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PREFACE

This book has developed from lectures on reflexive and superreflexive
Banach spaces given at the University of Amsterdam. A Banach space X is call-
ed reflexive iff the canonical embedding of X into its second conjugate space
x** is surjective. Although clear and simple, in some respects this defini-
tion is not very satisfactory. For instance, checking the reflexivity of a
given space against this definition requires the computation of the first
and second conjugate spaces, a generally difficult task. One would like to
avoid this and to characterize reflexive spaces intrinsically, i.e. without
reference to their conjugates. Developing such characterizations is what a
large part of Chapter I of this book is about. In the process we shall gain
a better insight into the sﬁructure of reflexive spaces. In particular it
will become apparent that reflexivity is a property intimately connected
with the geometry of the unit ball. Roughly, what makes a space reflexive is
the absence of certain large (i.e. infinite-dimensional) flat areas in the
unit ball, away from the origin. Thus reflexive spaces can be thought of as
spaces whose unit balls possess a certain degree of infinite-dimensional
rotundity. This is just one of various types of characterizations developed
in Chapter I, but it is of particular importance in connection with super-
reflexivity, the subject of Chapter II.

It is a classical result that every uniformly convex space is reflexive.
However, not every reflexive space is uniformly convexifiable (i.e. can be
given an equivalent uniformly convex norm). The question of characterizing
the uniformly convexifiable spaces has long been open. It is now known that
the latter coincide with the so-called superreflexive spaces, which form a
proper subclass of the reflexive ones. It was R.C. JAMES ([54]) who first intro-
duced the notion of superreflexivity, expecting it to be equivalent to uni-
form convexifiability. As P. ENFLO ([33]) has shown, this idea was sound. In
terms of the geometry of the unit ball, a space fails to be superreflexive
iff its unit ball satisfies certain finite-dimensional flatness conditions
analogous to the infinite-dimensional ones characterizing non-reflexive
spaces.

Further geometric properties of superreflexive spaces are taken up in

the latter part of Chapter II. In particular we relate superreflexivity to
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a geometric parameter called the girth ([90]) of the unit ball, defined as
the infimum of the lengths of all closed centrally symmetric curves on the
unit sphere. A Banach space is superreflexive iff its girth is larger than
4 ([59]). If the girth of the unit ball of X is 4 and is achieved, i.e. if
there exists a so-called "girth curve" of length exactly 4, then X is called
flat ([42]). Some results on flatness are proved and a characterization of
superreflexivity in terms of flatness is given. We also discuss other super-
properties equivalent to superreflexivity. The final section of Chapter II
is devoted to connections with ZP spaces. It was long hoped that the spaces

2P (1 £ p < ® and c, would turn out to be the fundamental building stones

in Banach space theogy, in the sense that every Banach space would contain
one of them isomorphically. This hope was crushed by B.S. TSIRELSON ([1011]),
however, who constructed a reflexive space containing no lp. Notwithstanding
some positive results connecting superreflexive spaces with oP spaces ([55],
[38]), even superreflexive spaces need not contain any lp, as T. FIGIEL &
W.B. JOHNSON ([35]) have shown by a modification of Tsirelson's example.

The selection of material for this book has been determined to some
extent by personal taste and prejudice (and, undoubtedly, lack of knowledge),
but mainly by our desire to concentrate on the geometry of the subject. The
emphasis is on general theory. Examples and counterexamples are given only
to illustrate the various notions introduced and to indicate the scope of
the theorems proved. We make no pretence of being complete and the specialist
may find his favorite topic missing. This is a price we gladly paid for our
wish to keep both the size of this volume down and the exposition detailed
enough for the beginning graduate student to be able to proceed without
undue hardship. A preliminary section of prerequisites reduces the presup-
posed knowledge to a minimum. By providing full details of proof throughout
the text we hope to have made this beautiful subject accessible to a large
audience.

Rather than scattering them throughout the text we have collected bio-
graphical references at the end of each section. Notation is for the most

part standard. Let us mention here a few uses which may not be so common.

sp A,sp{x,y,...}: linear hull of a subset A, respectively {x,y,...},
of a linear space, i.e. the set of all (finite) linear combinations

formed with elements of A, respectively {x,y,...}.

[a] = sp A, [xn]:=1: closed linear hull of a subset A, respectively

{xn: n € N}, of a normed linear space, i.e. the closure of sp A,



respectively sp{xl,x2,...}.

ET: closure of a subset A of a space equipped with a topology T.

I am indebted to Mr. A.J. Pach for the work he did in connection with
this book. Not only did he write a preliminary (Dutch) version of part of
the present text while I was lecturing on it, but he also critically read
a large part of the final manuscript, pointing out errors and suggesting
many improvements. Needless to say, all remaining mistakes are mine. Finally
I would like to thank Mrs. C. Klein Velderman for her excellent typing and

the Mathematical Center for accepting this volume in their series.

D. van Dulst

August 1978.






0. PREREQUISITES

For the convenience of the reader we review in this section some basic
facts frequently used later on in these notes and which the reader should
be familiar with. We shall presuppose only Qery little knowledge of Banach
spaces, roughly the contents of Chapter I of [44]. All other results re-
called in this section will be provided with (short) proofs.

In the study of Banach spaces also topologies other than that defined
by the norm are important téols, notably the weak and weak* topologies.
These can best be understood against the background of topological vector
spaces which we now briefly discuss. Let X be a vector space. (We always
consider vector spaces over the reals, for simplicity.) A subset A ¢ X is
called convex if Ax+(1-A)y € A whenever x,y € A and 0 < A £ 1, and balanced
(or circled) if AA < A for all |A] < 1. ]A?51 AA is the smallest balanced
set containing A and is called the balanced hull of A. Likewise the convex
hull, denoted by co A, is the smallest convex set containing A and consists
of all elements of the form A,x, + ... + Anxn’ with n € IN, Al,...,k 20,

171 n

Z?=1 Ai = 1. A set which is both balanced and convex is called absolutely

convex. The smallest absolutely convex set containing a given subset
A c© X is called the absolutely convex hull of A. It is easily verified
that it equals the convex hull of the balanced hull of A and consists of

all elements A,X, + ... + A_ X withn e IN, A,,...,A_ € IR and Z? A, | 1.
n'n 1 n i=1

171 i
A c X is called absorbing if for every x € X there exists a AO 2 0 such

that x € AA whenever |[A\| 2 A\,. If A is balanced, then it is absorbing when-

0
ever néhan = X. A function p on X is a seminorm on X if
(1) 0 < p(x) < = for all x € X,
(ii) p(Ax) = |Alp(x) for all A ¢ R and x € X,

(1ii) p(xty) < p(x)+p(y) for all x,y € X.

Thus a seminorm differs from a norm in that it may be 0 on non-zero elements.



DEFINITION 0.1. A topologicél vector space (t.v.s.) X is a vector space
equipped with a topology for which the maps

(i) (x,y) = x+y from XXX into X, and

(ii) (A,x) » Ax from IRxX into X

are continuous (XXX and IRXX have the product topologies).

In particular, translations in a t.v.s. are homeomorphisms, so the
topology of a t.v.s. is completely determined by a base U of neighborhoods
U for the zero element. It easily follows from the continuity of the al-
gebraic operations that all O-neighborhoods are absorbing and that the
closed balanced O-neighborhoods form a basis. If X has also a O-neighbor-
hood base consisting of convex sets (which does not follow from the defi-
nition of a t.v.s.) then X is said to be locally convex. A locally convex
topological vector space is briefly called a locally convex space (l.c.s.).
A l.c.s. is easily seen to possess a O-neighborhood base consisting of
closed absolutely convex sets. Namely, take any O-neighborhood base U and
form the closed absolutely convex hulls of all U € U (the closed absolutely
convex hull of a set A is by definition the smallest closed absolutely
convex set containing A and is obviously the closure of its absolutely
convex hull). ‘

If A is an absolutely convex absorbing set in a vector space X (no
topology for the moment), then the gauge or Minkowski functional P, is the

function on X, defined as follows:
pA(x) := inf{) = 0: x € AA} (x € X).

p., is easily seen to be a seminorm and, moreover,

A

{x e Xx: P, (x) < 1} ¢ A c {x € X: Py (x) < 1}.

Conversely, if p is a seminorm on X then {x € X: p(x) < 1} and
{x € X: p(x) £ 1} are absolutely convex and absorbing and p = Py for an

absolutely convex absorbing set A iff
{x € X: p(x) <1} c A c{x e X: p(x) <1},

Supposing now that X is a l.c.s., it is obvious from these observations
that there is a 1-1 correspondence between the closed absolutely convex
O-neighborhoods U and the continuous (i.e. continuous at 0) seminorms p

on X, namely



U={x€ X: p(x) <1} <> p = Py-
A linear form f on X is continuous iff f is continuous at 0, i.e. iff
|£(x)| < 1 for all x € U, where U is some closed absolutely convex O-neigh-
norhood, i.e. iff |f(x)| < p(x) (x € X), for some continuous seminorm on X
(take p = pU). Two topological vector spaces X and Y are called (topolog-
ically) isomorphic (notation: X = Y) if there exists a linear homeomorphism
of X onto Y. Every finite-dimensional t.v.s. X is easily shown to be iso-
morphic to nfl, where n = dim X. Whenever we wish to emphasize the topology
T of a t.v.s. X, we write it as (X,T).

The dual space X* of a t.v.s. X is the set of all continuous linear
forms on X. X* is a vector space with the usual definitions of addition
and scalar multiplication. The hyperplanes in X are the kernels of the
linear forms on X and they are either closed or dense, according as the
corresponding linear form is continuous or discontinuous. In the case of
a l.c.s. X the Hahn-Banach theorem guarantees that X* contains "sufficient-
ly many" elements. We state it in two forms, a geometric and an analytic
one, which can be derived from one another., One should observe that in the
absence of local convexity, the only non-empty open convex subset of X may

be X, in which case the Hahn-Banach theorem is empty.

THEOREM 0.2 (Hahn-Banach).

geometric form: Let X be a t.v.s., A # ¢ an open convex subset of X and

M a linear manifold in X such that M n A = ¢. Then there exists a (closed)
affine hyperplane H in X such that Hn A =¢ and H o M.

analytic form: Let X be a vector space, p a seminorm on X and M a linear
subspace of X. If f£ is a linear form on M satisfying |f£(x)| < p(x) for

all x € M, then f can be extended to a linear form on X satisfying the same
inequality on X, i.e. there exists a linear form g on X such that f(x) = g(x)

for all x ¢ M and |g(x)| < p(x) for all x € X.

In particular, taking for X a l.c.s. and for p a suitable continuous
seminorm on X, one sees that every continuous linear form on a linear sub-
space M © X can be extended continuously to X. In the case of normed linear
spaces, the extension can be made with preservation of the norm (take

p(x) = l£lllxl (x € X), £l denoting the norm of £ on M).

DEFINITION 0.3. Let X and Y be two vector spaces and let <+,+> be a bilinear

form on XxY, i.e. for fixed x € X (respectively y € Y) y > <x,y>



(respectively, x > <x,y>) ié a linear form on Y (respectively, X). Then
the pair X,Y with this bilinear form is called a dual pair (denoted by
<X,Y>) provided the following conditions hold:

(i) <x,y> =0 for all x ¢ X=>y=0,

(ii) <x,y> = 0 for all y € Y = x=0.

*
An example of a dual pair is a l.c.s. X together with its dual X and

*
the "canonical" bilinear form <¢,+> on XxX defined by
* * * *
<X,X > := x (X) (x € X, x € X ).

Indeed, (i) is trivially satisfied and (ii) holds by the Hahn-Banach theo-
rem: given x # 0, define a continuous linear form x* on sp{x} (= the linear
span of x) by x*(ax) = 0o (o € IR) and extend it continuously to X. Then

x* e x* and <x,x*> =1# 0.

Now let <X,Y> be a given dual pair. We shall define Hausdorff locally
convex topologies o (X,Y) and o(Y¥,X) on X and Y respectively and derive some
properties of these topologies. 0(X,Y) will be determined completely once
we have described a neighborhood base for an arbitrary fixed element x € X.

By definition such a neighborhood base consists of all sets of the form
V(x;yl,...,yn;e) := {x' € X: |<x-x',yi>l <eg i=1,...,n},

where n € IN, Yyreeer¥, € Y and € > 0 are arbitrary. It is easily checked
that these sets are convex and define a topology on X for which the alge-
braic operations are jointly continuous. Thus X with the topology o(X,Y) is

a l.c.s. Furthermore,

I. o(X,Y) is a Hausdorff topology.

PROOF.Let X 1%, € X with Xy # X, be arbitrary. Using (ii) in Definition 0.3,

2 2
choose y € Y such that <X =X, y> # 0 and € > 0 such that 0< eg< %|<x1—x2,y>

Then V(xl;y;e) n V(x2;y;e) =¢. 0O

II. (X,0(X,¥))” can be identified with Y.

* *
PROOF. Let us denote (X,0(X,Y)) by X . For each y € Y we define a linear

form ¢ (y) on X by

¢ (y) (x) = <x,y> (x € X, y e ¥Y).

*
Clearly, each ¢(y) is continuous for o(X,Y), so ¢ maps Y into X .



Furthermore, ¢ is linear ana 1-1 (by (i) in Definition 0.3), so it remains
* * *
to show that ¢ is surjective. Let x € X be arbitrary. Then x (0) = 0 and
*
by continuity there is a O-neighborhood V(O;yl,...,yn;e) on which |x | is

bounded by 1, i.e.
*
X € X, |<x,yi>| Se (i=1,...,n) = |x (x)] < 1.

n

It follows in particular that ker x* = _01 ker ¢(yi). It is now an easy
1=

exercise (use induction on n) to show that x = Al¢(y1) + ee. + An¢(yn) =

+ ... cee .
¢(A1Y1 + Xnyn) for some Al' 'An e R 0
Thus we may and do identify Y with X* (i.e. we suppress the ¢ notation).

III. o(X,Y) is the coarsest topology on X for which the elements of Y

are continuous.

PROOF. We have already noted that the elements of Y are continuous for
0(X,Y). Conversely, let T be any topology on X for which the elements of Y
are continuous. Let V(x;yl,...,yn;a) be an arbitrary basic o(X,Y)-neighbor-
hood of an arbitrary x € X. By assumption, for every i € {1,...,n} there
exists a T-open 0, such that x € 0; and ]<x'—x,yi>| < ¢ whenever x' € o -
Then O := .N Oi is T-open and x € O © V(x;yl,...,yn;e), proving that T is

i=1
finer than o(X,Y). O

By the symmetry of X and Y in the definition of a dual pair, it is
obvious how o0 (Y,X) should be defined. Analogous properties hold for o (Y¥,X)
(simply interchange X and Y everywhere).

Now let X be a l.c.s. with topology T and let us denote (X,T)* by X*.
We have seen above that <X,X*> is a dual pair (with the canonical bilinear
form <x,x*> = x*(x)), so that o(X,X*) and o(x*,X) are defined. In partic-
ular we have now two topologies on X, namely T and o(x,x*). By II both give
rise to the same dual space, namely x*, and by III c(X,X*) is coarser than
T. In general o(X,X*) is strictly coarser than T. As an example, let us

consider a normed linear space X (so that T is the norm topology) .

*
PROPOSITION 0.4. Let X be a normed linear space and X 1its dual. Then

*
0(X,X ) coincides with the norm topology iff dim X < o,

PROOF. We have already remarked that finite-dimensional topological vector

spaces of a fixed dimension n are all isomorphic to IRn, so that sufficiency



is clear. Suppose now that dim X = » and let V = V(O;x:,...,x:;e) be an
arbitrary basic O-neighborhood for c(X,X*). Then V contains the linear sub-
space L := 151 ker XI' Since dim X = », L # {0} and, therefore, unboundid
(in norm). Thus the unit ball of X cannot contain V, proving that o(X,X )

is strictly coarser than the norm topology. [

Let X be a vector space and let Tl and T2 be two locally convex topo-
logies on X (i.e. (X’Tl) and (X,Tz) are l.c.s.). T1 and T2 are called com-
patible iff they yield the same dual spaces (i.e. (X'Tl)* = (X,Tz)*).

PROPOSITION 0.5. Let X be a vector space and let T1 and T2 be compatible

locally convex topologies on X. Then for any .convex set A ¢ X (so in par-
ticular for every linear subspace of X) the Tl—closure of A coincides with

the T2—closure.

PROOF, Let x* denote the joint dual (X'Tl)* = (X,T2)* and let A c X be
convex. It obviously suffices to show that the G(X,X*)—closure equals the
Tl—closure of A. Let us denote these by Xandg, respectively. Since G(X,X*)
is coarser than T1 (by III), X > A. To prove the other inclusion, let

x ¢ A and let O be an open ‘convex Tl—neighborhood of x such that O n A = ¢.
Then A-0 is a Tl-open convex set (note that A is again convex) not con-
taining 0. By the Hahn-Banach theorem (geometric form with M = {0}), there
exists a Tl-closed hyperplane H (throughO) with H n (A-0) = ¢. Hence there
exists an x* € X* with x* >0 on A-0O. It follows, since O is open, that

B :=X$%gfx',x*> > <x,x*>. Thus, choosing 0 < g < B—<x,x*>, the o(X,X*)—

* ~
neighborhood V(x;x ;e) is disjoint with A, proving that x ¢ A. [

A similar argument proves the so called bipolar theorem. We need some

definitions first. Let <X,Y> be a dual pair and let A ¢ X be arbitrary. Then

0
the polar (set) A" ofA is AO := {y € Y: |<x,y>] £ 1 for all x € A}. Similar-
ly, interchanging X and Y, the polar BO c X of a subset B € Y is defined.
In particular AOO = (Ao)o is a subset of X, whenever A c X. AOO is called

the bipolar (set) of A with respect to the dual pair <X,Y¥>. It is not dif-
ficult to show that polar sets are always absolutely convex, o(X,Y) (or

0(Y,X))=-closed and that A c AOO for all A © X. The bipolar theorem asserts
that AOO is (for any A < X) the o(X,Y)-closed absolutely convex hull of A.

PROPOSITION 0.6 (bipolar theorem). Let <X,Y> be a dual pair and let A c X

be arbitrary. Then AOO is the o(X,Y)-closed absolutely convex hull of A.



PROOF. We have already observed that AOO is o(X,Y)-closed and absolutely

convex. Let A, be any 0(X,Y)-closed absolutely convex subset of X containing

1
A and let x € X\A1 be arbitrary. By the Hahn-Banach theorem (cf. the proof

of Proposition 0.5) there exists a o(X,Y)-continuous linear form, i.e. an

element of Y such that <x,y> > 1 and <x',y> < 1 for all x' € Al' Since Ay

0 00

is balanced, |<x',y>| < 1 for all x' € A c A . Thus x ¢ A~ ",

1’ 1
since <x,y> > 1. This shows that AOO c A1 and therefore concludes the

proof since A1 was an arbitrary o(X,Y)-closed absolutely convex set contain-

i.e. yenh

ing A. 0O

Let <X,Y> be a dual pair and let V ¢ Y be a linear subspace. Occasion-
ally we shall have to consider the locally convex topology o¢(X,V). A
0 (X,V)-neighborhood base for an element x € X is given by the sets
V(x;yl,...,yn;s) with Yyreeer¥, € V. 0(X,V) is not Hausdorff in general. It
is iff for every x € X, x # 0, there exists a y € V such that <x,y> # 0, as
one immediately sees. sincev(Y,o(Y,X))* = X, this condition is equivalent
to V being o(Y¥,X)-dense in ¥, by the Hahn-Banach theorem.

We now turn to Banach spaces. If X is a Banach space, let X* and
x** = (X*)* denote its dual (or conjugate) and bidual, respectively. Ele-
ments of X, X*, and X** are written as x,x*,x**, respectively. We define a
map 7 of X into x** as follows (using the notation <¢,*> for the canonical

X
* * **k
duality of the pairs <X,X > and <X ,X >):

* * * *
(0.1) <x ,nX(x)> = <X,x > (x € X, x € X).

WX is clearly linear. We show that it is an isometry. Indeed, for any

xO € X we have

= |<x* y>| = l<x x> < Ix
= sup X ,ﬂX(x0 = sup xo,x < x0 N

I
1TX(X * *
Ix™l<1 %™l <1

0)II

* *
On the other hand, by the Hahn-Banach theorem there exists an Xq € X satis-

*
fying <x0,xo> = "xOH and “x;" = 1, so that the last inequality is an equal-

ity.
'y . : s * % :
Ty is called the canonical embedding of X into X . We often write
L

for L if no confusion is likely. Even more often we identify X with 7X

and simply regard X as a subspace of X**.

DEFINITION 0.7. A Banach space X is called reflexive iff 7mX is surjective,

i.e. T X X**
i.e. = .
X



) * * _ kk
COROLLARY 0.8. A Banach space X is reflexive iff o(X ,X) = (X ,X ).
PROOF. =: immediate from (0.1).
* * * % *
<: We know that the locally convex topologies o(X ,X) and o(X ,X ) on X
* % *
yield duals X and X , respectively. On the other hand, since o(X ,X) and
* * % *%* *%
o(X ,X ) are equal, so are their duals. Thus for every x € X there

exists an x € X such that

* ** * * *
<X ,X > = <X,x > for all x € X .

* * *k
Since <x,x > = <x ,vx(x)> this means precisely that ﬂXX =x . 0O

For a Banach space X c(X,X*) is called the weak (w) topology on X,
while c(x*,x) is called the weak* (w*) topology on X*. Thus on a dual
Banach space X* we have, apart from the norm topology, two generally dis-
tinct topologies, the weak topology o(X*,X**) and the weak* topology
c(X*,X), which should not be confused. Equality occurs precisely when X
is reflexive, by Corollary 0.8.

We now want to characterize reflexive spaces by the weak compactness

of their unit balls. The essential step is Alaoglu's theorem.

PROPOSITION 0.9 (Alaoglu's theorem). The unit ball BX* of a dual Banach

* *
space X 1is weak -compact.

PROOF. For every x € X put IRX:= IR, with the usual topology. Consider the

product XQX Bﬁ( with the product topology and denote its elements by

a = (ax)xex' We define a map
*
o: X > Ty By
by
* * * *
= < >
d(x ) (<x,x )xEX (x € X ).

Then ¢ is a homeomorphism (into) for the weak* topology c(X*,X) on X*.

This is an immediate consequence of the definitions of c(X*,X) and of the
product topology. Hence it remains to be shown that ¢(BX*) is compact. Note
first that ¢(BX*) c ng [-Ixl,Ixl], since for every x e Byx and every xe€ X,
[<x,x > < Ixllx™ < Il - s [-Ixll,Ixl ] being compact by the Tychonoff
theorem, it suffices to prove that ¢(BX*) is closed in xgk IRX. Let x,y € X

and A,u € IR be arbitrary and consider the map o - Ao - o

“rx+uy ~ %% v

(o € xgx I%R . Clearly it vanishes on ¢(BX*) and therefore, by continuity, on



¢ZBX*) as well. Also, since ¢ (Byx) © xgx [-Ixl,Ixl] and the latter set is

closed, we have ¢(BX*) c ng [-Ixl,Ixl]. combining both facts we conclude
= bwz-unes > . .

that for any a (ax)xsx € ¢(BX*) the map x ax (x € X) is a continuous

linear form with norm < 1, meaning that o € ¢(BX*). This proves that

¢(BX*) is closed. [

PROPOSITION 0.10. Let X be a Banach space and let us identify X with the

*k kK * A
subspace X of X . Then the o(X ,X )-closure of B, is Bx**' In particular

i *% % i *% X
X is 0(X ,X )-dense in X .

PROOF. Observe that B_, is the polar of BX with respect to the dual pair

X
* * %k
<X,X > (or <X ,X*> if we wish). Similarly BX** is the polar of Byx with

*% _k
respect to <X ,X >. Hence BX** is the bipolar of B, with respect to

X

*k _x *k

<X X >, Bx being absolutely convex, the ¢ (X ,X ) density of BX in BX**
is now an immediate consequence of the bipolar theorem. The last statement
is obvi i =y B 0

is obvious, since = Uy MBywxe

PROPOSITION 0.11, X is reflexive iff BX is weakly compact.

*% _*

PROOF. By Alaoglu's theorem BX** is 0(X ,X )-compact. It is obvious,
*% _* *k K

moreover, that o(X ,X )lx (= the topology induced by o(X ,X ) on X)

* *%
coincides with o(X,X ). Thus if X = X~ then B, (= B_s4) is 0(X,X")-compact.

*
. EX . X X *
< is 0(X ,X )-dense in BX**’ 0(X,X )-compactness of BX
*%
implies Byyx = By, SO X = = X. 0

Conversely, since B

Two Banach spaces X and Y are called (topologically) isomorphic
(notation X = Y) iff there exists a (topological) isomorphism (i.e. a
linear homeomorphism) of X onto Y. If there exists a linear isometry of

~

X onto Y then X and Y are called isometric (notation X = Y). Let T be an
isomorphism of X onto Y. Then Pl B, © TB, < HT"By. Also (see below) T
is a weak homeomorphism, i.e. a homeomorphism for the weak topologies
o(X,X*) and c(Y,Y*). Hence Proposition 0.11 implies, since BX and BY are

weakly closed by Proposition 0.5,

COROLLARY 0.12, Let X and Y be isomorphic Banach spaces. Then X is reflexive

iff Y is reflexive.

*
PROPOSITION 0.13. Let X be a Banach space. Then X is reflexive iff X is

reflexive.
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. .

PROOF. Suppose that X is reflexive and assume for contradiction that
* % Kok k Kok k

ﬂxx 5 X . By the Hahn-Banach theorem there exists an x € X such

Kk Kok . *kk *
that x # 0 and x = 0. By assumption X = nx*x , so there

‘n’X

* | * *kk | k% kkk *  kk

exists an x € X with nX*(x ) = x , i.e. <x ,x > = <x ,x > for
*% *% *kk * *

all x € X . In particular <nx(x),x > = <x ,nx(x)> = <x,x > for all

* k%
x € X. Since x = 0, it follows that x* = 0, contradicting

| myex

* Hokk X

ﬂx*(x ) = x # 0. Conversely, suppose that X is reflexive. By Alaoglu's
* * *%

theorem BX* is o(X ,X)-compact, and therefore o(X ,X )-compact by Corol-

lary 0.8. Now apply Proposition 0.11 to x*. O

*
To conclude this discussion of the weak and weak topologies, we

prove two simple facts which will be of use later.

PROPOSITION 0.14. Let X be a l.c.s. with dual X* and let Y ¢ X be a linear

* *
subspace. Then o(Y,Y ) = o(X,X )IY.

' *
PROOF. Observe that Y is a l.c.s. in its own right, so that its dual Y
and o (Y, Y ) are defined. The equality of o(Y, Y ) and o (X,X )l follows
from {x IY. x € X } Y and this last equality is an immediate conse-

quence of the Hahn-Banach theorem. [I

*
Unlike norm-topologies, weak and weak topologies are in general not

metrizable. We have, however,

*
PROPOSITION 0.15. Let X be a separable Banach space. Then Bx* with the w

topology is metrizable.

PROOF. Let us first recall the following simple topological fact: If T1
and T2 are two compact Hausdorff topologies on a set T which are compafable

(i.e. T1 finer than Tzcr conversely), then T1 = T,.. Now let {xn} be a dense

2
sequence in the unit sphere Sy := {x € x: Ixl = 1}. We define a metric d

*
on X as follows

©0

* * - * * * * *

ax,y) =3 27 I<xn.x -y >| (x ,y € X).
n=1

We leave to the reader the easy proof that d is indeed a metric and show

*
X*'d) is contlnugzi. Lit Xy € Byx
< =
0 € IN so that Zn =n +1 2 3 and put

*
vV = V(xo;xl,...,xno;z). Then for any x eV~ BX* we have d(x ,xo) =

that the identity map (B *,O(X* X)) A (B

and € > 0 be arbitrary. Choose n
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-n * % o -n * X
< -x >| = 2 < -x.>| + < - >
zﬁ= i xn’xm x0 ! Z ; *n* ™% ' zn=n 41 2 ! *nr* %o !
0 £y Maoc Thi roves the continuity of I. Since B is
zn= En-n0+1 2 €. is prov inuity X
o (x*,X)- compact by Alaoglu's theorem, the observation made at the beginning

of the proof shows that I is a homeomorphism. Thus (Bx*,o(x ,X)) is metriz-

able. [

Let X and Y be Banach spaces and T: X > Y a bounded linear operator.

*
The adjoint operator T : yv* » x* is defined by the formula
* % * * *
<x, Ty > = <Tx,y > (x €e X, y € Y).

* * * . .
(Note that for every y € Y the map x > <Tx,y > is continuous and linear

* *x *
in x, so that there exists an element Ty € X satisfying this formula.)

*
T* is clearly linear. Also T is bounded and "T*" = lITl, Indeed,
* * * * %
||T I = sup ||T y I = sup* |<x,T y >!
Hy <1 Ixl, Iy <1
* *
= sup, |<Tx,y >| < sup, el iy = Nl
Ihxl, Iy~ <1 Ixl Iy l<1

To prove the reverse inequality, choose € > 0 arbitrarily, and x. € X

0
with "xo" = 1 so that "TXOH > Il -¢. Then, using the Hahn-Banach theorem,
* *
choose y, € Y so that <Tx0,yo> = "Tx I and Hy Il = 1. It now follows that
Io*l = I*y%l > <x ,Ty%> = < >_|| n>uu_
T T yo xO,T Yq Txo,yo TxO Tl-e and, therefore,

*
"l > Itl since € > 0 was arbitrary.
We list now some properties of bounded linear operators T: X - Y and

their adjoints which will be used repeatedly without further reference.

I. T is weakly continuous, i.e. continuous for the topologies

* *
0(X,X ) and o(Y,Y ).

* *
PROOF. Let x € X and a basic o(Y,Y )-neighborhood V := V(Tx-yI,...,y ;e)
for Tx be given arbitrarily. Then U := V(x; T yl,...,T Yo ,e) is a o(X, X )=
neighborhood of x satisfying TU ¢ v. [

. * * * . . . .
In particular, since T : Y = X 1is bounded, it is weakly continuous,

. ) * k% * k%
i.e. continuous for o(Y ,¥ ) and Jo(X ,X ). Also

* * * *
II. T is weak continuous, i.e. continuous for o(Y ,¥Y) and o(X ,X).

* * *
PROOF. y € Y and a basic w -neighborhood V := V(T*y*;xl,...,xn;e) being
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* ’ * *
arbitrary, U := V(y ;Txl,...,Txn;e) is a weak -neighborhood of y satis-

*
fying TU c v, [

*k *k *k * . .
In particular T : X > Y is both w- and w -continuous. Identifying

. *% * %
X and Y with the subspaces nxx and nYY of X and Y , respectively, we

have

* %k ** *
III. T = T and T is the unique w -continuous extension of T: X - Y

** *k
to an operator from X into ¥ |

* * * * Kk
PROOF. Let x € X be given. Then for ally € Y we have <y ,T nx(x)> =

* % * % * * *%k
<T'y ,ﬂX(X)> =<x,Ty > = <Tx,y > = <y ,ﬂYTx>. Hence T Ty = ﬂyT and
Kok

, T = T, As to
*%k ,Y * lx .
the second statement in III, we know already that T is w —continuous and
*k

T x = T, so that only uniqueness remains to be proved. But this is immedi-

. . *k K . * % .
ate since X is 0(X ,X )-dense in X (Proposition 0.10). [

therefore, suppressing the identification maps nx and

Let <X,Y¥> be a dual pair. For linear subspaces L < X the polar LO of L
in Y is customarily denoted by Ll and is called the annihilator of L. Since

L is linear, we have

= {y € ¥: <x,y> = 0 for all x € L}.
Clearly Ll is also a linear subspace (of Y) and (as a polar set) o(Y,X)-
closed.

Now let X be a Banach space and L ¢ X a linear subspace. Then (without
further reference to dual pairs) Ll denotes the annihilator of L in X*.
Thus Lll = (L'I')’L is a subspace of X**. The annihilator of a subspace M c X*
with respect to the dual pair <X,X*> will be denoted by MT. Clearly LJ"T'=
Lli N X (X is identified, as usual, with ﬂXX). By the bipolar theorem LL
is the U(X,X*)—closure of L, which equals the norm-closure (by Proposition
0.5). Similarly, L' is the o(x"",X”)-closure of L.

Using these notations we now identify the duals of subspaces and

quotients of Banach spaces.
PROPOSITION 0.16. Let Y be a closed subspace of a Banach space X. Then
. * ., %, 1
(i) Y =x /Y,
*
(11) (/0" = vt

; . . . * *
PROOF. (i): Let I: Y - X be the identity embedding. Then, for all x € X
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and y € Y,
* * * *
<y, I x > = <Iy,x > = <y,x >,

* * * *
so that I ¥ = x In other words, I is nothing but the restriction map.

v
* *
Clearly ker I = Yl, and by the Hahn-Banach theorem I is surjective. Thus
* * *
I induces a linear bijection T from X /Yl onto Y . We claim that T is an

* *
isometry. Indeed, given any Yo € Y there exists by the Hahn-Banach theorem

* ¢ x* with x| =y and lx'l = Iyl . Theref h
an Xo € wl XOIY = yo an Xo = yo . ererore we ave
-1 %, _ . ko * *

I yO" = x*lnf % Il = "xO" = ||y0|| .

Y Yo

* * *
(ii): Let Q: X - X/Y be the quotient map and Q : (X/Y) - X its adjoint. It
is immediate from the definition of the quotient norm that Q(int Bx) =

*
int BX Hence int B c QBX c BX/Y' We claim that Q is an isometry

/Y° X/Y .
(into). Indeed, for all z € (X/¥)* we have

* % * % *
"Q z I = sup [<x,Q z >| = sup |<Qx,z >| =
IIxll <1 Il xll <1
* * *
= sup |<z,z >| = sup |<z,z >| =1z,
zeQBX zeBx/Y

It remains to be shown that Q*((X/Y)*) = YL. Q*((X/Y)*) c Yl is clear,
since for all z* € (X/Y)* and y € Y we have <y,Q*z*> = <Qy,z*> = <0,z*>= 0.
To prove the reverse inclusion, let x* € Yl be arbitrary. Define z*e (X/Y)*
by <Qx,z*> = <x,x*> (x € X). (z* is well defined since x* € Yl, and z* is
continuous). Then Q*z* = x*, since for all x € X we have <x,Q*z*> =

* *
<Qx,z > = <x,x >. [

As examples of Banach spaces we shall often use the classical sequence

spaces ¢, and 2P (1 < p < »), We recall the definitions here. o is the
= i i = i | =
space of real sequences x {En} with lim £ = 0 and with norm I xl
;21 lgnl. For any 1 < p < o, 2P is the space of real sequences x = {£ }
with J°_ 1€ IP < «, and norm Ixl = (J°_, [£ [°)}/P. Finally, ¢° is the
n=1 '°n ! n=1 '“n : !
f all b ded 1 = i Ixl =
space of a ounded real sequences X {in} with norm lx Sup IEnl. The

dual of CO can be identified with 21, that of 21 with lm and that of ZP

. 1
(1 < p < with lq, where gi-é = 1. With these identifications, the canonic-

al duality becomes, in each case, <{En},{nn}> = z:=1 Ennn. In particular
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2 (1 < p < ) is reflexive. For each n ¢ N, 2 (1 5p<w and (),
denote the n-dimensional space IRn with the 2P~ ana co—norm, respectively.
For any compact topological space K, C(K) denotes the Banach space of all
continuous real functions x on K with norm Il = sup |x(t)|.

2* and c([0,1]) share an important property.

PROPOSITION 0.17. Every separable Banach space X can be isometrically
embedded in £ as well as in c(fo,1]). '

PROCF. a) Let X be separable and {xn} a dense sequence in its unit sphere
Sx. For each n € IN use the Hahn-Banach theorem to select an x: € X* with
<xn,x:> = "x:" = 1. Now define the map T: X + & by TX = {<x,x§>} (x € X).
Clearly T is linear. To show that T is an isometry, let x € X with Ixl =1
be given and let e > O be arbitrary. Choose ny ¢ IN so that "x-xnou < €.

Then lTxl > |<x,xz >| 2 I<xn ,xz >| - !<x—xn ,x:0>| > l-g. Since € > 0 was

arbitrary, lTxl = 1 = lxl, obviously ITxl < Ixl so lTxl = Ixl for all xe X.

b) Again let X be a separable Banach space. We know already that BX*’ with
the topology U(X*,X) is a compact metric space (Propositions 0.9 and
0.15). Let us denote it by K. Then clearly the map T: X + C(K) defined by
(Tx)(x*) = <x,x*> (x € X, x* € K) is a linear isometry. It therefore
remains only to exhibit a linear isometry of C(K) into c([0,1]). It is a
well known topological fact ([66], page 166) that every compact metric
space, in particular K, is the continuous image of the Cantor discontinuum
A. So let ¢: A » K be a continuous surjection. Now define R: C(K) = C(A) by
(Rf) (t) = £((t)) (t e A, £ € C(K)). Clearly R is a linear isometry. Final-
ly, viewing A as a subset of [0,1], every £ € C(A) can be extended to a
function Sf € C([0,1]) by defining Sf linearly in all components of
[0,11\A. It is simple to check that the so defined map S: c(A) - c([0,1])

is a linear isometry. Now SRT is the desired isometry of X into c([0,11). O

Apart from taking subspaces and quotients there are other ways of

forming new Banach spaces from given ones. One of these we now discuss.

DEFINITION 0.18. Let {Xn} be a sequence of Banach spaces. Then, for any

1 < p < o, the 2P-sum (z:=1 ® Xn)gp is the Banach space consisting of all
sequences x = {x_} such that x_ ¢ X_ (n=1,2,...) and zm_l Ix IP < @, with
th I = 07, 1x 1% P, Similarly th ™ e x

e norm Ixll = ( n=1 "%y ) . Similarly the Cy-sum ( n=1 ® Xn)c (resp.

the £ -sum (Z:=1 ] Xn)zm) is defined as the Banach space of all sequences
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= i - i | = sup Ilx I <
x {xn} with x_ € X (n=1,2,...) and %&E "xn| 0 (resp. sup lIx_ ®),
with the norm Ixl = su Ix 0.

ne n

We leave it to the reader to verify that the objects defined above
are indeed Banach spaces. The proofs are completely analogous to those for
the case Xn =R (n=1,2,...), i.e. X one of the classical sequence spaces

c., 2 (1 sp <.

OI

We now identify the duals of co— and kp-sums.

PROPOSITION 0.19. Let {Xn} be a sequence of Banach spaces and let X =
o * o * , 1.1 _
(L., ®X)p (1°°< p < ™), TI:en X 2 (] _, ®X),q, with Stz L
¥ oz

Analogously, ((z = (z:=1 ® X;)Zl and ((Z:=1 (-] xn)ll)* =

n=1 ® Xn)c
oo * - 0
® X ) o
(zn=1 n 2"
PROOF. We carry out the proof for the case 1 < p < «» and leave it to the
reader to modify it so as to fit the other cases. For every n € N let In
denote the linear isometry of X onto the subspace {0} & {0} ® ... ® {0} @
100
x @ {0} ... of X = (Zn=1 ® X ), defined by

I
n
X —_— (0,...,O,xn,0,...) (xn € Xn).

* * * * *
Then In is an isometry of (In xn) onto Xn. For every x € X and every
. * * % * * *
n € IN write x o= In(x |I " ) and define a map T: X - nﬁl Xn by Tx =
* * * n =
{xn} (x € X' ). Clearly T is linear and we intend to show that T is an

* 1 1 .
isometry onto (Z:_l (-] Xn)gq, 5t a- 1. First let us note that for every

* *
x € X and every x = {xn} € X we have

<,x> = < E I *s = E <I * > =
XX 2 = o1 ¥ 77 ) nn* 1 x” 7

(0.2) n= = o n‘n
= ) <x_,I x*|I X )> = ] <x_,x>.

n=1 non nn n=1 non

We claim that
v * q\l/q * * *
(0.3) ) Ix | < Il for every x € X,

n=1

implying, in particular, that

(o]
(0.4) X" < ( 7 e x:) .
n=1 X
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* * :
Fix x € X . It suffices to show that for an arbitrary k € IN

TE_, DY < 151, putting A i= Ix’l (n = 1,...,k) and using the

p pyl/p _

k
- qa,1/q

and zn=1 nun = (zn—l A7) . Now let € > 0 be arbltrary and select for

duality of & and Rq, choose ul,...,uk 0 such that (z

each n € {1,...,k} an x, € X, such that "x I = u, and <x ,x *>> Hxnﬂﬂx H-E
Then x := (xl,...,xk,O 0,...) € X and Il = (Zk 1, up)l/P 1. Using (0.2)
we obtain Ix'l > <x,x*> = zk x> Xk ) (nxnnuxnu -5 - (gﬁ=1 A -
- € = (Zﬁ=1 Ag)l/q_ € = (Zk "q)l/q €. Since € > 0 was arbitrary, this
proves (0.3) and therefore (0.4). On the other hand, by (0.2) and Holder's
inequality,
Il = . Sup L/ |<x,x*>'
Ixll=(]~_ Ix 1)/ P<t
®
(0.5) < l<x_,x">| <
n'“n

sup )
L 1
(2 1) /P<q =1

IA

v * v * q\l/q
_ sw ok I ( 7okt ) )
J°_ Ix 1Py /Peq pdg BB Zy R

n=1 "n

Together, (0.3) and (0.5) show that T is an isometry of X* into

00 00 *
(Zn= o X" o) g+ But T is also surjectlve, since every {xn} ew(zn=1 ® X )q
is the T-image of the element x € X defined by <x,x > = zn=1 <x ,xn>

n
={x}e (Zn=1 ®X)p). O

REMARK 0.20. If 1 < p < @, then X = ((J ® X ) Y2 (J7 e X
—_— L n=1 P n=1 ° *n '¢P

(apply Proposition 0.19 twice). Some reflection shows that under the iden-
tificationof)?*with(2:=19 X:*)QP’ nXX corresponds to (z:=1 ® ﬂx X )RP'
Hence X = (zm_ ® X ) p is reflexive iff each X is. Finally, 1et us con-
sider the degenerate case of flnltely many Banach spaces Xl""’xk Then
(Zn_ o X )QP (1 £ p £ ) and (Z n=1 ® X ) all coincide as vector spaces
with the product X . Furthermore, all norms are equivalent and generate the
product topology on Xk. Whenever we consider a product of finitely many
Banach spaces without explicitly mentioning the norm, we shall have in mind

any of the above equivalent norms.
We end this summary by recalling some miscellaneous results.

PROPOSITION 0.21 (Banach-Steinhaus theorem). Let X be a Banach space and

Y a normed linear space. If {Ta} is a set of bounded linear operators

aeA
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from X into Y such that {TaX}ueA is bounded in Y for every x € X, then

sup e I < o,
aeh

COROLLARY 0.22. If X is a Banach space and A < X, then A is norm bounded if

* * *
{<x,x >: x € A} is bounded for each x € X .

*
PROOF. Apply Proposition 0.21 with X and Y replaced by X and IR and to
the subset mA c X . [

A linear operator T from a Banach space X into a Banach space Y is
called compact iff EE;'is compact. Trivial examples are finite rank oper-—
ators, i.e. linear operators with finite-~dimensional range. The compact
operators form a closed subset of the Banach'space B(X,Y) of all bounded
linear operators from X into Y, with the operator norm. In particular,
limits of finite rank operators are compact. The converse does not hold in
general. It does for most concrete Banach spaces.

* *
Let X be a Banach space with dual X and let “-"1 be a norm on X

*
equivalent to the given dual norm | | on X . Then | “1 is a dual norm (i.e.
* *
there exists a norm | |, on X such that lx "1 = sup{|<x,x >|: ||x||1 < 1} for
* * * * *
all x € X )iff B := {x e X : Ix “1 < 1} is w -closed. Indeed, we have

*
observed earlier that a dual unit ball is a polar set and as such w -closed

*
(even w -compact), so that the condition is necessary. Conversely, if B is

* *

w —-closed then, by the bipolar theorem, B = BOO (with respect to <X,X >).

Clearly the gauge of 8® ¢ X is a norm whose dual is | "1. Another way to
* *

express the condition that B is w -closed is to say that [l ||1 is w -lower

semicontinuous. By definition a real function f on a topological space T is
lower semicontinuous iff {t € T: £(t) < a} is closed for every a ¢ IR.
Finite sums as well as arbitrary suprema of lower semicontinuous functions

are again lower semicontinuous.

PROPOSITION 0.23 (closed graph theorem). Let X and Y be Banach spaces and

let T: X - Y be a closed linear operator (i.e. the graph {(x,Tx): x € X}

of T is closed in XXY). Then T is bounded.

A vector space X is said to be the algebraic direct sum of subspaces
Y and Z, notation X = Y ® 2, iff X =Y +2 and Y n 2 = {0}. Suppose that X
is a Banach space and that X = Y ® Z. Then by the closed graph theorem
it follows that whenever Y and Z are closed, the projections from X onto Y

(resp. Z) with kernel Z (resp. Y) are bounded (and conversely). Equivalently,
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this means that X is isomorphic to the product space ¥xZ via the map
(y,2) — y+2 (y € ¥, z € 2). In this case X is called the topological

direct sum of Y and Z.

PROPOSITION 0.24 (open mapping theorem). Let X and Y be Banach spaces and

T: X > Y a bounded linear map onto Y. Then T is open (i.e. TO is open in Y
for every open O c X) and therefore T induces an isomorphism from X/ker T

onto Y.

Our next goal is to prove the Krein-Milman theorem.

DEFINITION 0.25. Let X be a vector space and C © X. A subset B c C is

called C-extremal if x,y € B whenever X,y € C and Ax+ (1-A)y € B for some
0 < A <1, If a one-point subset {xo} c C is C-extremal, then it is called

an extreme point of C. Thus x, is an extreme point of C iff Xq = Ax+ (1-0)y,

0

0<A<1, X,y € Cimply X, = X =Y.

0

Observe that if A ¢ B € C ¢ X and A is B-extremal and B is C-extremal,

then A is C-extremal.

LEMMA 0.26. Let X be a l.c.s. and C a compact subset of X. Then C has an

extreme point.

PROOF. Consider the collection B of all non-empty compact C-extremal sub-
sets of C, partially ordered by inclusion. Observe that B # ¢, since
trivially C € B. If {Ba}ael is a chain in B (i.e. a totally ordered sub-
collection of B), then, by compactness, B := U_B # ¢. It is also readily

aeET o

verified that B is C-extremal and therefore is a lower bound for {Ba}aeI
in B. Consequently by Zorn's lemma B has a minimal element, say BO. It
will now suffice to show that BO consists of one point. Suppose for contra-

diction that xl,x2 € BO, Xy # x2. Use the Hahn-Banach theorem to select an

* * * *
x € X such that <x1,x > # <x2,x >, Since B, is compact, x attains its

0
*
:= {x € By: <x,x > = a} is non-empty,

infimum over B say o. Thus B

o’ 1
compact and also B1 S BO' since Xy and X, do not both belong to Bl‘
Finaily, B1 is C-extremal, contradicting the minimality of BO. Indeed, sup-

pose that x,y € B, and Ax+ (1-\)y € B for some 0 < A < 1. Then

0 1’
*
A<X, X >4-(1—A)<y,x*> = o, implying that <x,x*> = <y,x*> =a, i.e. X,y € Bl'

Thus B1 is B.,—-extremal. Since B. is C-extremal, so is B by the observation

0 0
immediately preceeding the lemma. [

17
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PROPOSITION 0.27 (Krein—Miiman theorem). Let X be a l.c.s. and let

B ¢ C ¢ X with C compact and convex. Then the following are equivalent:
(i) coB=C¢,

(ii) ext C c B,

(co B denotes the closure of the convex hull of B and ext C the set of
extreme points of C.) In particular, C = To ext C and ext C is the smal-

lest closed subset B of C satisfying co B = C.

PROOF. (ii) = (i): Suppose co B g C and choose x. € C\co B. By the Hahn-

0
Banach theorem there exists an x* € X* such that <x0,x*>> x?%%B <x,x*>.
Put a := max{<x,x >: x € C}. As in the preceeding proof it follows that
A :={x € C: <x,x*> = a} is non-empty, compaét and C-extremal. By the
choice of x*, ANncoB-= ¢, soAnB=¢. By lemma 0.26 A has an extreme

point, say x Since A is C-extremal, x, is also an extreme point of C,

1°
while Xy ¢ B. This contradicts (ii).

1

(i) = (ii): Let x € ext C be arbitrary and let V be any closed absolutely
convex O-neighborhood in X. The compactness of B implies the existence of

n
finitely many ireoerX € B such that B < igl (xi+V). Put Ki i=

Eg((xi+V) nB) (i=1,...,n). Then K ,...,Kn are convex and compact, and

Bc {
1

1

K, € C. Hence
=1 7i

(0.6) C=coB=co (;U 1<i)=co<ig1 Ki).

n
(Observe that co(ig1 Ki) is compact as the image of the compact set

. n
{(31:---,>\nryll---lyn)= Yi € Kil Ai 20 ((1=1,...,n), Zi=1 )\i =1} c
R X le cee X Kn under the continuous map (Al""’xn'yl""'yn) ->
Alyl + ... + Anyn). (0.6) implies that x = X1y1+-...+-Anyn for some

y. € Ki' A,

> . = : n = 3 —
i ;2 0 (i 1,...,n), with zi=1 Ai 1. At least one Aix%s non
i = A P N
zero, say Aio. If Xi # 1 we write x = Xioyio + (1 Alo)(zi#i T yi)

and infer from x € ext C that x = yio. The same conclusion holds

if Aio = 1, Hence, since yiO € KiO and V is closed and convex, x € Kio [

xi0+-v. V being also balanced, we have xiO € x+ V and therefore, since

xio € B, (x+V) n B # ¢. Since the collection of all closed absolutely
convex O-neighborhoods forms a base, and V was arbitrarily chosen in this
collection, it follows that x € B. Thus ext C ¢ B, since % € ext C was
arbitrary. The last statements of the proposition are obvious consequences

of the equivalence (i) <= (ii). [
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Finally we mention wiﬁhout proof (cf. [87]) a special case of the

Krein-Smulian theorem. We shall use it only twice.

PROPOSITION 0.28 (Krein-Smulian theorem). Let X be a Banach space and let

*
V be a linear subspace of X . Then V is o(x*,x)—closed if (and only if)

*
BX* nvV=B_1is o(X ,X)-closed.

\



CHAPTER I

1. THE EBERLEIN-SMULIAN THEOREM

After a preliminary discussion of the notions of compactness, sequen-
tial compactness, countable compactness and the implications between them,
we come to the main result in this section, the famous Eberlein-Smulian
theorem. It states that in every topological space homeomorphic to a subset

of a Banach space with its relative weak topology, the above three notions

coincide.

DEFINITION 1.1. Let T be a Hausdorff topological space.
(8) T is compact iff any of the following equivalent conditions is satisfied:
(i) each open cover of T has a finite subcover,
(ii) each family of closed subsets of T with the finite intersection
property has a non-empty intersection,
(iii) each net in T has a limit (or cluster) point,
(iv) each net in T has a convergent subnet.
(b) T is countably compact iff any of the following equivalent conditions
holds:
(i) each countable open cover of T has a finite subcover,
(ii) each countable family of closed subsets of T with the finite
intersection property has a non-empty intersection,
(iii) each sequence in T has a limit point.
(c) T is sequentially compact iff

(1) each sequence in T has a convergent subsequence.
For the proof of these equivalences we refer to [66].

REMARK 1.2. Evidently the following implications always hold:

compact = countably compact
and

sequentially compact = countably compact.

No other implications are true in general, as we shall presently see.
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The next two lemmas deal with special cases in which some or all of

these notions coincide.

LEMMA 1.3. A Hausdorff space T satisfying the first axiom of countability

is sequentially compact iff it is countably compact.

PROOF. Assuming T to be countably compact, let {tn}be any sequence in T.
Then {tn} has a limit point t. If {Un} is a decreasing neighborhood base

for t, then we may choose a subsequence {nk} c© N such that t, € U

nk k

(k =1,2,...). Obviously %ig t = t. Thus T is sequentially compact. [

nx
LEMMA 1.4. Let T be a metric space. Then

T compact <= T countably compact <> T sequentially compact.

PROOF. Since a metric space satisfies the first axiom of countability, it
suffices, by Remark 1.2 and Lemma 1.3, to show: T countably compact =
T compact. So let T be countably compact. We prove compactness in three

steps.

(1) For every € > O T has a finite e-net (i.e. given € > 0, there exist

n
finitely many points tl,.’..,tn € T so that T = ig Ue(ti)' where

1
Ue(t) = {t' € T: d(t,t") < €}, d the metric of T). Indeed, if not, then

for some € > 0 there exists an infinite sequence {tn} in T with d(ti,tj)

> ¢ whenever i # j. Such a sequence can have no limit point.

(ii) For every open cover {Ou}aeA of T there exists an € > 0 such that

for each t € T there is an o = a(t) € A satisfying Ue(t) < Oa' Indeed, if

not, then for some open cover {Oa} f T there exists for every n €¢ N a

o
aeA
1/n(tn) ¢ 0, for all

tn € T such that U o

{tn} and suppose that t e an. Let € > 0 satisfy Us(t) c an. By the defini-
2
€

€ A. Let t be a limit point of

. - . : N . £) .
tion of a limit point there is an ng with tno € Ue/z(t) Thus

Ul/no(tno) c UE/Z(tnO) c Ue(t) c an, a contradiction.

(iii) Finally, to show compactness, let {Oa}aeA be any open cover of T

and let us take € > 0 as in (ii). By (i) there exists an e-net {tl,...,tn}
for T. By the choice of €, for each i € {1,...,n} there exists an 0oci with

U (t;) <04 a

n
m . Lo
i ence {O“i}i=1 is a finite subcover of {oa}ae

I
We now give two examples showing that the two implications in Remark

1.2 are the only ones that hold in general.
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EXAMPLE 1. Let A be an uncountable set and put T := [0,1]A, with the
product topology. Elements of T are denoted by t = {ta}aeA' Let us also
consider the subset S := {t = {ta}ueA e T: {aeA: ta# 0} countablel}. Then
S S S = T. Thus, since T is Hausdorff (and, of course, compact by the
Tychonoff theorem), S is not compact. However, S is sequentially compact

and therefore also countably compact. Indeed, let {t(n)}z=1 be a sequence

. (n) _ (n) _ . _ ., (n)

in s, t = {tu }aeA (n = 1'2'.EA;. Putting A = {aea: t, # 0}
(n=1,2,...), it is clear that tu = 0 for all n and for all a outside
the countable set B := nﬁ An. A simple diagonal argument now yields a

(ny) =
subsequence {t k } of {t%n)} converging to some t = {ta} e T. Obviously
ta =0 for o ¢ B, so that t € S.

EXAMPLE 2. Let T be as in Example 1, with the special choice A = [0,1].
Again T (which we regard as the space of all functions f£: [0,1] -~ [0,1])
is compact, hence countably compact, but not sequentially compact. To see

this, consider the functions fn €T (n=1,2,...) defined as follows:

k k+1)
1on’1on "’
1Xge - X een 1s

the decimal expansion of x € [0,1) (allowing no infinite repetition of 9's)

for fixed n, fn increases linearly from O to 1 in each interval[

k =0,...,10"1, and £ (1) = 0. In other words, if x = 0,x

then

cesces o

(1.1) fn(x) has decimal expansion O’xn+1xn+2

We claim that the sequence {fn} has no convergent subsequence. Indeed,
suppose for contradiction that {fnk} converges. This means that {fnk(x)}
converges for every x € [0,1]. Now let x be any point in [0,1] whose deci-

mal expansion satisfies e.g. the relations

1 if k even

13 if x odd.

Then, by (1.1), |£f (x) - fnk(x)l > f%—for all k € N, contradicting the

Dr+1
convergence of {fnk}.

REMARK 1.5. Since T in Example 2 is countably compact, the sequence {fn}
does have a limit point (infinitely many, in fact). It is therefore a mis-
take to think of a limit point of a sequence as a limit of a convergent
subsequence, unless the first axiom of countability holds (cf. the proof
of Lemma 1.3). A further word of caution seems appropriate here: Since

every sequence is in particular a net, the sequence {fn} in Example 2, by
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Definition 1.1(a) (iv), has a convergent subnet. Thus a subnet of a sequence

need not be a subsequence.

Besides for metric spaces the equivalences of Lemma 1.4 also hold for
every topological space which is homeomorphic to a subset of a Banach space
with its relative weak topology. One should note that in general the weak
topology of a Banach space is not metrizable and does not satisfy the first
axiom of countability, not even when restricted to weakly compact sets
(consider e.g. the weakly compact unit ball of a non-separable Hilbert
space). This makes the above mentioned fact all the more surprising. In

order to be able to deal also with non-closed sets, we give the following

DEFINITION 1.6. Let T be a Hausdorff topologibal space and let A ¢ T. Then

(i) A is relatively compact iff A is compact,

(ii) A is relatively countably compact (in T) iff every sequence in A has
a limit point in T,

(iii) A is relatively sequeﬁtially compact (in T) iff every sequence in A

has a subsequence that converges in T.

REMARK 1.7. One should not confuse "A relatively sequentially (countably)
compact" with "A sequentially (countably) compact", since these may be dif-
ferent statements. E.g. the set S in Example 1 is (relatively) sequentially

compact, but S =T is not sequentially compact (cf. Example 2).
We are now ready for the statement of the Eberlein-Smulian theorem.

THEOREM 1.8. Let A be a subset of a Banach space X. Then the following are
equivalent.

(a) A is relatively O(X,X*)—compact,

(b) A is relatively sequentially O(X,X*)—compact,

(c) A is relatively countably O(X,X*)—compact.

Moreover, these equivalences also hold with "relatively" deleted everywhere.

Our proof will follow R. WHITLEY's ([105]). To keep it relatively short,
we isolate some technicalities first in the next lemmas. X will denote a
Banach space throughout the rest of this section.

* *
LEMMA 1.9. Let X be separable. Then X contains a countable set {xn}n“l

*
which is total (i.e. <x,xn> = 0 for all n ¢ N implies x = 0).
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PROOF. Let {xn} be a dense sequence in the unit sphere SX of X. Using the

* * *
Hahn-Banach theorem, select for each n € IN an xn € X with <Xn'xn> =

* *
"xn“ = 1. We claim that {xn} is total. For, if X € S, is arbitrary, there
* * *
exists an n € N with lx=x I < 1. Then |<x,x >| 2 |<x_,x >| - |<x-x_,x_>| 2
n n n'"n n’“n
* *
21 - ﬂan"x—an > 0, proving that {xn} is total. [

*
LEMMA 1.10. Let F be a finite-dimensional linear subspace of X and let

€ > 0 be arbitrary. Then there exist finitely many points XyreeesX € SX
such that
* * *
max <X, 4% > > (1-e)lx for all x € F.
i=1,...,n
* *
PROOF. Since SF is compact it has a finite %—net {xl,...,xn}. Now choose,
. * €
< > > -
for each i € {1,...,n}, an X, € Sy such :hat | X%y | 1 5. These
Kyreer X will do, as we now show. Let x € F be given. We may assume with-
B *
out loss of generality that Ix | = 1. Let ig € {1,...,n} be selected so
that lx -x; | < €. Then | <xs > 2 <x. x> - l<x: ,x -xi | >
iog° © 27 io’ T i 10" o
s1-S_E8_1_¢. D
2 2 :

* .
LEMMA 1.11. Let X contain a countable total subset (this is the case
whenever X is separable, by Lemma 1.9, but also e.g. for X = lw) and let

* *
A c X be 0(X,X )-compact. Then o(X,X )|A is metrizable.

PROOF. Observe first that for every x* € X* the set {<x,x*>: x € A} is
compact, whence bounded in IR, so that A is norm bounded by the Banach-
Steinhaus theorem (see Corollary 0.22). Let {x;} c x* be a total sequence.
We may assume that “x:ﬂ =1 (n=1,2,...). From this point on the proof

runs as that of Proposition 0.15:
o
-n *
d(x,y) := Z 2 I<x—y,xn>| (x,y € B)

*
defines a metric on A and the identity map (A,0(X,X )) - (A,d) is contin-

uous, whence a homeomorphism. [J

' *
PROOF OF THEOREM 1.8. (a) = (b): Let A c X be relatively o¢(X,X )-compact

and let {xn} be any sequence in A. Since Y := [xn] is separable and
* * *
0(X,X )-closed (Proposition 0.5) and o(Y,Y ) = o(X,X )IY (Proposition 0.14),
* R *
Lemma 1.11 implies that the o(X,X )-compact set {xn: ne DG}O(X'X ) is

metrizable. Therefore, by Lemma 1.4, {xn} has a weakly convergent subsequence.
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(b) = (c): trivial.

