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SUMMARY

In the beginning of this century, with the origination of the theory
of relativity, extensive geometrical investigations of the 4-dimensional

2 2 2 2
space R, (space-time) with invariant pseudo-norm xo-x -x_-X,_ were done

4 12 3

by Klein, Minkowski and others.

Later on this geometrical research developed in two directions, a
differential-geometrical approach (related to the general theory of
relativity) and an algebraical-geometrical one (related to quantum
mechanics).

In this tract we follow the latter direction. After 1925 more abstract
techniques, such as represeqtation theory and spinor calculus were
introduced in this research by Cartan, Weyl, Veblen, Schouten and others.
Especially the last decade with the use of group theoretical methods

in physics there is a growing interest in these algebraical techniques

in the geometrical study of R, and other spaces in which these groups

4

act. More recently also interesting topological investigations of R4

have been carried out, e.g. by Zeeman.

The subject of this tract may be seen as being situated in this
border land between geometry on the one side and representation theory
and physics on the other side.

In chapter I we give an introduction to the representation theory of
the Lorentz group. Besides the standard theory of the finite-dimensional
representatias which are used in relativistic quantum mechanics, we
give in section 7 of this chapter a brief sketch of the theory of
infinite-dimensional representations of the Lorentz group of Gel'fand
and Neumark. In chapter II we start with the geometry of the Lorentz
group. Especially the fact that the Lorentz group may be studied as a
three-dimensional transformation group gives much insight into the
geometrical structure.of the Lorentz group. In this way, for instance,

a brief description of the so-called spin-space of Veblen can be given.



II
In chapter III, which is the principal part of this tract, we relate
the foregoing geometrical invesfigations with physics. In fact, it is
an investigation of the projective-geometrical background of some
equations which are well-known in physics as the Proca, Maxwell, Weyl
and generalized Weyl equation. These equations are all linear first order

equations in an n-component function y(x), i.e.

and 3 = —3— .
M

u
9x .
The idea is that by developing Y(x) in plane waves, i.e. y(x) = w(p)elp'x,

L(au,w(x)) = 0, where x € R4
one obtains equations L(ipu, Y(p)) = O, in the so-called momentum space
which may be studied with the aid of projective geometry. We pay particular
attention to the zero-mass equations. There we can make the following
observation: the fact that photons are only transversaly polarized and
the fact that there exist only right-hand neutrinos and left-hand anti-
neutrinos is closely related to the fact that the complex light cone is
covered by two systems of isotropic planes. Also, the fact that the
Maxwell equations can be brought into neutrino form will be given a clear
geometrical meaning.

Tln's chapter is already published as "zero mass equations and projective
geometry" (thesis) by the author.

In chapter IV which is again pure geometrical, the 3-dimensional trans-
formation group corresponding to the Lorentz group is studied in more
detail, It follows that every Lorentz transformation may be described

as a screw in 3-dimensional hyperbolic geometry. For a compact descript-
ion of this geometry, the method of Cartan is indispensable (this method
is a description of orthogonal transformations in Rn by a generalisation
of the quaternion concept). In section 2 of chapter IV, this method is
also applied to the 6-dimensional space of anti-symmetric tensors p”v,
and especially, the group which leaves the so-called configuration of

Kummer invariant is studied.
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Chapter 1

REPRESENTATIONS OF THE LORENTZ GROUP

A, THE ALGEBRAIC METHOD

1. Introduction

The actual study of the Lorentz group found its origin in the theory

of relativity. In this theory one of the principal postulates is the
invariance of the velocity of light, that is to say: the measured
velocity c of light is independent of the motion of the observer and the
time-space coordinate system (t, x, y, z) connected with him,

If the progress of an electromagnetic spherical wave is described by the

formula

c t2 = x2 + y2 + zz,

then the principal postulate requires that we study only coordinate
transformations into systems in which this formula preserves its form.
Such a transformation is called a Lorentz transformation. In the usual
four-dimensional notation one describes the components of a vector x
by x" (v=0,1,2,3) i.e. (ct, %, y, 2)= (xo, xl, x2, x3).

With the development of quantum mechanics around 1930 one became inte-
rested in the study of vector-functions ¥ (x) = (¢1(x), wz(x), e W)

defined on the four-dimensional vector space R where the function

4’
values belong to an R -

A Lorentz transformation, x' = Lx, induces a linear transformation D(L)

in this n-dimensional space of function values and by this a so-called
n-dimensional representation of the Lorentz group.

The classification of all n-dimensional irreducible representations of

the Lorentz group was given by Cartan and Weyl using spinor calculus,

and was applied to quantum mechanics by van der Waerden.

In connection with the special interests of physicists in time and space
reflections a systematic treatment of the representations of the Lorentz group

including reflections was given (among others Watanabe 1951).



A closely related subject is the fheory of linear partial differential
equations, i.e. L(y(x)) = O, which are invariant under Lorentz transform-
ations. The equations of Maxwell and Klein-Gordon were already known,

but the theory found its real start with the equations of Dirac in

1928, Since then the theory of Lorentz invariant equations has been
uniformized by Pauli, Fierz and especially by Bhabha (1945-1949).

Dirac (1945) noted the existence of Znfinite-dimensional irreducible
representations of the Lorentz group. In 1946-1954 Gel'fand and Neumark
were able to give a classification of all infinite-dimensional represent-
ations of the Lorentz group.

They showed that in particular every infinite-dimensional representation
may be realized in a suitable space of complex functions f(z). These
results were applied to the study of the infinite-dimensional space of
the functions. Y(x) = (wl(x), cee s v (x)) , where x € R,. It is well-
known that the spherical functions wlm form a basis of all single-valued
representations of the rotation group. From 1955 onwards similar methods
for the Lorentz group (the harmonical analysis of the Lorentz group) are
developed.

Nowadays the study of infinite-dimensional representations of arbitrary
semi-simple non-compact Lie groups is influenced by the representation

theory of the Lorentz group.

Chapter I gives a brief introduction to the representation theory of the
Lorentz group. Proofs and examples are given only if they contribute to
the understanding of the subject,

In part A of chapter I the so-called algebraic method is treated. After
the most important definitions in section 1: Section 2 serves as an
example of the principal concepts of the representation theory. The
fundamental theory may be found in section 3. The theory of Lorentz
covariant equations is treated in section 4 ( and section 8), in which
special attention is given to the equation of Dirac.

In part B of chapter I, the theory is developed starting with the theory

of Lie groups, the so-called infinitesimal method. The more "technical"



information is given in the sections 6 and 8, while in sections 5 and
7 some theoretical background is given; however, this is not necessary
for the understanding of the sections 6 and 8. In section 7 special
attention is given to the work of Gel'fand and Neumark,

A short note on the use of the representation theory of the Lorentz
group in elementary particle physics may be found in the sections 3.4

and 8.3.



1.1, The Lorentz group and its subgroups

In the real space Ry with four-vectors x = xu, there is defined a
pseudo norm:

®? = 2% - hH? - D2 - D2

Definition A Lorentz transformation L is a linear transformation x' = Lx,
which leaves the norm of x invariant, i.e.(xf = é{?z.

All Lorentz transformations form by definition the full or general

Lorentz group L.

Thus a Lorentz transformation leaves quadratic surfaces:(x)2 = constant
invariant, e.g. the light cone,(x2)= O , a hyperboloid of two sheets,

2
(x7)= +1 and a hyperboloid of one sheet ,(x2)= -1 ., This is illustrated

(0] 2 3 1
in fig. 1.1 for the coordinates x , x , x ,(x" = 0). The components of
x%axis Z°aus . u'
l the matrix L are denoted by L "
1 1
: / We write x* = L' " xu, where the
Vi ——§§\\\Sf Einstein convention is used. In our

notations Greek letters p, v, ...
[

always take the values O, 1, 2, 3

While the letters i, j are reserved

2

for the space values 1, 2, 3, thus
- i 4
_ X = xl. The symbol x is used for ict,

7 :
/ — “ZSaxis
/ - Sometimes it is more convenient to

\\x __—///// Pais S write x = Lx' since each lLorentz
transformation has an inverse. In an
alternative way one may interprete

Llaxss L as a coordinate transformation as
well as a point transformation. In
the latter case one often writes:

/s fig. 1.1 " = Luvxv . We may write the norm(x)z,

using the so called metric temsor g = g "'z g, 23
1 . . .
2 .- . .
(x)° = g x"x", where g = 1 (1-1)

ny . . -1

e |
2 T T .

or (x)” = x gx, where x is the transpose of x,



’

After substitution of x = Lx', we obtain for every L.

T
LgL =g, and also LgLT = g. (1-2)

2 (0]

From this it follows that det L = + 1 and (LOO) - (Lo_ L ) =1 so
- i i

0o .2
that (L O) > 1. In view of these properties we shall define two important

subgroups of L.

The reflection group. This group consists of the following 4 reflections;

the identity E, the space reflection P, the time reflection T and the

total reflection J = PT

Jury
.
.

J = : . (1-3)

Sometimes we use the notation Su to indicate E, P, T or J.
During the last years this group has received much attention from
physicists, see section 3.4.

The restricted Lorentz group L:fl This group consists of all Lorentz

transformation A, such that
det A = +1 ana 40 > 1. (1-4)

The last condition implies that a vector directed upwards in the figure
i.e, q(1, 0, 0, O0) remains upwards after Lorentz transformation, by
which the index * is explained. Every Lorentz transformation L can be
written as the product L = SUA of a reflection Su and a restricted
Lorentz transformation A,

1.
Important subgroups of L+ are

This group leaves invariant

3+°
the time component xo and hence the euclidean norm (xl)2 + (xz)2 + (x3)2.

The three-dimensional rotation group O

O 0 O

Thus a rotation r has the form: r =

o O O+

where the shaded matrix is a 3 x 3 orthogonal matrix with det = +1.

23 31 12
Every rotation is determined by a vector $(¢ , ¢ , ¢ ) where $ is

*) One also calls this group the proper Lorentz groups (Roman, Corson) but
it seems better to reserve this term for the larger subgroup L, (det L = + 1)

(Barut, Hilgevoord). Another larger group is the orthochroneous group
Lt (L > 1),
0 =~



2b.

’

-
directed along the rotation axis (as a right-handed screw) and |¢| = ¢
is the rotation angle (0 < ¢ < m),

. . . 1 2 . .
For instance a rotation in the (x ,x )-plane is given by

1 [0} 0 0
_ |0 cos ¢ -sin ¢ O _ 12 _
rlz(o’ 0, #)= O sin¢ cosd O (4 =075, (1-5)
1

(0] o] (o]

Thus the rotation group is a three-parameter group (see section 5).

3
Hyperbolic screws or pure Lorentz transformations along the x -axis,

(o] 3
One can easily verify that the transformations h03(¢) in the (x, x )-

plane
cosh ¢ O O sinh ¢
0 1 0 0 03
ho3(¢) = o o 1 o @4 =9¢"7), (1-6)
sinh ¢ O O cosh ¢

leave (xo)2 - (x3)2 invariant, In figure 1.1 is drawn the transform-

ation ho3 (¢): x>x', g+ q'. All h

group.

03 (¢) form a one-parameter sub-

(o} 3
By rotating the (x , x )-plane the hyperbolic screw h (¢) transforms

03
-1 > . .
into an arbitrary hyperbolic screw h = r "h_._ r along the q'-axis, i.e.

in the (xo,q")-plane. (it follows that h isozermitian). Every point q"

on the upper branch of the hyperboloid x2 = +1 determines one hyperbolic
screw sothat q" = hq, q = (1, 0, 0, 0). Thus all hyperbolic screws can be
mapped uniquely onto the upper branch of x2 = +1, (Since this upper
branch extends to infinity and therefore is not compact it follows that
the Lorentz group is not compact, see section 5),

In analogy to the rotation group we also often prefer to determine the
screw h03(¢) by the vector (0, O, ¢) and an arbitrary hyperbolic screw

01 02 03
by the vector (¢ , ¢ , ¢ )

= r(0, O, ¢) which lies in the (x0 , a')-
plane.

Further, every lLorentz transformation A is the product of a rotation and
a hyperbolic screw, For suppose that we have A : q * q", then there is

-1
one hyperbolic screw h so that h : q + q'". The transformation Ah



, -1
leaves q and thus the xo—axis invariant, from which follows Ah =r.

Theorem 1.1, Every full Lorentz transformation L is the product of

a reflection Su and a restricted Lorentz transformation A, i.e. L = ASu
Every restricted Lorentz transformation A is the product of a rotation r
and a hyperbolic secrew h, Z.e. A = rh.

Hence a restricted Lorentz transformation is determined by the para-

meters: (¢01, ¢02, ¢03; ¢23, ¢31, ¢12), and L: is a six-parameter group.

The fact that the time and space components are interrelated in a
hyperbolic screw has important physical significance, about which we

have to say some words in order not to loose touch with physics completely.

If we substitute tanh ¢ = %%2%{% = B in (1-6) we get
\ TN r' N
(ct ( 1 B ct'
142 182
z 8 1 z' .
2 2
. O PR

This is a well-known formula in the theory of relativity. It expresses the
transformation of the coordinates of the system Oxyzt into the system
Ox'y'z't' which travels with a velocity v in positive direction along the
z-axis (B = %). The physical interpretation of this leads to phenomenon

of the Lorentz contraction of rigid bodies and the fact that clocks slow
down.

Further if two hyperbolic screws are performed in succession we get the

addition law of velocities in the theory of relativity. For (1-6) implies

ho3@ 1) Pogleg) = hosley + 6, -



’

By substituting v = ¢ tanh (¢1 + ¢2) and v =c¢ tanh ¢i (i =1, 2) it

Vl'f'V2

\
12

Cc

follows that v =

See Bergman p. 43.
Other four-component quantities, with the same behaviour as time-space
vectors xu, which we shall meet later on are obtained if we introduce
the "distance'" s along curves by integrating the expression
2 0,2 1.2 2.2 3.2
As” = (Ax )" - (Ax7) - (Ax7)"T - (Ax)
If we now describe the time-space behaviour of a particle by the curve

x" (s) (world line) then the four-velocity b ad(s) is also a vector,
U = —

ds
because 'ds" is an invariant; s is called the proper time of the particle.
- (0] (0}
Y v, dx _ 1 v 2
Hence u = (1, c) s holds were rllie 1_52 B = c) and (u) =1
One defines the four—-momentum by
p“l = mo CUN, (1-7)

m0 is the restmass of the particle, and substituting the mass
"o 2 . > > u .

m = 32 , energy E = mc and impuls p = mv into p one obtains
1-

U E -
p = (6’ p).
The four-current density is defined by

ju = po cuu (1-8)

where DO is the rest-charge density, with the charge p and current
-> -> >
density j = pv we obtain ju = (pc, J).

See Barut p. 48, 94,

1.2. Representations of the Lorentz group, definitions

Definitions. An n-dimensional representation D of the Lorentz group
L is a homomorphic continuous mapping D of Lorentz transformations

L onto n x n matrices which will be denoted by D(L),



’

In a homomorphic mapping products are preserved. Thus if

D : L +D(L1)

1
and L2 > D(L2)
then L1 L2-+ D(L1 L2) = D(Ll)-D(LZ).

The identity E corresponds with the n x n unit matrix D(E).

If the mapping is one to one, then the mapping is called isomorphic and
the representation fatthfull. Although the definition of a representation
may be generalized to a mapping onto bounded operators D(L), which act

in an infinite-dimensional linear space; we restrict ourselves for the
present to finite-dimensional representations which act in Rn' See

remark 6.1.

A representation D(L) is called (completely) reducible if there is
exactly one coordinate transformation S in Rn so that for all L the
transformed matrices D'(L) = S = D(L) S are in a diagonal-block form,

for instance

D1(L) 0
D'(L) = ’
0 D2(L)

where Dl(L) and D2(L) are n, x n, and n, x n, matrices respectively.

Thus the n-dimensional representation space Rrl contains an invariant

nl-dimensional linear space Rn and an invariant nz—dimensional space
1

R (n = n, + nz).

1
T

With the symbol " + " (tensorsum) one describes

D'(L) = Dl(L) + D2(L) or Rn = Rnl + an .

If there does not exist an invariant linear subspace (except the trivial
ones: O and Rn) one calls the representation Zrreducible.

Representation D and D' which differ only by a coordinate transformation

S, determine the same linear transformation in Rn and are called equiualent,
In the representation theory often use is made of the following two

lemma's of Schur.
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Theorem 1.2. First lemma of Schur. If D(4) is an irreducible
representation of a group then a matrix S commutes with all matrices

D(A) if and only if S is a multiple of the unit matrizx.

D(A) irred.: D(A)S = SD(A) (for all A) <= S = )E , (1-9a)

This lemma gives a criterion for irrreducibility.

Theorem 1.3. Second lemma of Schur. If D(A) and E(A) are two non-

equivalent representations then
D(A)S = SE(A) (for all A) <= S =0 (1-9b)

If there are given irreducible representations Dl(L)’ Dz(L), vee

we can construct an infinite number of reducible representations by
taking tensorsums: D(L) = Dl(L) i D2(L) e, .

Hence only the (non-equivalent) irreducible representation of a group
give essential information about the possible representations of a
group and therefore the first task of the representation theory of a
group is to classify all irreducible representations of this group.
One of the most important aids in constructing irreducible represent-
ations of a group is formed by the concept of tensorproduct which
will be considered in the following section.

For literature concerning the general representation theory of groups

see Ljubarski, Hamermesh, Lauwerier and the literature cited there in.

2, Tensor representations of the Lorentz group

This section serves as an introduction to the concepts of tensor product,
reducibility with respect to a subgroup, pseudo tensors etc. Therefore
special attention is devoted to the first-rank (vector) and second-rank

tensor representations.

The vector representation

This is the trivial representation L+ L, i.e. the mapping of the group
element L onto the 4 x 4 matrix L, The vector representation is ir-
reducible, since there is no invariant linear sub-space, for the only
invariant surfaces are hyperboloids and one cone, each of which span

the whole space R4.



11

If we restfict ourselves to the subgroup of spatial rotations 03+

then, because the matrices r are of the form 1 . e .

r = : ///
. /.

the vector representation is reducible into a one ané a three-dimensional
representation. Instead of the dimension n of the irreducible subspaces,
with respect to the rotation group, one often uses the spin value j
defined by j = % (n~1)*9. Thus in the vector representation we have
the spin values j = 0, 1.
Equivalent to the vector representation is the representation one

obtains by performing a coordinate transformation, e.g. a reflection:

gx. One denotes the components of gx with lower indices i.e. xu = guvxv
2
(note that x &= x ).
" -1 -1.T
The matrix L transforms into g Lg = (L ") (formula (1-2)) or in
components one writes
' uod Y V!
L n LU' = gp'\)'g L v (1 10)
Note that the index U' is lowered by gu'v' and that the index y is
v
raised by gu . In this way we obtain a consistent notation of contrq-
’ 1
variant vectors x which transform by =¥ UXP and covariant vectors
x which transform by x , = L ,” X .
M M H M
There holds that
oLt oot (1-11)
AV v
1 1 Ll
Thus besides the relation xu =1} xu we have x" = L ,“ xH
H U
We obtain a non-trivial representation, equivalent to the vector
representation, by defining now the four operators
3
3 = —, (1-12)
H Py

we will show that au is transformed as a covariant vector.

Therefore we consider the space of all functions f(x), (x e R4), which

Physicist would prefer perhaps the expression 'possible spin values'
One also uses 'the weight j", but "highest weight j' would be better,

see p. 26 and section 7.2.
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’

transforms as

f'(x') = £(x) x' = Lx. (1-12a)

Or replacing the argument x' by x we get the transformation D(L) such that
DILYE(x) = £'(x) = £(L T x)

It follows that D(L) is a representation because D(L) is a linear operator

and DA £'(x) = £(L M ),
thus D(M)D(L) = D(ML) .
1 L
Differentiating f'(x') with respect to = =1 pxu we obtain
Ix"
3, £'(x') = £ 8 f(x)
H axu uu
or au, f'(x') = 0 au f(x), (1-12b)

which indicaes that au indeed transforms covariant.

Through here the well-known comma notation is justified

£ = Lu,uf

1
s W

The second-rank tensor representation

Starting from the vectors xy and fl one may form the set of 16 components
M
x= &'y

which may be interpreted as a vector in a 16-dimensional space, X is

called the tensor product of x and y and all X span the 1l6-dimensional

space R, . of second-rank tensors X(xyv), in general det X # 0. To a
1 L
Lorentz transformation x“ = IP ﬁxu there corresponds a transformation
of X i.,e.
’ 1 1 1
O S
H v
. T
or X' = LXL", (1-13)
i [ v
Thus the vector X is transformed by the 16 x 16 matrix L x L = (L pL v)’

where jJlv' indicate the rows and uv the columns



13

[ o' o'
L oL e« . oL 3L
Lx L = : : (1-14)
3' 3'
L oL I 3?4

The mapping L ~ L x L is called the second-rank tensor representation
of the Lorentz group L and is reducible, as it is possible to write

X as the sum of a symmetric and an anti-symmetric tensor

31X + xT) and F = $(X - XT).

X=8 + F, where S =
The tensors S and F span a 10-dimensional linear space RlO and a 6-
dimensional linear space R6 respectively.
SOl o F01 F02 F03
31
S = , F = -F01 0 F12 -F (1-15)
L. 2
le -F 0 _F12 o F23
- (0] 2
-F 3 F31 -F 3 0
A Lorentz transformation X' = L X LT leaves both spaces invariant, i.e.

it transforms an (anti-) symmetric tensor into an (anti-) symmetric

tensor, Thus the second-rank tensor representation is reducible. The

space R of symmetric tensors is still further reducible into the

10

invariant space R formed by the metric tensor i.e.

1’
' T

g' = LgLl” = g, see (1-2),

and the 9-dimensional space R, of symmetric tensors with vanishing

9
"trace'. The "trace" X is defined by

00 11 2
"trace" X = XO0 - xt1 - x22 L ¢33 _ vV, |
VU

thus "trace" X = Xup and with (1-11) it is easy to prove that f} is a

1
ie. X, =%,
H H
later on that these representation spaces do not contain further invariant

is an invariant space. It will be proved

scalar Thus R9

subspaces, thus that they are irreducible, (see formula (1-36)). Hence we

have:
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However, with respect to the restricted group L:, the space RG of anti-

symmetric tensors is further reducible. Therefore we write the matrix

F“v, from formula (1-15), in abbreviated form as

>

Yoz (F, B,

0i

where E' = F°' ana u' = P9¥ (4, j, k = 1, 2, 3 and cycl.) ™)

Consider now the 3-dimensional spaces R, and RS of anti-symmetric tensors

3
of form

G = (

&=«

) &R, , (1-16a)

) R, . (1-16b)

> >
G,-iG
EO
G,+1iG 3

Every Fuv may be written as the sum of anti-symmetric matrices of type

G and G, i.e.

E, ) = 3@,-18) +3(G, + 18) where & = E + if
H) = 1,1 + + 1 where = + 1 _
] ’ ’ 5 N N (1 160)
and G =E - iH
~ We will prove that R3 remains invariant, thus that G' = A G AT is also
of the same form as G, i.e. G' = (E', ~iE'). By which

follows that E' = E' + iﬁ' and that Guv and éuv defined by (1-16c¢)

indeed transform contravariant. Therefore we note that GTg G =g (- Ez) R
thus all G énd é form two linear spaces of anti-symmetric tensors which
are also Lorentz transformations if 82 # 0. (More exactly they are complex
Lorentz transformations up to a numerical factor), After a restricted
Lorentz transformation we obtain the matrix G' = AGAT, which is again
anti-symmetric and a Lorentz transformation, because G'Tg G' = gp. This
implies that G' has necessarily the form G'=(E', - ia') or

G'=(E', + ia’)(a'f 0). All restricted Lorentz transformations A are
continuously connected with the identity (section 5), thus starting from
G=(G, - iG) it follows that G'=(G', - iG'). Thus R, and f'ts are two
invariant subspaces under the restricted group LI. Only with a space

of time reflection G' = PGPT, or G' = TGTT we obtain
> >
G' = (- G, - iG)

and the spaces R3 and ﬁs are interchanged.

*)

With this expression we always mean:

m =", B =F", 0" =F° H =-F", ... etc.
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Summarising, the space of second-rank tensors is reduced with respect

to the restricted group into

R76 = R7 + R3 + Hs + 39.

The actual proof that these representation spaces do not contain further
invariant subspaces, thus that they are irreducible will be given later
on by using spinor calculus, see formula (1-36).

Finally we mention some notations which are often used. One writes

> . L _
FW = (H, B)(-i) or FW (1-16d)

and raising the indices IV we have

FPY = (#, -E)(i) or *F"V, which is called the dual of F"¥ (1-16e)
It follows that G"Y = FMV + F‘TQ , see (1-16c¢). Because "V transforms
contravariant it follows that Fﬁv transforms contravariant.
Using this,the following invariants in the space of anti symmetric

tensors may be constructed

E.H (-1) (1-16%)

HV
iFu__vF

2
LA CI )

and % Fw

The invariance of these expressions follow from the relation (1-11),.

For more detailled information, see the appendix of chapter II.
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Once more we restrict ourselves to the subgroup O " Then a further

3

reduction of the spaces R6 and R9 is possible; where R6 is the space

- >
of anti-symmetric tensors FE(%, H) and R_ the space of symmetric tensors

9
T with trace zero. One may verify that after substitution of the rotation:

1 0O 0 O
N . into F' = A FAT ,
0 and T' = A T AT
% and T transform as 3-dimensional vectors.i' = rli,.ﬁ' = rla

and that the components TOO, TOi, Tik (i, k =1, 2, 3) transform as a
scalar, a 3-vector and a 3 x 3 tensor respectively.

We shall illustrate this with some examples from physics. By noting tha£
as long we restrict ourselves to the rotation group 03+ we obtain the
classical behaviour of the tensor components and the irreducible sub-
spaces corresponds with classical entities, In the theory of relativity
- the anti-symmetric tensor F = (E, ﬁ) describes the electromagnetic field,
where E is the electric field strength and'ﬁ the magnetic strength. (in

a point x).

"Classically'", that is to say with respect to the rotation group, E and
ﬁ indeed transform as 3-dimensional vectors. Yet if one substitutes the
hyperbolic screw A = h03 (¢) from formula (1-6) into AFAT one obtains the
important transformation laws of the electromagnetic field in the theory
of relativity in which the components of E and.ﬁ are mixed. Thus with
respect to the restricted Lorentz group the spaces (ﬁ, 0) and (O,'ﬁ) do
not form invariant subspaces, which is in accordance with (1-16c). The
vector ¢ is introduced by Laporte and Uhlenbeck in 1931,

The symmetric tensor T appears as the symmetric energy-impuls tensor,
where Too determines the energy-density of the electromagnetic field,

TOi the vector § = i b ﬁ of Pointing and Tik the stress tensor of Maxwell,
It is known that 'classically' they behave as a scalar,a 3-vector and a
(3 x 3)-tensor respectively, but in the theory of relativity they are
obviously regarded as one system that is to say they form one irreducible

space).
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The rth-rank tensor representation, pseudotensors

We may now construct the rth-rank tensor representation
p' ul L
L>LxLx..L: @' n2 ... t° = [g%, (1-17)
o1 Y2 Yr

u M
1... . .
which acts on tensors (x r). We recall that in the representation

r

theory, lower anc¢ upper indices are equivalent , see p. 11.

The rth-rank tensor representation is reducible for r > 1 into spaces of
tensors with a certain symmetry in the indices and with ''traces" equal
to zero. See Hamermesh.

The irreducible representations of the rotation group induced by the
tensor representation are always odd-dimensional, thus the spin values
are always integral: j = 0, 1, 2, ... . (see the 2nd-rank tensor
represertation).

Apart from the tensor representations there also exist the so-called

pseudo-tensor representations i.e.

L-> p[!}r

If one chooses p = 1 for all Lorentz transformations one obtains the
ordinary prcper tersors which we have already considered.

We will dencte this by p = p (L) so that

4 4 4 +
L = L+ PL+ TL+ JL+ (J = PT)
p.= 1 1 1 1
0
L [0]
If one substitutes p = o then p takes on the values

I

p = 1 i -1 -1

and we obtain tensors which have a "pseudo" behaviour with respect to
time reflection which are called time-pseudo teneors. Continuing in

this way we obtain tae following table,



kind

3.

(Watanabe 1951)

E.g.:

L > [Iar
o
L
L » —6(-) [L]r
™
L0
L->-;)—Q- get L [r]F
™ ol
L > det L [L]”
scalar
pseudo scalar

P, T
P, T

18

acting on

” ”

” ”

c > cC.

c > -c.

proper tensors

time-pseudotensors

space-pseudotensors

pseudotensors

+ -
(1-18)
- +

a scalar remains invariant with space or time reflection, while a

pseudo scalar changes sign.

The question of equivalence of the different pseudotensor representations

will be answered in the next section.
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3. Spinor representations of the Lorentz group

Until 1930 in physics one was only acquainted with tensors., About that
time it became necessary, in connection with the development of quantum
mechanics, to give a classification of 2ll possible representations of the
Lorentz group.

In quantum mechanics the space-time (and spin) behaviour of a particle is
described by a state function ¥(x) (field), with a certain number n of
components Y(x) = (Q}(x), cee wn(x)), where ¥(x) may be a scalar-
function, a tensor-function, generally any function y with values

wl(x), which transform by a representation D(L) of the Lorentz group
') = D(L) ¢(x) x' = Ix

Hence a classification of all irreducible répresentations of the Lorentz
group gives a classification of all functions V(x), and thus gives a
classification of all possible elementary particles in their space-time
symmetries, see section 3.4.

It appears that next to the tensor representation L - [Iar with integral
spinvalues, there exists the so-called spinor representations with half-
integral spinvalues j=0, %, 1, ...

Although the formalism of spinor calculus of m-dimensional orthogonal
groups was already developed in 1913 by Cartan (and in a different way
by Weyl in 1935), the application of the spinor calculus of the Lorentz
group in quantum mechanics was made by van der Waerden in 1929, in

connection with the equation of Dirac.



20

’

3.1. Spinor representations of the restricted group LT

Mathcematically spinors arise from the inverse problem of taking 'tensor
products', roughly speaking from the problem of taking 'tensor roots'.
We consider the problem of decomposing an Lorentz transfurmation A\ as

the tensor product of two matrices A and B such that
A=AXxB

where A and B are two-dimensional representations of the Lorentz group.
Assuming the existence of such a decomposition we may give the following
definition.
Definition A4 two-dimensional representation A(N) of the restricted
Lorentz group L_: 18 called a spinor representation and vectors y which
are transformed by A(N) are called spinors.

The existence of spinors represenfations is proved in the following
two lemma's.
Lemma 3.1. There exists a spinor representation A(N\) such that the 4-
dimensional vector representation A is equivalent to the tensor product
axi
PROOF. We map every vector x in R, on a 2 X 2 matrix X with components

4
x2¢ (a, ¢ = 0,1)

3

xo + X x1 - ix2
X = ( 12 o 3 (1-19)
X + ix X - X

2 +
and note that det X = (x)” holds and that X is hermitian, i.e. X = X,
From this it follows that the transformation

X' = axat (det A = +1), (1-20a)

is a Lorentz transformation, For, X' is also hermitian, thus X' can be

written in the form (1-19) with xu instead of x“. It follows that

(1-20a) induces a linear transformation in R4.
2 2
Moreover det X' = det X or (x') = (x)  and thus (1-20a) determines a
Lorentz transformation A in R,
T

- + -
The matrices A and A = A denote the complex conjugate and the

*)

nerwitian conjugate of the matrix A respectively.
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00 o1 1 1
We observe that the vector X(X 7, X , X O’ X 1) is obtained from f

by a coordinate transformation X = Tx, If we now write (1-20a) in components

X - A% 2% x®° (1-20b)

we obtain the transformation
X' = (A xA) X
and it follows that
A=T@A x DT (1-21)

Using the conditions (1-4) one may verify that A is a restricted Lorentz
transformation. Conversely one may show that it is possible to describe
every restricted Lorentz transformation A by a 2 X 2 matrix A, see
section 5.

In this way we have constructed a two-dimensional irreducible represent-

ation of the Lorentz group A, i.e.
A<= + A (det A =+ 1)

and it follows that the 4-dimensional vector representation is equivalent
to the tensor product A X K.

The ma trices A are determined within sign, see formula (1-21), and the
representation is essentially two-valued. If one denotes the group of

2 x 2 complex unimodular matrices by SL the unit matrix by E and the

21
group consisting of E and -E by Z2 one may write
+
SL N L
2 - +
Z
/ 2

where n is the symbol for isomorphism.

Remark 3.1. In addition to the above proof we mention that if A is
+ -1

wnitary, i.e. A" = A", then

tr X' = tr AXAT = tr AXA—1 = tr X, *)

thus xO = xo

It follows that the unitary unimodular matrices A, forming the group SU2,

*)

The trace of an n X n matrix X is defined by tr X = z Xii and there
holds tr (AB) = tr (BA). i
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correspond with rotations., One may write

¥
SUZ/Z _03+ :
2

We now consider two special matrices A and B.

A= [e7i88 , B= |o*i® 0 (1-22)
(0] e+i%e (0] e%6

After substitution of A and B in (1-20a) it follows that A describes the

a rotation 6 about the z-axis, see (1-5), and that B describes a hyper-

bolic screw 6 in the (xo, x3)-p1ane. The matrix B is hermitian and after

applying a rotation R, R is unitary, we obtain an arbitrary hyperbolic

-1
screw given by the hermitian matrix R BR, see (1-6).

Notations

. U
One often writes X = x Uu
The four matrices O are

Hu

-1i 1
OO = 1 0 y 01 = Y 1 ’ 02 = o . ’ 03 = 0 . (1—23)
0o 1 1 O i O 0 -1

and in particular the three matrices Oi are called the Pauli matrices

One may verify that
00 -0 0 = 2i0 -
1% 2% 2i 3 and cycl. (1-24)
or [0'1,02] = 210’3 N

holds.

One denotes the components of a spinor by wa (a=0,1) and the letters
a, b, ¢, ... are used for spin-indices.

The components of the spinor EE which transforms by K, one denotes by

]
Y~ (a with a dot). Equation (1-20b) then implies the components of the
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ac
vector X must be rewritten as X . This notation expresses also that the
four-dimensional space R is the tensor product of the 2-dimensional

a .
spaces of spinors (¥ ) and (V°), thus spanned by

é I
x*% = M) (1-25)

In components one writes the relation X = xucu as Xac = xuduac.
The transformation of two spinors may be written as

o' 4,0' 0 40 o ,0

¢ ¢ v 1 1.0

wl' 1| = A wl 1 thus det | ¢1 = ¢O¢ ) (1-26)

Vo9 L2 L
. . . c o1 .
is an invariant. One notes ¢ = C ¢ , where C = and with

a ac -1 0

(1-26) we obtain the invariant indefinite '"inner product”

<, U= v? ¢ - ¥? 9
a C

a

Substituting ¢ = A¢'.and = Ay' in the scalar wT C¢ we have
ATca = ¢ (et A), (1-27)

which may be also verified by direct calculation or by the remark that
Cac is the two-dimensional Levi-Cevita symbol, which satisfies the

a C

relation det A = C A A
ac 1 2

The spinors wa and wa transform equivalently, for they differ only by a

coordinate transformation C., This is not true for the spinors wa and wa.

Lemma 3.2. The representations N+ + A(N) and A ~ + A(LN) of the restricted

group are not equivalent.

PROOF, From (1-27) we obtain, that for every unimodular A
cact - @hH™? (1-28)

= +.-1
holds. The representation A is equivalent to (A ) ~. For the rotation
+.-1 -
group, (A) = A holds and therefore A is equivalent to A and there is
only one type of spinors. Suppose now that the representations A(A) and

A(MA) are equivalent for arbitrary Lorentz transformations A,



Then there is one and only one matrix T such that
+,-1
T(A') "T = A. (.-29)

for all unimodular A.

Because T is commuting with the irreducible subgroup of unitary matrices,
the lemma of Schur implies that necessarily T = AE holds, see (1-9a)
Substituting this in (1-29) it follows that (A.")_1 = A, which is not
true for every unimodular matrix. Hence the representations A(\) and

A(N) of the restricted group are not equivalent.

a a .
With the spinors ¥ and ¥ , one may construct tensor (spinor) product.
In order to do this we first consider spinors with respect to the

subgroup O of spatial rotations.

3+
a a
The spinors ¥ and ¥ are equivalent in this case and we only need to

consider the spinor products
a a a
1 2 .
vie®..x Tt (@ =0, D
a
of spinors ¥ without dot. In particular, the space of r th-rank
symmetric spinors is spanned by spinors with components

al a2 ar

v (" ees U (ai = O, 1).

0 1
One often writes r = 2j and with ¥ = u and ¥ = v these components
become
2j-k k h k
u ™y (k =0, ... , 2j), oru v (h+k = 2j)

j=k

All spinors (u2J vk) span a (2j+l)-dimensional space RJ” The represent-

ation which acts in RJ is called DJ.

