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INTRODUCTION

This thesis deals with totally ordered compact topological spaces

(supplied with interval topology). A compact ordered space will be

1 it

called a cor .

In chapter I some fundamental concepts are developed. For each
cor X the notion of a @g-sequence is introduced; this is, roughly
speaking, a transfinitely continued subdivision into closed left and
right intervals, where a subdivision into disjoint intervals is pre-
ferred to a subdivision into intervals with a common end point. If V
1s a f—-sequence for a cor X, then 8(V) is the least ordinal py with
the property that all intervals of the subdivision of order u are one-

L

point intervals. For each cor X the ”Splitting degree' 0O(X) will be
the least ordinal in the class of all 6(V). It is shown that OX) is
a topological invariant. For instance, if Z(_1 = {0,1}a denotes the
lexicographically ordered product of o factors {0,1} , where ¢ is an
ordinal number, then G(Za) = a; this means that all Za are different
topological spaces.

Finally the relation between @(X) and the occurrence of sequences
of certain type in X is investigated. In some of these results the .
generalized continuum hypothesis is used. Theorems, which rest on this
hypothesis are marked by an asterisk ().

In chapter II it is shown that all Z _, are homogeneous, where «

8

is a countable ordinal, whereas all other ZB (B>w) are not homogeneous.

Also Zw minus isolated points is homogeneous. It is not known if

1
there a;e any other homogeneous cor's with infinitely many points.

In chapter III the relation between the splitting degree, the
weight and the density of a cor X is investigated. It is shown that
the weight (the density) of a zero-dimensional or a connected cor
equals the cardinal number}t ;i:f and only if 0(X) mw}t ( OX) mw-k or
mw'?t +1), where w)t denotes the least ordinal number of which the car-

dinal number 1is )’t .

In chapter IV a survey of the literature is given.
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LIST OF SYMBOLS AND NOTATIONS

1.

Greek letters and sometimes also small latin letters denote

- ordinal numbers;

gothic letters like /7, /7 etc. and X denote cardinal numbers.

If X is a set, then ]X[ denotes the cardinal number of X;

if u is an ordinal number, then!u} denotes the cardinal number of

u.

(i) In the class of ordinal numbers, w, denotes the initial number
with ordinal index i; also We=W, w1= Y

(ii) If X is a cardinal number, then wR will denote the least
ordinal number u, such that Iul*mjf;

we write : X = Iml ‘;
B 1

also: )l‘o = O
X‘l = K (continuum hypothesis).

If a is an ordinal number, then

= W = {uju < a}

= W) = (ufu < a)

o ES,E

o
If o is an ordinal number, then a denotes the inverse order type.

If p = (p.). is a sequence of type a , then
1 1<

If p = (p1 i <o and q = (qi)1<3 , then
Pq = Sl i<a+B’
where S. = p. if i < ¢
1 i |
Si::qi lfa:'l(a'f'ﬂ.
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8. If X and Y are linearly ordered sets, then
X emY
means that X and Y are similar (i.e. there is a one to one map f

of X onto Y which is monotone: x, < X, implies f(x1)<:f(x2)).

9. If X is a linearly ordered set, and a,be X (a< b), then

(i) I =Ea,b]={xia;x;b}
is a closed interval; 1(I) = a, r(I) = b.
(ii) J = (a,b) ={x|a<x<b}

is an open interval.
If K is both an open and a closed interval, then K is called a

clopen interval.

10. An ordered pair of elements a and b (first coordinate a, second
coordinate b) is also denoted by (a,b);

if confusion with an open interval is possible, we write a,b for

the ordered pair.

11. Theorems which are proved with the aid of the (generalized) con-

tinuum hypothesis are marked with an asterisk (5¢) .

12. If A and B are sets, then ACB means that A€ B and A # B.



CHAPTER 1

Fundamental examples and fundamental properties of

compact ordered spaces

§1.

1.1. A "linearly ordered set' is a pair (X,<) where X is a set, and <
is a subset of X xX, with the properties
(i) Vx e X: (x,x)¢ <
(ii) Vx,y,z € X: [(x,y) € <and (y,z) e <j +> (x,z) € <
(iii) Vx,ye X: x=y or (x,y)e <or (y,x)e < .

< is called the "ordering'' of (X, <).

In the following the linearly ordered set (X,<) will mostly be denoted
by X.

Instead of (x,y) e < we shall always write x< y.

For definitions and properties of the notions ''order type', "well-
ordered set’, "'ordinal number' etc. see for instance Hausdorff {1 | or
Sierpinski [ 3] .

1.2, If X is a linearly ordered set, and Ac X, then by < an ordering < ,

is induced in A.

For definitions and properties of the notions 'supremum (infimum) of A",

"A is bounded’, "X is complete' etc. see for instance Kelley [iLrChap-*
ter O,

1.3. Suppose for each ordinal number g which is less than a given ordin-

al number yu, we are given a linearly ordered set X = (X ,< ).
a a o
Then the ''lexicographically ordered product"” lJ X is defined as the
a<u
set of all sequences x = (x ) (x € X for all a<uy ) with an order-
a o<y o o

ing < which is given by

then x < v ).

x<y <> (if B is the least ordinal <p such that x_ # Yo s AP

R
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In particular, if X is a linearly ordered set, then X" is the lexi-
Cographically ordered product aU Xa’ where Xa = X for all a<y ; and
if both X and Y are linearly ordered sets, then X. Y is the lexicogra -
phically ordered product TT X , where X_ =X and X_ =Y.

a2 ¢ O 1
It is clear, that

(xu )V e XIJV

Mo XV en x¥TV

l.4. In the following the sets {0,1}a will be denoted by Z . It is
o

easy to see that Z is similar to the Cantorset.
W

§2.
2.1. A "linearly ordered topological space' is a pair (X,7_), where

X = (X,<) is a linearly ordered set, in which a topology 7( is defined

by the subbase consisting of all sets {x|x<a} and {x|x> b} (a,beX).

In the following the space (X,’J() will mostly be denoted by X.

It is known that a linearly.ordered space is completely normal; cf.

Bourbaki [1] .

A topological space (T,7) is said to be 'orderable' if there exists an

ordering < of T, such that (T,‘J() and (T,J) are homeomorphic.

2.2, If X is a linearly ordered space, and A€ X, then the relative to-

pology which is induced in A by 7( will be denoted by 7§A) .
In general it is not true that (A,TI:A)) is homeomorphic to (A,’J( ) ;
: .. . A
even not if A is closed in X.
Example:
X = {xlx irrational; - /E;x < /'f’.-}
A = {xlx irrational; - /—2-;:( <0} U {%/E} :

(A)

A is closed in X, but (A,,J<

) is not homeomorphic to (A,7< ) (the first

_ A
space has an isolated point; the second has not).

2.3. If A is a compact subset of (X,J_ ) then A is closed in (X,J_) and
bounded in (X,<);

and if (X,?() itself is compact, then (X,<) has both a least and a

greatest element.
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If A 1s a compact subset of (X,?(), then (A,<,) is complete. On the

other hand it is possible that A is closed and bounded in X, and that

(A)

) is not compact:
<

(A,<,) is complete,whereas (A,7

Example!:
X = {x|-1<x <+1} \{ 0}

A = {xf-lix <0}

Theorem 1l: The assertions '"(X,<) is complete'" and "Any bounded closed
subset of (X,?{) is compact' are equivalent.

Proof: see Kelley [1] , Chapter V, problem C.

$

Corollary:! The assertions (X,<) is complete and has both a least and

a greatest element" and,”(x,7<) is compact are equivalent.

If’(X,SQ) 1s connected, then clearly (X,<) is complete. Consequently

each connected linearly ordered space is locally compact.

Theorem 2: If A is a compact subset of X = (X,7 ), then 7 =L7CA)*
< <
Proof: A <
(i) It is clear, that J < 7(A)
< <

A
. (A)
(ii) Now take Oe 7{ ; then for each pe O there exists an inter-

val I = (r,s), Ie..'7< , such that
peEAnIcCO,

Since A is compact, b= inf {x|p<x, xeA} exists and beA;

if b=p, then choose a2€-A in such a way that p <« a,< S :
if b > p, then let a, = b.

Choose a, in an analogous way,

If now one puts 1I' = (al,az), it follows that

peAnlI'c 0, 1'e J :
<

This means that O € 7< . A

A

_ ot
2.4, Theorem 3: Za = {0,1})  is compact and zero-dimensional for all o.

Proof:

(i) Let.Ac:Zd; define b = (bi)i<cx by transfinite induction in the

following way:

(a.). € A
i%i<qy

{ by = 0 if ag = 0 for all a
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if bi 1s defined for all i < v, then let

s i = = t that
bv 0, if N 0 for all a (ai)i<a € A with the property
a. = b, for i < v
i i
b =1 else,
v

It is clear that b = sup A,

This means that (Za,<) is complete, and so (ZQ,II() is compact.

i c = & = ( .
(ii) Let A za, a (ai)i<a A, b (bi)i<a € A
If a<b and if i5 is the least index i with the property a, # bi (so
that aio = 0, biom 1),
then define p = (pi)i<a by = b, if i< i,
if 1> io
and q = (qi)i<a by = bi if i< i,
if i io.

Then a <p <q<b and {x|p<x <q} = &.

This means that Za 1s totally disconnected and consequently is zero-

dimensional.

Remark: In the following the phrase "compact linearly ordered topolo-

1t 1t

gical space will always be abbreviated to ''cor'.

§3.
3.1. Let X be a cor.
Two elements a,b€&€X will be called 'neighbours' (and a is a "left neigh-

bour (of b)'"', b is a right neighbour (of a)')if a <b and {x|a<x<bl}= @.

Both a and b are also referred to as ",jump points' .

If in X, for any increasing or decreasing sequence {x.} : with the pro-
1 i<a

perty that X, and X, q are neighbours for all i< a, all elements of the

Same sSequence are ldentified, then the resulting space is denoted by X

It is obvious that X' is a connected cor.
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Theorem 4: (i) A clopen subset of a cor X is the union of a finite

number of disjoint clopen intervals.
(ii) A cor X is not connected if and only if there are two neigh-
bours in X.

Proof: obvious.

