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INTRODUCTION AND SUMMARY

A well~known theorem of A. TYCHONOV asserts that the cube (topo-
logical product of segments) PK of weight k (where «x is any trans-
finite cardinal number) is a universal completely regular space of
weight x. More recently it has been proved that there even exists a
universal system F of « continuous self-maps in PK: if X is any com-

- pletely regular space of weight at most «x, and if S is any semigroup
of at most kK continuous self-maps of X, then the action of § is topo~-
logically equivalent to the action of F, restricted to a suitable F-
invariant subspace of PK (cf. [}7,49] ).

The fundamental idea on which the proof of the latter result is
based is surprisingly simple. It is sketched in the notes of chapter 2;
may it suffice here to say that it amounts essentially to considering
the orbits under S of points x €& X as points of a new space.

This basic idea turned out to be of much value in other situations
too. Thus J. DE GROOT and the author used it to solve (in the affirm-
ative) a problem raised by R.D. ANDERSON concerning the existence of
universal homeomorphisms in the discontinuum of Cantor (P.C. BAAYEN
[ﬁ])e By exactly the same device G.-C.ROTA [90,91] proved the exist-
ence of universal contraction operators in Hilbert spaces.

These observations motivated an investigation of the basic con-
struction in a general setting; the theory of categories turned out
to be suitable for this purpose.

Let us say that a morphism o ! A + A of a category K is equi-
valent to a restriction of a morphism p ! B » B in K if there exists
a monomorphism u ¢ A - B such thap up=ap . We will call a morphism
8 : B+ B in K universal in K, if every (endo-) morphism o ! A > A in
K is equivalent to a restriction of . Then, as turns out, the basic
construction alluded to above can be simulated in abstract categories
in order to obtain a rather general sufficient condition for the

existence of universal morphisms.
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Before developing this theory we collect in chapter 1 several con-
cepts and results from the extant literature which we need in the se-
quel, supplementing them where necessary. Thus in sections 1.1 and 1.2
the basic concepts from the theory of categories are introduced, a list
of concrete categories is given (to be used for concrete applications
of the general results, and also furnishing material for some counter-
examples}, and the monomorphisms and epimorphisms in these categories
are determined as far as possible.

If g : B+ B is a universal morphism in a category K, then B
necessarily is a universal object, in the sense that for an arbitrary
object A of K there exists a monomorphism p : A » B, It is therefore
indispensable to know about the existence of universal objects preli-
minary to an exploration of universal morphisms. Fortunately many re-
sults on universal objects are available in the literature; several of
them are brought together in section 1.4, As a very important and
powerful theorem in this direction is the one of B. JONSSON [?0,61]
on universal relational systems, we have inserted a section introdu-
cing the relevant terminology (section 1.3).

In section 1.5 the structure of order-preserving maps in linear-
ly ordered sets is analysed as far as is necessary for a proof (in
the next chapter} of the existence of universal morphisms in catego-
ries of linearly ordered spaces. These categories are exceptional (we
will return to this fact); except in section 2.7, the results of sec~
tion 1.5 will nowhere be used.

The final section of chapter 1, and more generally the final
section of each chapter, contains notes and additions to the material
presented in the chapter concerned; in particular, references to the
extant literature and sources of theorems quoted are liberally and

extensively presented.

In chapter 2 the fundamental construction alluded to above is de~
veloped and studied in the setting of category theory. First universal
morphisms are defined, and with them universal bimorphisms and uni-
versal systems of morphisms. In addition, the dual concepts are in-

troduced (section 2.1)}.
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In the next two sections special morphisms are considered; these
morphisms are analogous to those self-maps of cartesian products XA
which only change the arrangement of the coordinates of points
(Xa)ae4A€ XA, The results of these sections are used in section 2.4
to obtain a simple sufficient condition on a category K in order that

it contains universal morphisms:

THEOREM 1. If X contains a universal object u, and if moreover a
direct join of denumerably many copies of u exists in X, then K con-

tains universal morphisms,

{(We derive a more general form, dealing with universal systems of
morphisms; the considerations are also extended to morphisms which are
only universal with respect to a subcategory Ko of K. Dual results are
also formulated).

There exist many applications of the existence theorems of sec-
tion 2.4, Several are treated in section 2.5. By way of example we

mention:

THEOREM 2., Let x be a transfinite cardinal number. There exists an
automorphism (endomorphism) ¢ : A » A of a group (abelian group, bocle~
an algebra, distributive lattice) A which is universal for all auto-
morphisms (endomorphisms) ¢ : B + B of an arbitrary group (abelian
group, boolean algebra, distributive lattice) B such that card(B) 2 K.
If the Generalized Continuum Hypothesis holds, and if furthermore

£ © =k, it can be obtained in addition that card(d) = «.

THEOREM 3. There exists a continuous automorphism (endomorphism} ¢
of the infinite torus which is universal for all continuous automor—

phisms (endomorphisms) of arbitrary compact metrizable abelian groups.

Similar results are obtained concerning the existence of uni~
versal continuous self-maps or autohomeomorphisms of metrizable spaces
or compact zero~dimensional Hausdorff spaces of limited weight, and
concerning universal order-preserving maps in partially ordered
spaces. All these results are extended to universal systems of mor-
phisms.

Some applications of a dual nature are the following:
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THEOREM 4. Let « be a transfinite cardinal number. There exists a
group (abelian group, semigroup with unit, boolean algebra, distribut-
ive lattice) A, with card(A) = x, and an automorphism (endomorphism)
®: A +A, with the following property. If B is any group (abelian
group, semigroup with unit, boolean algebra, distributive lattice)
with card(B)S <, and if ¢ ¢ B » B is any automorphism (endomorphism)

of B, then ¢ can be raised to ¢ .

THEOREM 5. There exists a continuous automorphism (endomorphism)¢ of a
compact solenoidal group G to which every continuous automorphism (en-
domorphism) ¢ of an arbitrary compact solenoidal group H can be con-

tinuously raised.

Moreover, examples are given of categories K which admit universal
objects but contain no universal morphism. It is also shown that the
sufficient condition of theorem 1 is not necessary: in section 2.7 we
prove that no direct joins exist in the category of all order-preserv-
ing maps between linearly ordered sets (except in some trivial cases),
and that nevertheless order-preserving self-maps exist which are uni-
versal for all such self-maps of linearly ordered sets S with card(S)

< € (kK an arbitrary transfinite cardinal number).

In the third chapter attention is given to categories of topolo-
gical spaces. In these categories the results of chapter 2 can be
sharpened in the following sense: both in definitions and assertions
we may replace the terms 'monomorphism' and "epimorphism’ by "topolo-
gical mapping into" and "continuous mapping onto'", respectively. These
concepts are more natural, in a topological context. Similarly topolo-
gical products (sums) are more interesting, from a topological point
of view, than direct (free)joins. Therefore we call a category of to-
pological spaces neat if every direct join is topologically equival-
ent to a topological product with its natural projections; co-neatness
is defined analogously, considering free joins and topological sums.
In section 3.2 we examine several categories on neatness and co-neat-
ness. For neat categories a satisfying ''topologization’ of theorem 1
can be obtained (section 3.3} and analogously (but not dually)} the

assertion dual to theorem 1 is''topologized’ for co~neat categories.
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Several applications are presented in section 3.4. Among these
are new proofs of some of the results on S-compactifications in J. DE
GROOT and R.H. MCDOWELL [bl] and of a result on raising to the Cantor
set of continuous self-maps of R.D. ANDERSON [}] ; these new proofs
also lead to some generalizations. Universal uniformly continuous maps
in uniform spaces and universal isometries and contractions in metric
spaces are also considered. In section 3.5,finally, we give special
attention to the theorem on universal continuous self-maps in complete-
ly regular spaces, mentioned in the opening lines of this introduction,
and especially to its interpretation as a result on linearization of

mappings.

The main result of chapter 4 (theorem 4.3.1) is a generalization
of a theorem of J. DE GROOT E49] , asserting that the action of a com-
pact group of autohomeomorphisms of a metrizable space is equivalent
to the action of a group G of unitary operators in a Hilbert space H,
restricted to a suitable G-invariant subset of H. We show that a lo-
cally compact transformation group G acting on a metrizable space M
can be linearized by a group of bounded linear operations in some Hil-
bert space whenever G belongs to a certain class CW., This class CW, in-~
troduced in section 4.2, not only comprises all compact groups, but
also all countable discrete groups and the additive group of real num-
bers. Moreover, every subgroup and every continuous homomorphic image
of a group in CW is again a CW-group; topological direct products of
finitely many CW-groups are once more CW-groups; and each locally
compact group G, which contains a compact normal subgroup Go such that
G/G0 is discrete and countable, belongs to CW. It follows that CW con~
tains all locally compact abelian groups which are either separable or
compactly generated; of course there also exist many non-abelian CW-
groups.

In section 4.4 the (apparently rather meagre) possibilities of
extending these results to topological transformation semigroups are
discussed. It is shown ir section 4.5 how the proof of theorem 4.3.1
implies some results on universal linearizations. Section 4.6 presents

additional information for the special case of mappings of finite or-



14

der and for finite transformation semigroups.

(The results of these first six sections df chapter 4 will also be
published separately: P.C. BAAYEN and J. DE GROOT [ld] ).

Section 4.7 is devoted to universal bounded linear operators of
certain types in Hilbert spaces. G.-C. ROTA [90,91] proved that the in-
finite unilateral (reverse) shift is universal for all operators T of
spectral radius less than one. We show that there exists a bounded lin-
ear operator which is universal for all T such that all iterates Tn are
uniformly bounded in norm. Similar results are obtained for uniformly

bounded semigroups of linear operators.

I wish to express my gratitude to J. de Groot, to whom I am deeply
indebted. This tract would never have been written but for his contin-
uous inte;est and encouragement. I am very grateful to G.J. Helmberg,
who eliminated a number of errors and suggested several important im-
provements, I am indebted to R.D. Anderson, Z. Hedrlin, M.A. Maurice
and Mrs A.B. Paalman-de Miranda for many stimulating discussions. To
Z. Hedrlin I owe moreover the Russian summary at the end of this treat-
ise. Finally I take the opportunity to thank Miss L.J. Noordstar and her

staff and D. Zwarst for their typing and printing of the manuscript.
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CONVENTIONS AND NOTATIONS

Our considerations are based on a set theory of the J. VON NEU~
MANN - P, BERNAYS - K. GODEL type. Thus every entity is a class; a
class is a set if and only if there exists another class of which it
is a member.

The Axiom of Choice is used without qualms, and without special
mentioning. We postulate it in a class form: "If S is a class of non-
empty sets, there is a function ¢ such that for each x &S, (x)¢%ex’".

The Generalized Continuum Hypothesis is also used without in-
hibitions; however, whenever the proof of an assertion relies on an
application of this hypothesis, the number indicating this assertion
is preceded by an asterisk; e.g. proposition *i,4g5, theorem “Q,SQS,

etc.,
The class of all cardinal numbers is denoted by CARD, the class

of all ordinal numbers by ORD; we consider O to be an ordinal number.
Because of the fact that we accept the Axiom of Choice, every trans—
finite cardinal number can be represented as an N@’e € ORD. The car-
dinality (power} of a set A is denoted by card(A). A set A is called
denumerable if card(A) = ﬁ;, and countable if card(A)< kb,

If £ is a function, Df denotes the domain of f. The class Df
need not be a set,

In matters of category theory we use the notation of A.G. KUROSH,
A, Kh, LIVSHITS and E.G. SHUL'GEIFER [?3]; in particular, if o: a + b
and B: b * ¢, their product will be denoted by aB : a+ ¢. Correspond-
ingly the arguments of a function are written before the functiom sym-
bol, and the composition feg of two maps f and g is the map
x * ({x}f)g. Of course it was not possible to adhere to this rule con-
sistently; notable aberrations are notations like H(a,b}, S(aPA),.”e,
card(A}; there are many others,

The symbolTT will only be used to designate direct joins in ca-
tegories, like it is used in [73{]w The cartesian product of a family

- Ui
of sets (At) will be denoted by £ Ata

teT
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If f is a function and A is a class, then (A)}f and Af stand for
{af ¢ aeAnDf} , while Af_1 and (A):f—1 stand for {aeDf : afeA} .
We use xf—l as an abbreviation for {x}ful.

If £ is a 1-1 map, the inverse of f is denoted by f_l. This has
as a conseguence that our notation is inconsistent: if f is a 1-1 map
and if x e (Df)f, then xf_l can stand both for the uniquely determined
y such that yf = x and for the set {y} ; we trust, however, that in
all instances it is clear from the context what is meant.

The set of all non-negative integers is denoted by N;the set of
all integers by I; the set of all rational numbers by Q; the set of
all real numbers by R.
denotes the identity map on A; i.e.

1
fn+ = fefn

IfT A is a set, iA

i, = {(a,a) : aeA} . If f is a map, then £° = i
n 1

(neN). If moreover f is 1-1, then £ " = (£ ", for ne N.

If A and B are sets, AB denotes the set of all maps of B into A.

If chAB and Be B, it occurs frequently that we write f instead of

(B)f; then in the same context we write (fB)Be:B for f. No distinction
is made between the set AB and the cartesian productngB Ab' with

AB = A for each B8 ¢B.

All semigroups considered are supposed to be semigroups with unit,
whether this is expressly mentioned in the context or not. A homomor-

phism of a semigroup S into a semigroup S, is always supposed to map

2

the unit of S1 onto the unit of S2.

If A is a set, A becomes a semigroup if we take composition of
functions as its law of composition; if we talk about ''the semigroup

(3]

AA , we always mean this semigroup. If F is a subsemigroup of AA,

then i, is supposed to be contained in F (it then follows that iA is

A
the unit of F).

The (algebraic) weight of an algebraic system A is the least
cardinal number of a subset of A generating A.

Every topological space considered is supposed to be Hausdorff,
with the exception of one instance in section 1.6 (theorem 1.,6.4},

The (topological) weight of a topological space X is the minimal car-

dinal number of an open base for X, If we talk about the weight of
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of a topological group or a topological linear space we always have in
mind the topological weight. By the dimension of a topological space
we always mean the small inductive dimension of the space.

We use ==p as implication symbol; A and V are sparsely used for
the logical connectives '"and" and "or", respectively, while 3 and V'
osccur occasionally as symbols for the existential and universal gquan-

tifiers,






1., PRELIMINARIES

1.1. Concepts from the theory of categories

in this section some definitions and resulis are collected from the theory of cate-
gories. For a more extensive exposition of this theory, and for proofs, we refer to the

literature., See also the notes to this chapter (section 1.6)}.

1.1.1, DEFINITION. A category K is a class of elements, called the
morphisms of K, in which a partial product is defined, satis-
fying the conditions below (if the product of @ €K andB8«X is defined,
we will denote it by «.8 or ab):
. . e (o a . . . .
(i) The triple product 1( 2 3) is defined if and only if (aluz)u3

is defined. When either is defined the associative law
' o (o o = (& a )a
W 1 (9p%3) = (@, 8))ey

helds. This triple product will be written as 010263.

{ii} The triple product 010203 is defined whenever both products

o o @ a i
1% and 2% are defined.

{iii) For each ce K there exist identities el,eze K such that ela
and ae,_ are defined (an identity in K is a morphism ¢ with the proper—

ty thai et= ¢ whenever €f is defined and ¢e=¢ whenever £ is de-
fined).

(iv} If El and 62 are identities of K, the class H of all ¢ ¢ X for
which Ela and (1&2 are both defined is a (possibly empty) set.

1.1.2,. PROPOSITION. For each ¢é€ K the identities €, and €, such that

1 2
Ela and aez are defined are uniquely determined, We will call
them the left and the right identity of a, respectively; in symbols:
€ = e €, = ®¢. A product of is defined if and only if %e=¢f .

1.1.3. DEFINITION. Let Kl and K2 be categories, and 1let ¢ be a map

of Kl into Kz. The map ¢ is called a covariant functor if it
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satisfies the following conditions:

Yy i oo oo . .
(i) if 1% 18 defined in Kl’

and (dl¢),(02¢) = ((11.0.2)4’;

then (al¢).(az¢) is defined in Kz,

(ii} if € is an identity morphism in Kl’ then €9 is an identity mor-
phism in Kz.
The map ¢ is called a contravariant functor if it satisfies con-

dition (ii}, and also
%
i ) if alﬁz is defined in K

and (0.242).(0.14)) = ((1102)@_

17 then (u2¢).(ul¢) is defined in Kz,

The map ¢ is called an isomorphism of Kl onto K2 if it is a 1-1

covariant functor of K1 onto K2 satisfying the additional conditionf

o s . s a¢ a@ . Y . . . .
(iii) if ( 1 3. (C 9 ) is defined in Kz, then @ @, is defined in Kl'

The map ¢ is called an anti-isomorphism of Kl onto K2 if it is a
1-1 contravariant functor of Kl onto K2 satisfying the additional con-

dition

<+
(iii ) if (a2®)_(a1¢) is defined in X then o a, is defined in Kl'

2’ 172

1.1.4. DEFINITIONS. A subcategory Ko of a category K is a subclass of
K which is a category under the partial product in XK. We will

consider only such subcategories KO of K that satisfy the additional

condition: whenever QO € Ko’ the left and right identities eaand aE of

¢ in K both also belong to Ko.

A subcategory Ko of K is called full if a € Ko whenever both
e%e K0 and “e e KO. .

If X is a category, the dual category K 1is the category that
shares with K the class of morphisms,whereas the composition law in K&
is inverse to the composition law in K: if we write, momentarily,
alééaz for the product of a, and o  in K*, then o _* a_ is defined in

1 2 1 2

if and only if G_.0 is defined in K and is

L
1 o
K and is equal to 5%

3!
equal to 03.
In other words, the composition law in K™ is chosen in such a

way that the identity map K - K becomes an anti-isomorphism.

A standard category is the so-called category of all sets, K(S)

in our notation (cf. section 1.2). The morphisms of K(S)} are all
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ordered pairs (f,B), where B is a set and f is a map of a set A into B
(thus morphisms of K(S) are pairs of set, f being a subset of AX B.
Obviously the set A is completely determined by f, A=D(f}; it is as
obvious that this is not the case with B, as it is allowed that f is
not onto).

If o ¢ K(S) and @¢_ ¢ K(S), say a_, = (fl,Bl) and @, = (fz,B2),

2 1

then o, .a, is defined in K(S) if and only if B

1
we put

= D(fz); in that case

2 1

. » o o -
(2) 1% (flo fz,Bz).

(Thus if B, is properly contained in D(fz), is not defined al-

1 *1%2
though flo fz is defined. One can easily show that the class of all
maps of one set into another, with ordinary composition of maps as

product law, is not a category.)

1.1.5. DEFINITION. A category K is concrete if there exists an isomor-

phism of K onto a subcategory of K(S).

If K = K(S), there is a natural 1-1 correlation between the class
of all identities of K and the class of all sets: if € is an identity

of K(S), say € = (£,X), then f = 1 conversely, if X ic an arbitrary

set, the morphism (iX,X) is an ideitity of K(S}. The set X is called
the object correlated with (ix,X).

For many other categories K there exists a natural 1-1 correla~-
tion between the class of all identities of K and a class & of enti-
ties, which then also are called objects. (A class of objects can al-
ways be selected, for arbitrary K: just take for & the very class of
all identities of K). If ae @, the identity of X correlated with a is
then denoted by Ea. If ae ¥ and be &, the set of all aeK for which
Ea = éx and Eb =% 1s denoted by H(a,b); we write &: a + b synonymous-
ly with aceH(a,b}, and we call a and b the first and second object of

o, respectively, or also the source and the sink of a, If it is ne-

cessary to indicate the category X in which H(a,b) is formed, we write

HK(a,b) .
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1.1.6. DEFINITION. Let K be a category. A morphism y of K is called a

monomorphism, if, for any 0y 10y such that AUy Gl are defined,
alu = azu implies oy = 4, A morphism V of K is called an epimorphism
if, for any al,aze K such that val, vuz are defined, val = vaz implies
¢, = 0_, A bimorphism is a morphism that is both a monomorphism and an

1 2
epimorphism. A morphism @ of K is called invertible if there exists a

g ¢ K such that both ap = ea and Ba = ae. If a is invertible the mor-
phism |5 such that up = ga, o = ac is uniquely determined; it is call-

-1
ed the inverse of @ and will be denoted by a

1.1.7. PROPOSITION. Every identity is invertible; every invertible

morphism is a bimorphism. If My and uz are monomorphisms, and

if uluz is defined, then My My is a monomorphism; if vy and vy are epi-
morphisms, so is vlvz, if this product is defined. If uluz is a mono-
morphism, so is ul; if vlvz is an epimorphism, so is vz.

1.1.8. DEFINITION. Let K be a category, T a non-void set, and let Ct
be an identity of K for each t&¢T,.

. s 1v (€ . Lo Lsms (T
A direct join of the family ( t)te p is a family of morphisms ( t)tﬁ'T
in K with the following properties:

(i)} there exists an identity € in K such that
(3) € = € €= €

for each teT;
(ii) for every family of morphisms (ut)te,T in K such that
o at

(4) € =n; e= e,

for all t €T (n denoting a suitable identity in K) there exists a

o o
uniquely determined & € X, such that € =n, € =€, and

(5) an, = a

for all teT.

Suppose objects are correlated with the identities of K; say at

is correlated to Et’ for each t €T, and let d be correlated to € and
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b to n. Then, "par abus de language', we say that d is the direct join

of the family of objects (at) by means of the projecting morphisms

teT
m,o:d>a, if ("t)taT is a direct join of (Et)teT" in symbols:
d = Tr, a (7 ).
teT 't t .
t
dﬁ—————-—) at
(63 ;\‘ Q,
. t
\\b

REMARK. It should be kept in mind that the important part in a direct

join presentation d = ;ITT at (ﬂt), is the family of morphisms
(“t)te’r' This family determines d (or the corresponding identity mor-

phism €} completely; the converse does not hold.

The concept, dual to the concept of direct join, is called free

join:

1.,1.2., DEFINITION, Let K be a category, T a non-void set, and let Et

be an identity of K for each teT. The family (ﬂt)* €T in K is
[%
e
a free join cof the family (Et)t aT‘if in the dual category K it is a
. . e
direct join of ( t)t& T

If objects are correlated to the identities of K, we will say

that the object ¢ is a free join of the family of objects (a_ }

t'ted
by means of the injecting morphisms ("t)te.T’ in symbols
d = * i
@ d= e Ty
whenever () is a free join of (¢ } .
tteT at teT
“t
dﬁ@-—» a,
(83 AN
o™ (V]
\\ t
b
s PO . .
If this is the case, then whenever a family (at)té,T’ at H at~+ b, in

K is given there exists a uniquely determined ¢ { a -+ b in K such

that Ot_t e th, for all teT.
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1.1.10. DEFINITION. A direct join (free join} (“t)te T of a family
(Et)t eT

“s # T for distinct s,teT,

of identities in a category K is called strong if

The following notational convention will turn out to be useful:

1.1.11. DEFINITION. Let XK be a category and T a non-void set. If € is

an identity of K, we will write S(g,T} for the family (Et)teT

with Et = & for all teT. The class of all direct joins in X of S(eg,T)

will be denoted by O(e,T); of course this class may well be empty.

If objects are correlated to the identities of K, we will write
S(a,T) instead of S(ea,T) and A(a,T) instead of A(Ea,T). if
(“t)te Te A(a,T), and if d is the object such that €4 = ent, for all
teT, we write

(9) a=Ts@mn ().
1.1.12. PROPOSITION. Let d = JIT at (ﬂt)' and let the morphisms

3 . -3 fu . = R

bl :b d and tﬂz ¢ b =+ d be such that bl"‘t b2ﬂt’ for all
teT. Then b, = B

1 2"

1.1.13. PROPOSITION. Let d = tUT a, (‘"t) and e = tUT bt (Dt), and

leta_: a, + b for every t & T. There exists a uniquely de-

t t t’

termined morphism ¢: d + e in K such that ﬂtat = apt, for all teT.

if all ut are monomorphisms, then o is also a monomorphism.

Ty

(10)

Py

Dugeom o o e = =
=]

T e 5
£

CONVENTION: From now on we will always assume objects to be correlated

to the identities of the categories considered.
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1.2. Description of some concrete categories

A number of concrete categories that will be referred to in the sequel are collected

and described in this section. We discuss in particular the monomorphisms and epimorphisms

in each of these categories.

1.2.1.
K(8)

K(LO)

K(PO)

K(La)

K(DLa)

K(BA}

K(SGU}

B(G)

K(AG)

KM

K{(ZMm)

K(CZ)

List of categories

category of all mappings of one set into another.

category of all order-preserving maps of one linearly

ordered set into another one.

category of all order-preserving maps of one partially

ordered set into another.

category of all lattice~homomorphisms of one lattice into

another lattice.

the full subcategory of K(La) obtained by admitting as

objects only distributive lattices.

category of all boolean homomorphisms of one boolean alge-

bra into another one.

category of ail homomorphisms of one semigroup with unit
S1 into another semigroup with unit Sz, that send the unit
of S1 into the unit of Sz. '

the full subcategory of K(SGU) obtained by admitting only

groups as objects.

the full subcategory of K(SGU)} obtained by admitting only

abelian groups as objects.

category of all continuous maps of one metrizable space

into another one.

category of all continuous maps of one zero-dimensional

metrizable space into another

category of all continuous maps of one compact zero-

dimensional space into another such a space.



26

K(CR) - category of all continuous maps of one completely regular

Hausdorff space into another.

K(H) - category of all bounded linear operators of one Hilbert

space into another.

K(CMAG)} -~ category of all continuous homomorphisms of a compact
metrizable abelian group into another compact metrizable

abelian group.

K(CMoG) ~ category of all continuous homomorphisms of one compact

monothetic group into another,

(D. VAN DANTZIG[20] introduced the concept of a monothetic group.
According to his definition, a topological group is called monothetic
if it contains a dense infinite cyclic subgroup. Following current
usage, we slightly modify his definition, and call a topological
group monothetic if and only if it contains a dense cyclic subgroup.
In a later publication [25], D. VAN DANTZIG himself used 'monothetic'

in this sense.)

1.2.2. DEFINITION. If K is a concrete category, and v an ordinal num-
ber, then K(8) denotes the full subcategory of K obtained by

admitting as objects only those objects of K which have cardinality

<A

= e'
Instead of K(S)(8) we write K(S,0); a similar notation is used

for the other categories mentioned in 1.2.1.

For topological spaces the weight of the space turns out to be a
more interesting cardinal number then its power. Therefore we intro-

duce :

1.2.3, Let 6 ¢ ORD, and let K be one of the categories K(M},K(ZM),K(CZ),

K(CR}, K(H}. Then Ke denotes the full subcategory of X obtain-
ed by admitting as objects only those spaces that have a (topological}
weight < ‘}%“

It is important to know which morphisms p of a given category X

are monomorphisms, and which morphisms v are epimorphisms.
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1.2.4. PROPOSITION. In all categories of the list 1.2.1, and in their
subcategories obtained as indicated in 1.2.2 and 1.2.3, the mo-
nomorphisms are exactly the morphisms that are 1-1 maps.

ROOF . . .
P Clearly 1-1 maps are always monomorphisms. Assume the morphism

g :a=+bis not 1-1 : let glp = EoH where il,gze,a, €1£ éz.

If X is one of the categories K(S), K(LO), K(PO), KM}, K(zM},
K(CZ), K(CR), or one of their subcategories K(S,9), K(LC,0), K(r0,0),
Ke(ZM), Ke(CZ), KO(CR) (0 € ORD), there exist in K morphisms ¢1,¢2,
both mapping a into a, such that ag, = {Li} (i=1,2). Then ¢1£®2 but
¢1U = ¢2u ; hence u is not a monomorphism.

If K has algebraic systems for objects, i.c. if it is one of the
following categories: K(La), K(DLa), K(BA), K(SGU), K(G), K(AG);
K(La,0),...,K(AG,0) (0€ ORD), we reason as follows. Let ¢ be an object
of K that is a free algebraic system of the kind considered. There
exist morphisms ¢i : ¢+ a in K such that Qi sends all free generators

of ¢ into Ei (i=1,2). Then again ¢1#¢2, ¢1u = ¢ 4 , showing that M is

not a monomorphism ’

A similar reasoning can be used if K is one of the categories
K(H), K°(H) (66 ORD).

If K = K(CMAG} we proceed in the following manner. Let a, be the
kernel of the continuous homomorphism p; then a, is an object of XK.
Let ¢1 be the canonical embedding ao -+ a, and let ¢2 map ao onto the
neutral element of a. Then ¢1£02 wherems¢1u LS

Finally let K = K(CMoG). Let QO be an element of the kernel of
¥, different from the neutral element of a, and let ao be the closed
subgroup of a generated by go. Let T be the circle group, t a2 gener-
ator of a dense cyclic subgroup of T, and ¢ the closed subgroup of
the direct product of T and ao generated by the element (t,go)e Then
¢ is a compact monothetic group. Let ¢l be the restriction to c of
the canonical homomorphism T x a > ao, considered as a map ¢ + a; let
¢2 : ¢ »a map ¢ into the neutral element of a. Then ¢1£¢2 although

¢1u = q';2u ; hence y is not a monomorphism.
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In categories of topological spaces the interesting 1-1 maps are
the topological mappings into. These maps are of course monomorphisms;
but proposition 1.2.4 shows that in general there are other monomor-

phisms. However:

1.2.5. PROPOSITION. If K is one of the categories K(CMAG), K(CMoG),
K{(CZ}, K(H); KO(CZ), KG(H) (6 € ORD), the monomorphisms of K are
just the topological embedding maps.

PROOF . 0
PROO If K is one of the categories K(H) or K (H), the assertion is a

consequence of 1.2.4 and S. BANACH's Inverse Operator Theorem ([}2]
Ch.III, 83 theorem 5)}. In all other cases the assertion follows be-

cause all objects of K are compact spaces.

We start the discussion of epimorphisms in the categories of
1.2.1 by considering the cases where epimorphisms need not be mappings

onto,

1.2.6. PROPOSITION. Let K be one of the categories K{(M), K(ZM), K(CR);
]
K (M3, Ke(ZM), KO(CR) (6 & ORD). Then the epimorphisms of K are
exactly those continuous maps that have a dense image.

PROOF. . . . . .
Clearly every continuous map with a dense image is an epimor-

phism, Now let Vv : a * b be a morphism of K such that av is not
dense in b. Taken e b\\EC, and let Ql'qé be continuous maps of b into
the unit segment [0,1] such that (a—v)¢i = {0} (i=1,2), while ng,=1,

n¢2:0. fnen V¢, = v¢2, but nevertheless ¢1¢¢2. Consequently Vv is not

1
an epimorphism.

Other categories in which epimorphisms need not be epi are
K(SGU) and K(DLa}, and their subcategories K(SGU,0} and K(DLa, 0},
0 ¢ ORD. K. DRBOHLAV [50] has shown this by an example for K(SGU} and
the K(SGU, 8}; below we give an example of an epimorphism in K(DLa}
that is not onto. This example can easily be adapted to show that
each category K(DLa,0),0 € ORD, contains epimorphisms that are not

onto maps.
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1.2.7, EXAMPLE. Let A ={a,b,c,d } be a four-element boolean algebra
(a being its zero element and d its unit), and let B be the
sublattice {a,b,d } of A. Then B is a distributi?e lattice; let V be
the identity map B > A. Then vV is not onto, but nevertheless V is an
epimorphism of K(DLa).
For let @i : A C (i=1,2) be lattice homomorphisms of A into a

distributive lattice C such that v¢1 = \upz. Then x¢l = x¢2 for all

( . =- = =— - :-_ = .
x€ A‘\—c] Let iol a (=a¢,), bo, =b (=b¢,), do, =d (=do,);
c¢1 = cl, c¢2 = c2. As buc = d, bnc = a we must have
(6D buc1=bucz=d;
(2) br\c1 = br\c2 = a.
Case 1: b = d. Then clé b and Ezgi;(by (1)), and hence 21 = 22 (=a),
by (2).

.Q—=u— —.<— b . i ‘_ :_—‘ :“
Case 2: B f. Ehen_b==c1i 9;‘93' and we find: ¢y Cy d.
Case 3: b £ a, b £d. As a<b<d it follows from (1) and (2) that
E‘:Zi<‘5, b # Ei (i=1,2). Hence El = 22, as else D would contain a

sublattice with diagram (3), which is impossible as D is distributive,

<IN

Hence in any case c1 = cz;

i.e. wl = @

2
In all other categories of 1.2.1 epimorphisms are always onto:

1.2.8. PROPOSITION. Let K be one of the categories K(S), K(LO),
K(PO), K(La), K(BA), K(G), K(AG), K(CZ), K(H}, K(CMAG),
K(CMoG) ; K(S,0},...K(AG,0), i{e(cz), k%(H) (8¢ ORD). Then the epi-

morphisms of K are exactly the morphisms that are onto maps,

PROOE. Clearly every morphism that is onto is an epimorphism. Suppose

now the morphism v : a + b of K is not onto, and let &£e b\ av.
If X is one of the categories K(S) or K(S,0), K contains a mor-

phism ¢, : b » b such that by, < aV while ¢1lav = i, |av. Let 4,1

b b
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Then \’¢1 = V¢2 while ¢ #9¢_; hence V is not an epimorphism.

1772’
If K is one of the categories K(LO), K(PO); K(L0O,9), X(r0,6),
then K admits as an object the (partially) ordered set ¢ obtained
from b by "doubling up" the element &: ¢ = (b\ {E})tJ{nl,nz} , where
nlﬁnz, n1¢ b, n2¢ b, and where N < n2<n if n ebnc and N> §, while

n < n1< n, ifne bnc and n <{. Moreover, K contains morphisms

2

¢ ,¢2 : b + ¢ that coincide with i, on bnc while Ewi =n (i=1,2).

Then ¢1#¢2 although Ve, = Ve, °

If K is one of the categories K(AG), K(AG,0), then aV is a normal
subgroup of b. Let ¢1 be the canonical homomorphism of b ontc the fac-
tor group b/av , and let ¢2 map b onto the neutral element of b/av,
Then ¢1#¢2“mereasv¢1= Vg

If K is one of the categories K(G) or K(G,0), let c be a free
product of disjoint copies of b, amalgamating the subgroups correspond-
ing to aV. Then there exist distinct morphisms ¢1’¢2 : b * ¢ such that
V¢1 = V¢2; thus v is not an epimorphism. If K is one of the categories
K(BA) or K(BA,0) we proceed along similar lines, using lemma 1.2.9
below.

Let K be one of the categories K(La) or K(La,9),0 € ORD, Then K
admits as an object a lattice c¢ such that bnc = av and such that
there exists an isomorphism 0 of b onto ¢ which is the identiy map on
the common part av. According to B. JONSSON [Gi], there exists an
amalgam d of b and c. Let ¢1 : b * d be the identity map and iet
Gz : b > d coincide on b with o, Then v¢1 = V¢2 although ¢1#¢2.

Finally let K be one of the categories K(CMAG), K(CMoG), K{(CZ),
K(H); KQ(CZ), Ke(H) (6€ ORD). As in the proof of proposition 1.2.€
one shows that the image av of an epimorphism v : a + b must be

dense in b. As av 1is also either complete or compact, it follows

that av = b, i.e. that v is onto.

We used the fact that for boolean algebras, just as is the case
for groups, free products with amalgamated subalgebras exist. In fact,

we need only a slightly weaker result:

1.2.9. LEMMA., Let A and B be two boolean algebras, and let AnB be a

subalgebra both of A and of B. Then there exists a boolean
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algebra C, containing A and B as subalgebras, which is generated by

A UB.

This follows from the much stronger results of PH. DWINGER and
F.M. YAQUB [32] .