*
(c) = (a): Let A ¢ X be relatively countably o(X,X )-compact. We observe

first that A is norm bounded, by the Banach-Steinhaus theorem, so that
*% *

— * % *

nAc(X X7 is 0(X ,X )-compact by Alaoglu's theorem. Throughout the rest

of the proof we suppress the m-notation and identify X with 7wX. Since

* % * *
g(x ,X )IX = U(X,X ) the proof will therefore be finished once we have
o (x**,x%) *x =0 (X**,X¥)

c X. Let XO € A . In order to show that

€ X, we shall construct a sequence {xn} in A such a way that its only

shown that A
*%

0 . *k K - . . *%* . .
possible o(X ,X )-limit point is Xy - Since by assumption {xn} has a

X

* *%k *
0(X,X )-limit point, i.e. a 0(X ,X )-limit point which belongs to X, we

*k
must have x € X.

0
We choose inductively an increasing sequence 1 = n, < n2< cee < nk< e
. . * .
in N, a sequence {Xk}k ; in A and a sequence {xn}n=1 in Sy so that the

following conditions are satisfied:

*  kk 1
(i) max{|<xn,x } < E (k=1,2,...);

0 k
* * % * %
(ii) max{|<x*,x* >|: n_<n< n } > —"x *I for all x* sp{xO ,xl,...,xk}

n k
(k=1,2,...).

—xk>l: n=1,...,n

*
This is done as follows. We begin by choosing Xy € SX* arbitrarily. Since

*%k -0 (X** x* . * k%
o ¢ A ( ! ), there exists an X, € A such that I<x1,x0 -xy
*
Using Lemma 1.10 we can now choose finitely many elements x2,...,xn € SX*
2
* *% * * %
such that max{l<xn,x >l: 1< n<n, } > —“x for all x  in the finite-

x > < 1.

dimensional space sp{xg*,xl}. Thus w1th these choices (i) and (ii) hold

for k = 1. Suppose now that 1 = n, <n

° 1 2< ees < nk0+1, Xl""'xko € A and
1,...,xnk +1 € Sx* have been chosen so that (i) and (ii) hold for
0 * -
k = 1,...,k0. Since Xy € AG(X x ), there ex1sts an hk0+1 € A such that

(<, x2" > 1 b —— 1.10
max{ | X X, —Xk0+1 : n= ,...,nko+1 k0+1 By Lemma we cin now
select finitely many Xnk +1""'xnko+£*€ S, sk si*that max{l<xn x >|:
k0+1 <n < nk0+2} > —“x *| for all x™ ¢ sp{xo ’X1""’Xk0+1}' This

completes the inductlve definition of the three sequences.

*
By assumption {xk} has a 0(X,X )-limit point X, € X. To show that

0 = XO’ let us observe that, clearly, XO € sp{xl,xz,...}, so that
*% — **
Xy “Xq € sp{xO ,x1,x2,...}. In particular, (ii) then implies that

* Kk 1, *%x
u X X -x.>|l: n N > =Ix -X
S p{|< n' 0 K € bz 2" 0 O"'

0

*k
Hence X =X

0 0 will be proved once we have shown that

* k%
<xm,xO —xo> =0 for all m € IN,
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or, equivalently, that

*% 2
-x >| < =

l<x*,x
m’'“0 ~°0 k

whenever nk > m.

To prove this last inequality, fix m and k so that nk > m. By the triangle

inequality we have for all n € W

*% *>]
0 X .

* k%
(1.2) |<xm,x 0" %n

0

*% 1 1 X
- = -3 <
0 Xn>| < a < w for all n >k, since m < ny < nn

for all these n. Also, X, being a weak limit point of {xk}, there exists an

*
-x > < |< -x > <x -
X, | | X Xy oK | + | X -

*
i <
By (i) | X ¥

*
n > k such that I<xn—xo,xm>| < %. Substituting this X, in (1.2) yields
*

* * 2 *k
< -x > < = i i = .
| xm,x0 xo i I and therefore the desired conclusion XO xO
A trivial modification of the above proof shows that one may delete
the word "relatively" everywhere in the statement of Theorem 1.8. Indeed,
*
one only needs to observe that if A is countably o (X,X )-compact, the above proof

—o.(X**, x%) %
of (c) = (a) shows that A~ ! = A, so that A is o(X,X )-compact. [J

*
REMARK 1.12. It follows in particular that EO(X'X )

is sequentially (count-
*

ably) o0(X,X )-compact if (and only if) A is relatively sequentially

(countably) G(X,X*)—compaét, a fact which is not true for general topol-

ogical spaces (cf. Remark 1.7).

To conclude this section, we note the following useful consequence of

the Eberlein-Smulian theorem.

COROLLARY 1.13. X is reflexive iff all its separable closed linear subspaces

are reflexive.

PROOF. For the "if" part, observe that the assumption implies sequential
O(X,X*)—compactness and therefore, by the Eberlein—émulian theoren,

o(X,X*)—compactness of BX’
closed (and therefore weakly closed, by Proposition 0.5) separable linear

since every sequence in BX is contained in a

*
subspace Y, and since O(Y,Y*) = o0(X,X )]Y (Proposition 0.14). The "only if"

part is a trivial consequence of Propositions 0.5, 0.il and 0.14. [J

REMARK 1.14. Corollary 1.13 can be strengthened. It suffices, for reflex-
ivity of X, that all its (separable) closed linear subspaces with a basis
are reflexive. This result was first proved by A. PELCZYNSKI (L80]) in
answer to a question raised by I. SINGER ([95]). We shall encounter a dif-
ferent proof of this fact in Section 10 (cf. Remark 10.2).
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NOTES. Examples 1 and 2 are taken from [69]. Theorem 1.8 goes back to [32]
and [99]. Our presentation follows [105]. Another proof of the Eberlein-
Smulian theorem is due to A. PELCZYNSKI ([81]). Many interesting and deep
results have been proved in recent years about Eberlein compacts, i.e.
topological spaces homeomorphic to weakly compact subsets of Banach spaces
with their relative weak topology. To mention a few: if T is an Eberlein
compact and S © T, then the closure of S coincides with its sequential
closure; any separable S c T is metrizable, and T has a dense set of
Gd—points. Also a purely topological characterization of Eberlein compacts

is known ([1],[18]1,[86]).



2. SUBREFLEXIVITY

If X is reflexive, then by the weak compactness of BX there exists for
* * * * * *
every x € X an x € By such that <x,x > = Ix"l. In other words every x € X
*
attains its supremum lx | on By. It is a deep result, due to R.C. JAMES
([53]) and to be proved in a later section, that this property characterizes
* *
reflexive spaces. Thus for a non-relexive X the elements x € X attaining
*
their sup on E& form a proper subset of X . E.g. let X be the non-reflexive
: * 1 *
space ¢, and let us identify X with £ . An element x = {nn} € 21 takes
*
the value Ix I = Z:—l lnnl on BCO iff n, o= 0 for all but finitely many n,
i = ith Ixl = < isfies <x,x > = ). =
since x {En} € ¢ with Il éﬂ?ﬁ |£n| 1 satisfies <x,x zn:l nngn
Y . In | iff £ = —=
n=1 nn no Nn .
set of X of all x attaining their sup on B, is (norm) dense in X . Hence

X

o is subreflexive in the sense of the following

whenever nn # 0. In this example the (proper) sub-

* *
DEFINITION 2.1. A normed linear space X is called subreflexive iff {x e X

* * *
Ixe BX:<x,x >=1Ix01} is dense in X .
The main result in this section is
THEOREM 2.2. Every Banach space is subreflexive.

For the proof we need the lemma below. It is a precise statement of
* *
the following intuitively obvious fact: two elements x ,y € SX* whose

kernels are almost parallel must be either almost equal or almost antipodal.

*
LEMMA 2.3. Let X be a normed linear space, € > 0 and x ,y* € SX*' Suppose

* € * * €
that |<x,y >| < = B i.e. |l I < =.
h |<x,y >| 5 whenever x € (ker x ) n xr 1i-e y Iker < 5 Then

. * * %
either lx +y'l < e or lx -y I < ¢.

* * * *
PROOF. Let z be a Hahn-Banach extension of y « to X, soy -z =0

* * € *  * * ker x
on ker x and lz'll < 5- Then y -z = ax for some o ¢ IR. Furthermore,

*
[1— |a!l = |y H-—"y*—z*ﬂl < 1251 < %. Thus we have, if o = O,
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Ix* =y = I (1-a)x"=2"1 < [1-a] + 12"] = |1-]al|+ 12" < g+.§ =€,
and, if a < 0O,
I +y ™1 = 1 (1+0)x™+2"1 < [14al + 1271 = |1=]al |+ 1271 < §+-§ =e. 0O

Theorem 2.2 is a special case of the following slightly more general

result.

THEOREM 2.4. Let A be a bounded closed convex set in a Banach space X.

* * * * ., i *
Then {x € X | 3xeA:<x,x > = sup{<y,x >: y € A} is dense in X .

* *
PROOF. It clearly suffices to show that M := {x € SX*IHX €A: <x,x > =
*

*
sup{<y,x >: y € A}} is dense in S_,. So let x € S, and 0 < € < 1 be ar-

x* X
* * *
bitrary. Our aim is to produce a y € M satisfying lx -y | < e. Fix

K > 14-5. We partially order A by means of the closed convex cone

* *
(2.1) c(x ,K) := {x e x: Ixl < k<x,x >},
i.e.

(2.2) x <y e ly-xl < K{<y,x*>— <x,x">}.

a) We first use Zorn's lemma to show that A has a maximal element. To this
end, let W be a chain in A. (2.2) implies that {<x,x*>: X € W} is a (bound-
ed) monotone net in IR and therefore converges to its supremum. Again
using (2.2), we infer that W is a Cauchy net (in norm) and thus, by the
completeness of X, W converges to some y € A. Since x* and the norm are
both continuous, it follows that y is an upper bound for W in A. Now Zorn's
lemma yields the existence of a maximal element z € A. In geometric terms,

this means that
(2.3) an{z+cx,K} = {z).

. . * * . . .
Since int C(x ,K) o {x € X: Il < K<x,x >} # ¢, it is easily checked that
C(x*,K) = int C(x*,K). Thus the Hahn-Banach theorem (applied to the open
*
convex set A - int C(x ,K) and the linear manifold {z}) enables us to

*
separate z + C(x ,K) from A by an element y* € SX* satisfying

* * . * *
(2.4) sup{<x,y >: x€ A} = <z,y > = inf{<x,y >: xe z + C(x ,K)}.
It follows from (2.4) that y* € M and that

(2.5) <x,y*> >0 for all x € C(x*,K).
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2
b) The next step is to show that our choice of K > 1+-E makes the cone

>
|ker x*" < 5. First let us

2 * *
choose x € S, so that 1 + z < K<x,x >. For every v € (ker x ) n Bx we have

cx*,K) large enough so that (2.5) implies "y*

* * *
"xigv" < 1+§ < K<x,x > = K<xigv,x >, so that xi-gv € C(x ,K). Hence
* * *
(2.5) yields <xi§-v,y >0, i.e.lkv,y >| < 52:-<x,y > < g- This proves that

€ , x ¥
I < =. Lemma 2.3 now shows that either lx +y | < € or

Iy™* 2

Iker x*
*
Ix™-y

* < g,
* %
c) It remains to rule out the case lx +y | < €. To this end, note that
- *

since € and K ! were chosen < 1, we can pick a w € SX satisfying <x,w > >

- * *
> max (g,K 1). In particular lwl < K<w,x >, i.e. w € C(x ,K). Thus, by

* * * % * %
(2.5), <w,y > 2 0 and therefore € < <w,x > < <w,x +y > < Ix"+y I,

This completes the prooi. [

The remainder of this section is devoted to two examples. The first
one shows that completeness of X is essential for subreflexivity and the
second, in conjunction with the first, that subreflexivity is not an

isomorphic invariant.

EXAMPLE 1. Let X be 22, with the following norm (which is equivalent to

the Zz—norm):

b = fe, 0+ (] g 1D (x = {£_}).
n=2

n
*
Then, by Proposition 0.19, X is 22 with the norm

o
* 2 *
1 = maxcing L, (] In 15 of = (0 h.
n n
n=2
*
Let {en} (respectively, {en}) denote the sequence of unit vectors in X
. .
(respectively X ) and let I be a Hamel base for X containing {en}. The
linear form f on X is defined by f(x) = 1 formx € I. Clearly f is not
*
bounded, so Y := ker f is dense in X. Thus Y* can be identified with X .

*
We claim that Y is not subreflexive. In fact {y € S "y*—etﬂ < 1} con-

vt

tains no element that attains its sup on By. To see this, note that for an
* * * * * %

element y = {nn} € Y =X it follows from ly' Il = H{nn}ﬂ =1 and ly —e1H< 1

that n, = 1 and (Z: |2)12 < 1. Hence <x,y > < 1 for all x BX\{el}'

- Iny
It remains to observe that e, ¢ Y.

o 2
EXAMPLE 2. Since the norm lxl = g, 1+ (Zn=2IEJ )lﬁ2

(x = {En} € 22) is
equivalent to the Hilbertnorm, the non-subreflexive space Y above is iso-

morphic to a dense subspace of the Hilbertspace 22. We claim that any
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dense subspace X of 22 is subreflexive. Thus subreflexivity is not an iso-
* 2 *
morphic invariant. X can again be identified with % . Let x € SX* be
*
. . im < >=1.
arbitrary. Then there exists a sequence {xn} c SX such that %i% X X 1
By the Hahn-Banach theorem, for each n € IN there exists an X, € S,« such

X
*
that <x_,x > = 1. Then
n'“n

*x % * * *
22 Ix"+x I 2 |<x_,x >+ <x_,x_>| = |<x_,x >+1]|>2, as n > =,
n n n’“n n
. * % .
Hence lim IIx +xn" = 2. In view of the parallelogram law
* * * * * *
I+ 12 & Ix¥ =512 = 2012 + 20%¥12,
n n n

it follows that %;Q Hx*—x:“ = 0. This proves our claim, since each x;
attains its sup on BX'
NOTES. The main result in this section is due to E. BISHOP & R.R. PHELPS
([10]). The present proof owes some streamlining to J. DIESTEL (L27]). The
examples 1 and 2 appear in [84]. Given two Banach spaces X and Y, let
B(X,Y) denote the Banach space of all bounded linear operators from X into
Y, and let P(X,Y) be the subset of B(X,Y) consisting of all the operators
which attain their norm onlB , i.e. all those T for which there exists an

X

x € By with Irxl = ITl. Theorem 2.3 says that P(X,Y) is dense in B(X,Y) if

dim Y = 1. One may ask more generally for which X and Y P(X,Y) is dense

in B(X,Y). For a discussion of this question see [70].



3. LOCAL REFLEXIVITY

In view of the result of R.C. James quoted at the beginning of section
2, it is natural to regard subreflexivity as a weakened version of the prop-
erty of reflexivity. By Theorem 2.2 it holds for every Banach space. In this
section we consider another weakening of reflexivity which holds for every
Banach space. The result we have in mind is known as the principle of local
reflexivity. It will be of great use to us further on in these notes. It is
valid for arbitrary Banach spaées X and says roughly that, although X**nmy'be
much larger than X, it has essentially the same finite-dimensional subspaces.

More precisely:

THEOREM 3.1 (principle of ldécal reflexivity).

Let X be a Banach space ( identified with mX) and let G be a finite-dimen-
sional subspace of X**. Then, given € > 0 there exists a 1-1 linear opera-
tor T: G > X satisfying

(i) Tx = x for all x € XnG,

o< 1te.

(ii) Mgl
* ,

If, in addition, a finite~dimensional subspace F c¢ X 1is given, T may be

chosen so that also

L. k% K * Kk *k *
(iii) <Tx ,x > = <x ,x > for all x € G and all x ¢ F.

REMARK 3.2. Assuming that XnG # {0}, (i) and (ii) imply that (l+e) ‘lxl <
< lrxl < (1+e)lxl for all x € G. Hence the theorem says that every finite-
dimensional subspace G < X** can be "almost isometrically" mapped (by T)

into X, subject to the further conditions that T[XnG = id and that Tx**

*k . . *% xnG
and x coincide on F for every x € G.

We shall first show that a T satisfying (i) and (ii) exists and deal

with (iii) later. We begin with a few lemmas.

LEMMA 3.3. Let CO,Cl,...,Cn be n+l open convex sets in a normed linear
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n .
space X, with iDO Ci = ¢. Then there exists a continuous linear map
= n

n ; , _
T: X + IR satisfying igO TC, = é.

n
PROOF. We set xi =X (i=1,...,n) and consider in the product space igl Xi

the convex open subset

C := {Xo—xl,xo-xz,...,xo—xn): X,

; €Ci= 0,1,...,n}.

n
The assumption iQO Ci = ¢ translates into (0,0,...,0) ¢ C. Hence by the

- * * * n *
Hahn-Banach theorem there exists an element x = (xl,...,xn) € (igl Xi) =

n % * . n * .
= .M, X, such that x > 0O on C, i.e. z. <X .-X,,x,> > 0 for all choices of
i=1 "1 i=1 70 Ti'7i

. . . n
x; € Ci' i=0,1,...,n. Now we define a continuous linear T: X - R by

TX = (<x,x1

o = (al,...,an) € iQO TCi. Then there exist elements X, € Ci (i =0,...,n)

n
>,...,<x,x*>) (x € X) and claim that N TC, = ¢. Indeed, suppose
nn i=0 i

such that (0,,...,0_) = (<x.,x*),...,<x.,x*>) for all i = 0,...,n. In par-
1* n i’ i’“n

0r%y” = Xy

diction. [

. ; R n *
ticular <x ,xi> (i=1,...,n), so Zi—l <x —xi,xi> = 0, a contra-

0

LEMMA 3.4. Let C be an open convex set in a normed linear space X. Then
C = int C.
PROOF. The inclusion C < int C being trivial, let x € int be given. If

y € C, v # x is arbitrary, then x is an interior point of segment [y,z]

Q & o

with z € C, since int C is open. Choose a sequence {zn} < with %&g zn= Z.

Then, for some 0 < A < 1,

1-x
A

»
I

Ay+ (1-0)z = Ay + (z—zn)) + (1-x)zn for all n € IN.

. . . . . . 1-) :
Since %&g z =z the assumption that C is open implies that y + 3 (z zn)e C

for large n. Hence x € C, since C is convex. [

LEMMA 3.5. Let Y be a Banach space, K € Y an open convex subset, Z a finite-
dimensional Banach space and S: Y - Z a bounded linear surjection. Then

* % *k ok

S (5) = S(K), where K denotes the (norm) interior of the o(Y ,Y )-closure

of K.

*k *

PROOF. Since S is the unique w -continuous extension of S to a map from
*k *% *

Y to Z = 7, and the w - and the norm topologies coincide on the finite-

dimensional space Z, we have

_ *k vk Txx -
Ko(Y Y )) cs

(3.1) s x) < ™ *(K) = S(K).
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*% ok

Also, it follows from the equality §S(Y ) = BY** (Proposition 0.10) that
*

the interior of any set in Y is contained in the interior of its w -closure

in Y**. In particular K c K, since K is open. Therefore
(3.2) s < s (K).

Combining (3.1) and (3.2) yields

(3.3) s ¢ s (K < 5®.

Now by the open mapping theorem (Proposition 0.24) S and S** are open, so
that both S(K) and S**(g) are open. Applying Lemma 3.4 to the open convex
set S(K) yields S(K) = int S(K). Hence, since S**(g) is open, we have, by
(3.3), S(K) = s**(g). ]

We now come to the final preparatory lemma. It states the intuitively
obvious fact that the unit sphere of a finite-dimensional space can be

approximated by a polyhedron.

LEMMA 3.6. Let G be a finite-dimensional Banach space, 0 < § < 1, and let
{yl,...,ym} be a 8§ -net for S+ Then the set
m m
= . i = < . .

C: {Zi=1 a,y;r 4 € R (4 =1,...,m), Xi=1 lo,| < 1} satisfies

(1—6)BG cCc BG'
PROOF. The second inclusion is obvious. Suppose the first is false. Then
there exists a y, ¢ C satisfying "you < 1-8. C is absolutely convex and
compact as the image of the absolutely convex and compact set {(al,...,um):
m m m

< . .

Z. 1 [ail £ 1} ¢ R under the continuous linear map (al,...,am) -> Xi=1aiyi'

l=
Therefore the Hahn-Banach theorem yields a y* € G* satisfying

* *
(3.4) Yoy > > max |<y,y >|.
yeC

1. Then

*
We may assume ly |

IA

*
(3.5) Yoy > “y*H"yOH < 1-8.

On the other hand, for every y € SG there exists an iO e {1,...,m} with

"y—yiO" < §, so that

* * * * * *
Leyoy >l < leyy oy >l + Tymys oy >l < i<y oy 1+ y ""y-yioﬂ <l<yy y>les.
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Therefore

(3.6) Iyl = max [<y,y">| £  max l<yi:y*>| + 6.
Iyll=1 i=1,...,m

Thus (3.4) and (3.6) yield the following inequality contradicting (3.5):

* * *
<Y~y > > max|<y,y >| 2 max |<y,,y*>| 2 lly'l-6 =1-6. 0O
0 yeC i=1,...,m 1

PROOF OF THEOREM 3.1.

Step 1. Let € > 0 be arbitrary. Choose 0 < § < 1 such that

146
(3.7) 0 < T8y (1=26) = s(1+8) - 1te-

** **
Compactness allows us to choose a 6-net {y1 reeer¥p } for S_.. We now claim

G*
that a linear map T: G - X will satisfy (ii) whenever

(3.8) 1-26 < I|Tyz*“ <146 (i=1,...,m).

Indeed, suppose that (3.8) holds. By Lemma 3.6 any y** € SG can be written

*% m ok . m 1
= < —
as y Zi=1 ey, with ziél Iail < 1o Hence, by (3.8),
m m
g™ < ¥ Jo. | Iy < (148) T o, | < 2,
. i i . i 1-8
i=1 i=1
so
1+8
. ol < ===,
(3.9) < 15
* % * %
On the other hand there exists an iy € {1,...,m} such that Iy —yiO" <8,
so that it follows from (3.8) and (3.9) that
*% *% *% *% ) *% *%
g™ > Iy - ey > (1-20) - 1nl oy
146 _ (1-8) (1-28) - §(149)
2 (1-28) - (1=5)6 = T35 .
Thus
(3.10) Il < L -39

(1-8) (1-28) - &§(1+8)°

Together with (3.9) and (3.7), this yields (ii).

Step 2. We now make an attempt to define T: G - X so that it satisfies (i)
*k *%k

feeesZ
K% *%k 1 k % *%
G = sp({z1 reeerZy } U (GNX)). Then the elements Yy r---sy, (chosen in

and (3.8). Let k = dim G/GnX and let z € G be such that
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step 1) can be uniquely written as
Kk k
(3.11) v; = ) o, 2
=1

K% X
i + bi (i=1,...,m,

with o,. € IR and b, € GnX. Clearly a linear map T: G = X satisfying (i)
ij i
** *%
1 ,,,.Tzk € X.

We denote these (yet to be determined) images by XireeerXy, respectively.

can be fully defined by arbitrarily prescribing the images Tz

Thus, the problem of satisfying (3.8) is to pick x reeer¥ € X in such a way

1
that the inequalities

k
*% .
(3.12) 1-26 < (IITyi =) ngl aijxj+-biﬂ < 1+6 (Li=1,...,m

* *
hold. For this let us first select xl,...,xm € SX* so that

(3.13) l<xi, 70> > 1-6 (i=1,...,m
i'fi .
k k
and then consider in X (= jgl Xj with Xj =X, j=1,...,k) the sets
k k
= . * *% .
C; = {lxy ek |<Xi’.z g%y - ) o525 > <6} (i=1,...,m.
j=1 j=1
Suppose £ th t th R a
e for the mo
P men at 1N (Kinci) # ¢. Let (xl,...,xk) € igl (Kinci)'

We claim that with this choice of xl,...,xk the inequalities (3.12) hold.
This is obvious for the inequalities on the right. For those on the left,

observe that, for all i € {1,...,m}

k k k
I 2 a,.x.+b. Il > |< Z 0..Xx.+b x*>| > |<x* Z *
Lo gxg+blo2 g j 4% I C ) Q.. z. +b,>|
j=1 3=1 J 3] 11 1 j=1 1 J i
'<x* E a E *% |
- : XL - ..z, > =
1’j=1 73 45 i
k k
* *k * * %
<x/,y. > - |<x, o, .X, - o > > (1-6) -8 = 1 -
1Yy l'j£1 15%5 j£1 15%5 21 > (1-8) -8 = 1-26.

m
Step 3. It ;emains to be shown that igl (KinCi) # ¢. Suppose for contradic-

tion that igl (Kinci) = ¢. Since the K, and C; are open and convex we may

use Lemma 3.3 to obtain a continuous linear map S: Xk hd E{2m—1 such that
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m
(3.14) 0y (s ns(c)) =9.
. . *%x k
We now introduce the following auxiliary subsets of (X ) .
*% * % *k k *%
K&~ o= {(x1 reeer X ): .Z i x -+b I < 1+68} (i=1,...,m),
and
*%* *%k *% k k
Ci = {xl l---lxk ): |<X ,jglalj ] JZ - >|<6} (i=1,...,m).

At this point the reader should realize (cf. Remark 0.20) that

kK kk *% k . e *
(x) and (X ) may be identified and that the w ~topology
(3.15) ((xk)* ,(xk)*) corresponds under this identification with
the product of the w*—topologies U(X**,X*).

Let us suppose for the moment that we have proved the inclusions

*% *k .
(3.16) K; <K, amd C; cC  (i=1,...,m),

where Ei and 91 are defined as in Lemma 3.5, but this time with respect to
the Banach space Xk. Since obviously Ki c KT*, Ci c C:* (i=1,...,m) and
since by Lemma 3.5 S(K;) = " (K;), S(C;) = § ' (C;) (i =1,...,m), it fol-
lows, using (3.16), that

*k kk *k Kk .
(3.17) S (Ki ) = S(Ki), S (Ci ) = S(Ci) (i=1,...,m).

m *k kK k% kk .
Thus, by (3.14) 0, (s (K;7) 0 s (c; )) = ¢, and therefore in particular

m *k Kk . . ** *k
igl (Ki nCi ) = ¢, contradicting the obvious fact that (z1 ,..,zk ) €
m *%x *
€ .0, (K.nct¥).
i=1 i i

* % * %
Step 4. We now prove (3.16). Since all Ci and Ki are open it suffices to
*% * % *
show that Ci (respectively Ki ) is contained in the w -closure of Ci

(respectively Ki) (i=1,...,m). First we deal with the Ci' Fix i and
*%

b <L F {1 k} let {x. } _ b t in X
1 ,...,xk ) € it or every j € fesey e Xj,a a€h e a net in

* *%
that w -converges to Xj . (Observe that we are allowed to use the same

(x

*
index set A for all j, namely a o(X**,x )-0-neighborhood base.) Then the

*
k,0 aeh ), by (3.15). It

is now obvious that the inequality

k * * % *
net {(x yeeerx, )} in X w -converges to (X, ,...,X
1,0 1 k

k
s T ogax

k
X *> < §
j=1 j=1

ij J o l] J
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holds, i.e. (xl,a""’xk,a) € Ci, for sufficiently large o.
In the case of the Ki we must manoeuvre a bit more carefully: the
argument analogous to the one given above for Ci yields only that

z# a,.x, +b, > Z# o, X +b, weak*, but allows no conclusion at all
j=1 i] Jeo L ]=1" 3] 1 * % *k Hk
about zj=1 aijxj,ai.bi . Fix i and (x1 ree s Xy ) € Ki . Let us observe

first that the case ai j =0 for j =1,...,k is trivial, so that we may
’?

assume a;,j # 0 for some Jg € {1,...,k}. We now choose nets {xa}aeA and
{xj,a}asA (e {1,...,k}\{JO}) in X such that
* k *k
w -lim x = Z a,.x, +b,
p S i
J
* *k .
w - l&m xj,a = xj (3 € {11---,k}\{30})

and such that, in addition, Hxaﬂ < 1+8 for all a € A (use Proposition 0.10).

Then we define, for a € A,

1 (
% ) xa - (
Jor ;s

o, X, +b.)).
i3%y,0 Ti

ij, i#ig
* *%
It follows that also w - l&m xj 0= xj and therefore, by (3.15),
w*lim (x X ) = x™* o *ky 3 er sz O, .X +b.l =
-1 1,07 "%, 0 1 r+--+¥ ). Moreover, 3=1%3%§,0 " Ps

* %
=lIx I < 1+46, so that (x, ,...,%x, ) € K, for all o € A. Hence K, cw -clK,
o k,o i i i

1,0
*%
and therefore Ki c Si’ This completes the proof of the first part of

Theorem 3.1, concerning (i) and (ii).
At this point we interrupt the proof for two more lemmas.
LEMMA 3.7. Let X be a Banach space, K © X open and convex, and let L < X be

~ o~ .
a closed linear subspace of X with codim L < », Then X n L ¢ KnL, where K

~ *k K
1s defined as in Lemma 3.5 and denotes o(X ,X )-closure.

*% ~ *
PROOF. Fix Xy € K n L. We shall construct a w -convergent net in K n L
with limit xg*. For the index set of this net we take the collection H of

- . . * Lo 1 : :
all finite-dimensional subspaces of X containing L, ordered by inclusion.
. . L. *% Kk *% *
Given H ¢ H, let us consider the restriction map x > X H of X onto H .

* *
Since it is clearly w -continuous and dim H < «, it is legitimate to write
* % * *%
it as T , where T: X > H 1is the restriction of T to X. By Lemma 3.5

*ok
T (K) = T(K), so in particular there exists an element Xy € K with

*k ok *%k
T (xO ) = T(xH). The last equality means that x coincides with x_ on H,

0 H

1 . *% ~ 11, 1
and therefore on L~ < H. Since xo e L = L, it follows that XH =0onlL,
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i.e. x € 1 0 X = L. In this way we find for every H € # an X, € KnL so
*%k . * * %k
= . - . h
that x, = x,  on H. Evidently the net {xH}HsH w -converges to x;" and the
proof is complete. [

LEMMA 3.8. Let X be a Banach space, K,,...,K_ < X open and convex, and
—_ 1 n

L ©€ X a closed affine subspace with codim L < «, Then we have

(3.18) LNnK n...nl_gn#¢=»LnK1n...nKn#¢.

1

PROOF. Applying a translation if necessary, we may assume that o € L, i.e.

that L is a linear subspace.

a) Let us observe that (3.18) holds in the special case that L = X. Indeed,

~ o~ >k
in that case (3.18) reads, since L = X = X ,

(3.19) 1_<1n...nl_<n#¢=>Kln...nKn#¢

and (3.19) is easily proved by combining Lemmas 3.3 and 3.5.

b) We now prove (3.18) for L # X. Let Mi := KinL (i=1,...,n) and let gi
be the (norm) interior in L** of the O(L**,L )-closure of Mi' Then (3.19)
applied to the Banach space L and the convex open sets Ml""'Mn c L yields
the implication

(3.20) M, ...nM #¢ = M

1 Mo ln...nMn#di.

*%k ~
Next we recall that L. may be identified with L (Proposition 0.16, and
~ *% *

L = LLL) and that with this identification, o(L ,L ) coincides with

* _%
,L )-closure of

*% % . ~ *k % *

g(x ,X) T Hence, since L is o(X ,X )-closed, the o(L
~ *% *

Mi equals Mi’ the o(X ,X )-closure of Mi (i=1,...,n). Since also by the

preceding Lemma

K, nLeK N =M, (i=1,...,n),

and Eir1L is norm open in L, we get

(3.21) Ei nLc gi (i=1,...,n).

It now remains to combine (3.20) and (3.21):

LnK n...n}fn = (1_<1r1L)n...n (I_gnnL) £ 6

1

J
=

ln...nbgnahb

=>M1n...nMn=LnK1n...nxn#¢. 0
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We are now prepared to finish the proof of Theorem 3.1.

*% *%

END OF THE PROOF OF THEOREM 3.1. Let 21 ,...,zk be as in step 2 and put
*k ok

L := ((z1 ,...,zk ) + (Fl)k) n Xk. F being finite-dimensional, there

. s . — **
exists for every j ¢ {1,...,k} a ¥y € X with Yilr = %5 IF' Hence

(3.22) L= (yyse-eryy) + (Fh 0 x)¥

and L is therefore a closed affine subspace of Xk with codim L < «, More-
(g
1
over, it is easily checked that (F ' n X)l = F, so that Flr1X = Fl. There-

fore, using (3.15) again,
~ 1.k *k Kk 1.k
(3.23) L = (yl""'yk) + (F7) = (z1 reeerZy ) + (F) .

: m
Suppose now that it has been proved that L n (igl (Kinci)) # ¢. Taking

*%
(Kinci)), we know from step 2 that Tz, =

m
(xl,...lxk)*s Ln (ig )

1

= xl,...,Tzk* = X defines a linear map satisfying (i) and (ii). Also (iii)

holds, for this choice of xl,...,xk and T. Indeed, since (xl,...,xk) € L we
* %k %k *k *% 1. k. %k Kk 1

have (Tz1 ,...,Tzk ) - (z1 ,...,zk ) e (F7) , i.e. sz —zj € F~ for

X * k% 1 *% .
j=1,...,k, and therefore also Tx -Xx € F~ for all x € G, which proves

m
(iii). Finally, to see that L n (igl (Kinci)) # ¢, observe that
*

*%k ~ m Kk kk . * ** .

reeerzy ) €LN (igl (Ki nc; )). ilnce K;© <Ky and C;~ < C; (i=1,...,m)

(by step 4), we therefore have T n (iﬁ
o =

Ln (in1 (KinCi)) #¢0. 0O

(z:

1 (gingi)) # ¢. Hence, by Lemma 3.8,

NOTES. Theorem 3.1 is due to J. LINDENSTRAUSS & H.P. ROSENTHAL ([731),
except for the last part concerning (iii), which was obtained later in [62].
Lemma 3.3 is due to V. KLEE ([67]), but the present proof is taken from
[73]. For a different proof of Theorem 3.1 we refer to [25].



4. A RENORMING OF NON-REFLEXIVE SPACES

If one defines on a reflexive space (X,";") a new equivalent norm
lil«lll, then also (x,lll Ill) is reflexive (Corollary 0.12). In particular for
any choice of equivalent norm (X, ||l Ill) is isometric to a conjugate Banach
space. It may be asked whether this last property characterizes reflexive
spaces. Phrased differently, the question reads: Does there exist on every
non-reflexive space (X,l I). an equivalent norm Il Ill such that (x,lil-ll) is
not isometric to a conjugate Banach space? Since for every conjugate

*k
Banach space X (identified with mX) there exists a projection P from X

onto X with lpl = 1 (if X = Y*, take P = 11;) , the following result implies

a positive answer to‘the question above: For every non-reflexive space

(X, I') there exists an equivalent norm |ll [l such that (X,Ill |ll) admits no
projection P from x** onto X with IlIPlll = 1. In this connection let us point

out that some spaces which are not isometric to conjugate Banach spaces are
nevertheless the range of norm 1 projections from their biduals, e.g.
Ll[O,l], or any other non-dual AL-space (see [88]). The proof of the above
renorming result will occupy us for the rest of this section. An important
tool will be the notion of the characteristic of a linear subspace of a
conjugate Banach space.

Let X be a Banach space and V < X* a linear subspace. As before, for
any subset A of X*, X will denote its w*—closure. We define % = ayo aEV,
i.e. ? is formed by adjoining to V all w*—limit points of bounded subsets
of V. Clearly % is again a linear subspace and V c ? c V. If X is separable
? is nothing but the w*—sequential closure of V, since in this case the
w*—topology is metrizable on bounded sets (Proposition 0.15) and since
w*—convergent sequences are always norm bounded (Banach-Steinhaus theorem).
Furthermore, we note the following restatement of the Krein-8mulian theorem

(Proposition 0.28):

(4.1) V=Vesv=¥.
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I,
A more careful look at the operation V - V shows that it can occur

(even for separable X) that

(4.2) V=x* ana V#x".

An example will be given later. Suppose VO
[~ (5]
x" satisfying (4.2). Substituting ?/’O for V in (4.1) shows that (vo)“ # Vg

~
so that V -+ V is not a legitimate closure operation. To round off these

is a fixed linear subspace of

preliminary observations let us point out the following equivalence:

I3 * ~
(4.3) V=X < 3a>0B, > aB.

o

I~ * ~ * ~
Indeed, V = X means ngl nBv = X , so by Baire's:theorem BV contains an

interior point. Hence o € int BV. The converse implication is trivial.

We are ready now to introduce the characteristic of V.

: *
DEFINITION 4.1. Let X be a Banach space and V ¢ X a linear subspace. Then
the number

(4.4) r(v) := max{a 2 0: B, ° an*}

is called the characteristic of V.

REMARK 4.2. Evidently 0 < r(V) < 1 for every V c X'. If V # X", then r (V) = 0.

However, the converse does not hold, as is seen by combining (4.2) and (4.3).

We now derive some useful expressions for r (V).
*
LEMMA 4.3. Let X be a Banach space and V ¢ X a linear subspace. Then

(4.5) (V) = inf sup l<x,x*>].
szX X eBV

PROOF. This is a simple application of the bipolar theorem applied to the
*
dual pair <X,X >. Recall that for an absorbing absolutely convex set A,

. . * s
p, denotes its gauge. Since SUP, X g |<x,x >| = p(B )O(X)' the right member
v Y

of (4.5) equals

inf p 0 (x)

) sup{a 2 0: a(BV)O cB.} =
X€S v

X

1]

00
sup{o 2 O: B, > aBX*} =

1]

sup{o 2 0: B, > aBX*} =r(Vv). O
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| *
LEMMA 4.4. Let X be a Banach space and V € X a linear subspace. Then

-1
(4.6) r(v) = [sup{"x": X e E;(X'V)}] .

* * *
PROOF. We first assume that V is o(X ,X)-dense in X . Then both <X,X > and
*
<X,V> are dual pairs. By the bipolar theorem applied to <X,X > we have the

equivalence

*
=0(X ,X) 1 0 S
(4.7) aBX* c Bv Ead aBX > Bv for all o = 0.

On the other hand the bipolar theorem applied to <X,V> yields

0 _ _00 _ =0(x,V)
(4.8) BV =By, = BX .

Thus, combining (4.7) and (4.8),

_ *
o(xX ,X) go(X,V)

>
aBX* c Bv ¢=»BX > Q. X for all a 2 O.

(4.6) now follows from this and the definition of r (V). In the case that V

* *
is not w -dense in X we have r (V) = 0. Also, there exists in this case an

=0 (X,V) —o(X,V)} .
X - -

X. € VT, X, # 0. Clearly sp{xo} c BX , so that sup{lxl: xeB

0
Hence (4.6) holds also in this case. [

The next lemma connects r(V) with the norm of a certain projection.

LEMMA 4.5. Let X be a Banach space and V < X* a linear subspace. Then

* % L

(4.9) r(v) = inf{llx+x""l: x ¢ S , X € V).

X

* *
In particular, if V is w -dense in X (equivalently, vlrwx = {0}) then

r(v) = T%T’ where P is the projection from X & Vl onto X with kernel Vl.

*%
PROOF. We prove (4.9) first. Let x € SX and x € Vl be arbitrary. Then,

using (4.5), we have
*% * *% * * %
I sup |<x ,x+x >| 2 sup |<x ,x+x  >| =

* *
X" €B x"€B
X% By

Il x+x

*
= sup [<x,x >| 2 r(v).

*
x"€B
Sy
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On the other hand if € > 0 is arbitrary, (4.5) implies the existence of an

X € SX such that

sup l<x,x">| < r(v)+e.
x*eBV
This means that the restriction of X to V has norm < r(V)+e. This restric-
tion therefore has a Hahn-Banach extension y** e X** with "y**" < r(v)+e.
Since y**-x € Vl, we have y** = x+x** for some x** € Vl. Thus (4.9) is

proved.

]

~ *
Let us now suppose that Vv = X , i.e. vinx {0}. P being the projec-

tion defined above, we have, by (4.9),

Il xll
"Nl:s@{—jzrzofxd,xﬂevﬂ
Ix+x |

*% -1
[inf{liﬁngL: 0 # xeX, x**e VL}} = r(v)_l. |

For completeness we now give the example promised earlier of a Vv

satisfying (4.2).

EXAMPLE. Let X = y- We shall construct a linear subspace V c X* = 21 which
is w*—dense, but satisfies r(Vv) = 0, i.e. G = X* and ? # X*. We partition

IN into infinitely many infinite sequences (ni,n;,n;,...),(nf §,...),
;,...),... and define a linear subspace W c x** = 2% as follows:

! 2,
...,(nl,n

*% o -1
W= {x ={cn}ez 7. =k ¢ for all i=2,3,... and

n nk
1 k=1,2,...}.

. .
It is easily checked that W is w -closed and that Wnc, = {0}. Hence W==Vl,

0
for some linear subspace V < ll (V := WT will do, by the bipolar theorem).
From v ncy = {0} it follows that V is w'-dense in ¢!, We claim that r(v)=o.
To prove this it suffices, by Lemma 4.5, to produce for every k € IN an

. Fix k € IN. We choose

Fa e

*% 1 . Kk
X € ScO and an x € V= W with Ix+x I <

x ={£ } € c, such that £ y = -1 and § = 0 for all n # nk, and x** =
n 0 n 1 n 1

1 .
{En} € W such that an ="1, an =& (i =2,3,...) and Cng = 0 for all

1
k

1

. 1 1 i
# k and all i € IN. Then lx+x**l = = and the proof is complete.

P

REMARK 4.6. Examples like the above abound. In fact we shall see in Theorem
*
7.21 that for every Banach space X the existence of a w -dense linear sub-

*
space V ¢ X with r(V) = 0 is equivalent to non-quasireflexivity of X (X is
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S k%
called quasireflexive iff dim X /7mX < ).

We now return to the question discussed at the beginning of this sec-
tion. First we wish to prove a renorming theorem which we shall need again

in section 8. The main result (Theorem 4.8) will be a corollary of this.

PROPOSITION 4.7. Let X be a Banach space and W a separable linear subspace

*

of X . Then there exists an equivalent norm |l |ll on X such that, whenever
*. , * . , * . * * . * *

{xa} is a net in X' satisfying w -lim x = x and l&m”lxa”l = |llx Il for

* . * *
some x € W, then we have lém xa = X 1in norm.

PROOF. Let F, c F2 c ... C Fn C ... be an increasing sequence of finite-

1

dimensional subspaces of W such that n§1 F = W. We define a norm |Il-|l|

*
on X as follows:

]
* * * * *
MM = 1+ 7 aistx™,F ) F e xM).
n n
n=1 2
(By dist we mean the distance with respect to l*l.) Checking that ll[-lll is
* * *

a norm is no problem. Also clear is that lx I < [llx |l < 2lx I for all
* *
x € X¥, so that I+l and I+l are equivalent on X . We need to know that
Il+1ll is the dual of some norm |ll+|ll on X (the latter is then evidently
also equivalent to ll«l on X). Necessary and sufficient for this is that

*
Hl+lll is w lower semicontinuous. This condition is satisfied here, how-

* *
ever, since each of the functions x - dist(x ,Fn) is easily seen to be
*
w —-lower semicontinuous.
* * *
Now suppose that x € W and a net {x } © X are given so that
* * * . * * o L
w-lim x = x and llml”XQI” = |llIx lll. we show by contradiction that
* * *

l&mﬂxa—x*ﬂ = 0 (equivalently, l&ml“xu—x Il = 0). If not, there exists a

* * * *
subnet {xa,} and € > 0 so that "xa,—x I > 2¢ for all o'. Note that by w

lower semicontinuity we have

. . * * . . . * s *
liminfllx ,” > x|l and liminf dist(x_,,F_) = dist(x ,F_),
y o ' a''"n n
o o
*
for each n € N. Thus the definition of |ll-lll, together with Llimlllx ,Ill =
o
* *
= |lIx lll implies that, for each n € WN, lim dist(x ,,F ) = dist(x ,F ).
* = o, a'"'n n
Since x € W = ngl Fn’ we have %&g dist(x ’Fn) = 0. Thus t:ere exist an
n, € N and an o} such that for each a' 2 a!, there isay , € F satis-
0 * * 0 0 o np
fying "xu'—ya'" < €. Passing to a subnet if necessary, using the finite-

* *
dimensionality of Fno, we may suppose that {ya,} converges to some y € Fno.
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* * *
Thus "xa,—y I < ¢ for large enough a'. Taking the w -limit we obtain
*  * *
Ix -yl < e. Combining the last two inequalities yields "xa,—x I < 2¢ for

*
large a', contradicting the choice of {xa,} and e. [

THEOREM 4.8. Let X be a non-reflexive Banach space. Then there exists a
norm |ll+lll on X, equivalent to the given norm, such that there exists no

*%
projection P from X  onto X with norm |llP|ll = 1.

PROCF . Since X is not reflexive, neither is X* (Proposition 0.13). Hence
Bx* is not weakly compact (Proposition 0.11). By the Eberlein-Smulian
theorem BX* therefore contains a sequence {x:} which fails to have a weak
limit point. By Alaoglu's theorem {x;} does have a w*—limit point, say x*.
Now let W be the (separable) linear subspace of X* spanned by x*,xI,x*,... .
We claim that X** # X+-Wl. Indeed, X** = X-I-w'L would imply the equality of
U(X*,X**)IW and c(X*,x)IW and this is precluded by the choice of W: x* €W
is a 0(X",X) - but not a o(X",X *)-limit point of {x]} < w.

Now let lll+]ll be any norm satisfying Proposition 4.7, with respect to
this W. We claim that rlH-l"(V) < 1 for every closed linear subspace V c X*

with Vv # W. (rIH-IH(V) of course denotes r (V) with respect to the norm

M+1ll.) Indeed, let V # W and pick x ¢ W\V, Ilx* Il = 1. Supposing that
0 IH(V) = 1, there exists a net {x:} c V such that w*—lém x: = x* and

* *
IquIH < 1 for all a. By w lower semicontinuity it follows that limHlx:"l

=1= IlIx"lll. Hence Proposition 4.7 implies l&m"x:—x*"= 0, so x €V,
a contradiction.

Finally, suppose that P is a projection from X onto x with lllplll=1.
Since X** # X+WJ', there exists an x** e (ker P)\W‘L. Taking V := ker x*c X*,
we have V p W, since x** € VL\WL. Hence rlH-IH(V) < 1, by the above. On the
other hand, however, by Lemma 4.5 we have, since Vl = sp{x**},

1 1

r W) = 2 = L
Il IHPIXQSP{X**}IH e

a contradiction which finishes the proof. [

COROLLARY 4.9. Every non-reflexive Banach space admits an equivalent norm

for which it is not isometric to any conjugate Banach space.

PROOF. Any norm ||l |l as in Theorem 4.8 does the job. Indeed, it suffices

* *
to observe that for any conjugate Banach space X =Y , Ty is a norm one

. . **k
projection from X  onto X. [
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NOTES. The phenomenon expressed in (4.2) was first noticed by S. MAZURKIEWICZ
([77]), in response to a question of S. Banach. J. DIXMIER defined and sys-
tematically studied characteristics in [29]. Among other things he proved

the Lemmas 4.3, 4.4 and 4.5. The example is also taken from [29]. The result
mentioned in Remark 4.6 was proved by W.J. DAVIS & J. LINDENSTRAUSS ([23]).
Proposition 4.7 was first proved by M.I. KADEC ([63]) and V. KLEE ([68]) in
the case of a Banach space X with separable dual X* = W. The present proof
was given by W.J. DAVIS & W.B. JOHNSON ([20]), who actually proved a slight-
ly stronger result. Finally, Theorem 4.8 is due to D. VAN DULST & I. SINGER
([31]). corollary 4.9 was already shown in [20].



5. ELEMENTARY FACTS ABOUT
BASES AND BASIC SEQUENCES

Later we shall wish to characterize reflexivity in terms of bases and
basic sequences. In this section we collect some facts needed for this and

other purposes.

©
DEFINITION 5.1. A sequence {xn}h_ in a Banach space X is called a

1
(Schauder) basis for X iff for every x € X there exists a unique sequence

o0
{an} ¢ IR such that x = zn—l o X, (where the series converges in norm).

Evidently the existence of a basis implies separability. The converse
is not true: P. ENFLO ([34]) has constructed a separable Banach space which
fails to have a basis (ana does not even satisfy the so-called approxima-
tion property), thereby solving a famous problem. In fact it is now known

([76]) that the classical sequence spaces c, and oP (2 < p < @) all contain

subspaces without bases. Most concretely degined spaces have bases. Trivial
examples are S and 2P (1 £ p < ®), For each of these the unit vectors

e, = (0,0,...,0,1,0,...) (n € IN) form a basis, usually referred to as the
standard E;sis.

A somewhat less trivial example of a Banach space with a basis is
c([0,1]). Let ty := 0, t, =1, tyrtys... be a sequence of distinct points
which form a dense subset of [0,1]. For each n > 2 let In be the open inter-
val of the partition of [0,1] determined by tl""’tn-l which contains t .

We now define {xn} c c([0,1]) as follows:

x,(€) =1 and x,(t) =t for all t ¢ [0,1],
(5.1) 0 if t¢ I
. x () = { and extended linearly to [0,1] (n=3,4,...)
1 if t=¢t.

We postpone the proof that {xn} is a basis for c([0,1]) until later.
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Let {xn} be a basis for X. Then for each fixed n € N the n-th coeffi-
00
cient o in the expansion x = zn=1 o X, clearly depends linearly on x. A

first important fact is that this linear form is also continuous.

PROPOSITION 5.2. Let {xn} be a basis for a Banach space X. For each n € NN

the linear form x; defined by

< x*> o (x 2 X X)
X 1= = o €
"“n n n'n

* .
is bounded on X (and therefore the notation X, is justified). Moreover,

there exists a constant C > 0 such that
*
Ix Ilx I <c for all n € N.
n ‘n

In fact (with a notation to be introduced later) C = 2v{x } will do.
n

*
{xn} is called the sequence of coefficient functionals of the basis {xn}.

PROOF. We introduce on X a new norm as follows:

n (o]
Ixl, := sup | a.x | (x = o,x,).
1 neiN i’zl ivi iz i

It is trivial to check the norm properties (for the proof of "x"1 =0
= x=0 observe that X, # 0 for all n € N, by the uniqueness of the expan-
sions x = zw

n=
for the moment that we have shown (X,| "1) to be complete. Then by the open

1 anxn). Also clearly lIxl < "x"1 for all x € X. Let us suppose

mapping theorem there exists a constant C > 0 such that
Il < ||x||1 < %C"x“ for all x € X.
In particular for every n € IN and all x € X we have

* n * n- *
Tk, x>x 1 132 <o 1o+ 177 haw,oox
n n_ _ i=1 i 71 i=1 i i

|<x,x*>] = <
n

Mx 1T - Tx T
n n

Ay
STl STxl -
n n
Thus ”x:HHxn" < C for all n € N and the proof is finished. (The statement
that 2v{x } may be taken for C will become clear right after the definition
of v{x 3 see Remark 5.8.)

n
Verification of the completeness of (X,| "1) is an easy exercise the
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details of which we leave to the reader: If {x
(k) _ 7= a(k)

(k)"
}k=1 is a Cauchy sequencé

for I I, where x . . 'x, (k =1,2,...), then for each fixed ie N
1 ). i=1 7i i

the sequence {ui }k=1 is Cauchy and thus convergent to some o, € IR. The

series Z -1 %% is then seen to converge and its sum x is the limit of

=%, o

We now want to derive a more geometric criterion for deciding whether
or not a given sequence is a basis. First we introduce the notion of a

biorthogonal system.

DEFINITION 5.3. A biorthogonal system in a Banach space X is a pair
* * *
{xn},{xn} of sequences {xn} c X, {xn} c X satisfying the orthogonality

relations

* ) s
<xi,xj> = Gij (i,3.= 1,2,...).

It is called complete if [xh] = X.

Note that if a biorthogonal system {xn},{x;} for X is complete, the
x; are uniquely determined by the X - Obviously, if {xn} is a basis for X,
then {xn} and its sequence of coefficient functionals {x:} form a complete
biorthogonal system. Furthermore, to every biorthogonal system {xn},{x:},
in particular to every basis {xn}, there is associated a sequence of bound-

ed projections Pn: X > X of finite rank, defined by

n
*
Pn(x) = .Z <x,xi>xi (n € IN).
i=1
Note that P P_ =P P =P ., for all n,m € IN.
n m m n min(n,m)

The next proposition gives a necessary and sufficient condition for a
complete biorthogonal system to be a basis (together with its coefficient
functionals). We shall see later (Example 2) that this is not always the

case.

*
PROPOSITION 5.4. Let {xn},{xn} be a complete biorthogonal system for a

Banach space X and let {Pn} be the associated sequence of projections. Then
the following are equivalent:

(i) {xn} is a basis for X,

(ii) the sequence {Pn} is uniformly bounded,

(iii) %ig Pn(x) = x for all x € X.
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*
PROOF. (i) = (iii): If {xn} is a basis for X, then by uniqueness {xn} must
o *
be the sequence of its coefficient functionals. Hence x = Zi=1<x,xi>xi =

%;g Pn(x) for all x € X.
(iii) = (ii): Apply the Banach-Steinhaus theorem.

‘s . . . m
(i) = (i): Assume that {P_} is uniformly bounded. Let x = zi=1 a;x; =
Z?~1<x,xz>xi be an arbitrary element of sp{xn}. Then x = an for all n2m,
so x = lim P x holds on sp{xn}. Now the fact that X = [xn] together with
the uniform boundedness of {Pn} implies that
x = lim P_(x) = E <X, X, >X, for all x € X.
oo D i21 1771
Since this expansion is obviously unique, we have shown that {xn} is a

*
basis for X (with {Xn} as its sequence of coefficient functionals). [

The next question that needs to be answered is the following: given a
sequence {xn} < X such that [xn] = X, when does there exist a sequence
{x;} c x* such that {xn},{x:} forms a (complete) biorthogonal system?

A necessary condition is clearly that {xn} be linearly independent, but

this does not suffice, as we shall see below (Example 1).

PROPOSITION 5.5. Let {xn} be a sequence of non-zero elements in a Banach

space X such that [xn] = X. Then the following are equivalent:

(1) X ¢ [xl,...,xn_l,x ] for all n € WN.

n+l’°""
* * *
(ii) There exists a sequence {xn} c X such that {xn},{xn} is a (complete)
biorthogonal system.
(iii) For every n € IN there exists a constant Cn > 0 such that

+
"zz=1aixi" < Cn"2?=T aixi" for all m ¢ N and all Gpreeeso o€ R

PROOF. (i) <= (ii): This is an obvious consequence of the Hahn-Banach theo-

rem.

(ii) = (iii): For every choice of n,m € IN and al""’un+m € IR we have

y" I =1p (§7 1< ip Iy I i - -
Zi=1aixi Pn(zi=1 aixi) P Zi=1 a,x. I, where*Pn is the n-th pro
jection associated to the biorthogonal system {xn},{xn}. Take C_ = "Pn"

(n=1,2,...).

‘(iii) = (ii): Let us observe first that (iii) implies linear independence
of the sequence {xn}. Thus for every n € IN there is a well defined linear

form x: on sp{xn} satisfying
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*
<x_,x >=6 m,n=1,2,...).
ml n mn ( ’ ’ r )

*
It now suffices to show that each X is bounded on sp{xn}, so that it can
*
be extended uniquely to an element of X (this will justify the somewhat
* . k .
premature notation xn). Fix n € IN and let x = Xi-l o x; € sp{xn} be arbi-

trary. We may assume k 2 n since otherwise <x,xn> = 0. Then by (iii) we

have * n -1
I < >x | I I I x| ny." I
<x x*>| _ KX 7%y _ %n¥n zi=1a1xi + zi=1 0%y <
i W Tx 1 ok T Tx 1 -
n n n
(Cn+cn—1)
Il ,
so that
* Cn + Cn 1
| < - < o,
| Xn" —-"_;;“—_— © D

Now that we know (i),V(ii) and (iii) to be equivalent we should obser-
ve that (iii) amounts to the statement "Pnﬂ < <, (n € IN), where P is the
n-th projection associated to the (unique) biorthogonal system {xn},{x:}.

Combining the two preceding propositions and the above observation
yields the following characterization of bases. Note that (ii) below is a

purely geometric and intrinsic criterion.

THEOREM 5.6. Let {xn} be a sequence of non-zero elements in a Banach space

X such that [xn] = X. Then the following are equivalent:

(i) {xn} is a basis for X.

(ii) There exists a constant C 2 1 such that
"Z?=1aixi“ < C"Z?ZT a;x,I for all nym ¢ W and all ag,...,0 € R,

(iii) There exists a (unique) sequence {x:} c x* such that {xn},{x:} is a
(complete) biorthogonal system and the associated sequence of projec-
tions {Pn} is uniformly bounded.

(iv) There exists a (unique) sequence {x;} c X* such that {xn},{xz} is a

(complete) biorthogonal system and x = zm

*
<x,x_>X_forevery x € X.
n=1 n n

As an application we check that (5.1) defines a basis for C([0,1]).
Let x € €([0,1]) and € > 0 be arbitrary. Using the density of {tn} in [0,1],
choose n € N so that the oscillation of x is less than € on every interval
of the partition of [0,1] determined by tyre.st . Now consider the func-

tion y = Z?

i=1 Bixi' where the coefficients Bi are inductively defined by
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i-1
Bi = x(ti) - ‘Z

XL (t)) .
i BJxJ( l)

Since xi(tj) = Owhenever j < i, by (5.1), we find, for all 1 < j < n,

1

n j=
L Byx (e5) = Buxg(ty) + ]

y(t.)
J i=1 i=1

Bixi(tj) =

]

Bj + (X(tj)— Bj) = x(tj).

Since y is clearly piecewise linear, it follows now from the choice of n
that lx-yl < e. This proves that [xn] = c([0,1]), x and € being arbitrary.
It remains to check (ii) in Theorem 5.6. Let n > 1 and OgrevesO g € IR be

+
arbitrary and compare the functions z:=1 o X and Z§=i oy X; . They coincide

outside In+1' while Zn o.x, is linear on In . Obviously therefore

i=1 7i%i +1
n n+1

S I I . J . . . . . . .

"zi=1 aixi" IZi=1 aixil The same inequality is trivially satisfied for
n = 1. We conclude that (ii) holds with C = 1.

{xn} has norm 1 in the sense of the following

DEFINITION 5.7. If {xn} is a basis for X then the smallest C for which (ii)
in Theorem 5.6 holds, i.e. su "Pn", is called the norm of the basis {xn},
ne

(or the basis constant) and is denoted by v{x }
n

REMARK 5.8. A look back at the proof of Proposition 5.2 now shows that if
*
{xn} is a basis for X, with coefficient functionals {xn}, then

*
Ix Ilx I < 2v for all n € NWN.
n n {x,}

EXAMPLE 1. Let {xn} be a basis for a Banach space X, with coefficient

* *
functionals {xn}. Let x € X be such that <x,x > # 0 for all n € N, e.g.
o0 1 . R .
zn=1 E;i;;i-xn. Then the sequence {X’Xl'x2”"} is linearly in
dependent, but clearly does not satisfy the equivalent conditions of Prop-

take x =

osition 5.5.

EXAMPLE 2. Let {en} be the standard basis for 21, with coefficient function-
*
als denoted by {en}. Let

n
* * *
X := iZ1 e x =e -e (n=1,2,...).

*
Then {xn},{xn} is evidently a complete biorthogonal system, but {xn} fails
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to be a basis for 21. This is most easily proved by observing that

*
"xnﬂ"xn“ = n, so that Proposition 5.2 is not satisfied.

Our next two results show that, with some care, new bases can be con-

structed from old ones.

PROPOSITION 5.9. Let {xn} be a basis for a Banach space X with

0 < inf Ix I < sup Ix | < » and let {0_} be a sequence of non-zero real
nelIN I ne n
numbers. Putting M

s

n , ,
Xi=1 ax; (n=1,2,...), we have that {yn} is a basis
for X iff the sequence {"ynﬂ/lan+1|} is bounded.

