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PREFACE

General topology can be considered as a natural outgrowth of set
theory; the simple set theoretic nature of its fundamental notions makes
1t an appropriate area for the application of set theoretic methods. On
the other hand, many set theoretic problems have their roots in topology
and this makes the interaction between the two disciplines even more
‘profound. The closeness of their relationship is perhaps most apparent in
the work done by the Moscow school of topology in the early twenties.

The last decade has witnessed a very rapid development of set theoret-
1¢c methods and ideas, the main sources of which were, in our opinion, the
following: 1) the independence results of P. Cohen and his followers;

2) the results on "large'" cardinals of A. Tarski's school, and 3) the
achievements of P. Erddos, R. Rado, A. Hajnal, and others in combinatorial
set theory (e.g., partition calculus). Not surprisingly, this has stirred
up a renewed interest in the set theoretic aspects of general topology.

A number of old problems were settled and many new ones were ralsed.

The aim of this tract is to present a variety of questions of this
kind by centering them around the unifying concept of cardinal functions.

Since a considerable part of the means employed in our 1lnvestigations
are relatively recent and not easily accessible in the literature, we
have found it both convenient and timely to include an appendix entirely
devoted to the detailed explanation of these methods and ideas of combina-—
torial set theory.

This tract was written during the second half of 1969, while the
author was a guest of the Department of Pure Mathematics of the Mathema-
tical Centre in Amsterdam. The appendix is based on a series of talks given
by the author during the same period at the Mathematical Centre under the
title '"Combinatorial Set Theory'.

At this point I wish to express my gratitude toward the Mathematical
Centre for their kind hospitality which gave me the opportunity to write
this tract, as well as for publishing i1t. I am particularly grateful to

Professors J. de Groot and P.C. Baayen for initiating my invitation and

supporting this project. .
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Special thanks are also due to Albert Verbeek, who took on the

difficult task of actually writing the text of the

of the work necessary to turn the c: manuscript into print. I
also like to thank Nelly Kroonenberg, who added A6 to the appendix

whose help was essential in acquiring the meth
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0.3.

O.k4.

O. Notation and preliminaries

For the set theoretical notations used here we refer the reader to
the appendix ( p. T2ff).

For a topologicel space X we denote by o(X) the set of all open sub-

sets of X. We use the notation to indicate closure and Int for

interior.

A c X is celled a G, . set iff there is an Ulco(X) with U] <u
9

3
and A = n ﬁl. The complements of G

gets are called Fcr

JPY s&
We put
0p(X) = {AcX: Ais a Gg ¢ setl.
Thus e.g. O'O(X.) is the set of all G(S's in X.

A space S is called right (or left) separated iff there is a well-

ordering < of S such that every initial (or final) segment of S
under < 1s open. It is easy to see that X has a right (or left)
separated subspace of cardinality o iff it contains a by inclusion

increasingly (or decreasingly) well-ordered sequence {G,.: £ < a} of

E;:

open sets in X.



0.5. (cf. [11]) The following assertions can be verified easily:

(i) If S is right separated by < which well-orders S in type a, a
regular, then S has an open covering Ul such that every subcover
of Ul is of cardinality a.

(11) If S is left separated by < which well-orders S in type a, o
regular, then every dense subset of S is of cardinality a.

0.6, A subset D ¢ X is called discrete 1ff every p € D has a neighbourhood
Up in X such that D nUP = {p}. We denote by D(a) the discrete space
on & = the set of ordinals smaller than o (see appendix).

A sequence {png, < A} of points of X is called free (cf. [3] iff
{pgii < n} and {pgzn < £ < A} have disjoint closures for every n < A.
Obviously, every free sequence 1is discrete.

E:E <A} c o(X) is called a

chain iff £ < n < A implies

A, by inclusion, decreasing sequence {G

Gnc GE; .
If {G€:E < A} 1s as above and
Py € GEY?\GE+1 (for £ < A),

then, obviously, {pE:«S < A} is a free sequence.

0.7. If Fc X, c o(X) is called a neighbourhood basis for F iff
Fc Ge o(X) imply the existence of a B e £ with F c B < G.
We put

X(F,X) = n{!Inﬂv] . dov 1s a neighbourhood basis for F}.
If p € X, we write X(p,X) instead of x({p},X).
0.8. If Xis a I, space, F c X, we introduce the following definition



0.9.

0.10.

O.11.

0.12.

0.13.

0.14.

Here too we write V¥(p,X) instead of ¥({pl},X).
It is well-known and easy to prove (cf. [{]) that 1f X 1s a compact

'I‘2 space and Fc X 1s closed, then

Y(F,X) = X(F,X).

If pe X, we define

3(p,X) = minf{o:pe A * 3B c A with pe B and |B| < al.

X 1s called o-Lindeldf 1ff every open covering of X has a subcover of
cardinality < c. !
It can easily be shown that a compact T, space X 1s hereditary W=
LindelSf (i.e. every subspace of X is wg--Lindel&Sf) 1ff every closed

subset of X 1s a G £ set, or equivalently, every open set 1s an
p

FU,E; set.

X 1s called a-separable 1ff it has a dense subset of cordinality < a.

X 1s sald to have the a-Baire property iff it i1s not the union of a«

nowhere dense sets.

We say that o 1s a caliber for X iff for every ij o(X) with 103’

there 1is af% c‘f}gw:.th I(% ! = o and n’@‘&« F 0.

The topological product of the spaces Ri, 1 e I will be denoted by
R = X{Ri:i e I}. If I is finite (say I = {1,....,k}) we also write

R=R1><... ><Rk.

The proJjection onto the ith factor 1s denoted by . s If Jc I, "y

denotes the projection onto the partial product X{Ri:i e J}l.

Open subsets of the product which have the form

rs (U ..oaow! (U) (U_ e o(R, ))
1 n S

are called elementary open sets.

Similarly, a set 1s an elementary G set 1ff 1t 1s the intersection

_ 0,&



0.15.

0.16.

0.17.

0.18.

0.19.

0'20¢

of £ w,_, elementary open sets.

&

X t%P Y (or X S Y) means that there is a (closed) subspace of Y

which 1s homeomorphic to X.

We use Y to denote the class of all topological spaces. Similarly,

O’i denotes the class of all T. spaces. We have 'Ii 2 33 1if

0 <i< J < 5. We denote by

spaces which are not necessarily TO. Then 9“3% =Ty N S‘D.

the class of all completely regul

& denotes the class of all compact T, spaces.

Let (L,<) be a linearly ordered set. We denote by (a,b), [&,b),

(a,b] and [a,b] respectively the open, half open and closed intervals
of L. The order topology for L is the one for which the open inter-
vals form a basis.

We denote by T the Dedekind completion of L (including the degenerate

cuts @ and L as first and last element):

L ={Ac L: A=U{{be L: b < a}: ae A} and Ae o(L)},

P

L being (linearly) ordered by inclusion. L 1s embedded in L by map-

o’ ™~/

ping ae€ Lonto {be L: b < a}le L. Then L € ® and as can easlly be

N/

seen, the subspace topology of L in L coincides with the original
order topology. (This is in general false for subspaces of ordered
spaces! )

£ denotes the class of all linearly ordered spaces.

A space X is called dispersed iff every subspace S C X has isolated
poilnts. We denote by 9 the class of all dispersed spaces.

A ’I'3 space X is called cocompact (cf. [9] , [33]) iff there is an open

vasis {¥ for X such that if¥ c §#¥ , and F has the finilte intersection

property, then n{F : Fe T 1} $ ¢.(Note that the defi in [9] is not
equivalent!)
AT




of all strongly Hausdorff spaces. It can be shown (cf. ]:1 2___]) that

J2 3%5; ?3‘



1. Cardinal functions

ave mentioned asbove, the aim of this work is to present a systematic

As we h
study of certain cardinality problems arising in the theory of topological

achieve this, we shall introduce the notion of a cardinal

function by means of which most of the questions we are concerned with can

unified treatment.

be given a more or less
function ¢ defined on a class C of topological spaces is called a
inction if it assigns to each member X & € a (usually infinite)

inal number ¢(X).
shall list the cardinal functions to be examined in what follows:

: $18 an open basis (or: open subbasis) for X}.

b o o T . -
min {|P|: ¥ is a n-basis of X},
where? is a n-basis for X iff

Pc o(XN\{g} and (VU ¢ o(X)\{g}) (v e?, Ve




1.3. Uniform weight
% o
u(X) = min {|Ul|: Wis a (sub)base for a uniform structure compatible
with o(X)}.

Here, of course, X € U’p is assumed.

1.k, Density
a% e~
d(X) = min {|s]: sc x, § = x}.

1.5. Cellularit

c(X) = sup*{ ffgl : UJ,C: g(X) ,53/ disjointl,

and analogously

Cg(X) = sup*{ Iffu : YL ¢ GE(X),Ubdisjoint},

1.6. Spread

s(X) = sup*I!DI: D c X, D discrete as a subspace}.