1.3. Categories of relational systems

The results in the second chapter concerning the existence of certain special mor-
phisms (universal morphisms) in categories mentioned in 1.2.1 presuppose knowledge about
universal objects in these categories. The existence of universal objects in the categor—
ies listed in 1.2.1 will be discussed in the next section; as in this discussion we will
make use of a theorem of B. JONSSON on relational systems, we first introduce, in the
present section, the relevant concepts. The material of this section is mainly taken from

B. JONSSON [bl] (slightly adapted, however, to our purposes}).

1.3.1. DEFINITION. A concrete category K will be called a category of

relational systems if all objects of K are relational systems

of the same similarity type, and if all morphisms of K are homomor-

phisms between these systems.

We recall that 3 relational system is a sequence

1) Ui = (A,R_,R

1’ -1

such that A is a non-empty set, neN, Ro’Rl"' n-1

and each relation Ri is included in A i, for some kie N (in other

.,R are relations,

words, Ri is a ki—ary relation in A). The sequence (ko’kl""’kn~1)

is called the similarity type of Ol . Two relational systems are call-

ed similar if they have the same similarity type.
A homomorphism ¢ of a relational system ¢ as in (1) into a sim-

ilar system

(2) & = (8,5_,8 .S )

1’ n-1

is a map of A into B with the following property: for every i,

0<iZgn-1, and for every (a TN Je Ri’ we have

1,a2,..
(al ¢,az 4 ... 18y ¢)e S; - An isomorphismlof 0t onto<f is a 1-1 homo-

i ~1
morphism ¢ of m}ontoéﬂ with the additional property that ¢ is alsoc

a homomorphism of J onto &,
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Examples of categories of relational systems are the categories
K(LO), K(PO), K(La), K(BA}, K(SGU), K(G) and K{(AG) and their subcate-
gories, and also K(H), K(CMAG), K(CMoG).

1.2.2. DEFINITION. Let 0f be a relational system, given by (1}, with

similarity type (ko,k ..,kn ), and let B be a non-empty sub-

1 -1

set of A. The system

k0 k1 kn-—l
(3) (B,RonB ,RlnB """RnwlnB 3

is called the restriction of ¢& to B; in symbols: OEIB. Ifodr = ()tIB
for some non-empty subset B of A, < is said to be a subsystem of i,

and ¢¢ is called an extension of.ﬂ; in symbols: oo — OF .

1.3.3. DEFINITION, If ¢ and -&* are similar relational systems, given
by (1) and (2), and if AnB # @, then Ot ned denotes the re-

lational system

(4) Hn b= (AaB,R nS ,RNS ,...,R _aS ).

If € is a positive ordinal number, and if similar systems

(5) 01&(: (AK'RK,O’RK,l’..

are associated with all ordinals x <9, then

6 U oo = A, R, R R .
(8) k<O K (KLQ)O K KL<)0 K,0 KL<JO (9 KL<JO K,n'1>

1.3.4. PROPOSITION. Let 0f and o be similar relational systems, as
given by (1) and (2), and let AnB # ©. Then

(1) Olnef —< 0t and 0tn b ~< Fe>u|(anB) = Z|AnB).

1.3.5. PROPOSITION. Let 0 <0 & ORD, and let similar relational sys-
tems %K, as given by (5), be associated with all ordinals

<@, Furthermore, let Ui —< (¥  whenever k_< x_< 6. Then
Kl Kz 1 2

(8) o, < ‘Me oy
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for all K <8,

1.3.6. PROPOSITION. Each of the categories K(LO), K(PO), K(La), K(DLa),
K(BA), K(SGU}, K(G), K(AG), K(H), K(CMAG) and K(CMoG) satisfies
the following conditions:
I. Every monomorphism u: 0L +r of K maps ¢ isomorphically onto a
subsystem of & .
II. There exist objects 0i, £ of K such that Ol and o are not iso-
morphic.
I1I. If (X is ar object of K and if the relational systemol is iso-
morphic to (¢, thend* is also an object of K.
IV, For every two objects 0O, & of K there exists an object[.‘ of
K such that J and .,ﬁ are isomorphic to subsystems of L.
V. If 0 is a positive crdinal number, if ﬁlK is an object of ¥
for every « <0 , and if 0(K1-~—< UEKZ whenever K< Ky < 8, then K(aﬁe()tK
is an object of K.

PROOF. The validity of I is a consequence of proposition 1.2.4. The

other four conditions are clearly satisfied in all cases.

1.3.7. There are still other conditions on categories of relational
systems that are important for our purposes. They read as fol-
lows.
VI. If O and <& are objects of K such that (L ndr —< UL
U N b —gF, there exists an cbject & of K such that -4 and
B L. '

VIIQ' If U1 is an object of K, —< L and card (B) < » there

s
exists an object £ of K such that o ——¢ {—<d and carg (C) < }Y\e
(here B and C denote the sets underlying ./ and { , respectively).
We take the opportunity to introduce here still another type of
condition, relevant for arbitrary categories:
VIIX g If a is an arbitrary object of K, and if A is a set with

card (A) = }\‘e, then A(a,A) # @ (cf. definition 1.1.11).

The next two propositions are proved in B. JONSSON E61] :
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1.3.8. PROPOSITION. Let K be a category of relational systems, and
let § € ORD. If K satisfies the conditions V and VIIe of
1.3.6 and 1.3.7, then K satisfies condition VIIK for every ordinal

number « > 0 .,

1.3.9. PROPOSITION. Condition VI is satisfied in K(PO), K(La), K(G),
K(AG), but not in K(SGU) or K(DLa). Condition VII1 is satis-
fied in K(PO), K(La), K(G) and K(AG); in K(PO} even condition VIIO is

satisfied.

Clearly condition VIIo is not satisfied in K(La), K(DLa), K(BA),
K(G) or K(AG), as a finite subset of an algebra of one of these kinds
may generate an infinite subalgebra.
1.3.10. PROPOSITION. Both condition VI and condition VII1 are satis-
fied in K(BA).

ROOF .
PROO The validity of condition VI is asserted by lemma 1.2.6. The

fact that condition VII1 is valid is easily verified.

REMARK. Except in the present section we will be extremely careless,

writing A for a relational system Ul = (A’Ro’Rl""’R )} (unless con-

n-1
fusion is inevitable).

1.4, Universal and dually universal objects

The problem of the existence of universal or dually universal objects of certain
types is of long and respectable standing. In this section we only mention results con-
cerning the categories of section 1.2; it is by no means our intention to cover the whole
field, A few other results of similar nature are¢ mentioned in the notes to this chapter

(section 1.6).

1.4.1. DEFINITION. Let K be a category and Ko a subcategory of X, An

object a of K is called Ec—universal in X (or: universal for
Ko in K) if for every object b of KO there exists a monomorphism

U : b *a in K. The object a is called a universal object in K if it

is K-universal in K.

. P
An object a of K is called dually Ko universal in K if it is KO"

L3 e ¥*
universal in K , where K0 and K are the dual categories of Ko and X,
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respectively; i.e. if for every object b of Ko there exists an epimor-

phism Vv : a +b in K. The object a is called a dually universal ob-

ject in K if it is dually K-universal in K.

1.4.2. PROPOSITION. Let K be a concrete category, and let 6 € ORD. If
K admits a (dually) K(8)-universal object a with card (a} = Ré,
then a is a (dually) universal object in K(8).

PROOF. Obvious.

1.4.3. PROPOSITION. K(S,0) and KO(H) admit universal and dually uni-
versal objects, for every 0e ORD.

PROOF'. Every set of power }*O is universal and dually universal for

K(S,0). As a Hilbert space H is determined up to a linear homeomor-
phism by the cardinal number of a basis B, and as a continuous linear
operator with H as its domain is completely determined by its values
on B, every Hilbert space of weight f% is both universal and dually

universal for KO(H).

1.4.4. PROPOSITION. The set Q of all rational numbers, with the na-
tural order, is both a universal and a dually universal ob-
ject for K(LO,0).

ROOF . . . .
PROO For a proof of the fact that Q is a universal object we refer

to [56] . We will show that Q is also a dually universal object. Let
A be any countable linearly ordered set. The set A xQ, ordered lexi-
grographically, is order-isomorphic to Q (cf. [56] Ch.48§7); let u
be an order~isomorphism of Q onto AxQ. Let v : AxQ + A map (a,q}

2 AXQ onto aeA; VvV is an epimorphism, and so is puv: Q -+ A.

¥
1.4.5. PROPOSITION. K(LO,0) admits a universal object, for every
6 € ORD.

A short proof can be found in [8@] .

1.4.6. PROPOSITION. KG(CR) admits universal objects, for every or-
dinal number 0

PHOOF., The Tychonov cube of weight }¢e(i-e. the topological product



36

of }¢e copies of the unit segment [0,1]) is a universal object; see

e.g. [54] .

1.4.7. PROPOSITION. The Hilbert space of weight }*e is a universal ob-
6
ject for K (M), for each 8 & ORD.

This theorem is due to C.H. DOWKER [ 29| . It also follows from
the proof of Yu.M. SMIRNOV [96] of the J.-I. NAGATA - Yu.M. SMIRNOV
metrization theorem (cf. [96] , remark 1 and part 3 of the main proof).
We will need a stronger assertion in chapter 4:

1.4.8. PROPOSITION. Let S6 be the unit sphere in a Hilbert space He
of weight ﬁ% D8y = ix ¢H :||x|[=1} . Then S, is a universal
object for Ke(M), for every 6 € ORD.

PROOF. This also follows irom SMIRNOV's prooi in [96], but it is

easily inferred from proposition 1.4.7 too. Let H be the Hilbert sum
(1) H = Hk)@ R

of HG and the one-dimensional euclidean space R, and let S be the unit

sphere in H; S is homeomorphic to SU' Then we embed H_, topologically

0
in S by means of the inverse of ''stereographic projection' with the

"north pole" (0,1) as the center of projection.

REMARK 1. Proposition 1.4.8 is not really stronger than proposition
1.4.7, even if this seems to be the case. V.L. KLEE [}6] has proved
that every infinite-dimensional Hilbert space is homeomorphic to its

unit sphere.

REMARK 2. There is a still nicer universal object for KO(M), namely
the Hilbert fundamental cube which, being homeomorphic to the Tycho-

nov cube BLl] hz, is not only bounded but even compact.

1.4.9. PROPOSITION. The Cantor discontinuum C is a universal object
for KO(ZM), and also both a2 universal and a dually universal

object for K°(CZ).
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Proofs can be found in [?O] (vol.I §21 theorem VI and vol.Il
§37, VI theorem 4).

1.4.10, PROPOSITION. K(CMAG) admits universal objects,

PROOF, . C . X
00 The infinite-dimensional torus group T ° . product of }f

[s]
copies of the circle group T - is a universal object (see e.g. [?3]

theorem 2.2.6).

For many categories of relational systems the existence of uni-
versal objects is guaranteed (under assumption of the Generalized
Continuum Hypothesis) by the following important theorem of B. JONS~
SON [60,61] :

1.4.11. THEOREM. Let K be a category of relational systems. If K sa-
tisfies conditions I-VI and VII0 of 1.3.6 and 1.3.7, K(O) ad-

mits a universal objecﬁ. If be ORD, if conditicns I-VI and VII8 of

1.3.6 and 1.3.7 are satisfies in K, and if the Generalized Continuum

Hypothesis holds, then K(8) admits a universal object.

1.4.12, COROLLARY. K(P0O,0} admits a universal object.

PROOF . This follows from theorem 1.4.11 and propositions 1.3.6 and

1.3.9.
Similarly we iind:

™1.4.13. COROLLARY. K(BA,0), K(PO,0), K(La,6), K(G,0) and K(AG,0) ad-

mit universal objects for each positive ordinal 0

About K(BA) more can be said:

1.4,14, PROPOSITION. K(BA,0) admits a universal object.

PROOF". As the Cantor discontinuum C is a dually universal object for

x°(cz) (proposition 1.4.9), it follows from the STONE duality theory
concerning boolean algebras and boolean spaces that the free boolean
algebra with .R; generators is a universal object for K(BA,0). (This

can also easily be shown directly).



38

1.4.15. COROLLARY. K(DLa,0) admits a universal object.

PROOF. . . . . . . .
Every distributive lattice can be isomorphically embedded in

a boolean algebra of the same weight.

e
Similariy we conclude from 1.4.13:

>
1.4.16, COROLLARY. K(DLa,8) admits for every 0 & ORD a universal ob-

Jject.
%
From 1.4.13 and the STONE duality theory we also derive:

2% 0
1.4.17. COROLLARY. K (CZ) admits a dually universal object, for
every O € ORD.

We can assert somewhat more:

E3
1.4.18. PROPOSITION. For each 6 € ORD there exists a subspace of the
generalized Cantor discontinuum {0,1} © which is a dually
universal object for Ke(CZ).

PROCF . This follows at once from “1.4.17 and the fact that every

compact Hausdorff space of weight }?O is a continuous image of a suit-

able subspace of 10,1} 9 (see [b4j)u

As we saw, for 0=0 a dually universal object for KO(CZ) can be
exhibited, namely C (proposition 1.4.9). For 0=1 a dually universal
object for KS(CZ) has been exhibited by I.I. PAROVICENKO [39] (as-

suming the Continuum Hypothesis to be valid):

e
1.4.19. PROPOSITION. The space BN™N is a dually universal object
1
for K (CZ).

(Here N denotes the set N provided with the discrete topology; if X
is a completely regular space, BX denotes the CECH-STONE compact-

ification of X.)

1.4.20. PROPOSITION. All categories K(La,0), K(BA,0), K(SGU,0),
K(G,0), K(AG,0) (0 € ORD) admit dually universal objects.

PROOEF. Let K be one of these categories. If A is a free algebra with

}% generators of the same kind as the objects of K, then A is a
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dually universal object for K.
6
1.4.21. COROLLARY. K (CZ) admits universal objects, for every & € ORD.

1.4.22., PROPOSITION. K(CMoG) admits a dually universal object.

PROOF, .
Let Td denote the circle group T, provided with the discrete

topology. Then the character group M of Td is a dually universal ob-

ject in K(CMoG) (cf. [Sé] theorem (25.12) or [93] theorem 2.3.3).

Another way to describe this dually universal object for K(CMoG),
orally communicated to me by G. HELMBERG, is as follows. Consider the
T

. ° teT&T’and
let M0 be the closure in T of the subgroup of T generated by a. Then

T
topological direct product T ; let a be the element (t)

Mo is a dually universal object for K(CMoG); in fact, Mo is topologic—
ally isomorphic to M. For the characters of MO are just the projecting
morphisms ﬂtIMO : M0 + T (teT), and hence the character group of Mo
is (isomorphic to} Td'
The group Td’ being divisible, is a direct sum (restricted

direct product} of groups, each isomorphic to the additive group @ or,
for some prime p, to the multiplicative group Z(p“3 of all pnoth roots
of unity, n=0,1,2,... (I. KAPLANSKY [63] , section 5,theorem 4). More
exactly, if P stands for the direct sum

) Z(p),

p prime

then Td is isomorphic to the direct sum of Pd and a continuous number
of copies of Qd (we write Pd and Qd to emphasize that these groups
are taken to be furnished with the discrete topologyl}. It is worth
mentioning that the group P is isomorphic to Q/I.

" Let D denote the character group of Pd’ and S the character

group of Rd (here R, stands for the additive group of real numbers;

d
this group is isomorphic to the direct sum of continuously many
copies of Qd). It follows from the VAN KAMPEN-PONTRJAGIN duality
theory that M is the (unrestricted) topological direct product of D

and S (cf. [58] theorem (23.22)).
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The groups D and S are interesting dually universal groups in
their own right, as appears from the next three propositions (proofs

of which can be found in [58] , §25).

1.4.23. PROPOSITION. D is a dually universal cobject for the full sub=-
category K(ZCMoG) of K{(CMoG}, obtained by restricting the

class of objects to all zero-dimensional compact monothetic groups.

1.4.24. PROPOSITION. S is a dually universal compact solenoidal group.

(A topological group G is called solencidal if it contains a
dense l-parameter subgroup; H. ANZAI and S. KAKUTANI [i] , after
D. VAN DANTZIG [20,25].)

A more exact formulation of proposition 1.4.24 would take the
form: 'S is a dually universal object for the category K(CS) of all
continuous homomorphisms of one compact solenoidal group into another

one

1.4.25, PROPOSITION. The character group of Qd is a dually universal
object for the full subcategory of K(CMoG), obtained by re-
stricting the class of objects to all connected one-dimensional com-

pact monothetic groups,.

In other words, the character group of Qd is a dually universal
compact one~dimensional solenoid (the (V!)-adic solencid of D. VAN

DANTZIG [27 ]; cf. also [25,26].)

REMARK 3. In @7] it is shown that X(G,0) admits no universal ob-

jects.

REMARK 4. It is easily shown, using the VAN KAMPEN-PONTRJAGIN duality
theory for locally compact abelian groups, that K(CMAG) admits no
dually universal object. In fact, a compact abelian group is metri-
zable if and only if its character group is countable([?S] theorem
2.2.6}, and there exists no universal countable group (remark 2 above).

Similarly one can show that K(CMoG) admits no universal object.
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REMARK 5. It is shown in [61] that K(SGU) and its subcategories

K(SGU, ) do not satisfy condition VI of 1.3.7. Hence theorem 1.4.11
can not be applied to these categories. I do not know whether K(SGU,0}-
universal semigroups exist for certain e ORD, (It is also shown in
[61] that condition VI is not valid in K(DLa); nevertheless universal
objects exist for K(DLa, (0}, as we showed above, using the possibility
of embedding distributive lattices in boolean algebras and applying

theorem 1.4.11 afterwards.)

1.5, Structure of order-preserving maps between linearly ordered

spaces

N

In one section of the next chapter we need some technical results concerning order-
preserving maps. More explicitly, we want to know how an order-preserving map is built up
from more simple maps (so-called coherent maps; see definition 1.5.3 below). In this sec~
tion we carry out an analysis of order-preserving maps as far as is necessary to our pur-

poses. The results below will only be used in section 2.7.

1.5.1. DEFINITION, Let X be a linearly ordered set., If Yo X, then

Py
(1) Y = {xeX : y,S x £y, for some yl,yzﬁY},

N,
If Y=Y, Y is called an interval in ¥. For certain kinds of inter-

vals we adapt the traditional bracket notation; e.g.

(2) [yl;y2)={xéx :yI;x<y2}.

1.5.2. DEFINITION, Let ¢ € K(LO),¢ : X »~ X. We put

3 X ={xeX : x < xo}
33 0,4+ 2 xQ
and
(4} Xq)_:{xeX:xgxq)).
3
It X = X¢ + ¢ is said to be increasing; if X = X¢ _s ¢ is said to
b H
be decreasing., The points xeX . n X¢ _ are called the fixed points
5 3

of ¢ in X, A left (right} translation is a decreasing (increasing)

order-preserving map; a translation is an order-preserving map that
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is either increasing or decreasing.

1.5.3. DEFINITION. Let X be a set, and let ¢ & X The orbit of xeX
under ¢ is the set
n
(5) 0¢(x) ={x¢ : neN}
and the total orbit of x under ¢ is the set
(63 TO(P(X) = {yeXx : y¢n = qum

for some m,ne N}

A map ¢: X » X is called coherent if TOV(X)

X for some x &X.

The following lemma is evident:

1.5.4. LEMMA., The total orbits under a map ¢
tition of X.

X » X constitute a par-

1.5.5. DEFINITION. Let ¢ e K(LO), ¢

X * X. Then A¢ denotes the fol-
lowing binary relation in X:
(7} x. 0

3 "e 10 (0D
1 (pxz@(nel\i)(xl‘? & Q(xz .

The map ¢ is called concurrent if there exists an xoe X such that
x & x for all xeX.
¢ o

n m
.6. . A < <
1.5.6. LEMMA xl 6 xz@w’(an,meN)(sz __x1¢ <x

n+l
2¢

3.

The proof of this lemma is immediate.
1.5.7. PROPOSITION, The relation &

¢ is an equivalence relation in X.
PROO Clearly x A¢x for all x € X. Suppose x
n+l m n+l
<
x50 . Then x1¢ =x2¢»
that x}: Aq: Xq
n1+
%0

3 . Then x3d)

LIS

n m
. < <
1A¢ Xy; say x2¢ mxl‘P 2
m+1 .
x1<p ; hence xz A¢ xl, Finally suppose
. n m m
and x2A¢ Xg; say x2¢ ix.¢ ;x2¢n+1 and %40 < x2¢ l;
n+ny m-+m, n+n1+2
x40 $Xxg0 ; hence x1A¢ Xq.
) b T 'I‘T);.&? .
PROOF. n m n+1
Let xch _<__x1¢ <=x2q> .

1.5.8. PROPOSITION. If ¢ is onto, then X

There are vy, € (x2¢m)¢—n and
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m, -n+l . =N
Vg e(xzdb Yo such that v, 2 xlé Voi i.e. xle TOq)(xz).

1.5.9. DEFINITION. Let ¢« K(LO), ¢ : X + X. The A¢-equivalence class
of xeX is denoted by A¢(x); the set of all A(p(x), x€ X, is

denoted by X/A¢.

1.5.10. PROPOSITION. For each x € X the sets A¢(x), Aq)(x)n X¢ . and
¥

A¢(x)n Xq» _ are intervals in X, each mapped into itself by¢ .
A A« < . A -
If Xy <Ib(x) n X¢,+ g € q)«.x)r\ X¢’_, then x &%, Each <b(X) con

tains at most one fixed point; if A@(x) contains a fixed point a,then

and x

¢IA¢(X) is coherent (i.e. A¢(x) = TOo(a)). If A¢(x) contains no fixed
point, @lA¢(x) is a translation.

PROCF .

Let X, € A‘P(x)nX X, el (x3, x,<x,. As x2A¢ X there are

n ¢>,+m ¢ 2 1 1’
n,m &N such that xl(b *S—XZQ . As X2< xlé X].Qn’ it follows that
then x

i o
x2¢X¢,_. Hence if x_ e Q(x)nx and x_e AQ(x)nX

1 ¢y 2 ¢, -’
As clearly A¢(x) is an interval, it follows that both AQ)(X)nX(P .
$

A xIn X are intervals. As O (x), X and X are mapped into
¢ o o T 6= PP

and A¢(x)n X

<
1= *g°

and

themselves by ¢, so are 4 (x)Nn X
v o ¢+ 0~

It follows also that AQ(x) contains at most one fixed point, and

that %, < a<x%_ for all x. e A, (x)nX and all x_ e 0 (xIJn X if a
1= =72 1 ¢ §,+ 2 ¢ ¢,

is a fixed point of Aq)(x). We now show that in this case 4 (x) =

= T0,(a). Indeed, as x Aq)a, there are m,ne N such that a=a¢ ;X¢n 2

m+1
agd = a,

Finally assume that ¢|4 (x) is not a translation. Let

¢

x,eb (x)n X and x, ¢ b0 (x}nX , and let n,meN such that
L [ ¢,+ 2 [} ¢,

xl¢n ;xzcbmq, Then, by what we proved already, xlone X ; hence

¢1-'

¢’+n X

A (x) contains a fixed point under ¢

¢

1.5.11. DEFINITION. Aq)(xl); A (xz)@(ﬂyl eA¢(xl))Gy2 ed (x0)(y 2 y,).

¢ ¢

In other words:

(8} A (x1)< A

¢ (Xz)%(Vyl 6A¢(x1)) (Vy2 e A

(xz)) (y1 < yz) .

¢ ¢

As X/A¢ consists of disjoint intervals we have at once:
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1.5.12. PROPOSITION, The set X/A¢ is linearly ordered by <.

This finishes the first part of our analysis of an order—presefv-
ing map ¢: X + X. In order to know the behaviour of ¢ it suffices to
have knowledge of the linearly ordered set X/A¢ and of the concurrent
maps ¢|D, De X/8, .

The second part of our analysis will show how a concurrent map

¢‘A¢(x) is built up from coherent maps &PITO@(y), V& A¢(x).

1.5.13. PROPOSITION. Let ¢ & K(LO}, ¢ : X+ X, and let x <x¢. For every
V& Aq)(x), the set TOq)(y)n Ex;x@) is an interval. If moreover,

y Sx and y #TO@(X), there is a unique ne N such that ytbn el_-_x;x@). if

in addition ¢ is 1-~1 and onto, then for every y &l (x} there exists a

unique ke I such that yzpke [x;xq)); and TOq’(y)(\ [x;xtp) = {y¢k} .

PROOCF .

Let a,beT0¢(y)n [x;xr.")), and let a< z <b. There are n,me N such

that aq)n = b@m; then X(pn;a(;)n ;xq»n”' and xq»m <b¢m = a«pn; X¢m+1@ It fol~

lows that xq>n ;x®m+1 and x¢m§‘xq>n+1. If one of these inequalities is

an equality, it follows that zeTO (x} = TO (y}. If both x¢n< xq‘>m+1

o 9
n+l’ then n <m+l and m < n+l, hence n=m, and z¢n =

and x¢m <xQ
= a¢ng TO¢(y). Thus TO¢(y)n [x;xq:) is an interval.
Now assume also that y <x and y€TO, (x). As yA x, there are
. Ny my @ ny ¢ my
n.,m & N such that x¢ "< y¢ = . Moreover, x< x¢ ~; hence x<y¢ ~. Let

10
n belthe smallest me N such that x;y¢m. Then n#0, as y <x, and
yqln; X¢, as y¢n-1< %x. We conclude that yq;n < xP < y¢n+1, as y#TOq) (x).
This shows that for every y <x, ¥y eA¢(x)\ TO‘;)(X), there exists one and
only one ne N such that yc;n é[x;xq;).

Finally suppose ¢ is 1-1 and onto. Then we can apply the above
results to q)—l,and we find that for every y &A¢(x) there exists a

k
unique ke I such that y¢ € [x;xq)). Consequently TOQ)(y)n Ge;xe) = {y¢k}.

If x >x ¢, similar results are obtained, with [x;xtb) changed into
(x q);x]; in fact, we need only take into account that if we reverse the
ordering of X, then X remains linearly ordered and ¢ remains order-

preserving.
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1.5.14. DEFINITION, Let ¢ €K(LO)}, ¢ : X+ X, and xe X. Then

(9) A(x) ={T0 (y) : y e (x)}
o { 6 y y ¢( s
while :"Px denotes the following binary relation in A¢(x)s if A¢(x)
$
contains a fixzed point a, ;q) x is the identity relation in A¢(x) =
H

= {TO¢(a)}. if A¢(x) contains no fixed point and A@(x)c X¢ . then,
3
for Ll,L2 & l\¢(x):

Lléqb?x LZ@(LI = TO (x)}) v

¢
o) v (L #T0_(x))A(L,#T0 (x))AGne ™ @y el ) @y, e L)
L #T0, 27 Ve 2 g € Ny
(xo" < Y1 Yg < X«pml)) .
Finally, if AQ(x) contains no fixed point and A¢ (x}c X@ _» we put,

for I..l,L2 & A¢(x):

LS,y L=, = 10 v

(11}
v((L1£T0¢(x))A(L2¢TO(Jx))A(En@.N)(ayle Ll>(3y2@ Ly)

n+l n
(¢ 7< ¥y Vo< %9 D).

1.5,15, PROPOSITION. The relation ;¢ x linearly orders A¢(x)‘,
?

PROOF . To simplify the notation we will write A and < instead of
AQ)(X) and ’;Cv X If suffices to consider the case where A¢ {(x) con~
b

tains no fixed point, while x <x¢ .

Evidently L<L for all Le A, Let Ll,Lzel\ such that Llé L2 and

L,2L,. If either L, = T0¢(x) or L, = TOQ(x),then L =1L, = ’I‘O(p(x)s
Suppose L, # TOq/(x) and L, # T0¢(x}, Let n,m&N, a,baL:L and c,d@,L2
such that

(12) X($)n< a<d< xq)n+1

and

(13) x¢" <c b <™, ‘

Then a¢m9d¢m,c¢n and bq‘>n are all contaimed in [X¢n+m;x¢n+m+l), and it

follows from proposition 1.5.13 that L1=L2,
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Next suppose L. ,L_,L,e& A, L <L  and L ,<L,. If L =T0¢(x),

1’72°73 1 2 2 3° 1

then L1;L3. Assume Ll # T0¢(X); then also L2 £ TO ¢(X) and L3 £ T0¢(x).
Let n.me N, aeLl, b and ceL2 and deLS, such that
‘ n n+l
{14 x¢ < as<b<xg
and

m m+1
(15) x¢ <c<d<x¢ .
Then
(16) x(pn+m < aqym; b¢m< Xq)n+m+1
and
an xq)n«rm( c@n;d¢n< xq)n+m+19
it foilows from proposition 1.5,13 that either Ll = L2 = L3 or
(18) chn+m < a@m ;d¢n< x¢)n+m«r—1;

h e s .
enc L1 b L3

Finally we must show that the relation £ is total in A ., Let

e A: a .
L ,L, ; we may assume Ll # TO¢ (x), Lz £ TO¢ (x) . Take v, € L

yzé.Lz, As ylA(bx and y2A¢

(i=1,2). It follows easily that L N [xo™:x¢™™) # 6 (i=1,2); hence

19
: n
%, there are n,n, ,n_ &N such that yiq)nl; blc)

either Ll <=L2 or L2 ;Ll,,

REMARK 1. As Toq)(x) ;¢ % L for all L e A‘p(X)’ in general <
?

even if AQ(x) = A¢(y).

<
¢ ,x =¢:y’

REMARK 2., Suppose A¢(x) contains no fixed point; let e.g. X <x¢ . Then
by logical inversion of (10} we have for L Lzé A¢(x), Ll # TOQ(X),

L2 # TO¢(x):

1’

+1

L,¢&=5(neN) (Va el n [xo™:xe™ )

L, <
1 ¢,x
(19}
&be L, N I:x¢n;x¢n+1)) (a <b),

From this we conclude that é(b % =;<=¢ v if ye'l‘oq> (x}. This remains
b 3
true if x> x¢ and if Aq;(x) has a fixed point under ¢.



We conclude this section with a few remarks on ccherent order-

preserving maps.

1.5.16. DEFINITION. Let ¢ € X(1LO}, ¢ : X » X, and xe€ X. Then Eq: x de~

?
notes the following equivalence relation in TO¢(X):

n n
(20) x,E ¢,xx2¢=>(3“ N (x9 = x50 ).

We write E (y) for the E ~equivalence class of y & TO (x}.
9,% 9,x ¢

¥

1.5.17., PROPOSITION, Every E¢ % is an interval in X. For each ne N we
s

have

(21) (E X(y))qsncE

n
‘, x(yq> ).

@,
If TO¢(x) contains no fixed point under ¢ , then

n m
(22) (E¢ x(y))<:> r\(E‘p’x(y))(p =@

b
for n,meN, n#nm,

The straightforward proof is omitted.

1.5.18, COROLLARY. If TOQ(X) contains no fixed point, then TO¢(X) can

be written as the union of countably many disjoint intervals

= U
(23) TO¢(x) = kel Ek’
where each Ek is an E¢,x—equ1va1ence class, while Ek¢c: Ek+1’ for

every kel,

1.6, Notes

Category theory, as 1s well known, was created by S. EILENBERG
and S, MACLANE (cf, [?6] and [76,7?] ). In cur exposition we have
chosen as a guide the paper of A,G. KUROSH, A.,Kh, LIVSHITS and E.G,
SHUL'GEIFER ([73] ; english translation: [74] ), Most definitions in
1.1, and the proofs of the propositions 1.1.2, 1.1.7, 1.1.9 and

1.1.10 can be found there. A notational aberration is our symbol <
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for free joins; it takes the place of-Tr*in [7%] . Notational addi~
tions are S(a,T) and A(a,T)(definition 1.1,8),

The notion of a strong direct join (definition 1.1.8) is new; it
is coined for use in section 2.2, Strong direct joins are not uncommon;
in concrete categories they are rather the rule. For in many concrete
categories K direct joins are (equivalent to} cartesian products (pro-
vided with additional structure: full direct products in categories of
algebraic systems, topological products in categories of topological
spaces, etc.),with the ordinary (natural) projections figuring as pro-
jecting morphisms. Such a direct join be¢bd(a,T) clearly is a strong
direct join as soon as the set a contains at least two distinct ele-
ments,

As mentioned in the "conventions'' we intend our considerations
to be based on a set theory of the kind of J. VON NEUMANN -~ P, BERNAYS
- K. GODEL, maintaining a distinction between the terms "class' and
"set". We will refrain from discussing set-theoretic problems raised
by category theory; we only mention that axiomatizations of set theory
are available that are expressly tailored to fit the needs of this

theory (see e.g. J. SONNER [9@ ).

Although the categories listed in section 1.2 are indeed all con-
crete, it should be pointed out that most of them are not subcatego-~
ries of K(S). This is due to the fact that distinct structures can be
superimposed on the same set., For instance, consider K(PQ). Let < de-
note the usual ordering in Q, and let E; denote the discrete ordering,
The identity map of Q into itself gives rise to distinct morphisms of
K(PO), such as the order-preserving maps o and B , wherea maps (Q,<}
identically into itself, £ maps (Q,E;) into (Q,%}, while again gB =q
for all geq.

A usable definition of K(P0O)} whould be the following: the mor-
phisms of K(PO) are all ordered triples (ai,f,aé), where 6%1=(A1, < 3

1

and&%zz(Az, ;2) are partially ordered sets, and where f is an order-~
preserving map of Al into Az. If o and B are morphisms of K(PO}, say

o= @ ,f,06,) and = (a%l,g,éi-z), then «.f is defined in K(PO) if

and only if 612 = o in this case,

17
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) o.p = ((Ill,fog,c‘ﬂz).

An isomorphism ¢ of K(PO) onto a subcategory of K(S} can then be ob-
tained in the following way. Ifa € K(PO)}, say o= (0&,f,05), where
0(1 = (Al,;l) and 0(2 = (Az,;z) are partially ordered sets, while f

is an order-preserving map of A1 into AZ’ then

(2) ad = (g,{sz}x A2),

where g stands for the map of{éﬁﬁ X A1 into {61n}><A defined by
=

o0
3 @, ,2)g = @,,at),
for arbitrary ae.Al.,

The other categories defined in section 1.2 should be interpreted
in a similar way; then each of them can be shown to be indeed a con-
crete category, just as we did for K(PO).

It would have been confusing if we had realized all these exact
definitions in the text; therefore we preferred to talk about these
categories in a naive way, writing aboul the morphisms of K(PO) as if
they were (order-preserving) maps, and about the morphisms of K(CF}

as if they were (continuous) functions, etc.

The fact that in categories of topological spaces epimorphisms
usually coincide with continuous maps with a dense image is mentioned
by H.J. KOWALSKY [(68] , p.251.

The contents of section 1.3 are taken from B. JONSSON [61] ,
with the exception of the results concerning K(BA) and K(DLa) and the
introduction of the conditions VIIIe. Theorem 1.4.,11 is taken from
the same paper, and so are its corollaries 1.4.12 and *1.4,13 (ex=-
cept the assertion about K(BA,0}}.

The fact that K(BA,8)} admits universal objects for all § was
first proved (under the assumption that the Generalized Continuum
Hypothesis is valid) by A. ESENIN - VOL'PIN EBQ] . Our proof, depend-
ing on B, JONSSON's theorem 1.4.11 (together with the fraction of the
results of PH. DWINGER and F.M. YAQUB [32] expressed by lemma 1.2,9)
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differs completely from the proof of A. ESENIN - VOL'PIN. The latter
makes use of this result in order to derive proposition *134.17; he

also obtains the following theorem:

¥
1.6.1. THEOREM, For every 0 & ORD there exists a compact Hausdorff

space T of weight(ﬁz with the property that every compact

0
Hausdorff space of weight at most f% is a continuous image of it,

In other words, if K(C) denotes the category of all continuous
maps of one compact Hausdorff space into another one, then Ke(C) ad-
mits dually universal objects for each 6 & ORD (assuming once more
the Generalized Continuum Hypothesis to be valid}.