Theorem 3.3. Every <rreducible representation of the rotation group 03+

18 equivalent to the spinor representation DY, which acts in the

(2§+7)-dimensional space R of symmetric spinors of (2j)th-rank
Aoeea
7

(v %) (=01 1,32 )

P 5, e
PROOF, See theorem 6.2. where the theory of the infinitesimal operators

is used.
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Remark 3.2.

h k
The representation acting on (u'v ) is not unitary. In order to bring

this representation in unitary form, we first observe thatathe representation

[A]r = AxA X.:. A, which acts in space of spinors (Y ! ¢ 2...X ¥y of
(2j)th-~rank, is unitary because it is the tensor product of unitary matrices A.
' o ‘ g ) a_ a a
We now consider the set (h, k) of all components (¥ 1¢ 2...x ¥y with
h indices O and k indices 1 (h + k = r). The transformation to the
. . O--.O 1...1 . . ] : Al
subspace of symmetric spinors (¥ ) is given by the 'symmetric
sum:
4 &
r 0...01...1 a, a
(¢) =2 vt x )
a, a
v "...x T e(h,k)
1
If we put ¢p = cee = XO =uand ¥V = ... = X1 = v we obtain
, ) .
T —
0...01,..1 h k
Y =uv ,

due to the factor (;) which is the number of terms in the sum. Since
these terms are orthonormal coordinates the sum is normalized with aid
of the theorem of Pythagoras by multiplying it with the factor (;)-%.

Hence we obtain the (2j+l) orthonormal components

r O 01 1 uhvk
G) yp-°°° o =\/(23): (1-30a)
k Vhik!

h k j+m_j-m
The components u v are sometimes replaces by uJ mVJ and the

orthonormal components (1-30a) by ke (-j £ m< +j) (one may again verify
that the P are orthonormal coordinates by the relation Zwmmm =

(ua + v)?J = invariant, see Weyl p. 137.).

For a moment we restrict ourselves to the subgroup 02+ of rotations

3
about the z-axis (x -axis).

Formula (1-22) shows that

0 i
., L t3 2

u' = e uand v' = e v



i

and thus the represeniation D is reducible with respect to O

2+
In general we have the (2j+l)- coordinates
2] 2j-1 j+ j = 2j ., . .
v J, u v Y eee TEART , ... , U J (=J <m < +j)
with respect to ihe basic vectors
B . 1-3Cb
e_j! e"‘j+1 ’ ’ em H b e+.j ( )

and having the eigenvalues

e-l(‘J)e, e-l(—J+1)6 e-lme e—lJe

)y eee s y e
with respect to rotations 6 about the z-axis. Introducing the infini-

tesimal rotation J_ = iGﬁg&gl) about the z-axis, see section 6, we
3 L] 6=0

have the following eigenvalues with respect to J3

-j, =j+¥1, ... , m, ... +Jj . (1-30c)
Remark 3.3.

Finally we note that sometimes one considers in an equivalent way the
j+m_j-m
o inear forms a u \% . In is case e expressions
dual space of 1i £ Ia uw™ 7™ 1n thi the expressi
m j+m_ j-m
T uJ vd
J

the representation space of D.

are not components of a vector but functions which span

To indicate that the vectors em span the representation space Djone
often denotes these vectors with two indices ejm’ and if the vectors
ejm (- <m < +J3) arg normalized then the system e‘jm is called a
canonical basis of p?. In the Dirac notation one writes ejm = |jm>.
The index m is called the weight of ejm and thus j is the hﬁghest
weight which characterizes the irreducible representation DJ. We will
now obtain such a theorem for the Lorentz group.
In section 7.2. we mention ''the unitary trick of Weyl', which states
that every irreducible finite-dimensional representation of the Lorentz
group LI corresponds with an irreducible representation of the real
orthogonal group O4+ which leaves invariant the form

2 2 2 2 2
[y[l" = vy + 9" + vy + g -

The irreducible rc¢presentations of O are easy to determine. To do so,

4+
we transform the real vectors (xo, ;) into
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> .
Gy V) = (x, i¥).
The 2 x 2 hermitign matrices X from (1-19) transform into 2 x 2

. . : R + -1
unitary matrices Y. (unitary within a factor, i.e. U = pU "), so that

2 2 2 2
det Y = yo + yl + y2 + y3 .

An arbitrary orthogonal transformation in the real R, is given by

4
Y' = UYV ,

(where U and V are arbitrary unitary, unimodular matrices), for Y' is
unitary too and det Y' = det Y.
So we have, cf. (1-20a, b) and (1-21)

Lemma 3.4 The real proper orthogonal group 0 4+ in 4 dimensions is

(1 <= 2) isomorphic with the tensor product SU, x SU,.

The accent denotes that the matrices U and V which appear in the tensor
product are independent.

For compact groups A and B there holds that all irreducible representations
of the tensor product A * B are given by all tensor products D(A) of A

and D'(B) of B.

Consequently all irreducible representation 04+ are of the form D‘j0 x Doj',
where D‘jo and Doj' are irreducible representations of SU2 and SUé
respectively.

One notes Djj' = D‘jo X Doj' .

In a similar way one may start with spinors.
a a
The spinors y and y are not equivalent with respect to the Lorentz
group. Starting with these spinors, we now obtain spaces of (2j, 2j')th-
rank symmetric spinors with components
a, a &, &

N T (a, =0, 1ana & =06, 1) (1-31)

2j 23’

By symmetric is meant symmetric in the indices "a" without dot and

symmetric in the indices "¢'" with dot.
k_h'_k'
u v

. (0] . h
With ¢ = u and d} = V we may also write u v or
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’ < . . '

o Jm _J=m —j'-m' —j"+m’
gy e e Vepnieint, (1-31a)

VG+m) P (Gmm) L m?) (G Hm ) !

etc.
St sy
One denotes this representation by DJJ and the representation DJJ is

(2j+1)+(2j'+1)-dimensional.

Theorem 3.5. Every finite irreducible representatton of the restricted group

L is equivalent to the spinor representation DJJ (75 "'=0,%,1,...) which

Apeeelps 8yeenlysy

acts in the space of (24,27')th-rank symmetric spinors (y ).

*
Thus we obtain the following list of irreducible representations of L+

Representation acting on spaces dim spin values equivalent to
spanned by the spinors

D00 c 1 0 scalar
D%0 w? 2 3 spinor (lemma 3.1)
DO% wa 2 3 spinor (lemma 3.2)
1 .
D ° ¢?W? 3 1 tensor sum
01 a c . equivalent to
3

D vy 1 anti symmetric

. tensors (see (1-36)
D%% wawc 4 0,1 -vectors
11
D 1 1¢ 2¢ 1¢ *2 9 0,1,2 symmetric tensors

with trace zero
S a a_.c c, . ’ ’
1 2 1 2 . . L. L

p’J v LY Jw Y J (23+1)(25'+1) |3-3'|,...3+3"

(1-32)
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3

and by forming tensor products D

is the vector representation, see formula (1-25),

3, 4

that the tensor representations are characterized by the fact that both

The representation D

(section 3.2) one may prove

Jj and j' are integral or half-integral.

3.2. Products of representations

Products of representations of O3+

In the fourth column of (1-32) we have considered the behaviour of

A
spinors under the rotation group O Since the spinors ¢9 and V¥ are

3+°
equivalent with respect to this group (we will denote equivalence with

respect to 03+ by the symbol "~"), we may write
. 0 .
p9° . pPI .~ pd
o 0 04" . .
ana 00 =0 DY ~ p)xD.

. L

The representation DJ X DJ has the property of being reducible with

respect to 03+. To show this, we draw a ''weight diagram'", Every point
Sy 0

(m,m') determines a vector emem, from the product space RJJ - r)

m’ .C@/’

it )
The eigenvalue of the vector emem,Jwith respect’ to rotations D(8) about

the z-axis is given by (see formula (1-13))

- '
D(6)e e , = D(8)e . D(B)e , = e i(mtm )e e .
m m’ m m’ m m’
Thus the weight of emem, is (m+m'). We shall write
ee ,=¢e (n = m+m"'). (1-33)
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So the line m + m' = n in the figure (co-diagonal) contains all vectors
emem, with weight n. Clearly there is one vector with weight (j+j'), a
two-dimensional space of vectors with weight (j+j')-1, ... etc. The
existence of a row of vectors with weights

J+ 3, J+3" -1, .o, =3 -3

J contains the irreducible

expresses that the representation D‘j x D
representation Dj+j'. More precisely, we may say that by applying all
rotations D(r) to the uniquely determined vector ejej' = ej+j' with
highest weight, an irreducible representation space of O3+ is obtained

by all D(r)(e. .,). The vector e, _, is a certain linear combination
J+J j+j'-1

of e and e e, ... etc: We now consider the remaining vectors,

e
-1 5’ jgr-1’ .
There is a second row of vectors with weights

-G+it-D), L.l #(G+5-1)

J

ERl
which expresses that D™ X DY also contains the irreducible represent-

J+i'-1

ations D . In this manner one obtains the famous Clebsch-Gordan series.

Theorem 3.6. For irreducible representations of the rotation group hold

the following product rule.

7' 4 j+j' Z
¥ox0 o= Y- D (1-34a)
L=lg-3"]
-
Thus the irreducibie representation DJJ of the Lorentz group contains

the spin values |j-j'|, ees J+i', see fourth column of (1-32),.

%,
The canonical basis of the representation D, i.e. ©n (-4 =

(m+m' = n), Hence if

n = ¢) is a
certain linear combination of the vectors ejmej'm'
are given, then there is an uniquely determined matrix

2’1 J:J

B(j,J',%) with "input" index mm' and "output" index n so that

= B e . -
€in Z . 4n jm jm' ejm j'm' (1-34b)
m,m
m+m'=n

The Clebsch-Gordan coefficients B or (jm j'm'[%n) have been

2n jm j'm' v
tabulated. Just like the 2nd order tensors x are given by a matrix,



we observe that the vectors ejmej’m' span a space of second-order
mm'
tensors (c ) from which the matrix is given by the preceding figure,
- s
and are transformed by the representation DJ x DJ . The vectors e‘Ln

form a subspace of these second-order tensors, which we may visualize

by putting the contribution B , of each vector

&n jm j'm
ejmej'm' to € (m + m' = n) in the corresponding place (m,m') in the
figure. The vector eln is thus represented by the row numbers on the

2
line m+m' = n, and the space R* is spanned by the "lines" n = -%, ... , +’%.

For ¢ = j+j' we obtain a tensor entirely filled with non-zero numbers,

and we shall call ita( #+l)-codiagonal matrix (? = j+j'). For % = j+j'-1

we obtain a band matrix with zero's in the corners: (j,j') and-(j,j'), which

is a (24+1)- codiagonal matrix (& = j+j'-1), ... etc. until ¢ = lj—j'l .

Consequently, in the product basis e, e., , the tensor ¢, c¢c. ., , e. e_, ,
Jm Jj'm Jm Jgm ‘jgm Jjm

reduces into the (2f+1)-codiagonal matrices:

N N EE L
J,

Example, reduction of DJ X D

e . e .
+J -J

F(: o | (1-34c)

2nd-order tensor (2j+1)-vector 3-vector scalar
We shall use this result in section 7.3.

T
Product of representations of the restricted Lorentz group L+

From formula (1-34a) we may obtain the following product rules for the
restricted group:

j+k

~ ¢
%« - v »p?°
| j-k|
) 1 \j'+k' .
and p o ) %",

szl jc_kyl
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’

In general one obtains

i’ kk' jo . !
p?J x p = (DJ X 0 Ok

p%9"y « (%0 « pO¥'

= @9 x 0% x (09" x %K)

jl+k' .
DOQ

]
0~
=]
©
o
X

=ldk arelite]

so we have:

Theorem 3.7. For irreducible representations of the restricted Lorentz

group holds the following relation, Z.e.

2% r Jtk gk’ '
LA L ) ptt | (1-35)
k] vl
In particular, the second-order tensor representation D%% x Déé

decomposes as
Dé% x D%% -l (D10 i D01) + 0, (1-36)

Thus the second-rank tensor representation decomposes into a 9-, 3-, 3-
and l-dimensional irreducible representation of the restricted group.

They are the three irreducible representations, which work in the spaces
of symmetric tensors with "trace" zero, anti-symmetric tensors (of type

G and G) and the metric tensor respectively (see p, 15)
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3.3. Spinor representations of the full group L.

Introduction, bispinors.

We now consider the effect of reflections in the space of spinors.
Before developing the general theory, some introductory remarks will

be made first: A space reflection
0o - 0 >
P:x(x, x)” x'"(x, -x)

may be written with the aid of the 2 X 2 matrices X as,

P: X >X'= CiC_l, where C =(_? é) (1-37a)
aé a'e' :
or in components P : X + X = Xéc
Therefore the space of spinors, is transformed by
a a' [ 1-37
P: |y >y = 0o Cacw =0 wé, where 0 is arbitrary compléx b)
& &' -1 [ -1
vy = o Céé Vo= a Lbc (1-37c)
Lowering the index ¢, and using the fact that 02 = -1, we have for
-1 ¢
Vg T Vg =TV (1-374)

Accordingly to (1-37) the 2 x 2 transformation matrices A are transformed
by

p:a-scictoah?t,
see formula (1-28).
Thus in the 2-dimensional space of spinors a space reflection is
represented by the matrix C and complex conjugation., Yet the last
operation is not a linear operation, so that the space of 2-component
spinors (v*) is not suitable for a linear representation of the full group L.
However, by introducing 4-component spinors (wa, wé) a 4-dimensional
representation space of the full group is obtained. The representation

a
matrices which act on (V¥ ’¢é) are of the form
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A (0} [0} iE} (0] iE
D(A) = | D(P) = , D(T) = (1-38)
0 CAC iE [0} -iE O
We have taken o = i in D(P), then the Dirac equation which is invariant
with respect to D(P) can be written in the simple form (1-52)
If one takes a = 1 then an extra negative sign must be placed in the
* 4
lowest row of (1-52). ) With respect to the restricted group L+ this representatic

o. O
D(M) is reducible into Dé + D %, and with respect to the orthochroneous
group L+ this representation is irreducible. The proof is based on the
lemma of Schur, for one may show with formulae (1-9a, b) that a matrix

T
S = (3 S) which commutes with all D(A) and D(P) is necessarily a

multiple of the unit matrix. By which follows that the representation
D(L+) is irreducible.

Considering the full group, we note that D(P) D(T) = -D(T) D(P).
Consequently in order that D(Su) is a representation of the commutative

reflection group, it follows that D(Su) is essentially two-valued, i.e.
E, P, T, J > + D(E), + D(P), + D(T), + D(J).

One obtains also a representation of the full group if one takes

D(T) = + D(P), however it follows from (1-37) that this representation

8 a
belongs to the time-pseudo vectors X c. In general there holds that
. Ly

J'J -1.7T

P:D + D or P : D(A) » D(PAP—l) = D((A )T, (1-38a)

-1.T . . :
D(A 1) is called the conjugate representation,of D()), and one may introduce

bispinors i.e.
a a C.eeesC,.

v 0. . 1
(y 1 2Jél...ézj,’¢él...ézj 1 Iy transforming by the representation
AN A
DJJ + DJ J and which is irreducible with respect to the orthochroneous

group I if j # j'. Only in the special case (j = j') a reflection has

the form
a_...a C...sC
23 1 23
py: vt 2 eyt B

1°°°%2j 177395
*) Sometimes one defines the operation of lowering indices in the space
a -1 c

of dotted spinors by (wé) = -C(¥ ). Then (1-37d) becomes wc >a Ty

(0 E
and with o = 1, one has D(P) = \E 0)
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General theory

For a general treatment of the irreducible representations of the full
group we consider a representation Djj' of the restricted group L: and put
the question in which way this representation may be extended to an
irreducible representation D of the full group L. There are two ways of
doing this:

1. The mapping of the reflections Su = E, P, T, J onto D(E), D(P), D(T),
D(J) is single valued or can be made single valued.

By virtue of the homomorphism, the operators D(Su) form a commutative group

group i.e.

D(P)D(T) = D(T)D(P). (1-39)

[t}

In particular D(L)D(J) D(J)D(L)
holds for every full Lorentz transformation L and because we require

that D(L) is irreducible it follows from the lemma of Schur that
D(J) = + E
2 .
(D (J) = E) and with (1-39), that
D(T) = + D(P). (1-40)

Hence, of the 4 reflections Su only the operator D(P) is essential and
the representations D(L) of the full group L is simultaneously irreducible
with the induced representation D(Lt) of the orthochroneous group. Now we

consider the induced representation D(L:) of the restricted group. The

it
last one needs not be irreducible but may have the form D(Li) =M i ces

There exist two possibilities.,

la. The representation D(Li) is also irreducible, so that it has the

N A
form D(L+) = DJJ . In other words the irreducible representation spaces

->

of L4 and L# coincide. It follows from (1-38a) that the relation D(L:)
- DJJ'

if and only if j = j' holds. Further one may prove that the
reflection D(P) is necessarily equal to a certain matrix S, determined
within sign

D(P) = + S. (1-41)
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The different signs in (1-41) determine two non-equivalent representations
. i

p’Y , 0?97 of the group L%,

For, suppose that they are equivalent. Then there is exactly one coordinate

transformation T with
T(DJJS T—l = DJJ—

1

and ™8) T = -§ (1-42)

Because T commutes with all irreducible operators DJJ(A) of the

group, it follows that T = AE. The condition (1-42) with T = AE however
is not true. Hence Djj+ and Djj_ are not equivalent. Thus by choice of the
different signs 'in (1-40) and (1-41) one obtains four non-equivalent
irreducible representations of the full group L. E.g., beside the vector
representation D%% there exist the pseudo vector, time-pseudo vector

and space-pseudo vector representations, see (1-18). In this case the
operator § is given by P =g .

1b. In the second case the representatiog D(L:),is reducible thus

j # j', and has the form D(L+) = Djj' £ DJ'j G #£ 3.

In this case the representation matrices have the following form:

Djj'(A) 0 o §
D(A) = D(P) = | _
0 p? J) § o

(see formula (1-38)).

Because there are two possible signs in (1-40) one now obtains two non-
equivalent representations of the full group L.

2. It is possible that the representation matrices are anti-commuting,

i.e.
D(P)D(T) = - D(T)D(P).

Because the reflection group is commutative, this case is only possible
if the representation Qf the reflection group is essentially two valued

i.e.
E, P, T, J~> + D(E), + D(P), + D(T), + D(J).
The operators D(S ) may be brought in the following form
(o} E 0 iE -iE (0}
D(P) = D(T) = D(J) = .
E 0! -iE O (0] iE

Ter detailed information see Gel'fand p. 1¢9) and p. 207. Especially the

theosry of reflections in the space of 4-comjoneat spinors see Rzewuski p. 71-90,



3.4. Applications of the representation theory in elementary particle

physics.

We conclude this section with a short and simple note on the use of the
representation theory of the Lorentz group into elementary particle
physics, anticipating section 4 and 8.

In the beginning of this section, we have remarked that by classifying
all irreducible representations of the Lorentz group one obtains a
classification of all elementary particles with respect to their space-
time behaviour.

We give some examples.

1. 2 e 4 If a beam of electrons is sent through an

inhomogenous magnetic field, the beam splits

4

-4
e ~ into two separate parts.

. /;

i
,
/

VA
(A simplified Stern-Gerlach experiment, see Feynmaﬁ? p. 6-1 ff.)

This is explained by the assumption that electrons can only have an
angular momentum: spin-up or spin-down, thus angular momentum is
quantized, and electrons have an internal freedom of dimension two with
respect to spatial rotations (spin j = %). From this it follows that
V(x), which describes the behaviour of electrons, transforms by the

%0 0%

(1-32). It appears that the properties of electrons are invariant with

representation D or D ¢, which contains the spin value j = %, see
respect to spatial reflection, and thus in relativistic quantummechanics

one describes electrons (and protons, neutrons) by the representation

pf0 1 p%,

The function ¥ (x) appears in the well-known equations of Dirac. The

fact that ¥ is four-dimensional is related to the fact that y describes
negatively charged electrons as well as the positively charged positrons.
2. On the contrary, spinors ¢ which transform by the representation D%O
only, are used for describing neutrino's. This is a particle of spin é
and zero-mass, which travels with the velocity of light., The function

appears in the so-called equation of Weyl, which is not invariant under
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space reflection., This equation will be discussed in the next section.
The discovery that not all laws of nature are invariant under space
reflection was made in 1956 and is called the violation of parity.

3. In the same way a particle, with non-zero mass and with spin 1 has
an internal freedom of dimension 3, e.g. a H-atom in the ground-state
and so-called pector-mesons.

By a Stern-Gerlach experiment a beam of such particles will split into
three separated beams. In the case of an H-atom the magnetic field
must be infinitly small, See Feynman, p. 5-1 ff. and p. 12-13.

One may describe such particles by representations which contain the

10 . 1
representation D 0 + Do

. Yet, in order to construct a Lorentz invariant
equation for Yy one needs an additional field ¢u(x), which satisfies the
so-called supplementary conditions and which transforms under the
representation D (see §8). Hence, particles with spin 1 and non-zero

mass may be described by the representation

ptt ¢ pl0 ; pO,

The corresponding equation is the equation of Proca, which will be
considered in the next section.
3
4, Similarly particles with spin > may be described by the represent-
ation
. O3 . 1% - 1
Déo + D 3 + D 3 + D%

Here the function Y satisfies.the so-called Pauli-Fierz equation. The
spin value j = g is contained in the last two terms and the supplement-
ary conditions are responsible for the terms Déo + Do% (see section 8)
5. There exist also particles with spin 1 and zero mass viz, light
particles or photons, which bear the energy of the electromagnetic
field. Their behaviour is described by the equation of Maxwell in which
the six-dimensional representation

10 . 1
D + Do

appears (see section 2),

6. Finally we mention that nowadays the pseudo representations play
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an important role too. For instance the pi—meson is a spinless particle,
thus it may be described by the representation DOO which works on scalar
functions ¢(x°,§). Experiments show that w(xo,—;) =—¢(xo,;) must hold

so that the pi-meson is a so-called pseudo-scalar particle,

Scalar particles may be described by the Klein-Gordon equation.

For further details see Roman p. 256.

In the next section we shall give a detailed discussion of the equations
of Weyl, Dirac, Maxwell, Proca mentioned above,

After the classification of all representations of a group, the next task
of the representation theory as far as ''physical' groups are concerned,
is to describe all partial linear differential equations, which are

invariant with respect to that group.
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4. Lorentz covariant equations

First we introduce the concept of a field, by considering in particular
the tensor field f"V(x). This field is a 16-component function defined

on R which is transformed by a Lorentz transformation x' = Lx as

4!
[} v )
MV x) = @ ox Lo, )
Starting with tensor fields and remarking that 3u is also a vector
(section 2.) one may construct Lorentz covariant equations simply by

coupling lower and upper indices. For instance the formula
v v
auf“ (x) = g (x)

transforms after a Lorentz transformation into
L} \)' \)l
,3u.fu (x') = g (x")

the proof of which depends on formula (1-11).

. The fact that the components on the left- and the right-hand side of

an equation transform in the same manner is expressed by saying that the
equation is Lorentz covariant, and so Lorentz covariance implies that
the formof these equations remains Znvariant. In general, one requires
that all physical laws are independent of the choice of our coordinate
system and therefore one requires that they are expressible as Lorentz
covariant equations.

Below we shall give some examples of Lorentz covariant equations,

constructed in this way. The more general theory will be given in section 8.

*) It is important to remark, that the name 'tensor field'" denotes the

behaviour of the space of function-values, thus the field MV (x) is
a second-rank tensor field., However, the space H of functions fuv
is in general infinite-dimensional and transforms by

\Y

M) > MV x) = Lx Lt (L ik,

This representation is n0t equivalent with L X L, For instance with
respect to spatial rotations, the spherical functions Y(;) are scalar-
functions, because Y(;) has only one component, Yet the space H of

all functions Y(;) is infinite-dimensional, spanned by the spherical
functions Y m(;), which supply all representations D1 of the rotation

1
grcup with integer 1 =0, 1, 2, ... .
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4.1, Tensor equations

1. We consider the equation of continuity of electric charge

>

% b+ 73 = o. (1-43)

9 >
After substitution of 9 = ( V) and ju = (p,Jj), which is a vector

u cdt’
see formula (1-8), there follows

» " =o. (1-44)

Consequently the equation of continuity of electric charge is Lorentz
covariant,

2. The equations of Maxwell in vacuum are:

>
V.E=p
- 13 ->
VXxH--E=j (1-45a)
->
. H=20
> 1 5
VXE+-H=0 . (1-45b)
Hv _ A . > - ) ]
We substitute F° = (E,H) in equation (1-45a) and F (H,-E) in equation
(1-45b) and obtain
v
2, B = 3" (1-46a)
uv
3, F" = 0 (1-46b)

from which follows the covariance of Maxwell equations. (The proof that
v .
Fu is also a covariant tensor is given in chapter II, appendix theorem B-;.)

Inversely if one requires a priori that the equations of Maxwell are
v > >
covariant, it follows that Fu (E,H) is an antisymmetric tensor which

. 10 . 01
transforms by the representation D + D

u

In absence of charge there holds j = O and if we introduce the anti-

symmetric tensors
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M = PV 4+ iF*Y thus 6"V = (§,-iC) where G = E + il
0V JRTEVIUNIE SR s >
"V = PV - iF"Y thus §"V T (G,-iG) where G = E - iH

see formula (1-16a,b,c), one may write equation (1-46a) and (1-46b) as

, @ =0,
UV
av G = 0.

v A1) 10 01
The tensors Gu and Gu are transformed by the representations D and D

i .
respectively. If we restrict ourselves to real xu, E, H' then (1-46a)

and (1-46b) may be written as one equation, i.e.

v
av G =0
in components:
- 1 2 3 W
3 d - - -
( 0:31;821 3) [0} G G G
G1 [0} 103 —1G2
=0 (1-47a)
G2 —iG3 0 lG1
G3 iG2 -1G1 [0}
\ J
and interchanging the role of Bu and G"¥ one obtains
- g N
‘—3 9 9 9 l (0]
i (0] 1 2 3 l
- (5 3 . |
-dl 30 i 3 i 9 G
. 2 = 0. (1-47b)
=) -iod -3 i d !
2 %3 o 1 i G
i . . i 3
-3 ] -id -9
L_ 3 +19, i9, O_J L G )

This equation is written in abbreviated form as

(s“au)w = 0.

The B“ are 4 x 4 matrices and follow from (1-47b).

In general, equations of the form

(s“au + iK)V = 0,



43

where Bp are n X n matrices and ¢ a scalar, are called Lorentz covariant
cquations in Bhabha form (see section 8),

3. The Proca-equation. In this equation the 10-component quantity

Y = (¢U’FUV) appears which is transformed by the representation

ptt ; plo; 0! i.e.

2
9 F = =K 1-48
- ¢p ( a)

[} = F

d -3
¢U HV uv

\Y

If K £ 0, this equation may be written in the following abbreviated form

Pa 4 > P 6 >
T
4
0 D $ = .~k $ . (1-48b)
6 D — F — F
-ixk -ik

We may consider for instance the lowest row. The 6 x 4 matrix D contains

the symbols av in such a way that the vector D¢ has components

T
81¢O - 30¢1 = Fol’ ... etc, It follows that the vector D F is equal to

0 .
avFuv (after the subsitution (ao,ai) > (9 ,-81)). In components we obtain:

( A ( 3
1 2 3 0 0
9 ) 3 . ¢ ¢
! _0 _g3 42 1 ¢)1
I}
P S . )2 2
Rl - ¢3 )
LT-A... N =
ol SR R S
2 (0] -1K -iK
d -9 1 502 1 02
-1K -iK
3 _ 0 1 03 1 03
| 0 e .. T3 | i e F
3 2
2 s L 23 1 .23
3 1 - -1K
-3 1o 1 31
1 1" 15
2 1 12 1 2
L—-—‘-n—u»a 3 J \-1K F J ~1|<F /

(1-48c)
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Thus in Bhabha form the equations of Proca are written as
(3“3u + i)y = 0,
where the 10 x 10 matrices 5“ are the so-called Kemmer matrices which

generate a group of 126 elements (Roman p. 147).

4. For the sake of completeness we mention the second order Klein-Gordon

equation
(a“au + Kz)w =0 or (O+ K2)¢ =0 (1-49)

which is a relativistic generalization of the Schrodinger equation,
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4.2. Spinor equations. The equations of Dirac.

The operator 3 transforms as a vector xu. Because xu corresponds with
H

the 2x2 matrix X = Xéc (formula (1-37a)) the matrix

9, *+ 132 9, — 9

transforms as the matrix X and so one denotes the components of D by
aéc' Similarly as done in the previous section we may construct covariant

spinor equations by contractions with respect to lower with upper indices.

1. Equation of Weyl

This is the simplestequation in spinor calculus viz., Dy = 0. Written out

in components

3. v = o, (1-50)
ac

Using the Pauli matrices cu, one obtains D = 3u0u and
(o“au)w =0, (1-51)
)

which is the equation of Weyl in Bhabha-form .

2. Equation of Dirac

Now we consider an inhomogenous equation in which the four-component

spinor (¢a,xé) appears, i.e.

aaéxé - - g ¢a o 3ac ¢a (¢a
or = =ik (1-52)
9 &
ca = - ik X, aéa (o] X Xg

This equation is known as the equation of Dirac and due to the notation

of upper and lower indices the covariance of the Dirac equations is clear,
ad

We remark that out of aéa we may construct 9 ¢ by the transformation

(@) ,Bi) > (ao,-ai). Thus in components,

)

The components Ouéc of o are obtained from the matrices Cm with
at o
components cu (expression (1-23)) by raising U4, lowering of ac, and

transposing the dot, which is the inverse operation. Thus for the

matrices o" from equation (1-51) there holds o = o,
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' 0 0
0 o e ) [ )
(0] 80 33 31+132 ¢ 1 ¢
1, 1
o] 0O - 93, ,-i3, 93 +9 ¢ | iy
' 1 %2 “0°3 . g e | -0,
30+33 81-182 0 0 Xé ‘ Xé I
3. +i3 3 -3 0 0 X-J L-x-
Ll 2 0 °3 )t 1]

or abbreviated in Bhabhaform

(y“au + ik) = 0 (1-53)
The matrices Yu, where
(o)
o 0 g i [0} —01
Y = 0 and Y = i ’ (1-54)
(o] 0 g 0

are known as the Dirac matrices., They satisfy the following relations,

a®% -1, o H2-

o1 1.0
YY = =YY, ... etc.

-1

(the Y-matrices are anti-commuting),

Combining these properties one may write
v v uv
Yuy + Y Yu = 2g . (1-55)

From this one may verify that the y-matrices have the fundamental
property

MoN2 W
(y xu) =X X

It is understood that on the right side multiplication with the unit-
matrix is carried out. Applying the operator (Y“au - ik) on the expression

(1-53) one obtains with (1-55)
(a”au + K2)¢ =0or (Q+ K2)¢ = 0.

Thus every component cof | satisfies the Klein-Gordon equation,
Historically the aim of Dirac was to decompose the Klein-Gordon equation
into two first order equations. Therefore he introduced four symbolical

quantities YU which apparently had to satisfy (1-55) and by this it



47

followed that the YU should be 4 x 4 matrices.

The proof is an elegant application of the representation theory of
finite groups and will also be used for proving the covariance of the
Dirac equations independently of spinor calculus. The following is a
sketch of the proof.

We have seen the y-matrices generate, with respect to addition and
multiplication, a ring, the so-called Dirac-ring.

Inversely, we shall show here that the conditions (1-55) are sufficient
to determine the y-matrices uniquely.

We suppose that the y-matrices are unknown. We have only four elements
of an gbstract Dirac-ring. Thus multiplication and addition are defined
and the symbols y" satisfy the relation (1-55).

With respect to multiplication, these YU generate a group G of 32 elements

Y, i.e.
o1 2.3 012 123 0123
S+ L, 0+ Y YT, e YY), G YYY, e, £ Y YY), Y Y Yy
(1-56)
2 8 12 8 2

We shall denote an arbitrary element of G by vy.

The problem is now which matrix representations M(Y) of the Dirac ring,
and in particular of the group G, are possible.

Lemma 4.1%frace M(y) = 0 for every y # + 1.

PROOF. First we remark that for every Y # + 1 there is a § € G such that
syst = -y,

For instance if one takes Yy = Yo then one has § = YoYl and if one takes
Y = Yoyl then § = lez, .es €tC,

It follows that M(8) M(Y) Moy = -M(Y)

and thus trace M(Y) = - trace M(Y),

hence trace M(y) = O if vy # + 1,

Theorem 4.2, (theorem of Pauli or van der Waerden) There is only one irreducible

representation of the Dirac ring and this representation is four—dimensional.
PROOF, Suppose one has two irreduciple presentations M and M‘J which are

respectively n- and n-dimensional. On the group G one defines the
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,

character x(y) as trace M(y). For finite groups, the orthonormality

relations

z Xl(Y) XJ(Y) = Gng (g = order of the group) (1-57)

hold.

Equations (1-57) form a criterion for equivalence., If Mi and Mj are non-
equivalent (i # j) then this sum is equal to zero and if Mi and Mj are
equivalent (i = j) this sum is equal to the order g of the group. Now in
the case of the group G (formula (1-56)) it holds that trace M(Y) =

for v # + 1. Thus all terms, except those with Y = + 1, vanish. It
follows that the sum (1-57) is equal to 2nn'

Since 2nn' # 0, the representations M and M are necessarily equivalent
and n = n'.

The order g of the group is 32, hence from (1-57) we have

2n2 = 32

and it follows that n = 4,
In this way we see that the only irreducible representation of the

Y-matrices is four-dimensional. (Dewitt p. 117).

The theorem mentioned above implies that if there are four matrices Yu
which satisfy the relations (1-55), then there is necessarily a coordinate

transformation S such that

where the Yu are given by (1 54)
Theorem 4,3. The matrices y* = Lu 'y R whez'e LLl 18 a Lorentz transformationm,
are again Dirac matrices, and Lu Y“ =S (L)yuS(L) holds

PROOF, We have to prove that the Y satlsfy the relations (1-55)
l \)' ]J' ul \)l

l.e.YY +y vy =L L (YY + v
' v' HV
= 2Lu " L g (see formula (1-55))
TERVY
= 2g (see formula (1-2)),

With the theorem mentioned above we may show the covariance of the Dirac
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equations without using spinor calculus.
To do this we substitute in the Dirac equation
(y“au + ik) y(x) = O (1-58)
-1, T ' .
x =L x' and 3 = L3 , and we obtain
1 -
@ Y, w10 vk = o.
u u

" '

The matrices yu =¥ uvu are Dirac matrices and so there is a coordinate

transformation S(L) such that

-1
Yoo sTr@y! s,
The matrices S(L) give a 4~-dimensional representation of the Lorentz
group and after putting y'(x) = S(L) ¥(x), the Dirac equation transforms
into .
(o, + 10 Y& =0 (1-59)
Comparing this equation with (1-58), if follows that the Dirac equations

are covariant.
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B. THE INFINITESIMAL METHOD

The fact that all representations of the Lorentz group can not be
described by tensors was the motive to introduce spinors and by this it
was possible to classify all n-dimensional representations of the Lorentz
group. In spite of this important result it appears that the spinor
calculus is in its turn insufficient.

Between 1946 and 1953 it was shown that besides the spinor representations
there also exists infinite-dimensional irreducible representations of the
Lorentz group. In 1946 this was shown for unitary representations
(Gel'fand), and in 1953 it was proved by Neumark that all irreducible
infinite representations are obtained. Fortunately apart from these
representations there are no other representations of the Lorentz group
with which we have to occupy ourselves in the future.

Gel'fand and Neumark have developed the representation theory of the

- Lorentz group by starting from the general theory of Lie groups (the
infinitesimal method).

By this it is possible to describe all irreducible representations of

the Lorentz group.

In particular it was shown that all finite-dimensional representations
are formed by the spinor representatioﬁs.

Moreover the infinitesimal method is a powerful method to classify all
linear partial differential equations (Buap + ixk) ¥ = 0, which are
Lorentz covariant. Sections 6 and 8 give the most important techniques,
while sections 5 and 7, which may be read independently from the
sections 6 and 8, contain some theoretical background of the infinitesimal

method.



5. Topological properties of the Lorentz group.

Every Lorentz transformation L is the product of a reflection SLl and a
restricted Lorentz transformation A(¢O) i.e. L = SuA(¢O), see section
1.1. Therefore every Lorentz transformation L is determined by 7
parameters, the '"discontinuous" parameter | for reflections and the 6
"continuous'" parameters ¢0 which determine a restricted Lorentz trans-

formation A. In the future we shall use the following six parameters.

Ao ¢ 0, O, 0) where == < ¢0 < 4o, (1-60)

o1’ P02’ %03’ i
are hyperbolic screws and the transformations

2 2

Ao, 0, 0; ¢ 23

237 ¢31, ¢12), where O < ¢

(1-61)
are spatial rotations.
Thus the restricted Lorentz group L: may be mapped onto a point-set V
in the 6-dimensional space, the so-called parameter space V of L: or
group space V. The multiplication of two Lorentz transformations

A(¢0) and A(wc) i.e.
A(XO) = A(¢>O) A(¢o)

corresponds in the parameter space with continuous-differentiable

functions

Xg = fo(¢0, wc).