1.7T. Height

* | - «
h(X) = sup {mM]: M:tgp X, M is right-separatedl}.

1.8. Width

*' -
z(X) = sup {iZl: Z £%p X, Z 18 leftmseparated}.

1.9. Depth

k(X) = sup { ]%[ :ﬁﬁé is a strongly decreasing chain in X}.

1.10. Lindelof degree
L(X) =:min*1a : X 1s a=Lindelof}.

1.11. Character

x(X) = sup{x(p,X) : pe X}.

1.12. Pseudo-character

p(X) = sup{y(p,X) : pe X}.



1.13. Tightness
3(X) = supl{da(p,X) : pe X!

here, X € ‘3'1 1s assumed.

Remark

In the above definitions
min {.} = w.min{.}
sup*{.} = w.sup{.}.
If ¢ is one of the functions x, ¥ or 3, then ¢(X) = 1 ¢ X is dis-

crete. In every other possible case, however, each occuring function

is infinite.
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A.V. Arhangel'skil [2] proved that for a rather large class of

Vv
spaces X, which includes metric and Cech-complete spaces,

w(X) < |X| holds.

2.3. If Xe ‘3'3, S c X is dense in X and pye S, then
(i) w(X) < H(X)‘C(X)
(ii) =(8) = n(X)

(iii) X(PO:S) = X(Posx).

Proof |
For A c¢ X and Dtc P(X) write A = Int(E) andOL = {A : A € Ol}. The set

is called regular open if A = A. Three observations are crucial:
=~ ~

A = A; the family H(X) of regular open sets forms a basis for X;

w

and if A is regular open then A = A n S. Hence, if |S| = 4(X),

w(X) s R(X)| < |P(8)| = exp a(X).

lext it is easy to check that if Dlis a m-basis or a neighbourhood of Pq

e subspace S, then Ul is a m-basis or a neighbourhood basis

basis in tl

{. Hence (ii) and (iii) hold.
me that Ol is & m-basis of X and [Y] = n(X). Define a function
P(QU) such that

$(A) is a maximel, disjoint subfamily of Uln P(A).

Since MA) is (a. )dls,]on.n‘b open flly H(A)l < C(X) and thus there are
_ yCL X :
and A # B, then A\B or B\A is nonempty and hence $(A) ¥ ¢(B). This
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o.4. Por each X & T’z

|X| < exp exp d(X).

Proof

Let Sc X be dense, |S| < d(X). For x

06 X we put

Gx ={Gns: x,& Ge o(X)}c o(S).
0

Now X + y 6x # Gy’ since X is Hausdorff, hence O is a 1-1 map of X

1nto 9(0(8)), which proves our assertion.

Corollary

If Xe Y., then

23

w(X) < exp exp exp d(X).

This is immediate from 2.2 and 2.4. As is shown in [64] this in-
equality 1s best possible, namely for any infinite o there is X € T’e

such that d(X) = o« and w(X) = expexpexp a.

2.5. (ef. [10]) If X 6‘72, we have
x| < exp n(X).

Proof (Cf. the Remark on p. 25).

Assume |X| > exp o. By transfinite induction we define sets

) , &s follows. Let us put

X(e >
03 <t

n’’

*= %0y ¥ Fnye
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2.6.

where X(e) are proper closed subsets ol X.
If the sets X( have been defined for all g < p, W€
(e

put 0"*"€n"")n<€

I

Xe y =[x

- >
n‘n<p  &<p n)n<t

if p is a limit ordinal, and if p = o + 1, we put

X = X, J X, .
(e )eg  (6,50) ~ (€ 51)
where the sets on the right-hand side are proper closed subsets of
the left-hand side, if the latter has at least two polints.

+ such that 'X(e ) l > 2 for
n’n<g

be a sequence (En)n<a

every £ < a , since otherwise

Now there m

x| < H(Sn) E < al A €,

APt
n‘n<g’

OV1H < X

-
E<a

would hold. Hence we have a decreasing sequence of closed sets of

+ . L : : -+ :
length & , which, by 0.4, implies h(X) > a . This completes the proof.

For every Xe'J

|

(i) h(X) = sup{L(S):8c X}

(ii) =z(X)

min{a: X is hereditary o-Lindel&f}

sup{d(S):sc X}

i
i

min{a: X is hereditary c-separablel.

+
s

Ad (i). We saw in 0.5 (i) that if |S| = «

cardinal, and S is ri

which 1s a regular

.. + . .
ght separated i1n type ¢ then S 1s not B-Linde-

_, This obviously implies h(X) < a, if X is heredi-
ry o~Lindeldf. Conversely, if X is not hereditary oa-Lindeldf, then

have
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aAd (ii). Since every left-separated space S whose order-type 1S a

- . v | . .
a+, has density o (see 0.5 (ii)), we have

2(X) < sup{d(8): 8 c¢ X}. On the other hand, if d(S) = a, we can

monotone increasing sequence of closed sets in S of

szspace has at most 2° points. And 2.1.d+2.6.(ii) imply 3(X) < z(X).

P roD il
It is known to be consistent with the usual axioms of set theory that

spaces (even topological

there exist hereditarily separsable normal
dinality expexp w (ef. 62 ). It is not known, however,

groups) of cai

whether X €8

and z(X) = o imply |X| < 2*° or not.

2.7. (ef. [13]) If X € Ty a(X) < exp s(X).

uppose we have d(X) > exp a. Then, by 2.6 (ii) there is a left-

separated subspace S ¢ X such that |S| = (exp o) . Using 2.5 we ob-

tain a right-separated subspace T < S, lT[ > oo Now T 1s both right

and left-separated, and we claim this lmplies the existence of a
DcTwith |D| = |T| > o such that D is discrete.

Indeed let < 1 and -'<’2 be two wellorderings of T which separate T right
and left respectively. Let us define a partition of [T]2 (def of

(32

: p.100) into two classes I and II as follows:

{x,y} € I iff '<1 and <, coincide on {x,y};

2

{x,y} € II iff <, and <, are opposite on {x,y}.

1 2
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Now, if H ¢ T is infinite, [H]2 c II cannot hold, otherwise we would
have an infinite decreasing sequence in the sense oI <, OT —<2a vhich

1s absurd, since both are well-orderings. Thus, by Erdos ' theorem
AL4.T7 we obtain a D ¢ T, |D| = |T|, such that [D]2 c I. This, however,

means that.d,' and -<2 coincide on the set D, and this Joint well-

ordering both right and left separates D, hence D is obviously discrete.

2.8. (cf. [12] X [25] or [32]) If X e £, then we have
(1) 4(X) < c(X)+.

(ii) If X contains a discrete subspace of power a, it also contains

a pairwise disjoint intervals.
(iii) n(X) = e(X).

z(X).1)

(iv) d(X)

Proof

- | + l ‘
Ad (i). Assume X e L and d(X) > o . We want to show that X contains

ls. This will evidently imply (1).

Now let ~< be .an arbitrary well-ordering of X. A point pe X 1s called
ormald , 1f P 1s the <-—smal

lest element of some neighbourhood Up of p.

First we show that N is dense in X. Indeed, if G € o(X) and P, is the

lement of G, then 12 is obviously normal. Thus we have
+

For each pe€ N let I  denote the union of all open intervals contaln-

s
ing p as their first ele

ient by <. Now, 1f p, p'€ N, p < p' then
elther I_n I

p Tp' $, or Ip , C Ip’ which follows immediately from the

Now, 1f there are o palrwise disjoint Ip, we are done. If not, let

18 put

N, = {p € N: IP is not contained in any other Ip,};
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since p, p'e N, > Ipn Ip, = @, we have lNol < o.

Similarly, by transfinite induction, we define

1)

added in proof. Moreover it is easy to prove Y(X) = x(X) < c(X), as

was observed by Nelly Kroonenberg.

{pe H

=
il

E}’

£ IP 1s not contained in other Ip, for p'e H

where Hg = N \ U{Nn:n < £}. Then, again, !NEI < a, hence
IU{Ng:g < a}| < a. This implies H, + 0.

Let p'e H . This means that for each £ < a there 1is a P; € Ng such

that Ip, C Ip , hence {Ip :£ < o} is a decreasing chain. For each
& 3

€<awecanchooseanxgel \ I ;

{x,:£ < a} and

2

We put K

- {xgzxg—< p€+1}’ K = {xE:xgr»— P€+1}’

where < denotes the original ordering of X. The convexity of the I

p
implies that Xp < X holds, 1f X € Kl, n > & and Xp > X 1f
Xg € Kr, n > g.
Now we have iKll = O Or lKrl = o, In the first case we have an

increasingly well-ordered, 1n the second a decreasingly well-ordered
subset of type a of X, which immediately gives us & disjoint intervals.

This proves (i).

Remark
A Suslin continuum, whose existence is consistent with the usual
axioms of set theory, (c¢f. [18] or [34]) yields us & compact ordered

space X, for which

c(X) = w and 4(X) = W, .