The fact that Q is a universal‘%bject for K(LO,0} is mentioned
already in G. CANTOR [56] , §9, as is the fact that no = n for every
countable order type 0. The latter property of n was used by us
to derive the dual universality of Q for K(LO, O} (proposition 1.4.4).

F. HAUSDORFF [bd] proved that K(LO)} always contains K(LO,0}~-
universal objects, and that K(LO,8) contains universal objects if 8
is not a limit ordinal and if the Generalized Continuum Hypothesis
holds (see also W. SIERPINSKI [94] ). This was extended to limit
ordinals by N. CUESTA DUTARI [19] and L. GILLMAN [44]., A very short
and elegant proof, applicable to both cases simultaneously, has been
given by E. MENDELSON [80] .

A, MOSTOWSKI [85] constructed a universal object for K(PO,0).
J.B. JOHNSTON [59] proved that K(PO) contains a K(PO,0)-universal
object of cardinality 2 e, for each 0 & ORD, assuming that the
Generaglized Continuum Hypothesis holds. He also showed - under the
same assumption ~ that K(PO) contains a K(PO,0)~universal object of
power }Qj(and hence that K(P0,8) contains a universal object) if 6 is
cofinal with w, B, JONSSON [60,61] extended these results by showing
that K(PO,0) admits universal objects for all 0, assuming once again
that the Generalized Continuum Hypothesis is valid., See alsoc R. FRAYS-
St [41,42,43] for the case 6=0,

B. JONSSON [Gi] also proved the existence of universal objects

in K(La,®) and K(G,0), for positive ordinal numbers 0. See also
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N.G. de BRUIJN Elﬂ for other embedding theorems for groups. The re-
sult *1¢4.16 concerning the existence of universal objects for K(DLa,9},
0 &€ ORD seems to be new,

The universality of [b,i] o for KG(CR) was shown by A, TYCHONOV
[}01,102] . The universality of the Cantor discontinuum C for KO(ZM)
occurs in P, URYSON [105] (theorem 16), and the dual universality of C
for kK°(CZ) (in fact, even for KO(C), where K(C) is as defined above)
is mentioned in P.S. ALEXANDROV [1] . The fact that [0,1] is uni-
versal for Ke(CZ), for every 6¢& ORD, is contained in the following

theorem of N.B. VEDENISOV [107] :

1.6.2. THEOREM. The generalized Cantor discontinuum {0,1} 0 is a

universal object for Ke(ZH), for every 9 & ORD.

Here K(ZH) denotes the category of all continuous maps of a Hausdorff

space X with ind(X) = O into another Hausdorff space Y with ind(¥}=0,

Proposition 1.4.7 follows for the case §=0 from the classical
metrization theorem of P, URYSON [10{] for separable normal spaces,
in conjunction with the theorem of A. TYCHONOV [10@] asserting that
every regular Hausdorff space satisfying the second countability
axiom is normal. C.H. DOWKER [2@] proved that a metrizable space is
paracompact if and only if it is homeomorphic to a subset of a suit-
able Hilbert space. From this theorem proposition 1.4.7 follows in
its full generality, in view of the theorem of A.H. STONE EQ@ assert-

ing that every metrizable space is paracompact.

Proposition 1.4.10 follows from the fact that a compact abelian
group G is metrizable if and only if its character group X is count-
able; this, in its turn, is a consequence of the theorem of S, KAKU-
TANX [62] asserting that G and X have the same (topological} weight.

Propoéition 1.4.22 is essentially due to P, HALMOS and H. SAMEL~
SON ( [54] , theorem I), and,independently, to B. ECKMANN ([33], theo-
rem 4); the first explicit formulation occurs in H. ANZAI and S, KA~
KUTANI  [5] (theorem 12). Propositions 1.4.23, 1.4,24 and 1.4.25
are due to H. ANZAI and S. KAKUTANI [5] , anticipated in part by
D. VAN DANTZIG [25,26,27 ] .
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Some additional results on universal spaces are the following.
First, in connection with the universality of [O,Q for Ke(CR), and
the universality of { 0,1} ¢ for Ke(ZH), the following result of
P.S. ALEXANDROV &ﬂ should be mentioned (cf. J. FLACHSMEYER [4@] for a
short proof). Let K(TO) stand for the category of all continuous maps
of one To—space into another To—space, Let furthermore A denote the

space {0,1} , provided with the topology {#,{0},{0,1}}. Then:

1.6.3, THEOREM, A 0 is a universal object for KB(To), for every
8 & ORD,

A different universal object for Ke(TO) was constructed by A. TYCHO-
Nov [103] .

In connection with 1.4.7 (case 0=0) we observe that P, URYSON
&06] obtained a stronger result, solving a problem posed by
M. FRECHET: there exists a separable metric space into which every
separable metric space can be isometrically embedded. A very nice
example of such an''isometrically universal' space was given by
5. BANACH and S. MAZUR, who proved that the space C[Q,i] of all real=
valued continuous functions on the unit segment, with the uniform

norm topology, has the required property ([12] Ch.XI, theorem 9,10):

1.6.4. THEOREM. Every separable normed linear space is norm-iscmorphic

to a linear subspace of C [b,ﬂ] .

1.6.,5, THEOREM. Every separable metric space can be isometrically em-

bedded in € [0,1] .

Some results for non-separable spaces were obtained by W. SIER-
PINSKI [110,113] and J. FLACHSMEYER [39] . In the set-up of W. SIER-
PINSKI, the cardinal number of a space is used as a bound for the seize
of the space, instead of the weight. Making use of the Generalized Con~

tinuum Hypothesis he shows:
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*1.6.6. THEOREM, Let © ¢ ORD, There exists a metric space M with

card(M) = J‘t‘e s
<f%1nay be isometrically embedded in M.

such that every metric space MO with card(Mo)

From this result it easily follows that for every 6 € ORD there
exists a metric space in which every metric space of weight at most f%
can be isometrically embedded. J. FLACHSMEYER [35] treats the follow-
ing explicit specimen. If X is a set, let B(X) denote the metric space
of all bounded real-valued functions on X, the metric p being defined
by
{4) p(x,y) = sup l(g)x - &y,

teX

for arbitrary x,y e B(X). Then ( [39] , theorem 1):

1.56,7. PROPOSITION. Let 0¢€¢ ORD, and let X be a set with card(X) = }%.
Every metric space of weight at most }% can be isometrically

embedded in B(X)}.

It seems to be an unsolved problem (if 6> 0) whether there exists
a metric space M of weight ﬁ% which is "isometrically universal' for
all metric spaces of weight at most ké(the space B(X} has the same
weight as EX, i.,e. 22"V ), In [39] , J. FLACHSMEYER only obtains a
partial result: for each 0 € ORD there exists a certain nice family ¥ of
metric spaces, each of weight ff, such that every metric space oIl
weight at most f% can be isometrically embedded in an X & F. He obtains
a similar result on uniform embeddings of uniform spaces of weight at
most ﬂb. The arguments which he uses in establishing the latter result,

after a straightforward adaption, also lead to

1.6.8. PROPOSITION. For each 0 € ORD there exists a uniform space X,
with the property that each uniform space of weight at most }%

can be embedded in X by means of a uniform isomorphism.



2. UNIVERSAL MORPHISMS

2.1, Universal and dually universal morphisms

In this section we define the concepts of universal and dually universal morphisms and
bimorphisms (more properly, they are universal endomorphisms or sutomorphisms); we also in-
troduce universsl systems of morphisms. A few elementary facts concerning these concepts

are exhibited.
2.1.1. DEFINITION. Let K be a category, and let KO be a subcategory of
K. é_Ko-universal morphism in K is a morphism ¢: a <+ a in X

v_ v

with the following property: for every morphism y such that ¢ = "¢ in

Ko there exists a monomorphism u € K such that u¢ = ¢u . A K-universal

morphism in K is also called a universal morphism in K.

)

a B

a
(1) n [u
b

b 14

A dually Ko-universal morphism in K is a ¢ € K which is Kt-uni-
versal in K«; where Kz and K denote the dual categories of Ko and K,
respectively. I.e. a dually Ko-universal morphism in K is a morphism
$: a » a with the following property: for every morphism y such that
E¢=w£ in KO there exists an epimorphism veK such that ¢gv=vy . A dual-
ly universal morphism in K is a dually K-universal morphism.

¢

L a
A

a
@ l ;
b Y

& b

2.1.2, DEFINITION. Let K be a category, and let KO be a subcategory

of K. é_Ko—universal bimorphism in K is a bimorphism ¢: a+ a

in X with the following property: for every bimorphism y with €w=wg

in Ko there exists a monomorphism uw € K such that pu¢=yu . A dually KO"
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universal bimorphism in K is a bimorphism in K which is a Kz—universal

bimorphism in the dual category K,
Clearly we have:

2.1.3. PROPOSITION. If K contains a Ko~universal morphism or bimor-—
phism, then K also contains a Ko-universal object. If K con-
tains a dually Ko—universal morphism or bimorphism, then K contains a

dually Ko*universal object.

Let K be a category. If a subcategory F of K happens to be a
semigroup, there must exist an identity ¢ € K such that c=e¢=¢e for
all ¢ € F., In other words, F is a subsemigroup of H(a,a), where a is
the object correlated with ¢ .

If we say that F is a (semi-)group in K, we always mean that F

is a subcategory of K which is a sub-(semi-)group of some H(a,a)c X,

and which contains Ea'

2,1.4. DEFINITION. Let K be a category, Ko a subcategory, andx € CARD,

A LKO,K)—universal semigroup of morphisms in K is a semigroup

F in K ~ say FcH(a,a} ~ with the following property. For every semi=-
group G in KO - say G« H(b,b) - of weight & k there exist a monomor-
phism ¥ : b+ a in K, and an (algebraic) homomorphism h of F onto G,

such that u.¢ = (¢})h.u , for all ¢eF,

¢

rxy
[N

S
T

a
(33 h u u
(¢Jh b

B

G

o

A go—universal semigroup of morphisms in K is a semigroup F in K

which is a (KO,K)—universal semigroup of morphisms in K for every

K € CARD, A (K)-universal semigroup of morphisms in K is a (K,K}=-

universal semigroup; a universal semigroup of morphisms in K is a K-

universal semigroup.The dual concepts will be called dually (KO,K)—

universal semigroups of morphisms in K, dually Ko—universal semi-

groups, dually (¥)-universal semigroups and dually universal semi-
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groups of morphisms in K, respectively.

2,1.5. DEFINITION. Let K be a category, Ko a subcategory and « ¢ CARD.

A £§G,K)-universal group of bimorphisms in K is a group F in K
- say FcH(a,a) - with the following property. For every group of bi-
morphisms G in Ko - say GoH(b,b) - of weight < x there exist a mono-
morphism U: b + a in K, and a homomorphism h of F onto G, such that

H.¢ = (¢)h.u , for all ¢ €F, A Eo—universal group of bimorphisms in

K is a group F in K which is a (KO,K)—universal group for every
K & CARD. A (K,x)~universal group is also called («x)-universal; a K-

universal group is also called a universal group of bimorphisms in K.

The dual concepts are called dually (KO,K)-universal groups of bimor-

phisms in K, dually Ko—universal groups, dually (x)-universal groups

and dually universal groups of bimorphisms in K, respectively.

The following assertion is obvious:

2.1.6, PROPOSITION. Let K be a category and Ko a subcategory; let

¢ &K be a Ko-universal morphism (a Konuniversal bimorphism; a
dually Ko—universal morphism; a dually Ko-universal bimorphism}. Then
@ generates in K a (Ko,l)~universa1 semigroup of morphisms (a (Ko,l)—
universal group of bimorphisms; a dually (Ko,l)—universal semigroup of
morphisms; a dually (Ko,l)-universal group of bimorphisms, respective-

1y).

It is not quite obvious that the converse to proposition 2.1.6
is false: the existence of a (Ko,l)-universal group (even with a
single generator) does not guarantee the existence of a Ko—universal

bimorphism.

2.1.7, EXAMPLE, Let A = I xN, B = I; let¢: A~ A be the map trans-
forming (k,n) into (k+n,n), and y: B+ B the map sending k
onto k-1 (k € I,ne N}, Furthermore, let I B+ A be defined by:
(k)un = (k,n} (kel,neN).
Let K be the concrete category consisting of all iterates ¢k,

k
ke i; all iterates wk,keI; and all maps Y ouno¢1, with k,1€ I,neN,.
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Finally, let Ko be the subcategory of K consisting of all wk,ké.le We
will show that ¢ generates in K a (Ko,l)—universal group F of bimor-
phisms, in fact a Ko—universal group, and also that ¢ is not a Ko—uni-
versal bimorphism,

Let G be any group of bimorphisms in Ko, Then G is generated by a
map wk, for some keI, Put (Qs)h = v_ks; then h is a homomorphism of F

onto G. As uk.w = (@h).uk, and as U, is a monomorphism, it follows

k
that F is a Ko—universal group of bimorphisms,
But ¢ is not a universal bimorphism: there exists no monomorphism

U € K such that W= yu., For every monomorphism u ! B + A of K is of the

form u = wk Oun1:¢1; and if re I, then
k 1
(4) (e = (D ou oo™ = -k (1+1)n,0)
while
k+1 1
(5) (ryvu = (r)(y ou 09 ) = (r-k-1+1n,n);

for no choice of k,1¢ I and ne N we have r-k+(1+1)n = r-k-1+1ln, for

all rel,

REMARK, One easily shows that the category K of example 2.1,7 contains
no Ko—universal bimorphism at all. Hence it can occur that there is a
Komuniversal group of bimorphisms while no Ko—universal morphisms
exist, Similarly, there may exist a Ko—universal semigroup of mor-
phisms in a category K which contains no Ko—universal morphisms (this
also follows from example 2.1.7). Similar observations can be made con-

cerning the dual concepts.

2.1.8, PROPOSITION, Let K be a category, and let F and G be semigroups
in K, say Fc H(a,a) and GcH(b,b). If there exists a monomor-

phism W : b *+ a in K with the following properties:

(i)} for every ¢ &F there exists a Y &G such that p¢p = yu;

(ii} for every Y &G there exists a ¢ & F such that u¢ '

then there exists a homomorphism h of F onto G such that pu¢ = (ph).u ,
for all ¢ e€F,

PROOF . If uo= o and u¢ = YoM then Yy =Y, (as 4 is a monomor-

phism)}. Now for ¢ ¢ ¥ we define ¢h to be the unique vy €G such that
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¢ = yYu. By assumption, h maps F onto G, and by definition, u¢ =(ghd¥,
for all ¢ &F, It remains to be shown that h is a homomorphism. In-

deed, as u¢i = (¢ih)u (i=1,2) imply

(6 MO 0, = (¢1h).u.@2 = (¢1h)(¢2h)au ;
we see that

(73 (¢1¢2)h = (¢1h).(¢2h)n

2.1.9, COROLLARY. Let K be a category, and Ko a subcategory of K. Let
F be a semigroup of morphisms (a group of bimorphisms) in K.

In order that F is a (KO,K)—universal semigroup of morphisms (a (KO,K)-
universal group of bimorphisms) it is necessary and sufficient that F
have the following property. If G is any semigroup of morphisms (group
of bimorphisms) in Ko’ there exists a monomorphism u ¢ K such that

(i) for every ¢ €F therc is a Y &G such that u¢= yu;

{ii) for every Y €G there is a ¢ € F such that u¢= yu.
A dual assertion is valid for dually (KO,K)~universa1 {semi-)groups

of morphisms in K.

2.2, Star functors

If X is a non-void set, every ¢eK(S), ¢ ! A + B gives rise in a natural way to & map
% B L3

o - . =
¢ X xA, defined as follows: (xs)ae Bo (xu¢)ue A

properties; they have been partly studied in [S] . In the present section we consider a

Mappings like ¢» often have nice

generalization of the functor 0*0” of K(S) into itself.

2.2.1, DEFINITION. Let K be a category, a an object of X and C a sub-
category of K(8). A (X,a,C)~1ift is a function &, defined on

the class of objects of C, such that

1) (AYQ € A(a,A)
for every object A of C (cf, definition 1.1.8).

et X be a category and a an object of K. Suppose X and Y are

non-void sets, and let (ngke_xé Aa,X), (on)ne.yﬁ A{a,Y). Say
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(2) x :Trs(a,x)(ng)
and
(3) y =Tfs(a,y)(on)..
Let ¢ be an arbitrary map A + B, As c£¢ is a morphism y » a, for every
{ e X, there exists (by the very definition of direct join, 1,1.8) a
L3
unique ¢ : y > x in K such that
3
(4) n, =0,
Ty T %,

for all & e X,

Now let Z also be a non-void set; let
(5) z :TTS(a,Z)(Tg),

¥
and let ¥V be a map Y + Z, Writing y for the uniquely determined mor-

phism z + y of K such that

(6) *
(9] =
v n T"WJ

ka3
for all neY, and (¢y) for the uniquecly determined morphism z + ¥

of X such that

*
7 =
7 oy} m Té¢w

for all £ € X, we assert that

()] W=
Indeed, for arbitrary & & X we have

& ¥ e
) Voo e T v % Tegyt

from (7), (9) and proposition 1.1.12, assertion (8) follows,

2.2.2, DEFINITION. Let K be a category, a an object of K and C a sub-
category of K(S). Let i be a K(a,C)~1ift. Then ¢Q denotes the
uniquely determined contravariant functor C + K with the following

property. If ¢: X » Y is an arbitrary morphism of C, and if

(10) Xg= (n) x :ﬂs(a,x)(ng),

£e X7
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and
i) Y Q= “n)neY’ y =Trs(a,Y)(rn),
then (9) ¢,: y * x, and
). o=
(12} (¢¢Q "g TE¢

for all &£eX. A (X,a,C) star functor is a contravariant functor

¢ : C » K such that ¢ = @u for some (K,a,C)-1ift Q .

In many situations there is a ''natural" 1ift { , and conseguent-
1y also a "natural” star functor. This is the case if in K there exist
privileged direct joins, as e.g. the cartesian product in K(8), the

full direct product in K(G}, the topological.product in K(CR), etc.

2.2.3. PROPOSITION, Let X be a category, a an object of K and C a sub-
category of K(S). If O(a,A) is a non-void set, for each object
A of C, then there exists a (K,a,C) star functor.

ROOF . A . . . .
P This is an immediate consequence of the axiom of choice.

2.2.4. PROPOSITION, Il'et K be a category, a an object of K and C a sub~-
category of K(S) with finitely many objects, If the class
A(a,A) is non-void, for every object A of C, then there exists a

(K,a,C) star functor,

2.2.5, DEFINITION. Let K be a category, a an object of K, and C a sub~
category of K(S). A strong (K,a,C)-1ift is a (K,a,C)~1lift Q

with the fellowing two properties:
(i) AQ is a strong direct join of S(a,A), for every object A of
C;
(ii) if A and B are distinct objects of C, then the morphisms in

A and those in B{l have distinct sources.

A strong (X,a,C) star functor is a star functor ¢ such that

@:@Q for some strong (X,a,C)-1ift 0.

2.2.6. PROPOSITION., A strong (K,a,C) star functor is an anti-isomor-
phism of C into K.
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PROOF,

e? = e and % =Y; say both ¢ and v map X into Y. Let X{ = (n,)

Let ¢,y be morphisms of C such that ¢¢ = y¢. Then necessarily
EeX
and YQ = (Tn)n ey’ where (! is a strong lift such that¢==¢Q , and let
the objects x,y of K be given by (10), (11). If 0=¢¢ = y® , then

(13) T€¢ :ong = Téw

for every L ¢ X; as y is a strong direct join, it follows that &9=EV ,
It remains to be shown that ¢-y is defined in C whenever (V%) (9%}
is defined in K, But if (y9)(¢¢) is defined, then the sink of y® coin-
cides with the source of ¢¢ ; it then follows from condition (ii) in
definition 2.2.5 that also the source of y coincides with the sink of

¢; i.e.¢yp is defined in C.

2,2.7, PROPOSITION, Let K be a category, a an object of K and C a sub~
category of K(S}. Let & be a strong (¥K,a,C) star functor. Then
for arbitrary ¢ & C the following assertions are valid:
(i) If ¢ is an onto map (and hence an epimorphism) in C, then ¢¢
is a monomorphism in K.
(ii) If ¢% is a monomorphism in K, ¢ is an epimorphism in C.
(iii) If ¢9 is an epimorphism in K, ¢ is a monomorphism in C.

F. . . . . .
PROO Assume ¢ : X * Y is a morphism of C which is onto. As ¢ is an

anti-isomorphism (proposition 2.2.6), ¢¢ is a monomorphism in (C)? .
We must show that o= ¢¢ even is a monomorphism in K,

Let ! be a strong 1ift correlated with ¢ , and let the objects
%,y of K be determined by (10) and (11)}.

Suppose PO = o in K. Then

Pa

(14} an = p,.0OTW

P1lep = P19 2°Tg T Paleg

= pzrn for all

Hence 0 is

for all ¢ ¢X. As ¢ maps X onto Y it follows that p_ 1

1'n
né& ¥, and consequently (proposition 1.1.12} that Py T 0ge
a monomorphism in K.

If ¢¢ is a monomorphism (epimorphism}) in K, it is certainly also

a monomorphism (epimorphism} in the subcategory (C}¢ of K; as ¢ is
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an anti-isomorphism, it follows that ¢ is an epimorphism (monomorphism,

respectively) in C.

2.2.8, PROPOSITION. Let K be a category, a an object of K, and C a
subcategory of K(S)., If ¢ is any (¥X,a,C) star functor, and if ¢
is any invertible morphism in C, then ¢?® is invertible in K, hence is

a bimorphism.

PROOF. First we consider the case of an identity map iX’ X an object
of C. Let

(15) X =T|’S(a,X)("t;),

where (nﬁ)ﬁ eX is the image of X under the 1ift & correlated with &.

If e= ix® , then

(16) EN_ = W, =T _=¢ T

for every £ &X; it follows that e= sx (proposition 1.1.12},
Now let ¢ € C have an inverse Yy in C. Then we have, if X is the
source of ¢ and Y the sink of ¢:

(173 ¢ e y= ix;‘P° § = iY;

it follows that

(18) W) . o) =% (ea) . (o) = €?%,

Hence ¢ is invertible in X,

2.2.9., PROPOSITION. Let K be a category, b : a + b a monomorphism in

K, and C a subcategory of K(S). Let . be a (XK,a,C)~1ift, 0

1 2
a (K,b,C)~1ift, and let ¢1 = QQ and ¢2 = ¢Q ., If X is an arbitrary
2
object of C, and if 1
X - . = .
(19) R P T‘—S(a,X)(ne),
(20) X0y = (T, 5% =TrS(b,X)(1r€);
there exists a unique morphism u_€ K, W_ @ x. + x such that

X X 1 27
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21 W =T,

(21) My £ g ¥
for all & eX. This ux is a monomorphism, and
(22) Wy G0) = @0 ). uy

for arbitrary objects X,Y of C and arbitrary ¢ : X + Y in C.

OOF . . . .
PR The existence and uniqueness of UX’ and the fact that uX is a

monomorphism; follow from proposition 1.1.13.

It remains to be proven that (22} holds. Let

Yo, = (')

(23) YO = (T, g YO, nnevy:

1

For arbitrary & € X we have

S@d )em! = g = oy =
Yy “ 2) ﬂi My Tétb T&G’ ¥
(24)

= [ . . = . . !
¢ 1) Mg ou (Q@l) Hy "E, .

It follows (by proposition 1,1.12} that uy-(¢¢2) = (¢¢1)- Wy

. u
kl X . X2
vo
' ¢2
T uY
(25) 3 yq t > Yo
T 1
&9 “¢
\ u ¢
a - o)

2.2.10, COROLLARY. Let both &a and 92 be (K,a,C)~1ifts.Then the star

functors ¢1 = ¢Q and ¢ = ¢ o are equivalent, in the follow-
ing sense. For every object X of C there exists an invertible mor-
phism ux from the common source of XQl, to the common source of XQZ,
with the following property: if ¢ : X = Y is an arbitrary morphism

of C, then

-1
(26) ¢¢2 =¥y -(¢¢1)- Hye
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PROOF .

Let Xs& = (ng)Ce X and XS& = (1:5)&e % and let
(27) x, =WS(a,X)(n€); %, =T|'S(a,x)(wé),
According to proposition 2.2.9 there exist monomorphisms ux : xl-'> x2
and vx : x2 -+ xl, such that
o W! o= M _. = .
(28) ux £ ¢ €. “;’
(29} vxe ng = 7m'. €, = ',
for all §{e X. It follows that
(30) uxvxn& = UXHQZNQ = Exlnf,
and
' = = M= !
(31} VX“X ¢ Vy "g “& ing ;
consequently
(32) U, vV, = € POV M, = E
XX xl XX x2

Hence ux is invertible, with vx as its inverse. The equality (26} now

follows from (22},

2.3. The fundamental embedding thecrem

The main tool that will be used in constructing universal end dually universal (semi-
groups of) morphisms or bimorphisms is developed inm this section. Theorem 2.3.7 below em~
bodies in & very general form the essentisls of our construction; the existence theorems

of the next section follow easily from it,

2.3.1. DEFINITION, If ¢Oe F, where F is a semigroup, Eo will denote
the map F + F such that

(1) (z,wo = 0.0,

for arbitrary ¢ & F. The transformation semigroup of all 6,¢ eF, is
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denoted by F.

2.3.2, PROPOSITION, If Fhas a unit, the map ¢ - E is an anti-isomor-
phism of F onto F. We then can consider F as a concrete cate-

gory, with F as its single object.

In fact, we will identify F with a subcategory of K(S}, in the

obvious way.

2.3.3. DEFINITION, Let K be a category, a an object of K and F a semi~-
group with unit. Suppose A(a,F) # @, Every direct join
("¢)¢e Fé A(a,F) determines uniquely a (K,a,F)-1ift, and hence also a

(K,a,f) star functor ¢ : F + K, If x is the common source of the mor-

phisms ﬂ¢ , we will denote by STARK F x the map F +» K, sending ¢ ¢ F
- ’ »
onto ¢9¢,
The notation STARK Fox is ambiguous, as one and the same object x
» b .

may serve as common source for several direct joins in A(a,F). How-
ever, all (K,a,F)} star functors, obtained from these direct joins, are
equivalent, and hence it does not matter much which particular
STARK,F,X is being considered (as long as it stays the same in each
connected piece of argument).

If it is clear from the context which K;a and F are meant, we

¥
will simply write ¢ instead of (o)STARK F x;¢* is determined by the
3

H

equations
(2 *
1 = T
v 1 oy
(¢ arbitrary in F).
2.3.4. PROPOSITION, S’I‘ARK F.x is a homomorphism of F into H(x,x). If
? y
n¢1 # n¢2 for distinct ¢1,¢2e F (i.e. if (n¢)¢ e 15 @ strong
direct join of S(a,F}}, STARK Fox is even an isomorphism of F into
H H
H(x,x).
PRCOF,

The mapping ¢ -+ Evof F onto F is an anti-isomorphism. Each

star functor is a contravariant functor. Hence STARK Fox is in any
E 3

case a homomorphism of F into H(x,x}. If x is a strong direct join,

it follows from proposition 2,2,6 that STARK Fox is even an isomor-
3 H
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phism,

2,3.5, DEFINITION. Let K be a category, a and u objects of K, F a semi~-

group with unit; let (n¢)¢€'F € A(u,F), and let

(3) x :Ws<u,F)(n¢).

For every monomorphism M : a + u and every homomorphism f of the semi-
group F into the semigroup H(a,a) such that (1)f = €y there exists a

uniquely determined morphism tTe¢ K, T : a =+ x, such that

(4) o= (¢f)-p
¢
for all ¢ € F. This morphism will be called (f,U)EMBK F.x’ If a=u we
b 2
write (f)EMBK,F,x instead of (f’ea)EMBK,F,x' If it is clear from the
context which X,F,x,u are meant, we will write f instead of

(f’u)EMBK,F,x' \\\\12\\Si
u
) ‘k\\\:i\\\\

a gon 8
9 £

)

2.3.6, PROPOSITION., Let K be a category, a an object of K, F a semi~
group with unit and f a homomorphism of F into H(a,a) such that

(1)t = €ar Let x be the common source of (m )} € A(a,F). Then

o9 eF
(£)EMB is a monomorphism of K; moreover
K,F,x
(6) (f)EMBK’F’x~(ti))STARK,F’X = (¢f).(f)EMBK,F,X’

or, shortly

) F.g7= (o) .7

for all ¢ &F, *

(8)
&Pf 1




This proposition is a special case of

2.3.7. FUNDAMENTAL EMBEDDING THEOREM. Let K be a category, a and u ob-

jects of K, F a semigroup with unit and f a homomorphism of F
into H(a,a) such that (1)f = € Let p : a -+ u be a monomorphism of K,
and let x be the common source of (7)) e AMu,F). The morphism

¢ ¢eF
(f, W EMB is a monomorphism; moreover
K,F,x

9 (£, WEMB .(¢)STARK,F,X = (¢£) - (£,u)EMB

K,F,x K,F,x’

or, shortly

(10) .o = (of).%
for all ¢ e F,
~)(-
X X
(11)
a
u
(YD

a
PROOF, First we show that f is a monomorphism. Assume le = sz. Then
(12} Dlu = olsau = ol~(1f)-u = ol-f.nl = pz-f-nl =

T@Af) e = p,e oM = PoU

and as M is a monomorphism it follows that pl = pz.

Now let V¥ be an arbitrary element of F. Then

13) Bog om = Fem = (gOEep = (D (p Doy =

= £). fn .
(¢ ﬂw
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~ B3 ~
Hence f. ¢= @ f) £,

REMARK 1.If A(a,F) # @ one can easily derive theorem 2.,3.7 from propo-
sitions 2.3.6 and 2.2.9.

2.3.8. PROPOSITION. Under the assumptions of 2,3.7 there exists a ho-
¥ ¥*
momorphism h of the subsemigroup F = {¢ :¢ € F} of H(x,x) onto

(F)f such that

£
(14) b dh = (¢)Ff

for all ¢ &F (in particular, (ex)h = ea).

PROOF . o %
Let ¢1,¢26 F such that ¢1 = ¢2. Then
~ PO 2 ~ 3 -
(15) (wlf)-f = f~¢1 = i-¢2_- (¢2f)af,

as f is a monomorphism, it follows that ¢1f = ¢2f,
Rl
Consequently a map h of F onto (F)f may be defined by putting
e
{¢ Jh = (¢)f, This map clearly is onto; we must show that it is a ho-

momorphism.

2% %* R
Let 01,025 F*f say 01 = ¢l, 02 = wz. As STARK,F,X is a homomor

phism of F onto F (see 2.3.4), we conclude that 0,0, = (¢1¢2)*,
Hence
(16} (Oloz)h = (®1¢2)f = (¢1f)'(®2f) = (Olh)'(ozh).
REMARK 2. 1f x is a strong direct join, STARK Fox is an isomorphism of

% ’ )
F onto F (proposition 2.,3.4). Then we can put

-1
= f.

@) h (STARK’F,X) °

2.4, Existence theorems for universal morphisms

The results of the previous section are here applied to obtain a general existence
theorem concerning (dually) universal (bi-)morphisms, and similar theorems about systems of
morphisms. Combination with the theorem of B. JONSSON, 1.4.11, leads to a more special ex-

istence theorem for categories of relational systems.
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2.4,1, THEOREM, Let K be a category, K a subcategory of K, and let

0 € ORD. If K contains a Ko—universal object u such that a
direct join of ﬁ% copies of u exists in K, then K contains a (Ko,j¢e)~
universal semigroup of morphisms and a (KO,.Nb)—universal group of bi-
morphisms.

PROOF Let F be a free semigroup with unit with }ﬁ)generators. As

card(F) = }%, there exists a direct join of S(u,F); say

1) x =TTs<u,F)(n¢)«

Let G be any semigroup of morphisms in Ko of weight é}% ; say
Gc H(a,a). There exists a homomorphism f of F onto G (such that
(1t = ea), as F is free. There exists a monomorphism u : a = u in X,

as u is a K _-universal object. Let f = (f,u)EMB ; if ¢ e F, we

e K,F,x
will write ¢ for (¢)STARK,F,X'
By proposition 2.3.8 there exists a homomorphism h of F* onto G
such that @;3h = (¢)f for all ¢ € F. By the fundamental embedding
theorem, f : a » x is a monomorphism, and f-¢*= (¢£)+f, for arbitrary

¢ e F. Consequently

(2) £.9%= (¢n).1

for all ¢* eF, It follows that F'is a (Ko,}ig—universal semigroup
of morphisms,

A universal group of bimorphisms is obtained in a similar way,
working with a free group F with h% generators; the fact that then

¥ 9
the morphisms ¢ € F are bimorphisms follows from proposition 2.2.8.

2.4.2, COROLLARY, Let O ¢ ORD; let K be a category satisfying the con-
dition VIIIX of 1.3.7, and let Ko be a subcategory of K, Then

K contains a (Ko, 6)-universal semigroup of morphisms (a (KO,XB)«

universal group of bimorphisms) if and only if K admits a Ko—univers—

al object.

2.4.3, THEOREM. Let K be a category, and KO a subcategory of K. If K
contains a Ko—universal object u such that a direct join of

A . . . - . .
j?o copies of u exists in K, then XK contains Ko—unlversal morphisms
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and bimorphisms,

PROOF .
1

Let u be a Ko—universal object of K, and let F be a free semi~-
group with unit with one generator ¢0. As card(F) = h;, A(u,F) # 9;
let

(3) x =-n_S(u,F)(ﬂQ).

¥
We will show that ¢O = (¢O)STAR is a Ko—universal morphism in K,

K,F,x
Let Yy e KO, Y: a>a, Then if f is the homomorphism of F into

H(a,a) such that (@o)f = y, and if y 1is a monomorphism a + u, we know

from the fundamental embedding theorem that f= (f,u)EMBK Fox is a mo-
bl ]
nomorphism a - x, and that
4 Poor = (¢ ) F=yt
P N

R
This shows that ¢0 is Ko-universal in K.
The existence of a Ko—universal bimorphism is shown in a similar

way, working with a free group F with one generator,

2.4.4. COROLLARY. Let K be a category satisfying condition VIIIo of
1.3.7, and let K0 be a subcategory of K. Then K contains a Ko—
universal morphism (bimorphism) if and only if K contains a Ko-univers—

al object.

In some of our applications it happens that a direct join of }%
copies of u exists, such that the corresponding cbject (common source}

is equivalent to u. We then can slightly strengthen our results,

2.4.5. THEOREM. Let K be a category, Ko a subcategory and 6 € ORD. Sup~
pose K contains a Ko~universa1 object u, and suppose a direct
join of }Q)copies of u exists with a source equivalent to u., Then
H(u,u) contains a subsemigroup which is a (Ko,}ﬁ?—universal semigroup
of morphisms, a subgroup which is a (KO,}§9—universal group of bimor-

phisms, and also a Ko—universal morphism and a Ko—universal bimcrphism.

PROOF: evident (cf. diagram (35}).
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u £ ¢ & u
- ~1
& &1 £l &
" o
(5 x
T i
a of a

Dualizing, we obtain:

2.4.6, THEOREM. Let K be a category, Ko a subcategory and 8 € ORD, Sup-
pose K contains a dually Ko—universal object u such that a free
join of k@ copies of u exists in K. Then K contains a dually Ko-uni—
versal morphism ¢, a dually Komunivcrsal bimorphism ¢y , a dually
(KO,}tg-universal semigroup F of morphisms and a dually (Ko,}ngmuni—
versal group G of bimorphisms. If moreover there exists a direct join
of h% copies of u with a sink which is equivalent to u, then ¢, y ,F

and G can be taken as contained in H(u,u).