3.2. Let X be a cor.

By a 6-sequence for X we mean a (transfinite) sequence V ={ V } of
Y Y
9 -decompositions VY = {X;Y)}ptaz of X, which by transfinite induction
is defined as follows: Y
. (0) (0
(l) VO = {X } 3 X = X

(ii) If YY has been defined for y<§ , then Vé is defined in the fol-
lowing way:

a. if 6= €+1 and [X;E)f = 1

then x(6) _ x(6) _ X{e)
pO pl p
b. if §= ¢+1 and X;E) 1s not connected
then x (&) _ {x|x<a} n x (€
pO = p
(8) (e)
X = {xX{x>b} N X )
pl (x| x 2 b} p
for two neighbours a and b (a< b)
. _ (e) . _
c. if 6= e€+1 and Xp is connected
S
then x ©7 = {x|x< a} n x (€
pO = P
X(§) = {x| x> a} n X(E),
pl - P
for an a such that inf XI()E)< a < sup X;E)

d. if § is a limit number

then
X(6) _ N X(y)
p Y<Sd P|y

(cf. Novak [2] , where for the case of a connected cor a 'dyadic par-
tition" P is defined; such a '"dyadic partition' can be considered as

the system of non-degenerate intervals which are the elements of the

. members of a certain 6 -sequence Vf).
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It is clear that for every 0O-sequence:

(i) Va Vpe Za : XI()O') is a closed interval # @

. , (o) _
(ii) Vo pgzaxp = X

c(iCt)) N X; yj )

If X is a cor, then for every ©6-sequence V and for every xe X there

(iii) Vo Vx,y,p,q : [(p <q,x é—X;a), yeX

exists an ordinal number

ux zux(V) = inf {ulapézu ’ XI()U) = { x}}.

We put

O =0 (V) = supu .
X A

In the case of a connected cor the definition of the order of a
dyadic partition P as given by Novak coincides with B(VP) . For a con-

nected cor the following theorem is also contained in Novak [3] .

Theorem S5: If V is a §-sequence for the cor X, and 9= 6 (V), then

18]
8] < x| 22 :
Proof:
(i) Take x€X.
Now consider a sequence {X(a(;)} (pfa) € Z ) such that
P a<y a
(a) (B)
X e X C X f
p(a) pg) °F > B
and suppose that |XI(JC(‘()1)‘ > 2 for alla < v so that
(a+1) (a)
X G X -
p(a+1) pla) for a+l<w

Consequently

(a) (@ +1)
U X N Xp(a+1)

<y pla)

is a subset of X, which is the union of lvf disjoint, non-void sets;

this means that I\J] < lXI .

SO for every x € X there exists an ordinal Vs with the properties:
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v | < | x|
(vx)
X = X -
{ x} b for some pe Z\)
X
It is clear that
0= sup 4y < sup v
x X = X
and SO
8] < Ix||x] =]|x] .
(ii) From the definition of 8 it follows that
VxeX 3p== p(x) € Z8 c {x} = XI(;,G)

Then
f : x » p(x)

is a 1-1-map of X into Z8 ;
this means that 8
% |sl 25l = 2°].

Theorem 6: If X is a cor and V is a 8 -sequence for X, then

8= 6(V) = inf {yIVpe ZY : [x;Y)l = 1}
Proof:
(i) It is clear that & < inf {y] Vpe ZY . l XI()Y)[ =11}

(ii) One can easily prove (by transfinite induction), that a dis-
connected X;Y) is disjoint with all Xc(1Y) (q # p). Now, if [ X;Y )|;2
and X;Y) is diiconnected, then it follows from the above that ux> Y
for all xeXéY ;
if, on the other hand, l XI(JY)I; 2 ‘and XI()Y) is connected then for all x
spch that inf XI(DY) <x < sup X;Y) i ¥ - > Y3
consequently in both cases 60 > vy,

This means that 6> inf{y | Ype 2z : | X(Y)! = 1}

Y P
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Definition: If X is a cor, then

@ = 0(X) = inf {68 (V)|V is 6-sequence for X}

i1s called the splitting degree of X.

It is clear that O (X) is invariant under similarity maps of X=(X,<).
We shall show, however, introducing a topological invariant (ordinal
number) t(X) - which is proved to be equal to O(X) - that O(X) is

also a topological invariant;that is, if two cor's CX,J{,) and (Y,7<n)
are homeomorphic, then O0(X) = 0(Y); we can formulate this also in

the following way: if a compact Hausdorff space is orderable in more

than one way, then the splitting degree is the same in all cases.

3.3. Let T be a compact Hausdorff space.

By a +t-sequence for T we mean a (transfinite) sequence U'm:{Ufy}Y

of*r*decomgositions U m*(TCY)}
Y P Dped

duction is defined as follows: Y

0 0
(1) U, = {T( )} , T( )

of T, which by transfinite in-

= T

(ii) If QY has been defined for v < §, then‘V{5 is defined in the

following way:

a. if d= €+1 and lT;E)l“—: 1
(6) () (e)
then T = T = T
pO pl p
b. if §d= €+1 and T;E) is not connected,
6 & _
then let T;O) and Tél) be two disjoint, non-void subsets
2 .
of T; ), which are clopen inT;E) and the union of which
, (e)
g T
P
: £) . . *
C. 1f‘5m e+l and T; ) 1S connected, then let T(g) and
(&) , . P
Tp1 be two(n?n-vcold proper subsets of T;E) , which are
: € |
closed in T

p and which moreover have the properties
(8)

that To) U 1) = 1) 414 that 11900 (&)

p0 pl D DO pl [ 1s minimal.

d, if ¢ is a limit number

then
7O N &)
P v<§ 'ply
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It is clear that for every 1 -sequence:

(i) VYo Ype Za : T;a) is closed and # @O
(1i) Vo : U @) 1

If T is a compact Hausdorff space, then for every t1-sequence U and
for every T €T there exists an ordinal number

u‘t :ut(U) = inf {ul Hpezu: T;u) = {t }}.

We put

T=T1T(U) = sup u .
+ t

Theorem 7: If U is a 1-sequence for the compact Hausdorff space T

and T= T(X), then

NIFREIFEN

Proof: analogous to the proof of theorem 5.

Theorem 8: If T is a cor and U is a T -sequence for T then

T= 1(U) = inf {YI Vpe ZY : ‘T;Y)l = 1}.

Proof: analogous to the proof of theorem 6.

Theorem 8 does not hold for arbitrary compact Hausdorff spaces. A

counterexample is obtained if one defines a tT-sequence U for the unit

"square T in Rz, which 1s most clearly suggested by the following se-

quence of pictures (observe that the sequence of subdivisions is in-
deed a t-sequence: if A en B are two non-void closed proper subsets

of a rectangle S in RZ,

such that AUB = S, then| A n B| =K):

It is clear that 71T(U) = w,whereas inf{y[ VpeZ l T(Y) ] = 1}>w+uw .



22

Definition: If T is a compact Hausdorff space, then we define:
1 = 1(T) = inf {T(U)]|U is a 1 -sequence for T} .
It is clear that T(T) is a topological invariant.

3.4, Lemma: Let X be a cor,

Let U = {U } — U = {T(Y)} —— be a T-sequence for X, such
Y'Y Y P piEZY

that T(U) = T (X) = T1.

Suppose T2W and let T= HotVgs where u, is a limit ordinal and v, is

an integer 2 O,

Then there exists a 8-sequence V = {VY}Y — V — for X,

(y
= {X
Y { p Hbiiz
with the property that fo.r every limit number u;uo and foy* every

peZ, there is a q=q(p) ¢ Zu such that

(i) q(p | v) = q(p)]v if V is a limit number <y

i) xM ¢ oW
p q(p)

Proof:

1. Let U= w,

a. If X is connected, then

T,(l) = { x}x;a} and T,(l) :{x!x;a}
1o '
— where (io,:il) = (0,1) or = (1,0) — for some ae X.
Then take X(l) = Tfl), X(l) = Tfl).
0 ig 1 1.
1
| (1) (1) *
b. If X is not connected, then both T0 and T1 are the union of

a finite number of disjoint clopen intervals:

(1)
TO --IlUIzuu.qu
(1)

without loss of generality we may suppose

Il<J1<12<J2<..

(all elements of Il are less than all elements of J1 etc.)
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Now define

Xél) I, X{I) = JJuI,uJ,u...

(Xég)’ X(()i)) 1s an arbitrary O -decomposition of Xél)

X;g) Js Xl(lz_) = I,uJd,u

X(():(s)g)’ xégi) ’ (Xéi())’xéi;) 3 (X;gé,xfgi) are arbitrary 0 -
decompositions of Xég),xéi),xig) respectively

Xl(:la.()) = lg Xl(f])_ = J,u I,V ...

etc.

Cc. In both cases a and b one finds an integer Y, > 1

| =
(Yl = 1 1n case a and Yy = k+1-1] in case b) such that VY 1s defined
for YXY, and moreover
! (r.) (Y_)
Vpez :[x Ve 1) o x 1CT(1):|
Yl p 0 D 1

d. Now suppose that a non-decreasing sequence of integers Y 2m

m
(m=1,2,...,n) has been found and that VY has been defined for all
Y ;Yn (n < Yn < w) in such a way that for all m< n
(y_)
(m)
Vpez : = ez X T e T
@ P Y dq = q(p - 5 o (o)
q(p i’Yk) = q(p)lk if pe 2 and kK< m,
m
Now, 1if pe ZY , let
n
<y ) (vy.) _
(1) n (n+1) (1) n (n+1)
Y (p) =X N T and Y ) =X N T
o PP T a0 1 (P =X, nTy
(Yn) (1)
(i) if Xp =Y " (p) for i=0 or 1, then take &§'(p) = O
DN s (1) (yn? . .
(ii) if Yi c Xp for i=0 and 1, then, according to c, there
exists an integer ¢'(p)> 1 such that a 6-sequence {V'(p)} ,
_ = € € <§'(p)
(Yn) (g) (yn) =
— v' ={(x ) } — for X can be defined with the pro-
€ P u ue ’z P

perty that <
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(Y.)
n{ (0") (1) (n+1)
Vte?Z 5 [:(Xp )t C YO C qu or
¥y ) (&)
n (1) (n+1) ‘
(Xp )t C Y1 < qu ;
if yn+1(p) = Yhf<5(p) this means that
VI‘EZY, 1[1’ ‘Ynm p 38€Zn+1 :[sln:q and
n+1 ' ')
Xr n+1l T;n+1)J ]

(iii) Put &= max (1,8'(p)), Y ., = max (n+l,y' _(p));

pEz 1 beZ n+1l
Yn Yn
then also Y =Y _+ 6
n+l n
(iv) Now we have defined the intervals
(le)
xpt (ptZY, tczd,, ptez . ).
n Ta+1
If for some p eZY . 0'(p) =6 -1, then define
n |
X(Yﬁ+1) and X(Yﬁ+1)
ptO ptl
(Y£+1)
by an arbitrary 0 -decomposition of X .
P
If for some p ¢ ZY : 0'(p) =6 -2, then define
n
X(Yn+1) X(Yn-i-l) X(Yn—t—l) X(Yn-;—l)
pt00 ' “ptol ’ “ptlo ’ “ptll
(Y£+1)
by 2 arbitrary 6Y-decompositions of X .
P
Etcetera.
Then it follows that V. is defined f < _
_ Y ned for y <y . (n+1 < Y1 © w) and
moreover ( )
Y (n+1)
Vrez : as:s(r)ez : X n+1c: T

S‘(rl*yn) = S*(I")l n.