Ad (ii) Let X ed, D c X discrete, a = |D| > w. For each pe D we
can choose an interval Ip = (ap ,bp) such that IP n D= {p}. If D

contains o 1isolated points of X, we are done. If not, we can assume

that no point p of D is isolated in X, hence either (ap p) ¥ @ or



(iii) Since c(X) < h(X) is trivial, we have only to show that

h(X) < e(X) = @, i.e., by 2.6 (1) that X is hereditary a-Lindel&?f.

Since c(X) = c(X) (¢cf. 0.17) and the order to;polog of X coincides

and flna,lly e%, 1t suffices to
hereditary a-Lindeldfness of a compact X ¢ i with c(X) =

i~

subspace topology in X,

10, X is hereditary o-Lindeldf (with a = W ) iff every open
3 € o(X) is an d set. It 1s well known that every Ge o(X)

<a}G(&b)

(v_»Y, < o follows

Ty

ervals, and thus is

want to show (cf. 2.6 (ii)) that for

. We put Aq = {(x,y):

irthermore if (x,y) e A, we choose a

( iii) s X 1s hereditary
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a-Lindele. Therefore 1if IS 1s the set of all isolated points of S,

then |Isl < o. We claim that Do = A; v Ig is dense in S. Since

[Dy| < @, this will complete the proof.

It 1s enough to show that if a, be X, (a,b) n S ={= § then
(a,b) n S n DS ‘l’ @. If (a,b) n S contains an isolated point of S,

then we are done.
If not, then I(a b) n Sl > w, hence we can choose five points

Xys eees X5 © (a,b) n S such that x. i X if i < j. Then

x2 € (X1,X ) + @ and X), € (x3,x ) =l= @. Hence there are y1, y28 A
such that y. e (x1 X g ) and Y, € (x3,x ). Consequently X; € (y1 ,yz)n

NS + @, and therefore (y1 ’y2) e AS

Now, obviousl
’ Y s P(y“yz) < (y1 ,yz) n Sc (a,b) n S, hence

DS n (a,b)n S + @, which was to be shown. This completes the proof.

Remark

We do not know whether 4(X) < (s(X))+ holds for a larger class of

spaces than £, say for <3J3( !), independently of GCH, of course.
(ef. 2.7.)

(cf. [_13]) For each X ¢ 3”2 we have

|X| < exp exp s(X).

Proof (see p.100 for the definition of [X]').

Assume IX] > exp exp a and let < be a well-ordering of X. Since

X e ‘3’2, for each pair {x,y} € [X]2 with x < y we can choose neigh-
bourhoods U(x,y) and V(x,y) of x and y respectively, such that
Ulx,y) n Vix,y) = 4.

Now we define a partition of [X]B as follows:

If {x,y.,z} e [X]3, X <y < 2z then we put

(e. = 0,1)

{x,y,2z} < I( ;

61,62)
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according to the following rules:

e, =0, if x¢ U(y,z)s
e, = 1, if x ¢ U(y,z);
ey = 0, if z e V(x,¥);
€y T 1, 1if =z qL:: Vix,y).

+

By A4.5 there is a subset H C X, lHl = o such that for a fixed

pair (ﬂ1 ,n2) (ni=~0,1) we have [H]3 C I(n . Suppose now y & H and
' 1

N,
y has both an i1mmediate predecessor and an immediate successor in H

by <, say x and z respectively, i.e. x < y < z. We shall show that

Hn Uly,z) o Vix,y) = {y},

L n » - = - + L
hence y is i1solated in H. Since H obviously contains a such points

y, this yields a discrete subspace D of H and hence X, of cardinality

+
Qo

and proves our proposition.
Assume now that pe€ H o V(x,y) n U(y,z) and p ¥ y. Since p ¥ x and

p ¥ z are obvious, we have either p < x or z < p. In the first case

p € U(y,z), hence the triple {p,y,z} gives us n, = 0. This, in turn

1
implies p € U(x,y), looking at the triple {p,x,y} € [H:I 3, and thus

P ¢ V(x,y), which is a contradiction. A similar contradiction arises

if p > z 1s assumed. This completes the proof.

Proof

This follows immediately fron
as follows:

2.5 and 2.8 (iii). A direct proof goes
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ary well-ordering of X, while < is the ordering
- 2
{x,y} ¢ [X]

h defines the topology of X. We put for any

{x,y} € I_ resp. {x,v} € Icp’

g to whether <orders {x,y} in the same, or in the opposite

. - +
', by AL.4 we have a H c X, QH‘ = 0 such that

. Thus 1n the first case H is increasingly

well-ordered and 1n the second case decreasingly well-ordered by its

- -» + - - & - &
g <. In either case, X contains a pairwise disjoint

+ .
rvals, hence c(X) > a . This completes the proof.

2.11. If X ¢ ¥, for each & we have

CE(X) < exp(wg.C(X))-

First we show that, in any regular space Y, each He o _(Y) contains

_ 3
a closed H' € o (Y) where H' ¥

# if H+ @. Indeed let pe He o (Y)

Then H = n { Hj p < wg} where Hp € 0(Y) for each p < Weg. Now because

lar, for any

(n)

fixed p < wg we can define by induction

open sets H such that H‘EO) = H and for 0 < n < w we have

P

P& H(n) ig 2) c H(n_” H (H(n) e o(Y)).

P P

Let us put

H' = Q{H‘Sn):p < mgx\n < w} = ﬂ{_I;G):D < wg,\n < w}l.

This shows that pe H' € © E(Y) and H' 1s closed, which was to be

3in more than exp(wg.c(}()) pairwise disjoint closed G(5 B sets.

Assume, on the contrary, that ¥l is such a disjoint sub--fam:.ly of
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2 » 12 . ( Cfﬁ-

UE(X) and fes| > exp(mg.c(X)). Since X is compact, for each A€ CH we
have ¥(A,X) = x(A,X) < Wy (ef. 0.8), so we can choose a basis of

neighbourhoods

This induces a partition of M2 into ‘mg X “’gl = W, classes as
follows

() (Py)

< M = .
(p,' ,02) Ga Gy ¢

{a..AYe T
1270 , 5

Since [P > exp (wg.c(X)), by ALk.4 we have a subsystem £, c®land a
fixed pair (F,,5,) € w, X w, such that [{| > wg+e(X) 2 c(X), and for

a1l {c C,}te e

&

(e,)  (p,)
Jow, 1f we put GC = rGC 1’ N -GC 2 for each ¢ ¢ &L, , the family of open
sets {GC : Ce £} is obviously disjoint. This, however, is a contra-

diction, becsuse lﬁ! > e(X).

A completely regular space X 1s called a G

arbitrary

sy Space, 1f X 1s an

union of Gs sets in some compactification ¢X (w.r.t. cX).

us R e. g' R Arhangel t Skiif P“SP&C es mentioned in 2 Ps 2 are GG 2

.c(X)) nholds true

It is an easy corollary of 2.11 that c E(X) < exp(w .

for arbitrary G.. spaces as well.

5%

[20]) For X € 3; we have
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Proof
Let us first note that if X is a pseudometrisable space (i.e. u(X) = w),

then we have

w(X) = e(X).

Indeed, this follows immediately from R.H. Bing'’s pseudometrisation

theorem, namely the existence of a o-disjoint base.

Now, if X € E]'p, there 1s a family 9’ of pseudometrics with L@! = u(X)
which generates the topology of X. For each 6 € 4 let X denote the

pseudometric space on X determined "by © .

If u(X) = |P| > w(X), we are done. If not, i.e. [P| < w(X), then

w(X) = 6;? W(Xé) = sup {W(XG):G c 9P}

and therefore for each o < w(X) we have a 60 €Y such that

w(X, ) =c(X, ) > a.
60 60

This, however shows

w(X) = GS:E c(Xé) = c(X).

2.13. X e 3"3 implies

POl

u(X) < w(X).

Proof
Evidently, Y ¢ X implies u(Y) < u(X) and this shows that it suffices

to prove u(X) < w(X) for compact spaces, because every Ye V., has a

3

DO}t

compactification of the same weight as Y.

Now, 1f X eP® and ¥ is a base for the topology of X with Wl < W(X),
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u(X) < w(X) does hold.

This shows that for X¢< ‘3)3% < can be replaced by = in 2.12

2.14. For each X e © we have
h(X) = |X].

PI"QO f

It is well-known that every dispersed space X can be written as a

disjoint union of the form
X = U{Lgig < Q}, (LE 4: @)

where for each F’O <p, Lg is the set of all isolated points of the
_ 0
closed subspace

Xg = u{L

£ < & < pl,
0 O

g
Thus we have ng! < 5(X) < h(X) for all £ < p. On the other hand,
choosing a point P € LE from each level Lg, the resulting set

H= {pgzﬁ < p} is obviausyy right separated, hence lHl = lp] < h(X)

holds as well. This however, shows that

x|

I 1l < lelon(X) = n(x),

<
hence t<p

|

x| = n(x).
2.15. (cf. [13]) Suppose X © 3'1. Then

lxl < exp(\b(X) .8(X)).