Corollaries 2.4.2 and 2.4.4 may be similarly dualized; we refrain

from formulating the outcome,

2.4.7. THEOREM. Let K be a category of relational systems, satisfying
conditions I-VI, VII0 and VIII0 of 1.3.6 and 1.3.7. Then K con-
tains K(O)-universal morphisms and bimorphisms, and also (K(O),jfo)—
universal semigroups of morphisms and groups of bimorphisms, If K(O)
itself satisfies condition VIIIO, then K(0) contains universal mor-
phisms and bimorphisms and (;fo)—universal semigroups of morphisms and

groups of bimorphisms,

*5.4.8. THEOREM. Let 6 € ORD, and let K be a category of relational

1’62
systems satisfying conditions I-VI, VII6 and VIII of 1.,3.6

2
and 1.3.7. Then K contains K(61)~universa1 morph%sms and bimorphisms

and (K(el), ﬂb J-universal semigroups of morphisms and groups of bi-
2
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morphisms. If K(Ql) itself satisfies condition VIIIe , then K(Gl) con-
2 .
tains universal morphisms and bimorphisms and (}fa )=universal semi-
2
groups of morphisms and groups of bimorphisms.

These two theorems are immediate consequences of theorem 1.4.11

and corollaries 2.4.2 and 2.4.4.

2.5, Applications,

Combination of the existence theorem of thc previous section with the known results
about universal and dually universal objccts lcads at once to a multitude of universal
and dually universal (systems of) morphisms and bimorphisms. Several characteristic cases
are treated below. Some of these results arc due to J. DE GROOT; see section 2.8 for pre-

cise references,

2.5,1. DEFINITION, Let 8, € ORD. We will writex«6 if and only if
K
1) A A

REMARK. It is known that the class of all 6 € ORD such that O < 8 and
the class of all 6 € ORD such that not O« § are both cofinal in the
class of all ordinal numbers; see e.g. [95] (or EJ] ,§8 33.2).

2.5,2, PROPOSITION. K(S) contains K(S,0)-universal morphisms and bi-
morphisms, for every ‘0e ORD, If O« 6, K(S,6) contains uni-
versal morphisms and bimorphisms.

PROOF . Every set A with card(A) = j+6 is a universal object for

I
K(S,0). The canonical projections @ : A" >+ A (keI) constitute a

k
I

direct join of denumerably many copies of A in K(S), and A" is an ob-

ject of K(8,08) if and only if O« 6. Hence, using theorem 2.4.3,

K(S,0) contains universal morphisms and bimorphisms for all ordinal

numbers 6 such that O« 6,

In the next section we will derive a stronger result: K(5,6) con-
tains universal morphisms and bimorphisms for every 60 & ORD (theorem

2.6.5),
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2,5.3. PROPOSITION: K(PO) contains K(PO,0)-universal morphisms and
bimorphisms.

PROOF. According to proposition 1.4.12, K(P0,0) admits a universal ob-

ject. Now let A be any partially ordered set. It is easily verified

I
that the cardinal product A"- i.e, the set AI provided with the fol-
lowing part1a; ordering: if a = (ak)ke I and b = (bk)ké p are arbitrary
elements of A", then agb if and only if ak§=bk for all kel - is the
source of a direct join of denumerably many copies of A in K(PO) (under

the canonical projections). The assertion now follows, in view of theo-

rem 2.4.3.

b3
In the same way it is shown, using proposition 1.4.13 instead of

1.4.12:

L3
2.5.4. PROPOSITION. For each 0 € ORD, K(PO) contains K(P0O,8)-universal
morphisms and bimorphisms. If in addition O<6, then K(P0,8)

contains universal morphisms and bimorphisms.

2.5.5. PROPOSITION, K(BA) contains K(BA,O)-universal morphisms and
bimorphisms; K(DLa) contains K(DLa,O)-universal morphisms and
bimorphisms.

PROOF". Both categories contain universal objects, and direct joins

always exist in them,

More explicitly, let A be a free boolean algebra with }%o gener-
ators, In AI, define the boolean operations pointwise; then AI is a
boolean algebra, and it is the source of a direct join of }fo copies
of A, The boolean automorphism ¢ of AI, defined as follows: if

a = (a ) e AI, then ad = b = (bk) where b for all

K'kel kel k T kel
k €I, is a universal bimorphism both in K(BA,0) and in K(DLa,0).

Similarly the following boolean endomorphism y of AN is a universal

morphism both for K(DLa,0) and K(BA,0): if a = (an)nerieAN’ then
(a)¥ = b = (b} with b_ = a for all néN,
n'n n

e N’ n+1

Similarly we find, using proposition *1.4.13:
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*2.5.6. THEOREM., If O < 6 € ORD and O < 6, the categories K(La,8),
K(DLa,8) and K(BA,8) contain universal morphisms and bimor-

phisms.

2.5,7. PROPOSITION. K(G,0) contains no universal morphisms or bimor-
phisms,

PROOF,
There are even no universal objects for K(G,O0) (section 1.4,

remark 3).

£23
2.5.8, THEOREM, If O < g€ ORD and O< 6, the categories K(G,8) and
K(AG,0) contain universal morphisms and bimorphisms.

PROOF. According to proposition *1.4.13 there exist universal objects

for these categories. Moreover, in K(AG) and K(G) direct joins always
exist: as such one can take the direct products (cartesian products
with pointwise defined operations). If O< 0 , denumerable direct joins
of objects of K(6) are again objects of K(0), and it follows from

theorem 2.4.3 that universal morphisms and bimorphisms exist.

2.5.9. THEOREM. Ke(M) contains universal morphisms and bimorphisms,
for every 0&ORD.

PROOF . According to propositon 1.4.7 the Hilbert space He of weight

}Pe is a universal object for Ke(M). The topological product of de-
numerably many copies of H is still metrizable and has the same
weight. Hence, by theorem 2.4.3, Ke(M) contains universal morphisms

and bimorphisms.

It is worthwile to formulate separately the result for K°(M), as

this can be given a slightly stronger form:

2.5.,10. THEOREM. There exists an autohomeomorphism ¢ of the Hilbert

fundamental cube A which is a universal bimorphism for KO(M).
Similarly there exists a continuous self-map of A which is a univers-
al morphism for KO(M)ﬁ

PROOF. It is well-known that A is a universal object for KO(M) }%

o
(P, URYSON [}04] }; as A is homeomorphic to the Tychonov cube [b,i] ,
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&

the denumerable topological product A ©is homeomorphic to A.

A still stronger result (due to A.H. COPELAND Jr. and J. DE GROOT
[18:]) will be proved in chapter 4 (corollary 4.5.3 and proposition
4.5.6).

2.5.11, THEOREM. There exists an autohomeomorphism ¢ of the Cantor
discontinuum C which is a universal bimorphism for KO(ZM),

and a fortiori also for KO(CZ), Similarly there exists a continuous

self-map ¥ of C which is a universal morphism for k°(zm) and K°(cz).

PROCF. This follows from theorem 2.4.5 and the following facts: C is

a universal object for k°(zM) and its subcategory KO(CZ) (proposition
1.4.9), the topological product C O serves as a direct join of de-

numerably many copies of C, and C © is topologically equivalent to C.

An explicit example of a universal bimorphism in KO(ZM) is the

I I

infinite shift ¢: CI + C; if a = (ak)kéIeC , then a¢ = b =

= (bk)ke I’ where bk =8 for all ke I. Similarly the map

¥: cN 4 cN such that ((a ) JY = (a ) is a universal mor-
n"neN n+l"neN

phism.

In the same way explicit illustrations for the next three theo-
rems can be constructed; each of these theorems is a consequence of

theorem 2.4.5.

2.5.,12, THEOREM,., For each 6 € ORD there exists an autﬁ?omeomorphism
of the generalized Cantor discontinuum { O,1} 8 which is a
universal bimorphism for Ke(CZ). Similarly there exists a continuous

self-map of {0,1} € which is a universal morphism for x%(cz).

2.5.13., THEOREM,., For each 9 &€ ORD there exists an autohomeomorphism
of the Tychonov cube [O,i] 9 which is a universal bimorph%ﬁm
6
for K (CR). Similarly there exists a continuous self-map of DD;G g

]
which is a universal morphism for K (CR).

>

2.5,14, THEOREM. There exists a topological automorphism of T © which

is a universal bimorphism in K(CMAG). Similarly there exists
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. . o . . . . .
a continuous endomorphism of T which is a universal morphism in

K(CMAG) .

Analogous results can be obtained concerning the existence of (k)=

universal semigroups of morphisms and groups of bimorphisms:

2.5.15, PROPOSITION. Let K be one of the categories K(S), K(PO), K(DLa)
or K(BA). For each x € CARD there exist (K(O),x}~universal se-
migroups of morphisms and groups of bimorphisms in K.

PROOF, This follows from theorem 2.4.1 and propositions 1.4.3, 1.4.4,

1.4.12 and 1.4.13.

In a similar manner we obtain:

2
2.5.16., PROPOSITION. Let X be one of the categories K(PO), K(La),
K(DLa), K(BA), K(G) or K(AG}; let O< 6 € ORD and « & CARD,
Then K contains (K(8), K)-universal semigroups of morphisms and groups

of bimorphisms,

2.5.17. PROPOSITION. Let %,0 € ORD and x <@ , Then K(S, 8} contains
(}PK)—universal semigroups of morphisms and groups of bimor-

phisms.

6
2.5.18., PROPOSITION. Let 0 <6 ¢ ORD and let x«8 . Then K(P0,6),
K(La, 8), K(DLa, ), K(BA,8), K(G,0) and K(AG,8) contain (ffK)—

universal semigroups of morphisms and groups of bimorphisms.

2.5.19. THEOREM, KG(M) contains ()%0)-universal semigroups of mor-

phisms and groups of bimorphisms, for every 6 & ORD,
Stronger results will be obtained in chapter 4.

2.5.20. THEOREM. KO(ZM) contains (}fo)—universal semigroups of mor-
phisms and groups of bimorphisms. They can be obtained as

subsemigroups of H(C,C).

2.5.21, THEOREM, KQ(CZ) and KB(CR) contain (}ré)-universal semigroups

of morphisms and groups of bimorphisms, for every © & ORD.
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They can be obtained as subsemigroups of H({0,1} 8, {0,1} e) and
H( [O,g 6, [0,17] 83, respectively.

2.5.,22, THEOREM. K(CMAG) contains ( F;)-universal semigroups of mor-
phisms and grOﬁgs of bimorphisms. They can be obtained as sub-

semigroups of H(T '©,T" %),

We now proceed to a treatment of some dual results.it must be con-

ceded that up to now the harvest is rather meagre.

2.5.23. PROPOSITION. If 6 € ORD, then K(S,0) contains dually universal
morphisms and bimorphisms, and also dually (}fé)—universal
semigroups of morphisms and bimorphisms.

PROOF . In K(S) every union of7z disjoint copies of a set A serves as

a free join of ¢ copies of A (#m €& CARD}). The assertion therefore im-

mediately follows from theorem 2.4.6,

2.5,.24, THEOREM. For each 0 € ORD, the categories K(La,0), K(DLa,8},

K(BA,8), K(SGU,8), K(G,0) and K(AG,0) contain dually universal
morphisms and bimorphisms, and dually (}ia)—universal semigroups of
morphisms and groups of bimorphisms.

OCF, . .
PR In all these categories free products serve as free joins., As

the free product of ffeobjects of one of these categories is still an
object of the same category, and as they all admit dually universal

objects, we can apply theorem 2.4.6.

Explicit instances of dually universal (systems of)} morphisms
and bimorphisms can easily be constructed in all these.categories. As
an example we describe a dually universal bimorphism in XK(G,8).

Let S be a set with card(S) = }%, and let G be a free group with
the elements of Sx I as free generators. Let ¢ be the uniquely deter-

mined automorphism of G such that
(23 (s,k}¢ = (s,k+1}

for all (s,k) € S xI, Then ¢ is a universal bimorphism in K(G,8).
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2.5.25, PROPOSITION. Let © e ORD. If one of the categories Ke(CR) or

KB(ZM) admits a dually universal object, it will also contain
dually universal morphisms and bimorphisms, and in addition dual-
ly (ffK)-universal semigroups of morphisms and groups of bimorphisms
for all « & ORD such that <6 .

PROOF. In Ke(ZM) and KG(CR) topological sums play the role of free

joins. As the topological sum of ff spaces of weight ;ﬁ% has at most
K
the weight (}Q? K, the assertions follow from theorem 2.4.6.

2.5.26. PROPOSITION, K(CZ) contains dually k% (CZ)~universal morphisms
and bimorphisms, and also dually (KO(CZ),K)~universa1 semi~-

groups of morphisms and groups of bimorphisms, for each « & CARD.

This follows from propositions 2.5.5 and 2.5.15 and the STONE
duality theory for boolean algebra's and bocolean spaces.
Similarly we conclude from theorem %2.566 and proposition

%
2.5.18:

¥
2.5,27,. THEOREM. If v < 6 € ORD and «= 0, the category Ke(CZ) con-
tains dually universal morphisms and bimorphisms, and also

dually b%guuniversal semigroups of morphisms and groups of bimorphisms.

However, the following intriguing problem is left unsolved:

PROBLEM 1. Do there exist dually universal morphisms or bimorphisms

in K°(C2)?

If such morphisms exist, they can be taken as self-maps of the
Cantor discontinuum C; cf. section 3.5,

This almost exhausts our 1list of 'dual applications', We know
that there exists a dually universal object for K(CMoG); nevertheless

the following holds:

2.5.28, PROPOSITION. K(CMoG}) contains no dually universal morphisms
or bimorphisms.

PROOF. Suppose ¢ : G -+ G is a dually universal (bi-)morphism for
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K(CMoG) ., Let X be the character group of G; X can be identified with
a subgroup of Td.
o

As the character group of Z(p ) (p an arbitrary but fixed prime)
is a compact monothetic group and hence is a continuous homomorphic
image of G, Z(pm) must be a subgroup of X. Being divisible, Z(pm) is
a direct summand of X; moreover, every endomorphism of X, and in par-
ticular, the adjoint ¢' of ¢ , maps Z(pw) into itself,

As ¢ is dually universal, every automorphism of Z(pm) must be
equivalent to a restriction of ¢'IZ(pm). But every isomorphic embed-
ding of Z(pm) into Z(pm) is onto; it follows that every automorphism
of Z(pm) must be equivalent to ¢'|Z(pm). In other words, Z(p ) would

have only one automorphism; this is absurd.

If K(ZCMoG} stands for the full subcategory of K(CMoG) obtained
by restricting the class of objects to all zero-dimensional compact
monothetic groups, as in section 1.4, we obtain at once as a corollary

to the proof of 2.5.28:

2.,5.29, COROLLARY. X(ZCMoG) contains no dually universal morphisms or

bimorphisms.

The argument used is not applicable, however, to the subcategory
K(CS} of K(CMoG} (cf. section 1.4; the objects of K(CS} are all com-
pact solenoidal groups). And indeed it can be proved that in K(CS)

dually universal morphisms and bimorphisms exist,

2,5.30, PROPOSITION. K(CS} contains dually universal morphisms and
bimorphisms, and also dually (}fo)—universal semigroups of

morphisms and groups of bimorphisms. They can be taken in H(S,S),where

5 is the dually universal compact solenoid introduced in section 1.4,

PROOF. As in 1.4, let Rd denote the discrete additive group of real
numbers; then S is the character group of Rda Let K designate the ca-

tegory of all homomorphisms G1'+ Gz, where both G1 and G2 are dis-

crete groups isomorphic to subgroups of Rd.
We want to show that in K(CS) a free join of ﬂ; copies of 8§
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exists; the proposition then will follow from theorem 2,4.6, Now if G
is any object of K(CS), its character group is isomorphic to a sub-
group of Rd’ hence is an object of K ( [55], theorem 2,5.18); conse-
quently, if ¢ € K(CS), its adjoint ¢' is a morphism of XK.

It is a result of the VAN KAMPEN-PONTRJAGIN duality theory that
the operation ¢ -+ ¢' of taking adjoints is a contravariant functor of
the category of all continuous homomorphisms between locally compact
abelian groups into itself; it is even an anti-isomorphism. It follows
that the restriction to K(CS}) of this operation is an anti~isomorphism
of K(CS} into K. Hence if we succeed in showing that in K a direct
join of .ﬁ; copies of Rd exists, it will follow that in K(CS} a free
join of ﬂ; copies of S exists,

Consider now the full direct product R © of denumerably many

copies of Rd (with the discrete topology). gt is a torsion-free divis-
ible group, hence is isomorphic to the direct sum of sufficiently many
copies of Qd, in fact of continuously many copies of Qd’ s the car-
do equals the power of the continuum. Thus Rdo is isomor-
phic to Rd and hence is an object of K. But this implies that in K a

dinality of R

direct join of ﬁ; copies of Rd exists, with Rd itself as correspond-

ing object.

We conclude this section with two more negative results.

2.5,31L, PROPOSITION, K(LO,8) contains no dually universal morphisms
or bimorphisms, for every 6O & ORD,

PROOF, Let 6 € ORD, and let K = K(LO,6}). Suppose K contains a dually

universal (bi-)morphism ¢ : A » A, We will first prove the following
assertion: if a,,a, are arbitrary elements of A, there exists an ne N
such that a1¢n> a,.

Let B be the lexicographically ordered product Ix A, and let

¢ + B+ B be defined as follows:
(3} (k,a) ¢ = (k+l,a},

for arbitrary kel and a€A. Then ¢ is a bimorphism of K. Hence there

must exist an order-preserving map v of A onto B such that dv= v .
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Now let al,aze.A. If, say, a;v = (ki,bi) (i=1,2), then putting
n = Ikz—k1 + 1 we find
n

n
(4) al¢ v = alv¢ = (k1+n,b1) >(k2,b2) = a,Vv.

As Vis order-preserving, it follows that a1¢n> az.

Next let ¥ be an order-preserving map of A onto B such that

(5) o = pip = .

Choose arbitrary al,aze A, and let myne N such that al¢n> a2 and
azom >a, . We see that

G) ayu ;altbnu = a,u

and similarly that

(7} aluaztbmu = azu ;

lu = a2u . Thus p maps all of A into one point of B.

This contradicts the assumption that y is an epimorphism.

consequently a
It is in accordance with this result that it can be shown that
no free joins exist in K(LO,0); cf. section 2,7 for a proof.

2.5.32, PROPOSITION, K(P0,8) contains no dually universal morphisms

or bimorphisms, for every 6 € ORD.

The proof of proposition 2.5.32 runs in exactly the same way as

the proof of 2.5.31.

2.6, Additional results I : K(S,0).

In section 2.5 1t was shown that K(S,8) contains dually universal morphisms and bi-
morphisms for all @ € ORD, The existence of universal morphisms and bimorphisms, however,
followed only for those 6&ORD for which O« §. We will now give a direct proof of the
existence of universal morphisms and bimorphisms in K(S,0) for all ordinal numbers 8.

The results of this section were obtained in collaboration with J. DE GROOT; see [9] N
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X
2.6.,1, DEFINITION. Let X be a set, and let ¢€X . A ¢-loop in X is a
non-void finite subset Y of X such that Y¢ =Y and ¢] Y is co-

herent (cf. definition 1.5.3).

If Y is a ¢~loop of n points, these points can be numbered in

such a way that Y = {xl,xz,...,xn} , while X0 = x for k=1,2,...,

k+1’
~1 = .
n-1, and xn¢ x1
The following lemma is obvious.

2.6,2, LEMMA, A total orbit contains at most one loop.

In the next lemma we introduce certain mappings needed for the
construction of a universal morphism,
2.6,3, LEMMA., Let @ ¢ ORD, and let Xe be a set with card(Xe} = h;. For
every ne N there exists a coherent map Un : Xe-+ X6 with the
following properties:
(i} Xe contains no Go—loop; if n>0, Xe contains a On—loop of n

points.

(ii) card(xﬁnml) = }\*6, for all xeXO.

PROOF . First we consider the case n=0,

Let # be an element outside XB’ and let S = XgU {x}. Let C be the sub~
set of SI consisting of those x = (xk)ke.le SI for which there exists
a kel, k:kx’ such that X o= if n<k and xne X8 if n> k. Define

g : C+ C as follows:

xm if k#kx,
(1) (x0)ﬂk =
* if k=k_.
ps
I . I
Here “k stands for the map S -+ S sending x = (Xh)h6 Ié 5" onto Ky
There are no O-loops in C, and card(xo ) = ﬂ‘, for every xe¢ C.

6
But card(C) = (}Q? O, which will only equal ﬂ% if O< 0. However, this

need not bother us, as luckily o is not yet a coherent map.
We choose an arbitrary x, € C, and put M = TOC(xo). It is easily

verified that card(M) :fﬁ and obviously o|M is coherent. Hence if u

6 9

is any 1-1 map of M onto Xe, we can define 00 by
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@) o, = uulo(oIM)ou.

Next we consider the case n=1,

et C,0 and X, be as above, and let

(3) M1={xeC:x0k=xoforsomekeI} .

We define a map T : M1 -+ M1 in the following manner:

X T =X ,
o

o
(4)
T =
[(Ml\ { x}) =0 [\ {x ) ).
If pl is any 1-1 map of M1 onto Xe, the map 01 =M eTou satis-

fies the requirements.

Finally let n>1. Let Y = X, % {1,2,...,n }, and let {xl} be the
01-100p in XO' We define 1: Y + Y as follows, If xexe, x;éxl, and if
igks<n, we put (x,k) 1= (x0 ,k); if 1 <k <n-1 we put (xl,k)'r =
(xl,k+1); finally (xl,n)t = (xl,l). If y is any 1~1 map of Y onto Xa,
the map cn =y ot1eo y is a coherent map Xe he Xe with a loop of n

points.

We proceed to show that On is a universal map for all coherent
maps in K(S,90) with a loop of n points,
2.6.,4, LEMMA. Let Xe and CE X6 - Xe be as in lemma 2.6.3.
(0 ¢ ORD,neN). If Y is any set with card(Y);}f‘e and it
$ : ¥+ Y is a coherent map with an n-point loop (without loops, if
n=0), there exists a 1-~1 map p: Y + X8 such that HO = $u.

PROOF,
We present the proof for the case n=0; if n> 1 the proof runs

along similar lines, Clearly we may assume that Y #0.
Choose an arbitrary yOeY (if n>0, Yo must be chosen from the

¢-loop in Y} and an arbitrary x, & Xy, We put

m
e}

(5) (y0¢m)u =x0 (m &N,

-1 -1
= —_ \ =
Let A (.7¢(xo) (cf. def.1.5.3), A, = A9 A, andA o =A ¢



84

for every me N. The sets Am, me¢ N, are pairwise disjoint, each has
< = U A, i M
powelﬁ “»6' and Y mz N 2n We have defined up on Ao’ suppose ’rnxow

A i . . : .
M lkL=JO " is already defined in such a way that p is 1-1 on kL::JO Ak

and that

(6) yHo_ = you
m

for all yve U a

k=0 'k’

If m>1, the sets y¢>“1, yeAm, partition Am+1 into at most f'{‘e
disjoint sets (if m=0, we use the sets y¢_1n A1 instead). Let Bc;Am

-1 -1
such that y1¢ fa) y2¢ = @ whenever Yy # Vo1 ¥1© B, Vg€ B, and such

-1 -1
that B¢ "o Am+ For each ye& B there exists a 1-1 map Ty of y¢ into

1°
(yw 00_1; we define, for each ye& B,

-1
(7) 9] = T
| vo y
-1 -1
3 i . = T i -~
(if m=0, we put 1I%Sfead. vy ¢ nAl) v (y¢ 0 Al)%é)lThen U is de
fined and 1-1 on k=0 Ak’ and (6} holds for all y & k=0 Ak‘ The as-

sertions now follow by induction.

2.6.5., THEOREM., The category K(S,0) contains universal morphisms and

bimorphisms, for every © & ORD,

PR First we prove the existence of universal morphisms. Let
On : Xe he XB be as described in lemma 2.6.3, for each neN. Let
(8) A =X x¥X x N

] 6
and let ¢ be the following map A » A:

9 (

n)¢ = (xl,x On,n)u

*y0¥go 2

We will show that ® is a universal morphism in K(S,0).

Take an arbitrary non-~void set Y of power __<__;’f‘e, and let ¢ eYY.
Let C be a choice set in Y, containing exactly one point from every
total orbit TO¢(y), y&eyY; let Cn be the subset of C comsisting of all
v such that TO¢(y) contains a ¢~loop of n points (contains no ¢ ~loop,
if n=0}). For each n, card(Cn) ;AAG; hence for each n there is a 1-1
map Tn of Cn into Xe. Moreover, by lemma 2.6.4, for each n and each

yeCn there exists a 1~1 map u of TO (y) into X _with the property

ysn ¢ El
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that

(10) ZY o = zu

for all z eTO‘p(y).,
We define a map ¥: Y » A in the following manner, If z e¥Y, say

Z@TO¢(y), Ve Cn’ we put

(11 zZy = (yrn,zuy’n,n).

Then pis a monomorphism Y -+ A, and ué= ¢u .

Next we show that there also exist universal bimorphisms. For
every ne N\ {0}, let Ao ={1,2,...,n} ; let A = 1I. We write 1, for
the successor map modulo n in An : (k)Tn = k+1 if k#n, (n)'rn = 1, Let
Xe be a set of power }%, and let B be the set of all ordered triples
(x,n,k) with x€Xg, neN and keAn. We define ¥ : B~ B as follows:

(123 (x,n,k}¥ = (x,n,an).

Then ¥ is a bimorphism of K(S,0); we will show that Y is a universal
bimorphism,

Let Y be any set of power }f , and Y e YY,a The total orbits
Tow(y), er, partition Y into disjoint countable sets, Let C be a

choice set, containing exactly one point from every total orbit

TOw(y); let

(13) Cn ={yeC : card(TOw(y)) = n} (neNN{O}D)
and

14 C, = {yeC : card(TO, () = Ay

For each néN there exists a 1-1 map Tn of Cn into Xe.

We define u: Y+ B in the following way. If ze¥, there is exact~
ly one y € C such that z éTOW(y), and exactly one né N such that yeCnﬂ
We put

(18) FATIES (yrn,n,k).

where k is the uniquely determined element of An such that yxyk = Z,

Then p is a monomorphism, and uY¥ =yu .
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2,7, Additional results II : K(LO,8)

It will be shown below that in K(L0,8), for arbitrary 6¢ORD, no direct or free join
of two or more copies of an object exists (except in some trivial cases)., Thus the methods
of 2.4 are fundamentally useless in these categories. Correspondingly, we found (propo-
sition 2.5.31) that no dually universal morphisms or bimorphisms exist in K(L0,8), for
every 6¢ ORD, Surprisingly enough, it turns out that universal morphisms and bimorphisms

exist as soon as there are universal objects,

2.7.1. PROPOSITION. Let © € ORD, and let A be a set with card(A)> 1.
Then S(X,A) admits no direct join in K(LO,8), for every object
X of this category which contains at least two elements.

PROOF ., :
Suppose Y =TI S(X,A)(m ). Let o ,0,¢A, o #e,. First we show

that th=re exists a yeY such that ym,o < ymy (in the ordering of X}.
2

For take x, ,x_,e X, x < x and define q;a: Y+ X =X as follows:

1°%2 1 T2 o
o =7 if a#o., a#a,;
a Q 1 2
(13
_yqaa CXg for all yeY (i=1,2).

i
There exists a morphism ¢ : Y - Y such that ¢na=¢a ;, for allae A,

Then it follows, for arbitrary ye Y, that

(23 y®) n°‘1 =X, <X, = (o) nuz.

Now let ¢: A + A be the map transposing o, and g, and leaving

2
where F denotes

1

A K(10,8),F,Y’
the subsemigroup (iA,lb) of A, Then, if y €Y such that y"“1< yu

all other aeA fixed, and let § = (y)STAR

%
3) v
yv @ =y = ym < yw
oy oy oy Qg

3¢
implying that y¥ <y, as “a is order-preserving. But similarly

2
(4) yy m o= yw = ym > yu s
1 oV 2 %

e
implying that y¥ >y. This is contradictory.
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2.7.2., PROPOSITION, For every e ORD, there exists no free join in

K(LO,8) of two or more objects of this category.

Let card(A) 2 2, and let Xa be an object of K(LO,s) for each

& € A, Suppose

(5) x=a9gA X, @ ).

Take o0, €A with aliaz. Let Y be an object of K(LO,68) with at least
two elements, and let yl,yze Y with y1< Yoo We define maps ¢a: Xa + Y
as follows:

x¢a = yl y for all xexa 5 Lf(l?:(lz;

(6)
x¢a2 = y2 , for all xe Xaz.

As all ¢u are morphisms of K(LO,8) there exists a morphism ¢ : X+ Y

in K(LO,8) such that oa¢= ¢a’ for allae A, It follows that

(7} X,0 < %0 (in X),
1 ay 2 a2
for all xle Xa and all xze Xa . But in the same way one can show that
g > i i i
x1 al x20a2’ for all xle Xm1 and xze Xuz, which is contradictory.

Although proposition 2.7.1 suggests the opposite, it is true that
K(LO,8) always contains universal morphisms and bimorphisms (provided
that the Generalized Continuum Hypothesis holds). In order to prove
this we need several lemmas. We refer to section 1.5 for the notation
used.

2,7.3. LEMMA. Let 6,x ¢ ORD, and suppose K{(LO)} admits a K(LO,6)-uni-
versal object of cardinality ffK, Then K(LO,«x} contains a bimor-

phism T: B * B with the following property: for every bimorphism

9 @ X * X in K(1LO,0) and for every x € X there exists a 1-1 order-pre-

serving map M : A¢(x) + B such that pet = (¢ ]AQ(X))au.

PROOF, Let E ={ =1,0,1} , ordered as usual, and let A be a K(LO,8)~uni-

versal object in K(LO) with card(A) = }kK, We put B = Ex I xA, ordered

lexicographically, and we define T : B * B by

(8) (e,n,a) T = (e,n-e,a)

for arbitrary (e,n,a)eé B. Clearly 1 is a bimorphism of K(LO,k).
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Let ¢: X » X be an arbitrary bimorphism of K(1LO,8), and let xeX.
If x = x¢, then Ao, (x) = {x} , and for xuy we may take any point
(O,n,a)e B, Suppose x:éx¢; then A¢(x) is infinite.

As A is K(LO,8)~universal, there exists a 1-1 order-preserving
map O: S * A, where S is the interval [x;xq>) if x<x¢, and S:(x¢;x]

. k
if x >x¢. Let y & A¢(x). There is a unique k€ I such that y¢ € S (pro-

position 1.5.13); we define
k
9) yu = (e,e.k,y¢ o),

where e=-1 if xeX and e=+1 if xeX .
b, t d’i_
The map ¥ : A (x} = B is 1-1 and order-preserving. For let

¢

Vi:¥g € A¢(x), ¥y <V, Say x <x¢. There are k_ ,k_& I such that

12

k. k kz
y. o ‘es (i=1,2). If k_=k_ we have y_¢ 1 <y.¢ and hence y u<y_u. it
i 1 2 1 k2 K K 1 2

1 2 .

1
> < <
klaékz we must have kl k2 (as k1 k2=%y1¢ y2¢ < y2¢ € S =P

k
y1® 1 ¢ S); hence e.k, <e.k,_, and again VB < YH -

1 2°
Finally, detT = ( ¢[ A¢(x))ou. For let y e A¢(x), and let kel such

that yq;kéS; then

(10) yueT = (e,e.k,yo"a) 1 = (e,e.(k=1), (yo) 6" To)=y ou.

2.7.4, LEMMA. Let 6, « € ORD, and suppose K(LO) admits a K(LO,t)-uni-

versal object of power }\'\K. Then K(LO,k) contains a morphism
To : Bo -+ B0 with the following property: for every morphism : X+ X
in K(LO,8) with a fixed point a there exists a 1-1 order-preserving
map MW : 4 (a) -+ B such that pet = (¢ |A¢(a))cu.

)
PROOF'. Let A be a K(LO, 6)~universal object with card(d) = RK . Let

A =1{0}and, for neN, A
o n+l

[+]
AAA =04if nm, Let C= U A ; if ceC, the neN such that ceA
n m n=0 n n

will be denoted by nc. It is immediate that C is linearly ordered by

= Anx A, ordered lexicographically; then

the following relation

= = < i
(11) c, ;02<3=§>(ncl> ncz) v ((ncl nc2 n) A (C:1== ¢,y in An)) .

Let 00 =i, , and let Un A > An’ n &N, be defined by

A +1 n+l

[e]
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(12) (a',a)0_ = a’' (a'e A _,acA),
n n

Let ¢ : C + C be the "union" of the maps o, ] An = Un’ for each
neN. The map ¢ is an increasing translation,

Let D be a set such that DnC = {0} , card(D) = card(C) (= }I\K),
and let £ be a 1~1 map of C\ {0} onto D\{0O} . We order D by defining,
for arbitrary dl,dzeD:

(13) 4 <de>dftca £ in C;
1="2 2 1 !
let Bo = CwuD, ordered in such a way that C and D retain their order-

ing while furthermore every c € C preceeds every de D. The map

1 : Bo-> BO is defined in the following manner:
TOI C=o0;

14 -

a® rOI(D\{o})zflaocr.

Then card(Bo) = XK; we will show that T, has the required property.
Let ¢: X + X be a morphism of K(LO,9) with a fixed point a. Then

A¢ (a) = TO¢(a) (proposition 1.5,10). We will first define a 1-1 order-

preserving map v : A ¢(a)n ch L C such that

£l

(15} ver = (9| (A¢(a)nX¢’+))av.

-1
1 6, En+1 = En¢) (neN)., The

sets En’ neé N, are disjoint and cover A‘p(a)r\x

-1
Let B, =E ={al}, B, =a¢ \X

. We define v in
¢+

such a way that En\)c An. Then necessarily av = 0, Suppose for all

k <n, n &N, the map lek is already defined in such a way that

(i} \;[Ek is a 1-~1 order-preserving map Ek—> Ak;

(i1) (vIEk)aok = (¢|Ek)o(lek_1).

Then it is possible to define len+1 such that (i) and (ii) are also

satisfied for k=n+l. For lét X be an arbitrary point of En; as
-1, -1
card(xo¢ );ﬂ\e, there exists a 1-1 order~preserving map W :x0¢ > A,

If now x is an arbitrary point of En-v-l’ we put °©
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.

(16) xv= (x ¢v,xwx¢)eAn+1

In this way we arrive at a 1-1 order-preserving map V ,

v i (4, (@)n X¢ +)+ C, satisfying (15).
& )
In the same way there exists a 1-1 order-preserving map

0 (A¢(a)n X¢_) + D such that

an pet = (4] (s@nx, Neo,

s

and such that ap= 0 = av ., If we define vy : Ad)(a)-’ Bo through

ul (A (adn X } =v,
(18) l ¢ 95+

X =
ui(A¢(a)n %_) Py

then uis a 1-1 and order-preserving map, while uo'ro

(o)A (a))ou.
¢
2.7.5. LEMMA. Let 06, x &€ ORD, and suppose K(LO) admits a K(LO,0)-uni-
versal object of cardinality f{\K . Then K(LO,x) contains a mor-
phism T, : B, - Bl with the following property: if ¢ : X =+ X is a mor-

1 1

phism of KO, and if xeX such that T0¢ (x) contains no fixed point,

b, +
then there exists a 1-1 order-preserving map u : TO¢ (x} + B1 such that
L (¢!TO¢(X))«: u.

