant of it.

ii) For every potential answer in Ty, Ty contains a more general potential

answer.

PROOF. For both claims, we need to consider only the top-level of the trees, as

the justifications can be treated by induction on stratum.

i) Suppose that T contains a successful branch D. As far as D is concerned
(without its justifications), Ty is deeply safe. In other words, D can be
embedded in a deeply safe justified SLS-tree T3 of PU{G}. Now apply
Lemma 5.2.13 on Ty and Ta.
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i1) Suppose that T contains a potentially successful branch D. Consider a deeply
safe justified SLS-tree T3 of PU{G} that follows the selections of T as long
as they are deeply safe. By Lemma 5.2.13, T3 contains-a potentially
successful branch D' of which the potential answer is a variant of the answer
of D. T3 contains either D' or an initial segment of D' that flounders (on a goal
in which the selection is not deeply safe). The potential answer of such an

initial segment of D' is more general than the potential answer of D' itself. D

The approach to floundering we have sketched here tries to avoid
floundering (by using deeply safe trees), and when floundering occurs, it tries to
prove that the occurrence is harmless (i.e., that the returned potantial answer is
less general than some computed answer). In the remaining cases, the potential
answer can be used, but no attempt is made to get more information from the
floundering goal.

Methods for trying to get more information, called constructive negation,
have been studied both in the setting of SLDNF-resolution [Ch], [Dr] and SLS-
resolution [Dr], [P3].

Both approaches are complementary. Because constructive negation is
computationally expensive, it makes sense to limit its use to those cases where it
is really needed. These cases are identified by our approach. In fact, as is shown
by Example 5.5.12, it is almost unavoidable that the application of loop
checking turns some successful SLS-trees into floundering ones, a behaviour
which becomes more acceptable when constructive negation is used. On a
technical level, one might expect a relation between Theorem 5.2.7 iii) and
completeness results for constructive negation.

5.3. Loop Checks for Locally Stratified Programs

In this section we give a formal definition of loop checks for locally stratified
programs (based on SLS-derivations), closely following the presentation of loop
checks for positive programs in Chapter 2. The purpose of augmenting an inter-
preter with a loop check is to prune the generated search space while retaining its
soundness and completeness. We define and study those properties of loop
checks for locally stratified programs that are needed to achieve this goal.
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Definitions
Since loop checks can be used to prune every part of a justified SLS-tree, one
might define a loop check as a function on justified SLS-trees, directly showing
where the trees are changed. However, this would be a very general definition,
allowing practically everything. A first restriction we make is that a loop check
acts only within an SLS-tree, disregarding its justifications and the possibility
that this SLS-tree itself may be part of a justification in another SLS-tree. We
shall formally call such loop checks for locally stratified programs one level loop
checks. Nevertheless, we usually omit the qualification ‘one level’, unless
confusion with positive loop checks (loop checks for positive programs, as
defined in Section 2.1) can arise. This restriction leaves the possibility open that
loop checks are used to prune more than one tree in a justified SLS-tree.

Similar to positive loop checks, we restrict the scdpe of one level loop
checks even more, namely from SLS-trees to SLS-derivations. As in Section
1.3 and 2.1 we define:

- anode in an SLS-tree is pruned if all its descendants are removed.

- by pruning some of its nodes we obtain a pruned version of an SLS-tree (an
unfinished SLS-tree).

- whether a node of an SLS-tree is pruned by a loop check depends only upon
its ancestors in the tree, that is on the SLS-derivation from the root to this
node.

So we define a one level loop check as a set of derivations (possibly
depending on the program): the derivations that are pruned exactly at their last
node. Thus a program P and a loop check L determine a set of (unfinished)
SLS-derivations L(P). Such a loop check L can be extended in a canonical way
to a function fi! from SLS-trees to unfinished SLS-trees: fi.! prunes in an SLS-
tree of PU{Gp} the nodes in {G | the SLS-derivation from Gg to G is in L(P)}.
Extending L to a function f_* from justified SLS-trees to ‘pruned’ justified SLS-
trees, showing the effect of applying L to all SLS-trees within the original
justified tree, is less straightforward, because pruning a justification can affect
the ‘parent’ tree. This subject is discussed later in this section.

Again we also introduce the notion of a simple one level loop check, in
which the set of pruned derivations is independent of the program. This leads
us to the following definitions, which are almost identical to the ones in
Section 2.1.
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DEFINITION 5.3.1.
Let L be a set of SLS-derivations. Initials(L) = {D € L | L does not contain a
proper initial subderivation of D}. L is subderivation free if L = Initials(L). O

DEFINITION 5.3.2 (Simple one level loop check).
A simple one level loop check is a computable set L of finite SLS-derivations

such that L is closed under variants and subderivation free. ]

DEFINITION 5.3.3 (One level loop check).

A one level loop check is a computable function L from programs to sets of
SLS-derivations such that for every program P, L(P) is a simple one level loop
check. O

DEFINITION 5.3.4.
Let L be a loop check. An SLS-derivation D of PU{G} is pruned by L if L(P)

cont:.ins D or a proper initial subderivation of D. O

Pruning a justified SLS-tree

We now formalize how a justified SLS-tree is pruned. To simplify the
definition, we assume that only one loop check L is used to prune a justified
SLS-tree T: both the top level of T and (recursively) all justifications of T are
pruned by L.

A problem arises when L prunes the justification of a goal G to such an
extent that (potential) success in it is lost: instead of being a failure (flounder)
leaf, G should now obtain a descendant, i.e., the search space of an interpreter
with such a loop check extends the original search space beyond G. Modelling
this additional search space is problematic, as there is no original tree to follow.

We avoid this problem temporarily by turning such a leaf G into an
extension leaf. In this way the pruned tree remains a subtree of the original one.
This property can be well exploited in the proof of the soundness and
completeness of SLS-resolution with loop checking, where pruned trees are
compared with original ones and Theorem 5.2.7 is used.
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DEFINITION 5.3.5 (Pruning a justified SLS-tree).
Let P be a program and G a goal. Let L be a loop check and let T be a justified
SLS-tree of PU{G}. Then the tree T, = f1.*(T), the pruned version of T, is
defined as follows. v

The root node of Tp is G. For any node H in the top level of T, the same
literal as in T is selected; the immediate descendants of H in Tp, are:
- if the SLS-derivation from G to H is pruned by L, then H has no descendants

and is a pruned leaf.

- otherwise:

- if a ground negative literal is selected in H, then H has a justification T' in
T. The pruned version of T, T' = fL*(T'"), is already defined by
induction (on stratum). Tj,' is the (pruned) justification of H in Tp,. We
consider the top level of Tp":

- if it contains a success leaf, then H has no immediate descendants and is
a failure leaf. V
- otherwise, if it contains a flounder leaf, then H has no immediate
descendants and is a flounder leaf.
- otherwise, if it contains an extension leaf or if H has no descendants in
T, then H has no immediate descendants in T}, and is an extension leaf.
- otherwise, H has in Tp the same immediate descendant as in T.
- otherwise H has in Tp the same descendants (or the same leaf-type) as in T.
A pruned justified SLS-tree is successful (etc.) if one of its top level leaves is
successful (etc.). It is failed if all its top level leaves are either failed or pruned.0

flounder
! * p g
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flounder qéer qée—s

“r ey e
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s ¢ —t(x)

«——t(x)
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FIGURE 5.3.1
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EXAMPLE 5.3.6.

When a loop check pruning the goal «r is applied to the SLS-tree in Figure
5.2.2, the tree depicted in Figure 5.3.1 is obtained. When the goal s is also
pruned, then the tree of Figure 5.3.2 is obtained. O

P b P

extension P <—q

extension qéer

T .
pruned extension pruned

FIGURE 5.3.2
5.4. Soundness and Completeness

In this section a number of properties of one level loop checks is defined. These
definitions are only concerned with the effect of applying a loop check on the top
level of a justified SLS-tree. Thereafter the influence of applying loop checks
satisfying these definitions on all levels of a justified SLS-tree is studied.

Definitions

As was pointed out before, using a loop check should not result in losing
potential success. In order to retain completeness, an even stronger condition is
needed: we may not lose any individual solution. Since Theorem 5.2.7(iii)
involves potential answers, pruning the tree should preserve those successful
and floundering branches that indicate (the possibility of) solutions not
otherwise found. That is, if the original SLS-tree contains a potentially
successful branch (giving some computed answer), then the pruned tree should
contain a potentially successful branch giving a more general answer.

In order to consider only those potential answers that are as specific as
possible, only deeply safe justified SLS-trees are taken into account. (Otherwise
we would not be allowed to prune a floundering derivation like ‘¢=p =pep—r
«p,—r’, where —r is selected and its side-tree flounders.)
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DEFINITION 5.4.1 (Soundness).

Let R be a safe selection rule and let L be a loop check.

i) L is weakly sound if for every program P and goal G, and potentially
successful deeply safe justified SLS-tree T of PU{G}, fL‘(Tmp) is potentially
successful.

ii) L is sound if for every program P and goal G, and deeply safe justified SLS-
tree T of PU{G}: if T contains a potentially successful branch giving a
potential answer G~G, then le(Tlop) contains a potentially successful branch
giving a potential answer G~¢' < G~G. B0

The following lemma is an immediate consequence of these definitions.
LEMMA 5.4.2. Every sound loop check is weakly sound. DO

Moreover, if the initial goal is ground (which is always the case for side-
trees), then the notions weakly sound and sound coincide.

The purpose of a loop check is to reduce the search space for top-down
interpreters. Although impossible in general, we would like to end up with a
finite search space. This is the case when every infinite derivation is pruned.

DEFINITION 5.4.3 (Completeness).

A loop check L is complete w.r.t. a selection rule R for a class of programs ¢, if
for every program P € ¢ and goal G in Lp, every infinite SLS-derivation of
PU{G} via R is pruned by L. O

As in Section 2.2 we have overloaded the terms ‘soundness’ and
‘completeness’. These terms refer both to loop checks and to interpreters (with
or without a loop check). We now study how the soundness and completeness
of a loop check affects the soundness and completeness of the interpreter
augmented with it.

Interpreters and loop checks

We prove that under the right conditions an SLS-interpreter augmented with a
loop check remains sound and complete (in the sense of Theorem 5.2.7). Due to
the introduction of extension leaves, a pruned justified SLS-tree does generally

not cover the entire search space for the SLS-interpreter augmented with a loop
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check. For, whether a node is an extension leaf depends (partly) on the
unpruned SLS-tree. This tree is not available for the loop-checked interpreter, so
it cannot decide to stop at an extension leaf. Beyond an extension leaf, it might
find incorrect answers. Therefore we must ensure the absence of extension
leaves in soundness results.

As a first step, we do so for deeply safe justified SLS-trees by comparing
their pruned and unpruned versions directly. The enumeration in this lemma
links up with Theorem 5.2.7.

LEMMA 5.4.4. Let P be a program and G a goal. Let R be a sufe selection
rule and 0 a substitution. Let T be a deeply safe justified SLS-tree of
PU{G} via R. Let L be a weakly sound loop check and let T), = f1.X(T).

-) Tp has no extension leaves.

i) If G~0 is a computed answer in Tp, then G~6 is a computed answer in T.

ii) If Ty is failed, then T is failed.

it If L is sound and T contains a potential answer G~0, then T, contains a
potential answer G~ < G~0.

iv) If T is not successfal, then T, is not successful.

PROOF. -) Suppose (in order to obtain a contradiction) that G is an extension
leaf in Tp. Then a ground negative literal is selected in G. Let T' be the
Justification of G in T and let T}, = fL*(T") be the justification of G in Tp. By
induction (on stratum), we may assume that Tp‘ has no extension leaves. So
the only case left is that G is a leaf in T, and Ty is failed. Obviously G is not a
success leaf. So G is a failure leaf or flounder leaf in T. Hence T' is potentially
successful. Since L is weakly sound and T' is deeply safe, we may conclude
inductively from ii) that Tp' is potentially successful. Contradiction.

i) and iv) Tp is a subtree of T.

ii) Suppose (in arder to obtain a contradiction) that T, is failed, whereas T is
potentially successful. Consider a potentjally successful branch D in T. All
Justifications of D are either failed or floundered. Inductively by iv) the pruned
justifications are also failed or floundered. Thus Tp, can only be failed if D
itself is pruned by L. This holds for every potentially successful branch in T,
thus fL'(Tmp) is failed. However, since L is weakly sound and T is deeply
safe and potentially successful, by Definition 5.4.1(i) fL'(Tlop) must be
potentially successful. Contradiction.
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iii) As ii), considering a branch only (potentially) successful if its potential
answer is more general than G~0. (Notice that if a failed justification of D in T
is replaced by a floundering pruned justification in Ty, the potential answer of
the remaining part of D in T}, is more general than the potential answer of D.)
In this case Definition 5.4.1(ii) must be used. ]

Indeed, combining Lemma 5.4.4(-) and (i)-(iv) with Theorem 5.2.7(i)-(iv)
gives the required soundness and completeness results for deeply safe trees. The
following theorem shows that it is not really necessary to use deeply safe
selections. Only some parts of the unpruned tree (which are never constructed
by the interpreter, but just used for comparison reasons) must be deeply safe.
We need one more definition.

DEFINITION 5.4.5.
A loop check L is selection-independent
if for every program P and for every D € L(P),
{D' | D' differs from D only in the selection of the literal in its last goal }
c L(P). ’ a

The restriction to selection-independent loop checks is not a severe one.
Intuitively, after the creation of a new goal the loop check is performed first.
Only when no loop is detected a further resolution step is attempted; to this end a
literal is selected. All loop checks defined in Chapter 3 are selection-
independent.

THEOREM 5.4.6 (Soundness and strong completeness of SLS-
resolution with loop checking).
Let P be a program and G a goal. Let R be a safe selection rule and 0 a
substitution. Let T be a justified SLS-tree of PU{G] via R. Let L be a weakly
sound selection-independent loop check. Then there exists a justified SLS-tree
T of PU{G] such that:
)Ty = fL*(T') represents the search space for PU{G} of a top-down SLS-
interpreter using R, augmented with the loop check L(i.e., Ty" has no
extension leaves and makes all selections according to R, except for the

selections in pruned leaves).
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i) If G~0is a computed answer in T, then G~8is a computed answer in T

i) If Tp' is failed, then T' is failed.

iti) If L is sound and T' contains a potential answer G0, then T)," contains a
potential answer G~0 < G~6.

iv) If T'is not successful, then Ty' is not successful.

v) If T is successful, then T' is successful.

vi) If T is failed, then T' is failed.

PROOF. First we give a construction of T'. By induction on stratum, we may

assume that for each justification J of T, a justification J' is defined such that J'

is derived from J as T' will be derived from T.

As a first step we obtain T" by replacing in T every justification J by such a
justification J'. Furthermore, if a floundering justification J of a leaf H is
replaced by a failed justification J', then H has must obtain a descendant in T"
and T" is expanded beyond H. This expansion takes place via R, except that the
justifications in the expansion are still the ones inductively derived from the
justifications via R. By v) and vi) this replacement of justifications cannot give
rise to other problems.

For every justification J' in T", it follows from -) that fi. *(J') has no
extension leaves. Moreover, it follows that T," = fL*(T") has no extension
leaves. (For suppose that H is such an extension leaf, then the justification J' of
H in T" must be potentially successful, whereas fi.*(J") is failed. This
contradicts ii), applied inductively on J'.)

We obtain the tree T' by expanding T," beyond its pruned leaves, where at
those pruned leaves and beyond, selections are made in a deeply safe way (thus:
not necessarily via R). Notice that differences between T" and T' do not occur
before the selection in a goal where T" is pruned, so by the assumption that L is
selection-independent it follows that T, = fi *(T") = T" (except possibly in
selections in pruned leaves). Now we prove our claims.

-) For the justifications in T}', this is true by induction. As was remarked, the
top level of Tp' = Tp" contains no extension leaves. Finally, the top level of T"
(and Tp") follows R, so T}’ does (except possibly in pruned leaves).

i) and iv) Tp' is a subtree of T".

ii) Suppose that T is failed. Then Tj," is failed, so apparently no floundering in
the justifications of T," reaches its top level. So we may ‘pretend’ that Tp" is

deeply safe, apart from selections in its pruned leaves (i.e., using Lemma
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5.2.14 we could replace évery justification of T," by a deeply safe one,
without changing its top level). T' is an expansion of Tj," that is deeply safe in
and beyond the pruned leaves of Tp". Thus in the same way, we may
‘pretend’ that T' is deeply safe. Then by Lemma 5.4.4(ii), T' is failed.

iii) First consider the tree Tqs, which is obtained from T" by expanding T' in a
deeply safe way beyond every flounder leaf that is not deeply safe (either by
making an other selection or by replacing the justification). Consider a
potentially successful branch D in T' that is pruned in T,". As D is pruned in
Tp", the tail (the part that is pruned out) of D in T' is already constructed in a
deeply safe way. Therefore D occurs in Ty, unexpanded (w.r.t. T').

By its construction, we may again ‘pretend’ that Ty is deeply safe. Thus if
D yields a potential answer G~6, then, by Lemma 5.4.4(iii) and assuming that
L is sound, fi.*(Tqs) yields a potential answer G~¢' < G~0. The branch D'
giving this answer G~¢' is either fully present in T' (6 = ¢') or an initial
fragment of it is present which flounders (giving a potential answer G~0 <
G~c'). D' cannot be pruned in T}', because a goal pruned in Tp' is also
pruned in fp*(Tqs) (as Tgs is an expansion of T', and Lis selection-
independent).

v) Consider a successful branch D in T. All its justifications are failed. So from
vi) it follows inductively that D is still present in T". If D is not pruned in Tp",
then it is present in T'. If D is pruned in T},", then in T" it is extended beyond
the pruned goal in a deeply safe way. By Lemma 5.2.14(i) this extension is
successful.

vi) If T is failed, then T has no floundering justifications. So inductively by v)
and vi) the top levels of T and T" are identical. T," may contain pruned leaves,
but by Lemma 5.2.14(ii) expanding them again in a deeply safe way can only
lead to failure again. O

Thus combining Theorem 5.4.6(-) and (i)-(iv) with Theorem 5.2.7(i)-(iv)
(applied on T") gives the final soundness and completeness results. However,
the (loop-checked) interpreter need not be effective: in general traversing infinite
justifications is required. Any real interpreter can only traverse a finite part of a
(justified) SLS-tree, and is therefore incomplete, unless the use of the loop

check has resulted in a finite search space.
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THEOREM 5.4.7. Let P be a program and G «a goal in Lp. Let L be a loop
check. Let R be a safe selection rule, let T be a justified SLS-tree of
PU{G} via R and let T), = f.X(T). If L is complete w.r.t. R for a class of
programs ¢ containing P, then T, is finite.