*
PROOF. Let {xn} be the sequence of coefficient functionals. Putting

* 1 *

* 1
(5.2) yn = Er—x - xn+1 (n=1,2,...),

n o
n n+1

*
one easily verifies that {yn},{yn} is a complete biorthogonal system.
Moreover, we claim that fér all x € X and n € IN,

*

o * a * <x’xn+1>
(5.3) I o<xypyy = bo<xoxpx; - BT,

i=1 i=1

Indeed, for any x = z:=1 Bixi € X and any n € N, we have, by (5.2)

n
* 1 * 1 *
z <X,v.>Y. = z ['—— <X,X.> - <X,X, >]Y- =
121 ifi i=1 ai i S i+1 i
- F -2, - B[R] e -
PR CF Y O A CRCTTE AVl
_ 3 [ i‘(.‘f‘_ Biﬂ)](, . - ’;‘(B_k_ 6n+1)a . =
k=1li=i\% %541/ 0 K k=1 \%  Opgy/ KK
n B n n <x x* >
n+1 * "“n+1
= z B.x. - z o, X, = z <X,X, >X, = ——Yy .
k=1 X Oy gy KRl e
Now let us assume that the sequence of numbers Y, = "Yn“/lun+1| is

unbounded. Then, using that sup "xn“ < ®, we can extract a subsequence

nelN
{Yn } such that ﬁiﬂ Ynk = o and Xk=1 l/VYnk xnk+1 converges, say to z.

k * .
Then <z,xnk+1> = 1/Vynk (k =1,2,...) and <z,x;> =0 for i ¢ {nk+1: k € INJ.
Hence
<z x* >
' np+1
(5.4) lim || k = lim Vy_ = o,

ko 0Lnk+1 nk” ks Dy
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On the other hand

n
(5.5) lim ) <z,x.>x, = z.
N i1 11
(5.3), (5.4) and (5.5) now imply that the series z:=1 <z,y:>yi diverges,
so that {yn} fails to be a basis for X, by Theorem 5.6 (iv).
For the converse, suppose that {Hynﬂ/lan+1]} is bounded. Observe

first that the convergence of Z:_l <x,x;>xn together with inf "xn" >0
= ne

implies that %ig <x,x;> = 0 for every x € X. Now the convergence of

00 * 0 * —_

2i=1 <x,X;>x;, the bouniedness :f {"ynﬂ/lan+1l} and lig <x,x_,,> =0,

imply, by (5.3), that Zi=1 <x,yi>yi converges to x for every x € X. Thus

{yn} is a basis for X, again by Theorem 5.6 (iv). [

PROPOSITION 5.10. Let {xn} be a basis for a Banach space X, let 0 =
= my < m, < ... < m, < ... be an increasing subsequence of IN, and let

! oy , ,
{yn} be a sequence in X such that for each n € IN {yi}i=mn_1+1 is a basis

for [xi]i . Suppose furthermore that there exists an M > 0 such that

Tmp-g+l
v =M
n
iticn w1
n-1

for all n € IN. Then {yn} is a basis for X.

PROOF. Since clearly [yn] = X it suffices to verify (ii) in Theorem 5.6.

Let 2,k € IN and Ogreeesa € IR be arbitrary. We must show that

2+k
+
"Xi=1 aiyi" < C"2§=T aiyi" for some constant C independent of these choices.

Choose n and q so that

Then n £ g and we assume that n < g, leaving the (simpler) case n = g to

. me.

. . J J
the reader. Since for eachmqe N {xi}i=mj_1+1 and {yi}i= my_1+1 are bases
for the same subspace [x.1.7 , we can write

1 1=mj_1+1
m, m,
f J
. uiyi = . z Bixi (3 =1,..0.,9-1)
i=m, ,+1 i=m, . +1

j-1 j-1
and

2+k Tq

I ey = 1 By¥s-
i=m +1 i=m +1
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Then we have, by the definition of the norm of a basis,

m

2 -1 L
I I i I I <
Loy st ] oayb el ] ayls
i=1 i=1 i=m_ ,+1
n-1
mn-l o
< | =
< _Z Bx, I+ Mn__ ¥ oy,
i=1 i=m +1
n-1
mn—l ™
=1 z sixill + M||. ) eixill <
i=1 i=m +1
n-1
-1 n-1 ™
< | <
< le Bixil + M(W.Z Bixi" + ".z Bixi"> <
i=1 i=1 . i=1
m m
I f I I f I
<v B.x, I+ 2Mv B.x. Il =
LRI b iysy 4t
ng
= (2M+1)v I a.y. .
{xn} jop 14

Thus (ii) in Theorem 5.6 holds with C = (2M+1)\){x 3 0
n

DEFINITION 5.11. A seguence {xn} in a Banach space is called a basic sequen-

ce iff it is a basis for its closed linear span [xn].

It is obvious that (ii) in Theorem 5.6 characterizes basic sequences
among all non-zero sequences (simply replace X by [xn]). The norm of a
basic sequence (which is by definition the norm of the basis {xn} for [xn])
is again the smallest C satisfying (ii) in Theorem 5.6. A subsequence of a
basis is always a basic sequence. One might think that, given a basic se-
quence in a separable Banach space X, there exists a basis for X of which it
is a subsequence. However, since there exists a separable space without a
basis and since (as we shall soon see) every Banach space contains basic
sequences, this is not true. Even if X has a basis, it may contain a basic
sequence which cannot be extended to a basis for X ([9g8]).

The existence of basic sequences will be a consequence of the follow-

ing simple

LEMMA 5.12. Let X be a Banach space with dim X = o, Then, given any € > 0
and any subspace N ¢ X with dim N < o, there exists a subspace M ¢ X with

codim M < « such that dist(SN,M) > 1-e.
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PROOF. Let {xl,...,xk} be an e—net for Sy

- %
an x, € X such that "x I = <x.,x. *> = 1. We claim that M := N, ker X
i i1 i=1 i

satisfies the requlrement. Indeed, let x € SN and y € M be arbitrary. Pick

and choose for everﬁ ie {1,...,k}

ig € {1,...,k} so that "X‘Xiou < €. Then

Ixtgh > Ix, +yl = Ix-x, | > <x, +y,x; >-lx-x, I =
lo lo 10 lo lO

= <x; ,xf > - ||x—xi > 1-€. O
o ‘o 0

PROPOSITION 5.13. Let X be an infinite-dimensional Banach space and let

, , , 1
€ > 0. Then X contains a basic sequence with norm < ="

PROOF. We define the required basic sequence inductively. Let %y # 0 be

arbitrary. Then, putting N, := [x,], let M, with codim M, < = be such that

1 1-' 1 1

Lemma 5.12 is satisfied for N, M; and e. Pick x, € M \{O}. Now let us

suppose that for some n > 1, x ,...,x and M ,...,M have been defined so

il -1
iv1 € n M \{0} (i=1,...,n-1) and

dlst(SN My ) > 1-e (i =1,...,n-1), where N i= [x ] . Then, putting

1
that codim M. <o (i=1,...,n-1), x

N o:= [x ] —qr we determine M as in Lemma 5 12 so that codim M < « and

dlSt(SN ’Mn) > 1-e and thereafter pick x € ﬂ M \{0}. This completes
n

n+1
the inductive definition of {xn}. We claim that (11) in Theorem 5.6 now

. _ 1 .
holds for {xn} with C = T-e* To see this, let n,m € IN and al""'an+m € IR

be arbitrary. We may assume without restricting the generality that

y= I = 1. i
zi=1 aixi 1. Then, since Xn+1' ' X

. n
are chosen in M_ and z. o.X
n+m n i=1

i7i
€ SN , we have
n

n+m n

I | > ai - = - I

‘Z aixil > dist(S ,Mn) > 1-g (1 s)".z ax I - ]

i=1 n i=1

Although basic sequences (even in a Banach space with a basis) cannot

in general be extended to bases, there exists a certain special type of
basic sequences (called block basic sequences) which always do admit such
extensions.
LEMMA 5.14. Let {xn} be a basis for a Banach space X, 0 =my <my < ... <
< m, < ... an increasing subsequence of IN and {an} c IR. Then the sequence

{y,} defined by

m
Y, = z o X, (n=1,2,...)
i= +1
n-1
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is a basic sequence provided Y, # 0 for all n € IN. Moreover, v{y } < v{x )
n n

PROOF. For every n,k € IN and Yyreee Yo € IR we have

m,

) o7 T
I y.y.l I Zj y.o.x, I < v I Z] v.o.x Il =
j=1 I3 3=1 i=m_,+1 i L i=m,_+1 34

nfk
=v I v.y.l.
{x 142y 1373

) , < s
Hence {yn} is basic and v{yn} < v{xn}, by Theorem 5.6 (ii). [

DEFINITION 5.15. Let {xr} be a basis for a Banach space X. Any sequence
{yn} as in Lemma 5.14 is called a block basic sequence (with respect to

the basis {xn}).

Before showing now that any block basic sequence can be extended to a

basis, we make a simple observation.

LEMMA 5.16. Let Y and Z be two hyperplanes in a finite-dimensional Banach

space X. Then there exists-an isomorphism T: Y - Z satisfying

IA

%"y" <yl < 31yl for a1l y e Y.

PROOF. Uless Y

Z (in which case the lemma is trivial), Y n Z has codimen-
sion 1 in Y as well as in Z. Let us write YnZ = {ye ¥: <y,y*>= 0}, with

y* e Y5, "y*" = 1. Then by compactness there exists a Y, € Y such that
<y0,y*> = ﬂyoﬂ = 1. It follows that P(y) = y--<y,y*>yO (y € Y) defines a
projection from Y onto Y n 2 with "IY-P" =1, so lpl < 2. similarly, there
exists a projection Q from Z onto Y n Z with "Iz-Q" =1, so llgh < 2.

Choose z; € ker Q, "zO" = 1. We claim that the formula

T(x+ ayo) = X+ az (x € YnZ, o € IR)

0

defines the desired isomorphism. Indeed, for all x € ¥YnZ and o € IR,

||T(x+ay0)|l ||x+azol| < Ixl+]al = ||x"+||oLyO“ =

HP(x+ay0)" + H(Iy—P)(x+ayo)ﬂ < 3"x+ayoﬂ,

and analogously

"T—l(x+azo)" < 3IIx+azOl| . 0
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PROPOSITION 5.17. Let {xn} be a basis for a Banach space X and let {yn}
with

y_ = z aixi #0 (ne IN, O = m, < m, < ...)

be a block basic sequence with respect to {xn}. Then there exists a basis

{zn} for X such that

(5.6) zm = yn (n=1,2,...)
n
and
m m
(5.7) [zi]i=m = [xi]i=m +1 (n=1,2,...).
n-1 n-1 .
my
PROOF. Put W := [xi]i=mn_1+1 (2= 1,2,...). Then y ¢ Wn*(n € W) and we
* . . * = " =
can select for every n a w_ € W satisfying <y ,w > ﬂwnH"yn 1.

Evidently

*
=x - >
Pn(x) X = <x,w >y, (x € Wn)

defines a projection Pn of’wn onto a hyperplane Zn c© W_ with kernel spanned
m-1
i lp I < 2. si i= [x. 1.0 _
by y_ and with Ip 2. Since both z and Y [x1]1=mn_1+1 are hyper
planes in wn, by Lemma 5.16 there exists an isomorphism Tn: Yn g Zn satis-

fying
(5.8) Lixlh < v xl < 3lxl  for all x e v_.
3 n n
We now define {zn} by
T (x.) if m +1 €1 <m -1
ni n n
yn if i = mn (1=1,2,...).

It is obvious that (5.6) and (5.7) are satisfied. To prove that {zn} is a
basis we use Proposition 5.10. Note first that, for all choices of n € IN

and Bm +1,...,Bm e IR

n-1 n
mn mn—l
(5.9) Pn(. ) Bizi)=. ) Bi2ir
i=m +1 i=m +1
-1 n-1
since zm = yn € ker Pn and since zm +1""'Zm -1 € Zn = range Pn. Now

n n-1
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(5.8), (5.9) and Han <2 (n=1,2,...) imply that for all choices of

n € I, mn_1+1 <k < Q2 < m and an_1+1,...,B£ € IR, we have, taking

Bper = oo = By =0 ‘
k k
" I 8zl = " Yo xpl <
i=m +1 i=m +1
n-1 n-1
" mn—l
< 3l ) g.x.I < 3v I ) g.x. I <
imm__ +1 e {Xj} imm 41 Lt
mn—l mn
< 9v{x.}n‘ ) BiTn(xi)" = gv{x.}"Pn(. ) Bizi>ﬂ <
37 i=m_ ,+1 j =) +1
n-1 n-1
™y 2
< 18\){X }“ Z Biz.i" = 18\){x }ll z Bizi".
j° i=m +1 j° i=m +1
n-1 n-1

Thus the condition of Proposition 5.10 is satisfied with

M = 18V{xj}'

so that {zn} is a basis for Xx. [

NOTES. Most of the material of this section is well known. The notion of

a basis goes back to J. SCHAUDER ([93]), who also constructed the basis
for c([0,1]) given here. S. BANACH (cf. [5]) was already aware of Theorem
5.6 and Proposition 5.13. Proposition 5.9 is due to B.R. GELBAUM ([36]).
Explicit proofs of Propositions 5.10 and 5.17 and Lemma 5.16 were given by
M. zIPPIN ([106]). A general reference for questions concerning bases is

[97]1, from which some of our proofs were taken.






6. CHARACTERIZATIONS OF REFLEXIVITY IN TERMS OF
BASES AND BASIC SEQUENCES

Before proceeding to the main results of this section we introduce
shrinking and boundedly complete bases. First we have a look at the coeffi-

cient functionals of a basis and at the subspace spanned by them.

*
PROPOSITION 6.1. Let {xn} be a basis for a Banach space X and let {xn} be

*
its sequence of coefficient functionals. Then {xn} is a basic sequence and

v{x*} < Vi }r The sequence of coefficient functionals associated to the
n n *
basis {xn} for [xn] is

{m(x_) }
n I[x*]

n
Hence

(-] o
* * * *  * * *
x = 2 <x ,m(x_)>x_ = z <X_,X >X for all x € [x 1.
n’ “n n n n

=1 n=1 f

PROOF. Let {Pn} be the sequence of projections associated to the basis {xn}.

By the biorthogonality of {xn},{x;} we have, for all x € X, n,m € IN and

OgreeesOp o€ R,
, oim " n+m N n % nfm
<x,P () a,%x.)>=<Px,) 0X>=<) <x,X.>X,, ) 0.X,> =
n', i7i n’, i%i . I R A
i=1 i=1 j=1 i=1
n
*
= <x, Z o.X.>.
. i7i
i=1
Thus
% n+m % n %
P () ax)= ) ax,
n', i%i . i%i
i=1 i=1
and therefore
n n-+m
* * *
I I <up il I N .. .
izlaixi Pn i§1aixi (n,m € P OgreeesO € IR)
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*
By Theorem 5.6 it follows that {xn} is a basic sequence with norm

V 4« < sup Ip*I = supllp I = Vix }°
{xn} nelN ne N n

' * *
The last statement in the proposition is clear since <xj,nxi> = < xi,xj> =
= sij i=1,2,...). 0
REMARK 6.2. Observe that the above proof shows that the n-th projection
* *
associated to the basis {xn} for [xn] is
*
P .
nl %
[xn]

*
In particular, since dim R(Pn) = n, it follows that

) = [x 1"

R(P') = R
n’ iTi=1"

(27
nl N
[x ]
n

PROPOSITION 6.3. Let {xn} be a basis for a Banach space X and let

* *
Vv :=1[x 1 c X . Then r(V) 2 L _so.
n vix_}
. n
PROOF. Let x € SX and € > 0 be arbitrary. Then since x = %ig an, there
exists an nj such that "x-Pnoxﬂ < €. Thus
* *
1 =1lxl = sup [<x,x>| £ sup [<P,x,x > +¢ =
x*eBx* x*eBx* 0 !
x % * *
= sup |<x,Pn x> +e<lp, I sup I<x,x>| + €.
*
0 0 x*
X eBX* X eBV
Hence
* 1 -¢ 1 - ¢
sup |<x,x >| 2 = .
x*eé) I <x, ] sup "Pn" v{xn}
v neIN

Since € > 0 and x € SX were arbitrary, Lemma 4.3 now shows that
1
r(v) = . O
V{x _}
n

DEFINITION 6.4. A basis {xn} for a Banach space X is called shrinking iff
* *
[xn] = X and boundedly complete iff for every sequence {an} c IR
o n o .
i=1aixi}n=1 is bounded. A basic sequence {xn}
is called shrinking (respectively, boundedly complete) iff {xn} is a

Xi=1 a;x; converges whenever {
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shrinking (respectively, boundedly complete) basis for [xn].

The following simple lemma gives an equivalent formulation of shrink-

ingness.

LEMMA 6.5. A basis {xn} for a Banach space X is shrinking iff %ig"x*"n =0

* *
for every x € X , where

ux*un - ux*l L
[xi dionst
* * . oo .
PROOF. llx "n is by definition the norm of x restricted to [Xi]i=n+1' Since
(Cxdipeq) =X /7(0x 0y y)
) 1 - %.n * * %N
i = ="l = ai
and since ciearly ([xi]i=n+1) [xi]i=1’ we have lx n dl:t(x ’[xi]i=1)'
Hence limlx | = 0 for all x € X is equivalent to [x*] = x . 0
e n n

DEFINITION 6.6. A sequence {xn} in a topological vector space X is called

a basis for X iff every x € X admits a unique expansion x = X o, X It

Lo+
i=1 "i"i°
is called a Schauder basis if, moreover, the associated coefficient func-

tionals are continuous.

In case X is a Banach space every basis for X is a Schauder basis,
as we have seen in Proposition 5.2. The proof depended on the closed graph
theorem and for general topological vector spaces it does not hold. (See
[97] for examples.)

. .
We now establish a duality between bases and w -Schauder bases.

PROPOSITION 6.7. Let {xz} be a sequence in a dual Banach space X" . Then

the following are equivalent: v

(i) {x;} is a w*-Schauder basis forx* (i.e. a Schauder basis for the
t.v.s. (X*,G(X*.X));

(ii) X has a basis {xn} which has {x;} for its sequence of coefficient

functionals.

* * *
PROOF. (i) = (ii): Assume that {xn} is a w -Schauder basis for X . By defi-
*
nition the coefficient functionals are w -continuous, so we may identify

*
them with a sequence {xn} in X. Then {xn},{x } is a biorthogonal system and

*3

* * * 3 * . *
for every x € X we have x = Zi—l <xi,x >xi, where the convergence is w .

This means that
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6.1) <x, x> =

| ~18

* *
<X, ,x ><x,x.> for all x € X, x e x".
. i i
i=1
It follows now from the Banach-Steinhaus theorem applied twice that the
n
i=1

*
Theorem 5.6 it remains only to show that [xn] = X. If not, then <X 1Xp> = 0

*
projections Pn := z <-,xi>xi (n =1,2,...) are uniformly bounded. By

(n=1,2,...) for some x; # 0 in X*, ¢ontradicting (6.1).

*
(ii) = (i): Let {xn} be a basis for X, with coefficient functionals {xn}.

. * * o
Then for arbitrary x € X and x € X we have x = zi—l
0 * * * * ,
= Zi*l <x,xi><xi,x >. Hence every X € X has the expansion x =
o

* *
<X,X.,>X,, SO <X,X > =
i1

* % . * . . . .
<xi,x >Xi' where the convergence is w . This expansion is unique.

* . 0 * .
. =0, i.e. z, a,.<x,x.> = 0 for all x € X, then sub-
i i=1 i i

*
stituting x = X5 and using the biorthogonality of {xn},{xn} yields o, = 0

= I 4
Indeed, if zi=1 a;x

(i =1,2,...). Finally, it is obvious that the coefficient functionals are

-4} *
{n(xi)}i=1, and these are w -continuous. gd

We now prove a duality between shrinking and boundedly complete bases.

*
PROPOSITION 6.8. Let {xn} be a basis for a Banach space X, {xn} its sequence
- *
of coefficient functionals, and put V := [xn]. Then

*
(i) {xn} is boundedly complete iff {xn} is a shrinking basic sequence
(i.e. a shrinking basis for V);
*
(ii) {xn} is shrinking iff {xn} is a boundedly complete basic sequence

(i.e. a boundedly complete basis for V).

PROOF. Let us observe first that, since r(V) > 0 by Proposition 6.3, the
canonical map T: X - V* defined by Tx = 7(x) v (x € X) is an isomorphic
embedding. Indeed, by Lemma 4.3 r(V)Ixl < Il < Ixl for all x ¢ X.

Now, for the proof of (ii), suppose first that {xn} is shrinking. Then
vV = x*, i.e. {xz} is a basis for X*, with coefficient functionals {wxn}. Let

. n %00 .
a sequence {an} c R be given such that {zi=1 a.x,} is bounded. Then by

i"i"n=1
n * * oL . . * .
Alaoglu's theorem {Zi=1 uixi}n=1 has a w -limit point x € X . Since
n * * *
<xi,zj=1 ajxj> = ai whenever n > i, we have <x ,ﬂxi> = <xi,x > = ai for all
. . * oo * 00 * .
i € IN and it follows that x = ). _. o.x,. Thus ). . a.x, converges in norm.
i=1 "i%i i=1 "i%i

*
This proves that {xn} is boundedly complete.
*
Conversely, suppose that {xn} is a boundedly complete basis for V. By
* * * *
Proposition 6.7, {xn} is a w -Schauder basis for X . We must show that V=X .
* * . * * . n * *
Let x € X be bit ily. Th = 1i >X. .
given arbitrarily en x w lim zi=1 <X, ,x >x;. Thus by

. * % *
the Banach-Steinhaus theorem {ZZ=1 <X X >xi}:_1 is bounded. Since {xn} is
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boundedly complete, the series z:=1 <xi,x*>xz is norm convergent, obviously
to x*. Hence x* € V. This completes the proof that {xn} is shrinking.

To prove (i), observe that, since {x;} is a basis for V and {Txn} its
sequence of coefficient functionals, it follows from (ii) that {x;} is
shrinking iff {Txn} is boundedly complete, and therefore, since T is an

isomorphism, iff {xn} is boundedly complete. [

We now come to the first main theorem of this section, which charac-

terizes reflexive spaces among those with basis.

THEOREM 6.9. Let X be a Banach space with a basis {xn}. Then X is reflexive

iff {xn} is shrinking and boundedly complete. Hence all bases for a reflexive

space are shrinking and boundedly complete.

) *
PROOF. Suppose that X is reflexive. Again put V := [x;], where {Xn} is the
*
sequence of coefficient functionals of {xn}. We know already that V is w
* *
dense in X (even r(V) > 0). By reflexivity the w and the norm topology on
* *
X are compatible, so V = X (Proposition 0.5), i.e. {xn} is shrinking. To
*
show that {xn} is boundedly complete it suffices to observe that {xn} is a
‘ *
basis for the reflexive space V = X and therefore, by the above, shrinking.
Proposition 6.8 (i) now shows that {xn} is boundedly complete.
Let us now suppose, conversely, that {x_} is shrinking and boundedly
*% ** . *% n o) * ** *
complete. Let x € X . We claim that x = Xi—l <xi,x >ﬂxi, in the w
* 4 *
sense. Indeed, since {xn} is shrinking, {x_} is a basis for X and therefore
* * . * 0 n *x_ % * kK
every x € X can be written as x = zi—l <xi,x >xi. Hence <x ,x > =

*k

zw <x *><xt Zm <" ><xt x> ovi our clai It fol
= ). X <X, ,X = ). TX, ><X,,X roving our: im. -
i=1 i’ i’ i=1 U A r P g

©

* *%*
lows, by the Banach-Steinhaus theorem, that the sequence {22_1<xi,x >nxi}n=1
is bounded. The assumption that {xn} is boundedly complete now implies that

o * *%* *%* *%
Zi=1<xi'x >ﬂXi norm converges, obviously to x . Hence x e mX and we have

shown that X is reflexive. [

REMARK 6.10. The standard basis {en} for 11 is boundedly complete, but not
shrinking (since (£1)* =1" is non-separable). On the other hand, the stan-
dard basis {en} for o is shrinking, since its coefficient functionals form
the standard basis for 21, but not boundedly complete, for {z?=1 ei} is
bounded but not convergent. Hence shrinkingness or boundedly completeness
alone do not imply reflexivity. The next result shows, however, that the re-
quirement that all bases for a space are either all shrinking or all boundedly

complete, is enough to guarantee reflexivity.
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THEOREM 6.11. Let X be a Banach space with a basis. Then X is reflexive if
(and only if) either (i) or (ii) below is satisfied.
(1) All bases for X are shrinking.

(ii) All bases for X are boundedly complete.

PROOF. In view of Theorem 6.9 it suffices to prove the equivalence of (i)
and (ii).

(i) = (ii): Suppose {xn} is a non-boundedly complete basis for X. Then for
some sequence {un} c IR and some constant M we have

n

(6.2) Yy a.x

. liIl <M (n=1,2,...),
i=1

n
while {Zi—l aixi} is not a Cauchy sequence. Thus there exists an € > 0 such

+.
that for every n € N "Z?_i a;x,I > € for some k € N. In particular there
is a sequence 0 = m, < m < ... < m, < ... in IN such that
. .
n
(6.3) e<l ) a;x,1 <24  for all n = 1,2,... .
i=mn_1+1

Now by Proposition 5.17 there exists a basis {zn} for X with

m
n
(6.4) 2, = ) ax.  (n=1,2,...).
n 1=mn_1+1

*
Let {zn} be its sequence of coefficient functionals. We now,define

. z; if i ¢ {ml,mz,...}
i )en . _ -
j=1 zm. if i = m (n=1,2,...)
J
(6.5)
* . .
o z; if i ¢ {ml,mz,...}
R Py ifi=m (n=1,2,...), (L =1,2,...).
m_ m n
n n+1

Evidently {un},{u;} is a complete biorthogonal system for X. We shall show
that {un} is a non-shrinking basis for X, contradicting the assumption (i).
For {un} to be a basis, it suffices by Proposition 5.4 that the projections
Un := Z?=1 <-,u:_>ui (n =1,2,..) be uniformly bounded. Pick n € N and sup-
pose m, < n < moge Then for every x € X we have, by (6.5), a change of sum-

mation, and (6.2),
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n ‘ * k * * j
lu ) =1 ] <x,z.>z, + ) [<x,z_ > - <x,z >1) =z |
n ) it7i . m, m, . m,
i=1 j=1 3j j+1  i=1 i
i#m,
%m]
n * k * k % "
<y <x,z>zl +1-7 <x,2 >z + ) [<x,z. >-<x,2z >])z |
b i . m, ‘m, . m, . L m,
i=1 j=1 3j 3j j=1 3j J+1 i=1"1
B *op il * 7 * * I
= .z <x,z.>z. 0+ —.Z <x,zm'>zm.+:z [<x,sz— <x,zmk >] z,
i=1 j=1 3j j j=1 3j +1 3j
< v G Ixl +0<x,z2" > ]f Is (v o+ 02" Tm)lixl
< X,2 z < .
tz} +1 =1 ™ U W

. .
Since by Proposition 5.2 HanHan < Zv{ } for all n € N, and since also

n
"zmn" > e for all n € N, it follows that {zmn} is uniformly bounded. Hence

{Un} is uniformly bounded and we have proved that {un} is a basis for X.

Furthermore, we have

u_ ,z_ > =<
m

n z ,z_ >=1 for all n € IN

and it follows therefore from (6.2) and Lemma 6.5 that {un} is not shrinking.

(ii) = (i): Suppose {xn} is a non-shrinking basis for X. Lemma 6.5 then
yields the existence of an x* € x*, Ix'l =1 and an € > O such that

*
Il x "n > ¢ for all n € IN. Thus there exists for this x' a sequence {yn}

of the form

m
n
(6.6) yn = . aixi (n=1,2,...),
i= +1
n-1
where 0 =m, <m, < ... <m_ < ..., such that
0 1 n
(6.7) 1<slyl <2 (n=1,2,...)
: - ¥n T g reress
and
(6.8) <yn,x*> =1 (n=1,2,...).
Let I az :={ *>=0} (n=1,2
et us pu Wn := [xy i=mp_q+1 an n = {xe Wn: <X,X >= (n=1,2,...).

*
Then the formula Pn(x) = X - <X,X >yn (x € Wn) defines, for each n, a bound-
ed projection from W onto Z . In fact the sequence {Pn} is uniformly bound-
*
ed: "Pnﬂ <14 Hx*ﬂﬂynﬂ <1+ Ix70 é. Now the same argument that was used

in the proof of Proposition 5.17 shows that there exists a basis {zn} for X
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satisfying
(6.9) 1<z Il < 2 (n=1,2 )
. slhz <= 12,00
(6.10) z, =Y, (n=1,2,...)
n
(6.11) <zi,x*> =0 for every i ¢ {ml,mz,...}.

*
As usual {zn} will denote its sequence of coefficient functionals. Let us

now define

L {zi if i ¢ {mymy,...}
i ce s _
zm -z, if i = mn (n=2,3,...)
n n-1 :
(6.12)
* . .
z; ) if i ¢ {ml,mz,...}
* +* . .
u, = 93X ifi=m
i " n-1 % 1
x - j=1 zmj if i = mn (n=2,3,...) (i=1,2,...).

Using (6.8), (6.10) and (6.11), it is easy to check that this system
{un},{u:} is biorthogonal and, moreover, complete. We shall show that {un}
is a non-boundedly complete basis for X, contradicting the assumption (ii).
For {un} to be a basis, it suffices by Proposition 5.4 that the projections
Qn = Z§=1 <-,u:.€_>ui (n =1,2,...) are uniformly bounded. Pick n € N and
suppose for definiteness that m < n < me, - Then, using (6.12), a change

of summation and (6.9), it follows that for every x € X,

n k i-1
g xll =1 z <x,zf>z.4-<x,x*>z + Z [<x,x*>— z <x,z* >lz -z )l
n , i7%i m, . . m, m, “m,
i=1 1 i=2 =1 j i i-1
i¢{m1 aee ,mk}
n * * *
=1 z <X,2;> 2 <x,X >z +<x,x >(z -z ) -
(6.13) i=1 1 1
1¢{m1,...,mk} k=1 . k-1 .
-[ ) <x,2. >]z + Y o<x,z. >z I =
. m, L m, “m.
j=1 i j=1 i 3
o * * X *
= ) <x,z>z, + <x,x>z_ - ) ¥x,z_>z I <
: i 1 2 m,
i=1 j=1 J

k
<[v, #0240 ) 250 2],
{z_} € Lo TmL e
n =1 3
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By (6.8), (6.10) and (6.11) we have for every x = z:=1 az, € X
n % n o "
lim Z <X,z > = lim z o = z o = <X,X >.
. m, . m, . m,
n->o ]=1 j n->oo ]=1 3 J=1 3

Thus the sequence {22—1 z;,} is w*—convergent and therefore norm bounded.
Together with (6.13) this shows that {Qn} is uniformly bounded, so that
{un} is a basis for X. However, {un} is not boundedly complete, since by

the second inequality in (6.9),

n n
1Yy w8 =075 (z -z =0z -z Iz
k=2 Mk k=2 "k Tk-t mym

M

(n=2,3,...),
whereas Z:=2 Upy diverges, since, by the first inequality in (6.9),

-1 -1
= - > = R I
lu | Iz z ._1" > \){zn} Iz ) >\){zn} >0 (k=2,3, y. O

Borrowing now from section 10 the fact that every non-reflexive space
X has a non-reflexive subspace with a basis, we get from Theorems 6.9 and
6.11 the following characterization of reflexive spaces among general Banach

spaces.

THEOREM 6.12. Let X be any Banach space (possibly without basis, or even
non-separable). Then the following are equivalent:

(i) X reflexive;

(ii) all basic sequences in X are shrinking;

(iii) all basic sequences in X are boundedly complete.

* k *x

We now wish to consider Banach spaces with unconditional bases and to
prove the second main theorem of this section, stating that such a space is
reflexive iff it does not isomorphically contain either Cq Or 21' General-
izations of this theorem will be mentioned in the Notes at the end of this
section. We begin with a discussion of unconditional convergence of series

in Banach spaces.

PROPOSITION 6.13. Let X be a Banach space and {xn} c X. Then the following

are equivalent:
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(1) z:-l x; converges unconditionally, i.e. Z converges for

(o]

i=1 %o (i)
every permutation ¢ of IN.

(ii) li% z. x, exists, where F is the net of all finite subsets F ¢ I,
Fe ieFr i
ordered by inclusion.
[o]

(iii) z£=1 xni converges for every subsequence {ni} c IN.

(iv) }

v) J

€% convergés for all choices of ei =*1 (i =1,2,...).

i=1 i
L .
i=1 aixi converges for every bounded sequence {ui} < IR.

PROOF. (i) = (ii): Suppose that 22—1 X, converges unconditionally. Put

X = Z? X.. We claim that 1li Z. X, = x. If not, then for some & > 0
i=1 i Fe? ieF 71

there exists for every F € F an F' ¢ F such that F ¢ F' and

(6.14) Ix - § x| =2 ¢.
ieF'

00
Also, since x zi—l xi, there exists an n. € IN such that

(0]

n .
€
(6.15) lx - izl xi" <3 for all n > n,.

Combining (6.14) and (6.15) we can construct an increasing sequence
{Fn} c F satisfying the following two properties:

(a) Fn = {i € IN: i<k} for some k = k(n) = n, whenever n is odd;

(b) Ix - z. x.l > € whenever n is even.
lan i

It follows from (a) and (b) that for every n € IN

(6.16) ". z X, - 2 xi|| > ]"x - Z xi" - Ix- 2 inII > %'
ieF ieF ieF ieF
n n n n

+1 +1

Now let o be the permutation of IN obtained by first enumerating (in arbi-
trary fashion) the elements of Fl' then those of F2\F1, then of F3\F2, etc.

It is obvious from (6.16) that z:=1 is not Cauchy, contradicting (i).

*o (1)
i) = (i): . Z 1 .
(ii) (i): Assume (ii), put x %2$ zieF X, and let o be any permutation

of IN. If € > 0 is given arbitrarily, there exists an F, € F such that

0
lx - ZieF xi" <g forallFeF, Fo Fy- Cﬁoosing ny € N such that
eee Ix - I > .
Fg < {:(1), 10(ny)}, we then have llx Zi=1 Xy (i)l < € whenever n > n,
Thus zi=1 xo(i) = X.

(ii) = (v): We show first that (ii) implies

o
(6.17) lin swp ] l<x,x">| = o0.
ne x*eBX* i=n
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Again let x := %2% zieF %;. Let € > 0 be given and let Fj ¢ F be such that

Ix - xi“ < g for all F ¢ F, F > F,. Then

zieF 0°

(6.18) I'} xl <2 forallFeF, FaFy=9.
ieF :

*
Now let n, = max{i: i € FO}. Then we have for all x € By, and for all

n,k € W with n > no,
n+k % n+$ * n+§ «
(6.19) Dlex x>l = < J0ox,x >+ 1< 17 xg,x7>,
i=n i=n i=n
where X' (respectively z") denotes the restriction of the sum to those in-
dices i for which <xi,x*> > 0 (respectively <ki,x*> < 0). Hence (6.18) and

(6.19) yield

n+k * * n+$ . n+§
(6.20) Dolex x>0 s 1T T s b+ 0TI Y < ge.

i=n i=n i=n

This proves (6.17).

Now we proceed to the proof of (v). Let € > 0 be arbitrary and let
n, € N be as above. Then for any bounded sequence {ai} c R and all k € N
we have for suitable x* € SX*’ by (6.20),

n+k n+k * n+k *
I I = |< > < >| <
) o X, <} XX | suplail Yo X, 0%

1=n 1=n 1=n

IA

.

IN

4e suplai|,

whenever n 2 ng. Thus z:=1 o, %, is Cauchy and (v) is proved.

(v) = (iv): trivial.

(iv) = (iii): Assume that (iv) holds and that {ni} c¢ IN is a given subse-
quence. We define sequences {si} and {ei} by

}
.

1 if i € {nl,nz,...

-1 if i ¢ {nl,nz,...

Then, clearly, for all k,% € IN,

k+2 ) ) Tyrp
.zk *n, T 5(.; €i%i o+ ,; Eixi>
=, 1 —nk 1—nk

and it follows from the assumption that 2:_1 X, converges.
= i
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(iii) = (ii): Assume that (iii) holds and that lim ). _ x. does not exist.
FEF ieF 1

Then there exists an € > 0 with the property that for every F e€ F there

exists an F' € F with F n F' = ¢ and "Zi x;I > e. Therefore we can choose

eF!
a sequence {Fn} of disjoint elements of F satisfying
1 (n=1,2,...);
I I = L)
(b) Zianxi >e (n=1,2,...)
Let {ni} be the subsequence of IN obtained by enumerating first (in their

(a) max F <minF

natural order) the elements in Fl’ then those of F2, etc. Then evidently
zi—l X, 1s not Cauchy, contradicting (iii). [
= i

0

REMARK 6.14. Implicitly the proof shows that z:=1 = Z:=1 X, for every

X .
permutation ¢ of W, if Zi—l x; converges unconditionally.

DEFINITION 6.15. A basis {xn} for a Banach space X is called unconditional

0
if for every x € X the expansion x = Zi"l

ly. A basic sequence {xn} is. called unconditional if it is an unconditional

* ‘4
<x,xi>xi converges unconditional-

basis for [xn].

EXAMPLES. It is easy to verify that the standard bases {en} in cO,LP
(1 £ p < w) are unconditional. We shall see later that not every space with
a basis has an unconditional basis. Examples are C([0,1]) and Ll[O,l].
Furthermore, it is known that every space with a basis has a conditional

(i.e. not unconditional) basis ([B2]). We give a simple example of such a

.

conditional basis for CO'
n . .

Let x  := zi=1 e (n=1,2,...). To check that {xn} is a basis for Cor

it suffices to show, by Theorem 5.6, that for all n,k ¢ N and all
n n+k
< L .

@greees0 0 € R we have "Zi=1 aixi“ < 2“2i=1 aixi". But this is obvious,
since

n n

"121 ax I = j=1???.,n liéj o |,
n+k n+k
Lo T LT e Lyl
and for every j € {1,...,n}
n n+k n+k n+k
|i£j ai| < lizj ai| + ]i=g+1 ail < 2"121 o x .

(Alternatively, use Proposition 5.9.)
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To show that the basis {xn} is conditional, note that for arbitrary n,k € IN

and an""’an+k € IR,
n+k n+k
I = .
Loagxl = sup | 1 oyl
i=n j=n,...,ntk 1i=j

00 00
Thus Z. o.x, converges iff Z. o, converges. Hence for a conditionally
i=1 "i%i i=1 7i * -

. 100 00
convergent series Xi=1 ai, Zi=1

We now want to prove a result that gives some geometric insight into

o X, converges, but not unconditionally.

what distinguishes conditional and unconditional bases (cf. Theorem 5.6).

PROPOSITION 6.16. Let {xn} be a sequence of non-zero elements in a Banach
space X such that [xn] = X and let F be as in Proposition 6.13. Then the fol-
lowing are equivalent:

(i) {xn} is an unconditional basis for X.

(ii) For every permutation ¢ of N {x } is a basis for X.

o (i)
*

(iii) There exists a (unique) sequence {x:} c x* such that {xn},{xn} is a
(complete) biorthogonal system and the associated net of projections

{PF}FEF defined by

“*
= >
PF(X) .Z <x,xi X (x € X)
i€eF
is uniformly bounded.
(iv) There exists a constant C > 0 such that for every pair F, F' € F
.

with F € F' and all ai € R (i € F') we have

I z a,xiﬂ < cl Z a,xiﬂ.
ieF ieF'

*
PROOF. (i) = (ii): Let {xn} be an unconditional basis for X, {xn} its se-

quence of coefficient functionals, and let ¢ be a permutation of IN. Then,

by the definition of unconditionality (see also Remark 6.14)
*

> i i .
5 (1) %0 (1) for every x € X. Hence {x } is a basis for X

zw

= <

X T Ljag XX (i)

(ii) = (i): The assumption (ii) implies in particular that {xn} is a basis

*
for X. Let {xn} be the sequence of coefficient functionals. Since clearly

*
{Xo(i)} is the sequence of coefficient functionals associated to the basis
0 *
i = < >
{Xc(i)} (for every permutation ¢ of IN), we have x Zi=1 x,xc(i) xo(i)

© * 5 4s
for every x € X and every o. Thus Zi <x,xi>xi converges unconditionally

=1
for every x € X, proving that {xn} is unconditional.

(i) = (iii): Only the assertion that {PF}FeF is uniformly bounded needs
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proof. Since by Proposition 6.13 (ii) for every x € X li? PF(x) exists, it
Fe

follows easily that {PF(x): F € F} is bounded for every x € X. Thus {PF}FeF

is uniformly bounded by the Banach-Steinhaus theorem.

(iii) = (ii): Let o be any permutation of IN. Clearly the assumption implies

that {xc(i)}'{x;(i)} is a complete biorthogonal system. Also, since for all
* _ ; =
X € X zi=1 <X'X0(i)>x0(i) = PF(X) with F {o(1),...,0(n)}, the sequence

of projections associated with this system is uniformly bounded. Hence, by

(iii) = (i) of Theorem 5.6, {xc .)} is a basis for X.

(i
We have now proved the equivalence of (i), (ii) and (iii). Since we
know already that (iv) implies that {xn} is a basis (Theorem 5.6), it is

clear that (iv) is nothing but a restatement of (iii). [

Observe that (iv) above is a purely geometric and intrinsic character-
ization of unconditional bases. It should be compared with (ii) in
Theorem 5.6.

Let {xn} be an unconditional basis for X. Consider the bilinear map

¢: 27xX > X defined by

<) % o
¢({an},x) = 'z G <X, XX ({un} e L, x'€ X).
i=1
Note that the series on the right converges by Proposition 6.13 (v), so that
¢ is well defined. For every fixed {a_} « 2” the map
o o
X = z <x,x,>%X, — X a, <X, X, >X (x € X)
. R £ . A R £
i=1 i=1
is evidently closed and therefore bounded by the closed graph theorem.

Similarly, for every fixed x € X the map

oo
* )
{an} — 121 oy <X, X >X, ({an} € %)

is closed, whence bounded. (The boundedness is also a direct consequence of
(6.17).) Combining both these observations, it follows that the set of
bounded operators

oo (o]

* *
X = Z <X,X,>x, — Z a,<xX,X,>Xx, (x € X),
i21 i7i 121 i i 7i

with {an} varying over B o, is pointwise bounded. Hence, by the Banach-

2
Steinhaus theorem, it is bounded in norm. This means that ¢ is bounded, i.e.
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there exists a constant C < «» such that

o
(6.21) I z a_<x,xf>x,ﬂ <Cc ,for all x € B
i i

and {a } € B «.
. n
i=1

X 2

DEFINITION 6.17. Let {xn} be an unconditional basis for X. The smallest

number C satisfying (6.21) is called the unconditional norm (or uncondition-

al basis constant) of {x_} and is denoted by Ve L.
n {x,}

In a space with an unconditional basis {xn} we can introduce a new

norm by
[e2]
*
"xﬂl = sup{"igl ai<x,xi>xi“: {an}'s Blw}'

By (6.21), I I  is equivalent to I . Clearly V?x } = 1, with respect to

1

n
I "1' or equivalently,

[} -}
(6.22) "121 Bixi“1 < "121 aixiul, whenever |ei] < Iail (i=1,2,...),

and the series converge. In particular ||PFI|1 =1 for all F ¢ F.

We are now prepared for the second main result in this section, stating
that a space with an unconditional basis is reflexive iff it does not con-

tain either ¢y or 21 isomorphically. We divide its proof in two parts.

PROPOSITION 6.18. Let X be a Banach space with an unconditional basis {xn}.

If X does not contain g isomorphically, then {xn} is boundedly complete.

PROOF. Passing to an equivalent norm if necessary, we may suppose that
Vi } = 1. Let us assume for contradiction that {xn} is not boundedly com~
n

: n o
plete. Then there exists a sequence {an} c IR such that {Xi=1 aixi}n=1 is

bounded in norm by 1 and diverges. Hence there is an € > 0 and a subsequence

{nk} c IN such that

fgt1
(6.23) oy axl > e (k=1,2,...).
i=nk+1
. Og+1
Thus, mmmmgyk:=2k%#1 ii(k=1,L.“),wehmm"yﬂze(k=L2“.J
and, since v =1,
{x,}
n
(6.24) 0y yk" <1 (n=1,2,...)
k=1
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{yk} is a block basic sequence with respect to {xn} and therefore a basis
for Y := [yk]. We shall show that ¥ = Cqr contradicting the assumption. For

this it is enough to prove the following inequalities:

(6.25) sup Al 2 lxl 2 e sup Al (x = Y oAy, € Y).
ieIN ieIN i=1

Indeed, if (6.25) holds, the map Tx := {Ai} (x = z:=1

. By (6.23) and (6.22) we have, for

Aiyi € Y) is the

desired isomorphism from Y onto cO

every k € NN,
el ] < Iyl <1 121 Ayl =1,

proving the second part of (6.25). Also, by (6.22) and (6.24), we have for
every n € WN

n n
"'Z Aiyi" < suplAi|".Z Yi" < §up lAil,
i=1 i=1 ieIN

so that

. 0

Il sup IAi
ieIN

PROPOSITION 6.19. Let X be a Banach space with an unconditional basis {xn}.

If X does not contain 21 isomorphically, then {xn} is shrinking.

PROOF. We may assume again that V?x } = 1. Let us suppose for contradiction

* *
that {xn} is not shrinking. Then there exists by Lemma 6.5 an x € X satis-
*
fying lim Ix™) = 1. Hence there exists an increasing sequence {n,} ¢ W and
n

n n
elements y, ¢ [Xijizgi+1 satisfying

(6.26) Iyl =1 and <yk,x*> >3 (k=1,2,...).

Note that {yk}, as a block basic sequence with respect to the unconditional
basis {xn}, is an unconditional basic sequence. This is most easily seen by
checking that Proposition 6.16 (iv) holds for {yk} (cf. the proof of Lemma
5.14). We claim that Y := [yk] is isomorphic to g1, contradicting the assump-
tion. For this it suffices to prove the existence of a constant M > 0 such

that the following inequalities hold:

(6.27) Il <

ne~18

la,| < Mixl (x = z 0.y, € Y).
1t i=



79

Indeed, Tx = {ai} (x = 22—1 diyi € Y) is then an isomorphism from Y onto ll.

The first inequality is trivial, since "yk" =1 (kk=1,2,...). To prove the

second one, let az max(ai,O), o, = max(-o,,0) (i =1,2,...). Any x =

0 + o -
i=1 Q.Y. E. 1 Q.V. . Let us observe that
both series on the Ilght converge and that

00
= zi=1 aiyi can be written as x = z

©

o]
(6.28) 1Y ofy.l < lxl, 1Y eyl <lxl,
i=1 ** i=1 Tt

since v?x } = 1. Furthermore, by (6.26),

n
(6.29) (P TI) a:yi" ><7J uIyi,x*> >3 7 az
i=1 i=1 i=1
and
% © -] * ©o
(6.30) (PN z aiyi" > < X 0y, ex > 2 1 z a .
i=1 i=1 i=1

Adding (6.29) and (6.30) and using (6.28), we obtain

Z lal

i=1 i

]

I o~ 8
Q

+
+

| ~1 8
Q

|
IA

o

< 20141 aly.l o+ 1
. lYl .

uTy_"} <
i=1 i=1 * 1

alx* Nl .

IA

Thus (6.27) is proved and we are done. []
Combining the two preceding propositions we arrive at

THEOREM 6.20. Let X be a Banach space with an unconditional basis. Then the
following are equivalent:

(i) X is reflexive;

(ii) X does not contain either c, or 21 isomorphically;

s ** 0
(iii) X is separable.

PROOF. (ii) = (i): This is a consequence of the Propositions 6.18 and 6.19
and Theorem 6.9.
(1) = (iii): trivial.

*
(iii) = (ii): Suppose that X * is separable. Observe that if Y is a subspace

*% * %
of X then Y is embedded in X in a canonical way (as Yll). Suppose Y < X
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. 1 *x . . ©
is isomorphic to c, (respectively % ). Then Y is isomorphic to & (re-

0
spectively (Zw)*). Since both these spaces are non-separable, this contra-

* %
dicts the separability of X . [J

In connection with Theorem 6.20 we wish to introduce the famous James
space J. It is a counterexample to many conjectures, and in particular it
shows that Theorem 6.20 is no longer valid when the assumption of uncondi-
tionality is dropped completely (it may be replaced by weaker assumptions):
J** is separable, so J contains neither ¢y nor 21 isomorphically (by the
proof of (iii) = (ii) in Theorem 6.20), but J is hot reflexive. Moreover,

J has a shrinking basis, and dim J**/nJ = 1. Although non-reflexive, J is
isometric to J**. Of course, this isometry cannot be the canonical map ﬂJ.
All these facts we shall prove below.

In a later section we shall be concerned with the question of what con-
sequences can be deduced from the assumption X** separable for a general
Banach space X. It will turn out that it implies that both X and X* are

"somewhat reflexive", meaning that each closed infinite-dimensional sub-

*
space of X (and of X ) contains an infinite-dimensional reflexive subspace.

The James space J

By J we denote the linear space of all sequences {an} c IR satisfying

(6.31) lima_ =0
n>o I
and
n e
(6.32) sup{ z (uk -0y )2 + (ak =0 )2} < ®,
i=1 i Ui+l n+1 1 :

where the supremum is taken over all n € IN and all finite increasing se-

quences k1 < k2 < ... < kn+1

to be this supremum. It is easy to check the norm properties. We only show

in IN. The norm "{an}" of {an} € J is defined

here how the triangle inequality follows from the one in 12. If x = {an}
and y = {Bn} are in J, and € > 0 is arbitrary, then there exists a finite

increasing sequence k1 <k, < ... < kn in N such that

2 +1
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A

n ‘ 2 Ak
I x+yl {izl [(aki+Bki) - (aki+8k.+1)] + [(U.kn 8, ) - (o +Bk1)] } + €

i +1 n+1 1

IA
—n—

b
)24-(6k -8, )2} +e
+1

O L A o R DO
=1 ki ki+1 kn+1 kl i=1 ki ki n+l 1

IA

Il + Iyl + g.

Thus lIx+yl < lxl + lyl, since ¢ > 0 was arbitrary.

The completeness of J can be proved directly in the usual way. There
is no need to check it here, since it will follow later from the fact
(proved below) that J is a closed subspace of.JM(.~ Thus J is a Banach space.

We now derive several properties of J.

PROPERTY I. The sequence {en}, where e, = 0,...,0,1,0,...) (ne WN) is a

monotone” basis for J (i.e. v{e } =1). n=

PROOF. In the first place we have for all n,m ¢ N and all al,...,a e IR,

n+m
n
"121 aiei" = "(ql,...,an,o,...)ﬂ < "(al,...,un,...,an+m,0,0...)"
n+m
= ﬂizl aiei",

as one easily verifies. Hence {en} is a monotone basic sequénce and it remains
to be shown that [en] = J. Let x = {an} € J be arbitrary. We claim that

: n . .
X = %ig Zi=1 a,e;. Suppose not. Then, for iome € > 0 there are arbitrarily
large n € IN with the property that lx - Zi=1 LYY
...)i > €. Hence there exist infinitely many finite increasing sequences

aiei" =1¢0,...,0

(3) (3) j . . (3 (3+1)
k13 < k2J <. < ké?il (3 = 1,2,...) in N such that kn?ii < k13 for
all j € N, with the pEoperty that J
n,
f 2 2 2
- . + L - . i =1,2,...).
Lo g )t (e gy e ) e G2
= k., k., k k
i i+1 nj+1 1

Combining this with the fact that %ig a = 0, we obtain
n,
J
L (e

3=1 i=1

)% =

= oo
I

~18

-0
($H 7% )
ki ki+1

contradicting ﬂ{an}" <w, [
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PROPERTY II. The basis {en} is shrinking.

* * *

PROOF. We use Lemma 6.5 and show that lim I x "n = 0, for every x € J .
*
Suppose this is false for some x € J . Then for some € > 0 there exists a
m
. . _ "

block basic sequence {y } with respect to {en}, of the form y_ zi=mn_1+1
Biei (n=1,2,...) with 0O =m. <m, < ... <m_ < ..., such that

0 1 ' n
(6.33) "yn" =1 (n=1,2,...)
and
(6.34) <yn,x*> >e (n=1,2,...).

o 1
We consider the series Zn—l a Y and show that it.converges. This will
00 1 *
n=1 n¥n'* >
n=1 n Y, is equiv-

finish the proof, since (6.34) then yields the contradiction <Z

> Zm 1 g€ = », Observe that checking the convergence of Z
n=1 n

alent tg showing that {ai} € J, where

(6.35) o, ==

=R

< i< =
Bi whenever mn_1+1 < i< mn (n 1,2,...).

Clearly lig ai = 0, since it easily follows from (6.33) that
i
1 ’ !
(6.36) IBi] < — i=1,2,...).
V2

Hence the problem is to show that

.X (o =0y )

(6.37) sup{
i=1 i i+l n

Let us consider an arbitrary sum of the form Z?=1 (aki—aki+1)2,

k, < ... <k
n

1 )” we have that either there exists

. For each term (aki—ak

+1 i+1

an £ € N such that m£_1+1 < ki < ki+1 < m, or no such % exists. The terms
of the second type add up to at most %Z:_l(%-Fiéjoz < w, in view of (6.36),
and those of the first type to at most Z:—l zz—< », since for m2_1+1 < kp <
< kp+1 < L.. < kq < kq+1 < ml we have, by (6.33),

3 2 1 g 2 1 2 1

- = — - <=1y I° <=,
DO 7 L (B 8 ) sy, 2
i=p i i+l L7 i=p i i+l 2 L

Since also {an} is bounded, it is now clear that the sup in (6.37) is finite

and we are done. [J
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*%
PROPERTY III. dim J /mJ = 1.
This will follow from the preceding two properties and the following

PROPOSITION 6.21. Let X be a Banach space with a monotone shrinking basis

{e }, and let {e*} be the sequence of coefficient functionals. Let A be the
linear space of all sequences {a } ¢ R satisfying sup “E aze; I < o,
I I .= 1l |
eqU1€€ed with the norm {an} sup. zi=1 aieil Then the llnear map
¢: X > A defined by

* % * *% ©o *%* *%
P(x ) = {<ei,x >}i=1 (x €X )

is an isometry onto A.

* *
PROOF. Since {e } is shrinking, {e } is a basis for X , so its sequence of

* %k
coeff1c1ent functlonals {ﬂe } is a w -Schauder basis for X , by Proposition
6.7. If {P } denotes the sequence of projections associated to the basis

{en}, we have

n

* %k *%k k% * * % *% * %
(6.38) b = —llm P X =w —11m X <e,,x >me, (x € X ).

no>o no>eo i=1 1 1
Kk
By the monotonicity of {e 1, "P I = “P =1 (n=1,2,...), so
n * *% n+1 * * % *% *% * %

(6.39) Il 2 <e,,x >me.l < Z <e,,x >me.l < Ix™"l (x €X , ne N).

=1 * =1 * '

Combining (6.38) and (6.39) with the w*—lower semi~continuity of the (dual)

*k X
norm on X , we obtain

n n :
**k . * *% *% * %
Ix™ "I = lim I ) <e;,x >e,l = sup Iy <el,x >e I (x " e x ).

e =1 neN i=1

This proves that ¢ is isometric. To show surject1v1ty, let {a } en, i.e.

*% *%
{Zl -1 alel}n_l bounded. If x = € X'* is a w -limit point of {Z.=1

n *
follows, since <e ,z a.Tme,> = o_ whenever n 2 m, that <e,,x > = o, for
m’&éi=1"1i "i n i i

all i € N, showing that ¢(x **) = {an}. This completes the proof. [

aiﬁei}, it

We now apply this result to J with the monotone shrinking basis {en}
defined above. ¢ is clearly the identity on J. In addition, we get that

*%
¢J  is the space of sequences {an} ¢ R with norm
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m m
lim“.Z aieiﬂ = sup ﬂ'z aieiﬂ =
m>e ji=1 melN i=1

1]

I {a }
n

(6.40)
f ‘ 2 2"
sup [sup{ (o0, - )+ (o -, ) } ] < =,
melN - i=1 ki ki+1 kn+1 k1

]

where the inner sup is taken over all n e N and all k1 < k2 < .. < kn+1’
with the understanding that ak.is read as 0 whenever kj > m. J = ¢J consists
of all null sequences {an} forjwhich (6.40) holds. Observe next that

"{an}" < » implies that %33 oy exists, so that ¢J** consists of convergent
sequences. Finally we have by (6.40) that (1,1,1,...) € ¢J**, since

HZ?=1 eiH = V2 for all n € N. Set x;* = ¢_1((1,1,1,...)). All these facts
combined yield J** =7J & [xg*], completing the proof of Property III. []

REMARK 6.22. Observe that for elements {an} € ¢J** the expressions (6.32) and
(6.40) do not coincide: For the sequence (1,1,...) = ¢(x3*) € ¢J** (6.32)
gives 0, while (6.40) yields./f = "x;*ﬂ. Of course (6.32) and (6.40) are
equal on J, since J consists of null sequences.

*
Property III says that mJ is a hyperplane in the Banach space J* . It
cannot be dense since it follows easily from (6.40) that d(x;*,nJ) = /2.

*%
Hence mJ is closed in J and therefore complete.

K%
PROPERTY IV. J is linearly isometric to J.

PROOF. From now on, for every sequence {an} c R "{an}" will denote the
expression in (6.40), whether finite of infinite. As we have seen, we may
identify J and J** with, respectively, the null sequences aﬁd the convergent
sequences {an} satisfying "{an}" < . Now consider the linear map T from

real sequences to real sequences defined by
T((al,az,...,an,...)) = (az—al,a3—a1,...,un—al,...).

Evidently T is a bijection from the null sequences onto the convergent se-
quences. In view of the above identification it will therefore be clear
that T establishes a linear isometry from J onto J**, once we have proved
that ﬂT({an})“ = "{un}" for all null sequences {an}. Observe that for null
sequences {an} the expressions for "{an}" in (6.32) and (6.40) are equal.
Now given any null sequence {an}, consider any sum of the form

D

2 2
(a, -0 )T+ (a -0, ) . If k, > 1, we can ite it as
i=1 UKy Kjyq kn+1 ki 170 wek
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[l ~sy) - (o ) - (o o)1

151 1_u1)]2 + [(akn

+ +1

showing that it is < "T({an})". If k; = 1, we have

Z (ak _ak )2 + (ak 'ak )2 = (al-ak )2 + E (dk _ak )2 +
i=1 i i+l n+tl 1 2 i=2 i i+l

. 2
+ (a -, )" =
kn+1 !

iiz[(aki_ai) - (ak _al)]z + [(akn -ul) _0]2 + [0_ (akz—a‘l)]zs

i+l +1

A

H(az-al,...,ak

-al,0,0,...)llz < “T({an})-llz,
n+1 .

where the last inequality follows from (6.40). Hence, both cases combined
yield ﬂ{an}" < ﬂT({an})“. For the proof of the reverse inequality, consider

a sum of the form

il{ 2 2
(o, =a,) = (« -a )} + {(a -a,) - (o, -a )} ’
121U kg Kipp 1 Kner T ke 1
with 2 < ky < eee < kn+1' and where for some m € IN (aki—al) is to be read
as 0 whenever kj > m. If kn+1 < m, this sum equals
n
) (ak -a, )2 + (ak —a, )2 < ﬂ{an}ﬂz.
i=1 7i Ui+l n+l 71

If for some i0 e {1,...,n} we have kiO <m< ki0+1’ then thé sum equals

io—l
2 2 2 2
121(ak-_ak )<+ (ak -ul) + (akl—al) < F{an}ﬂ .

i +1 .
1 1 l0

This proves that "T({an})" < H{an}“, and hence “T({an})ﬂ = H{an}ﬂ. 0

J is often equipped with other equivalent norms, such as
n 5
2 2
I {a 3} 6 := sup{ Y (a —a, )7 +a } ’
n 1 i=1 K231 Koy Kon+1

where the sup is taken over all n € IN and k1 < k2 < ... < k2n+1 in N, or

5
.+1)2} :

n
"{an}uz 1= sup{.z (ak'—ak
i=1 i i
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where the sup is taken over all n € IN and k1 < k2 < ve. < kn+1 in IN. To

show that | Il1 and | | are equivalent, let us consider any sum of the form
n 2 2 2 n 2
i - - < —
Dicy (gm0 )7 + oy q=oie))™e IE (o -oge )™ < ]y (O, ~Ok, ,,) + then
n n
Yo, o, )24+ (o =a, )P =2) (o o )?=
i=1 i i+l n+l 1 i=1 i i+l
n n
=2 ] (e - )P+ 2 ] (o o ) <al{a i
i=1 i i+l i=1 i i+l
i even i odd
If not, then
n
2 2 2 2
Y (o, -a )+ (o -a, )° < 2(a -a, )¢ < 2l{a_H7T.
izt Ko Kiw kot Kp ket X1 n 1

Hence, combining both cases we obtain
(6.41) - I{a } < 20{a_M {a } e O).
n n 1 n

n 2 2
N id f the £ . o3 - + o .Let € >0Db
ow consider any sum o e form 21=1( Koi-1 akzi) Kont1 et € e
arbitrary. Since %im o, = 0, we have for a sufficiently large choice of

Konsz € T

E 9 9 n+1
(o -, )"+ < ) (o )
=1 k2i—1 k2i k2n+1 i=1 k2i—1 k2i

IA

I{a 2 + €.
n

€ > 0 being arbitrary, this proves that

(6.42) I{o W, 6 < lI{a M ({a_} € 7).
n 1 n n
(6.41) and (6.42) show the equivalence of I'l ana Il "1_ The equivalence of
I and I "2 is even easier and we leave its proof to the reader. One obtains

7 i 1 s o 1, < T ) () e o).