It is enough to show that ¥(X) < a and |X| > exp o imply the
existence of a discrete subspace of X of cardinality cx+ . To show
this, let —<be a linear ordering of X and choose for each P € X a

sequence of its neighbourhoods
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\(p = {VE(P): £ < a}l

such that n W{p = {p}. Now, for £,n < o let us put
I(E,n) = {{p,q}: P <q and q & Vg(p) and p ¢ Vn(q)}.

obviously we have

X% = u{I(g . (E,n) ¢ o x a},

l1.e., a partition of [ﬁ]z. By ALh.L  there is a subset D ¢ X, ID[
such that

fl
Q

2
e

holds for a fixed pair (£,n). Now it is obvious from our construction
that

D n (V'é (p) N Vﬁ (p)) = {p}

holds for each pe D, 1.e., p 1s 1solated in D and thus D is discrete.

This completes the proof.

(ef. [13] or [21]) Assume X e ¥, A c X, |A] > 2%, furthermore
X(p,X) < a for each p € A. Then

c(X) > a.

The proof of 2.15 can be applied after having made the following
changes:
For p e A W_ is a basis of neighbourhoods in X and we form a parti-

P
tion of [A]2 by putting

(£.n) = {{p,q}: p <q and Ve(p) n v (q) = ¢}

Corollary
If X e ‘!1'2 then
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|X| < exp(x(X).c(X)).

2.17. For every X e 8’2

P(X) < h(X)

holds.

Proof

Since X € ‘3’2, for each p ¢ X we can choose a system‘\ag of closed

neighbourhoods of p such that n M/P = {p}. We can assume that ’WI‘) is

of minimal cardinality among such systems, say f‘\fp I = ap. Then, of

course, o > Y(p,X).

Now fix p ¢ X. We define members Vg of ’WI') and points X¢ by trans-

finite i1nduction as follows:
Let Voe’\g and X c X\VO
n < & the Vne fw; and point X have already been defined. Then,

because of the minimality of cxp,

arbltrary. Suppose & < OLP and for every

QE Yy 3 e

hence there i e ()1 v \{p} and .
ence there is an x; € | | V \ {p} 8 Vg e% such that X & Vg’

since n Mi} = {p}.

Now let us put F, = ()} 1 < a . Then. *
us put Fo = (.} Vn for & ap Then, obviously, X ¢

£ 1f n < &, hence {FE:E < Otp} is a monotone decreasing

& Fn\ Fg
and F‘ns F

sequence of closed sets in X. This implies

h(X) > o, 2 Y(p,X)

for all pe X, hence h(X) > ¢(X).

Problem

For what spaces does
z(X) > ¢(X)

hold?
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Remark

Since s(X) < h(X) always holds, from 2.17 and 2.15, we immediately
obtain another proof of 2.5.

2.18. (cf. 6.4) If X is connected, then

k(x) < [x(x)]".

Proof

In fact, we shall prove that if

‘03# {ngél < u}

1s a strongly decreasing chain in X, then

+
H < o , where o = x(X).

Assume, on the contrary, that u > a+ and*put‘ﬂﬁb = {ngg < a+}. Then

N f?ffo - Gor.+ + #. Since @JO 1s strongly decreasing, we have
H= N = N{G,:£ < o'}
%o R

hence H 1s a non empty ¢losed proper subset. Since X is connected, H

cannot be open, therefore we can choose a boundary point Py € H. We

: + : : ..
claim that x(po,X) > o , which is a contradiction.

Indeed, if{Un:n < a} were a basis of neighbourhoods of Py then for

+

each £ < o we could choose an n. < a such that

g

U G
Pg € ngc £

5 + - ¥ - |
hold. Now, since a 1s regular, there is a cofinal subsequence

{Gg tvV < a+} of f%b and an n < a such that
V
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n, = 0N
g\)

holds for each v < o' . This implies

=

-+
ppe U- ¢ n{G, v <a'} = n{G £ < o'} = H,

£ 3

V

vhich 1s 1n contradiction to the assumption that Py is a boundary

point of H. This completes the proof.

Remark

J. Gerlits [61] has shown that for Kowalski's "hedgehog space" X
. + . .

with w, needles we have k(X) = w, = x(X) , while X is of course a

1 1
connected metrizable space.

2.19. For every X we have
k(X) < L(X).3(X).

Proof

(cf. [3:]) Let us put L{X).3(X) = a. We shall prove a somewhat
stronger result, namely that every free sequence in X is of length
<o (¢cf. 0.6). We shall need this stronger result in the proof of
2.21.

Assume, on the contrery, that

Indeed, assume that each x € X has a nelghbourhood Ux such that

]Ux n S| X o. We can choose a subcovering

(0 < (200 o g,
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‘\?LC{UX:};: e X}
for which h}(,l < a. Then, however,
5 =v{U_n s: Uxe'v{,},

hence !S! < z ”Ux N S! : Uxem} < a.00 = a would hold, which 1s a

contradiction.
Now, since X4 € S and 9(X) < o, there is a subset Ac S, !Al < o

- . + . : : +
such that Xy € A. Since a 1s regular, there 1s an ordinal &;O < a

such that A c S, = {pg:f;', < go}, hence

X € AC SO.
But, S 18 free, hence §Oﬁ S\ SO = . Therefore UO = X\VS\ SO 1s a
neighbourhood of X for which Uof\ S C SO, hence

lUOn S| < a < o’

This, however, contradicts our choice of x,., and thus finishes the

05
proof.

2.20. For X € ‘32 we have

x| < a(x) XX

Proof

Let S ¢ X be dense in X, lSl = d(X) and put x(X) = a. For each x € X
we choose an open neighborhoodbasis sz of cardinality o. For each

U € UCX we take p(U) € U n S. Put N, = {p(U): U € %x}. Hence

N _e®, (S), if, for a set A, P _(A) is defined as Cpa(A) = {BcA:(B|<a}.

Consider the function *

f: xl—-—-—>{Uan:Ue U('x}



( S ) ) . Be c 8118 e X € /ﬁ 2 we fin d t hat
| ,X} . Thus th@ fmc't i Qrl f i S 1 — 1 9 i 111 _]_yin

)| o= (Is]®)¥ = |s|* .

e recent result of A.V. Arhangel'skii,
almost fifty year old conjecture of P.S.

at every first countable compactum 1s of

free sequence

in the sense of [39], lemma

L1n

points p [o.,... 0] for cert:
PorenraPy.

and £ < C1+ .

rary; here 0 stands for the
and for all n < § the sets
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oint
Bl ... ,0,] =03 POIEES P

[DO,. . o ,on] e Sn+1 ., Where Sv denotes the set of sequences of type Vv

of ordinals < 2¢,.

have been defined for each
0]

Let us now choose a sequence s € S_ and put

&

R;r-ﬂ{R n+ 1< &}

s!n+1:
where s|n+1 denotes the initial segment of s of type n+1. Now we dis-

tinguish two cases, a) and b):

a) !R'I < 2%, In this case we put R = R!' for all p < 2a; here
S T 5939] =
O

[},b] denotes the sequence [? of type E£+1 obtained by aug-

O:"'s
menting s by p. The points P[é o] can be chosen arbitrarily.
r

b) iRél > 2%, Since £ < a+, applying (ii) and putting
{Ps'n+1:n + 1 < g} = G(S) we can write X\\G(s) = LJ{Fés): p < 2a},
where the Fés)'s are (not necessarily distinct) closed subsets of X.

Next we put
(s)
R = R' )
[s,p] Rg O F,

for each p < 2% and choose any element of R[s p:l as P[s jSf R[s p___] %@.
> ? >
Otherwise P[é o] can be chosen arbitrarily.
>

By transfinite induction on v we can easily show that

X = U{R': SGS}UU{G(S):SSS}
S V V

. + : .
holds for each v < a . Next we claim that there exists a sequence

t & Scx"' such that

holds for each v < a+. Indeed, let us put

S, = {s e s : [R| < 2%
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A

s= Uls,: v<a'l, §= U : v <a)

Then |S| < |s| < ): N 2“' <a¥., 2% = 2a, hence we have, by (i) and

<o -
the choice of S

IU{G(S): s € St u U{Ré: s ¢ S} _‘5_2‘1. 2% + 2%, 2% = 2%,

Now 1if X 1s an arbitrary point in the complement of the above set we
can find a sequence t ¢ S,+ such that
'
xo > R‘tl\’
+ : : :
holds for each v < o . Indeed, if t is a maximal sequence such that
X, € R{'-,lv holds for each v < length of t, then the length of t must

+ . o
be a . Because of the choice of Xy however, we have t{ve Sv \ Sv’

hence !R;;]u’ > 2CJt for each v < 0’-+.

Let us now put t = [po,...,pg,.,.] and

Pe = Pelesr © P[po,...,og]

+ :
for all € < a . Then for arbitrary £ < on+ we have

Ap: n < gl= o(t18)

and

{p: &€ <nc< a+} C {p: £€<ncx a+} C F(tlg)
n - n = p 2
2
which shows that {PE: £ < a+} 1s a free sequence, because
pg

= @, by definition. This completes the proof.