PROOF,

He T

Let A be a K(LO,8)~universal object with card(A} = ;\"K , and
let A' = Ax{1,2} U {0}, ordered as follows:

(19) (al,l) <0 <(a2,2)

for arbitrary al,azeA;

(20) (a;,1) 2(a,,1)epa,< a,

if al,azeA and ie {1,2 }. Then A' is a K(10,8@)-universal object of

power J\*K with the following additional property: if Y is any object
of K(LO, 0 and y an arbitrary point of Y, there exists a monomorphism
B ¥ »A' with yu' = 0. M

For each kel, let M_ = {hel: h2k}, and let C, = (A') K Let
C = kLe)E Ck; if ¢ € C, we write kc for the uniquely determined k&l

such that ceCk. Furthermore, let 0: C >C be the following map: if
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c eC, then

(21) co = ¢ Mkc+1 .

Let Sy be the element of C0 mapping every k eMo onto O€ A'; let
B, = TO (¢ ) and ¢
[o )

1 1
in the proof of lemma 2,6.3).

= c|B1. Then card(Bl)

fi; {(cf. the construction

If ¢ceC, we have

22) ceBlh}(ﬂkz_kc)((Mk)c ={0}).
Hence if cl,cze Bl’ the following integer is well~defined:
233} k = the smallest k€I such that k2k , k2k
c,;C c c
1772 1 2
and e M) = e, M ;.

Clearly Bl is linearly ordered by the following binary relation X :
24 @ < k AV =
(24} Seye(k c ) (e, =k 3 A (ke

C )clé(kc Je
i 2 1 2 1’72

1'%
(in A'))).

It is easily verified that in this ordering the map Tl is an increas-

€1 2

ing translation.
Now let ¢ : X - X be an arbitrary morphism of K(L0O,8}, and let
xeéE X such that TO¢(X) contains no fixed point., We must define a

¢,+

1-1 order-preserving map u: TO¢(x) + Bly such that
(25) wer, = (¢|T0¢(x))°u@

), X. =X ¢"E\x X =x ¢t (n>1). We first
[e] [¢] n+ b

Leth=O 1 1 n

)
define ui(XOU Xl) .

If neN, let

A n
2 = : = »
(26} Yn {ec eBl crl CoTl }
As ce¥ €= (k = n~1) A (clM = C IM }, the map ¢ + (n-l)c is an or-
n [ n o''n
der~isomorphism of Yn onto A', Consequently for every né&N there

-1
exists a 1-1 order-preserving map Vn Do §T Yn which maps {(in
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-1 -
case n >1) the point x¢n onto coTln 1. We put

n, -1
27) ulxe )¢ = vy
for each neN. Thus U is defined on all of XOU Xl' And u is 1-1 and

order-preserving on XOU X for let xl,xze XOU Xl’ X, < Xx,. Then take

1’ 1< %2
n.
= 1 i= <
n,,n, e N such that xi¢ X (i=1,2), If n; < n,, then kxlu kxzuand
< = =
hence xlu xzu . If n, n2 n, then
(28) X W= xlvn< XoV, = XM -
Moreover, one verifies at once that
(29) (n [ uX Dot = (6 [ X UX o[ X)),

n

Assume now u to be defined already on J:L Xk (n2 1) in such a

way that it is a 1-1 order-preserving map satisfying

(30) zurl = 2Zdu

n
LJ -1 -1 .
. <
for all z e X=0 Xk' Let z eXn, as card(z¢ ) }% , and as (zu)rl is

order-~isomorphic to A', there exists a 1-1 order-preserving ma
p s p P

-1 -1
“z zd -+ (zu)'r1 . We put

(31) ulze™ = w

and obtain 1n1this way (letting z run through Xn) a 1-1 order~preserv-
n+

ing map on RE% Xk’ satisfying (30) on that set. Using induction the

existence of a monomorphism U: TO¢(x) + B, satisfying (25) follows,

1

2.7.6., LEMMA. Let 9, x € ORD, and suppose K(LO) admits a K(LO,0)-uni~-
versal object of power }fK. Then K(LO,x) contains a morphism
12 ! B2 *'Bz with the following property: if ¢ : X + X is any morphism

of K(10,0),and if x eX¢ . such that A¢(x) contains no fixed points,
s

then there exists a 1-1 order-preserving map u! A¢(x) e B2 such that

MoT, = (¢IA¢(X))ou.

PROOF.
" Let A be a K(LO,6)-universal object with card(A) :.k and let

el
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T4 : Bl -> B1 be the map defined in the proof of the previous lemma,
Let B2 be the set le A, linearly ordered as follows: if (bi,ai)e B

(i=1,2),then

2

(32) (bl,al) < (b2,az)<(‘-=%(kbl< kbz) v ((kbl=kbz)r\(a1 < az)) v
v ((kb =kb JA (alzaz)/\(blé bz))’
1 2
We define T2 : Bz - B2 by
(33) (b,a)T, = (brl,a).

Then 12 is a right translation of Bz.

Let ¢e K(1O,8), ¢ : X + X, and let x&X such that A¢(x) contains
no fixed point and x < x¢. As the set A¢(x), ordered by % %’ is an

object of K(L0,8), there exists a 1-1 order-preserving map A: A¢(x)+ A,

In the remainder of this proof we will just write A and g for A¢(x) and

< respectively.
=¢,x p y
For every L & A we choose an nLe N and an xLe L such that
nL n_+1
(34) X ¢ =<=xL'<x(p ;

in case L = TO¢(x) we take care to choose nL = 0 and XL = %, By lemma

2.7.5 there exists for each Le A a 1-1 order-preserving map Hy ¢ L+ B,

such that
(35) et = (o|Leu
and

7
(36) (xL)uL = (co)T1

(c0 stands for the same entity as in the previous proof).
We define M : A¢(x) i B2 as follows: if z eA¢(x), and if
L = T0¢(Z), then

37) ZY = (zuL,LA).
We will show that U meets the requirements set forth in the lemma.
First we show that

(38} pot, = (¢[A¢(x))ou.
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Let z eAéx), and let L = T0¢(z). Then

i
i

Z ut (zuL,L)\)r2 (ZuLleL)\) =

2
(39)

1
i

(z¢uL,LA) Z oy ,

as T0¢(Z ®» = L,

Next we show that M is 1-1 and order-preserving, Let Zy12, eA¢(x),

Put TO (Zi) = Li (i=1,2). If L1 = L2 = L, then z_u <z ; it

<
S T 1ML T ZoMys

1 2° ¢
£ that eith < - i i < - =
ollows at either kZ u kz u implying ZluL zzuL or kz u

= kZ u s in which case it follows that zlu< zzu by the third clause of
2
@22 v

Suppose now that L1£L2, In order to simplify the notation, we
will write u, instead of M, , k., instead of k
i L. i 4

; X, instead of x
i i L
and n, instead of n, (i=1,2).

i*i i

< 1
if kl kz, obviously zy 1

We will show that L1 <Lb; it then follows (second clause of (32)) that

U< z,l; suppose therefore that k =k2=k.

z W <z_ WM, and the proof will be finished.

1 2
Let n.,;kZ , i=1,2 (cf. (23)). Then n >k, n 0. Moreover,

JRVINS i VN 2
11 11
n-~k n~k _ n-ng _
(40) 2300 My T T T Ry T Ty

(using (35}, (36) and (23}); as My is 1-1, it follows that

(41) zi¢“"k = x0" "h o (i=1,2).

From (34} and the fact that z, <z, and L1£L2 we conclude that

(42) x¢n; zl¢n—k< 22¢n—k ;X¢n+1s

If z2¢n_k <x¢k+l, it follows from the definition of the order ék,¢ in

A that L1< Lz. We will conclude the proof by showing that the assump-

- +1
tion z2¢n k. x¢n leads to a contradiction.
n-k n+1
If z2¢ = Xx¢ , then Lz = T0¢(X), hence n, = 0 and X=X It

follows that

(43} x¢ = x2¢ = Zy0 = X¢ .

by (41} and the assumption; hence A¢(x) contains a fixed point, con=-
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trary to our hypotheses,

2.7.7, LEMMA. Let 6, € ORD, and suppose K(LO) admits a K(LO,8)-uni-
versal object A with card(A) = ﬂl . Then K(LO,x) contains a mor-

phism T : B * B with the following property: if ¢ ¢ X - X is any mor-

phism of XK(LO,8), and if x e X, there exists a 1-1 order-preserving map

Wi Ox) > B such that MoT, = (¢|A¢(x))o M.

PROOF. It follows from lemma 2.7.6 (reversing orderings) that there

exists a morphism 13 : B3 he B3 in K(LO,k) with the property: if
$ : X+ X is a morphism of K(L0,0),)(6X¢,“, and if A¢(x) contains no
fixed point under ¢, then there exists a 1-1 order-preserving map
u A¢(x) - B3 such that HoTy = (¢IA¢(X))°U.

Let To : BO<9 Bo and T, Bz+ B2 be morphisms of K(LO,K ) satis-
fying the requirements of lemma 2.7.4 and lemma 2.7.6,respectively.
Let B be the set of all ordered pairs (n,b) with ne {0,2,3} and

b eBn, ordered as follows:

<
(44) (Oybo) (2,b2) <(3yb3)
for arbitrary boe Bo, bze 82 and bse 83;
< .
(45) (n,bl) (n,bz)«n;b1 sb, (in Bn)

for ne {0,2,3}. Then,as card(B) = ;& , B is an object of K(PO,«).

Furthermore, let T : B > B be defined in the following manner:
(0,b)T = (O,bTO) for all be BO;

(46) (2,b)1 = (Z,brz) for all be BZ;

(3,07 = (3,bT3) for all beBy

Then T is order—-preserving, and it follows from the lemmas 2.7.4 and

2.7.6 and our remarks above that T has the properties required.

2.7.8., THEOREM. X(LO) contains K(LO,0)~universal morphisms and bimor-
phisms, for every 8¢ ORD. More exactly, if A is a K(L0,8)-
universal object of XK(LO), and if ft = card(A), then already K(LO,k}
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contains K(LO, 8)~universal morphisms and bimorphisms.

ROOF. _. . . . .
P First we show that K(LO,0)~universal bimorphisms exist. Let

T : B+ B be a bimorphism of K(LO,«) meeting the requirements of lem-
ma 2.7.3, and let C = Ax B, ordered lexicographically. We define

$: C+ C by
473 (a,b}? = (a,bt) ((a,b)eC).

It is immediate that ¢ is a bimorphism of K(LO,«).

Let ¢: X » X be an arbitrary bimorphism of K(LO,8). The set
X/A¢ is a linearly ordered set of cardinality at most f% ; hence
there exists a 1-1 order-preserving map 0 : X/A¢ + A, For every
I)eX/A¢ , let uD be a 1-1 order-preserving map D + B such that
uDor = (¢iD)ouD (the existence of these u
2.7.3).

D is guaranteed by lemma

We now define M : X * C. If xeX, we put

(48) XU = ((A¢(x)6, XUy (x))'

¢

Then M is a monomorphism, For let X X e X, x, <x_,. If A¢(x1)< A (x,)

2 15 %2 62
i A
in X/ 6 then (A¢(x1))5 <(A®(x2))é and hence XyU < Xyl If x1A¢x2,

then

(49) 180 e 2 6 T EANCY

; <
and again xlu Xy o,

Finally u® = ¢u , For let x e X; then

xu® = ((A (x))6,xn

¢ Yo = ((a (x))d,xu%(x)r) =

A¢(x) ¢

= ((A¢(x))6, (x¢)UA

(50)

)=X¢u)
x)
¢(
as O(x) = B (x9).

¢ o ¢

The proof of the existence of a K(LO,6)-universal morphism in

K(1LO,x} is almost verbally the same, now using, however, lemma 2.7.7

instead of lemma 2,7.3.
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2.7.9. COROLLARY. Let © @ ORD, If K(LO,6) admits a universal object,

it contains universal morphisms and bimorphisms.

k23 .
2.7,10. COROLLARY, K(LO,90) contains universal morphisms and bimor-
phisms, for every © € ORD,.

2.7.11, COROLLARY. K(LO,0) contains a universal bimorphism ¢: Q -+ @
and a universal morphism Y : Q + Q (Q denoting the set of ra-
tional numbers with its usual ordering).

PROOF'. Let Qo : C + C be a universal bimorphism in K(LO,0}; as @ is

a universal object in X (proposition 1.4.4), such a q)exists. Then
C xQ, ordered lexicographically, has the same order type as Q (see

e.g. 56 ]Ch.4 §7 ), and ¢, : CxQ > CxQ, defined by
(51> (c,q) ¢1 = (ccbo,q)

is again a universal bimorphism, From this the existence of ¢ follows.

The existence of ¥ is proved in a similar manner.

2.8, Notes

A very simple idea lies at the origin of the main constructions
of this chapter, namely, the idea of the graph of a map.

For example, let f be a continuous map of a topological space Xl

into a space X Then, as is well-known, the graph I of f, considered

9°
as a subspace of the topological product Xlx X2, is topologically
equivalent to Xl’ and the map T,

&) x1= (x,xf)

is a homeomorphism of X1 onto I',

If we denote by "2 the canonical projection Xlx Xz'* Xz,

(2) (xl,xz) T, = Xy,

then f is equivalent to the restricted map #_|I', up to the topologic-

2

al deformation t, as Ton2 = f,
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1 1 then fl

is equivalent to a restriction n2| Fl of the same continuous map T

if f1 is another continuous map X, -+ Xz, with graph I’

now up to a new topological embedding 11 : X1 > Xlx Xz,
(3} Xt = (x,xfl)
Thus in a certain sense T, is "universal' for all continuous maps of X,
into Xz-
Similarly, if X1 and X2 are groups and if £ : X1—> X2 is a homo-

morphism, then the graph I' of £ is a subgroup of the direct product

X1 xXz, the map 7, defined by (1}, is an isomorphism of Xl onto I', and
m, is a homomorphic map of X x X, into X, which is somehow "universal"
for all homomorphisms X1 -+ Xz.

This use of the graph is well-known. It has, however, a serious
draw-back, especially if the original maps f,fl, are self-maps X-+ X,
In this case it is annoying that the new map "2|F is no longer a self-
map: it sends one copy of X (namely I') into a different copy of X
(namely X itself). The root of the difficulty lies in the fact that no
natural equivalence between X x X and X exists.

In 1959 J. DE GROOT([47,48 ]; see also A.H. COPEIAND JR. and
J. DE GROOT [17,18)and G.-C.ROTA ([90] ; see also [91,92] ) independ-
ently made use of the same device to remedy this., In a final analysis
one could say that their method is based on the fact that 1+ H; =.R;.

In fact, let £ : X + X be a self-map. Instead of the map T of ¥
onto the graph of f in X xX, as defined by (1), we consider the map ¢

N
of X into ¥ , defined as follows:

(4) X0 = (x,xf,xfz,...,xfn,.”)°

The projection map 7_ of (2) amounts to a striking out of the first

2
N
coordinate; we replace it by a map ¥ XN + X which formally does the

same .

(5) (xl,xz,x3,...,xn,.,.)u = (Xz’XB""’xn+1’f*‘)'

One verifies at once that

~1
(6} WXt =0 e foo
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If e.g. X is a topological space and f is continuous, theng is a topo-
logical embedding of X into Xn;and the map u:XN-+XN is in its turn con-
tinuous. Hence M is universal for all continuous maps X + X, in the
sense that W contains copies of all these maps. More exactly, if

f : X »X is an arbitrary continuous map, then XN contains a topologic-

al copy of X on whichu behaves exactly in the same way as f does on X.

The map UM defined by (4) is induced by the successor map ¢ : N+ N

(¢ sends n into n+l, for all neN), in the sense that

(7> (xl,xz,xs,...,x yewedU = (x1¢,x yeoode

n 2¢’x3¢""’xn¢

Now let G be a semigroup. If Yoe.G, the left translation ?0 : G G
G
induces in the same way a map U : XG + X if x = (XY)Ye GE-XG, then

XMW=y = (yy) where y = . Considerations of this kind led

YeG’ o ¥
J. DE GROOT [47] to a proof of the existence of universal bimorphisms
and universal groups of bimorphisms in Ke(CR) (theorem 2.5.13 and half
of theorem 2.5.21); see also J. DE GROOT E49] .

An analysis of these considerations lead to the concept of a star
functor, and to a new formulation, in terms of category theory. Some
partial results in this direction have been mentioned in [8] ; a fur-

ther analysis along the same lines resulted in the sections 2.2, 2.3

and 2.4 of this chapter.

We mentioned already that theorem 2.5.13 and the part of theorem
2.5,.21 concerning KB(CR) are due to J. DE GROOT ( [47,49] ). Theorem
2.5.9 follows (in the case 6=0) from a stronger result of A.H. COPE-
LAND JR and J. DE GROOT ( @7,18] ; see corollary 4.5.3 and proposi-
tion 4.5.6 below). The case 6=0 of theorem 2.5.,19 is an immediate
consequence 6f an unpublished result of J. DE GROOT (corollary 4.5.2
and proposition 4.5.5 below), Theorem 2,5.11 is due to P.C. BAAYEN and
J. DE GROOT (see [6] and [8] ), to whom its assertion was raised as a
problem by R.D. ANDERSON, The results of 2.6 were obtained by P.C.
BAAYEN and J. DE GROOT in collaboration; they have been published ai-
ready in the form of a preliminary note [9] . The results of section

2.7 are taken from another preliminary note, P.C. BAAYEN [7] .



3. UNIVERSAL CONTINUOUS MAPS

3.1. Categories of topological spaces

In section 1.2 it was remarked that in categories of topological spaces epimorphisms
need not always be mappings onto; likewise monomorphisms are not always topological embed-
ding maps. For this reason the results of section 2.5 are not fully satisfactory as far as
they concern topological spaces. In fact, the very concepts of universal and dually uni-
versal morphisms and systems of morphisms @s defined in chapter 2 are not adequate for ca-
tegories of topological spaces.

It turns out that the constructions of chapter 2 lead, in the case of categories of
topological spaces, to results stronger than expressed in that chapter.

In this section we define the concepts obtained by adapting the definitions of sec~

tion 2.1 to the situation occurring when continuous maps are considered.

3.1.1. DEFINITION. Let K be a category of topological spaces, i.e. a
concrete category, the objects of which are provided with to-
pologies, while its morphisms are continuous maps with respect to
these topologies. Let KO be a subcategory of K. A topologically Ko-
universal object of K is an object A of K with the property that for

every object B of KO there exists a topological map HeéX, u: B +A, A

topologically dually Ko—universal object of K is an object A of K with

the property that for every object B of Ko there exists a continuous

map Vé K of A onto B.

It is easily verified that the universal and dually universal ob-
jects of categories of topological spaces, mentioned in section 1.4,
are all topologically (dually) universal: C is a topologically uni-~
versal object for KO(CZ) and KO(ZM),and a topologically dually uni-
versal object for KO(CZ); if the Generalized Continuum Hypothesis is
valid, a topologically dually universal object exists for each KG(CZ),
0e ORD; {0,1} and [O,l] 6 are topologically universal objects
for Ke(CZ) and KB(CR), respectively (% € ORD); each Hilbert space of
weight fﬁ)is both a topologically universal and a topologically dual-
ly universal object for KS(H),S € ORD, and is also a topologically

universal object for Ke(M); T %is a topologically universal object
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for K(CMAG), and the groups M,S and D of section 1.4 are topologically
dually universal objects for K(CMoG), K(CS) and K(ZCMoG), respectively.

3.1.2. DEFINITION. Let K be a category of topological spaces, and let

Ko be a subcategory of K. A topologically Ko-universal morphism

in K is a morphism ¢ : A+ A in K with the following property: for
every morphism ¥ of KO of which the source and sink coincide, y: B+ B,

there exists a topological map U ¢ K, u: B+ A, such that p¢ =yu. A

topologically dually Ko—universal morphism in K is a morphism
¢ : A* A in K enjoying the following property: for every morphism y
of Ko of which the source and sink coincide, § : B+ B, there exists a

continuous map V& K, mapping A onto B in such a way that ¢v= vy.

Topologically Ko-universal bimorphisms and topologically dually
Ko-universal bimorphisms are defined similarly, and also topologically
(dually) (Ko, K }~universal semigroups of morphisms or groups of bimor-

phisms,

The results of section 2.1 remain valid for the corresponding
topological concepts.

If all objects of K are compact topological spaces, then all con-
tinuous 1-1 maps belonging to K are topological, and all v K with a
dense image are onto. Consequently in the categories K(CZ}), K{(CMAG)
and K(CMoG) and their subcategories every (dually)} universal object
{morphism, bimorphism, system of morphisms) is always topologically
(dually) universal. The same holds for the categories Ke(H) (cf. pro~
positions 1.2.5 and 1.2.8). In the next sections we will exhibit other
arguments for this, which remain valid for categories like KO(M),

k%) or K (CR).

3.2. Neat categories

The existence of universal morphisms or systems of morphisms was proved in section

2.4 for categories in which - among other conditions - suitable direct joins exist. When
categories of topological spaces are considered, the natural candidates for direct joins
are the topological products, with their natural projection maps.

We will show in this section that in the categories which interest us, direct joins,
1f they exist, are indeed equivalent to topological products; in most {(but not all) of

them free joins, if they exist, turn out to be topological sums.
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3.2.1. DEFINITION, We will say that a category K of topological spaces
is neat if in it the following condition is satisfied: whenever

a family (Xt) of objects of K admits a direct join ir K, the topo-

teT
logical product X = t;DZ‘Xt is also an cbject of K, all canonical pro-
jections “t : Xt -+ Xt, t €T, are morphisms of K, and X = tII% Xt(ﬂt)
in K.

The category K is called co-neat if it satisfies the ''dual” con-

dition: whenever a family (Xt)t of objects of K admits a free join

eT
in K, then a topological sum X = té'r Xt is also an object of K, all
canonical injections ot H Xt + X (t €T) belong to XK, and X = tigT (ot)

in K.

REMARK 1. It should be emphasized that ncatness and co-neatness are
concepts that do not belong to category theory proper; in particular,
the property of being co-neat is not dual to the property of being
neat,

The following two lemma's are cvident:

3.2.2, LEMMA, Let K be a full subcategory of the category of all Haus-
dorff topological spaces. Then if the topological product
of K is itself an object

”‘K’X:;UTX

X = tTePT Xt of a family of objects (Xt)teT
of K, it is also a direct join of (xt)t . (nt),

T t

3.2.3, LEMMA. Let K be a full subcategory of the category of all Haus-

dorff topological spaces. If a topological sum X = té T Xt of
a family of objects (Xt)te.T of K is itself an object of K, then it is
joi = X, {o0,).
also a free join, X et Xy Ot)

3.2.4. PROPOSITION, Ke(CZ) is neat, for each 6§ € ORD.

PROOF.. Suppose X = ;IE‘Xt (pt); let X™ designate the topological pro-
duct

L3
(1) X = -TP X

teT 't

¥
and let “t be the canonical projection X = Xt’ for each teT,

kL
We define a map ¥: X - X as follows: if xeX, then

e
’ = &
2 XU (xpt)teT X .
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As uom, = Py for all teT, and as all p, are continuous, M is a con-

t t
tinuous map. We will show that u is a topological map of X onto X,
First we show that ¥ is 1~1. Suppose this were not the case. Then

xu = yu for some x,y € X, x#y. It follows that

(3) Xp, = ¥, fer all teT,
Let A be a one-element space, A ={ a} , and let @, : A~ X and
az : A+ X be defined as follows:
(4) ag = x; a%, =y.
Then alpt = ﬂzpt for all t€T, and it follows (proposition 1.1,12}
that &, = @_, which is absurd.
1 2 "
Secondly, M is onto. For let x = (x_,) be an arbitrary point

* t"teT
of X . Let A = {al}, as above, let @, * A > X map A onto {x } for

every teT, and let a & K such that ap, = oy for all teT. Then
(aayy = x .

As X is compact, it follows that u is a topological map. Conse-
quently X% is an object of KO(CZ); this, in its .turn, implies that
"t € Ke(CZ) for all t eT. Hence (according to lemma 3.2,2)

(%) ter St T rer K¢ (M)

as asserted,

3.2.5. PROPOSITION. In KB(CZ), a family cof objects (Xt)téT admits a

free join if and only if

(6) (l+weight(Xt)); }f‘e ;

teT
this family of objects admits a direct join if and only if
(7 card{teT:weight(Xt)> 1};}% .

PROOE". The first assertion follows from the contravariant correspond-

ence between K(CZ) and K(BA) (the STONE duality theory); if At is the

boolean algebra of all clopen subsets of X then

t,
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(8) R, caraa) = A, - weight(x))
and the STONE space of the direct product tl}i At is a free join of
(Xt)t e iD K(CZ).

The second assertion is an immediate consequence of proposition
3.2.4 together with the following proposition (to be found in M.A.
MAURICE [78,79 ]):

3.2.6. PROPOSITION., The weight of a topological product t]!; Xt is at
most.ﬂb if and only if the following two conditions are both
satisfied:
(1) weight(xt) < j+6 )
(ii) card{teT : weight(X ) > 1} < A

for every teT;
9"
A topological sum of infinitely many compact spaces Xt # @ is not

compact. However, if 6 >0 a family of denumerably many one-point spaces

does have a free join in Ke(CZ), by proposition 3.2.5. Thus we find:
3.2.7. COROLLARY. If O< 6 € ORD, KG(CZ) is not co-neat.

REMARK 1. We concluded from the existence of direct joins in K(BA), by
means of the STONE duality theory, that free joins always exist in
K(CZ). It is easy, in fact, to give an explicit description of such
free joins,

Let (X,) be an arbitrary family of objects of K(CZ). Let

t'teT

Z .
ceT Xt be a topological sum of (Xt)t T’

embedding of Xt in this sum (teT). Then

and let ot be the canonical

9) B( L xt) = jﬁ‘,r X, (ot),
teT

where §£X denotes the EECH—STONE compactification of X (PH. DWINGER

[31] ».

3.2.8. PROPOSITION. KB(CR) is both neat and co-neat, for each 0 € ORD.
PROOF. We first prove that KG(CR) 1s neat. Suppose therefore that

(10 X = t—D_T X (o)
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0
in K (CR). Obviously we may assume that X, # @ for all teT. We will
show that

(11) card {teT : weight(x)> 1} Ry ;

it then follows that the topological product tIF’)i‘ X is an object of

K (CR) (proposition 3.2.6) and hence (lemma 3.2.2) that it is a direct

join of (X )t with respect to the canonical projections

T
|’ . N
£, thr X+ X,

Assume (11) to be false. Then

(12) card {teT : U°t # xt} > }?‘e

for a suitable non-void open subset U of X. For suppose (12} is not
true, for each open U # @. Let {U } <}‘\ be an open base for X, with
all U # ©; for each x < }Y‘ we put

(13) TKz{t&.T:UK pt;éxt}a
By assumption, card(TK) ;J(ﬂ"e , for every x < /(fo. Hence if
(14) S={teT : welght(X > 1} N U T
K€
then card(s)> }?\9; thus in any casc S # @, Let t&S; then UK Py = Xt
for all k< 6 and it follows that Upt = Xt for cvery open set U in X,

This contradicts the fact that weight(Xt)> 1.
Now we show that the assumption that (11) is false leads to a con-
tradiction. Let U be a non-void open subset of X, and let {tn :neN}

be a denumerable subset of T (with tn # tm if n # m) such that

(15) Up, # xt

for all neN, Let Y be the Cantor discontinuum, y €Y, and let {Vr}neN
i

be a sequence of clopen neighbourhcods of y such that

(16) nQN Vo= {y}

For each neN we ccnstruct a continuous map at Y " in the fol-

. n n
lowing manner: let
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T . " N
(17} x; € UDt ;X € Xt AN Upt ;
n n n n n

and let @, map Vn onto { x!

; }and Y\V_onto {x'é} . If t&T is not
n n

n

one of the tn’ then let qtbe an arbitrary continuous map Y -+ Xt'
As (pt)teT is a direct join, with X as its source, there exists
a continuous map a! Y + X such that o °py = ooy for all teT. It fol-
lows that
-1 -1 -1 -1
< .
(18) Ua Wedp, "o e Wpla,
hence
~1 -1
19 e N = N = .
(19 va nelN (Uptn)atn nelN Vn ty)

Consequently y has to be an isolated point in Y; this is absurd.
Thus we have indeed shown that KO(CR) is neat. We next turn to a
proof of its co~neatness.

Suppose X = £9§&|x (ot) in K. We assert that all Py are 1-1 maps,

t
and that
a} =
(20) X0, SLe}szps 3,
s ¥t

for every te&T.
In order to prove this, we consider a space Y = thi{a} , where
a # Xt and where the topology of Y is the sum of the topology of Xt

and the (discrete) topology of {a} . Let a_ denote the identity map

t

X, > ¥, and let a_ map X_ onto {a} , for each s &T \{t} . There exists

a continuous map @ : X * Y such that pS°<x: ags for all se&T; from
this fact our assertion readily follows.

It also follows that each Dt : Xt -+ tit is bicontinucus, In

fact, its inverse apparently coincides with the continuous map ¢ tit°

We conclude that the subspace U X p, of X is a topological

e t
sum of the spaces Xt’ teT, As it i: a{sota comple tely regular space
of weight at most }fe, i.e. an object of Ke(CR), it follows from lem
ma 3.2,3 that tEgT tit is a free join (in fact, it is easily seen
that

(21) U xp. =x,
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so that X itself turns out to be a topological sum of (xt)t eT)ﬁ

REMARK 2, It is much easier to show that the category K(CR) (no re-
strictions on the weight) is neat: this follows at once from lemma
3.2.2, The same holds for K(CZ); but it is not true anymore for K(M)
and K(ZM), as in these categories topological products not always

exist.

6
3.2.9. COROLLARY. In K (CR), a family of objects (xt)t eT admits a
direct join if and only if either an Xt = @ or all Xt # 0 and
(7) holds; and it admits a free join if and only if
(22) card{teT:Xt#ﬂ};}fé
3.2.10, PROPOSITION, Every category ka0 or xe<zm),e € ORD, is both
neat and co-neat,

PROOF . The fact that these categories are co-neat is proved in the

same way as for the categories Ke(CR).

The proof of the neatness of Ke(M) and Ke(ZM) is an easy adap-
tation from the corresponding part of the proof of proposition 3.2.8,
Let K be one of the categories Ke(M), Ke(ZM), and let X = tlj; Xt(pt)
in K. If one of the Xt is empty, then the topological product 9 =
tIE; Xt obviously is a direct join., Suppose therefore that Xt # 0 for
every teT,

If
(23) card {teT : weight(Xt)> 1le }1‘0 .
then the topological product tlE; Xt is an object of K and hence is
the source of a direct join. Suppose (23) is false. Then, using the
fact that in X the first axiom of countability is satisfied, one

shows as in the proof of 3.2.8 that there exists a non~void open set

U in X such that

(24) card {teT : Up, # xt}> fi" .

From this one deduces (exactly as in the proof of proposition 3.2.8})

that all points of the Cantor discontinuum are isolated, which is ab~-
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surd,

3.2.11., COROLIARY. Let K be one of the categories Ke(M) or Ke(ZM),

8 € ORD. A family of objects (Xt) in K has a direct join

teT

in K if and only if either an X_ = § or all X, # B and (23) holds; it

t
admits a free join in K if and only if (22) is satisfied.

6
3.2.12, PROPOSITION, K (H) is neat, for every 6 & ORD.

PROOF .
Suppose X = t;r[;,

Xt # @ for every t€ T, We will show that then

Xt (Dt) in H., Obviously we may assume that

(25) card{tET:Xtvé[O}}</(\"o.

Assume (25) to be false; let tne.T, for each né€¢ N, such that

Xt # @; we take care that tn # t for n # m. Let Y be a one-dimension-

alneuclidean space, and for each néN let at be a bounded linear oper-

ator Y *Xt with“at ]I: n “pt ‘ . There exigts a bounded linear oper-
n n n
ator & : Y -+ X such that uoot = at , for all ne N, It follows that
n n
26) nllog 1= Il li=lleoe, II< llall s, |
n n n n

for every né N, Now it is easily verified that every pt is onto; con-
sequently “Dt |l¢ 0, and we arrive at the absurdity: ““!l > n for
every neN, " Thus (25) is proved,

From (25) it follows that the topological product of all Xt coin-

cides with the Hilbert sum

27) X = ® x

k3
and that X is an object of Ke(H). As obviously X% serves as a direct

. . 6 .
join of (Xt)t e it follows that K (H) is neat.

As a corollary to the proof we obtain:

3.2.13, COROLLARY. Let © & ORD, A family (Xt) of objects of XO(H)

teT
has a direct join in Ke(H) if and only if either some Xt =8

or all X, # @ and (25) holds.
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3.2.14, PROPOSITION, Let 6 € ORD. A family (Xt) of objects of

teT
Ke(H) has a free join in Ke(H) if and only if the following

set S is finite:

(28) §={teT : card(X,) > 1} .
L3
If this is the case, the Hilbert sum X = @& X is a free join,
tesS
(29) © X, = 2% X (0,
tes teT

o s N . . . .
where t is the natural injection Xt hd éQS XS if tes; ct Jj the
empty map if Xt = @; and 0, maps Xt onto the zero element of X if

X, =1{0} .

t

Let X = gi?& Xt (pt), and suppose S is infinite. Let (tn)neN

be a sequence of pairwise distinct elements of S, Let Y be a one~-

dimensional euclidean space; for each ne N, let o be a bounded linear

operator of Xt onto Y with H 0n||= n-“ Df Il. Then every bounded

n 3
linear operator ©: X ~+ Y satisfying pt° o= at for all neN, also
satisfies “““;n for all neN, which isncontradgctory.

Hence S is finite. But then (29) is easily shown to be valid,

0
3.2.15, COROLLARY. K (H) is not co-neat, for every choice of 9 ¢ ORD,

3.2.,16, PROPOSITION., The category K{(CMoG) is neat.

PROOF .,

Suppose X = ;EFT X (pt) in K(CMoG). Let X denote the topo-

t
logical direct product

R

(30) x= P X
L3
we will show that ¥ is an object of K.

Let the map MW: X X*-be defined by (2); clearly y is a contin-
uous homomorphism. We will show that u is 1-1.,

Suppose this were not the case; then there would exist an x # 1
in X such that xu = 1 (we denote both the neutral element of X and the
neutral element of X‘M by 1). Let Y be the closure of the subgroup of X
generated by x; Y is again a compact monothetic group. If o, is the

1
identity map of Y into X and if 02 : Y + X maps every element of VY



110

= e T: = iti
onto 1, then alpt o0 for all teT; hence o %y (by proposition
1.1.9); this is contradictory.
As X is compact, it follows that u is a topological isomorphism
of X into X*. We will finish the proof by showing that u is onto.

Take an arbitrary point x*:= (xt)te,rﬁ X . According to propo-

sition 1.,4.22, K(CMoG) has a dually universal object M. Let a be a
generator of a dense subgroup of M; for each t €T there exists a con-

tinuous homomorphism at M o> Xt such that aut = X Then (au)pt =

L3
= aa, = x,, for all teT; i,e. (a®)py=x .

t t’

REMARK 3. K(CMoG) is not co-neat, as is shown by the following example.
LEt“¥2 and X3 be the character groups of Z(Zw) and Z(3m)° As Z(Zm) and
Z(3 ) are subgroups of Td (the circle group with discrete topology),
Xz andmx3 aremcompact monothetic groups. So is the character group X
of Z(2 ) *xZ(3 ); moreover, X is the topological direct product of X2

and X,. It is easily seen that X is a free join of Xo and X although

3
obviously it is not a topological direct sum.

3?

REMARK 4. From proposition 3.2.16 a complete characterization can be

obtained of all families (Xt) of objects of K(CMoG) which admit a

teT
direct join. Let Gt be the character group of Xt' for every teT. It

follows from proposition 3.2.16 that a direct join of (Xt)te T exists

X i
t—LPT t *°
a compact monothetic group, and this is the case if and only if the

in K(CMoG} if and only if the topological direct product

direct sum (restricted direct product) of the groups Gt is isomorphic

to a subgroup of T From this together with the fact that Td is iso-

a

morphic to a direct sum of continuously many copies of Qd and of one
oD

copy each of the groups Z(p J}, p prime, a necessary and sufficient

condition for the groups Gt’ and hence also for the groups Xt’ can be

distilled.

