L s e e s

;':




MATHEMATICAL CENTRE TRACTS
21

THE COMPACTNESS OPERATOR
IN SET THEORY AND TOPOLOGY

MATHEMATISCH CENTRUM AMSTERDAM

1968



CONTENTS

INTRODUCTION iii

CHAPTER 1 A GENERALIZATION OF ALEXANDER'S THEOREM 1

1. Alexander's subbase theorem 2

2. The compactness operator 6

3. A strengthening of Alexander's theorem 14

CHAPTER 11 ANT ISPACES 25

1. C-spaces 26

2. Minusspaces and antispaces 32

3. Subspaces and sumspaces of antispaces 38

CHAPTER III1 CHARACTERIZATION OF THE NOTION OF COMPACTNESS 50
1. Characterization of compact spaces and the

compactness operator 51

2. Collections of compact subsets and problems 25

REFERENCES 59

SUBJECT INDEX 61



iii

INTRODUCTION

This tract is based on the papers [4], [5], [6], [11] and [12].
Together with De Groot, Strecker and Herrlich I studied the back-
ground and some generélizations of the isomorphism principle of [4].
The results of these investigatilons have been or will soon be published
in [5], [6], [11], [12] and in this tract. In general we will not refer
to these papers.

Several problems related to the isomorphism principle were solved
by investigating the notion of compactness from a set-theoretical
point of view. Alexander's subbase theorem was crucial in this context
and therefore we give a detailed proof and a set-theoretical reforma-
tion of this well known theorem in the first section of the first
chapter.

The second section of this chapter contains the definition of the
compactness operator p which assigns to every collection © of subsets
of a given set X the collection p® of all subsets of X which are com-
pact relative to &. (In the sequel compactness relative to a system ©
will always mean compactness relative to © if © is considered as a
closed subbase.) We also introduce an auxiliary operator Yy which can
be called the "topology generating” operator. We prove that p and Yy
generate a finite semigroup under the usual compositions. For a more
detailed study of this semigroup we refer to [6].

In the third section of the first chapter we obtain the most im-
portant results of this chapter, namely, a strengthening of Alexander's

subbase theorem. To be explicit, let X be a set, let © be a collection

of subsets of X and let © = p (& U p26) , then p% = p® and moreover, in
many important cases (e.g. if © is a closed subbase for a Hausdorff
space on X), éiis the unique maximal collection of subsets of X with
the property that p©& = pé. The results of this section are also
published in [11].

In the second chapter we investigate a topological isomorphism

principle. Following [4]’we introduce the notion of a minusspace, which

is an ordered pair (X,®) consisting of a set X and a collection of sub-

sets @ which satisfies the equality Y® = &. We also introduce the notion
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of an a;tiSpace which is a minusspace (X,d) with the property that
02@ = . The most important class of antispaces 1s the class of
topological antispaces or C-spaces. This class is closely related to
the class of compactly generated spaces and contains, for example, all
metric spaces and all locally compact Hausdorff spaces. In the first
section we give a survey of the theory of C-spaces. The results pu-
blished in this section are slight generalizations of well known results
for compactly generated spaces. However, the last proposition of this
section contains an essentially stronger result and is important for
the characterization of the compactness operator in the class of C-spaces.

The second section of this chapter contains, in addition to the
basic definitions, an application of the third section of chapter I
which provides some cofreSpondences between the class of all spaces
in which compact implies closed and the class of all compact antispaces.
We were able to describe the k-expansions (compare with [1]) in this
context.

The main results of the third section of the second chapter are
published here for the first time. In this section we introduce the
notion of an.antisubspace. We will consider a characterization of the
class of all antispaces and of the class of all isomorphic images of
C-spaces, i.e. the class of C%-*spaces, which is based on the notion of
an antisubspace. Although the class of C-spaces is not closed under the
forming of subspaces, it follows that the class of all antispaces and |
the class of all C*"Spaces are both closed under the forming of antisub-
spaces.

In the third chapter we consider the following problem: Give neces-
sary and sufficient conditions for a collection § of subsets of a given

set X which guarantee that € is the collection of all compact subsets

relative to some family of subsets of X. This problem appeared to be
difficult and we only give partial solutions to it. We also give 1in
this chapter a characterization of the compactness operator P in the
class of Tychonoff spaces and in the class of C-spaces. We conclude
this tract with some problems which are related to the characterization

of the notion of compactness and which may be used for further inves-

tigations of this subject.
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Chapter 1

A generalization of Alexander's theorem

Alexander's subbase theorem (cf. [7], p. 139) states that a set is
compact if and only if it is compact with respect to a closed (or open)
subbase of the topology. (Because of our needs in the following we shall
prefer to talk about closed subbases). Since every collection of subsets
generates (as a closed subbase) a topology, we can assign to every col-
lection © of subsets of a fixed set X the collection p® of subsets of X
which consists of all subsets of X which are compact relative to &. Thus
we define an operator P which assigns to every collection of subsets of
some set the family of compact sets relative to that collection of sets.

This operator is called the compactness operator.

In the first section, in an introduction to the topic, we give some
basic definitions and a detailed proof of Alexander's theorem and its
set-theoretical reformulation which we need in this tract. In the second
section we study the compactness operator and its basic properties. The
third section is primarily concerned with deriving a strengthening of

Alexander's theorem.



1. Alexander's subbase theorem

1.1. Definition. Let (X,¥) be a topological space. A collection B
of subsets of X is called a closed base for ¥ if and only if every set

is closed iff it is the intersection of members of ®R.

A collection © of subsets of X is called a closeqdm__subbase for I

iff the family of all finite unions of members of © is a closed base

for X.

1.2. Remark. Any family © of subsets of X may serve as a subbase
for a (uniquely determined) topology ¥. (Observe that & may be empty).

This 1s true because of the fact that in the definition,inter-
sections and unions of empty families are permitted. (For example,
if & = @4, then T = {6,X}]).

However, for later purposes (see in particular theorem 2.5 and the
remark in 2.4) we would like to avoid this latter convention (see also
definition 2.2). '

To be explicit, we make the following agreement: If & is any
family of subsets of X, then by an intersection (a union) of members
of © we shall always mean an intersection (a union) of a non-empty
subfamily of &, If & = @, then the family of all intersections and the
family of all unions is also empty.

With this convention it is no longer true that any familir © of
subsets of X is a closed subbase for a topology. Since the only sets
which might be excluded from the topology are the sets £
and X, we agree that the topology I generated by © will be the topology
generated by the subbase © U {ﬁ} U {X} (taking only unions and inter-

sections of non-empty families).

1.3. Definition. A system &' of subsets of a set X is called

centered iff every finite intersection of members of &' is non—empty.
A system &' of subsets is called centered in A or A-centered, provided
that &' U {A} 1s centered, i.e. ,the collection {S N AlS € E'} is

centered.



1.4, Definition. Let X be a set and © a collection of subsets
of X. A set A C X is called G-compact or compact relative to &

provided that every A-centered subsystem ©' of © has a non-empty

intersection with A.

i.e. (NS') NA £0 .

Observe that A C X is also G-compact if no member of © has a

non-empty intersection with A. (In particular A = @ is Scompact).

1.5. Lemma. Let X be a set and let © be an arbitrary system of

subsets of X. If & is a centered subsystem of &, then there exists

a maximal centered subfamily © of & which contains &',

Proof. The proof of this lemma is a straightforward application

of Zorn's lemma.

1.6. Lemma (Key lemma).

Let © be a maximal centered subfamily of a system of sets & and

n

assume that © contains a set S = U Si such that every Si is a
i=1 -

member of O. Then at least one of the S, belongs to O.

Proof. Suppose that no S, belongs to ©. Then for every i, the

i
system © U {Si} is not centered and there must exist a finite sub-

family {Sik} of é such that
ns,)Ns, =8,
k
Therefore
n n
(n (nNs.D))Nndy 8S.)) =9,
and

Il

(N (Ns.,))YNs =29.
j=1 k K



ey

However, this is a contradiction, since © is centered. We conclude

that at least one of the Si must belong to é

1.7. Proposition. If a set X is compact relative to a family &
of subsets of X, then it is also compact relative to the family Gv

consisting of all finite unions of members of &,

Proof. Suppose that €' is a centered subsystem of 6\/. Then &'
is contained in a maximal centered subsystem €& of Ev (cf. 1.5). Since
every member of é can be written as a finite union of members of &
(which are also members of Gv) , lemma 1.6 implies that every member
of & has a subset which belongs to @ N & 1t follows that N @ =
=N (G N \). |

Moreover, ©' C & implies that
Nnécne.

The system & N S is centered and,consequently, NS' # # follows from

the fact that X is G-compact. This proves that X is compact

relative to SV.

1.8. Proposition. If a set X is compact relative to a family & of
subsets of X, then X is also compact relative to the family Sn consist-

ing of all intersections of members of &.

v,
.....

Proof. Let &' be a centered subfamily of 6n Then every member

of ©' is the intersection of a collection of members of ©. We define

' ={s|se€e6& (I s' €6)(s' c8)l.
&' is centered because &' is centered.

Moreover, &' C & and X is G-compact. Consequently N &' # 4, and hence
N &' #£@. This implies that X is compact relative to En

1.9. Alexander's subbase theorem.

A (non-empty) set X is compact relative to a family & of subsets of X

iff X is compact relative to the family @ consisting of all intersections
" of finite unions of members of S, i.e., @ = (6V)n.



Proof. The sufficiency is clear. The necessity follows immediately

from propositions 1.7 and 1.8.

Topological reformulation. A topological space (X,¥) is compact

if and only if it is compact relative to an arbitrary closed subbase

for the topology X.

1.10. Remark. By relativization one can prove that a subset A of

a set X is compact relative to a family © of subsets of X iff A is
compact relative to the family @ consisting of all intersections of

finite unions of members of &. We reformulate this result as follows.

1.11. Theorem. The family of compact sets relative to a collection
of subsets ©® of a set X is equal to the family of compact sets relative
to the collection consisting of all intersections of finite unions of

members of &.