Assume X 1s an a-Lindeldf I, space, Ac X is closed and Al < 2%,

moreover P(p,X) < 2% holds for each p € A. Then
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It us choose for each p € A a system of open ne 1ghbourhoods of p,
such that n‘U; = {p} and r < 27,

e point of X \ A then for each p € A there is a Vp € U'P such

18t X, VP.. Since {VP: p € A} is a covering of A and X (and A) are
a-Lindelof, ‘there is a subcovering A, © {VP: p € A} such that

> A, which Dshows that

Proof of 2.21
Let us put o = L(X).x(X) and suppose that |X| > exp . Then, by 2.20

a) are

lemma b) respectively, conditions (i) and (ii) of lem

satisfied. Thus, applylng the latter we obtain a free sequence of

eng in X. But by the proof of 2.19, the length of any free
sequence in X is < L(X).3(X) < L(X).x(X) = a, which is a contradiction.

This completes the proof.

We would like to emphasize the following

Corollary
If X is a first countable, Lindelof T

> Space, then le < exp w.

Remark
It is interesting to compare this corollary with the following result
of S. Mrdwka ([29], Theorem 2):

There exists a first countable compact T, space of cardinality a 1ff

D(a) 3 D(w)¥, i.e., a belongs to the class of cardinals M, defined by

Mrowks 1in [253 . It 1s known e.g., that for each non-measurable B we

have 28 € M (see [22:] or ['28:] for more details).
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2.22. (cf. [h]) Assume X € D and (v(p,X)=) x(p,X) > a for each p € X.
Then |X| > exp «.

Proof

Let Jv denote the set of all 0-1 sequences of type v. By transfinite

induction on v we shall define a mapping V: J = \kja J, = o(X) as follows:
We put V(@) = X. Assume that v < o and for all £ < v, je& J

3
V(j) € o(X) have already been defined in such a way that

(a) For each £ < v the system {V(} |n): n < £} has the finite inter-
section property.

(b) If £ is of the form n + 1, i € Jn and J = [i,e:] (e € {0,1}),
then V(j) c Vv(i).

Let j €J,. If v is limit, we put 1 = j and V(j) = X. If v = £ + 1 we
have j = [i,e| for some i € Jg‘ Notice that in either case

B = A v(In): n < £} = A (TG n < £} & g
by (a) and (b) and the compactness of X. Also (i) + {p} for any
P € X, since otherwise we would have Y(p,X) < lEl < a, Thus we can
choose two different points P (e = 0,1) such that < e H(‘]) and two

open neighbourhoods V_ of p_ such that V_c V(i) and "fo 0OV, =g
Then we put

V([i,é]) - Vg (E; == 031)4

Thus V(j) is defined for each j € J.

It follows 1mmediately from the construction that for any J € J

O {V(j|n): n < length of j} #

M VGE Yo ()Y (v(i|n)) = g.

n<a n<ao
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However, |J_ | = exp @, and this immediately implies |X| > {Jal 2

Qo
exp o.

Remark

If in 2.22 instead of Xe€ 23 it is only required that X has a compact-

1fication ¢X with X € Gg( cX) and We < o, then according to the

proof of 2.11 there is a closed, hence compact, subset Z < X which

is also a G, ,-set in cX. It is easy to see that x(p,2) =z a is valid

6y &
for all p € Z, hence |X| 2 |Z]| =z exp o by 2.22.

Corollary
If x(p,X) = o for each point p of a compact T, space X, then

|X| = exp o by 2.21.

. IfT X 1s a first countable compact ‘I'2 space then either

1 X] < wor |X]

exXp W.

Proof
Assume lX‘ > w and let A be the set of all condensation points of

X, 1.e.,

PGAHIU!‘»‘*w
p — 1

for each neighbourhood Up of p. Obviously, A 1is closed in X and we

assert that A is also dense in itself. In fact, let p € A and U be

an arbitrary neighbourhood of p. We can choose neighbourhoods

V():)V1 D ...ovn::... (n < w) of p suchthatUo-fo and

N {Vn:n < w} = {p}. Now, since VO\ {p} = VU {Vn\ Vn+1: n < w} and

[VO\ {p}] > w,, there 1s an ny < w such that {Vn \ Vn +1 | > W,

Hence 1f g 1s a complete accumulation point of V. Vn +1° then

Q€ A, g Fp and

This shows that (UN{p}) O A ¥ @, hence A is dense in itself. Thus
x(psA) = w holds for each p € A and by the corollary of 2.22 we have

|A] = exp w, hence, by 2.21



3(X) and G n 8= @. Then x(q,X) = x(q,G) > a for
Remark made at the end of 2.22 gives

?ﬁjmﬁﬁiblegThiB campletes the proof,

: & and d(X) > a. Then there is a subspace S c X

and C1(H) = U{H(n): n < wl.
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Obviously, |H| < o implies |c1(H)| < «.
+

Now we define sets AE C X for £ < a , by transfinate induction as
follows:
Let AO = @; assume the sets Ag have already been defined for each

3
£ < v, where v < a and lAEI < a. Let us put

B = CL(U{A_:E < v}).

3

According to our above remark, til < o, hence Bv cannot be dense 1n

X. Therefore we can choose a point P, € X\ Ev. Then we put

A\) = {pv} U B,.

Obviously, !Avl < o, hence the induction can be carried out for all
+

\) < a Y

Let us put S = V{A : v < a*}. Then, if R ¢ S, |R| = a, there

o

1s a8 VvV < o such that RC B hence P, é E\) 5 R 1mplies that R can-

>
not be dense i1n S. Thus, in;eed, d(s) = lSl = C!+.
c(S) < c(X) follows immediately from our construction, because

P, @ € S and V (p) n V (a) ¥ ¢ imply £(p,q;&,n) € S, and thus any
disjoint family of sets of the form {Vg(p) N S} with pe TC S can

be "extended" to the disjoint family {Vg(p)}.

2.26. Let Xe"f and S C X. Then
d(8) = a(8).3(8).

Proof

Let Z be a dense subset of S with [Z| = A(S). Then for each p € Z we
can choose a subset Hpc S with ’Hp‘ < 3(S) such that

- H_.
pep

We claim that



D = U{Hp: p € Z}

is a dense subset of 5.
Indeed, let x € S and V be an arbitrary open neighbourhood of x. Then

Vo S 4 ¢, hence there is ape VN Z as well. Then V is a neighbour-

hood of p too, hence
V A HP+¢, i.e. VN D F @
which was to be shown. Since
Ip| < ) {!HPI: pe 2z} < |z|.3(8) = d(8).3(8),

2.26 1is proved.

Corollary
If every closed subset of a first countable space X 1s separable,

then X is hereditarily separable.

2.27 For X e 3% we have

w(X) = u(X) . L(X).

Proof. From 2.13 u(X) < w(X) and the trivial relation L(X) < w(X) we
find w(X) < u(X).L(X). Next, let UL be a basis for a uniformity,

defined by open coverings, on X compatible with the topology, such

that UG |

such that UUL 1s a basis for the topology and each two covers from

u(X). I.e. (ef. [17]):L is a family of open coverings,

Ul have a common star-refinement in Ul . For each cover O, € W we
choose a subcover 0C c O of cardinality L(X). Now it is easy to

. % : :
check that U{COC {@ e\ L} is a basis for o(X).
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3. The sup = max problem

The functions ¢,S,h,2,k have the common feature of having been defined as
the supremum of cardinalities of certain families of sets. (Sometimes these
sets are referred to as ''defining sets' of the corresponding cardinal
function.) It is natural to ask under what conditions this supremum 18
actually a maximum, i.e., when does a defining family of maximal cardinal-
ity exist. This is what we briefly call the sup = max problem.

Obviously, if the value of one of our functions is & non-limit cardinal,
the supremum must be a maximum. The interesting cases are therefore those

in which the function values are limit cardinals.

3.1. (cef. ["{:] , 6.5) Assume X € J and c(X) = A is singular, cf (X} =
= o < A. Then there is a disjoint family ®} c o(X), with ]03{ = .

Let us call an open set G ¢ o(X) normal if for each non-empty H C G,

Proof

H € o(X) we have

c(H) = ¢(G).



hat for each non-empty G € o(X) there is a non-empty normal

set G, such that GO C G. (in other words, the normal open sets

constitute a 7"-basis for X.) Assume that this 1s not true. Then we
__ ] 1
3 } G’j C G, such that c(G ) + c(G), hence

an £ind G' € o(X)\ {8
5(61 ) < c(G). Now G1 cannot be normal, therefore we have a
1

G2 € o(X)\ {g}, G2 C G

procedure for each n < w we would obtaln an infinite decreasing

such that c(G2) < c(G1) < ¢(G). Continuing

cardinals, which is impossible. This shows that the nor-

pen sets indeed form a m-basis of X.

disjoint family of normal open sets. From the

assertion it follows immediately that fl= N is dense in X.

are done. Thus we can assume that [
that

A, 0 18 & regular cardinal, then there
y ' C o(X) with }ﬁg! = 0. Now, since N 1s dense
NN H * @, hence there is a G_ e § such that

and G € - -
P 4G e, > Gn Hy ¢ §. This
) 3;... o . and thus ( ‘*) 18 proved.