PROPERTY V. J is the closure of the sum of two closed subspaces Jq and I,
with J;nJa, = {0}, each of which is isomorphic to 22.
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PROOF. It is convenient here to use the equivalent norm | "2. Take

00 0 —_—
Jy o= [e2n]n=1 and J, := [eZn—1]n=1' Clearly J, g J, = {0} and J,+3, = J,
since {en} is a basis for J. To show that J, = &7, let {an} € J, be arbitrary,
i.e. a = 0 for all n € WN. Then

2n-1
n n .
2 2 2 ;
= - < =

(6.43) 1oaj = ) oy e s M{a MO (n=1,2,..0).

i=1 i=1
On the other hand, for every n € IN and k1 < k2 < ... < kh+1 in N we have,

since (a-8)2 < 2(a%+82) for all a,B € TR,
(6.44) L (o oy
Combining (6.43) and (6.44) we get

© 2 15
<i£1 “21) TORIA 2(

SO

o
R
Py

The proof that J, = 22 is similar. [

In section 9 we shall prove the following related, but much stronger
result: Every closed infinite-dimensional subspace of J contains an infinite

dimensional subspace isomorphic to £2.

REMARK 6.23. It follows from Proposition 5.9 that the sequence {xn} with

xn ;= 22=1 ei (n=1,2,...) is also a basis for J. Let x = z:=1 aiei =
= zj=1 Bjxj be an arbitrary element of J. Then
(=] oo
(6.45) a, = <x,e;> = ] B.<x,el>= ] B, (i=1,2,...),
and therefore
' K. -1 27"

n i+l
(6.46) Ixl, = sup{ ) ( ) 5_) } ,

i=1 J

i=k;

where the sup is taken over all n € N and k, < k, <

1 <Ky < eee Sk
the space J can be alternatively defined as the space of all sequences

{Bn} c IR for which

in IN. Thus
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n Kie1” 2
(6.47) sup { ) ( ) B.) }
ne IN i=1" j= J
ky<eoo<k o

is finite, taking this expression as the norm of {Bn}. (Note that the
finiteness of (6.47) implies that lim'Z? . B. =0, so, by (6.45),

i*® *J=1 ]
lig ai = 0.) Furthermore, it is obvious from the definitions involved, that
i
{xn} is a boundedly complete basis for J. Thus J has a boundedly complete

basis {xn} and a shrinking basis {en} without being reflexive.

NOTES. Theorem 6.9 is due to R.C. JAMES ([47]) and Theorem 6.11 to M. ZIPPIN
([106]). A. PELCZYNSKI first proved that evefy non-reflexive space has a
(non-reflexive) subspace with a non-shrinking basis in [80], where also
Theorem 6.12 appears. [95] contains further characterizations of reflexivity
in terms of basic sequences. Apart from the preliminary material on uncondi-
tional bases all the rest of this section, in particular the main Theorem
6.20, is.due to R.C. JAMES ([47],[48]). Other authors have subsequently
generalized Theorem 6.20. C. BESSAGA & A. PELCZYNSKI ([8]) have shown that
it suffices to assume that X can be isomorphically embedded in a space with
an unconditional basis. More recently, L. TZAFRIRI ([103]) has proved that
Theorem 6.20 holds for any closed subspace X of a o-Dedekind complete Banach
lattice with o-order continuous norm. This result actually includes the pre-
vious one of C. Bessaga and A. Pelczynski. For details and ‘the definitions
involved we refer to [[102], [103] and [75]. A related paper is [60], where

a finite-dimensional version of Theorem 6.20 is proved for spaces having

"local unconditional structure".



7. QUASI-REFLEXIVITY

\

In Section 6 we have seen an example of a Banach space X with the
*k
property that dim X /wX = 1. It follows that for every n € IN there exists
* %k ’
a Banach space X with dim X /%X = n. E.g. X = J" has this property.

: *%
DEFINITION 7.1. A Banach space X with dim X /7mX = n < « is called quasi-

reflexive (of order n).

In this section we study quasi-reflexive spaces in general and charac-
terize them in two ways: first by compactness of the unit ball in a suit- '
able "weak" topology, and secondly by the non-existence of w*—dense sub-
spaces V of the dual space(with characteristic r(v) = 0. Before giving
these results we must prove some theorems characterizing spaces isomorphic
(reépectively, isometric) to dual or bidual spaces. At this point‘the reader
should recall the definition of the characteristic r (V) of'a subspace VCIX*,
and the various expressions for it derived in section 4, since these will be
used repeatedly below.

Let X be a Banach space and V ¢ x* a linear subspace. Following
J. DIXMIER ([29]), we call V minimal if V is closed and w*-dense, and there
exists no proper subspace W ¢ V with both these properties. The following

*
proposition describes minimal subspaces V ¢ X in a different way.

*
PROPOSITION 7.2. Let X be a Banach space and V c x* a closed w -dense sub-

*%k
space. Then V is minimal iff X =X Vl.

*
PROOF. Observe first that the w -density of V is equivalent to V' n X = {0}.
Kk

Suppose that X =X 6 Vl and assume for contradiction that W SV, W closed
* *% *k *k

and w -dense. Then there exists an x € WL\VL. Writing x =x+y , x€X
*% v_]_ *% * %

and y € , we then have x # 0. On the other hand x ,W =y |W =0, so

*
X Wo 0, contradicting the w -density of W.
*

Conversely, let V c X* be minimal and let x* € X**\V~L be arbitrary.
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* X *
W := V n ker x * is a closed hyperplane in V, and therefore cannot be w -

*
dense in X , by the minimality of V. Hence there exists an x € X, x # O,
*%

w =% fw

* * %
= 0 and xlv # 0 (since V is w -dense), so x IV =
*%
Axlv, for some A € IR. But this means that Ax - x € Vl, and therefore

*%

*% ** **k
x** = Ax+y**, with vy € V¢. This proves that X =X & Vl,vsince x €X

was arbitrary. [

.

*
COROLLARY 7.3. Let X be a Banach space and V ¢ X a minimal subspace. Then
r(v) > 0.

** 1
PROOF. By the previous proposition X = X ® V, so by the closed graph
*%
theorem the projection P from X onto X with kernel V'L is bounded. The

conclusion now follows from Lemma 4.5. [

*
A description of minimal subspaces V ¢ X in terms of compactness

is given in

* *
PROPOSITION 7.4. Let X be a Banach space and V ¢ X a closed w -dense sub-

space. Then V is minimal iff BX is relatively o (X,V)-compact. In this case
EG (x,Vv)
X

is bounded.
PROOF. The last assertion follows from Corollary 7.3 and Lemma 4.4.
**%
Let us assume first that V is minimal. Then X =X Vl, by Proposi-
. *% 1 . *% I ~ _* L. . *
tion 7.2, so X ®= X /V, while X /V© =V . Thus X is isomorphic to V by
the map T defined by Tx = (Trx)lV (x € X). T is clearly also an isomorphism
*

for the topologies o¢(X,V) and o(V ,V). By Alaoglu's theorem the image TBX

* .
is relatively o(V ,V)-compact, so B_ is relatively o¢(X,V)-compact.

X
Conversely, let BX be relatively o(X,V)-compact. Suppose that W ¢ V

* *
is a closed w —dense subspace of X . We show that W = V. BX being relativ-

ely o(X,V)-compact, it follows that o(X,V) and o(X,W).coincide on B_ (cf.

X
the observation made at the beginning of the proof of Proposition 0.15).

* *
Let X € V be arbitrary. Then x is continuous on B, for the topology

X

. . . * *
0(X,W), i.e. given € > 0 there exist x RS N € W such that
%* *
sup |<x,xi>| <1, Ixl <1 = |<x,x > <e.
i=1,...,n
. . n * * * *
In particular, putting N := igl ker X, we have lx I <e. Lety e X be

* *
a Hahn-Banach extension of x N’ i.e. Y*|N =% |y and "y*H < €. Since
* % n
ker(x -y ) D N = ig ker X, s we have x -y € [x;]?_l c W. Hence dist(x*,W)S

* *
< ly™l < €. € >0 and x € V being arbitrary, this proves that V = W. [J
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N ) * *
COROLLARY 7.5. Let X be a Banach space and V ¢ X a closed w -dense subspace.
Then the following are equivalent:
(i) V minimal and r(V) = 1;

(ii) BX is o(X,V)=-compact.
PROOF. Proposition 7.4 and Lemma 4.4. [

We are now going to characterize Banach spaces which are isometric to

dual spaces.

THEOREM 7.6. Let X be a Banach space. Then the following are equivalent:

(i) X is isometric to a dual space.
* - .
(ii) X contains a minimal subspace V with r(V) = 1.
*%
(iii) There exists a projection P from X onto X with Pl = 1 and

*
ker P w -closed.
* * .
(iv) X contains a closed w —-dense subspace V such that BX is

o0 (X,V)-compact.

. Uk *
PROOF. (i) = (iv): Suppose X = Y . Then V := Y is a closed w -dense sub-

*k
space of Y , and BY* is OSY*,Y)—compact by Alaoglu's theorem.
(iv) <> (ii): Corollary 7.5.

(ii) = (i): Let V c X* be minimal with r(V) = 1. Then by Proposition 7.2

ok 1 . . *%k
X =X @V . Also Lemma 4.5 implies that lxl < lIx+x I for all x € X and

* % 1 . ** 1 .
b4 € V7, since r(V) = 1. It follows now that X £ X /V, and since general-

*% * *
ly X /V'L =V , we obtain that X is isometric to the dual space V .

* *
(i) = (iii): Let X = Y . Then, as is easily checked, (nY) is a projection
*k*k * *
from Y onto its subspace Y , obviously with norm 1 and with w -closed

kernel.

y *%*
(iii) = (ii): Let us put V := (ker P)T, where P is a projection from X
*
onto X as postulated in (iii). Then Vl = ker P, since ker P is w -closed
* %
and therefore we have X =X @ VL' Proposition 7.2 now yields that V is

minimal and furthermore, by Lemma 4.5, r(V) = 1 since ol = 1. [

Before giving an isomorphic version of the above theorem let us observe
*
the following. If V € X 1is a closed subspace with r(V) > 0, then there
exists an equivalent norm on X for which r(V) = 1. Indeed, we know from

=0(X,V)

Lemma 4.4 that BX is bounded, and obviously closed and absolutely

convex. Hence the gauge of this set defines an equivalent norm | II1 on X.
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Clearly for this new norm the unit ball is ¢(X,V)-closed and therefore,
by Lemma 4.4, r(V) = 1. Hence, from an isomorphic point of view r (V) has
only two distinguishable values, namely O and 1. Taking this into account,

the following result is clear.

THEOREM 7.7. Let X be a Banach space. Then the following are equivalent:
(1) X is isomorphic to a dual space’
(ii) X* contains a minimal subspace V;
(iii) there exists a bounded projection P from x** onto X with
ker P w*—closed;
(iv) X* contains a closed w*~dense subspace V such that BX is

relatively o(X,V)-compact.

The next result is proved along the same lines and characterizes

bidual spaces.

THEOREM 7.8. Let X be a Banach space. Then the following are equivalent:

(i) X is isometric to a bidual space;

(ii) X*==W [} V; where V is a closed w*—dense subspace of x* such that BX
is o(X,V)-compact, W'a w*-closed subspace of X*, and the projection P

*
from X onto V with kernel W has norm 1.

. L. 1 *k ok *
PROOF. (i) = (ii): Let X =Y . Then Y =Y @ ker P, where P is the
*%k% * *
norm one projection from Y onto Y with w -closed kernel introduced
*
in the proof of (i) = (iii) of Theorem 7.6. Clearly V := Y and W := ker P

satisfy the properties of (ii).

(ii) = (i): Let V, W and P be as in (ii). We claim that X is isometric to

(WT)**. Indeed, since W is w'-closed and lpl = 1, we have (WT)*E X*/(WT)l =
*

X /W = V. Moreover, by Corollary 7.5 and the proof of (ii) = (i) in Theorem
7.6, v* = X. Hence X = (wT)**. O

An isomorphic version is

THEOREM 7.9. Let X be a Banach space. Then the following are equivalent:
(i) X is isomorphic to a bidual space;

* * *
(ii) X =W @& V, where V is a closed w -dense subspace of X such that

* *
BX is relatively o(X,V)-compact and W is a w -closed subspace of X .

PROOF. (i) = (ii): Clear from the previous theorem.
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(ii) = (i): Argue as in (ii) = (i) above, replacing isometries by isomor-

phisms. (Note that P is bounded by the closed graph theorem.) [J

COROLLARY 7.10. Let X be a Banach space. Then the following are equivalent:
*k
(i) X = X and X not reflexive;
* * *
(ii) X contains a closed w -dense subspace V # X such that BX is relativ-

ely o(X,V)-compact and V = X*.

PROOF. Obvious from Theorem 7.7. [

The next result characterizing quasi-reflexive spaces is now almost

self-evident.

THEOREM 7.11. Let X be a Banach space. Then the following are equivalent:
(i) X is quasi-reflexive of order n;

*
(ii) X =W @& V, with W and V as in Theorem 7.9 (ii), and dim W = n.

*% T
PROOF. Assuming (i), X =X @® N, dim N = n. Let V := N . Then Vl =

*%
T)l =N, soX =X6o& Vl. Hence V is minimal, by Proposition 7.2. Thus

(N
by Proposition 7.4 BX is relatively o (X,V)-compact. Evidently dim X*/V =n,
so any complement W of V in X* will satisfy the requirements.

For the converse, let us suppose that (ii) holds. Then, using Proposi-
tions 7.4 and 7.2, we see that X** =X e Vl. Since clearly dim Vl =dim W =

= n, we have (i). [

It will be convenient from now on to sometimes use the following nota-
*%
tion for any Banach space X: H(X) := X /7X.
*
The known fact that X is reflexive iff X 1is reflexive (Proposition

0.13) is generalized in the following

PROPOSITION 7.12. Let X be a Banach space. Then X is quasi-reflexive of

*
order n iff X 1is quasi-reflexive of order n.

* * k%
PROOF. We have already seen repeatedly that P := ﬂx*(ﬂx) projects X
* . 1 * L
onto “x*x . Since ker P = (ﬂXX) , we therefore have XEEE = wx*x 2] (nXX) .
* L * * *
Thus H(X') = (m,X)". On the other hand (m.x)" = H(X)", so H(X") = H(X)".

The proposition is now obvious. [

It follows that all higher conjugates of X are quasi-reflexive of

order n if X is. Also, combining Theorems 7.11 and 7.7 we obtain
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PROPOSITION 7.13. Let X be quasi-reflexive of order n. Then for every

j € N there exists a Banach space Xj’ quasi-reflexive of order n, such

that the j-th conjugate of Xj is isomorphic to X.

*
PROOF. From Theorems 7.7 and 7.11 we obtain that X = X,, for some Xl. By

the previous proposition X, is quasi-reflexive of order n. Repreating the

1
*
argument, X1 = X2 for some X2, again quasi-reflexive of order n. Thus
Kk
X =X, . EBtc. O

REMARK 7.14. The reader should observe that Theorem 3.5 in [16] is incor-
rect: A quasi-reflexive space of order n 2 1 is not always isometric to a

conjugate space (see Corollary 4.9).

The next result shows that subspaces and quotients of quasi-reflexive
spaces areagain quasi-reflexive and that the order of quasi-reflexivity

behaves additively.

THEOREM 7.15. Let X be a Banach space and Y © X a closed subspace. Then

B R . *%
X+ Y is closed in X . Furthermore

Ll
(7.1) H(Y) = (mTX+Y )/mX
and

(7.2) H(X/Y) = X7 /(mX+ v,

where m = ﬂx. Hence
(7.3) dim H(X) = dim H(Y) + dim H(X/Y),
and therefore X is quasi-reflexive iff both Y and X/Y are.

PROOF. Let us first observe that the second adjoint of the identity embed-
ding i: Y > X is an isometry from Y** onto the subspace Yli of X**. There-
fore we may and shall identify Y** with the subspace Yll c X**. Since i**
extends i (see Section 0 Property III p.l2), we have i**nY = mi. In partic-
ular i**nyY = miY¥. Hence, suppressing the identity map i in the notation
from now on, we may identify Y**/ﬂy(Y) = H(Y) with YLL/NY. Secondly, let
us note that Yll n mX = Y, by the Hahn-Banach theorem.
Now let Q: X -+ X/Y be the quotient map and My X/Y > (X/Y)** the

**
canonical embedding. Again we have, since Q extends Q, that

(7.4) 0 n = ™ Q.
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It follows from (7.4) that Q**ﬂX = n1QX = nl(X/Y). Thus, since ker Q** =

11
Y-,

(7.5) mx + v o= (Q**)_lvl(X/Y).

11, . *k
Consequently X + Y is closed in X

*% * %
For the proof of (7.1) we consider the quotient map X = X /71X,
. . 1L *% .
restrict it to Y and replace X /71X by its range. Let us call the result-

ing map A. Thus

1L
v A (e ) /x.

. . . 11
Since ker A = Yll n mX = 7Y, A defines an isomorphism of Y /7Y onto

1L 11
(nX+Y ) /mX. Identifying Y /7Y with H(Y) we obtain (7.1).
For the proof of (7.2), let Ql: (X/Y)** -+ H(X/Y) be the guotient map

. Kok *k . *k . :
and consider QlQ : X > H(X/Y). Since both Q1 and Q are surjective, so

is QlQ**. Furthermore, ker'ng** = Q**_lnl(X/Y) = 71X + Yll, by (7.5). Hence
QlQ** defines an isomorphism of X**/(WX+YLL) onto H(X/Y), proving (7.2).

(7.3) follows directly from (7.1) and (7.2). 0O
We finally note the following obvious consequence of Theorem 7.15.

COROLLARY 7.16. Let X be a Banach space and Y ¢ X a closed subspace. Then
* %
Y is reflexive iff Yll c X and X/Y is reflexive iff mX + YJ"L =X . If

X/Y is reflexive then H(Y) = H(X) and if Y is reflexive then H(X/Y) = H(X).

* k %

We now start working towards the final goal in this section, which is
to prove that X is quasi-reflexive iff there exists no closed w*-dense sub-
space V c X* with r(V) = 0. One half of this equivalence is trivial now.
Indeed, let X be quasi-reflexive and V c X* closed and w*—dense. Then
vt n x = {0} and so by quasi-reflexivity dim v’ < ». It follows now that
the projection P from X & Vl onto X with kernel Vl is bounded, and there-
fore r(v) > 0 by Lemma '4.5. The converse is a little more involved. We
begin with a criterion for the existence of subspaces V c X* with (V) = 0.
Subsequent results will show that the conditions imposed can be fulfilled

in any non-quasi-reflexive space.
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PROPOSITION 7.17. Let X be a Banach space and let Y and Z be infinite-

*k
dimensional closed subspaces of X and X , respectively, such that
*% **k
Zn (Y +X) = {0} (Y and X are identified with the subspaces v oang wx
*%k -k * .
of X , respectively). Then X contains a closed w -dense subspace V with

r(v) = 0.

PROOF. We may assume without loss of generality that Y is separable. Let
* * * *o *
{yn} be a sequence in Y such that "yn" =1 (n=1,2,...) and [yn] is w -

* *
dense in Y'. (E.g. take {yn} dense in S, and define y so that "ynﬂ =

= <yn,y*> =1 (n=1,2,...).) Now let {zn} be a basic sequence in Z with

n
Hznﬂ =1 (n=1,2,...) (Proposition 5.13). We now choose e, > 0 (n=1,2,...)
so that z:=1 e, < 3 and define a linear map T: vz by
(o]
Ty** _ z e < * **>z
L n anY n*

*
Then ITl < } and it is easily seen that T y is injective, since [yn] is
* *
w —dense in Y and {zn} is a basic sequence. We define W to be the subspace
** *% *% **k * %k . . * . * %
W:={y +Ty :y €Y } of X and claim that B, is w -closed in X .
w
*% * % . *k *%
Indeed, let {ya +Tya } be a net in Bw that converges to some x € X for

*% * * % *
og(X ,X ). Since B _ is clearly o(X ,X )-closed in W, it suffices to show

K%k w . Kk . . .
that x € W. Note first that {ya } is bounded since Tl < } implies, for

all o,

*%

1 2 “ya *H

vy’ 2 0yl - uTy:*u > %uy:*u.

By the O(Y**,Y*)—compactness of BY** and the fact that o(X**,X*) coincides
on Y with o(¥Y"",¥"), there exists a subnet {yZT} of {y:*} that converges
to some y** € Y** for o(X**,X*). It follows now immediately from the defini-
tion of T and the boundedness of {y:T} that {Ty:T} converges to Ty** in
norm. Hence x** = y**+Ty** € W and our claim has been proved. The Krein-
Smulian theorem (Proposition 0.28) now implies that W is O(X**,X*) closed.
We show finally that V := WTC X* is w*—dense and r(v) = 0.

For the first assertion, since Vl = W by the w*—closedness of W, it
suffices to show that W n X = {0}. Suppose that y**+Ty** =: x € X for some
y** € Y**. Then Ty** = —y**+x € Zn (Y**+X), so Ty**= -y**+x = 0 by assump-
tion. Hence y** € Xn Y** = Y (see the proof of Theorem 7.15 for this last
equality). But now, since TlY is injective and Ty** = 0, it follows that

*%*

*
= 0. Hence x = y *+Ty** =0 and Wn X = {0} is proved.

Finally, to see that r(V) = 0, let € > O be arbitrary and choose
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, n .
y € Y so that llyl =1 and Tyl < €. (Take y € ;0, ker y, for sufficiently
*
large n.) Then for every x € V we have <x ,y+Ty> = 0, so |<y,x*>] =
= |<x*,Ty>I <elx™l. Thus sup{|<y,x*>|: x* ¢ Bv} < ¢. Lemma 4.3 now says that

r(V) € €. Hence r(V) = 0, since € > 0 was arbitrary. [
For the proof of the announced theorem we need two auxiliary results.

PROPOSITION 7.18. Let X be a non-reflexive Banach space. Then there exists

an infinite-dimensional closed subspace Y c X such that X/Y is not reflexive.

PROOF. By Theorem 6.12 there exists in X a basic sequence {xn} which fails

to be boundedly complete. Thus for some sequence {an} c IR we have that

i"i'n=1

§ > 0 and a sequence 0 = m, < m,

block basic sequence {yn}, y

{Z?=1 a.x.}° . is bounded but divergent. It follows that there exist a

< ... < mn < ... in N such that for the
m
n

n Xi=mn_1+1 aixi (n=1,2,...) we have

§ (n=1,2,...). Now put Y :

I\

n ©
{Zi=1 v;},., bounded and ly | ] and

= Lypng
let Q: X -+ X/Y be the quotient map. We claim that {Qyzn} is a basic sequen-
ce in X/Y and that
gy, I 2 =2 (a=1,2,...)
2n 2v{ ¥ rer !
¥n

while {22=1 Qy2i}:=1 is bounded. Once this has been proved, we are done,
since a basic sequence with these properties fails to be boundedly com-

plete, and therefore X/Y is not reflexive, by Theorem 6.12.
We first show that {Qy2n} is basic. For this let %2,k € IN and

81,...,82+kke R be given arbitrarily. We prove that "Zi=1 BiQYZi" <
< Iy4* - =3
Viyg} zi=1 BiQyZi". Indeed, let € > 0 be arbitrary and let z zi=1xiy2i—1
€ Y be such that

gtk gtk
1] 8y0v,0 > 1L By, +al - e
i=1 i=1
Then
2 3 3 L+k
I I < | < I
Losovy b s ] gy + T Ayl < Yy WL By, vz
i=1 i=1 i=1 n°- i=1
2+k
< I I .
Yy }( L Biovpl + E)
n i=1
Hence

2+k
\){y }" Z BiQYZi" ,

n° i=1

IA

.
".Zl B;Qv,,!
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since € > 0 was arbitrary.
*
Secondly, denoting by {yn} the sequence of coefficient functionals of
the basis {yn} for [yn], we have for every z € [y2n—1] and every n € N,

* * *
Hy2n+zH"y2n" > Yo t2i¥o > = <Yy h¥, > = 1,

so, by Proposition 5.2,

Iy 1
ly, 4zl > —1 >_~28 » 8
2n "y* I Zv{y } 2v{y }
2n n n
Thus
gy, I 2= —  (=1,2,...)
2n ~ 2v; rereseas
v}

. n . . n _ 2n
Finally, {Xi=1 giZi} is bounded, since Zi=1 v, = Q(Zi=1 yi)
(n=1,2,...) and {zi=1 yi} is bounded. [

Our next auxiliary result is a perturbation lemma for basic sequences.
It says that if one changes the elements of a basic sequence slightly, the
resulting sequence is still basic. With a view toward later applications we

state it in a somewhat stronger form than is needed here. First we give a

DEFINITION 7.19. Two basic sequences {xn} and {yn} in Banach spaces X and

Y, respectively, are called equivalent provided, for every sequence

{=<] 00
c i :
{an} IR, Zn=1 a x converges iff Zn=1 a y converges. Or, what is the

same (by an application of the closed graph theorem), {xn} and {yn} are
equivalent iff there is a (unique) isomorphism T from [xn] onto [yn] satis-

-1

fying Tx =y (n=1,2,...). If el e < a, then {xn} and {yn} are

called a-equivalent.

PROPOSITION 7.20. Let {xn} be a basic sequence in a Banach space X and let

* *
{xn} = [xn] denote its sequence of coefficient functionals. Then any se-

o *
quence {yn} c X satisfying Zn=1"Xn_yn"“Xn“ =: § < 1 is again a basic se-

. 146 ,
quence, and, moreover, {yn} is y—g-equivalent to {xn}.

PROOF. For any X := Z?

io1 %%y € sp{xn} we have

i

n n N n
".z aiyi" - H'Z <x,xi>(xi—yi)" < ".Z aixi“ <
i=1 i=1 i=1
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n
*
<y aiyi" + H.z <x,xi>(xi-yi)H.

i=1 i=1
00 *
Hence, since z. "x.""x.—y." =§ <1, it follows that
i=1 i ifi
n n
| - < <
1oyl - slxd <l < 1 ] oy b+ sl
i=1 i=1

This shows that the map T: sp{xn} > sp{yn} defined by Tx :=y_ (n=1,2,...)
_lﬂ < %{%u The same estimate then holds for the unique exten-

sion T: [xn] - [yn]. Since an isomorphic image of a basic sequence is clear-

satisfies lITllT

ly again a basic sequence, {yn} is therefore basic and %;% - equivalent to
{x1}. O
n

We are now prepared to prove the main result.

THEOREM 7.21. Let X be a Banach space. Then X is quasi-reflexive iff there

* *
exists no closed w -dense subspace V ¢ X with r(V) = 0.

PROOF. The necessity of the condition has been explained prior to Proposi-
tion 7.17. For sutficiency we assume that dim X**/X = o and show the exist-
ence of a closed w*-dense vV c X* with r(v) = 0. It suffices to show that
there exist subspaces Y ¢ X and Z c X** as in Proposition 7.17. First we
construct a subspace Y ¢ X such that dim X**/(X+Y**) = = and worry about

Z later. If X has an infinite-dimensional reflexive subspace Y, then
X**/(X+Y**) =x**/X (cf.Corollary 7.16) and we are done. If not, then we
can find, using Proposition 7.18, a chain of infinite-dimensional closed

subspaces

X = X1 = X2 > X3 > ... 22X 2 ...

such that Xk/X is not reflexive (k = 1,2,...). Next, for each k ¢ IN let

k+1
us choose y, € Xk\Xk+1. We claim that Y := [yk] does the job. To see this,

observe first that

k-1

Y = [yi]i=1 + (anY) (k =1,2,...),

so that
*% k-1

Yy = [yi]i=1 + (xknY)

and therefore
*ok
X+Y = X + (xknY)** c x+x;* k =1,2,...).
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. *k )
Since we have proved in Theorem 7.15 that X /(X+X, ) = H(X/X)), it now
suffices to show that dim H(X/Xk) > k-1 (k = 2,3,...). This is done by in-

duction. Clearly dim H(X/Xz) 2 1 and, more generally, dim H(Xk/x 21

k+1)
for all k € IN. Suppose now that dim H(X/Xk) > k-1 has been proved for some

fixed k =2 2. Since

X/ = X/Xy
X /X

we then have, by (7.3)

dim H(X/X = dim H(Xk/xk+1) + dim H(X/Xk) > 1+ (k-1) = k.

k+1)

Finally, for the existence of Z it suffices to prove the following
general statement: Let X be any Banach space and Y ¢ X a closed infinite-
dimensional subspace with dim X/Y = «. Then there exists a closed infinite-
dimensional subspace Z c X éuch that ¥ n z2 = {0}. The proof is an applica-
tion of the perturbation lemma Proposition 7.20. Let {yn} and {ﬁn} be

basic sequences in Y and X/Y, respectively, and let Q: X - X/Y be the quo-

* *_% * * *
tient map. Define z = 0 Zn e X (n=1,2,...), where {Zn} c (X/Y) is
a sequence of Hahn-Banach extensions of the coefficient functionals asso-
* *
i 3 > = = =
ciated to {zn}. Clearly then <z .2, smn (m,n 1,2,...) and znlY 0

(n=1,2,...). By Proposition 7.20 {yn+enzn} is a basic sequence for suf-
ficiently small choices of the €, 0. Then Z := [yn+enzn] is a closed
infinite-dimensional subspace of X satisfying Z n Y = {0}. Indeed, any

*
X € YNZ is of the form x = z:—l A (yn+enzn). We have <x,zn> = EnAn =0

n
(n=1,2,...), by the choice of z:. Thus An =0 (n=1,2,...) and therefore

x=0. [

NOTES. The first example of a quasi-reflexive Banach space was the space J
constructed by R.C. JAMES ([471). Quasi-reflexive spaces in general were
studied by P. CIVIN & B. YOOD ([16]). The material up to Theorem 7.7 is
taken from [29]. The subsequent results up to Corollary 7.16 are from [16]
and the remaining ones are due to W.J. DAVIS & J. LINDENSTRAUSS ([23]),
with the exception of Proposition 7.20 which was proved by C. BESSAGA &

A. PELCZYNSKI ([7]). Further results on quasi-reflexive spaces can be found
in [21]1, [96] and [58]. E.g. in [21] the following analogue appears of a
result we have already seen for non-reflexive spaces: a Banach space is

non-quasi-reflexive iff it has a non-quasi-reflexive subspace with a basis.
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The paper [58] shows that even after almost thirty years, the space J has
not yet yielded all of its secrets: It is shown that J* is not isomorphic

to any subspace of J, but it is as yet unknown whether J can be isomorphical-
*
ly embedded into J .






8. SOMEWHAT REFLEXIVE SPACES

We have seen in section 6 that for a Banach space X which has an uncon-
ditional basis (more generally, which is isomorphic to a closed subspace of
a o0-Dedekind complete Banach lattice with o-order continuous norm), separa-
bility of X** implies reflexivity of X. One reason why the James space is
so remarkable is that for J this implication is false. Although J is not
reflexive, we have seen (Property V in section 6) that it contains reflex-
ive subspaces (even subspaceé isomorphic to 22). The main result in this
section will be that a much stronger statement is generally true: any Banach
space with separable bidual is somewhat reflexive, in the sense of the

following

DEFINITION 8.1. A Banach space X is called somewhat reflexive if every
closed infinite-dimensional subspace Y c X contains an infinite-dimensional

reflexive subspace Z.

The proof is not easy. We first introduce the notion of w*—basic se-
quences and then prove two existence theorems for special basic sequences:
If X is a Banach space with separable dual X*, then X contains a shrinking
basic sequence (Corollary 8.9), and any w* null sequence in X* which is
bounded away from O contains a subsequence which is a boundedly complete
w* basic sequence (Proposition 8.12). The main Theorem 8.13 and its Corol-
lary 8.14 will be easy consequences of this. The first of these existence
theorems (Corollary 8.9) can be proved directly in an elementary way via
Proposition 5.13. We do not take the shortest route here. Instead we first
prove Proposition 8.6, since it will be needed later anyway, and use it to
derive Proposition 8.8, which is much stronger than its Corollary 8.9. The
second existence theorem (Proposition 8.12) is deeper. Among other things

the proof uses a renorming result of M.I. Kadec and V. Klee, which is a
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special case of Porposition 4.7.
The reader should recall at this point the duality between bases for X

* *
and w Schauder bases for X established in Proposition 6.7.

* *
DEFINITION 8.2. Let X be a Banach space. A sequence {x,} in X is called a
* * xT *
w -basic sequence iff it is a w =Schauder basis for [xn] (=0 (X ,X)-closure

of [x°1).
n

REMARK 8.3. An equivalent definition is the following: A sequence {x } c X
is a w —ba51c sequence provided there exists in X a sequence {x } with the
following properties:
(i) The system {Xn}',if:} is biorthogonal
(ii) For every x € [x ] we have x = z <xn,x*>x:, where the convergence

is weak .

s

Indeed, if {x } is a w -Schauder basis for [x 1, then its w * _continuous co-
efficient functionals can be extended w —contlnuously to x . This defines
a segquence {xn} c X which clearly satisfies (i) and (ii). The converse is
obvious. It should be observed that the above sequence {xn} is not unique-

* *
ly determined, unless [xn] =

* * *
PROPOSITION 8.4. A sequence {xn} in a dual Banach space X 1is a w -basic

*-1

* *
sequence iff {Q xn} is a w -Schauder basis for (X/[x;]T)*, where

*
Q: X+X/[xn]T is the quotient map.

. * *-T, % * * . .
PROOF. Consider Q : (X/[xn] ) > X . Q is not only an isometric embedding,
*
but also an isomorphic e?gsgﬁing for the respective w -topologies. Since
* * T, % *.TL *
Q (X/[xn] ) = [xn] = [xn], the proposition is now obvious.

*
We summarize some facts about w -basic sequences in the next

* *
PROPOSITION 8.5. Let {x } be a sequence in a dual Banach space X , and let

0: X*X/[x 1" be the quotient map. Then
(1) {x } is a w -basic sequence iff X/fxn] has a basis {y }, the coeffi-
cient functionals {yn} of which satisfy Q¥ yn xn (n=1,2,...). In
particular every w*-ba51c sequence is a basic sequence.
(ii) The following are equivalent:
(a) {x;} is a boundedly complete W -basic sequence (i.e. a W -basic
sequence which is a boundedly complete basic sequence) ,

*, * i X *
(b) {xn} is a w -basic sequence and [xn] = [xn],
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(c) X/[x:]T has a shrinking basis {yn} the coefficient functionals
{y:} of which satisfy Q*y: = x: (n=1,2,...).
(iii) Equivalent are:
(a) {x:} is a shrinking w*—basic sequence (i.e. a w*—basic sequence
which is a shrinking basic sequence),
(b) X/[x:]T has a boundedly complete basis {yn} the coefficient func-

, * . , * * *
tionals {yn} of which satisfy Q yn = xn (n=1,2,...).

PROOF (i): For the first statement, combine Propositions 8.4 and 6.7. The
last statement is a consequence of the fact that Q* is an isometry and the
coefficient functionals of any basis form a basic sequence, by Proposition
6.1.

(iii): Since Q" is isometric, {x;} is a shrinking basic sequence iff

ot

*

xn} is a shrinking basic sequence. Thus the equivalence of (a)
and (b) in (iii) follows from (i) and from the duality between shrink-
ing and boundedly complete basic sequences established in Proposition
6.8.

(ii): The equivalence (a) < (c) is similar to (a) <> (b) in (iii). It re-
mains to be shown that (b) < (c¢). Since Q* is an isometry from

*_ T % Tx . * . w7 *o .

(X/[xn] ) onto [x ] which is also a w -isomorphism, [xn] = [xn] iff

(x/[x;]T)* = [Q*'lx:]. Hence (b) < (c) follows from (i) and the def-
inition of a shrinking basis. [

The proof of the announced main result of this section will be a com-
bination of two existence theorems, one for shrinking basic sequences and
another for boundedly complete w* basic sequences. We start deriving these
now. First we prove a criterion for a sequence to contain a basic subse-

quence.

*
PROPOSITION 8.6. Let X be a Banach space with a basis {xn}, and let {xn}

be its sequence of coefficient functionals. If {yn} c X is a sequence such
that

(i) 1lim sup "yn“ > 0, and

(ii) %ig <yn,xi> =0 for all i ¢ N,

then, for every € > 0 {yn} contains a basic subsequence which is (1l+€)-

equivalent to a block basic sequence with respect to {xn}.

PROOF. Put C := v{x ) Passing to a subsequence if necessary, we may assume,
n

by (i), that
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(8.1) inf"yn" =: n > 0.

Let 0 < § £ 1 be arbitrary. Using (ii), we can select inductively two sub-

sequences {pn} and {qn} of IN satisfying

©

§
(8.2) Iy <y x> x, || 22— (n=1,2,...)
i=q_+1 Py ac2™*? "
and
qn % s
(8.3) Y o<y, x> x|l o< —L—  (m=1,2,..).

i=1 Pn+l ac2

Indeed, put p, = 1. Since Yp = Z?
1

*

< > th ist: N
i=1 Ypllxi Xi' ere exists a q €
such that

0
s
I v axe x| s s
i=q+l Py i i ac2’

Now suppose that for some n = 1 Py <...< P, and a4 <...< a, have been se-
lected so that (8.2) and (8.3) hold. Then, by (ii) there exists a p > p

n+1 n
in IN such that

dn 5
* n
Iy <y x>x || <s—.
i=1  Pn+1 ac2™t?
o *
Since =), < X,> x,, we can then find a > in IN with
X ypn+1 21=1 ypn+1' i it 91 7 I
o * T](S
() v oxx || s ——5.
Lo P i i n+3
1—qn+1+1 n+1 4c2

This completes the inductive definition of the sequences {pn} and {qn}. We

now put

*
(8.4) z_ = <yp ,xi> X (n=1,2,...).
n+1

By (8.1), (8.3), (8.4), (8.2) and C > 1, §

IA

1, we have, for all n ¢ IN,

o . q,
n < liyp =17 < x> X <1 ) <y x> x, ||+
n+1 i=1 n+1 i=1 n+1
9n+1 3 5
1D oy, o Ie] L s xS
1=qn+1 n+1 i= n+1+ n+1 4C2
Nz ll+ —2— <24 || %] . Hence
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(8.5) | zn”z-;l (n=1,2,...).

Let us observe that {zn} is a block basic sequence with respect to {xn}.

*
Let {z } ¢ [zn] be its sequence of coefficient functionals. Since

NS %

v{ } Voo } = C, by Lemma 5.14, we have by Proposition 5.2 that
n
1

z n
< Han"z;H <2C (n=1,2,...), so that (8.5) implies

(8.6) iz <2 (n=1,2,...).
n n

On the other hand it follows from (8.4), (8.3) and (8.2) that for all n ¢ W

|| =1 i 5 x,l
(8.7) y -z = <y X.,> X, - <y x.> x.|| €
n+1 © =1 Ppyp b 1 i=q +1 ne1 b1

qn * s *
1T v, obxlel I o b oxlls
i=1 n+1 . i=q ., +1 n+1
n+1
né né né
+ < .
4c2n+2 4C2n+3 4C2n+1

Finally, (8.6) and (8.7) imply that

o

(o]
* 4c nd §
(8.8) Yozl ey Il < o L —m7r =5
n=1 Pntt n=1 4C2 s
so that by Proposition 7.20 {y } is a basic sequence 1+ g -equivalent
n+1 1- —

to the block basic sequence {zn} with respect to {xn}. sincd § > 0 was ar-

bitrary, this completes the proof. [

COROLLARY 8.7. Let X be a Banach space and let {yn} be a sequence in X such
that

(1) lim sup "yn" > 0, and

(ii) %ig v, = 0, weakly.

Then {yn} has a basic subsequence.

PROOF. There is no loss of generality in assuming that X is separable. X
can be isometrically embedded in C([0,1]), by Prop. 0.17, and C([0,11) has
a basis {xn} (see section 5). Identifying X with a subspace of C([0,1]), it

is now clear that the conditions of Proposition 8.6 are satisfied. []
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The following result strengthens the conclusion of Corollary 8.7 in

*
the case that X is separable.

*
PROPOSITION 8.8. Suppose that X is a Banach space with separable dual X

and that {xn} c X satisfies
(1) lim sup "xn" > 0, and
(ii) %ig x = 0, weakly.

Then {xn} contains a shrinking basic subsequence.

PROOF. Passing to a subsequence and normalizing, if necessary, we may assume
that "xn" =1 (n=1,2,...), and also, by Corollary 8.7, that {Xn} is basic.
Let {x;} S [xnl* be the sequence of coefficient functionals. By Proposition
5.2, 1< Hx:" < 2v{x } = C. Therefore by Proposition 7.20 any sequence

{yn} c X satisfying

v 1
(8.9) z "xn—yn" < E

n=1
is a basic sequence equivalent to {xn}. Similarly, for any subsequence

{ni} c IN and any choice of Yi such that

®
(8.10) 121 uxni_yiu <%,

{y } is a basic sequence equivalent to {xn }. We shall now determine

{n } ¢ N and {y } so that (8.10) holds and, in addition, {y } is shrinking.
Then, by the equivalence of {yi} and {xn.}, {xn_} is the shrinking basic
subsequence we were looking for. . *

Using the separability of X, let {z;} c X" be dense, with z: = 0. We
now choose inductively a subsequence {ni} c N and a sequence {yi} c X such
that for all i € IN
(iii) v, € ([z;];=1)Ti and

iv) ly,-x I < —_

( ) yl ni C21 *
Let vy = xl, n1 = 1. Then (iii) and (iv) hold for i = 1, since z1 = 0. Sup-
pose that for some i > 2 we have chosen yl,...,yi__1 € X and n, < n, <...< ni_1

in IN such that (iii) and (iv) hold. For all x € X and i ¢ IN we have

dist(x, ([z ] ) ) "Ox", where Q X > X/([z ] )T denotes the quotient

=1
map. Since (X/([z ] = [z ] —1r Ve have therefore

* .1 T * * * .1 *
. _ . ™l
dist(x,([zj]j=1) ) sup{|<x,x >| : x e [zj]j=1’ x I < 1}.
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It is now ea51ly verlfled u51ng (ii) and the compactness of B[ *]1 , that
lim dlSt(X ,([z 1 ) ) =0 (i=1,2,...). Hence we can select ah

>
T B
pletes the inductive definition. It remains to be shown that {yl} is shrink-

*3E T Ix -y 0 < 1 - -
in IN and ay, € ([zj]j=1) such that Ixp, -y; o This com
*
ing. Let y € [y 1* be arbltrary and let x e X be chosen so that x |[ ] v .
Since {z } is dense in x" , there exists a subsequence {zm } of {z } such

that
(8.11) lim z; =x .
i By

By (iii) we have

(8.12) z;; ] =0 forallie N
i
[y.],
y] J=mi
Therefore, by (8.11) and (8.12),

*

B R B -0} N I E o Meld'2" 150
[y.1. i ly.]. illy.1._ i
37 3=m, 373=m, 373=n
as i > ». Hence llm "y | I = lim "x*l - I =o0.
ly.1, [y. 1.
y] j=n YJ J=n

By Lemma 6.5 this means that {yi} is shrinking. [

COROLLARY 8.9. Let X be a Banach space with separable dual. Then X contains

a shrinking basic sequence.

* *
PROOF. Let {xn} be a dense sequence in X .Choose a sequence {xn} in X such

that

ker x; (n=1,2,...).

Ix I =1 and x e
n n 1

i

==

* *
Then clearly %ig <xn,xi> =0 for all i € N, so by the density of {xn} and
the boundedness of {xn}, we have %ig x = 0, weakly. It now suffices to

apply Proposition 8.8 to {xn}. 0

*
We now come to an existence theorem for w basic sequences which, to-

gether with Corollary 8.9, will lead to the main result.
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. * *
PROPOSITION 8.10. Let X be a separable Banach space and let {xn} c X be a

sequence satisfying

(i) lig sup "x*ﬂ >0, and

%
(ii) w —11m X = 0.
* *
Then {x } has a subsequence {x } which is w basic. Moreover, this sub-
Ny
sequence can be chosen in such a way that lim Hsn" = 1, where {Sn} is the

. *
seququgvgfprojectlons associated to the w* basic seguence {xn }.
: = <
(S 1> [xrl ] is defined by s, X zk 1 xk,x > % o where {xk} c X

k
is such that {xk} {x } is blorthogonal, cf. Remark 8.3).
e

PROOF. Passing to a subsequence if necessary we may assume, by (i), that
inf"x:" > 0, and hence, by normalization, that "x:“ =1 (n=1,2,...). (Ob-
serve that this normalization does not affect Sn.) We now describe the con-
struction of {x: } first and then show that it satisfies the requirements.

k
Choose a sequence {sn}, 0 < e <1 (n=1,2,...) such that

We now determine inductively a subsequence {n } ¢ N and an increasing se-

quence of finite subsets {Fk} of S, such that [Uk 1 Fk] = X and such that
the following conditions are satisfied for each k € W :
* *
(a) For every v e ([xn t 1) with lv' | = 1 there exists an x € F, such
i
that

* * *

(8.13) |<x,x > - <x ,v >| £ = X1l for all x* e [x; ]§=1
i

* €k
(b) |<x,x >| < 3 for all x € Fy -

k41

This is done as follows. First by the separability of X we can choose an

increasing sequence {Fﬂ} of finite subsets of Sy such that [U:=1

Choose n, = 1. The existence of F1 is included in the general induction

step below, putting F

' =
Fk] X.

= (. Suppose now that n, <...< n in N and finite

0
subsets F, ¢ F_ c.. in SX have been determined in such a way that

1€ Fp S e By

Fi c Fi (i=1,...,k-1) and (a) and (b) hold. We indicate how F and nk+1
are selected. For the choice of Fk, let {vl,...,v } be a §-net of S([ *
§ > 0. Extend these elements to unit vectors x:*,...,x** of X* l=1

Then apply local reflexivity to find a map T from [x 2~1 into X such that

)*I

1 < Iollip™ H < 148 and
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*% * * *% * * * * k .
<TX, ,Xx > = <x ,x, >=<x ,v,> for all x € [x 1T, (i=1,...,n,
i i i n, i=1
and put
*%
Tx,
i .
X, 1= — (i=1,...,n).
i %
Trx "l
i

It should be clear now that if § is chosen sufficiently small, then for

* * _k * *
every v € ([xn-Ji—i) with lv' I = 1 there exists an i € {1,...,n} such
;i=
i = o= ] .
that (8.13) holds with x xi. Therefore Fk B Fk u Fk_1 u {Xl""’xn} will
do. The choice of noq such that (b) holds is no problem, since we have (ii).
00 00
i i ' = ! = =
Finally, since [Uk=1 Fk] X and Fk c Fk (t 1,2,...), we have [Uk=1 Fk] X.
We now check in several steps that {xn } is as desired.
k
*
STEP 1. {xn } is a basic sequence.
k
PROOF. Let k ¢ N and a,...,0 € R be such that "2];—1 ocix: I =1, but
* * * - i
otherwise arbitrary. Choose a v € ([xn ]:_1) such that
4 i=
k
< z a,x* ,v*> = "v*" = 1.
. i"n, .
i=1 i

*
By (a) there exists an x € Fk so that (8.13) holds for this v . Then

k *

(8.14) [<x, ¥ a.,x >| 21
. in,
i=1 i

.

X
3

Now for every choice of a € R we have, by (8.14) and (b),

k+1
k € 2¢e
( * * k k
]<X, 2 a,.X  >+<x,0. X >| > e ———==1-¢
i=1 1 ni k+1 nk+1 3 3 k
if |a | <2
k+1 k+1
I I >
Loapts
i= i
lo, x" nnlfa*||>2 L=t if |o |52
- X - = if |o .
k+1 nk+1 i=1 i ni k+1
Thus it follows that
k * .kl .
I I < I I
Z ax 1-c E o, X for all k € N and Qpreees® e R,

i=1 i k i=1 i
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and therefore, by iteration,

k . k+2-1 1 k+2 *

I Z a.x | s( m ) I z a.x I for all k,2eIN and
. in, . 1-e./ . i'n,

i=1 i i=k i’ i=1 i

Qyreeerly o € R.

*
This proves that {xn } is basic and, moreover, that for the projections

Qk associated to this basic sequence we have

o

1
" =
Qk" < .n ey (k = 1,2,...),
i=k i
sSO
(8.15) lim g I = 1.
n->o n

* * * .
Now let {vk} c [xn 1" be the sequence of coefficient functionals as-
* * * *
sociated to the basis {x_ } for [x_ J]. Then {v,} is a basis for [v, ] and
ng nyp k k
the projections Pk associated to this basis look as follows

k
PV = z <x* ,v*> vf (V*e[v*], k=1,2,...).
=1 ni i k

*
Since the Pk are the restrictions of the Qk to [v:J, it follows from (8.15)
that

(8.16) lim Ip, I = 1.
k
k>

* *
We now define the linear map A: X - [xn 1" by
k

.

* * * *
<x ,Ax> = <X,X > (x€X,x e[xn
k

*
It is immediate that lal < 1. We now proceed to show that AX = [vk].

STEP 2. AX c [v;].

00
k=1 k
for some k € N, and consider the series

*
PROOF. Since X = [U Fk], it suffices to show that AF, c [vk] for each

k € N. Let x € Fk'
oo * *
Zi=1 <x,xn > vy Observe that it converges, by (b), the choice of the €

and by the boundedness of {v.} (Iv:Ilx" I < 2v, & 1, by Proposition 5.2,
k . {x }
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*
and Ix |

e
more, for every i € W

1 (k = 1,2,...)5. Hence it defines an element of [v;]. Further-

* * * *
<X ) <x,x_ v = <x,x) > = <x_ ,Ax>,
i j=1 3j i i
which implies that
* * *
(8.17) Aax = ) <x,x >v, € [v. 1.
. n, i k
i=1 i
* * * .
STEP 3. For every v, € [vk] with “voﬂ = 1 and for every € > 0 there exists
ith Ix I = lax ~vil < ge.
an x, € X with X 1 such that Axo vy 4e

PROOF. We may assume that € < 1. Choose N € N so that

[

(8.18) Z e, < de and ol <1+ ¢ for n > N,
j=n j C . n

*
where C := max(4, ﬁuﬁquvk")' Now fix n > N. For convenience we define for
: €

* *
n
elements v € [Vk]k=1

* *
I+ "1 = v | % -n I
[x 1]
nk k=1
n

* *
We then have, for all v e [vk]k=1'

Iv . < 041 < lo ™1, < 2 1571
(8.19) vy v i< Qn vy 2 v 1

The first of these inequalities is clear and the last one follows from (8.18).

* * *
To see the middle one, let v = £=1 av € [v];];:_1 be given. Then, clearly,
* * * % * . * * _n
for every x € [xnk] we have <x ,v > = QX v . Hence, since QX € [xnk]k=1'
* * * * *
Iv'l = syp [<x”,v >| = syp |<0 x ,v' >| <
%"l <1 I <1 n
* * * *
x e[x ] x elx ]

Tk

lo I sup |<x",v">| = g 1™ .
N P S n
xelx ]

n
nk k=1
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This proves (8.19).

* *
Now let w e [vk]]r:_1 with lw'l = 1 be given and put
*
x W
=
Iw "1
* n * * * *
Then v = Xk—l <x_,v >v_and I+ “1 = 1. Hence, by (a), there exists an
* *
x. € F_ such that %8.13) holds with k = n and x = x_. Each x e [x 1. . is
0 n m "k=1

* en * % * * n * ok
of the form x ={ <X ,v,> X , SO <X_,X > = Z <x ,v,> <x_,x >..Thus
k=1 ny . 0 k=1 ny

k k 0
(8.13) says that

n €
* * * n

(8.20) Yy <x ,x >v, -v Il <= .
k=1 0 nk k 1 3

Therefore, by (8.19) and (8.18),
n 2e

* * *
(8.21) Iy <x ,x >v. -vl <
k=1 0" m k|

n 2

< — €.

3 3

Also, since iugq"v:" < C, and by (b) and (8.18),
- €

(o] (o]
(8.22) Iy <x0,x:; > v;:" <c j} |<x0,x* >|<c } —%‘- <c
k=n+1 Kk k=n-+1 Tk k=n+1

Since we have shown in (8.17) that AxO = 2:=1 <x0,x* > v, ,

(8.21) and (8.22) yield

hd n
(8.23) Iax —v' I =1 ] <% > vr-v'l<l [ o< ,x > v -1+
k=1 k=1 k
(e
1y <x x5 > v;u <
k=n+1

€ + € = 2€.

w|N
Wl

Finally, by (8.19) and (8.18), 1 = lw’l < "Qn"“w*"i < (1+e)“w*“1, so

i <1+ €.
™l
Hence
* % * * * 1
(8.24) Iy —w I =1 “1 —wl = 17 ( e - 1) < .
™Il h™l



115

Therefore, by (8.23) and (8;24),

* * * *
(8.25) "Axo—w I < “Axo—v I+ v ~w I < 3¢.
* * . * .
To conclude the proof, let us assume that v, € [vk] with "vO" =1 1is
*
given. Then we can select an n > N and a w e [vk]k 1 with lw | = 1 such
* * *
that "vo—w I < €. For this w we now determine an X, € X, "xou = 1 such

that (8.25) holds. Then "Axo—v;" < “Axo-w*" + "w*—vS" < 4e and the proof is

finished.

STEP 4. AX = [v ], and moreover, A maps the open unit ball of X onto the
open unit ball of [v 1.

PROOF. Steps 2 and 3 and the fact that Al < 1 imply that A maps the unit
ball of X onto a dense subset of the unit ball of [v;]. The usual proof of
the open mapping theorem then shows that the open ball of X is mapped onto
the open ball of [v;]. In particular AX = [v;].

. * *
STEP 5. {x_} is a w -basic sequence and lim Is Il = 1.
STEP > Ny it n

PROOF. Since ker A = rx ] , step 4 implies that A defines an isometry A of

k
a basis for X/[x k] . If, as before, Q: X - X/[x ] denotes the quotient
-1

* T *

X/Fx 1" onto [v, J. {v } being a basis for [vk], it follows that {A v *} is
map, then it is evident that {Q x } is the sequence of coefficient func-
tlonals of the basis {A v 1. By Prop051tlon 8.5 (i) this means that {x }
is aw -bas1c sequence. Finally, since Q and A are isometries, it follows

that "Sn" = "P;" (n=1,2,...) and therefore, by (8.16), lim "Sn“ =1. 0O

It is not without purpose that we have taken the trouble to construct
the w -basic sequence in Proposition 8.10 in such a way that lim "Sn“ =1
for the associated prOJectlons S . This extra property will be instrumental
in showing that the w —ba51c sequence can be chosen to be boundedly com-
plete in case X is separable. The proof of this depends on the following

renorming theorem, which is a special case of Proposition 4.7.

PROPOSITION 8.11. Let X be a Banach space with a separable dual. Then X

*
w

has an equivalent norm H['

sequential convergence coincides with norm convergence on the unit sphere
. . * . . * * *

of X. More precisely: if {xn} is a sequence in X such that {xn} w con-

* . * * *
verges to x and, in addition, lim H[xn]” = |[|x"|ll, then {xn} converges
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*
to x in norm.

PROPOSITION 8.12. Let X be a Banach space with separable dual and let

* * . R
{xn} c X be a sequence satisfying
i) 11 11 >
(1) lig+gup X 0, and
(ii) w -%&g x = 0.

*
Then {x;} contains a boundedly complete w basic subseguence.

PROOF. We may assume, by passing to an equivalent norm, that -l has the
property of Proposition 8.11. Since X* is separable, so is X. Thus by
Proposition 8.10 {xz} has a w basic subsequence {X;k} with the property
that

(8.34) lim s I = 1.
n->o n

x 7
The projections S_:[x 1 > [x_ ] are defined by
n ny ny

n P Y
* *
s, x = Z <X X > x; (x*s[x: D,
k=1 k k
i . % ) ) % T
where {xk} c X is such that {xk}, {xn } is biorthogonal. Let x € [xnk] be

k
arbitrary. Then, by Remark 8.3,

* * *

(8.35) w=1lim S x =x .
n»>e n
* *
Since lim s I =1 we have 1im sup Is x I < lx' I, while on the other hand
* n > ooy * *

the w lower semi continuity of | | on X implies lim inf "Snx >0kl

* *
Thus lim "Snx I'=lIx"II, Together with (8.35) this implies, by Proposition

* * * *
8.11, that lim S_ x = x , in norm, so that x ¢ [x" ]. We have now shown
/*\/n *n n
that [xnk] = [xnk], which, by Proposition 8.5 (ii), means precisely that
*
{xn } is boundedly complete. [
k

It remains to combine Corollary 8.9 and Proposition 8.12 to prove the

main result.

* *

THEOREM 8.13. Let X be a Banach space with separable dual X and let Y c X
*

be an infinite-dimensional closed subspace with separable dual Y . Then Y

is somewhat reflexive.



PROOF. Let Z c Y be any closed infinite-dimensional subspace. Since Y* is
separable, so is Z*. By Corollary 8.9, therefore, we can pick in Z a shrink-
ing basic sequence {zn} which we may assume to be normalized. Let

{z;} c [zn]* be its sequence of coefficient functionals. Then [z;] = [zn]*
and lim <zn,z;> = 0 for ali. k € N. The bouniledness of {zn} now implies
that lim z, = 0, for 0(2,2 ). If we define x =1Iz (n=1,2,...), where

I: 2 > X* is the identity, then clearly w*—%ig x: = 0, and of course {x;}
is shrinking. Application of Prozosition 8.12 now yields a subsequence {x;k}
which is a boundedly complete w -basic sequence. As a subsequence of a
shrinking basic sequence, {x;k} is also shrinking, as is easily verified
using Lemma 6.5. It follows now from Theorem 6.9 that [x: 1 is reflexive.
We have now proved that any closed Z ¢ Y with dim Z = » contains a subspace

[zn ] which is reflexive, i.e. Y is somewhat reflexive. [
k

Kk
COROLLARY 8.14. Let X be a Banach space such that X 1s separable. Then

*
both X and X are somewhat reflexive.

PROOF. Applying Theorem 8.13 with Y = X* immediately shows that X* is some-

what reflexive. Now let Y ¢ X be an arbitrary closed subspace with dim Y = =,

Then Y* is separable since'X* is. Identifying Y with the subspace nXY of X**,
*

Theorem 8.13 applied to X instead of X shows that Y is somewhat reflexive.

In particular Y has a reflexive subspace Z with dim Z = ., Thus X is some-

what reflexive, as was to be proved. [

NOTES. Proposition 8.6 and its Corollary 8.7 are due to C. BESSAGA and

A. PELCZYNSKI ([7]). All other results in this section come from [61]. &n
exception is Proposition 8.11 which is due to M.I. KADEC ([63]) and V. KLEE
([681) in this form. The existence of shrinking basic sequences in Banach
spaces with separable dual (which is here a consequence of Proposition 8.8)
was first proved in [26]. Precursors of the main result of this section ap-
peared in [45]. E.g. it was shown there that quasi-reflexive spaces are
somewhat reflexive. Also an example of a non-quasi-reflexive somewhat re-

flexive space was given.






9. A SEPARABLE SOMEWHAT REFLEXIVE SPACE WITH
NON-SEPARABLE DUAL

It seems reasonable to conjecture, as a kind of converse of Theorem
8.13, that a somewhat reflexive separable (dual) space should have separable
dual. This section is devoted to a counterexample to this conjecture due to
R.C. JAMES. It is modeled on the James space and is known as the James tree
space. It is a separable dual space with non-separable dual and has the
property that every closed infinite-dimensional subspace has a subspace
isomorphic to 22. There are several other conjectures to which the James
tree space is a counterexample. E.g. it refutes the idea long held that
every separable space with non-separable dual must contain xl.

We now describe the Space in question. Let us define a subset T of

IN X IN as follows:

2"},

IA
[ N
IA

T :={(n,i): n=1,2,...; 1

We partially order T by putting (n,i) £ (m,j) iff n £ m and there

exist integers i =i ,i . ,,...,i =3 with i e {2i

n+1 2 2-1"
...,m). A set of the form {(n,in),(n+1,in+1),...,(n+k,in+k)} with i €

2
e {2i —1,2i£_1} (8 = n+l,...,n+k) is called segment (n = 1,2,...; k =

I,2i, ,} (2 =ntl,

2-1
0,1,...). For each n € N the points (n,i), 1 £ i < 2n, are called branch

points of order n. A branch of order n or an n-branch is an infinite seg-
ment starting with a branch point of order n, i.e. a set of the form

(i), (n+l,1 ),.. b with i) e {26 ,-1,2i,  } (£ = n+l,n+2,...).

2
A l-branch is simply called a branch.
Now let X (the James tree space) be the set of all real functions x

on T such that

k o\"
(9.1) Il .= sup( ) ( ) x(n,i)) ) < @,

j=1 (n,i)eSj

where the sup is taken over all k € IN and all sets of pairwise disjoint

segments S,,...,S, . It is not hard to prove that (X,I-l) is a Banach space.

k"
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Note that x € X implies that for every € > 0 [x(n,i)| < € except for
finitely many (n,i) € T.

We derive now several properties of X.
PROPERTY I. X is isometric to a separable dual space.