This theorem is fundamental throughout this tract.



2. The compactness operator

In this section the compactness operator P is defined and its
basic properties are studied. As an aid in the investigation of o
we define another operator Y which can be called the "topology gener-
ating operator. It will be shown that with the usual compositions

p and Y generate a finite semigroup. Its structure will be determined.

2.1. Definition. Let X be a (non—-empty) set and let © be a collec-

tion of subsets of X.We denote by QXCS the family of all &-compact subsets

of X, willbe considered as an operator defined on the family of all

P
X
collections of subsets of X. We call QX the camEactness operator on X,

If confusion seems unlikely, we shall write p® instead of pXG.

We make two observations.

1) pXE is never empty (Qxﬁ = P(X)) 1).

2) If ©C X then pX C PG,

Ve

2.2. Definition. Let X be a set. If © is a collection of subsets

x@ the collection of all intersections of

finite unions of members of &.

of X, then we denote by Y

According to our agreement in remark 1.2, in this definition

unions and intersections of empty families are not allowed. (Note that

Yxﬁ = @.)

2.3. Remark. Observe that both YX and px are mappings from the set
P(P(X)) 1) into itself. Therefore we may consider compositions between
those operators which are defined in the usual way as compositions of
mappings.

1
In particular we obtain powers of operators. If we let Dx = Dx,

then we define for every natural number n
2@ = 0 (0R(®)
X X X
2
for every collection © of subsets of X. The collection DXE is called

1
) The power-set of a set X will be denoted by P(X).



the collection of O-squarecompact subsets of X.

Observe that YXESis independent of X in the following sense: If
Y is any set such that US C Y, then YYG = YX(S'

We will usually omit the index X in the notation of both single

and composlite operators.

From these definitions it is immediate that
(L) v o v =y
i.e. Y(Y©) = y© for every G .

Furthermore, theorem 1l.1l1l, which is itself a reformulation of Alexan-

der's theorem,can be formulated as

(2) p ° v

I
©

i.e. p(Y®) = p& for every G .

2.4. Lemma. Let X be a set and let © be a collection of subsets
of X. Assume that C is an ©-compact set and E is &squarecompact. Then

CNE is both G-compact and &-squarecompact.

i.e. (CEPS&E €p%8) = (CNEE 06N 026 .

Proof. (i) Suppose that €' is a subsystem of p& which is centered

in C N E. Then §¢" U {C} is a subsystem of p© which is centered in E,
and so the fact that E is &-squarecompact implies that

(N (E" U {CIHN E # 8.

This intersection is equal to

(NE') N (CN E)

and therefore C 1 E is squarecompact.
(ii) Let ©' be a subsystem of © which is centered in C ) E. Then

the system
" ={sncls €c'}

is a subsystem of pS, since every member of & 1is the intersection of

a set of © and a set which is compact relative to ©. Furthermore, the

system &' is centered in E and thus



(ﬂ@t’)ﬂEéﬂ:
(N6') N (CNE) £4d,

which implies that C N E is compact relative to ©. The two parts to-

gether prove the lemma.

It is well known that finite unions of compact sets are compact
and in certain (but not all!) topological spaces (e.g. Hausdorff
spaces) also the intersection of a (non-empty.) collection of compact
sets is compact. The next theorem shows that in any space finite

unions and arbitrary intersections of squarecompact subsets are agaln

squarecompact.

2.5. Theorem. Let X be a set and let ® be a collection of subsets

2 2
of X. Then a finite union of members of P © is a member of ¢ & and

every intersection of a (non-empty.) subfamily of 0 & is a member of
2
o &.

The content of the preceding theorem can also be formulated as

2 2
(3) y eop =op

2 2
i.e. Y(p © =p & for every & .

2
Proof. p © is the collection of compact sets relative to P& and

therefore a finite union of members of 026 is a member of 926.

To prove the second assertion, let @' be a non-empty subfamily
of ;32(“5, and let EO =NE . We will show that E0 belongs to 925. Note
first that if EO 1s empty,then it is squarecompact since there can
be no subsystem of pO which is centered in E.. Thus we may assume that

0
E 1is not empty. Let €' be a subsystem of ¢S which is centered in E .

O 0
In order to prove that

(NE€Y NE, # 8,
we 1introduce another centered system, namely ,

" ={cNElces &«E €g'}.

Every member of § is &-compact by lemma 2.4. Let El be a member of



', then @ is centered in El" From the fact that E1 is &-square-

compact it follows that
(NGE) NE #8.

We conclude that

ﬂaé(ﬂ@")ﬂElwﬂﬁ"-‘:(ﬂS')ﬂEo.

This proves our theorem.

2.6, Progosition. ILet X be a set and let © be a collection of
3
subsets of X. Then p® c p &.

Proof. Let C € 0© and let ' be a (non-void) subcollection of
2
p © which is centered in C. By lemma 2.4 the system

8 = {c NE|E € g}

is a subsystem of pPp&. Moreover, if E, is an arbitrary member of

1

2 '
' (Cp © then  1is centered in l'::1 and so

(N &H N E, £ 8.

It follows that

(na')r\Cmn@"=(n@")nnl;éﬂ.

3
Consequently C € P & and hence
S C 0 G.

2.7. Theorem. If X is a set and © is a collection of subsets of

X ,then

Proof. Proposition 2.6 applied to p© yields
026 - 946.
To prove the opposite inclusion, we suppose that E is a member

of 046 and §' is a subsystem of P& which is centered in E. Then by



10

3
proposition 2.6, §' Cp S and therefore

(NE') NE £ 0.

2 4 2
This implies that E € p © and P & cp C.
4 2
We conclude that p & = p &,

We may restate the preceding theorem as follows

(4) 04 = 02-

2 8. Remark. In this section we have found four relations between

P and Y

(L) Y ° Y

il
-

I
ke
o

(2) p o ¥

2 2
(3) Y ep =p ,

(4) 94 = 92-

It is now easily verified that p and Yy generate a semigroup with
the following multiplication table.

2
—

vl v lvo [0 [o° | vo
M 0% | 0% 6% |o% | 02
vol| vo | 0% | o 0% | o

. . 2
In this table Yy is a right unity, and ¢ is an idempotent.

Associativity follows from the definition.

We now exhibit an example of a set X together with a collection &

distinct. It is clear that in this example © cannot generate a Hausdorff

topology, since in that case we always have Yyp = p.

Example. Let X be the cartesian product of the set of all ordinals

uncountable one and a two point set. We will denote
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the points of X by (a,s). Let © be the collection of subsets of X

which consists of all singletons and of all sets S which are the

inverse image,under the canonical projection,of closed subsets of

the ordinals in the order-topology. This collection © is not closed
under finite unions and hence Y5 is not equal to ©. The collection

PGS consists of all subsets of X whose image,under the canonical mapping
into the set of ordinals with the order-topology, is compact. The collec-
tion YPO consists of precisely all of the countable subsets of X, and the

2
collection P © consists of all finite subsets of X and hence every sub-

set 0of X is a member of 036.

It follows that all collections are distinct.

This example shows that in general there do not exist other

defining relations between P and Y in the semigroup than the four

which are mentioned above.

We conclude this section with some further results concerning

the operator p and its powers.

Note that the next two propositions are closely related to 2.4.

2.9. Proposition. Let X be a set and let & be a collection of
1
subsets of X. If n is any natural number, G € © and E € 016 then

(GNE) €p'6G.

Proof. (By induction on n).
Since it is well known that the intersection of an element of &

and an element of P® is again an element of PSS, the assertion is clear
if n=1.
Suppose next that the assertion is true for all natural numbers

n-1 ,
<n=1. Let §' be a subcollection of o © which is centered in

G N E. To prove that

(NE)NGNE) #£49,

we define

' ={cnalc eg}.

: -1
By the induction hypothesis this collection is a subcollection of pn ©.
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&' is centered in E and E € Qng it follows that

(NE&") NE £ 49,
i.e. (NG N (GNE) #£ 0.

Consequently

GNEEpP'S.

Remark. Observe that from Alexander's lemma it follows that

(GEYS) & (EE€0™) = (GNE €p'©,

since 0 Y6 = p 'S for every O.

2.10. Proposition. Let X be a (non-void) set and let & be a

collection of subsets of X.

_ 3
If E€p°G and F € p°G,then E N F € 08.
2 3. '
Proof. Suppose that E € PG and F € P &, If & is a subsystem of
© which is centered in El F, then the system
' ={sNnNeEls €6}

1 2 3
is centered in F. & is a subsystem of P & (cf. 2.9) and F € o G.

Thus we have
(NS N(ENF) = (NS)NF #£ 8D,

We conclude that EN F is &-compact which proves this proposition.

2.11, Corollary. For every set X and every collection © of subsets

p26 N p36 = p©& N 926.

Proof. Follows immediately from 2.6 and 2.10,

2.12. Remark. It is well known that a subset of a topological sﬁace
is compact if and only if this set is compact in its relative topology.

We can ask now whether or not this statement remains true when compact
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is replaced by squarecompact. We now give an example which shows that

in general this is not true.

Example. Consider a sequence {pi} converging to a point Pg - In
this sequence with the usual topology, all finite sets and all sets
containing'po are closed, compact and squarecompact, whereas the set
{pi'i £ 0} is not squarecompact.

The subspace {pi‘i #~ 0} 1s discrete in the relative topology.
Therefore, every subset of this subspace, and in particular the set

{pi‘i # 0} itself ,is squarecompact in this subspace.
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3. A strengthening of Alexander's theorem

In this section we investigate the following question. Given a

collection © of subsets of a (non-empty) set X, which collections &

of subsets of X satisfy the conditions

ECé and p& = Dé?

s

According to Alexander's theorem one can always take © = YO.
We shall strengthen this result and give necessary and sufficient

conditions which guarantee that there exists a maximal collection &

with the required properties.

3#1’

Lemma. Let X be a set and let © and ¥ be two collections of

subsets of X. Then

PENPE=,P(E U I
if and only if for all C, S and T
((C €EPGNPX) & (S € Y®) & (T € YI)) =

> ((CNS €EPY & (CNT € pS)).