3.3. The embedding theorem for topological spaces

The main result of this section is the following: if K is a neat category of topolo-

gical spaces, then the monomorphisms (f)EMBx Fox 2T€ what they ought to be: topological em-—
o F,

bedding maps. This leads to variants of the fundamental embedding theorem of sectiom 2.3
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and of the existence theorems of section 2.4 that are more suitable for categories of topo-
logical spaces.

Although there are not many applications, we derive - for completeness' sake ~ a theo-
rem on the existence of topologically dually universal (systems of) morphisms in co-neat
categories; as co-neatness is not the category-theoretical dual of neatness, a separate

proof is necessary.

If X is a topological space and A a set, then XA will designate
the topological product al?A Xa’ with Xa = X for all o« € A (i,e. the
A
function space X with the weak topology); for each uoe A, the map

- .
(xalxe A’ X, will be denoted by L
o [o)
We will say that a map ¢ : A + B is of finite multiplicity if
R A .
(BY¢ is finite for every b € B. A map ¢ of a topological space X
into a topological space Y is called open if ¢ is open, considered as

a map ¥ * X¢. Under these conventions, we have:

3.3.1. PROPOSITION. Let A,B be sets, and let ¢ & BA. For every topo-

» A
logical space X, the map ¢ : XB + X , defined by

(1) ¢ o "a = an, for all a e A,

e
is continuous. If ¢: A+ B is of finite multiplicity, then ¢ is also
*
open. In particular, if ¢ is & 1-1 map of A onto B, then ¢ 1is a topo-
B A
logical map of X onto X .

PROOF: obvious,

3.3.2. TOPOLOGICAL EMBEDDING THEOREM, Let X and Y be topological

spaces, ¥ a topological map of Y into X, F a semigroup with
unit and f a homomorphism of F into the semigroup of all continuous
maps Y -+ Y, sending the unit element € of F onto iY. The map

i Y‘+XF, defined by

(2) fo n¢ = (¢f) o y,

for every ¢ &F, is a topological embedding. Moreover, if we define

F F
for every ¢O€ F a map ¢: : X' » X', in the usual way:

(3) 9 OT, =W s



112

for every $€&F, then
L o
(4) o9 = (9f)of

for all 9 e F,

ROOF ., . -
PROO The proof is similar to the proof of theorem 2.3.7; the only

thing that must be added is a proof of the fact that fis topological.

But this is immediate: we need only remark that f: Y+ Yf has as its
A -1 -1

inverse the continuous map (ﬂelYf)n B 7, where y is the inverse of

the map Y & YU,

3.3.3. PROPOSITION. Let K be a neat category of topological spaces.

Let X,Y be objects of K, and let v : Y + X be a topological map.
Furthermore, let f be a homomorphism of a semigroup F into H(Y,Y)}. Then
for each Z € 0(X,F) the map (f,u)EMB
PROOF .,

K, F,2Z is topological.

This follows from the theorems 3.3.2 and 2.2.10.

3.3.4. THEOREM. Let K be a neat category of topological spaces, and

suppose that K satisfies condition VIIIo of 1.3.7. Let Ko be a
subcategory of K. Then K contains topologically Ko—universal morphisms
and bimorphisms if and only if it contains a topologically Kowunivers—
al object. Similarly, if VIIIe holds in K for some 0 € ORD, then K
contains topologically (KO,}QQ—universal semigroups of morphisms and
groups of bimorphisms if and only if it contains a topologically Ko-
universal object.

PROOF. This is implied by the previous proposition, taking for X a to-

pologically Ko—universal object and for F a free (semi-)group.

It follows that the results in section 2.5 dealing with universal
morphisms in categories of topological spaces (sc. the propositions
2.5.9 to 2.5,14, 2.5,19 to 2.5.22) can all be strengthened to assert
that topologically universal (systems of) morphisms or bimorphisms

exist.

The argument leading up to theorem 3.3.4 can be dualized. Let X

be a topological space, and let F be a semigroup. If we consider F as
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a discrete space, the topological product Xx F is at the same time a
topological sum of as many copies of X as there are elements of F, For

each ¢ € F, let 0¢ denote the following map X - X x F:

(5) x0, = (x,0), for all xeX.

Every 0¢ is a topological injection of X into X X F,

e
If @oe F, we denote by ¢0 the map XX F » X XF satisfying

(6) g e ¢ =0 ,

for all : € F. That is, (x,¢)¢o = (x,¢¢o) for arbitriry (x,0)e XX F,
Then ¢ + ¢ is an isomorphism of F onto a semigroup F of continuous
maps X *F > X XF,

Suppose now v is a continuous map of X onto Y, and let f be a
homomorphism of F into the semigroup of all continuous maps Y * Y,

Let us denote by T the map X *F » Y, satisfying

(7) o ° F=ve (1),

for all ¢ & F., In other words, if (x,¢)e X xI, then

(8) (x, DI = xv)(91).

Clearly ¥ is a continuous map of X x F onto Y; moreover
(9) Yoo = fa(on),

for every ¢e F.

Thus we obtain the following "dual" to theorem 3.3.4:

3.3.5. THECREM. Let K be a co-neat category of topological spaces, and
suppose every denumerable family of objects of K has a free

join in K. Let Ko be a subcategory of K. Then K contains topological-
ly dually Kohuniversal morphisms and bimorphisms if and only if it ad-
mits a topologically dually Ko—universal object.

Similarly, if 6 € ORD and if every family of at most }% objects
of K admits a free join in K, then K contains topologically dually
(KO,}?G)—universal semigroups of morphisms and groups of bimorphisms

as soon as it contains a topologically dually universal object.
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Consequently, proposition 2.5.25 can also be strengthened, in the
6 .
sense that a category Ke(CR) or K (ZM) will contain topologically dual=~
ly universal morphisms and bimorphisms as soon as it contains a topo-

logically dually universal object.

3.4. Applications

This section contains several results obtained by means of the constructions leading
to the fundamental embedding theorem and its strengthened version for neat categories. In
the considerations below we no longer restrict these constructions to properly defined
categories, applying them now to individual spaces too. Moreover, we also derive a number
of results that are not of the nature of existence theorems on universal or dually uni-
versal morphisms, such as a generalization of a theorem of R.D. ANDERSON on raising of
self-maps of compact metrizable spaces to self-maps of the Cantor discontinuum, or such as
& slight strengthening of a theorem of J. DE GROOT and R.H. MC.DOWELL on the possibility
of obtain{ng countable metrizable groups as continuous isomorphic images of groups of ho-

meomorphisms of the Cantor set.

3.4.1., DEFINITION, Let X and Y be topological spaces. Two continuous
maps ¢ : X > X and Y : Y + Y are called equivalent if there

-1
exists a topological map T of X onto Y such that ¥ =1 e o1,

X ¢ o

X
S T lT
Y

3.4.2, DEFINITION. Let X,Y be topological spaces, and let ¢ : X+ X and

Y : Y*Y be continuous, We say that Y can be raised or lifted

to ¢ if there exists a continuous map T of X onto Y such that ty=¢1 .

From the considerations in the previous section we derive at

once the following two propositions!

3.4.3. PROPOSITION, Let X be a topological space, and suppose X is
homeomorphic to a topological product Y © . Then there exists

an autchomeomorphism ¢ of X (a continuous self-map ¥ of X} with the

property that every possible autohomeomorphism (continuous self-map} of

an arbitrary subspace of X is equivalent to a suitable restriction of
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& (of ¥, respectively).

Examples of spaces X which are homeomorphic to a product Y °© are
the Cantor discontinuum, all generalized Cantor discontinua, the space
of all irrational numbers with the topology induced by the topology of
the real numbers (this space is homeomorphic to N o, cf.ﬁQ], Vol.I,
§14 V), the Hilbert fundamental cube, all Tychonov cubes of transfin-
ite weight, the infinite torus T ©, etc,

REMARK 1. A space X obviously is homeomorphic }f a topological pro-

duct Y ©if and only if X is homeomorphic to X °,

REMARK 2., Let X be a topological space, homeomorphic to a denumerable
topological product Y O Our constructions indicate that the bilateral

shift ¢: XI he XI, such that

€, )

S () k+l keI’

Kre1® ™

is (equivalent to) a universal autohomeomorphism for X,
R.D. ANDERSON pointed out to us that it is possible to describe ¢

I
in a different way, Let A be an arbitrary denumerable set, Then X is

. AxT IxA . .
homeomorphic to the space Y . and hence also to Y . If we identify
X
XI with YI A, the action of ¢ can be expressed in the form
¢ = .
(3 (nk,a)ke I,u0eA (nk+1,a)k el,on ¢6A

Let Z = YI, and let ¢o : Z + Z be the bilateral shift with base Y:

) ¢ = (n )

4 Mlker % kil’kel’

IxA A
for arbitrary Z= (n. ) Z. 1f we now identify Y = with Z°, it

Kke1t

A
turns out that ¢ is equivalent to the autohomeomorphism @O tZo ZA
such that
A
(53 (c) o = (@ ¢ 3

ava€eA o a oa€A

A
i z = A
:mraﬂunampz—(caaeAé

N . . .
Similarly the unilateral shift on X, which is a universal con-

tinuous self-map, can be split up in a ”product" of denumerably many

. N
copies of the unilateral shift on Y .



116

Thus, for instance, a universal autohomeomorphism of the Cantor
discontinuum C is obtainable as the 'product” of a denumerable number
of copies of the bilateral shift on {O,l}I. This is of interest, as
the bilateral shift with {0,1} as base space has been extensively stu-

died (see e.g. W.H. GOTTSCHALK and G.A. HEDLUND [45] , section 12},

3.4.4. PROPOSITION. Let X be a topological space, and suppose X is ho-
meomorphic to a topological sum of }% copies of a space Y. Then
there exists an autohomeomorphism ¢ of X (a continuous self-map ¥ of
X) with the following property. If Z is any continuous image of X,then
every possible autohomeomorphism (continuous self-map) of Z can be

raised to ¢ (to Y , respectively).

Examples of spaces X which are homeomorphic to a topological sum
of _hb copies of a space Y (or equivalently, which are homeomorphic to
a topological sum of ‘ﬁ; copies of X itself) are the space of all ra-
tional numbers with its usual topology, the space of all irrational
numbers, the open Cantor discontinuum (i.e. the Cantor discontinuum
minus one point), all infinite discrete spaces, etc.

Every separable complete metric space is a continuous image of
the space of all irrational numbers (cf.[?O], Vol.I, 832,11}, More
generally, every Souslin space is a continuous image of the space of
irrationals (by a Souslin space we mean a topological space which is
a continuous image of a separable, metrizable, and metrically topolo-

gically complete space). Hence we have:

3.4,5. COROLLARY. There exists an autohomeomorphism ¢ (a continuous
self-map Y ) of the space of irrational numbers to which every
autohomeomorphism (continuous self-map, respectively) of an arbitrary

Souslin space can be raised.

The class of Souslin spaces comprises not only all separable com-
plete metric spaces, but also all Borel subsets and even all analytic
subsets of separable complete metric spaces (see e.g.[7Q]and [114])>.

Every O-compact metrizable space is a continuous image of the
open Cantor discontinuum (this follows easily from the fact that

every compact metrizable space is a continuous image of the Cantor
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set; cf. the notes to chapter 1). Hence:

3.4.6. COROLLARY. There exists an autohomeomorphism (a continuous self-

map) of the open Cantor discontinuum to which every autohomeo-
morphism (continuous self-map, respectively) of an arbitrary o-compact
metrizable space can be raised.

Every denumerable non-compact metrizable space may be mapped con-
tinuously on every countable metrizable space (J. DE GROOT @5“j,theorem
IV}, In particular, every countable metrizable space is a continuous
image of the space of all rational numbers. Hence, from proposition

3.4.4:

3.4.7. COROLLARY. There exists an autohomeomorphism ¢ (a continuous
self-map Y) of the space¢ of rational numbers, to which every
autohomeomorphism (every continuous self-map, respectively) of an ar-

bitrary countable metrizable space can be raised.

REMARK 3. Let = be a class of topological spaces. We will denote by

Z 0 (ZL) the class of all spaces Y which are homeomorphic to a topo-
logical product (a topological sum, respectively) of )+o copies of a
space X € I . Whenever I stands for the class of all topological
spaces we will omit it; i.e. in that case we write I , LI, 1L etc. in=-
stead of EZL, ZL T Z1L, respectively. Furthermore we will use (within
the confines of this remark) the notation X:= Y to indicate that the
topological spaces X and Y are homeomorphic to each other,

For all X € Il there exist topologically universal autchomeomor-
phisms and continuous self-maps (proposition 3.4.3). (More exactly,
the category K of all continuous self-maps of X contains topologically
universal morphisms and bimorphisms). Similarly all X e 3 have dually
universal autohomeomorphisms and self-maps (proposition 3.,4.4). It
follows that in all spaces X e 1INy there exist both topologically uni-
versal autohomeomorphisms (continuous self-maps} and topologically
dually universal ones.

It is therefore of interest to note that

(63 Ini =11 -

I
In fact, L nlle LI, for if Xl nll, then XX xI and Xz X, and hence
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) Xz (XxDYe zn.

Clearly tllc I, And Ellc &, for if X ¢ LNl , say

(8) x @ xnt,
then
(@) xzxDIx@xnswxntxy x1er .

The simplest non-degenerate example of a space X &ll nl is the
space of all irrational numbers: this space can be obtained from a
one~point space Y by applying first the I ~operation and next the [~
operation. Other examples are the topological product of the space of
all irrationals with the Hilbert fundamental cube, or with the infi-

nite torus. Generally: if X el and Ye LIl , then X xY € Ill . Indeed:

(10} XXy = XI"YIE(XXY)I & Il
and
(11} X®Y E Xx(YXI)E (XxY)xIel .

{(We observe in addition that it is easily seen that the classes I |1l ,
L and L  are all distinct, and that no new classes can be obtained

by applying Il or & again).

3.4.8, DEFINITION., Let X be a completely rcgular space, and let S be a
set of continuous self-maps of X. A compact space X' is called

an S-compactification of X if there exists a topological map 1 of X on-

to a dense subspace of X' such that every map v o0 o 1! X1 + X1

(0 € S) can be continuously extended to a map o' @ X'+ X',

3.4.9. PROPOSITION., Let €6 € ORD, let X be a completely regular space

of weight at most .NB , and let G be a semigroup of continuous
self~maps of X with card(G) ;.ﬂ} .
ation X' of ¥ with weight at most f%.

Then there exists a G-compactific~

PROOF. Let F be a topologically (ff8)~universa1 semigroup of morphisms

in Ke(CR); its existence is warranted by theorem 3.,3.4 together with
proposition 3.2.7. Say Fe H(U,U), where U = [0,1] 6 is compact. Then
there exists a topological map t¢ X -+ U such that every v&¢G is equi~-
valent to a map ¢[X1. It follows that the closure of X1 in'U is a G-

compactification of X.
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Proposition 3.4.9 can be immediately sharpened to the following

theorem:

3.4,10, THECREM. Let X be a completely regular space, and let S be a
set of continuous maps ¢: X + X, Then there exists an S-com-

pactification X' of X such that

(12) weight(X') < }tj.card(s).weight(x).

3.4.11. COROLLARY (J. DE GROOT and R.H. MCDOWELL [sﬂ Jo. If X is a
separable metrizable space and if S is countable, X has a

metrizable S-compactificatiocn.
If we make use of proposition 2.5.20 we obtain similarly:

3.4.12, COROLIARY, If X is a zero-dimensional separable metrizable
space, and if S is countable, X has a zero~dimensional metriz~

able S~compactification.

REMARK 4. Let X' be an S~compactification of X;without loss of general-
ity we may assume that X' contains X as a dense subset in such a way
that every ¢ & S is the restriction to X of a continuous map

v

¢' ¢ X'+ X', Then, as X is dense, ¢' is uniquely determined by 0;
moreover, all algebraic relations between elements oi of S also hold

between the corresponding elements 0{. In particular, if 0 is a re-

traction of X (i.e. if 02 = 0), then ¢' will be a retraction of X';
2 2

if 0 is of order 2, 0 = ix, then (0') = iX" etc., In general, if

S is a (semi-)group, so is S' = {0' : 0e S}, and 0 » ¢' is an iso-

morphism of S onto S'.

A different way to arrive at this is the following. For our pre-~
sent purposes we are not interested in universal systems of morphisms;
hence there is no reason for working with a free semigroup or group
in the constructions of section 2.4. If instead we use a star functor
constructed by means of the semigroup or group generated by S, we ar-
rive at once at a compactifying semigroup S' which is isomorphic with

S.

3.4.13. COROLLARY. Every topological group G can be topologically em-

bedded as a dense subset in a compact Hausdorff space X in
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such a way that all left and right translations in G can be extended
to autohomeomorphisms of X. This can be done in such a manner that the

weight of X equals max {card(G), weight(G)} .

3.4.14., COROLLARY. Every topological semigroup G can be topologically

embedded as a dense subset in a compact Hausdorff space X in
such a way that all left and right translations in G can be extended
to continuous self-maps of X. The space X can be made to satisfy the

additional requirement! weight(X} = max{card(G),weight(G}} .

In particular, if G is a countable metrizable group, the space X
can be taken to be compact metrizable (cf. [51] , corollary 2.8).

From corollary 34.12 we obtain similarly:

3.4.15. COROLLARY. Every countable zero-dimensional metrizable topo-
logical group G (semigroup S) can be topologically embedded as

a dense subset in a zero-~dimensional compact metrizable space X, in

such a way that all left and right translations of G can be extended

to autohomeomorphisms (continuous self-maps, respectively) of X,

3.4.16. LEMMA. Let G be a topological group and suppose the space G is

a dense subspace of a compact Hausdorff space ¥. Furthermore,
suppose that for each fe(G there exists an autohomeomorphism y' of X
extending right translation over Y in G: (yo)y' =YY for every
Yoe G. Then the map h : y'+ y 1is a continuous isomorphism of the
group G' = {v: vyea }, furnished with the topology of uniform con-
vergence, onto G.

ROOF. .
P Let the neutral element of G be designated by €, and let U be

an arbitrary open neighbourhocod of €, Let V be an open subset of X
such that VnG = U, and let VO be an open subset of X such that EE'VO
and V ¢ U.

o

The set

(13) W= (VxV)u (X \vo) x (X \vo))

is a neighbourhood of the diagonal A= {(x,x) : x€&X} in XxX; hence

the set
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(14) S ={yeG :(x,xy')e W for all xeX}

is a neighbourhood of the identity iX of G' in the topology of uniform

convergence. As obviously Sh = U, it follows that h is continuous.

3.4.17. PROPOSITION. Every topological group G is the image under a
continuous isomorphism of a group G' of autohomeomorphisms of

a compact Hausdorff space X, furnished with the topology of uniform

convergence. The space X can be made to satisfy: weight(X) =

= max{card(G) ,weight(G) }. If G is zero-dimensional, X can be chosen

to be zero-dimensional too.

PROOF. All assertions follow readily from corollaries 3.4.13, 3.4.14,

3.4.15 and lemma 3.4.16.

It is an open problem whether KO(CZ) contains dually universal
morphisms or bimorphisms (problem 1 in section 2.5). However,
R.D. ANDERSON [4] has shown that at least every autohomeomorphism or
continuous self-map of an arbitrary compact metrizable space X can be
raised to the Cantor set. We will present below a different proof,
based on the direct product constructions used in chapter 2 in order
to obtain universal morphisms; at the same time we extend ANDERSON's

theorem to countable systems of mappings:

3.4.18. THEOREM. Countably many autohomeomorphisms (continuous self-
maps) of a compact metrizable space X can always be simultan-
eously raised to autohomeomorphisms (continuous self-maps) of the

Cantor discontinuum C,
In fact, we will prove somewhat more:

3.4.19. THEOREM. Let S be a countable system of autohomeomorphisms

(continuous self-maps) of a compact metrizable space X. Then
there exist a system S of autohomeomorphisms (continuous self-maps)
of the Cantor discontinuum C, a 1-1 map ¢ -+ o of S onto §, which is
an open map if both S and S are furnished with the topology of uni-
form convergence, and a continuous map t of C onto X, such that

ot =10 , for all 0 & S,
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aj

(15) 1 .

PROOF. We only treat the case of a countable set S of autohomeomor-

phisms 0!/ X + X, the case of continuous self-maps being entirely sim-
ilar.

If X is a zero-dimensional space, the situation is extremely sim-
ple. For then the topological product X x C is homeomorphic to C; letp
be the usual projection XxC -+ X, and for each 0¢S let ¢ : XxC =+

X ®C be defined by

(16) (x,e)o' = (x0,c¢),

for arbitrary xe€¢ X and c&¢ C. Then always g'ep =peg, and it is im-

mediately verified that the map 0'+ 0 is continuous if S and

s' ={0o'" :0e8} arc provided with the topology of uniform convergence,
Next, let X be an arbitrary compact metrizable space. Let F be

the group generated by S; by what we have shown already it suffices to

raise every ¢ e F to an autohomeomorphism 7 of a zero-dimensional com-

pact metrizable space Y, by means of one single continuous map 1 of Y

onto X, in such a way that the map ®<*$ is open.

For each ¢oe F we define ¢: : XF > XF in the usual way: ¢Zo o=

¢

= n¢ o’ for each canonical projection o XF'+ X; and we define
o F
the topological embedding p: X -+ X (again: as usual) through the
condition: penw =¢, for all ¢ & F.
F F
Similarly for each ¢Oe F we define ¢0+ : € 4 €C by the condition:

¢+o ' = 7'

& o b09
of C onto the compcnent space C correlated with the index ¢.

for each ¢ ¢ F, ﬂ& denoting the canonical projection

As C is dually universal for K°(C) (cf. section 1.6}, there
exists a continuous map v of C onto X. This map induces a continuous
map Vv of CF onto XF, where C.on¢= "é>° v 5 for all ¢ € F, Let
Y = (Xu); —1; Y is a zero-dimensional compact metrizable space, the

— -1 —
map 1= (le)o U = (V!Y)o T; is a continuous map of Y onto X, and
X
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Todp= (¢+|Y)o ¢, for every ¢ € F.

Thus we have succeeded in lifting all ¢ € F, i.e. theorem 3.4,18
is now proved. Now let F ={¢™|¥u :¢€F) and F' = {¢']|Y : ¢ ¢ F}, both
groups furnished with the topology of uniform convergence. Clearly the
map h ! ¢+1Y > ¢*]Xu (¢ ¢ F) is an isomorphism of F+ onto Fw; we must

show that this map is continuous.

¥ S : .
M
¢ o“
]
K /
X

/ ‘
.
" 1; X
o Ixu
'y

(17}

<t
o]

y

Xy

A basic neighbourhood of the identity element of F' is of the form

(18} U = {¢*|Xu : (x,x¢%)£ W for all x e Xu) ,

where W is a neighbourhood of the diagonal in Xy % Xu, It is to be
shown that Uh—1 is a neighbourhood of iY in F', This is indeed the
case: for Uhm1 contains the open subset

(19) V= {67|Y : (y,y4 )eW for all yeV)

of F+, where W' is the following neighbourhood of the diagonal in Yx ¥:
(20) W= Ly, v 6 YXY  (y Ty, e Wt = (0 Gx T

{The fact that W' is a neighbourhood of the diagonal - W' is even open
in Y¥X Y! - is a consequence of the continuity of;‘).

REMARK 5. It follows from the proof that in the raising procedure Jjust
described algebraic relations are again retained.

In particular:
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3.4.20, COROLLARY. Every retraction of a compact metrizable space X

can be raised to a retraction of the Cantor discontinuum C.

From theorem 3.4.19 in conjunction with corollary 3.4.14 we ob-
tain at once the following slightly strengthened version of a result

of J. DE GROOT and R.H. MCDOWELL [Si] on metrizable groups:

3.4.,21. THEOREM. Every countable metrizable group G is a continuous
isomorphic image of a group of automorphisms of C, the last

group furnished with the topology of uniform convergence.

Let K be the category of all uniformly continuous maps of one
uniform space into another. In K, direct joins always exist: if Xt is
a uniform space, for each teT, let X = tIET Xt, furnished with the
product uniformity, and for each te T let ﬂt : X - Xt be the cor-
responding canonical projection: (£ ) m, = £ . Then (u ) is a

s"seT 't t t'teT

direct join of (Xt)te T 6
By proposition 1.6.8, K admits a K -universal object, for each

6 &€ ORD. Hence K contains Ke—univcrsal morphisms etc. As proposition

1.6.8 asserts that a 'uniformly’ K“-universal object exists, we even

obtain, by arguments similar to those leading to theorem 3.3.4:

3.4.22, PROPOSITION, Let 0 e ORD. There exists a uniform space X, a
uniformly continuous map ¢ : X - X and a uniform isomorphism
¥ of X onto itself for which the following is true. If U is an ar-
bitrary uniform space of weight at most }T , and if¢ ! U - U is uni-~
formly continuous (if Y is a uniform isomorphism of U onto itself},

there exists a uniform isomorphism 1 of U into X such that t¢= ¢1

(such that ¥ = §yt1 , respectively).

We conclude this section with an analogous result for metric

spaces,

3.4.23. PROPOSITION. Let 6 ¢ ORD. There exists a metric space X, a
contraction ¢ ¢ X + X and an isometry ¥ of X onto itself with
the following properties., If M is any metric space of weight at most

}?e, and if ¢ ¢ M~ M is a contraction (if y is an isometry of M onto
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itself), there exists an isometry t : M + X such that ¢ = ¢t (such
that T¥= Y1, respectively).

PROOF.. As we do not know whether direct joins always exist in the cate-

gory of all contracting maps of one metric space into another, a direct
proof is presented. We restrict ourselves to the case of isometries.

Let Y be a metric space in which every metric space M of weight at
most }¥6 can be isometrically embedded; such a space exists, according
to proposition 1.6.7, We will denote the metric in Y, and in all other
metric spaces occurring in this proof, by |, fe

Let X be the subset of YI, consisting of all bounded functions

- Ve 3 - - > £
I *y; if x = (Ek)k€ ¢ X and y = (nk)k e1 € X, we define
(21) lx,y | = sup |g, .0,
kel

This is a metric for X. Furthecrmore, we define V¥ : X » X through the

condi tions

22 Y om =
(22) k= Tkl

for each ké I, where ¥ stands for the map (&h) gk@ Clearly vy

k he I

is an isometry of X onto itself.
Now let M be an arbitrary metric space of weight at most }+6’ and
let ¥: M~ M be an isometry. Let y be an isometric embedding of M in-

to Y. We define a map 1: M+ X by the condition that

(23) T oT = wkou’

for arbitrary k€ I. Then T is an isometry, andteV¥=y o1,

3.5, Linearization of continuous self-maps

This section contains nothing essentially new. Rather, it is a connecting link be-
tween this chapter and the next one, showing how the problem of linearization of mappings

is closely related to our considerations concerning universal continuous self-maps.
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3.5.1. DEFINITION. Let E be a topological linear space. We say that a
continuous self-map ¢ of a topological space X can be linearized
in E if there exist a topological map T : X =+ E and a continuous lin-

ear operator ¢ : E » E such thatted¢=¢ o1,

If ¢ can be linearized in E by means of the embedding T, then
clearly the subset X1 of E is invariant under the linearizing operator

®, and ¢ = T o(w|xr)o 1“1,

3.5.2. DEFINITION. Let E be a topological vector space. If X is a to-
pological space and F a semigroup of continuous self-maps of X,

then an F-linearization of X is a topological map T: X » E with the

following property: there exists an isomorphism h of the semigroup F
into the semigroup of all continuous linecar operators in E such that

T o (Ph) =¢e T, for every ¢e F,

¢oh

13

X —> X
REMARK 1. An F-linearization could be considered as an F-equivariant

embedding in the sense of A, HELLER [}7] .

A Tychonov cube X :[ 0,1] 0 is a subspace of the space

E =R e, R denoting the real line. If{ ¥ is a scmigroup, ¢oe F, and

F F
if ¢o*‘: X -+ X is again defined by

(2) ((x¢)¢€ F)% = (x_ )

F L L. F
for all points (x¢) € X, then ¢o is the restriction to X of the

P P ve F
map ¢0 : E"+» E such that

~

) )

(3) ( ¢ eF)q’o = (x¢o¢ beF

*y

F F .
for all (X¢)¢e Fe E ., If we consider E as a topological linear space

F
over R in the natural way (i.e. we consider E as a topological direct
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product of }%.card(F) linear spaces R), then each @0, ¢o ¢ F, obviously

F
is a continuous linear operator in E . Thus we find (cf. theorems

2.5,13 and 3.3.2):

3.5.3. PROPOSITION. Let © € ORD. There exists a topologically d}e)—
universal semigroup S of morphisms (group G of bimorphisms)} in
0
K (CR), consisting entirely of continuous linear operators in a topo-

logical vector space.

In particular, if S is a set of continuous self-maps of a com~
pletely regular space X, all maps of S can be simultaneously linear-

ized in a (locally convex} linear space E of weight card(S).weight(X).

Ay

[e]

3.5.4., COROLLARY. For each 0 e ORD, there exists a continuous linear
operator (a linear autohomeomorphism} in a complete locally

convex linear space E of weight }Q)which universally linearizes all

continuous self-maps (all autohomeomorphisms, respectively} of com-

pletely regular spaces of weight at most f% .

If we are not interested in a universal linearization, we may
replace the free group or semigroup figuring in the proofs of theorems
2.4.1 and 3.3.2 by the given group of autchomecomorphisms or semigroup

of continuous self-maps. In this way we obtain:

3.5.5, PROPOSITION. Let F be a semigroup of continuous self-maps of a
completely regular space X. Then there cxists an F-lineariza-
K
tion of X in the topological vector space R with x = card(F).

Mweight(X).ftf

If a continuous self-map ¢ ! X » X admits linearization in some
topological linear space, then the space X is of necessity completely
regular: every topological group, and a fortiori every topological
vector space, is completely regular.

The results of this section show that conversely continuous
self-maps of completely regular spaces always can be linearized,and

even in topological linear spaces which are locally convex and com-
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plete and which have several other nice properties.

If one is interested in self-maps of metrizable spaces, these re-
sults are no longer satisfactory. For every metrizable space can be
topologically embedded in some Hilbert space, and Hilbert spaces are
much nicer generalizations, to infinite dimensions, of, the finite~-
dimensional euclidean spaces R" then are the spaces R0,

However, the methods of sections 2.4 and 3.3 can not be applied to
Hilbert spaces, at least not without modifications: we have shown

(corollary 3.2.12} that, in Ke(ﬂ),
(4) s, K = @

for each 0 € ORD and for each Hilbert space H containing more than one
point.

It will be shown in chapter 4 how the methods of section 2.4 can
indeed be modified - under additional assumptions -~ to give results in
Hilbert spaces. So, for instance, whereas corollary 3.5.4 asserts that
there exists a continuous linear operator in a Fréchet-space which is
universal for all continuous self-maps of separable metrizable spaces,
it will be shown in section 4.3 that there exists even a bounded lin-

ear operator in a separable Hilbert space enjoying this property.

3.6. Notes

In the category of all Tl—spaces, topological mappings into have
been characterized by H,-J. KOWALSKY [ﬁé] in the following manner.

If K is an arbitrary category, and if o, € K, we write

(13 ad B
if OlE: BE, while moreover BYl = sz for all Yl,Yze K such that
uyl =Yg - The morphism M€ K is called an injection if it is a mono-

morphism satisfying the condition: whenever u¥ a,00 € K, there exists

a €K such that o= [bu.
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a —_— b
o

(2) ~~ \B\ .
N

~c

Now in the category of all T, -spaces the injections turn out to be

exactly the topological mappings into.

The same characterization is valid for the categories of topolo-
gical spaces considered by us. As in most categories of algebraic sys-
tems every monomorphism is an injection, the considerations of chapter
3 and of chapter 4 could have been given a unified treatment by means
of a change of the definitions of universal objects, morphisms, bimor-
phisms etc, requiring the existence of suitable injections instead of
monomorphisms., We felt, however, that this would have been an unnatur-
al complication in all non-topological cases.

H.-J. KOWALSKY calls a morphism v of K which is an injection in
the dual category K* a surjection; in the category of all Tl—spaces
{and also in the categories of topological spaces considered by us},
the surjections are exactly the continuous maps v of a space ¥ onto a
space Y such that Y has the quotient topology determined by v . It can
easily be verified that theorem 3.3.5 remains true if in the definit-
ions of topologically dually universal objects, (bi-)morphisms, sys-
tems of morphisms etc., (definitions 3,1.1 and 3.1.2), the words "a
surjection Vv " are substituted for every occurrence of the words '"a
continuous map v'.

The results of section 3.3 are essentially contained in the pre=-
liminary note [éj .

The specific instances of proposition 3.4.4 embodied in corol-
laries 3.4.5 and 3.4.,6 were suggested to us by J. DE GROOT.

Our definition of an S~compactification (definition 3.4.8) dif=-
fers from the original one by J. DE GROOT and R.H. MCDOWELL [51] in-
asmuch we do not require the compactifying space X' to be metrizable.
Theorem 3.4.10 is due to J. DE GROOT (oral communication); the special

case expressed by corollary 3.4.11 was first proved by J. DE GROOT and
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R.H. MCDOWELL [51] ; using entirely different methods. Corollaries
3.4.12 and 3.4.15 are also proved in [5{] , again in a completely dif-~
ferent way.

As mentioned, the special case of theorem 3.4.18 obtained when
only one mapping needs to be raised, is due to R.D., ANDERSON [4] . Our
proof of theorem 3.4.18 (the first part of the proof of 3.4.19} is mo-
delled after a proof of J, DE GROOT of this special case, This proof,
which was orally communicated to us, differs considerably from
R.D. ANDERSON's original proof.

Theorem 3.4.21 was proved by J. DE GROOT and R.H. MCDOWELL under
the additional assumption that G is not discrete ( [511 , corollary
2.9).

The results of section 3.5 are all due to J. DE CGROOT E47,49] o



4, LINEARIZATION IN HILBERT SPACE

4.1, Discussion of the methods to be used

The methods of the previous chapters can be adapted in order to¢ obtain results on lin-
earization in Hilbert space of certain topological transformation groups acting on a metriz-
able space. In this preliminary sections it is explained why modifications are necessary,

and a motivation is given for the methods that will be used.

In Ke(H) every direct join is equivalent to a topoleogical direct
product; on the other hand, the direct product of more than finitely
many non-trivial Hilbert spaces is not itself a Hilbert space (cf. pro-
position 3.2.12 and corollary 3.2.13). Therefore the methods of the
previous two chapters do not work unmodified for Hilbert spaces.

One could try to replace direct products by Hilbert sums. We re-
call that the Hilbert sum of an arbitrary family (H, } of Hilbert

t"te T
spaces (T a non-void index set) is the linear subspace

2
) B H =1y, e FPou 7 [Ix]]2 <=
teT t t'teT teT ¢t teT t'Ht
of ce TAHt’ with the inner product of x = (xt)teT and y = (yt)te'r
defined by
(2) G,y) = ] Gy ).

teT

If T is finite, then @) H = P H ; and €) H_is a Hilbert space
t teT t t
. teT teT
under all circumstances.
However, this replacement is inadequate. If e.g. S is an uncount-
able semigroup acting on a Hilbert space H, and if we would try to
linearize the action of S by our standard construction, embedding H in

K = GB H by means of the map v which sends & & H onto its orbit under
gES

7

(33 Er = (F,O)cés,

then, among other things, we must have £ou= O for all but countably
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many o € S, This imposes an extremely rigorous condition on the action
of S.