A group G in which the elements g can be described by points

¢0(0 =1, ... r) in such a way that the group-multiplication corresponds
with continuous differentiable functiors is called a Lie group, Thus

L: is a Lie group and with a suitable definition for '"continuous dif-
ferentiable" for the parameter U, the full Lorentz group L is also a Lie
group.

If we take into account that every parameter space with metric

¢2 = 2 ¢02 is a topological space then we may also say that the Lorentz

group (and every Lie group) is a topologiecal group,
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First we consider some topological properties of the group space of L
and their consequences in the representation theory.

Connectedness

The restricted Lorentz group L: is connected. This means that every "
two elements ¢O and wo of L+ may be connectei by a continuous curve )
which lies totally in the group space V of»L+, defined by the formulae
(1-60) and (1-61).

The full Lorentz group L however is not connected but decomposes into

four connected components:

where P, T, J are the reflections defined in section 1.1.

In view of the property of comnectedness, only the restricted group L: may
be described by the group SL, of unimodular 2 x 2 matrices A.

In order to prove this, we first mention that in section 3.1. we have
shown that every matrix + A represents a restricted Lorentz transformation

+
A, thus the group SL_ is (2 > 1) mapped onto a subgroup (SLZ)' of L+.

2
We still have to prove that inversely every restricted Lorentz transform-

ation can be represented by a 2 X 2 unimodular matrix A, i.e. (SL2)' = L+.

Now the following theorem holds.

Theorem 5.1. The group SL, is a connected 6-parameter group.

PROOF. We consider the é%dimensional space of all 2 X 2 complex matrices,
All matrices with det A = O form a 6-dimensional quadratic surface,

which does not separate this 8-dimensional space. Thus with every two
arbitrary unimodular matrices A0 and A1 there exists a curve A(t) of
nonsingular matrices such that

AO = A(O) and A1=A(1).

After a continuous deformation i.e.

A(t)

Vdet(A(t)) '.

we obtain a curve of unimodular matrices so that

A'(t) =

=) More precisely, a continuous unique map of the interval [O,lJ.
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- 1] - 1 — - ’
A0 = A'(0) and A1 = +A'(1) or A1 = -A'(1).

The sign + or - depends on the number of times (even or odd) that the
path det (A(t)) winds around the origin O in the complex plane.

. 1
Thus all matrices A in SL2 are connected in SL2 with E = (O ?) or with

-E = (_é _?) and because E and -E are connected by the curve

I
2

e 0

A(B) = .0 (0 < 6 < 2m
+1 z - -
2
0 e

*
It follows that the group SL2 is connected and 6-dimensional just like L+.
Because in the general theory of topological groups the theorem that the
connected component of the identity of a gfoup is uniquely determined

I
holds, it follows that (SL2)' = L+.
Thus conversely every restricted Lorentz transformation may be represented

by a 2 x 2 unimodular matrix + A.

The Universal covering group

The group SL, is (2 - 1) mapped onto the Lorentz group which one may

2
write as

1\
SL,/Z, = L,

where Z2 is the subgroup of SL2 consisting of the identity E and -E.
In general if a connected Liegroup G' is (m + 1) mapped by a continuous
homomorphism onto a group G : G'/Zm ~ G, then the group G' is called a
eovering group of G.

Among all covering groups G' of G, there is one uniquely determined
group G* which is simply connected. That is to say every closed

curve in.d* can be continuously deformed in the group space into a point
(all curves in G are homotopic to zerd)

G* is called the universal covering group of G. The importance of the

3=
universal covering group G of a group G lies in the fact that every
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multiple-valued representation of G may be replaced by a representation
of G*, which is single-valued, because d* is simple connected. In
further investigation of all representations of G*we then use the
theory of single-valued representations, as orthonormality relations,
... etc, We now wish to proof that SL2 is not only connected, but also

simply connected, This is not true for the Lorentz group. We have

Theorem 5.2. The group SL2 of unimodular 2 x 2 matrices, is the universal
covering group of Li.

PROOF. We write every unimodular 2 x 2 matrix A with the Pauli matrices
i.e. A = auou, the au are arbitrary complex numbers, thus A need not

2
be hermitian'*). The matrix A is unimodular and because det A = a ,

2 2 2 2
ag -—a; ~"a, -ag = 1 . (1-62)

holds.
Thus the group space of SL2 is formed by the complex 4-dimensional

'sphere C given by (1-62), For the sub-group SU_ of unitary unimodular

4’ 2
> >
matrices (ao,-Z) = (ko, ik) holds, where k is a real vector. Consequent-

ly the group space of SU_ is formed by the real sphere S, € C, given by

2 4 4

ko + kl + kz + k3 = 1. (1-63)

The proof of the simply connectedness of the real sphere S4 (thus the
fact that every closed curve on S4 may be continuously deformed

on S4 into a point) may be found in Pontriagin II p. 30. Another proof
one obtains by introducing spherical coordinates.

The real surface S4 may be described by 4-dimensional real spherical

6

coordinates § 6, such that

’ s
6 (0] 1 2

k, = cos 8, 8, < [0, m], (1-64)
k, = sin 8 cos 6, 8, € lo, m], (1-65)

= i i 6 <] m -
. k2 sin 60 sin 61 cos 0, 5 é[o, 2 ],(1 66)

= sin 6 _ sin 6_ sin 6_, -
0 k3 sin o sin 6, sin 6, (1-67)

0
Wigh every (ko, kl’ k2, kS) on S4 there exists one 60, which satisfies
(1-64). If eo # 0, m then there exists one 61 which satisfies (1-65) and

»
Here p is only an index having values from O to 3. We leave undecided

in this chapter viether au transforms as a vector or not.



if 91 #Z O0,m then there exists one 62 which satisfies (1-66) and (1-67).

1f 80 = O then all 616 [O,ﬂ}, 6, € [O, 2w] determine one point i.e.

2
(1, o, 0, 0), in the figure the corresponding plane eo = 0 ( and 60 = )
is shaded.

Analogously if 91 = 0, T then all 926.[0, ZN] determine the point

(cos 6 _, sin 90, 0, 0) (cos 90, - sin 8 , 0, 0). The corresponding

(¢} o’
lines in the figure are drawing boldly. Finally, the points
(eo, 61, 0) and (90, 61, 2T) have to be identified. It is clear that

every closed curve 6(t) in the group space of SU_ may be

2
continuously contracted to a point in the group-space by the transform-
ation
938y, 0, B (1) = (A8, 8, 8(t). (12X > 0)
6 6 6)t) = (6 0 B)(t
Because ¢1( o' %17 2( ) = ( o %17 Q( )
- M
and ¢O(90, 91, 92(1:) = (0, 91, ez)(t) =k (1, 0, 0, 0)
by which follows that SU2 is simply connected.
We remark that there are closed curves, e.g. 06(t) = (eo, 61, tez),
which cannot be contracted to a point as long as we transform only the

inner points of the cube, for (60, 91, 0) = (so, el, 271).

With respect to the group SL_ the ku are arbitrary complex and the

2
proofs mentioned above fail, for there appear singularities, (there are
no spherical coordinates to describe the points (1, 1, i, 0), ... etc.),
which are difficult to remove. However, one may prove that every closed

continuous curve k(t) on the complex sphere C, may be continuously

4

transformed into a real closed continuous curve on S4 and by this the
simple connectedness of C4 follows.

In order to do this we separate the real and imaginary part of k(t)
k(t) = u(t) + iv(t),
2 . .
the fact that k = 1 implies
2 2
u -v =1 usv = 0, (1-67a)

Thus u > 1 (1-67p)
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’

and we write

2
u u
kK = == + (u - ——) + i v, (1"‘670)
V2 Vu?
The continuous defsrmation of k(t) is now defined by
u u2
k =5+ (u-—=)+1ipv, re[0,1]. (1-67d)
VTV

where the parameter p is determined by the condition that for all )\

the curves kA(t) ly on the complex sphere, i.e.

2 2
—%—- 1+ A\/F - ) + 02 v? o1, (1-67e)
Vu
First we consider the set T‘C[b,lj such that

2 .
v (t) =0 for all t € T
then p is not defined and we have the ''deformation"
k, (t) = u(t) for all A€ [o,1].

2
Next we consider the set S = [0,1] \ T, thus v (t) # 0 if t€ S,

Then we have for ¢

o v = +\,4%\/(H V2o (1-67%)

By which follows that p is a continuous function of A € [O,l] and
t € S, This statement remains true if we consider the limits points to

of S such that vz(to) = 0 and u2(to) =1,

t

Because v )——,is a unit vector for all t € S and the expression under
\[ VVvT(t)

the -sign tends to zero if t - to, we may define p(to) v(to) = 0.

Consequently the solutions kx(t) = u(t) on T are continuously connected
with the solutions k (t) on S. The curves u(t) and v(t) are closed and
because for the expression under thel -sign

(1—A+QJL2)2 - 1> 0 for all re& [0,1], te[O,l].

it follows that p(t)v(t) and thus also kA(t) is a closed curve, In this

way we have constructed a continuous deformation of the closed curve
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I

kl(t) k(t)

u(t)
(t)

into the curve ko(t)

:

and by this the simple connectedness of C4 follows.

The proof mentioned above may be easily extended to the complex sphere
Cn in n-dimensions.

The proof fails for the restricted Lorentz group ﬂi, because opposite

4
points A and -A on the complex sphere C, must be identified. Thus L+

4
is described by the space of rays through the origin

and the 2-valued function
B(t) .
\ A > + A, of rays »gpoints,
consists of two single-
valued branches i.e.
AN~ E, A, ..,
A >-E, -A, ...

which are separated by the

(x_ = 0) plane, e.g.
It is intuitively clear that a closed curve + A(t) in the group space
of Li which does not intersect the (xO = 0) plane may be contracted to
one point + A,
A curve B(t) however, which intersects the (xo = 0) plane one time in
the point (0, + %) may not be contracted into a point.
Yet two curves B(t) and B'(t) (which intersects the xo = O plane 1 or
3, 5, ... times) may be continuously transformed into each other.
The fact that there exist in L: two classes of curves A(t) and B(t),
two homotopy classes, one expresses by saying that L: is double connected

and it follows that SL2 is the universal covering group of L+.

Compactness

The group space of the rotation group O is formed by the solid sphere

3+
I, see formulae (1-61). Because ' is a bounded and closed point set
(which is equivalent to the statement that every infinite sequence of

points of ' has a limit point in T') T is a compaet pointset and ac-
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cordingly the rotation group O . is called a compact group.

3
However, the group space of the restricted group Li, which is defined
by (1-60) and (1-61) is not compact.

The compactness of 03+ implies that all irreducible representations

of O3+ are equivalent to an unitary representation in a finite-dimensional

space, 1i.e,

J o,
DY : 03+ -+ subgroup of SU

2j+1°
For a non-compact group the irreducible representation need not be
unitary and finite. The non-compactness of'the Lorentz group implies

that
Theorem 5,3,

1. All finite-dimensional representation of the Lorentz group are not
wnitary (except the trivial one: A + 1).

2. There exists infinite-dimensional irreducible representations on
operators D(p).

3. Every irreducible representation i8 determined by the number pair

0 - 0, % 1, ... and j7 i8 arbitrary complex. Thus

(5%, §') vhere j
the Lorentz group has a non-countable family of <rreducible representations.
A sketch of the proof is given in section 7.3.

Local compactness

Although the Lorentz group is not compact, the Lorentz group L: is
locally compact. This means that every point of the group space of LI
has a compact neighbourhood.

Gel'fand and Raikov have proved that every local compact group has a
sufficient number of non-trivial irreducible unitary representations

D(N).
Theorem 5.3,

4. The Lorenta group has unitary irreducible representations, and except

the trivial one they are infinite-dimensional.
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6. The Lorentz group as a Lie group.

In section 5 we have shown that the Lorentz group is a Lie group, where
every element A is described by 6 parameters: A <—> ¢0.

The matrix components of a representation D(A) are continuous functions
of ¢°. Using a theorem from the theory of Lie groups it follows that
the matrix components of D(\ (¢c)) are not only continuous functions,
but analytic functions of ¢0. (cf., Cohn p. 135, p.116,) Thus Taylor
expansion of D(¢) gives

D((‘b) = E + ¢0 <M

) +oiees . (1-68)
a¢c ¢=0

Definition 6.1, The infinitesimal operators D, of a representation D(¢)

4
of the Lorentz group L+ are defined by

()

DO’ = (—W' . (1-69)

) o
The importance of the theory of infinitesimal operators is due to the
fact that ¢0 D does not only determine D(¢) in first-order terms, but
determines D(¢) completely. Because after a suitable parameter transform-
ation, such that A(s¢c)A(t¢G) = A((s+t) ¢0), one may prove that

1
2.

D(§) = B+ ¢ D_+ 2 (o, D)% ... (1-70)
holds, thus

D(¢)

I

o
Q
Q

This last expression also implies that the matrices D(¢) are reducible

if and only if the six matrices Dc are reducible., Further, if an operator
S commutes with all DU then S commutes with all D(¢), and so on, In this
way the problem of the determination of all representations D(A) is reduced
to the determination of all six-tuples Dc'

To determine Do we first start with the vector representation and we use
the 4 x 4 matrices as given by formula (1-5), (1-6). After differentiating

with respect to ¢o and putting ¢ = O one obtaines the matrices

)

) .
For finite-dimensional operators D the components of 2 are given by

D 39
(QLL).. = —il) , see also remark 6.1,
3¢ /ij LY
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o 1 0 o} T
0 000 [0 o1 %oz Y03
[0}
D23= 0 000 , D01= 1 o0 .. etc., so that ¢ODO= ¢01 0 —¢12 ¢31
0O 0 O0-1 0 0O 0 O
Lo o1 0 lp 0o OJ o2 P12 0 033
¢ n=bny 957 O
103 "31 "23 J
We use the convenient notation A1 = D23, .. etc., for the infinitesimal
operators belonging to spatial rotations, and B, = D .. etc, for

1 o1’
the infinitesimal operators belonging to hyperbolic screws,

One may easily verify that

AA - AA =A and cycl,
1% T gy = g anc cyel.

holds. Using the Lie-product [& A2]= AlA - A_A_ this commutation rule

1’ 2 21

may be written as [Al, Az] = AS'

Similar formulae hold for the other Lie products.

Now a theorem Irom the theory of (connected) Lie groups states that the
commutation rules of a group are not only valid for the infinitesimal
operators D of a special representation, but that they are valid for
all representations of this group. Thus in general the following theorem
holds:

Theorem 6.1, The commutation relations of the Lorentz group are:

[A7 s A2] = Ag and eyel. (1-72)

[A7 B 32] = B3 and cyel. (1-73)

[B7 , 32] = -A; and cycl. (1-74)
The remaining combinations either vanish Z.e. [A7, B7] =0, ... ete. or we
obtain the anti-cyelic combinations i.e. [Ag, B7] = -Bg.

(A proof of these commutation relations will also be given in section 7.).
Because the infinitesimal operators D0 of a representation form a closed
'algebraic' system with respect to the Lie product "[,]", one says that
the infinitesimal operators D form a Lie algebra L:,given by the

formulae (1-72, 73, 74).

*) Heroby is meant ‘Al’ A2] = A3, fAz, AS] = Al, [AS, Al] = A2 and

[Az, Al] = -Ag, ... etc.
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1f one interprets the Lie algebra as a vectorspace spanned by 6 abstract
entities D0 and with a multiplication given by (1-72, 73, 74) one also
calls Li' an gbstract Lie algebra. The infinitesimal operators of an
arbitrary representation of the group L+ form a matrix representation

of the abstract algebra Li:

Inversely there is a second theorem of the theory of Lie groups which
states that if we have 6 finite-matrices Dg, which satisfy the commutation
rules (1-72, 73, 74) then the Do are necessarily the infinitesimal
operators of a uniquely determined representation D(¢)., In other words,

this theorem states that every matrix representation D0 of the Lie
ar

/r
algebra L+' uniquely determines a representation D of L+.
(In ordeg Bo prove this theorem one must show conversely that the matrices

/r
D(¢) = e 9 %orm a representation of L+).

The importance of this last theorem lies in the fact that by classifying

all representations of the algebra L+ one classifies all representations

of the group. This fact implies the reduction of a problem concerning
6
a system of ® elements (the Lie group), into a problem concerning a

well defined system of only 6 base elements (the Lie algebra). see
£
Ljubarski p. 158 )

Formerly the general solutions of the commutation rules (1-72) of the

rotation group O . Vere found by Cartan in 1913,

3
In order to describe these solutions we observe that 03+ is a compact

group. In fact the compactness of 03+ also follows from the commutation

rules (1-72) and the condition that the Ak are the infinitesimal operators

of a group (with real parameters ¢1, db, ¢3).
-1
Hence we may suppose that the representation D is unitary: (D+) = D,

-1
Differentiating with respect to ¢ observing that 30(DD ) = O which

o’l
-1 -2
implies that 9 (D ") = - D 90(D), and putting all ¢, = O we obtain
+ i oyt .
D, = =D, or (i 0) = (1D0) (1-75a)

Therefore one introduces the Zermitian infinitesimal operators Iy = iAk

with [Jl, Jz] =1 J3 and cycl., and further the operators
J3, J+ = J1 + 1J2 and J_ = J1 - 1J2 . (or J+ = 1A1 + A2).

>
) See also remark 6.1.on page 63
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So we have the following relations

[o5, 9] =+ 4, log 0] = -o_ (1-75b)
[1,, 5] =2 I (1-75c¢)
+ +
and J3 = J3 J+ = J_ (1-75d)

Because J3 is hermitian, there exists an orthogonal basis of n vectors
em which span the representation space and with eigenvalues m, i.e.
Jye  =me . The number m is called the weight of e . We assume that
em are unit.vectors. Thus a rotation 6 about the z-axis is described by
D(G)em = e_lmegm and because D(8) is unimodular, det D(6) = + 1, it follows
that the sum of all eigenvalues vanishes,
Further J+ and J_ are the so-called step-operators, such that J+ en and
J_ e have the eigenvalues m + 1 and m - 1 (or O and 0) respectively.
Because (1-75b) implies that

J3 (Jﬁem) = J+ J3 e + J+ e = (m+1) (J;em),
and thus it follows that

> o ) (or = 0) (1-75e)

J+ m T € m+1

J =e x B

- m+1 m m+1) (or = 0).

Consequently the spectrum of J, consists of ladders of unit-spaced eigen-

3
values, i,e, .., , m-1, m, m+ 1, ...

If one requires that D is irreducible it follows that there is only one
such a ladder, from which we will call the highest weight j. From the
fact that the sum of the eigen values m vanishes it follows that this
ladder lies symmetrical with respect to the origin and thus

-j<m<+jand j=0, 4, 1, ... . Using the relation
+

= J = (e J it foll o0 =
J, J_or ( + Spo1 em) ( -1 I em) it follows that n Bm and
applying the operator 2J3 , see (1-75c), to a vector em it follows that
2 2
am T C%m+1 T 2m

Adding all terms from m till m = j, all terms on the left-hand side vanish,
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except o oand we get
m

@ =+ G GomeD

In general one normalizes the unit vectors ¢ in such a way that the
m

formulae for J+ holds with the + sign for o
m

So we have: - (see also Gel'fand p. 25, 73,Ljubarski p. 167,182)

Theorem 6.2. With every irreducible representation of the rotation group
there exist a uniquely determined j = 0, %, 1, ... and a uniquely determinel
basis of (2i+1) orthonormal vectors e, (= <m < +j), which span the

representation space such that

J,e =me
3 m m
-\ ;o 7)e (1-75f)
J_e, =V +mll(j -m+1e, , f
g, e, = G +m+ 1) -me,

This irreducible representation is denoted by DJ and we are back to the

. . . j+ j =
spinor representations if we substitute em = uJ va m, see theorem 3,3

and formula (1-30b). For the infinitesimal operators J, of the spinor

representation, see formula (1-79a). ‘
We now consider representations of the Lorentz group. In general the
induced representation of the rotation group is reducible. The solution
of the system (1-72), (1-73), (1-74) is more difficult, because there

exist also infinite-dimensional solutions. We will enter into details

in the next sections.

Remark 6.1,

In the case of infinite-dimensional representations the theory is
considerably more complicated. An infinite-dimensional representation is
a continuous homomorphism onto a group of bounded operators in a Banach
space., The definitions of an irreducible representation and of an infini-
tesimal operator need a supplement.

(Gel'fand etc. p. 176, Neumark p. 70-71, 94-95),

I1 remains true that by classifying all infinite representations of the

Lic algebra one classifies all possible infinite representations of the
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Lic group, however, it is not clear that given an "infinite" represent-
ation of the algebra, there actually exists a corresponding representation
of the group.

The infinite-dimensional solutions of the Lorentz algebra Ll' , in view

of unitary representations, were given by Gel'fand in 1944-6. Not before
1954 Neumark succeeded in proving that conversely to every representation
of the Lorentz algebra there actually correponds a representation of the
Lorentz group.

Hence, now all the irreducible representations of the Lorentz group 'are known,

The infinitesimal operators of the spinor representation

We end this section, by determining the infinitesimal operators Ak and Bk
of the 2-dimensional spinor representation A »> + A, which will be used

in section 8.2.

In order to calculate these operators we use the parameters ¢O already
introduced in section 5, and thus we first have to specify the dependence
of the matrix A on ¢0. For that purpose we write every unimodular matrix

as A = aucu, where Uu are the Pauli-matrices i.e.

2 2 1 2.2 3.2
with det A = a~ it follows that (ao) - (a )2 - (@) - (a) =1 must hold.
Analogously to page 54 we write

0 6 > C
a’ = cos j,a = -i sin

The numbers 6 and k1 are complex. If 9 # O then 12 =1and if 6 = 0

>
k. (1-76)

ST

>2
then kK = O.
>
We have already shown that if we take O real and k = (0, O, 1) we obtain

the matrix

A =cos 2 g - 1i sin g o = 6 , (1-77)
0 e+15

. 3 .
which corresponds to a spatial rotation 6 about the x -axis, so that

U = lt!lz .
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2
1) substituted

In general there holds that an arbitrary real E (K =
into (1-76) gives a spatial rotation about the axis E and with rotation
angle 6. (chapter II, formula (2-15)). Now we take f purely imaginary

v = i¢ and £>= (0, 0, 1). Then we obtain the matrix

¢
2
¢

0
A = cosh = 0 + sinh 2 03 = 9|, (1-78)

[0} e

(0] 3
which corresponds to a hyperbolic screw in the (x , x )-plane, so that

¢ = ¢O3'

(x~ , B)-plane, see also formula (2-17).

>
Taking k arbitrary real we obtain a hyperbolic screw in the

After differentiating the expressions (1-77), (1-78), ... etc. with

respect to ¢12, ¢03, ... respectively, we obtain the infinitesimal
operators
i a
= = a = g i -
A ==3 O or J % . and B i , acting on v, (1-79a)

Using the commutation rules for the Pauli matrices i.e,
[01, 02] =i 03 and cycl.,

we again obtain the original commutation relations for Ak and Bk from
formulae (1-72), ... (1-74).
In physical literature one often denotes the 2 X 2 spin matrices Jk = iAk,

thus J_ = % Ok by the letter s

k k'

Next to the representation D%O: A *‘t A, there exists the representation
DO% tA >+ (1&'{-)_1 acting on spinors wa and Wé respectively, (lemma 3,2)
and formula (1-37b) .

For rotations there holds that (A+)—1 = A and for hyperbolic screws that
(A+)—1: A—1 (remark 3.1). Hence by differentiating and using formula

(0]
(1-75a) we obtain the infinitesimal operators of D
S
=— = = -5 O i - -
A ==3 o or I % g, and By ] | acting on V. (1-79b)
+

&
= - ag d = [¢) i
o, or J % and By $ | acting on v,

NI

and also Ak =
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. . a . .
Consequently on the Dirac spinor (¢ , ¢é) acts the rotation matrices

o}
K 0

NI
-

(0] Oy

which are sometimes called the Dirac spin matrices.

Remark 6.3

The fact that complex 60 and ; appear in (1-76) may be expressed by saying
that the Lorentz group is isomorphic with the complex 3-dimensional

rotation group.

a, a
1
Finally we note that if y is an higher order spinor, e.g. ¥ = (y "y 2...),

thus the 2 x 2 representation matrices A = D(r) act on y by
a, a a a
1 2 1 2
D(y "¢ “...) = D(y 7)) D(y D....

And infinitesimal it follows that the operators Jk act on the components
a, a
v Y °,.. in an additive way

a_ a a a a

a
12 B 1 2 1 2
Jk(¢ v Tee) = I W)y “eee + 4 (ka eeo + oue

e . : .
thus Jk(uJ m Iy (Gem) (Jku)J m o+ Gem) w (ka)J m,

We will use these formulae in section 7,2,
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7. The adjoint representation of the Lorentz group

One can derive important properties of the infinitesimal operators by
starting from the so-called adjoint representation or infinitesimal
representation, which exists for every Lie group.

One arrives at this representation by studying the transformation propert-
ies of the infinitesimal operators themselves,

Consider for instance a scalar field y(x) and the representation Yy -~ y'
defined by y'(x) = w(L-lx).

Let L be a rotation in the (x2, xs)—plane. Henceforth we wiil denote the

2
corresponding parameters wc by ¢ 37 thus

(o] 1 2 3 2 2
') = px, x, xzcos Vg X sin 3 -x2 sin ¢23 + xscos ) 3)
Differentiating with respect to wzs and putting w23 = O we obtain the

infinitesimal operator
2 2 3
D 3 (x) = -(x 83 x 32) Y(x)

It follows that the infinitesimal operators transforms as tensors

Fuv or equivalently, transform as anti-symmetric tensors F*V. Hence in

the case of scalar functions the infinitesimal operators transform under
the representation D10 i DOl, see table (1-32).

However the space of scalar functions ¥(x) does not contain all irreducible
representation spaces of the Lorentz group *9, therefore we wish to prove

this theorem in greater accordance with the theory of Lie groups.

Besides every representation D(L) of the full Lorentz group we define a
representation which works in the space S of operators S by the formula

S' = D(I) S D (L) (1-80a)

If D(L) is a finite-dimensional representation then one may write

(1-80a) in components

1 Al _1T
S.,,..,.=D.,, D,,. S.., where D = (D )
1 11 3 1]
In general there holds
X X '
S' =D (L) S, where D (L) = D(L)x D (L) (1-80b)

%) Cf, with the spherical functions Yl m which form only irreducible

2
representation spaces of the rotation group with integer spin value 1.
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We note that if S = D(A), where A is a restricted Lorentz transformation,
-.1 .
then (1--80a) corresponds to the coordinate transformation A' = LAL in

R, due to the homomorphism, i.e. D(A)' = D(A').

4’
We have written D(A)' and not D'(A) in order to indicate that the
representation (1-80a) acts here in the nz—dimensional space of operators
D(A) and not in the function space of all representationsD,

We now consider the subspace D spanned by the infinitesimal operators,

In the vector representation these operators are 4 x 4 matrices and
because they are obtained from the matrices AP it follows that they

have components ¢pc. Thus we have to rewrite fgrmula (1-71) with ¢p0
instead of ¢po’ if we take into account the transformation properties

of the infinitesimal operators with respect to the representation (1-80a).
Raising the index o, we have that the cdmponents ¢p0 = (—¢Oi, ¢jk) form
an antisymmetric tensor transforming by

pvol

) =L (1-80c)

1 1
or ¢po =L pL o ¢p o

o
The components ¢p are given with respect to the 6 infinitesimal operators
j o
D = (- DO_, DY ) = (- B,, A ). Because ¢p are the parameters of the
po i k i i

Lorentz group, it also follows that the 6 infinitesimal operators Ibc =

(- Bi' Ai) of an arbitrary representation transform equivalent to the 6

> >
basic vectors F = (E,, H,), where
Hv i i

N
E = (1,00 | 0, 0, 0) , ... etc.
S

H, = (0, 0, 0 | 1, 0, 0) , ... etc.

which span the space of antisymmetric tensors FHY = (ﬁ, ﬁ) = (Eiﬁi, Hiﬁi).
So we have

Definition. The adjoint representation (or infinitesimal representation)
is the representation which acts in the space spanned by the infinitesimal
operators according to the formula

X -1
D (L) Dpc = D(L) Dpc D “(L).

X X
We will also use the matrix D = (Dpc) and write D (L)D = (D (L)Dpo)
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I1f we exclude the trivial representation A -» 1 and require that the

space D is 6-dimensional, we may state:

Theorem 7.1. The space D spanned by the infinitesimal operators transforms
under the adjoint representation equivalent with the 6-dimensional space

X
of" anti-symmetric temsors, <.e. if D (L)D 6 = D then
P po

p =p * Y (1-80d)

This formula may be also obtained by differentiating the formula

p(1)* = D) D) DL ™Y (1-80e)

P% and using formula (1-80c)

with respect to ¢
Remark 7.1, )
Theorem 7.1 has a number of important consequences. Especially the fact
that the operators Bk v Ek transform like 3-dimensional vectors under
rotations was the general starting point of Gel'fand a.o. to construct
the infinite-dimensional representations of the Lorentz group, see
section 7.3.

In the sections 7.1, 7.2, 7.3 we will apply the properties of the space
of anti-symmetric tensors to the space D of infinitesimal operators.

Some applications which are used in more physical literature are mentioned

below,

The infinitesimal operators of little groups,

Finally we make the following important observations, For that purpose
it is necessary to write the vector representation in the form
A = D(Auv), where Auv is the group element and A the corresponding

linear transformation in R4. However the considerations below, also holds

for arbitrary representations.

So far we have considered the transformation

-1
AN =L AL
' ' (1-80f)
or AP, =P L . opP
(0] p O ag

1]
as a point transformation which maps the point Apo onto the point AP o'
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and thus the linear transformation A = D(Apo) onto A' = D(AD'O,) = D(Apo)',
However if L is a coordinate transformation then the components ADO in

the coordinate system xh, determine the same lin?ar transformation as

the components Ap'c, in the coordinate system xu. One may express this

by introducing a new representation D' such that

1

p'(a® ) = p(® ),y = 1T or (1-80g)

o-l
. p' P
or replacing the argument A ot PY A 5 Ve get

N -1 p
D' (A c,) = D(L 7) D(A 0) D(L),

cf. (1-80e). Raising the index 0, differentiating (1-80g) with respect
to the parameter ¢po and putting all ¢ = O we obtain

[¢)
D'Q'U' = vap ch DpO' ) (1'80h)

It follows that the operators Dpo transform as the covariant components
of a vector, as contrasted with (1-80d).
In fact one may verify that if one considers the space of functions f(x)

defined on R4 x R4), transforming by
D) £(x) = (AT x),

then under a coordinate transformation L, the operators D(MA) transform

according to (1-80g).

As an application we consider the four operators Wu, i.e.

(see 1-16d), or theorem B-1 on p. 134, (1-80Kk)

which acts on plane waves Y(x,p) = p(pe P.x (pex = pu-xu)., where

\Y

2 v
. P = D__ .
(p Po > 0). It follows that Dﬁv Duvp

Because D_‘pv is an invariant expression, under the adjoint representation
v
as defined above, we choose the coordinate systems such that

p’ = (1, 0, 0, 0). It follows that
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which are the three rotation operators which leave the vector pv in-
variant. A group G(p) which leave a vector p invariant, is called the
little group of p and if p2 > 0 then G(p) is obviously isomorphic with
the rotation group 03. Consequently in an arbitrary coordinate system
the expressions

W =D_ P (1-801)
u Ny

which act on plane waves Y(x, P) are the infinitesimal operators of the

little group of D,

The Casimir operators of the Lorentz group

> >

It is further known that the space of anti-symmetric tensors Fuv(E, H)
-+2 > > 2

contains the complex number G = (E +iH) as an invariant, see (1-16f)

or chapter II, section 3.2. Analogously the space of infinitesimal

operators contains the invariant operator
- > 2 . 2
(A + iB)7 = ) (a, +iBD%,
k .
that is to say an operator which is invariant with respect to the adjoint

representation i.e.
-1
S = D(L) S D "(L).

If we separate the real and imaginary part we obtain the two cperators

F:Kz"-ﬁz
> > (1-80m)
and G = A.B

which commute with all the infinitesimal operators of the Lorentz group.
Such operators, F, G are known as the Casimir operators of the Lorentz
group. If D(L) is an irreducible representation then the operators F and

G are multiples of the unit matrix fE, gE., (lemma of Schur) and irreducible
representations of the Lorentz group may be characterized by f and g.

See Joos p. 65,



7.1. The commutation rules of the Lorentz group.

FFor the study of invariant subspaces in S under the representation
X
D (L), formula (1-80b), it is sufficient to study the behaviour of S

X
under the infinitesimal operators D0 . These are defined by

3 D (LS - 5 bpw st
29, $=0  9_ $=0
=D S - SD
[0} o
Thus D' s = [p, s] (1-81)
ag (0]

In order to obtain the commutation rules of the Lorentz group without
referring to the general theory of Lie groups, we first consider the

. . Y > .
antisymmetric tensor F = (E, H) transforming by
X
L F=LF LT
and infinitesimally by
X T
L F=L F+ FL
o o o
It follows that under the rotation A1 and the hyperbolic screw B1 the

vectors ﬁ and ﬁ transform as follows.

2 2
X > > >
A1 (E2, Hz) = (E3, ﬁs) and cycl.,
X > > -> =
B1 (Ez, Hz) = (HS’ E3) and cycl.

> >
Thus the vectors E and H transform under rotations as 3-vectors and they
become mixed under hyperbolic screws. Because we may 1dent1fy (E ﬁz) n

A = e = e
( B2 A ) the above equations 1 E2 E3, become A1 B2 B3 thus

[Al, (B,, Az)] = (B, Aj) and cycl. (1-82a)

and [Bl, (B2, A2)] = (-A BB) and cycl.

3!
Hence the commutation rules of the Lorentz group express the behaviour
of the spaces A and B of infinitesimal operators under the adjoint

representation. (A is spanned by Ai and B is spanned by Bi)'

These commutation rules can be easily formulated in a way which holds
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for arbitrary(pseudo)orthogonal groups Oz, which leave invariant the
norm:

2
g xMxV = x xM = X2 6 x4 X2 - x2 -2 o see x2 .
bV u (0] 1 p p+l p+2 n

Therefore we note that also for these groups, the following formulae

hold

" p = ", p] D = (DP9 ) cf.(1-81)

and p*(L)y D=L DL

Differentiating the last expression with respect to ¢uv and putting all
¢ = O we obtain,

» UV oL

»uvT , where L = 3
HV 9=0

» UV,

p**p = 1""Yp + DL

Thus P", p] = L"*V D + pr’ VT

or in the components Dpo of the tensor D:

v
[ l
+1._ po) + (ng) H -1—

0 ,_D“" Dpo] v +1

A more detalled analysis shows that starting from the Lorentz transform-
ations Lpp, the infinitesimal operators Dpv = (Lpp,),uv have only 2 non-
zero components (uv) and (vu). In the figure they are murked with * or A
or g corresponding to the cases that (uv), (vp) are space-like, space-

and time-like, time-like, i.e.

-/ *
- ¥ S

Hence we obtain the commutation rule:

E)uv' Dpo] - guD pVo - gvp Duo + guo pPV - gvonu. (1-82b)
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7.2. Finite-dimensional representations,

The space of antisymmetric tensors Fuv = (E, ﬁ) can be decomposed by

the following formula

QY-

1

=y
1

-

b=

(%, ) = 3@, -id) + 5(6, + iE), where G = E + iH and
for the basic vectors we have

> . 4 .

Gk = ﬁk - 1i ﬁk and ak = ﬁ# + i ﬁk
see formula (1-160). There holds

(a) E transforms like a 3-dimensional vector, for Ez is invariant,
see (2-30).
Fa . . . 52 .
ransforms like a 3-dimensional vector or is invarian
(b) G t f lik 3-d 1 tor, f G i t,
see (2-30).
(c) 8 and é determine two invariant spaces which have only the zero
vector in common.
‘Because the space D of infinitesimal operators (Doi’ Djk) = (-Bi, Ai) N
(Ek’ Hk) transforms equivalent with the space of antisymmetric tensors,

we reduce D by forming the vectors
Gk = i(Bk + lAk) and Gk = i(-—Bk + iAk) (1-83)

which span the spaces C and D respectively. The properties (a), (b), (c)

correspond to

1 .

(a™) hl’ Gz] = 1G3 and cycl.
1 A .

(b") 6, 6,1 = 16, and cyel. (1-84)
1 o

(ch) [Gi, Gj] -0 foralli, j=1, 2, 3.

Proving (cl), we observe that [?i’ GJ] is necessarily a vector from the
space G as well as a vector from the space G. Because G and 6 have only
the zero-vector in common, we obtain the relations (ci).

In order to solve the relations (1-84), we note that by the 'unitary

irick" it is possible to consider the operators from (1-84) as hermitian,
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The unitary trick (Weyl). Let us be given a finite-dimensional

representation D of the
Y% complex ¢ k-plane P (¢o)

////////////,

Lorentz group L: ; the numbers

©
Q

are real, see the ¢Ok-axis in

i /*‘* /
+T T /647/7447/ in the figure. 9o Pelongs to hyp. screws.