PROOF. The theorem follows immediately from Definition 5.4.3. O

Applying Theorem 5.4.7 on the tree T' as constructed in Theorem 5.4.6
shows that using a complete loop check (on all levels) ensures that the pruned
justified SLS-tree is finite. If also the conditions of Theorem 5.4.6 are met (thus
excluding extension leaves), then it follows that indeed the search space of the
interpreter is finite. In this case the interpreter is really sound and complete.

Finally we must answer the question: ‘Can the use of a (sound) loop check
introduce floundering?’. The answer depends on what is exactly meant by the
word ‘introduce’. The following theorem indicates that the pruned tree can only
flounder if somewhere in the original tree (but not necessarily at the top level)

floundering occurs.

THEOREM 5.4.8. Let P be a program and G a goal in Lp. Let L be a loop
check. Let R be a safe selection rule, let T be a justified SLS-tree of
PU{G} viaR and let T) = SLY(T). If a flounder leaf occurs in Ty, then a
flounder leaf occurs in T.

PROOF. Suppose that G is a flounder leaf in T),, so a negative literal is selected

in G. If this negative literal is not ground, then G itself is a flounder leaf in T.

Otherwise, let T' denote the justification of G in T, and let T’ = fL*(T). Tp'

must be floundered. By induction (on stratum), a flounder leaf occurs in T',

hencein T. o

The fact that a flounder leaf occurs in T does not imply that T flounders: the
flounder leaf might occur in a successful justification. If the pruned version of
this justification is not successful (but only potentially successful), then it is
possible that T is failed, whereas its pruned version flounders. Example 5.5.11
illustrates this effect. The tree in Figure 5.5.2 is successful; for most of the loop
checks applied there its pruned version is not. Thus if this tree is the side-tree of
a goal «——p, then the application of one of these loop checks turns ¢~—p from
a failure leaf into a flounder leaf.
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Nevertheless, the result of Theorem 5.4.8 is significant. It guarantees that if
the program P does not cause floundering (i.e., for every ground goal G, an
SLS-tree of PU{G} via a safe selection rule does not flounder; a property that is
undecidable but for which sufficient syntactical conditions are known), the use
of a loop check does not cause floundering too. Notice that it is not required in
Theorem 5.4.8 that the loop check used is weakly sound. But if it is not, the
pruned tree might contain extension leaves and the interpreter might find an
occurrence of floundering beyond such a leaf.

5.5. Deriving One Level Loop Checks from Positive
Loop Checks

Definitions

In this section we show how one level loop checks can be derived from positive
loop checks. Since a successfully resolved negative literal is simply removed
from a goal, negative literals cannot give rise to loops. (Thanks to the fact that
we consider only locally stratified programs, looping ‘through negation’ cannot
occur.) Therefore the basic idea is to remove all negative literals in a derivation.
Then an SLD-derivation remains, to which a positive loop check is applied.

NOTATION 5.5.1.

For every (goal- and program-) clause, program, SLS-derivation and -tree X,
X* denotes the object obtained from X by removing all negative literals. Thus if
X is an SLS-derivation or -tree, then in X+ every derivation step G = H in
which a negative literal is selected in G is deleted, since in this case Gt =H*. O

Notice that for every SLS-derivation D of PU{G}, D+ is an SLD-derivation
of PYU{G*}. For an SLS-tree T of PU{G}, T* is an unfinished SLD-tree of
P+U{G*} (due to failure or floundering of a negative selected literal in T, T+ is
not necessarily completed).

In fact the above definition is not completely precise: Suppose that in the last
goal G of an SLS-derivation D, a negative literal is selected. Then it is not clear
which atom is selected in G* in D*. Nevertheless, as the positive loop checks
we are interested in are all selection-independent (Definition 5.4.5 does also

apply to positive loop checks) we do not need to be more precise.
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DEFINITION 5.5.2.
Let L be a positive loop check. The one level loop check derived from L,
Oy, = AP.Initials({D | D is an SLS-derivation and D* € L(P*)}). O

The following lemmas establish the required relationships between a
positive loop check and the one level loop check derived from it.

LEMMA 5.5.3. For every positive loop check L, Oy is a one level loop check.
Moreover, Oy is simple iff L is simple.
PROOF. Immediately by the definitions. 0

LEMMA 5.5.4. Let L be a positive loop check, D an SLS-derivation and P a
program. D is pruned by Oy (P) iff D* is pruned by L{P*).

PROOF. D is pruned by O (P) iff some initial part of D, Dj;, € OL(P), iff some

initial part of D*, Dyt e L(P+), iff D+ is pruned by L(P*). 0O

Soundness

Unfortunately, as is shown in the following counterexample, it is not the case
that a one level loop check derived from a (weakly) sound positive loop check
(as defined in Section 2.2) is again (weakly) sound.

COUNTEREXAMPLE 5.5.5.
LetP={ p & q(1).q(2). (CD),
q(x) & —r(x). (C2),

q(2) « q(1). (C3),
r2) . (C4) §,
and let G = «p.

P is (locally) stratified and Figure 5.5.1 shows an SLS-tree T of PU{G} via
the leftmost selection rule. Let D denote the successful branch in T.

Then D* is the SLD-derivation «-p =) «-q(1),q(2) =>(x) <q(2) =(C3)
«q(1) =q(x)e O. Even a simple sound loop check L might prune the goal
«q(1) in D*: it is visible in the second step of D* that the clause q(x)e is
present in P*; this clause allows for a shorter way to refute «—q(2) than via (C3)
and «q(1).
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Unfortunately, this shortcut fails in the «p
SLS-tree because it introduces the literal (CDH)
—r(2) instead of —r(1), and —r(2) fails. So «q(1),q(2)
OL prunes D, hence O is not weakly sound (C2)
(note' thk.lt the tree is the top level of a deeply ——i(1),92)
safe justified tree). 0

<q(2)

Although the loop check used in the
counterexample formally satisfies the (€2) (C3)
definitions, it is highly nontypical. We shall —q(1)
now show that more usual (weakly) sound )
positive loop checks, notably the ones ‘
defined in Chapter 3, derive again (weakly) (1)
sound one level loop checks. To this end we ‘
introduce a soundness condition, which is 0
very similar (also in its proof) to Lemma

.2.5.
3.2.5 FIGURE 5.5.1

LEMMA 5.5.6 (Soundness Condition). Letr L be a one level loop check.
If, for every program P, goal G and potentially successful branch D = (G
=9, G = ... 2 G-y =6, Gk = ... =g, H) (0 <k <m) of a deeply
safe justified SLS-tree T of PU{Gy):

[ Gk is pruned by L ] implies
[ for some goal G; (0 £i < k) in D and for some n < m—i, there
exists a potentially successful branch Gi =g, ... =¢, H' of a
deeply safe justified SLS-tree of PU{Gi}],
then L is weakly sound.
Moreover, if also G0)...6;0)...0, < G0)...04O+(...6y, is implied,
then L is sound. _

PROOF. First we focus on the weakly sound case. Let P be a program, Gg a goal

and T a deeply safe justified SLS-tree of PU{Gq}. Suppose that Tyop contains a

potentially successful branch D = (Gy=¢, G| = ... = Gi_| =2¢,Gi> ... =

Gk-1 =0 Gk = ... =9, H) that is pruned by L at Gx. We use here induction on

m, i.e., we assume that for every successful branch B in Tyop shorter than D,

fL'(Tl(,p) contains either B or a potentially successful branch shorter than B.
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We prove that le(Tmb) contains a potentially successful branch D' that is
shorter than D. By assumption a potentially successful SLS-derivation D} = ( G;
=6 ... @0, H') of PU{G;j} exists. Adding (a properly renamed version of) D
to the initial part of D gives the derivation Dy = (Gg =9, G| = ... = Gj_| =,
Gj =1, ... =1, H'). By the independence of the selection rule (Lemma 5.2.13),
Tiop contains a branch D3 such that ID3l = ID2l and the potential answers of D3
and D are variants. Since D3 is shorter than D (ID3l = i+n < i+(m~i) = m = IDI),
by the induction hypothesis fL'(Tmp) contains either D' = D3 or a potentially
successful branch D' shorter than D3, which proves the claim.

For the sound case, it remains to prove that Goo' < G0 ...0y,, where @' is
the potential answer substitution of D'. First we strengthen the induction
hypothesis: for every potentially successful branch B in Top shorter than D
giving a potential answer G~0, fL'(Tmp) contains either B or a potentially
successful branch shorter than B, giving a potential answer Go~6' < Gg~0.

Then either since D' = D3 or by the new induction hypothesis, and since
the notential answers of D3 and D are variants, Goo' £ Gg9...0;T;...Tp <
Gp91...0i0)...0, £ Gg0y...0p,. ]

Indeed, the one level loop checks derived from the positive loop checks
defined in Chapter 3 satisfy the above soundness condition. So we can prover

that they are (weakly) sound.

THEOREM 5.5.7 (Soundness of Conversion).
i) The one level loop checks derived from the equality, subsumption and
context checks based on goals are weakly sound.
ii) The one level loop checks derived from the equality, subsumption and
context checks based on resultants are sound.
PROOF (Sketch). The proofs of Theorem 3.2.6, 3.3.7 and 3.4.6, in which it is
shown that the positive loop checks mentioned satisfy the soundness condition
(for the positive case), are straightforwardly generalized to the present case.
Every successful SLD—derivation must be replaced by a potentially successful
branch of a deeply safe justified SLS-tree. The Mgu Lemma, Lifting Lemma and
Independence of the Selection Rule of [L] (used in the positive case) must be
replaced by Lemma 5.2.8, 5.2.9 and 5.2.13 respectively. ]
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Completeness
Since some completeness properties of positive loop checks depend on the
selection rule used, these selection rules are adapted to the presence of negation.

DEFINITION 5.5.8.

Let R be a selection rule for SLD-derivations.

An extension of R is a selection rule R' for SLS-derivations such that for every
SLS-derivation D via R', D* is an SLD-derivation via R. O

Unlike soundness, completeness carries over from positive to one level loop

checks without much difficulty.

THEOREM 5.5.9 (Completeness of Conversion). If L is complete w.r.t. a
selection rule R for a class of programs ¢, then Of is complete w.r.t. any
safe extension of R for the class of programs { P1| P+ € cand Lp = Lp+ }.

PROOF. Let P be a program, G a goal in Lp (both possibly containing negative

literals) and R a selection rule for SLD-derivations. Let R' be an arbitrary safe

extension of R. Let D be an’infinite SLS-derivation of PU{G} via R'. Then D*

is an infinite SLD-derivation of P*U{G*} via R. Let L be a positive loop check

that is complete w.r.t. R for (a class of programs containing) P*: for every goal

H in Lp+, every infinite SLD-derivation of P*U{H} is pruned by L(P*). Since

Gt is a goal in Lp = Lp+, D* is pruned by L(P*). Hence by Lemma 5.5.4, D is

pruned by O (P). ]

Notice that the requirement Lp = Lp+ is just a technicality which can be met
easily by adding some irrelevant clauses to P. Combining the completeness
results presented in Chapter 3 and 4 with Theorem 5.5.9 yields the following
results.

COROLLARY 5.5.10.
i) The one level loop checks derived from the equality, subsumption and
context checks are complete w.r.1. any safe extension of the leftmost
selection rule for locally stratified function-free programs P such that P+

is a restricted program.
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ii) The one level l(mp checks derived from the subsumption and context
checks are complete for locally stratified function-free programs P such
that P* is an nvi program or an svo program.

iii) The one level loop checks derived from the subsumption and context
checks are complete w.r.t. any safe extension of the leftmost selection
rule for locally stratified function-free programs P such that P* is an nr-
extended nvi-program, a chain-restricted svo program or a head-

restricted svo program. o

The following example illustrates the application of several one level loop

checks derived from positive loop checks defined in Chapter 3

<p
l (ChH
(—‘q(x)v—"'s(x)
(C2) (C3)
ly/x} {y/x}
«1(x),g(x),—s(x) < —=8(X) flounders
(C4)
pruned by subsumption checks
{x/1} and by context checks
«q(1),—s(1)
€3y, (C2y pruned by equality checks
{y'/1} {y71 } based on instances
«as()  er(1),g(h),—s(D
l(C4) pruned by equality checks
based on variants
o «q-sh /

FIGURE 5.5.2
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EXAMPLE 5.5.11.
LetP={ p & qx),~s(x). (CD),

qy) < r(y).q(y)-  (C2),

qy) <« (C3),

(1) «. (C4) |,
and let G = «p. In Figure 5.5.2 an SLS-tree T of PU{G} via (a safe extension
of) the leftmost selection rule is depicted. It is shown where T is pruned by
various loop checks.

For every loop check used, the pruned tree is finite. This was to be
expected, as P* is a restricted program. Furthermore, each loop check retains
potential success in the pruned tree (they even retain the most general potential
answer, since G is ground). However, it appears that only the equality checks
based on variants retain a successful branch. Obviously the extra instantiation in
this branch, which was superfluous in the positive case, serves here to prevent

floundering. b

But the equality checks based on variants do not always retain at least one
successful branch, as is shown in the following example. As we remarked at the
end of Section 5.2, the use of constructive negation can make this behaviour

more acceptable.

<P

P <q(x),—s(x)
—q(x),ms(x)

q(«q(y) q(y)
{x/1} {y/x}

pruncd «q(y).—s(l) < 8(X) flounders

q(1)q(2) q(z) <
{y/} {z/y)

(—"ﬂ\(l)

D

FIGURE 5.5.3
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EXAMPLE 5.5.12.

Consider the program {p¢«—q(x),—s(x). q(1)¢eq(y). q(y)«.} and the goal «p
(see Figure 5.5.3). In order to avoid floundering of «— s(x), the clause
q(1)¢<—q(y) must instantiate it to —s(1). But the resulting refutation is pruned by

the one level loop check derived from EVRL.



6. Loop Checking in
Partial Deduction

This chapter introduces an alternative application of loop checks, namely in
partial deduction. In Section 6.1 we recall the framework for partial deduction
presented in [LS], illustrated by an example. In this framework, partial
deduction involves the creation of SLD-trees! for a given program and some
goals, up to certain halting points.

In the literature it is often noted that the problem of finding good halting
points (loop prevention) is ‘very closely related to the problems of loop
trapping’ ([LS]). But a precise connection was never made, probably because
there was no formal theory of loop trapping to connect to. Either the problem
was identified as being ‘difficult’, or for practical purposes ad hoc solutions
were used.

In the previous chapters we presented a framework for the analysis of loop
checking mechanisms, together with some particular loop checks intended to be
incorporated in a PROLOGe-like interpreter for use at run-time. One of the aims
of this chapter is to show that this framework is sufficiently general for
describing loop checks suitable for partial deduction as well.

In Section 6.2 we show that halting criteria for partial deduction can indeed
be described as loop checks, but that their characteristics are different from the
‘traditional’ loop checks used at run-time. More precisely, a loop check used for
partial deduction must first of all be complete, whereas in the traditional
application the soundness of a loop check is more important.

We also show in Section 6.2 how in conjunction with a complete loop
check (which enforces termination) a sound loop check can be used to remove
some loops from the program obtained by partial deduction. To this end the

example of Section 6.1 is reconsidered. The addition of such a sound loop check

1 In [LS], programs with negation are considered and SLDNF-resolution is used. As shown in
Chapter 5, the use of a sound loop check can be combined with (stratified) negation, but

because infinite failure can be turned into finite failure by such a loop check, it was more

ourselves here to positive programs and SLD-resolution.

125
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to the partial deduction procedure is ;robably less costly than adding it to a
PROLOG-like interpreter, as most information needed for it (such as previous
goals) must be maintained for the complete loop check anyway.

The importance of sound loop checks has been sufficiently stressed in the
literature and in previous chapters. Complete loop checks have not yet received
that much attention. Section 6.3 contains some general observations about
complete loop checks (notably their relation with selection rules) and describes a
class of complete loop checks that is inspired by some typical examples
proposed in [S1]. Furthermore, the relationship with [BASM] is discussed.

6.1. Partial Deduction

Although partial evaluation dates back to the 1970s, and was introduced into
logic programming in the early 1980s ([K]), the topic only recently has attracted
more substantial attention (e.g. [BEJ]). The foundations of partial evaluation in
pure logic programming have been thoroughly studied in [LS]; we follow their
framework here. Their method is more appropriately called partial deduction
nowadays, leaving the term partial evaluation for works taking into account
certain extralogical features of PROLOG, as is done in e.g. [S1, S2]. )

The following intuitive description of partial deduction is given in [LS]:
‘Given a program P and a goal G, partial evaluation produces a new program
P', which is P “specialized” to the goal G. The intention is that G should have
the same answers w.r.t. P and P', and that G should run more efficiently for P'
than for P. The basic technique for obtaining P' from P is to construct “partial”
search trees for P and suitably chosen atoms as goals, and then extract P' from
the definitions associated with the leaves of these trees.’

Below we define how exactly P' is derived from P and we formalize the
requirement that G should have the same answers w.r.t. P and P'. We say that
an unfinished SLD-derivation or -tree is trivial if it consists solely of an initial
goal.