Then clearly (1) is also satisfied if m =n+l.
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(v) We can take together the foregoing in the following way:

There is a (beginning of) a 6 -sequence {V’Y}Y for X

(v) i. .
—_— VY = {Xp }pe. ” — and there is a non-decreasing sequence of
: Y
integers Yn; n, with the property that for all n <w and for all

pE€Z there exists a gq=q(p) ¢ Zn’ such that

"n

a(p | Ym) = q(p)im if m<n

n (n)
T .
p q(p)

e. Now take pé Zw and define q = q(p)e Zw by

qlnz q(plyn) for n < w ;

then (v )
xW _ 1 y < N @ (W

P n<w plyn n<w q[n q

2., Let H be a 1limit ordinal, and let VY be defined for all y with

the property that there exists a limit number v <y such thaty < VvV <y,

and let for all limit numbers V < u

, _ o (V) (v)
Vpezu . qu_q(p)ezv.xp C Tq(p)

q(pl)\) = q(p)ll if A is a 1limit number < v,

®

a. Letu= v + w.

Take p'ée Zv'
From 1. it follows that there exists a 6-sequence {V (p')} .
, P GO NE? (V) _ Y Y=
— V _(p') = (X ",7) } — for X ,° such that
Y P n neZY P
| V)
Vre?z s = s(r ez : xMWHyW. G+ o

and so (if p'r = p, q(p')s = q(p))
VPGZH :[pfv = p'> Ja(p)e Zu L q() [v = a(p') and

x;“) c Té?;)] ] ;
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this holds for every p'e€ Z2 ; consequently V is defined for all
_ Voo Y
Y £ u and clearly 9 1s also satisfied if v=y .,

b.If u is not of the form v+y , then y is the limit of a transfi-
nite sequence of limit ordinals {U+m}\)< L
In this case V is defined already for all y <yu.
Now take pe€ Zu ;nd define q = q(p)e ZIJ by

q | (V+w) = q(p'(u+m)) for v < yu;

then V can be defined by
u

X(u) _ N x(‘uﬂu) c n T(\)-i-w) _ T(U)
D v<u pl (v+w) v<y g I(\)+w) q

and it is clear that @ 1s also satisfied for v = pu.

3. Now the lemma is proved by transfinite induction.

Theorem 9: If X is a cor then O0(X) = 1 (X).

Proof:

Without loss of generality we may suppose that both 9(X) and T(X) 2 w.

(1) Each 0-sequence is a t-sequence; hence 0 (X)> 1 (X);

. & )
(ii) Now take a t-sequence U = { U} — U ={T — such
1 Y'Y Y q }q62
that t(U) =1 (X). Y
Let T = u0+ Vg where U 1s a limit ordinal andvo 1s an integer ;0.
Then there exists a 6 -sequence V = {V} — V = {X(Y )} - with
Y'Y Y P " pe€Z
the property , Y
(L) ()
Vpe Z : dq e 2 X c T .
Mo Yo P q
For all qe€ Z at most lv l T —decompositions are needed for splitting
(uo) Mg O (M) 2]\) |
up T into points. This means that T < ©! and consequent-
d (UO) | l\)OI q
ly (for all pé-Zu ) ]Xp I; 2 . SO0 also at most lvo[ 0 —decompo-
o U )
sitions are needed for splitting up Tq °" into points.

That means 6 (V) < u tv =T, and so O (X); (X) .

Corollary: C(X) is a topological invariant.
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Theorem 10: If both X and Y are cor's, and XCY, then
0(X) < 0(Y)

if Y is zero-dimensional or if X is connected.

Proof:! clear.

Remark: If X and Y are cor's and X<Y then it may happen that

0 (X) > 0(Y);

{

[0,2]
U (1- 2}u [1,9

n=2

O0(X) = w+w > w = O(Y)

example: Y

X

L

3.5. For Z we define the ‘'regular f-sequence’' W = {W }
Y Y

— W = {Z%Y)} — in the following way:

Y p €2
P Y

(i) W = {Za}

(ii) if v > 1 and peZ then

Y
z ) = { |,___._._£_...__.,0000 < x< ~
_ = {x | PypyP, +++ 2 XZ PyPyP,. ... 1111 }

It is clear that W indeed is a 8-sequence for Z
oL

1f, when y <q, £ is determined in such a way that y+€&=a, then for

all pe Z ,Z(Y) 1s similar to Z

vy P (y) ; @)
This means that !Zp l > 1 for all pe;gr if vy <a, whereas !Zp lm 1
for all pe Za .
o 1 LI *
For Z we define the regular 9-sequence W = {W*}
a * Y Y
— W = {Z*iy)} — 1n an analogous way:
. S ol >
(i) W6 = {Za}
(ii) if y>1 and pe ZY then
Z*(Y) = {xl ~ 0000 < X< - 1111 }
b = 'poplpz..*.. cee oS XS PyP{P, ...
It is clear that W is indeed a @#-sequence for Z*'.
o
If, when y <a, £ 1is determined in such a way that y +¢f =q , then for

all pezY , Z;(Y) is similar to Zz .
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This means - if one writes a= v+nh where v is a limit ordinal (or 0)

» (y)

and n is an integer >0 - that | Z

whereas ]Z*(Y)]
P

| > 1f0ra11pezY if v < v

1 for all peZ if y > y.

Y =
() . *
Lemma: 1, If V = {V } — V ..-:-{Xp }pez — 1s an arbitrary g-
Y Y Y .
sequence for Z , then Y
Q
' ) SR O
Yy < E] € Z Z(Yc: X
Y g P Y P p
2. If V = {VY}Y —— VY = {X(Y)}péz —— 1s an arbitrary 0-
sequence 1for Z*', then Y
o'
Vy < o Epez Z*(Y)c X(Y)
= Y P P

Proof:

1. If y=0 the assertion is obvious.

Let the assertion be proved for vy < 6(5;{&)

(i) if 5:51+1 there exists a p'ezé , such that
1
(§,) (8,)
- Z ,1 c X ,1 :
P p
(6) (6) ey 6,0 o .
Zp’O and Zp'l are obtained from Zp, by splitting up this inter-
val into a left interval and a right interval; in the same way X(§é
(&§,) p
and X(é) are obtained from X ,1 :
p'l p
(5) (5) | _ . e .
Then Zp‘i': xp'i for at least one of the two possibilities i=1,2;
for instance for i=1.
If one puts p'l = p, then ZéélCXéé).

(ii) If § is a limit number, the}e 1s a sequence {p(E)}‘<é
€

(p(e) € ze) such that

p(e)|n = p(n) if n<e < §

(g) (g)
' Zp(e) < Xp(e) ’

now, if one defines 1*:>€~.Z(S such that

ple = p(e) for all € < §,
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then
Z(CS) =M 7€) o N &) _ )

2. The proof is completely analogous to 1.

Corollaries: In case 1 : 68 (W) < 8 (V)

In case 2 : 6 (w""‘); 5 (V) .

I

Theorem 11: 1. 0(Z ) o
e o

2. O(Z:) = v, if a=v+n, where y is a limit number (or 0)
and n 1s an integer > 0.
Proof:
1. 6(W) = o, so 0(2)< «a.
On the other hand f} V is an arbitrary (g-sequence for Z , then
Q= G(W); o(V). .
Consequently O(Za) = .
2. Proof is analogous to 1.
Remark: In general it is not true that 0(X) =q — where a=v+n, v is a
limit number and n is an integer > O— implies 0( (X*) = V.

- |
Example: X = W) -» 0X) = q, @(X*) = 0.
Thus we have the following theorem:

Theorem 12: 1. If g#pf , then ;a and Z_ are different topological

(3
spaces.
| 2. If g=v+n, B= yu+m, where v,u are limit numbers (or 0)
% >
and n,m are integers >0, then Za and Z are different topological

B

spaces if v# u.

§4 .
4,1, The lexigrographically ordered product XY will in the follow-

ing sometimes be denoted by a figure
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A Y . - . _ .

qn__“—h__—-”—““mﬂﬁ

where the pairs (x,y) are thought to be ordered as described ir

4.2. If X and Y are cor's and Y is the image of X under a conti

map, then it may happen that 0(X) < 0(Y).

Example:
a b C d e f
1 1 1 1 1 1
a b C d. e f
2 2 2 2 2 2
Z a b C d. e f
2 3 3 3 3 3 3
a b C d, e f
4' 4 4 4 4 4
e e oo Z
417179 b)=d; =1,
.—-——-—-—-———-—-——-—-—-—-—-——-————————-———-—-—-—-————1
a2 e e | b2
3“3 O — b3
c:2 | -‘ d2
Z ' Y
A e ——————
3 03 d3
! P D 1
ez f2
L '
©3 ts
S —
' ’m t t____: 11
34-—04 84 94 d4 f4
—— oo 1 7
"

The map which is, for shortness sake, denoted by the following
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a.b, - a'b! (1i=1,2,3,4)
i i i i
- H Y ‘x
Cldi Cldl (1=1,2,3,4)
. " t ' } — .
elfl eifl (i=1,2,3,4)
1s obviously a continuous f Z ; =
y ontinuous map of Z onto Z  .; but O(Zm+2)

= w+2 < W+3 = O(Zw+3).

Theorem 13: If X is a connected cor and f is a continuous map of X
onto the cor Y, then O0(Y) < 0(X).
Proof:

(i) The image of a closed interval is clearly a closed interval.

(ii) If py is a limit number, let {Xi}i<u be a sequence of closed
+
intervals in X, such that X, < X,  if i> j; and let X = N X .
i J i<y ’d
- 1.0
_ = h
Then f [X ] i<y [Xi]

For suppose that

fEX+]G.n f[Xi];

1< U

then take

+
u e i<y f[Xi‘}\f[X] )

SO
Vi<u 3x,6X,\X+ ru = f(x_);
1 i i

in each neighbourhood of X+ there is an X5 this means that at least

: + LI :
one of the two points v = inf X , w = sup X 1is an accumulation

point of the set {xi}i<u , for instance v has this property; since

u for all i and since f is a continuous map, it fol-

however f(xi)

| +
lows that f(v) = u; consequently ue f [X ] .