We therefore propose to use a kind of "Hilbert integral’ instead
of Hilbert sums. We admit as index sets only groups or semigroups on
which a suitable integral is defined (this practically limits us to
locally compact groups). Given such a group or semigroup G and also a
Hilbert space H, we will consider the linear space C(G,H) of all
square~summable continuous maps G * H, made into a prehilbert space in
a natural way. More exactly, we define (limiting us, for the moment,

to the case where G is a locally compact group):

4,1.1. DEFINITION. Let G be a locally compact group, and let H be a
Hilbert space. Then C(G,H} denotes the linear space of all con-
tinuous maps G * H which are square-summable with respect to Haar

measure in G. If x,y e C(G,H), we put

4 = d
(4) (x,y) JG (XY,yY) Y

where x (yy) stands for the value of the function x (of y, respect-
ively) in Y€ G, and where dy denotes, as usual, the Haar measure in
G.

It is immediately verified that by (4) an inner product is de-
fined in C(G,H); in other words, C(G,H) is a prehilbert space.

The Hilbert sum of a number of copies of a Hilbert space H can

be considered as a special case of the "Hilbert integral'' C(G,H):

4.,1,2, PROPOSITION., If G is a discrete group, and if the Haar measure
on G is normed in such a way that every one-point set has

measure 1, then

(5) C(G,H) = H o,
Yegz} \

where each HY coincides with H.

4.,1.3, CONVENTIONS. In the sequel, we suppose the following conditions

satisfied:
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(i) The Haar measure on a tocally compact group G is defined in
such a way that it is left-invariant.
(ii) If G is compact, the Haar measure is normed in such a way
that G has norm 1.
(iii) If G is discrete, the Haar measure is normed in such a way

that every one-point set has measure 1.

Suppose now that G is a locally compact transformation group,
acting on a metrizable space X. Then X can be embedded as a bounded
set in a Hilbert space H (proposition 1.4.8); let us suppose that X
is already a subspace of the unit ball of H. What can we say now about
the 'map 1, sending each x&€X onto its G-orbit?

If we put x1 = £, where & is the function G *+ H such that

(6} (v)e = (v

for every Y € G (in complete accordance with (3}), then § certainly is

a continuous function, but £ need not be an element of C(G,H): ¢ need

not be square-summable.

It is in order to remedy this defect that we in the next section
introduce weight functions. Such a weight function f (there need not
always exist one, probably) correlates a scalar to every Ye&G in

such a way that for every x€ X the map £: G * H, defined by
(7N (Ve = () (xy),

for all ye G, is an element of C(G,H). Moreover, the definition of a
weight function is carefully tailored to ensure that the mapping

T : X + C(G,H), sending x¢ X onto the £ & C(G,H) defined by (7},is a
topologlcal embedding, and that for every Ye&G a bounded linear oper-
ator Y ¢ C{(G,H} -+ C(G,H) can be defined such that roy:: Yot ., In ef-

fect, the homeomorphism

(8) T:X+>X1c CGH < HC

turns out to be such that on XT the topology determined by the pre-

hilbert norm coincides with the weak topology, i.e. the topology in-
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duced by the product topology of HG, and the map y*.is essentially a

Al s " G
'permutatlon of the axes of H, of the same type considered already

so often in the previous chapters.

4.2, Weight functions and W-groups

In this section we define weight functions, and we prove that such functions exist for
a large class of groups. This class contains all compact groups, all countable discrete
groups, the additive group of real numbers; moreover it is closed under finite direct pro-
ducts and under group extensions of a certain type, and each subgroup of a group in the
class itself belongs to it. It follows that a locally compact abelian group admits a weight

if it is either separable or compactly generated.

4,2,1,. DEFINITION. Let G be a locally compact group. A weight function

or weight on G is a continuous real-valued function f on G with
the following properties:
(i) (e)f =1 (e = unit of G}; (Y)f >0 for every ve&G;
1,'Y2 € G;
(iii) f is square~summable with respect to Haar measure in G.

(ii) (vlvz)f ;(Yl)f«(vz)f, for arbitrary Y

A locally compact group G is called a W-group if there exists a weight

on G,

4.2,2, LEMMA. Let G be a locally compact group, and let f be a weight

on G, Then there exists a sequence of compact subsets Cn of G

such that
. 2
(13 lim (yf) dy = 0.
n-=+ o G\C
n
PROOF,

2
As f 1is a non-negative measurable function such that
2 . e .
{ (y£)"dy < = (condition (iii) of definition 4.2.1), there exists a

function g defined on G such that

) 0<Meg< o, for all yeo;

3) f (g dy = J 6 2ay ;
G G

while moreover for each real ¢2 O the set
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is o-compact (cf. [58] , theorem 11.40). Let A = {yeG : (y)g>O} .
Then

2 2
(5) ( (¥y£)7dy 2 I (y£)“ay 2 I (Y)g dy = J (v)g dy =
°G A A G
¢
‘ 2
= J (y£)%ay ;
G
hence
2 2
(6) (y£)7dy = (Y£)“dy .
G A
As A is O~-compact, there are compact subsets Co,Cl,Cz,.se of G such
that C « C for all ne N while moreover A = U C . It follows that
n n+l neN R
2 . f 2
(7) (¥Y£)“dy = lim J (y£) dy
G n - w C
n

which is equivalent to the assertion (1),

4.2.3. PROPOSITION. Every countable discrete group is a W-group.

Ll i. First we consider a free group F with denumerably many free

generators an, ne N\ {0} . Let € be the unit of F,

Every ¢& F, ¢ # ¢, can be uniquely written as a reduced word

.{1 kz ks
(8) o= a ooy ol ;
' 1 2 s
s
we put z Ik I on
‘0_1' o} o
(9) (@)f = 2
and
(10} (e)f = 1.

If ¢ is the reduced word (8), the length of ¢ is the integer
s bl -l
z Ikdl . By induction on the length of ¢, one easily shows that, for

o=1
each ne N,

(11} b {(¢f)2 :¢ & F and length(¢)=n} < (%)n;

hence
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12) Joen?ces,
GEF

Thus in order to show that f is a weight on F it only remains to prove
that condition (ii} of definition 4.2.1 is satisfied.
Let ¢1,¢2€ F, and first suppose that ¢2 has length 1. Then ¢2 is

of the form anl, i= +1, If ¢1 = €, we have

13) (¢1¢2)f = ¢2f = (¢1f)-(¢2f).
If ¢1 has (8) as its reduced form, then

2 -¢1f if ks=n and i-ks< 35
(14) (¢1¢2)f =

2—n~¢1f otherwise.

-n
> e = ° i

Hence (¢1¢2)f_,2 ¢1f (¢1f) (¢2f) in all cases.

Using induction on the length of ¢2, one can now easily show that

(¢1¢2)f 2 (¢1f)~(¢2f) for arbitrary 9110, €F.

II. Now let G be an arbitrary countable group. Then there exists a

homomorphism h of F onto G. We define, for yé€G:
-1
15) vf = sup {¢f :¢eyh 7}

It follows from the way in which f was defined that not only this su-

premum exists as a finite number, but that even

(16) on = max {¢f :¢e.Yh_l} .

Hence if Yl,Yze G, there are ¢1,¢2€ F such that

a7 b.h=v, ; ¢ f=yv1f (i=1,2);
i i i io

It follows that

(18) Y502 00 E 2 (91 ) - (0,8) = (Y £ )+ (Y, £ ).
Moreover,
(19) T a2 <) wn? <.,

YEG ° ¢&eF

Thus fO is a weight for G.
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4.2.4, THEOREM. Every compact group is a W-group.

PROOF.
ROOF If G is compact, the function which is identically 1 on G is a

weight.

4.2.5. PROPOSITION. Let G be a locally compact group, and suppose G
contains a compact normal subgroup GO such that the factor
group G/GO is discrete and countable. Then G is a W-group.

PROOF. ¢ ¢ £ be a weight for G/Go. We define, for v eG:

(20) vt = (YGO)fo.

Then f satisfies condition (i) of definition 4.1.1; and, for afbitrary
Y :
1,Y2 €G
(YY)t = (Y ¥,GE = (leo-\(zco)f0 >
(21)
> ® = ®
2 (YlGO)fO (YzGo)fo (Ylf) (yzf)-
As f is constant on cosets and as every coset is open, f is continuous.
Moreover, the distinct cosets partition G in countably many measurable
sets of finite measure; if we normalize Haar measure on G such that all

these cosets have measure 1, we find

1

J ey Zay N J (rir2ay =
G A

A &G/G
. [o]

(22)

il

) (at )% < w,
AeG/G ©

4.2.6, PROPOSITION. The additive group R of all real numbers, with the
usual topology, is a W-group.

PROOF . - x|

The function x > e , X€R, is a weight on R.

4.2.7. PROPOSITION. Every open subgroup of a W-group is a W-group.
PROOF. evident.

4.2.8. PROPOSITION. Every finite product Gl X G2 X .. X Gn of W-groups
Gl’ GZ""’Gn is again a W-group.
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PROOF. Let £ be a weight on G , k=1,2,...,n. We define f on the pro-
k 34y p

duct group as follows:

(23} Oya¥greeenY IE = (v 200,10 oo (v £ ).
Then f is a weight (condition (iii) follows from FUBINI's theorem; the

other conditions are evidently satisfied).

4,2.,9. THEOREM. Every separable locally compact abelian group is a W-
group.

OCOF . . .
PROOF Let G be a separable locally compact abelian group. Then G is

topologically isomorphic to a direct product R" X G', where G' contains
a compact subgroup Go such that G'/G0 is discrete (see A. WEIL [10@] s
p.110). As G is separable, G'/G0 must be countable. Now apply propo-
sitions 4.2.3, 4.2.5, 4.2.6 and 4.2.8,

4,2,10., THEOREM. Every locally compact compactly generated abelian
group is a W-group.

FROOF, Let G be a locally compact compactly generated abelian group.

Then G is topologically isomorphic to a direct product Rnx " XGO,
where ny,me N, I is the additive group of all integers and G0 is a com-
pact group (cf. e.g. ﬁ%ﬂ , theorem 9,8). Now use propositions 4.2.3,
4,2,4, 4.2,.6 and 4.2.8.

4,.2.11. DEFINITION. A topological group is called a CW-group if it is

the image of a W-group under a continuous homomorphism.

4,3, Linearization of CW-groups

We will now prove that CW-transformation groups acting on metrizable spaces can be lin-
earized in a Hilbert space. For compact transformation groups this is a result of J. DE
GROOT (cf. [}9] }; his proof, presented in [50]. served as a model for the proof of theorem
4.3.1 below.
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4,3.1. THEOREM. Let G be a topological transformation group acting on
a metrizable space M of weight }%, If G is a CW-group, then it
can be linearized in a Hilbert space H of weight fre

COF , . .
PR Let h be a continuous homomorphism of a W-group F onto G; and

let £ be a weight function on F.

According to proposition 1.4.8 it is possible to embed M topo-
logically into a Hilbert space Ho as a bounded set. To simplify our
notation we suppose that M is given at the outset as a subset of the
unit ball of Ho,

If £e¢lM, we define

F
(1} £r = X = (x¢)¢6 p€ Ho
where
2) x = (¢£)-(g) (ph}.

¢

As f,h and ¢h are continuous, x is continuous on F. As f is square-

summable, while
3 e em| < 1
for all & € M and all ¢e&F, x is a square-summable function. Hence 1

is a map of M into C(F,Ho)u

The map t is 1-1, for if ¢ denotes the unit element of F, then
4} (1), = (Ef)-(E)(eh) = &,

we will show that t is topological.
First we prove that 1 is continuous. Take any x e Mr’ say x = 7,

and an arbitrary 6>0. If yeMt, say y = nt, then

) Ix-y] 2 = J G2 [ (omd - () (om || Zao
F

Let (Fn}rleN.be a sequence of compact subsets of F such that

(6) lim | @62 = 0

n -+ oo FNF
n

{cf. lemma 4.2.2) and let noe N such that
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2
N I wnZay < & .

F\Fn
o

Then we have (using (3)):

. 2
(8) lIx-y]| 2 ;f WnH? 1@ - (eh) | 2ap + %— .
F

n
o

For each ¢ € F there exists a .neighbourhood U, of ¢h in G and a

¢

neighbourhood V, of £ in M such that

¢
(9) [l (€Y (pn)-ny ]| < % . (J woZa?
_ F

for all Y 6U¢ and all n aV¢. It follows that, for y éU¢ and n 6.V¢,

Hev-ny|l < Jl@ m-gy|] + || @ @n-ny] <

A

(10)

A

5 (4J w6 2ap) 2,
F

The compact set Fn may be covered by finitely many of the sets
o

-1 -1 -1 -1
Uh , saybyU h , U h ,...,U, h . Put V=V AV, A...AV ;
9 4, 4, ¢ 0, "o, ¢,
then
1 2. .-%
(1) & on-menll < 6-(4J (6£)“d)
F
for all ¢ & F and all n eV, and hence
2
(12) J @n? - @ emn-monl % < >
Fn
[e]

for every N &€V. Combining this with (8), we obtain that :I x—yl{ < §
as soon as N &V, and it follows that T is continuous.

Next we show that T ' is continuous. Suppose this were not the
case at the point x = €T, Then there must exist a sequence of points

nneM and a 6 > 0 such that for all n

(13) er -n ol <L Je-n ] >,
n n n
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For Y £€G we define

(14) w, = iEf [y - eyl

we will show that always wY > 0.
Indeed, suppose w = 0 for some yc)e(h Then for some suitable
subsequence {nn } of the sequence {nn} we have
. ‘

(15) (nnk)Yo > (E)yo.

-1 -1
As yo is a continuous map, it follows that n, = (nn Yy v >

i (E)YOY;l = £, contradicting (13).

Consequently, if

_ 2, 2
(16) c= L G0+ vy, do,

1
then C is a positive constant. Take n so large that ) < C. Then
n

(using 13}

fiv

llge - nxll? = J @o% - [[@ G-t en 12 6@
. 2

:Slr—i
N

(17)

fiv

J wn? . W2 d¢ = C,
F

oh

which is absurd.

Thus T is indeed a topological embedding of M into C(F,Ho). We
shall now exhibit the linear operators in C(F,HO) by which the Y& G

are linearized.
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If ¢o € Fand x e C(F,HO), we put

-

(20) X¢, =Y = (y¢)¢€ -
with
(21) y :—ﬁ—-—ax

¢ oot %0
o
It follows from condition (ii) of definition 4.2.1 that

R -1
(22) x6 1l < Co 8 7 Nl 5

5
hence ¢o is a bounded linear operator in C(F,Ho), with norm

— -1
(23) ol < o B 7.
One verifies at once that

s e
(24) ®1¢2 = 0,0,

hence every 3 is invertible, and the transformation ¢ - 3 is a homo-
morphism of F onto a group % of invertible bounded linear operators in
C(F,HO) (in fact, it is even an isomorphism),

We now show that

(25) $lMT = o dho 1

for arbitrary ¢ & F, In fact, let x€ Mt, say x = £t, Then

CONENGONE LS €0, -
(o0 £
- GV - () ((4pdh) =
(26} (o) £
= PE-((E) (oh)) (Yh) =

-1
((5(¢h))1)w = (x1 (¢h)r)w s

Y
for every Y& F, Hence (G,M} and (FIMT,MT) are equivalent.
Let K be the linear subspace of C(F,HO) spanned by Mt; as Mt is

invariant under F (by (25)}), so is K. Let H be any completion of K;
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-

all invertible bounded linear operators ¢|K can be uniquely extended
¥

to invertible bounded linear operators ¢ in H. As the weight of H is

at most}{)-weight(M), this completes the proof.

REMARK 1. We announced in section 4.1 that the embedding t of M into
C(F,Ho) would be such that the topology 9. induced in Mt by C(F,Ho)

1
coincides with the weak topology 9;.
This is indeed the case. The fact thai:q;c gé follows from the

continuity of t: Hx-y[|< € as soon as y_ belongs to a small enough

neighbourhood of X (cf.(4)). The fact that 9.« 9. is implied by the

2 1
-1 .
continuity of 1 " ; for the continuity of 71 is equivalent to the con~

tinuity of the projection map n€|MT, sending x onto X ; as

27) Xy = @f)-(x ) (¢h),

and as each ¢h : M+ M (¢ ¢ F) is continuous, it follows that n¢{MK is
F
continuous for all ¢ & F. And the product topology in HO is exactly

the weakest topology for which all n¢,¢e F, are continuous.

If G is a W-group, we can take F = G in the proof of theorem
e 3 &
4.3.1. As the group G = {y :y & G} is isomorphic to G = {y:ye G} , and

as this last group is isomorphic to G, we have:

4,3.2. COROLLARY. Let G be a topological transformation group acting
on a metrizable space M of weight at most ﬁBe If G is a W=
group, there exists a G-linearization (cf. definition 3.5.2) of M in

a Hilbert space H of weight ﬂb,

4,3.3. COROLLARY. Let G be a compact transformation group acting on a
metrizable space M of weight at most }%ee Then there exists a

G-linearization of M into a Hilbert space H of weight‘ﬁb such that the

action of G is linearized by a group G% of unitary operators in H.

PROOF. In the proof of theorem 4.3.1 we take F = G; for f we take the

function which is identically 1 on G, It then follows from (20} and
(21} (and from the left invariance of Haar measure) that every oper-

i £
ator ¢o is unitary, and hence alsoc every ¢ .



4,3.4. COROLLARY. Let G be an abelian locally compact transformation
group acting on a metrizable space M, and suppose G is either
separable or compactly generated. Then there exists a G-linearization
of M in a Hilbert space H of weight fﬁ)- weight (M) .
PROOF. This follows from corollary 4.3.2 and theorems 4.2.9 and 4.2.10,
4,3.5, COROLLARY. 1f G is a countable transformation group acting on a
metrizabie space M of weight at most }f , there exists a G-
linearization of M in a Hilbert space of weight Rb.
F. . .
PROO This follows from corollary 4.3.2 together with theorem 4.2.3.
The groups in corollary 4.3.5 need not be abelian. We do not know
whether corollary 4.3.4 can be extended to cover also all non-commuta-
tive separable or compactly generated locally compact transformation

groups.

REMARK 2. It follows from (23) that the linear operators ¢*: H -+ H,

¢ & F (using the notation of the proof of theorem 4.3.1) satisfy the
condi tion

. * N

(28) o ll = o™,

This suggests a relation between condition (ii) of definition 4,2,1

and the well-known norm-inequality “ao Blli!la“- 8||for the composition
c¢f two bounded linear operators «,p. In fact, suppose G is a group of
bounded linear operators in a Hilbert space H, topologized in such a
way that it is a locally compact transformation group acting on H.

Then the scalar function f on G, defined by
-1
(29) ot =¥lI"", veaq,

is a lower semicontinuous function satisfying the first two conditions
of definition 4.2.1. It would be interesting tc know under which cir-

cumstances f is a weight function on G,



145

4.4, Linearization of transformation semigroups

In the preceding chapters transformation groups and transformation semigroups received
parallel treatment: if results could be obtained for groups of bimorphisms, then also for
semigroups of morphisms, and vice versa.

This parallelism no longer exists in our present considerations. This is a consequence
of the fact that no realily satisfactory analogue of the Haar integral is known for, say, lo-
cally compact semigroups.

Such results as can be obtained for transformation semigroups by means of the methods

of the previous two sections, are discussed below.

Let us examine to what extent the proof of theorem 4.3.1 can be
adapted to some class of topological transformation semigroups.

The existence of inverses in G (or rather F) was used twice. At
one place we will certainly no longer need 1t, sc. where we used it in
concluding from formula (24) in section 4.3 that every ; is invertible
(for of course when considering a transformation semigroup we no lon-
ger strive for a linearization by invertible operators). More serious
was the use made of inverses (particularly, of the continuity of tak-
ing inverses) in proving that the inverse T_l of the embedding map T
is continuous (the step from (18) to (19) in section 4.3).

We used extensively the existence of Haar measure in F. Close
inspection of the proof reveals that the properties of Haar measure
that were used are the following three:

(i) it is @ non-negative regular Borel measure;

(ii) its support is the whole set F;

(iii) it is left sub-invariant, in the fcllowing (weak) sense:

there exists a real constant c¢> O such that

(€D j (¢ ¢)f d¢ < c J (93f d¢
Fo° F

for every non-negative real-valued continuous function f on F and for
e F,
every ¢0
4,4,1, DEFINITION., An IW-semigroup is a locally compact topological
semigroup with unit F with the following properties!

(i) There exists a measure U in F satisfying conditions (i)-(iii)

above.
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(II) There exists a real-valued function f on F satisfying conditions
(i} - (iii) of definition 4.2.1 with respect to the integral defined
by w.

A topological semigroup with unit is called a CIiW-~semigroup if it

is a continuous homomorphic image of an IW-semigroup.

4.4,2, PROPOSITION. Let G be a topological transformation semigroup
acting on a compact metrizable space M. If G is a CIW-semigroup,
then G can be linearized in a separable Hilbert space,

COF .
PR The proof proceeds exactly as the proof of theorem 4.3.1 except

-1
that the continuity of T now is concluded from the compactness of M.

IW~semigroups seem to be exceedingly rare; we know of no extensive
class except the rather trivial one consisting of all subsemigroups of
W-groups. A less extensive class is the onec consisting of all discrete
countable cancellation semigroups with unit: the measure u such that
every one-point set has measure 1 satisfies the conditions (i}-(iii)

above, and the existence of a weight function follows from

4.4,3, LEMMA. Let G be a countable semigroup, with neutral element € .,
There exists a real-valued function f on G such that
(i) ef = 1; Y£> 0 for all Ye G;
.. N . . .
(ii) (YlYZ)f'“(Ylf}'(YZf)’ for arbitrary Y Yy G;
2
(1ii) ) (D)< w.

Ye G

F. .
PROO Similar to the proof ot proposition 4.2.3,

More generally: if G is a countable discrete semigroup ior which

there exists a natural number n such that the set
9 eG : Ay ¢ =
2) {y Ay, G (v v Yl)}

has at most n elements, for every choice of yle G, then G is an IW-
semigroup. In particular, every finite semigroup is an IW-semigroup.
As every free semigroup is a cancellation semigroup, every count-

able discrete semigroup is a CIW-semigroup. Thus every countable semi~
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group of continuous self-maps of a compact metrizable space can be
linearized in separable Hilbert space.

More can be proved: in the case of a countable transformation
csemigroup G the hypothesis that the space X acted upon by G is compact,

is superfluous:

4.4.4. PROPOSITION. Let G be a countable transformation semigroup act=-
ing continuously on a metrizable space M. Then the action of G
can be linearized in a Hilbert space H of weight ﬂ;-weight(M).

F. . . . .
PROO Let F be a free semigroup with unit with .&0 generators. The

proof of theorem 4.3.1 can easily be adapted to the discrete semi-

group F, furnished with the measure u such that every one-point sub-
set of F has measure 1. The only part of the proof where difficulties
arise is in showing that 1_1 is continuous. However, this is now al-

most evident: if £,n € M, then

et = =lle - nll <
20 9\ 1
(3) <[ ¥ wwn. l|(é)(¢h)-<n)<¢h)ll“) ? =
¢e I
=lex - ntf] .

In particular, countably many continuous self-maps of a metrizable
space M can be simultaneously linearized in a Hilbert space H of

weight }?0- weight (M) .

It is not known whether every compact semigroup is a CIW-semi-

group (it seems highly improbable that this will be the case).

PROBLEM 2., To give a simple example of a compact transformation semi-
group operating on a metrizable space which can not be linearized by

a semigroup of bounded linear operators in some Hilbert space.

If the topological transformation semigroup S, acting on a me-
trizable space M, is an IW-semigroup, we see from proof 4.3.1 that
there exists an S-linearization of M. We do not know whether every

countable discrete semigroup is an IW-semigroup; therefore we also do
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rot know whether proposition 4.4.4 can be strengthened to assert the

existence of a G-linearization.

PROBLEM 2. Does there exist a G-linearization in a Hilbkert space for
every countable semigroup of continuous self-maps of a metrizable

space?

4,5, Universal linearization

The considerations of the preceding two sections are used in this one in order to show
that each category K‘%M), e ORD, contains universal morphisms and bimorphisms which are
bounded linear operators in some Hilbert space. Some results in this direction are obtained
21lso for systems of morphisms.

4.5.1. PROPOSITION. Let F be a W-group, and let H be a Hilbert space
of weight ﬂb, 8 € ORD. Therec exists a group F* of bounded lin-
ear operators in H, isomorphic to the group F, with the following pro-
perty. If X is any metrizable space of weight at most kb, and if G is
a topological transformation group acting on X such that G is a contin-
uous homomorphic image of F, then the pair (G,X) is topologically equi-
valent to a pair (F“| Y,Y) for a suitable Ffinvariant subspace Y of
the topological space H.
PROOF . This follows at once from the proof of theorem 4.3.1,
4.5.2. COROLLARY. Let H be a Hilbert space of weight }? , 8€&ORD,
There exists a group F of bounded linear operators in H which
is a topoclogically (}?O)—universal group of bimorphisms for the cate-

gory KG(M).

One can say that the pair (F,H) universally linearizes all pairs
(G,X) where X is a metrizable space of weight at most A}, and where

G is a countable group of autohomeomorphisms of X.

4,5,3, COROLLARY, Let 0 € ORD, and let H be a Hilbert space of weight
£,

topologically universal bimorphism for KG(M).

There exists a linear autohomeomorphism ¢ of H which is a

In other words, every autohomeomorphism ¢ of a metrizable space

X of weight at most f% can be linearized in H by means of ¢ , For
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the case 6=0 the existence of such a linear universal autohomeomor-
phism has been proved by A.H. COPELAND Jr.and J. DE GROOT ( [18] ,
theorem I),

In order to prove corollary 4.5.3 one applies proposition 4.5.1,
taking for F an infinite cyclic group, say the additive group I of all

integers, If one uses the weight f on F defined by

N -k
(¢D] (k}f = 2 ,
the construction in proof 4.3.1 leads to the following explicit example
of a linear universal autohomeomorphism ¢ in Ke(M).
Let Ho be any Hilbert space of weight ﬁ%; for each ke I, let
H = HO; and let

k
(2) H= @ H .
kel
s = ) > t
If x€ H, say x (Xk)ke g We put
— - ;Y
(3} x¢ =y = (Sk'ke I
where
[ 2}{}“1 if k20;
(4) y, =
k Ax if k<O
2%k4+1 *

Then ¢ satisfies the requirements of corollary 4.5.3. (If 6=0, this
is exactly the operator constructed by A.H, COPELAND Jr, and J. DE
groot (18] .)

*4,5.4. COROLLARY, Let 6,< € ORD, O < x. Let H be a Hilbert space of

weight }}6' There exists a group F of linear autohomeomorphisms
~f H with weight{F) :)}K, enjoying the following property. If X is any
metrizable space of weight at most f? , and if G is any abelian com-
pact transformation group, acting on X, of weight at most f& , there
exists an F~invariant subspace Y of the topological space H such that
the pairs (G,X) and (F|Y,Y) are topclogically equivalent.

PROOF. . * ) . .
According to corollary 1.4.13, K(AG,x) admits a universal ob-
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ject Fo. Let F, be the character group of the discrete group Fo' Then

1
F1 is a compact group of weight }} (cf. [58] , theorem 24.14), and
[3
every compact abelian group G of weight at most ﬂ‘ is a continuous ho-
I3
momorphic image of F (cf. [55] , proposition 24.41). As F1 is a W-

group (theorem 4.2.4), we need now only apply proposition 4.5.1.

From the results of section 4.4 we derive in the same way the

following two propositions:

4.5.5, PROPOSITION. Let 6€ ORD, and let H be a Hilbert space of weight
}+6
H which is a topologically (f}o)—universal semigroup of morphisms in

K9 ) .

. There exists a semigroup S of bounded linear operators in

4.5,6, PROPOSITION. Let 6 ¢ ORD, and let H be a Hilbert space of weight
}}e. There exists a bounded linear operator ¢ in H which is a

topologically universal morphism in Ke(M).

An explicit example of such a linear universal continuous self-
map ¢ is again easily constructed. Let once more Ho be an arbitrary

Hilbert space of weight )}6’ let Hn = HO for each ne N, and let

(5) H= P H .

néeN
- e
If x (xn)ne N H, we put
(6) X0 =y =(y)J .y
with
= 2
M yn Xn+1

for every ne N.

4.6, Maps of finite order

In this section some additional remarks are made concerning linearizations of mappings
of finite order and of finite semigroups of continuous self-maps. Thus, linearization in
finite~dimensional spaces is succinctly discussed; a result of J. DE GROOT on linearization

of retractions by orthogonal projections is exhibited, and the latter result is slightly

generalized.
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Let G be a finite semigroup of continuous self-maps of a metriz-
able space M; say G has k elements. (As usual, we suppose that iMiLG);
Then if H is a Hilbert space into which M can be topologically embed-
ded, the action of G on M can be G-linearized in the Hilbert sum
(13 k= @D =

YeG
of k copies of H. A map yoe G is linearized by the map Yo%: K + K such
that

(23 (

M

)ye G Yo

- (XYOY)Y e G

X

Y
Suppose now that M is separable and finite~dimensional, say of

dimension n. Then, as is well-known, we can take for H the finite-

2n+1
dimensional euclidean space R n . In this case it follows that there

exists a G-linearization in Rk(2n+l).

In particular, if ¢ is an autohomcomorphism of M of finite order
k, then ¢ can be linearized by an orthogonal transformation in
Rk(2n+l). As a rule, ¢ can even be linearized in an Rm with m<k(&Zn+l},
The least value for m which accommodates all autohomeomorphisms ¢ of
fixed finite order k ol arbitrary separable mectrizable spaces of fixed
dimension n has been determined by A.H. COPELAND Jr. and J. DE GROOT
[18] in case k is prime, and by J.M. KISTER and L.N. MANN [65] for ar-

bitrary k.

If G is a finite group of autohomeomorphisms of M, the G-lineax-
ization in K defined by (2) linearizes the action of G by means of
unitary operators in K (by means of orthogonal transformations, if H
is an R7).

If G is a finite semigroup of continuous self-maps of M, this
naturally is no longer true. However, in this case the bounded cper-
ators y"M are still of a rather special kind: each of them is a pro=-
duct of a unitary operator and a projection. (We call projection each
bounded linear operator P which is idempotent: P2=P. Thus a project-
ion P is not necessarily an orthogonal projection of H onto the closed
linear subspace HP),

This is a consequence of the following simple lemma
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4,6.1., LEMMA, Let A be a finite set. If ¢ is an arbitrary map A + A,
there exist a 1-1 map ¢1 of A onto itself, and idempotent maps

¢ :A—>Aand¢3:A~>A, such that¢:¢l°¢2=¢3°¢1.

PROOF'. Let S<A such that ¢|S is 1-1 while S¢ = A¢. Then there exists

a 1-1 map ¢ of ANS onto A\NA¢, and a 1-1 map 7T: A¢ =+ S such that

(¢o1)|S = ig. We define ¢ ,0,,0.¢ A% as follows:
(3) 0,18 = ols; ¢ [ @a\s) = o;
. . — _lo .
4 0,180 = 1, |a6; 0,1 (AN AG) = 0770 o
(5) ¢3 = ¢e1,
Then é. is 1-1 and onto, ¢.2 = 6_, 6.2 = 0., and o= =
en ¢, is and onto, ¢,° = ¢,, ¢,7 = 0., and ¢= ¢1° ¢, = 950 ¢1-

If now G is a finite semigroup, the left translation ;; defined
by Yoe G is the composition of a 1-1 map of G onto itself and an idem-
potent map, by lemma 4.6.1. It follows that the same holds for the

bounded operator Yo* , defined by (2). Thus we have:

4.6.2, PROPOSITION. Let G be a finite semigroup of continuous seif-
maps of a metrizable space M of weight ﬁ%. There exists a G~

linearization by a semigroup G* of bounded linear operators in a Hil~

bert space K of weight f%, such that every Te G* is simultaneously of

the form T = UP, and of the form T = P2U, where U is a unitary oper-

1

ator in K while Pl,P2 are projections.

If ¢: M+ M is a retraction, then ¢2 = ¢, and hence ¢% is a pro~-
jection all by itself. J. DE GROOT, who first observed this, has indi-
cated how this fact can be better set off:it is possible, through a
suitable modification of the embedding map M - H®H = K, to linearize

¢ by an orthogonal projection.

4,6.3, PROPOSITION. Let ©0€ ORD, and let H be a Hilbert space of weight
ffe. Let K = H@H, and let P be the orthogonal projection of ¥
onto its closed linear subspace H (@ {0}. Then P is an "f}e~universa1

retraction' : if M is an arbitrary metrizable space of weight at most
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f%, and if ¢ is an arbitrary continuous retraction of M, then ¢ can
be linearized by P.

PROOF, . . .
Let u be a topological embedding of M into H; then a topological

map T: M + K is defined by putting
(6) €1 = (Edu ,Eu - E¢u)d

for arbitrary &€ M. Clearly ¢1 = 1P.

If more generally ¢ is a continuous self-map of M which generates
a finite semigroup, it is once more possible to exhibi: more clearly
the decomposition of ¢* into a unitary operator and a projection; once
again it can be obtained that this projection is orthogonal, Suppose
the maps ¢,¢2,...,¢n+m_l are pairwise distinct, while ¢n+m = ¢n (n;(L
m21). Let u again be a topological embedding of M into H. We define a

map T' M = Hn+m as follows if £€ M, then

n n+l n+n~-1 m

ET = (€6 ur E¢ wre-erE9 b E¢ u-Eu o

6 m+1 n+m=1 n-1
E¢  u T EQus---sEd Bo=Ed ).
It is easily verified that 1 is a topological map.
+ n+
Furthermore, we define a unitary operator U : Hn mo H ™ as fol~
. 3 n+m

lows: if x = (X1’X2"“"Xn+m) € H , then
{7) xU = (x2,x3,...,xm,xl,xm+2,xm+3,...,xm+n,xm+l)@

Finally let P be the orthogonal projection of Hn+m onto its closed

linear subspace spanned by the first n+m-1 coordinates:

(8) xP = (xl,xz,xs,..,,xn+m_1,0).

Then ¢t = 7TUP,

n+m .
Similarly, if @ is the orthogonal projection in H defined by

(9) xQ = (xl,xz,,..,xm,o,x eess X ),

42’ “m+3 +n
then ¢t = 7TQU.

As an application of proposition 4.6.3 we present a new proof of

the following result of W, NITKA [88] (generalizing a result of
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C. KURATOWSKI [69] i:

4.6.4. THEOREM., Let M be a metrizable space, A a retract of M, and Pa

a metric on A corresponding with the relative topology of A in-
duced by M. Then there exists a metric p on M, inducing on M the given
topology, which satisfies the following conditions:

(i} p extends p i.e. (x,y)p = (x,y)pA whenever x,ye A;

A
(ii} A is p-convex; i.e, if x,y€ A and ze M such that (x,z)p +
+ (z,y)p = (x,y)p , then z<cA;
(iii) there exists a map ¢: M ~>A such that (x,A)p = (x,%x¢)p, for
ail xe M.

PROOF, L . .
By proposition 4.6.3 we may assume that M is a subset of a Hil~-

bert space K, and that A = (M)P, where P is the orthogonal projection
of ¥ onto some closed linear subspace., Then clearly a metric p inducing
the right topology on M is defined by putting, for arbitrary x,y € M:
(10) (x,y)p = (xP,yP)p + ”(x—xP) - (Y“yP)“ R

A

it is immediately verified that p satisfies conditions {(i}~(iii}.