Because D is an analytic function

real p’ -axis
- of ¢0’ it follows by analytic

continuation that D(¢0) is also
a representation of the complex Lorentz group L: C which is analytic
in the parameters ¢o'

The fact that all ¢c are comple; implies that all matrices Auv which

2 2 2
leave invariant the norm xo - x1 - x2 - x3 are complex, Now the complex

Lorentz group L: G is isomorphic with the complex 4-dimensional orthogonal

group O G, this follows after applying the transformation

4+
(yo,;-) = (xo, 123 to R4, which transforms the invariant expression

Z ; 22 int 2 + 2
x0 into yo y .

In particular the matrices

cosh ¢ok sinh ¢ok are transformed /[cos 1¢0k -sin 1¢ok

. . s i
sinh ¢ cosh ¢ into 51n1¢°k cos. ¢ok

thus for the group O C the complex parameters

(Y ., ¢k1) = (i¢o_, ::1) are more suitable., If we restrict ourselves
to real |y we obtain a representation of the real orthogonal group 04+,
see figure, Hence it follows that to every representation D(¢) of the
real Lorentz group L: there corresponds a representation D(y) of the real
orthogonal group 04+, which is a compact group.

It may be proved that the properties equivalence and irreducibility are
preserved in this correspondence (see for instance Hamermesh p, 388).
Thus the classification problem of all finite representations of the
Lorentz group reduces to the problem of the classification of all

(unitary) representations of the compact group O This procedure is

4+°
called by Weyl: the unitary trick and is only valid for finite-dimensional

representations of (pseudo)orthogonal groups. (However the Lorentz group
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is not compact, so there exists also infinite-dimensional represent-
ations, see remark 6.1.).
After differentiating with respect to wOJ and wkl we obtain the

infinitesimal operators -i Bk’ Ak of 04+. Because O is a compact

4+
group it follows that these infinitesimal operators are anti-

hermitian., Thus the operators Bk’ iAk = Jk, or Gk and ék of the
Lorentz group are hermitian and with formula (1-84) it follows that
the operators Gk and ék are the infinitesimal operators of the
rotation group,

Applying theorem 6.2 we obtain that all eigenvectors e of G_ i.e.

3
63 e, = me -3 <mZ= +j (see formula (1-75)) form a space Em. In view

of property (ch, Em is an invariant subspace for the operators G i.e.

k’
Gy (erm) = m(erm), hence erm €E

Thus in the space Em there are eigenvectors emm' of é3 i.e, 63 e m'
m’emm, (=j' £m' 2 +j'). If the répresentation D(A) of the Lorentz group
is irreducible and finite, all the emm' span the representation space of
D(A), In the theory of Lie groups (m,m') is called the weight of e m’
and analogously to the rotation group the irreducible representation
D(A) is characterized by the highest weight (j, j'). Thus by the'

infinitesimal method we re-obtain the spinor representations DJJ .

Ljubarski p. 248. (For the infinite-dimensional case see section 7.3.)

In order to relate the infinitesimal method with the algebraical method,

we consider the spinors

J'+m J'_m _J'l_m' _J’+m,
u
e , =° LAY v - (1-85a)

°mo €om'

Considering rotations about the z-axis we have

) - e n 5 - ] 50 o ! Ol By |
D(6) emm’ = (e i ) uJ+va n (e im e) ﬁJ m VJ m (1-85b)
. NPT . . [aD(8) . .
The corresponding infinitesimal operator |, J3 =1 30 ] 6=0’ is given by
J3 e m' = Gs(emo) ©om’ + €0 (G3 eOm') (1-85c)

= me ,+m'e ,
mm mm

(m+m"') €m
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Consequently the operator J3 consists of an operator G3 which acts
0 i
only in the space RJ of undotted spinors and an operator G3 which
]

0
acts only the space R J of dotted spinors.

In fact using the action of the infinitesimal operators Ak and Bk on the spinors

a a
(y), (y), see (1-79a,b), and using the definition (1-83) of the
infinitesimal operators Gk and ék it follows that the operators Gk and

Gk acts on each index a or a by the table.

rJ°

G o 0 (1-85d)

G 0] $o

Consequently the indices m, and m' which are defined in (1-85a) are
the eigenvalues of emm' with respect to the operators G3 and 63, see
(1-85).

We draw a so-called weight-diagram or a Cartan-Stiefel diagram.

Every vector e m’ is represented in this diagram by its weight (m, m')

m'cﬂ)
° ) ) 1r/‘ ﬂ Py - ‘:_
A 4
. o ) = 9t re ) (1-85e)
;.
e O VAL
[ ] [ ] [ o [ ] o [ ]
[} [ o ® o [ ] @

Besides the operators Gk and ék’ which belong to the representation’

space of D10 and D01 respectively, one introduces a canonical basis
by defining
G =G, -iG, , G. =G, , G = G, + iG (1-85¢)

G =G, -i6. , G =G, , G =G, + iG (1-85g)
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The transformation property J3 x+ =+ x+, which holds for a canonical

basis x_, x , takes here the form [33, G+} =+ G, (see (1-81)).

b'q
O)
Observing that in the space G of undotted spinors J3 = G3 and in the

space G of dotted spinors J G3' we have the commutation rules

3 =
[63, G_] =-G_, [GS, G+] =+G, (1-85h)
[ds’ é_]

It follows that the operators G, > é+ are the so-called step-operators

-G_, [é3, é+] = + é+

which act on the vectors e’ defined in (1-85a), by

G+ emm' = em+1, o' G_ emm' = em-l, o'

. . (1-85k)
G+ emm' = em’ n'+1 G_ emm’ = em’ n'—1°

or G; e m' = 0, ... etc. (see 1-85e).

This can easily be proven by using (1-85h), i.e.

= e
GS(G+ emm') G+ Gs um ' * G+ mm'
=mG e ,+G e ,=(m+tl)G e ,
+ mm + mm + mm
thus G e ,=12Xe '
+ mm m+l m

Or using the definitions (1-85a, f, g) and we have that G+ acts on the
spinor (u, v) by G+ : v >u ., By which follows the relation (1-85b)
with A =1,
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7.3. Infinite-dimensional representations of the Lorentz group

The third important consequence of theorem 7.1 is that it is possible
to determine the matrices Bk also in the infinite-dimensional case and
thus to classify all the irreducible representations of the Lorentz

group. (Gel'fand etc. p. 133 and p. 188.) The operator Bk transforms
X
under the adjoint representation according to Bk = D(L) x D'(L) Bk,cf.(l-SOb).

In remark 7.1 we have noted that under spatial rotations i.e. D(r) x D'(r),
every operator Bk transforms like a 3-dimensional vector, see also the
first line of (1-82a).

Thus Bk belongs to the 3-dimensional irreducible component Dj (j=1),
which is contained in the tensor product D(r) % D'(r), or irreducible
components D1 if there are more.

We shall select a suitable basis Ei and Ei,’for D(r) and D'(r) respectively,
we note that D'(r) = D_lT(r) is a '"'covariant" rcpresentation. If the

i .
components X of the vector Bk with respect to the tensorbasis €1€r

. i’
are determined, then the operator Bk is known. Now the representation

D(r) of the rotation group acting in the space R is in general reducible

J

into irreducible representations D", i.e.

p=J0) orr= )4l (1-86)

For every DY one may select the canonical basis Ejm of RJ(—j <m <+j)
s 1 st
and for every DJ one may select the canonical basis nj'm' of RJ

'K

(-3' <m' < j')using D—IT(r) = DT(r-l) one may proof that Ny = €

If we require moreover that the representation D(A) of the rest?ictedJ
Lorentz group acting in R is irreducible, then from observation (1) on
page 81 it follows that each irreducible component Dj of the

rotation group appears only once.

All vectors gjmgj,m, span the product space R x R',

In order to visualize the zero's and non-zero's of the matrix components
cjmj'm' of Bk’ we draw the following figure.

In the figure all possible vectors Ejm (where j =0, 4, 1, ... and

-J <m :.+j) are indicated by the numbers jm on the vertical line, in the

same way the vectors nj'm' = £ , are given by the number j'm' on the

j'-m

horizontal line. The fact that only j is half-integer j = , ... and that

’

D=
[SH&)
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every j appears only once will be explained below.

The vectors Ejmg' . from the tensor product are given by the

J'-m
(2j + 1)(2j' + 1) lattice points in the square (j, j').

Each product R‘:| X RJ is reduced by

s .1 -j+j ! e
R « RY = R, 4"
t=13-3"|

and consequently only tensor products with j' = j-1, J, J+1 contain

1 .
a 3-dimensional representation space R (j, j'). Therefore only the
. 1

spaces R x Y witn J' = j-1, j, j+1 may contribute to the operator

1
Bk € R, where

1
R =7 aG, 39 RYG, g9, (1-87)



81

The corresponding squares in the figure are filled with dots and we
1 3 5
2’ 2’ 2’
(see figure), the two-valued spinor representations, and one with

obtain two infinite chains of blocks, one with weights j = o
weights j =0, 1, 2, ... , the tensor representations,

Inspection of this diagram leads to the following observations.

(1) 1t is clear that the operators Bk transform the spaces Rj into the
spaces RJ-l, Rj, R‘j+1 and thus every irreducible representation of the
Lorentz group is given by a large square along the main diagonal,

containing a system of connected dotted blocks with weight factors

d(jj'), see figure. If the lowest weight of the rotation group appearing

is j,, then the weights Jg j0+1, ig*2, ... also appear (jo =0, %, 1, ...
Thus if the representation D(A) is irreducible, then each irreducible

component DJ of the rotation group appearsronly once,
st

J

(2) The three-dimensional subspace Rl(j, j') of RJ X R is spanned by

the three diagonals of each block (see §3.2 and formula (1-34c). The

upper,main, and lower diagonal are the three vectors: C
X, -ix x_+ix
where Cl- N} , .. =X_,1C = (*-)—‘-];———g

1 V2 10 © "3’ "141 vV

is given by all main diagonals Clo(j,j')

1k = 171 P1p7 Paga’

Thus the operator B0 = iB3

each labelled with a number d(j, j'), which give the contribution of
each space Rl(j, j') to Rl, see (1-87). Similarly the operators
B_ = 1B1 + B2 and B+ = 1B1 - B2 are given by the upper and lower
diagonals respectively., It follows that the operators B_, B

g

o’ B+ transform

g

. ith ei i
the vectors EJm with eigenvalue m into vectors gz,m-l’ am’ g me1

respectively (2 = j-1, j, j+l).
Compare the formulae of Gel'fand on p. 188,

In the actual calculation of the components of the vector B , we first

k
1
express the vectors Ezk(j, j') which span the space R (j, j'), as a
linear combination of the vectors T, C ., ,.
Jm”j'-m
Using the Clebsch-Gordan coefficients we have

g, (3, 3= L

B . ¢
1 O ) 1] 2 s ! L]
Lk p 2k jm j'-m jm”j'-m
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(see section 3.2 formula (1-34b) ,The C.G. coefficients may be found
for instance in Gel'fand p. 152).

In the second figure the coefficients B (k = -1, 0, +1) are

¢k jm j'm
written on the corresponding lines m+m' = i, ihere we have omitted the
factors which are only dependent of j; these are incorporated into the
coefficients d(j, j').

Thus the opérators Bk in turn may be written as a linear combination

of all Ckk(j’ ")

B = adj, " CZK(J' j'") (summation over j = Jgr JO+1, ... and

j' = 3-1, 3, j+1).
Now it may be easily verified, that by a coordinate transformation
v=h-
Ejm (&) gjm’
wQ}ch does not alter the formulae for the infinitesimal rotation

operators Ai’ the factors d(j, j') may be transformed in such a way that

d(j_lr J) = d(j: J-1) = CJ

and d(J, J) = A,

The "weights" Aj’ Cj are written in the corresponding blocks and
thus the formulae for the infinitesimal operators belonging to hyper-

bolic screws are

_ \[ N _ Ny
B, Ejm =+ C, (j-m) (j-m-1) Ej_l w1 A \/(J m) (j+m+1) EJ. el

\/(j+m+1)(j+m+2) £

... etc, + C

j+1 j+1 m+1°

The coefficients Aj’ C. still have to be determined. For that purpose

we use the second line of (1-82) and obtain the commutation rules

[B+, BO] = A, where B, = iB, - B,, B = iBy, A = iA - A

1 (o] 3 T+ -
Substituting the expressions for B+, BO’ which are now known, and
substitmtingA.+ = J+ (formula 1-75b) in this commutation rule one
obtains two simple recurrence relations for the Aj and Cj‘

It appears that there are only two independent coefficients: the number
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JO indicating the lowest spin value, and the weight AJ which may be

arbitrary complex. °
1)
Putting Aj = E_II , Where jl is arbitrary complex there follows
(6] 0
15 (32-5.5:%-3,%
A = 01 and C =1 o 1 .
J 30+ J 2

Thus all irreducible representations of the Lorentz group are classified
by the pair of numbers (jo, jl) or equivalently by -(jo, jl). We note
that Gel'fand uses the notation T(fo, fl).

It is clear that the irreducible representation is finite if there is

a coefficient cj = 0, thus if j, is real and j = |j1

The irreducible representations of the rotation group which appear in

(jo, jl) have weights
jo, j0+1, jo+2 g eee s
In the finite case the sequence ends with |jl|-1. The coefficients jO

Sy
and jl are related to the coefficients j, j' of D‘]J by

g = 13-3"] ig =0, %, 1,

+ 1, +

9 e

NiIw NIW

Jq (3+3'+1) x sign (j-3") 3
(see formula (1-34a)).

If jl is an arbitrary complex number jl £+ 1, + g, ... then all
Cj # 0, and the chain of blocks in the figure is infinite. In this

case we have obtained an infinite-dimensional irreducible representation

of the Lorentz group, see remark 6.1,

Unitary representations of the Lorentz group

For an unitary representation the infinitesimal operators D0 must be

¢ + 1 +
anti-hermitian, because D =D implies D0 = -D0 and thus the operators
iDc = iA3, iB3, ... must be hermitian., For the rotation operators iAk
this property is already satisfied and it is clear from the foregoing

figure that the in are hermitian if the coefficients Aj are real and
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Ci are purely imaginary. Using the expressions for AJ and C. mentioned

above we obtain that Aj is real implies that (1) Jl is purely imaginary

or (2) JO

under the /f:sign is positive:

= 0, and that C, is purely imaginary implies that the term

Because (J2—j02) and (432-1) are positive there follows J2_J12 > 0.

In case (1) this equality is satisfied. In case (2) it follows, because
j=1 is the lowest weight, that jl is real and Ijll < 1, Summarizing we
obtain unitary irreducible (infinite-dimensional) representations in

two cases, i.e.

(1) ig =0, 4, 1, ... and j; = pure imaginary (the main series of
representations)
(2) Jg =0 and j, = real and |j1| < 1 (the supplementary

series of representations).
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8. Lorentz covariant equations in Bhabha form

In this section we study, in a manner resembling the methods used in

the foregoing section, the form of linear partial differential equations
which are Lorentz covariant.

It appears that the use of infinitesimal operators facilates considerably

the solution of this problem.
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8.1. General theory

We shall use the following notations,)(x) denotes a vector function,
p(x) = (¢1(x), ooy wn(x)),which transforms by a representations D(L)
of the Lorentz group i.e.

if x' = Lx then y'(x') = D(L) y(x) and the operator 9 = (30, 31, 32, 33
transforms by 3' = (L_l)Ta.

The symbol L (y = 0, 1, 2, 3) denotes an n x n matrix which appears

in a Lorentz covariant equation (in general Lu is an operator). In

physics the letter Bu = LY is also used.

Definition The differential equation
(L“au + iK)Y(x) = O (1-87)

is called Lorentz covariant if its form remains invariant under a
Lorentz transformation, i.e., after a Lorentz transformation L there

must hold
(L“au, +iK) .Y (x') = O.

One may also define equations which are only invariant with respect to
the restricted group LI. The problem is to determine all possible

>
Lorentz covariant equations, thus to determine all quartets i ).

Theorem 8.1
The equation (Luau + 1k)y = 0 with «x # 0 is Lorents covariant if for
all Lorentz transformations L = Luv there holds

Ter) = ¥ (1-88)

¥ p(L) L0
PROOF. We substitute y(x) = D—l(L)w'(x') and 9 = LTB' into (1-87) and
obtain

(LvLuvau. + iK)'D_l(L)w'(X') = 0. (1-89)

Premultiplying this equation by D(L), observing that D(L) commutes

with the numbers L' , but not with L”, we find

@’ pw) L“D"I(L)au, + i)y’ (x') = O.

After comparing this equation with (1-87) we obtain

*9

The first proposal to formulate Lorentz covariant equations in the

form (1-87) was done by Bhabha in 1946,
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Y - LM D) LV ).
Vv

Remark 8.1

We observe that if k = O (zero-mass case) then it is already sufficient
for the equation to be Lorentz covariant, that there is an additional
m-dimensional representation E(L) so that after multiplying (1-89) from

the left by E(L) there holds
-1
M = Lu\) E(L) LD " (L).
In this case the matrices LY are m x n.

Example 8.1
We substitute the rotations Luv = ruv into (1-88), after which in the

first row (y = O) only the term with roo = 1 remains

° = ) 12 07 o).
o . . . 0
Thus L~ commutes with all rotations D(r) : [L , D(r)] = 0,

Example 8.2
Now we substitute a space reflection L = P, In the same way as in
example 8.1 we obtain that L0 commutes with D(P),

i.e. L2, n®] = o.

The matrix L = A belongs to the restricted Lorentz group L: and formula
(1-88) describes in fact an infinite number of equations., We restrict
this number by using the infinitesimal operators.

First we write equation (1-88) in abbreviated form:
Apy Doty =1 (1-90)

Further we use the notation Do and Ao for the infinitesimal operators

of the representation D(A) and the vector representation A respectively.

Theorem 8.2. In order that the equation (1-87) is Lorentz covariant

there must hold [D_, f] = —Acz (1-91)
PROOF. We differentiate (1-90) with respect to the parameter ¢0 and put
¢ = 0.

3 -l(A) = =D  we obtain
Using ( ) T o

a‘pc ¢$=0
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ATt +r 0L-Ip) =0
[0} g ag

from which theorem §.2 follows,

Example 8.3

cf. (1-81).

We substitute rotations in (1-91), e.g. q} = Al, in order to obtain the
formulae

f[Al, Lo]\ O 0O 0 o 0

(4, L1] 0o 0o o0 o !

[Al, Lz] T o o o0 -1 1.2

\[Al, L3j ) O o 1 o L3

The commutation rules [Al, LO] = [Al, L1J = 0 and [Al’ L2] =1’

[A1 s L3] -

2
-L  follow. The relation [Ai, L

3

= 0, holds for all rotations

which is equivalent to the statement made in example 8.1.

Example 8.4

' Now we substitute hyperbolic screws, e.g. Dc =B

in order to obtain

1’

([Bl, 19] o 1 0 o 1°

[Bl, L] 1 0 o o !t

(B, , 1?] o 0o 0 O r?

3 3

(B, 7] o 0 o0 O L
From which the formulae [Bi, Lo] = -Lt (1-92)
and [B, L] = -1° (1-93)

follow.

The following conclusion may be made: If a representation D(A) in the

space of Y(X) with infinitesimal operators D0 is given, then in order

to obtain the corresponding Lorentz covariant equations, it is sufficient
to determine only the matrix LO.

With the aid of the relation (1-92) the remaining matrices Li may be
found. The matrix 0 is determined by the relations (1-92) and (1-93).

By eliminating L' in (1-93) we obtain
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(o)
[Bi, [Bi, L ]] =L, (1-94)
Also in the subsequent theory, e.g. determination of the rest mass and

spin of particles, the matrix L0 will play a fundamental role.

Summarizing the matrix L0 must satisfy the relations

@ P@, 1’0 e 0,,)

@[5, [5, L] =2

3 @), %] = o.

From these three equations one may obtain the general solution of the

0 R
matrices L and thus of the matrices Ll.
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8.2. Construction of covariant equations

Instead of starting from the commﬁtation relations (1) (2) (3) mentioned

in the end of the preceding section, it is in individual cases easier

to determine LO by using the more pictural method described in section

7. For this purpose we remark that the left-~ and right-hand side of equation
(1-88) implies that LY transforms under the representation D(L) X D-lT(L)

as a 4-vector *J. Thus

Theorem 8.3. There only exist Lorentz covariant equations in Y(x) if

the representation D(L) x D—7T(L) eontaing the vector representation

D%%.

We suppose that D is a representation of the full group, i.e.

D=) @ . Dj'j), if j # j'. Then there holds that D '© is equivalent
to D. The proof of this depends on formula (1-28) on page 23 which shows
that A—1T is equivalent with K, thus (D%o)—1T N Doé and by taking tensor-

products we have
jj',-1T i’ -1T
(DJJ ) N DJ J and D N D.
Now with the product formula for representations i,e,

oy . =j+k, £'=3'+k’ '
by x 0 Ty = § pdd KK L Ji>k 7 ptt
b= j-k , 8'= j'-k'

Cay
it follows that whenever the representation pJJ appears in D(L) there

kl{'
necessarily existsa representation D such that k = j + 4, k' = j' + %
.ee'
in order that there exists representations D = Dé%.
N
2 4 ’
A ° d /'rl@ /=2 .
4 N>

———

L = P ,
H o

/.

/72

*) Observe that LY does not transform as the component 2 of a vector,

but that each LV is a basis vector in the space of covariant vectors
(xu), because the condition of Lorentz covariance implies that after

substitution of L'" = D)LY DX(L) in (1-87) there holds

D' = L'“gn = Lua'“.
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In order to determine the operator L0 we give similar arguments as in
section 7. If ¢ 1is a basis EfTD(L) and g, a basis of D'lT(g) then
Eigi’ is a basis of.psL) x D (L) and the operator-vector L is given
by the components x11 with respect to Eigi' (see figure). On grounds
of the arguments mentioned above only the blocks DJJ' X Dkk', with
k=j+#%, k' =j' +4%, in the figure contribute to Lo. With respect
to rotations D ' reduces into D" (h = |k-k'|, ... k+k')and Djj' into
¥ (p = |j—j’|, ... J+i') respectively. Because LO is, with respect

to rotations, a scalar it follows that LO has only components in the
representation spaces P x P and L0 is given by the (2p+1) x (2P+1)
scalar matrices cpE.

See figure on the right and formula (1-34c).

Example 8.5. We require that y transforms by the representation

§ o

D 0 + DO%. There holds
@ 1 % « o0 1 %% o ..t

o 0%

and it follows that a Lorentz covariant equation in § with k # O may be

Thus only the combinations D contain the vector representation

Zﬁ_

constructed.
For this purpose we consider the
49% 29’{ 4 x 4 matrix LO.
io It follows that only the blocks B
° = g 5/4 2 10 0% 0% 1
¢ = (D* " x D %) and B,, = (D “x D
6,0 |2° !
can contribute to L . With respect

. (o]
to rotations L is a scalar,

hence the blocks B and B are scalar matrices c E and c E.
12 21 0%21
By a space reflection P the spinors belonging to D and D are

interchanged and thus there must hold c12 = 021.

We have obtained

(1-95)

o
o B O O
= O O O
o O o =
o O » O
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g 0
Using the infinitesimal operators Bi = %(oi ) (formula (1-79a,b)) and
. ~0.
the relation [B,, Lo] = -L' we obtain the matFices
0 (o] (o} i (0] i
L = o L= -\, (1-96)
00 (0] ot 0

which are the Dirac matrices yu from section 4.2. and we have re-obtained

the Dirac-equation.

Example 8.6.

On the contrary there is no equation with kK # O such that V¥ transforms

10 - 1 10 - . 01
by D + D0 . However, if we require that y transforms by D + D%é + D

we obtain the combinations D10 X D%é and Déé x D01 which contain the

2

(0]
vector representation D““, Consequently, in the matrix L we only have

ADH,_fQ:fézl to consider the shaded blocks and
2 2 7 _ 0
%"“" T T, i because L is a scalar with respect to
Kj I rotations it follows that Lo consists
LO = { o| o 23“ only of scalar matrices. By a reflect-
ol o [ 2 in D(P) : (x, E, H) > (Px, -B, B), it

0
is shown that the relation &KP), LO] = O implies that L is of the form
SAN
0 - B(o|o |.
\0 0

(o]

(0]
Moreover if one requires that L must be hermitian (see section 8,3)

there follows

(1-97)

[

1}
o ®H O
o O =
o O O

Together with the remaining 10 X 10 matrices Lt we have re-obtained the
Kemmer matrices, which appear in the Proca equations (see section 4.1,

formula (1-48c))
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Example 8.7

There does exist an equation with k = O, in which y transforms by
10 - 01

D + D . For that purpose we choose the additional representation

E(L) as
E(L) = Déé (see remark 8.1)

The combinations D10 X D%é and D01 x Déé contain, as in example 8.6,
the vector representation., If one chooses

E(L) = pit i pit-

(the tensorsum of the vector and pseudo-vector representation) one

obtains the equation of Maxwell.

Example 8.8
The Pauli-Fierz equation. We require that the vector ¥ transforms by

the representation D%O ; Do;“e ¥ Dli ¥ Dél

pit Vol ! The vector representation is
r's /'.‘

i

/42222? i 5i° contained in the 4 combinations
A
' 77 o 0o

X X

ol . it

' A:’Dn ﬂd-

VA

o7

) (see the shaded blocks)
142 _ We consider in particular the
tensor product Dl% X Dél. With

'
1
.
N- === = p==q---
'
'
'
s
q
’

1
Dt respect to rotations D
decomposes into D1 X D% =

i/ s

D® + D%, a four- and two-

dimensional representation,
see figure. The same holds for Dél.
Thus the scalar LO, with respect to rotations, is contained in the
combinations‘D% X D% and D3/2 x D3/2, see the letters d and e in the
figure. The remaining coefficients a, b, ¢ follows by the same argument

as in example 8.6.
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. . . . . 3
Now we consider all submatrices with spin value % and spin value 7 .

2
O a b O
Lo%= a 0 0 b . _[o e’) (1-98)
O O d 3 e O
O c a4 o
and choose a = b = -d = 4 and e = 1,

In this case we obtain the equation of Pauli -Fierz. The choice of
(o] s . .
a,..e ensures us that L is hermitian with respect to some inner product,

see section 8.3.
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8.3 Spin and rest mass of particles

In physics the number of covariant equations is limited by the
condition that LO must be hermitian.

This depends on the fact, that one requires that for y(x) there must
be an invariant functional i.e.dC[w(x)] =4CT¢'(X')], the so-called
invariant Lagrangian. One may prove that invariant Lagrangians exist
only if the following two requirements are fullfilled:

(1) There exists some invariant inner-product (wl,wz) = wI H ¢2 i.e.
(wl, 1!12) = (D(L)wl. D(L)wz).

This inner-product does not have to be positive definite.

(2) 1f the matrices Lu are hermitian with respect to this inner-product,
i.e. L+H = HL, It is sufficient that LO is hermitian in order that all
Lu are hermitian,

Gel'fand p. 284,

In the finite-dimensional case there is alsways an invariant inner-
product. In section 3 we have shown that in the space of spinors the
expression ¢aXa is an invariant and in the space of 4-component

20 . 0%

spinors, which transform by D , we define

W, ¥) = ¢axa + ¢axa = ¢axé + xé¢a

- o, 62, X3y Xg) (o E ¢:
E O ¢ = Vay,

51

®

Noting that H = Yo, one often uses in physics the notation
- + - u
Y=y YO, by which one can form scalars y y, vectors Ty ¢, ... etc,

By generalizing this expression to spinors belonging to the representation

A e .
DJJ + D'J J we obtain

coe Clo.. C

a P A oo
4, ) =061 X, + X, 1t
C a Q000

1°°° 1°°° 1 1°°°

O
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In the infinite-dimensional case there exists only an invariant hermitian

form for unitary representations,

Example 8.9

(0]
One may verify, for instance, that the matrix L in example 8.8 is

0
hermitian, (L2)'H = HLC, where

E

-E

and the same holds for the matrix LO from example 8.6 where

g

Besides the condition that LO must be hermitian one requires further
that the y{x) span a space, which is invariant under translations in
R4: x' = x + a, The group, which contains Lorentz transformations as
well as translations is called the Poincaré-group. The importance of
the Poincaré-group lies in the fact that a physical law must be
independent of place and time., For that purpose one requires that the

covariant equation has solutions in the form of plane waves i.e,
ipx . .
Wx) = Wp) e PX (p.x = puxu),ln a homogeneous field,

E
where p is the energy-momentum vector (E' mz) from formula (1-7).

Substitution in

(L“au + iK)¥(K) = 0 (1-99)
yields

@p, - VW =0 (1-100)

In order that this equation has a solution y(x) # O, there must hold
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det(L’p - ) = O.
u g
The investigation of equation (1-100) demands the fact that there holds
-1
D(MLYD "~ (p) = Au\)Lu,

see formula (1-88). Left- and right-multiplying equation (1-100) by

-1
D(A) and D "(A) respectively we obtain
v
det(Lp ~ ¢ I) = det(L“p' -k I) where p' =1L p_.
Il u u u v
There are two cases which are important in physics.

v
such that

U

p’u = (po, 0, 0, 0). The number/p“ = p_ is known as the rest mass of

2
I) p > 0. Then there is a Lorentz transformation L

0
the particle and equation (1-99) becomes

(%) WP = k ¥().

If ) is an eigenvalue of L0 then k is related to the rest mass po by
Apo = K or, in other wo?ds, the relation po = § is a condition in
order that Y(x) = lp(p)elp'x is a solution of equation (1-98).

We consider only real \ # O, because if A = O then k = O and pu is
entirely indetermined.

The eigenvalues ¢A are egsily determined. It is known from the genera}
theory that the matrix L consists of scalar matrices AE, subblocks

pP x Dp,’which are contained in the blocks DI x DXK' &,k ")=(j+%,3'+3),
see theorem 8,3 and figure (1-10la)., After re-ordening rows and columns
we obtain the matrix (1-101b) and using transformations (g _E) the
matrix (1-101b) may be brought in the form (1-10lc).

p p b

}@! . . (1-101)
Dkk'p .. __ '

(a) (b) (c)
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From which follows:
If ) is an eigenvalue then -) is also an eigenvalue, Thus if

there is a particle p with rest mass po > 0 then there is also a

particle p with po = =-p the so-called anti-particle with mass ]po

OJ
If the eigenvector wk (A#0) belongs to the irreducible represent-

ation space pY of the rotation group O then the number j is called

3+
the spin value of the particle.In this case the spin value is uniquely

determined.

From formula (1-95) and the considerations given above it follows that

the Dirac equation describes particles with spin value % and from

formula (1-97) it follows that the Proca equation describes particles

with uniquely determined spin 1.

The condition A # O plays an essentialvrole here,

From formula (1-98) it follows that the eigenvalue X of Lg is equal

to zero, thus Lg is the only matrix, which has non-zero eigenvalues

and so the Pauli-Fierz equation describes particles with uniquely

determined spin value g .

So far we have considered momentum vectors (po, 6), the corresponding

xu-system is called the rest system of the particle. For an arbitrary
' '

pu there is a coordinate transformation such that (po, 0) » pu .

The rotation group O . transforms into the group G(p), which leaves p

invariant. G(p) is cglled the stationary subgroup or little group

of p, introduced by Wigner in 1939. From the foregoing considerations
it is seen that G(p) is isomorphic with O3+ (if p2 # 0 !) and that it
is also possible to derive the spin values j by starting from the
irreducible representations of the little group G(p).

II) In the second case there holds p2 = 0, thus p lies on the light
cone. This case corresponds with particles which travels with the
velocity of light. It is poésible to transform pu arbitrarily near to
(0, 0, 0, O0) without changing the value of det(Lupu -k I) = 0. This

expression is a continuous function of p and there follows

det (L“p]"l - K I) =det (=« I) =0
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and thus ¢ = O.

Hence equations in which Kk = O describe particles with zero mass which
travel with the velocity of light. Because in this case there is no
transformation pu - (po, 3) (p0 # 0) it follows that such particles
have no rest system. The little group G(p) is not isomorphic with 03+
but with the group of rotations and translations in a plane. See

chapter II, formula (2-18),
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Chapter II

GEOMETRY WITH SPINORS

In this chapter we consider first elementary projective geometry of

three dimensions and show that the Lorentz group L: may be described

as a special 3-dimensional transformation group. (section 1.)

Next we introduce in this 3-dimensional space the concept of a spinor.

By Cartans method for n-dimensional orthogonal groups 0n spinors are
defined as derived quantities. That is to say, every isotropic plane

is labelled by a row of numbers (spinor), which belongs to a second
linear space and is transformed by a representation of On. However

in the special case of the Lorentz group, spinors may be defined as
concrete points in the 3-dimensional space itself and by this one

may do the corresponding 3-dimensional projective geometry with spinors
rather than with vectors.

Using this, we study the transformation properties of the real and
complex lightcone (sections 2, 3). As an application of this we
consider the vector E = E + i; , which is lying on the complex light
cone and which is introduced in electrodynamics by Laporte and Uhlenbeck.
In section 4 we obtain, with this method an easy description of the
so-called spin-value of Veblen., Also a condition for Clifford parallelism

in 3 and (4k-1) dimensions is derived by using the representation theory.
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1. The lLorentz group as a three-dimensional transformation group

For every vector %" in R we denote the corresponding ray through

4:
the origin O and x" by pxu (=2 < p < 4+ ©), A linear transformation

in R4 leaves the origin O fixed and thus the group of linear transform-

ations in R4 corresponds to a group of transformations in the space

of rays pxu. Every ray pxu has one intersection point with the hyperplane
xo=1 (we include the points at infinity in this hyperplane) and every
plane through O has one intersection line with the hyperplane R3(xo=1).

Thus the linear group in R, corresponds to a transformation group

4
in Ry vhich transforms lines into lines, the so-called projective group
1
in three dimensions., After dividing the formula & = AP s by the
1| 2' 3' u
o' X X X .

factor x and substituting (1, » 5T )= (@1, x', v, z2")
x

and after dividing the same formula by x and substituting x, y, z, one

o' o'
X X

sees that these transformations correspond to the group of broken

linear transformations in R3 in which the linear group in R3 form a
subgroup. In particular, the light cone in R4 intersects the space
R3 in the unit sphere (see fig. 2.3) and thus the Lorentz group

corresponds to the projective group in three dimensions, which leaves
the unit sphere invariant. In order to formulate and extend the

correspondence pR4 - R3 in a more precise way we introduce homogenous

coordinates for points, planes and lines in R_. The definitions given

3
in section 1.1 are taken from elementary projective geometry,
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1.1. Homogenous coordinates in R_, definitions.
0

Point coordinates.

We consider an arbitrary three-dimensional vectorspace R3. Points of
R, will be described either by three affine coordinates x =%(x,y,z) or by
four homogeneous coordinates < (u=0,1,2,3)*)

so that
1
> X x2 x3
x(XJY:Z) = ( 0’ 0’ 0
X X X

) x%%0) (2-1)

Thus two rows xu and pxu determine the same point in R3. To express

the fact that a point is only determined by the ratio of the components
xu, one also writes (xo:xlzxz:xs). In particular, the origin has the
coordinates (1,0,0,0) and the point (0,1,0,0) with xo=0 is the point X
at infinity as "implied" by (2-1)., All points with xo=0 form the plane
XYZ at infinity. The R3 extended in this way, is called the three-
dimensional projective space P
(o, o, 0, O).

It follows that the space P

3° There is no point with coordinates

3 is equivalent to the three-dimensional

space of rays pxP in R4 through the origin and that R_ is the subspace

3
x0=1 in R4.
(]
The rays with x #10 are represented by their intersection with R3
1 2 3
at the point (1, x—o, X—O, x—o) and the rays with x =0 which are

parallel with R3 cgrreéponé to points at infinity of R3. (cf. Heyting
p. 5, 6).

In particular, the light cone in R, given by

4
2
2= 2 D «H2Z .o,

2 2 2
corresponds to the unit sphere x +y + z =1 in R3. However, we

prefer the description of the unit sphere in homogenous coordinates,

H H_V
X X" = x x = 0; (2-2)
H gUV

see formula (1-1).

*)

See notation-convention in chapter I sections 1.1 and 3.1
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In the same way, a plane Ors in R, which passes through the origin O

4
and the vectors r and s corresponds to its intersection line rs in
(o}
the space R3 (x =1).
In homogeneous coordinates, the equation of the line rs (plane Ors) is

u

xM = qr + gs¥ .

If we substitute the values x0=r0=so=1, we obtain
X=—or +8s (@+B=1)orx=1r+ p(§4?),

the well-known formula for a straight line in affine geometry. Similar
formulae hold for a space Orst in R4 which corresponds to a plane rst
in R3.

In the following, we will also introduce coordinates for planes rst and

lines rs.However we will not use these definitions before section 4,

Plane coordinates.