Proof. To see the necessity,suppose first that there exist a set

g € YE& and a set C € PE N PY such that
CNS £rX.

This means that C ) S is non-empty and that there exists a subfamily
X' of ¥ which is centered in C N S and which has the property that

(NI') N (NS =4,

or equivalently (NI)NS)NC = 4.
' U {§} is a subsystem of Y(©& U X)) which is centered in C and hence
CLovy(GEUD.

It follows from Alexander's theorem that

CELEP(BUYD.

Therefore
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PG U £ o8 N oI,

In the same way we can prove that if there exist a set C € p& N oI
and a set T € YY such that

TN C £ oS

then we have that

PENEX #p(G UX.

The two parts together prove the necessity of the condition.

To see the sufficiencysassume that for all C, 5 and TI‘ such that
C €06 NP, S € Y5, T € YX
it is true that
CNTEPS and CﬂgGDI.

A set which is not a member of P& N PX is either not &Gcompact or not
d-compact and so clearly cannot be compact relative to & U . This implies

that (1) o (GEUIY) CpB Nl

To prove the opposite inclusion, assume that there exists a set C

which is a member of P N PSS but not a member of P (5 U IX). Then there

0

exists a system @ C & U X with the property that @ is centered in CO’

whereas

(n@>nc0=ﬁ.

We now define two disjoint subsystems of ¢ with union @ as follows:

¢, ={clcesacex}
and @tz{clceg&cez}.
Since

@sc:6

and since @g is centered inCO, the fact that C0 is ©-compact implies

that

C m(n@s) ncoaéﬁ.

S



16

Since C, c pX N p® and

(NG €S
we have by assumption that
C € pI.
S
Therefore, it follows from
G, cX
and
(ne) Nc_=(Mnel) NG NC) =

= (N ® nco---ﬁ

that @t cannot be centered in CS. Consequently, there exists a finite

subsystem of @t’ call it

{Gti’i =1, ..., n},

such that

Now let

C, = (
t .
1

h o8

. Gti) N C, -

The set C, cannot be empty, because ¢, and therefore @t,is centered

O n
Since C, € P& NpPYand (N Gti) € YX,we have by assumption that
i=1 *
Ct € pG.

Therefore it follows from

@ 6

S
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and

n
(ﬂ@s)ﬂctm(n@s)n(n G ) Nc, =

i=1

that (IHS cannot be centered in Ct'

Consequently there exists a finite subsystem of @S, call it

{G ‘j =1, ..., m},

SJ

such that

It follows that

The system

stlj =1, ..., mjU{c |i=1, ..., n]

is a finite subsystem of & which has an empty intersection with CO and

SO @& is not centered in C This is a contradiction.

0#
We conclude that

(ii) pS N pX Cc p(G& U ).
From (i) and (ii) it follows that

SN pX = p(G U J).

3.2. Corollary. If X is a set and © and ¥ are two systems of sub-
sets of X with the property that 08 = P, then

p(GE U X = 8 = PI.
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Proof. Let C € p€ N pX (= p© = pX).
If S € YS,then

SNC €pX = 06,

(The intersection of an G-closed set and an &compact set is S-compact).
Similarly, if T € Y, then TN C € P& = pJ.

Thus the conditions of the preceding lemma are fulfilled. Hence

PG UX =06 NpX =06 = px.

3.3. Remark. If {Ei}i i1s a finite collection of systems of subsets

of a given set X such that

'msi = 6, for all i and j,

then it follows from the preceding corollary that

D(l; @51) = D<5j for all j.

The question arises whether or not the same conclusion is valid for an infinite
collection {61}1. We show by means of the following example that this

need not be the case

Example. Let X be an infinite set. For every subset A of X we define

a collection of subsets 6A as follows:
S, = 1Al U {{p}lp € x}.

Thus EA consists of the set A and all sets that contain exactly one

point. Then D@A is the power-set of X and so

D@A*#OGB for all ACX and B C X.
On the other hand, since it is also the case that

U {6,|a = x]
s the power-set of X ,it follows that

o (U {@5AlA < x})
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consists of all finite subsets of X and hence

p (U {GAIA - X}) # 0(58 for all B C X.

We also show that there is no maximal collection of subsets of X
with the property that every subset of X is compact relative to this
collection. For, suppose that E:'S 1s a maximal collection of subsets such
that Dé is the power set of X. Thené cannot contain every subset of
X and so there exists a subset A such that A £ é Then the collection

C‘5A which is defined above has the property that DGA = pé and therefore

0 (S U S,) = o0& (cf. 3.2).

e

This contradicts the assumption that © is maximal. We conclude that for
every infinite set X there are collections © of subsets such that there
does not exist a maximal collection © O & with the property that

06 = pS. (In the preceding example, take for instance © = #).

3.4. Theorem. Let X be a set. For every family & of subsets of X

we have

0® = py (& U 026) .

3
Proof. In proposition 2.6 we found that p® C p S or

oG N 0(92@5) = pG.

The intersection of a member of p® and a member of Y® is a member of

3 .
0© and hence a member of P &, Lemma 2.4 implies that the intersection

of a member of Y02f5 and a member of P8 is a member of P® and therefore

all conditions of 3.1 are fulfilled. It follows that

p(B U p%® =08 N p(p?® = oSN 0”6 = 6.

An application of Alexander's theorem (pPY P) yvields the required

i

results.

Alternative proof. This theorem can also be proved using the
following
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Lemma (P. Bacon).

If © and ¥ are collections of subsets of a sct X, then

p(EUD =p8 NPT Nop({SNT|S ES&T €I}).

Proof. If C € (G U X),then C is &-compact and Y-compact. Moreover,
C € 2Y(B U X) and this implies that C is compact relative to the family

consisting of all intersections of a member of © with a member of X.

We conclude that

PEBUT CPBGNPINPHSNTIS ES&T €IN.
In order to prove the opposite inclusion we assume that
persnexnedsnrlseseT eTh

and that @ is a subsystem of © U ¥ which is centered in D. If ® consists
merely of members of & or merely of members of ¥ ,then from D € P& N PX it fol-
lows that (N @ N D £ B. If @ consists of members of both © and ¥ ,then

we select S, €E®N@and T, € X N G. Then the system

i

1
@'m{slnclc;e@n'r} U{TlnG!GG@nS}

is a subsystem of
{sntls esa T €ql,
which is centered in D and satisfies the equality
N§g =N d.
It follows that
N®» ND=(MNG') ND £ 4.
We conclude that in every case (N @ N D # #. Consequently

Deprp(GUX

and therefore

PEUX DpGNPINP({SNT|ISES&T € 3}).

This proves the lemma.



21

Proof of theorem 3.4. If we replace ¥ by Dzﬁ,then we obtain

(& Ur’® =8N SN n(fsnNTls €eSaT e ).

Proposition 2.6 and proposition 2.9 imply that

PE C p36c:p({s N Tls cS&T 6026}).

Hence we have

P& U 926) = p&

and from Alexander's lemma it follows that

PG = py(& U 926) .

'3.5. Remark. This theorem can be seen as a strengthening of
- 2
Alexander's theorem. The family © = Y(& U p ©®) contains the collection
Y® and all finite subsets of X. Moreover, at the end of this section we

will prove that in many cases © is the largest family of subsets of X

with the property that P& = pG.

3.6. Proposition. For every collection of subsets © of a set X,

the following relation holds:
2 2
P(GEU 0B =06NpP &=p (@B Up & =

= 0036 U 0°0) .

Proof. We first show that

2 (G U 08 = o6 N 026,

then we show that the rest of the equalities follow from 2.11l. From
proposition 2.9 and Alexander's theorem it follows that the intersection

2 . 2
of a member of Y& with a member of p Y& N pyS is a member of p YO, and

hence



and therefore

E|lD € 7S &

conclude that

family & with the property that P& = PS

3.2 it is clear that if © is such a maximal family,

family & is the only maximal £

mily, so the

set and let © be a collection of
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T ={AlAcX & (VC €pS)(ANC €D},

then a necessary and sufficient condition for the existence of a

maximal family © with the property that p& = o8 is that p¥ = 0G.

Mgt

In this case © = X.

Proof. To see the necessity, suppose that there exists a maximal
family é with the property that p& = Dé. We prove that ¥ = S and
r© = pX.

Let T € X. Then {T} is a collection of subsets of X and every

subset of X is compact relative to {T}. It follows easily that

b

oG N p{T} = p© = pC.

Let C. be a member of Dé and let S, be a member of Y®. Clearly

O O

C, NS, € o{T}.

O

Since T € ¥ we also have

COOTEDGmpé.

Hence we may apply lemma 3.1 to obtain

0 (S U {T}) = pG N D{T} = 06 = pB.

P

From the assumption that © is maximal it follows that T € © and hence

¥ C G.

Now we suppose that there exists an S0 € © such that SO £ X. Then

by definition of XX there exists a set C, € PE such that

S, N Cq £ 0G,

From this it is easy to see that C0 £ Dé which contradicts the
assumption that pS = Dé. We conclude that é C X. "
Therefore X = é and pX = Dé = pG.

To see the sufficiency, suppose that P& = pX. We will prove that
T contains every system ©' with the property that p&' = p&.

Suppose that S' is a member of such a system ©'. Then
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(S' NC') € &' for every C' € pG&".

Since pS' = p® we have by definition S' € X. This proves that I
contains every system &' with p© = p&' and so & is the unique maximal
collection of subsets of X with the property that it has the same

collection of compact sets as ©. This proves the proposition.

3 8. Theorem. Let X be a set. For any collection © of subsets

of X we have that

(06 c 0%0) = (6 c p°O).

Moreover, these conditions imply that

%6 = {Al(ic € S (C N A € pS)].

Proof. Since p6 C 02@5, every centered subsystem of P® has a non-
2 C 4 . :
empty intersection. It follows that X € P © and proposition 2.9 implies
2
that © C 0 6.