DEFINITION 6.1.1 (Partial deduction).

Let P be a progrém, A an atom and T a finite nontrivial SLD-tree of PU{<A}.
Let Gy,...,G; be the leaves of T that are not failed (r = 0 is possible). Let
Ri,....R; be the corresponding resultants (notice that having a single atom as
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initial goal implies that these resultants are Horn-clauses). The set {Rj,....R(} is
called a partial deduction for A in P.

For a set of atoms A = {Ay,..., A}, a partial deduction for A in P is the
union of partial deductions for Aj,...,Aqin P.

A partial deduction for P w.r.t. A is a program obtained from P by
replacing the set of clauses in P whose head contains one of the predicate

symbols appearing in A by a partial deduction for A in P. O

DEFINITION 6. 1.2 (Soundness and completeness of partial deduction).

Let P be a program and A a finite set of atoms. Let P' be a partial deduction for

P w.r.t. A. Let G be a goal.

i) P'is sound w.r.t. P and G if every correct answer for P'U{G} is correct for
PU{G}.

ii) P' is complete w.r.t. P and G if every correct answer for PU{G} is correct
for PU{G]}. ' _ O

As SLD-resolution is sound and complete (w.r.t. the least Herbrand model
semantics), one could equally well express these criteria by means of computed
answers of SLD-refutations. In [LS] programs with negation are considered,
using SLDNF-resolution ([C]2]) and completion semantics. Consequently their
approach is more complicated in two ways.

First of all, SLDNF-resolution is generally not complete w.r.t. the
completion semantics. So a distinction between declarative soundness and
completeness of partial deduction (considering correct answers) and operational
soundness and completeness (considering computed answers) must be made.

Secondly, they require more elaborate notions of soundness and
completeness. In terms of semantics, having no correct answers for PU{«A}
allows for two situations that must be distinguished, namely ‘comp(P)==A’ and
‘comp(P)¥# A and comp(P)#=A’. In terms of SLDNF-derivations, this relates to
the distinction between finite and infinite failure. _

It appears that partial deduction is always sound for positive programs, but
only complete under a certain condition.
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DEFINITION 6.1.3.

Let S be a set of first order formulas and A a finite set of atoms. S is A-closed
if each atom in S that contains a predicate symbol occurring in an atom in A is an
instance of an atom in A. a

THEOREM 6.1.4. ([LS]) Let P be a program, G a goal, A a finite set of atoms
and P' a partial deduction for P w.r.t. A.
i) P'is sound w.r.t. P and G.
ii) If P'U{G} is A-closed, then P' is complete w.r.t. P and G. |

The following example shows a case in which pur'tial deduction is
traditionally useful: a meta-interpreter is specialized to a certain object program.
The resulting program bears similarity to this object program: the meta-
interpreter is ‘compiled away’. Thus one level of interpretation is removed, an
operation that usually leads to a considerable gain in efficiency.

The example also shows that the closedness condition is needed. In Section
6.2 this example reoccurs in combination with loop checking.

EXAMPLE 6.1.5.

Let P be the following variant of the ‘vanilla’-interpreter, interpreting a small
transitive closure program (translated in such a way that the PROLOG system
predicate ‘clause’ has become a purely logical predicate; the predicate symbols
denoting the base relation r and its transitive closure tc have become function
symbols). Goals are represented as lists and the leftmost selection rule is always
used. Notice that the addition of x3 in the third clause for ‘solve’ avoids an
infinite loop (or the use of a cut).

solve([]) «-. clause(r(a,a),[]) .
solve([x]) & clause(x,y),solve(y). clause(r(a,b),[]) «.
solve([x1,x2ly]) « solve([x]),s0lve([x2ly]). clause(r(b,c),[]) «.

clause(te(x,y),[r(x,y)]) «.
clause(te(x,y),[r(x,2),tc(z,y)]) «.

Taking A = {solve([tc(x,c)])}, the SLD-tree of Figure 6.1.1 can be
constructed (the resultants are given).
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solve([tc(x,c)]) « solve([tc(x,c)])

solve([tc(x,c)]) « clause(te(x,c),y),solve(y)
solve([tc(x,c)]) « solve([r(x,c)]) solve([te(x,c)]) « solve([r(x,z),tc(z,c)])
solve([te(x,c)]) « clause(r(x,c),y"),solve(y")
solve([tc(b,c)]) « solve([])

solve([te(x,c)]) « solve([r(x,z)]),solve([tc(z,c)])
solve([tc(b,c)]) « (unfinished)

FIGURE 6.1.1

The partial deduction Py for P w.r.t. A is now obtained by replacing the
clauses for ‘solve’ in P by:

solve([tc(b,c)]) «.
solve([tc(x,c)]) « solve([r(x,z)]),solve([tc(z,c)]).

The resulting program is not complete w.r.t. PU{«solve([tc(x,c)])}: every
call to solve([r(x,z)]) fails, only the answer substitution {x/b} is found. This is
due to the fact that Py is not A-closed: the atom solve([r(x,z)]) occurs in Py and
is not an instance of solve([tc(x,¢)]). Thus solve([r(x,z)]) must be included in A
and an SLD-tree of PU{«solve([r(x,z)])} must be constructed (Figure 6.1.2).

solve([r(x,z)}) « solve([r(x,z)])
solve([r(x,2)]) « clause(r(x,z),y),solve(y)

solve([r(a,a)])<—solve([]) solve([r(a,b)])¢«—solve([]) solve([r(a,c)])¢solve([])

solve([r(a,a)]) « solve([r(a,b)]) « solve([r(b,c)]) «

FIGURE 6.1.2
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Thus the new partial deduction P; for P w.r.t. A contains for ‘solve’ the clauses

solve([r(a,a)]) «.

solve([r(a,b)]) «.

solve([r(b,c)]) «.

solve([tc(b,c)]) «.

solve([tc(x,c)]) « solve([r(x,z)]),solve([tc(z.c)]).

Now Pyu{esolve([tc(x,c)])} is A-closed and indeed P; is complete w.r.t.
PU{ &solve([te(x,c)])}. O

This short introduction to partial deduction leaves two questions
unanswered (although the example gives some hints), namely:
- which set A = {A1...,A} is best to be used, and
- how deep the SLD-trees of PU{«A|},...,PU{«A,} should be expanded.

Both questions relate to the termination of the partial deduction procedure.
For the second one, this is obvious: if one of the SLD-trees is expanded
infinitely deeply, then the procedure cannot terminate. However, if the
expansion of an SLD-trée is stopped at an unfortunate moment, the resultant that
is delivered might not be A-closed. When the ‘missing’ atoms are simply added
to A, this requires the creation of more SLD-trees. These can, in turn, deliver
new resultants that are not A-closed, and so on. Here we address only the
second question, by relating the stopping criteria for the expansion of the SLD-
trees used in partial deduction to loop checking,.

6.2. The Use of Loop Checking in Partial Deduction

In this section the relation between partial deduction and loop checking is
established. It appears that loop checks can be used in two different ways, each
requiring special characteristics of the loop check.
Suppose a program P and a finite set of atoms A are given. For every atom

A € A, a finite (unfinished) SLD-tree of PU{<«A} must be constructed. When
constructing these SLD-trees, two loop checks can be applied at the same time.
1. A sound, but not necessarily complete loop check is applied as in standard

SLD-resolution. Goals that are pruned by this loop check are treated as failure

leaves.
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2. A complete, but not necessarily sound loop check is used for loop prevention.
It ensures that the constructed tree is finite, thus enforcing termination of the
partial deduction procedure (assuming that the closedness condition is reached
within finite time). The resultants corresponding to the goals pruned by this
loop check become part of the partial deduction for P w.r.t. A.

In order to avoid trivial SLD-trees, these loop checks must be nontrivial,

i.e., it must not prune SLD-trees at their root. We now formalize this way of

using loop checks in partial deduction and we prove that the soundness and

completeness results of partial deduction persist.

DEFINITION 6.2.1 (Partial deduction with loop checking).
Let P be a program, A an atom and T a (completed) SLD-tree of PU{«A}. Let
Ls and L. be two nontrivial loop checks such that L. is complete. Let Gy,...,G;
be the leaves of fi 4+ (T) (this unfinished SLD-tree is obviously finite and
nontrivial) that are neither failed nor pruned by L. Let Ry,...,R; be the
corresponding resultants. The set {Ry,...,R.} is called a partial deduction for A
in Pw.rt Lgand L.

For a set of atoms A = {A},...,A}, a partial deduction for A in P w.r.t. Lg
and L is the union of partial deductions for Aj,...,Asin P w.r.t. Lgand L.

A partial deduction for P w.r.t. A, Ly and L is a program obtained from P
by replacing the set of clauses in P whose head contains one of the predicate

symbols appearing in A by a partial deduction for A inPw.rt. Lgand L. O

THEOREM 6.2.2. Let P be a program, G a goal and A a finite set of atoms.
Let Ly and L be two nontrivial loop checks such that L; is complete. Let P'
be a partial deduction for P w.r.t. A, Lyand L. Then
i) P'is sound w.r.t. P and G.

i) If P'U{G} is A-closed and Ly is sound, then P'is complete w.r.t. P and
G.

PROOF. i) The tree fi, 4+ (T) in Definition 6.2.1 is precisely the finite nontrivial

SLD-tree required in Definition 6.1.1. The only difference is that the resultants

corresponding to the goals pruned by Lg are not included in P'. In other words,

there exists a program P" > P' such that P" is a partial deduction for P w.r.t. A.

Thus, due to the absence of negation, a correct answer for P'U{G} is also a

correct answer for P"U{G}, and hence by Theorem 6.1.4 also for PU{G}.
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ii) (This proof closely follows the proof of Theorem 4.1(b.i) in [LS]). Suppose
that O is a correct answer substitution for PLU{G}. Then there is an SLD-
refutation D of PU{G} giving a computed answer G~o < G~0. We prove by
induction on IDI that there is an SLD-refutation D* of P'U{G} giving a
computed answer G~o* < G~0. _

For IDI = 0, i.e., G = [, the claim is trivial. If the clause applied in the first
step of D is (a variant of) a clause in P', then the induction step is also trivial.
Otherwise the selected atom A in G must be an instance of an atom in A,
because PU{G} is A-closed; say Aj € A and A}y = A. The steps in the
refutation of PU{G} in which A and its derived atoms are selected, constitute a
refutation of PU{«A}. Hence the completed version of the SLD-tree of
PU{«A} that was constructed during the partial deduction contains a
successful branch B that uses the same steps (possibly in a different order). B
gives a computed answer substitution T such that A|T < Ayo. By the Switching
Lemma (Lemma 4.6 in [LS]), the refutation steps of D can be reordered such
that the new refutation D' begins with the steps proving A (more precisely: an
instance of A more general than Ac), in the order in which they occur in B.

Here two cases arise. If B is pruned by Ly, then the SLD-tree of PU{«A}
contains a branch B' that is not pruned by Lg and that gives a computed answer
substitution T' such that AjT' < A1. This gives rise to yet another refutation
(D") of PU{G}: the steps proving A according to refutation B can be replaced
by steps proving A according to refutation B' (as A1T' < AO’); If B is not pruned
by Ls then D" = D', B' = B and 1' = 1. In both cases, the computed answer
substitution 6" of D" satisfies G~¢" < G~o0.

For some goal Gj on the branch B/, the corresponding resultant Rj must be
included in P'. Let H be the head of R;. Then H < Aj1' < Ao, say Ho = Ac. As
we may assume that D" and H have no variables in common, it follows that
Hoa = Aca. Thus H and A unify, hence R; can be used to resolve A, giving a
resultant R'. By Lemma 4.12 of [LS], the SLD-derivation corresponding to B',
starting from «A instead of <A yields R' in place of R;. As, modulo a
renaming and the presence of the rest of G, this derivation forms exactly the first
i steps of D", these steps can be replaced by the application of R;, reaching the
(i+1)8t goal of D" in one step; the resulting derivation still has 6" as its computed
answer substitution. If i = 1, then IB'l = 1 and R; is a variant of the clause used
in B'. Otherwise we can apply the induction hypothesis on this goal; the result is
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the refutation D* of P'U{G} with a computed answer substitution ¢* such that
G~o*< G~6 £ G~0.
Thus 0 is a correct answer substitution for P'U{G}. 0

We now apply this part of the theory to the progrzim given in Example
6.1.5. Especially the effect of the addition of a sound loop check is remarkable.

EXAMPLE 6.2.3.
Suppose that the SLD-tree of PU{«solve([tc(x,c)])} of Example 6.1.5 had not
been finished at the resultant solve([tc(x,c)])¢solve([r(x,z)]),solve([tc(z,c)]),
but continued as shown in Figure 6.2.1.

~ The resultant solve([tc(a,c)])¢<—solve({tc(a,c)]) could well be pruned by a
sound loop check, e.g. EIRL (in fact it is pruned by all loop checks defined in
Chapter 3 that are based on instances). The two other resultants could be pruned

by some complete, but unsound loop check L (see Section 6.3).

solve([tc(x,c)]) « solve([te(x,c)])

solve([tc(b,c)]) « solve([tc(x,c)]) « so]ve([r(x,z)]),solve([tc(z,c)])
solve([tc(x,c)]) « clause(r(x,z),y"),solve(y"),solve([tc(z,c)])

solve([tc(a,c)]) « solve([]),solve([tc(a,c)])
solve([tc(a,c)]) « solve([]),solve([tc(b,c)])

solve([tc(b,c)]) « solve([]),solve([tc(c,c)])
solve([tc(a,c)]) « solve([tc(a,c)])

solve([tc(a,c)]) « solve([tc(b,c)])

solve([tc(b,c)]) « solve([tc(c,c)])

FIGURE 6.2.1
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Now the resulting partial deduction P3 for P w.r.t. {solve([tc(x,c)])}, EIRL
and L contains the following clauses for ‘solve’:

solve([tc(b,c)]) «.
solve([tc(a,c)]) « solve([tc(b,c)]).
solve([tc(b,c)]) « solve([tc(c,c)]).

In contrast to Example 6.1.5, where A had to be extended, P3 is already A-
closed. So by Theorem 6.2.2, P3 is complete for PU{«solve([tc(x,c)])}.
Moreover, whereas the SLD-trees of PuU{<«solve([tc(x,c)])} and
Pou{«solve([tc(x,c)])} contain an infinite branch, the SLD-tree of
P3u{«solve([te(x,c)])} is finite. In this case the use of a sound loop check
during partial deduction (making the clause solve([tc(a,c)])«solve([tc(a,c)])
disappear) can replace the use of a loop check at run-time. Obviously this will
not always be the case. O

6.3. Complete Loop Checks

The previous chapters and .most papers on loop checking consider the
application of loop checks at run-time, on an SLD-tree generated by a PROLOG-
like interpreter. Consequently, the soundness of a loop check is usually
considered to be more important than its completeness. Only a few loop checks
that are not weakly sound have been studied in some detail (é.g. in [BW1]), and
even those loop checks are mostly not complete.

So for the purpose of partial deduction, a sound loop check can be chosen
from the literature. In this section we concentrate on the complete loop check
needed. This loop check in general is not weakly sound. Our first observation
concerns the relationship between complete loap checks and the selection rule.

Complete loop checks and the selection rule

Sound loop checks indicate that there is certainly a loop (or at least a redundant
goal). If that is the case, then the derivation is best stopped immediately: the
remainder of the derivation can succeed, giving a redundant answer, finitely fail
or be infinite (depending on the selection rule), but in all cases there is no point
in constructing it. This explains why such loop checks are normally independent
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of the atom selected in the current goal (they are selection-independent , see
Definition 5.4.5).

The complete, but generally unsound loop checks studied here indicate the
possibility of a loop. Such a possibility is obviously related to the selection of
the atom. Selecting another atom could be perfectly safe (i.e., not possibly
loop). Moreover, this selection could remove the possibility of a loop, either by
finitely failing or by instantiating the ‘possibly dangerous’ atom to a harmless
instance.

Thus it is worthwhile to use a loop check that prunes only if it finds that the
selected atom is ‘dangerous’, and to adopt a selection rule that avoids pruning
(selecting a ‘dangerous’ atom) as long as possible. (In the same way,
floundering is avoided in the presence of negation by the use of a safe selection
rule.) In [BL] partial selection rules are used that do not select ‘dangerous’
atoms at all: by stating that ‘the computation terminates in deadlock when no
literal is available for selecfion’, the loop check is described implicitly by the
partiality of the selection rule.

Four of these selection rules are given; they are ail of the same form: an
atom A is ‘dangerous’ if it is produced by an atom A" higher up in the derivation
such that

1) A and A' are variants (A<A'and A'S A)
2) A is an instance of A’ (A'< A)
3) A'is an instance of A (A<A)

4) A and A’ have a common instance  (for some B: A <B and A' < B').

Loop check 4) is obviously stronger than 2) and 3), which are in turn
stronger than 1). Unfortunately, none of these loop checks is complete, a simple
counterexample being the program {p(x)¢«—p(f(x))} and the goal «p(a).

It would be too simple to say that these loop checks are too weak for this
program: if a stronger loop check prunes the derivation arising from this
program and goal at some place, then the resultant delivered is not {p(a)}-
closed. Continuing naively by adding the required atom, and doing so
repeatedly, will never result in the closedness condition being satisfied. Thus,
although it allows only finite SLD-trees to be produced, such a stronger loop
check alone cannot enforce termination of the partial deduction procedure. The



136 Loop Checking in Partial Deduction Chapter 6

solution is obviously to add sometimes (but when?) a more general atom to the
set A than is strictly needed. But this solution cannot be applied if only the one
infinite SLD-tree is created. So, also in this case, a complete loop check must be
preferred.