4’ is associated a 3-plane ﬂlﬁ; =0
which is orthogonal to ﬂl; the numbers %J are called the '"space

To every point pu in R

coordinates'" of puxu=0. In R, the equation p“xu=0 describes a plane

which is called the poZar plzne of the point pu and the numbers p

are its plane coordinates. (The construction of p in the figure ;.1

follows from projective geometry). )

X Thus the polar plane p represents

the 3-dimensional spaci in R4 which

is orthogonal to the vector pu.

In particular, if pu lies on 'the

unit sphere, i.e. p pu=0, then p

/957 q@ /yay is the tangent planz to the poini
Q

.

fig. 2.1.

Line coordinates

One may also define line coordinates in R, (or 2-plane coordinates

3
in R4).
Definition The line coordinates of a line p through the points r

and s” in the 3-dimensional projective space are

p"V = r¥s¥ - Vst (u,v = 0,1,2,3) (2-3)
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The puv form an anti-symmetric matrix and one may easily prove that the
pUV are determined within a factor p and that they are independent of
the choice of the points r and s on p (for all properties concerning
line coordinates, see the appendix of this chapter). We use the notation

P = Es], where [] is a kind of exterior product, and we shall write.

Hv O 1 2 3luv
r r r r

p
o1 2 3
s s s s

o1 02 03 23 31 12
e, p , P | p°°, p77. 5. (2-0)

Thus we take the six sub-determinants formed by the uth and vth column
0i j - >
and write them as the six-vector (p 1, ka) = (p', p") (i,j,k =1,2,3

and cycl.) We have

p'=rs -s ‘ (2-5)
and p" = T x5 (2-6)
by which follows ;' . ;" =0 . (2-7)

Conversely, the condition (2-7) implies that the anti-symmetric tensor

puv gives the coordinates of a line p.

The dual line

v
If the point pu moves along the line pu ,

pu = aru + BS]J )

Then the corresponding polar planes, i.e,.

=0 + Bs
Py T TR

. . v
are moving around a line pu

, the so-called dual line or polar line
v
of pu (see figure 2.1). One may prove, see appendix, that

VoG h v - > :
" = (p', p") implies that p'= = (p", - p') P .

The number p is arbitrary.

El
=
<

v v
In order to make the map pu > pu involutoric, i.e., p =p ,

one may choose p = i, see also formula (2-50).

v
Returning to four-dimensional considerations, we remark that SJ and
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puv represent two planes Ors and O;E which are entirely orthogonal to
each other, i.e., every vector in Ors is orthogonal to every vector in
ors.

We note that in R4 the py are non-homogenous (vectors) and one has also
non-homogeneous puv, the so-called bivectors (''plane with a screw sense'").
However, for the transformation properties of puv, we may restrict our-
selves to homogeneous pUV_ Yet, if one introduces a (hyperbolic) metric
in R, it is also possible to construct a correspondence between bivectors

3

and non-homogeneous entities in R see chapter 1IV.

3'
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1.2. The Lorentz group and its little groups

In the introduction of section 1 we observed that the linear group in R4

corresponds to the projective group in P because every linear transform-

’
ation A corresponds with a projective trznsformation A. However all
dilations in R4 (multiplication by a scalar) are mapped onto the identity
in P3. In order to construct a (1-1) map we exclude dilations by restrict-
ing ourselves to the enlarged unimodular group in R4 (det A = + 1). It
follows that if a projective transformation pA is given, then

det pA > O or det pA < O and there exists a real p such that

det pA = p4 det A = + 1 or = -1 respectively. The number p is determined
within sign. Hence with every projective transformation in P_ there

3

exists the two transformations + pA in R In particular the ortho-

4°
chroneous group Lt which leaves the light cone invariant corresponds to
the projective group in P3 which leaves the '"unit sphere' invariant, the
so-called quadratic group. The number p is now determined by the

1]

" condition pLO > 1. So we have

(0]
Theorem 2.1, The orthochroneous Lorentz group Lt is isomorphic with the
quadratic group in Py and the restricted Lorentz group Li 18 isomorphic

with the restricted quadratic group (det pA > 0).

See also Veblen and Neumann p. 1-10,
It follows by the foregoing that this theorem may be generalized to the
complex n-dimensional unimodular group SLn’ which is (n - 1) isomorphic

with the complex projective group P Because with every pA &€ Pn—

n-1’ 1

1
there are n numbers p = m——= such that det pA = + 1.

Vdet A

We will use this in section 2, where we observe that the 2-dimensional
unimodular group SL2 is (2 » 1) isomorphic with the projective group

on a line.

It is possible to extend theorem 2.1 to the full Lorentz group (including
time reflection) by covering the projective space P3 with two sheets,

see ch. IV, section 1,
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Finally we make a few remarks
about the behaviour of the plane

XYZ at infinity in P The point

Q and the points X, 3, Z at
infinity are transformed by
Au’u into the points Q', X', Y',
Z', which are in general affine
points (xo' £ 0),
Q(},o,o,o) > Q'(Ag', A

Ag ), see fig. 2.2.

If we return to 4-dimensional

considerations we see that the

simplex Q'X'Y'Z' corresponds to

fi.g. 2.3 L — T " . o' 1! 2! 3’ .
[— - the x* , x , x , x -axis,
Fa - ——— oD

see fig, 2.3. Hence it follows
that the simplex Q'X'Y'Z' is totally equivalent to the simplex QXYZ with
fespect to the projective group. After coordinate transformation to
the simplex Q'X'Y'Z' these basic points are designated by the coordinates
Q'=(1,0,0,0), ... etc.
The rotation group G+ Q) = 03+, which leaves the origin Q fixed is
transformed into another subgroup G+ (Q'), which leaves Q' invariant.
The group G+(Q) is isomorphic with G+(Q'). These groups are known.in
physics as stationary subgroups or little groups of particular interest
i; the 1little group G+(p) of a point which lies on the unit sphere,
p = 0., If p is taken on the North Pole N(1,0,0,0,1) then the cor-

responding transformations which generateG+(P) are given as 2 X 2 matrices

A()) in formulae (2-7a, b, c).

-14 y (%
e 0 1 o e 0
pa: +i‘Q s i "%'
0 e 0 1 k) e
r S
(a) (b) (c) (2-7)

These transformations correspond with (a) rotations ¢ about the z-axis
and (b) transformations o (& complex) which leave the only ray p(1,0,0,1)
point wise invariant.

We mention also (2-7 ¢), viz. hyperbolic screws h 3('b) along the z-axis,
formula (1-6). However, there holds h03(¢)= p > e'p and h03(¢) belongs to
a larger group G:kp)i p > pp which leaves the ray ppu invariant, but

which we will exclude here.
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. . . (o]
Finally we note that the choice of the "affine" space RS(X =1), which is
taken to represent the rays pxu, is easy but not necessary. One may

equivalently choose instead of R, = QXYZ the plane TXYZ at infinity

3
in R, with points
4o 1 2 3 (0] x1 x2 3

x x
O, x, x,x,x) = (6_ o o 6—) , cf. formula (2-1).

See fig. 2.4 which is "obtained" from figure 2.3. by projective

transformation in R,. Especially if one studies the larger Poinecaré

4

group , which consists of all
transformations supplied with all
translations x' = x+a, one is in
general interested in properties
which are invariant with respect

to translations.

Hence one studies classes of parallel

rays pxu, au+pxu which are represented

by one point pxu in the 3-plane TXYZ.
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2, The real light cone

In chapter I, section 3.1 we mapped every vector X in R, onto a 2 X 2~

ae 4
hermitian matrix X = (X ) (a, ¢c =0, 1)

X = x0 + x3 x1 - ix2
1 2 0 3 . (2-8)
x + ix X - X
Because det X = xz, the "norm" of x, it follows that the transformation
X' = AXAT  (det A=+1) (2-9)

represents a restricted Lorentz transformation.
We proceed in the same way with the points pxu in the 3-dimensional

space P but observe that the pxu are homogeneous coordinates and

3!
thus the restriction to unimodular matrices A is only a matter of
normalization. In the following we shall write xH for the components

of the matrix X, i.e.,

o .2
X=<ﬂ_ x3>. (2-10)
X X

"o Xu is a coordinate trans-

We note that the transformation T = x
formation (%3 T is unitary)we will denote the base points by eu and
Eu, respectively. For the description of spinors, the coordinate
system Xu is more appropriate and in general we follow the convention

of writing the vector components Xu in a square.

(o]
We consider now vectors pxu lying on the light cone with x > O,
2
(or points x lying on the unit sphere x° = O in the three-dimensional
language). Because det X=0, rows and columns of X are dependent and

the matrix X is of the form

X = (¢0) (¢°, ¢1) = w¢T . (2-11)

1
v
Moreover, if we require that all xV are real, then X is hermitian,

x" = X and it follows that
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X = W+ (2-12)

0 0,0 1 C
It follows that x° = ¥° + 414! > 0 or in components X = ¢a wc .
The 2-dimensional vector Yy may be expresses in the coordinates xu
and is determined within a factor el-g by (2-12). After substitution of

2
+
= ¢¢+ and X' = y'y' in formula (2-9), we get

V' = Ay .

Hence y is transformed by a two-dimensional representation of the

Lorentz group, i.e., D 0: A+ + A(A), and thus Y is a spinor. i
Thus the points p of the upper light cone are (1-1)-mapped on the rays e “ y

ol

in the space R, of spinors.
See Veblen and Neumann p. 1-2,
We also have that every light ray ppu is (1-1) mapped on the ray
6
i_
w Now by going from rays in R to points in the projective space
P -1’ we observe that pp corresponds with a point on the unit fphere

n-
and that (w U] ) corresponds with the complex number y — , Thus

the unit sphere is (1-1) covered with complex numbers iy (p). Itwgs easy
to prove that this map y(p) can also obtained by performing stereografic
projection x <—> x' of the unit sphere upon the (x+iy)-plane. The

South Pole S(1,0,0,-1) being the centre of projection,

Thus we will prove that

Y(X) = x' + iy' , see fig. 2.5.
The next sub-section is an application of the above 'decomposition'
of the vector X , but is not necessary for the understanding of the
following sections,

Stereographic projection

We observe that the 2 x 2 matrix X' is a linear combination of the

matrices



fig. 2.5

X = l])od)? wow% and S = (0 O\)
wlwo wlwl o1
in such a way that the diagonal elements of X' are equal (which implies
that z' = 0). We get
< - (wow‘? %!
¢1¢0 wOwO

and after dividing by the homogeneous factor ¢0¢0, we obtain

1 i o
X'=l1 0 A
VAR
wl
Hence x' + iy' = 5 Thus if we identify X' with the complex number
x'+iy' V(x"), wewsee that y is transformed into
Al + A1 1]
0 1
lp':o 0
A o + A 1 /]

and that Yy in its homogeneous form (wo, wl) is transformed as a spinor.
Consequently by describing the points on the unit sphere by complex
numbers ¢ (the Gaussian number sphere), which are written in homogeneous
form, one obtains the 2-dimensional space of spinors,

It is important to note that projection from the South Pole S (North
Pole N) gives a right-handed (left~handed) Gaussian sphere with points
Y (or }). We note that the right-handed Gaussian sphere is a .one-
dimensional complex space, with N = O and S = » and with homogeneous
coordinates the Gaussian sphere is a one-dimensional complex projective
space which is spanned by N = (1,0) and S = (0,1), So we have

N
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Theorem 2.1, If S is the Gaussian sphere consisting of all light rays
oxV in the ray space P,, then the 2-dimensional spinor representation
DJEO (or Do;é) s given by the projective group of the right-handed (or

left-handed) Gaussian sphere S into itself.

Applying total reflection J in R, : pu -+ qu = - pu or with the 2 x 2

4
matrices P > Q = - P it follows that considering light vectors q

with qo < 0, formula (2-12) has to be replaced by
+
Q=-v@¥ (). (2-13)

Thus the light vectors pu and -~ pu are mapped onto the same spinor,
v(p) = v(-p).

We wish now to determine, by using stereographic projection, the form
of the 2 x 2 matrices A(\), where A is (1) an arbitrary rotation, (2)
an arbitrary hyperbolic screw, and (3) a so-called g-transformation,
(1) Rotations We consider first a rotation 6 around the vector S
along the z-afis, y' o= eiew, and thus by
writing ¢ = v oor (lpo, q;l), we obtain the

0
matrix v
4 Exfeletey)
Yoo & e iue? e’z o
0= +il . (2-14)
[0} e
fig., 2.6

>

By a rotation S we now transform the vector n i?to %n arbitrary vector
e e

€. The projection of & in the (x-y)-plane is S——*——gl and by this we
1+ e

obtain in the complex plane the transformation

1.
e +1e

py(N) =0+ ¢e' = —3— or (1,0) » (1+93, e1+ie2)
l+e
e1+ie 3 1 2
P(8) = o » ¢ =——7F— or (0,1) > (1-e", =-e -ie”) .,
l-e

The columns of the transformation matrix S are thus given by the vectors
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€ and €' ,

>
A rotation 6 around the unit vector e is thus given by

.0
-i= 1
1+e3 1-e3 e 12 ° -e —ie2 -1l+e
ses”- —
2 1 1 - i
e1+ie -e -ie2 0 e+i§ -e -ie2 1+e3 2(e +ie )
Using (e1)2+(e2)2 =1 - (e3)2, we obtain:
cos o . i sin 5 e3 -i sin & (el—iez)
2 2 sin 3
A = ’
-i si 9 ( 1+‘ 2) 9 + i si 9 e
i sin ; (e +ie cos ; sin 3
or with the Pauli matrices cu, see formula (1-23),
8 . .8 k
A = cos > Uo 1 sin 2 e Ok . (2 15)

i

We shall write A = a UU and so, with respect to the basis ou, every

rotation ¢ around a vector ¢ is determined by the vector
a" = (cos 3, -1sin $ @ -1y . (2-16)
In view of the vector i in (2-15), it follows that the matrix A is

unitary for rotations,

(2) Hyperbolic screws

By substituting 6 = iy in (2-6), we obtain the hyperbolic screw

S ¢
e2 (0] i
"2

0 e

fig, 2.7

See formula (1£22),

by

It corresponds to the multiplication transformation Y'= e
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in the complex plane and on the sphere to a transformation with N and S
. >
as fixed points. A hyperbolic screw ¢ along the vector e is determined

by

a" = (cos %9 , —i sin i Z)
2
= (h ?, sn % e . (2-17)
u

In view of the fact that all a" are real, it follows that for hyperbolic
screws A is hermitian (cf. remark 3.1 in chapter 1),

(3) g-transformations We wish to consider now especially those transform-

ations which have S as the only invariant point on the

N
sphere. With a translation y' = ¢ + 0 in the complex
fig plane, it is clear that there is only one invariant
2.8 point, the point at infinity. Thus by the stereographic

projection we obtain a transformation of the sphere which has S as the

only fixed-point. In homogeneous form we may write

1 o0

)
With formula (2-16) and (2-17), one may calculate now the infinitesimal
operators of the spinor representation (section 6, chapter I), If the
vector g is arbitrary complex with g2>= 1, one may prove that the matrix
A determines an arbitrary screw around an axis not necessarily through O,
(see chapter 1IV).
Finally we consider the little group G+(p) of all restricted Lorentz
transformations which leave p invariant G+(p): P > P.
If one takes for the North Pole N = (1,0,0,1) then the transformations

which generate G+(N) are given in formula (2-18a) and (2-18b)

- ¢ ¢
e 2 0 1 o e 2 0
+i d -¢
2 2
[0} e [0} 1 (o} e
(2-18)

(a) . (b) (c)
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We also mention (2-18c) which is a hyperbolic screw h03(¢) along the
z-axis, However there holds h03(¢) HES g e¢p and ho3(¢) belongs to

the larger group G:(p): p - pp which leave the ray ppu invariant,

Remark 2.1. Connection with complex quaternions

If we go from the basis ou to jo =04 = 1 and jk = —iok, then the
matrices ju are the quaternions of Hamilton, since
2 .2 .2 e -1, id. = i s s a 1 (2-19)
Jl = Jz - 33 - ? JlJz - Js} 3231 - 33 an Cyc L4

With respect to the basis ju, a rotation is denoted by the real

4-vector

-
e

For an arbitrary unimodular matrix, the number 6 and the vector € are
4+,

complex and one may state that the restricted Lorentz group L+ is

isomorphic with the complex rotation group in three dimensions

,'u
(cf, Cartan II p, 73) or equivalently, L# is isomorphic with the group
2 2 2
+ j, + 3+ 3 =1,
oFJ1 T I I,
Many calculations with 2 X 2 matrices are most easily performed by

of complex quaternions with norm j

using the multiplication rule of quaternions
2) (b 4b) = (ab_ - a.b) b+b a+axh (2-19b)
+ + = - a, + a+ a . -
(agra) (bg %00 %0 0 x
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3. The comblex light cone

In this section we treat the complex light cone x2=0. The representations
0 _10 03 o1 ) ) 2

D° , D (and D °, D ) will be realized by concrete points on x = O

and using this we will treat the properties of complex Lorentz transform-

ations., Here, the geometrical theory, which in fact developed by F. Klein
[Nicht Eukl., Geom., p. 112 p, 238-240], will be more compactly formulated
by using the matrix method of E. Cartan. These results will be applied

in section 4.
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3.1. The spinor representations D%0 and DOé

We shall treat in greater detail the transformation (Xu) = T(xu),

formula (2-10), where a factor LS has been added in order to make T

7z

unitary.

Xo 1 o o 1 xo
X1 1 (0] 1 i 0 x1
X2 ) Vf (0] 1 -i (0] xz (220
X3 1 o o0 -1 x3

If we interpret this transformation as a coordinate transformation,
-1 +

then the matrix T = T contain in its columns the new basic points.

E_. By Felix Klein E_, El’ E2, E

E, E, E is called the Znvariant

2’ 73 (o] 3
tetraeder (invariant with respect to rotations about the z-axis) in
i i ¢ E E E E_=
physics one calls the new vectors in R4 o’ By Bpo Bg

o1", oo, om", on" a null tetrad

o
-
o
(]

= (2_21)

o
1
e
=
(@)

In particular, we have the isotropic points El(o,l,—i,o) and E2(0,1,i,0)
lying in the (x,y)-plane at infinity for E10 = E20 = 0 (see fig. 2.9.).
Later on we will write again the vector X as a 2 x 2 matrix; thus an
arbitrary point X on the complex unit sphere is of the form X = ¢¢T,

see (2-11), or

0 0
X = ¢° {“’1 O) P (O wl) (2-22)
0
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,

Thus X is a linear combination of the points

from which follows that X lies on the line RS and is determined by the
ratio (¢0: ¢1). The line RS itself is determined by the spinor y. Every
point of RS(y) is of the form X = w¢T and because det X = O for all ¢,
it follows that the line RS lies wholely on the complex unit sphere

and RS is called an Zsotropic line. Thus the spinor y determines the
isotropic line RS as well as the real point X = ¢w+ on it. More

important is that the spinor y may be identified with the points R or S,

R= % v, 0, 0 ' (2-23)

s = (0, 0, v°, vH) .

30

Hence the Lorentz group induces the spinor representation D on the
ixe -axis.
fixed EOE1 and E E_-axis
Similarly we may write

6] 1

0 ¢ ) 1 0 0] (2-24)
X=09 + Y o 1 .
0o o ¢ ¢

+
Thus the real point X = V¥ also determined another isotropic line
. + . . '
R S with X = ¢y, and where R and S lie on the E, E, and E, E, axis,
respectively, i.e.,

R

@9, o, vi, o) (2-25)

0 i

$=1(, v, o0, v .
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10 01
3.2. The representations D ~ and D

Of particular interest is the intersection Q of the complex unit sphere
with the plane (x0=0) at infinity.

The intersection point G(O,a) on Q lies on an isotropic line RS and
thus the corresponding 2 x 2 matrix G is a linear combination of R and

S. Because GO=O, the diagonal elements of G are
63 and -63

and thus we must take a linear combination of R and S in such a way,

that the diagonal elements have opposite signs. It follows that

[0} 0
" 0 o ¥
1 0
G=0V"| 4 - ( 1
Y 0 o v
0 1
= wo (wl,- wo) = w(Cw)T, where C = ( . (2-26)
1 -1 0
)

c a
One notes that wa = Cac V- (see formula (1-26)) and thus G = (V¥ wc).
The representation acting on (wawc) is equivalent with the representation

acting on the space of spinors (YAy°) and thus the intersection

o 1 o] 1 a a
G = (11)0, U’O, ll’l, IPI) (ch =9 ‘pc) (2-27)
T R S I _
¢ = Qug, vg W, e (2-28)

point G of RS with the fixed reference plane (x0=0) is transformed under
the representation D10 (see table (1-32)?.
Thus the point G is not transformed as a vector, i.e., X' = AXAT. Using
the fundamental property of the matrix C ,

ca=w0HTe,

it follows from (2-26) that G is transformed by

G' = AGA™L, (2-29)
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Hence trace G' = trace G =2G0 = O and we see again that the point G
remains in the plane at infinity és an intersection point of the line
RS with the fixed reference plane at infinity.

In the 4-dimensional case, pG is the intersection line of the complex
light cone and the (x1x2x3)-space. In this non-homogeneous case, it

is also true that
det G' = det G or 3'2 = 62. (2-30)

>
Thus G is transformed as a vector under the complex 3-dimensional
rotation group. We separate the real and imaginary part of G,

> > >

G = E + iH, and obtain the invariants

>

#2_8 ana B.H. (2-31)

These are important invariants of the eléctromagnetic field in the
theory of relativity, In formula (1-80m) on page 71 we have used these

invariants to obtain the Casimir operators of the Lorentz group.

Vi
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3.3. Complex Lorentz transformations

One may extend the Lorentz group L to the complex Lorentz group L(C)
0,2 1 2.2 2

which leaves invariant the "norm", x2 = (x) -(x )2-(x ) -(xa)é.

are mapped onto real x".

However, it is not necessary that real xV H

The real Lorentz group L is a subgroup of L(C). Besides L(C), there

is another extension of L which leaves invariant the norm,

¥ - XX, -XX - XX
¥0%0 T *1*1 T *o¥2 T *3¥ye
is isomorphic with the 4-dimensional complex orthogonal group 04(C).

see Barut p. 34. We note further that L(C)

Using the 2 x 2 matrices X from formula (2-2), it follows tha” the

transformation

T
X" = AXB (det A = det B = 1) (2-32)

is a complex Lorentz transformation. Because det X" = det X, then

x"2 = x2. Thus the transformation
T=Ax B= (Ax E), (Ex B) (2~-33)

acts on the vector Xu and det T = +1, Conversely, every complex Lorentz
transformation T with det T = +1, T € L, (C) , is of the form (2-33).

Thus in group theoretical terms one may write

Theorem 3.1. 0/, (G) ~ SL2 x SL2' (the homomorphism is: 1 < 2)

Now we write the point xo on the complex unit sphere as

)

T
Xo = wo¢

0 ! where ¢o and ¢O are 2-component spinors.

Then wo determines the isotropic line X = ¢09T through XO, with ¢
as parameter and ¢O determines an isotropic line X = w¢g through Xo

with ¥ as parameter. The above and (2-33) imply

Theorem 3.2. Every complex Lorentz transformation consists of a transformation
X' = AX

which transforms the isotropic lines Yo but leaves invariant the system

9s followed by a transformation
x" = x'"

which transforms the isotropic lines 9 but leaves invariant the system

vy -
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Obviously, for the real Lorentz group Li, the matrix B is chosen in
such a way, i.e., B = E, that the reality conditions in R4 are restored;

"
if X is hermitian (x" real),then X" is hermitian (' real).
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4, Isotropic planes

4.1, The representation D10 + D01

We wish to determine the coordinates guv of the isotropic lines (planes)

of the unit sphere (light cone)., In the first part of this section, we work
in the coordinate system xu, whereas later on we work in the coordinate
system Xu.

In section 1 we have mentioned that along with every point pu, its polar
plane pu may be introduced and along with the line puv with points p“,

7Y

its polar (dual) line p may be introduced which is the carrier of all

polar planes pu. Algebraically we have

v > > v > >
p" = (E, H) = p" = (H, -B)i.
Now an isotropic line g lies entirely on the complex sphere. Thus if
a point pu moves along g, then the polar (tangent) plane moves around g.
One says that the isotropic lines are selfdual, i.e.,
v uv
M rg .

g

> - >
This implies that H +i E and we obtain the two systems of isotropic

lines

uv
g

FRTRY)
g

-> >
(G, -iG) (2-34)

> >
(G, +iG) . (2-35)

As a consequence of (2-7) it follows that

->2=E‘:2z

G 0. (2-36)

Thus 3 and E are necessarily complex vectors,

By a Lorentz transformation, the unit sphere is transformed into itself
and thus the two systems of isotropic lines form two invariant spaces
for L:, but are transformed into each other by a space reflection

P = (gu\)) ?

-> > T -> ->
P(G, -i@)P = (-G, -iG) . (2-37)
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Because G is transformed as an ordinary 3-vector under rotations
> >
G' = rG, it is easy to prove that (2-34) and (2-35) determine two
irreducible linear spaces under L:. This means we have obtained a
geometrical interpretation of the reduction of the space of anti-

symmetric tensors (see section 2 chapter I).

Theorem 4.1, The spaces RS and RS’ into which the space of anti-symmetric

tensors may be reduced,
28, 1) = (8, iC) + (C, ~iC),G =B +4, ¢ =% -l , (2-38)

are spanned by the two systems of isotropic lines (2-34) and (2-35),
respectively (52 =¢ = 0).

By the general representation theory of the Lorentz group, see table
(1-32), it follows that the only 3-dimensional representations of Li

are D10 and DOl. Thus the space of anti-symmetric tensors is transformed
by the representation D10 + DOl,

" Without using the general theory, one may also prove that the space of
anti-symmetric tensors is transformed by D10 + DOl. Therefore, we observe

. Oov _ > v . . .
that the first row g = (0,G) of éJ , which is defined by

is a linear combination of two points r and s so that gQO = 0, From (2-34)
it follows that (O;E) is the intersection point of the isotropic line

rs = ¢V with the plane at infinity.

Using now section 3.1., it follows that E is transformed by D10 and,

01
analogously, we obtain that E is transformed by the representation D .,

We obtain the same result if we calculate the coordinates G"V of the
isotropic lines g in the coordinate system X!, From the points R and S
on the line g, which we have already obtained in formula (2-17), we get
HV o1 HV 0o 01 11 10
G = det gy 0O =@, Yy, vy O, =y v, v 9 )
o1
00 Yy Y (2-39)

If we restrict ourselves to the components of GHY which are unequal
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to zero, we get

02 03 0,0 0,1

G G T
[PV v = Yy . (2-40)

12 13 10 ,1.1
GG UM A
Thus by definition, the coordinates (Wa wc) of the isotropic lines
are transformed by the representation Dloﬁ i.,e.,

B

a [+

lPa"pc' - A?

Similarly, we obtain for the other system of isotropic lines Gu the

3 a c 01 . Hv
coordinates (Y ¢ ) transformed b¥ D . If we write all components G ,

we obtain the matrix G"° =( 0 $¢ ) =C X (¢¢T), where C = (_? ;) and

Yy 0
for G"¥ we obtain GV = (@ET) x C ,Summarizing:

Theorem 4.2. After the coordinate transformation z¥ - 1, the coordinates

gw = (5, -iE) of the isotropic lines g may be decomposed by
o el - ig? . ° .
1 2 _.3 = (wawc) or ¢ = a e = Cx(bv),
G+ 16" -G T 0

A similar theorem holds for the isotropic lines §.
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[0} (0}
4.2, The representation Dé + D 3 (the spin-space of Veblen)

By the foregoing method we also get an easy description of the (geometrical)
spin-space P3 introduced by Veblen.

Therefore, we consider the complex Lorentz group

T
X" = AXB (det A = det B = 1)
and restrict ourselves to the six parameter subgroup I,
X' = AX (det A =1),

which is homomorphic with the Lorentz group. With respect to the group I,
all points R(wo, wl, 0, O0) and all points S(O,O,w0,¢1) form two invariant
subspaces, both transformed by the representation D 0. Every point X

in P3(I) may be covariantly written as X = A R+uS, where A and p are
scalars with respect to I. It follows that P3(I) is the representation
space of D"lso + D%O.

" Now we transform P_ into P_ by the transformation

3 3
= =3
Xz, X3 > X2, X~ (complex conjugation) .
. 0,3 1.2 . X .
The unit-sphere X X -X"X" = 0O is transformed into a so-called anti-—

. (o = 1
quadrie X X3—X1X2 = O, In particular the spinors R(¢0, ¢, 0, 0) remain

1 o
invariant but S(0,0,wo,w ) is transformed into S(0,0,wé,w ). Because

every point of P_ may be written in the form X = AR + Aé, it follows that

3
P3 is the representation space of

D%O + Doé.

Analogously to (2-39) and (2—49), the line coordinates of the '"isotropic'
lines RS are now given by (wawc) = ¢¢+.

It follows that the line coordinates X = ¢w+ span the original real
space X = w¢+. Thus by the method of Veblen, the original 3-dimensional
space P3 acts as the image space of the "isotropic'" lines in the spin-

spare ﬁa. See Veblen, geometry of four-component spinors.
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4.3. Clifford parallels in 3-, 7-, ... (4k-1)-dimensions

Clifford parallels in 3-dimensions.

We consider the complex Lorentz group.
Definition Two lines p and q are called Clifford parallel if there
exists a Lorentz transformation (not the identity) which leaves p

and q invariant.

uv

We seek the condition which the line coordinates p and quv must

obey in order that p and q are Clifford parallel.
In section 4.1 chapter II, we have proved that every line pgv may be

decomposed in the following way:

po=Go+Go K}

where G. and GO belong to the invariant subspaces R_, and R

0 3 3 H
respectively, formula (2-38) Now every Lorentz transformation

'T = A X B is theproduct of a Lorentz transformation (A x E) which

works in the space R, but not in the space ﬁs, and a transformation

3

(E X B) which works in the space éS but not in the space RS’

(2-33). Suppose now that T = A x B leaves the line p0 invariant. Then

formula

the transformation (A X E) has the eigenvector G0 in R3 and the
transformation (E X B) has the eigenvector éo in ﬁs. Thus (A x E) leaves
invariant, along with po, all lines

pr = Go + Gr )

(ér & R Gr arbitrary so that P is a line) and (E x B) leaves

3!
invariant, along with po, all lines
E)C =G£+ Go .

In this way we obtain a system of lines p which are called right

Clifford parallel with p_ , and a system of lines pt which are called

(0]
left clifford parallel with Py Thus :

Theorem 4.3, Suppose that there is given a line py = GO + G'O. All lines
P, for which Gr = GO (ﬁp + iﬁp = Zfo + 71?50) are right Clifford parallel
with p, and all lines Py for which G = GO (7:; -tﬁ{ =§0—zﬁo) are left
Clifford parallel with Py
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This proof holds in the complex case and may be generalized to n-
dimensions. For another proof in 3-dimensional elliptic geometry based

on the introduction of a metric, see Godeaux.

Clifford parallel planes in(4k-1) dimensions

We wish to generalize the foregoing theorem. Therefore, we consider

the linear space R or, equivalently, the projective space P

2y 2y-1°
In order to avoid lowering and raising of indices, we take the norm
x2 = x2 + x2 + x2
~ 7o 1 """ T2y-1

and we consider the complex orthogonal group which leaves invariant

this norm. Similar to our introduction of bivectors puv in R,, we

’

consider now y-vectors in sz. These are anti-symmetric tensgrs p whose
components have y indices p . In order that p are the

I coordinates of a y-plane, tﬁé.éé;gonents P obg§';;;% quadratic

relations; compare with formula (2-7) and geé.ézglen and Neumann p. (4.8).

We call two vy-vectors p and q Clifford parallel if there exists an
orthogonal transformation (not the identity) which leaves p and q in-

variant, We will derive the conditions which pu " and qu y must
e 1°°°
obey in order that p and q are Clifford paralle}. v v

One may define, analogously to R4, a duality relation in sz

9

Y]
P — — =1Pp (Li

- sessl = even permutation of 0,1,...2v-1).
Hioeely ot Hay 2

1

In this way one obtains two families of selfdual v-vectors,

+
G:p —— =p ’
IR Hyeool

and anti-selfdual v-vectors,

G ip —— = -p L
TR Hyee ol

see Weyl and Brauwer p. 427. These two families correspond to the fact

. . . 2 s
that in an even-dimensional space R the cone x = O bears two families

2v’
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of so called isotropic planes.

If we separate the components of a v-vector into two groups,

(p ) = (p. ., b,
ul...uv Oi_...1 i

2 N v+1"’12v(12'13’°'12v) forms an even

perm of 1, ... 2v-1,) then the duality relation in sz takes the form

).

AV
(Poi .o.i ,Pi .uui () Pos s
2 Y v

v+1 2v v+l T2y 2
The selfdual and anti-selfdual tensors are characterized by
Y
, H(-1) Py )

eeol eeod

+  (p..
= Oige..dy 2°°ty v

G

and

- v
G = (p ., —(-i)p L)

012"'1v —012"'1v
respectively, and belong to a space G: and G;, respectively. Now every

V-vector p may be decomposed into the form

We now restrict ourselves to the case that v is even: Vv = 2k

By a generalization of the 4-dimensional spinor theory, one may prove
that every orthogonal transformation T in sz = R4k is the product of

a transformation T+ works in the space G+ of the first system of
isotropic planes G+ but leaves the system G invariant, and a transform-
ation T which works in the space G of the second system of isotropic
planes G+ but leaves the system G invariant, see Cartan II p. 49,

+ -
Suppose now that the orthogonal transformation T = T T leaves the

V-vector po invariant,

- +
=G + .
Po = % * G
+ . + . + - .
It follows that T has the eigenvector GO in G and T has the eigen-

vector G; in G_. Thus we obtain the following system r of V-vectors,
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+
=G_+ G
P 0

+
which remains invariant with Py under T , and a system { of v-vectors

" -
p[ = G‘ + GO ]
which remains invariant under T . Summarizing, we obtain the fo’lowing
theorem:
. + - .
Theorem 4.4, Suppose that there is a 2k-vector Py = GO + G, in the space

R ok then there is a set r of 2k—vectors P, 80 that G; = G;
right Clifford parallel with p,, and there is a set L of 2 k-vectors

so that Gz = G;, which are left Clifford parallel with p.

, which are
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APPENDIX

General properties of line coordinates and bivectors

In the following sections A, B, C, we mention some well-known properties

of line coordinates puv and the associated dual pﬁv.

A. Definition., The coordinates of the line = At o+ kst (2-41)
Y rusv - rvsu

are P = (u,v = 0,1,2,3). (2-42)

Theorem A-1. ALl straight lines p in P3 can be mapped 1-1 onto the points
of a quadratic surface in the five dimensional projective space Rg.

)

PROOF, (1). The line coordinates p  are independent of the choice of

the points r and s on p. For; if we choose r' and s' on p, i.e.,

r' A H r (] A u
( > i ( ) ( , then p* ¥V = det p*V,
s' o T s o] T

Thus the coordinétes puv of a line p are determined within a factor p
i ik, .. .
’ pJ )(i,],k=1,2,3),

every line p is mapped onto a ray pp“v in R6 or, equivalently, a point

v O
and because pu has six independent components (p

v
Opu in the projective space P5'

0i .
(2) Conversely, suppose that the numbers (p 1, ka

) = (;','ﬁ") are the

coordinates of a line, Then (2-41) and (2-42) imply that the rows of

HV ov O v

P , €.8., P =rs
\

thus that the row p0 is the intersection point of the line p with

O v . . .
-s r , are linear combinations of r and s and

the plane x0=0. In general, the rows puv (u=0,1,2,3) are the intersection

points of the line p with the planes M = O. Hence it follows that the

v
six line coordinates pu determine the line p uniquely.
> Oi
(3) The definition of puv implies that for p' = p * and 3" = p

(i, j,k=1,2,3 and cycl.),

Jjk

>, o> o> T > >
P =rs-sr ’ p =rXs,
> >
and pv.pn = 0 . (2"43)

Thus in the space P_, a quadratic surface D (matrix D) is given so that

5
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the following hold for all line coordinates:

T 0 E .
PDp =0, where D= and p=(p', p").
E (0]

-> -
(4) Suppose now that we have a point p(p', p") in P5 with

1| 1" 21 2"
p p

3' 3"
p +p p

+ p =0

01 23 02 31 03 12
p p +p P +p P

or = 0. (2-44)

We must prove that p corresponds to a line., Because there is in P5 no
1

> > : 1
point (0,0), we suppose that p # 0 and take the first two rows of
TRV Oov 1 2' 3' 1v 1’ 3" 2"
p , i.e., p (O, p ,p ,p )andp (-p , O, P , -p ).
It is easy to prove that condition (2-44) is sufficient for the following

rélation:

-> - 1' 1! 2' 31
(', ") = p o, p , p, p W
11 3" 2" .

- , 0O , p , -P

v
Thus the coordinates pu determine a straight line through the points

ov 1v
p and p . (q.e.d.)
. aB_Y§

One writes the form (2-44) as follows: éeaeyép P = 0,
Here eaBYS is the Levi-Civita symbol and is defined by:

+1 if o, B, Y, 6 form an even permutation of 0,1,2,3,
eaBYé = -1 ifa, B, Y, § form an odd permutation of 0,1,2,3,
O if two indices are equal.