= c¢f(1) there is a He TU such that c(H) = A, since

€L with c(H) = A,
take a disjoint family q'ﬁ of open sets in H

£y ¥

such

Ea

fe® & < o) yields us a disjoint family
ity A .




39

3.2. (cf. [TLL—_]) Suppose A 1s singular strong limit, X € 3’2, !xl > X. Then
X contalns a discrete subspace D of power A.
Our proof will be similar to that of 2.9, however, instead of the
ER-Lemma AL.5 we shall use the C-Lemma AS.L.
Let < be an arbitrary well-ordering of X, and for {x,yle [X]z with
X< ¥y we choose neighbourhoods U(x,y) and V(x,y) of x and y respec-
tively, such that U(x,y) o V(x,y) = @.
Then we define a partition of [X]B by putting {x,y.,z} € I(

€. 4€E)
(x < y < 2) according to the following rules: 172

e, =0, 1f x e U(y,z);
e, =1, if x ¢ U(y,z);

if z e V(x,y);

M
]
-

w»

1, if z & V(x,y)

M
i

Applying the C-~Lemma A5.4L we find an Hc X, !HI = A and a

partition of H:

H = U{HE: £ < cf()) = a}
such that conditions (i), (ii) and (iii) of the C-Lemma hold (p.126).
Suppose that £ < a and y € Hg’ moreover that y has an immediate

£ We shall show
that ¥y 1s 1solated in the subspace H. Since the set of all such y's

<-predecessor x, and an 1mmedlate —<-successor z 1in H

1s obviously of power ), this will prove 3.2.

In fact we claim that
N =Vix,y) n Uly,z) n H= {y}

Evidently, x, z é N. Now, if p € H and p < x, then p € V(x,y) implies

P ¢ U(x,y), hence {p,x,y} € 1(1 by the definition of our parti-

352)

tion. According to (iii), however, we also have {p,y,z} € I(1 e )’
3
2

and thus p ¢ U(y,z) » N. Similarly we can show that if z < q, then



\ssume ¢ is one of the functions s, h, z, X € ‘Tg and ¢(X) = X 1is a
1lar strong limit cardinal. Then ¢(X) is actually a maximum.

" | ems &t ely frf}‘- I Xl ,_,::_ ¢ ( X ) = A a'nd 3 ¢ 2 *

easy to see that if A is a weakly compact (inaccesible)
ardinal, then 3.2 and its Corollary hold for this A; i1n fact, the
broof given in 1.9 can be applied, using the fact that A -+ (A) 13: holds
Thus e.g., if GCH holds then the sup = max problem has

a positive solution for s, h and 2z on J , unless A 1s a not weakly

compact inaccessible cardinal. We shall show that this exception 1s
act essential (cf. Example 6.6).

3.3. (ef. _[?2]) Suppose Xe H, ¢(X) = A, where ¢ is one of the functions

and cf()) = w. Then the answer to the sup = max problem is

3 | = o an d fer e&c X € SB we Pu't F(x ) - U]( N S 8 3 then
mapping on S 8 such that lF(x) l < B < o holds for each
P _ ) &jﬂal 's theorem A3.5 , and obt ain

- a such that F(x)n D = {x} holds for each
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Since cf()) = w, we can write

where k < k' » Gy <y and each Qe 1s regular.

Since ¢(X) = A > a,, for each k < w there exists a "defining set"

k!
for ¢, say Dk’ such that IDki = a, . Let us put
X' = U{Dk: kK < w}.
Then fX" = A, and using the Lemma for each B = a, < A we obtain

k
that either X' contains a discrete subset of power A (which is

certainly a defining set for ¢) or we can assume that for each 0
only less than A points in X' have neighbourhoods in X' of power
< oy -

We shall then define a sequence of points i1n X' as follows:

Let X be an arbitrary point of X' such that each neighbourhood of

X, in X' has cardinality > a.. Now, if k > O and {xo,@. . ,xk__1} have

0 O°
already been defined, we choose as X, an arbitrary point of

_ ' | » - * ' a

X'\ {xo,. .o ’xkﬂ} such that each neighbourhood of x, in X' is of
cardinality > a, - By our assumption the induction can be carried out
for all k < w.

Now since X (and X') belong to M, we can select a subsequence

{xk : 1 < w} of the above sequence for which there are open neigh-
; .
bourhoods U. of x, in X' such that U, a U, = ¢ if i + 3.
1 : 1 J

By our construction we have

;1 2 ey
L

. k < w} imply

for each 1 < w. Also, U, €X' = {Dk'

Ui = U{Uin Dk: kK < w}.
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Since &, is regular, we immediately see that there exists a kK < w
1

such that IDE 0 Uil > @, In other words, each Ui contalns a
1
defining set Si for ¢ such that lSi] > Qe Now these Si's are
1

contained in pairwise disjoilint open subsets of X', hence
S = vu{ S, : i < w}
1s a defining set for ¢ in X' and consequently in X too. But

'S‘l = 2 a = A
1<w ki ’

which completes the proof.

Remark

We do not know whether ‘¥, can be replaced by Efz in 3.3, or whether
the condition cf(A) = w could be weakened(without using GCH, of
course). Both of thesé problems seem to be rather difficult.

J. Roitman [65] has shown that if w < ¢f(A) < A and A < exp(cf(r)),

then for A the answer to the sup = max problem is negative within
J‘é for any of the functions h,z,s.



L.1.

L. Cardinal functions on products

The aim of this section is to investigate the following basic
problem:

Assume ¢ 1s a cardinal function and
R =X{R;: i € I}; ' ()

how can we evaluate ¢$(R) in terms of the values ¢(Ri) (ie I) and
the cardinality of the index set I?
In order to exclude some trivial difficulties we assume that no Ri

in (%¢) is indiscrete, hence it contains two points P:s Qs such that

P; é {qi}. If we denote by F the two element TO space, in which one

of the points is closed and the other is not, then our convention

obviously implies (with |I| = o > w)
o
F* ¢ R or D(2) < R, (5e¢)
top top

depending on whether |{1i: q; © {pi}” o Oor not.

We shall show 1n 6 7 and 6.8 that the following relations hold for
F* and D(2)%:
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a) If ¢ is one of the functions w, s, h, z, X then
o (F*) = ¢(D(2)") = a3

o
b) If ¢ is w, or u,or Y,or 9, then 6(D(2)7) = a;
c) a(p(2)%) = log .

For a product of the form (%), where ¢ 1s defined for each R, (ie I),

we put

(iii) If I is infinite and all the Ri's are T, then
v(R) > |I].
(iv) If all the R.'s are completely regular and |I| > w, then

u(R) > [1].

Ad (i) For the fu g> Mo k and L (i) holds because each

image of R under the open and continuous mapping

ctions ¢, c

i.e. the projection of R onto the factor R.. For the others (1) is




If ¢ # 7 then (ii), (iii) and (iv) immediately follow from L. 1 a)

and b), respectively, because ¢ is monotone with respect to subspaces.
To prove (ii) for 7, however, we have to proceed differently. Since
Ri is not indiscrete, we can choose a non-empty, proper open subset

Gi C Ri for each 1 ¢ I. Let

~

Gl - Tri (Gi)
and ¥ a m-basis for R with ©| = n(R). It follows from our assumption
that the intersection of infinitely many E}Ji's has an empty
interior. Therefore, each P& ¥ can only be contained in a finite

number of the sets Gi’ This implies ‘I! < l@! .w, hence lIl < m(R).

Y

(i) If ¢ € {w,7m,x}, then

¢(R) = |I]. ¢'I(R);

(1i) If all the R;'s are T,, we have

1

¥(R) = [I]. ¥,(R).

Proof
Suppose that ﬁ’i (1 e I) is a base for R, such that l'.f,vl! = w(Ri). It
is obvious that the system {s¥of all (open) sets of the form

1 lk(Bk)’ where Bje, i’gj, constitute a bgse for R.
Obviously, |8 < |I]. wI(R), hence

w(R) < [I]. w.(R).

The opposite inequality follows from 4.2 (i) and 4.2 (ii).

It 1s easy to see that i1f the 'bi's above are chosen as mw-basis for
Ri’
proposition as above.

Finally, if £f € R and iﬂ”i is a neighbourhood basis (or separating

system) for f.'i € Ri’ then {¥is a neighbourhood basis (or separating

then the resulting? is a w-basis for R, and this implies our
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system) for f in R, and from this (i) for x (or (ii) for y) follows
j. mmediat ely .

h. 4, (cf. 6.9) If ¢ = h or ¢ = 2z then we have

[T]. ¢;(R) < ¢(R) < |I]. exp #,(R).