The simplest complete loop check is without doubt the use of a depth-bound
on derivations (L = {D | IDI = d} for some d = 1). But such a loop check is not
very useful for partial deduction purposes. In order to obtain a partial deduction
for P w.r.t. A that is A-closed, every atom occurring in a pruned goal must be
an instance of an atom in A. Thus pruning goals regardless of their structure
usually results in an ‘explosion’ of the set A.

The OverSizeCheck

More sophisticated loop checking mechanisms are discussed in [S1]. The
following definition gives their general framework, leaving two parameters
open: a depth-bound and a size-function on atoms. Roughly speaking, the loop
check prohibits the selection of ‘oversized’ atoms. An atom is ‘oversized’ if it is
‘poduced’ by at least depth-bound earlier selected atoms with the same predicate
¢ymbol that have a smaller or equal size. Let #S denote the number of elements
of a set S and rel(A) the predicate symbol in an atom A.

DEFINITION 6.3.1 (OverSizeCheck).
Let d 2 1 and let the function size be defined for all atoms (details on size follow
later). The OverSizeCheck of d and size, OSC(d,size) =
Initials({Go = G = ... = G I for 0 i Lk, A, is selected in G; and
#{i10<i <Kk, rel(A;) = rel(Ay), Ak is the result
of resolving A; and size(A;) < size(Ag)} 2d}). 0

Notice that d 2 1 ensures that OSC is a nontrivial loop check. The following
remark follows immediately from the definitions.

REMARK 6.3.2.

For every function size, if 1 < d| <dj then OSC(d,size) is stronger than
0OSC(dj,size). For every d 2 1, if for all atoms A and B: size|(A) < sizej(B)
implies sizea(A) < sizep(B), then OSC(d,sizey) is stronger than OSC(d,size}). O
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The size of an atom is usually just a natural number. This is the case for the
versions 1 and 2 of OSC in [S1]. In version 1, the size-part of the condition is
completely absent (equivalently, for all atoms A: size(A) = 0). Thus for every
predicate symbol only d atoms may be selected. By Remark 6.3.2, this is for a
given value of d the strongest possible version of OSC.

In version 2, size(A) is the total number of variable, constant and function
symbol occurrences in A. Example 6.3.7 shows an application of these
versions. We now prove that OSC is complete if size returns natural numbers.

THEOREM 6.3.3. Let d = 1 and let for every atom A, size(A) € . Then
OSC(d,size) is complete.

PROOF. Suppose that D = (Gyp = G| = ...) is an infinite SLD-derivation. Since

D is infinite, at least one atom in Gq has infinitely many selected

descendants, hence the proof tree of this atom is infinite. Applying Konig’s

Lemma on this proof tree shows that it has an infinite branch, so there exists an

infinite sequence of goals G“‘O’G'“l"" (0 £ mg < m; < ...) containing atoms

Ag,Al,... such that for every i 2 0:

- A, is the selected atom in G'“i’ .

- Aj4+1 is (the further instantiated version of) an atom A;4|', which is introduced
in Gmi“ as the result of resolving A;.

(The situation is similar to the one in Theorem 3.4.13, see Figure 3.4.4.) As we

have only a finite number of predicate symbols, at least one predicate symbol p

occurs in infinitely many atoms A;. Let I = {i | rel(A;j) = p} and let iy,...,iq be the

smallest d members of I. Let k = max | size(Aij) I 1 £j<d}. Two cases arise.

1. For some n € I: size(Ap) > k. Then OSC(d,size) prunes D at G'“n (or earlier).

2. For all n € I: size(Ap) £ k. Then in the worst case (Aj)ie] consists of d atoms
of size k, then d of size k-1, ..., then d of size 1, then d of size 0. That
makes (k+1)d atoms. So OSC(d,size) prunes D at the goal in which the
(k+1)d+1th atom of (Aj)ie1 is selected (or earlier). O

In some cases a more complex size-function is convenient. We show that
instead of the natural numbers, any well-quasi-ordered set can be used. (For a
survey on well-quasi-ordered sets see [Kr]. They are frequently used in
termination proofs for term rewriting systems, see e.g. [DJ].)
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DEFINITION 6.3.4.
A set U is well-quasi-ordered under a quasi-ordering 2 if every infinite sequence

ug,up,... of elements of U contains a pair uj and uk such that j <k and uj < ug.O

The following lemma is a special case of a result well-known from the

literature. For completeness sake we repeat the argument here, following [DJ].

LEMMA 6.3.5. Let U be a well-quasi-ordered set under 2 and let n 2 2 be a
natural number. Then every infinite sequence uj,uy,... of elements of U
contains a sub-sequence u;,...,u, such that uj; <ujy < ... <uj,,.

PROOF. By induction on n.

For n = 2, the claim corresponds to the definition of a well-quasi-ordered set.

Assume that the claim holds for a certain value of n. Then we can define a

function row such that for every infinite sequence S = (u;)je| of elements of U,

row(S) = (uj,...,Uj,) is a sub-sequence of S such that uj <...<uj,. Let

end(row(S)) denote i,

Let uy,us,... be an infinite sequence of elements of U. The required sub-

sequence of length n+1 is constructed as follows. .

Define inductively jo= 0 and for k > 0, jx = end(row((u;);>j,_,))- Consider

the infinite sequence (uj,)k>0. As U is well-quasi-ordered there exist p and q

such that p < q and Ujp < Ujg- The sequence row((ui)i>jp_|) is an increasing

sequence of length n that ends in Ujp: Adding Ujq to this sequence yields the

required increasing sequence of length n+1. o

THEOREM 6.3.6. Let d 2 1 and let U be a well-quasi-ordered set. If for every
atom A, size(A) € U, then OSC(d,size) is complete.

PROOF. Suppose that D = (Gg = G; = ...) is an infinite SLD-derivation. Let I

be defined as in Theorem 6.3.3. By Lemma 6.3.5 the sequence (size(A;))iel

contains an increasing sequence of length d+1. Let A, ,...,Apy,, be the

sequence of corresponding atoms. Then OSC(d,size) prunes D at the goal in

which Ap,, is selected. O

Version 3 of OSC in [S1] can serve as an example. There
U = {(p,n) | p is a predicate symbol with arity k and n € ¥} and
(p,n) < (q.m) if p = q and n < m lexicographically.
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It is easy to see that for a vlanguage with finitely many predicate symbols, U
is indeed well-quasi-ordered under 2. Defining termsize as size was defined in
version 2, the size of an atom A = p(ly,...,t) is defined as

size(A) = (p,<termsize(ty),... termsize(ty)>).

EXAMPLE 6.3.7.

This example shows the application of the three versions of OSC mentioned
above. Throughout this example the depth-bound used is 1 (a poor choice in
practice, but it serves to keep the example small). Consider the following
variation of the reverse program that reverses a list of natural numbers (formed
by the constant 0 and the successor-function s), but lcaves out the Os in the

reversed list.
P = { reverse( [1Lx,X) . (Ch),
reverse( [01x],y,z) < reverse(x,y, z). (C2),

reverse( [s(w) | x], y, z) <« reverse(x, [s(w)ly],z). (C3) }.

Figure 6.3.1 shows where the three versions of OSC prune the SLD-tree of
Pu{(—reverse([O_,s(O),s(s(O)) Ix1, 11y}

«reverse([0,(0),s(s(0) 1 x}, [ 1, y)

| 2
«reverse([s(0),s(s(0)) Ix], [ 1, y) version | prunes here
| )
«reverse([s(s(0)) | x], [s(D)], y) version 2 prunes here
(C3)

«reverse(x, [s(s(0)),8(0)], y)

(Cty (C2) (C3)
{x/[ 1,y/[s(s(0)),s(0)] {x/[01x'T} {x/[s(w") | x']}
O «reverse(x', [s(s(0)),5(0)], y)  «reverse(x', [s(w'),$(s(0)),s(0)], y)

T version 3 prunes here T

FIGURE 6.3.1
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According to version 1, the predicate ‘reverse’ may be selected only once.
Thus it prunes the second goal. Version 2 does not prune the second goal,
because its size is strictly smaller than that of the initial goal. But the second and
third goal have the same size, so version 2 prunes the third goal. Version 3 uses
a different size-function. According to this function the third goal is smaller than
the second, because its first argument is smaller. So version 3 does not prune
until the given part of the list has been completely processed: after that the first
argument cannot shrink any more and as the second argument stays the same or
grows, version 3 prunes there. O

The formulation of version 3 of OSC shows that it is always possible to
incorporate the predicate symbol of an atom A in size(A) and to make elements
with different predicate symbols incomparable. In this sense the requirement
rel(Aj) = rel(Ag) in Definition 6.3.1 is superfluous. But normally it serves well
to simplify the definitions of U, < and size. Moreover it highlights that the
Ove SizeCheck takes the structure of the current goal into account, the feature
thet was missing in the simple depth-bound check.

The question which depth-bound and size-function are optimal shall remain
unanswered here. It is not even clear how to compare different choices, let alone
how to identify the optimal choice. The above framework for OSC allows for a
wide range of complete loop checks, from very simple to very complex. But as
is noted in both [BL] and [S1, S2], in practice a complex loop check is not
necessarily better than a simpler one. An explanation for this phenomenon is that
even if the partial deduction process is not in a loop, the result of stopping it at a
certain point can be better than the result of stopping it later.

A related work
A closely related approach is pursued in [BASM]. First they give the following
characterization of finite (unfinished) SLD-trees, using well-founded sets.

DEFINITION 6.3.8.

Given a completed SLD-tree T, we associate to each node (goal) G of T a natural
number (this number is needed to distinguish different occurrences of the same
goal). The set of goal-occurrences in T is Gt = {(G,i) | G is a goal of T and i is
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its associated number}. If the goal occurrence (G.i) is an ancestor of (G',j) in T
then we write (G,i) >1 (G',)). O

DEFINITION 6.3.9.

A strict partially ordered set U,>y is well-founded if there is no infinite sequence
up,up,... of elements of U such that uj; >y uj4 for all j 2 1.

A well-founded measure on a strict partially ordered set S,>g is a monotonic
function from S,>g to a well-founded strict partially ordered set U,>.

An SLD-tree T is well-founded if there exists a well-founded measure on
Gr.>T. o

THEOREM 6.3.10 ([BASM)). An SLD-tree T is finite iff T is well-founded. O

This theorem can be used as follows. Given an SLD-tree T, we fix a well-
founded set U,>y and a function f from Gt to U. We obtain a finite pruned
version T' of T by pruning each node (G.,i) in T unless f(G',j) >y f(G,i), where
(G'))) is the parent of (G,i) in T. T' itself is not well-founded w.r.t. U,>y, but
removing the leaves from T' yields a well-founded tree w.r.t. U,>y. By
Theorem 6.3.10 this tree is finite, and hence T' is finite.

The only-if part of Theorem 6.3.10 implies that for each finite initial subtree
T' of T, we can find suitable U,>y and f. Thus this method cannot help us by
allowing only ‘good’ nodes to be pruned.

We now compare this method with OSC(1,size). First of all, this method is
not a loop check: it allows us to prune two derivations that are variants of each
other and that occur both in the complete tree at different places. This is caused
by an important difference between the functions f and size: where size takes
only the selected atom as input, f takes the whole goal and its associated
number.

A more technical difference is the use of well-quasi-ordered sets for OSC
and well-founded sets here. Well-quasi-ordered sets seem to be more limited, as
they allow only a finite number of incomparable elements. But they allow that
distinct elements a and b are equivalent, i.e., a £ b and b < a. One must realize
that a derivation step G = H here requires a strict decrease: ‘H < G’, whereas
OSC prohibits increase: ‘not H = G’. Thus when G and H are incomparable,
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they are pruned by this method, but not by OSC; the treatment of incomparable
elements here is the same as the treatment of equivalent elements by OSC.

In order to make it easier for the user to specify which nodes are to be
pruned, at the same time providing more guidance to the user as to where
pruning could give ‘good’ results, a more complex characterization of finite
SLD-trees is provided. It allows us to divide nodes in a finite number of classes,
and to compare two nodes only if they are in the sume class. In practice, the
class of a node is often based on the predicate symbol of the selected atom in it.
However, the theory does not require this. In OSC, this practice is ‘built-in’
through the requirement ‘rel(A;) = rel(Ag)’. The measure associated to a class is
usually some kind of term-size of the selected atom, like in OSC.

A special class (Cp) is added for those goals of which the user knows that
they terminate or yield a goal in another class without pruning (typically goals of
which the selected atom has a nonrecursive predicate symbol, and the empty
goal). They are not compared to any other goal.

DEFINITION 6.3.11.
An SLD-tree T is subset-wise founded if there exists a finite number of sets
Cop,...,CN such that
i) Gr=uU{Cx 10 <k <N},
i) for each i = 1,...,N, C;,>T has a well-founded measure fj, and
iii) for each branch D of T and for each non-leaf (G,i) € C therein, there exists a
node (G',j) in D such that (G,i) >1 (G',j) and
- either (G',j) € Ck for some k > 0,
-or(G'j)isaleafinT. ]

Notice that Cy,...,CN need not be a partition of Gt. Condition iii) ensures
that goals in Cp indeed terminate or lead to a goal in another class, This
definition is still general enough to allow the following theorem.

THEOREM 6.3.12 ([BASM]). An SLD-tree T is finite iff T is subset-wise
Jfounded. : 0

Thus any complete loop check can still be described as an instance of this
method. A more interesting question is whether it can be done in a ‘natural’
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way. For example, it is suggested in [BdSM] to formulate the use of a
combination of a criterion C(G) (e.g. one of the criteria suggested in [BL]) and a
simple depth-bound d by using a single class with the measure

) d if dT(G) 2 d or C(G) ) )
f(G,i) = { d—d7(G) otherwise , where d1(G) is the depthof G in T.
One could argue that this measure is not ‘natural’, because it depends on the
location of a goal in the tree.

Finally an even more complicated method is introduced in [BASM], which
we shall not discuss here in detail. The aim of this method is to facilitate the
incorporation of a condition like *Ay is the result of resolving A;” in OSC. This
condition is important: otherwise the partial deduction for a goal «q(...)
producing a goal «p(...),p(...) might be stopped when the second p-atom is
selected, because it is ‘similar’ to the previously selected first p-atom. The
definition is still general enough to define all pruned trees.

In my opinion this method is only of practical interest for ‘natural’ choices
of Cy,...,CN and fy,...,fN. Although the choice of a depth-bound as used in
OSC will always remain arbitrary, it could be worthwhile to integrate the
possibility of a depth-bound in this method as well. This could be done easily by
allowing a derivation to ‘disgbey’ the required monotonicity a (fixed) finite
number of times, as is done in OSC.

In its full generality this method is too strong for practical purposes, but it
might be of theoretical interest. A given loop check can always be seen as an
instance of this method, but then the interesting question is how ‘natural’ this
instance is. The answer to this question might be more informative than the
answer to the question whether a given loop check can be seen as an instance of
OSC, which is simply ‘yes’ or ‘no’.

Finally, the method of [BASM] can be automated. When this has been done,
implementing an instance of this method requires only that Cy,...,CN and
f1,....fN are typed in. For a ‘natural’ instance, this should take little effort.

6.4. Conclusions

Summarizing, we have the following results.

- Loop prevention methods for partial deduction can be formulated within the

framework of loop checking.
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- However, loop prevention requires a complete, probably unsound loop
check, whereas the use of a loop check at run-time requires a sound, probably
incomplete loop check. This explains why loop checks proposed in the
literature for use at run-time are not suitable for loop prevention.

- Nontermination of the partial deduction procedure can be caused by the
creation of an infinite SLD-tree, but also by never reaching the closedness

condition. ‘Loop prevention’ as discussed here only deals with the first cause.

- Sound loop checks can be added in a useful way to the partial deduction
scheme, as outline in Section 6.2. This can result in the removal of loops

from the generated program.

- This addition of a sound loop check does not agree with the completion
semantics and SLDNF-resolution, but with the perfect model semantics and

SIL.S-resolution, as was explained in Chapter 5.

- burther research on complete loop checks is required. In this respect, it is
improtant that using the most selective (weakest) complete loop check not

necessarily leads to the best possible generated program.

- The completeness of a loop check can be proved by showing that it is an
instance of the framework presented in [BASM]. Once the method based on
this framework is automated, ‘natural’ instances of it can be implemented

easily.
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7. Towards the Implementation
of Loop Checking

Finally we shall pay attention to some practical aspects of loop checking. The
considerations in this chapter could contribute to an efficient implementation of
loop checks. Most loop checks essentially compare the goals in a derivation: a
derivation is pruned if ‘sufficiently similar’ goals are detected. In theory a goal is
usually compared with every previous goal in the derivation. This means that the
number of comparisons is quadratic in the number of goals generated. In
practice this might turn out to be too expensive.

In Section 7.1 we investigate how to alter such loop checks to obtain less
expensive ones (notably such that the number of comparisons performed is
linear in the number of goals generated) while retaining the soundness and
completeness results of the original loop check. To this end we modify Van
Gelder’s [vG1] ‘tortoise-and-hare’ technique, where each goal is compared with
only one of its ancestors (namely the goal ‘halfway’). Unfortunately, this
technique does not preserve completeness. Here we propose to make a selection
of goals (on account of their level in the SLD-tree) and to compare only selected
goals. We prove that this solution preserves most completeness results when
applied to the loop checks defined in Chapter 3. We study one selection in
particular, namely the one that selects the goals of which the level in the SLD-
tree is a triangular number. It appears that this selection renders the number of
comparisons linear in the number of goals.

The theory of loop checking has been studied in the literature (for an
overview see Chapter 8), but the practical implementation of such systems was
hardly addressed (yet see [vGl1]). In Section 7.2 we present two ways of
implementing loop checks. The first implementation consists of a meta-
interpreter. The second implementation avoids the extra layer of interpretation;
instead it transforms the program given by the user to include loop checking. We
give a global description of both implementations; more details about them can
be found in [He]. We did not aim at writing maximally efficient implementa-
tions: our implementations must be seen as prototypes of future systems.
However, the measurements we performed on our implementations seem to sug-

gest that it is indeed possible to implement loop checking in an efficient way.