- (Y) '
(iii) Now let V ={V } ~— V ={X""7} — be a 6 -sequence
Y'Y Y p "pbed 1
for X, such that 6 (V) =0 (X). Y
We show that, by transfinite induction, a 6 -sequence W = { W }
_ Y Y
— W =‘(Y(Y)} — for Y can be defined such that for all vy
Y P "PeEZ

Y

* o) ()

Z = €Z : Y C f£fi X

{ Vpe 3 dq = a(p) g N i o 1
a(p|e) = q(p) |e for alle < Y.
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O
1. v oy - £ x] = f[x(O)j
: (1) (1)
Since f [ X, and f [Xl
one of the following situations occurs (if necessary by changing the

letters)

] are closed intervals in Y, with union =Y,

T Yt Y
£ [xél) f [xl(l)] f [xél)] f [x{l)] £ [X(()l):]
—_—e
f [Xl(l)]
In all cases Yo(l) and Yl(l) can be defined in such a way that
Vi(i=1,2) dj(j=1,2) : Yi(l)c: f [x§1)] ‘

2. Now suppose that W is defined for y<d such that for all those Y

VpeZ dq = q(ple z Y(Y)Cf[X;Y)]

® * ¢

2.1, Let § = 61+1..
Ype Z

; (51) (51)
: € 7 ;Y f )
51 1 61 p < [Xq]:
(61)

@
Since f [qu)_] and [X;i are closed intervals in f[ X ] with
q

| (6,7
union f [Xq 1 ] it is clear that in all possible situations Y(é) and

. PO
v (9)

bl can be defined in such a way that

Vi (1=1,2) 35 (5=1,2) : Y82 [x©)]
. | pl aJ
And this can be done for all p e Z{,S .

. .. 1
Consequently W(S can be defined in such a way that @ 1s satisfied

for vy = § too.

2.2, Let § be a limit number.

Take p€ 2, and define q = q(p) by

qle = q(p[t-:) for all ¢ < §.
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Then it follows that

Y(é) _ Y(e)

p £<0 ple

Consequently wa can be defined in such a way that o is satisfied

for y=46¢.

(iii) If u= 0(X), then for the 6-sequence W which was defined above
(u) (uﬁ
€ Z €eZ .Y < .
Vpez daez o < f[Xg

As Ixc(l“)l = 1 and so |f[ x;“)] |= 1 for all qe Z » it follows that

[Y(“)|= 1 for all peZ
p v
This means that O(W) <u= 0(X).

Consequently 0(Y)< O(X).

Theorem 14: If a<B then Za is a continuous image of Z

g
Proof.
The natural map £f : p - pla of ZB onto Za is obviously continuous.
Theorem 15: If X is a cor there exists a least a, say a such that
X is a continuous image of Za.Moreover CXO;O(X) .
Proof:
If V= {V } — V= X(Y)} — is a B-sequence for X, and
YY oy P peZy (1) ()
= 9(V), then |X™ |=1 for all pe 2 . Say X ={x""} for all
p U p p
pe Z .
4 (1)
Then ¢ . p = xp is a continuous map of Zu onto X.
Remark: It may happen that a < 0 (X).
. 2 < — Z .
Example ao(zw-+3) < w+2<w+3 = 0 ( w+3)
- 4.,3. Let X be a cor,.
Llet V={(V} —V = {X(Y)} — be a 0O-sequence for X.
Y'Y Y P "pPed |
Let Y )
DA = DA(V) = {I(Xp ), r(Xp )! peZA} .
It is clear that
a u U o]
(i) pe.Zu,0<U = 1(X( ))._S__ 1(X( ));r(x( )); r(X( ))

Plo p P Plo
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(ii) 1>v 2=>DT DD\)
(iii) >v =D, N (1 X
(iv) !DT‘; Z!T

(T)), r(X(T)
P P

)) = 0

Theorem 16: a, DT 1S closed in X

b. If v is a limit number, then D_ = U D

Vv
v<T
Proof:

a. Without loss of generality we may suppose that DE G X.
If yeX\D there exists a pe ZT, such that ye¢ X. ) since

b

| 1 P
y £ 1(x;T)), r(X;T)), it follows that
ve 1 x ™) rxyye x\p .
P P T

Consequently X\.DT 1s open and DT 1S closed.

b. Since U Dc D , it follows that also
VT

U Dc D = D
V< T V T T

now take, if possible,

XxXeD \ LJ D
T V<t V

then for some pe Z1

X = 1(X(T)) or x:r(X(T))_
p P
Since
X(r) - N x(v) ,
p v<t “p|v
one has
(1) _ v) () (v)
1 (X = 1 = ' :
( b ) \ilTp (Xp[v)’ r(Xp ) \:)Lg_{_f r(Xp{v),
hence
X € L) D .
v<T V

If 6= 68(V) there does not necessarily exist an xe X with the proper-
ty =

y that M, 0 .
Example:

Let f be a 1-1-map of a subset A of Zw onto W(2).
Let H be the set of all pairs
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a f(a)

{ (a,xa) if aeA, x e Z
(a,0) if aeZ \ A
()

ordered by

{ (a,u) <(b,v) if a<b in Z
) n

(a,u) <(a,v) if u=0, v#£0 or if u<v in Zf(a).

It is clear that H is a cor

(i) Since ZHC H for all uy <  , it follows that O(H): o(Zu) = |
for all u <Q, and so O(H) > Q.
On the other hand there is a 0O~sequence V for H with the property

8(V) = Q (namely ''the regular 6-sequence for Z , for each ae A con-

) .

tinued by the regular 06-sequence for Zf(a)”

Consequently O(H) = Q.
(ii) If V is the 6-sequence for H which is mentioned in (i), there
does not exist an x€ H such that ux(V) = {2,

(iii) H satisfies the first axiom of countability.

Theorem 17: Let V be a g -sequence for the cor X; let b, = ux(V),
6= 6 (V).

If for some x€ X it is true that

(and this is certainly the case, if © >m?t) , then there exists a (de-

creasing or increasing) sequence of ‘type w. in X,

Vay
Proof:
In all cases there exists a pe€ Zm such that
A
(
@ X 0 - N xM
P V< Wy Plv
(V) __ (1) .
Xpva XP]T if v < v <2m7.t
If one puts
(t) _ (1) (t) _ (1)
a — l(Xp,T)’ b — (Xpl'[') if T< wx
(way) (wy)
a*zl(X x),b = r(X ‘)h)’
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then it follows from that all elements of the sequence of ordered

pairs

(t) [ (1)
{ . » b }T<w

Iy

are different; thus

‘ {a(T),b(T)} _ }t
(t ) T("m‘)t

Now define the sequence { a H }u by transfinite induction in the

following way
a = a 5

if a has been defined for all v<py , and if A is

: (X) (TV) v< u then
the 1e?st index such that a £ all a ( ),

T, )
let a " = a(k);

(r )

define the sequence {b v } in an analogous way.

) T (Ty)

If both the type of {a(ru Lu and the type of {Db } are less than

V

W then it follows that

x (t )
=X <X : l {b v LJ! ::)Efi R

SO
and so

and a forteriori

' ( a('r):’b

this is a contradiction.

(t,,) (t )
U
Consequently at least one of the sequences &a :hl,*{b v } has the
- V
S ax

(Tu

type w?i’; for instance this holds for {a Then a 1is the limit

of a sequence of type W * g

R

i |
Theorem 18: I1If [X |> 2 and V is a 0-sequence for X, then G(V);w. .

i+1
If 8 (V) = . then moreover there exists an x € X such that

i+l
b (V) = w

i+1
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Proof:
If 1< wi+1 then k
lD l«: 21T]< 2 . .
-T == =xe
N OR
J i
T<W, 41 DT = R]’.-&-l 2 22 ’
, -
“D’ TJ%£+1 D% "
i+l
If 6 (V) = Wi 4 then it follows from that Ux = w4 for every
X €X \ U D . I
T< W, T
i+1

X.

i |
Theorem 19: If [X! > 2 there is a point xeX that is the limit of a

sequence of ty:

a sequence of type W

or there 1is a point ye€ X that is the limit of

i+l°
Proof: Follows from theorem 17 and theorem 18.

o
Corollary: If ]Xl > £ = 2 then X does not satisfy the first axiom

of countability.

Assertions in which the (generalized) continuum hypothesis is used

will in the following be denoted by an asterisk. This will be the

case among others if one of the following assumptions is used:

27

(i) 2 is the 1east?%§.rdina1 number > 47 ;
also: I <dT » 2 < 77
(ii) if77 is a 1imit cardinal and 7 < /7 then also 2777< 27

(iii) 2 is not a limit cardinal and wzm is regular.

*Theorem 20: If le > N and V is a 6-sequence for X, then 6 (V) > X.

If g(V) = X then moreover there exists an xe X such that

uX(V) mw-k.
Proof:
If T < W then e
X oojs 2t o,
T -
' TQM)tDT"ik'NﬁR’

etc. (cf. the proof of theorem 18).
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*Theorem 21: If lX] > X there is a point x€ X that is the l1limit of a

sequence of type wH o OF there is a point ye X that is the limit of
*

a sequence of type wn_.

Proof: Theorem 17 and theorem 20.

Theorem 22: If in X there exists a sequence of type W % or a sequence

of type wgi , then

V) >
8( ) o w){_
| 1)
for every 6-sequence V for X.
Proof:
Let {xi}i < oy be an increasing sequence of type W 5o in X and let
y = sup X, .
1 < mx_
1. Let W be regular.
> (Y)
Let V ={V } — V = {X — be a @f~-sequence for X.
Y'Y Y { P }pf-ZY :

(i) Now consider the set D of all y< 6 (V) with the property that
there exists a q(y)e Z such that

Y
(Y) )
1 (X < y<e<r(X ) ;

aly)” " 7 =""q)

it is clear that D = {y|y < 6} for some §> O.
6
If x; ) 1s the intersection of all X;Y(Y)) (so p[Y = q(y) for all
Y < §), then one has I(XS)) = y.
Since y = Jjm x, is not a left neighbour if follows that § is a limit
n
number; moreover, since [XS{\?! > 2 if y<6 , it follows that B(V); S .
(ii) If now X, 1s the least xi such that xi> 1(XI()Y)) , then

{xi }Y<<5 is a noxmdecreasing sequence and 1lim x. = Ve )Because of

Y . <6
the 'regularity of W one concludes that 53;“’?(‘"

Consequently 6 (V) ;w); :

2. Let w* be singular.

Then w is the 1limit of a sequence of regular ordinals w < .
N 4 e arl PN
lim n = W e
1
v <) OF X

Since for all a < A there exists an increasing sequence { x }
11 <w0t 1
+

in

1) In the case of a connected cor this theorem is also contained in Novak [3]
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X it follows from 1. that 6 (V)> W1 for all a<). This means that
(V) > w .,

Finally it should be observed, that there exist cor's with the pYo-

perty that two O0-sequences V and V' can be constructed such that
o) | # [ecvi].
Essentially following Novak [i} , P.383 an example can be obtained as

follows.