If we put

T = {A|(VC € p&)(A N C € )},

2
then we must prove that 06 = X, Lemma 2.4 implies that every member

of 025 is a member of X.
Conversely, let T € X. Since every centered subsystem of P has
a non-empty intersection,it follows easily that every subsystem of pG

which is centered in T has a non-empty intersection with T. This proves

that T € 026 and so X = QZG.

Finally,we remark that 3.4 implies that in this case p© = 035.

Theorem 3.8 and proposition 3.7 show that there are families of sub-
sets © such that the family derived in 3.4 is maximal with respect to the
properties of containing © and having the same compact sets as ©. It is
easy to see that the conditions of theorem 3.8 are fulfilled for every

closed subbase of a space in which compact implies closed, in particular

a Hausdorff space.



Chapter 11

Antispaces

This chapter 1s mainly concerned with establishing and investigating

a one to one correspondence between two classes of antispaces. This one to
one correspondence 1s based on two equalities of the previous chapter, i.e.
sz=m§faand 04 = 92. For our purposes it is more convenient to consider
minusspaces (cf. def. 2.1) rather than topological spaces. In particular we
consider those minusspaces in which the collection of squarecompact subsets
coincides with the collection of closed subsets of the space and we call
such a space an antispace. There exists a natural one to one mapping from
the class of antispaces onto itself which assigns to every antispace another
space on the same set in which the collection of compact subsets of

the original space coincides with the collection of closed subsets

of the second space.

The most important class of antispaces is the class of topological
antispaces or C—-spaces which is closely related to the class of compactly
generated spaces,

We give a survey of the theory of C-spaces in the first section.

In the second section we introduce the notion of an antispace and
establish the correspondence between C-spaces and compact antispaces (also
called C*-spaces), together with some basic properties.

The third section is devoted to subspaces and sumspaces of C-spaces

* »
and C -spaces. In this section we also introduce the notion of an antisub-

space, which enables us to characterize the class of all antispaces.
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1. CﬂsEaces

1.1. Definition. A topological space (X,¥) is called a C-space

provided that a subset of the space 1s closed iff it has a compact
intersection with every closed compact subset of the space.

A topological space is called a CC—-space provided that every

compact subset of the space is closed.

Observe that every Hausdorff space is a CC-space.
The definition of a C-space is closely related to the well known

definitions of a k-space and of a compactly generated space (cf. [3],
(4], [9] p. 5). A topological space is called a k-space provided that
a subset in the space is closed iff it has a closed intersection with

every closed compact subset of the space. A Hausdorff k-space 1s

called a compactly generated space.

1.2. Proposition. A topological space X is a C-space if and

only if it is a CC-space and a k—-space.

Proof. lLet X be a C-space. If C. is a compact subset of X,

O
then it has a compact intersection with every closed compact set and

so is closed. It follows that X is a CC-space.

If A is a subset of X wvhich has a closed intersection with
every closed compact subset of X , then it has a compact intersection
with every closed compact subset of X and hence is closed. This means
that X is a k-space.

Conversely, let X be a CC-k~space and let A be a subset of X
which has a compact intersection with every closed compact subset of
the space. Then from the fact that X is a CC-space it follows that
A has a closed intersection with every closed compact subset of the
space. Then A is closed, because X ls a k—-space. This proves that

X is a C-space.

1.3. Proposition. A CC-space which satisfies the first axiom of

countability is a Hausdorft C-space (compare with [7] p. 231 and (9]
p. 5, 6).

Proof. Let X be a first countable CC-space and suppose that

P and q are two points of the space that have no disjoint neighbourhoods.
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{u, |1 € N]

be a countable neighbourhoodbase at p such that Ui+1 - Ui and let

{v. |1 € N}

be such a neighbourhoodbase at q. We choose a sequence of points

{x,|i € N} such that x; €V, NU, and p # x_ # q. This sequence
converges to both p and q, and hence {:xl} U {p} is not closed. How-
ever, {xi}iEN U {p} is Compa.ct: This 1s a contradiction, since X
is a CC-space. It follows that X is a Hausdorff space.

Let A be a non-closed subset of X. Then there exist an accumu-
lation point p of A which does not belong to A and a sequence
{pili € N} in A which converges to p. Then {pi} U {p} is compact and
hence closed but its intersection with A is not compact. It follows

that there exists a closed compact subset of X which has a non-compact

intersection with A, Therefore, X must be a C-space.

l1.4. Proposition. A locally compact CC-space is a C-space (compare
with [9],p. 5, 6 and [7] p. 231). '

Proof. Suppose that X is a locally compact CC-space and
that A is a subset of the space such that A | C is compact for every
closed compact set C. If p is a point of the space which is not a

member of A, then p has a compact neighbourhood C which is closed

_ P
since X is a CC-space. By assumption A ) Cp is closed and does not
contain p,which implies that C \ A 1is still a neighbourhood of p.

P
Hence p is not an accumulation point of A and it follows that A

contains all of its accumulation points. Therefore A is closed and

X is a C—-space.
1.5. Corollary. Every compact CC-space is a C-space.

In a compact CC-space, the collection of closed sets coincides

with the collection of compact sets. Therefore every strictly coarser
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topology on the underlying set cannot be CC and every strictly finer
topology fails to be compact. We now introduce the notion of maximal

compactness and prove that a space is maximal compact if and only if

it is compact CC (cf. [8], [3]).

1.6. Definition. A topological space (X,¥) is called maximal

compact provided that X is compact relative to the topology I, but

fails to be compact in every strictly finer topology.

1.7. Proposition. A topological space (X,¥) is maximal compact
if and only if it is compact CC (cf. [8]).

Proof. Suppose that (X,¥) is maximal compact, and let C be an
‘arbitrary compact subset of (X,X¥). In order to prove that C is closed,
we suppose that @' is a subsystem of the collection of closed subsets

of (X,T) such that @ U {C} is centered. Then
(N G@') NcC# 8.

If we denote the collection of closed sets by ¢, then X is compact
relative to @, to @ U {C} and also to v(@ U {C}) . This collection
y(@ U {C}) is the collection of closed subsets of a topology on X
which is finer than (or equal to) the topology . From the assumption
that (X,X) is maximal compact it follows that @ = y(& U {ch and so
C € @.
We conclude that every maximal compact space is a compact CC-space.
Conversely, we have seen in 1.5 that every compact CC-space 1s a

maximal compact space.

~1.8. Proposition. The one point compactification of a C-space

is a maximal compact space.

Proof. Let (X,Y¥) be a non-compact C-space and let p be a point

which is not a member of X. Now we define the topology I* on X U {p}
LV

in the usual way. & contains every set of ¥, and the complements of
36

closed compact subsets of X. Of course (X U {p} , 4 ) is compact.

| r .
In order to prove that (X U {p}, ¥ ) is a CC-space we suppose
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that C is a compact subset of (X U {p}, 3?3, If CC X, then it is closed
in (X U {p}, I*) by definition. Therefore we suppose that P € C. Let
D be an arbitrary closed compact subset of (X,X). If C N D is empty,
then C 1 D is compact in (X,¥). IfC N D # B then we suppose that @'

1s a subsystem of the collection of closed subsets of (X,X¥) which is

centered in C N D. Then the system

¢ =1{cU {pllc € @'}

is a subcollection of the collection of closed sets in (X U {p}, I*)
and 1t is also centered in C N D. Since X is a C-space D is closed

"L
and C is compact in (X U {p}, T ). It follows that

(NE)NcnNbp#ad.
The set D does not contain the point p since it is a subset of X and so

(NG)NCC\ {ph N D # 4.

Therefore, in both cases,if CN D # S or if C N D = # ,we have that
(c\ {phH N D is compact in (X,¥). Hence the set C \ {p} has a compact
intersection with every closed compact subset of (X,X¥). It follows that
C \ {p} is closed in (X,¥) and thus C is closed in (X U {p},JIrS. We

>
conclude that (X U {p}, 4 ) is a compact CC-space which proves the
proposition (cf. 1.7).

1.9. Remark. The preceding proposition shows that the class of
C-spaces is not merely a class containing all locally compact Haus-
dorff spaces, but also a generalization of this class, since every
member of the class has a one point compactification within the class.
Moreover, it follows from 1.3 that every metrizable space is a C-space.

Every C-space is completely determined by its collection of com-
pact sets. This property suggests that there is a relationship between
the compactness operator and the class of C-spaces, and also a relation~
ship with the class of compactly generated spaces.

Finally we observe that the class of maximal compact spaces can be
considered as a generalization of the class of compact Hausdorff spaces,
since in both classes the collection of compact subsets coincides with

the collection of closed subsets and in both classes every one to one
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continuous function from a member of the class into a member of the

class is a homeomorphism.

1.10. Proposition. Let Y be a subspace of the C-space X
If Y is open or closed in the topology of X, then Y 1is a C-space

(compare with [1]).

Proof. Let Y be a closed subset of X and let A be a subset of
Y which has a compact intersection with every closed compact subset of
Y. Then A has also a compact intersection with every closed compact
subset of X and hence A is closed in X. This implies that A is

closed in Y and so Y is a C-space.

Suppose that Y is open in X and that G0 is the complement of

Y in X. Let A be a subset of Y which has a compact intersection with

every closed compact subset of Y . In order to prove that A is
closed in Y it suffices to prove that A U G0 is closed in X,
Suppose that A U GO is not closed in X. Then there exists a

closed compact subset C. of X such that

0
(A U GO) M Co

1s not compact. Therefore there exists a system of closed sets &' in

X which is centered in (A U G()) N C. and such that

0
NG8') N A UGo)n co = d.

Since G0 1s closed and C0 ls compact, GO N CO is a compact subset of

X and, therefore, there exists a finite subsystem of @',

G, |1 =1, 2, ..., n},
with the property that
n
(N Gi)ﬂcoﬂGomﬁ.
=1 4
If we define

n
C, = (12 Gi) N Cqy,
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then clearly C is a closed compact subset of Y. Then by assumption

2

the set AN C2 is compact. On the other hand,it follows easily that @'

is centered in A N C whereas

2,
(N @) ﬂAﬂcz = (NS&') N (AU GO) ﬂcomi’i.
This is a contradiction which shows that A U GO is closed in X.