145
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7.1. More Efficient Loop Checks

Introduction
Most loop checking mechanisms for logic programming proposed in the
previous chapters and elsewhere in the literature are based on comparing goals: a
derivation is pruned if ‘sufficiently similar’ goals are detected. In theory, a goal
is usually compared with every previous goal in the derivation.

Obviously the exact criterion for ‘being sufficiently similar’ is the essence of
a loop check. This criterion, in addition to the two goals that are compared, may
use some further information about the derivation, such as the mgu’s used, the
initial goal (for the loop checks based on resultants) and the ancestry relation
among atoms (for the context checks). However, when too much extra
information is used, one may doubt if the loop check really ‘compares goals’. It
is difficult, if at all possible, to give a precise limit on the amount and the nature
of ‘other information’ that may be used by the criterion. Therefore we refrain
from giving a fully exact definition, relying instead on the intuition of the reader.

DEFINITION 7.1.1 (Full comparison loop checks).
A full-comparison loop check is a loop check of the form
L(¢) = Initials({D I D = (Gg =¢,,6, G1 =...= Gk-1 =8y Gk)
and for some i < k ¢(G;,G,D) holds}),
where ¢(G;,Gk,D) ‘essentially compares G; and Gi’: ¢(G;,Gg,D) = true if and
only if Gj and Gy ‘are sufficiently similar’.
The relation @ is called the loop checking criterion of L(). o

The condition that ¢ ‘essentially compares goals’ implies for example that
the effort of computing ¢(G;,G,D) is independent of IDI. Therefore the number
of @-computations (comparisons) performed by a loop check is a good measure
of the overhead caused by the loop check, as was tacitly assumed in the
beginning of this chapter. For full-comparison loop checks, the number of
comparisons performed is quadratic in the number of goals generated.

LEMMA 7.1.2 [Col]. On a finite SLD-derivation D, a full-comparison loop
check performs % IDI(IDI+1) comparisons.
PROOF. Obvious. ]
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An interpreter equipped with a full-comparison loop check might not be
very useful in practice: the longer a derivation gets, the more time is spent on
loop checking instead of generating new goals. For a practical loop check, the
number of comparisons should be at most linear in the number of goals
generated.

We discuss in this section two methods for adapting existing loop checks to
meet this requirement. Both methods describe which carefully selected pairs of
goals are to be compared, using the loop checking criterion of the original loop
check. For the new loop checks thus obtained we investigate the soundness,
completeness and the number of comparisons performed (relative to the number
of goals generated).

The first method, originally proposed by Van Gelder [vG1], is called the
‘tortoise-and-hare technique’. Roughly speaking, this method compares every
newly generated goal in a derivation with only one ancestor, namely the goal that
is currently ‘halfway’ in the derivation. In this way the number of comparisons
performed is clearly equal to the number of goals generated. Unfortunately, this
construction does r:ot preserve completeness in general.

Then two other closely related techniques are introduced. In both methods
an (infinite) number of ‘checkpoints’ is selected; then every goal that is at sucha
checkpoint (on account of its level in the SLD-derivation or -tree) is compared
with

- every previous goal (‘single selected’ loop checks), or

- the previous goals at checkpoints (‘double selected’ loop checks).

The use of single selected loop checks is already suggested in [Col]. It appears
that the soundness and (in most cases) completeness of selected loop checks is
independent of the selection.

The ‘density’ of the selection determines the efficiency of a selected loop
check. The original full-comparison loop check can be described as the selected
loop check for which every goal is selected as a checkpoint, which is the most
dense selection possible. A ‘linear’ loop check is obtained if the increasing
number of comparisons at the checkpoints is compensated by a decreasing
density of the occurrence of checkpoints among other goals: the further the
derivation is developed, the more comparisons are performed at a checkpoint,
but the less checkpoints occur. '
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In [Col], Covington argues informally that a single selected loop check
with a selection of the form {n,n2,n3,...} (for some constant n > 1) is linear. At
the end of this section we prove in detail that for a double selected loop check
this effect is obtained with the selection {zli(i+l) i € 7} (the initial goal is
defined to be at level 0). So for single and double selected loop checks, an
appropriate selection renders the number of comparisons performed linear in the

number of goals generated.

The tortoise-and-hare technique

A first attempt to reduce the number of comparisons performed by a loop check
is presented in [vG1]. There every goal G is compared with exactly one
previous goal, namely the goal Gi/2 (Gek-1y2 if k is odd) ‘halfway’ the
derivation. The name of the method originates from the technique used to keep
track of the goals Gi and Gy, in the derivation: a fast (every derivation step)
moving pointer (the hare) points at the ‘current’ goal Gk, a slow (every other
step, moving pointer (the tortoise) points at the goal Gg/ ‘halfway’. We now

formalize this technique.

DEFINITION 7.1.3 (Tortoise-and-hare technique).

Let @ be a loop checking criterion. The tortoise-and-hare loop check of @ is the

loop check Lth(¢) = Initials({D I D = ( Gg =c;.0; G1=. o Gk-1 =0 Ok)
and for some k > 0: (k = 2i or k = 2i+1) and ¢(G;,Gg,D) holds}). O

The following theorem is an immediate consequence of the previous

definitions.

THEOREM 7.1.4 (Relative strength and soundness of Lth),
Let @ be a loop checking criterion,
i) L( @) is stronger than L*h( ).
ii) If L( @) is weakly sound (sound, shortening) then L'(¢) is weakly sound
(sound, shortening).
PROOF. i) is obvious.
i) follows from i) and the Relative Strength Theorem 2.2.12. o
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Van Gelder justifies the use of the tortoise-and-hare technique by the
observation that due to the use of the leftmost selection rule and the fixed order
of clauses in PROLOG every loop must have a fixed length, say d (assuming no
side-effects occur). As the distance between the tortoise and the hare
continuously increases by 1, the loop is detected (after the tortoise enters the
looping part of the derivation) as soon as the distance between the tortoise and
the hare is a multiple of d.

In [vG1] a looping derivation is not pruned automatically: it is suggested
that control should be returned to the user, once a loop is detected. (Which
makes sense there: the loop check that is proposed in [vG1], and to which the
tortoise-and-hare technique is added, is not even weakly sound, so it is up to the
user to determine whether the derivation is really in a loop.) In our setting, a
pruned goal is handled as a failed one, giving rise to backtracking. As is implicit
in Definition 7.1.3 (and explicitly mentioned in [vG1]), during backtracking the
tortoise and hare motions are simply ‘undone’.

This entails however that the fixed order of clauses in PROLOG cannot be
relevant for a demonstration of the completeness of the method: no distinction is
made between the application of a clause as a first attempt to solve a goal, or its
application as a later attempt after backtracking from previous (failed) attempts.
Indeed the tortoise-and-hare technique does not preserve completeness, as the
following counterexample shows.

COUNTEREXAMPLE 7.1.5 (Incompleteness of Lth),
LetP={ p « p. p ¢« Q.

q ¢ p. q¢«q.}.
Let ¢ be a loop checking criterion such that for every derivation D: @(¢«p,«<p,D)
= @(¢q,¢—q,D) = true and @(«p,<—q,D) = @(¢<q,<p,D) = false (as one would
expect). Let T be the SLD-tree of PU{«p} pruned by Lh(¢).
CLAIM. T contains one infinite branch, so Lt(¢) is incomplete for P.
PROOF. Let G be a goal in T that is not pruned. We prove that G has two
immediate descendants, of which only one is pruned. Regardless of G being
«p or «—q, G has two descendants G| = «—p and G = «q, which are both
compared with the same ‘halfway’ goal H. If H = «—p, then G is pruned but
G is not; if H = ¢—q, then G3 is pruned but G| is not. 0O
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Selected loop checks

An easy generalization of Counterexample 7.1.5 shows that a loop check cannot
be complete if there exists a maximum N such that every goal is compared with
at most N other goals (at least not if N is smaller than the number of ground
atoms in the language). Therefore we adopt a different strategy here: an infinite
selection S of natural numbers is made, and a pair of goals (G;,Gy) is compared
if and only if

-i<kandk € S (single selected loop checks), respectively

-i<kandi, k € S (double selected loop checks).

DEFINITION 7.1.6 (Selected loop checks).
Let ¢ be a loop checking criterion and let S be an infinite subset of ~.
The single selected loop check of @ and S is the loop check

L1(9,S) = Initials({D | D = (Gg =¢.0; G1 = ...= Gk =¢;,0¢ Gk)

and for some k € S and i < k: ©(G;,Gg,D) holds}).

The double selected loop check of @ anu > 1t the 120p check ;

L2(,S) = Initials({D | D = (Gp = ,8; Gi = ...= Gk_1 =y, Gk)

" andforsome i, ke S:i<kand ¢(G;,Gk,D) holds}).

S is called the selection of L1(¢,S) or L2(¢,S). O

Clearly, the number of comparisons performed by a selected loop check
depends on the selection S. For S = 7, we obtain the full-comparison loop
checks again, for which the number of comparisons is quadratic in the number
of goals generated. In the next subsection, the efficiency of double selected loop
checks with S = {%i(i+l) Iie 7} is studied in detail. For now, we do not
consider any specific selection, but rather study the soundness and completeness
of selected loop checks in general.

LEMMA 7.1.7 (Relative strength of selected loop checks).
Let @ be a loop checking criterion and let S and S3 be selections.
Then, i) LI(@.S)) is stronger than L2(9.S1) and
if S} 2 S then ii) L1(@,S)) is stronger than L!(9,S2) and
. iii) L2(9,S;) is stronger than L2(@,S7).
PROOF. Obvious. a
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In particular, the full-comparison loop check L(@) = L1(¢,”) = L2(¢,") is
stronger than any selected loop check using the criterion @. This enables us to
derive the soundness of a selected loop check from the soundness of the

corresponding full-comparison loop check.

THEOREM 7.1.8 (Soundness of selection). Let ¢ be a loop checking
criterion. If L(¢) is weakly sound (sound, .s’hm't&liﬂg{) then for every
selection S: L1(@,S) and L2(,S) are weakly sound (sound, shortening).

PROOF. By Lemma 7.1.7 and the Relative Strength Theorem 2.2.12. O

Combining this theorem with the soundness results for the simple loop

checks presented in Chapter 3 yields the following results.

COROLLARY 7.1.9. For every selection used,
i) the (single and double) selected equality, subsumption and context checks
based on goals are weakly sound and
ii) the (single and double) selected equality, subsumption and context
checks based on resultants are shortening.
PROOF. By Equality Soundness Corollary 3.2.7, Subsumption Soundness
Corollary 3.3.8, Context Soundness Corollary 3.4.7 and Theorem 7.1.8. O

Unfortunately, an equally general completeness result cannot be obtained
using Lemma 7.1.7. Instead, generalizing the completeness results from the
simple loop checks of Chapter 3 to the corresponding selected loop checks
requires a detailed analysis of the completeness proofs in Chapter 3. (However,
by Lemma 7.1.7 it suffices to consider only double selected loop checks.)

For the equality checks and subsumption checks, this generalization is
straightforward. By definition, a full-comparison loop check is complete if every
‘possible’ infinite derivation (given an initial goal and a program satisfying the
restrictions) contains two goals that ‘are sufficiently similar’ for the loop check.
But in the relevant proofs in Chapter 3 (notably Theorem 3.2.18, Lemma 3.3.16
and Theorem 3.3.20) a stronger result is proved: every infinite sequence of
unrelated goals contains two ‘similar’ goals. Although in Chapter 3 this
sequence is always taken {G;|i e "}, the sequence {G;jli e S} can be used for

any selection S. Hence the completeness results for equality and subsumption
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checks (Corollaries 3.2.]9, 3.3.9, 3.3.18 and 3.3.21) generalize immediately to
selected equality and subsumption checks.

THEOREM 7.1.10 (Completeness of selected equality and subsumption checks).

i) All (single and double) selected equality checks are complete w.r.t. the
leftmost selection rule for function-free restricted programs.

ii) All (single and double) selected subsumption checks are complete w.r.t.
the leftmost selection rule for function-free restricted programs.

iii) All (single and double) selected subsumption checks are complete for
[function-free nvi programs.

iv) All (single and double) selected subsumption checks are complete for
function-free svo programs.

PROOF. By the arguments given above. o

For the context checks, the generalization of some of the completeness

restits is less straightforward, but still possible.

""HEOREM 7.1.11 (Completeness of selected context checks).

All (single and double) selected context checks are complete for function-

[free nvi programs and for function-free svo programs.
PROOF. Let S be a selection. In the completeness proofs for the full-comparison
context checks (Theorems 3.4.13 and 3.4.15), an infinite sequence of goals
Gmo, Gml, ... (0£mp< mj <...)is constructed in which ‘similar’ goals are
shown to occur. The selection M = (mg < m) < ...) can be adapted to the
selection S = (5p < s1 < ...): we define the new selection T = (tg <t} < ...) by:
- to = sp,
-ti=min{s€ SIIme Msuchthatti_;<m<s} fori>0.

As in the sequence Gm(r G"‘l’ ..., in the goals of the sequence Gl(), G”,
... atoms Ag, A}, ... occur such that Aj; is the result (directly or indirectly) of
resolving A;. The ‘interleaving’ with the selection M is needed to ensure that
Aj+1 is not just an instantiated version of A;, but indeed the result of at least one
resolution step performed on A; (This follows from the observation that A; is
the selected atom in Gy;; so in Theorem 3.4.13 exactly one resolution step on
Aj occurs between A; and A;,}, whereas here it can be more than one step.)
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In the rest of the proof of Theorem 3.4.13 (and 3.4.15), the sequence M
can be replaced by T without any difficulty. Therefore the double selected CVR
check using the selection T is complete for function-free nvi programs and for
function-free svo programs. By Lemma 7.1.7 (T  S) and the Relative Strength
Theorem 2.2.12, the same holds for all (single and double) selected context

checks using the selection S. _ D

Surprisingly, selected context checks are not necessarily complete w.r.t. the
leftmost selection rule for function-free restricted programs, as the following
counterexample shows.

COUNTEREXAMPLE 7.1.12.
Let P={ p(y) < q(x),p(x).
q(1) «. b
and let Gg = «q(x0),p(x0)- '
Recall Definition 3.4.1 (the CIG check) and consider the following infinite SLD-
derivation D = (Go =6, G| = ...) of PU{Gp} via the leftmost selection rule:

«q(x0),p(x0) D is not pruned by the single selected
‘ q()e CIG check using the selection S =
{xo/1} {2i1i e "}. First compare Gzj =

«p(l) «q(xj),p(xj) with «p(1). But p(x;) is
l p(y 1)¢—q(x1),p(x1) not an instance of p(l). Thus we
{yi/1} compare Gaj with G2 = «—q(x;),p(xi)
«q(x1),p(x1) (i< j)- q(xj) is not the result of
L q(1)e resolving q(x;), so we are forced to
{x1/1} take A = p(x;j) and xj/xj € 1. Then

«p(l) 82i+1 = {xj/1} and p(x;) is indeed the
L p(y2)¢—q(x2),p(x2) result of resolving p(1) = p(x;)02i+1
{ya/1}) in G2j4+1. But T and 82i41... B2
«q(x2),p(x2) should agree on x;, which they do
not. ]

This counterexample also shows that it is generally impossible to apply the

Generalization Theorem 4.2.1 on completeness results for selected loop checks
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(namely: the program used in the counterexample is an nr-extended version of
the program {p(y) <~ p(x)} and the selected context checks are complete for the
programs {p(y) « p(x)} and {p(y) « p(1)}). The explanation is obviously that
selected loop checks are not safe for initialization and detailing (see Definitions
4.1.6 and 4.1.7), as these operations affect the goals that are selected for
comparison.

Nevertheless we can conclude that in most cases a selected loop check can
be used instead of the corresponding full-comparison loop check, without losing
its benefits such as soundness and completeness. In the next subsection we take
a more constructive attitude towards selected loop checks and we investigate

how much is gained by using them.

Triangular loop checks: a case study

This subsection presents a detailed study of double selected loop checks with the
selection S = {2l ii+1) | ie “}. Numbers of the form %i(i+l) are usually called
triangular numbers, therefore we call such loop checks triangular loop cherk:
In this section the loop checking criterion is not relevant, as we focus solely on

the number of comparisons performed.

THEOREM 7.1.13. Let D be a finite SLD-derivation. The number of
comparisons performed on D by a triangular loop check is at most |\DI.
PROOF. Let D = ( Gg =3¢ ,9; G| =...= Gk_1 =6 Gk)- For every triangular
number n = li(i+l) (0 € n £k), the goal G, is compau‘ed to i previous goals.
We may assume that k is a trmngular numben say k = JQ+1) The number of
comparisons performed on D is then Z i=z J(]+l) k =IDI. a

The following arrangement of goals may help the intuition:

Gg:G1 G2 G4 Gy ... Every column contains one ‘triangulai’ goal G (a

G3 Gs Gg goal with a triangular number as its index; this
Ge Gy index is exactly the level of the goal). The number
Gio of goals in the column of G equals the number of

columns preceding it (for G # Gg), which in turn
equals the number of comparisons performed at G.
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So the presence of G7, Gx, Gy and Gjq ‘justifies’ the four comparisons
performed at Gyg. This arrangement of goals also explains the word ‘triangular’.

When SLD-trees are considered, the situation gets more complicated: two
goals Gjg and Gig' may have common ancestors G7, Gg and Gg; these five
goals cannot completely justify the eight comparisons performed at Gyo and
G1o'. We now show that for SLD-trees with a constant (average) branching
factor and containing a ‘reasonable’ number of goals (say < 1010), the number
of comparisons performed is less than five times the number of goals generated.

THEOREM 7.1.14. Let T consist of the levels 0,....k of an SLD-tree, have a
constant average branching factor b and contain n < 1010 goals. Then a
triangular loop check performs less than 5-n comparisons on T.