The fundamental property of the Levi-Civitd symbol ¢ is that

auu’aBB'aYY'aGS' = det (a) Ea'B'Y'G'

We can verify this by taking o', B', A', 6' = 0,1,2,3.

EaByG

B. The covariant coordinates p and p~-
HV UV

A Lorentz transformation L = IPW induces, in the space spanned by all

V \Y]
1 M b

v - .
P =r s -r su, a transformation L X L = L u v’ i.e.,



133

HV .
One says that ppl is a contravariant entity . We remark that p"V is
only transformed under the irreducible part of L x L which works in the
space of antisymmetric tensors. A tensor transformed by the represent-

-1, T -1.T .
ation (L 7)'x (L 7)" is called a covariant entity. In order to construct

"y

covariant entities from p we first consider the index p in (2-45),

' '
pu.uzLuu, ...pu . .

By lowering this index with guv and using gL:(L-l)Tg R

]
so that g A , =L Y g , : we obtain
YU Y Y H

.o u' .o
=L ces .
pu u pU'

If we also lower v, the quantity puv is transformed under the represent-
-1.T -1,T

ation (L 1) (L 7).

There is also another way to construct covariant quantities.

We lower indices in (2—-45) with the operator eﬁﬁuv 5

. uv uv
ie., P Tppg=degg P

> > > >
into components (p', p") - (p", p') .
From the fundamental property of the Levi-Civita symbol

i v M v . X M v
gﬁﬁuvL ﬁ'L E:L :L o= (det L) EBVV'u'v’” it follows that EﬁﬁuvL u,L N
= (det L)Lﬁ LV Eﬁ'v'u'v' and thus after multiplying (2-45) with

eﬁﬁuv’ we obtain

1

u'.ov
Pgg = Lﬁ Ly PLi g (det L)

This implies that Poy is a covariant entity. The fact that (det L) appears

implies that pﬁv is a pseudo tensor, that is to say in the non-homogeneous

case pﬁU gets an extra negative sign under (space and time) reflections,

Summarizing:
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Theorem B-1 Besides the contravariant p"’ = (E', E”), we may construct

two types of covariants, namely, puv and pﬁG defined by:

~ v, > >
Py = 9,18y, P into components p . = (-p', p")
J s ke " . Y T
an Pog keoguy P into components pa; = (p", p').

Moreover, the tensor pﬁG 18 a pseudo tensor.

Geometrical meaning of p and p__
UV HV

The equation of an arbitrary plane V with points x" is of the form

ruxu = 0. The covariant components ru are the so-called plane coordinates
of V and in projective geometry one may prove that the relation |,

r, = guvrv, implies that the plane rp, xpguvrv = 0, is the polar-

plane of the point rp. (See construction of ru in the figure).

The polar-plane r represents the 3-
u

dimensional space in R4 which is

orthogonal to M.
The line p, which joins the points
ru and su (the ray p), has line

coordinates puv and one also says that

the p"¥ are ray coordinates.

Similarly, the planes ru and su have an intersection line 5 (the axis

p) with equation tu = Ar + ks , and in an analogous way, one may show
u u

that the components

P =rs -rs
uv TR v

are independent of the choice of the plane t through 5. Therefore, one
H - -

says that the puv are axis—coordinates of the axis p. One calls p the

dual (polar) line of p and p is unequal to p in general. The lines p

and 5 thus represent two orthogonal planes Op and 05 in R Now we

4"
consider the line p as an axis, that is to say, p is given as the

intersection line of'the planes u and v. To avoid misunderstanding, we

denote the axis coordinates of p by g , i.e., q =uvVv -—uv.,
HV HV v u v u
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By comparing the covariant quv with the covariant p_v, which we have
. u

introduced in the foregoing section, in a suitable choosen coordinate

system
" 0,1,0,0{pv = (-1,0,0| 0,0,0)
P = |1,0,0,0 > P = (0,0,0 | 1,0,0)
a, = 0,0,0,1 = (0,0,0 | -1,0,0).
0,0,1,0 "

It follows that pﬁg = pquv S (2-46)
and thus the pﬁ; are the axis coordinates of the line pu itself,
Similarly, we may introduce puv = euvuvpuv, which are the ray coordinates

of the dual line p.

u

An arbitrary plane LN through the line p contains ru and s and thus

puvwv = 0, An arbitrary point xu on p lies in the planes vu and wu and

thus quvxv = 0, Using (2-46) we obtain:

Theorem B-2 The equation of a line p is puvwv = 0 for planes LA and
pﬁvxv = 0 for points z".

My, =0 (2-47)
and for points puvxv = 0. (2-48)

The equation of the dual line p is for planes p

C. Invariants in the six-dimensional space of anti-symmetric tensors

. . Voo :
If we restrict ourselves to inhomogeneous pu , i.e., bivectors, we

find that there are two important invariants.

Theorem C-1 The six dimensional space of anti-symmetric tensors posesses
with respect to the restricted Lorentsz group, two invariants, namely,

>pl_78

— MV _ - - v _ 2, 2y _
F = %puvp =p"-p' and G = %pﬁvp =pl.p". (2-49)
G is a pseudoscalar, which means that under a reflection, G changes sign.

The proof of this theorem follows at once from the covariance of puv

and p‘—n—).
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Definition Two bivectors are called dual if they determine two dual

lines puv and puv and if the "norms" F of puv and puv are equal.
Starting from puv, we obtain puv by
v - ].76
p pUV p
> >
or (3',3") > (_Bl’ -6") > (p"’_pl) N
. uv Y .
The requirement that p and p are dual is
uv v >n2 >,2 2 +,2_+"2
PP = PygP - or PP =p (p'"-p" ),
so that p = + i,
-‘ +l _)." : $ +" +'
Hence the dual bivector of (p', p") is + i(p",-p'). (2-50)

The reduction of the space of anti-symmetric tensors into two invariant
subspaces is discussed in detail in chapter I section 2, and in chapter II

section 4.
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chapter III

GEOMETRY OF ZERO-MASS EQUATIONS

In this chapter, we study the projective geometrical background of some
equations which are known in physics as the Proca equation, the Maxwell
equations, the Weyl equation and the generalized Weyl equation,
These equations are linear first order equations in an n-component
function y(x), i.e. L(au, p(x)) = 0.

The idea is that by developing y(x) in plane waves i.e. y(x) = u,(p)elp'x

1

= O which may

one obtains equations in "momentum space" L(ip , y(p))
be studied with aid of projective geometry. .
According to this method, the generalizedWeyl equation describes in
fact the system of isotropic planes on the light cone, and the one-
dimensionality of the representation space to which y(p) belongs (for

a fixed p) can be very clearly shown., Therefore this treatment gives
the geometrical back ground of the fact that photons are only trans-
versely polarized, that there exist only right-handed neutrino's (and
only left-handed anti-neutrino's) and that the equations of Maxwell

may be brought in neutrino form.

In the sections 1, 2 and 3 of this chapter we treat the geometrical
relations which appear in some special cases (the equations of Proca,
Maxwell and Weyl); this serves at the same time as an introduction to
section 4 (the generalized Weyl equation). Solutions of these equations
may be written in terms of generalized spherical functions.

Finally we note that in each section the study of the properties of

Y (p) is given first, followed by the properties of the covariant

equations which y(p) obeys.
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1. Geometry of the Proca equation

i, ptQ ; pt

1.1. Description of all lines in R, by the representation D
x

we now introduce in R, along with the affine coordinates

Analogously to RS’ 4

(ct, x, y, z) the five homogeneous coordinates x%(g = -1, o, ..., 3)*0,
such that
xO x1 x2 x3 -1
(Ct! x’ YJ z) = ( _1 ’ _1! _1 ’ _1) ( # O).
x x x x
The rows x0 and pxo determine the same point in R4.
The equation of a line P through the points r¥ and s“, i.e.
xH = M & 0 (su - ru),
becomes, in homogeneous coordinates, the equation
xq = Aro + Ksc.
- This may readily be seen after dividing both terms by x ; see also
chapter II section 1.1,
The 4-dimensional line coordinates p°' of P are defined by
pOT = r%" - r's°, (3-1)
The following are properties of the 4-dimensional line coordinates.
1) Non-homogeneous line coordinates or line vectors. If we choose
1 1
two other points r' and s' on P we get p0 Too pch (as in R3)'
The result is that the coordinates of a line are homogeneous, thus
independent of the choice of r and s on P,
The Lorentz group is an affine group, for the 3-plane at infinity
- -1
remains invariant, Hence we take affine coordinates, i.e., r 1 = s =1
and thus p— 1lu = su - ru. The point and line coordinates are no longer
1 ! oT
homogeneous and it follows that p0 T p (p =1) if and only if
) 1
st - ¥ = gH - M,

o, T take on the values -1, 0, 1, 2, 3, and, in accordance with the
notation convention of chapter I section 1.1 and 3.1, the indices
Hs Vs oo take on the values O, 1, 2, 3
i, J, k, ... "o " " 1, 2, 3

a, b, ¢, ... v " " 0,1
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If we call the class of all vectors rs which may be obtained from each
other by translations along the line P, a line vector, then it follows

that the non-homogeneous ch determines a line vector in R,.

4
Notations: We use the notation
- -1 1 ot
ot _|T ro r rz r3 |1 r ot
P =121 01 2 3 =
S s s s s 1 s

T

One may consider the components p0 as an anti-symmetric (5 x 5) tensor

as well as a ten-dimensional vector. For that we first take the four

“lp_ .u u

components p s = r°, which we shall call p“; there remains the

anti-symmetric tensor

p"V = [rs] V. Thus p" = ¥, P"V) = (s-r, [rs].

HV

Analogously we have written the anti-symmetric tensor p in chapter II,

formulae (2-4), ... (2-7) as a six-vector (3', 3") by first taking the

. . . >

components po1 = ros1 - sor1 of p' and afterwards the components
114 j k i k ->

pJ = rls - sIr" of p" (i, j, k =1, 2, 3 and cycl.).

Thus the anti-symmetric 5 X 5 matrix pOT looks as follows

0 1 2 3
p p p p
0 1' 2' 3'
o p p p = s-r
0T 1 1 3" 2" >, 0> 0>
(p ) = -p ) -p p'=rs-sr
2 2 3" 1" F S
-p -p 0o p'=r xs
3 3' 2" 1"
Y P -p 0

> >
The contravariant tensor pﬁv was defined by (p", -p')i (see also appendix

to chapter II).

2) Relations between the components (pu, puv) There is dependence

between the 10 line coordinates (pu, puv). To show this, we note that
1 ¥ 1 M
1 s¥7 o s* -
HV MV v
or (p", p") = (", r'p’ - r'p"

uv

which implies that the vector pu lies in the plane p ~. Using formula
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(2-47) we may equivalently write

pﬁcp“ = 0. (3-2)

. . HV >, >y
Further, for the anti-symmetric tensor p = (p y P ),

_>l —>"
p'.p" = 0. (3-3)

Conversely (3-2) and (3-3) imply that (p“, puv) are the coordinates of
a line. Because from (3-2, 3) follows that the 5 cofactors of the
diagonal elements ch are zero.

This is sufficient for an anti-symmetric matrix to make the cofactors
of all elements be zero. All 3 x 3 sub~determinants of the 5 x 5 anti-
symmetric matrix also vanish, Hence it follows that
the rank of pOT is two.

Suppose that p-lT and poT are two independent rows. Then the rows of
1t and poT such that p00 = 0,

ot . . . -
P are linear combinations of p

- Consequently,

@Y = ¥ - p %y & oy

The anti-symmetry of pOT implies pU = 1, Hence (pOT) are the coordinates
-1

of the line which joins the points (p T) and (por), and it follows

that the relations (3-2, 3) are necessary and sufficient for (pu, va)

to be the coordinates of a line.

3) Transformation properties of ch. The components ﬁjr are written

as pOT = (p“, puv). The vector p" is transformed under the vector

HV

representation D and the anti-symmetric tensor p is transformed

1
under the representation D10 + Do . (Chapter II, §4.1) From this follows:

Theorem 1.1 With respect to the restricted Lorentz group, all lines
p°" in R, transform under the representation D%% + 010 % 001.

We now consider the behaviour of pGT under the larger Poincaré group,
which consists of all Lorentz transformations supplied with all trans-
lations in R .

4

With a translation, x'

= X + a, the components
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p- = transform into

117
o
e lr+a T

ls+a

]

or (p" , pu'v‘) = (s-r, [: : g]) = (s-r, [r, s] + [a, (s—r)]) .

It follows that the component pu is translation invariant and p"l

and puv transform according to the (10 x 10) linear transformation

IR
T : ‘ (3-4)
Y Vv \% \Y
V> o'V o+ (@"p’ - a’ph)

The consequence of this is that the irreducible space of tensors

G“v = (E, ~f6) transforming under D10 and the irreducible space of
tensors G"¥ = (8; + 18) transforming under D01 are transformed into
each other, and the 6-dimensional space of anti-symmetric tensors for

one irreducible space with respect to the Poincaré group.
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1.2, The Proca equation

A point x" lies on a line P(p“, MYy if

')

p"V = x¥

p’ - xvpu. (3-5)

This may be seen noting that x lies on P if and only if the coordinates

of the line vector which joins x and x+p, i.e.

1, x bV v
= (", ®p’” - x"pM)
1, x+p
are exactly the same as P(pu, puv). The above statement follows im-
mediately from this. Moreover, we
now suppose the point x lies in a

space orthogonal to the vector pv, i,e.
xupu = 0, (3-6)

In the four-dimensional space, this
means that pv is a tangent vector of
the hyperboloid on which ¥ lies,
see fig. 3.1,

Combining (3-5) and (3-6) we obtain
Pu\) p, = 6 R, ):éJ and we can replace

(3-5) and (3-6) by the system

=k 2 (3-7)

= pV. (3-8)

Because only the case pvpv > 0 is important in physics, we have set
v 2
p p, = K, where Kk is real.

v
Assume now that pu and x“ are functions of the vector yu and substitute

3
P, > —iav = =i —— , then we obtain the following system
dy
2
Bv(ipyv) = (3-7a)

3% - a¥x” = (ip"V) (3-8a)
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which is transforming equivalent to (3-7, 8). Conversely, if the ten-

dimensional vector Y, where Y(y) = (xu(y), puv(y)) is developed in plane waves i.e
v(y) = ¢(p)eip'y (pey = p“yu). We return to equations (3-7, 8).

Equations (3-7a, 8a), known in elementary-particle physics as the

Proca equation, are used for describing particles with spin = 1; see

formula (1-48a). The vector p = (E, ;) is called the four-momentum;

see formula (1-7) and k¢ is equal to the rest mass of the particle,

within a constant factor., We shall call in future the equations (3-T, 8)

also the Proca equation., If one chooses (pu) as time-axis (new xo-axis)

and three vectors xu, with,xupu = 0, one obtains the rest system of

M from the equation

the vector pu (or particle), We call the vector x
(3-7, 8) the point of application of the line vector P(p", p"’) which

belongs to the spatial part of the rest system of P. So we have

Theorem 1.2. The Proca equation in momentum space gives the impliciet
relation which exists between the line vectors P (p", p"V) and its spatial
points of applications x" in the rest system of P.

Considering now translations in the plane pv orthogonal to pv, we have

Theorem 1.3. The Proca equation (3-7, 8) is inmvariant under translation

in the 3-plane P,

PROOF, Using formula (3-4), a translation a% in the plane p has the
v
form xp = x'u+au
\Y v v v
and (p", p"") = (p'", p'MV+a¥p'V -aVp'H) (atupu = 0),

where the accents are here set on the right side.

Substituting these expressions into (3-7, 8) one may verify that these
equations are invariant under translation in the plane pv.

We obtain another proof by observing that the equations (3-7, 8) are
homogeneous in the components (xu, puv). Thus every linear combination
of two solutions is again a solution of (2-7, 8). Because (au, a“p'v—avp'u)
is a solution, it follows that (x'u, p'uv) is a solution of these

equations,

Finally we make some remarks which will be used in the following sections,
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Remark 1.1,

In order to study properties of the solutions (au(y), pyv(y)) for a

fixed p" one introduces the little group G+(p) which consists of all

restricted Loventz transformations which leave p' invariant.

G+(p) is isomorphic to the 3-dimensional rotation group O see

3+’
section 1.2, of chapter II.

The rest system of pu is called PXYZ, then we may consider the sub-

group O_ of G+(p) of rotations about the z-axis, see fig, 3.1.

2+
It follows that, with respect to 02+, we obtain 3 eigenvectors

v
(xy, ﬂl ), viz, the z-axis (Z, [Iﬁz]) with eigenvalue A\ = 1 and the
isotropic lines (I, [P, I]) and (J, [P,d]) in the (x, y)-plane with
~ig e+ie
)

eigenvalues A = e . Infinitesimally one obtains

. 9 o
m=isy (A)e=othus m=-1, 0, + 1,
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2. Geometry of the Weyl equation.

2.1. Introduction

We require that the line P(p¥, p"Y) is a light line - thus that the

direction vector p" of P is a light vector, i.e.

o2l 2 22 ¢
=Py TP TPy .

In order to study translation-invariant properties of P, it is suf-
ficient to restrict ourselves to lines P(pu, 0) through the origin,
Thus in the future every line P(pu, 0) represents the whole class of

lines parallel with P,

We wish to study the existence and properties of the space of functions
wp) = (wl(p), cee wn(p)) which may be defined on the light cone by
using methods from projective geometry. We require that the function
value Y(p) belongs to an n-dimensional irreducible representation space

oy
R‘]'J of the restricted Lorentz group LI , i.e.

P'(p') = D(My(p) (p' = AP).

Considering now the subgroup G+(p) of Li, the little group of p which
contains all Lorentz transformations which leave p invariant, it
follows that all y'(p) = D(G+)¢(p) span a subspace Rp of Rjj' which is
invariant with respect to G+. We will require that Rp is an irreducible
representation space of G+. Summarizing we require:

1. The function value y(p) is transformed by an irreducible representation
D(G+(p)) which is contained in the irreducible representation D(Li) of

the restricted Lorentz group =)

The research of properties of the function Y(p) is facilitated by the

fact that iflp2 = O then every irreducible representation of G+(p) is

one-dimensional, i.e.

eie¢(p) = D(G+)¢(p) ’ see section 4,

)

The physical meaning of this condition is that the spin value j and
the possible projections m on the z-axis of a particle are uniquely

determined.
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Therefore as long as we consider representations of the restricted group

we replace I by requirement II:

11. The function value y(p) is transformed by an irreducible representation
of the restricted group and is invariant with respect to G+(p).

Constdering the full Lorentz group, it is necessary in order to avoid
confumon to distinguish the proper little group G . (p) which is contained
in L from the full little group G(p). Because irreducible representations

of G(p) are in general 2-dimensional.

For instance if P is a space reflection, P(po, ;) = (po, 45), and r is a

o - 0 - .
rotation r(p , -p) = (p , p), then rP belongs to the little group G(p)
but not to G _(p).

e
With the representatlon space RJJ and the representation space RJ J
(j £ j') of the restricted group we may form an irreducible represent-
ation space of the full group, i.e.

Sy s
R i pt I T (3-9)

where both spaces are transformed into each other with space reflection.

See chapter I section 3.3.

Hence, if two vectors Y (p) and i(p) are given, transforming by

irreductble one-dimensional representations of the restricted little

A N
group G: and which are contained in the space RJ'J and RJ '3

respectively,
we may construct the irreducible two-dimensional representation space

of the full little group G(p) by taking the linear combinations
Ap(p) + ui(p). (3-10)

Because the representation space rJJ (j' = j) is at the same time a
representation space of the full group, the irreducible representation

of the full little group remains in this case one-dimensional,

In section 2 and 3 we study the properties of Y(p) with the aid of
projective geometry. In section 2 we require that y(p) be transformed

by the representation D20 + DOé in section 3 that y(p) be transformed

10 01
by the representation D £ D . Finally in section 4, where we treat

the general case, we require that y(p) be transformed by the represent-

. A
ation D‘]‘J + DJ J.
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2.2. Description of the light vectors by the representation Déo + DO%

In chapter II formula (2-12), every light vector p was mapped onto a

2 X 2 matrix P i,e.,

p + ip p - p
with det P = O. By this the matrix P was written in the form

P=yy’, (3-11)

- ,a . . . . .
where V¥ = ¥ (a = o, 1) is a spinor transforming by a two-dimensional

representation of the restricted Lorentz group. Hence, every light

vector p is mapped onto a spinor Gpo, wl), or, more precisely, every

light vector p(pO > 0) is (1-1) mapped onto the ray of spinors ei¢ (wo, wl).
It follows, by this, that y(p) is the only invariant (spinor) on the

sphere under the little group G+(p), which leaves p invariant,

Hence we have obtained the one-dimensional irreducible representation

space of the little group G+(p).

We further refer to the fact that this map can also be obtained by

using the fact that every (po, E), on the light cone, lies in the space

0 0 2 2
R of all x such that (x = p ) and on the sphere ; = p. in Rp (see

0 0 o
8g. 3.2.)
By describing the points on the sphere in R by the complex number
0 Po

EI (the Gaussian sphere), or in homogeneous form by y = (wo, wl) or
normalized such that w.a = 2po, one obtains the spinor representation D
a

%0

mentioned above., By complex conjugation, one obtains spinors @ =
transforming by the representation DO . If we take the z-axis along the
vector 3, then y(p) corresponds with the point N, the North Pole on the
Gaussian sphere and @(p) with ﬁ, the North Pole on the complex conjugated

< Gaussian sphere.,Further we have that

0 > 0 >
the light vectors (p , p) and (-p , -p)
O g ’ ’
™ are mapped onto the same spinor

£ V) = v(q).

fig. 3.2
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Considering now along with the spinor w(po, ;) (po > 0) also the spinor
w(-po, B) we may compare these by taking the z-axis along 3. It follows
that the spinors w(-po, ) = ¢(po, -P) is equal to S, the South Pole

of the Gaussi-n sphere. So we have

Theorem 2.1. If p ts a point on the light cone p2 = 0 then every

w(po, ) (po > 0) transforming by an irreducible representation of the
little group and which is contained in the representations D%o or Do% is
(after suitable coordinate transformation) given by the North Poles N or

N respectively and if (po < 0) by the South Poles S or S respectively.

If we take Y (p) = N then, w%th respect to rotations § around the z-axis,

Y (p) is multiplied with e 2 thus y(p) is the vector e% from the represent-

%0

ation space of D . Substituting this in the above theorem we obtain the

following table

(3-12)

Cf Gel'fand, p. 338.

We observe that we have obtained this result without referring to the
invariant equation which V(p) satisfies and that the properties of V(p)
simply follow from the geometrical structure of the light cone.

We further note that every other map p ™~ i(p) which may be constructed
such that &(p) is transformed by D 0 can only differ a coordinate
transformation from Y(p), constructed in (3-11), and thus has the

same properties.
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2.3. The Weyl equation.

Here we study the implicit relations which must exist between p and w(p).

The fact that the matrix P may be decomposed by (3-11) such that the

elements of one row are in the ratio (wo: wl) is expressed by the equation
1 (0}
W, -v)IP=0 (3-13)
. . o1 b _ 1 _0
With the matrix C = (_1 O) and y_ = Cabw , thus (wo, wl) =@, )

(see formula (1-26)), we obtain the equation

p ¥ =0, (3-14)

ac ca
Using the fact that P is Hermitian, p ¢ p , we get by raising and

lowering indices

a .
péa Yy =0 (3-15)
Finally, using the Pauli-matrices Gu, i.e. Peg = Ouéa pu, we may write
(0] 1 2 3 a
+ + = -
(0’py +0'p; +0 P, + 0 p3) @W)H)=0. (3-16)

If we substitute pu > —iau and Y(p) *> ¥(p, x), Jjust as we did in
section 1.2, chapter III, we obtain the equation of Weyl. Conversely,

if we develop Y(p, x) in plane waves, we reobtain equation (3-16)

We observe that ¥, which appears in the decomposition (3-11), determines
not only the point P but also the isotropic bivector of the system g

through it. (chapter II, section 4.1) Hence we have

Theorem 2.2. The isotropic bivectors y(p) from the system g through
p are described by the equation of Weyl.

In the same way we may express the decomposition (3-11) by writing.

0

P ( wl) =0 orP. =0 (3-17)
'

which is equivalent with the equations

o] 1 2 3 a
0‘ - - - = -
( Py~ 9Py, " 0P, -0 p3) W) =0 (3-18)
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Equation (3-16) and (3-18) are related to each other by spatial reflection,
showing that the equation of Weyl is obviously not invariant for spatial
reflection. It follows that equation (3-18) describes the isotropic

bivectors of the second system J.

Remark 2.1,

The equation of Weyl is used in physics for describing the behaviour

of neutrinos (chapter I section 3.4). The four-momentum (po, ;) (pO > 0),
of the particle lies on the light cone. Hence, a neutrino is a particle
which travels with the velocity of light and has zero mass.

We have obtained that V(p) is the vector eé (the representation space

of the little group G+(p) is one-dimensional). The physical meaning

of this is that there is only one state of neutrinos in which the spin
is right-handed.

The spin projection m = +% is parallel with p (see fig. 3.2).
Considering now anti-neutrinos with four-momentum (-po, ;) it follows
"that w(-po, E) is the vector e_%. Hence there is only one state of
anti-neutrinos in which the spin is left-handed.

The spin projection m = -} is anti-parallel with P *J.

Thus a consequence of the restriction to the representation Déo is that
not all laws of nature (the equation of Weyl) are invariant with respect
to spatial reflection.

The consequence of the fact that the irreducible representation space of
the little group G+(p) is one-dimensional is that there is only one

type of neutrino.

>
) We note that it is merely a convention which type of neutrino is

called a neutrino and which an anti-neutrino. In the terminology
used in physics, anti-neutrinos are right-handed and appear

in B-decay:

n>p+e + V.
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3. Geometry of the Maxwell equations

3.1. Introduction

In section 2 we have obtained the spinors ¢a(p), wé(p) and now we may
form tensor (spinor) Products. In this section we take the spinor
products wawc and wéwc which are transformed by the representations
D10 and D01 respectively, see table (1-32). Hence we require that the
invariant function Yy (p) is transformed by the representation D10 + D01

and using table (1-32) it follows that we may equivalently state that y (p)
is transformed as an anti-symmetric tensor va(p).

Therefore the following will be formulated with tensors, without using
the theory of spinors, and we will return to spinor calculus in section

4.4,

Remark 3.1.

We start here with geometry by interpreting the pyv(p) as planes in R4.
Afterwards, in remark 4.1., we shall show that the geometrical properties
of certain families of planes are closely related to properties which are
obtained in the literature (De Vos). This depends on the fact that every
other map p * qu(p), where [t is an element of an "abstract'" vector
space which is transformed under D10 ¥ D01 has the same transformation
properties as the anti-symmetric tensor puv, since the representation

v v
matrices acting on pu and Qu are the same or can only differ by a

coordinate transformation.
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3.2. Description of all light vectors by the representation D 0 + DO

In the three-dimensional picture of the

Lorentz group, light vectors pu correspond
with points p on the unit sphere.
We will construct a map of the point p onto

a line puv(p), or linear sum of lines,

which is invariant with respect to the
little group G (p). We shall prove that p"’(p) is given by the isotropic
lines g"¥ and o™V through p.

L3 are defined as the intersection

1. The isotropic lines g and g through p
of the complex sphere ( with the tangent plane pu at p. Because the
tangent plane p_ and C are invariant under G+(p), it follows that we have
the invariant lines g"°(p) and &Y (p).

2., If m is a line which is also invariant under G+(p), then the two or
one complex intersection points of m with C are also invariant. Because

p is the only invariant and real point on C it follows that m necessarily
coincides with g or §.

All lines p”“(?', 3") are (1-1) mapped onto points P on the quadratic

A T] . . . uv
surface I': p'+ p" = O in the 5-dimensional space P_ of rays pp (see

p. 131). Consequently g = g"’

5
and é = é“v are the only invariant points

onT,

3. Finally, if a"v = (Z', Z") is an arbitrary anti-symmetric tensor
(;'.Z" need not to be zero) which is invariant under G+(p) then the lines
‘ga and ga in P5 are invariant and with that their intersection point with
I'. Because g and g are the only invariant points on T it follows that ga
and ga coincides with gg and a with g or g, by which the statement made

in the beginning of this intersection is proved,

Returning to four-dimensional considerations we have to replace '"isotropic
lines”" by "isotropic bivectors".

Below in formula (3-21) we have for the coordinates éwand é}w that they

are of the form
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g’V = @, - i)
g"V = @, + ié).

This implies that g“v(p) and éuv(p) transform by the representations
D10 and D01 respectively and that for a fixed p they form the one-
dimensional irreducible representation spaces of the little group G+(p).
Considering now the full little group G(p), the bivectors g"V and
é“v, span the 2-simensional irreducible space Rp of G(p), which consists

of all transport bivectors through p, i.e.

gty o+ gy, (3-18a)

see (3-10).

So we have the following theorem,

Theorem 3.1. If p 28 a point on the light cone p2 = 0 and Rp 18 the
2-dimensional representation space of the full little group G(p),
contained in the representation of 010 4+ 001, then Rp is formed by
all tangent bivectors in p and spanned by the two isotropic bivectors
g = (g") and § = (§") through p.

If the spatial component ; is taken as z-axis then with respect to

rotations r(86) about the z-axis guv and éuv are transformed into

-ib if,
e * guv and e*! guv see formula (3-23).
. P . (o r(8) v
Using the infinitesimal operator J3 =1 _36—_— 6=0 we have that g}J and
éuv have eigenvalues m = + 1, - 1 respectively and therefore we shall ~

write G, = g’ and G_ = g"".

The effect of a total reflection pLl > -pu is guv -> guv . Thus all vectors

>
(po, p) are mapped on the same value g”v in R, as the vectors -(po, ;).

6
In analogy to table (3-12) we obtain the table

10 o1
Yir)s | D D
0 .
(p > 0) G,, G_, (3-18b)
0 .
<
(p” < 0) G_,|G,4
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Generalized spherical functions

In order to determine the coordinates gUV, é“v of the isotropic bivectors

explicitely as functions of p. We considér the plane x = )\p + ug through the
(0} .
vectors p = p (1, 3) and g = (O, 6) and require that this plane be
2
isotropic¢, i.e. lies on the complex cone x = O, It follows that

2 2 .
p =0, p.g. =0, g =0, or, what is the same,

2
32 =Pq i ;.6 = 0; 32 = 0. (3-19)
. > &'+ i . & &
We substitute G = —V&—— into (3-19), where and are real vectors,
we shall also write G' = E and G" = H and obtain
3.]_5 =3.f{' =O;_E)2=_H)2andf.ﬁ =0 . (3-20)

Hence it follows that 3, f, H form an orthogonal triad, and supposing
that in this order they are oriented as a right-handed screw, then

% _ E - ifl gives the left-handed screw.
Tov2

‘Using (3-20) we have that the coordinates of the isotropic bivectors are

uv 0

>
=p (E, ; x G) and thus g“v pO(E, -iG) (3-21)

. 0. ;
g“v P (6, +i€)

0, >
and hence we obtain the map p »~ p (G, -iG), or
%)

k
p + p°& with respect to the basis (oF, -id¥), (3-22)
and analogously the isotropic lines éuv give the map
o . X >k >k
p > p G with respect to the basis (e , +ie ) (3-22a)

This map is determined within a factor re-le, for the transformation

0> . S
% = re G corresponds with: Su)=r1 (3-23)

+,> cosf - sinh ﬁ
sing cosh ﬁ

and it follows that also the vector ; satisfies the conditions (3-20).
However, with respect to the little group G+(p) the number r is in-
variant (r is a scalar). In order to show this, we take p = (1, 0, 0, 1)

and g = (0, 1, -i, 0). Using formula (2-23), it follows that p and g

* >
) Although the 4-vector (0, G) is transformed by the representation

->
D %, we note that vector G, which appears in (6, -iG) is a 3-vector
and transforming by the representation D10 (see also chapter 1II,

section 3.,2).
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correspond with the spinors (1, 0) and (0, 1) respectively. Now applying
1 g
o 1
follows that g is transformed as:

the transformation A = ( ) of the little group to g = (0, 1), it

A:g->g'=ap+ g,

Thus the coordinates of the bivector guv are transformed

Pluv b pv P 1A% Pluv
from g“v = into g.uv = = = .

g g ap+g g

>
Hence the factor r and thus IE I and |ﬁ [ are invariant with respect
to G, (p).
+
In order to fix the map p - pOE, we take for ¥ and H unit-vectors
attached in the tangent plane of p (see fig. 3.4) and determine the ray
2 .
o}
N &y p (1, D) by the spherical coordinates
6, ¢. Now there is exactly one rotation
> >
D, such that the unit vectors ex and ey

attached to the North Pole transform

into ® and H . If ¢1, 9, ¢2 are the

4
Euler angles, then by a rotation ¢
around the x-axis, followed by a
rotation ¢, = ¢ + I around the z-axis
fig. 3.4 L 2
the North Pole N is transformed into
X 1 [
>x >X >
P, the vector e into e = e¢, and the vector gy into Zy = —ge.

-> >
(ee and e¢ are unit vectors attached in p and positive-directed along
the 6- and ¢-lines on the sphere).
Finally, after a rotation ¢2 around p (or starting with a rotation ¢2
L} 1

3 >X >y
around the z-axis) the vectors e and e

and H'.

are transformed into B

Hence in the first and second columns of the matrix D(¢1, 6, ¢2), stand
the vectors B and # respectively. We bring the matrix D(¢1, 0, ¢2)
in canonical form; that is to say, we transform to a basis consisting

of eigenvectors with respect to rotations around the z-axis; i.e,



1 0 =1
D1 = T-lDT where T = 55 -i 0 -i o
o V2 0

We note that by multiplying D from the right with T, we obtain the
vector a-in the third row or (+)-row of D1 and we use the index 1 in D1
in order to indicate that D1 is the representation matrix in canonical
form, of the representation Dj(j =1).

D1 is the v:ictor representation of the rotation group.

Hence it follows that a transforming by the representation D10 is given

1
by the components D (9,5, 65, ¢,) (n = -1, 0, +1), and, by the same
n,+1 1 2

3

arguments, one can prove that the vector G transforming by the represent-

()} 1
ation D is given by the components D (n=-1, 0, +1).

If there is given a unitary representat:onlD-(¢ ¢ ) of the rotation
group, then the matrix components D (¢1, 0, ¢2) are known as generalized
spherical functions, see Gel'fand p. 78 -106.

Using formulae (3-22, 23 and 3;10), we have the following map:

p~>Y = (ﬁ, ﬁ) = xpo (3, -13) + ppo(g, +ig). Substituting the generalized

1
spherical functions D we obtain:

Theorem 3.2, If p = po (1, sin 6 cos ¢, sin 6 sin ¢, cos 0) is a point
on the light come, then the function ¥(p) = (%, 4) transformed by an
irreducible representation of the full little group, contained in the

10 4 01

representatzon D 18 given with aid of the generalized spherical

functions D%n (¢1, 5 ¢2), Z.e.

_ 1 1 _

E = po(ADn:l + “D-n,—z) where n = -1, 0, +1.
_ 1 _ 1 _ m

Hn - 7'po()\Dnﬂl UD_n, _1) ¢1 - ¢’ + 2 and ¢2

18 arbitrary.
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3.3. The Maxwell equations

In the foregoing subsection, the mapping pu > guv of light vectors onto
isotropic bivectors is given explicity. Now we study the implicit

relations which exist between the vectors p and g”v.

Theorem 3.3. ALl tangent bivectors are described by the equations:

p"'p =0 and (3-24a)
puvpv =0, (3-24b)

"the Maxwell equations''.

PROOF., 1In the three-dimensional terminology, it follows that equation

(3-24a) expresses that the point p’ lies on the line PV and equation

(3-24b) expresses that this line lies in_the plane R)’ see chapter II,

appendix, theorem B-2.

Thus pv lies in its correlated plane pv, pvpv = 0, hence ﬁ) lies on

‘the unit sphere and puv is a tangent line in pP.

For the fixed four-vector ﬂl, the tangent bivectors span a two-dimensional

space,

Analogously to §1.2 we observe that if we substitute g)-* -iav and

P u\)'-*Fu\’(x) we obtain the equations

3, PV - 0 and (3-25a)

s ™V -o0, (3-25b)
AV

which are known in physics as the Maxwell equations. (See chapter I).
Conversely, if we develop the 6-dimensional vector y(x) = MY (x) in
plane-waves, i.e. P(x) = ¢(p)eip1x (p.x = p"x ), we re-obtain the
equations (3-24a, b). The vector p = (g, P) is called the four-moment,
and hence, in §3,1, we have treated properties of the solution of the

Maxwell equations in to so-called momentum space,

Remark 3.1. In quantum mechanics, the Maxwell equations (3-25a, b)
determine the state-function y (p) = F”V(p) of particles which are
carriers of electromagnetic interaction, i.e. photons,

Considering rotations around the ;-axis the representation space of

Y (p) is spanned by the eigenvectors éw (p) and g'}w (p) with eigenvalues
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One expresses this by saying that a photon is a spin-one particle with
projection m = +1 and m = -1 on the ;—axis. These two states correspond
with right-handed circularfpolarized and left-handed circular-polarized
light, See Feynman p. 11-9. As contrasted with photons, a spin-one
particle Y(p) with given p and non-zero mass has three independent
states m = -1, O, +1, Hence the physical consequence of the fact

that for fixed p the space of all y(p) = puv(p) is two-dimensional

is that photons are only transversely polarized, and the fact that the
eigenvalue m = O does not appear follows from the considerations made
in the beginning of section 3.1.