PROOF. For each (n,i) € T let ey be the characteristic function of {(n,i)}.
7

It is straightforward that these elements, enumerated in lexicographic order

€1,17%1,27%2,17%2,27%2,37%2,47 " 7®n, 17" 1%, 2™ Cne, 170

form a boundedly complete monotone basis for X. Let {e: i} c X* be its se-
quence of coefficient functionals and put V := [e;’i]. éy Proposition 6.3
r(V) = 1 and therefore by Lemma 4.3 the map A: X - v defined by <x*,Ax> =
<x,x*> (x € X, x* e V) is isometric. It follows from Proposition 6.8 that
{e;’i} is a shrinking basis for V, so that [Aen,i] = v". Thus A is onto
and we have proved that X = V*. (In fact this proof shows that any Banach
space with a boundedly complete basis is isomorphic to a dual space, and

isometric if this basis is monotone.) [
N .
PROPERTY II. X is non-separable.

PROOF. Let B be any branch of T. We define an element x; e x° by

*
<x,xB> = z x(n,i) (x € X).
(n,i)eB
(Here the summation is in the order that B inherits from T.) Observe first
that this series converges for every x € X, by (9.1). Suppose that x € X,
Izl = 1. Then for any initial segment S of B we have (z(n i)es x(n,i))2 <1,
4

so IE:(n,i)ES

*
<e_ ,,x*> =1le_ I =1 whenever (n,i) € B, so lx I = 1 for all B. On the
n,i" B n,i B

other hand, if B1 and B2 are two different branches of T then, choosing

*
x(n,i)]| £ 1 and therefore I<x,xB>| < 1. Hence "xB" < 1. Also

. . * ok .
(n,i) € B1\B2 and (m,j) € B2\B1, we have <en’i~em'j,xBl—xB2> = 2. Since

*

le .-e .l =v2, it follows that Ix* -x% I > v2. Thus X is non-separable,
n,i m,j By "By

since the number of branches is uncountable (branches are in 1-1 correspon-

dence with dyadic expansions of real numbers in [0,11). [

We now come to the deepest property of X, namely that every closed
infinite-dimensional subspace of X contains a subspace isomorphic to 22.

We shall in fact prove the stronger statement that £2 is contained "uniformly"
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in every closed infinite-dimensional subspace of X:

PROPERTY III. Let 6 > V2. Then for every closed infinite-dimensional sub-
space Y c X there exists a closed infinite-dimensional subspace Z < Y and

an inner product norm Il * ll on 2 such that
(9.2) Mxll < Il < oll <l for all x € Z.

The proof of this will occupy us for the rest of this section.
Let us denote the dense subspace sp{en i} of X by E. For the proof of
’
PROPERTY III it suffices to show

THEOREM 9.1. Let 6 > V2. Then for every infinite-dimensional (non-closed)
linear subspace F of E there exists an infinite-dimensional subspace G of

F and an inner product norm Wl Il on G such that

(9.3) lMx Wl < Ixl < olixll  for all x € G.

Indeed, suppose Theorem 9.1 has been proved. Let 6 > 6' > V2. Given
a closed infinite—dimensignal subspace Y of X, choose a basic sequence
{yn} in Y (Proposition 5.13). Let {en} be a sequence of positive numbers.
For each n € N we select an e € E such that "yn—en“ < € . We know from
Proposition 7.20 that for sufficiently small choices of the €0’ {en} is
basic and sp{en} is isomorphic to sp{yn}. By assumption sp{en} has a sub-

space G with dim G = » on which an inner product norm exists such that
Txll <l <6'llxll  for all x e G.

It is also clear from Proposition 7.20 that for suitably small choices of

the € there exists an isomorphism T: sp{en} - sp{yn} with
0
Il < Irxl < = Ixl
x TX o Ixl - (x e sple D).

It now follows that on Z := TG the unique inner product norm defined by
Mrx Ml := Wx Il (x € G), satisfies (9.2).
Before starting the proof of Theorem 9.1 we derive some simple esti-

mates needed later.

LEMMA 9.2.
(i) For all a,b,c € IR we have

(atbtc) ? < 2a%+4b2rac?.
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(ii) For all a,b,c € R and € > 0 we have
(a+b+c)2 < (2+€) (a2+b2) + (1+ g)cz.
(iii) For all n € N and all ayr--era € IR we have
n 2 n
( ) ak) < ) 2kaﬁ.
k=1 k=1

PROOF. (i): For fixed b and c the function

£(x) 1= 2x2+4b2+4c2— (x4btc)Z = x2-(2b+2c) x+(3b2+3c2=2bc)

is minimal for x = b+c and f(b+c) = 2(b-—c)2 > 0.

(ii): We may assume without loss of generality that a,b,c 2 0 and a+b > 0
2
and ¢ > 0. Consider for fixed a,b,c the function f(g) = (2+5)(a2+b ) +

+ (1+§)c2. It is minimal for

' 2
e = _o/2 and f(—-——ii—) = (c+V/2/a2+b2) = (a+b+c)2.
v/az+bz Va2+b?

(iii): By the Cauchy-Schwartz inequality

n 2 n 1 1 2
(5 o) - [3, ]
k=1 k=1

IA

IA

I 18
N
|
~
N
£
)
N
IA
I o~
~
N

1

PROOF OF THEOREM 9.1. Let F ¢ E be an infinite-dimensional subspace. For

every k € N let us put Fi :=F n sp{en jinz k} and let us define a semi-
’

norm "."k on E by

2* o
(9.4) Hxﬂk 1= sup{ Y ( ) x(n,i)) } (x € E),

j=1 (n,1i)eB.

J

where the sup is taken over all sets of pairwise disjoint k-branches
{Bl""'sz}' For every k € N, put

(9.5) A, := inf{"y"k: y e F

I =
X and Iy 1}.

k

Since Fk+1 c Fk (k = 1,2,...) and since it is easily verified that
Il xll > Ixll i i - i
L xl for all x € Fy,q+ it follows that {Ak} is a non-decreasing

sequence. Also, as is easily checked, Ak < 1 for all k. Let us put
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A := lim Ak. We now show that

(9.6) A =0, i.e. Ak =0 for all k € IN.

For contradiction, suppose A > 0. Choose an integer N > 8 and an € > 0 so
small that

(9.7) 82 + 10n% < n(A%-e).

Since {Ak} is non-decreasing, there exists a K ¢ IN so that

2 _ 2 - 2.
(9.8) A = 1nf{"y"k. y € F, and Iyl =1} > A%-¢,

whenever k = K. Furthermore, the definition of Ak and A enables us to choose
an increasing sequence of integers K = m(1) <m(2) < ... <m(k) < ..., and a
sequence {yk}:=1 in F such that, for each k, "yk" = 1 and yk(n,i) = 0 when-

ever n < m(k) or n 2 m(k+1), and

ky 2 2
(9.9) Iy "m(k) < A +e.

: K

Since, by (9.8), for each k ¢ N we have "ykﬂi > x2—e, there exist 2 K-

branches Bk,...,BkK with initial points (K,l),...,(K,2K) respectively, such
2

1
that

2 k 2 0
(9.10) ) ( ) LY (n,j)) > A%-¢.

i (n,j)eB.
For each i € {1,...,2 } let (m(k),p ) be the unique branch point of Bk of
order m(k) and let B (m(k),p ) denote the unique m(k)-branch contained in
B?. Then since the support of y consists only of branch points with orders
in the interval [m(k),m(k+1)), we can write (9.10) as

2K
(9.11) )

2
( yk(n,j)> > )\2_6 (k =1,2,...).
=1 “(n,j)eB*(m(k) ,p1.<)

Next, for each k ¢ N and i € {1,...,2 } let B~ (m(k),p ) be the unlque
segment contained in Bk with initial point (K,i) and endpoint (m(k),p ).

For fixed i € {1,...,2} let us consider the sequence {B~ (m(k),p?)}k=1.
There are now two possibilities. In the first place, there may be a sub-
sequence {k } ¢ N such that {B (m(k ),p.n}Oo is totally ordered by in-
clusion. In the contrary case there exists a subsequence {k } ¢ N such
that no two elements of {B (m(k ),p )} are related by inclusion. Indeed,

in case the first alternative does not occur, it suffices to choose a



124

subsequence of maximal (with‘respect to inclusion) elements of
{B—(m(k),pt)}:=l. Repeating this procedure of taking subsequences 2* times
(namely, for each i) and suppressing this in the notation, we may therefore
assume that for each i € {1,...,2K} the sequence {B_(m(k),p];)}:=1 is either
totally ordered by inclusion or that none of its elements is contained in
any other. ‘
For the branchpoints (m(k),pt) (k e IN; 1= 1,...,2K) we have now
achieved the following situation. The set {1,...,2K} is the union of two

disjoint subsets I1 and 12 such that

(for each i € I1 there exists a (unique) K-branch Bo(i)

containing all (m(k),pi) (k € IN)
(9.12) and

for each i € 12 no K-branch contains more than one

[m@k) o) .

Furthermore, since for each i € I, the sequence {Z(n

k © 1 lj)eB (i)
°y (n,j)}k=1 is bounded, we may assume, by passing to a suitable subse-

quence if necessary, that for every i e I1
K, . k', -K/2 %
(9.13) | ) y (n,3) - ) y (n,3)]<2 /2
(n,3) €Bgy (1) (n,3)€B; (1) for all k,k' € NN
' .

Next let us observe that also for each i € {1,...,2K} the sequence

[}
(uy gy with

2
“i k T sup[{ z yk(n,j)} : (K,i) € B, B a K—branch]
! “*(n,j)eB X
(i=1,...,27; k=1,2,...)

is bounded. Considering Cauchy subsequences, it follows in particular that

there exist integers 1 < k1 < k2 < ... < kN (N defined as in (9.7)) such

. K -K
that for each i € {1,...,2"} we have ui,kl < ui,kl +2 &g (2=1,...,N),

i.e.

k 2
sup[{ z y 2(n,j)} : (K,i) € B, B a K-branch, % = 1,...,N]
(n,j)eB
(9.14)

k 2 -
< sup[{ z y 1(n,j)} : (K,i) € B, B a K—branch] + 2 € .
(n,j)eB

Let B now be an arbitrary fixed K-branch and suppose that (K,i) € B.
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(9.15) [ )

N k 2
2
{Z -0ty (n.j)}] =
2=1
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(n,j)eB = (n,j)eB
For each & ¢ {1,...,N} we put
k k )
2 % .
QB = | E Yy (n.])l k
(n,j)eB : i F ) L B
kz if (m( o) 1P; ) €
o := 0
k 3
o} L := 0
. ky,
K K if (m(kl),pi ) ¢ B.
2 2 .
0B = [ z Yy (n'J)IJ
(n,j)eB

Then by the alternative (9.12) we have the following.
(i) If i e Iy then there exists an M = M(B) ek{O,l,...,N} such that
‘ (m(kz),pil) € Bfor 1< % £M and (m(kg),pil) ¢ B for M < % £ N,
i.e. M is the largest number (if M # 0) such that B coincides with

Bo(i) up to (m(kM),piM). Hence, by (9.13), we have in this case

k _ Ky, k
. l(n,j)}| < ([%]2 K/2.h (pBM 1+pBM)

N k
2
+(ch),
2=1

(9.16) +

v g
AR

(n,j)eB

k.p ko
with the convention pB =pg = 0.

(ii) If i € Iy then eiﬁher there exists exactly one M = M(B) ¢ {1,...,N}

such that (m(kM),piM) € B, or there exists no such M, in which case

we put M = M(B) = 0. Now we have

k
y JL(n,j>}| <

k
again with the convention pBO = 0.

N 3
BRSY { 1

k N ok
M 2
by * ( ! oy ),
2 (n,j)eB 8=

1

Combining (i) and (ii) we see that (9.16) holds in both cases, if we take
k;

M = M(B) to be the largest integer < N for which (m(kM),piM) € B, if any,

and M = M(B) = 0 otherwise. Using now Lemma 9.2(i), (9.16) yields that the

expression (9.15) is bounded above by
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2

okl]
1 B

k
To find an upper estimate for “Z§=1(—1)2y Q"; we must sum the expressions

ky-1

X o 2
(9.17) 2l +pBM]2 + 4[[%‘]2 K/2 577 4[

I o~

L

(9.15) or (9.17) over any 2K disjoint K-branches. By (9.14) and (9.9), the

k, -1 k

sum of [pBM(B) 1+p M(B)]Z over any 2K pairwise disjoint K-branches is at
k:

most 4ly 1"§ + e < 422 + 8e. Also, by (9.9) and (9.11), for a fixed % the

k
sum of (cBl)2

over 2K pairwise disjoint K-branches is less than 2e. Putting
2
these observations together and using the triangle inequality in &, the
assumption N > 8, and (9.7), we find for any 2K pairwise disjoint K-branches
K
B(1),...,B(2):
K
Yoo ke PPl L2 2
z -7y "(n,3) < 8A"+ 16e+Ne +
k=1"(n,j)eB(k) *2=1

ko

* 4[ ? {22 5

2=1" k=1

2

2
]
)2} ] < 802+ 16e + N2e + 4(NV2e) 2 <

< 822 + 10N% < N(A%-¢).

k
N
Hence HE (-1)2y £"2 < N(A?—e). On the other hand we clearly have, since
Ky, =l K g kg2
I I

Iy =1 for £ =1,...,N, that “Z§=1(—1) y > N. Thus

k
-1ty t

N
=1

k
N 2 %g
sz=1(-1) y

which contradicts (9.8). This completes
We are now ready to describe G and

arbitrary. Since A = 0, i.e. A, = 0 for

k
creasing sequence {n(k)};=1 of integers

ﬂykﬂ =1, yk(n,j) = 0 whenever n < n(k)

< 2_k€2

(9.18) (%) k =

ky 2
1y*i2

We claim that G := sp{yk} satisfies the

let p € N and al,...,a

Kl = 1 for all k ¢ I, Iy

Iy a vy 1% >

b
k=1

estimate for "Zi=1 akkaZ. For simplicity we put Zi—l ay =:

the proof of (9.6).

to finish the proof. Let e > O be
all k € N, we can choose an in-
and a sequence {yk} c F such that

or n = n(k+1) and

1,2,...).

requirement in Theorem 9.1. Indeed,

€ IR be given arbitrarily. Then clearly, since

§=1 aﬁ. We now establish an upper

k

X. Since x



127

finite support, there exist pairwise disjoint segments Sl""’sm such that

2= 3 (7 xmy)

1=1 \(n,3)es, /

We may assume that all points of Si (i=1,...,m) have orders in the inter-
val [n(1),n(p+l)). For each i € {1,...,m} and 2 ¢ {1,...,p} let Si,k be
the intersection of Si with the set of branchpoints with orders in
[n(2),n(2+1)). Now let i € {1,...,m} be fixed. We wish to consider

22 . . . .
[z(n,j)esi x(n,j)]”. We first determine 21(1),22(1) e {1,...,p} so that

Si,kl(i) and Si
among the Si
’

20 (1) are the first and the last non-empty subsegment
r*~9

ye--sS, , respectively. (If just oneof s, ,,...,S, is non-
1 1i,p i1 1,
empty, call this subsegment silll(i) and put si,lz(i) := ¢.) Next we split
the sum Z(n,j)es- x(n,j) into three parts:
i

T x(n,3) = ) x(n,3) + ) x(n,j) +

(nrj)esi (nlj)€si'21(i) (n'j)esi,lz(i)

p
+ Z 2 x(n,Jj).
‘ 2=1 (n,j)esi .
LAL, (1) 0, (1) !

Applying Lemma 9.2 (ii) and (iii) successively, we get

2 2
[ Z X(nrj)] < (2+e)[{ z x(n,j)} +

(n,j)esi (n'j)esi,ﬂl(i)
2
+ { ) x(n,j)} ] + (1+§) § .
(n,3)€S; o (4 2=1
"2 LA, (1) 19, (1)
2
. 2“{ I oxtmdg =
(n J)esi,l
g 2, (i) 2
= (2+4€)a . { y (n,j)} +
L, (1) .
1 (n,j)es ”Ll(i)
5 £2(1) 2
+ (24e)a, (i){ ) v (n,j)} +
2 (n,j)es .
i, e, (1)
2 e 2 2 ? 2
+ (14 ) 2*a { ) yl(n,j)} )
2=1 (n,j)esi 0
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Summing this last expression over all i = 1,...,m, performing a change of

summation, recalling that "yk" =1 (k=1,2,...), and using (9.18), we ob-
tain
Id? =1 ] ay?=
k=1
b m 2 m 2
2 k . k .
(2+e) ) ak[ ) { ) v (n,])} + ) { ) y (n,J)} ] +
k=1 i=1 (n,j)ESi " i=1 (n,j)eSi X
%, (1)=k ! %, (1)=k !
b m 2
+ (143 ] 2Ka? ) { ) yk(n,j)} <
€ k . .
k=1 i=1 (n,j)es,
i,k

Rl(i),zz(i)#k

IA

P P
2, k2 2 k_2, ky2
(246) [ ally 1%+ (149 kZ1 2aly

k=1

> 2 2 ° 2 2 °
(2+€) Z a + (e"+2¢) z a = (2+3e+e™) z a

2
k=1 k=1 k=1 k

IA

If we choose € > 0 so small that 2+3E+52 < 62, then this proves that

P % p p 4
2 k 2
1 a > <) ayls< e( ) a ) .
(k=1 k k=1 * k=1 ¥

for all p € IN and all al,...,aP e R, i.e. (9.3). 0O

REMARK 9.3. Let B be any branch of T and let XB be the closed subspace of X
spanned by all e, i with (n,j) € B. Let the projection Py be defined on X
’

by

P x = z x(n,j)en . (x € X).
(n,j)eB rJ
Then it is immediate that PB has range XB and norm 1. Also, for any branch B

the subspace X, is isometric to the classical James space equipped with the

B
norm "‘"2 of formula (6.46). Thus the James tree space contains many com-
plemented copies of the classical James space and it follows in particular
from Theorem 9.1 that every closed infinite-dimensional subspace of J con-
tains a subspace isomorphic to 22, a result we have mentioned earlier

(immediately preceding Remark 6.23).
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NOTES. The contents of this section are from [56]. For a detailed study of
the James tree space and the continuous analogue of J, the James function
space, we refer to [74]. In this paper also the relevance of these spaces

to questions other than reflexivity is discussed. The fact mentioned in
Remark 9.3, that every closed infinite-dimensional subspace of J contains

22 isomorphically, was first proved in [45]. As we observed earlier, the
James tree space is also a counterexample to the conjecture that every
separable space with non-separable dual must contain 21 isomorphically.
Another such counterexample with curious properties was recently constructed
by J. HAGLER ([39]). For yet another (flat) space of this kind, see the

Notes to Section 18.






10. SOME GEOMETRIC PROPERTIES EQUIVALENT TO
NON-REFLEXIVITY

Several properties of Banach spaces are introduced in this section
which will turn out to be equivalent to non-reflexivity. We number them
P?,P?,PZ. PT will be defined later. The superindex « serves to distinguish
these properties from their finite-dimensional versions, to be discussed
at length in the next chapter. All of PZ,P?,P: are of a geometric nature
and require, in some form or other, the existence of infinite-dimensional
flat areas in the unit ball away from the origin. Their equivalence with
non-reflexivity suggests the idea that a space is reflexive iff its unit

ball possesses a certain degree of infinite-dimensional rotundity.

DEFINITION 10.1. Let X be a Banach space.

o

X has P, iff Je > O E{Xn} € By: Vk € IN dist(co{xl,...,xk},co{xk+1,...}) >e.

X has Py iff Je > 0 3{xn} € By: [dist(co{xl,xz,...},{o}) > ¢ and

N

8

. [Tk gy I
) Vk,n € WN Val""'ak:n € IR."Zi=1 ax. >3 zi=1 a,x. 1]
X has P, iff Je > 0 3{xn} c B 3{xn} € Byx:

*
[k <i = <X x> 2 e, k>i = <x,,x > = o].

Vk,i € IWN:

x4

o
REMARK 10.2. For obvious reasons P2 is known as the infinite flatness prop-

as the infinite basic sequence property (note that the second

o

3

o
requirement in P; means that {xn} is a basic sequence with norm < g), and
o
P4 as the infinite triangular matrix property. Assuming for the moment that

erty, P

©o
we have proved P3 to be equivalent to non-reflexivity, it is clear that

every non-reflexive Banach space has a non-reflexive subspace with a basis.

Indeed, if {xn} c X is as postulated in P., then the subspace [xn] c X ob-
oo

viously also satisfies P3 and has a basis. This result has been used ear-

lier to prove Theorem 6.12.

1
EXAMPLES. (a) % satisfies PZ, P: and PZ. Indeed, if {en} denotes the stan-
dard basis for 21, then P: holds with xn = en (n=1,2,...) and € = 2 and
Poo holds with x_ = e_ (n=1,2,...) and € = 1. For Pm, take x_ = e_ and
3 n n 4 n n



* o 1. % © .
x = (Qﬁﬁﬁngll'l'll..') et = () (n=1,2,...). Then P4 holds with
e = 1.
n
(b) CO also satisfies P;, P: and P: with € = 1 and xn = zi=1 ei (n=1,2,...).

(Observe that {xn} is a basis for ¢, by Proposition 5.9.) For the proof of
P;, let k € IN be arbitrary and let x = {En} € CO{Xi""'Xk} and y = {nn}

€ co{x } be given. Then €k+1 =0, Nep1 = 1 and therefore

k1" Fx427 0"

- - = i e 2 1.
Ix-yl > |£k+1 2k+1l 1. Hence dlst(co{xl,...,xk},co{xk+1, }) =2 1. For
the proof of P, observe that for all x = {En} € co{xl,xz,...} we have
El = 1 so that dist(co{x1,x2,...},{0}) > 1. Also the basic sequence {xn}
has norm < 2 which means that the second part of P§ is satisfied. Indeed,
for all k,n € N and all al,...,ak+n e IR we have

k k
= <
H.X aixi" sup ].Z ail
i=1 2=1,...,n i=%
: k+n k+n
< s [ Tol+l ] o=
2=1,...,k+n i=2 i=k+1
k+n k+n
< =
<2 | sup |'Z ail zﬂ.z aixiﬂ.
2=1,...,k+n i=2 i=1

Finally, P: is satisfied by {xn} and {x:} with € = 1 if we take
* 1. *
xn = (0;;:.,0,1,0,...) € & = (co) .
We now show that the spaces satisfying any one (equivalently, all) of

LY

o
P2,P°§,P4 are precisely the non-reflexive ones.

THEOREM 10.3. Let X be a Banach space. Then the following are equivalent:

(i) X 1Is non-reflexive;
(11) X satisfies Py;
(iii) X satisfies P
(iv) X satisfies P:.

PROOF. We prove the cycles (i) = (iv) = (ii) = (i) and (i) <= (iii).

(ii) = (i): For contradiction assume that X is reflexive and satisfies P;.
o
% - By the weak (countable)

compactness of BX the sequence {xn} has a weak limit point x. In particular

Let {xn} c B, and € > 0 be as postulated in P

x belongs to the weak closure of CO{xl'XZ""}‘ Therefore, by Proposition

0.5, there exists a k ¢ IN and a convex combination x' = Zt—l Aixi (Ai 20,
k € oy -

= I x-x'l =. Simi -
Zi=1 Ai 1) such that Ix-x'l < 5 Similarly x € CO{Xk+1’xk+2’ }, so there
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z k+8
i=k+1
Thus lx'-x"l < e, contradicting dist(co{xl,...,xk},co{xk+1,.-.}) > €.

. ‘ . R . €
exists an 2 € IN and a convex combination x" = Aixi with Ix—=x"l < 5

(o]
(iii) = (i): Again assume that X is reflexive and that it satisfies P3, for
some sequence {xn} < By and some € > 0. As before, {xn} has a weak limit

point, say x, which belongs to EBTxl,x }. It is impossible that x = 0,

2"

since this would imply dist(co{xl,x s---1,{0}) = 0. Thus Ixl =: § > 0. As

2
in the previous case, for every n > O there exist k € IN and elements

X' € CO{Xl""'Xk}’ x" € co{x } such that lx-x'l < nd and lx-x"l < ns.

k+1'°°°
Thus Ix'-x"l < 2n§. wWriting

E k+n E kin
(10.1) x' = Ax,, x"= ) Ax, (, 20, A, = A =1),
i=1 7t i=k+1 t i=1 T i=k+1 t

©

it follows from the second part of P3 that

E k+n e E
by ax, - 7 axdzzlYoaxl =
o 11 j=k41 b i 2 121 ii

(10.2) lxr-xnl

gux-u > gl -l g—x'l) > -;—(6-n5).

€
2
(10.1) and (10.2) are contradictory for sufficiently small n > O.

(i) = (iv): Let 0 < € < 1 be arbitrary. Then, assuming that X is non-reflex-

*% *% *% *k
ive, there exists an x € X \mX with lx | < 1 and 0 < ¢ < dist({x },7mX).

* *kk Kk
|1TX =0 and lx "'l = 1. Then any

*k Kk % *k  kkx *k

x € X  such that lx I <1 and <x" ,x > > ¢ will do, since lx "-m(x)l

*kk *%k *kk . *%
<x  ,x > > g for all x € X. In particular Ix > g,

*kk *
Indeed, let x e X be such that x

* %
2 [<x T-m(x),x >

*

* *
so there exists an X € Bx* with <x1,x* > > g. Applying Theorem 3.1 with
*%
G :=sp{x } and F := sp{x?}, we find an x; € X with “xlﬂ < 1 such that
* * *%
<x1,x1> = <x1,x > > ¢. Having now constructed X and x;, we proceed with

induction. Suppose that, for some fixed n 2 1 we have found Xl""'xn € Bx

* *
and KpreoesX € BX* satisfying

<x.,x*> > € for all 1 £k £i <n
ik
*
(10.3) <xi,xk> =0 for all 1 £i <k <n
* *%
<xk,x >>¢ for alll <k < n.
We now select an x*** € X*** with "x***“ < 1 such that x*** =0 (so

X
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s s *Kkk p . *k  kkk . .
in particular <m(xj),x >=0 for i = 1,...,n) and <x ,Xx > > g. This is

*%
possible by the Hahn-Banach theorem, since dist({x },mX) > €. Now Theorem
*%
1)1---:"(Xn)} c X
* *k*k
I < > =< > =
i*l, XXy m(x,) % 0 for

** . s s
1 X > = <x ,x > > €. Flnally, one more application

* *kk Kk
3.1 applied to X with G := sp{x } and F := sp{x ,7m(x
* * *
: . "
yields an X1 € X with X 1
i=1,...,n, and <x

of local reflexivity, this time to X with G := sp{x *} and

:= i i I I < < *s =
F : sp{xl,...,xn+1} yields an X 41 € X with X1 1 and X o17%k
XX > > € for k = 1,...,n+l. The system KigeonsX 4 € By, x?,...,x;+1 €
BX* now satisfies (10.3) with n replaced by n+l, so this completes the in-
Lo
ductive definition of the sequences {xn} < By, {x;} © Byx satisfying P,.
o
(iv) = (ii): Let ¢ > O, {xn} < B, and {x:} < Byx be as postulated in P,.
Let k € IN be arbitrary. Then for every choice of n € IN and Al,...,xk+n:20
ith zk = zk+n = 1 we have
e | i=k+1
E k%n z kgn
A.x, - rAx oz <) A x, - X, x_,x =
i=t P eker T 1=t Pl ek et
[ kin * kfn
= A <x., >| > e A, = €.
i=k+1 T i xk+1 j=k+1 T

o]
Thus dist(co{xl,...,xk},co{xk+1,...}) 2 e for all k € N, i.e. P, holds.

(i) = (iii): Let % < € < 1 be arbitrary. We have seen already in the proof
of (i) = (iv) that there exists an x. € X '\mX such that "xg*" < 1 and

dlst({x } ) > €p- In particular "x;*ﬂ > €yr SO there exists an x;e x* with
"x I < 1 and <xO * > > ;. We now define inductively a sequence {xn} < By
and an increasing sequence {Hn} of finite subsets of By, such that the fol-

lowing conditions are satisfied: !
* *
(a) <xi,x > =0 for all k,i € IN with k < i and for all x € H_ ;

k

(b) sup |<x,x*>| > (%eo~1) Ixl for all X ¢ N and all x € sp{xl,...,xk}

x*eHy
i.e. [Hk] is a (—e —1)—norming subspace for sp{xl,...,xk};
*
< .
(c) xi,xo> > EO for all i e IN;

* *%*
(d) <x X > = 0 for all x kgl Hk.

For convenience we begin with the proof of the induction step, as it
will become clear that the choice of Xy and H1 is included in it. So sup-

pose that for some k 2 2 elements xl,...,xk 1 € BX and finite subsets

H1 c H2 c ... C H -1 of BX* have been deflned which satlsfy (a)...(@.

X *% * *
Since on I <1, <xO 0> EO and <x" ,xo *> =0 for*all % € Hk—l' Theorem
3.1 applied with G := sp{x *} and F := sp{Hk_1 U {xo}} yields an x, € X
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*

0*> = 0 for

*  kk * *
/X > > € and <xk,x > = <x ,X

such that "ka <1, <xk'x3> = <xs%g o

11 x* ¢ H
a. X € k_lc

Defining Hk is a bit more complicated. By compactness we can select a

(1—60)—net {yl,...,ym} for S . We now define for each fixed

sp{X1ses0 %k}
2 e {1,...,m} a linear form ¢, on SP{XS*’HYZ} by

*%
¢2(axo +B11y2) =B (a,B € IR).

We claim that "¢z" < Yor where Yo = ;%. Indeed, for any a,B € IR we have

*% *% *%
= = < I.
|¢9,(me + Bﬂyg) | 181 I BTTYJL“ < | axo + B'rrygn + 1 axo
Assuming o # 0, as we may, we have
. *% *%
s |a|dlst({x0 },mX) lal wx B “axo +Bwy£“
ﬂaxo I < Ja} < < ———-ﬂxo +-ny2H =
€0 €0 @ 0

So, putting these inequalities together, we find

1.5 *%
|¢£(ax;*-k6ny£)l < (1-+Eg)“ax0 -FBnyRH,

1
le I < -_< .
o1 =1+ e Yo

Each ¢2 (2 =1,...,m) can be extended, by the Hahn-Banach theorem, to an

*kk K,k
element XZ e X , with

I 1 < Y <« xS = 0 <my x> =1 (L =1,...,m).

2 o' 0 '"s ! L7 ! !
*
By local reflexivity of X , applied with
*k%k * %%k *%k
G := sp{x1 reee s Xy } and F := sp{xo ,nyl,...,ﬂym}

. * * *
we obtain Yyreeer¥p € X with

“y*" <y <y* x**> = <x** x***> =0, <y y*> = <7 (y ) x***>=1
2 0’ L'70 0 '"g ! e [ A

(2 =1,...,m).
Now define

. 1 * 1 *
' Hk = Hk—l U {;;-yll.-.’Yo ym}.

It is evident that the so constructed % and H, satisfy (a), (c) and (4).

k
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We show that (b) holds. Let x € SP{Xl""'xk} with Ixl = 1 be arbitrary.

Then for some £ € {1,...,m} we have "x—ygﬂ < €qr SO

1 * 1 * 1 *
I<x,— y,>| 2 I<y,,— y,>| - I<x-y,,— y,>| 2
Yo L L Yo 2 L Yo 2
1 1 * 1 3
> — - =y Mx-y I > —=—-(1-¢ )=2¢ ~1.
Yo Yo 2 L Yo 00 20

This proves (b).

The reader should observe now that the definition of Xy and H1 (in

this order) is included in the above, if one reads H, = ¢. Thus the induct-

0

ive definition of the sequences {xn} and {Hn} satisfying (a)...(d) is com-
pleted. It remains to be proved that P: is satisfied with this {xn} and

for some € > 0. In the first place (c) immediately implies that

},{o}) = €7 since for any convex combination 2:=1 A.x

dlst(co{xl,x i%i

qree.
we have

k k
*
u.E Axg 2 <] Ax xos 2 e ‘Z A = g
i=1 i=1 i=1

Finally, let k,n € IN and Ogreeesl € IR be arbitrary. Then, by (a) and

k+n
(b),
3 k * k+n *
(550—1)" ) aixiﬂ < sup [< ] X, X >| = sup <Y o X, x>
i=1 x*eH, i=1 x¥eH, i=1
k k
* k+n k+n
< sup Il z a_x,“ < | 2 a,x_ﬂ.
* PR S | PRI N
x*eH i=1 i=1

k

Thus P? holds with any € satisfying 0 < € < min(eo,3eo—2) = 380—2.

REMARK 10.4. It is clear from the proofs of (i) = (iv) = (ii) and (i) = (iii)
that in a non-reflexive space the properties Pw, P; and PZ are satisfied
with any choice of 0 < € < 1. Thus, replacing in Definition 10.1 "3e > O"

by "V0 < € < 1" wherever it occurs, leads to equivalent properties.

* *x %

Recall that by the subreflexivity theorem of E. Bishop and R.R. Phelps,
*
for any Banach space X the subset of X consisting of all those elements

*
which attain their sup on B, is dense in X . Obviously for reflexive X

X
*
this set equals X , by the weak compactness of Bx. We now show that the
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K *
converse is true: if every x € X attains its sup on B then X is reflex-

XI
ive. We give the proof only for the separable case. Essentially the same
method of proof also works for non-separable spaces.

We begin with the following technical

LEMMA 10.5. Let X be a Banach space. Let a number € with 0 < € < 1, a se-

*
quence {xn} c B,, and a seguence {An} of positive numbers be given such

X
that

(10.4) dist(colx],xy,...},{0) 2 ¢ and ] A =1.

*

Then there exists a sequence {yn} c x* such that
*

n+1""} (n=1,2,...), and

(1) y: € co{x;,x
. n * ] * 0o _
(ii) uzi=1 Avil < u§i=1 Ayl - e Zi=n+1 A) (n=1,2,000).

PROOF. We choose numbers en so that

(10.5) 0<e < (1—5)( Doy )( Z xi> (n=1,2,...).

i=n+1 i=n
Then
g >\!'lt::l').
(10.6) ] — ~ <1-e and lime_ = 0.
n=1 (Jiper 22)Qion 2) e

*
The sequence {yn} is now selected as follows. Put

ay = inf{"y*": y* € co{x:,x;,...}}

*
and pick y, € co{xI,x;,...} so that
*
"yiﬂ <o (l+ep).

Then define

* %
X

SRS X

% -]
a, = inf{lA,y, + ( z A_)y*": y* € coix
2 141 - i
i=2
* * %
Clearly e < ay <a, < 1. Select v, € cc{xz,x ,...} so that

[

* * *
Iy, + (.22 MYl < an(l+e,).
i=

*
Proceeding by induction we so define a sequence {yn} c X* satisfying

(10.7) y: € co{x:,x* } (n=1,2,...)

n+l’ """
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. 0 * oo

and (with Zi=1 Ay = 0),

n-1 * ® *
(10.8) II.Z Ayg o+ (_Z Ayl < a (l+e))  (n=1,2,...),

i=1 i=n
where

= 1 f{unfl Ay o+ ( E )Y vy e colx’ " }

(10.9) ag +m Il ] gy + () Ayl v e coligmg, e

(n=1,2,...).

From (10.4), (10.9) and “x:" <1 (n=1,2,...) it follows that
< < < < < < <
(10.10) esoa o, < ... < un S0 g S S 1,
so that o := %&g an exists and satisfies € < a < 1. Moreover, (10.8) and

(10.9) imply that

n-1 o

* * _

a < u'z Ay o+ (.Z Ai)ynﬂ <a (l+e)  (n=1,2,...).
i=1 i=n

Hence

n-1 : ©
* *
I".z Aiyi"-anl < a e + "('z Ai)yn" s € +‘z Ai +>0asn-—>
i=1 i=n 1=n

)

and therefore

bt *
(to.11)  F ] Ayl =a.
i=1

Before proving (ii) we first show that for all n € N,

E . [ Anan(1+en) . 1
i

(z:=n+lxi)(zz=nki) Z?

n
*
(10.12) u_z Ay ho<
i=1 AL
i=n 1

i=n+1

n-1 :
*
. H‘Z Aiyiﬂ].
i=1

Indeed, for every n € N we have by the triangle inequality and (10.8)

A_+)._ A n-1 Zw A
t: * ntli=n+1”i PTY o« Lisntioo o«
i=1 ) i=1

i=n"i i=n"i
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o

A ol o, = * i=n+1’i  PSl «
< FY Ay, +( A )yh+————=1 ] ry.l <
0o . 171 . 1 n e . 11
Yo_ A, i=1 i=n _ A, =1
i=n i i=n 1
A ?_ A, n-1
< =B (o (1e)) ¢ ELL Y T =
Yo A A, i=l
1=n 1 1=n 1

L] Ao (l+e ) ‘n—1
Ai[ _‘n'n o A ) Aiy;"].
tenrt (L) Qghy) (Bphy) =

We now replace in (10.12) the expression "Z?;i Xiyzﬂ by the right side of

the inequality that results from (10.12) by substituting n-1 for n. This
yields, for n = 2,
© Ao (1+e_ )
nn n

] o< (1 ay[— = '
i=1 s i=ntl [(zi=n+1xi)(2i=nki)

[

1 Ap-1%-1 (e )

—— I M -
(Li_p2;) i=n l{(Z A Ay )

i=n i i=n i i=n-1"1

3]

Ao (1+e ) A
nn n

+ +

1 "niZ %
—_ ALY,
Upper?y) 37t 0

i=n-1"1

(1+e
n
+

a )
(7 ) _ n . 2—1 n-1 _ -1
: [(Zi=n+1ki)(zi=nxi) (Zi=nxi)(Zi=n—1Ai)

- *
21 Aiyi ].

1
o

+_—_——.——
(Zi=n—1Ai)

Repeating this argument we finally obtain, by (10.6) and (10.11),

n : o n A o (1+€,)
PYayh < (L a) ) S :
. i¥i . i * >
i=1 i=n+l © k=1 (Zi=k+1ki)(zi=kAi)
o n A (1+€,)
k k
<ol A ] = =5
i=n+1 k=1 (zi=k+1li)(zi=kxi)
oo n Ak
<ol T Ai)[{ ) _ — } + (1—e)] =
i=n+1 k=1 (Zi=k+lxi)(Xi=kAi)

o 1 >‘i)[{kxz;l(z“ 1 . z“l A >} tie e] B

i=ntl i=k+1i Li=ts
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©

Lol g Lo

. X . . i=n+1 . .
i=n+1"1i =1"i i=n+li

© o

a(t-e J a)=1017 A.y;ﬂ(l— e I ) m=12,..0.0
i=n+#l T i=1 * i=n+1

In the following theorem the equivalence that interests us is (i) <= (iv).

* *
It says that X is reflexive iff every x € X attains its sup on B The

x*
properties (ii) and (iii) are merely intermediate steps in the proof of

(1) = (iv).

THEOREM 10.6. Let X be a separable Banach space. Then the following are
equivalent:
(i) X is non-reflexive.

*
(ii) For every 0 < g < 1 there exists a sequence {xn] c Bx* satisfying
* *
(a) w —%&g x = o,
. * %
(b) dlst(co{xl,x ,e..1,10}) 2 €.

(iii) For every 0 < € < 1 and for every sequence {An} of positive numbers

. *
with Z:=1 An = 1 there exists a sequence {yn} c B_x satisfying

X

(c) w*-1im y* =0,
n->o n
n * 00 * 00
Il (1 - =
(@) "Zi=1 Ayl < "Zi=1 Ay H(1-e Xi=n+1 A ) (n=1,2,000).

* * * *
(iv) There exists an x € X such that {x € B_,: <x,x > =lx 1} = ¢.

X:
PROOF. (i) = (ii): Let X be non-reflexive and let 0 < € < 1 be given. There

. *% ** *kk *kk
exist (see the proof of Theorem 10.3) elements x € X "\1X and x eX

satisfying
oxk Kok kk KKk

*%
<1, x ax = 0, <x ,x >>¢ and Ix I <1,

e < Ix

Let {xn} be a sequence dense in X. We now select a sequence {x:} c.x” such
that the following hold for every n € IN:
*
(1) lenll :*1,
(2) <x;,x > > e,
(3) <xi,x;> =0 for all i = 1,...,n.
This can be done inductively with a (by now standard) application of Theorem
* *kk *% .
3.1 to X with G := sp{x } and F := sp{x ,nxl,...,wxn}. It remains to be
verified that this sequence {x;} satisfies (a) and (b). Obviously (a) follows

from (3), (1) and the density of {xn}. (b) is a simple consequence of (2),
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; n *
since for any convex combination Zi_ Aixi we have

1
o * o * k% o
Py axl2<] Ax,x >>e ) A =e.
. iti . i%i , i
i=1 i=1 i=1
(ii) = (iii): Let € with O < € < 1 and a sequence {An} of positive numbers
, *
with Z:=1 An = 1 be given arbitrarily. Then choose a sequence {xn} < Byx
satisfying (a) and (b), for this €. Having now an €, 0 < € < 1, a sequence
of positive numbers {An}, z with
*
Qe
* *
{yn} cx* satisfying (i) and (ii) in Lemma 10.5 for this triple e,{kn},{xn}.

oo *
= c
n=1 An 1, and a sequence {xn} Byxr

dist(co{x:,x },{0}) 2 €, we now use Lemma 10.5 to find a sequence
Now (c) follows from (a) and (i) in Lemma 10.5, and (d) is the same as (ii)

in Lemma 10.5.

(iii) = (iv): Let 0 < € < 1 and a sequence {An} of positive numbers with
*
z:=1 An = 1 be given arbitrarily. Select {yn} < Byx SO that (c) and (4)

* *
hold. We claim that x := ZZ=1 Anyn satisfies (iv). Indeed, if x € B, is
*

X
arbitrary, then %ig <x,yn> = 0, by (c). Hence there exists an no € IN such
that <x,y:> < elx™I whenever n = n,. Then, using (d),

* pes ‘ * no * pes *
<x,x>= ) A <X,y > < ) Asxey >+ (L A Jelxl <
n=1 © n=1 n=no+1 n

n, - )
< | *
) Anyn" + () An)eﬂx <
n=1 n=n_+1
0
o o *
<hxfl(i-e T oa)+ (L )elx 1 = 0k
n=no+1 n=no+1
* *
Hence {x € By: <x,x > = Ix"1} = ¢, since x € B, was arbitrary.

(iv) = (i): This is trivial if one knows that the unit ball of a reflexive
space is weakly compact. Also without this knowledge the proof is trivial,
* *
however: Suppose x € X is as in (iv). By the Hahn-Banach theorem there
. * %k **x *% * k% ] .
exists an x € X with Ix | =1 and <x ,x > = lx |. The assumption (iv)

* % * %k
means that x € X \7mX. Thus X is non-reflexive. [J

NOTES. All results in this section are due to R.C. JAMES. The properties
P;, P§ and PZ were introduced and studied in [54] in the context of the
search for an isomorphic analogue of uniform convexity. (This subject will
be dealt with in the next chapter.) Theorem 10.6 has a rather long history.

It was first proved in [49] for separable spaces, and later in [51] for the
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non-separable case as well. The more general result that a bounded weakly
closed subset K of a complete locally convex topological vector space E is
weakly compact iff each continuous linear form on E attains its sup on K,
first appeared in [50] . The proofs of these results given in the papers
cited above were difficult. Considerably simpler proofs (essentially the
ones reproduced here) were given by R.C. JAMES in [53]. Related papers are
[85] and [94].



11. THE INFINITE TREE PROPERTY

[+
1°
equivalent to non-reflexivity but implies it. The proof of this last state-

We now introduce the infinite tree property, labelled P It is not

ment is the main goal in this section.

DEFINITION 11.1, Let X be a Banach space, € > 0 and n ¢ IN. An e~tree of

length n, or an (n,e)-tree in X is a subset

. k
T = {xk,i: k=1,...,n; i=1,...,2"}

of X satisfying the following relations:

. k
(11.1) xk,i = %(xk+1,2i—1+xk+1,2i) k=1,...,n=-1; i=1,...,2),

k-1

(11.2) Il (k=1,...,m 1=1,...,2 )

v
m

- I
*k,21-1""%,2i
An e-tree of infinite length, or an (»,e)-tree in X is a subset

Telx k= L2 0= 1,0,2%
of X satisfying (11.1) and (11.2) for all k ¢ N and i € {1,...,2k}.

On should view an e-tree as the result of a branching process starting
with two points xl’1 and x1,2 having distance 2 €., Each of these points is
then written as the midpoint of a segment [x2’1,x2’2] (respectively
[x2,3,x2,4]) having length at least . Etc.

An alternative inductive definition of an (n,€e)-tree is

*
DEFINITION 11.1 . A (l,e)-tree in X is a pair of points {xl'XZ} with
"xl—xzﬂ > g. Supposing that we have defined an (n-1,e)-tree for some n 2 2,

then an (n,e)-tree in X is a subset T = {xl,xz,...,x n} of X satisfying
2
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and such that

T = {%(x1+x2),‘:(x3+x4),---,5(X2n—1+x2n)}

is an (n-1,e)-tree. T' is called the derived tree of T.

REMARK 11.2. One should observe thaﬁ formally at least two different ob-
jects are involved here: An (n,e)~tree in the sense of Definition 11.1%
consists of the "endpoints" of an (n,e)-tree in the sense of Definition 11.1.
We shall use both definitions, whichever is the more convenient. The dif-
ference in indexation precludes confusion. Obviously an (»,€) -tree cannot

*
be defined as in Definition 11.1 , since it has no endpoints.

DEFINITION 11.3. Let T be an e-tree in a Banach space X (of finite or in-

finite length). By the norm of T we mean the number ITl := sup{lxl: x ¢ T}.
(Note that it makes no difference, in the case of finite trees, whether one

*
uses Definition 11.1 or Definition 11.1 .)

In every Banach space X and for every € > 0O there exist in X e-trees
of arbitrary (finite or infinite) length, since there is obviously no limit
to the branching process. In general, however, for fixed € > 0, the infimum
of the norms of all (n,e)-trees in X will increase indefinitely with n.
X will be said to have the infinite tree property if, for some € > 0, there
exists in X an («,g)-tree with finite norm. The main result in this section
will be that reflexive spaces do not have the infinite tree property. The
proper feeling here is that the unit ball of a reflexive space is too rotund
to contain («,e)-trees.

©

1
property) if for some € > 0 there exists an («,e)-tree T in BX' i.e. with

DEFINITION 11.4. A Banach space X has the property P, (= infinite tree

norm Tl < 1.

EXAMPLE. cO has PT. Indeed, the following branching process, which the

reader will undoubtedly be able to continue, leads to an («,2)-tree with

norm 1:
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= (1,1,1,0,...)

o
|

*3,1
21" (1,1,0,...)<

X = (1,1,-1,0,...)
,2
x1 1 = (1,0,0,...) 3
’ x3'3 = (1,-1,1,0,...)
%, 5 = (1,-1,0,..0) ,
x3,4 =(1,-1,-1,0,...)
x3’5 = (-1,1,1,0,...)
///x2’3 = (-1,1,0,...) '
. . x, . = (-1,1,-1,0,...)
X 5 = (—1,o,o,...)\ 3,6
//x3’7 = (-1,-1,1,0,...)
Xy g = (—1,—1,0,...)\\
! : X = (-1,-1,-1,0,...)
3’8 ’ r ’

©

THEOREM 11.5. A reflexive Banach space X does not have P1

The proof rests on the following Proposition, which holds also in more

general situations (cf. Remark 11.7).

PROPOSITION 11.6. Let K #¢9 be a convex separable and weakly compact sub-

set of a Banach space X. Then there exists for every € > 0 a closed convex

subset C c¢ K such that C # K and diam (K\C) < €.

PROOF. Let € > O be arbitrary. By the Krein-Milman theorem ext K # 9. Let
: €
D be the weak closure of ext K and let U = Z-BX. Since K is separable, there

0
exists a sequence {kn} c K such that K c Un= (kn+U). In particular

1
D c Uz=1 (kn+U)' By Baire's theorem for compact Hausdorff spaces, applied
to D with the weak topology, at least one of the sets (kn+U) n D, say

(kn +U) n D has an interior point relative to the weak topology on D. Hence

there exists a weakly open subset W ¢ X such that

(k 4+U) NDO>WnND#¢.
&)

We now define

Ky := co (D\W) and K, := co (DnW).

Since ext Kc D ¢ K1 u K2 c K, the Krein-Milman theorem implies that
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K = co (K1UK2) = co (K1UK2).

Moreover, K1 # K. Indeed, K = K1 = co (D\W) would imply, again by the Krein-
Milman theorem, that D\W contains ext K, contradicting D n W # ¢ . Also,

since K_ c k + U and diam U = = ,
2 nO 2

€
3 < = .
diam K2 <3

Now let r € (0,1] be arbitrary and consider the map fr: K1 X K, % [r,1] - K

defined by

ek, relr,10).

f (x ,<K,

r 1,xz,)\) = Ax, + (l—A)x2 (xleKl,X

1
Since fr is continuous for the product of the weak topologies on K1 and K2
and the usual topology on [r,1], to the weak topology on K, the image Cr of
fr is weakly compact. It is also convex. Indeed, for any two triples

(xl,x2,A) and (xi,xé,k') in K1 X K2 x [r,1] and any u € (0,1) we have

u(Ax1+(1—A)x2)+(1-u)(A'xi+(1—l')xé) =

ukx1+(1—u)A‘xi
= (PA+(1l-pw)A') —m—m———— +
—

BAH(I-m) AT
=:0elxr,1]
EKl
u(l—k)x2+(1—u)(1—k')xé
+ (-0 +(1-p) (1-1")) €c .
v (=2 + (1-w) (1-47)

=1-<a

€K2

We observe next that Cr # K. Indeed, suppose Cr = K. Then in particular

every X € ext K is of the form x = Xxl + (1-—)\)x2 for some x, € Kl’ X, € K

1 2 2

and X € [r,1]. Hence x = x1 € K, so that ext K ¢ Kl' But then, by the Krein-

Milman theorem, K = Kl' contradicting K1 # K.
Finally we estimate diam (K\Cr). It follows from K = co (K1UK2) and
the definition of Cr that every y € K\Cr is of the form

y = Ax, + (1->\)x2 with x, € Kl' x, € K and X ¢ [0,r),

1 1 2



147

7

so "y—x2" = Ixx —szﬂ < A diam K < r diam K. Hence for every pair

1
y = Xxl + (1—A)x2, y'

€
[V ] ) 1] : : < -
A x1 + (1-) )x2 € K,\Cr we have, since diam K2 <5

ly—ytl < ly-x I + Ix -x'll + lyr—x'll < - £,
y-y y-x, + X,~X, + 'y X5 2r diam K + >

Thus diam (K\C ) < 2r diam K + £ and for the choice r = the closed

€
r 2 ~ 4diamK

convex set C : Cr satisfies the requirement. [J

PROOF OF THEOREM 11.5. Let us assume that X is reflexive and that

T = {xk'i: ke N, i= 1,...,2k} is an (»,e)-tree in BX' for some € > 0.

Then by reflexivity the convex set K := co T ¢ BX is weakly compact, and
also separable, since T is countable. Thus there exists, by Proposition 11.6,
a closed convex set C [ with diam (K\C) < %-. Since K = co T and C # K,

we have T\C # ¢. Suppose X i € T\C. The equality X1 = %(xk+1,2i—1+xk+1,2i)
and the convexity of C imply that either xk+1,21-1 or xk+1,21, say xk+1,2i'
does not belong to C. But then

diam (K\C) z s,

>lx - [ - [
X i k1,210 7 Mkl 201 k1,21
a contradiction. [

REMARK 11.7. The proof of Theorem 11.5 shows that the infinite tree proper-
ty does not hold in any Banach space X with the property that for every
closed convex bounded set K ©¢ X and for every € > 0 there exists a closed
convex C c K with diam (K\C) < é. This last property (the so called
"dentability" of closed convex bounded sets) is known to be equivalent to
the Radon-Nikodym (R.N.) property, i.e. to the validity of the Radon-
Nikodym theorem for X-valued measures. The R.N. property holds not only for
reflexive spaces, but e.g. also for separable dual spaces. Therefore also
separable dual spaces do not have PT. An example is 11 = (co)*. In particu-

o

o
lar, since we have seen that c_ has Pl' P, is not preserved under duality.

0 1

NOTES. The infinite tree property was introduced by R.C. JAMES in [541,
which also contains Theorem 11.5. Lemma 11.6 is due to I. NAMIOKA and

E. ASPLUND ([3]). For more information about dentability, the R.N. property
and related matters, the reader should consult [27], Chapter 6 and its
references or the recently published monograph [28].






CHAPTER I

12. UNIFORM CONVEXITY AND UNIFORM SMOOTHNESS

We shall be interested later in the problem which Banach spaces admit
an equivalent uniformly convex norm. As a preparation we discuss in this
section uniform convexity and the dual notion of uniform smoothness. In
particular we show that uniform convexity implies reflexivity. Furthermére
we develop an averaging procedure to show that if a Banach space X admits
an equivalent uniformly convex norm and also an equivalent uniformly smooth
norm, then there exists an.equivalent norm on X with both these properties.
Combining this with a fact to be proved later, namely that X admits an
eqdivalent uniformly convex norm iff it admits an equivalent uniformly
smooth norm, it will follew that every "uniformly convexifiable" space ad-
mits an equivalent norm which is both uniformly convex and uniformly smooth.

Of course it would be more natural to start with a discussion of the
weakest convexity and differentiability properties and then to gradually
strengthen them. Since all this material is classical and can be found in
detail in e.g. [24] or [27], we feel justified in omitting it. So we re-
strict ourselves to what is strictly needed to make this account self-con-

tained.

DEFINITION 12.1. A Banach space X is called uniformly convex (or uniformly

. . . ¥nt¥n . .
rotund) iff for every sequence of pairs X ,¥, € By, lim "——??—4| = 1 implies
. " - = . . . . .
Lim Ix yn" 0. In words: if the midpoints of a sequence of segments in By

approach the unit sphere, then their lengths converge to 0. Or, equivalent-

ly, for every 0 < € £ 2 the number
§(e) := inf{1 - IEXI: x,y € B, lxyl > ¢}

is positive. For any Banach space X the function § = GX: (0,21 - [0,1]

defined above is called the modulus of convexity of X. Thus X is uniformly

convex iff GX(E) > 0 for every € > 0.



150

REMARK 12.2. Sometimes a slightly different definition of the modulus of

convexity is used:
8'(e) := inf{l - ui“z‘lu: Il = Iyl =1, Ix-yl =€} (0 <€ <2).

Clearly S(e) < 8'(e) for all € > 0. It is also obvious that 6(e) is strict-
ly positive for positive € if §' has this property. Indeed, suppose for
some € > O there exist x ,y € By with "xn—yn" >e¢ (n=1,2,...) and

lim "xn+ynﬂ = 2. Then lim "xn" = Lim "yh" = 1 and it follows that

X y
n n €
v - 1ry—H| > 3 for large n,
n n
while
*n Y “
Iji})g “ x 0 + y =2
n n
contradicting 6'(%) > 0. Thus uniform convexity can be defined equivalently

by requiring that 8'(e) > 0 for all € > O.

Well-known examples of uniformly convex spaces are the spaces 2P
(1 ? p < ») for which the modulus of convexity can be computed explicitly.
We have already seen in Section 10 that reflexivity of a space X means the
non-existence of certain infinite-dimensional flat areas in BX close to SX'
Hence it is not surprising (and actually contained implicitly in Theorem
10.3 and Remark 10.4, as will be shown in Proposition 16.1) that a uniform-

ly convex space is reflexive. We now give a direct and simple proof of this.

PROPOSITION 12.3. A uniformly convex Banach space X is reflexive.

*% *%k %
PROOF. Let x € SX** be arbitrary. Since BX is 0(X ,X )-dense in BX**

*
(Proposition 0.10), there exists a net {x } c B, such that w lim x =
0" 0€EA X a o

*k
= x . Consider the net {%(xa+x8)} , where AX A is partially order-

ed by

(a,B)eAxA

(¢,B) 2 (a",B') <> 0 2 a' and B 2 B'.

Clearly {%(xa+x8)} w converges to x**, while "%(XQ+XB)" <1 for all (a,B).

Hence, by the w*-lower semi continuity of I+l on x**, li%)ﬂé(xa+x8)ﬂ =
a
*% ’
= lx "I = 1. By the uniform convexity of X it follows that gh%ﬂxa—xsﬂ =0,
Gr *%
i.e. {xa} is a Cauchy net. Then {xa} converges in norm, obviously to x .

*%
Hence x € X and the reflexivity of X is proved. [
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The notion dual to uniform convexity is uniform smoothness.

DEFINITION 12.4. A Banach space X is called uniformly smooth iff the norm

is differentiable in the following strong sense:

I I - Nl
1im x+tyt X

t>0

=: D(x,y)

exists, uniformly for all x,y € Sx.

Ixttyl - I xl
t

REMARK 12.5. For x,y € S, and t # 0 let us denote by A(x,y,t).

X
We show that A(x,y,°) is a non-decreasing function (x,y € SX fixed) . For

0 < t1 < t2 we have

t2"x+t1y" = "t2x+t2t1yﬂ s_tlﬂx+t2yu + (t2—t1)ﬂxﬂ,
so

t2(ﬂx+t1y" - Ixly < t1(“x+t2y“ - Iy,
i-e. Hx+t1yH— I xl Hx+t2yH— Il %

Ax,y,t,) = < = Alx,y,t ).

1 t t 2
1 2

Hence A(x,y,*) is non-decreasing for positive t. Since A(x,y,-t) = =-A(x,-y,t)

for any t # 0, A(x,y,*) is also non-decreasing for negative t. Furthermore,

for any t > O,

20l < ||x+ty|[ + ||x—ty||,
SO

Ix+tyl - Ixl 2 - (Ix-tyl - IxI)

and therefore

Ixttyl - Uxl _ Jx-tyl - Il

A(XIYIt) = r T

= Alx,y,-t).
Together these facts prove that A(x,y,*) is non-decreasing for all t.

It follows from this that uniform smoothness is equivalent to

(12.1) lim [{Hx+t%P-HxH} _ {Hx—t%irﬂxﬂ}] -0,
t+0 .

uniformly for x,y € SX' Equivalently, replacing ty by y, this means

(12.2) lim "x+yﬂ+i?_yn_2

y>0

=0

uniformly for x € S Expressed differently again, (12.2) is equivalent to

%
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(12.3) Ve >0 36 >0: x &Sy, Iyl <6 = lIxtyl+lx-yl < 2+ellyll .

For any Banach space X we define, for all T > O,

p(’r) = Sup{“x; I + _"_X%}_/L_ 1: x € Sx, “y" = T}.

The function p = px: [0,») - [0,®) is called the modulus of smoothness of X

and it is clear from (12.2) that X is uniformly smooth iff %iﬂ B%;L = 0.

We now prove the duality of uniform convexity and uniform smoothness.

PROPOSITION 12.6. Let X be a Banach space. Then

*
(i) X is uniformly smooth iff X is uniformly convex;

*
(ii) X is uniformly convex iff X is uniformly smooth.

PROOF. a) Let us assume that X is uniformly convex. Then for every € > 0

there exists a ¢ > 0 such that
(12.4) Il Iyl <1, Ix-yl 2 ¢ = 2 - Ix+yl = 6.

We must prove that X* is uhiformly smooth, i.e., by (12.3), that for every

€ > 0 there exists an n > 0 ‘such that
(12.5) I = 1, Iy™1 < n = Ix™y el g™ < 24ely™I .

Let € > 0 be fixed. Choose § > 0 such that (12.4) holds and let n > 0 be

so small that %;i? > 2-§. We'claim that with this n (12.5) holds. Indeed,
suppose X ,y € X" satisfy Il = 1, Hy*H < n. Choose x,y € S, such that
Hx*+y*ﬂ = <x,x*+y*>, Hx*—y*ﬂ = <y,x*—y*>.

(These elements exist by reflexivity.) Then on the one hand we have

* % x % * % * %
Ix"+y 1l + Ix =y <X,X +y > + <y,x -y > <

(12.6)
* *
Ix+yl + Iy M-yl < 241y Mx-yl,

IA

and on the other hand

* % * % * % *
I x+yll 2 Xty,X ty > > X, Xty >+ <y.xX -y >+ 2<y,y >
1+n 1+n

(12.7) *  * * ok
s lx"+y 1 + Ix =y I -2q > 2-2n
1+n 1+n

> 2-6.
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It follows from (12.7) and (12.4) that lx-yl < e. Thus the right side of
(12.5) holds, by (12.6).

b) Let us assume now that X is uniformly smooth. Then for every € > 0 there

exists a § > 0 such that
(12.8) Il =1, Iyl <8 = Ix+yl + Ix-yl < 2+-%"y“,

We must show that X* is uniformly convex, i.e. that for every € > 0 there

exists an n > 0 such that
(12.9) I 10" < 1, I g™ 2 e = 2 - Dx"+yT1 > .

* * * * *
Fix € > 0 and suppose that x*,y* € X satisfy lx I, Iyl <1, Ix ="l 2 €.