PROOF. We may assume that b > | (for b =1 (or b < 1), see Theorem 7.1.13)

and that the depth of T is a triangular number, say k = le(i+l). Then for 0 < m

<k, the number of

- goals at level m is b,
ko ksl
-goalsin T is 3 bi=2"=l-p<1010,
- =0 b-1
- comparisons at level m = 21 i(i+1) is i-bMm,
] .
- comparisons in T is Yi-bl/2iG+D),

i=1
We consider two cases.
CASE 1: bi-! <5,

In this case the number of goals at level % i(i+1) (1 £1i £j) can be at most 5
times the number of goals at level 1 5i(i=1)+1. Therefore the goals between level
—1(1—1)+l and level —1(|+l) Justlfy at least one fifth of the compamons at level

l(l+l) Formally, 2' b1/2:iGi+1) = Zbl Lip1/2:i(i=-D+1 < h’_ Z] DbU2iG-1)+1 <
i=1 i=1

5. Z Zbl/2|(|—|)+|<5 Z Zbl/Zn(n-—l)ﬂ_g Zb’ < 5n.

i=1l r=1 i=1 r=I =1

The final equation is justified by the observalmn that every level-number [
(1 £1<Kk) can be written as [ = t+r, where t = ,li(i—l) is the largest triangular

number smaller than/and | <r <.
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CASE 2: bi-1 > 5.

In this case the total number of comparisons can be estimated at % times the
number of comparisons at the last level, since the number of comparisons at
level %j(j+l) is j-bl/2iG+D > bi.(j-1)-b!/2iG-D) > 5 times the number of

comparisons at level %j(j—l) (which is in turn > 5 times the number of
| 5

. [P I :
comparisons at level 5-(j—1)(j-2); l + -+ -+ ... =3).
2 5. A bk jbk(bel)
Therefore the number of comparisonsinT _5 7~ 5 _
° the number of goals in T~ 4~ n = 4~ (pk+l_])

3-1) (fb") . (Notice that bi~! > 5 implies bk+! > 125> 1)

hk+|_|
b-1

Finally k = %j(i+1) and < 1010 implies j < '\/ - %+2-blog(1010(b—

1))) - 1. A numeric analysis! of the function *®=1.(/ - T +2.blog(1010(b-1))

- %) shows that its maximum is almost 5 (= 4.95 for b = 3.21).
a

Finally we consider SLD-trees which do not have a constant average
branching factor, but exhibit a kind of ‘worst case’ behaviour. In these trees
only the parents of the ‘triangular’ goals have more than one descendant. More
formally, if by is the number of descendants of a goal at level k (k 2 0), then

{ b if k = Lj(j+1)-1(j > 0)
bk =
1 otherwise,

for some constant branching factor b.

THEOREM 7.1.15. Let T consist of the levels 0,....k of a ‘worst case’ SLD-
tree with branching factor b, and contain n goals. Then a triangular loop
check performs less than b-n comparisons on T. Moreover, if n < 1010,
then a triangular loop check performs less than 6-n compariﬁons onT.

PROOF. Let k = %j(j+l). The number of goals at level k is then []bx = bi. Hence
i=0

the number of comparisons performed at level k is j-bi. Each of the levels

;—j(j-l)-H,..., %j(i+l)—l consists of bi-! goals, giving (j—1)-bi-! goals together.

So for the j-bi comparisons at level k, there are (j—1)-bi-!+bi ‘justifying’ goals,

! Performed using the ‘Maple’ package, developed by the Symbolic Computation Group of the
University of Waterloo, Ontario, Canada.
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b , '
giving sy comparisons per goal. )b i
It is easy to sh(}z that b > 1 implies G-D=1+b < 1+ ° the overall ratio
in T is less than 1+b comparisons per goal. First notice that b > 1 implies

Jb
j-:l_+b < b, which proves the first claim.

Now n £ 1010 implies bi < 1010, 50 j < Plog(1019). A numeric analysis of

blog(1010).b
the function W shows that its maximum is almost 6 ( = 5.76 for
b = 21), which proves the second claim. O

Conclusions

The obvious conclusion is that the number of comparisons performed by a
triangular loop check is (almost) linear in the number of goals generated. For
any realistic number of generated goals n, the number of comparisons performed
is at most 6-n. So triangular loop checks satisfy the requirement stated in the
introduction. Moreover, unlike the tortoise-and-hare technique, which was
motivated by the same requirement, the ‘triangular’ technique retains the
completeness of the corresponding full-comparison loop checks (with the
exception of Counterexample 7.1.12).

A minor disadvantage of the selection technique (compared to the tortoise-
and-hare technique) might be that the comparisons are not distributed smoothly
over the goals, which makes the timing of the interpreter less predictable.

An important question is the choice of the selection: the sparser the selection
is, the more efficient the resulting loop check, relative to the number of goals
generated. However, using a sparse selection is not necessarily the best thing to
do: loops are detected later, so the overall effort of generating goals and loop
checking may well become larger than with a less sparse selection. The optimal
choice will definitely depend on the program that is interpreted. We shall briefly
return to this subject at the end of this chapter.

In practice, it might pay off to postpone the invocation of a loop check until
a loop is suspected, which is the case when a derivation is growing ‘unusually
long’. This technique can be formalized by using selections S={i+ Nlie 7},
orS = {%i(i+l) + N lie 7} for some ‘large’ number N. Obviously using such
a selection does not affect the completeness of the loop check.
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7.2. Two Simple Implementations of Loop Checking

In this section we give a global description of two simple implementations of
loop checking (for more details we refer to [He]). The first implementation has
the form of a meta-interpreter. Every part of the computation process, deriving
new goals as well as loop checking, is programmed explicitly in C-PROLOG.
This means that the program is slow, but allows to measure the time spent on
loop checking separately from the time spent on finding the next goal.

In the second, more efficient implementation of loop checking the program
given by the user is transformed into a new program that includes loop
checking. Thus the additional layer of interpretation is removed. The search for
applicable clauses and unification is now done by the underlying C-PROLOG
system, but the computations performed for the loop check are still explicit. This
inequality between the efficiency of generating the next goal and loop checking
makes the implementation less suitable for judging the relative cost of loop
checking.

Finally the results obtained from the two implementations are discussed. We
address the question ‘How costly is loop checking?’. This question suggests a
comparison between existing PROLOG systems and an equally efficient system
with loop checking. Although we did not build such an efficient implementation,
our results indicate that it is indeed feasible to implement loop checking. But we
should point out here that this conclusion relies on the assumption that such
efficient implementations distribute their time similar to our implementations
(that is: mostly on manipulating substitutions).

Of course some loop checks are more demanding than others. So we also
give a comparison between the various loop checks that we implemented.

A loop checking meta-interpreter
A meta-interpreter seems to be the easiest way to incorporate loop checking in a
logic programming interpreter. Due to the extra layer of interpretation, the
resulting implementation is not very efficient. This section contains only a
description of the meta-interpreter; a discussion of the results obtained from it is
deferred to the end of this section.

First we describe how the meta-interpreter is used. The user adds his
program to the meta-interpreter (as usual, the program must not use predicates
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defined by the meta-interprefer) and presents a goal ¢~solvel (Check,Goal) to
it. The representation of the program and Goal is discussed later.

The parameter check specifies the loop check that is to be used. Currently
we have implemented the equality and subsumption checks (list-versions)
described in Chapter 3 (evg, eig, evr, eir, svg, sig, svr, sir) and their
single triangular (**+*,st) and double triangular (**+*,dt) variants described in
the previous section. Furthermore the user can choose not to use any loop check
by specifying empty or non. The difference between the two is that empty
collects data like all other loop checks (without using it), whereas non does not
collect any data.

The procedure solveI merely initializes the data-structures and counters.
Then an attempt to solve the goal is made. This attempt stops at every leaf of the
(pruned) SLD-tree, giving the derivation leading to that leaf, the counters and, in
case of a success leaf, the computed answer. The user can use backtracking of
the underlying PROLOGe-interpreter to find all leaves of the SLD-tree.

The main procedure of the meta-interpreter is solve. It has eight input
parameters and one output parameter. When the derivation Go =c,0; G
=...= Gk-1 =¢,,0y Gk has been constructed, these parameters have the

following meaning.

Input for constructing the derivation:

Goal : Gk (also used for loop checking),
Subst : 01...0, restricted to the variables of G,
LastVar : the number of variables used (needed for standardizing apart).

Input for loop checking:

Check : the loop check that is used,

Result 1 Gg91...0k (so a result is the left-hand side of a resultant),
ListGoal : [Gk-1,Gk-2,-..,Gol,

ListResult :[GgBy...0k-1,Go9...0k-2,....Gol,

Depth k.

When a double triangular loop check is used, ListGoal and ListResult
contain only the goals (results) with a triangular index. When non is used, these

lists are not maintained.
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Output (provided that a finite derivation is generated):
Derivation : a derivation [Gk41, Gk+2, -.-, Gp, endmark],
where endmark = true means G, =0,
endmark = prune means Gy, is pruned and
endmark = [falsel...] means G, is failed.

The four clauses for solve correspond to the four possible situations for the
current goal: respectively success leaf, failure leaf, not a leaf and pruned leaf.
solve([), ., _s_v_s_s_,[true]) :- !. /* success leaf */
solve([falselGoall, ., v vev—v—v_,[]) = 1. /* failed leaf */
solve (Goal, Subst, LastVar, Check, Result,ListGoal, ListResult,

Depth, [NewGoal |Derivation]) :- -
check (Check,Goal,Result, ListGoal, ListResult, Depth,
NewListGoal,NewListResult),

v, /* no loop has been detected: continued branch */

Jind_new_goal_result (Goal, Result, Subst, LastVar,

NewGoal, NewResult, NewSubst, NewLastVar),

NewDepth is Depth + 1,

solve (NewGoal,NewSubst,NewLastVar, Check, NewResult,

NewListGoal,NewListResult, NewDepth,Derivation).

solve([AlGoall, _,_,_+—4v—v_+_.,[prunel)./* a loop: pruned leaf */

The first clause is obvious. The second clause deals with the case
that the previous goal is a failed leaf. This is detected by the procedure
find_new_goal_result, as it cannot find a clause of which the head unifies
with the selected (leftmost) atom. It then replaces this atom by false. Thus the
next goal of such a derivation is a goal of which the leftmost atom is false. We
use this goal as the endmark of the derivation.

The third clause invokes the loop check. If check succeeds, i.e. if no loop
is detected, then £find_new_goal_result computes one derivation step, giving
the new goal to be solved. The list of previous goals and results is updated by
check: if a double selected loop check is used, then only selected goals and
results are included in those lists. If non is used, no updating is done at all.

If the loop check in the third clause fails, a loop has been detected and the
fourth clause applies. If the user does not want the interpreter to stop at failed
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leaves, he can simply add fail after the cut in the second clause, enforcing
automatic backtracking. Similarly, if the user does not want the interpreter to
signal pruned leaves, he can omit the fourth clause of solve.

The procedure check selects the appropriate loop checking procedure and

calls it with the relevant parameters. Some typical clauses are:

check(non,_,_,ListGoal,ListResult,_,ListGoal,ListResult).

check (empty, Goal,Result,ListGoal,ListResult, _,
[Goal|ListGoal], [Result|ListResult]).

check (evr,Goal,Result,ListGoal,ListResult,_,
[GoallListGoall, [Result|ListResult]) :-

check_EVR (Goal,Result,ListGoal,ListResult).

The triangular loop checks are treated by four clauses, two for single and
two for double triangular loop checks. We give here the clauses for the double
triangular loop checks.

check ((Full,dt),Goal,Result,ListGoal,ListResult,Depth,
[GoallListGoal], [Result|ListResult]) :-
I is sqrt(1+8*Depth), integer(I),!,
/* the check is (***,dt) and Depth is triangular */
check (Full,Goal,Result,ListGoal,ListResult,_,_,_).
check((Full,dt),_,_,ListGoal,ListResult,_,ListGoal,ListResult).

/* the check is (***,dt) but Depth is not triangular */

First it is checked if Depth is a triangular number (it is easy to show that d is
triangular if and only if V1+8d is an integer). If this is the case then the first
clause applies; the lists of goals and results are updated and the corresponding
full-comparison check is invoked. If not, no check is performed and the lists of
goals and results remain unchanged.

The meta-interpreter handles several objects occurring in SLD-derivations,
like variables, goals and substitutions. Here we describe how all such items are
represented in it.

In simple meta-interpreters, like the well-known ‘vanilla’-interpreter, object
variables are represented by variables of the meta-interpreter (meta-variables). In
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this way, unification and the subsequent application of the unifier can be done
implicitly by the underlying PROLOG-interpreter. For our purposes this
approach is difficult to use (although it can be done): a variable that is bound by
solving the current goal must remain a variable in the list of previous goals.
Therefore an object-variable A is represented by the meta-constant $A.
Consequently, the user must put a $-sign in front of all variables in the program
and the goal. Furthermore, unification and the renaming of program clauses
must be done explicitly by the meta-interpreter (hence the need for Lastvar).

Object atoms become terms in the meta-interpreter (an object-predicate is a
meta-function) and goals are represented as lists of (object-)atoms. The initial
goal that is specified by the user must also be represented as a list, but the bodies
of program clauses have the usual shape: they are transformed into lists by the
meta-interpreter. A substitution {x|/ty,...,xy/ty} is represented by the list of
bindings [eq(x}/t1),....eq(Xp/tn)].

Compiling loop checks into the program

In this section we present a more efficient implementation of loop checking. The

program given by the user is transformed into a new program. Interpreting this

new program by means of an ordinary PROLOG-interpreter has the same effect
as using a loop-checked (meta-)interpreter. The transformation, which can be
done automatically, consists of four parts.

1. A call to the predicate 1oop_check is added as the first literal in the body of
every clause.

2. Extra parameters are added to every user-defined predicate. These parameters
are needed to pass relevant data to the loop_check procedure.

3. A clause is added to augment the query specified by the user (with only the
‘normal’ parameters and the loop check to be used) with the proper
initializations of the new parameters. For simplicity it is assumed that the
user’s query will always consist of one atom of a fixed predicate.

4. The procedure loop_check and its auxiliary procedures are added to the
program.

We shall now treat these modifications in more detail.

The call to the predicate 1oop_check that is added to a clause C checks
whether, given the preceding derivation, applying C would lead to a loop. If
indeed a loop is detected then the call fails (with the side-effect that the user is
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informed), thus preventing C to be used. If no loop is detected then the call

succeeds and the output parameters are filled with updated versions of the

required data. A special case occurs when an empty goal (a solution) is found:
the user is informed and loop checking is not necessary.

The required data strongly resemble the data used by check in the meta-
interpreter, but there are some notable differences.

1. The procedure check gets the current goal as an input parameter. When
loop_check is called in a clause C, the current goal (i.e. the goal that would
result from applying C) is assembled from the previous goal and the body of
C. The current goal is returned in an output parameter.

2. The counter Depth is updated by loop_check. The new value is also
returned in an output parameter.

Thus loop_check has as input parameters: check (the loop check), Body (the

body of the clause), Goal (the previous goal), Result (the current result),

ListGoal, ListResult (as in check) and Depth (not yet updated, thus one less

than in check). Its output parameters are CurrentGoal, NewListGoal,

NewListResult and NewDepth.

The procedure 1oop_check consists of the following three clauses, dealing
with respectively the empty goal, no loop being detected and a loop being
detected. Instantiating the output variables is only needed in the second case.

loop_check(_, [],[H],_,ListGoal, _, _,_,_,_,_) :-
!, /* a success leaf is reached: no loop check needed */
nl, write('true'), nl, write([[])|ListGoal]l).
loop_check (Check, Body, [HIGoal],Result,ListGoal,ListResult,Depth
,CurrentGoal,NewListGoal,NewListResult, NewDepth) :-
NewDepth is Depth + 1,
append (Body, Goal, CurrentGoal),
check (Check, CurrentGoal,Result,ListGoal, ListResult,
NewDepth, NewListGoal, NewListResult),
. /* no loop has been detected */
loop_check(_,Body, [HIGoal),_,ListGoal, _, _,_,_,_,_) :-
/* a loop has been detected: inform the user and fail. */
append (Body, Goal, CurrentGoal),
nl, write('prune'), nl, write([CurrentGoall|ListGoall),

v, fail.
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The procedure check that is called in the second clause has exactly the same
functionality as it has in the meta-interpreter, but due to a different representation
of variables its clauses differ slightly. As there is only one level here, it is not
possible to represent object-level variables by meta-level constants. But we must
still avoid that a variable that is bound by solving the current goal is also bound
in the list of previous goals (and results). To this end each goal (result) that is
added to such a list is renamed first, using fresh variables (of course the same
renaming is applied to a goal Gy and to the corresponding result Gg81...6k). The
following clause for check is a typical example (the second and third parameter

of rename_var are used to hold intermediate substitutions).

check(evr,Goal,Result,ListGoal, ListResult, _,
[NewGoal |ListGoal]l, [NewResult |ListResult]) :-
rename_var ( [Result |Goal], [],_, [NewResult |INewGoall),

check_EVR (NewGoal,NewResult,ListGoal,ListResult).

The literals specified by the user must pass the parameters needed for the
170p check (Check, Goal, Result, ListGoal, ListResult and Depth). Except
for check, which remains unchanged, each literal must pass an input value
(when it is selected) as well as an output value (when it is resolved) for these
parameters. So a pair of each is added, except for Result: the application of the
subsequent unifiers automatically changes the input value for Result into the
output value for Result.