For every countable a there exists a 6-sequence V(a) for*i* such
W

that O(V(a))2a . Now let f be a 1-1-map of W(Q) into Z: . Then define
S
a B-sequence V for X = Xl-Xz (Xl = Xz = ;@) such that V is the regular

6-sequence for Xl’ "for each a e f[W(Q)] continued by the 6-sequence

V(ful(a)) for X;. Clearly 6 (V) = Q.

On the other hand it is easy to construct a O0-sequence V' for X, such
that 6 (V') = w+ w.

§ 9.

LEt‘An be the set of positive integers < n in natural ordering.
Let I be the unit interval [0,17] .

Define X by X = I.A .
n n n

Theorem 24: Xn and Xm are different topological spaces if n#m.

Proof:

Suppose n> m,

If n2>22, m=1 then Xn 1s totally disconnected and X is connected.

m
If n>3, m=2 then X has continuously many isolated points and X has

n m

two isolated points.
Now suppose n>m > 2,

A set {(a,2),(a2,3),...,(a,n-1)} (ael) of n-1 successive isolated

(n); and B(m) (C.Xm) 1s defined in

points in X will be denoted by B
n a a

an analogous way.

(i) If S and T are two disjoint sets of isolated points in.Xn

with the property that for all ael

(n)

SnBa £ BE=> T N B(n)

a

% 0

then it is clear that



(ii) Now suppose there is a topological map f of Xn onto Xm,

a. If p and q (p< q) are points in X such that the set {xlp< x <q}

m

isinfinite, then there exists a B((:n) such that p< r< g for all
(n)
€ f .

We can show this in the following way: Take an infinite sequence

{yi}i< of points in Xm between p and q; now, if the assertion 1is
() | .
not true, for every yi there exists a zi such that zi; p Or zi; q
~1 - n
whereas f (yi) and f l(zi) belong to the same B; ); then the sets
{y.} and {z.}. have different accumulation points, whereas
17 i<y 17 1<y
the sets {fﬂl (y.)}. and {:f.‘“1 (z.)} . have the same accumula-
1 1 < i | 1<
tion points.
Take a B;n); since n> m there are two points Py and d, (p1< ql) in

1
f [B;n)] such that {x]p1<: X <ql} is an infinite set. Now choose

1
(n) in such a way that P, <rc« q, for all ref [B;n)] . There
2

a
 we s . (n)
exgst two points p2 and q2 (p2 < qz) in f [Baz ] such that

B._

{xlpz'( X < qz} is an infinite set,.
Etcetera.

We thus obtain two sequences {pi} i< and {qi}‘(‘ in X which
W i<w

m
have different accumulation points, whereas the sets{ f 1(pi )} ieu
<

-1
and {f (qi) }i<m have the same accumulation points.



CHAPTER II

On the homogeneity of a compact ordered space

81,

A topological space T is called homogeneous, if for every p,qé€ T

there exists an autohomeomorphism f of T with the property f£(p)=q.

Theorem 1l: A homogeneous cor X satisfies the first axiom of count-
ability.

Proof:

Since X is compact, every countable infinite set {xi}i*-:w has an ac-
cumulation point, say y. Then y is the 1limit of a countable sequence,
and so, since X is homogeneous, also a=inf X is the limit of a count-
able sequence, Consequently in a there is a countable local base.

Because of the homogeneity of X this means that X satisfies the first

axiom of countability.

Theorem 2: If X is a cor, and !Xl >£ , then X is not homogeneous.

Proof: Chapter 1, theorem 19, corollary and theorem 1,

Theorem 3: A homogeneous cor X 1is zero-dimensional.

Proof:

L.et Y be a component of X. If IYl >1, let a=inf Y, b=sup Y and take c
such that a <c<b. If now C denotes the component of X to which x

e
belongs, then obviously C_\ {a}

Y \ {a} is a connected subspace of
X, whereas Cc \ {c} = Y \ {¢c} is a disconnected subspace of X. This
means that X is not homogeneous. Consequently in =l and X is zero-

dimensional.

§2 .

The following lemma presumably will be known.
' 5

Lemma: If cand B=w are countable limit ordinals, and a<f, then
there exists an increasing sequence (M.). of type a, such that

1 1<
1im uim B8,
i<y



ybserve that for every countable limit ordinal T there

6.),., of type w , such that lim U

1< w
sequence of type w,

i

i T @ if

]

(v, ), »

1 1<w

. ) one can take an increasing subsequence

174 <w

e sequence (o

v we show that it is sufficient to prove the lemma for ordinal

Yl To K
u —— w ;n + w in '+' I + w tn
1 2 K

6

, we de-—

=41 if i < a

™
i H

- a'+ v, if a'<i<a ;
o

_ é
is an increasing sequence with limit w .

lemma by transfinite induction with respect to 9.

assertion is obvious

e lemma is proved for 6 < €

is the limit both of an increasing sequence (Vi)i <o and of

an iﬁgr%asing sSaauence (A ) 3 if we define

J7i<w

A for all i such that ui< AO

3, J+ Vs for all i such that A

<
=15 V1 Ay
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then (ui)i*<a is an increasing sequence with limit 8.

(ii,2) Let € be a 1limit number.

Then € is the limit of an increasing sequence (€ ) < , and
nn<uw
3 “n
B = w = 1lim w
n<w
£
n

Since B >a there exists an integer N <w such that w >a if

N <n < w; without loss of generality we may suppose that N=0.
EO Eln 1 (>
Now, 1f V, m{vi vV<w } and Vn ={vl N < v<mn} (n=1,2,3,...),

E - rend
n
then each is the limit of a sequence (\)i(n))i“<Ot of elements
(n)

€ Vh5 And a itself is the limit of a sequence () ). .

1 J J <w

Now, putting (0)
i \_)i if 1 < AO
i i n“lm n ) ’ B )

we find a sequence (“i)i with the limit p
<O

In the following, we denote by Zé+l the cor which is obtained from

Zw+1 by removing the isolated points. Clearly Z&+1 is similar to

I.{0,1}\{(0,0),(1,1)} , where I is the unit interval [b,i] :

Theorem 4: Let X = Zw“ , |a] sz Ryi or let X = Z' 1

1. If p is not a jump point, or if p is a left neighbour, then
{xixip} w» Z .

W
2. If p is not a jump point, or if p is a right neighbour, then

hdp;x}tnza .

w
Proof: (for the case that X = Z _ , [ai*::kb)
A ————————— w ——
. o C
a, Let L = {p 1310<wa: pi = 1 1f 1;10}
R={p|dij<w: p, =0if izi}

In both cases we suppose that iO is the least index with the required
property.

It is clear that a left neighbour (right neighbour) belongs to L (to
R), and moreover, that a point of L. (of R) is a left neighbour (right

neighbour) if and only if io is a non-limit number.
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b. The following notation is used: if

abﬁ*‘Ci.idlﬁ#el!l

denotes a well-ordered sequence (1:1):‘,,‘_("J of type y , then
B J____
ab...c...d.. .eeee...

means that ¢ is the element with index B8 in the given sequence (thus

¢ = t,) and that t. =e if 1 > v.

B
(i) Let p e L, and let (m}\)A be the well-ordered sequence of in-
dices for which P, = 1; then (mk)k is a sequence of type W
Now define A m
V = {x] < 139 1111
o = X< PyPy---- - _
m m
A—l )
V, = {x|PyP;Py--- 1 000...<X<p P, Py--- O 1111...’..,}

if A is a non-limit number
n m
{xlp P,Pp-.. 000... <x <p.P.DP~.... O 1111.... }
01 2 = ="("1"2

?

if A is a limit number and n.= 1lim m.

A i<k i-
Also
W= {x|xg0 111177 }
Azl 2
W, = {x|111...7T 000.." < x <1111... 0 1111... }

if A is a non-limit number

A A

{x[111...0 0000.. "< x c1111... 0 1111... }

I

1if X is a limit number.

It is clear that all sets VW (0<)< w*) are similar to Z o
Then also the ordered unions ¢

t{} Vi and 'L) W
A< A(wa A

are similar, and consequently

(x| x<p} o« Z

o
W

(ii) In the same way it can be proved, that



{x|p < x)

if peR
(iii) Now it follows from (i) and (ii) that

(x!p;;x»<q}aa Z «
= ()

if pER, qe L, P<q.

C, (i) If gis a countable limit ordinal, and qua’ then Z q May be
‘ )
considered as the ordered union of type 8 of sets Ai (0« i< B), which
are such that A, > Z  if 0<i< oY and [A ]| = 1
1 ma = B ‘ |
For, there exists an increasing sequence (ui)i<8 with the limit mﬁ,
and we may take
Yo
AO: {Xl){;llla.* O } y
M i
A, = {x]|111...3 000...<x <111... 0 1111... }

if 1 is a non-l1imit number

V., U .

= {x|111... 0 000...<x<11l... 0 1111....}

if 1 is a limit number and v, = lim u .
1 s J
J<k
(ii) In the same way we may show: If 8is a countable limit ordinal,

o
and fB<w , then Z q may be considered as the ordered union of type 3%
" |
of sets Ai (O< i< B), which are such that A, v» Z,4 if O0< i < o and
-~ i w o ot

b ¢
]AB] = 1,

d. (i) Let p be a non-jump point and let (ml)l<8 be the well-ordered

sequence of indices, for which pmk = 1; then g is a limit number.

Now take

BT PoPyp---

if 14 is a non-~l1limit number
m.

o P D S
‘D} 000... <X <P Py.+. O 1111..."

1
b
Rl
T
-
T
-y

if i1 is a limit number and n.= lim m..
ol P
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It now easily follows from b that

U B o U A,

icg 1 i<g %

and so
(x|xgp} @ Zwa

(ii) In the same way it is shown that

{x|p< x} & ch‘ :

Theorem 5: If la] < )(‘ , then Z " is a homogeneous topological space.
—— = S "

Also Z' . 1is a homogeneous space.
w-+1l

Proof:

(i) If I is a clopen interval which is properly contained in Z a !
W

and which is such that I« Z | , then also (Z \N1I) «~» 2

w W W
For, if p = inf I, q = sup I, then at most one of the sets

Ip = {xix <p}, ’Iq = {x[x>q} is void; if Ip £ @ (and/or Iq < @), then
I »wZ , (and/or I 2 ); and in all three possible cases we have

P W - q @

I UI vz,

P q W

(ii) Now take p,q ézwa; P<q.
Then p (respectively q) is the intersection of a decreasing sequence
of clopen intervals In (respectively Jn) . Without loss of generality

0 - '
] J1 Q.