Choose § > 0 such that (12.8) holds. Then there exists an X € X with
"xOH = % such that <x0,x*-y*> > %gn It follows now, using (12.8), that for

every X € Sx’

* % * * *  x
<X,X ty > = <x+xX_,X > + <X-X_,y > - <x.,x -y > <
0 0 0
< lxcts lse—s | — ES g8 _ g8 _, _ &8
Ixfxoﬂ4- X=X 3 < 2+ 7 3 2 v
Hence, with n := %% > 0, the right side of (12.9) holds.

c) We have now shown necessity in both (i) and (ii). Combining this with
Proposition 12.3 and the fact that X is reflexive iff X* is reflexive

(Proposition 0.13), sufficiency in both (i) and (ii) follows immediately. [J

Our next topic is an averaging procedure devised by E. Asplund for the
purpose of combining good properties of two equivalent norms into one single
norm.

On a Banach space X let us consider the function
2
(12.10) f(x) = 3lxl (x € X).

Then f£ is convex and homogeneous of degree 2, i.e. f(tx) = tzf(x) for all
t € IR and x € X. The last statement is clear. For the proof of the convex-

ity of £, let x,y € X, 0 < A < 1 be given. Then
f(Ax+ (1-0)y) = 3lax+ (1—>\)le2 < ddxl + (1—)\)"y“)2 =
= 2202+ 3 (1020912 e A (-0 Uiyl < 322002+ 3 (1-0) 20yl &

+ A= 2430912T = 3?4 31-0)Iyl? = Af(x) + (1-0) £(v)
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Observe that any convex function which is homogeneous of degree 2
vanishes at 0 and is non-negative, and that the particular function f defin-
ed by (12.10) has the additional property that it vanishes only at 0. Con-
versely, let f be a convex function on a vector space X which is homogene-
ous of degree 2 and vanishes only at 0. (Hence f(x) > O whenever x # 0.)
Then (12.10) defines a norm on X. Indeed, all norm properties are evident
except perhaps the triangle inequality. Let x,y € X and assume, as we may,

that Ixl # 0, Iyl # 0. Then, putting t := VE(y)/£(x), we have

Ixtyl? = 26 (xty) = 2f(1—i?(1+t)x + e Bt y)
2 t 1+t _
< 1 £(+t)x) +21+t f(—~—t y) =

2(1+£) £(x) + 2 %—t- £(y) = 2£(x) + 2£(y) + &/EXR)VE®D)

(V25 + V2E@))2 = (xl + Igl)2.

]

Thus we have shown that, given a vector space X, there is a 1-1 correspon-
dence between norms on X and convex functions on X which are homogeneous
of degree 2 and vanish exactly at the origin. This correspondence is given
by (12.10).

We now establish a formula relating the two functions corresponding

to a given norm on X and to its dual norm, respectively.

PROPOSITION 12.7. Let X be a Banach space and let f and f* be the convex

*
functions on X and X corresponding to the norm on X and its dual norm on

x*, respectively. Then
(12.11) £5x") = sup{<x,x*> - f(x): x € X} x* e x9).

PROOF. Formula (12.11) means

(12.12) %"x*ﬂz sup{<x,x*> - %"x"z: x € X}.

* *
For arbitrary x € X and x € X we have

A

* * *
<, x> < Ixllx™1 < 30l 2+ 30x*12
’ 2 2 ’

SO

\Y

%"x*"2 > sup{<x,x*> - %"x"zz x € X},
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*
which proves one half of (12.12). For the other half we may assume x # O.

* *
Let € > O be arbitrary and choose x; € X with onﬂ =1 and <x,,x > > Iz l-€.
* *
Putting x = lIx “xo, we have, since Ixl = Ix"1,
<x, x> = ux*u<xo,x*> > 1™ (I l-e) > (Ix"l-¢) (Ixl-¢) =

1]

1 -e)2 + 3 (Ixl-¢)2.

v

*
Hence, letting € -+ 0, it follows that sqp{<x,x*> - %"x"z: X € X} = %"x ||2. 0

We now want to express the uniform convexity of a Banach space by a-
condition on the function f corresponding to its norm (as in (12.10)). Let

us agree to call this function f uniformly convex iff

(12.13)  inf{£0) - 2£(L) + £(v) s Bl Iyl < 1, Ixyl 2 €}
is positive for every 0 < € < 2.

Observe that in (12.13) I+l and f are supposed to be related by (12.10).
However, it is clear that replacing I | in (12.13) by an equivalent norm,
but keeping f fixed, the néw expression is positive for every € > 0 iff the

original one is.

PROPOSITION 12.8. Let X be a Banach space and let f correspond to the norm

I I of X as in (12.10). Then X is uniformly convex iff f is uniformly convex.

PROOF. Suppose that f is unifofmly convex and let 0 < € £ 2 be arbitrary.

Expressing (12.13) in terms of the norm, we get

(12.14)  ine{3Ixl? - 12202+ 30912 bl iyd < 1, Ixyl > €} > 0.

Taking x and y so that Ixl = Iyl =1 (and lx-yl > €), it follows that
. +
inf{1 - HEEXH: Ixl =yl =1, Ix-yl > €} is positive, i.e. X is uniformly

convex (cf. Remark 12.2).
For the converse let us assume that X is uniformly convex and let us

fix 0 < € £ 2. Then there exists a § > 0 such that

(12.15)  u,v e x, lul =lyl =1, lu-vl > = 1 - ul%;q > 6.

S}

We are going to show that the inf in (12.14) is positive. Let X,y € X with

Ixl Iyl < 1, Ix-yl = e. We distinguish three cases.
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1: |Ixl-lyl| > g ;0 < Ixl-lyl < 5, mr: 0 < lyl-Ixl < 5.
= X - Y
Put u = =T’ v o: m.

case 1: #xl? - Y%+ 31p1? > 30 ? - x4yl 4 3yl = F(xd-lyh)® 2 S

Il Il
Case II: Let us put k := W%T > 1 (note that y # 0) and observe that

Iyl (utvt (k=1)w) = uy||(~|_xT s '-'iﬂ—;-H—i-’l ﬁ@ —

2%
1k ) =2 kgl, we obtain

AP R e L T guy||2<:-:§‘1"r)2_(||yn ||_____u+"+(k—1)un)2 + 3yl
42 ) (12

() e ) -z )
W (1 - "%’J’) - "x""y"(l . ||%‘£||>
case zzr: 3x? - 2?1 1912 2 uyu<1 - ||Efz_!||>

(as in case II, by interchanging x and y).

Using this, and also that (

v

]

v

In case I we are done. In cases II and III we must estimate

HxHHyH(l—IF—-—H). First note that in both these cases

1 Il -l yl 1 e _e
(12.16) "u—v" = ]F§H|x-y - -—“—}-E“—-x" 2 m("x-y"—l"x"-"y" l) > m > E.

Furthermore, lyl > Ix-yl-Ixl > e-lxl > e-(lyl +%>, so that
(12.17) Iyl zg and, similarly, lIxl = %.
u+v

(12.16) combined with (12.15) yields 1 - H-——ﬂl > §, and therefore, using
(12.17), we obtain in both cases II and III that

2

2 2
Wxl? - 1507+ 3y > S 6 > 0. 0

16

Let f0 and 1) be two convex functions on a vector space X which are
homogeneous of degree 2 and vanish precisely at the origin. Let us assume
they are equivalent in the sense that there exists a positive C such that

(12.18) g, < £, < (1+C)g,.
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We now average f. and 99 in two different ways:

0
£, = %(fo""go)
9, (x) = inf{é(fo(x+y) +go(x—y)): y € X} (x € X).

We claim that both these averages f1 and g, are again convex and homogene-

ous of degree 2, vanish exactly at 0 and satisfy
< < <
(12.19) g, < g, £ <f

(12.20) £, 5 (1+2_1C)gl.

Indeed, since 9 < fo and 99 is convex, we get for every x € X,

£ (x+y) + 9p (x-¥) gp (x+y) + g (x-y)
gl(x)=inf{ 5 tyeE X} > inf{ 5 : yE€ X}

> 99 (x).
Hence 9 < gy Also, since f0 < (1+C)g0, we have

f.+g .
0 0 (2+C) -1
= —— <
f1 3 =59 OS (1+2 C)gl.

The remaining inequalities in (12.19) are clear, as is the homogeneity of
f1 and 94 and the convexity of fl' We prove now the convexity of gq- Let
Xq1X%,y € X and 0 £ A £ 1 be given. Let us choose, for an arbitrary € > O,

¥y and Y, in X such that

%fO(x1+y1) + %go(xl—yl) < g (x)+e
and

éfo (x2+y2) + %go(xz—yz) < gy (x2) +€.
Then, by the convexity of fO and g+ we have
Agy (%) + (1-N gy (x,) 2 ALRE, (xy+y ) + 39 (x-y,) T +
+ -0 03E) (xyy,) + 3 (xymy,) ] = e 2 3E (M (xp+yy) + (1-2) (x,-y,) ) +
+ 3g0(A(x -yg) + (1-0) (xp=y,) ) - & = 3, ((Ax g+ (10 %) )+ (At (1-D) 3, ) B

+ 395 ((x g+ (1-0x,) = (Ay +(1-N)y,)) - e 2 g, (Ax;+(1-M)x,) - €.

Thus 91 is convex, since € > 0 was arbitrary.
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We now iterate this procedure and define for every n = 0,1,2,...

fn+1 = é(fnq'.gn)
(12.21)

gn+1(x) = inf{%(fn(x+y)+-gn(x-y)): y € X} (x € X).

In this way we get sequences {fn} and {gn} of functions, satisfying the
relations

(12.22) 9 = In+1 = fn+1 = fn’

(12.23) £ < (11—2_nC)gn (n=0,1,2,..).

It follows that both sequences converge to a limit function h, which is ob-
viously again convex, homogeneous of degree 2, and vanishes exactly at O,

and that

(12.24) (1+27%) " < g, Sh<f < (1+27%)h  (n=0,1,...).

The estimates (12.23) and (12.24) can and must be improved for sub-

sequent applications.
LEMMA 12.9.
-n
<
(12.25) 9, < fn < (1+4 C)gn,

and consequently

(12.26) (1+4P)"th<g <hs< £, < (1+47°0h  (n=0,1,...).

PROOF. By induction on n. For n = 0 (12.25) is nothing but (12.18). Suppose
-n

that (12.25) has been proved for some n. Let us put a:=1+4 C/2. We have

fn+1 < fn and fn+1 = %(fn+gn), so by the induction hypothesis, fn+1 < ag, -

Thus, using homogeneity and convexity of the involved functions, we have

for all x,y € X,

1 1
%(fn(x+y)4-gn(x-y)) > é(—afn+1(ax+ay)+-gfn+1(x_y)) =

a
_qil+a, 1 a ¢ 1+aE 2ax, _
B %a2 (1+afn+1(ax+ay)+-1+a n+1(x—y)) = 2a2 n+1(1+a) B
=2t (x).

1+a n+1
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Taking the inf over all y € X yields

£ < (144 @)

n+1 Cg

n+l’

completing the proof. [

We show now that the limit function h inherits uniform convexity

from fO'
PROPOSITION 12.10. If £, is uniformly convex, then so is h.
fo
PROOF. The inductive definition gf the fn shows that fn =t hn' where
hn is the convex function z;;é 5;§Eu By Lemma 12.9 we have, for all n,

-n -n
< - < - < <
0<f-hsf-g salcg <4acE,
SO
(12.27) L oSl <hs<iof 4n.
2n 4n 0 'n. 2n 0 n

It follows from (12.27) and the convexity of hn that, for all x,y € X and
alln=20,1,...,

hx) - 2n(5E) + ny) 2 [l—nfo(x) -Lg 00 +hn(x)] -
2 4
(12.28) - 2[-21;{0(3‘12“2)+hn(i;'1)] + [?’fo(y) —f;fo(y) +hn(y)] >

v

1 X+ C
;ﬂ[fo (x) - 2f0(—2l) *+ 5 (¥) - Zﬁ(fo (x)+£ (y))].

Let us fix € > 0. By assumption

inf{£ (x) - 2f "—"X)+f0(y)= Il Iyl < 1, Ix—yl > €}

03

is positive, where I | is related to fo by (12.10). Hence, taking n suf-

ficiently large it follows from (12.28) that

(12.29) inf{h(x)—zh(’—‘?lhh(y); Ixl, Iyl < 1, Ix-yl > ¢} > 0.

This holds for every € > 0. Clearly then, since the norm related to h by
(12.10) is equivalent to | I, h is uniformly convex (see the observation

immediately preceding Proposition 12.8). [

As a final step before we can apply this averaging procedure, we need

* * *
to know how the "conjugate" functions fn’ 9, and h are related. It is
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immediate from (12.26) and the fact that conjugate functions correspond to
*

dual norms, that on X (= the dual of X for any of the equivalent norms

corresponding to the equivalent functions fn’ I’ h)

1, *

(12.30) (1+47%) ™ = (a4 Pon)* < £ <n Sg: < ((1+a %) " thy* =

n

(1+ 4 %c)n".

In particular, both {f:} and {g:} converge to h”. More interesting, and
deeper, is the fact that the relations (12.21) are inverted upon passing

to conjugate functions.

* *
PROPOSITION 12.11. For all n =0,1,... and all x € X we have

* * . * x  * * * % * *
(12.31) fn+1(x ) = 1nf{é(fn(x +y )1—gn(x -y ):y €X},

*

* *.
(12.32) g ., = 3(f +g.).

. Fi . =1 . [ [
PROOF. Fix n. We know that fn+1 2(fn+gn) Let 1 and 5 denote the
norms corresponding to f and g , respectively. Then the norm i corre-

sponding to fn+1 satisfies

Hxl? = 3?4+ 1x?) xew.
With these notations (and using the same symbol for a norm and its dual)
(12.31) means

(12.33) X M2 = inf{sux*+y*u'f {12 ¥ e

To prove this we introduce the product space Z := XXX equipped with the
norm I (x,y)l := /T %4-ly 3 (x,y € X) and consider the isometric embedding
I: (x,ll ) » 2 defined by

*
Also it is clear that ker I = (im I)l = {(y*,—y*): y* e x*}. Since 1”

* * * *
defines an isometry of Z /ker I onto (X, )", we have, for every x ¢ ¥,
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mx*n

inf{l (3v/2 x*,%/f x*) + (yi—y*)": y* e X*} =

*

]
inf{(“%? x*+y*"§ + "55 x*—y*ﬂg) cy e X} =

5
inf{(%“x*+y*"? + %“x*—y*uj) sy e X7,

Hence
* 2 * k2 * k.2 * *
il x I = inf{3lx +y ||1 + 3x -y H2; y € X},
i.e. (12.33). Finally, (12.32) follows similarly by a dual argument. [

We are now prepared to show how these methods can be applied to obtain
from two equivalent norms a new norm (by mixing the two) which combines the
differentiability and convexity properties each of them may have. We re-

strict attention here to uniform smoothness and uniform convexity.

THEOREM 12.12. Let X be a Banach space with two equivalent norms | "1 and

I "2 and suppose that | "1 is uniformly convex and | H2 is uniformly smooth.
Thén there exists on X a third norm | "3, equivalent to | “1 and | "2,

which is both uniformly convex and uniformly smooth.

PROOF. Let f, and g, be the convex functions corresponding to I “1 and |l “2,

respectively. We may assume that 99 < fo < (1+C)g0, for some C > 0. Let h
be the function that results from the averaging procedure described above.
By Proposition 12.8 fo is uniformly convex, and so is g;, by Proposition
12.8 and 12.6 (i). Now Proposition 12.10 implies that h is uniformly con-
vex, and by the same result applied to the conjugate functions, it follows,
using Proposition 12.11 as well, that also h* is uniformly convex. Hence
the norm Il "3 corresponding to h and its dual (which corresponds to h") are
both uniformly convex. Thus, by the other half of Proposition 12.6 (i),

Il "3 is uniformly convex and uniformly smooth. [J

NOTES. The material on uniform convexity and uniform smoothness i§ classic-
al. Uniformly convex spaces were introduced by J.A. CLARKSON ([17]), who
also proved the uniform convexity of the Lp—spaces (1 < p < »). The precise
value of the modulus of convexity for Lp-spaces was calculated by O. HANNER
([40]). For a more complete discussion of differentiability and convexity
of norms we refer to [69], [27] and [24]. M.M. DAY's monograph contains an
encyclopedic account of what is known in this area. Proposition 12.3 is

independently due to D.P. MILMAN ([78]) and B.J. PETTIS ([83]). The proof
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given here was taken from [75]. For still other proofs of this result see
[27]. The averaging procedure described in the second half of this section
(which we have narrowed down here to suit our specific needs) is due to

E. ASPLUND ([21).



13. THE PROBLEM OF UNIFORM CONVEXIFIABILITY

Which Banach spaces admit an equivalent uniformly convex norm, or,
shortly, are uniformly convexifiable? The problem of characterizing this
class of spaces has long been open. In this section we do a bit of recon-
noitering in the hope of getting some feeling for the direction in which
the solution should be sought. The latter will be given in subsequent
sections.

Obviously, by Proposition 12.3, the class of uniformly convexifiable
spaces is a subclass of that of the reflexive spaces. We shall see later
that it is a proper subclass. We prove a preliminary result here that
provides some insight inté this class. For this we need the notion of finite

representability.

DEFINITION 13.1. Let X and Y be Banach spaces. We say that Y is finitely

representable in X, notation Y £ X, if for every € > 0 and for every finite-
dimensional subspace F ¢ Y there exists an isomorphism T from F into X

satisfying
(13.1) (1-e)lyl < Iyl < (14e)lyl  for all y e F.

Roughly speaking, Y<4X means that of every finite-dimensional subspace
of Y there exists an "almost isometric" copy in X. Clearly the relation <
is reflexive and transitive.We shall see below that itis notantisymmetric:

it occurs that ¥ # X, while X< Y and Y £ X.

The following result is a kind of stability property of the class of
uniformly convexifiable spaces. The condition that Y is separable is not

essential (as will become clear later), but we need it in the present proof.

PROPOSITION 13.2. Let X and Y be Banach spaces such that X is uniformly

convexifiable, Y separable, and Y £ X. Then Y is uniformly convexifiable.
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PROOF. With ll*l we denote the given norms on X and Y. Let "'"0 be an equiv-

alent uniformly convex norm on X. Thus, for some c, C > O,
(13.2) clxl < "x"o < clxl for all x € X.

Since Y is separable there exists a dense sequence {yk} in Y. Putting
—

— n - — -
F o= [yk]k=1 (n=1,2,...), we have Y = ngl F_. Now let 0 < € < 1 be ar

bitrary. The assumption Y< X implies, for every n € IN, the existence of

an isomorphism Tn: Fn -+ Y such that

(13.3) (1-e) Iyl < HTnyH < (1+e) iyl for ally € F_.

It follows from (13.2) and (13.3) that, with C' := C(l+e) and c¢' := c(1l-g),
' iyl < | < C! .

(13.4) c'lly |Tny||O < c'liyl for ally ¢ F

Hence, for every n € IN, we can define an equivalent uniformly convex norm

"."n on F_ by

(13.5) “y"n = "Tny"O (y € Fn).

Then, by (13.4), we have

(13.6) c'"y" < “y"n < C'"y" for all y € Fn,

where it is important to observe that the constants c¢' and C' are indepen-
dent of n. We now construct the desired equivalent uniformly convex norm on
Y by a limit process. For a fixed k € IN the sequence {"yk"n}:=1 is defined
for n 2 k and bounded by (13.6). Hence, by a diagonal procedure, we can

find a subsequence {nz} of N such that

(13.7) fy I 1
2 2=1

converges for every k € N. Clearly, by the density of {y,} in Y and by
k .

©

- i " " v v Y VY .
(13 6), it follows that { Y nq} converges for ever € U1 F Let us
define
I =
(13 8) Yy lim Y ’ for all Y € Ul F .

L->0 2

©o
By (13.6) ll*ll is a norm on ngl F_ which is equivalent to the given norm

.

(13.9) ctyl <llyll <clyl  forallye U F_.
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Therefore it can be extended uniquely to an equivalent norm Il Il on Y.
Finally we show that Il Il is uniformly convex. Since for every n € NN,

(Fn,“-"n) is isometric to a subspace of (X,I I ) (via T ), it is obvious

0
that for the respective moduli of convexity we have

(13.10) (e) <6 (e) >0 for all 0<e=<2

[
Ilell
(Fn’ n) and all n € IN.

(x,H-HO)
Let us fix 0 < € £ 2. Clearly it suffices to prove that
3.1 inf(1 - [IZE): xy e v, Bxll <1, Byl <1, Hxyll > e} > o.
o
By the density of ngl Fn in Y, this number equals
i Xty U M Ity i 1l i
inf{l - IH-??—”I: x,y e U F, lixll<t, Byll<i, lx-yll> e}.

(o]
Fixing x,y € U F_ with Mxll <1, Byl <1 and Wx-yll > ¢, it follows from
(13.8) that for sufficiently large % we have

Il %Il <1, lyl <1, Ix-yl > €.
o o B

Hence, by (13.10),

X+y

=4 =26 (e) > O.
2, T %0y

- 1L =1 - 14
== zgﬂ

Thus (13.11) holds and the proof is complete. [

REMARK 13.3. An examination of the proof shows that we have not fully used
the assumption Y < X. In fact we need only the existence of two positive
constants d and D such that for every finite-dimensional subspace F of Y

there exists an isomorphism T of F into X satisfying
dlyl < vyl < plyl  for all y e Y.

R.C. James has expressed this condition by saying that Y is crudely

finitely representable in Y.
We now give some examples of finite representability.

EXAMPLE 1. X**< X for every Banach space X. This is in fact a much weaker
property than the already proved principle of local reflexivity (Theorem
3.1).
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EXAMPLE 2. X < c0 for every Banach space X. Indeed, let X, a finite-dimen-
sional subspace F ¢ X and € > 0 be given. By compactness SF* has a finite
g-net {x:,...,x;}. We now define T: F -+ < by

*

Tx = (<x,x1

*
>,...,<x,xn>,0,0,...) (x € F).

Clearly ITl < 1 and it remains to be shown that (1-e)lxl < lTxl for all

* *
x € F. Suppose lxl = 1. Then there exists an x ¢ Spx such that <x,x > = 1

* . * % * * *
Let x; (1 < i < n) be such that Ix —xi"v < e. Then <X X[ > XX > - <KX -X>

He % e

> 1-¢, sollmxl > 1-¢ = (1-e)lxl.

EXAMPLE 3. X < (Z:=1 ® (co)n)z2 for every Banach space X. Indeed, observe
that the above proof that X < S in fact shows the following: given any
finite~dimensional Banach space F and any € > 0, there exists an n € IN
(namely, the cardinality of an e-net {xj,...,x;} for S_x) and an isomorphism
Tn from F into (co)n (defined by Tnx = (<x,xj>
ing (1-e)lxll < HTnx" < 1 for all x € X. It now suffices to note thaF the

,...,<x,x:>) (x € F)) satisfy-

space (Z:=1 ) (CO)n)QZ contains each (co)n isometrically.

Combining the Examples 2 and 3, we see that

S < ( z & (co)n) ) and ( Z 0 (co)n)22-< cy-

n=1 % n=1
{ee]
s " " 3 -
Roughly, this means that cO and (Zn=1 o (CO)n)Zz have the "the same" finite
dimensional subspaces, in the sense that any finite-dimensional subspace
of one of them can be embedded as "nicely" as we wish into the other. Never-
theless cO is non-reflexive (even "very much" so, since its bidual Qm is

non-separable), whereas (z:=1 ® (c )22 is reflexive (see Remark 0.20).

O)n
This illustrates clearly that information concerning the finite-dimensional
subspaces does not suffice to decide the question of reflexivity. Evidently
it is the way in which the finite-dimensional subspaces are put together
that is crucial. These remarks also explain why all the characterizations
of reflexivity that we have seen so far (notably those in section 10) are
essentially infinite-dimensional, i.e. involve infinite-dimensional sub-
spaces.

The situation is different for uniform convexifiability. First of all
let us note that uniform convexity is a property of a finite-dimensional
(even 2-dimensional) nature. Indeed, if we know all 2-dimensional subspaces

F of a given Banach space X, we can decide the question of uniform convexity
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since obviously
éx(e) = inf{GF(e): FcX, dimF = 2} (0 < e £ 2).

It is not at all obvious that knowledge of all finite-dimensional subspaces
of X is enough to decide on uniform convexifiability. Some hope that this
is so can be derived from Proposition 13.2, at least.in the case of separable
spaces: in fact in Proposition 13.2 the only information we have about Y
concerns its finite-dimensional subspaces, and the conclusion is that Y is
uniformly convexifiable.

The above remarks and the fact that uniformly convexifiable spaces are
reflexive, make it plausible that finite-dimensional versions P2,P3,P4 of

© o

the properties P, ,P (which characterize non-reflexivity) might charac-

(-]
2'F3/Fy ;
terize the class of spaces which fail to be uniformly convexifiable. Also
a finite-dimensional version P1 of PT should be considered. We shall show
in the next few sections that indeed uniform convexifiability is equivalent

to the negation of each of these (yet to be defined) properties Pl,Pz,P3,P4.

NOTES. Almost all work on the problem of uniform convexifiability was done
by R.C. JAMES. He introduced finite representability, super-reflexivity and
the properties P1’P2'P3’P4 in the course of his investigations. The paper
[54] shows how far he got. The missing link was provided by P. ENFLO ([33]).

Proposition 13.2 is a variant of Lemma 1.1 in [52].






14. THE FINITE TREE PROPERTY

We prove in this section that a Banach space is uniformly convexifiable

iff it does not have the finite tree property.

(= the

DEFINITION 14.1. A Banach space X is said to have the property P1

finite tree property) iff

J3e >0 Vne N BX contains an (n,e)-tree.

REMARK 14.2. Clearly PT = P1, but the converse is not true. In fact we have
already seen (although not proved) that 21 does not have the infinite tree
property (Remark 11.7). However, 2! has the finite tree property, since it
is easily verified that for évery neINT-= {el,...,ezn} is an (n,2)-tree

in B ) ({en} denotes the standard basis for &l).

s 0 . .
REMARK 14.3. P1 is an isomorphic invariant (as 1is Pl)' Indeed, if A is an
isomorphism from a Banach space X onto a Banach space Y and T is an e-tree

(finite or infinite) in B

£ .
TalTa=IT tree in BY'

%! then it is easily checked that uéa-T is an

PROPOSITION 14.4. A uniformly convexifiable Banach space X does not have

Pl'

PROOF. By the preceding remark we may assume that X is uniformly convex.
Let us suppose that T = {xl,...,xzn} is an (n,e)-tree in By for some n € N
and some € > 0. We shall establish an upper bound for n in terms of € and
the modulus of convexity 6x(°), thus proving that P1 fails to hold. Recall
that 8(e) = inf{l - ui’z'lu: sl Iyl < 1, Ix—yl > e} (0 < ¢ < 2). From this

it follows that we have the following implication for all x,y € X:
(14.1) Ix-yl 2 ¢ max(lxl, lIyl) = max (Il ,lyl) > (1-5(3))'1K%(x+y)ﬂ_

Indeed, putting M := max(lxl,lyl), the left member of (14.1) says "E-%“Z €.
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since |3], |%] < 1, the definition of &(-) implies 1 - "%ﬁ%ﬂ > §(e), which
is the right member of (14.1). Now (14.1) has the following consequence for
the derived trees (cf. Definition 11.1*) T = {%(x1+x2),%(x3+x4),...,

bx 4x )}, T = ()., T o (@),
on-q 2n
(14.2) 120l 2 (1-8(e)) "l > (1-5(e)) 20Tl > ...
> (1-5(e)) Py
1) onsists of two points with distance > ¢. Therefore IT*™ 1)1 » %, so
that (14.2) implies
12 (1-s(en” "N g

Since §(e) > 0, we see that for fixed e, n is bounded above and we are done.[]
We have now proved one half of the main

THEOREM 14.5. A Banach space is uniformly convexifiable iff it does not have

the finite tree property.

The proof of the othef half will be accomplished in a series of lemmas.

We need the following inductive

DEFINITION 14.6. Let X be a Banach space and let x € X and € > 0.

(i) The single element x is a (0,e)- partition of x.
(ii) An ordered 2n—tup1e P = (x1'7"'x2n) (n € N) is called an (n,eg)-
partition of x iff

21’1

T T T I P > S S e
i=1 3 J ¥23-1 *23

L

and P' := (x1+x2,x3+x4,...,x2n +x2n) is an (n-1,e)-partition of x.

P' is called the derived partition of P.

LEMMA 14.7. If X is a Banach space which does not have P1 then for every
€ > 0 there exist ann € N and a § > 0, such that for every x € X and
every (n,e)-partition P = (xl,...,x n) of x,

2
on

Y bkl o= (1+8)Ixl.
. 1
i=1

PROOF. Let € > 0 be given. Choose §' > 0 arbitrarily. Since by assumption
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1’ there exists an n € IN such that BX contains no

(n,-z(—liw) -tree, i.e.

X does not have P

(14.3) there exists no (n,%)—tree with norm < 1+§°'.

We claim that n and & := 2 °§° satisfy the requirements. To see this, let

P = (xl,...,x n) be an (n,e)-partition for some x € X. Without loss of
2 (0) (1)

generality we may assume that Izl = 1. Let P :=P, P := P',
(2)" (P")*, ...,P(n) 1= (P(n-l))' be the derived partitions and let us
. (k) _ (k) (k) (k) _

write P = (x1 2 tecey 2n_k) (k = 0,...,n). Then

(14.4) "x;k)“ > 27K o, ons G =1,...,2%,

as is easily seen by induction, using the triangle inequality, the assump-
0 =x (k’u

tion Ixl = 1, and "x 2= We now claim that T := {2"x,,2"x

172 Xyrenn
(k)

...2% nl is an (n,i) tree and that all elements of all T (k = 0,...,n-1)

have norm 2 1. The assertion about the norms clearly follows from (14.4)

(k) _ pn-ky (k)

and the obvious relation T (k =0,...,n-1). To see that T is

€_ _ (k) ._ .n-k_(k) (k) __ ,n-k_(k)
an 2 tree, let k € {0,...,n i})and let 223 M 2 x2j_1 and z2j =2 x2j
be two adjoining points of T . By Definition 14.6 we have
(k) (k) 5 (K) (k)
*23-1 " %25-1_ _ “
x) (k) " (%) (k) “
ﬂx 25- H lxzj I HZZj-lu I
Since also "z(k)lu,“z(g)“ > 1, as we have already seen, it easily follows
that Hzé§)1 - zég)" > %, proving our claim. Now by (14.3) at least one of

the points 2nxi (i = 1,...,2n) has norm > 14+8'. On the other hand all points

2nxi have norm 2 1. Thus we have, dividing by 2n,

> 2748y + %12 =1 + 270 =

o~
%
\

1+8 = (1+8)Ixl . ' 0

DEFINITION 14.8. A real function |+| on a vector space X is called an

ecart if
(i) Ix| 2 0 for all x € X and [x]| = 0 iff x = 0;
(ii) |Ax] = |A]]lx]| for all A € R and x € X.

What we are trying to do is to define an equivalent uniformly convex

norm on a Banach space X which does not have P,. A first step towards this

1
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goal is taken in the next lemma, where an ecart is defined with a property

reminiscent of uniform convexity.

LEMMA 14.9. Suppose that X is a Banach space which does not have P Let

1°
€ > 0 be arbitrary and let n € W and § > O be determined as in Lemma 14.7.

We assume, as we clearlymay, that 0 < § < é, Then there exists an ecart |-|
on X and a 61 > 0 such that
(@ (-0l < x| < (1-Dlxl for all x ¢ X;

) Izl =Nyl =1, lg—yl 2 e = |x+ty|] < |x]+|yl -6 (x,y € X).

1

PROOF. We define, for every x € X,

(14.5) |x] := inf

il

om
f zi=1 HxiH

: 0<m<n and (xX,,...,X ) .
1..,$§ 1 1 m
1+§(1+i+...+-Tn)

4 an (m,e)-partition of x

Then |+| is an ecart satisfying (a). Indeed, taking m = 0 in (14.5), we

I xl

. 8 . . . .
obtain |x]| Sm< (1- §)" xl (since § < 1). Also, by the triangle inequality,

for every (m,e)-partition (xl,...,xzm) of x,

2" )

Liog 1% I xl
2
1+§(1+%+”.+;1;’) 1+§(1+...+—m)

Il Il
D mm—
135

(1-8) Ixll.

This proves (a). The fact that |+| is an ecart is now trivial.
For the proof of (b) let us first observe the following. If (xl,...,xzn)

is an (n,e)-partition of x, then by Lemma 14.7 and the choice of n and 6§,

72 il
i=1 i S (1+6) I xll

e Il .

1+ §(1+};+. . .+i)
2 4m

Also lxll > |x| if x # 0, by (a). Thus in (14.5) we may take the infimum

over all m ¢ {0,1,...,n-1}, without changing |+|. Now let x,y € X be such

that lxl = Iyl = 1 and Ix-yl 2 e. By the above observation, there exist an
(m,e)-partition P1 = (xl,...,x m) of x and a (k,e)-partition P2==(y1,...,y x)
2
of y, with 0 <m < n, 0 £k < n such that
m k
I3, Ix,l 12, Iyl
(14.6) |x] > 3 T~ Vi 3 T " Y e
1+ 2 (1+3+.. . +—) 1+ 2 (143+. . .+=)
2 4" 2 4k

for some 0 < vy < . For reasons of symmetry we may assume O <m < k < n.

5
42n+1



Let Pék-m) = (w1,w2,...,w2m). Then, since
2k om
(14.7) 121 Iy I = 121 lw, |
and
(14.8) 1+5+...+21]z < 1+%+,_.+f5+ £;4 +;j§FT

it follows from (14.6) that

m
1., bwyl
(14.9) lyl > == - .
1+§(1+5+ +——1——+ ——l—-—)
2 tt 4m+1 3 4m+1
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Also, since (xl,xz,...,x Wy rWore . W m) is an (m+l,e)-partition of x+yvy,

and m+l < n, we have by the definition of |+|,

m m
2 ) 2
Zi=1 lei!l + Zi=1 !lwill

(14.10) |xt+y| < 5
1+§(1+%+...+ )

4m+1

Together (14.6), (14.9) an@'(14.10) yield

m
PN
Ix[+]yl - |x+y] > 3 vt
1+—§(1+£+...+——)
m
2" v 2
12, ol 12, M0+ 52wy
R T 1 Y- 3 -
1+ 2 (1+3+. . cb——t—) T+5 (143 +. . o+—)
(14.11) . 2 4m+1 3_4111+1 2 4m+1
2
1 1
= I Ix\— 1.~ 738 1 B
i=1 1+§(1+5+...+-a) 1+§(1+&+...+-5;T)
4 4
2m
-y uwiu( et — - — g ) -2y.
i=1 T4z (1+3+. . o +——) 145 (143+. 0 c+——+ )
2 4m+1 2 4m+1 3.4m+1 )
Observe that, since lyl = 1, we have by (14.9), (a) and y < —Ei——,
4 n+1
2" s 1 1
Y lw. I < (Iy|+y)[1+—(1+25+...+——+—-——-—)] <
121 i 2 4m+1 3'4m+1
8 8 8 1 1 _
(14‘.12) < (1—5 + Zm—)[1+§(1+k+...+4—mﬁ+—m)] =

= (1-8 4 8 y(142
= (1-—3 + 42n+1)(1+3<S) < 1+6.
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m
Using also that Z§=1 "xi" > lIxl =1, it follows from (14.11) and (14.12)
that

§ 1
2 4m+1
Ix|+lyl - |x+y| > -
[ 1 [ 1
[14—5(1+&+...+—E)][1+-5(1+%+...+—E;T)]
4 4

§ 1

2 m+1
- (1+6) 3.4 T - 2y.

§ 1 68 1
[1 + 5(14—%'}‘. . .+4m+1) ][1 + -2-(1+%+. ..+‘4m'—+1+;—4—x-£;—1)]

Since all factors in the denominators are between 1 and 1+§, and since

§ 1
[ = UL
4
we finally obtain
§ 1 1 8 1 268
lel+lyl = lxsyl > 2 —— - (148) 3 -
2 4m+1 (1+6)2 2 3.4m+1 42n+1
2
L8 _L (8oL 4y 6 L 82 3 1,
2 m12'9° 783 2n-m 2 m+1''9 8 ,n
S8 1 1 _§&6 1 8 1
2 4m+1 16 2 4m+3 2 4n+2
Hence with §, =: s _1 (b) holds. 0O
1 "2 4n+2

In the next and final lemma before the proof of Theorem 14.5, we
improve on Lemma 14.9 by constructing out of the ecart |+] a norm, while

essentially retaining the properties (a) and (b).

LEMMA 14.10. Suppose that X is a Banach space which does not have P,. Let

1
€ > 0 be arbitrary and let n € N and § > 0 be determined as in Lemma 14.7.
we may and do assume that 0 < § < T%g and 6§ < %. Let 51 > 0 be as in Lemma

14.9. Then there exists a norm |l "55 on X such that

(@ (1-&)lxl < Il _ < (1—%)||x|| for all x € X;
Il = Iyl = - i,
8 Il = Iyl = 1, Tx—yl > 5c = Dxayl < Dl +lyl,_-€8, oy € 3.

PROOF. Let |+| be the ecart of Lemma 14.9 and put B := {x € X: |x| < 1}

(while B, continues to denote {x € x: Ixl < 1}). The norm “'"5e is defined

as follows:
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m : n
(14.13) "x“58 = inf{ii1 lxil: me N and x = izl xi} (x € X).

It is easy to check that (14.13) is the gauge of co B: If 0 < “XHSE <1,
then x = Z?

. m m
x; with 0 < Zi=1 Ixil < 1,»so x =) A,¥; s where

=1 i=1
% | *i
Ai 1= 20 and v, = (i=1,...,m).
Limg 1% +
Since X?=1 Ai =1 and v, € B(i=1,...,m), it follows that x € co B. Con-
. m m
= i > =
versely, every xe€ coB isof the form x - Zi=1 Aixi w1;h Ai >0, i=1 Ai 1
.- < < = 1.
and x, € B (i=1,...,m), so "x"5e Zi=1 IAiin zi=1 Ai 1
Formula (a) in Lemma 14.9 can be written equivalently as 1573 BX c
1 . . 1 .
cBCcC 5 BX' It follows immediately Fhat 1673 BX c co B c 13 BX and this
is equivalent to (a).
For the proof of (B), let X,y € X be given with Ixl = lyl = 1 and

lx-yl = 5¢. Choose y such that 0 < y < min{é(%- 8), 618/4}. By (14.13)

there exist representations x = Z§=1 xi and y = E?=1 Yy such that

k m

(14.14) lell58 > .z [xilf'y and ||y||5S > .2 ]yil-y_
i=1 i=1

We may assume without loss of generality that m < k and, furthermore, that

“xi“ = “yi" for i = 1,...,mn Iﬁdeed, if "x1" < "ylﬂ, we write
x
] - 1 = 1 = i =
Yy = Ay, + (1-\)y, with X T§IT. Then “x1H “Aylﬁ. Since |y1| |Ay1I+

+ l(l—l)yll, we can replace ¥y in (14.14) by the two elements Ayl and
(1—A)y1. We continue now with X, and (1—)\)y1 and split either one if the
norms differ. We proceed in this manner until either the x; or the y; are

exhausted and then renumber them. Furthermore, we have

k m
(14.15) 1< ] Ixl <146 and 15 ] lyl <145,
i=1 i=1
Indeed Xk Ix. I > HEk x I = Ixl =1 and by (a), (14.14), (o), and
e R A voal, 22280 Ak,
Y < 5(3 - 6)1
k k
1 1 1 $
Z leill <15 'Z Ixil Sﬁ("xuse”) sl—_g((1—§)llxll+y) <
i=1 i=1
.8 L2, _
< q5l-3+3 - 69 =1+6.

The proof for Z?=1 "yi" is the same. Since "xi"=="yi" (i=1,...,m) it follows
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from (14.15) that
k
(14.16) I Ix o< s,

i=m+1

We now split {1,...,m} in two parts:

J :={i: 1

I
[
IA

m and "xi—yi" < e Hxi"}

J' o= {i: 1

IA
-
IA

Ix,-y.I >
m and Ix, -y, € "xi"}.

Then we have, using (14.16),

k
e < Ixyl < | lx-y 0+ _Z Ix -y, b+ ] Ixl o<
ied ied’ i=m+1
< -
< e.z Hxiﬂ + 'z Hxi yi" + 6,
ied . ied’
and therefore, by (14.15) and the assumption § < T%E'
k

(14.17) } o Ix,-y I 25¢-¢) lIxl - 6>5¢ - e(148)-8 > 3e.

. i4i . . i

ied’ i=1
Since

) j j
Xty = (x,+y,) + x, + Vi
iegr T % i=t * =1
i¢J!’ ié¢J!
we have
k m
(14.18) ||x+y|15E < 'z Ixi+yi| + .X Ixil + .z |yi|,
ied* i=1 i=1
iédJ! iédJ"

Together, (14.14) and (14.18) yield

k m
- xayll > - -y -
I R P i£1 egl=v+ I ly;l-v

i=1
] j ]
(14.19) - Ix.+y. | - ) x| - ly, | =
iegr Y 4= Y 42 TH
iéJ!’ iéJ’

ing(lxil+lyii—lxi+yil) - 2.

Observe that for i € J' we have, since "Xi" = "Yi"'
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X, v. X, v. Ix, -y, I
il _ il -1  ana i Jip_ Titi,
X, Ty . T Tx, 1 Iy, X -
1 1 1 1 1
so that, by (b),
i SR U I W S O .
Tx, T Ty, T X Ty. T 1’
1 1 1 1
i.e.
- N ] L]
(14.20) lxi[+|yi1 Ixi+yil > slllxill (i e 3.

Thus, combining (14.19) and (14.20),

(14.21) Il o+ Iyl - Uiyl 2 8, ieZJ'"xi" - 2y.

Furthermore, (14.17) implies that

3e < Z IIx.—yilI < z IIinI + Z Ilyill =2 z ilxill,
iegr * ied’ ied’ ied’
so

(14.22) I x> 32_5

iegd’
§, €
(14.21), (14.22) and the fact that y < T now yield the desired conclusion

3
lellSE + IIyll58 - “x+¥"58 > 56,8 - 2y > 8 €. O

PROOF OF THEOREM 14.5. Suppose X does not possess P,. Using the notations

1
of the preceding lemmas, put
oo
(14.23)  Wxl = § 27« (xe x).
=1 2"
We claim that Il Il is an equivalent uniformly convex norm on X. By (o) we

we have for all n € N

A

Il < Uxl < Il (x € X).
-n
2
Therefore

(14.24) Hxl < Wixll < 0xl (x € X),

which proves the equivalence of -l ana ll-ll,
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Next we prove that for every € > 0 there exists a §'=6'(e) > 0 such that

(14.25) Il = Iyl =1, Ix—yl 2e = Mx+yll < Nl + Wyl - 8 (e).
-ng

Indeed, if € > 0 is given arbitrarily, pick ng € IN so that 2 < g. Sup-
-n

pose that lIxl = lyl = 1, Ix-yl = €. Then by (B) (with & = é 2 9

-n
beayl s hxl_ o+ dyl - g2 O
2 "o > "o 5o

Thus, by (14.23), and the triangle inequality,

1,7%%
Mx+y I < Mxll + Wy ll - £2 8y
1,729
and therefore 6'(g) := z 61 satisfies (14.25).
Finally we show that Il Il is uniformly convex. We prove in fact that for

§'(*) defined by (14.25), we have, for all n > O:
(14.26) Mxll= Myl =1, Nx-yll2n = lxeyll <2 - 6'(2).

Let x,y € X with lxll = llyll = 1, lx-y Il > n be given. It is not difficult
to show that

(14.27) M-ty Il > g for all t € R.

Put o := Wir’ B := W%T' By (14.24), 3 < a, B <1 and therefore, by (14.27),

we have
lax-gyl = Nox-gyl = allx - &yl > o) > 1.

Applying (14.25) to ax, By, and € = 2 yvields Max+Byll < allx Il + glly Il - 6'(2),
and this in turn implies lx+y Il < Il ax+yll + (1-a)lxll + (1-g)lly I <

allx il + glly Il - 6'(2) + (L-adllix I+ (1-g)My Il = MxM + Myl - 6'(2) =
2-68(). O

IN

NOTES. R.C. JAMES ([54]) introduced P1 and proved Proposition 14.4. The
other implication in Theorem 14.5 is due to P. ENFLO ([33]).



15. SUPERREFLEXIVITY

In this section we introduce finite versions P2,P3,P4 of the properi:ies
P;,Pz,PZ, respectively, and show that all Pi (i=1,...,4) are mutually
equivalent. Hence, by Theorem 14.5, the negation of each of the Pi is equiv-
alent to uniform convexifiability. The proof of the equivalence of the Pi
follows a general pattern and is accomplished via the notion of superreflex-

ivity. We now give the necessary definitions.

DEFINITION 15.1. Let X be a Banach space.

X has P, iff e >0 Vne N ':'I{xl,...,xn} < By: Vk € {1,...,n-1}
dist(co{xl,..-,xk},co{xk+1,...,xn}) > €.

X has P, iff 3¢ >0 Vne N 3{x1,...,xn} © By: dist(colxy,...,x H{ohze
and Vk € {1,...,n} Vo,...0 € R "213;1 aixill zguz}j;locixi"].

X has P, iff 3e >0 Vn e N 3{x1,...,xn} < By H{XT,...,X:} < Byx

. ] *
Vk,ie {1,...,n}: [k<i = <xi,xk>2 e, k>i = <X x> = ol.

© .
It is evident that Pi implies Pi (i =1,...,4). For convenience we also

introduce here the following notations.

DEFINITION 15.2. Let X be a Banach space, € > 0 and n € IN.

. . n . .

(a) {xl,...,xzn} c BX satisfies P}I(e) iff {xl,...,x n} is an (n,€)-tree.
(b) {xl,...,xn } < B, satisfies P,(e) iff Vk ¢ {1,...,n-1}

d!iISt(CO{Xl’“”xk}'CO{xk+1""'xn})‘ > e.
(c) {xl,...,xn } ¢ B, satisfies P,(e) iff dist(co{xl,...,xn},{o}) > ¢ and

Vk € {1,...,n} Val,...,an e IR

ny? I > E1yk

. zi:l ayx; b2 SIE ) agxl

(d) {xl,...,xn} c B, and {xl""n’xn} < Byx
satisfy P4 (e) iff Vk,i € {1,...,n}:

* *
k<i = <x, >2g, k<i = <x, >=01].
[ l,xk 7 l,xk ]

Similar notations will be used for n = =,
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DEFINITION 15.3. A Banach space X is called superreflexive iff Y=< X implies

that Y is reflexive.

REMARK 15.4. It is trivial that every superreflexive Banach space is reflex-
ive (take Y = X in the above definition). The converse is not true. In fact
we have seen in Section 13, Example 3, that every Banach space is finitely
o0 (o]
representable in the reflexive space (zn=1 ® (co)n)zz. Thus (Zn=1 ® (CO)n)Rz

is definitely not superreflexive.
We now state the main result

THEOREM 15.5. For every Banach space X the following are equivalent:

(i) X has Pl;

(ii) X has P2:

(iii) X has Pai

(iv) X has P,i

(v) X is not superreflexive;

(vi) X is not uniformly convexifiable.

PROOF. By Theorem 14.5,(i).+= (vi). It therefore suffices to show that for

each i = 1,...,4 we have
(15.1) X has Pi < X not superreflexive.

The implication from right to left in (15.1) is simple. Indeed, let us fix
ie {1,...,4} and let us assumé that X is not superreflexive. Then there
exists a non-reflexive Y such that Y< X and Y has Pi (if i = 1 this fol-
lows from Theorem 14.5 and if i € {2,3,4} this is a consequence of Theorem
10.3 and the trivial implication P: = Pi). It follows now from the defini-
tion of finite representability that also X has Pi’ For if 0 < € < 1 is as
in Definition 15.1 or 14.1 for Pi and if n € IN is arbitrary, then there

exist systems {yl,...,yzn} c By (if i = 1), {Yll..-,Yn} c B, (if i‘= 2,3),

and {yl,...,yn} c BY' {yI,...,y:} c BY* (if i = 4) satisfyiig P?(e). In each
case the elements yj span a finite-dimensional subspace F < Y and therefore
we can determine a "good" (i.e. almost isometric) isomorphism T: F > X. More
precisely, given any €' with O < €' < € a choice for T is possible so that
the systems {Ty1'---'TY2n} (if i = 1), {Tyl,...,Tyn} (if i = 2,3) and
{Tyl,...,Tyn},{x:,...,x:} (if i = 4) satisfy P;r_:(e'), where in the case i=4
the x. (j = 1,...,n) are extensions with preservation of norm to X of the

1

elements (T*)— y;, T being regarded as a map from [yl,...,yn] onto



181

[Tyl,...,Tyn]. (Possibly the x; must be multiplied with suitable constants
*
so that ijH <1, 3=1,...,n.)
The implication from left to right in (15.1) follows from the proposi-

(o]
tion below, since for each i = 1,...,4 Pi implies non-reflexivity.

PROPOSITION 15.6. If a Banach space X has Pi for some i € {1,...,4}, then

there exists a Banach space Y such that Y < X and Y satisfies P:.

PROOF. Essentially the proof is the same in all cases and we shall give it
simultaneously for all i = 1,...,4. If for technical reasons it becomes
necessary in some step of the proof to distinguish between the four cases,
we shall indicate this by labelling the step with a subindex i (i = 1,...,4).

(al) If X has P1 then there exists an g > 0 such that for each n € N

. _¢.n _ s k
B, contains an (n,ey)-tree T = {xk,i' k=1,...,n; 1i=1,...,2"}.

Renumbering the elements of Tn in lexicographic order, we write

n n n
T = {xl,xz,...,x

n } (n=1,2,...).

n ok
k=1 2

(a2,3) There exists an € > 0 such that for every n € N there is a system
n n . . n .
{xl,...,xn} < By satisfying Pi(eo) (i =2,3).

(a4) There exists an € > 0 such that for every n € IN there exist
n

X 4 (eo).

(b) Let Y be the linear space of all real sequences with finitely many

n* n* s .
{x?,...,xg} C Byr Xy geeesX) } e B« satisfying P

non-zero elements. Using the notation e, = 0,.. ,1,0,...) (ne W),
. Fone
each element of Y can be written as zg—l ajej (r € Ii;al,...,ur € R).

L . 1% nyy®
) For each finite set {al, ,ar} c IR the sequence { Xj=1ajxj }n=

(y,2,3 r

is bounded. Hence, by a diagonalnprocedure, we can find a subsequence
{n;} © N such that lim IV o.x.*l exists for all r ¢ N and all
Bro  43=171"7
@ys.--s0, € Q. (Observe that le is defined for & 2= j.)
(c4) For each finite set {al,...,ar} ¢ IR and for each pair i,k € N the

*
sequences {"Z§=1ajx?"}:_r and {<x?,x£ >} are bounded, Again

n=max (i,k)

by a diagonal procedure, there gxists a subsequence {nl} c IN such
n Ngx
that 1im 1}% o x %l and lim <x_  ,x %, exist for all finite sets
g 23=17373 e i Tk
{al,...,ar} c Q and all pairs i,k € N.

n
(d) Observe that by the density of Q in IR the limits %im “z§~1ajxj£" also
o =
exist for all finite sets {al,...,ar} c IR. We now define on Y a semi-
norm as follows:

r r n,
(15.2) I z a.e.l := 1im | z a.x. |l (re N, a,,...,0_ € TR).
j=1 33 [ 1 r
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Let us put ¥. := ¥/N, where N = {y € ¥: Iyl = 0}. We shall denote ele-
ments y+N € ¥ by §. Then Il induces a norm on ¥ (denoted by the same

symbol) and trivially
(15.3) Igl = Iyl for every y e Y.

We claim that the completion of Y is the space we are looking for.

(e) 1In this step we show that ¥ < X. Since {em} spans Y, {ém} contains a
linearly independent subsequence {émk} that spans Y. Now let € > O be
arbitrary and let F be any finite-dimensional subspace of Y. Enlarg-
ing F if necessary, we may assume that F = [ém1'°"'ém ]. By compact-

ness, the set K := {(al,...,a ) € RE: “Zr “ = 1}, equipped with

the norm "(a},...,a = z Iajl, has a flnlte e—net
{a(l) = (a(l P l%JP . By (15.2) we can determine an Ly € N such
that for all i = 1,...,p
r . r i
(15.4) [y afl)~ [ Z x °l|| < e.
=t 3 " j=1 5
(Note that “Z§_ (l)“ H = "Z (1) en I by (15.3).) Now we define a
- J
linear map T: F + X by
r r ngo
(15.5) T(.X ajem')= y agx, (g0, € R)
j=1 3 j=1 ]
and claim that T satisfies
(15.6) (1-2e) 9l < ool < (1+2¢) M9l for all § € F.
Indeed, let ). 1% &,. € F be given such that Hz%_ ajém_" = 1. Since
J
{a(l),.. (p? 1s an e-net for K, there exists an 10 e {1,...,p} such
that
r (i)
(15.7) Y ola.-a, 7] < e.
L (ig)
Then, since "x 01 <1, "em <1 (3=1,...,r) and o € K, we have

by (15.5), (15. 7) and (15. 4?

ng r (i nl
ax Ol ] a0 Oy e <
Jm J m

i
he¢ Y a,a )l =1
o R T 3

j=1 J j

Il o~
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r (io)
< | z o & I+ 2e =1+2¢,
. m,
j=1 3
and
x r ng r (i) ng
IT(§ ae =1 ax %20] o %x % -co
=1 7% =t 7" =t "
x (io)
2 1) o, & I - 2¢ = 1-2¢.
=t 7

This proves (15.6) and completes the proof that Y < X.

-~ [+
) We show that Y has P,. In fact the sequence {& } < B, forms an
1 1 m

Y
(m,eo)—tree when its elements are relabelled as follows:

(£

81,1 3T 8y &y 5 1= 8y 8y 4 7 830 &) 5 1= 8y, &) 3 1= &g,
e2,4 = e6, é3,1 = e7, etc. Indeed, for every k € N the relations
n n n
2 L . 3
I - 3 = i =
Xt T B0 051t X 00 =0 = 1D)
and n n
2 2 k-1
I - I > i=1,...
¥,2i-1 " %k,21' = %0 @=1...,20)

hold whenever nz > k. This implies, by (15.2), that

Ty %y o
la - é I = i - =
e, =3y o5 1% 8y, 05) tlmuxk,i 3Oy, 051 Xpaq, 2001 =00
SO

K
~ = l(a ~ - s =
S i = Byt pi 1t g pp) 0= L2, i 1,029
and
" -& = i - >
&, 2i-1"%, 21! tlm"xk,21—1 X010 = €
- k-1
k=1,2,.0.54=1,...,2Y.

(f,) ¥ has P.. Indeed, let k,n € IN with k < n and A,,...,A, . = 0 with

k k+n ! k+n
zi=1 Ai = zi=k+1 Xi =‘1 be given arbitrarily. Then
k n k+n n
I Z A.Xil - z Aixizﬂ > £
i=1 * i=k+1
whenever nz 2 k+n, so
k k+n k nz k+n n2
ey A8 - ) X.éi“ = Liml Y A,x,7- ) Aj¥g I > €y
i=1 * i=k+1 b g i=1 T 1 i=k+t

(f3) The proof that ¥ has P: is similar.

-~ *
(f,) To show that Y has PZ, we first define a sequence {ek} of linear forms
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on Y by

3
<e.,e;> i= lim <x,x > (i,k € W) and

(15.8)

r r
* *
< X o e.,ek> = Z aj<ej,ek> (k,r ¢ IV, al,...,ar € IR).

Observe that we have

r . r n, npx
|< z a.e.,ek>’ = !lim < X Q. X. ,X >] <
3=1 9 g =1 3 K
(15.9)
nx x n, r n, r
< limsup("xk i z a.x. 1) < Lliml z a.x. I =1 Z a.e.l,
o 5 93 b 21 33 jop 33

* s
so that each ek vanishes on N and therefore defines a unique linear
*

* -~ *
form & on Y satisfying <§,& > = <y,ek* for all y € Y. Obviously, by

k k
* P
(15.9), all ék are continuous on Y with norm £ 1. Now let k,i € IN be
arbitrary. Then, since whenever n, > max(k,i) we have
> i < i
N on* 2 gq if k <1
<x 2 x 2 S . ,
i "7k

=0 if k > i

it follows that

1\

. < s
. n ng* EO if k £ 1
<é,,8 > = lim<x, ,x >

Tk e 1Tk 0 if k > i.

]

Hence Y has P:.
(g) Evidently the completion of Y is a Banach space which also has P:.
Moreover, this completion is also finitely representable in X. We
omit a formal proof of this last statement since it is similar to the
argument used in Section 9 to show that Theorem 9.1 implies Property

III.

This completes the proof of Proposition 15.6 and thereby also that of
Theorem 15.5. [0

COROLLARY 15.7. All properties Pl’PZ'PB’P4' superreflexivity and uniform
convexifiability are self-dual, i.e. a Banach space X has any one of them

*
iff X does.
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PROOF. By Theorem 15.5 it suffices to show this for one of these properties.
* *
But for P, self-duality is obvious: If {xl,...,xn},{xl,...,xn} satisfies

* * *% *k *
PZ(E) for X, then {yl,...,yn},{y1 reeer ¥y } satisfies P:(e) for X , if we
* *
take yi =X

*% .
noi and vy = mx (i,k=1,...,n). O

k

In particular,

COROLLARY 15.8. For a Banach space X the following are equivalent:

(1) X has an equivalent uniformly convex norm;

(ii) X has an equivalent uniformly smooth norm;

(iii) X has an equivalent norm that is both uniformly convex and uniformly

smooth.

PROOF. Combine Corollary 15.7 with Proposition 12.6 (i) to obtain the

equivalence of (i) and (ii). That (i) and (ii) imply (iii) is Theorem 12.12.

NOTES. This section is entirely the work of R.C. JAMES ([54]), modulo
P. ENFLO's result ([33]).






16. SQUARES IN THE UNIT SPHERE

We have seen in Remark 10.4 that for i = 2,3,4 Pf is equivalent to the
same property with "Je > 0" replaced by "V0 < g < 1".1An analogous remark
holds for the finite properties Pi (i = 2,3,4). Indeed, if X has Pi (i=2,3,4)
then X is not superreflexive (Theorem 15.5), so there exists a non-reflexive
Y with Y=< X. Y then has P: with "V0 < € < 1" instead of "Je > 0", so cer-
tainly it has Pi with "VO < € < 1". The definition of finite representabil-
ity then easily implies that also X has Pi with "V0 < ¢ < 1" (cf. the proof
of the easy half of Theorem 15.5). We shall see later that inthe casesi=1,2
we can even replace "3Je > 0" by "VO < & < 2", without changing the property
Pi' (Note that for i = 3,4 no such replacement makes sense: 1 is obviously
the largest possible value of € for which P3 and P4 can hold.) The proofs
of these statements will follow later. In this section we deal with a pre-
liminary result in this direction. We have shown (Proposition 12.3) that a
uniformly convex space.is reflexive (in fact we now know it is even super-
reflexive). It is not difficult to see, with the knowledge we now have,
that in this result the weaker assumption "Gx(e) > 0 for some 0 < g < 1"
suffices (Proposition 16.1). The main result in this section (Theorem 16.4)
is that even the assumption “Gx(e) > 0 for some 0 < g < 2" suffices. Later
we shall generalize this last result and use it to show that in Pi (i=1,2)
we may read "VO < g < 2".

0

PROPOSITION 16.1. Let X be a Banach space. If for some 0 < € < 1 the modﬁlus

of convexity §(e) is positive, then X is reflexive, even superreflexive.

PROOF. Explicitly, the assumption is:

(16.1)  30<e<1 38>0: [lxl, Iyl < 1, ||%l] > 1-6 = lx—yl < el.
Let us put n := max(e,1-8). Suppose for contradiction that X is not super-

reflexive. Then X has P4 (with VO < € < 1), so in particular there exist
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* ok * . *
xl,x € B, and X X € Bx* such that <xi,xk> >n if k £ 1 and <xi,xk> =0

2 X 2
if k >1 (k,i =1,2). But then

X, +X X, +X
1 * *
" 12 zﬂ > < 3 2,X1> = §<x1,x1> + %<x2'xt> > > 1-8
and
* *
Hxl—x2ﬂ > |<x1—x2,x2>| = l<x2,x2>| > 2e,

contradicting (16.1). [

We now want to show that Proposition 16.1 still holds if we assume
that §(e) > O for some 0 < € < 2. First we wish to give a geometric inter-

pretation to the assumption 30 < € < 2 §(e) > 0.

DEFINITION 16.2. A Banach space X is called uniformly non-square if there

exists an n > 0 such that no x,y € By satisfy I} (x+y)l > 1-n and
I3 (x-y)I > 1-n.

The interpretation is clear: for small n > O the situation Ixl,lyl <1,
I3 (x+y)l > 1-n and 13 (x-y)I > 1-n (and therefore lxl = lIx+yl - Iyl > 2-2n-1
= 1-2n and similarly lyl > 1-2n) means that the unit sphere of sp{x,y}

closely resembles a square.