Therefore A is closed in Y and so Y must be a C—-space. This

proves the theorem.
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2. Minusspaces and antispaces

2.1. Definition. An ordered pair (X,®) consisting of a set X and

a collection @ of subsets of X is called a minusspace iff Y8 = @ (i.e. the

collection @ is closed under the forming of finite unions and arbitrary
intersections of non-empty subfamilies of @ . M is called a minustopology
for X. The members of @ are called the closed subsets of (X,®) and the
complements of members of & are called open subsets of the minusspace.

Observe that (X,Y®) is a minusspace for every collection © of subsets

of X.

2.2. Remark. In the sequel a ''space’ will mean a ''minusspace'.
However, if confusion with "topological space" is likely, we will use
the words minusspace or topological space. Recall that in a minus-
space it is not necessary that the empty set and the entire
set are closed. This is a consequence of the definition of the operator
vy. In the following we shall occasionally use notions such as ' subspace ,
"homeomorphism’, "continuous function', "'quotient space’ when we
deal wit;h minusspaces. The definitions of these notions are completely
analogous to the corresponding definitions for topological spaces and
so we shall not formulate them explicitly. The definitions of C-space,
CC-space, etc. for minusspaces are precisely tile same as the definitions
for topological C-spaces, resp.,CC-spaces; we merely have to replace
the word topological space by minusspace. The definition of a minusspace
is equivalent to the definition of a topological space for many classes
of spaces that are usually studied. If a space contains two disjoint
closed sets,then the empty set is closed and if a space contains two
disjoint open sets,then the entire set is closed. Every C—minusspace
is a topological space because both the empty set and the entire set
have a compact intersection with every closed compact set and hence
they must be closed.

Every topological space is a minusspace and every minusspace can
be changed into a topological space by the adjunction of the empty set

and the entire set to the collection of closed subsets. Almost every

theorem for topological spaces, resp., for minusspaces can be reformu-
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lated for minusspaces, resp., for topological spaces with occasionally

a comment on the empty set and the entire set.

If we define the closure of a set A to be the set of all points
P such that every open set which contains p intersects A, then the

notion of a minusspace has the disadvantage that the closure

of a set in the space need not be closed. Indeed ,the closure of a set is
not closed if and only if the set is dense (i.e., every non-empty open
subset intersects it) and the entire set is not closed. Observe that in
this case the closure of a set is not the intersection of all closed

sets containing the given set,.

We now reformulate theorem 1.2.5 in the following way:

2.3. Theorem. If X is a set and if © is a collection of subsets

2 . :
of X, then p © is a collection of closed sets in a minusspace on X.

2.4, Definition. An unordered pair of minusspaces on the same set
{(X,@l) ,(X,@z)} 1s called an antipair if and only if @2 = 0@, and
@1 = 0652. A member of an antipair is called an antispace and if
{(X,@l) ,(X,@z)} is an antipair, then (X,@l) 1s called the anti-image
of (X,@Z) and conversely.

2.5. Remark. From the definition it follows that (X,d) is an anti-
space if and only if pz@ = @ and,in this case, the unordered pair
{(X,@) ,(X,p@)} is an antipair. By definition this is the only antipair
which contains (X, and so every antispace (X,®) has a unique anti-

image, i.e.,(X,,®). Observe that 8 € @ for every antispace (X, .

2 . .
2.6. Theorem. If (X,®) is an arbitrary minusspace, then (X,p @) is

3
an antispace and its anti-image is (X,p @).

Proof. Follows immediately from theorem 1.2.7 and the preceding

remark.

This theorem remains valid for every set X and every collection

of subsets ©, i.e.,(X,pz@ is an antispace and its anti-image 1s

3
(X,0 © . This follows from I.1.9.
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2.7. Definition. A minusspace (X,d) is called compact provided

>
that X € p@. A compact antispace is called a C -space.

2.8. Theorem. For every minusspace (X,d) the following statements
are equivalent.

(i) (X,® is a C-space.

(ii) ((X,®) is a topological space and an antispace.

(iii) There exists a C*-*Space (X,8) such that p& = .

(iv) ((X,®) is a CC—-antispace.

Proof. The pattern of proof is (i) = (ii) = (iii) = (iv) = (1i).

(i) = (ii). Suppose that (X,®) is a C-space. Then it is a topolog-
ical space (cf. 2.2). Every compact subset of the space is closed
(cf. 1.2) and so every centered system of compact sets has a non-empty
intersection, which implies that the set X itself is squarecompact.
From 1.2.9 it follows that every closed set is squarecompact, 1.e.

8 c 0°6.

In order to prove that every squarecompact set is closed, we take
any squarecompact set A. It follows from I.2.4 that A has a compact
intersection with every compact (and hence closed) subset of (X,®).

A is closed since (X, is a C-space. This implies that every square-
compact subset of (X,8) is closed. We conclude that (X,8) is a topolog-
ical antispace.

(ii) = (iii). Suppose that (X,d) is a topological antispace. Then
(X,P®) is also an antispace, and from X € @ = 02@ it follows that
(X,p®) is a compact antispace, i.e. a C**-space and (X,®) is the anti-
image of this C*-Space.

(iii) = (iv). Let (X,8) be a compact antispace with the property
that @ = P&, Then (X,®) is an antispace (cf. 2.5). (X,R8) is a compact

antispace which implies that 8 © p® = . Therefore p@ = K € @, which
means that (X,0) is a CC-space. This proves that (X,8) is a CC-antispace.

(iv) = (i). Suppose that (X,8) is a CC-antispace and suppose that
A is a subset of X which has a compact intersection with every compact
subset of (X,8). Let §' be a system of compact subsets which is centered

in A, and let C, be a member of €'. Then §' can be considered as a
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system of closed sets which is centered in C0 N A. The set CO N A is

compact and therefore

(ﬂG')ﬂA=(ﬂG')ﬂCOHA£6.

This implies that A is squarecompact and hence A is closed. It follows
that (X,®) is a C-space.

2.9. Remark. From this theorem it follows that the class of C-
spaces 1s closely related to the class of C*-Spaces. There exists a
well defined one to one correspondence between these classes, namely,
every C*-space is the anti-image of one and only one C-space and
conversely. Every antispace determines its anti-image completely and
therefore every property of the anti-image corresponds to some proper-
ty of the original antispace. The topology on a C-space is (not
necessary strictly) finer than the minus-topology on the corresponding

VR
C —-space because the identity function is continuous.

It is easy to see that a space is maximal compact if and only if
it 1is both a C-space and a C*-Space. (Observe that a maximal compact
space is a compact antispace.) In this case the space is the anti-
image of itself and '1ts antipair consists of two identical spaces.

It seems reasonable to ask if every antispace is a C-space or
a C*-*space. The answer to this question is in the negative. It is even
possible to find an antipair consisting of two homeomorphic minusspaces

such that neither is a C-space. We show this in the following example.

Example. Let X be the set of real numbers and let @ be the
collection of all subsets of X which are bounded to the left and
closed in the usual real-line topology.lIt is easy to see that (X,d)
is a minusspace. A subset A of (X, is a member of p@ if and only
if it is bounded to the right and closed in the usual topology on X.
Therefore {(X,®,(X,r®} is an antipair consisting of two homeomorphic
spaces. Clearly, neither is a C-space, since every C-space is a topo-

logical space.
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2.10. Proposition. If (X,®) is a CC-space, then (X,p®) is a
C*;Space.

Proof. By definition P@ C @ and hence p@ C 02@. Therefore X € 92@},
since every centered subsystem of p@® has a non-void intersection. Now
theorem 1.3.8 implies that @ C p2© and from I1.3.4 it follows that

PE = 03@, We conclude that (X,0@) is a compact antispace, which

proves the proposition.

2 ,_ .
2.11. Proposition. If (X,r @ is a C-space, then (X,p@®) is a

>~
C -space.

Proof. (X,P 2@) is a C-space and hence a CC-space. This implies

that 02@3 DSG}DD@ (cf. 1.2.6). We may apply again I1.3.8 and 1.3.4
and the proposition can be proved in the same way as the preceding

proposition.

2.12. Theorem. If (X,8) is an arbitrary minusspace, then

2 >
X,p@NPOP @ is a C -space.

Proof. Clearly (X,Y(@ U p@®)) is a CC-minusspace and from I.3.6
2
it follows that P@ NP G is its collection of compact subsets. Now the

theorem follows from 2.10.

2.13. Corollary. If (X,®) is an arbitrary minusspace, then
X, (PG N 92@)) is a C-space.

2.14. Remark. It is well known that for every Hausdorff space
(X,Y) there exists a uniquely defined k-space (X,.?D with the same
collection of compact sets (cf. [7] p. 241, [1]). (X,X) is the image
- of (X,i) under a one-to—-one continuous mapping. We shall call (X,ﬁ:)
the k-expansion of (X,Y). This k-expansion is usually defined in the
following equivalent way:

If (X,¥) is a (topological) Hausdorff space, and @ is its collection
of closed sets, then we define the k-expansion as the topological

space which has the collection
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@=1Al(tvcermanc el

as its collection of closed sets. It is easy to see that the k—-expa

of any Hausdorff space is a C-space.

The preceding corollary now suggests the following definition of
the C-expansion (X,8) of any minusspace (X,®):

i

@ =pr(Pr@E N pz@).

(X,é) to (X,®) is

It follows that the identity mapping fron

continuous. Furthermore, if (X,®) is a CC-space, or even if (X,p@®)

* .
is a C -space, then P® and P@ are identical collections of sets (cf.