Proof

The 1nequality on the left 1s an immediate consequence of 4.2 (i)
and (ii). The proof of the other inequality is completely analogous
for h and z, therefore we shall only prove it for ¢ = h.

First we consider the case in which
11| < h_(R).

Let us put hI(B) = a and (exp a)" = B. Suppose that h(R) > B. Then
we can choose a right separated sequence S = {f,_: & < B} ¢ R. Thus

2

for each £ < B we have an elementary open set UE C R for which

B>n>£+fn¢Ug*

Now we form a partition of [8]2 as follows:

If {E,n} € [B]z, E < n we PUt‘fOI" ie T
{€,n} e Iim wi(fn) ¢ ﬂi(UE)’

* ) ' , >? vy _ . _ _ - . . — 2
Slince f]_l ¢ UE for n > £ and U€ 18 elementary, U{Ii’ ie 1} = [:8]

>
hence we obtain a partition of [g] < , 1ndeed.

Now 8 > exp o and |I| < o imply, using the ER-Lemma AL.lL , that
there 1s an H ¢ B and an ioe I such that

|E| = o” and [H]°c I. .
i

It follows

rom the definition of I. that {w, (f_): £ € H} ¢ R. is
1, 1y & 15
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a8 right-separated subspace of Ri of cardinality lHQ = a+. This, how=-

. . . . 0
ever, 1s 1n contradiction to

h(Rio) < hI(R) < a,

and proves 4.4 for h, under the condition |I| < h (R). In particular,

we have

h(R) < exp(h;(R)),

provided that I is finite.
Suppose now that [Il > hI(R) and

n(R) > |1]. exp(ni(R)) = a.

So we have a right-separated sequence S = {f.g: £ < d+} in R with

sulitable elementary neighbourhoods {Ug: E < o} , &as above.

+
For each £ < a we put

I ={ie I: 'n‘i(Ug) + Ri}.

Then each IE 1s a finite subset of I, but lI! < a < a” and therefore

- . : + .
I has only ¢ finite subsets, consequently there 1s an AC o with

lAl =a and a finite subset I of I such that
| ~s
Ee€e A~ Ig = TI.
Now it i1is obvious that
- =- T~ .
S, { I(fg)i..,tz € Al

1s a right-separated subspace of

™~ ¥

R mX{Ri: ie 1,



because for each £ € A

f e UEM 'Hi‘(f) & 'nf(UE).

Thus we have

+

h(R) > o > exp(hi(ﬁ)):

which 1s in contradiction to what we showed in the first part of our
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where Dg(a) = D(a) for each £ < exp a. Then we choose a T, space X,
say X = D(2)%, such that |X| = exp o and w(X) = a; we write X in the
form X = {pgz £ < exp o} and choose an open basis & {Bp: p < a}l
for X. For any ordered pair (r,s) of finite sequences of ordinals

where

and the sets Bp s oo e Bp are palrwise disjoint, we define a point
1 ; e
f(r,s) € D(a)™™P % g5 follows:

Let S be the set of all such points f(r,s) in D(a)exp c:' We claim
that S 1s dense in D(c:n)exp *. since S| = o, this will imISly
a(D(a)*P %) < q.

Let G be an elementary open set in D(a)“*P * of the form

— o~ "'"1 ~
Gmng:({m}) N o...onom, ({nj}) (51 < ... < Ej < exp Q).

These sets form a basis for D(a)<*P c:’ hence 1t suffices to show

SO G % @ for each such G. Since X is T2, the points Pg 5> ++t5 Py € X
1 J

have palrwise disjoint neighbourhoods, and thus we can select pair-

wise disjoint members of fn", say Bp g oo Bp such that

1 J

D € B s oo g9 P & B .

"~

Now, 1f we put r = (p1,...,pj), S = (?i.',...,n (r,s)e G,

j)’ we have T



the definitions of f(r,s) and G.

exp o

"ollows immediately from
we have G 0 S * §, and S is dense in D(a)
Now let us put a = log|I|. dI (R). Then d4( Ri) < a, for eachie I,

nence we can choose a dense subset Si C Ri with ’Si’ < a. Obviously,

S = X{Si: ie I} is dense in R.

mapping of D(a) onto S.. Then g; is

because D(a) is discrete, hence the product map

1€ 1}: D(Ot)I + S

Y o {hied 3 ;‘ Sur j ect ive . Sil’lce l(}g ' I ’ ; ) o we have

and therefore
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Every pair (r,s) of the above kind determines an elementary open set

in D(2)%, namely

(r,s) _ -1 -
O m‘ﬂi“ ({El_'})ﬁ ¢ s e O Trij ({Ej}):

and conversely, each elementary open set can be obtained in this way.

P

Furthermore, to every p € S we assign a point p of D(2)I, defined as

ffollows:

., 0
0, if m.(p) © Ug );

m () =

(0)

1, if 7. (p) € U, .

oJ

We claim that S = {p: p e S} is dense in D(2)I. Indeed, if o(r’s) is

™
an elementary open set 1in D(2)I, then p(r’s)e O(I‘,S)

P(r,s)e G(r,s), hence S o O(r,s) # #. However,this implies

, because

a(n(2)*) < |8] < |s| < 108 |1/,

which is in contradiction to 4.1 ¢). Thus 4.5 (ii) is proved.

h.6. (cf. [15] or [24])

cI(R) < ¢(R) < exp (CI(R))-

Proof

The left-hand inequality was proved in 4.2 (i). To show the other
inequality, we first consider the case in which I i1is finite,

I = {5‘1"“’5‘11}’ We put cI(R) = a.

Suppose c(R) > exp a and %= {ng £ < (exp 2)'} is a disjoint family
of elementary open sets in R.

Let us define

Gék) =7n. (G,), fork=1, ..., n
1, 2
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Ik = {{&,n}: £ < n < (exp a)+ and Gék) n Gr()k) = @}.

¥ is disjoint, every pair {£,n} with £ < n < (exp a)” belongs

2
o hy " - + »
Ik’ 1.e. we have a partition of [(exp a)jl 1nto n classes.

emma, Al L , there is a set A c (exp )" with

and a kK < n such that

« o om (K, . e e e . *
implies that {Gé ): £ € Al is a disjoint family of open sets in

> +
{ng £ < B} of elementary open sets

(g < 7).

€ < B} contains a subsystem {I £ £ € B},
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This means that {‘Hf(Gg): ¢ € B} would be a disjoint system of open
sets 1n 'Ir*'I-'(R) = X{Ri: 1 € f}, which 1s impossible by what we have

proved above. Thus 4.6 is proved.

Remark
In the second part of this proof we have shown that if c(R) > B then
there 1s a finite subset Iyc I such that

c(X{Bi: ie IO}) > B,

CEJI(R) hS CE(R) < exp(mg,cg,I(R))m

The proof is very similar to that of L4L.6. The left-hand inequality

was shown in 4.2 (i). We put wE'CE,I(R) =a, B = (exp cx)+.

To prove the rest, we first consider the case where !Il < mg. 1f

cg(R) > (exp cx)+ = B8 held and {Hp: p < B} were a disjoint family of
elementary Gc‘S,g sets 1n R, then using the partition [8]2 = U{Ii:ie. I},

where

I ={{p1,02}: 'n'i(Hp ) A 'n'i(Hp ) = @},

1 2
by the ER-Lemma ALb.4 we would get o’ disjoint Gﬁ’ E-—-sets in one of
the factor spaces Ri’ a contradiction.
Now, 1f I 1is arbitrary and {Hp: p < B} 1s as above, furthermore
Ip = {ie I: 'rri(Hp) # Ri} (p < B), we have B > exp a = (exp a)wg’
hence by A2.2 there 1s a B ¢ B with lBl > exp o such that
in: p € B} is quasi-disjoint. This, however, implies that for
I=0 {Ip: p € B} the projections -rrcf(Hp), p €& B are pairwise dis-
Joint, which is in contradiction to the first part of our proof,

. ~
since |Il < w, < o.

& =
Recall 0.13, that a is a caliber for X iff for every 0}0 o(X) with

bm = o there 1is 8.03503' with }03‘ = a and 003, T 8.
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4.8. (cf. [31]) Suppose @ > w, & 18 regular. Then, if o 1s a caliber for

each R., so is a for R. Hence c(R) < sup(d(Ri):i e I}.