4,7, Linear embedding; universal linear operators

We have seen that infinite direct joins do not exist in K(H) except in trivial cases
(corollary 3.2.13). Therefore the standard constructions can not be used in order to ob-
tain universal morphisms; it is likely that KG(H)-unlversal morphisms (6¢ORD} do not exist.
However, Hilbert sums apparently constitute 8 reasonably useful substitute for direct joins
(cf. the previous sections of this chapter), and by their use some partial results can be
obtained. Principal among these results is the theorem of G.-C. ROTA, asserting that in
KG(H) there exists a bounded linear operator which is universal for all bounded linear oper-

ators with spectral radius less than one.

We recall that the monomorphisms of K(H) are the 1~1 bounded lin-
ear operators (proposition 1.2.4). If u: H+ K is a monomorphism, then
Hu is a closed linear subspace of K, and u:! H- Hu has a bounded

inverse.

4,7.1, DEFINITION. A set S of bounded linear operators in a Hilbert
space H is called U-bounded if the semigroup generated by S is

bounded in norm, A linear operator T : H- H is called U~bounded if
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the set {T™: ne N} is U-bounded.
In order to abbreviate several formulations below we introduce:
4,7.2. DEFINITION, Let H,K be Hilbert spaces, F a semigroup of bounded

linear operators in H, G a semigroup of bounded linear operators

in K. We say that G is similar to a restriction of F if there exists a

1-1 bounded linear operator u:! K-+ H and a homomorphism h : F =» G
such that

1€)) bo ¢ = ¢houp

for all ¢ = F,

REMARK 1. Under these conditions it follows that the closed linear
-1
subspace Ku of H is invariant under all ¢e F; if we write u for the

inverse of u: K =+ Ku, then

2) G ={u c(@'(KU))O H-l ‘9 & F},

Let us re-examine the proof of theorem 4.3.1, assuming now that
the metric space M considered there is a Hilbert space. If the trans-
formation group G consists of bounded linear operators in M, and if
moreover G is U-bounded, say ”Yllzc for ail ye G, we need not embed M
first in a bounded subset of HO; instead, we will take Ho identical

to M. For we can replace 4.3.(3) by the inequality

(3) ey omd [l e [lells

which warrants that ¥ maps M into C(F,Ho). As before, t is 1~1., More-
over, T is clearly linear; and this makes it much easier to esta-

blish the bicontinuity of 7: we need only show that v is bounded. In

fact, as
2 [ 2 2 2 2 2
(4) lell =J O£)7+ || (€ (en)]| “dg < || ]| f (¢£)%dp,
F F
we find that
(5) el < e-¢ J (¢f>2d¢)%,
F

In this way we obtain:
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4,7.3. PROPOSITION. Let & € ORD, H a Hilbert space cf weight f*e, and

F a W-group. There exists a group F* of bounded linear operators
in H with the following property. If K is any Hilbert space of weight
at most ﬂb, and if G is an U-bounded topological transformation group
of bounded linear operators in K which is a continuous homomorphic

e
image of F, then G is similar to a restriction of F .

4.,7.4, COROLLARY. Let 8€ ORD, and let H be a Hilbert space of weight
f?en There exists a (denumerable, free) group F of bounded

linear operators in H with the following property. If G is a countable

U~-bounded group of bounded linear operators in a Hilbert space K of

weight at most & , then G is similar to a restriction of F,

Both the hypothesis of U-boundedness and the use of weight func~-
tions serve to obtain that the embedding map t constructed in the

proof of theorem 4.3.1 maps M into C(F,Ho). If now G has the property

(6) I ONvIE <=

YEG
(which implies that G is countable and U-bounded}, cleariy no weight
is needed: if F is any countable group of which G is a homomorphic

image, and if

(7) K = @ M,

pEeF

then G is similar to a restriction of the group F'of all bounded

linear operators ¢o” in K, ¢o varying over F, defined by

e

(8) (¢ ) ¢, = (¢

) )
o ¢eF 0,0 0€F

e
Clearly these operators ¢o are unitary; thus we find:

4.7.5, PROPOSITION, Let ©¢€ ORD, and let H be a Hilbert space of
weight f%. There exists a (denumerable and free) group F of
unitary operators in H with the following property. If G is a count-

able group of bounded linear operators in a Hilbert space K of weight

< &

2 g such that (6} holds, then G is similar to a restrictiom of F,
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And also:

4.7.6, PROPOSITION, Let 6 € ORD, and let H be a Hilbert space of

weight ﬂ%. There exists a unitary operator U in H with the fol-
lowing property. If T is an invertible bounded linear operator in a
Hilbert space K of weight at most f%, and if
(© I k[
kel

)

then T is similar to a restriction of U.

An example of such an operator U is the bilateral infinite shift;
this follows from (8), taking for F the additive group I. Let Ho be a

Hilbert space of weight ﬂ%; let Hk = H , for each keI, and put

(o]
(10) H= @ u.
kel k

Then U ¢ H -+ H is defined as follows: if x = (xk) then

XU= et
(or adjoint) of U is called the bilateral shift based on H,, or also

kel’
(In the terminology of P.R. HALMOS [5?] , the inverse

the bilateral shift of multiplicity ;%).
In the same way one can show (cf. the daiscussion in section 4.,4}:

4.7,7. PROPOSITION. Let 9 € ORD, and let H be a Hilbert space of

weight )%e. There exists a (denumerable, free) semigroup F of
bounded linear operators in H such that every U-bounded countable semi~-
group G of bounded linear operators in a Hilbert space K of weight

;.f% is similar to a restriction of F.

4.7.8, PROPOSITION. Let 60 ¢ORD, and let H be a Hilbert space of
weight.ﬁb, There exists a bounded linear operator T in H with

the following property. If S is any U-bounded linear operator in a

Hilbert space K of weight at most ff, then S is similar to a restrict-

ion of T.

REMARK 2. Let €> 0, It follows from the fact that n =+ (14—&:)_n is a
weight on the additive semigroup N, together with remark 2 of section

4.3, that T can be chosen in such a way that
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(11) Il < 1+e.

4.7.9, PROPOSITION. Let 6 ¢ ORD, and let H be a Hilbert space of
weight 'hb' There exists in H a linear operator U of norm 1
with the following property. If T is a bounded linear operator in a

Hilbert space K of weight at most A, and if

(12) 1o

n=1

o
5

n“2<

then T is similar to a restriction of U.

In order to construct explicitly such an operator U, we suppose
that Ho is a Hilbert space of weight .ke, that Hn = HO for each ne N,
and that

(13) H= (D .

ne N

Then U : H+H can be defined as follows:

(14) (xo,xl,x JU = (xl,xz,x J.

g0 3
(This operator U is the adjoint of the operator U+,

(15) (x .)U+ = (O,XO,xl,xz,...),

NEETEE

which is called by P.R. HALMOS [52] the unilateral shift based on H ,

and alsc the unilateral shift of multiplicity Rb).

If the spectrum of T lies in the interior of the unit disc, then

(12) is valid (see G.-C. ROTA ]pl] p.470) . Hence the following is true:

4,7.10, THEOREM (G.-C. ROTA [91] ). Let ©¢ORD, and let H be a Hil-
bert space of weight .ﬂb. There exists a bounded linear oper-
ator U in H, which is a contraction operator, with the following pro-
perty., If T is any bounded linear operator in a Hilbert space K of
weight at most .ﬁb whose spectrum is contained in the interior of the
unit disc, then T is similar to a restriction of U to one of its in~-

variant closed linear subspaces,

Applications of this theorem are given in the papers EQO,Qil of
G.-C. ROTA,
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4.8, Notes

Since a considerable time several authors have tried to embellish
the action of a transformation group G operating on a metric space X
through some modifications in X of a non-topological nature. Arche-

typical is a theorem of S. EILENBERG [35] , from 1936

4.8.1. THEOREM. If G is a compact group of autohomeomorphisms of a
metrizable space M, then M can be metrized in such a way that

all transformations Yy € G become isometries.

(For an analogous result for locally compact groups, see J. DE GROOT
[467] ).
For special M and G much stronger results were subsequently ob-

tained. For instance in Diﬁﬂ the following theorem is mentioned:

4.8.2, THEOREM. Let G be a compact transformation group, operating
3
effectively on R . Suppose G is not totally disconnected and
3
not finite. Then R can be coordinatized in such a way that G becomes

a closed subgroup of the orthogonal group.

A closely related theorem is given in D, MONTGOMERY - L, ZIPPIN
[82] :

4.8,3,. THEOREM. Let G be a non~trivial connected compact transform-
ation group, operating effectively on R3° Then the action of &

is topologically equivalent either to the group of all rotations

around an axis or to the group of all proper orthogonal transform-

ations.

It becomes much easier to recognize the action of G on M as nice
if one starts looking at things in a wider perspective; said other-
wise, i1f one allows a topological embedding of M into some bigger
space. At first, this bigger space was always taken to be a finite-
dimensional euclidean space.

That this really opens up new possibilities can be seen from
examples of R.H. BING [}4] and of D. MONTGOMERY - L. ZIPPIN [ﬁl] (ct.

also [82] ). R.H. BING constructed a "wild reflection', an involutory
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homeomorphism of the three-sphere 83 with a wildly embedded plane as
set of fixed points. D, MONTGOMERY and L. ZIPPIN obtained a ‘'wild
rotation", a sense-preserving involution of R3 having a wildly embed-
ded topological line as fixed point set. Such homeomorphisms clearly
Hfannot be linearized in the space itself. They can be linearized, how-
ever, in a larger (but still finite-dimensional) space, as we saw in

section 4.6, This alsc follows from results of G.D. MOSTOW (1957):

4.8.4, THECREM [83] . Let G be a compact Lie group operating faithful-
ly on & separable finite-dimensional metrizable space M. Assume
G has only a finite number of "inequivalent orbits' in M. Then G can

. . . . . n
be linearized by unitary transformations of a euclidean space R .

4.8.5. THEOREM [8{] . Let G be a compact Lie group of homeomorphisms
of a compact manifold M. Then G can be linearized by orthogonal

. . n
transformations of a euclidean space R .

In the case of homeomorphisms of finite order of a finite-dimens-
ional separable metrizable space, the minimal dimension of a euclidean
space in which linearization is always possible was determined by
A.H, COPELAND Jr. and J. DE GROOT [1?] and J.M, KISTER and L.N. MANN
[6%] ; cf. section 4.6. The last mentioned authors also treat, more
generally, the case of compact abelian lLie groups with a finite number

of distinct isotropy subgroups, acting on a compact metrizable space.

The next generalization consists in dropping the finite-dimension-
ality condition on the space in which one linearizes, The study of the
possibility of linearization by bounded linear operators in some Hil-
bert space was originated by J. DE GROOT [43] and A.H. COPELAND Jr.
and J. DE GROOT [17,18]. Corollary 4.5.3 is taken from [18] . (It was
also asserted by M. KLINE [ﬁi} ; however, the proof presented by
M. KLINE is incorrect). To J. DE GROOT are also due corollary 4.3.5
{(oral communication; cf. also [8] ) and corollary 4.3.3 ( [49], Theo-
rem I}. A detailed proof of corollary 4.3.3 was presented in the pre-

N
liminary note J. DE GROOT and P.C. BAAYEN [50] .
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Our proof of theorem 4.3.1 is modelled after J. DE GROOT's proof
of corollary 4.3.3 in [45] . The new element is the use of weights., A
preliminary presentation of this proof is given in [5@] .

In this preliminary version [5@] , the property cf weights ex-
pressed by lemma 4.2.2 was incorporated in the definition; we are in-
debted to G.J. HELMBERG for pointing out to us that this property is
a consequence of hypothesis (iii) of definition 4.2.1. The contents of
sections 4.2 and 4.3 will also be published elsewhere (P.C. BAAYEN and
J. DE GROOT [10] ).

Proposition 4.6.3 is due to J. DE GROOT (oral communication), who
also suggested the proof presented by us of W. NITKA's theorem 4.6.4;
cf. also [6] .

G.-C. ROTA [9@] showed that for each fixed transfinite weight
(dimension) there exist universal contractions. His proof depended on
the same construction which we considered so often, representing
points by their orbits; these orbits, in this case; are identified
with points of an infinite Hilbert sum. Correspondingly, G.-C. ROTA's
universal contraction is an (inverse) unilateral shift, This result
was generalized by G.-C. ROTA to bounded linear operators of spectral
radius <1 (theorem 4.7.10) in Eﬂj .

The unilateral shift of multiplicity 1 {ir the Hilbert sum of a
denumberable number of one-dimensional spaces) was thoroughly studied
by A. BEURLING Elq . Unilateral shifts of finite multiplicity are
considered by P.D. LAX [75] . In P.R. HAIMOS [52] both unilateral and
bilateral shifts of arbitrary multiplicity are studied and their in-
variant subspaces are discussed. Shift operators in Hilbert spaces are
also studied in connection with the theory of unitary dilations; cf.

e.g. I. HALPERIN [55] , also for further references.
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APPENDIX: LIST OF CATEGORIES

I. The following categories were introduced in section 1.2:

K(S) - category of all mappings of one set into another.

K(LO) - category of all order-preserving maps of one linearly ordered
set into another one.

K(PO)} - category of all order-preserving maps of one partially order-
ed set into another.

K(La) - category of all lattice-homomorphisms of one lattice into an=-
other lattice.

K(DLa) - the full subcategory of K(La) obtained by admitting as objects
only distributive lattices.

K(BA) =~ category of all boolean homomorphisms of one boolean algebra
into another one.

K(SGU) - category of all homomorphisms of one semigroup with unit S
into another semigroup with unit Sz,which send the unit of
S1 into the unit of Sz.

K(G) ~ the full subcategory of K(SGU) obtained by admitting only
groups as objects.

K(AG} -~ the full subcategory of K(SGU) obtained by admitting only
abelian groups as. objects.

K(M) - category of all continuous maps of one metrizable space into
another one.

K(ZM) -~ category of all continuous maps of one zero-dimensional me-
trizable space into another.

K(CZ) =~ category of all continuous maps of one compact zero-dimens-—
ional space into another such a space.

K(CR) =~ category of all continuous maps of one completely regular
Hausdorff space into another.

K(H} - category of all bounded linear operators of one Hilbert space
into another.

K(CMAG)~ category of all continuous homomorphisms of a compact me-
trizable abelian group into another compact metrizable abel-
ian group.

K(CMoG)~ category of all continuous homomorphisms of one compact mo-
nothetic group into another.
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II. In the remainder of the text the following categories are mention-
ed (the numbers of the sections in which they occur are added be-

tween brackets):

K(C) - category of all continuous maps of one compact Hausdorff
space into another (1.6; 3.4).

K(ZH) - category of all continuous maps of one zero-dimensional
Hausdorff space into another (1.6).

K(T ) - category of all continuous maps of one T -space into an-
o o
other To-space (1.6).

K(CS) - category of all continuous homomorphisms of one compact
solenoidal group into another (1.4; 2.5; 3.1).

K(ZCMoG) - category of all continuous homomorphisms between zero-
dimensional compact monothetic groups (1.4; 2.5; 3.1).

IXII. If K is a concrete category and if 0 € ORD, then K(0) denotes the
full subcategory of K obtained by restricting the class of ob~
jects of K to all those which have a cardinal number;;%w Instead

of K(S}(9) we write K(S,6), etc.

If K is a category of topological spaces and if 6 € ORD, then Ke
denotes the full subcategory of K obtained by restricting the

class of objects of K to all those with weight at most f%.

IV, In addition to the categories listed in I and II, and their sub-
categories obtained as indicated under I1I, a few other categor-
ies were mentioned or described. For these categories, however,
no special symbols were introduced. For this reason we will not

list them here.









PE3XOME

Mo ussecrHO! Teopeme A,Tuxonopa Besruit xy6 ( TOmOMO=
rydecKoe NpOMSBeNEHHEe OTPe3KOB ) P Beca « (« = HEXOTO=
poe TPAHCOUHUTHOE KADIMHAJABHOE WUCAO ) SBJAETCH YHUBED—
CAJXbHHM BINOJHE DeryJspHHM NPOCTPAHCTBOM Beca <« . Caenmys
Gosiee HEHABHHM DEBYJAbLTATAM, OK&3HB&ETCH CYUECTBOBAHKEG
name yHuUBepCaxbHO# cucTeMH F  HeNpepHBHHX orobpaxerui
P B celS: ecau X BIOOJHE DeryJaspHOe NDOCTPAHCTBO BeCa
mo xpaelimet mepe « , ¥ ecau S xaxagHuOynb NOXYIDYNOA
conepranas 1o kpalizell mepe « HenpepHBHHX oToOpamenuil X
8 cebg, 70 JelicTBKe NOXYIDYNIH S TONOJOT'MUECKH 3KBUBEJES-
HTHO HeficTBY® F CYBEHHOMY HE NOAXOAKUEE HHBADUAHTHOS
npu F OOXNPOCTPANCTBO Ky6a P ( cu. [47,497 ).

OcuoBHAS WIEH JNOKABATEJLCTE 3TOTO PE3yJAbTaTa NOP&asK=
TEABHO HPOCTA. B KPATKOCTK OHE WIJOKEH& B B8METKAX A8~
B 2, 3JeCh MH B8MeuYaeM TOJAbKO UYTO OHA [0 CYUWeCTBY
OrpeHHY&ETCH paccuoTpeHKeM opbuToB TOUYERK X , ompepese-
HAHY DOJOPPYHNOR S , K&K 2JeMEeHTOB HOBOI'O IPOCTDAHCTBE.

Jre OCHOBHEZ UNes NOKA3HBEGTCH OueHb LeHHON ToXe B
ADYTUX OOCTOSTe’sbCTBAX. . e Xpoyr ( J. DE GROOT ) %
aBTOD NOABBOBAAKCEL €€ NpK pemenuy ( NOJOEUTEABEOM )
npobaems AHZEpCOHE © CYWECTBOBBHNK VHUBEDCAJBHOI'O I'OMeo—
mopdusma mucxouTunyyma Hamropa( cu. [6]).Touno rem xe

cnocoGou moxasax I'. 1. Pora ( G.-c. rROTA ) [90,91] cy~
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WEeCTBOBAKNEEG VHUBEDCAJbENY KOETDEKUHEHHHYX OIEeDATOPOR [pOw-
crpancTBa I'manbepra. ITK QAKTH OPUBENH K CUCTEMATHIECKOMY
PACCMOTPEHKH OCHOBHON xoHCTpyxuxK B O0Wel BUAE; IJH TOro
HCEAs8NCE OueHs yIOoOHHNM #3HK Teopun xaeveropmi.

Cxaxem uTO MODPMBM o: A~A KATErODME K OKBMBAJENTEH
CYReRUD MOPPHBME B: B - B B K , @CAM CYHECTBYET MOHOMOD=
puem p: A->B TEK ©FO MB=au ., Mopdusm £: B+ B B K HazuH-
BaeTcs YHMBEDC&JBENM B K , ecanm seaxul (anno—jmop@usu
@ A+ A DEBUBAJEHTEH CYEGHMD . B palfore NOKABHBROTCH,
PO OCHOBEYD KOHCTDYKIKD MOEHO NepeBecTy Ha #3wr adcrpa-
KTHEX xaveropufl u noayuuTh obuMe LOCTA&TOUHNE yCAOBHI

CYWECTRBOBARNS YVHUBEDCAXBHEY MOPDUSMOR.

B rzame 1, ewe no pasBuBaHuA STOR TeODHK, MH HaIUM
Nepevers HEeXOTOPHX uEell ¥ DesYJADTPETOB K8 AMTEPATYDH, KO-
TopHME w8 OyneM HOXLBOB&ETHCE Iaabme, n0 TPpeSOBBHED NONO=
AuEE HWX. B absapax 1.1 ¥ L.2 uMy BBOZMM OCHOBHHE NOHSTHS
Teopuu xaveropkil, mepeveRs HeKOTOPHX KOHXpPeTHHX xareropul
( xoropHMK MH Cylem NOAL3OBATHCA B UPUMEHEHMAX oOuMX pe-
SYXBTATOB ¥ TOKE TAKME, KOTOpHe OyIyT CAYHUTE MATEDUaROM
AJiS HeKOTODPHE KOHTDIDMMEDPOB ), B KOTODPOM L0 BOBMORHOCTH
OHpeseseHyE MOHOMODQUBMHE ¥ 3nuMOPOUBME B COOTBETCTBYDUHK
KaTerOpuaX.

BEeam 6: B » B ~ yruBepcaasunil mopdusm xaveropuy K ,
0 B HBANETCH YHMHBEDCSJADBHHM O0REKTOM B CJAGNyDIEM

CMHCHE: IJH BCIKOTO OOBEKTE A KATErOpHM K CYLECTBye?



177

MOHOMOPDHSM ¢ A > Be. OHABUMT, DAHDIE YeM HCKaTH YHUBEp-
canprye MOpOUBMH HEOOXOIMMO CHPAWMBATH O CylleCTBOBaHUK
YHUBEPCBABROro o0Bmexta. H mWacTem, MHOIO pPeayJAbTATOB O
VHUBEPCAJABHHX OOBEKTAX MOXHO HAHTH B JAUTEPETYPe; HEKOTODHEe
K3 HEX COCPenoTorexH p absaue 1.4. B alzaue 4.3 M OPHHS-
a1 repuumosorun B. Momcoma (B. JéNsson ) [60,61] , mex xax
ero TeopeMa O YHUBEDCAXBHHX CUCTEMax OTHOmWEHUNl SBJAZETCSH
OHUM M3 CBMHX Ba8EHHX ¥ LUEHEHX De3yJbTaTOB B BTOM HaIpaB-
JAEHUY o

B afzaue 1.5 paccuarpuBaeTcs CTDYKTYDA MOROTOHHHX OPO~
Gpeaxerull jnuelino ynopapoueHHHX MHOEECTB N0 Mepe HeoOXOnu-
MOCTM IA% noxasaresbcTsBa ( B caexybuell riase ) CywecrBOBa-
HUH YHUBEDPCAJXBHHX MOPOMBMOB B XaTeropusx JuHelro ymnopsuyo-
YEeHHHX NPOCTPRHCTB. OTH K8TEropuM MCKADUMTEABRHH ( & sTOoMy
faxTy MM BepHemcs ); Kpoue abaama 2.7 peayabTarauyu absza-
e 1.5 My HHXIE He TOJAbBYeMCH.

3axawueHue raepH 1, u Boolue sakavyeRue BCHKOH raasH,
OCBEWeHO 38MeTaM 1 noCaBJeHEAM K MATepHasy I'Ji8BH, B
YaCTHOCTH, BJEeCh PACCMOTPeH& NOJpOoCHEe JAMTEPATYDE KECE™

noescs 8Tolil raasm.

B raase £ pECCMATDYBEETCHE OCHOBHAH KORCTPYKLME He H3H-
xe Teopuu xareropult. Onpenensorca yHMUBEDPCAADBHHE MOPDUBMH,
VHHBepPCaJAbHHE OuMMOPDQUBMH M YHMUBEDPCAaJbHHE CHUCTEeMH MOpPu3=—
1M0B. JlONOAHMTENBHO, BBOAATCH AyakbHue noHgTus ( absay L.1).

Caepyoume npe absana IHOCBSUEHH YACTHHM CAyYasu MOpdus-—

MOB: 3TH MOPOMBMH SHAJOI'MUHH Tew NpeobpasoBaHuAM NPOUsBa—
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IEeHUNA A , KOTOpHE TOJBKO ONpeJieseHH IePeMeHOl KOOpIuUHaT
TOUEK  (xy),  , € . Pesyapraramm aTHX a038LEB MH NOJAb™
syemcs B albsaue 2.4, YTOOH MNOJYUUTH IIPOCTOE ANOCTATOYHOE yC-
JA0BME, KOTOpOe ofecrneuyuBaeT CylUleCTBOBa&HKE YHMBEPCAJLHOIO

MopdusmMa B K .

Teopema 1. Ecau XK CONGPEWUT YHUBEPCJABLHHEA OOBEKT u K
ecar B K cymecTByeT NpHMES CyMM& CUYETHOI'O UMCJHA& BK3eMILJIf~
POB u , TO K COLEPXUT YHUBEPCAAbBHHH MOpPOH3M.

( Mz o6ofugem 3TOT pPesynbTaT IJf YHUBEPCAALHHX CHCTEM
MopduaMOB; paccMoTpuM ToXe cJhyuall MOpOMIMOB YHMBEDCAJBHHX
TOJABKO IJIft moxkaTeropuu X = kareropuu K. CHopmyaupoBaHH
TOKe Iy8JAbHHE DesyJbTeTH. )

CywecTByeT mrOro npumeHeuull reopem cymecrmosanus chop-
MyJMpOBaHRHX B absane 2.4. HexoTopHe M3 HUX MNOKABBHH B
abzane 2.5. llas npumepa MH OoTMeyaeM:

Teopeua <. yers « TPAHCQUMHUTHOE KAPAMHANBHOE UYUCJIO.
CynecrByer aBTomopdmam (ampouopdusam) ¢ : A + A TPynns
( a6exemoft rpynnu, Gynepoil anrebps, EUCTPUEYTUBHON CTPYH~
TYPH ) A, KOTOpH{ yHMBepcaJeH IJi BCEX aBTOMOpOU3MOB
(srmoMoppuamoB) ¢ : B ~ B apboii rpynms ( abexesoil rpymms,
GyxneBoli anreGpw, mucTpubyTuBHON CTPyXTYpH ) B Takoli, uro
card(B) =< K . Bexn umee? MecTo OCOCmME@RHHE KOHTHURYYM I'MIIO=
TeB8,; M ecJdH eme « ° . K 3 TO HNOoJyu&eM LeEe UTO card(A) = K »

Teopema 3. Cyunecrsyer HenpepuBHHHA abBromopdusu (sHmo-
Mopdusm) ¢ OCeCHOHEUYHOMEDPHOI'O TOp&, KOTOPH yHuBepcaJeH

nJs BCeX HeNpepHBHHX aBTomopdusmoB (sHmomMopdusMoB) MOCHX
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KOMIAKTHEX abeleBHX I'DYIl.

Hosyuaprcs nopofHHE DesyJABRTaTH O CYUECTBOBAHUKM YHUBEDCANbL=
HHX HENpepHBHHX oToOpaxernufli B cela, uax asToroueomopdusuos
METPUBYeMhX HPOCTPAHCTB, WM KOMISKTHHX HYJIbIAMMEHCUOHBILHHI
OTHENMMHY TPOCTPAHCTB OIPABHUYEHHOI'O Beca, M O YHHBEDCAALEHE
MOHOTOHHY OPOCPAKEHUAYX YE&CTHYHO YHODALOUYEHHNE HPOCTDPAHCTE.
Bee 3tu pesyabtrars oSoOUeHN NJAS YHUBEDCEABHHY CHCTEM MOpD=
DUBMOB .

CirenymigMe NBa TeODeMH SBJIADTCH ODUMEDaMM NDUMEHEHMH

LVaabHOr'O Xapaxrepa:

Teopeua 4. Iycrs « vpaHcOUEMTHO® KEDLUHAALHOE UKCIAO.
Cywecrpyer apromopdusm (smpomopdusm)uexoropoi fg o) giivi]

( @bexesoll rpynm, HOJAyrpynmH ¢ enuuunel, Cynesoit axrebpw,
JUCTPUCYTUBHOR CTPYKTYDH ) A - MM 0603HAUAEM ero ¢ : A -+ A -
card(A) = x , obxanavupil CAeyDUMM CBOJCTBOM: €CAM B Ipy-
mna { aGesepa rpynna, noayrpynna c enusuuneli, Gynesas aarebpea,
AUCTPUOYTUBHES CTDYKTYP& ), card(B) <k , M €CJM ¢ : B+ B =
asromopdusm (snmomopdusm) B , TO  MOXET BHTH HAKDHTO
orofpaxeruen ¢ .

Teopewa 5. Cyumecrsyer Henpeprsuuil apromopdusm (BHIOMO=
puam) ¢ KOMIAKTHON COJEHOMIANBHOK rpynms G ,KOTOpHH
HEKpHBaeT BCeHKui apromopduam (BHZOMOPDUBM) ADOOH KOMIEKT-
HOU COJeHOUIAZNBHON I'DYNNS H ~ HAKDHTUE ¥ MOD(UEuMH pasyuMenT=

CH HENDEePHBHEMHY .
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Boaee woro, HOKA3&HH IpUMeDH ReTeropuil obismangux yHH-
BepcasbHHM OOBEKTOM HO HEeCOIEepEauMX yHUBepcaJbHHH mMopdusM.
ToXe MOKA38HO, YTO AOCTATOUHOE YCJOBME TEOpEeMH 1 HeT yCJao=
BYEM [OCTATOYHHM: B alsaneg <.7 MH ZOK&3HBAEM, 4YTO B Karero-
puu BCEX MOHOTOHHNX orTobpamerull JuHelHO YIODANOUEHHHE MHO-
wecTB ( KpOMe HEKOTODHX TPUBMAJLHHX CAYU86B ) HE CYNECTBYDT
npsMEe CymMH, BCE@ TAKM 3J4eCh CYUeCTBYDT MOHOTOHHHe 0T06p&-
xenus B celbg, yHuBepcaJbRHe nas Bcex oTobpaxenult B cels
JuHeHO YHOPSJOUeHHNX MHOXECTSB MOMHOCTH MEeHBIE MJIM DPOBHO

< ( © -« xp6oe TpanCOUHUTHOE KADIMHAALHOE YHUCAO ).

B rpereell riese ME DACCME&TPHBAEM KaTer'oODHUM TONOJOIYUeCs
HAX TPOCTPAKCTB., PesyapTaTH IJA&BH £ MOKHO YCHIUTHL B CASLY~
DUEeM CMHCJAS: B ONpeleseHNSX ¥ YTBeDKISHMAX MOEHO BaMEHUTH
nougTus MoHOMOpOuaME ¥ SnuMOpOU3ME NOHETUSMM I'OMeoMODOUBMAa
"B ¥ HENPEePHBHOI'O OTOCpAXEeHHS H& COOTBeTCTBeHHO. Absan 3.4
COXEDPEAT HeCKOJBKO npumenenulii. K mumM OoTHOCATCE HOBHE HOK&-
BATEALCTBA HEKOTODHX DesyJAbTeTaB O S ~roMnaxtydurxaumuy pa-
Gors M. me Xpoyra ( J. DE GroOT ) m P. I'. Maxloysaa ( R.H.
MCDOWELL ) u pesyasbrara P. Jl. Anzepcosa ( R.D. ANDERSON ),
Kacapmerocs HaxpEpBeHull HenpepusHux oTobpaxenuit B cefz npe-
o6pasopanuen wHoxecTsa Hanropa. ( Cu. [571, 47].) Paccumarpu-
BERTCH TOXE DAaBHOMEDHO HenpepHBHHe OTOOpaxeHuf B pPaBHOMEp-
HHX NPOCTPAHCTBRAX ¥ YHUBEDCAJABLHHE M3OMETDPMM ¥ KOHTDARUNY
B METPUUECKMX [IpOoCTpaHcTBaX. D absane 3.5 wu ofpayses BHU-

MEHUE HA TeopeMy O YHUBEDPCAJbHOM HENpPepPHBHOM OTOOpaXeHUH
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BHOOJHE peryJaspHoro npocrpaHcrTsa ( 3aMeueHHO) yxe B Hayale
pesmMe ) W OCOCEHHO ee MHTepOPeT&LMM KaK pesyabrara O JIu-

Heapucanuy orobpamenuli.

OcHoBHHM peayibraroM raasy 4 ( Teopema 4.3.1 ) siBasercs
obolnenue TeopeMH . me Xpoyra ( J. DE GROOT y [49] g YT
BepEAANUAS YTO LeliCTBMEe KOMNAKTHOR rpynny aproroueomopdusgs
MOB MEeTDPHS8YEeMOr'©O MDPOCTDPAHCTBA 2KBUBAJEHTHO LelicTBuD IpPYIIIH
G  yHETEPHHX OHNEPATOPOB NPOCTPEHCTBA I"mnbéep'ra9 CYEe HEOMY
HEa nonxonsmee G ~MHBADWAHTHOE MNOJAMHOXECTBO H .lloxasupaer-
s, uUTO JOK&8JBHO KOMIAKTHYD Ipynny npeobGpasopanuii G
AeficraypillyD HA MeTDUIYEMOM IPOCTPaHCTBE M MOXHO JMHeapu—
3UPOBATH NPHM NOMOUK I'DyNNH JuHelinHx omepauuii B HEKOTOpPOM
npocrparctTee ['Maslepra, Xaxk TOABKO G NPUHBLJAEKUT KAIECCY
cw ., Hmace Cw , omnpepexesHHull B absaue 4.2, COLBDRUT He
TOABKO BCE KOMIBKTHHE I'DYHIOH, HO TOXE CUeTHHE JMCKPeTHHE
PpYIIOH, 8IIUTHBHYD I'DyIOy JelicTBUTeJBHHX uHMceX. Bosee Toro,
BCARAS NMOUrpynua u peakull menpepussHil rosomopduut ofpas
rPYONE M8 CW ODHESIASEMT KJAACCYy CW § [IPAMOE TONOJAOI'MYUECw
KOe NpPOUBBEeleHNEe KOHeUHOr'O YHUCJAA Py K3 KJacCe& CW  TOEe
B KJacce CW , BCSKasg JOKAJPHO KOMIBKI'HAS Ipynuna G , Co=
Iepramas TaKyD KOMIAKTHYD HODMANBHYD NOAUPYNNy G = 4TO G/G
OUCKDETHAS ¥ CUeTHas, COILepEUTCHE B KJacce CW ., Crenosaresbw
HO, CW COLEDEMUT BCE JOKJBHO KOMIAKTAHe abeJeBn IDYIIH,
KOTOpHE MuJK cenapabesbHHe WM KOMIAKTHO NODOKIEHHHE; B

KOHEeUYHO, B 2TOM KJaCCe COonepraTCH naXe M HEeKOTOpHEe Heabe=
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JEBH TDYIIIH .

B absene 4.4 paccuaTpuBawTCHd BO3MOERHOCTH ( O BUEAMOMY
OrpeHUYEHHHE ) PaCLUPEHMUS BTHX PesyALTATOB OJAE NOJYIPYIN
TONOJOI MUY EC KUK npeoﬁﬁaaoaeﬁnﬁ, lloxasuBaeTcs Kaxuu o06pasom
K3 LOKAa3aTeJbCTBa Teopemd 4.3.]1 BHTEKaDT HEKOTODHE pesyibw
TaTH O YHHMBEPCAJBbHON JuHeapucauuu. Ab6san 4.6 HONOAHUTEIBHHE
uEGOpPMALIMM OJS YACTHOroO cJhayuas orobpaxenull KOHEUHOI'O HOPSLKA
M AJS KOHEUWHHX nOoJXyrpynn npeobpasosanuil.

( PesyabraTH »THX NepBHX mecTy absaneB rJaass 4 OynyT TOxe
waneuarans ormensHo: [I.I. Baitew u M. me Xpoyr ( p.c. BAAYEN,

J. bE GroOT ) [107.)

AGsan 4.7 nocesueH YHUBEDC&JBHHM OIDaHKUI@HHHM JKHeNRHHM

omepaTopay ONpeleJeHHOro BuIa B npocrpaHcree ['mablepra.
', . Pora ( G.-c. RoTA ) [90,91] nokasax wTO OAHOCTOPOHMI
(o6paTuuil) cHBAr yHUBEpPCAJEH LJs BCEeX ONEParopoB T ¢ pa-
JuyCcOoM CHeKTDA MeHBHe eNMHMIUH. LN NoxasHBaemM, 4YT0 Cyuecr-
ByeT orpaHmueHHH] JuHeliHm# omeparop, KoTopuli ysuBepcaseH
OJsi BceX T TaKMX , YTO BCe UTepaumu T" paBHOMEPHO CI'paHK—
YeHHH [0 HOpMe. [lomoOHHe pesysibTaTH INOAYUYBNTCHE LIS Da&BHOMEp™

HO OI'D@HKYEHHHX HOJyIrpynn ANHE A HX oneparTopoB.