1.3.8). It is easy to see that if the k-expansion of a topolog

space is defined, then it coincides with the C-expansion.
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3. Subsgaces and sumspaces of antisgaces

In this section we study the one-to-one correspondence between

>
the class of C-spaces and the class of C -spaces which we found in

>¢&
2.9. We will prove theorems in the theory of C -spaces with corre-

spond to theorem 1.8 and 1.10 in the theory of C-spaces. In the theory
of C*;-Spaces we will define the notion of an antisubspace which corre-

sponds to the notion of a (topological) subspace in the theory of

C-spaces. We show that the correspondence between C-spaces and -
spaces is not entirely invariant under the taking of subspaces and
antisubspaces. The notion of an antisubspace is also useful for the
investigation of minusspaces in general. For example, we shall give a

characterization of the class of antispaces which is based on the

notion of an antisubspace.

3.1. Definition. A minusspace (X,d) is an antisubspace of the

minusspace (Y,®) iff X C Y and
& = {GlGc X & G € &}.
® is called the anti-relative minustopology on X and the identity

mapping from (X,®) into (Y,®) is called an anti-embedding.

Remark. Observe that the relative minustopology on X is defined,

as usual, by
®=1X N s|s € §.

In this case (X, is called a minussubspace of (Y,5).
Furthermore, if (X,®) is an antisubspace of (Y¥,5), then A C Y
is G-compact implies that ANX = A \ (Y \ X) is Gcompact, since

every centered subsystem of @ is a centered subsystem of &.

The following theorem corresponds to 1.8.

-
3.2. Theorem. Every C -space can be anti-embedded in a maximal

compact space by the adjunction of one single point.

S~
Proof. Let (X,d) be an arbitrary C -space and let p be a point
which is not an element of X. We define Y = X U {p} and

S=06U{cU {p}lc € o a}.
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It is easy to see that (X,®) is an antisubspace of the minusspace
(v,9).

In order to prove that (Y,85) is a compact space, we assume
that ©' is a centered subsystem of ©. If &' does not contain a member
of ¥, then N &' contains p and thus the intersection of &' is not

empty. If &' contains a member G, of @, then the system

€ = {sNnag,ls €6}

is centered and has the same intersection as the system &', &' is a

subsystem of ®. (For, if A € § = pi@ and B € PO, then according to
2

lemma I.2.4 we have both AN B €Ep@and ANB €p 8= @.) (X,® is

P
a C -space and hence a compact space. It follows that

6 £NEG =NnGC.

We conclude that (Y,®) is compact.

In order to prove that (Y,5) is a CC-space, we assume that A is
a compact subset of (Y,5). If A contains p, then (A \ {p}) must be
compact relative to @ (cf. remark 3.1) and hence A is a member of &.
If A does not contain p, then A is a subset of X which is compact
relative to P@. Therefore A € 02@, i.e.,A € . Consequently in both
cases A € ©, and we conclude that (Y,5) is a compact CC-space (hence

a topological space) and so by 1.7 is a maximal compact space.

3.3. Lemma. A minusspace (X,®) is an antispace if and only if
the following two conditions are satisfied:
(i) There exists a minusspace (X,®) such that @ = pC.
(ii) @ contains every subset of X which has a @closed inter-
section with every @-compact subset of (X,d).

Proof. Suppose that (X,0) is an antispace. Then @ = {32@ and @
is the collection of compact subsets in (X,p®). If a set A has a S
closed intersection with every @-compact subset of X, then it is
compact, i.e.,A € (P@® = G@.

easily verified that A is P@
Conversely, suppose that (X,d) is a minusspace which satisfies

both conditions. Then @ = P& for some collection & of subsets of X.
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Hence -
2 3 6)
P ®=p6Dp86=0 (cf. I.2.

2
and therefore @ C 0 @. ,
2
In order to prove that P C @ we suppose that A € p @. Then

| 2
A ¢ 036 and A N C is a member of P& = @ for every set C € p © (cf.
1.2.10). Therefore A has an intersection belonging to @ with every

2
member of P® and this implies that A is closed. Hence p § C § and we

conclude that (X,8) is an antispace.

3.4. Theorem. An antisubspace of an antispace 1is an antispace

> >~
and an antisubspace of a C —-space is a C -space.

Proof. The proof of this theorem will be carried out by showing
that properties (i) and (ii) of 3.3 and the property of compactness
for minusspaces are inherited by antisubspaces.

Let (X,® be a minusspace and let (Y,{§) be an antisubspace of
X,®).

(i) Suppose that @ = PE for some collection © of subsets of X.
Then © generates a minusspace (X,Y5). The minussubspace (Y,5') of

(X,Y®) with the relative minustopology has the family
06' = {clcc v & ¢ € o6}

as 1ts collection of compact subsets, but this collection is equal to
3 by definition. We conclude that if @ is the collection of compact
subsets in some minusspace on X, then {§ is the collection of compact

subsets in some minusspace on Y.

(ii) Suppose that @ contains every subset of X which has a G-

closed intersection with every member of px@, 1f C0 is a subset of X

which belongs to Dx@, then every subsystem of members of & which is

centered in Co has a non-void intersection with C.. Therefore every

O

subsystem of members of ;§J which is centered in C,. has a non-empty

0
intersection with CO’ and we conclude that CO is compact relative

to . Since every member of {§ is contained in Y it follows that

CoﬂYecnY{j.
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1 Now let B be a subset of Y such that B has an intersection

belonging to {§ with every member of pyg. Then also

BﬂAé@forallAépYﬂ.

Moreover, according to the preceding observation,

CﬂYéDYijfor allCEg)x@.

Consequently,
BNC=(BNYYNC=BNXNCGC €

for all C € DX@.
Therefore B € . Since B € Y this implies B € J.
From (i), (ii) and lemma 3.3 we conclude that (Y,{}) is an antispace

whenever (X,d) is an antispace.
(iii) Now suppose that X is compact relative to ®. Then every cent-
ered subsystem of  has a non-empty intersection with X and hence every

centered subsystem of {§ has a non-empty intersection with Y. Thus Y is

compact relative to .
-

This means that (Y,{}) is a compact antispace, i.e.,a C -space
*.
whenever (X,®) is a C -space.

3.5. Corollary. If (X,®) is a C-space and (Y,8) is a subspace of
%
(X,8), then (Y,p@®) is both a C -space and an antisubspace of (X,p@)

[although (Y,5) does not need to be a C-space ).

3.6. Proposition. If (X,® is a minusspace and (Y, is an anti-
subspace of (X,®) with the property that X \ Y is compact relative to
¢, then

o —l | }
S=1lcnylcers
and (Y,YP®) is a minussubspace of (X,YP@®).

Proof. The collection © is contained in ®&. Therefore, if C is

compact relative to &, then every non-empty subsystem of © which is

centered in C has a non-empty intersection with C. This intersection
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is contained in Y and hence C N Y is compact relative to ©&. Therefore

{C N vlc € px@} C pYG.

Next we suppose that K is a member of DYG, but K U (X \ Y)

is not a member of Qx@. Then there exists a subsystem @' of @ which

is centered in K U (X \ Y) with the property that
NG)NEU X\ Y)) = 0.
In particular
NeH N\ =8,

and from the assumption that X \ Y € DX@, it follows that there exists

a finite subfamily

{c,[i =1, 2, ..., o,

of @' with the property that

n
(N GI)NEX\Y) =460.
i
i=1
n
If we let G. = N G,, then G, C Y. Since G, € @ this implies that
o~ . i 0 0

G, € & The system

6" = {6 Ng,lc €0}
is a subsystem of & which is centered in K. From the assumption that
K is ©-compact it follows that

§4£(NGBYNK=(NBG)NEKUEX\ M.

This is a contradiction. Consequently, if K € OYG, then
KU X\ Y) E QX@. We conclude that

& c {c nylc e DX@}

and soO

PG = {cnvylce px@}.
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It now follows easily that (Y,YDYS) is a subspace of (X,YDXCS)) .

3.7. Theorem. Every antispace can be anti-embedded in a C-space

by the adjunction of one single point. Moreover, every antispace can

be embedded in a compact antispace by means of adjoining one point.

Proof., Let (X,®) be an antispace and suppose that p is a point
which is not in X. Define Z = X U {p} In order to find a minustopol-
ogy © on Z such that (Z,5) is a C-space which contains (X,®) as an

e

antisubspace, we first define a minustopology © on Z. Then we con-

struct © by means of c.

Define: & = y(@U {c U {p}|c € o 6}.
First we observe that (Z,@) is a CC-space. For, if A is an é—
compact subset of Z, then A is also -compact and hence A U {p} € G.

If p € A this means that A € é If p £ A then it follows easily from
the definition of & that A is also px@—compact, i.e.,A C p;@ = .
In both cases A € 6, and we conclude that QZS S, i.e., (2,5 is a
CC-space.

From 2.13 3it follows that (Z,pzé) is a C-space. If we consider
X as a subset in the minusspace (Z,é), then the induced anti-relative
topology in X equals §; if we consider X as a subset in the minus-
space (Z.Dzé) , then we denote by {§ the induced anti-relative topology
on X. Furthermore, Z \ X = {p} is compact, both in (Z,é) and in

(Z,Dz@ . From proposition 3.6 it follows that
o® = {C N X|c € oG}
and

o = {C N X|C € psé}.

- ~ 3.
Since (Z,5) is a CC-space, the proof of 2.11 implies that p© = p &

2 2
and hence we conclude that p® = pfy and so p @ = p . The space (X,i})
2~
is an antisubspace of the antispace (Z2,p ©) and thus theorem 3,4 implies

that (X,{§) is an antispace. Therefore we have

@mngnozgmij
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2
and (X,®) is an antisubspace of the C-space (X,p ).

We have proved now that every antispace can be anti-embedded in
a C-space. Since (X,®) is an antispace, the space (X,vr@®) = (X,p®) is
its anti~-image. Moreover, since sz = 02, we have (Z,'Yﬂ3é) = (z,p3é) =
= (Z,Ypé) = (Z,pé) . Consequently 3.6 implies that (X,p@) is a subspace

of (Z,pé) , while (Z,pé) is the anti-image of a C-space and hence a

>
C —-space.

The constructed compact antispace can be called the one point
compactification of the antispace (X,0®). Observe that the collection

of all complements of members of P@ N @ is precisely the collection

of all open sets of (Z,Qé) which contain p.