Thus a clause h(X) :- by (Y3),...,by(¥,) is transformed to:

h(X,Check,Goal,Result,ListGoal,ListResult, Depth,
Goalp,i,ListGoal,,,ListResulty,,,Depthp,;)
loop_check (Check, [by (Y1) ,...ba(¥n)],Goal,Result,ListGoal,
ListResult, Depth,Goal;,ListGoal;,ListResult;,Depth;)
b; (¥;,Check,Goal;,Result,ListGoal;,ListResult;,Depthy,
Goal,,ListGoal,,ListResult,, Depthy),
bp (¥n.Check,Goaly,, Result, ListGoal,, ListResulty,, Depthy,

Goalp,;.ListGoaly,;,ListResulty, ,Depthp,1).
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Moreover, if h is the predicate that the user will use in the query, a clause is
added to properly instantiate the input parameters:

h(X,Check) :-

rename_var ([h(X)], [],_,RenamedGoal),

h(X,Check, [h(X)],h(X), [RenamedGoal], [RenamedHead],0,__,_,_,_) .
Notice that the instantiation is only correct under the assumption that the
query consists solely of the atom h (x). In the meta-interpreter, Result was
always a list of atoms, containing as many atoms as the initial goal. Now that the
- initial goal is known to consist of a single atom, the list construction is
unnecessary.

Results

In its most unspecific form, the question we try to answer in this section is:
‘How costly is loop checking?’. The answer depends not only on the loop check
that is used and its implementation, but also on the object program.

Often there is a trade-off between using a weak loop check, which detects
loops late (or not at all), and using a stronger loop check, which is usually
costlier. The object program, especially the amount and the length of its loops,
determines which loop check gives the best results. On one side, for programs
without loops the empty loop check is certainly optimal. On the other hand,
when a loop check fails to detect a loop, the resulting computation is infinite, a
result that is difficult to compare to any finite figure. When a loop check is
compared with the empty loop check, one of the two extremes is bound to
occur.

Existing benchmarks are not very useful in this case. First of all, our meta-
interpreter is only capable of handling pure logic programs, which benchmarks
rarely are. Secondly, benchmarks usually terminate without loop checking: the
effort needed to enforce termination is already encoded explicitly in the program.

Our choice is not to measure the benefit of using a stronger loop check, but
only its cost. That is, if two loop checks are compared, the object program and
goal are chosen such that the resulting SLD-tree is pruned by the two loop
checks at the same place(s). In particular, when a loop check is compared to the

empty loop check, the object program does not loop.
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In practice we used the standard transitive closure prograni:

tc(X,Y) :- r(X,Y).

tc(X,2) :- r(X,Y),tc(Y,2).
augmented with facts giving the relation r. This program allows us to control the
presence and length of refutations and loops eusily by modifying the graph of r.
Furthermore the program is restricted and function-free, so all equality and
subsumption checks (including their single and double selected variants) enforce
termination of this program for any relation r. Finally it is easy to see that only
the selection, but not the underlying full-comparison check determines where
derivations from such programs and goals are pruned.

The numerical results mentioned below were obtiained using a linear relation
{r(a,b),...,r (m,n) } and a circular relation {r (a,b),...,r (m,n),r(n,a) }. The
goals used were ?>-tc(a,n) and ?-tc(a,n), fail, fail, fail. All loop checks
are applied using the linear relation; obviously the resulting derivations dre never
pruned. All loop checks are also applied using the circular relation, although the
computations using non and empty diverge where the others are pruned. The
length of the loop in r is chosen to be 14, which means that a loop occurs after
28 derivation steps. As 28 is a triangular number, the triangular loop checks
detect the loop immediately. So all loop checks prune the resulting derivations at
the same place.

The question ‘How costly is loop checking?’ suggests a comparison
between an efficient PROLOG interpreter with loop checking and existing
PROLOG interpreters. As developing a really efficient PROLOG interpreter with
loop checking involves mueh imore work than making the two relatively simple
implementations presented in this paper, it would be helpful if our
implementations could yield some predictions dbout more efticient ones.

It appears that the most tiiie- and Spice-consuming coniponent of ouf
implementations is the explicit manipulation of substitutions, which occurs both
ihi the constriiétion of the derivation (in the form of unificition) and in the loop
check (ifi the form of maiching). Consequently, predictiotis about efficiefit
iifiplerientations (comparing those with anid without loop checking) ¢aii only be
mdde urider the dssumiption tht they also spend niost of their time manipulating
substittitions.
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linear relation r non | empty eig eir evg evr
solving check | 0.197] 0.247| 1.285] 1.390] 1.345] 1.397
«tc(a,n) derive | 7.593| 7.603| 7.965| 8.046| 7.794| 7.990
finishing check | 0.222] 0.282] 1.546] 1.672] 1.620| 1.700
«tc(a,n) derive | 8.894| 8.907| 9.399{ 9.473| 9.384] 9.405
failing check | 0.412| 0425 1.716| 1.847| 1.785| 1.857
«—tc(a,n),fail failfail| 9.331 | 9.308 | 9.730| 9.764| 9.764 | 9.819
linear relation r sig Sir svg svr (sir,st) | (sir,dt)
solving check 1.754 1 1.790] 1.755] 1.798 ] 0.504| 0.409
«tc(a,n) derive | 8.003| 8.009] 7.960| 7.987| 7.726 | 7.663
finishing check | 2.164| 2.217| 2.152| 2.233| 0.540| 0.439
«tc(a,n) derive | 9.449| 9.442| 9.386| 9.416| 9.019] 8.967
failing check | 4.193| 4316 4.209| 4.306| 0.693| 0.563
«tc(a,n),fail, fail fail | 10.560 | 10.513 | 10.481 | 10.559 | 9.332 | 9.308
TABLE 7.2.1

circular relation r non | empty eig eir evg evr
solving check | 0.210} 0.271} 1.279| 1.408] 1303} 1.409
«tc(a,n) derive | 7.638 | 7.607| 8.295] 8.259] 8.324] 8.325
finishing check diverges 1.6121 1.770] 1.640] 1.782
«tc(a,n) derive diverges 9.920 ] 9.899} 9.960| 9.967
failing check diverges 17841 1958 1.864| 1.972
«tc(a,n),fail fail fail diverges 10.136 | 10.238 | 10.246 | 10.261
circular relation r sig Sir svg Svr (sir,st) | (sir,dt)
solving check 1.775] 1.859| 1.758] 1.852| 0.524| 0412
«tc(a,n) derive | 8.363 | 8.412| 8.391| 8.378| 8.143| 8.058
finishing check | 2.264 ] 2.374| 2.262| 2.377| 1.207| 0.642
«tc(a,n) derive | 10.041]10.098 | 10.045 | 10.037 | 9.656 | 9.570
failing check | 4.318| 4.466| 4.366| 4.491| 1.705| 0.889
«tc(a,n),fail fail fail ] 10.863 | 10.930 | 10.932 ] 11.004 | 9.831 | 9.760

TABLE 7.2.2
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In the meta-interprefer, both unification and matching are performed
explicitly, whereas in the transformed programs only matching is performed
explicitly: unification is performed by the PROLOG-interpreter itself. In a
practical PROLOGe-interpreter with loop checking, both unification and matching
will be done in an efficient way. Predictions about such przictical interpreters
must thus be based on measurements of the meta-interpreter, because it treats
unification and matching on an equal level.

Tables 7.2.1 and 7.2.2 show such measurements (in seconds cpu-time
used). In Table 7.2.1 the linear relation r is used. The first pair of rows shows
how much time is needed to find the first (and only) solution for ?-tc(a,n), the
second pair shows the time needed until the computation of z-tc (a, n) halts and
the third the time needed until the computation of ?-tc(a,n), fail, fail, fail
fails. Table 7.2.2 shows the same for the circular relation r.

It is noteworthy that the measured time spent on generating the derivation is
related to the loop check. This implies that a fraction of the time measured as
‘der.ve’-time is actually ‘check’-time. A numerical analysis shows that about
30% of the ‘check’-time is involved. Making this correction we see in this
example that the equality checks cost about 24% of the ‘derive’-time and the
subsumption checks about 32% (for the goal 2-tc (a, n)), respectively 60% (for
?-tc(a,n),fail, fail, fail).

The results show that there is not much difference among the various
equality checks (and among the various subsuimption checks). Not surprisingly,
the checks based on goals are slightly cheaper than those based on resultants. In
contrast to the rule-of-thumb that stronger checks are costlier, the checks testing
for instances are slightly cheaper than the checks testing for variants. This is due
to the implementation: first a substitution is computed, then it is tested if this
substitution is a renaming.

The difference between thie equality checks on the one hand and
subsuitiption checks on the other hand is more significant. Due to the small
godls in the réfutations of 2-tc(a,n) (oily one or two atoms), the subsuription
checks aré approximately only 34% more expensive. But for the larger goals in
the derivations of ?-tc(a,n),fail, fail, fail, this figure is already 134%!

The advantage of the triangular loop checks is evident: they need muich less
time. But in this test their disadvantage does not show: here they have the same
effect as the full-comparison loop chiecks, but in general they prune derivations
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(much) later. In small examples like these, where the cost of loop checking is
rather small compared to the cost of generating derivation steps, full-comparison
loop checks will usually show a better performance.

But one may suspect that it costs too much to apply the full-comparison
loop checks on a large example with few loops. In any case the use of a
triangular loop check definitely beats using no loop check at all. This applies in
particular to programs that are still being tested/debugged: they are not supposed
to loop, but some loops may be present. A triangular loop check that also reports
pruned derivations would probably be a useful debugging tool.

We can only briefly address the issue of optimisations here. Our meta-
interpreter does not use any of the common optimisation techniques, such as last
call optimisation. It is conceivable that such optimisations are seriously
hampered by the introduction of loop checking, making loop checking more
costly than our figures show.

On the other hand, our loop checking procedure itself could certainly be
improved considerably, for example by using ‘incremental’ testing: an equality
check tests first if two goals have the same length, then whether they have the
same predicates in the same order and so on. Also the storage and retrieval of
previous goals could be improved by hashing techniques. These optimisations
would make loop checking less costly. At this time we cannot predict how those

two effects accumulate.






8. Related Work

Termination of logic programs can be enforced in many ways, of which our
form of loop checking is just one. In this chapter we outline a spectrum of
methods for enforcing termination and we discuss the place of loop checking
therein. The place of a method within this spectrum shall be determined by the
amount of change it involves for the interpreter, compared with the standard

pure logic programming interpreter based on SLD-resolution.

Proving termination of logic programs

The first technique we encounter consists of identifying those logic programs
that terminate without any change of the interpreter. By rephrasing it as
‘identifying those logic programs for which the empty loop check is complete’,
this technique could be considered as a special case of the issues treated
previously. However, we feel that the study of terminating logic programs is a
research area of its own right. Without aiming at completeness, we mention here
the following work. l

Vasak and Potter [VP] distinguish existential and universal termination.
Given a goal, a program is said to terminate existentially if it either fails finitely
or produces at least one solution. This depends on both the selection rule and the
search rule. A program P is said to terminate universally on a goal G if the SLD-
tree for PU{G} is finite. This still depends on the selection rule used, but not on
the search rule. Usually, termination refers to universal termination.

The dependency on the selection rule yields another distinction: PU{G} is
strongly terminating if every SLD-tree for PU{G} is finite; PU{G} is weakly
terminating if there exists a finite SLD-tree for PU{G}. Strong termination is for
example studied in [Be] and [AB]. Between these two extremes, a view of
practical interest is taken by Apt and Pedreschi [AP): PU{G} is left terminating
if the SLD-tree for PU{G} via the leftmost selection rule is finite.

Starting from Floyd [FI1] the classical proofs of program termination have
been based on the use of well-founded orderings. Every ‘situation’ S in a
computation is associated to an element f(S) of a well-founded set and for every
‘step’ leading from a situation S to a situation S it is shown that f(S7) < f(Sy).

171



172 Related Work Chapter 8

In the area of logic programming, this approach is outlined in [Be]. There, a
level mapping for a program P is defined as a function from the ground atoms
in Lp to the natural numbers. A program is called recurrent if for some level
mapping | |, for every ground instance A«<By,...,B, of a clause in P:

IAlI'> IBjl fori=1,...,n.

An atom A is bounded w.r.t. a level mapping |1 if | | takes a maximum on
the set of ground instances [A] of A; if A is bounded then I[A]l denotes this
maximum. A goal G = «Aj,...,A, is bounded if Aj,...,A; are bounded; if G is
bounded then IGI denotes the multiset {I[A{]l,...,I[[Ap]l}. Notice that ground
atoms, and hence ground goals, are always bounded.

A ‘situation’ in logic programming corresponds to a goal, a ‘step’
corresponds to a derivation step. A level mapping associates a multiset of natural
numbers to a bounded goal. Now let P be a recurrent program and G a bounded
goal w.r.t. some level mapping Il. Bezem [Be] proves: if G = G'is a
derivation step w.r.t. P, then G' is again a bounded goal and IG'l < IGl in the
multiset ordering (which is well-founded). Thus recurrent programs are strongly
terminating for bounded goals, and especially for ground goals. A perhaps more
s arprising result of [Be] is that the converse of this theorem is also true: if a
program P is strongly terminating for every ground goal, then P is recurrent.

In [AB] this approach is generalized to the case of general programs and
SLDNF-resolution!. The corresponding programs are called acyclic programs;
every acyclic program is locally stratified. As the distinction between SLDNF-
resolution and SLS-resolution lies in their treatment of infinite failure, it is not
surprising that the two coincide for acyclic programs. ,

Apt and Pedreschi [AP] have modified these ideas to characterize left-
termination. Given a program P, a level mapping || and a model I of P, P is
acceptable w.r.t. |1 and I if for every ground instance A«B,...,B, of a clause
in P:

IAI'> IBjl for i = 1,...,n, where n = min({n}U{i | I ¥ B;}).

The idea is that I ¥ B; implies that selecting B; results in (finite) failure.
Thus due to the use of the leftmost selection rule Bi41,...,By are never selected,
hence their levels are irrelevant. It is proved in [AP] that

! The treatment of floundering in original definitions of SLDNF-resolution (e.g. in [L]) is not
very satisfactory: a ‘floundcring SLDNF-derivation’ does not exist. In [AB] floundering is
treated in SLDNF-resolution like in SLS-resolution (see Definition 5.2.4). Sce also [AD].
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for every ground goal G: PU{G} is left-terminating iff

for some level mapping | | and model I of P: P is acceptable w.r.t. | | and L.
Of course the question remains how a suitable level mapping and model are
found, and how the acceptability condition is tested on infinitely many ground
instances of clauses. Abstract interpretation techniques can help here.

Also related work by Bossi et al. [BCF] and by Wang & Shyamasundar
[WS] could help at solving this problem. They transform a program P and a goal
G into a directed graph (U-graph in [WS], specific graph in [BCF]). The nodes
of these graphs are the atoms that occur in P and G; arcs represent dependency
(via the clauses of P) and unifiability. Every cycle in the graph corresponds to a
possible loop in the program. The problem of finding a suitable mapping can
now be solved locally for every strongly connected component (SCC) of the
graph: the mapping must not increase on the arcs of the SCC, and every loop in
the SCC must contain an arc on which the mapping strictly decreases.

The method described in [BCF] is again related to a slightly different
approach, introduced by Ullman & Van Gelder [UvG] and improved by Pliimer
[P]. First, they assume that the analyzed program is well-moded (as originally
defined by [DM]), i.e., that the input and output positions of a predicate can be
distinguished. Modes can often be inferred automatically, e.g. by abstract
interpretation, and need not be supplied by the programmer. The size (level) of
an atom A is now determined by sum of the sizes of the terms on (a selection of)
the input positions of rel(A) (the size of a term can for example be defined as in
Section 6.3).

Now their way to prove (left-)termination is the following. Consider an
atom p(ty,...ty) with ground terms on its input positions. Suppose that
constructing the SLD-tree of PU{«p(t},...t;)} via the leftmost selection rule
leads recursively to the selection of another p-atom, say p(sy,...,sp). The
termination of the program is ensured if in all such cases the size of p(sy,...,Sp)
is strictly smaller than the size of p(ty,...,tp).

In order to prove such a claim so-called linear predicate inequalities are
inferred. In [UvG] these linear predicate inequalities have the form p; + ¢ 2 pa.
In [P] this is generalized to ¥c | pi + ¢ 2 X pj, Where 1 is a selection of the
input positions of the predicate p and J is a selection of its output positions. A
linear predicate inequality is valid if for every ground atom p(ty,...,ty) in the
least Herbrand model of P: 3 1 size(tj) + ¢ 2 T j size(t)) holds.
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With the aid of these linear predicate inequalities an upper bound for the
sizes of the input terms s; (i € I) of a recursive call p(sy,...,s,) can be given in
terms of the sizes of the input terms t; (i € I) of the ‘parent’ call. For example,
consider the program P = {p(f(f((x)),x)&. q(0)«. q(x) « p(x,y), q(y).} and
take for n 2 0: size(f*(0)) = n. A possible mode for this program is p(+,~), q(+),
i.e., the second position of p is an output position, the other positions are input
positions. It is obvious that p; — 2 2 pp is a valid lincar predicate inequality for p
in P. Thus evaluation of «—q(t) for some ground term t leads to a recursive call
«q(s) with size(t) — 2 = size(s), hence size(s) < size(t).

Pliimer describes how the analysis of the data flow within clauses enables
the automatic derivation of valid linear predicate inequalities (thereby
generalizing similar considerations restricted to terms being lists in [UvG]). The
result is an efficient tool for testing left termination for a large class of logic
programs.

Finally, M. Baudinet [Ba] presented a method for proving termination of
PROLOG programs in which with each program a system of equations i
associated whose least fixpoint is the meaning of the program. By analyzing this
least fixpoint various termination properties can be proved. The main method of

reasoning is fixpoint or structural induction.

Detecting loops in derivations

Loop detection techniques can be divided into two classes: those techniques that
warn for all possible infinite loops, and those that signal only the certainty of a
infinite loop. Due to the undecidability of the Halting Problem, the first class
must give some false alarms, whereas the second class must miss some loops.
For loop checks we introduced the terminology complete for the first class and
(weakly) sound for the second class. A termination prover can be used as a loop
detection technique of the first class: if the attempt to prove termination fails, a
warning can be issued that the program might loop.