Proof

First we consider the case where I is finite, e.g. I = {1,...,nl.
Suppose now {GE: £ < al is a family of non-empty elementary open sets

in R, i.e.
Ggmx{c(l):imu ceeqy N} (E < a),

(i)

where Gg is a (non-empty) open subset of R.. Since a is a caliber

for R1¥ » there 1s an A1 C a with |A1I = 0 such that
(){Gg”: £ ¢ A1} + @,

Then, using the fact that o is a caliber for R,, we get a set of

dinals A2 C A1 such that IAQI = 0 and

n{Gég): Ee Al F 0

continuing this procedure we finally obtain a set

€ +«.C A, C d such that IAnI = a and

A1)
O . e
{GE; : £€ 4} $ 0
for each 1 = 1, ..., n. Thus we have

Il} * ¢ s

which proves that a is a caliber for R

Now suppose that lIl =8 > w, and {GE: £ < a} is a family of elemen-

tary open sets in R. As usual, we put

I, ={ie I: m;(G.) ¥ R} (€ < a).
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By A2.2 there 1s an AC a with lA! = a such that {IE: £ € A} 1is

quasi-disjoint. If it is even disjoint, i.e. 0 {I_: £ € A} = @, then

3

N {GE: £ e A} + #, hence we are done. If, however,
n{Ig: £E e A} = I # ¢, then projecting our family onto the finite
partial product X{Ri: ie I} yields us the desired result.

(cf. [17), VII. 19 or [6b1). Suppose
f RwX{Ri: i€ I} = X

1s a continuous map of the product space R onto the T, space X.

2
Moreover, let amx{dI(R), Y(X)}. Then there is a set J c I with

’Jl;aandamapg: RJHX{Ri:ieJ}-*Xsuchthathga-n

(i.e. f depends on not more than o coordinates).

I

Proof

Let p be an arbitrary point of R, f(p) = y. Then y(y,X) < o, hence
fﬂ(y) 1s a Gé,n set 1n R, 1f a = wn. Let Hp be an elementary Gﬁ,n
set in R such that p € HP C fﬂ(y). We put J, = {ie I: 'rri(Ho) % Ri}’
Clearly lJ Ol < a. Then we proceed by induction. First however, we
choose a fixed point Oi e Ri for each 1 € I, and introduce the
following notation:

1f q 1s a point of a subproduct X{Ri: 1 € 'f} , where f Cc 1, then qO

1s the point of R specified as follows:

m.(q), if 1 € f,
0 1
m.(q”) = )
Oi , 1f 1€ I\NI.

Suppose that the sets Jk with lel < o have already been defined for

Kk <n < w. Then IU Jkl < a, hence, by 4.5 (i)
k<n

d(X{R;: i e \J I }) <.
k<n

Let Sn be a dense subset of the above partial product; ISDI < a. Then



for each q € Sn we can choose an elementary GG " set Hq in R such
. b
that

" e Ho C £~ (2(q°)).

A - 3 :
Then we set Jn {1e I: 'ni(Hq) + Ri} and

= q,
Jn . {Jn. q € Sn}.

Obviously, lJn! < a.a0 = o, hence the induction can be carried out

for each n < w. Finally, we define
J = V{J_: n < w},
n

and claim that J indeed satisfies our requirements.
For this we have to show that ﬁJ(p) = TTJ(r) implies f(p) = f(r) for
all p, r € R, or equivalently that f(p) = £(p) for all p € R, where

p = (v_(p))°.

If q € Sn for a certain n < w, we put
q' = T (qo) and S' mw{q': qe S }.
J n n

It is clear then that S' = v {Sr'l: n < w} is dense in ‘rrJ(R). Hence
there is a Moore-Smith sequence {qt':: t € T} over a directed index

set T such that g} ~ 'n'J(p), hence q_% > p. Also, if we define g by

m.(q) =
'rri(p) , if i e INJ,

then we must have E_t +p (te 7).
For any t € T we have



>

. - O
. e oo —
{1 € I: Tl'i(q_t) wl(q_t)} J U Jn:
n<w
hence, by our construction, f(at) = f(qg). Thus we have f(at) -~ f(p)
and f(qz) > £(P) and consequently f(p) = f(p), since f is continuous

and X 1s Hausdorff.

Remark

The significance of 4.9 lies in the possibility of giving an upper
bound for the number of factors in a product of certain spaces, when
we originally only know the mere existence of such a product. As an

example we mention the following.

Corollary
(cf. [8]) If X is a dyadic compact space then w(X) = x(X) (= w(X)).

Proof

By definition, there i1s a continuous mapping f: D(2)8-+ X for a
certain B. If x(X) = a, then by 4.9 f only depends on < a coordinates,
i.e. we can assume B < oa. Now w(D(2)P) = B8 (cf. 4.3 (i)), hence,
w(X) < B, since, as is well-known, continuous functions do not in-
crease the weight 1n the class of compact T2 spaces. Hence

w(X) < B <a, i.e. w(X) = x(X).



5. 1.

5.2.

5. Martin's axiom

The following assertion (M) which we call Martin's axiom, 1s proved

to be consistent with the usual axioms of set-theory (cf. [26] or
[34]):

(M) If B is a complete Boolean algebra satisfying the countable

chain condition (shortly c.c.c.) and Agc'B is a subset of® for

: with ag sup AE’ then there is an ultrafilter Won @

which preserves all these sups in the followling sense:

If a;€ "W then A.n WU + #, i.e. there is an a € A, with aeW.

g
We shall show that (M) implies exp w > w,, i.e. it contradicts CH.

each & < w

1
On the other hand, (M) has several interesting consequences, which

in the author's opinion, make it worthwille to have as an alternative
to CH.

The following assertion (R) is equivalent to (M):

(R) If X is a compact T, space with the Suslin property (i.e.
c(X) = w), then X has the w,-Baire property.



g £
show that U{S8

52
ve consider the complete Bo

subsets of X. Since X has the Sus

U be an ultrafilter on® which preserves all the sup \AIE . Then
+ @ for each £ < w,. Let G, € Jbgﬁ Y., Then

{G,: € < m1} C W is centered, since, as

known, finite

18

meets in B

intersections. Since X 1s compact, this implies

t pge 0 {EE: & < w1}. Then, by definition, p é Sg for each £ < w

nence € X \u {S E: E < w 1 } . This proves ( M) > (R ) .

13

with c.c.c.

an arbitrary complete Boolean algebras
We denote by X the Stone space of 8, which we identify with the set
must have the Suslin

of all clopen subsets of X. Obviously, X
> a .

i/g (g < w;) be arbitrary subsets of B and G, = sup Jog. Then

S =G

£ i JbE

3

1s nowhere dense (and closed) in X, hence using (R) we obtain the

existence of a p € X such that p € S for all £ < w,. Let VL be
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5.3.

defined as follows
Ge MG e /3 and p € G.

Obviously, Ul is an ultrafilter on B . Moreover, if Ge c U1, then
p € G \Sg = UAg’ hence there 1s an AgeAg with p € Ag’ and thus

&

Ar—; e VL. This completes the proof.

Remark

(R) implies that every open subset H of a compact T, space with the
Suslin property also has the m_,--Baire property.

Indeed we can apply (R) to H and remark that E\H 1s nowhere dense
in H.

Corollary

(M) > exp w > w,.
Indeed, the closed interval [0,1] is the union of exp w singletons,

which are all nowhere dense.

Consider the following assertion

(K) If X is an arbitrary topological space which the Suslin

property, and {*y < o(X), i03| = W then there 1is a 0}' C 0} with
‘6?" = w1 such that 692' 1s centered.

Claim: (M) » (K) (cf. [23])

Proof

Suppose ’5“3.# {ng € < w,}, where every Gg is a regular open subset

of X. This does not result in any loss of generality, because, as can

easlly be shown, for arbitrary open sets G( 1),. . .,G(n) .

G(”ﬁ cee N G(n) = @ - Int (1)

‘" A ... A Int gt®) o,

alinmantiiasswn.

and therefore the GE could be replaced by Int Gg*
As 1s known, the set 8 of all regular open subsets of X constitutes

a complete Boolean algebra under suitably defined operations.
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Obviously,® satisfies the c.c.c. , because X has the Suslin property.
- - >
Let us now putf(.g {Gn‘ n > &£} and HE sSup L)cg.
Since P satisfies the c.c.c. there is an N, < ©, and an He® such
< =
that N, E < w, > Hg H.
We can apply (M) to the families JUE (no < g < w1) and the Boolean

algebra@H obtained by "restricting"fe—m?ry member of ® to H. Thus

there is an ultrafilter Won ® q such that

'Ubnd€€+¢ifn0<€<w1.

In other words, there are cofinally many members of 03 inW, and this

obviously implies

f i %

\

Hence we can choose‘@a f’(}n% because the flnlte meets in® (or

fb ) are ordinary intersections, and thus ‘53 is centered

If (K) holds and X is an arbitrary cocompact space with the Suslin
property, then w 1s a caliber for X.

Proof
Let f«‘j C O(X) l‘?ﬂ and £ be an open base for X such that ¥ c {sv
and ¥ centered imply n {F FeF } £ §. For each Geiﬁj we can choose

a B.€ ¥ such that B.C G. Then {B.: G€®} has a centered subfamily

G G G
{B G: - = wqe Then however
$ F O {B '}cO{G Geﬁg,}, hence u, 1s a caliber for X.

Corollary
Assume (K) and suppose @3# {GE: E < m1} is a decreasing family of

open subsets of a cocompact space X with the Suslin property. Then
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