LEMMA 16.3. Let X be a Banach space. Then X is uniformly non-square iff

SX(E) > 0 for some 0 < g < 2.

PROOF. X uniformly non-square -

< 3n >0 [x.y ¢ B 1L (z+y)l > 1-n = 13 (x=y)I < 1-n]

’
=30 >0 [x,y e Bz, 1-II%-ZII <n = lx-yl < 2-2n]

<> dn > 0 GX(2-2n) > n

<= 30 < g€ < 2 Gx(e) > 0.

In the last equivalence the monotonicity of the function §_(+) has been
used. [ -

Thus the assumption ﬁx(s) > 0 for some 0 < € < 2 means that there is
a uniform bound to how closely the unit sphere of a 2-dimensional subspace

of X can approximate a square. We are now ready for the main result.

THEOREM 16.4. Let X be a Banach space. If SX(E) > 0 for some 0 < € < 2 then

X is reflexive.

PROOF. Suppose that X is non-reflexive. We define for every sequence
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*
{xj} c SX*’ every n € N and every finite increasing sequence p, <p, < ...

cee < Pon of natural numbers,

]
~
]

m
>
o=

IA

1
-
-

[N
|
-

A
»

v

IA
SN

*
S(Pll---rpzni{xj})

if pyy_y Sk<py, @= 1,...,n)}
(16.2) and

R(pl,...,pzn;{x;}) inf{llxl: x € S(pl,...,pzn;{x;})}.

(We use the convention here that the inf over the empty set is «,) Let us
observe that if n € nQ,{x;} S Syx and all Pys---sP, save one of them, say
p,, are kept fixed, then S(p1,...,p2n;{x§}) is a monotone function of 18
(with respect to inclusion), increasing if 2 is odd, and decreasing if & is
even. Consequently R(pl,...,pzn;{x;}) is also monotone in pz when the other
variables are kept fixed. It follows from this that the following definition

makes sense, since all limits involved exist

(16.3) K(n;{x;}) := lim lim . . . lim R(pl,...,pzn;{x;})
Py7® Py Pon™®

(n € IN; {x;} c SX*)'

We now define

(16.4) K i= inf{K(n;{x;}): {x;} cs.,} (n=1,2,...).

X*

As a first step in the proof we show that

(16.5) Kn < 2n (n=1,2,...).

Indeed, let us fix n € IN and choose r such that max(g,l-g;) < r < 1. Since

X is assumed to be non-reflexive, it has PZ (with VO < € < 1) so there exist

*
sequences {xn} cB {xn} c B_, such that

X' X

(16.6) <xi,x;> >rifk <i and <xi,x;> =0 if k > i.

*
Obviously we may assume that {xn} C S,x- Now let natural numbers

X
Pyre-esPy be given and define

(16.7) w o= x _
1 Poi-1
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Using the notation
A < s b <x s ke, ie{l b
. o= —<x Y ’ € , 1€ yeeen}),
L Ppi1! "% Poi "k

we have

% n

<W,X. > =
x> =]
i=

(-nit A, (k=1,2,..0.
1 r

It follows from (16.6) that

Ak,i =0 if k > Pys

*
Ak,i = <xp ,xk> if Pyiq <k < Py (k e N, i€ {1,...,n}).
2i

lAk,iI < 1-r if k < Py 4

Hence, for i € {1,...,n} and Pyi_g <k < py; we have

i-1 * ) *
(16.8) (-1) <w,x > + <x X+ B with |E
2i k

" - < n(l-xr).

!

. 7 1
Since r > max(§,1-E§?, we also have

(16.9) 12 <x ,x;> > ¢ > g
Pai
and
1 1
(16.10) B | < n(l-r) <n(l-(1-39) = 3.

(16.8), (16.9) and (16.10) imply that, for i € {1,...,n} and pzi_1$]<s Po; s

9 * i-1 * * 3
3> <xp2i,xk> + lEk[ > (-1) W, % > > <xp2i,xk> - IEkI > 7

so that

1> (-t <gw,x;> > 1.

Thus gw € S(pl,...,p2n;{x;}). Since, by (16.7), ng" < llwl < 2n, we have
now shown that the set S(pl,...,pzn;{x;}) contains an element of norm < 2n.
This means that for the sequence {xg} introduced above (dependent on n,

via r, but not on pl”"'pZn)’ we have K(n;{x;}) < 2n. Consequently (16.5)
holds, since n € N was arbitrary.

Let us observe next that

(16.11) Kn > 3 (n=1,2,...),

since l<x,x;>l > 1 implies Ixl > } (cf. (16.2)). Also
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(16.12) {Kn} is non-decreasing.

To see this it suffices to show that, for every choice of n € N and

{x;} < Sy« We have
K(n;{x;}) < K(n+1,{x;}).

This last inequality is immediate, since for every choice of natural numbers
Py < -e % Ponsar
S( {x:h > s {x:h
pl,.--,Pzn: Xj ) (pll’--lpzn+21 xj v

and consequently,

* *
R(pl...-,pzn;{xj}) < R(Pl'»""p2n+2;{xj})'

To complete the proof we shall show, for every § > 0, the existence of

a pair x,y € BX satisfying
(16.13) I3 (x+y)l > 1-6§ and I3 (x-y)I > 1-8.

By Lemma 16.3, this contradicts the assumption and we are done. So let
§ > 0 be arbitrary and choose r so that 1-6§ < r < 1. By (16.11) and (16.12)
there exists an € > 0 and an N ¢ IN such that

K -¢

n
(16.14) T(Fé—a. >r > 1-8 for all n = N.

We claim that there even exists an m =2 N such that

Km_l-s
(16.15) m> 1-8.
m
This is simple if lim K < o, since then lim(K - K ) = 0. In the general
n>© 'n n’® 'n n-1
case, where possibly %ig Kn = o, (16.15) easily follows from (16.14) once

we have proved that

K

(16.16) lim inf —=
K

n-» n-1

= 1.

K

To see (16.16), suppose lig»&nf % %> o > 1. Then there exists an n, € N
n-n -1

such that Kn > a OKnO for all n"> n, and this clearly contradicts (16.5).

(This is the only place where (16.5) is used.)

Having determined € > 0 and m € IN so that (16.15) holds, we keep them
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fixed throughout the rest of the proof. By (16.4) there exists a sequence
*
{xj} < Syx such that

(16.17) K(m;{x;}) <K _+e.

*
Also this sequence {xj} is kept fixed from now on. We now choose distinct

natural numbers pl,...,pzm, ql""’qu so that

(16-18)  Pys91/PyrP3rdps37 - -+ Pon_ 5Py 179on-2'9on-1Pon’Iom

represents not only the order of choice but also the order of magnitude of
these numbers. The choice is made in such a way that the following condi-

tions are satisfied:

(a) 3Ju € S(pl,...,pzm;{x;}): lal < K(m;{x;})+-e, i.e.
R(pl,...,pzm;{x;}) < K(m;{x;}) +e,

v e S(ql,...,qu;{x;}): vl < K(m;{x’j‘})+s, i.e.
R(qll---,qzm;{X;}) < K(m;{x;}) + €.

* *

¥ . . . —e < Ixl, i.e.

(b) Vx € S(ql’pZ’q3'P4’q5’p6'"”q2m—1’p2m;{xj})' K(m,ixj}) e < Ixl, i.e
R(ql’p2'q3’94'q5'p6"'"q2m—1’p2m;{xj}) 2 K(m?{Xj})- €.

* *
. . -1; -e < Ixl, i.e.
(c) Vx € S(p3,q2,p5,q4,p7,q6,...,pzm_l,q2m_2,{xj}). K (m 1;{Xj}) € Ixl, i.e
* - —
R(P3rq21P51q4rP7rq61--'lpzm_11q2m_2{xj}) 2 K(m lr{xj}) €.

It follows from the definition of K(m;{x;}) and K(m—l;{xf}) that this
*
choice is possible. (Note that in each of the sets S(... ... ;{xj}) occur-—
ring in (a), (b) and (c) the ihtegers appear in the same order as in (16.18).)

The following scheme is an attempt to visualize the situation:

*

Sy - P, pé/: t\\p4 PS\:\_://P6 e e e . ;{xj})
N~—— e

S(eq; « .+ q, qgf. —t\\q4 T - . . . . alxH

(16.19) L 273 5. ° p 1}
. ql\gz . ’ q3 p4 . . q5~86 . . . . Xj )

I. .. » . - S . . L . H *

St P3 9 P59y Py dg s xh

The symbols~\\_,,and//—\\have the following meaning: If x is an element of
*
any one of the above four sets then by (16.2) we have either 3 < <x,xk>:§1 or
*
1< -<x,xk> < 1, depending on the interval in which k lies. We have indicat-
ed with\___~ the intervals of the k's for which any element in the set satis-
ies } * ith 7~ O\
fies 3 < <x,xk> < 1 and with the others.

It is obvious from (16.19) that (a) implies

1 . *1
(16.20) 3 (utv) € S(qllp21q3lp4lqslp6r---rqzm_llpzml{xj»)



and

(16.21)  }(v-u) € S(p3,q2,p5,q4,p7,q6,...,pzm_l,qzm_Z;{x;}).
From (16.20) and (b) it follows now that

(16.22)  Ti(wwl > Kmi{x() - e,

and from (16.21) and (c) that

(16.23)  I3(u-v)l > K(m—l;{x;}) - €.

We claim that

u v

X =K +2¢€ and ¥ i=x +2¢
m m

satisfy (16.13). Indeed, by (a) and (16.17),

- *
K(m;{x.})+e K +2¢
I ull 7y m
(16.24) Il = K +2¢ K_+ 2¢e K +2e Ly
m m m
and similarly,
(16.25) Iyl < 1.

Also, by (16.22), (16.4) and (16.14),

(x}
(16.26) K(m; xy )-¢€ K -€

_ 13wl

S > 1-6,
K +2¢ K _+ 2¢ T K+ 2¢
m m m

13 (x+y)1l

and, by (16.23), (16.4) and (16.15)

1. *
13 (u-v) K (m- ,{xj}) - € Km—l— €

K +2e K_+ 2e T K+ 2¢
m m m

(16.27) 13 (x-y)Il = > 1-8.

This completes the proof. [

The conclusion can even be strengthened to superreflexivity, as we

now show.
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COROLLARY 16.5. Let X be a Banach space and suppose that GX(S) > 0 for some

0 < € < 2. Then X is superreflexive.

PROOF. Suppose not. Then there exists a non-reflexive Y such that Y £ X. By

Theorem 16.4, GY(n) = 0 for all 0 < n < 2. Hence, since the number 6X(€) is

positive, there exist Yq1Yy € Y satisfying
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P!
by 00y} <1, ly-y,l > and 1 - “T‘

A suitable isomorphism T: sp{yl,yz} > X now yields elements x; := Ty,,

< Gx(e).

Xy 1= Ty2 in X satisfying
x1+X2
bx 0, 0x)d < 1, Bx-xyl > e and 1 - “T" <80,

contradicting the definition of §. 0
In conjunction with Theorem 15.5, Corollary 16.5 leads to

COROLLARY 16.6. A Banach space X is superreflexive iff X has an equivalent

norm ll <l satisfying § (e) > 0 for some 0 < € < 2, i.e. such that

(x, 001

(X,m Iy is uniformly non-square.

NOTES. Theorem 16.4 was proved by R.C. JAMES in [52]. Corollary 16.6 is also
due to R.C. JAMES (see [54]), modulo P. ENFLO's result ([33]). The main re-
sult Theorem 16.4 can be restated as follows: %; < X for every non-reflexive
space. The so-called Ri—problem is a direct generalization of this: If X is
non-reflexive, is it true that Ei < X for all n € N? This question was
raised in [52] by R.C. JAMES. In the same paper he proved that the answer is
positive for all non-reflexive spaces having an unconditional basis. However,
he has shown recently ([57]) that in general the answer is negative, by the
construction of a non-reflexive space X which is uniformly non-octahedral,
i.e. 2; 4 X. There are some partial positive results for special classes of
non-reflexive spaces. E.g. if X**/1TX is non-reflexive, then 21 < X. For the

3
proof of this and similar statements for arbitrary n € IN we refer to [22].



17. GIRTHS OF UNIT SPHERES AND
FLAT BANACH SPACES

We introduce in this section a geometric parameter for Banach spaces
called the girth of the unit ball. It is the infimum of the lengths of all
closed curves vy in SX which are centrally symmetric (i.e. x € y iff -xevy).
In the next section we shall connect girth and superreflexivity. It will be
shown that a space is superreflexive iff the girth of its unit ball is larg-
er than 4. If there exists on SX a closed centrally symmetric curve of
length exactly 4 (i.e. if the girth is 4 and is a minimum), then X is
called flat. The reason for the term "flat" will become clear in the course
of this section. Among other things we shall show that flat spaces have
non-separable duals which are also flat. In particular flat spaces are non-
reflexive. More strongly, it can be shown that they cannot be isomorphical-
ly embedded into any separable conjugate space. This last result follows
from a characterization of flat spaces as those spaces which satisfy the
so-called infinite supported tree property. This in turn will lead to a
result connecting flatness and superraflexivity: X is superreflexive iff
every space Y with Y < X fails to be flat.

In this section we lay the groundwork with some preliminary results on
girth and flatness. Connections with superreflexivity will be discussed in

the next section.

DEFINITION 17.1. Let X be a Banach space and let g: [a,b] > X be a contin-

uous map from a segment [a,b] ¢ R into X. The image y := g([a,b]) is called
a curve in X. g(a) and g(b) are called the initial and the endpoint of Y,
respectively, and g is called a representation or parametrization of y. If a
curve y has a representation g: [a,b] > X which is injective and therefore

a homeomorphism, then it is called simple. The length L(y) of a simple curve

with injective representation g is defined by

n
2 :=supl ] Mg(e)-g(e, I},
i=1
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where the sup is taken over all n € N and all partitions a = tO < t1 < ..
cee <t = b of [a,b]. Observe that 2(y) does not depend on the representa-

tion g, as long as g is injective. If 2(y) < «, then Yy is called rectifiable.

REMARK 17.2. We shall work only with simple curves in these notes. Of course
a simple curve has numerous different parametrizations. We single out a
special one, called the standard representation (in terms of arc length), as
follows. Let g: [a,b] » X be an injective representation of a simple curve
Y. Let us consider the function h: [a,b] = [0,2(y)] defined by h(t) =

= 2(g(La,t])), a £ t < b. Since g is injective, h is strictly increasing.

It is also continuous. In fact the continuity from the left is obvious and

the continuity from the right follows from the formula
2(y) = 2(g(fa,t])) + 2(g([t,b])) (a £t <Db)

and the obvious right continuity of t -+ &(g([t,b])). Thus h is a homeo-

morphism. Now the representation

9, = gh_lz [0,2(v)] »x

is called the standard representation (in terms of arc length) of y. It is

evidently characterized by the property that

IA

(17.1) z(gy([a,s])) =B-o for all 0 < a < B 2(y).

DEFINITION 17.3. Let X be a Banach space with dim X > 2. For every X € SX

let m(x) be the infimum of the lengths of all simple curves on SX with

initial point x and endpoint -x. Put
m(X) := inf{m(x): x € SX}.

The number 2m(X) is called the girth of B, (or of X). Clearly 2m(X) can be

X
defined alternatively as the infimum of the lengths of all curves y=g([la,b])

on Sx which are closed (i.e. g(a) = g(b) in the only multiple point) and

centrally symmetric (i.e. x € y iff -x € y). This better explains the term
Ilgirtl.lll .

EXAMPLES. (a) Let X be Rz with a parallelogram as its unit sphere. It is not
difficult to see that m(x) = 4 for all x € SX’ so that the girth of X is 8.

In fact there are only two simple curves on S, connecting x and -x and the

X
length of each of them is one half of the perimeter of the parallelogram.
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(b) If X is Eg with an affinely regular hexagon as its unit sphere, then it

is easily seen that m(X) = 3 and therefore the girth of X is 6.

REMARK 17.4. It is possible to show that for every 2-dimensional Banach

space X we have 3 < m(X) £ 4 and that m(X) = 3 iff is an affinely regul-

ar hexagon and m(X) = 4 iff Sx is a parallelogram. Axconsequence is that
for every Banach space X (of finite or infinite dimension 2 2) we have

2 £ m(X) £ 4. In fact 2 £ m(X) is a trivial consequence of the triangle in-
equality and m(X) < 4 follows because m(X) < m(Y) for every subspace Y < X,

and m(Y) £ 4 if dim Y = 2, by the above.

DEFINITION 17.5. A Banach space X is called flat if there exists an x € Sx

and a simple curve Yy on S, with initial point x and endpoint -x and with

X
length 2(y) = 2. Such a curve is called a girth curve.

It seems to contradict our geometric intuition that such a curve should
ever exist. In fact no such thing is possible in a finite-dimensional space
as we shall soon see. But even for infinite-dimensional spaces the phenome-

non of flatness may be quite surprising. Here is an example.

EXAMPLE. Let X be C([0,1]) and let us define for each s € [0,2] a function

X, € X by
2t + (l-s) if 0 <t < ;
xg (€)= s
-2t + (1l+s) if 5 <t < 1.
One easily checks that Hxs" = 1 for all s ¢ [0,2], "xsl—x52“ = Isl—szl for
all S118, € [0,2], and Xy = -%,. Thus g: [0,2] » X defined by g(s) = X

(0 £ s £ 2) is the standard representation of a simple curve on SX with

length 2, joining the antipodal points Xg and Xg- Therefore C([0,1]) is flat.

We now investigate flatness more thoroughly. Let X be a flat Banach
space and let g: [0,2] - X be the standard representation of a girth curve.

Then, by (17.1), for any 0 < s < t £ 2,

2 = lg)-g2)l < lg0)-g(s)l + lg(s)-g(t)l + lg(t)-g(2)1l

IA

s + (t-s) + (2-t) = 2

and therefore

(17.2) lg(s)-g(t)l = |s-t| for all s,t e [0,2].
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For each t € [0,2] let f*(t) € x* be a support functional at g(t), i.e.
(17.3) <g(t),£7(t)> = I£5 ()l = 1.

By (17.3), (17.2) and g(0) = -g(2) we have the following inequalities for
all s,t € [0,2]:

(17.4) l<g(s), £ (£)>=1] = |<g(s)-g(t), £ (£)>] < lg(s)-g(t)l = |s-t[,

and

I

l<g(s)+g(t),£7(£)>] < lg(s)+g(t)l
lg(s)y-g)I + lg(2)-gt)l = s + (2-t)

[<g(s), £ (£)>+1]

A

(17.5)
lg(s)-g2)l + lg(0)-g(t)l = (2-s) + t.

It follows from (17.4) and (17.5) that
(17.6) <g(s),£°(t)> = 1~ |s-t| for all s,t e [0,2].

This equality (17.6) will be useful in the proof of the next theorem
characterizing flat Banach spaces as those possessing a certain special tree

property which we now define.

DEFINITION 17.6. A Banach space X is said to have the infinite supported

tree property (ISTP) iff there exists a subset T = {xk .o k=1,2,...;
. k * ! k
i=1,...,2"} of Sy and a subset {xk,i: k=0,1,...; i=1,...,2"} of S
such that

X*

. k
(17.7) xk,i = %(xk+1,21—1 + Xk+1,21) (k =1,2,...; i=1,...,27)
and such that
) s 11 3 212—1
Fi* T
*
(17.8) <X, . X . > =
kyrdy " kyedy 2,1 ig-1
+1 if
Ko+l T KR
kl k2

(k1 =1,2,...; k2 =0,1,...; i1 =1,...,2 ;i

(17.8) means that T is "supported" by two hyperplanes in the following
sense: each point Xk1 i either lies in one of the two hyperplanes
’

{x: <x,x; =1}, {x: <x,x;2,i2> = -1} (namely, whenever k1 > k2), or,

20ip
by (17.7), is a finite convex combination of points that do.
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Note furthermore that (17.7) and (17.8) imply that T is a (»,2)-tree,
k * *
. + : =
since, for any k+1 ¢ N and i € {1,...,2 }'<x]+1,2i—1’xl,i>' Xer1,2i%%,1

= - I =
1, so that Iy oy g =%y 040 = 2
THEOREM 17.7. A Banach space X is flat iff it has the infinite supported

tree property.

PROOF. Suppose first that X is flat. Let g:. [0,2] > X be the standard repre-
*
sentation of a girth curve and let £ : [0,2] - x* be as in (17.3), so that

(17.6) holds. Put

(17.9) X, = 2k[g(ii}> - g(ii>] (K =1,2,000i i=1,...,25.
' 2

It is immediate from (17.2) that "xkbi" = 1. Also (17.9) implies that
r

_ k[ (2(1-1)) (21-1)] k[ (21—1) ( 2i )] _
=29 —)-g + 27 g - g =
k, i KL K+l K+ K+l

).

I
I

=305, 0501 * Xy, 0

Finally, let us define

k+1

* 2i-
Xy e f*(—i—1> (k=0,1,...;4=1,...,25.
2

Then (17.6) yields

1 ey = D) - ()G -
. r . - - ’ - -
kl’ll 2,]_2 2 1 2 1 2k2+1

i 2ig-1
-1 if < g
AP

2i, -1 i, -1
2 1
+1 if ——— < —

We have thus proved that X has the ISTP.

Conversely, suppose X has the ISTP. Let {xk I k=1,2,...;
, k * . ! k .
i=1,...,2}¢c Sx and {Xk,i: k=0,1,...; i=1,...,27} c SX* be as in

Definition 17.6. Repeated application of (17.7) shows that, for all p = k,

- - - i =3 k
(17.10) x4 = == ) Xp,5 K= 120 i =120,
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We now define g: {j/Zk: k=0,1,...; j=0,...,2 k+1} -+ X as follows:
) : : 2k2+1

(17.11) g() = - — i o+ L,
K JH L 41, I e, i

where, of course, one of the sums may be empty. It follows from (17.10)

that g is well defined, meaning that the value gfg—) does not depend on

k
j 2
the representation of ;iu Also clearly g(O) = -g(2), and obviously
2
"9( )" < 1. We show now that in fact Hg( )H = 1.

k+1} then for every % € N,

Indeed, if we fix k ¢ N and j € {1,...,2
by (17.10) and (17.11),

2k+IL+1

2
3j je2 1
g(——> g( ) - Z L — ) ox ..
2k 2k+Il, 2k+2+1 121 k+Z+1,1 2k+l+1 i=j2£+1 k+2+1,1

(17.8) implies that

. 1 ifie {1,...,5.2%1)
Hprpt, i ka1, 50287 T

#1 if i e {§e2%1,..., 28
2
> - =
Thus <g(2 ) xk+l+1'3 20> = } prrsrT Consequently, 51nce ka+l+1 -2£" 1,
"9(2k)" < 1 and since % € IN was arbitrary, we have Hg( )H = 1 for
j = 1,...,2k+1, and, of course, also for j = 0 because g(O)" = lg2)l.
We now estimate "g( 1) (]2]" for 0 < j, < j, < 2k+1 using (17.11):
2k K 1 %92 ' 1)
. J .
iy 2 3om3y
N\ k+1 T A
2 i=j 41 ’ 2

This shows that g is Lipschitz continuous with constant 1 on its domain of
definition {;%1 k=0,1,...; j = O,...,2k+1}. The unique continuous exten-
sion to [0,2] of g is then again Lipschitz continuous with constant 1 and
satisfies lg(t)l = 1 for all t € [0,2]. Since, moreover, g(0) = -g(2),

g: [0,2] - X is the standard representation of a girth curve. This completes

the proof that X is flat. [

REMARK 17.8. The following weaker property is called the infinite supported
tree property by R.E. HARRELL & L.A. KARLOVITZ ([43]): There exists a 6§ > 0

. k *
and subsets {Xk,i: k=1,2,...; i=1,...,2"} of By, and {Xk,i: k=0,1,...;

is= 1,...,2k} of B, , such that for all appropriate indices

X*
-1
i 21,0601 T Fxan, 21

and
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i 2i,-1
1 2
-8 if - < AT
x * s - 2 1 2
’ . =
1t XkZ,lZ 2i,-1  i,-1
1 2
§ if < .
k¥ )

A slight modification of the above proof will show that this property
characterizes those Banach spaces that are isomorphic to a flat Banach space.
We shall not need this here and therefore omit the details. One consequence
we would like to mention though. We have already remarked that separable
dual spaces admit no bounded (»,e)-trees (Remark 11.7). Since the ISTP as
formulated in this remark implies that the set {xk,i: k=1,2,...;

i= 1,...,2k} c Bx is a (»,28)-tree (compare the observation directly °
preceeding Theorem 17.7), it follows that a flat Banach space cannot be iso-
morphically embedded into a separable dual space. In particular a flat space

is not reflexive. This last fact is also a simple consequence of Proposition

17.11 below.
Our next result is that flatness is preserved under duality.

*
PROPOSITION 17.9. If a Banach space X is flat then so is its dual X .

PROOF. Let g: [0,2] + X be the standard representation of a girth curve and
* *
let £ : [0,2] > X be as in (17.3). For every s € [0,2] and n € N we define

[ns] . 2n .
(17.12) gz(s>=%(— I + ) f*(3’>'

i=1 i=[ns]+1

where [ns] denotes the largest integer < ns. Clearly | *(s)" < 1 and
9n

g:(O) = —g:(2). Using the w*—compactness of BX*’ let g*(s) be a w* limit
point of {g;(s)}:=1, for each s ¢ [0,2]. Then evidently g (0) = -g (2) and
“g*(s)" < 1. We show now that in fact "g*(s)" =1 (0 £ s £ 2). To see this,
let s € [0,2) be arbitrary and let 0 < g < 2-s. Then, putting
X, 1= é(g(s+e)— g(s) ), we have "xg" =1, by (17.2). Also it follows from
(17.6) that
-1 if % <s
* i i
x_, £ ()> = 1 if L2 s4e

> -1 otherwise.

Therefore
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N 1 [ns] [n(s+e)] ‘i 2n
X Lo (s> = o= ) -+ ] £ G ) (1))
en EAE] i=[nsJ+#1 & ' i=[n(s+te) ]+l

v

= 1-g - ! (n=1,2,...).
n n n

1_(sz_<§_+e_>l_—_t_ns.1>21_g.e_+1

Hence <x€,g*(s)> 2 l-e. Since € > 0 can be taken arbitrarily small and
* *
Hg*g)ﬂg 1, h%"=1,itfoﬂowsﬂmthg*m)H=1(OSs<2).Shmeg (0) = —g (2).
we now have "g*(s)" =1 for all s € [0,2].
Finally we estimate "g*(sl)— g*(s2)ﬂ for 0 < s, <s, <2, using (17.12).

1 2
For all n € N

[ns.]
2 .
Hg;(sl)— g;(sz)ﬂ = é%—" z f*(ﬁ)" < %([nsz]—[nslj)s sz—sl+%.
i=[nsl]+1

*
Since g*(sl)-g*(sz) is a w' limit point of {g;(sl)—gn(sz)}, it follows that
*
"g*(sl)—g*(sz)" < s,-s,. Together with g*(O) = —g*(2) and g (s)I =1
(0 £ s £ 2) this shows thath*: 0,21 ~ X* is the standard representation of

*
a girth curve. Thus X is flat. [

REMARK 17.10. There is no converse to Proposition 17.9. Indeed, 2w= (L)
is flat (since it contains the flat space C([0,1]) isometrically, see
Proposition 0.17), but 21 is not flat. In fact we have even seen that 21,
as a separable dual space, does not have the infinite tree property (Remark

11.7), let alone the infinite supported tree property.

We have observed in Remark 17.8 that a flat Banach space cannot be
embedded into a separable dual space. Together with Proposition 17.9 this
implies that the dual of a flat space is non-separable. This can also be

seen directly in a simple way.

PROPOSITION 17.11. Let X be a flat Banach space. Then X* is nonseparable.

PROOF. Let g: [0,2] - X be the standard representation of a girth curve and
let £: [0,2] -~ X" be as in (17.3) . It suffices to show that

1% ()£ (£)] = 2 for all 0 = &, < t, < 2. Since I£" (1)1 = 1 for all

t ¢ [0,2], we have "f*(tl)—f*(t2)" < 2. Equality follows by taking

X = EE%EI{gitz)—g(zl)} and observing that, by (17.2), Ixl = 1 and, by
(17.6), <x,f (tl)—f (t2)> =-2. O

COROLLARY 17.12. A reflexive Banach space X is not flat.
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PROOF. Suppose that y is a girth on SX. Application of Proposition 17.11 to

the flat separable reflexive space Y := sp y yields a contradiction. [

The following result justifies the term "flat". It says essentially
that every point of a girth curve is contained in a large flat area in the
unit sphere. Before stating it we introduce some notation.

Let g: [0,2] - X be the standard representation of a girth curve Yy on

X
Ag(s,h) by

S,. For every s € (0,2] and h ¢ (0,s] we define the difference quotient

By(s,h) = n" Y (g(s-h) - g(s)) .

Furthermore, for each s € [0,2] we define the chord set of g, denoted by

x(g,s), by
ﬂgﬁ):=Egﬂ-%ﬁtm):O<hStSs}U{Agwﬂn:O<thGS2—ﬂ).

If s = 0 (respectively, s = 2), the first (respectively, the second) set on
the right is empty. In words, X(g,s) is formed by taking all chord vectors
of y whose initial and endppints both lie on one side of g(s) and which
point towards g(s), normalizing them and forming their closed convex hull.

Finally, £ : [0,2] + X" is as in (17.3).

PROPOSITION 17.13. Let X be a flat Banach space and let g: [0,2] -+ X be the

standard representation of a girth curve Yy on SX. Then for each s € [0,2]
(17.13) g(s) € x(g,s) © {x: <x,£ (s)> = 1} n Sy
Moreover, for every y € x(g,s),

(17.14) sup ly-xl = sup lx-zIl = 2,
xex (g,s) x,zex (g,s)

i.e., diam x(g,s) = 2 and each point of x(g,s) is a diametral.

Finally, if X = EEAy, then
(17.15) closed affine hull x(g,s) = {x: <x,f*(s)> =1}.
PROOF. It is immediate that, for 0 < s < 2,

2_
—§§-A9(2,2—s) + g(—Ag(s,S)) = g(s),

so that g(s) € x(g,s). Similarly
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g(0) = 3(g(0) -g(2)) = 84(2,2) € x(g,0)

and

[

g(2) = -3(g(0) -g(2)) = -Ag(2,2) € x(g,2).
Since also, by (17.6),

-1 if t

IA
0]

(17.16) <A (t,h),£ (s)> =
9 +1 if s < t-h,

it follows that x(g,s) < {x: <X,f*(s)> = 1}. Therefore, since l£ ()l = 1,
we must have lxl = 1 whenever x € x(g,s). This finishes the proof of (17.13).

To prove (17.14), let us first observe that, whenever 0 < h' < h < s,
(17.17) Ag(s,h) = (h—h')h_lAg(s—h',h—h') + h'h_lAg(s,h').
Using (17.16) and (17.17), we obtain, whenever 0 < h' <h <t <s < 2,

<-Ag(t,h),f*(s—hF)> = (h-h')h_1<—Ag(t—h',h-h'),f*(s—h')> +
(17.18) + h'h_1<—Ag(t,h'),f*(s~h')> -

1 1

-h'h" A,

(h-h")h~
with |A| < 1, and, whenever O0<h' < h £ t-s £ 2-s,

<Ag(t,h),f*(s—h')> = (h—h')h_1<Ag(t—h',h—h'),f*(s—h')> +

! L _
(17.19) + h'h <Ag(t,h'),f (s=h")> =

(h-h)h~! + h'n7L.

Hence, for fixed s € (0,2] and any y ¢ {-Ag(t,h): 0O<h<t<s}lu
{Ag(t,h): 0 <h £ t-s < 2-s}, we obtain from (17.18) and (17.19),

lim <y,£" (s=h')> = 1.
h'>0

Obviously the same then holds for all y € x(g,s), since f* is a bounded

function. Thus

(17.20) lim <y,f*(s—h')> =1 for every s € (0,2] and y € x(g,s).
h'->0

Hence, if s € (0,2] and y € x(g,s), by (17.16) and (17.20),
"y-—(—Ag(s,h')" 2 <y,£ (s-h')> + <Ag<s,h'),f*(s—h')> =

= <er*(S-h')> + 1+ 2 as h' »> 0.



205

Since —Ag(s,h') € x(g,s) for 0 < h' <s, this shows that sup{ly-xl:
x € x(g,s)} 2 2. On the other hand, x(g,s) c By, so that sup{lly-xl :
x € x(g,s)} £ 2. This proves (17.14) for 0 < s < 2. Since also x(g,0) =
-x(g,2), this finishes the proof of (17.14).
Finally, assuming that X = EE-Y, it follows, using g(0) = -g(2), that

X = E{Ag(t,h): 0 <h<t<2}. Fixs e [0,2].

It is easily verified by means of (17.17) that any Ag(t,h) (0 <h<=<t«<2)
and therefore any x € sp{Ag(t,h): 0 <h £t £ 2} can be written as a linear

combination of elements from the set
A := Fﬂdtm):0<h£tSs}U{A€tm):0<hStG52-ﬂ.

Thus sp A is dense in X. Since, by (17.16), f*(s) is identically 1 on A, it
follows that an element x € sp A satisfies <x,f*(s)> =1 iff x € affine
hull A. By the continuity of f*(s) and the density of sp A, (17.15) now
follows. 0O

NOTES. The concept of girth was introduced by J.J. SCHAFFER in [90], and
studied thereafter in sevefal other papers. The monograph [91] contains a
systematic account of the present knowledge about girth and other geometric
parameters in Banach spaces. The statements made in Remark 17.4 are proved
in [90]. Flat Banach spaces were first defined and studied by R.E. HARRELL
& L.A. KARLOVITZ ([41],[42]). Flatness of C([0,1]) was observed in [41].
Theorem 17.7 is a modification.of the main result in [43]. Propositions
17.9 and 17.11 are due to L.A. KARLOVITZ ([65]) and Proposition 17.13 to
R.E. HARRELL & L.A. KARLOVITZ ([42]).






18. SUPERREFLEXIVITY, GIRTH AND FLATNESS

We prove two main results in this section. The first characterizes
superreflexivity in terms of girth. It says that a space is superreflexive
iff the girth of ‘its unit sphere is larger than 4. The second connects
superreflexivity (or rather its negation) with flatness: a space X is not
superreflexive iff there exists a flat space Y which is finitely represent-
able in X.

We have seen (Theorem 16.4) that a non-reflexive Banach space X fails
to be uniformly non-square (i.e. GX(E) = 0 for all 0 < € £ 2). The princip-
al ingredient of the proof of the first main theorem is a strengthening of

the result just quoted. We need a definition first.

DEFINITION 18.1. Let X be a Banach space and let n € N and p € (0,1) be

arbitrary. We say that X has the property Jn 0

iff there exist Kyre-earX € B
, n

X
such that for all j =0,1,...,n,

L
21 ot )Looxd>en

k=j+1

(18.1) II-
k
where for j = 0 (respectively, j = n) the first (respectively, second) sum
is interpreted as 0. If Jn 0 holds for all p € (0,1), we say that X has the
’

property Jn. Similarly, X is said to have the property J iff it satisfies

Jn for all n € WN.

EXAMPLES . g has the property J, since for every n € N and j ¢ {0,1,...,n}
1-y3 n I = ; ;

we have =1 Sk + zk=j+lekl n. Also o has J. Indeed, if for fixed but

arbitrary n € N we define the vectors xl,...,xn by

x = (1,...,1,:£LL;;L:3,O,O,.;.) (k =1,...,n),
n-k

then it is easy to see that "—Zi=1 X+ Z£=j+1 xk“ =n for all je {0,1,...,n
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One should observe that J2 is nothing but the negation of "uniformly
non-square", so that Theorem 16.4 can be reformulated by saying that a non-
reflexive Banach space satisfies J2. Using the method of proof of Theorem

16.4 we shall now generalize this as follows.

PROPOSITION 18.2. Every non-reflexive Banach space satisfies J.

PROOF. Suppose X is non-reflexive and let us fix m € N and p € (0,1) ar-

bitrarily. It suffices to show that Jm 0 holds. Using the notations intro-
4

duced in the proof of Theorem 16.4, we may write (16.16) as

(18.2) lim sup Kn—l = 1.

n-o K
n

Choose n, € IN such that Kno—l/Kn > p. By (16.4) there exists a seguence
* 0
{xj} < Sy« satisfying
Kng-1 .
—_°__9_7F_“ > p,
K(n,;{x.})
0’ "3

so certainly

K(n,-1; {x:})
n.-1; .
(18.3) —0 " J ..

*
K(no;{xj})
We now pick T > 1 such that

K(n,-1; {x:})
(18.4) 0 3 > sz.‘

*
K(no;{xj})

*
no,{xj} and T are kept fixed throughout the rest of this proof. Next we

select 2n0m distinct natural numbers pt (k =1,...,m; 2 = 1,...,2n0) so that
1 2 3 m 1 1 2 2 m m 1 1 2 2
?1!91’]?1""Ipllllep3lpzll)3l'"Ipzlp3l p4lpslp4lp51""
M Zm
1 1 2 2 m m
(18.5) ot PoirPoii1Ppi tPoi a1ttt Py Py
2m

Pl Pl Pm Pm Pl 92 P Pm
.o 0 ey - 1! 4 AN
2no 2 2no 1 2n0 2, 2no 1 ‘ 2n0, 2n0 2n0 2n

«

0

S

2m m

represents not only the order of choice but also the order of magnitude of
these numbers. We take care to choose them in such a manner that the follow-

ing conditions are satisfied:
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*
(a') R(pl,...,p2n {x }) < TK(n {x }) for all k =1,...,m
1 1
(') R(pl,pz,p3,p4,---,p21 1,921,-.-,p2n0_3,p2n0_2.{x DERS K(n -1, {x hH
k+1 k ~k+1 +1 k
(c") R(E{ P Ip5 P4 I---rplél 1IP21 21---IP2n0_ :Pzno_zl{x R
T K(n -1; {x }) for all k = 1,...,m-1.
The p0551b111ty of satisfying these conditions is immediate from the defini-
tions of K(no-l {x h, K(n {x;}) and the fact that in the sets
R(ewoun ,{x }) of (a ), (b') and (c') the order of the p's is that of (18.5).

It is clear from (18.5) that [p21 1,p; ]c [pg. ,pgi] for all

i-1
i= 1,...,n0—1 and k = 1,...,m and this implies that for all k = 1,...,m,

k k * m_ 1 m_1 m 1 *
(18.6) S(pl,...,pzno;{xj}) c S(pl,pz,p3,p4,...,p2n0_3,pzn0_2r{xj}).

2+1

Similarly (18.5) yields that [p2 i+17P2; ] c [pgi_l,pgi] for all 1<4<k<m

and i = 1,...,n,-1, so that, for all 1 £ ¢<k<m,

0

2 2+1 2 4+l 2 2+1
(18.7) S(Plr---lpz ,{X }) < S(p3,p2 IP51P4 r---erno 1:P2no ZI{X })
on the other hand it follows from (18.5) that [ L g L ]

. Poi+17P2j Poi+17P2i42
for all 1 £k £ 2 <mand i = 1,...,no—1, whence, for all 1 <k £ % < m,

2 2+l 8 2+l 2 2+1 *
(18.8) —S(pl,...,pzno,{x }) < S(p3/p, Pg/Py ,....p2no_1,p2n0_2;{xj}).

By (a') there exists, for every k = 1,...,m, an element

k k * . .
u € S(Plr---,pzno;{xj}) satisfying
(18.9) ||u I < ‘[’K(nO,{x }) (k = 1’...'m).

In virtue of (18.6), u € S(pT ;{x;}) for all k=1,...,m,

1 m 1
'P2""'92n0—3’92n0-2
whence, by the convexity of the latter set,

m

-1 m 1 m 1 *

m z € S(P.1Pyree-/P _q1P iz .
WLk 1'P2 2n-3"P2n 27 1%

Condition (b') now implies
m -1, m
-1 -1 *
m ||} u |=m Il- Y u | = 1 "k(n,~1;{x.}).
k=1 X k=1 % 0 J

Similarly, it follows from (18.7), (18.8) and the condition (c') that,
for all 2 =1,...,m-1
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v

-1 3 m
(18.11) m o |[-] uw+ ] ou

} T—lK(nO—l;{xf}).
k=1 k=2+1 J

l
Finally, let us define

u
S S (k = 1,...,m).

x *
TK(nO;{xj})

k H
Then kaﬂ <1 for all k = 1,...,m, by (18.9), and it follows from (18.10),
(18.11) and (18.4) that, for all j =0,...,m
. -1 *

T K(no—l;{xj})

m
-3 %+ 1 xll = m  om.
k=1 K k=j41 ¥ TK(nO;{x;})

[\

This concludes the proof that X has Jm o ]

’

The next step towards the main Theorem 18.6 consists in showing that

J is equivalent to the property m(X) = 2.

PROPOSITION 18.3. Let X be a Banach space and let n € N and p € (0,1) be

arkbitrary. Then
-1
i m(X) < 2 = X has J :
(i) (X) P n,p B
(ii) X has I 0 and pn > I'= m(X) < 2(p-n 7) .
’
Hence X has J iff m(X) = 2.

PROOF. The last statement is an immediate consequence of (i) and (ii).

(i): Suppose m(X) < 2p-1. Then there exist an x ¢ S_ and a simple curve Yy

X
on Sy joining x to -x such that & := L(y) < 2p~1. Let g: [0,2] =~ S, be the
standard representation of y and let us put
k | F—
X i= g(EQ) (k = 0,...,n)
and
= ok -x ) (k=1 )
Y 77 % k-1 = treee,n.
Then x = Xgr =X = X and
k k-1 n, k (k-1)
= DlgSe) - gCE=2ep)l < B(Seg - &2l gy o = ..
(18.12) IIyk g G -9+ wlh < z(n [J - 1) =1 (k = 1, ,n)
Furthermore, since xn = -X5, we have for all j = 0,...,n,
_ § v+ g y. = 2n <
f = T T Sar
k=1 K g=ger K v

whence



211

3 g 2n 2n 2n
(18.13) ”._.E Y. + ; Yy ” = ——“x" = — > — = P_ .
k=1 X k=341 ¥ 273 oot

(18.12) and (18.13) prove that X satisfies Jn 0*

’

-1
(ii) : Suppose that Jn 0 holds and that pn > 1. Let us put u := (pn-1) and

14

let XireeesX € BX satisfy (18.1). We now define Yyreser¥y by

n

-1
y. = u(— } + ) x, ) (3 =1,...,n),
J kZ1 x k=§+1 L '

and show. that the polygon p with vertices Ygre-1¥, lies outside BX‘ Indeed,
a point of a segment [yj—l’yj] (j =1,...,n) is of the form ij_1+-(1—k)yj

with O £ A £ 1 and we have on the one hand

n-1 n
(18.14) Ao+ (1-0)y, = A(n ) x) + (1-Mu ) x =
k=1 k=2
n
=u( L % - (1-0x; - Ax)

k=1
and on the other hand, for all j = 2,...,n,

I ) T
u(=x ) x_ + A - (1= x, +
k=1 ¥ k=3 " k=1 *

AY . + (1-N)y.
Yiq ( )yJ

n
(18.15) : + (1-2) ) %) =
' k=j+1
T oaer
= u(- x, + x - (1-M)x, + Ax._,).
k=t * kg F i

By the choice of KyreeerXy it follows from (18.14) and (18.15) that, for
all j=1,...,n,

Iy g+ A=2ygl > wlen=- (1-2) - 1) = ulen-1) = 1.

Thus p lies outside BX' Furthermore, it is readily seen that ¥Y17Yy =

u(xn—xl) and yj-yj_1 = —u(xj_1+xj) for j = 2,...,n. Hence for the length of
p we find

1 -1

L(p) = 2y = 2np = 2n(pn-1)"F = 2(p-n" ) .

It~
Il e~

ly.-y. I <
¥37¥5-1

j=1 j=1

We have now shown that the antipodal points Yo and Y, = 7Y with norm > 1

can be joined by a curve p in X\BX with 2(p) < 2(p—n—1)_ . One is inclined
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to regard it as geometrically obvious now that m(X) = 2(p—n‘1)_1. A proof
by radial projection of p on SX is incorrect, however, since radial pro-
jection may increase distances (cf. [89]). A correct but surprisingly

awkward proof is given in the next lemma.

IEMMA 18.4. Let X be a Banach space, x € X, Ixl > 1, and let vy be a simple
curve in X\int BX with initial point x and endpoint -x. Then there exists

ay e SX and a simple curve Yq in S, with initial point y and endpoint -y

X
such that 1(y1) < 2(y).

PROOF. a) Let g: [0,2(y)] -+ X be the standard representation of y. We may
assume that x,-x is the only antipodal pair on y. Putting d := min{lxl :

X € v}, éy contains a point y with Iyl = 1. Suppose y = ég(tl). Then

Yo = é(g[tl,l(y)] u g([O,t1])) is a curve in X\int By which can be repres-
ented as a simple curve with initial point y and endpoint -y and with

Rlry) = 32N < 2.

b) Let 90° [O,Q(YO)] -+ X be the standard representation of Yo- The set

{s e [O,Q(YO)]: "go(s)" > 1} is open and contains neither 0 nor %(yy) and
is therefore the union of countably many disjoint open subintervals of
(0,2(yy)). Let (a,b) be such an interval. Then "go(a)" = "go(b)" = 1. We
now wish to replace the part go([a,b]) of Yo by a curve in Sy with the same
initial and endpoint and with length < Z(go([a,b])) = b~a. Doing this for
each one of these disjoint intervals (a,b) and pasting the replacements
together yields the desired curve Yq in S, connecting y and -y with length

Llyy) = &lyy) < 2(y).

X

c) Let us concentrate on go([a,b]). Pick sg € (a,b) arbitrarily and consider

the function f: (so,b] -+ IR defined by
f(s) := min{lxl: x € [go(so),go(s)]}

(Ly,z] denotes the line segment joining y to z). £ is continuous, £(b) < 1
i I I = i = i
(since lgg (b) 1) ands%g% f(s) "go(so)" > 1. Hence there exists an

s € (so,b] such that f(sl) = 1. Let X € [gO(SO)'gO(Sl)] be such that

"X1" = 1. This means that the segment [go(so),go(sl)] is tangent to By at
xl, or that X = s1 = b. If 51 < b, we can repeat this process with 51 in-
stead of Sgr etc. Thus we find a finite or infinite sequence so< sl< 52< ..

.. £ b and points xl,x ;... such that

2

(18.16) x; € [gO(si_l),gO(si)] and "xi" =
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= min{lxl: x € [go(si_l),go(si)]} =1 (i =1,2,...).

The same procedure can be followed in the other direction, yielding sequen-

ces s, >s_, > s ... =2 a and XrX_q1X_oreee such that (18.16) holds for

0 1 -2
all i € Z. Observe that lJ'.‘_l)‘l"I; Sh = b (and similarly n]_.)i_lono s, = a) in the case

of infinite sequences, since

A

"go(sn)" < ﬂxn"+-"go(sn)—xn" < 1+—Hg0(sn)—go(sn_1)ﬂ <

A

1+ (sn—s ) > 1

n-1

as n > », We now replace all parts go([si_l,si]) of go([a,b]) by the
corresponding line segments [gO(Si—l)'gO(si)]‘ Clearly this decreases

lengths, and preserves initial and endpoints.

d) The resulting curve consists of pieces [xi,gO(si)] u [go(si),xi+1] with

X X4 €8y (e Z) (see picture). Fix i € Z . The intersection of Sy

with the triangle with vertices xi,xi

and gO(Si) is a plane curve o

+1

go(si)
1+1=zn
with initial point X and endpoint Xii1e We claim that
. < | -x. - I
(18.17) %(ci) go(si) x. 0+ ﬂgo(si) X4
Once this is proved, we are done, since then ¢ := igZ Oi is the desired

replacement of go([a,b]) with 2(0) < l(go([a,b])) = b-a. For the proof of

(18.17), let zO 1= X 0Z90Zgree 02 be any finite number of suc-

n *T ¥4l
cessive points on oi and let 23 be the intersection of the line through

z5_q and zy with [go(si),xi+1] (j =1,...,n). Repeated application of the

triangle inequality shows that
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- — _ "
"xi go(si)" + "go(si) z1" > "zo 21“ + ||z1 21"
- 1 - !
"z1 ziH o+ Hz1 zéﬂ > ﬂ21 z2" + sz z2"
- ! ] — > -
“zn-l Zn-l“ + ﬂzn_1 xi+1" > Hzn_1 znﬂ.

Adding these inequalities and subtracting the terms occurring on both sides,
yields

© n
"xi-gO(si)" + "gO(si)_xi+1“ > z ﬂzj_l—zj",

This proves (18.17) since {zl,...,zn} was an arbitrary partition of ;- If
the curve Yy is not simple, it can obviously be made simple be removing its
loops.

Since the polygon p in the proof of Proposition 18.3 can be assumed to
be simple, Lemma 18.4 is applicable with y = p and thus Proposition 18.3 is

now completely proved. [
One more lemma is needed for the proof of Theorem 18.6.

LEMMA 18.5. Let X be a Banach space and let 0 < € < 1, n € IN. Suppose
isey 1)0 - 2 -€) o
Xy X € BX satisfy Ek=1 xk“ > n-e£. Then "zk=1 kak" > (1-g) Zk=1 Yk

for all choices of YyreeerYy > 0, save Yy =Yy = eee =Y, S 0.

PROOF. Suppose that Yl""'Yn 2 0, not all 0. Defining

Yok = Vi (k = 1,...,n-1),
we have
Do <l T ml T o =0 3T voml
(n-e) ) vy, < X Y, = v. )x =
k=1 X k=1 X k=1 ¥ k=1 i=1 + K
3T =03 <1 § vl
= (2 vp)x = Yig: %0l < Y +
WLt TRt *x Lo il ket Tk e K%
) B i
+ ) v, dx I < v, x || + (n-1) Y, -
i=1 k=1 KLk k=1 KK k=1 ¥
Thus
T v ) )
Y, X > (n-g) Y, - (n-1) Y, =
k=1 KK k=1 X k=1 K
)
= (1-¢) v, . O
k=1 ¥
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THEOREM 18.6. Let X be a Banach space. Then X is superreflexive iff m(X) > 2.

PROOF. By Proposition 18.3 the following statement is equivalent to that in

the Theorem:
X not superreflexive < X has J.

Suppose first that X is not superreflexive. Then there exists a non-reflex-
ive Y with Y < X. By Proposition 18.2 Y has J. The finite-dimensional char-
acter of J and the definition of < imply that X has J.

Conversely, let X have J. We shall show that P, holds in X, so that,

2

by Theorem 15.5, X is not superreflexive. Since Jn 0 holds in X for all
’
p e (0,1) and n € N, there exists for every n € N and every € > 0 a system

{xl,...,xn} < By satisfying

”_kzl T k=§+1 xk” >oe (3=0,....m)

(take p = 1 = =). By the previous Lemma we then have, for all j = 0,...,n, and

€
n
> 0, not all O,

all YyreeorYy

-1 P vl )
- Y + Y, X > (1-€) Y, -
Koy KK k=j+1 K k=1 *

In particular it follows from this last inequality that

(18.18) dist(co{xl,...,xj},qo{xj+1,...,xn}) > 2(1-€)

for all j =1,...,n-1.

This proves P_,. Consequently X is not superreflexive. [

2

COROLLARY 18.7. The property "m(X) = 2" (and therefore also "m(X) > 2") is

an isomorphic invariant.
PROOF. Immediate, since superreflexivity is an isomorphic invariant. [

COROLLARY 18.8. P1 (resp. P2) is equivalent to the property obtained from
it by replacing "3de > 0" by "VO < g < 2",

PROOF. For P2 this is immediate from the proof of Theorem 18.6: we have in
fact proved that P2 implies, for every O < n < 2 and every n € IN, the

existence of {Xl""’xn} c B, satisfying dist(co{xl,...,xj},co{xj+1,...,xn})

X
>n for all j = 1,...,n-1.
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Now suppose P1 holds. Since P1 = P2 and for P2 the claim has been

proved, there exists for every 0 < € < 2 and every n € N a system

{xl,...,xzn} < B, satisfying

n
(18.19) dist(co{xl,...,xk},co{xk+1,...,xzn}) >¢ forallk =1,...,2-1.

But then T := {xl,...,x n} is an (n,e)-tree in By, since, by (18.19),
||x1-x2" N x3—x4|| peeel xzn_l—xzn" > g,

I3 - | 1 —- 1 > .
|2(x1+x2) %(x3+x£|,...,ﬂz(xzn_3+-x2n_2) 1(x n_1+x2n) e, etc
Thus we have shown that P, with "W0 < g < 2" holds. [

We now come to the second main theorem of this section, connecting

superreflexivity and flatness.

THEOREM 18.9. A Banach space X is superreflexive iff every Banach space Y

which is finitely representable in X, fails to be flat.

PROOF. Since a reflexive space is not flat (Corollary 17.12), the "only
if" part is trivial. It remains to be shown that if X is not superreflexive,
then there exists a flat Y with Y=< X. So suppose X is not superreflexive.
The idea of the proof is the following. We first show, using Theorem 18.6,
that X has a finite version of the ISTP. Then the argument of Proposition
15.6 yields a space Y with Y X X and Y héving the ISTP. This Y is flat
by Theorem 17.7.

We claim that X has the fqllowing property which we call the finite
supported tree property (FSTP):

For each n € N there exist a subset T = {xﬁli: k=1,...,n; i=1,...
..”2k}of)(mw.asumet{%zi:k=O,L..”n;i=i,”.Jk}ofX*sud1ﬂmt
for all the appropriate indices

n _ n n
(18.20) Xi = %(xk+1,21_1*'xk+i,2i)’

and -1 i1 212—1
< -1+n ifTSTiq-_—i-
2%1 2
(18.21)  <x® | ,xi* >
kyrdy Tkyedy 28 -1 i.-1
-1 . 2 1
> 1-n if —E—:T-s TE
22 2*1
and
) I 1 < L™ -
(18.22) Xk,i 1+n 7, Xk,i 1.

Indeed, since m(X) = 2 by Theorem 18.6, for any € > 0 there exists a

simple curve Y. on SX joining some X, € SX to its antipode X, with length
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Q(YE) < 2(1+e). Obviously, a representation ge: [0,2] » SX for Ye can be

chosen so that

(18.23) ge(O) =x_= -qE(Z)
and

(18.24) "ge(s)—gs(t)" < (1+4e) |s-t| for all s,t ¢ [0,2].
*

Let fe: [0,2] » Syx be such that

(18.25) <g€(t),f:(t)> =1 for all t e [0,2].

We have now, for all 0 < t,s < 2,

(18.26) 1- (1+e) |s-t] < <g€(s),f:(t)> < 1- (1+g) |s-t] + 2¢.

Indeed, by (18.25) and (18.24),

I<g_(s),£1(0)>= 1] = |<g_(s),£5(£)> = <g_(t), £ (£)>] <

(18.27)

IA

Ilgg(s)—gs(t)" < (1+€) |s-t|

and, using also (18.23),
<g (s), £ (£)>+1 = <g_(s)+g_(t) £ (£)> <
gg'8)ite = g8l ) =

(18.28) lg (s)-g_ () + g (2)-g (t) < (1+e)[s+(2-t)]
< lg (s)+g_(B)l < & € € €
€ € Ig_(s)-g_(2)1 + lg_(0)-g_(e)l < (1+e)[(2-s)+t].

From (18.27) and (18.28) formula (18.26) readily follows.

. . R 1 . *
Now, if n € IN is given, let us choose € < ;;EEIT-and, with ge and fe
defined as above, let us put

- i-hy L (A - D g = k
(18.29)  x ;=2 [gg(zk ) ge_zk)] (k=1,cen; i=1,...,29

and

n* .= f*(2i—1)

.o k
(18.30) Xk,i e kTl (k =0,1,...,n; i =1,...,27).

We claim that with these definitions (18.20), (18.21) and (18.22) are

satisfied. Indeed, for the appropriate k and i,

B2 ok (2mr) o (2im0\], K[ (2i-1) 2i \] _
K, i I Sl Ie Sl 9e K Ie k1

)y

10 n
25001, 0i-1 7 ®ea1, 21
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n 1

Il
k,1

2
finally, by (18.26),

K i-1 2i-1 X i 2i-1
n n _ 551 1 *( 772 _ 51 1 ) *( 2 )>
Pyt T kpity 2 <g€(2k1 )'f5<2k2+1>> 2 <g€< k) Ee\ g

by (18.24)), 10

X,i = 1 by definition, and

o< 2k(1+s)JE <1+n

2 2
[k 2i -1 i -1 2i -1 i A -1
<2 1[1—(1+s)<—-ﬁgﬁ--—1—)+ 2e-1+ (1+s)<—k2—+1———-}—:—>]=—1—€+82 Met4n
<2 Skt K2 oK1
iy 2i,-1
ifxgs 1
\ k i -1 2i.-1 i, 2i.-1 k. +1 _
> 2 1[1-(1+8)C%:— "‘I?IT)' 1+(1+e)<—£;"-—E2:T>— 2€]= l4c-e2 1 21-nt
o1 22 2 1 9 2
. 2i-1  i-1
k2+1 k1 *
.

Having now verified the FSTP, we use the argument of Proposition 15.6 to
show that there exists a Y having the ISTP which is finitely representable
in X. This part of the proof may be sketchy since we have given complete
details earlier. Let Y be the linear space spanned by a sequence of inde-
pendent vectors ek,i (k =1,2,...; i = 1,...,2k). Applying a diagonal pro-
cedure, we may assume that for some subsequence {ng} of N and for every
finite set A of rational (and therefore also of real) numbers ak,i’

1im 1) o x'% | exists, as well as lim <x b >, for all (k,,i,)
> A k,l k,l 4 k ’ 17177

xng*
gre K111k, i
(k2,i2). (Note that for sufficiently large & all these elements are defined.)

On Y we now define a seminorm by

. e
(e ”fig;te "k ek'i” - iig” fig;te " Xk’i”'

Now consider the quotient Y = Y/N, where N = {y ¢ Y: Iyl = 0}. This

space Y is spanned by the images ék i of the ek i under the quotient map,
14 7

and is finitely representable in X (see the proof of Proposition 15.6). To

show that v has the ISTP, one first defines elements e* € Y*

k k,i
(k =0,1,...; i=1,...,27) by the formulas

* X nz ng‘*
<e . ,e ., > := lim <x LXK >,
kyrdy "Ry, Laasd 17t farty
(18.32)
*
< Y o . oe. . ose. L o>:i= ) A . ,<e. . ,e¥ . >
finite S17ty Kyl koedy finite K173 Kpeig' kKoedp
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It is readily seen that eachve; i annihilates N and therefore defines a
I
unique é; ; € 9*. Furthermore, by (18.20), (18.21), (18.22), (18.31) and
14
(18.32),
n
- 2
leX I < 14 Ix * I =
ek,i lim sup xk,i 1,
Q>0
)
le I = 1iml I <
i T FAmIR < L
n -n n
- ~ - 2 A L
- - I = 1iml - - I =
Vey, 17381, 21-172% 41,04 pmixe g B1,2i01 50,25 < O
i 2i -1
< -1 if *jL-S —~2——
* - kl k2+1
- % 1 n ny 2 2
<e . g€ . > = lim <x . s . >
RS TR SV P = P PR Ve 2i,-1  i-1
> 1 if —— < — .

ko+1 k
5 2 1

2

It follows that all these inequalities are equalities, and therefore the
elements {e, ,: k =1,2,...; i = 1,...,2k} and {é* Ltk =0,1,2,...;
,i k,i

i=1,...,2"} satisfy the ISTP for the completion ¥ of ¥. Thus ; is flat

and, of course, also finitely representable in X. This completes the proof. [J

NOTES. The property J was introduced and Propositions 18.2 and 18.3 were
proved by J.J. SCHAFFER & K. SUNDARESAN ([92]), while Theorem 18.6 is due

to R.C. JAMES & J.J. SCHAFFER ([59]). Corollary 18.8 was originally proved
by R.C. JAMES ([54]). The technical Lemma 18.4 can be found in [91].

Theorem 18.9 is due to D. VAN DULST ([30]). An interesting aspect of
Theorem 18.9 is that it shows the existence of certain unusual flat spaces.
E.g. if X is the uniformly non-octahedral space constructed by R.C. James
(pf. the Notes to Section 16), then by Theorem 18.9 there exists a flat
space Y such that Y < X. Since 2; ¥ X, it follows that 2; X Y. Also, by

the result from [22] mentioned in the Notes to Section 16, Y**/ﬂY is reflex-
ive. Another result connecting girth and superreflexivity was recently prov-
ed by A.J. Pach: every non-superreflexive space has an equivalent ﬁorm for

which there exists an x € SX with m(x) = 2 (cf. Definition 17.3).