3.8. Corollary. (i). The class of all antispaces is precisely
the class of all antisubspaces of C—spaces and is precisely the

class of all open subspaces of C*-Spaces.

(ii). The anti-image of an antisubspace of a
C*-space is equal to the C-expansion of the corresponding subspace
of the‘correSponding C—-space.
| (iii) . Let (Y,®) be a subspace of a C-space

2 2
(X,8) . Then both (Y,p®) and (Y,p ©) are antispaces and & C p 6.

Proof. Assertion (i) follows immediately from 3.4 and 3.7, (ii)
follows from 3.5. Assertion (iii) is an easy consequence from (ii)
and 2.10. It indicates another definition of a subspace of a C-space,

2 :
namely, (Y,p © can be considered as a C-subspace of (X,® (compare
with [10]). We will not investigate this notion any further in this

treatise.

3.9. Definij:ion. Let {(xa,@a) }aGA be a collection of minusspaces

such that X NX_ =0 if o # B. Let X = U X .
Q B8 oEA o
1) If @ = {G|GC X & (Vo € A)(G N X, €@)},then (X,® is a minus-

space. It is called the minuss f t ' |
P um o he collection {(xa’@a) }GGA'

2) If & = v( LéA &,), then also (X,8) is a minusspace. It is called
o &

th f t 3
e antisum of the collection {(on’@a) }C!GA'
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Remark. If the collection A is finite, and if 8 € ¢, for all a,
then the minussum coincides with the antisum, but if A is infinite
and if # € @a for all a, then the minustopology defined by the minus-
sum is strictly finer than the minustopology induced by the antisum.
If @ is an arbitrary closed set in the antisum, then G N X, = # for
all but a finite number of a's. Observe that if{(xa,@a)}are antispaces,
then @ € @cx for all o, since # is always squarecompact. If{(xa,@a)}

are topological spaces, then the minussum coincides with the usual

topological sum.

3.10. Theorem. The minussum and the antisum of a disjoint

age of the

collection of antispaces are both antispaces. The anti-im
minussum of a collection of antispaces equals the antisum of the anti-

images of that collection of antispaces.

Proof. Let {(Xa,@ia) Ia € A} be an arbitrary collection of disjoint

minussum,

antispaces which is indexed by the set A. Let (X,8) be their

and assume that (X,®) is the antisum of the collection of their anti-

images -

{x oy &) o € a}.

a’

For convenience in the remainder of the proof, we use ﬂa to denote

2

® and pa to denote ©

X X -
Qa oL

In order to prove that © = Dx@j and @ = QXG we prove in succession

(1) O cr.6;
(ii) DX@- c 6;
(1iii) @ <, G;
(iv) QXE cC @.

which is centered

(i) Let S € 6 and let @' be a subsystem of §

in S. Clearly S may be written in the form

S:C UC U s o Uca $
c]‘() al n
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centered in at least one

Now let

O O O

Ko £ P, @,, or we can define an infinite subset AO of A such

that T N X, # B if o € A,- In the first case it follows from G < G

exists a subsystem

that T £ 04§

choose a point P, € X NT for every a € A

0"

€ A,. Therefore P, is a closed subset of (X,®).
sumption that
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{Pa[a & AO} 1s centered in T. However

(N{P la€a P NT-=42.

Consequently T £ px@ 1n both cases and hence ()X@ c &.

(iii) Let G € @ and suppose that €' is a subsystem of U , @&
o o
| | | o €A
which is centered in G. Then €' is centered and it follows that there

such that §' C p ® , and
“0 %0

exists an ao,

GNX cE® = S .
“0 %0 Ao %o

Therefore (N €') N G # B, and hence

GEDX( U o ©a) =DXY( U P, @a) = 0,0O.

@
a€A ¢ a €A X
We conclude that @ C QXG.
(iv) Suppose that G £ @. Then there exists an index B such that
(G N XB) £ @, . Since (X8 ,@B) is an antispace, this means exactly
(GDXB) EOB ®&_., and thus GﬂXB

] @8 C & it now follows that G £ QXS and so ng C .

is not compact relative to p @%.

B
Frcm p

3.11. Remark. It is easy to see that the minussum of a collection
of C-spaces is a C-space. In this case the minussum is equal to the
topological sum of these spaces. Therefore the antisum of a collection

el . e : . — - .
of C -spaces is a C -space. However a minussum oi an infinite collection

of C**Spaces is never a C*.-Space. This yields another method to construct
antispaces, e.g.; a minusspace with cofinite topology can be considered
as the antisum of a collection of one point spaces, and hence it is a
C*“"'SpaCE. Its anti-image is the discrete space with the same cardinality.
Furthermore, 1if {(xa’@a) }a is an arbitrary collection of T1 minusspaces,
then the collection of compact subsets of their minussum induces the

same minustopology as the antisum of the family of spaces {(Xa,.YDa 8,) }a’

induces the

and also the collection of compact subsets of theilr
same topology as the minussum of the family of spaces {(Xa,YfDa @a)}..
These statements can be proved similar to the proof of 3.10.

We will conclude this chapter with some propositions and remarks

on continuous functions, quotient spaces and productspaces.
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3.12., Definition. If X and Y are two minusspaces, then a

function f: X > Y is called a k—mapping provided that the inverse
is a compact subset of

image under f of a compact subset 1n Y

X.

3.13. Proposition. If (X,® and (Y,5 are antispaces, then a

function f from (X,® to (Y,®) is continuous, if and only if £ is a

k-mapping from (X,0®) to (Y,0®).

Proof. Assume that f is a continuous function from (X,® to (Y,5).

Then the inverse image of a member of © is a member of . Since
925 = & and 02@ = @ this means that the inverse image of a member of

X
036 =P (®PS) is a member of P (@) which implies that f is a k—-mapping

from (X,p®) to (Y, rn®).

The converse is proved similarly.

3.14. Proposition. If the CC-space (Y,0) is a quotientspace of a
C-space (X,®), then (Y,®) is a C-space.(This is a corollary of [7] p.240.)

Proof. Let f be a quotient mapping from (X,®) onto (Y,5) and
suppose that S is a subset of Y which has a compact intersection with
every closed compact subset of (Y,©). If we assume that S is not closed,
then f_]'[S] is not closed either and hence there exists a compact subset
C of (X,®) such that C N fnl[S] is not compact in (X,®). The set
C N f*1[S] 1s a non-compact subset of C. C is compact and hence closed.
Consequently, C N ful[S] is not closed. Therefore there exists a point
p in the closure of C N fﬂl[S] which does not belong to C fﬂl[S] .

It follows that p € C and hence p £ £ [S] This implies that

-1 -1 -1
p £f [s]nit [£c]] =¢£ "[sn £fc]].
The set f[C] is compact in (Y,5) and hence f[C] N S is compact and
closed in (Y,®) and therefore
f [s n zfc]]

is closed in (X,®). Furthermore C C f-]'[f[C]] and hence p is in the
-7
closure of £ "[S N £f[C]]. This is a contradiction. We conclude that
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S 1s closed if and only if S has a compact intersection with every

closed compact subset of (Y,5) and hence (Y,®) is a C-space.

3.15. Remark. This proposition can be seen as a corollary of the
well known result that the quotient spaces of a k-space are k-sgpaces
(cf. [7]). It is natural to ask if every quotient space of a C-space
is a C—-space or, in particular, if a closed continuous image of a C-
space 1s a C—-space. By means of the following counterexample we will

show that this is not the case.

Example. Consider the space consisting of two convergent
sequences {pifi € N} and {qili € N} with 1limit points Py and q;) respec*
tively.lIt is easy to see that this space is a C-space.

Let {ri‘i € N} be a sequence converging to two points Ty and r .

o0

Now we can define a mapping f which maps both P and q, onto r, for

every i # 0 and which maps Pq onto rs and qd, onto r_. It is easy to
see that f is a closed continuous mapping, but the quotient space is

not a C—space.

Until now we have not mentioned product spaces of C-spaces. We
can investigate a notion of C-product by defining the C-product of
a collection of C-spaces as the C-expansion of the usual topological
product of those spaces. This is actually carried out by N.E. Steenrod

[10] forthe case of Hausdorff C-spaces. We shall not carry this inves-

tigations any further in this treatise.



Chapter III

Characterization of the notion of comgactness

In this chapter we investigate three problems concerning the
notion of compactness in the class of Tychonoff spaces, in the class
of C-spaces and in the class of all minusspaces. In the first section
a characterization of the class of all compact Hausdorff spaces 1is

given. The characterization is in terms of heredity for certain

topological operations.

The second problem concerns the characterization of the compact-
ness operator. We will give conditions x:for an arbitrary operator
defined on the collection of closed subsets of a Tychonoff space,
resp., a C-space to be the compactness operator.

In the second section of this chapter we investigate the third
problem which can be formulated as follows: Let X be a set and let §
be a collection of subsets of X. Find necessary and sufficient condi-
tions for Q@ which guarantee that @ is the collection of all compact
subsets relative to a suitably chosen system © of subsets of X. Observe

that, without loss of generality, © may be a minustopology or a topoil-
ogy on X,

We conclude this section with a set of unsolved problems.
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1. Characterization of compact Spaces and the compactness operator

1.1, Theorem (DE GROOT). let I' be a class of topological spaces

which satisfies the following conditions:

(i) The topological product of any collection of members of T
s a member of T'. (Productively closed).

(ii) Every closed subspace of a member of T is a member of .
(Hereditarily closed).

(iii) If X € T and Y € T and if X is a subspace of Y, then X is
a closed subspace of Y. (Absolutely closed).

(iv) Every closed continuous image of a member of T is a member
of I,

(v) The class ' contains a space consisting of more than one
point.

Then I' is precisely the class of all compact Hausdorff spaces.

Proof. First we prove that every member of the class is Hausdorff.
Suppose that X is a member of ', then X x X is also a member of T (cf.
condition (i)). The subspace of X x X consisting of all points
{(x,x) lx € X} is homeomorphic with X itself and hence a member of TI.
Condition (iii) implies that this subspace is closed in X X X and so

ember of

the space X is a Hausdorff space. We conclude that every

' is a Hausdorff space.