An alternative form of Maxwell's equations (I).

We can write equations (3-24a, b) in the form (3-26) or (3-27).

\
1 2 3 (
. H H H pO
1 3 2
. E -
H » E p1
2 3 1
H E . E Pz
1
H3 E2 -E . p3
= 0 (3-26)
1 2 3
. E E E
Po
1 3 2
-E . H -H
Py
2 3 1
-E -H . H
P2
-E3 H2 —H1 . P
\"3 )
. ‘K .
where puv = (f, ﬁ) thus p = E' and p‘J = H where i, j, k=1, 2, 3
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Interchanging the role of pv and puv we get

s ol )
. . . Py P, Py
2
. “p; P, P, . . E
P3 - P . Po . Ey
=0 (3-27)
Py P - y . Po
H1
Py P, P4 . . .
2
pO . . . ps p2 H
3
. Py - Py . P, H
° . —po 'Pz pl . \ /

Equation (3-26) is of the form

0] ;Pv o} sII

oo Jip £
The vector t" is an ordinary vector, while the vector s" is a pseudo
vector. This means that su obtains an extra negative sign with space
and time reflection because pr16 is a pseudo tensor (see chapter 1II,
appendix , theorem B-1).
I1f required, we can write system (3-27) in canonical form, That is to
say, first decompose puv(ﬁ, ﬁ) into its irreducible components belonging
to D10 and D01, i,e.,

G=FE+ifi, G=E - il

Applying this transformation to (3-27), we obtain an equation, say
(3-27'). Then transform to eigenvectors with respect to rotations around
the xs-axis.,Thus for the column of (3-27') we have the transformation:

k <k - 3 4 o= 3 -+
T:(G,G)>(G,G,G;G, G, ),

and for the rows we have that

n o - 3 o - +
S : (su, tH) » (s ;, S, S, s+; t, t, ts, t ).
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In this way, the 8 x 6 matrix B in (3-27) transforms into SBT-'1
which may be written as the sum of four matrices Bu: BU pLl = SBT_l,
and equation (3-27) takes the canonical Bhabha form: (g p")y = O.
The four matrices BU (in canonical form) can be found iﬁ Gel 'fand

p. 313.

Remark 3.2.

If we restrict ourselves to the condition that E, ﬁ, 3 are real then

we can bring the equations (3-24a) and (3-24b) into the form (1-47a, b)
chapter I, in our notation guvpv =0 (or guvpv = 0), which expresses

the incidence of the real plane P, (point pv) with the isotropic bivector

g,

An alternative form of Maxwell equations (II)

From the Proca equations
uv 2 oy
p\)F =K ¢ (3-28)
p’o" - pHe¥ = FHV (3-29)

(see 3-7, 8) one obtains Maxwell equations by putting « = O (the mass
of a photon is zero).

The same procedure is not possible with the Kemmer equation (1-48b, c)
in view of the appearance of k in the denominator. Nevertheless, it is

possible to write the equations (3-28, 29) with k = O in the form

o D o o\l (e

+ =0 (3-30)

D O o /| |\

where D is the matrix, containing pv in such a way that (3-30) is the

same equation as (3-28, 29). See also the text after formula (1-48b).
Thus equation (3-30) may be written in the Bhabha-like form

*)

) (3-31)

u _ _ 0 o0
(B pu + €)Y = O where € = (O .
and where Bu are the 10 x 10 Kemmer-matrices.

We will show that this equation is relativistic invariant.

*
) The possibility of writing the Maxwell equations into this form was

suggested by a remark in Roman p. 155,
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Consider first the Kemmer equation
(s“p“ + i)y = O (3-32)

where Y is transforming by the 10 x 10 representation matrices D(L).
-1 T

We substitute Y(x) =D (L) yp'(x'), x' = Ix and 3 = L 3', into (3-32)

and left multiply by D(L), to get

-1

LuvD(L)BVD (L)' ' + ikp' = 0
(cf. theorem 8.1 chapter I). The Kemmer equation is relativistic invariant;
hence, it follows that

L“vD(L)BVD_l(L) = g" for all L.
Now equation (3-31) is relativistic invariant if

-1
D(L) eD (L) =¢

and this can easily be proven by noting that D(L) is of the form

DL = ( ).‘—’]

ow

6

o OO0

:
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3.4. The Maxwell equations in-neutrino and spinor form

We now return to spinor calculus. The spinor { determines the point P

on the light cone as well as the isotropic bivector through it (section
3.1. chapter II).

By the foregoing geometrical treatment of the Maxwell and Weyl equations
it is easy to see that both equations express, in a certain sense, the
same thing: the incidence of the point P with its corresponding isotropic
bivector.

In the Maxwell equations we clearly use the coordinates guv(p) or éuv(p)
for the isotropic bivectors, whereas, in the equation of Weyl, we use
the spin coordinates q?(p) for the same bivectors.

Using formula (2-26) of chapter II, it follows that if the isotropic

bivector is given by

- > > > >
g"™@, -id), G = E + iH,
‘then the 2 X 2 matrix G corresponding to 3 may be decomposed by
. (o]
G,~-iG ]
3 1 2. 1 (o]
G = ) = 1 W, -v). (3-33)
Gl+1G2 “Ga Y
We obtain =0 . where 0 = ———
1 G, +iG ’ V/--——T—ﬁ
W) 1 2 Gl + 1G2
0 E3+iH3
v : 1 I 2 2
Thus L= -+ \/(E FAH )+ (BZ41H7) (3-34)
1]
1 1 2
1 \/% +iH )+i(E +iH2)

Substituting equation (3-34) in the Weyl equation (3-15) and in equation
(3-17), we obtain the Maxwell equations in neutrino form.

See also Barut‘p. 98, Laporte and Uhlenbeck, Whittaker.

Remark 3.3.
The same result can be obtained by writing the Maxwell equations

(3-24 a, b), i.e.
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pp =0
v
pp =0
pvguv = 0, where guv = puv + p“v (3-35a)
in the form __
pvg“" =0 and g" = p"Y - p¥ (3-35b)

If we restrict ourselves to real pu and puv then the equation (3-35a)
is sufficient for obtaining (3-24a, b) since it can be separated into
a real and imaginary part. However we shall consider the complex case
and use the system (3-35a, b).

After the coordinate transformation

2 16 ol _1i

o 1 3 00
p(,p,pPp,Pp)>P(® ,P ,P ,P)

the equations (3-35a, b) are transformed into

HV
va =0

o UV
PvG =0
we have that G'¥ = wac and "V = wac’ see (2-40),

thus

(3-36a)

Q
o
<
|
o

P. (" =0 (3-36Db)

These are the Maxwell equations in spinor form and they form a
generalization of the Weyl equation.

Using the fact that wac = ¢a¢c ,formula (2-40), or using the fact that

p2 = 0, thus that P, = Y. P , formula (3-11), it follows from
cal C a1

a_a
(3-36a) that the cgmponentsaof a column of y are in the ratio

12

(¢0:¢1). Hence y =y 1¢ 2 and one obtains from (3-36a) the equation

of Weyl. The system (3-36a, b) reduces into

a
o P, v 1 (3-36¢c)
ca - o
ca -
P 0 Vs (3-364d)

which is in fact a special case of the Cartan form X{ = O,

see Cartan II p. 21.
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4, Geometr& of the generalized Weyl equation

. .
4.1, Description of all light vectors by the representation DJJ + DJ J.

1 n
We take y(p) = (y (p), ... , ¥ (p)) which is an n-component function
2
defined on the light cone p = 0. We refer to section 2.1. of this
chapter, where we have introduced the little group G+(p), a subgroup

of the restricted Lorentz group L: which leaves the vector p invariant.

Thus every representation D(L:) of the Lorentz group induces a represent-

ation of the little group which in general is not irreducible. After
having studied some special cases in section 2 and 3, we consider here
the general case and we require that y be transformed by an irreducible
representation of the little group G (p) which 18 contained in the

*)

.y
Using the fact that the representation space RJJ , where the represent-

oy
I acts is spanned by the vectors e (=j<m< + j, ="' <m
, AR Al

representation DJJ of the restrzcted groyp.

ation D

we have

Theorem 4.1. If p 28 a light vector, p2 = 0 and po > 0 then every
irreducible representation of the little group G L(P) contained in the
irreducible representation DJJ of the restrteted Lorentz group s one-
dimensional and if the spatial component p of p i& taken as z-axis then
V(p) is given by the vector e .

_i('_'r 0 3 Js
d=3") with respect to rotations 6 around the

.y . The vector e. ., has in this case
. ds=d

the eigenvalue e
> .

p-axis.

PROOF. In chapter II, formula (2-12), every light vector p is mapped

onto a spinor Y(p) = (u, v). More precisely, p is (1-1) mapped onto the

<+ 3"),

i6
ray of spinors et (u, v). Considering the little group G+(po) of a fixed

vector po, it follows that the fact that pO

on the light cone implies that the spinor w(po) = (uo, vo) is the only

invariant spinor with respect to G+(po). Hence the 2-dimensional space

2
by ¥ (py).

is the only invariant vector

R, of spinors contains onZy a one-dimensional irreducible subspace given

>
) Although the transformation properties of the function (p) defined on
g w

the light cone were already studied by Dirac and Majorana, the first

systemic treatment was given by Wigner. Wigner also studies represent-

ations of the form D :A 1
0 1
in irreducible representations of the Poincaré group (Wigner p. 197,

Hamermesh p. 486). (cont. see next page)

£ (1 z +iz2)_* 1(5 z +£ z,_)
e

2 2° which are contained



165

Because the’space R, is not completely reducible (R, is not the tensor

2 2
sum of two invariant subspaces) and R2 is not irreducible, one says that
R, is not completely reducible with respect to G, (py).

Now by taking tensor products, one obtains spinors with components

hk _n'_k' ,
p>u'v G ¥ , where h+k = 2j and h'+k' = 2j', (3-37)
j+m j-m_j-m'_j'+m'
or p > wmm' = u v UJ VJ
oy
which span the representation space of DJJ if p takes on all values on

p2 = O (Chapter I, formula (1-31a)).

It follows by the foregoing considerations that from all spinors (3-37),

only the spinor with components
h h'__ k' (3-38)
uo vo kﬁo v0 .

remains invariant under the little group G+(po).

->
We take the spatial component

P, as z-axis thus P, = (a, O, O, a) by
which follows w(po) = (uo, 0) where u, = +|/2a and the corresponding
spinor (3-37) transforming by p?Y  has only one non-zero component

_ 2§ 23"
Yigr=to T -

In this coordinate system the group G+(po) is generated by the transform-

ations

. 6
- =
A= % anaB=[e 2 o (3-39)
o1
g
(o] e
(formula (2-18a, b) chapter II).
. ] _— i
It is clear that the spinor uzJ- ﬁzg has the eigenvalue e 163=39

with respect to rotations B,

It remain to éhow that e._j -5 is the oan irreducible subspace under
, -

G+(p) in the representation space of D , or what is the same thing,
we have to prove that every subspace V which is invariant under G+(p)

.1, by which follows that V is an

necessarily contains the vector ej -j
s

- .
) However, by the proof given here, which requires only simple algebraic

methods, it is also possible to expand the function ¥ (p) into generalized

spherical functions and to develop in the foregoing sections, the

projective geometrical background of this theorem.

Prof.dr, J. Hilgevoord drew my attention to the fact that this theorem
jo 0J°

maw ha FPfAarmmnlat+nd Fauw +ha mavmancAandnddan nJJ femmdbind AN
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irreducible space if and only if V coincides with the space Aej -3t
»
For that purpose we take an arbitrary vector x éEV,the components of

x are a linear combination of

kk' h k -h' _k'
x =uv u v ,

for different p (we omit the z-sign)
p
The transformation
A: u >u+ vz, v >v
is represented in V by
kk!
x

k -h'-k' kk' k,_. _-.h' _k'
uhv u v > % = (u+vz)hv Q+vz) vk

2j' %)

1}

k _h'_k' + _k' “k'+ 2j
e +l:lvk1[:|vk +I:lvk‘[:Ivk SRR

If we require that V be an invariant space, then V must also contain

the vector y = x-X.

1] - Al 1 2'— s 1
ykk =ka+1ka +ka [:Ix'/k R

Hence, if the space V contains the vector x with components,

k k' 23_23"°
x@Qv Cvo ,...,vJvJ),

+ —_ k' -1
then it also contains a vector, y([] vk 1[3 vk + E]vk E]vk +1 P 0
Continuing this procedure (2j+1)(2j'+1)-1 times, it follows that the

space V contains the vector
4= (@Y, o0, ... , 0) (3-40)

This proves that the only irreducible representation space of G+(p) is

given by the vector ej -5
2
Finally, we note that every other map p + y(p) which can be constructed

%0

only by a coordinate transformation from the foregoing and thus has

such that Y(p) transforms by the spinor representation D can differ

the same properties.

Remark 4,1, The representation DJJ (j = j') is also an irreducible

*)
O stands for the components u .
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representation of the full group. So the above theorem holds for

irreducible representations DJJ

>Se

1f j # j' then DY
- o

pdd' , pi'd

of the full group.
is contained in the irreducible representation
59 is the

+ of the full group, where the dot denotes that

A
conjugate representation of DJJ . In this case, we have the full little
group G(p) which contain reflection like transformation. Thus theorem

4.1, becomes

Theorem 4.2. Every irreducible representation of the full little group
G(Q) (p2_=.0) which is contained in the irreducible representation
DJJ, + DJ’J (§ #3') of the full Lorentz group is two-dimensional and
spanned by the vectors

e and e,,

J,-d' J'y=d
Remark 4.2, In order to relate theorem 4.1, to the literature we note

that De Vos has proved that every field y (p) defined on the light cone

p2 =0, satisfies the equation
QﬂU Y (p)=0 ,cf. De Vos (1.20), Ge)

where Qﬁ% (QﬁQ = -Qﬁﬁ) is a set of operators which belong to the
6-dimensional space I spanned by the infinitesimal operators Iuv of the
Lorentz group. The operators qu are defined in D.V, (1.10) and
satisfies the equation

qupv =0, cf. D.V. (1.13)

Q“va =0, cf. D.V. (1.15),

In order to obtain solutions of these equations we note that these
equations are in fact the Maxwell equations (3-24a, b) with operators
qu instead of coordinates puv. In the table on page 153 it was

shown that if p is taken on the North Pole N(1, O, O, 1) then the
solutions of the equations (3-24a, b) are given by the isotropic G, and
é_ through P. These planes belong to the representation space of D 0
and D01 respectively and are eigenvectors of the infinitesimal rotation

J i.,e.

3]
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We note that J3 consists of a component G

10 .
D and a component G

3 which acts only in the space

01
which acts only in the space D , see formula

3
(1-85d), so we may also write
Gy G, =G, , G3 G_ = -G_ (¢)

Considering now the space I of infinitesimal operators, we first refer
to section 3.1., remark 3.1. There we have observed that with respect
to the representation theory, this space I has the same properties of
the space of antisymmetric tensors. An infinitesimal rotation J_ acts

3
in this space of operators Iuv by the commutation role

’

[J3, Ipv] = Iuv , see (1-81),

Consequently the solutions of D.V. (1,13) and D.V. (1.l5) are two
. 10
operators G+, G_ which belong to the representation space of D and

01
D respectively, such that according to ()

[6;, G,] =G, and [Gy G ] = -G_ .

Using (1-85h) it follows that G+ and é_ are the so-called step-operators
acting on the first and second indices of the vectors emm' respectively.

Consequently the solution of (%) is thus a vector y such that
G, Vv=0, Gy =0

cf. D.V. (1-35), and it follows that the only solution of this equation

is the vector e‘j _j1 see the weight diagram (1-85e).

y 24

Yy
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4.2. Generalized spherical functions

i#m iem —i'-m'—i'+m’
We now wish to give the map p - uJ va m uJ m vJ m in an explicit
form. To that purpose we determine the light vector p by the component
p0 and the spherical ccordinates of the ray pp.

0]
» P) (p > 0)

0
p=p (1, Pys» Py

[0}
p (1, sin § cos ¢, sin ¢ sin ¢, cos ) (3-41)

Substituting this in formula (2-12) we obtain

_i¢
+
0 1 cos 6 e sin@

+i¢

= ¢w+ where y = (:).
e sin 6 1 - cos 6

Hence

u\ ' V l+cos 6
. =VP .
(V/ Vr—o \/l-cos ) e1¢

-i .
We observe that (u, v) is determined within a factor e é¢.The meaning

. (3-42)

of this is the following. The spinor (u, v) is defined on the unit
sphere P(6, ¢). Now there is a
rotation r(¢1, e, ¢2) such that the
North Pole N is transformed into P,
The angles ¢1, e, ¢2 are the Euler
angles such that r(¢1, 9, ¢2) is the
product of a rotation ¢2 around the
z-axis, a rotation 6 about the x-axis
and a rotation ¢1 around the z-axis

(see figure 3,5). It is clear from

the figure that ¢ = ¢1 iy ' = 6, We substitute these expressions
into (3-42) and observe that we may choose the rotation ¢2 arbijtrary,

this corresponds to a multiplication of (u, v) by a factor

e-i%¢2. We substitute ¢2 - ¢2 + ¢1 and obtain the spinor



170

J
G
V% lcos 6 e 2 92

(: ) =\/p, T (3-43)
X +i =
ﬁ% \/l-cos 6 e 2

1 - -
The factor 73 is added to normalize (u, v) : uu + vv = po.
By this procedure, we have obtained the result that the spinor y(u, v) is
defined not only on the unit sphere but also on the rotation group.

By taking tensor products

__j+m_j-m (23)!
bg =0V Gy G-m):

(see formula (1-30a)) one obtains spinors with components

~-im¢ 1 -ij¢2

- J dm o d-m -
wm =P, (l+cos 8) > (1-cos 6) 5 ° e c, (3-44)
s j_m sy 1
where C = ( 1? - (?J}' ;
9J (G+m) . (G-m)..

It follows that

v o=pJdpd @, 08,6 (3-45)

m 0 "m,j 1’ 7 T2t ¢

where D; 3 (¢1, 9, ¢2) are the so-called generalized spherical functions
, .
(see the formulae of D; 3 in Gel'fand p. 85).

2
Finally, we construct the tensor products:

j+m Jj-m -j'-m' -j'+m’' (23). \ (23")!
®m ®jmr TV v G G-m V(G ) (G —a )

and obtain the map:

0 : J'
p(p, 6, ¢) > €5 = Py Py T, (¢1, 9, ¢2) D_m,,_j. (¢1, 8, ¢2) ’

where ¢1 = ¢ + g .
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We observe that if y(p) belongs to a reducible representation
D= z p’) of the Lorentz group and Y(p) = Zc ..,©. ., ,(p) then it
s S e0JJ Jmg'm
J,J J,J
remains true that Y(p) is invariant with respect to the little group

G+(p); i.e.
D(G+) v(p) = AY(p) (3-46)

Conversely, the function Y(p) is invariant only if y(p) is the tensor-
sum of one-dimensional irreducible representation of the little group

G+(p). Hence we have:

Theorem 4.3. Every function y(p) defined on the light cone p = po (1, sin 0
cos ¢, stn 6 sin ¢, cos 0) such that the function values belong to a
finite-dimensional representation space of the Lorentz group and such that
V(p) ie invariant with respect to the little group G, (p), may be written

after a suitable coordinate transformation, in the form

.

- i, ' !
Wip) = Jeyimp’py Dy (g 00 6y) DL (87, 0, 9p), where

(3-47)

ol3
.

4, = ¢+

(In section 3.1,, theorem 4,3 is illustrated by a geometrical example),
The occurence of the generalized spherical functions follows also

by more qualitative arguments,

If a rotation r(§1, 6, ¢2

representation DJ(¢1, 0, %) are functions of $12 0 and ¢2. The matrix

) is given, then the matrices of a unitary

components Din (¢1, 6, ¢2) are by definition the generalized spherical
functions.

Now the map ¢ : p + y(p), which is given in formula (2-12) and (3-37),
is defined in such a way that the spinor y(rP) belonging to the point
rP may be obtained by transforming w(p) by the corresponding represent-

ation matrix DJ(r); i.e.,

y(P) = DI(r) y(P). (3-48)

If the North Pole N and the point P are connected by the rotation r, i,e.,
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P =1rN r=r(¢1, e! ¢2)!
it follows that

Y(P) = Y(rN) = D (r) (),
or, in components

Y (P) =D () Y. (N) (m, i = -3, -3+l, ... , +3).
m mi 1
(3-49)

91 . .
Because wi(N) has the components (v J, v2J 1, oo s uzJ) where (u, v) =
(1,0), i.e., wi(N) = (¢, 0,0, ... , 1), it follows that ¥ (p) is equal

to the last column (i = j) of D;i(r).
J
= ¢}
b® =D, 0, 0.

Remark 4.2, We add the following note. Consider the nz-dimensional
space R which is spanned by the functions D;n(r).

The regular representation T acting in R is defined by

J J -
T(ro) Dmn(r) Dmn(rro) (3-50)

J J
D () Dy (rg)e

It follows that the functions in the m-th row (which are now vectors

and not components as above) are transformed into each other by the
; J

matrices D] (ro). o ;

Hence, in the space R of the functions Dmi (r) (-j < i < +J) of the
m-th row, the representation DJ acts with the representation matrices
J
Din
For instance, a rotation 6 around the z-axis is represented by

(ro).

e-lJe 0

-i(j-1)6 . (3-51)
e

0 .
. +ii6
. Tt

D(ro) =

From this, it follows that the vectors ei = D;

i (r) form the canonical
basis in Rm. Now the vectors e'j = Dij (r) are given for every m in formula

(3-44). Hence, applying the operator J_e = cej_l, one can construct the

remaining generalized spherical functions.
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4.3. The generalized Weyl equation

s st
Supposing we are given the representation D']‘J , then, just as in

2.3, section 3.4 by constructing the equation of Weyl, we note that

818900 3 %
1] e = /] P cee wé wé e
12 1 2
if and only if
a_a
b, " 1 2...6 s -0 (3-52)
cay 1890
aé a_a
and p Lyl 2, s =0. (3-53)
CiCheen

Hence the spinor products constructed in formula (3-37) obeys the so-called
generalized Weyl equation and these equatibns can be brought into the

Weyl form (3-36c, d). Without using the results of §4.,1,, one can show

that the solutions of this equation form a one-dimensional space and

h#ve eigenvalues e-i(‘j-'j')e with respect to spatial rotations 6 around

the ;-axis.

Therefore, we take p = (po, o, O, po) (po > 0), and thus the corresponding

2 X 2 matrix P is given by

and the generalized Weyl equation becomes

Oa2

@Cp) v 7., =0
(0] clcz...
a_a
1 2,..
(2py) ¥ o0& ... =%
2
s . 11... . .
Hence the only non-vanishing component is P 1 with eigenvalue

-i(3-3")
e

Summarizing the geometrical content of the generalized Weyl equation, it
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follows from the results in section 2 and 3 that the generalized Weyl
equation describes in fact the isotropic bivectors on the light cone., The
fact that only the eigenvalues eti(J-J') appear with respect to rotations
6 around the ;—axis depends on the non-invariance of the'ﬁ—axis under the
little group G+(p) (section 3.1 first page) and the possibility that the
solutions of the generalized Weyl equation can be written with aid of the

generalized spherical function follows from the constructions given in

formula (3-22) or formula (3-42).
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Chapter 1V

THE LORENTZ GROUP AS A THREE-DIMENSIONAL TRANSFORMATION GROUP

In chapter II, we remarked that the Lorentz group can be studied as the
three-dimensional projective group which leaves the unit sphere invariant,

In this chapter, we study this group in more detail,

In section 1., we shall show that every Lorentz transformation may be
described as a gcrew in hyperbolic geometry. For that purpose it is
necessary to introduce the concepts of (hyperbolic) distance and angle.
For a certain family of planes it is also possible to introduce a
euclidean distance. In this study, we take advantage of what we know

already about the four-dimensional geometry of the Lorentz group.

For a depper analysis we need the method of Cartan, Cartan developed a
method to describe (pseudo-) orthogonal transformations in Rn by
introducing a certain multiplication between vectors. In this way we
obtained a so-called Clifford algebra, which is a generalization of the
quaternion concept.

In section 1.4, we show that this method is indispensable in hyperbolic
geometry for the construction of screws with the aid of reflections.

In section 2., we give an application of this method to the 5-dimensional
line space, In particular, it is shown that the anti-symmetric matrices
which leave invariant the so-called configuration of Kummer are obtained

from a 64-dimensional Clifford algebra.
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1. Three-dimensional hyperbolic geometry

1.1, Geometrical introduction

In this section we still describe a Lorentz transformation as a screw

in hyperbolic geometry. Before going on with the analytic treatment,

we first give a more geometrical classification of Lorentz transformations,
As in chapter II section 2, every point x(xo, xl, xz, x3) is mapped onto

the 2 x 2 matrix x (we use small letters for 2 x 2 matrices in this

chapter)
0O 3 1 .
% = X 4x x -ix
- 1. 2 o 2 ?
X +ix x -x
+
which is transformed by x' = axa (det a = 1). (4-1)

]
o

2
In particular, points on the complex sphere det x = (x)
may be written as

+

X:q)(t) )

where ¥ and ¢ are two-dimensional vectors transformed by the two-

dimensional representation a of the Lorentz group, i.e.

y' = ap and ¢' = ap; (4-2)

see formula (2-11).

We shall determine the eigenvectors x of the transformation (4-1) which
lie on the complex sphere, To that purpose we determine the two eigen-
vectors y and ¢ of the transformation (4-2).

There are two cases:

(1) ¢y = ¢. Hence x = ¢¢+, and it follows that x is hermitian., Thus,
there is only one invariant and reaql point on the sphere, It follows
that, if x is takengzaﬂthe positive z-axis, then the transfor:ation a

7 has the form a = (O 1)“ We

shall call this transformation

a horiscrew (see fig. 4.1 and

P 114).

Y]

fig. 4.1
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(11) ¢y # ¢. In this case, we have the four invariant points
X = ww+, 06", wo' and ¢y, which form an invariant tetraeder.
The real points w¢+ and ¢¢+ determine an invariant line a which intersects
the real sphere, and, since the polar line a remains invariant too, it
follows that the complex-conjugate points ¢¢+ and ¢w+ of the complex
sphere are on 5.
If there exists a fifth invariant point P such that P lies not in a plane
through 3 invariant points, then the transformation a is the identity.
If the transformation a is unequal to the identity, it follows that P

lies in one of the 4 planes of the invariant tetraeder.

(a) (b)
fig, 4.2,
(a) If P lies in a plane of the tetraeder through a, then a is also
point-wise invariant. The line a is called a rotation—axis.
(E) If P lies in a plane of tetraeder through a the polar line of a,
then a is point-wise invariant and a rotation about a corresponds to a
shift along a .
(g) If there is no invariant fifth point, then the transformation which
leaves a and ; invariant is a product of a rotation and a shift, and we
have a screw
We will call the transformation I a horiscrew, the cases IIa and IIb
being degenerated screws, Thus we have that every Lorentz transformation

determines a screw in the three-dimensional projective space P3.
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1.2. Introduction of a metric

For the analytic treatment of screws, it is necessary to introduce the
concepts of distance and angle, and thus to introduce a metric in the
three-dimensional projective space P3. We shall use the invariance

of x.y = xuyu.

First, we normalize every point in P3 in such a way that, for points
X interior to the unit sphere, x2 = +1, and for points x exterior to
the unit sphere, x2 = -1,

In this way, the coordinates of a point x are determined within sign
x <> + xu. Now there are two possibilities:

(A) One may consider the points ' and -¥" as the same. see Godeaux
p. 15, but we prefer:

(B). One may say that the projectivespace P, is twice covered, once

with points such that xo > 0 and once with goints such that xo < 0.

The advantage of method B is explained in remark 4.1.

However, in order to introduce a distance (pq) between two points

p and q on a line a, it is necessary that p and q be connected by a
Lorentz transformation. That is to say, there must exist a restricted
Lorentz transformation which leaves the line a invariant and transforms
p into q. Starting first from the point pu and afterwards from the
point —p“, and considering the points p+ and p- which are connected

H H

with p” and -p respectively, it follows that a is covered by at least

+ -
two components P and P , each of which is connected. Below, we study
+ -
in which cases the component P 1is connected with P ,
The best tool for this study is first to consider, instead of the

3-dimensional projective group, the four-dimensional Lorentz group.
C.axls 7

X/,’,,,,—————--—————————__\\434/ We identify the project-
7 N

\\ ive space P3 of rays axu

with the 3-dimensional

space, at infinity, in R4

with coordinates
0 1 2 3
(0, x, x, x, X ),see p.108,

By normalizing the points

4’?‘1"7&«‘:

fig. 4.3
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pxu such that x2 = +1 or x2 = -1, we have in fact performed central
projection from the origin O, whereby the surface;x2 = +1 and x2 = -1 in
R4 are mapped onto the interior and exter ior of the unit sphere in P3
respectively. Considering now the interior points of the unit sphere,

it follows that the two branches P+(pO > 0) and P-(po < 0) lie on the

two branches of the hyperboloid x2 = +1. Clearly, P+ and P are not
connected and are separated by points of the unit sphere. Hence, we have:
(1) Every line a which has two points in common with the surface of the

unit sphere is separated into two segments (interior and exterior

+
points) and every segment is covered by two sSeparated branches P and

H H

- + -
P (P is obtained starting from p and P is obtained starting from -p

u

We will choose the coordinates x~ of interior points such that

xo > 0, As long as we consider the orthochroneous Lorentz group L+,

the branch (x0 > 0) is transformed into itself and we need not

.consider the branch (xo < 0) for interior points.

(2). A line a which has only one point in common with the surface of

the unit sphere consists of one segment which is covered by two
separatedbranches P+ and P which correspond to two straight and

parallel lines on the hyperboloid x2 = -1 in R4. One can only introduce a
distance (pq) if p and q be on the same branch of a.

(3) Only in the case that a line has no point in common with the surface
of the unit sphere does the line consist of one segment and is it covered
by two connected components P+ and P-. In particular, a 2-plane pV

in the projective space which does not intersect the unit sphere is
covered by points of the sphere S (x2 = -1)which lies in the 3-spaceV
through the origin 0. See fig. 4.3. It is significant in this case to
introduce a distance |p+ q-l between points which lie on different
branches. Corresponding to these three cases, we shall introduce a
hyperbolic, parabolic (euclidean) and elliptic metric on the line a.

Remark 4.1. Considering the sphere S, wenote that in the case (4),

H H

mentioned a page before, we have identified the points +x" and -x".

One may prove that the surface of a sphere where opposite points are
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identified is doubly connected (see p. 44). Hence, the projective
plane pvV is doubly connected,

However, by distinquishing the points + x and -x (case B), we have
covered the projective plane pV by the simply connected sphere S (the
universal covering space of pv). In this way, the two-valuedness of

the angle between two planes in P, : ¢ or n-¢ is replaced by one

angle between two half-planes. Byathis procedure we have also covered
the non orientable projective plane pV by the orientable sphere S. In
Klein p. 16, 152, this is expressed by saying that the one-sided
projective plane is covered by the two-sided sphere.

Also, for the introduction of a parabolic measure, it is simpler to

distinguish points x and -x,

(1) Hyperbolic measure

Definition. The (hyperbolic) distance|pq| f two points p and q inside
the unit sphere is defined by

cos i |pq| = puqu or cosh |pq| = puqu , (4-2)

2 2
where p = q = +1 and po qo > 0. |pq[ >0

We observe that, if we take p = (1, O, O, O), then, by the hyperbolic
screw h__ , i.e.

01
yO cosh y" sinh " xC 4-3)

2
y1 sinh y" cosh " x1

p (1, 0, 0, 0) is transformed into q(cosh Y", sinh ¥", 0, 0) = (cosh y")
p + sinh y" X; hence p-.q = cosh " andlp-ql = Y", and the transformation
(4-3) is called a shift along the line p q over a distance y" (see fig.

4.2 (b)).
Because p*d is an invariant, it further follows from this example

that p-q > 1 always holds, and thus the distance lpql is always real,

In the future we will take lnql positive,
Because there are two real intersection points m and n of the line pq with

the unit sphere which lie at infinity (lpm| = Ipn| = @), the metric
defined above is called hyperbeclic ard the interior of the sphere

metrized in this way is called the three-dimensional hyperbolic space Hj.
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From the invariance of |pq| it follows that the Lorentz group is isomorphic
with the group of displacements in hyperbolic geometry.

Considering now planes pu, qu which belong to the hyperbolic space H3,

i,e., have points in common with H the intersection line a of p and q
H H

3;

may have O, 1 or 2 real points in common with the unit sphere. In this

case with O points, the distance between the planes p , q may be defined
- H U

by using the distance on the dual line a. If the intersection a belongs

to H we shall introduce the concept of angZe between p , qu, or, what

3!
is the same, we shall introduce the distance between points pu, qu, which
lie on the dual line a which has no points in common with the unit sphere,

(2) Elliptic measure.

Definition. The (elliptic) distance [pql.between two points p" ¢ on
a line ; which has no real points in common with the unit sphere is

defined by
u 2
cos lpq[ = -puq , where p =q = -1

The definition given above is at the same time a definition of the angle
between the planes pu, qu through the line a which has two real points
in common with the unit sphere.

The minus sign is chosen in order that |pp| = 0, We observe that if we

take the point pu(O, 1, 0, 0) (pu is the yz-plane) and apply a rotation

1
/yl cos Y' = sin ¢' x (4-4)

\yz sin ' cos ¥’ x2 ’
then we obtain the point qu (0, cos y', sin y', 0), and thus |pq| =y’
Hence, the transformation (4-4) is a rotation through the angle y' about
the line a, or a shift over the distance | ' along the line a.
We note that the point p+ = p'J lying on the branch P+ is connected to
the point p = -p" lying on the branch P ., It follows that [p+ p-| =7,
the largest distance between points in elliptic geometry, and the longest
are in elliptic geometry (p+ > p- -+ p+) has length 2r. Because there are

no real points which lie at infinity, this metric is called eZZiptic.



182

(3) Parabolic measure.

Finally, we suppose that the intersection line of the planes ph and %J

which belong to H_, is a tangentline a of the unit sphere. It follows

3
that puqu = -1, and hence the angle between pu and qu is zero. However
it is possible to introduce a parabolic (euclidean) measure for the
bundle of planes through a, or, what is the same, a measure on the
dual line 5. In this case, there is only one point which lies at

infinity, the intersection point of a and ;, and the metric is therefore

called parabolic. See fig. 4.1 and fig. 4.4.

Definition The distance |pq

intersection line a is a tangent line of the unit sphere is defined by

o o
|pal = |p - a,

between the planes pu, qU from which the

2
where p2 =q = -1 and pu and qu belong. to the same connected component,

Consider e.g. tangent lines a and a through the

(0] (0] -
North Pole and the point p“(p , 1, O, p) on a
2
(observe that p- = -1), see fig. 4.4.

With a horiscrew along the line a, i.e.

xO + x X - cx 1 0 (c is real)

x1 + ix2 X - X c 1 (4-5)

the point p(po, 1, O, po) is transformed into q(p0 +c, 1, O, po + c).

Hence Ipq] = ¢ and (4-5) is a '"translation" along the line a of a

distance c.

Applying an arbitrary horiscrew (é I) (y complex), one obtains

p(po, 1, O, po) > p'(pO + Rey , 1, O, po + Rey). It follows that the
measure Ipo-qo| of the points p and q on the tangent line a is invariant
with respect to rotations and horiscrews (translations).

Considering now all Lorentz transformations which leave the North Pole
invariant, we earlier observed in that they form the group d*(N)

isomorphic with the 2-dimensional similarity group (rotations, translations,

multiplication with a factor). See section 1, chapter II p. 107,
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Hence, only the last transformation, i.e. a shift along the z-axis

(Po. 1, o, Po) > (po e¢, 1, o, pO ) , causes the distance between

the planes of the bundle a to be multiplied by a factor e¢.

Suppose now that A is an arbitrary Lorentz transformation A: p-»> p';
then there exists a rotation r such that r : p> p'. It follows that

A r-lz p > p, and thus Ar-1 € d*(p) and every Lorentz transformation

is the product of a rotation and a similarity transformation from G“(p).
Thus, under the Lorentz group, the distance |pq| between the planes of a

horibundle a is only multiplied by a factor.
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1.3. Screws in hyperbolic geometry

Suppose that a restricted Lorentz transformation is given by

a = ,detA:(a)2=1.