Let fo be an order-preserving map of Z N I
w® 1

we may suppose that 1
onto Z (\J,, and let

w
fn be an order-preserving map of I \ I onto Jn\ Jn (n=1,2,3,...).

n n+1l +1

Then the function f, defined by

f(x) = ¢ ]
(x) n(x) if xe¢ In\ In+1
f(p) = q
i1s an autohomeomorphism of Z 4
W
Consequently Z oq 1S homogeneous,
W
Qo Q

Theorem 6: If y= B+w , and B;w , then Z 1is not Iiomogeneous.

Y
Proof:

Without loss of generality we may suppose B = B-H.L}E,E > d.
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in such a way that

i) Choo =
(i) se p = (p;); .y

Vi< dj,k : (i<j,k<g and p.=0, p =1)

3 Py

Vi>g pi:O.

Then it is clear, that each neighbourhood O of p contains a subset
P

which is similar to zw€+w‘3‘ , and so for every neighbourhood Op of p

we have
0(0 ) > W W

P
(cf. Ch.I, theorem 10)

(q.) in such a way that

(ii) Now choose ¢q ).
1 1<y

Vi dj,k : (i <j,k and p =0, p =1).

Py

Then there exists neighbourhoods Oq of q, which are similar to Z ,,
w
and for which consequently

0(0 ) = w
q

(iii) This means that Z ,& 18 not homogeneous.

B+
§3.

If X is a connected cor, then X is said to be order-homogeneous, if
all closed intervals consisting of more than one point, are similar

(and so are similar to X).

Theorem 7: An order-homogeneous connected cor X satisfies the first
axiom of countability.

Proof:

Since X is connected, there is an increasing sequence (xi)i<m in X;
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and since X is compact y = lim X, exlsts. Because of the order—-homo-
geneity it follows that eve%frwz € X, z # inf X, may be considered as
the limit of an increasing sequence of type . In the same way it is
shown that every z€X, z # sup X, may be considered as the limit of a
decreasing sequence of type w .

This means that X satisfies the first axiom of countability.

Theorem 8: If X is a connected cor, and |X| > A , then X is not order-

homogeneous.

Prootf:

Theorem 7 and chapter I, theorem 19.

The following result has been obtained before by Terasaka [l] (cf.
also Arens [1] ).

o
Theorem 9: If [a[;ko, then Z ~ 18 an order-homogeneous topological

(o
space.

Proof:

Following the method used in the proof of theorem 4, we can easily
>

Q

P& .o
show that {x|x<p}wvw Z , for all p>inf Z
~ W

O
6 L ()
for all p < sup Z g « from this it immediately follows that Z*cx is
W )
order-homogeneous.

and that {x|x> p} v Z

-
If X is a connected cor, we denote by X the topological space which

1s obtained from X by identification of inf X and sup X.

Theorem 10: If o= v+n, f= u+m, where v and u are limit numbers (or 0)

* >+ e
and n,m are integers > 0, then Za and ijL are different topological

spaces if v#u

*+ 1
Proof: Clearly T(Za ) = v, WZ,

Theorem 11: If X is an order-homogeneous connected cor, then X+ is a

homogeneous topological space.

Proof:

. . T
Let a = inf X, b = sup X; in X we write c=a=b (for sake of simplici-

ty, in the other cases we denote the points of X and those of X+

by the same letters).

Now take p,qe X+
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(i) If p and q # ¢, then let f be a map of X onto X, such that

f l [a,p] is a similarity map of [a,pj onto [a,q] and f! [p,b] is a
similarity map of [p,b] onto [q,b] .

. T T
This induces an autohomeomorphism f of X such that ff(p) = q.

(ii) If p =c, q # ¢, then choose (in X) r such that a<r <hb.
And let £ be a map of X onto X, such that f] [a,r] 1s a similarity
map of [a,r] onto Eq,bj and such that f [ [r,b] 1s a similarity map
of [r,b] onto [a,q] .

This again induces an autohomeomorphism f7L of X7 such that ff(p) = q.

T
Corollary: If {al;}(‘o, then Zwa 1s a homogeneous topological space.



CHAPTER 111

On the connection between splitting degree, density

and weight of a compact ordered space

§1.

By the density of a topological space X we mean

d = dX) = inf {R]|3INecx : N = x,|N| = X}.

|

By the weight of a topological space X we mean

w(X) = inf({ 7([3 base 93 for X: ]93[ = )t }.

[l

W

The following theorem is well-known

Theorem 1: If X is a T -space, then

1
[x[izw, w;zlxi .

Proof:

(i) If 8 is a base of X with the property that f@} = W and
I(x) is the family of all O e 43 such that x € 0, then

(M O = {x} .

O¢elI(x)

So X -+ I(x) is a one to one map of X into $ (ﬂ) , and consequently

< 2'%‘ =

| X | = 2%

(ii) Obvious (every base is a subset of ?(X)) .

Theorem 2 (see Arhangelskii [l] ): If X is a compact Hausdorff space,
then

w < !X! ;zw.

Proof:

If p,q€X, then let the open sets Opq and O be such that
qp
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p€0 60 O ﬂo =6¢
pq’ 1% "gp’ QP Pq

Let § be the family of all finite intersections of sets Opq' Then %
1s a base for X, For, if O is an open set in X and if pe O then

{OQP}q € X\ O is an open cover of the compact set X \ O, which has a
finite subcover {0 }

; but then
qp q“_'quqz’n--,q ?

1=1 i
and
n
P € n O c O
i=1 P9y
Since ]93] = |X|] , it follows that w(X) < x| .

Theorem 3 (see PospiSil [1] ): If X is a Hausdorff space, then

2d

d < |X]| 22
Proof:

l.et N be a subset of X such that

"ﬁ:x, !N’zd.

Let I(x) be the family of all A € ?(N) with the property that x € A,
Because of the Hausdorff property, we have I(x) # I(y) if x # y. Con-

sequently x » I(x) is a one to one map of X into ? (',P(N)). This
d
means that |X| < 22",

Theorem 4 (see de Groot [1] ): If X is a regular T -space, then

d

1
d<w«<2

Proof:
(i) A set O in a topological space is said to be regular, if it
is equal to the interior of its closure, that is if

0O=0 °.

Now it will be proved that a regular T1--=Space has a regular open base

(i.e. a base of regular sets).

For, let ﬁ be the family of all regular sets.
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et U be an open set and let xe U, Then there exists a closed neigh-

bourhood V of x, with the property that Vc U, and such that

x&Wc:VmVCU

for some open W. Then also

~0 -0
xeWac W c Ve U,

-0~ -0
Putting B = W °=O we see that B = B (cf. Kelley [1:] , p.45 above

and p.57, exc.E), so that B eﬁ.

Hence @ is a base.
(ii) Let Nc X be such that

N = X, |[N| = 4.

Because of the regularity we may conclude that O, N N # O.NN if

1 2
01,02€. ﬁ, Ol # 02. Consequently O » ONN is a one to one map of @
into ?(N). This means that w< [@! izd.

§2.

Lemma: If X is a cor and {xi}i < wo is an increasing (decreasing)

sequence of type wk in X, then d(X) ;% .

Proof:

{(xi+2n’xi+2n+2)}i < Uy ,n < W is a disjoint family of non-void open

intervals with cardinal number )Q .

3
Theorem S5: If X is a cor, then

d<w< x| < 2% 2",

Proof:

d d

(1) if w = lX[ , then it follows from d<w<2 that d< le <2
(ii) if w< ‘Xl , there is a (decreasing or increasing) sequence of
type W, in X (Chap.I, th.21); this means d>w and consequently d=w.

Then it follows from w;IX! Zw that d < lXI ;Zd,

Theorem 6: Let X be a cor, and let N be dense in X, If V is a 0 -

sequence for X, then

O(V) < sup u (V) + 1,
= xeN *
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Proof:
Let n = n(V) = sup u_ (V).
X
X e N

(n)

Now suppose that ‘xp | > 3 for some pe Zn . Then there exists a
. ) n

point ¢ such that I(XI()n J<c <I‘(X(p)) . This means that cf. Dn . Since,
however, NcD = D and N = X, this is a contradiction,. '

n T (n)

Consequently we have |X | <2 for all peZ , and so 6(V) < n+l,

p N o

Remark: It may happen that 0{V) = n(V) + 1.

Example: let Z;;+l be the cor, which is obtained from Z 1 by i1denti-
W
fication of (a,0) and (a,l) for all rational a; if now V is the regu-

t?

lar 6-sequence for Zw+1’

then 6(V) = w+l, n(V) = w

In the case of a connected cor (an ordered continuum), the following
theorem has been obtained before by Novak [3] o
Theorem 7: If X is a cor, and V is a bU-sequence for X, then

eV | < 4.

If luxl > A , and thus M2 W s for some x € X, then it follows from

Chap.I, theorem 17 , that there exists a sequence of type w% in X.
Then from lemma 1 we may conclude that d > NX. Consequently lux | <d
for all xe X. If now N is dense in X, and INI = d, it follows from
lemma 2, that

2

| 8] f‘lxsgpN u o+l < [N[.d = d” = d.

*Theorem 8: If X is a cor with density d and weight w, and if V 1s a

O-sequence for X, then
o] s azwslx|c2!® g 292",

Moreover, in
6] < dzwglX]

at Teast two of the equality signs hold.

Proof:

The first part of the assertion 1s an iedia‘te consequence of the
foregoing theorems.,

Moreover, 1if in
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]ﬂ <d;w;fﬂ

at least two of the inequality signs hold, we have

0]
5|
x| 227

and this is a contradiction, since ]XI ;2‘61 .

Corollary: For every cor X we have in particular

’9! idiwi|x|52!elézd<2w

and in
el < dsw X

at least two of the equality signs hold.

Examples: (i) if X = then !Ol*id

Z

w4+ 2
. : — <
(ii) if X = Zw+1 then d< w

(iii) if X =Z then w< | x|

(iv) if X = H (see p.34) then |0|=d = w = |X]| .

Theorem 9: Let X be a cor, with density d, weight w and splitting
degree 0,
1. If O=uwy, Or 0 = wyu+l then d = A

2. If O= w thenwmx.
Pay

Proof:

1. Let V be a 8-sequence for X, such that 68(V)
It is clear that

1
@

JzL?tIk = P Doy T X
N R
since '
Vit < m.ki lDT! < 2"[‘:} ;
it follows that
U D |[<X.R=N.

.
So d < N TS uR

On the other hand it follows from |0 < d that X < 4.
Consequently d = )f.