The aim of loop detection is controlling recursive inference. This can be
implemented in two ways. The first way is to perform a static analysis of the
program as a pre-processing step. The outcomes of such an analysis can be
translated into modifications of the program, such as reordering the atoms in a
clause or the addition of control primitives (e.g. wait declarations as described in
[N]). The other method is the application of a loop detection mechanism at run-
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time, where its results can influence control directly. The framework of loop
checking we described falls in this category. Although run-time analysis is
generally able to cope with larger classes of programs and loops therein, it has
the disadvantage of introducing overhead at run-time.

As the two distinctions are more or less orthogonal, we can divide loop
detection mechanisms in four categories. However, the boundaries between
those categories are not always very sharp. For example, Schmiicker [Sc]
proposes two conditions: one for detecting potentially infinite loops and one for
detecting definitely infinite loops; then she shows how the two conditions can be
combined. Moreover, she explicitly mentions both run-time analysis and pre-
processing as possible applications. Another example is that [SGG], a paper that
is oriented towards run-time analysis, inspired the preprocessing-oriented work
in [dSBV]. Finally, loop checks that are neither sound nor complete can be
found in a number of papers.

Here we shall concentrate on the detection of loops in derivations at run-
time. It seems that Gelernter [G] was the first one to apply this kind of loop
checking (in a geometry theorem prover). Loveland and Reddy [LR] isolated his
technique and elaborated on it. The problem was faced in the propositional (or
more precisely: variable-free) case. In this case the solution is straightforward: a
derivation is pruned as soon as an atom reproduces itself. In the absence of
variables this check coincides with the Variant of Atom check (Definition 2.1.5)
and the context checks (Section 3.4). Therefore it is sound and (for finite
programs) complete.

Loveland and Reddy claim that ‘the results presented here ... hold equally
well in the first-order format ... since it is a propositional rule’, but they do not
further comment on what they mean by this. Poole and Goebel [PG] show that
checking for syntactically identical atoms is not complete in the presence of
variables, and that generalizations such as VA and IA are not weakly sound. On
this basis they argue that it is better to forget about loop checking. Van Gelder
[vG1] proposes an implementation of loop checks based on IA and on checking
for identical atoms (see also Section 7.1: the tortoise-and-hare technique).

Brough and Walker [BW] describe two interpreters for logic programming
that implement loop checking, and compare them with the standard interpreter
(all using the leftmost selection rule). Their first interpreter, Ig, checks for

identical atoms again. Their second interpreter, Ig, is more interesting, because
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it uses one of the few loop checking mechanisms that are not based on
comparing goals: it is based on comparing the clauses used. A derivation D =
(Go =c,,6) G1 =...= Gk-1 =¢y,0; Gk) is pruned at Gy if for some i: CkBk <
C;i0; and the selected atom in Gy is produced by the selected atom in G;. It seems
that this method satisfies Definition 2.1.2: it is a simple loop check. In general it
is not a complete loop check, but it is complete for function-free programs.
Besnard [B] rephrases the loop checking criterion as ‘allowing a clause to
be used at most once’. Apart from the omission of the phrase ‘on the same atom’
(to capture that the selected atom in Gy is produced by the selected atom in Gj),
this ignores the fact that actually the instances of the clauses used are compared.
Still, his example, which shows that the loop check is not weakly sound, is
correct. Brough and Walker themselves already show that the loop check is not
sound (Example 3 of [BW]). We present here a small extension of this example,

which also shows that it is not even weakly sound.

EX..MPLE 8.1.

LetP= «p(u,v,w),q(u)

{ p(a,bc) «. (Ch), l (C2), {ylu,z/v,x/w}
p(y,z,x) « p(x,y,z). (C2), «—p(w,u,v),qu)
a©) . (C3) | (C2),

and let G = «p(u,v,w),q(u). {y'/W,z'/u,x'/v}

Figure 8.1 shows the only SLD- —p(v,w,u),q(u)

refutation of PU{G} (modulo (CD), {v/a,w/b,u/c}

variants). Obviously the instances «q(c)

of (C2) used in the first and | e

second step are variants, so this O

refutation is not found by Ig. 0O
FIGURE 8.1

In spite of this, Brough and Walker claim that Ig and IR are ‘better’ than the
standard interpreter. They support this claim as follows. According to their
definitions an interpreter does not enumerate answers as it finds them, but it
collects them and produces them at once when it terminates. Consequently, if it
does not terminate, it gives no answers at all. Furthermore, the more (correct)
answers an interpreter gives, the better it is (for a given program and goal). That
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nontermination can be preferable over the result ‘no (more) answers’ if the latter
is not sound w.r.t. CWA is not taken into account. In this context their claim is
justified, because they prove: ‘given a program and a goal, if the standard
interpreter stops, then Ig and Ir do not prune any derivations’. But this way of
comparing interpreters is suspicious at least.

Covington [Col] also proposes some kind of Variant of Atom check, or
perhaps EVG, but his definitions are not very precise. He proposes to ‘block the
evaluation of subgoals that match higher goals’ (in such a context ‘goal’ often
means ‘selected literal’), where ‘in determining whether the arguments are the
same, uninstantiated variables are considered to match each other even though
they have different names’. Taking this literally, p(x,x) and p(y,z) match each
other. Obviously the resulting method is unsound, but at least it can be defined
as a simple loop check, because the matching criterion is closed under variants.

Covington also suggests to limit the number of comparisons. He suggests
some special solutions for transitive and symmetrical relations. For other cases
he suggests the use of a single selected loop check (Definition 7.1.6), with a
selection of the form {b, b2, b3, ...}. He shows that this gives approximately
b/(b-1) comparisons per goal. He also suggests the use of hashing techniques.

In a second paper ([Co2]), Covington shows that his loop check is
unsound, and that hence the resulting interpreter incomplete. He proposes to
weaken the loop check by adding an extra requirement: the same program clause
must be applied on the ‘similar’ atoms. This revision closely resembles IR of
[BW]. Indeed, although Covington says that this ‘appears to solve the problem
completely’, Example 8.1 refutes this claim.

Finally we mention here the work of Besnard [B]. After giving some
counterexamples regarding [BW] and [Col], he proceeds by describing a
weakly sound loop check (CIG). In Section 3.4 we elaborated on this work by
defining some variations on this check (CVG, CIR, CVR); CIR and CVR are
sound. These checks still test for similar atoms, but now the context of these

atoms is taken into account. That is why we named them ‘context checks’.

Tabulation
The fact that VA is not weakly sound had been observed already by Black ([BI
Section 6.4]. He suggests some improvements, such as taking into account

which clause produced an atom, or allowing a fixed number of repetitions before
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stopping a derivation. But because the resulting methods are still not weakly
sound, he proposes a more subtle solution than simply pruning infinite
derivations. His solution was re-invented several times and is known under
different names, such as memoing or memo-ization ([D]), tabulation ([TS]) and
lemma resolution ([V]). It can also be found in [SGG Algorithms 3.7 and 3.8].

These techniques are essentially the same, although the proposed
implementations can differ in detuils. The main idea, which originates from
functional programming, is to store intermediate results, and to look them up
when they would normally be recomputed. Apart from the effect on termination,
this can improve the efficiency of a program considerably. In the following,
more precise description of this method, we shall adhere to the terminology of
[V]. He calls his formalization of the method SLD-AL resolution: SLD-
resolution augmented with an Admissibility test and Lemma resolution.

When an atom in a goal is selected, the admissibility test distinguishes two
possibilities. The first possibility is that the atom is ‘new’: no results have been
computed for it yet. In this case the goal is called qdmissible and the selected
atom is resolved by SLD-resolution against a clause of the program, as usual.
The other possibility is that the selected atom is an instance of an atom that was
selected earlier. For this earlier atom (the producer) answers (lemmas) have been
searched. In this case the goal is not admissible, and the selected atom is only
resolved against those lemmas (lemuma resolution).

It is necessary to use a local selection rule: once an atom is selected all
answers for that gqtom are requested; restrictions imposed by another atom on the
answers for the full geal are found when (an instance of) this other atom is
selected. The part of a derivation between the selection of an atom and the point
where the atom is completely resolved can be considered a ‘local proof” for (an
instance of) that atom. Its result is added as a lemma. In [TS] only the leftmost
selection rule is considered, whereas [V] allows any local selection rule.

When an atom A is identified as heing a producer for another atom B, two
cases arise. If all possibilities for A are already exhausted, i.e., all answers for A
are known, then these answers can simply be applied on B. The other possibility
is that A is still being processed. This is certainly the case if B descends from A.
In this case the answers for A that are already known can be applied on B. If A
produces more answers later, then these answers must also be applied on B. If
B descends from A, this can lead to still more answers for A and the process
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repeats. As is shown in the following example, it is even possible that there are
infinitely many answers for A; in this case B has infinitely many descendants.

EXAMPLE 8.2.

LetP={ p(0)¢. «p(x)

p(f(x) & p(x). } p(0)¢ (X ) =p(X')
and let G = «—p(x). (/X))

x/f(x

In Figure 8.2 p(x") is found to be an
. . {x/0} ,
instance of p(x), so «p(x') is not O «p(x)
admissible and p(x) becomes a p(0)

producer. At that point only the

answer {x/0} has been found for p(x).  {X/0} O o O 0O
p(EO) P(F(£(0)))—

{x7f(0)} 5 ol x/(f(0)}

When this answer is used to resolve
p(x"), a new answer for p(x), namely
{x/f(0)}, is found. Using this on p(x")
yields {x/f(f(0))} for p(x), et cetera O FIGURE 8.2

The order in which the'nodes of an SLD-AL tree are constructed (visited) is
described by the search rule. As for ordinary SLD-resolution, a ‘good’ search
rule is required for finding all answers. An important advantage of SLD-AL
resolution over SLD-resolution is that for function-free programs SLD-AL trees
are always finite (hence any search rule is ‘good’). But in the presence of
function symbols, SLD-AL trees can be infinitely branching, in addition to the
possibility of having infinite branches.

A further notable difference between SLD-trees and SLD-AL trees is that the
shape of the SLD-AL tree depends on the search rule that is applied while
constructing it. Until now we spoke about ‘earlier’ selected atoms, relying on
the intuition of the reader. Whether one goal is ‘earlier’ than another depends on
the search rule. Moreover, a inadmissible goal can be visited several times if its
producer is still producing new answers (e.g. the goal «p(x') in Figure 8.2 is
visited infinitely many times; each visit results in a new solution for its producer
and hence in a new visit).

In Definition 4.1 of [TS] and Appendix D of [V], a search strategy for SLD-
AL trees is described: the multistage depth-first strategy. This strategy involves
the creation of a sequence of straight SLD-AL trees. These trees differ from
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SLD-AL trees in that the lemmas used for lemma resolution are not proved in the
tree itself, but given in advance. At each stage of the search, a straight SLD-AL
tree is constructed depth-first, using the lemmas proved in the straight SLD-AL
trees constructed in the previous stages. Consequently, straight SLD-AL trees
are again finitely branching. In particular, for the tree constructed in the first
stage, no lemmas are available, thus inadmissible goals are just pruned.

It is obvious that every straight SLD-AL tree in a sequence thus constructed
contains the preceding trees. This gives rise to two implementations: either each
tree is constructed anew, or each tree is obtained by extending its predecessor.
The first implementation (called QSQR in [V]) can take maximal advantage of
depth-first techniques, but involves duplicate work. The second one (used in
QoSaQ) requires more storage.

In order to achieve completeness, it is important that none of the straight
SLD-AL trees in the constructed sequence is infinite. In the presence of function
symbols this is not necessarily the case. (Consider the program {p(x)«p(f(x)).}
and 'ne goal «p(0).) [TS] propose the use of term-depth abstraction (later called
subgoal generalization in [V]) to obtain finite trees. In this technique the
a-imissibility test is not applied on the atoms that actually occur, but on
generalized versions of them: whenever a subterm of a term occurs below a
certain depth, it is replaced by a fresh variable. The result is the same as if the
bounded term-size property were met. SLD-ALG resolution {SLD-AL resolution
incorporating this technique) is sound and complete.

In order to limit the number of inadmissible goals, some other suggestions
for altered admissibility tests have been made, namely:

- applying the test only for designated predicates (called r-predicates in [V]; it is
suggested that at least all recursively defined predicates should be r-
predicates),

- making a goal inadmissible only if the selected atom is an instance of one of its
ancestors.

- testing for variants instead of instances.

Kemp and Topor [KT] and Seki and Itoh [SI] generalized the tabulation
technique to stratified programs (locally stratified programs are not considered,
and the issue of floundering is avoided). [S1] is based on [TS], whereas [KT] is
based on [V]. Both use negation as failure (i.e., SLS-resolution). Recently,
Chen and Warren [CW] implemented an interpreter for their XOLDTNF-
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resolution, which uses tabulated SLS-resolution to compute the well founded
model [VGRS] of arbitrary programs with negation.

Finally a combination of pruning and SLD-AL resolution is proposed in
[V]. The pruning mechanism he proposes is closely related to the SIRpM check.
The only significant difference is that the SIRp check compares a goal only with
its ancestors, whereas in [V] a goal can be compared with every earlier
constructed goal. The following definition formalizes his approach, and corrects

some minor errors in it.

DEFINITION 8.3 (Redundancy).

Let P be a program, Gg a goal and T an SLD-tree of PU{Gg} via a local
selection rule. Let G be a goal in T. A relevant ancestor of G in T is an ancestor
H of G such that the selected atom A in H is not yet resolved in the parent of G
(in other words: the path from H to G is fully contained in the local proof of A).

A goal Gy is redundant relatively to its relevant ancestor H if there is a goal
G» (other than G1) such that H is also a relevant ancestor of Gy and for some
substitution o the following holds.

Let A be the selected atom in H and let R be the rest of H. Let 81 be the
composition of mgu’s on the path from H to Gj, and 8, the composition of
mgu’s on the path from H to G. Then we can write G} = «(S1,R0;) and Gy =
«(S2,R07). It must hold that So6 M S| and ABy0 = AB).

A goal is locally redundant if it is redundant relatively to all its relevant
ancestors, a goal is globally redundant if it is redundant to at least one of its
relevant ancestors. o

It is easy to prove that in the given context AG,0 = AB; implies RO70 =
RO, and hence So6 ¢ S| implies Go6 ©m G|. Furthermore, if a goal G is
redundant relatively to H, then G is redundant relatively to all ancestors of H that
are relevant ancestors of G. Thus in order to determine that G is locally
redundant (in a partially constructed SLD-tree), it is sufficient to compare G to
all previously constructed descendants of the parent of G (which is by definition
a relevant ancestor of G). In order to determine that G is globally redundant, it is
sufficient to compare G to all descendants of the highest relative ancestor of G in
the SLD-tree constructed so far.
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In ordinary SLD-trees, all globally redundant goals can be pruned without
losing computed answers. The proof of this claim is similar to the proof of
Theorem 3.3.7 (the soundness of SIRp). See also Appendix A.3 in [V]. Itis
based on the observation that if a goal G that is redundant relatively to H is
pruned, all solutions for H are still found, even though some solutions for some
descendants of H may not be found.

For SLD-AL trees, the situation gets more complicated. In these trees,
inadmissible goals occur that obtain the solutions for their selected atoms from
the associated producers. This works properly only if the producer produces all
solutions. This cannot be guaranteed if globally redundant descendants of the
producer can be pruned: they can be pruned only if the are redundant relatively
to the producer.

A simple solution is to prune only locally redundant goals, as they are
redundant relatively to all their ancestors. A more complex solution is to prune in
addition those globally redundant goals that are not needed by a producer. L.e., a
goal is pruned if it is globally redundant and also redundant relatively to all
relevant ancestors of it that are producers. This seems still quite simple, until one
realizes that a goal is not created as a producer: it can become a producer when
an other goal is created. Thus this solution requires a waking mechanism: a goal
G is put asleep when it is globally redundant and not needed by a producer;
when one of its relevant ancestors H becomes a producer and G is not redundant
relatively to H, then G is woken up. The practical problem of implementing such

a waking mechanism is addressed in the QoSaQ procedure (see [V]).

Bottom-up query processing

Although it was described as a top-down strategy, tabulation is closely related to
bottom-up strategies. The widely recognized disadvantage of naive or semi-
naive (bottom-up) evaluation is that it fails to focus on relevant data. Tabulation
can be seen as top-down determination of relevant data, alternated with bottom-
up computation of answers. The same effect can be obtained by a program
transformation called Magic Sets. For studies relating tabulation to semi-naive
bottom-up evaluation using magic sets, we refer to [Br], [Se] and [BD]. A
number of other bottom-up strategies is described and compared in [BR].
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Conclusion

One could get the impression that tabulation and sophisticated bottom-up
evaluation strategies are by far superior over PROLOG-like interpreters (with or
without loop checking). For certain applications, especially in the area of
deductive databases, this is definitely the case. Although most of our
completeness results are restricted to function-frec programs, loop checking can
be applied to all programs, because most soundness results are valid for all
programs. A loop check does not need to detect all loops. in order to be useful.
We feel that as long as programmers alter logic programs to enforce termination,
a general and easy-to-understand pruning mechanism is a welcome modification
of interpreters, especially if it can be implemented at a reasonably low cost.
Programmers who insist that all loops are bugs could use loop checking as a
debugging tool. ’

The fact that the topic of implementing simple methods for loop detection is
addressed frequently seems to prove these points. Unfortunately, the topic is
often studied in an ad hoc manner. When the first idea, invariably closely related
to the Instance of Atom check, appears to be wrong, the disappointed researcher
usually abandons the issue. As a result no framework for the classification of
simple loop checks had been set up until now. Moreover, a lot of similar and
duplicate work has been done. Hopefully this book can serve as a theoretical

foundation for further, more practically oriented research in this area.
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