Every Lorentz transformation a is thus described by the complex 4-
(O (0] >2

vector (a , a). Since (a )2 - a =1, the components a" can be

X ->2 ] - ->

parametrized as follows, if a~ # 0 or if a“ =0 and a = 0

(ao, Z) = (cos %,— i sin %'i), (4-6)
>

->
where y and k are complex. The pair y, k have determined within sign. If
>

Y # 0, then k2 = 1. We shall write

>
Yy = ¢' + iy" and K=k' + iK", where y', y', k' and K" are real.

Theorem 1.1, If a restricted Lorentz transformation is given by the
2 x 2 unimodular matrix a = (cos % s — 1 8in g f), then the complex
vector k = k' + {R" gives the screw axis k (i", ?"), *) and the
complex number ¢ = y' + 1y" gives the pitch of the screw; i.e., '
18 the rotation angle about k and V" is the distance of the shift
along k. If a = (ao,g) with 32 =0 and a # 0 then a determines a

. -> -> . -
horiscrew along (a',a") over a distance 2|a’'

PROOF. With a Lorentz transformation b, the matrix a transforms as

follows

a~> a' = bab—1 . (4-7)

Thus, a consists of the scalar tra = 2aO and g bivector (O,'ﬁ) which
1
transforms by the representation D ; see forpula (2-29). Hence, a is
(o] 1
transformed under the representation D 0 + D O. Supposing b = a, then

->
a and the bivector (0, a) belonging to it remain invariant under (4-7),

*) > [ +.ll . . . 01 Jk . .
(k', k") are the six line coordinates (k , k" ) i, j, k=1, 2, 3

and cycl,
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Now the only invariant bivector belonging to the transformation a is the

screw axis kK with line coordinates (K', i"). The line k has the
. . . 1

component k = k' + ik" in the representation space of D O. Thus,

i
> >, > . > >2 >
follows that a = (k' + ik")p . We normalize k such that k™ = +1, k is
+

determined within sign. Because ag - 32 =1, it follows that p = i sin
We choose the sign of { and k such that a=- i sin % k . We
now consider y. Since ao = cos % is a scalar, we may transform a by
(4-7) in order to obtain the meaning of {.
We distinguish two cases:
32 # 0 In this case we transfcrm in such a way that the axis (;', ;")
goes over into the z-axis, thus
a > a*kcos g , — i sin g 3*3, where ;*-= (o, 0, 1), or
- e ] e (v} e (o] (4-8)
a = + i g = + i g - g" .
0 e 6] e ' 0] e
This transformation is the product of a shift of a distance y'" along
the z=-axis in positive direction followed by a rotation y' about the
z-axis.
Hence, a is a right-handed screw about the (;', ;") axis if ¢' yY" > O,
;2 = O The relation ;'2 - ;"2 = O holds; it follows that the screw
axis (;', ;“) is a tangent line to the sphere.
We rotate the matrix a by (4-7) such that (3', Z") becomes the line
(1, 0, 0 | 0, 1, 0) |a'| through the North Pole (1, 0, 0, 1) and the
point X(0, 1, 0, O). The lenghts Ig'l and lg"l are invariant with
respect to rotations, and it follows that the matrix a’ = (1, 3*) where
a° =, i, 0) |3']. Thus,
o (1 2|z'|>
o 1
This is a horiscrew along the x-axis over a distance 2|3'i.
*) If r and s are two points on a, then the condition that the line
X = Ar + uys has one intersection point with the sphere x2 = 0, is
that (r.s)2 - r2 s2 = 0, One may also verify that 3'2 - ;"2 is equal
to (r.s)2 - r2 52 by substituting a' = rO s - s0 Tanda" = r x s and

(0]
adding the term (r0 so)2 - (rO s )2. Hence, we obtain the condition
—>'2 -> 2
a - a"% - 0 for a to be a tangent line,
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Remark 4.2. Concerning reflections.

Because Y is a scalar, it follows that the matrices a fall into two
disjunct groups, viz. y'-y" > O (right-handed screws) and y'-y" < O
(left-hand screws).

With a reflection, the matrix a which is transformed by the represent-

00 - 1 - -
ation D + D 0 goes over into the matrix cac 1, c = ( o 1) see (1-37b),

-1 0
. 01
which is transiormed by Doo + D

The number ¥ is transformed into Y, and one sees that with reflection

the families of left-handed and right-handed screws are interchanged.

Bivectors., A plane " = aru + Bmu in R, corresponds with a line in

4

. After normalisation (x2 = + 1), the vectors x"

the projective space P3
in the hyperbolic space H, are no longer homogeneous and neither are

Uy

3

the line coordinates auv. In R4 the non—homogenéous a

bivector, and in this sub-section we shall consider the corresponding

is called a

‘object in the hyperbolic space H3.
We consider all Lorentz transformations A in R4 which leave the plane

Hv invariant. Then the vectors r and m, in a, are transformed into
W is transformed into a" ¥ = ea™V.

a

r' and m', in a, Hence the bivector a

Because % auv atV = a2 ;'215 an invariant (see formula (2-49)), we

have that p = + 1 and we may take p = +1 as long as we consider
transformations which do not invert the screw sense in a (the order of

the rays).

v

Hence, it follows that we can consider the bivector a as the class

of all (r', m') in the plane a which are generated from the pair
(r, m) by a Lorentz transformation in the plane a. In the hyperbolic

space H, we have accordingly

3

uv

Theorem 1.2. One may consider the bivector a ° as the line vector

(r,m) which is the class of all (r', m') generated from the pair (r, m)
by a shift along the line a.

oi - jk
a 1, a" = a'* where

i

0 : _)' +" +l
Instead of using the coordinates (a', a'") (a

i, j, k=1, 2, 3) of the bivector [r, m], we perform a coordinate



187

’

transformation in the 6-dimensional space of bivectors. Then [r, mJ is
. > 5 > >, > g -> e
given by (a, a) where a = a' + ia" and a = a' - ia",
->
Sometimes we shall denote the component a of [r, mJ which belongs to the
. 10 + >
representation space of D by [r, nﬂ and the component a of [r, mJ

(o) -
which belongs to the representation space of D by [r, nﬂ .

Suppose two interior points r and s on the line a are given. We wish to

construct the Lorentz transformation
-> lp" w" ->
= (ao, a) = (cosh 3 sinh 3 k) which
transforms r into s by a shift along a.

It follows from the foregoing theorem that

—_ U
“ fig, 4.5 lrs| = v,

the distance between r and s. We determine a

point in the middle of r and s, thus

wu _ . _
cosh 5 = rem = a0

Further, if auv = rumv- rvmu are the line coordinates of the line a,
->
it follows that the component a of the transformation is equal to

>
(a'+i;“) ; after substitutin a' = ro m - mo T and a" = * x m and
0; g
. 0 0,2 0 0.2
adding the term +(r m ) -(r m ), we have that

2 2

22 = [(r-m)z -r'm ] pz = (az - 1)02;

> +
and thus p = +1, We shall write a = [r, mﬂ and we have the following
theorem,

Theorem 1.3. If r and s are two interior points on the line a, and m
is the middle of r and s, then

ad®, ) = (rem, &,MU (4-9)
18 a shift along a which transforms r into s.

Analogous formulae may be obtained if r and s are exterior points. Hence
we may associate every bivector [r, m] with a shift r - s along the line

rm.
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1.4. Reflections in hyperbolic geometry

Every linear transformation in Rn which leaves a quadratic norm invariant
can be represented by a product of reflections. Cartan has developed a
method for describing such transformations. An application of this method

to the line space P_ is given in section 2 of this chapter. Next we give

5

an application tp P3.

in

Let us map every vector x  in R4 (pxIJ is a point in P3) onto a 4 x 4

matrix X (we use small letters x to denote 2 x 2 matrices)

(4-10)
i.e., xu > X = (9 g) , where x = xo + x3 x1 - ix2 ,
¥ 1. .2 0 _ .3
X 4+ ix x - x
and the 2 X 2 matrix X is constructed from x by space reflection,
(0] (0]
i.e. (x, x) > (x, -x),
" The fundamental property of X is

x2 - Hx, = 9?2 - 3?2 - H? - D2, (4-11)

(It is understood that multiplication by the unit matrix is carried
out on the right sideJ.This property has the consequence that for the
inner product of two vectors one may write

x“yu = 3(XY + YX). (4-12)
In order to prove this, we observe that the map (4-10) implies

Ax" o+ Kyu + AX + kY .

2 2

Hence, O+ ke = O,

By comparing the terms on the left- and right-hand sides we obtain
(4-12),

The images of the '"orthonormal” vector e ,

"
e = (1, o, 0, 0) 62 = +1
0 o 0
e1 = (0, 1, 0, 0) ef =-1, ... etc,,
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are the Dirac matrices yu . From (4-12), we obtain the well-known

orthonormality rules *)
1 e« e .
+ = = - . . -
é(YuYV Yqu) guv’ where g . 1 _i (4-13)
. . o -1

The y-matrices are called Clifford-numbers and form a Clifford algebra.

In this special case, where u, v = 0, ..., 3 one also speaks of a

Dirac algebra. Consider the 3-plane au, where a"

H

is a space-like unit

vector, aua = -1, A reflection in the 3-plane au has the form

2
//IX'U =5 - 2(xuau)au (a” = -1)
(see fig. 4.0. Translating this

equation by using the 4 x 4

matrices, we obtain

0 a 2
X' = -AXA, where A = i -1 (A"=-1).
a 0
{4-14)

A reflection in R4 corresponds to

a point-plane reflection in P3.
The point a = pau and all points c=

pcu in the 2-plane pau remain
invariant . Points x= pxu on the line (a c¢) are transformed into x' on
(a ¢) such that the points a, ¢ and x, x' form a harmonic sequence,
The product of an even number of reflections is a restricted Lorentz

transformation, i.e. -1
ba (o]

X' = TXT ', where T = BA = (-)
[0} b a

The 2 X2 matrices x transform by
-1 -1
x' = (ba ") x (a "b) .

1f au and bu are real, than the 2 x 2 matrices a and b are hermitian

and one may write

x' =txt (4-15)

) >
) Analoggusly, in R, we map every vector x onto the matrix
.2 3
X (xT-ix
X = 1 2) 3/ The base vectors (1, O, 0), ... etc, are mapped
X +ix %x
onto the Pauli-matrices 01, 02, 03 with orthonormality rules

(o0, + 0.0) =8, . ’
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For the inner product r#

s , we have obtained formula (4-12). Next we
u

consider the exterior product

p"V = MY - Vs (u, v=0, ... 3)

or, in reduced form,

[rs] = &, B

+ -
([xs]", [rs] ),
see the notation convention on p. 187.

One may verify that the matrix
P = $(RS - SR) (4-16)

has the form

-p O p3 pl-ipz
P = ( ), where p = 1 2 3 , (4-17)

Hence, we write

3(RS - SR) = -[rs] (4-18)

(it is understood that the components (pJ, bk

) on the right side are

. . R . O . (O e}
given with respect to the basis I =/ j ’ Ik = .
K

(O J¢] 0O ¢
Applying a Lorentz transformation, it follows that

P' = TPT

K
and one notes again that pJIj and p Ik form two invariant subspaces.

A Lorentz transformation is the product of 4
reflections, This fact can be most easily

analytically treated by the method of Cartan
We shall show this as an application of the

foregoing.

fig, 4.7
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A shift A aléng the line a which transforms r into s can be constructed

by a reflection in the point m, i.e.
m: r >s ;

However, this reflection reverses the order of points on a. Hence, by
performing a reflection in r first and the reflection in m afterwards
we obtain the shift A along a.

Applying the reflection formula (4-14), we get
X' = MBXRM.
Thus, the 4 X 4 transformation matrix A can be written as,
A=M =4% (MR + RM) + 3(MR - RM)
Using (4-12) and (4-18) for the inner and outer product, we obtain
A= (rem) + [r nﬂ.
Thus we have the 2 X 2 matrices x such that
x' = axa+, where a = (r.m) + [r, nﬂ+

” "
->
cosh b + sinh ¢ k .

a 2 2

cf, formula (4-9).
In an analogous way, a shift a along the dual line a may be calculated,

and we obtain the two transformations

2 ” : "
a = (cos iy , — i sin iy K)
2 2
- _ -a . . lk L
and a = (cos 5 isin g k )

An arbitrary Lorentz transformation is obtained by the product aa B

thus by performing 4 reflections

> v s v o -
aa = (cos 5 i sin § k), where ¥ = ¢' + ip" .,

The multiplication aa can be most easily performed by using the relation

(2-19b).
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2, Null correlations

The space of anti symmetric tensors auv is spanned by the 6 infinitesimal
operators of the Lorentz group.

In chapter I,section 7.1. we have observed that under the Lie product

@, B] these infinitesimal operators form a 6-dimensional algebra. In
this section we take the ordinary matrix product AB and study the
properties of the algebra generated by the infinitesimal operators

under this product. In order to do this wenote that the antisymmetric

uv appears in projective geometry as a null correlation, i.e.

tensor a
a (1-1) map of points onto planes.

By an application of the method of Cartan to the 6-dimensional space RG

of anti-symmetric tensors, we shall show that this method is indispensable
for a uniform and compact description of properties of this space.

In particular, we apply this method to thé,study of the so-called
configuration of Kummer, It follows that the 6 '"orthogonal' anti-
symmetric matrices (infinitesimal operators of the Lorentz group), which

span the R, leave this configuration invariant and form a 32-dimensional

6
Clifford algebra.



193

2.1, Null'correlationsJ introduction,

All straight lines in the three-dimensional space P3 can be described

by the 6 line coordinates puv, or

P i" ] 0oi s 1 ik

(p° , p ), where pb =p = and p = p° with i, j, k=1, 2, 3,
which satisfy to the relation

2 1' 1" 2' 2" 3ﬂ 3\!
F: (M " =p p +p p +p p =0. (4-19)

Hence, the study of all lines in P_ (or all bivectors in R4) may be

3
reduced to the study of the quadratic surface I' in P5 (in RG)' (See

formula (2-44) and the appendix to chapter II).

With the aid of formula (4-19) we can introduce an invariant inner
> > - -
product (p, q) of two vectors p(p', p'") and q(q', q'") in R6:
Vv > > > >

(p, @) = % P ¢V =P Q" +p" Q. (4-20)

It follows that p'V are point coordinates and Py 8Te plane coordinates
R

of the plane orthogonal to the point pu . Analogously to formula (4-10),

v
we map every vector pu onto an 8 X 8 matrix P; i,e.

p"V s = (o pW) (4-21)
'pnv 0

Besides the coordinates pvand qv for points and planes in P3, we

introduce also the 8-dimensional vector r(pv, qv) . The incidence of the

point pv or plane q, with the line puv is given by pﬁvpv = 0 or

puqu = O respectively (formula 2-47, 48)., Hence, we obtain the formula

0 uv v
Pr = P P l-o. (4-22)

- (0]
pﬂV L
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In components we have

4 3
1 2' 37\ (-0
. p P P P
1 1 3" 2" 1
-p p -p p
2 Ll 3" 1" 2
-p -pP ‘ p P
3 1 2" 1" 3
-p p -p ‘ p =0 (4-23)
1" 2" 3" I
Pr =| - p -p -p 99
1" 3 1 2 '
p ‘ -p p ql
2" 3 L 1 !
p P . -p qz
p3" p2 1 pl L
- . q
3
~ Z\ )
/ N 7”1
ql qz q3 . . P
2 1
—qo . . . -Q3 q2 p
3 L]
‘ 'qo . q3 . -ql p
1"
or Rp = . . a5 | -9, 9 . p =0. (4-24)
' 2 3 2"
‘ -p i -p P
3 2 0 3"
. p -p 1Y P
&)
3 1 (o]
-p . P . p
2 1 0
L p —p . . . p
’ S

The fundamental property of the matrix P is that

p? - (p)2 .

(It is understood that on the right hand side multiplication with the
unit matrix is carried out).
Analogously to (4-12), we may write the inner product (p, q) using

the 8 x 8 matrices in the form
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(p, @) = % (PQ + QP). (4-25)

v
Remark 4.3. If r = (p, qv) is an arbitrary vector not equal to the

zero vector, then the rank of the matrix R is three; thus there are

three independent solutions p“v for which Pr = O and which span a

two-dimensional plane (2-plane) in P_, or, what is the same thing, it

follows that the vector r(pv, qv) de:cribes a 3-plane in R6.
Furthermore P2r = 0;thus (p)2 = 0, which implies that the system (4-24)
describes a family of planes which lie on T.

Hence, we see that the quadratic cone T in the even dimensional space
R6 is covered by two systems of 3-planes viz. (pv, 0) and (O, qv).

This is well-known in projective geometry and is in analogy with four-
dimensional spinor calculus.

In R the four-simensional spinors (wa, ¢é) determine two families of

4!
isotropic planes on the light cone.
If we restrict ourselves to p’ = qv, then the equation (4-24) is

equivalent to the equations of Maxwell, formula (3-24a, b).

By considering reflections in R, and applying formula (4-14) we obtain

6
the result that areflection with respect to the S5-plane auv has the

form
P' = -APA , where A2 =1 (4-26)

In order that the relation Pr = O remains invariant, it follows that

r is transformed as
r' = Ar

In components, we obtain

1
H_ _HV o _ o v
o] =a q and q u = aﬁﬁp .

This transformation maps points pv in P_ onto planes q; and is there

3

fore called a correlation. We have
VRS
aﬁvp p =0

for every p , because aﬂv is anti-symmetric. Thus, every point lies in
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its correlated plane, and a_“ is called a null correlation.
i
(Supposing that auv is symmetric, then a pupv = O determines a
TRV

quadratic surface in P, and one says that a N determines a pole correlation
U
or polarity).

A ray in R_ corresponds with a point in P5 and a reflection in R6

6
corresponds with a point-plane reflection (or central-involutoric
collineation) in P5. ‘

Hence we have.

Theorem 2.1. 4 null correlation paq y in PS corresponds, in the 5-dimensional
line space, to a central-involutoric collineation which leave the

point a*V and the plane @ invariant.

For a more synthetic proof, see Barran p.. 391.
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2.2. The Configuration of Kummer,

We now consider the fundamental form

2 2 2 2 2
= +
(x) X + %y X, + Xg

where the xu are arbitrary complex numbers. The corresponding group
is the 4-dimensional complex orthogonal group, which is isomorphic to
the complex Lorentz group LC,

The 6~dimensional space of anti-symmetric tensors puv(3', 3") reduces
now with respect to the group LC into two subspaces of selfdual tensors

> >
(p, p) and anti-selfdual tensors (3, -3) we shall write

@, ) = o8, ana @, D = d's, (D), (4-27)

where Bi, Bi’ (i =1,2,3) are six anti-symmetric matrices

B (1,0,0| 1,0,0) with norm Bf = +1

Byv = (0,0,0] -1, 0, 0) i with norm Bf, = +1
..e00. €tc,

Because the matrices B are (anti-)selfdual, it follows that the 6

vectors Bi, Bi' are mapped onto the 8 X 8 matrices

B, -[° B ) By, = ( 0 31'> , ... etc. (4-28)

1
-Bl (o] +s1 0

The orthonormality relations take the form

Bg Bo* ByB =268, € n=12351%2,.39, (4-29)

from which we derive

BiBy * BBy = 7245

Bi'Bj' + BJ' Bi' = zai'j' >

B;Bje + BB = O, (4-30)

moreover, 61 BZ 83 = e and 61,62, B =-ie.

3'
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In condenséd form, we get

+ = 1)

BBy =8iy*eijk Bk (e103

and B B = § = 1)-

i'Pj i'j' - 1€i'j'k' Bk' (81'2'3'
(cf. Barut p. 98).

The Bi and Bi' generate a group of 64 elements, namely

e 1 collin
Bys Bys By Byus Byir By 6 correl
3162, v ,32.33' 15 collin
BiBoBys +o-  +ByiByiBy 20 correlt
ByByBgByrs «oe sBgB By iBa 15 collin
B ByBaBy Byrs - 18,8081 1By Ba 6 correl
B, B,ByB 1By By = -1 L collin

In the projective space P two matrices B and pB determine the same

3)
transformation. Thus, we can identify the elements from the first row

(15) with the second row (15). For instance,

82v83| = 81'81'62' st = —isl'

B,ByBa8;1 = B

1! ’

where we have used (4-30).

There remains a projective group of 32 elements, namely the first 32
*)

elements of the above scheme .

If we subject a point P in the projective space P_ to this group of

3
32 elements, we get 1 + 15 = 16 points and 6 + 10 = 16 planes, Every
point lies in the planes to P correlated, and 16 points lie in every
plane. This configurates 166 is known as the configuration of Kummer

and we have

¥
One may also identify the correlation 83, (point -+ plane) with the

collineation (point = point) 61.82. = ‘53.,

both are described by the

same matrix (within a numerical factor). There remains a group of 16

elements generated by the Dirac matrices, i.e.

Yo =3B B Yy =By Yy =+ BBy g =By
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Theorem 2.2. The six orthonormal»vectors Bi’ Bi' which span the
irreducible spaces of anti-symmetric tensors (E; p) and (3, —3)
respectively form a projective group of 32 elements with relations

(4-30), which leaves invariant the configuration of Kummer.
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2.3. Geometrical analysis of the Kummer group.

The 6 elements B, (§ = 1,2, ... 3")
£

A null correlation transforms a point x into a plane x', and the line
which joins two points x and y (the ray xy) is transformed by a null
correlation into the intersection line of the planes x' and y'
(the axis x'y').

In particular, if an arbitrary y lies in the plane

x', i.e.

fig‘ 4.8 then it follows that the point X lies in the plane y',
thus the ray xy coincides with the axis x'y' and the line

Xy remains invariant under the null correlation a .
v

Definition. All lines in P3 which are invariant under a given null

correlation form a linear complex.
It follows from the above considerations that a linear complex is

formed by all lines through the points x of P, which lie in the plane

3
x' correlated to x.

In the line space P5,

plane reflection., Because the points of the plane a__ remain invariant,

the null correlations a corresponds to a point-
v

uv
it follows that the intersection points of the plane a__ with the
v
quadratic surface I' (a__ a®v = 0) are the image points of the lines
v
of the linear complex g.

Hence, the equation of a linear complex is given by

Hv HV
a-- = -- =0.
v p 0 and puv P

Remark 4.4. On the relation between linear complexes and Clifford parallels.,

We make the collineation auv

(point - point) from®
the null correlation a = auv by raising with the
metric tensor guu one index.

Supposing that the null correlation auv has the form
az(g;s ;)(e = + 1), then, because a is anti-symmetric

and orthogonal, we have
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(gat)—1 = -(ga).

Thus, a¥ is involutoric. It follows that if
\%

then pxu = a"

and all lines xx' are invariant under the collineation auv and thus

they are Clifford parallel (see also Barrau p. 20).

In order to visualize the linear complex a“v and the corresponding
Clifford parallels, we apply a coordinate transformation in such a way
that the correlation auv (g,e a) transforms the point T(1, O, O, O) into
the plane TXY(O, O, O, 1), and the point Z(0, O, O, 1) into the plane
ZXy(1, 0, O, 0). TZ is called the axis of the complex (Klein, Vorl,
Hohere G., p. 63).

> -+
The tensor a(a,e a) becomes

0 0 o 1

ay = 0 0 e 0 (e = +1).
0 -e 0 o
-1 o o o

In particular, the points x(1, x, O, O) of the x-axis are transformed

by the collineation auv

into points x'(0, O, -ex, 1) on the ZY-axis.

In figure 4.10., the Clifford parallels xx' are drawn for £ = +1, -1,
The planes (xu), through the point x and orthogonal to the line xx',
which contain all lines of the linear complex are omitted.

Thus, the reduction of the space of anti-symmetric tensors into matrices
of type (;,e Z), e = + 1, can also be interpreted as the reduction of

linear complexes into right- and left-handed systems of planes.

€ = 1 right-handed € =-1 left handed
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The 15 elements B,B (¢, n=1,2, ... 3")
—t—n

The product ab of two null correlations a and b leaves all lines which
belong to the intersection of the linear complexes a and b invariant.

Definition. The intersection of two linear complexes is called a linear
congruence.

Theorem 2.7. A linear congruence consists of all lines which intersect
two fized lines p and q (Klein p. 87).

PROOF. The null correlations aﬂv and b_v determine two point-plane
n
reflections in P5 with center a = a“v and b = bpv_ The product ab of

the two point-plane reflections leaves the line at invariant and in
particular the intersection points p and q of ab with the fundamental

form T, Thus in the 3-dimensional space P there are two lines p“v and

Far
\Y . L . . . .
qu which remain invariant under the transformation ab. Considering now
all lines m which remain invariant under ab and thus belong to the linear

an —, 1l.e.
_complexes s d buv’ i.e

(a, m) =0 AP + uq

and (b, m) b

pp + 0q ,

it follows that (p, m) = (q, m) = O *). Hence, every line m invariant
under ab cuts p and q, and we have obtained the intersection of the
two linear complexes auv and buv
We note that the intersection points P and Q of the line m with p and q
respectively remain invariant and thus the lines p and q remain point-
wise invariant.

Further, we notice that through every point A not on p and q, there
exists exactly one line which belongs to the congruence ab.

Supposing now that a and b are orthogonal, i.e. (a, b) = O, we have:

Theorem 2.4. The product of two orthogonal null corrvelations is a
reflection in two lines.

*
) (p, m) = O is the condition that the lines p, and m lie in one plane,

Therefore, we note that if u and v are two points which lie on p, and
w and z are two points on m, then det (u, v, w, z) = O, If we write

this determinant as the product of 2 x 2 sub determinants

v VoV s
pu = uu v -u vH and m"’ = wuzv - wvzu, we obtain the condition

v
(I" m) = pa; m = 0.
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PROOF, In the 5-dimensional space P5, the relation
Z?: (a, b) = O implies that b lies in the polar plane

of a and conversely that a lies in the polar plane

\ of b. The plane-point reflection b leaves the
point a = auv and the plane a

-1 2 22 M

a = bab and (ab) =a b =1,

invariant; hence,

Because (ab) is involutoric, it follows that if
a point A is transformed into A' and P and Q are

the invariant points on m = AA', then A, A' and

P, Q form a harmonic sequence and the transformation
7 fig. 4.11 A ~» A' is a reflection on m,

Hence, we see that the row of the 15 elements 3132, ces 32}33, consists

of reflection in two lines. ’

The 10 elements BEBHBE t,n, ¢ =1,2,...3").

The product of three correlations is again a correlation. Using the

anti-symmetry of the matrices Bi , Bi' , we obtain, for instance,

T .
(316231') = —8118261 ’

and, applying the relations (4-30), we have
(B.8,8,) =888, -

17271 17271
It follows that the row (20) consists of 10 symmetric correlations
(pole correlations) which determine 10 quadratic surfaces., From the
foregoing, it follows that the product of three null correlations
a, b, ¢ leaves the intersection of the linear complexes a, b, c¢ invariant.
One can show that this intersection is given by one system of describing
lines of a quadratic surface. (F. Klein, Vorl, hdh, Geom. p. 88).
To do so, we observe that the product abc of the 3 points-plane reflect-
ions leaves the plane Aa + pb + vc invariant and, in particular, the
intersection y of this plane with T.
and p

Taking three solutions pl, P ony, it follows that there are

2 3
three lines pl, pz, p3 in the projective space which remain invariant

under abc (and every line Aipiéi'y).
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From the foregoing theory, it follows that every line on which belongs

to the linear complexes a, b and c intersects Pys p2 and pa. If A is a
point on p3, then m is the intersection

line of the planes Ap1 and Apz. Since the

two bundles Ap1 and Ap2 are projectively
correlated, it follows that their intersection
lines are the describing lines of a quadratic

surface,

fig. 4.12
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NAME AND SUBJECT INDEX

Underlined numbers refer to pages where the concepts are defined.

A

lw

e}

addition law of velocities i
adjoint representation 67ff
affine coordinates 102,138

- group 138
angle in hyp.geom. 181
anti-commuting 46
anti-quadric 126

anti-symmetric 4 x 4 tensor 13ff,

28,41,67ff,104,124,133,136,139,

151,192,197

- 5 x 5 tensor 139
application point 143
axis-coordinates 134,200
Sase points 109
Bhabha 2,86
Bhabha form of equations 85,160,
43,46

bispinors 33

bivectors 105,131,135,157,184,186
see also isotropic bivectors

broken linear transformations 101

canonical basis form 26,79,156,160

1,1,19,61,100,116,163,175,
190

Cartan

Cartan-Stiefel diagram, see weight
diagram
Casimir operators 71,120

central-invelutoric collineation

196
Clebsch-Gordan series 30
- coefficients 30,81

o

Clifford algebra 175,189,192
- numbers 189

- parallelism 127-9,201
collineation 198,201
commutation rules 60,72,90
compact group 6,57£ff,75
complex conjugation 20,33
configuration of Kummer 11,175,
192,197

conjugate representation 34
connectedness 52£ff
- by a transformation 178
contra variant tensors 133-5
- vectors 11
correlation 195

covariant coordinates, tensors

132-5

40,85
11
53

14

- equations
- vectors
covering group

cycl.

differential equation, in(co)-
13—9.!@

2,46,164

variant 2
Dirac

-~ algebra 183, see alsoD.ring

- equation 2,19,37,45,92
- matrices 46,189,198
- ring 47
- spin matrices 66

- spinor, see four-component

spinor
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displacements in hyperb.geom. 181 G Gaussian number sphere 111,147
dotted spinors 22,34,77 Gel'fand 2,50,64
double connected 57,180 generalized spherical functions

dual of an anti-symm.matrix 15,136

- line 104,123,134
- space 26
eaBYG see Levi-Civith symbol H

Einstein convention 4

electromagnetic wave, field 1,16,

120

electric field strength 16, see
also 154

electrons 37
elementary particle 19,37,143,145,
150,158

elliptic metric 179,181

' energy-density 16
energy-momentum vector 16,96

L

equation, see Dirac, Maxwell, etc.

equivalent 9,48
euclidean metric 179,180,182
Euler angles 155,169
exterior product 104,190
faithfull 91
Feynman 158
field 40
Fierz 2
four-vectors 4,90
- velocity 8
- momentum 8,143,157
- current density 8

- component spinor 33,45,66,126

full group, see Lorentz group

137,156 ,169ff

Godeaux 128,178
group space 51
hermitian (4 x 4) matrix 6

- (2 x 2) matrix 20,22,27,123

~ infinitesimal operator 61,74,

83
homogeneous coordinates 102
homomorphism 8,63
homotopy 53,57
hbriscrew 176,184-5
hyperbolic geometry 175£ff
- metric 105,179,180
- space 180

- screws as (4 x 4) matrices
6,7,16,51,88

- screws as (2 X 2)matrices 22,
51,107,112,113-4
- screws,infinitesimal h.s. 65,

72

infinitesimal method 50ff
59ff,67£f,69,85,
144,153,167-8,192

- operators

- representations, see adjoint
representations
invariant equations 40ff,85ff,161

= hyperbolic metric 181

- norm 1,121,148,160-1
- phys.law, properties 96,108
- spaces 9,131f
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invariant tetraeder 117,177
- of electromagnetic field 120

- 1in space of anti-symm.tensors

135

irreducible representations 9,19,
35

isomorphic 9

isotropic bivector 149,152ff,160,

162,174

- line 118,121,154

- plane 100,123ff,129,137,152

- points 117
Kemmer equation 160-1
- matrices 44
Klein F. 1,116
. Klein-Gordon equation 39,44 ,46

e

Kummer, see configuration of K.

Lagrangian 95
Laporte 16,100
lemma of Schur 10,24,35,36,71
Levi-Civita symbol 132,133
Lie algebra 60

- groups 2,50,51

- product 60,192

light cone, vectors 4,10,100,101,
110,147-8,152ff,162,164,167

- real l.c. 109ff

- complex l.c. 116££,137
line coordinates 103,126,131,184,
193

- vectors 138-9,186

- equation of a 1. 135

- 4-dim. line c. 1381ff

=

1=

linear complex 200
202
little group 71,98,106£f,114,

144-7,150,153,164£f,171,174

= congruence

lowering indices 11,133
Lorentz contraction 7
Lorentz group 1,2,4,6,19,106,146,
167

- full L.g. 4,7

- restricted L.g. 5,7,28,35,52,

106,140,145,164,184

- orthochroneous L.g. 5,106,179
- L.g. as 3-dim. transf. group

100£f,175£f

- complex Lorentz transf. 14,

116,121£ff,126

- decomposition of L.tr.121,127

magnetic field strength 16
see also 154

main series . 84

Majorana 164

mass of a photon 160

Maxwell equation 1I,38,41,93,137,

151,157-163,195

mesons 38,39
metric 1in.hyperb.geom. 178

- tensor 4
Minkowski I
momentum space 11,137,157

multiple-valued representation 54

Neumann 106,110
Neumark 2,50,64
neutrino 11,37,137,150
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neutrino form of Maxwell eq. 162
norm 1,109

- complex n. 121
North pole 107,147-8,155,182
notation convention 138
nullcorrelations 192ff

- tetrad 117

see further invariant tetraeder

03+ see rotation group

04+ see orthogonal group O4+
0n see orthogonal group 0n
observer

orientable sphere 180
orthochroneous group, see Lorentz
group

orthogonal group O4+ 26,27,121
- group,transformations,oﬂ 73,

100,128-9,175

= null correlations 202
orthonormal 25,63,188
orthonormality relations for

groups 48

- matrices 189
Pn—l 106
parabolic metric 179,180,182
parameter space 51

particle, see elementary particle

Pauli 2,47
- matrices 22,45,54,64,113,149,
189

- =Fierz equation 38,93ff
photons 11,38,137,157
pitch of a screw 184

1©

|=

plane coordinates 103,134
see also 193

Poincaré group 96,108,140-1,164

point transformation 4,69
Pointing, vector of P. 16
polar 1line 104,123,134,177
- plane 103,123,134
polarity 196
polarized photons 137,158
pole correlation 196
Proca equation 11,38,43,92,137,
138,142ff
projective group in 3 dim. 101
on a line 106
in (n-1)dim 106
- 3-space 102
- b5-space 131
see also 198
proper tensors 17
- time 8
pseudo tensor 17,34,133
- scalar 18,135
- vector 159
quadratic group 106
quaternion 11,115
ray coordinates 134

reducible 9,11,13££,17,29
relativistic invariant, see in-

variant

.relativity, theory of 1,1,7,37,120

reflection (space r.,time r.,
total r.) 5,37,51,52,87,112,150,

153
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reflection'invariant equation 87 SL2 21,52-4,106,121
- representation of r. 17,34ff, SLn 106
124,133-5,146 shift 177,180-1,184-5
- (arbitrary r.) 175,186,188, similarity transformation 183
190-1 simplex 107
regular representation 172 simply connected 53-4,180
representation 8 sliding, see shift
- irreducible finite 28ff,74ff South pole llg,lgzLS
- irreducible infinite-dim. 2, sphere, complex s. 117
50,58,63,69,76,79 spherical coordinates 54
see further tensor r.,spinor = functions 2,40,67
r,,two-valued r.,vector r., spin 95,150,158
conjugate r.,adjoint r., - indices 22
rot. group,regular r. - matrices 65
rest mass 89,143 - space of Veblen 100,126
- system 98,143 - value 11,19,28,30,83,98,145
restricted group, see Lorentz spinor 20ff,28,100f£f,110,118,147,
rotation (group) 5,11,16,37,51,60, 151,162,164,169
88,107,144,164,171 - equation 45
(2 x 2) matrices 22-24,37,65, - form of Maxwell eq.
112 - representation 19ff,30ff,50,
repr.of the r.g. 24,30,37 63,112,117
infin.operators 26,60,61,65,71, stationary subgroup 98,107
76,88 step operators 62,168
scalars with respect to r.g. 91 stereographic projection 110ff
- complex 66,115 Stern-Gerlach experiment 37,38
- (in hyp.geometry) 177,181 sU, 21,54-5
S scalar 18,154 supplementary conditions 38
Schouten I - series 84
Schur, see lemma of symmetric tensors 13,28
screw in hyp.geom. 175£f,184 - spinors 24,27
see also hyp.screw T tensor equations 41

selfdual 123,128 - product 10,20,23,27,30
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tensor rebresentations 10ff

= sum 9

see symmetric,anti-symmetric,

proper ,pseudo tensor

time-space coordinate system 1
topological group 51
tangent line 185
tangent plane 103

trace 13,21,28,32,47,120,184
translations 96 .108,143,145
transpose 4

transversaly polarized, see

polarized
two-valued representations 21,36
Uhlenbeck 16,100
21,24,27,52-3,106,109

unitary 2 x 2 matrix 21,22,27,113

- 4 x 4 matrix 109
~ representation of the rot.
group 21,22,25,58
- representations of the
Lorentz group 58,83,96
- trick 74

I<

I=

1N

53

universal covering group

vector representation 10,21,29

Veblen 1,100,106,110
velocity of light 1
vector 1
v-vector 129-130
see also four-vectors
Waerden, van der 1,19,47
Watanabe 1,18
weight 11,26,29,62,76
- diagram 29,77,168
Weyl 1,1,25,75

Weyl equation 11,37,45,137,145,

149-150,162

generalized Weyl eq. II,137,173
Wigner 98,164
world line 8
Zz 21,53
Zeeman I
Zero mass equations I1,137£ff
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