2. Let V be a 0O-sequence for X, such that 6(V) = © , and let
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N= U _b.
T<wNn T
Then the family @ of all sets

{x|a< x <b} (a,beN)

is a base for the topology in X.

For, let O be an open set; without loss of generality we may suppose

that

0 = Ors = {x‘r<x<s} .

Now take y e O,

(i) if y has both a left neighbour 'y and a right neighbour y',
then 'y and y' belong to a certain DT (1 < m}) , and so belong to N;

hence

yeoO cO
Yy

e B

yY

O

(ii) if y has a left neighbour 'y, but no right neighbour, then

'y € N and moreover, since N = X, there is a z € N such that y <z <s;

hence

VE O,yzc O

e 93.

Etcetera.

Now we have

and so W < k
On the other hand it follows from |O[ < d that }Qid and so )t < W
Consequently foi}t.

§3.

Let X be a cor.

Let P be the set of jump points in X, and let Q be the set of pairs
{a,b} in which a and b are neighbours. Clearly ]P! = IQI .

| x|
d.

*Theorem 10: 1, If lP] = lxl , then w
2. If |P|] < |X| , then w

Proof:

?1.LLet 93 be a base for the topology in X.
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= d and

If X is connected, then w = d (cf,. Marde$ic¢ and Papic [1]
p.176) .

H

05 wy
IIs If X is8 a zero—-dimensional . -

(i) @ + 1,
o

(13" 0zw if [P < [X|

connected cor, then

*
(ii1)  Ogw,

rk: Part 1 of the theorem has been obtained before by Novotny [2] .

he proof of the theorem for case II.

We 1irst observe the following: if Y is a zero-dimensional cor,

and p,q,r €Y, then there exist two successive 6-decompositions of Y
such that no two of the points p,q and r belong to the same Y(z).
P

an ordinal number, then we write a= v + m , where v is
o a o]

number (or 0) and m_ is an integer > 0. Then let

a = v + m * 2
44 Q

80 for a limit number we have E - 0‘.) .
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3. We first prove that 0< w, + 1.

Let N be such, that NcX, N = X, |N| = d.

Let S be the set of those points s in X, which have both a left neigh-

bour 's and a right neighbour s': then S cN.

Let A be the set of all pairs {'s,s} and {s,s'} , and let R = NUA,
Then |R| = d.

Finally suppose that {ri}i < is a well-ordering of R.
W
d

a. We show that by transfinite induction, a 6-sequence V = {V )

-V = {X(Y)} — for X can be defined such that for all YW

Y P ‘peZ d
we have Y
® e
C : ‘ t 1
where t, = {r.}] if r e Nand t. = r if r_ ¢ A.
i i i i i i

(i) Let VY be defined for Y;g and suppose the assertion

1
holds for all those Y.

Put 6= 6_+1; then 6 = §_+2,

1 1

(6,)
Since ‘X n .U t.l <1 and since lt l < 2, two successive fg-decom-

p i< 61 i! = 51 -

(§,)
positions of Xp can be defined in such a way that
(8) L)
: N 1
qu'ZZ !qu i<5ti!=§

(ii) Let § = § be a limit number and let ‘vY be defined for y<§ ,

such that @ is satisfied.

Then , (8) _

For, if ]X(é) n U t. ] > 2 for some pe€Z,, then there exist points
’ p i<g i ! = 8

a and b, a # b, such that

a,bex(é)ﬂ U t_;

P i<g§ 1

this means that a,b € y 1:i for some y <§ and so
1 <Y

a,bexga n U t ,



it follows from

(w )
- { 'S ) S S g } for some

P

= 1 for some 1 < W
i d’

éw 3, then obviously X

so that

+ 1,

d

I
o)

lQ{ < !Xl - and so in < d - we have fRi

Let {r.} ell-ordering of R.

i i< Wy

a manner analogous to that used in 3, we can show the existence of

6-sequence V = {V} — V =5 {x( ) } ~ — for X such that
Y'Y Y P DpéeZ

Y

P I ¢ |
Vpezx_{_ . ixp N ithi f;l,

ie N and ti = ri if rie Q.

<1

©), Vpez lx “n Ut

d p i<wd

(w )
d <3; if

is dense in X, it follows from @ that lX

(wd) _ (wd)
= 2 or 3, then xp = {a,b} or X

P

= {a,b,c} for some pair

P

of neighbours {a,b} and -in the second case - {b,c}; but then
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(wd)
{a,b}= t. for some i< w,, so that {X o ¥, t.| > 2,
i d p i<w, 1] =
(wd)
From this we conclude that ‘Xp ‘ = 1 for all pée Zm .
So a-f.m o a
="d
5. NeXt we pI‘OV& that e ;wlxl -
Let {x.}. be a well-ordering of X.
P ey
As in 3. it is shown that there exists a 8-sequence
_ _ (v) _
V={V} —V =(X } — for X, such that
Y'Y Y P pt'-Zl
‘ (Y) <
Vpcaz7 : ‘xp N iyY{xi} < 1.
So in particular
P u (w]x]) U
VPGZM : lx ni«r:w {xi};l,
| x| P | X]
(ml )
X|
= 1.
Vpez Wl x| ‘Xp !
Consequently O <w lxl .
6. Finally we show that O W .
If |P| = |X| , we have w = 1X| ; so Q;wixl = W .
If IP] < |X| , we have w=d; so O;wd = W
Corollary: If X is a zero~-dimensional cor or a connected cor, then
a, O > mk+ 2 implies d > )t
b. 9; w_ + 1 implies w > N
A
. d = ; if a = w or if a = w + 1
Example d(Za) | o] | | la
> ]a] ifa;mlal+2
= 1 f = W
W(ZCI) ‘Ct' if o !G‘
> |a| if a 2 01|t 1
In fact, if L and R are subsets of 2, defined by

N
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L(io), where L(lo) = {Xixi—‘*l if 1> 10} ; and

by the continuum hypothesis).

also follows that

» P,
=2 -N=2 .

.
1z

R

orem 11 does not hold for an arbitrary cor,

W () U {9,1] (ordered union)

0(X) = D+u

> w, + 1 (=0 + 1)



CHAPTER 1V

Literature and additional remarks

81

(i) Sierpinski [1] and Cuesta Dutari [5] proved that every ordered

set of cardinal number ;‘)g 1S similar to a subset of 7Z
W

Sierpinski [3] , p.460. v

. See also

This result was already obtained in Hausdorff [1] , p.182 (where in-
stead of Zm a set of the form {0,1,2} v

\Y,

following assertion holds: If Ha is the subset of Z which consists

Yo

of all sequences (xi)i < with the property that there is some io < W
Q &

such that x, =1 and x.=0 for i> i_,

10 i O

number ;Ra 1s similar to a subset of Ha (in this case H is said to
_ a

be )éa—universal) . This was proved by Sierpinski [2] for ordinal numbers

is used). In fact, even the

then every ordered set of cardinal

a of the first kind and by Gillman [1] for ordinal numbers o of the
second kind. (The result of Sierpinski is also a consequence of his

th
eorem, that H8+1 is an nB 1

+
[2] , p.181, that a n8+1“58t 1S N8+l

facts are proved, in a very short way, by Mendelson [l] .

-set and a theorem proved in Hausdorff

-universal.) However, both these

If one uses the generalized continuum hypothesis, it is easy to see

that lHI:: )*
Q oL

In this connection it should be observed that in general it is not

true that a cor X, such that |X| < }év’ can be imbedded topologically

in Z or in Z~
w,, Wy,
For instance, X = Zw cannot be imbedded topologically into Zm or
into Z (in Z and in 2> there are no points which are the }imit
po e Y1

both of an increasing sequence of type w and of a decreasing sequence

of type w).

(ii) It was observed in Ch.I, theorem 14 that each Za. 1s a continuous
image of ZB if a<f . It can also easily be proved that each closed

subset of Z is a retract, i.e. a continuous image of Za.
Q
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sdorft

a continuous imag

e of some cor (although eve

is the continuous image of Z ; cf. for instance Kelley [1] , p.

sily be seen by the following argun

ent (de Groot

might be useful also in other cases;

every sequence has a convergent subsequence.

L3 |

. The property

every sequence has a convergent subsequence' is
invariant under continuous mappings.
3. In the Stone-Cech com

pactification BN of the natural numbers N

closure of each infinite subset of N is homeomorphic to gN

and consequently N has no convergent subsequence.

This means that BN is not the continuous image of any cor. The same

stance the topological product X of continuous many spaces Xi (]Xit; 2)

is not the continuous image of any cor. Taking all Xi = {0,1} or all
X, [

sional compact space and a connected, locally connected compact space

respectively, which are not the continuous image of any cor.

,1] (the unit-interval of real numbers) we obtain a zero-dimen-

(iii)

The well-known theorem of Hahn-Mazurkiewicz states, that for a
space P to be compact, connected, locally connected, and metric, it is

necessary and sufficient that P be the image of the unit interval of

umbers under a continuous mapping into a Hausdorff space
(cf, for instance Hocking-Young [1] , p.129). This includes the re-
sult that, for locall§ connected metric compacta, connectedness and
pathwise connectedness coincide. According to Marde3ié [_1] a general-

ization of these results to non-metric spaces is not possible;

i.e.

ce X is said to be 'connected by ordered continua pro-

vided, for each pair of points xo,xle X there is a connected

cor C and a continuous map ¢ C - X which maps the end-points

of C into xo and x

connected compact Hausdorff space which is connected but is not

1 respectively, then there exists a locally

"connected by ordered continua'.

2. There exist connected and locally connected compact Hausdorff

.ces which are not the continuous image of any connected cor.
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An example has been given in (ii). Other examples of such spaces

are given in Marde3ié [2] .

(iv) MardesSié EZ] proves the following theorem: Let X be a continuum
(i.e. a connected compact Hausdorff space) and C an ordered continuum
(i.e. a connected cor) and let I denote the real line segment; now,if
there exists a continuous mapping of C onto X x I, then X has the Sus-
lin property. (A tbpological space X 1s said to have the Suslin pro-
perty 1f each family of disjoint open sets of X is at most countable.)
From this it follows among other things that I is the only non-degener-
ate ordered continuum C which admits a continuous mapping C - Cx C on-
to its square,

Marde8ié and Papié [-_1] consider the class K of spaces which are con-
tinuous 1images of ordered continua. A characterization is given of
those product spaces Tr X (of non-degenerate continua X ) which

acA a a
belong to K. In fact, in order that such a product space ! I X

(IAI >1) be the continuous image of an ordered continuum itaiesAneies-
sary and sufficient that all Xa be metric Peano continua and that
IA‘;NO; in this case the product space is itself a Peano continuum
and thus a continuous image of I.