Next we prove that the class of all compact Hausdorff spaces is
a subclass of ', Let X be a member of I' which consists of more than one
point (cf. condition (v)). Since X is Hausdorff it contains a closed
discrete subspace consisting of two points. From condition (ii) it

follows that the discrete space consisting of two points is a member

of I'. The Cantor set is homeomorphic with the countable product of
discrete two point spaces, and so according to (i) it is a member of T.
The closed unit interval is a closed continuous image of the Cantor

space and hence it is contained in I' (cf. condition (iv)). Moreover,

every product of closed unit intervals 1s contained in I' (cf. condition
(i)) and since every compact Hausdorff space is a closed subspace of a

product of closed intervals, it follows that every
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compact Hausdorff space belongs to I.

Next we prove that every member of T is a compact Hausdorff space.
We know already that every member is Hausdorff; we only have to prove
that every member is compact. Suppose that (Y,I) is a member of T
and suppose that G, and G_, are two disjoint closed subsets of (Y,X).

1 2
We define a mapping f from Y into the power set of Y in the following

way .
(i) f(p) = G1 iff p € Gl’
(ii) f£(p) = G, iff p € G,
(i11) £(p) = {p} iff p £ G U G,.

Then the set f[Y] can be supplied with the quotient topology I' with
respect to Y and f. It is then easy to see that the function f is a
closed continuous mapping from (Y, onto its quotient space (£f[Y],I').
We conclude that (f[Y],Y') is a member of I and hence a Hausdorff space.
In particular there exist two disjoint neighbourhoods U and V of the
points f[Gl] and f[Gz] in the topological space (f[Y],X'). It follows
that £ "[U] and f [V] are disjoint neighbourhoods of the closed sets

Gl and Gz in (Y, . Hence we conclude that (Y, is normal. Therefore
(Y,D has a Cech-Stone compactification (Z,). Since (Z,) is a compact
Hausdorff space it belongs to I’ . Then it follows from condition (iii)

that (Y, is closed in (Z,3%). This means that (Y, coincides with

(Z2,3) and consequently is a compact Hausdorff space.

1.2. Theorem. If we have for every set X an operator UX from

B(BP(X)) into itself, then dy coincides with P, for the collection of

all closed subsets of all Tychonoff spaces if and only if o meets the

following requirements:

(i) : If @ is the collection of closed sets in a Tychonoff space
(X,¥) then CIX@ C @. (Closedness condition).
(ii) : If (A.IA) is a subspace of (X,Y) and @A is the collection

of closed subsets of (A,X,) then 0,8, = {C|c c A & C € o @]}.
(Subspace condition).
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(iii) ¢ For every operator A which assigns to the collection of
closed subsets of every Tychonoff space another collection
of subsets of the same space and which satisfies (i) and
(ii) (with O replaced by A) then GX@ - )\X@
for the collection @ of closed sets in every Tychonoff

space (X,¥). (Maximality condition).

Proof. Let 0 be an operator satisfying (i), (ii) and (iii). We

prove that 0X© = p_O for the collection ¢ of closed subsets of every

X
Tychonoff space (X,¥). We observe that every compact subset of a

Tychonoff space is closed and hence p_(@) C @. This means, that p

X
satisfies condition (i). It is also well known that a subset of a
topological space is compact if and only if it 1is compact in its
relative topology. This implies that 0 satisfies condition (ii). We

now apply (iii) to P and 0 and obtain

OX@ - Gx@

for the collection @ of closed subsets of every Tychonoff space.
On the other hand, we know that for every compact Hausdorif

space P® = @ and therefore condition (i) implies that for compact

Hausdorff spaces 0@ D 0c@. From the fact that every Tychonoff space
condition (ii)

can be embedded in a compact Hausdorff space and from

i§ ac t

it follows. that p,8, O 0,8, for every subspace (A,IA) of a cam
Hausdorff space (X,J).
We conclude that p® O c@® for every Tychonoff space and hence

P = O on this class.

1.3. Remark. The preceding theorem remains true if we replace the

class of Tychonoff spaces by separable metric spaces. This follows

easily from the fact, that every separable metric space can be embe

in the Hilbert cube — which is a compact metric space.

It is not known if the theorem

still an open question whether or not every CC-space cah be embedded

in a maximal compact space.
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If we have for every set X an operator cx from

then Oy coincides with Dx for the collections

sed subsets of all C-spaces iff 0 mecets the following

ection of closed sets in any C-space (X,®)
3) |

hen 0, G ¢ (Closedness condition).

(ii) 1If (A,) is an open subspace of (X,®), then o A@A =

i

{CICCA&C € Gx} . (Open subspace condition).

(iii) For every operator A which assigns to the collection of

closed subsets in every C-space another collection of

ubsets of the sa

me space and which satisfies (i) and (ii)
(with o replaced by 1), then A\ C o® for the

collection @ of closed subsets of every C-space. (Maxi

condition).

Proof. The proof of this theorem is sin

ilar to the proof of 1.2;

e | ' !
merely have to replace compact Hausdorff by maximal compact’ and

"subspace’ by ''open subspace''. Then the theorem follows from II.l.S and
I I » 1 » 10 . -

1.5. Remark. This theorem remains true if we replace the notion

, It L} ]

of C-space

this

by the notion of "'locally compact Hausdorff space' . At

moment we do not know a method for characterizing the compactness

operator in the class of all topological spaces.
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2. Collections of compact subsets and problems

.....

In this section we will make some remarks on the following
problem: Given a set X, characterize all collections § of subsets of
X which are the collections of compact subsets relative to some other
family of subsets of X. This problem seems to be difficult and re-
mains unsolved in its generality. However, we start this section with
some necessary conditions for the collections §. Furthermore a
characterization of all collections @ which are the collections of
compact subsets of antispaces is derived as a corollary of the

previous chapter.

2.1. Proposition. Let X be a set and let Q@ be a collection of
subset s of X such that § is the collection of compact subsets in some
topology on X. Then

(i) p2€S o g.

(ii) The intersection of a member of € with a mem

member of Q.

(iii) Every infinite member of € contains an infinite proper sub-
set which is also a member of Q.

(iv) & is closed under the taking of finite unions and every

finite subset A of X is a member of G.

Proof. § = p® for some collection @ of subsets of X. Without loss

of generality we may assume that @ is the collection ol closed

in some topology on X. Now the first assertion is precisely pIropos

1.2.6 and the second assertion is precisely lemma I.2.4. In order to

member of § which does not

prove (iii) we assume that A is an infinite

contain a proper infinite subset belonging to §. For every G € @ we

have that G N A belongs to §, which implies that GMNA is finite or

GNA=A. Now let B be an arbitrary proper subset of A. Then G (1 B

is finite or GN B = B for every G € G. This means that B

and hence a member of €. So from the ass mption that no infinite
subset of A belongs to P@ = §, we have derived that every subset of !/

belongs to P@ = Q. This 1s a contradiction. Consequently for every
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infinite set A € §@ there exists a proper subset of A which 1is infinite

and which is a member of Q.

The fourth assertion is well known.

2.2. Remark. It is easy to see that condition (i) of the preceding
proposition follows from condition (ii). If we assume that Y& = @ then
condition (ii) also implies condition (iii).

Furthermore we show by means of a counterexample that the conditions

of 2.1 are not sufficient.

Example. Let X be an uncountable set and let & be the collection
of all countable subsets of X. Then pQ® consists of all finite subsets
2

of X and every subset of X is a member of p €. Hence conditions (i) and
(ii) are fulfilled. It is easy to see that § also satisfies conditions

(iii) and (iv) of 2.1.

In order to prove that § is not the collection of compact subsets
relative to any family &, we assume that © is a collection of subsets
of X and that p®& = (. |
From Alexander's theorem it follows that we may assume without loss of
generality that y© = ©, The set X itself is not compact and hence there
exists a nest ! € & such that 8 £ N and N N = F. Now choose a point

p, €X and a set N, € % such that P, £ N.. Then we choose a point

1 1
P, € Nl and a set Nz € N such that P, £ N_. We proceed by choosing

. 2
P € Ni-l and Ni € N such that P £ N.. The set {pi} is a countable

i® i=1
- . . O . O
subset of X and the collection {Ni}iml 1s centered in {pi}j.:l’ whereas

o0

(py}i? N CN N =4,
i=1
It follows that the set {pi};;l is countable but not S-compact. This is

a contradiction. We conclude that there exist no collection of subsets
© of X such that 8 = §,

2.3. Proposition. A collection Q@ of subsets of a set X is the

collection of compact subsets of an antispace X if and only if (X,®)

is an antispace. A collection of subsets € of a set X is the collection
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>&-

of compact sets of some CC-space on X if and only if (X,Q) is a C
space.

Proof. Follows immediately from II.2.5 and 1I1.2.10.

2.4. Problems.

(i) Is it possible to embed an arbitrary CC-space in a maximal

compact space?

(ii) If X is a set and © is a collection of subsets of X, does

P& YP® imply that p& = 036‘?

(iii) If X is a set and © is a collection of subsets of X such
. 2 . .
that PSS = YP© and 07O C PG, does this imply that X € p&?

(iv) Let X be a set, and © a collection of subsets such that
3
YDXG = DXE. Let A € QX@. Is it true that under these conditions A is a

3

member of DAQS, where ¥ is the collection of closed sets in the relative

minustopology on A?
Remark. It is easy to see that (ii) is equivalent with (iii) & (@dv).

(v) Let (X,X) and (Y, be two C-spaces. Is it true that the
intersection of two compact sets of their topological product is compact

in the product topology?
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ERRATUM.

IT. 3.15

Since the quotient mapping mentioned in example II. 3.15 1s not
closed, the question whether or not all closed continuous images of
C-spaces are C-spaces is still open.

A quotient space of a C-space is a C-space iff every inverse

image of a compact set is closed. (cf. II. 1.2 and II. 3.14.)