Treybig [1] generalizes part of this result to the case in which the
factors need not be connected; theorem: if each A and B is a compact
Hausdorff space which contains infinitely many points and A xB is the
continuous image of a compact ordered space, then both A and B have a

countable base (and so are metrizable).

(v) MardeZié [3] proves that the inverse 1limit of a monotone inverse
system of ordered continua is itself an ordered continuum. Moreover
each ordered continuum is the inverse limit of a monotone inverse
system, consisting only of arcs.

If T is a continuum, then a finite sequence (Ul, .o ’Un) of open

sets U, in T is called a "chain'', if u.n Uj # @ if and only if

- . . t .
li-—j| £1. T is said to be a ''chainable continuum if every open cover-

ing of T admits a chain-refinement (U : ,Un); and if every open

1 y = @
covering of T admits a chain-refinement with connected Ui’ then T is



topological Hausdorff space (X,J) to be

an

;
such that JcJ - He shows that a connected topological space T=(T,J)
(i e € o the

and only if T xT \ {(t,t) g‘t € T} is not connected.

Be

is orderable

2re is an ordering < for T, such that :7::.7{) if

orderings of a connected topological space are equal or

|-y

Banaschewski [1] considers ordered spaces (X,J () and their com~

axtensions 5(x,7<)- which are obtainable by means of Dedekind

K: Mac Neille [1] ;3 11 proved that every partially order-
can be completed by means of 'Dedekind cuts''; cf. also Birk-

hoff [1] , P.58,

Addition of a least and a greatest element, if neces-

sary, then leads to a compactification of S.) (X, 7{ ) is connected if

and only if (X,<) is dense, i.e. Vx,yé X (x <y) dzex: x<z <y. If

(X,<.) and (X,<_) are dense and 5(X,<1) and 5(X,<2) are homeomorphic,

then <1 <2) are either identical or inverse to each other. (It
should be observed that (X,<l) and (X,(z) may be homeomorphic if
(X,<;) is dense and (X,<,) is not; )= [0 ,.1] N{3} ,

X,<,) = 3,1]ufo0,1).

(1ii) A “cut point” in a connected space X is a point r such that
X \{r} =

A UB where A and B are separated, i.e, ANB = ANB = 9.

Following Hocking and Young EL] we denote by E(p,q) the subset of X

consisting

of the points p en q together with all cut points r of X
that separate p and q, i.e. X \{r} = AUB, ANB = ANB = O, peA,

lation < is defined in E(p,q) such that, for all
x,y€E(p,q), x <y if and only if x=p or x separates p and v in X,
then it is easily proved that < is a simple order in E(p,q). The fol-
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lowing theorem 1s known (cf. for instance Hocking and Young [1] ,p.53):
If X is a compact connected Hausdorff space with Just two non-cut
points a and b, then X = E(a,b) and the order topology in E(a,b) coin-

cides with the topology in X. In other words: X is orderable.

(iv) Any compact zero-dimensional metric space 1s homeomorphic to a
subset of the Cantor set (cf. for instance Hocking and Young [1], p.
100), and so is orderable.

This in particular holds for countable compact Hausdorff spaces,since
these spaces have a countable base (and so are metrizable) and are
zero-dimensional; in this connection, it may be remarked that, accord-
ing to Mazurkiewicz and Sierpinski [1] , every countable compact Haus-
dorff space is homeomorphic to a well-ordered space of a type which

a : ., :
has the form w .n+l1l, where a is a countable ordinal number and n is an

integer > 0O,

Lynn [1] observes that even a zero-dimensional separable metrizable

sSspace 1s orderable.

(v) In Herrlich [1] several conditions are found that a topological
space be orderable. A space is called end-finite if no connected sub-
set has more than two non-cut points. From the results obtained by the
author the following will be mentioned.

1. A connected Tl-Spa.ce is orderable if and only if it is end-finit
and locally connected.

2. A totally disconnected metric Lindelof space is orderable if and
only if it is zero-dimensional.

3. A countable space is orderable if and only if it is metrizable.

Also conditions are found that a space is locally orderable, which

means that every point has an orderable neighbourhood.

§3.

(i) It is known that a linearly ordered topological space is complete-

1y normal; cf. Bourbaki [1] .

Ball [1] shows that every open covering U of a linearly ordered space

X, which is such that each point of X 1is an element of at most count-



66

ocally finite refinement. In particular,

gives three sets of conditions, each of which implies

& 1S S¢

2para ble.

e fixed point property, if every
a point fixed. It is known that @

¢ fixed point property. Cohen [1] shows that the

roduct of two connected cor's has the fixed point property.

By

O
[1} constructs six ordered continua of power 2 containing

e subset of power Nl but no one of power kO‘ In these six ex-

sets of occurring point characters are {c

ples the 00’ “01 g {Coo €10 '

00’°10° 11} » {€00’ %11} -
r initial ordinal numbers, then a point is

b, {co {c

0’111}

; 8re reg
J_

said to have the

character cij if it is the limit of an increasing se-

guence and of a decreasing s

»quence of type w., and W respectively.)

i

Misik {1] constructs such a continuun

with a set of point characters

{cti’cll’clﬂ}
Novotny [1] shows that one of the examples of Novak is similar to

the "'ultra

1A

continuum

constructed by Bernstei%o[lj . He also gives
| O

seven exa

mples of ordered continua of power 2 and density 2

(ii) Novak [2} considers an ordered continuum (that is, a connected

cor) C.

a., He calls a system P of closed (non-degenerate) intervals a 'dyadic
partition of C, if

1. VX,YEP : XNY = Y or XNY = X or | XNnY| <1
2. CeP
3. VXeP

X1:X,€¢P : X UX, =X, [x,0%)| =1

4. If {Xi }ie ;y 18 a decreasing (transfinite) sequence of inter-

vals X, € P, then ) X e P or [ ﬂX,l = 1.
i i 1 1 i

In each dyadic partition the decon

1position {Xl,Xz} of an interval

X € P according to 3.is clearly unique. If one puts X, NnX_. = {p} ,

1 2
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then p is called a d-point.

Now, 1t 1s easily shown that P is a dyadic partition of C if and only
if P is the system of non-degenerate intervals which are elements of

the members of a B-sequence V (cf. theorem 5 of the paper of Novak).

b. It A is an interval in C or a point, which is no d-point, then

the subsystem P(A) of P consisting of all X€ P with the property that
ACP, is clearly well-ordered; the ordinal number of this system is
called the order of A.If Ais a d-point then there are two well-ordered
subsystems Pl (A) and Pr (A) of P consisting of intervals which contain
A; the greater of the two ordinal numbers of Pl (A) and Pr(A) is called
the order of A. The supremum of the orders of all P(X), Xe€ P, is call-
ed the ovder of the dyadic partition P.

Now, it can easily be proved that the order of a dyadic partition P

is equal to B(VP) , (see Ch.I,p.18),if V_is the 6-sequence, which cor-

P
responds to V.

c. Several other theorems, based on these ideas, are proved. Finally,
it is shown that every ordered continuum of power N contains at

© N
least one point with character c if and only if 7\50 < 2771

00
d. Novak does not consider the infimum of all orders of dyadic par-

titions (which would be the splitting degree 0, as defined in Ch.I).

Novotny [2] proves for an ordered continuum C the existence of a par-

tition of orderxr at most W where 7‘% is the density of C.

(iii) J. Novak [3] defines the following sets of cardinal numbers for

an ordered continuum C.

I

P = { 7%[336 C: a has point character c and 7%

and 7‘5
o

min ( Pie , 7’(\0)}

PO 9,
max ( A ,7'{‘)}
0 o

Q = { X |3aeC: a has point character ¢
o

S = { R Bmonotone sequence of type w_ in C}

I = { X |Jisolated subset D of C, such that |D| = X}

I'=s { X Iadisjoint system of non-degenerate intervals in C, with
cardinal number N}

M = { X|Jsubset D of C, such that D = C, |D| = R}

R={RN B dyadic partition of C with cardinal number A} .



68

If now p,q,s,i,i’ and r

are the respective suprema of the sets P,Q,

2

and rl are the respective minima of the sets

then it is proved that

sadhe

where s is the
Re s,

e
least cardinal number, such that X< s for every

that R = {s} or R= (s } or R = {s,s"} . M. Novotny [3]

proves several other relations of this kind; for instance |C| ;2“.

(iv) Erdds and

Rade [1] prove, using the generalized continuum hypo-
thesis, the following theorem:

A cardinal n-:berk has the property that for every ordered set
S of power X

re is a subset in 5 of type Wn
*

or 2. there is a subset in S of type wu

R
or 3. for all a < w‘}t there exist subsets in S, both of type a and of

»*
type a ,

if and only if X= sup X is regular.

X, < X

§5.

(i) Arens [1] discusses order-homogeneous connected cor’'s, For in-

stance, it 1s proved that the lexicographically ordered product L
is

geneous connected cor, if the same is true for L.

Terasaka

e
[1] proves that all Z are order-homogeneous.

m&

to Hausdorff [1 | , p.179-181 there exist ordered sets
arbitrary high power with the property that all open intervals are

similar,

(ii) According
of

Vaz(

juez Garcia and Zubieta Russi [3] show that such a set has at

most the cardinal number of the continuum if it is complete.
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(iii) It is a wellmknown fact (cf. for instance Kamke [1] ) that an

ordered set X is similar to the set of the real numbers if it has the

following properties.

1. there exists neither a least, nor a greatest element

2. X is complete

3. X has a countable dense subset.

From this it easily follows that an ordered space X is homeomorphic

to the space of real numbers if
1. X is homogeneous
2. X is connected

3. X has a countable base.

(iv) It is easily seen that every cor X(!Xl;ko) which has a count-~
able base admits continuous many autohomeomorphisms. For, if there
are countable many isolated points, the assertion is obvious. In the
other case the assertion follows from the fact that there is either
a separable connected subspace, which is consequently homeomorphic to
an interval of the real numbers, or the space is zero-dimensional
and so is homeomorphic to the Cantor set.

Jon sson [l] and Rieger [1] both give an example of an infinlite com-
pact ordered zero-dimensional space such that the only homeomorphism
of S onto S is the identity mappilng.

In this connection it may be observed that de Groot [1] proved the

£

following theorem: There exists a family {Fy} of 2 zero-dimensional

subsets of the real line, such that no FY can be mapped locally topo-

logically into or continuously onto itself or any other FY'; if FY

is mapped into itself, we must exclude trivial maps. However, here

the occurring sets F are not compact. In de Groot and Maurice [_1]

the existence will b; proved of a cor of continuous power and with
continuous weight which is rigid, 1.e. which has no autohomeomorphisms

except the identity mapping.
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