19. OTHER SUPERPROPERTIES
EQUIVALENT TO SUPERREFLEXIVITY

If P is a property of Banach spaces, a space X is said to have super P
iff every Banach space Y with Y < X has P. Let us observe that if P implies
Q then super P implies super Q. In this section we discuss various properties
whose corresponding superproperties are equivalent to superreflexivity. For
our first result we rely on some known theorems whose proofs we do not give

here. They can be found in full detail in [27] and [28].

DEFINITION 19.1. A Banach space X has the Krein-Milman (K.M.) property iff

every closed bounded convex set in X is the closed convex hull of its

extreme points.

It is known that the R.N. property implies the K.M. property. In par-
ticular reflexive and separable dual spaces have the K.M. property (Remark
11.7). It is an open problem whether the K.M. property and the R.N. proper-

ty are equivalent. This equivalence holds for dual spaces. In fact we have

PROPOSITION 19.2. For every Banach space X the following are equivalent:

(1) X* has the R.N. property;
*
(ii) X has the K.M. property;

(iii) every separable subspace Y < X has separable dual.

Using this result, it is an almost immediate corollary of Theorem 18.9

that the corresponding superproperties coincide with superreflexivity.

THEOREM 19.3. For every Banach space X the following are equivalent:
(i) X is superreflexive;

(ii) X iIs super R.N.

(iii) X is super K.M.

(iv) X is super non-flat.

PROOF. Theorem 18.9 asserts that (i) < (iv). Also, since reflexive = R.N. =
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= K.M., we have (i) = (ii) =>v(iii). It therefore suffices to prove (iii) =
(iv). Suppose (iv) does not hold. Then there exists a flat space Y with

Y < X. By local reflexivity also Y** < X. Moreover, by Proposition 17.9

Y* is flat. Since every flat space has non-separable dual (Proposition
17.11), in particular Y* contains a separable subspace (the closed linear
span of a girth curve) with non-separable dual. Hence, by Proposition 19.2
Y** does not have the K.M. property. This completes the proof of (iii) = (iv)
and of the Theorem. [J

REMARK 19.4. We know that flat spaces do not have the R.N. property: By
Theorem 17.7 they have the I.S.T.P., while spaces with the R.N. property do
not possess bounded (»,e)-trees (Remark 11.7). It seems likely that every
flat space also fails to have the K.M. property, but we have no proof of

this. In [42] this is shown to hold under an additional hypothesis.

The remainder of this section is devoted to the study of several sum-
mability and ergodic properties of Banach spaces and a proof that all cor-
responding superproperties are equivalent to superreflexivity.

A real infinite matrix A = (aij) is called a convergence-preserving
method iff for every convergent real sequence {xn} the sequence
{Z§=1 aijxj}:=1 converges. It is not difficult to see that the following
are necessary and sufficient conditions for A to be convergence-preserving.

O RN

is bounded;

izt '
(o] .
o

(ii) | Z a,.}, , converges, say to o;

. ij i=1

j=1
(1ii) {aij}i=1 converges for every j, say to aj.

Also, if A = (ai.) is convergence-preserving, then it preserves limits
0

(i.e. %ig zj aijxj = %ig X for all convergent {xn}), iff, in addition,

=1
o =1 and aj = 0 for all j. A well known example of a method that preserves
convergence as well as limits is that of taking Cesaro sums:

for 3 =1,...,1

A= (a,.) with o,. =
1]

1
i
ij 0

otherwise.

Our first goal is to characterize reflexivity in terms of a summability

property. For this we need the following

DEFINITION 19.5. A real infinite matrix A = (aij) is called an R-matrix iff

it satisfies the following conditions:
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© .

(a) J a0  if i,
=1

(B) limo,., =0 for all j € WN.
i 1]

Condition (A) means that Z§=1 aij converges for every i and the sequence
{z;=1 aij}:=1 either diverges or converges to a limit different from O.

PROPOSITION 19.6. A Banach space X is reflexive iff for every sequence

o

N [oe]
{xn} © By there exists an R-matrix A = (aij) such that {zj=1

converges weakly.

a,.x.},
ijT3 i=1

PROOF. The "only if" part is trivial. Indeed, if X is reflexive then {xn}
has a weakly convergent subsequence {xnk}. For the R-matrix it suffices to
take aij = dni,j for all i,j. The converse lies a bit deeper. Suppose X is
not reflexive. Then by Theorem 6.12 X contains a non-shrinking basic sequen-

* *
ce {xn}. In view of Lemma 6.5 this means that for some x € X and some

e > 0 we have Ix* [x: 1° I > ¢ for all n € IN. This easily implies the
. XiJi=n+1 . m,
existence of a block basic sequence {yn}, with y = i=my_q+1 Bixi
(0 =my <m < ...) such that "yn" =1 and <yn,x*> >e (n=1,2,...). Putting

Yn . . . *_
z = oS (n=1,2,...), {zn} is a bounded basic sequence and <zn;x >=1
for all n € IN. Assume now that for some R-matrix (o..) we have lgg Z. a, .2z,
ij oL j=1"ij73
= z, weakly. Then z € [zn] and therefore can be written as z= @;z;. Let

i=1
* *
{zn} c [zn] be the sequence of coefficient functionals of {zn}. The (weak)
continuity of the z;, together with the condition (B) implies that, for all
n € NWN,
[+
* . * .

o = <z,z_> = lim < X a,.z.,z_.>=1lima, = 0.
n n . . n N

i j=1 i-o0

Thus z = 0 and it follows that

o~ 8

o
* . * :
0 =<z,x > = lim < X uijzj,x > = lim
i g=

1 i j
contradicting (a). [

We now consider a stronger summability property.

DEFINITION 19.7. A Banach space X is said to have the Banach-Saks (B.S.)

property iff every sequence {xn} © B, has a subsequence {Xnk} whose Cesaro

averages converge in norm, i.e.
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exists, in norm.
The following consequence of Proposition 19.6 is immediate.
COROLLARY 19.8. If X has the B.S. property, then X is reflexive.

For some time it was an open problem whether all reflexive spaces have

the B.S. property. The following example shows that this is not the case.

EXAMPLE. Let I be the family of all finite non-empty subsets y of IN with
the property |yl < min y. (|y| denotes the cardinality of y.) For vy,y' € T
we write v < y' iff max y < min y'. Let x = {xn} be any real sequence. For

all vy € T we define

olx,v) i= ] Ix |.
ney

For any increasing sequence {yk} in T (i.e. v, < vy, qr k € N) we put
o 212
(19.1) oz, Ay b = { ] oGy ) .
k=1
Putting
(19.2) Ixl := sup o(x,{yk}),

where the sup is taken over all increasing sequences {Yk} in I', we define
the space X as the set of all real sequences x = {xn} for which (19.2) is
finite. We omit the easy proof that X is a Banach space with the norm
defined by (19.2). Let us denote by {en} the sequence of unit vectors. Ob-

viously HenH = 1 for all n ¢ IN. We intend to show that
(19.3) {en} is a boundedly complete shrinking basis for X.

Suppose for the moment that (19.3) has been proved. Then by Theorem 6.9 X
is reflexive. However, X does not have the B.S. property. Indeed, suppose
. _1 ¢k
that for some subsequence {ni} of N the sequence {s,} with s, = Xi=1 °n,
(k =1,2,...), converges in norm. Since {en} is a basis for X (with coef-
*

ficient functionals denoted by {en}) , the limit must be 0, because

,e*> = 0 for all n € N. But on the other hand, taking
k'"n
} € T, it follows that "S2k" > g(s

*
<lim s, ,e_> = lim <s
ks~ "k'™n ko

1 for all

Ve = ypqrenaimy kYK =

k=1,2,..., contradicting lim s, = 0.
koo k
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We now complete the example by showing (19.3). Since any representa-

tion x = Z:=1 xe is obviously unique, the proof that {en} is a basis for
i = i ml —n I = .
X reduces to showing that for any x {xn} € X we have %iglx zk=1 X e 0

Suppose not. Then for some x = {x } € X and some ¢ > 0, "x—22=1 xel > e
. n © .
for all n = 0,1,26..., since the sequence {lx- Zk=1 xkek“}n=0 is clearly
non-increasing (zk=1 xkek is to be read as 0). In particular Ixl > ¢, so
there exists Yl < Y2 < t.. < Yp(l) in T satisfying
p(1)

2 2
Z c(x,yk) > e .
k=1

m
i - I
Let m be the largest element of Yp(l)' Since also lx zk=1 Xl > g, there

exist Yp(1)+1 < yp(1)+2 < .. < Yp(2) in T with Yp(l) < Yp(1)+1 so that
p(2) 9 2
o(x,yk) > e .
k=p (1)+1
o . . 2 © (i+1) 2
Continuing this procedure, we find that Ixl“ > Zi=1 Z£=p(i)+1 o (x,7,)

2

v

00
zi—l € = «, a contradiction. Thus {en} is a basis for X. To show that it

is boundedly complete, let x = {xn} be a real sequence such that

sup || T xe | <.
nelN i=1 Tt

It is readily seen that this implies lxl < =, so that x € X. Hence, {en}

0
being a basis for X, x = Z

00
e so that X _e_ converges.
n=1 n’ zn=1 n n g

X
n

Finally we show that {en} is shrinking. This is the trickiest part of

the example and the restriction on the cardinality of the Yk appearing in

the definition of I I, plays an essential role here. Suppose that {en} is
* *
not shrinking. Then in view of Lemma 6.5 Ix* le.T” I > 8§ for some x € X ,
i“i=n

some § > 0 and all n € IN. This implies the existence of a strictly increas-
ing sequence 0 = m, < m, < .. < mn < ... in IN and a block basic sequence
{y"} < X such that

o) (n=1,2,...).

m
n * n n
Iyl =1, <y ,x>>6 and y e [ei]i=m

+1
1

Let us define a function F on INU {0} by

F(0) =0, F(1) =1 and F(n) = F(n-l)i-mF(n_l) (n=2,3,...).

P
ut . F(n)

F(n)-F(n-1)

n 1
W= =
n

]

y (n 1,2,...)

m=F (n-1) +1
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and let x be the sequence defined by

n . _
X, =Wy (mF(n—l) <ix=s mF(n); n=1,2,...).

The proof will be complete once we have shown that x € X, for then
=w n i i i i * =w n * >Zm ld:m
b Zn=1 w , yielding the contradiction <x,x > 2n=1 <w ,xX > 2 n=1n .
Let {Yk} be any increasing sequence in I'. Let us fix n € IN and let

us put
A(n) := {k: min y,_ € [mF(n_1)+1,mF(n)J}-

Suppose that p(n) is the largest element of A(n) (if A(n) # @). Whenever

k € A(n) and k < u(n), we have c(x,yk) = o(wn,yk), so that
(19.4) ) c(x,yk)z < 1w™2 + o(x,y (n))z_
keA(n) L
Observe that lw™l < % (n=1,2,...). To estimate the term c(x,yu(n))z, write

Yu(n) = y' U y", where Y ? Yo (n) n [1,mF(n)] and y" = Yo () n [mF(n)+1'm)'

Then o(x,y"') = o(wn,y') < o Moreover, y" ¢ Yy (n €', soo(x,y") is the sum of
1

N FMFm-D) & With

at most mF(n) terms, each of which has the form

0<a<1 (since Iyl <1 for all m € ) and N 2 n+l. Since F(N)-F(N-1)

mF(N—l) 2> mF(n)’ each term is bounded above by % ﬁﬁ?—; . Hence o(x,y") < %,
n
and therefore
2 _ ' mi2 < 4.
o(x,yu(n)) = {o(x,v") + o(x,y"} < i
Thus, by (19.4), [ . o(x,7,)° < . The conclusion is that otx, Ay, h? =
n
5 77 L for a11 increasing sequences {y, } in T, proving that Ixl < «,
n=1 .2 k

i.e. xe x. [

It is a long known fact that every uniformly convex space has the B.S.

property. We include a proof here for completeness.

PROPOSITION 19.9.Every uniformly convex Banach space X has the B.S. property.

PROOF. a) Let {xn} © By be given. By the reflexivity of X {xn} has a sub-
sequence {xnk} that weakly converges, say to x. Then {(xnk—x)/2} weakly con-

verges to 0 and is contained in B_,. Clearly if this last sequence has a

X
Cesaro summable subsequence, then so does {xn}. Thus we may assume that {xn}

is a weak null sequence.
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b) We first prove that there exists a 0 < 0 < 1 satisfying the following
property: For every weak null sequence and for every n € N there exists

an m > n such that

Xn"l'Xm
N

Recall that the following fact has been proved earlier (see (14.1))

< 6M, where M := sup lx I.
n
nelN

(19.6) Ix-yl =2 € max(Ixl,lyl) = (1-8(e))max(lxl, lyl)y =2 13(x+y I,

where 8(+) is the modulus of convexity of X. Now put 6 := max(3,1-8(3))<1.
(Note that 6 depends only on SX.) Let X be any element of a weak null se-
quence {xn}. We distinguish two cases. If "an < 3M, we are done, since for

every m > n we then have

Xn+xm
< lx l+3lxl < 3u <
|28 < s i 300 < 30 < om.

In case ﬂxn" > 1M, the assertion will follow from (19.6). Indeed, first note
that there exists an m > n such that "xn—xm" > iM. For "xn—xmﬂ < iM for all

m > n would imply, for all x* € BX*'

* . * s
|<x_,x >| = |lim <x_-x_,x >| < lim suplx -x | < im.
n n m n m
e e
Hence "xn" < 3M, contradicting the assumption. So pick m > n such that

"xn—xmﬁ > 3M. Then (19.6) yields
|l%(xn+xm)|| < (1-8(3))M < oM.
Thus (19.5) is proved.

k ©
Uy L k=0,1,2,...

, note first that, by (19.5),

c) Using (19.5) we now construct inductively sequences {x

as follows. {xéo)} := {x_}. To define {xil)}

n
there exists a subsequence {kéo)} ¢ N satisfying

(0) (0)
* 0 T 0
(0) 2n-1 2n
k1 = 2 and 2 <8 for all n=1,2,...
Let us put
(0) (0)
o T¥ 0
x(l) := 2n—12 2n (n=1,2,...).
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Then (1)"

sup Ix < 0.

nelN
Suppose that for some p € N we have constructed a weak null sequence
{x (p)} such that sup "xép)" < 6. Then, by (19.5), we can select a sub-

n (P) neIN
sequence {k } ¢ N satisfying

® x(p)
(p) (p)
(p) k2n—1 k2n +1
klp =2 and ——-c eP for all n = 1,2,... .
We now define
x(P+1) := %(x(P) + x(P) ) (n=1,2,...).
n x ®) x P)
2n-1 2n
Thus
sup "x(P+1)ﬂ < 6p+1.
neN

This completes the induction definition of the sequence {xép)}, p=1,2,... .
The picture below is an attempt to visualize what happens.

(1) (2) (2) ) (2) 3) 3) (3) 3) 3) (3) 3) (3)
Lz 2 1 13 l Ll 12 E3 14 I;s 26 27 La

0 100 - x(o;), (0) (0)

(\(,/””\/”\/ ...... \..../ ....... \/ ...... \/ ....... \/

d) Two facts are clear from the construction. (Note that k{p) = 2 for all p!)
(k)

I. For each k € NN, xi is of the form

(k) _ =k
x1 =2 T (x (k)+x (k)+ ee. + X (k))’
L 2 L
1 2 2k
where l;k) < Zék) < ... < L(t) and where the "supports" {Z(k),---, (i)} of
2 2
the x;k are pairwise disjoint and ordered as follows: Q(i) < Q;k+b for
2

all k = 1,2,... .

II. If1 <k <mand 1 < i < 2%, then
+ ...

*  (m) )

(i-1) 2%41 1.2k
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is an element of the sequenée {xék)}:=1, and therefore its norm is < Gk.
e) We now enumerate the "supports" {zik),...,zéi)} of the x;k) in their
natural order, adding an initial element:
_ _ 1 _ o _ ,(2) _ o (2)
n1 =1, n2 = Zl, n3 = £2 . n4 = %1 ,...,n7 = 24 ’
_ o (3) _ L (3) _ o (4)
g T 21 N T 28 s Dyg = 21 yese o

The claim is that the subsequence {xnk}lconverges to 0 in the Cesaro sense.
Indeed, let % € IN be given and let us try to estimate %"2§=1 xnj".
Suppose i-2k <8< (i+1)2k for some k,i € IN. Then, by the triangle inequal-

ity and (II),

IR IR N P
| x | = x  +- Lox o+ x
=1 "3 j=t "3 p=2 j=(e-1)2* "3 g=ie2k 7y
ST N D
< X + X + X
5=t 73 p=2 3=(-02% j=i-2% 7y
< 2%-1) + (i-1)2Ke¥ + 2K,
Hence )
2 k+1 k k
1 2 (i-1)2"6 2 k
(19.6) z“jzi xnj” S+ . st

Finally, observe that for every N1 e IN there exists an N2 e IN such that

for every % 2 N, there exist i,k 2 N, satisfying i‘2k <8< (i+1)2k. This

1
observation together with (19.6) shows that %im "Z?_l xnj" =0. 0O
im =

REMARK 19.10. Obviously the Banach-Saks property is an isomorphic invariant.
Hence all uniformly convexifiable, i.e. all superreflexive spaces have the
Banach-Saks property. These do not exhaust the class of "B.S. spaces", how-
ever, as the following example shows. Let X = (Z:=1 ® (CO)n)zz’ We know
from Section 15 that X is reflexive, but not superreflexive. To shqw that

X has the B.S. property it suffices, by the proof of Proposition 19.9, to

prove the existence of a number 6, 0 < 8 < 1 satisfying (19.5). Let {x(k)}

(k)

be a weak null sequence in X = (Z:=1 ® (CO)n)zz and let x " € (cy) , denote

the "n-th coordinate" of x (n=1,2,...). As before we put M := su "x(k)".
€
Given € > 0 and k € IN, there exists an N € IN such that zn>N“x£k)" < 82.

Since weak convergence to 0 implies "coordinatewise" convergence to 0, for

(l)"2 2
n

sufficiently large £ € N we have zn<N"x < €“. Then, for such %,
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k 2 (k k 2
PR I N N AT LI
(2) () k)
+ %ll(x1 reee Xy 'XN+1"")"

5 5
o L R N P K N YO N PG RIS N PR B
ns<N n>N ns<N n>N

Jadd) + 3 e2red) < 278

IA

(M+e).

Y

Since € > 0 can be chosen arbitrarily sméll, it follows that any 0 > 2"

satisfies (19.5).
We now consider two ergodic properties.

DEFINITION 19.11. a) A Banach space X is called ergodic (for isometries) iff

for every linear isometry T on X the Cesaro averages An = An(T) =
%(TO+T1+...+Tn_1) converge in the strong operator topology, i.e. {Anx} con-

verges for every x € X.

b) A Banach space X is called R-ergodic (for isometries) iff for every lin-
ear isometry T on X and for every x € X there exists an R-matrix (uij) such

that {X;=1 o, Tj'lx}m

ij j=1 converges weakly.

REMARK 19.12. It is a classical fact that reflexive spaces are ergodic. We
shall not give the proof at this point since it will be a corollary of a
later result. It is known that the converse is not true: there exist exam-
ples of non-reflexive spaces (even a space isomorphic to 21) for which #I
(the identity) are the only isometries. Such spaces are trivially ergodic.
Of course, every ergodic space is R-ergodic. Note also that Proposition

19.6 directly implies that a reflexive space is R-ergodic.
We wish to prove the following

THEOREM 19.13. For every Banach space X the following are equivalent:
(i) X super B.S.;

(i1) X superreflexive;

(iii) X superergodic;

(iv) X super R-ergodic.
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We have the following implications:
B.S. = reflexive = ergodic = R-ergodic

The first implication is Corollary 19.8 and the second follows from the (yet
to be proved) ergodic theorem of Yosida-Kakutani. The same implications hold
for the corresponding superproperties, i.e. (i) = (ii) = (iii) = (iv). We
shall eventually prove (iv) = (i), completing the proof of Theorem 19.13. Ob-
serve that Theorem 19.13 includes Proposition 19.9, since the latter is
nothing but the implication (ii) = (i). (Note that Y< X, X superreflexive,
implies Y superreflexive.) Since the argument proving (iv) = (i) makes no
use of Proposition 19.9, it implicitly provides a new proof for it.

We first establish an auxiliary result which relates (for fixed x € X
and certain matrices (uij)) the behavior of {Z;=1 aij Tj_lx} to that of
{An(T)x}. A corollary will be the ergodic theorem of Yosida-Kakutani, and
in particular the second implication in (19.7). Let us agree to call (aij)
an A-matrix if it satisfies (A) in Definition 19.5. Furthermore let S denote
the set of all real sequences which are eventually 0. Whenever we write an

infinite series, we tacitly assume that it converges

PROPOSITION 19.14. Let T be a linear operator in a Banach space X, (aij) an

A-matrix and let x,X € X satisfy

o
(19.7) Voo, ™ lx — % weakly, as i + .
j=1 I
Then
(19.8) x-ax € (I-T)X, for some o € IR,
and this holds for a = 1 if lim z% a,, = 1. If, moreover,
ire “3=1 7ij
oh
(19.9) sup lA I < » and =— - 0 strongly,
n n
nelN
then

lim A_(x-0x) = O.
n—>°°n

PROOF. a) We first prove the proposition under the additional assumption

that {a,_}%
ij

j=1 € S and Z§=1 a,. =1 for all i. Let us define the map ¢: S+X

ij
by

$(a) =

a. 1y (a =1{a.} e 9).
3 J J

o~18

1
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Suppose that for some n € IN and bl""’bn € IR we have Z?=1 bj = 0. Then

t -1 2 2.3
y b, T b, (I-T) + (b,+b.) (T-T°) + (b,+b,+b.) (T°-T") ...
2y 3 1 1702 1702703

n-1 n
ceet (b1+...+bn)(T -T)

]

P(T) (I-T) = (I-T)P(T),

where P(T) is a polynomial in T. It follows that ¢(b) € (I-T)X, whenever
? a,. =1 and
j=1713

b = {bj} € S and z;=1 bj = 0. By the assumption that z
® €S for all i, this remark can be applied to the sequence {bj}

tgyimg
defined by

-1, b. =a,. for j = 2,3,..., 1 fixed.

Therefore for each i € IN there exists a yi € X such that
Z;=1 a5 . y; - Ty;. Thus, by (19.7), x - x belongs to the closure
(= weak closure) of (I-T)X.

b) In the general case we may assume, by (A), that there exists a B > 0

(o]
such that zj:l aij > B for’all i. (If necessary, replace (aij) by (“k.,j)'
{ki} c N a subsequence and change signs.) Using the convergence (for each i)
of the series Z;=1 a;; (implicit in (a)) and Z;=1 oy 371 (implicit in
(19.7)), we determine a subsequence {ki} c IN such that

1 j-1 1 .
(19.10) |j§k. aij] <i and I jgk. a5 T x| < I =120,
1 1
Put
ai. if j < ki
i = J (1,3 = 1,2,...).
0 if 3 >k

Then (Bij) is clearly an A-matrix again, {Bij};=1 € S for all i ¢ N, and

00
< limi =: < o, i . . . . -
B 1l?i2f Zj=1 Bij BO ®, Replacing (Blj) by (Bkilj)' {kl} c ?I a sub
sequence, we may assume that this liminf is a limit. Finally, we put
Y., 1= ———— (1,3 =1,2,...).
s=1 Bij
Then (yij) is again an A-matrix and, moreover, satisfies the assumptions of

(o] {o]
part a) of this proof, namely, {y,.}. . € S and ).

Y.. =1 for all i € IN.
ij j=1 j=1 'ij o 3-1
Furthermore, (19.7) and the second part of (19.10) imply that Zj=1 Bij T X

i1

> x weakly, and therefore ? Y. . x + ox weakly, with a = 1/B8,. B art
3=1 Yij 0 Y P
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a) of the proof we have x-ax € (I-T)X. Thus (19.8) has now been proved in
the general case.
c) Assume now that, in addition, (19.9) holds. For every y € X we have

1 n . N L .
An(T)(I—T)y = E(I_T )y - 0, since %&g Ty = 0 bz assumption. It follows
now that %&g An(x—ax) = 0, by approximating x - ox with elements (I-T)y, and

using the boundedness of {An}. 0O

COROLLARY 19.15 (Ergodic theorem of Yosida—Kakutani).

Let T be a bounded linear operator in a Banach space X and suppose that

(19.11)  sup Ia_ (Dl < =, ;1-1 ™ 5> 0 strongly, as n + ®.

neIlN
Then, for every x € X, {Anx} converges whenever {Anx} has a weakly convergent
subsequence. In particular every reflexive Banach space is ergodic (for

isometries) .

PROOF. Suppose that, for some x € X, {Ap x} is a subsequence of {A x} which
converges weakly, say to X. Then {(I—T)Anix} gl(I T 1)x} converges to 0 in
norm, by the second half of (19.11), but also to (I—T)x weakly. Therefore

Tx = X. Writing A, x = zm “a.. ™7 x with

i j=1 "ij

0 for j > n,

a,. = (i =1,2,...),
+ L for j =1 n

n. J reeesBy

i
(ulj) is an A-matrix satisfying X?=1 aij = 1 for all i € IN. Thus, by

Proposition 19.14 and the already proved fact x = TX, An(x—g) = Axx—i -+ 0,

as n>, [

We now sketch a rough outline of the proof of (iv) = (i) in Theorem
(19.13) . Let X be super R-ergodic and let Y with Y < X be arbitrary. We
would like to show that Y is B.S., so let {xn} be any sequence in BY'
Suppose we can extract a subsequence {en} from {xn} such that the shift

operator T defined on F := [en] by Te S (n=1,2,...) is an isometry
and equals the identity on ﬂ T-F. Then we are done. Indeed, F is
R-ergodic, so for some R—matrlx (a ) we now have that {2 ij T]_le } =

{Zj=1 ai e } converges weakly, say to e. It 1s readily deduced from con-
dition (B) in Definition 19.5 that e € ﬂ I F, so that Te = e. Proposition

19.14 then implies that lim A (e -oae) = 0 for some o € IR. Hence
eq+...+en

lim A e, = 11m ——————— = oe exists.
n>° "n-1 n>eo n
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Unfortunately such a subsequence {en} of {xn} is not easily found, and
its existence can certainly not be deduced from the R-ergodicity of Y alone,
since even a reflexive space need not have the B.S. property (cf. the Exam-
ple). Hence we must refine our approach. What we shall do is the following.

We extract from {xn} a subsequence {en} of a special nature (see Proposition

19.17), introduce on sp{en} a new norm and denote by F the completion of

sp{en} for |+|. All this is done in such a way that the following holds.
(10) F LY (and hence F < X, so F is R—grgodic).

(20) The shift operator T defined on F by Te = e (n=1,2,...) is an
© . .

n+1
0

(Hence by the argument given above and applied to the R-ergodic space

. e1t...ten | .
F, %%g — exists in F.)

isometry and equals the identity on jg TIF.

(3°) The existence in F of %;g % Z?=1 ey implies that {en} has a subsequence
whose Cesaro sums converge in Y.
Before we can define the right subsequence {en} we must prove the fol-
lowing combinatorial result which is known as Ramsey's theorem. The proof of
it was kindly shown to us by H.W. Lenstra. If V is a set and k € IN then

Pk(V) denotes the collection of all subsets of V consisting of k elements.

PROPOSITION 19.16. Let V be an infinite set and let k € WN. Suppose that

Py (V) = AUB, with AnB = ¢. Then there exists an infinite set W € V such
that either Pk(w) € A or Pk(W) < B.

PROOF. We use induction on k. For k = 1 the proposition is evidently true.
So suppose k > 1 and assume the result has been proved for k- 1. Pick

1 Y B1 with A1 n B1 = ¢, where

A, and B, are defined as follows: E ¢ Pk—l(V\{Vl}) belongs to A, iff

E U {vl} € A and to By iff E U {Vl} € B. By the induction hypothesis there

v, € V arbitrarily. Then Pk—l(v\{vl}) =A

exists an infinite set W, ¢ V\{Vl} such that either Pk—l(wl) c A, or

1 1
Pk—l(wl) c Bl' Having chosen W1’ we agree to call vy of type A (respectiv-
ely, of type B) in the first (respectively, second) case. Now choose
v, € W, arbitrarily. Again there is a natural partition Pk-l(wl\{v2})
By U By 2 2
(E € Pk_l(Wl\{vz}n. By the induction hypothesis we can determine an infinite

defined by E € A, iff E U {v2} € Aand E € B, iff E U {v2} € B

subset W, of Wl\{vz} such that either Pk-1(W2) c A, or Pk—l(wz) < B,. In

2 2 2
the first (second) case we call v, of type A (of type B). Continuing this
procedure we define a sequence {vn} c V, and a sequence V s=w0,w1,w2,... of

infinite subsets of V satisfying the following conditions for each n e€ IN:
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(i) W

n E: wn—l;
(ii) v, € Wn_l\Wn;
(1ii) E € P, _, (W ) implies E U {vn} € A (respectively, E U {vn} € B) iff

v if of type A (respectively, of type B).

It follows in particular from this that any set {vnl,vnz,...,vnk} with

n, <n, < ... < n belongs to A iff Vny if of type A and to B iff Vni if of

2
type B. One at least of the sets {v | v, is of type a}, {v_ | v is of
type B} is infinite and can be taken as the desired set W. [

This combinatorial result is useful in the proof of

PROPOSITION 19.17. Let X be a Banach space and {xn} © X a bounded sequence.

Then {xn} contains a subsequence {en} satisfying the following property:
For each a € S and each & > 0 there exists a v = v(a,e) € N with

|H z a, ep "-—L(a)l < e
i .
i=1 L

whenever v < n, < n, < see .

PROOF. Let us assume for simplicity, as we clearly may, that "xn" < 1 for
all n € N. Let a = (al,...,ak,0,0,...) be a fixed element of S with ration-

al coordinates and consider the function V: Pk(IU -+ IR defined by

k
YE) =1 a x|,

. i ny
i=1 L

where {nl,nz,...,nk} is the set E enumerated in increasing order. Clearly

Y is bounded, say by o. Let us write

P, (N) =AU B,

with A := {E: 0 < y(E) < %} and B := {E: % < Y(E) < a}. By the previous re-
sult N contains an infinite subset ]Nl such that either Pk(lql) c.A or
Pk(INl) c B. Put differently, this means that there exists a subsequence

{iél)} of N such that we have

k k
. a a
either 0 < || izl a, xni” <3 or 3% I i£1 a; Xni” <o
for all n, < ... <ny taken from {i;l)}. Suppose we are in the first case.

. 1
Continuing the procedure, we can extract a subsequence {iéz)} of {ié )}

such that
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k k

either 0 < ” izl aixni” < % or % < ” izl aixni” < %,
for all n, < v.. < n taken from {iéz)}. Inductively, we so obtain a nest-

ed sequence of closed subintervals of [0,a] having exactly one point, L(a),
in common, and a diagonal seuquence {ién)} such that, for every e > 0,

X sufficiently far
in {ién)}. Since the set of a € S with rational coefficients is countable,

k .
|"zi=1 aixni“-L(a)] < € for any choice of n; < ... <n
another diagonal argument produces an infinite sequence, which we call {in},
such that for every € > 0 and for every a € S with rational coefficients,
[e]
I".Z aixni"—-L(a)l < g,
i=1
whenever n; < n, < ... are chosen sufficiently far in {in}. We claim that
{en} := {x; } satisfies the requirements. For this it remains to consider
n
the case of an arbitrary not necessarily rational a = (al,...,ak,O,...)
€ S. Let € > 0 be given and choose a rational a' = (ai,...,ai,o,...) € S
such that la-a'l , := 25 la,-a'| < £. Then on the one hand
: 1 i=1""1i "i 2
k k k c
N - 1 - ! . ) —
I" Z aienin "Z aieniul <1 z (ai ai)eni" < la-a "1 < 5
i=1 i=1 i=1
for all n, < s.. < nk in IN, and on the other, there exists a Vv € IN such
k €
that {"zi=1 aieni"-L(a')| < 5 whenever v < n, <k... <n and ng,...,n
are taken from {i_}. It follows now that lim I} . a.e .l =: L(a) exists,
n nye i=1 "ini

uniformly for all n, < ... < nk taken from {in}. O

We return now to the setting outlined before Proposition 19.16. Let X
be super R-ergodic, Y4 X and {xn} a sequence in By. We are interested in
extracting a subsequence from {xn} whose Cesaro averages converge. We may
assume that {xn} contains no convergent subsequence since such a subsequence

would also be Cesaro summable. Now let {en} be a subsequence of {xn} satis-

fying Proposition 19.17. We define a function on sp{en} as follows:

(19.12) |
i

o~ 8

. aieil :=L(a) (a={a;} e s).

PROPOSITION 19.18.

-[ is a norm on sp{en} which is invariant under spread-

ing, i.e.
k k
(19.13) | ¥ ajengl =11 ae

. for all k € NN, Byreeerdy € R,
i=1 i
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ng<n, < ..o<mp,mp<my <Ll <m

PROOF. The seminorm properties of -I are obvious and (19.13) follows im-

mediately from (19.12) and the definition of L(°*) given in the statement

of Proposition 19.17. Suppose fails to be a norm, i.e. IZ:=1 a,e | = 0

for some a = {ai} € S, a # 0. Let aiO be the first non-zero coefficient of

a. Since |XI_1 a.e = 0 there exists for each € > 0 a v € N such that,

o)

whenever v < n < p < n, < n, < ..., we have
la, e +a, e +a, e +...0 <Zla |
iy n 10+1 n, 1O+2 n, 2 i
and
la, e + a; ;q8nt 3y o8 toeee I < 32:|ai |.
9P 0 1 tpte My 0

Thus Hen—epﬂ < € whenever v £ n < p, so that {en} is a Cauchy sequence in Y.
This contradicts our assumption that {xn} contains no convergent subsequen-

ces. [

and

Now let F be the completion of sp{en} with respect to the norm
o) (o]
put F := [eiji=n (n=1,2,...), F := ngl F_. It follows in particular from

(o]
(19.13) that the shift operator T on F defined by Ten = (n=1,2,...)

en+1
is an isometry. We claim that T is the identity precisely on F_.

LEMMA 19.19. For every y € F we have y € F_ iff Ty = y.

PROOF. Let y € F_ and let € > 0 be arbitrary. Choose a vy
that |y-y,| <

1 € sp{en} such

€ .
- Suppose ¥y € sp{el,...,en}. Since y € Fn+1' there also

. € € )
i - £ - < &
exists a y, € sp{en+1,en+2,...} with |y y2| < - Thus [y1 y2] ; 5. Since
*| is invariant under spreading, we have Iyl—Tyzl = |y1—y2| < 3- Further-
more, T being an isometry, ITy—Ty2| = ly—y21 < %. Therefore

ly-Tyl < ly-y,| + ly-Ty,| + |Ty,-Ty| < €, so y = Ty since € > 0 was ar-
bitrary.
Conversely, Ty = y implies y = Tny € Fn for all n € W. [

PROPOSITION 19.20. F< Y.

PROOF. It clearly suffices to show that for every k ¢ N and every € > 0
there exists an isomorphism A: [eijt_l > ¥ such that Ialla™'l < 1+e. so fix

k € N, € > 0. By compactness there exist, for every § > 0, finitely many
a(1) (n) (5)

peeesd € S with ai

k
for {(al,...,ak,0,0,...): |Zi=1 aieil = 1} with respect to the Ql—norm. By

=0 for i >k (j =1,...,n) which form a §-net
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such that

the definition of l'
k .
| z a(J) =0 E ai(-J)en I| <6 for all j=1,...,n,
i=1 i=1 i

k
whenever v < n, <n, < ... < n.. Now define A: [ei]i=1 + Y by

2
k k
A() ae)= 1 ae,;.
i=1 i=1
Suppose |2§=1 aiei| = 1. Choose a(j) (1 £ j <n) so that Z§=1|ai—a£j)| < 8.
Then
k (3) (3)
. < "zi=1 a;"e i + "X 1 (ay-a; )ev+i"
IIA(Zi 2
k (3) k (3)
> "Ei=1 a; ev+i" - “Xi=1(ai_ai )e\)+l
< IZ _(3) .|V+ s + Zl;llai—ai(j)l < ]Z];=1ai(j)ei| + 28 = 1426
. X . .
< lZi=1 a¥e | -6 - I la;-a 1 2 [IF_jalVe | - 26 = 1-2s.

Thus lal € 1+28 and HA_lﬂ S'Tézg. A sufficiently small choice of § > 0 then
-1
I

ensures that lallla < 1+e. 0O

and F so that (10) and (2°) are satisfied.

We have now defined {en}, [-

It remains to show (30) to complete the proof of Theorem 19.13.

.. 1yn . .
PROPOSITION 19.21. Suppose lim 3 z.=1 e, exists in F. Then {en} has a sub

sequence which is Cesaro summable in Y.

PROOF. Suppose llm ! zn

; . lvn
7 li=g & = e inF. For each k € N dlst(nZi=1ei, Fk)

< |= f 1 e, | -> 0 as n > ®, so that e € ﬂ F F . Hence Te = e, by Lemma
19. 19 Since T is an isometry, | 21 1€ —e| [T ( 180 - Tre] =
[—Zl_ ity -e| for every r € N, so that {= f 1+r}n=1 converges. in F to

e, uniformly in r. In particular, for every € > 0 there exists a P(g) € IN

such that

pq
(19.14) 1Y e, -1V e ] <e ifp,qzre.
i<p qJ_—p+1 *

°

This means, by the definition of

, that for every € > 0 there exists a

P(e) € W such that for every choice of p,q = P(e) there exists an
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N = N(g,p,q) € N such that

pia
(19.15) 117 e - 1Y e <
Piscp ™1 Ty=p+1 i

whenever N < n, <n, < .. < np+q' The number N(e,p,q) depends on €, p and
q and is defined whenever p,q 2 P(e). We now put

p(2™ =:p (n=0,1,...)

and assume, as we clearly may, that

(19.16) Pn > nP (n

1 1,2,...).

Furthermore, let us put v(n) : N(Z_n,Pn,Pn+1) and let us define a sequence

{rn} c IN such that

(19.17) rn+1 > rn-l-Pn
and
(19.18) r 2 v(n) (n=1,2,...).
Putting
(19.19) & === J e (n=1,2,...)
: n’' P_ . r +i reressty
n 15Pn n

it follows from (19.15) (using also (19.17) and (19.18), that

(19.20) g -¢ I < 270,

Thus {En} is a Cauchy sequence in Y and therefore converges, say to £.

We now consider the subsequence of {en—E}, whose terms have indices (see
(19.17))

r1+1,r1+2,...,r1+P1,r2+1,...,r2+P2,...,ri+1,...,ri+Pi,...

and call this subsequence {yn}.

Before proceeding, let us make the statement %i& En = { more pfecise

as follows:

Pn Pn
(19.21) I F e gl =0 § (e -p)l < 273
P . m, P m,
n i=l i n i=1 i
for all n € N and all m, < m, <... < mp satisfying m, > r- For the proof
—naqD
of (19.21), apply (19.15) with e = 2 n+1’ p = Pn—l' q= Pn‘ This yields,

taking into account also (19.17) and (19.18),
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Pn—i ‘ Pn Pn
1 1 1 -n+1
(19.22) I L e - = J e l=lg - 7T e I <2 ,
Po1 =1 Tnog™ Pngar ™y =l Pos
whenever rn < m1 < m2 < ... < mPn. Also
< +2
—I
(19.23) Hgn_l-gu < 7 ngi-gi+1u <2 .

i=n-1

Now (19.21) follows from (19.22) and (19.23).

To finish the proof, let us consider an arbitrary finite subsequence
Yil'yi2'°"'yin of {yn} and let us write zj := yij (4 =1,...,n). Let k be
the integer satisfying

P1+P2+...+Pk <n < }.3‘1+P2+...+Pk+1
(assume that n is large enough so that k is well defined), and put m :=

k . .
n - Xi=1 Pi‘ Let dk—i'dk'Qk—l’Qk be non-negative integers such that

m= 4P+ Q < Py

% = HorPror t Qg Qg < Prog-

It now follows from (19.21) and the definition of the yn's that

n n
f y., = Z z, = (2,+...+2_ )+ (2 +...+2 ) + ...
=1 lj =1 j 1 P1 ,P1+1 P1+P2
cee + (2 + ...+ 2z )+ (z +...+2)
P1+...+Pk_1+1 P1+...+Pk P1+...+Pk+1 n
is majorized in norm by
-1+3 -2+3 -k+3 =243
P12 + P22 + ...+ Pk2 + dkPk2 +
-(k-1)+3
+ dk—lpk—12 + 2Qk—1'
Dividing by n, one obtains
k =3
n  ._, P.2 Q
(19.20) 11 7 gy om gL I o3k pik ) TRl
n =1 lj zk p Pk
=177
Note finally thath -+ o implies k + « and that, by the assumption that
. k-1 . . . .
Pn+1 > nP_, %ig Py = 0. Thus (19.24) implies in particular

1 tn !
%13;& a Xi=1 yi =0, i.e. {en} has a subsequence that Cesaro converges to £

in Y. This completes the proof. [
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REMARK 19.22. Observe that the proof shows not only that {i Z§=1 yi} con-
verges to 0, but (cf. (19.24)) that {% Z§=1 yi‘}:=1 converges to O uniform-
ly for all subsequences {yin} of {yn}. It has been shown, however, by

P. Erdds and M. Magidor that this uniformity can be realized in any B.S.
space and thus we have not really proved anything stronger than the B.S.

property for Y.

NOTES. In [71] J. LINDENSTRAUSS showed that 2! has the K.M. property. Short-
ly thereafter C. BESSAGA & A. PELCZYNSKI ([9]) observed that essentially
the same proof works for all separable dual spaces. Proposition 19.2 is the
result of work by C. STEGALL ([100]) and R.E. HUFF & P. MORRIS ([46]). A
complete proof can be found in [27]. As to Theorem 19.3, the equivalence

of (i) and (ii) is already implicit in the work of R.C. JAMES ([54]).

(i) = (iii) was also known. The present proof is from [30]. Proposition
19.6 can be found in [11]. Related results are due to T. NISHIURA &

D. WATERMAN ([79],[104]). It.is shown in [11] that Proposition 19.6 can be
amended to include these latter results. The Banach-Saks property goes back
to 1930, when S. BANACH & S. SAKS proved that the spaces Lp[O,l] (1< p< )
have this property ([6]). The example following Corollary 19.8 is due to

A. BERNSTEIN II ([4]) and Proposition 19.9 to S. KAKUTANI ([64]). The exam-
ple given in Remark 19.10 comes from [79]. The one concerning 21 mentioned
in Remark 19.12 is a result of W.J. DAVIS ([19]). Finally, Theorem 19.13 is
due to A. BRUNEL & L. SUCHESTON ([121,[131,[14]). In [14] yet another

ergodic superproperty is shown .to be equivalent to superreflexivity.






P
20. CONNECTIONS WITH 1 -SPACES

For a long time the hope existed that the spaces coylp (1 s p <=
would turn out to be the fundamental building stones for Banach spaces, in
the sense that every infinite-dimensional Banach space would contain one of
them isomorphically. This conjecture was put to rest by B.S. TSIRELSON
([101]) with his construction of a reflexive space containing no 2P, at
approximately the same time some theorems were proved ([381,[55]) relating
superreflexive spaces to Qp?spaces. These results suggested that maybe at
least superreflexive spaces would always contain some P, However, recently
T. FIGIEL & W.B. JOHNSON ([35]) have modified Tsirelson's example to produce
a uniformly convex space containing no Zp.

This section is devoted to a presentation of the above mentioned re-

sults. We begin with a positive one.

THEOREM 20.1. A Banach space X is superreflexive iff for every v 2 1 there
exist numbers A,B,r,s with A,B > 0, 1 < r, s < «, such that for every nor-
malized basic sequence {xn} in X with V{x } < v and for every

n

00
x = Zn=1 ax e [x] welhave

©o

S (o]
(20.1) a( ) 1a1®) <zl <B( ) o %) .
n=1 n n=1 n

i
r

The proof will be split up in several propositions and lemmas. Since
a superreflexive space has an equivalent uniformly convex and uniformly
smooth norm (cf. Corollary 15.8), it clearly suffices to prove necessity
for uniformly convex and uniformly smooth spaces. We first concentrate on
uniformly convex spaces, deriving for these the second inequality in (20.1),
and then obtain the first inequality by a duality argument, using the dual-

ity of uniform smoothness and uniform convexity.

LEMMA 20.2. Let X be a Banach space and let x,y € X be given with

Ixl = Iyl =1, x # y. Suppose that e satisfies



244

0 < e < lx-yl and that A := 2(1-64(e)) < 2.

Then for every r with AY < 2 there exists an n = n(r,e) such that
(20.2) "x+ayl|r < 1+aY, whenever |1-a] < 7.

PROOF. By the definition of GX(-) we have

Ix+yl < A, whence Ix+yl® < A% < 2 = 1417,
showing that (20.2) holds for a = 1. The existence of n(r,e) satisfying
(20.2) follows by the continuity in o of the functions lx+ayl® and 1+aF.
Some reflection shows that, as indicated by the notation n = n(r,e), n may
be chosen so that it depends only on ¢ and r, but not on x and y (as long

as Ix-yl 2 ¢). 0

LEMMA 20.3. Let n € N, € > 0 and real sequences {Ei}2=1, {ni}2=1 be given
such that
E < ngs E >, |£i+1—£i| < g, I“i+1'”i| <e (L=4i,...,0-1).
Then for some i0 (1 < iO Stn) we have |€i0—ni0| < g.
PROOF. Assume that no such i0 exists. Let j (j £ n-1) be the largest index
such that &, < . Then &, > n,,,. By assumption we have §. < n.,-¢
EJ nj £J+1 Ny41- BY p EJ nyTes

€., 21

j+1 +e > nj. Thus €j+1 > £j+e, a contradiction. [

j+1

PROPOSITION 20.4. Let X be a uniformly convex Banach space. Let 0 < € £ 1 be

given and let A be defined by A := 2(1—6X(e)), so that A < 2. Then for every
r ¢ R satisfying A < 2 there exists a constant B = B(r,e) with the proper-
1
ty that for every normalized basic sequence {xn} in X with V{x } < . and
n

for any x = z;— ax e [x ]we have

1 n'n
® r 1/r
Izl < B(nZ1 [anl ).

PROOF. We show that B = % does the job, where n = n(r,e) is as in Lemma 20.2.
1

Let {xn} be a given normalized basic sequence with v{x } < z- It clearly
n
suffices to show that
n n
2 1/x
(20.3) I} oxfl<=2() lo.|")"", forall ne N and all
i=t 2t Miep ot

O, e0.,0_ € IR.
1’ "“n

The proof is by induction on the number k of non-zero terms in X?—l aixi. If
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k =1, (20.3) clearly holds. (Note that n £ 1.) So suppose (20.3) holds
for some k 2 1 and let us consider a sum with k+1 non-zero terms. For sim-

plicity of notation we may assume (without loss of generality) that it is

k+1 n
Zl_lalx - If Jajgl 2 "yk i

i € {1,...,k+1}, then we are done, since in that case "yk+1“ < glai | <
_(Zk+1| lr n 0

Let us deflne

k+1
of the form z 4 X . Put y, . : I for some

Therefore we may assume that Ia | < —ﬂyk 1" for i = 1,...,k+1.

k+1

2 +
¥, = ) oa.x., z,:= ) o X, (2 =0,1,...,k+1),
= =

where empty sums are interpreted as 0. We then have

HyOH < HzOH, "yk+1" > sz+1ﬂ,

n - n i -
[y, 0 =y 0] < Py, 0, [z 0 = a0 ] < Dy hG=1,00%0.

Thus, by Lemma 20.3, for some 20, 0 < %0 < k+1,

n
(20.4) |Hy20u - "zzoul < gy, 0

Clearly 0 < 20

< k+1 (because n < 1). We may suppose that Hyloﬂ > szoﬂ
(otherwise interchange "ylo“ and Iz, I in the following argument) and further-
more, for reasons of homogeneity, that Hyﬁoﬂ = 1. Since Vst = y£0+220' it

follows now that "yk+1ﬂ < 2 and so (20.4) yields
(20.5) [1 - llzg 1] <.
0

Z,QO

Puttin 2 := we have z, = aZ, with o := lzy | satisfying, b

g “-‘7;r 20 [} 2 ying, by

(20.5), il-ul < 1. Next we observe that "yz —Zgo” H_——Wnyl Il >¢, since

Vix_} < z (P denotes the natural projection from [x ] onto [x ] . Apply-
n

ing Lemma 20.2 and using the induction hypothesis, we obtain

ly, 0% =ly, +z, 1T = ly, +az, 1T < Iy, 1T + Iz, I¥ <
k+1 . 20 20 20 20 EO QO
5 ¥ 0 r 5 ¥ k+1 r 5 ¥ k+1 r
< () Lodag T+ ) D L () A
i=1 i=20+1 i=1
L. B SV
[ < .
Vgl < n(izl la, 17) O

*
PROPOSITION 20.5. Let X be a uniformly smooth Banach space (i.e. X uniform-

1y convex). Let 0 < € £ 1 be given and let A be defined by A := (1—6X*(a)),
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so that A < 2. Then for every r > 1 satisfying Ar < 2 there exists a con-

stant A = A(r,e) with the property that for every normalized basic sequence

1 oo
5 : < = =
{xn} in X with v{xn} < ¢ and for any x zn=1 ax € [xn] we have

© s 1/s
a( Z Ianl ) < Ixl, where
n=1

+ = =1.

10N el
Rl

PROOF. Let r € R satisfy r > 1, AF < 2 and let {xn} be any normalized basic

* *
sequence in X with Vix } < é. Put Y := [xn] and let {xn} c Y be the basis
* n * *
for Y spanned by the coefficient functionals. Then 1 < "an“an = "xn" <

2
< = iti . < < = iti 1)
2V{Xn} o’ bZ Progositlon 5*2 and also V{x;} v{xn} z (Proposition 6.1)
Furthermore Y = X /Y and Y is therefore uniformly convex and, moreover,
GY* > 6X*’ as is easy to check. Hence A' := 2(1—6Y*(e)) < 2(1—6X*(€)) =:
A < 2, so that At o< o2, Applying Proposition 20.4 to Y* and the seminormaliz-

A * . * o * *
ed basis {xn}, we obtain, for every x = Zn—l o X € Y,

L3 1/x
% .
(20.6) I <8 () |a %) .
n=1 1
Here B' = B'(r,e) is the constant B(r,e) defined as in Proposition 20.4,

multiplied by a scalar (depending on €) to account for the fact that {x;}
* *

is only seminormalized (i.e. 0 < iniq"x I < suﬁq"x I < ©»). We now finish
ne n ne n

the proof by a simple duality argument. Let n € NI, al,...,an,Bl,...,an R

. _tn * _ thn *
be arbitrary. Put x := Xi=1 a;Xip X = zi=1 Sixi. Then
* ! 1/r
Lo 2l et < (§ 18,17
i=1
whence
n
bl 5 b lswx™> 1 5o 38|
= B' n r.1/r B' ¢n r.1/r °
Ty 18,1 Ty,
Putting Bi = ]aill/r_l sign ai (i=1,...,n), we obtain
. Zri;lla.lr/r_l L D YE
Ixl > = = ==(7 le I7) .
B' n r/r-1.1/r B''. % i
(Zi=1|ai] ) =1
Thus A := g%-satisfies the requirement. [

PROOF OF THEOREM 20.1. The necessity is an immediate consequence of Proposi-

tions 20.4 and 20.5. Indeed, let X be superreflexive. Then X has an equiva-

lent norm |l "1 which is uniformly convex and uniformly smooth. Let v = 1 be
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be given. Then, putting € = % and applying both propositions, we find that
for suitable constants A,B,r and s the assertion of Theorem 20.1 holds for

x,I I,). obviously the validity of it is not affected by isomorphisms, al-

thoughlthe constants A,B,r and s may change.

Conversely, suppose that X is not superreflexive. Then Pg(e) is satis-
fied (Theorem 15.5), for some C < € < 1 and all n € IN. Suppose for contra-
diction that B > 0 and r > 1 are such that for every normalized basic se-

2 o0
1 1 < = =
quence {xn} in X with v{xn} <z we have{ for all x Zn a X, € [xn],

=1
o r 1/x
(20.7) Il < B( ) la_IT) .
n
n=1
-1 5
Choose n € IN so that n ¥ > = Then, by Pg(e), there exist XyreeerXy € BX
such that
(20.8) dist(co{xl,...,xn},{o}) > ¢
and n ] Tk
(20.9) “ 121 aixi“ > 5” 121 aixi” for all k = 1,...,n and all

Ugreees@ € R.

n
The last condition means that {xi}i_ is a (finite) basic sequence with

1
Vix. 0 < % . Therefore, by our assumption (20.7),
ii=1

n n X, n r 1/r 1/
IS I Py e S iy P L RPN
. 1 L 1 X, . 1
i=1 i=1 i i=1

n w1 o
on the other hand I12i=1 x;l=n 2 Zi=1 x; -0l 2 ne, by (20.8), so e <Bn

contradicting the choice of n. [

REMARK 20.6. In the proof of the sufficiency we have used much less than
available. In fact it suffices, for the proof of superreflexivity, to know
that for some v > 2 there exist B > 0 and r > 1 such that for every normal-
ized basic sequence {x } with Vix } SV we have Il < B(z:=1 lanlr}l/r,
whenever x = Z:=1 anxn € [xn]. (Note that if X is not superreflexive, then
Pg(e) holds for every O < € < 1, see the beginning of Section 16.)

In Theorem 20.1 the constants A,B,r and s are so determined that
(20.1) holds for all normalized basic sequences with norms bounded by v.
It is natural to ask whether A,B,r and s can be so chosen that (20.1) holds
for all normalized basic sequences, without any restriction on the norms.

We shall show by an example that this is not possible. Even if one allows
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the constants A and B to depend on the basic sequence and takes X to be the
Hilbert space, it is impossible to determine r and s uniformly for all nor-

malized basic sequences.

THEOREM 20.7. Given any r,s with 1 < r,s < =, there exists a (seminormalized)
basis {xn} for the Hilbert space H such that for any positive numbers A and

B there exist finite sequences al,...,an e IR and Bl""’Bn € IR such that

n n s 1/s_ n n r
H.Z aixi" < A(-Z Iail ) and H.z Bixiﬂ > B(‘Z IBiI ) .
i=1 i=1 i=1 i=

The proof will be accomplished in several steps.

PROPOSITION 20.8. Let {xn} be a sequence in a Banach space x and suppose

the following conditions hold:
. n r
(i) "zi=1 xiH > Kn for some K, r > 0 and for all n € NN.

(ii) "22=1 aixi" < ﬂ22=1 Bix." for every n € N and all al,...,an,ﬁl,...,sn

i
€ IR satisfying 0 < o, < Bi (1i=1,...,n).

Let {an} be a non-increasing sequence of positive numbers and suppose that
{an} ¢ 2P for some p > %. Then Z:=1 @ x  diverges.
PROOF. Choose p such that p >p > %. Then,lsince Z:=1 aﬁ = », there exists
a subsequence {nk} c IN such that dnk > ;;T7E'(k =1,2,...). Using first (ii)
and then (i), we obtain for every k € IN

Pk Pk

I > | >
1oyl ny 1%l =
i=1 i=1 n,

1 r _ r—p
7o Knk = Knk .

i .
Hence Xn_l a x diverges. [J

PROPOSITION 20.9. Let {xn} be a sequence in a Banach space X and suppose

(iii) "Z?=1 xi" < Kn® for some K, r > 0 and for all n € IN.

Let {an} be a non-increasing sequence of positive numbers and suppose that

P 1 ®
{an} € &5 for some 0 < p < z* Then Zn=1 anxn converges.

1/p

PROOF. We claim that %32 o n = 0. Suppose not. Then there exists a con-

1
stant A > 0 and a subseguence {nk} c IN such that anknk/P >A (k=1,2,...).
Obviously we may assume that ooy > 2nk for all k € IN. Using the monotonic-

ity of {an}, we get for all k € W,
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n
k+1
YL 2P -n+1) > in . of = 1AP
. i n D1 ™% 2%k+1 n !

i=n, +1

contradicting {an} e 2P, Thus
. 1/p _
(20.10) %&g a n = 0.
In particular, for some C > 0 we have

o < e P m=1,2,..0.

Writing Sn = Zn X, (n=1,2,...), and using (iii), (20.11) and the fact

i=1
that (n+1)r—nr < Bnr"1 for some constant B and all n € N, we obtain for all
n <m,
m m-1
= - - - I <
PY agxl =las —os, 4 - b (e, - ops;l <
i=n =n
i m-1
< | | - - | <
amﬂsmli-anﬂsn_ll izn (ai+1 ai)lsiﬂ

.r
-0,)i
i

m-1
r r
< - -
< o Km + anK(n 1) Kizn (ui+1

m
r r r r T . r
K[amm 4—an(n—1) -om+ an(n—l) +.zn ai(l - (i-1)") 1 <

l=

m
< K[2an(n—1)r4-B ) ai(i—l)r_lj <
i=n
mo Ly
K20 n +BC ] iP5 1.
i=n

IA

Since r < l, (20.10) implies l&g a nr = 0. Also —1+r—1 < -1, so it follows
bl n P

00
that 2n=1 @ x converges. [

To obtain the desired example we shall apply the preceding propositions
to the particular sequences {1t]% cos nt} in L2[—ﬂ,ﬁ], 0 < lal < 3. We take
for granted here the fact that these sequences are basic and seminormalized

(c£. [97], p.351). Some technicalities must be disposed of first.

LEMMA 20.10. For each a < 1 there exist constants A,B > 0 such that, for
all n € N,

m
) 2
(20.12)  an®*! < J t"“[14-§iﬂiﬂi§lﬁl at < sn®*!
0

sin t
2
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PROOF. Since %t < sin t for t € [O,E] and sin t £ t for t € [0,»), we have

%(n+%)t < sin(n+3)t < (n+3)t for t € [0,n/2n+1]

and
2
m

NIt
A
NIt

for t € [0,n].

Nl et
I
0
P
=}

Consequently, for every n € N

2 sin(n+i)t 2 2
Kln <1+ ——————f?—— < K2n for t € [0,7/2n+1],
sin =
2
with constants K,,K, > 0 independent of n. Hence, for some constants K3,K

172 4

and all n € NN,

T/2n+1 X 1 2
(20.13) k.n't® < J t‘“[14—§iﬂi§iﬁlﬁ] at < K4n1+“

0 sin 3

Furthermore, for some K5 > 0 and for all n € N,

~

. 2 2
sin(n+3) t|” _ 1 <5 T
[1 + -————-3-——in t <11+ __2 ] < —tz for t € [—-—2n+1,1T].
sin 3 T2

Therefore, for some K6 > 0, and all n € NN,

m . 2 ™
(20.14) J t'“[1 + EEQiEi%lE] dt < K J £ 2 gp < x_nlt®

m/2n+1 sin 2 w/2n+1

Clearly (20.12) follows from (20.13) and (20.14). ]

LEMMA 20.11. If xn(t) := |t|_a cos nt € L2[-ﬂ,n],with a< 3} (m=0,1,...),

then there exist Cl,C2 > 0 such that for all n=0,1,2,...,

1 n 1
(20.15) ¢ < 1§ w1 < ¢t
k=0

A

]

- i 1
ng € 2u[%4_51n(n+%)t]2dt,

proor. 10 x 1% = [T 16172%([R_ cos kt)” at -~
s51n 5
2

so that (20.15) follows from (20.12). [

LEMMA 20.12. If 0 < o < 1, then
™
J ltl—a cos nt dt > 0 for alln =0,1,2,... .

-
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PROOF. Partial integration shows that, for n > O,

m T
- _ o “
f lt]™® cos nt at = 2 I t™® cos nt dat = 2[t @ E&%;EE +
0
- 0 .
+ & | sin nt dt]
n toL+1
m 0
- 20 | sin nt .
n ta+1
0 .
The last expression is positive since 1/tm+1 decreases. [J

LEMMA 20.13. Let 0 < o < } and let x (n=0,1,...) be as in Lemma 20.11.

o]
Suppose that 0 < an < Bn (n =0,1,...) and that the series zn=0 anxn and

z:=0 ann converge in L2[—ﬂ,n], say to x and y, respectively. Then

hxl < Iyl
PROCF .
T
2 s =20
Ixl< = Z o, o lt] cos kt cos &t dt =
k™%
k,2=0 2

m
o
=31 7 a e, f [cos (k+8) t + cos (k-2)t][t| 2% at,
L

and similarly

T
"y"2 3 2 B. B I‘ [cos (k+2)t + cos(k—l)t]!tl_zu dt.

Since the integrals are positive, by Lemma 20.12, the conclusion is imme-
diate. [

COROLLARY 20.14. Let {an} be a non-increasing sequence of positive numbers

with limit O and let p > 1 be arbitrary. Let X, (n =0,1,2,...) be as in
Lemma 20.11.

4]

p : 11
(a) If {an} ¢ %5, then zn=0 a x. diverges whenever % > a > max(P 2,0).

(b) If {an} e 2P, then Zm

11
a_x_ converges whenever -3 < a< =-=
n=0 n'n

p 2’

PROOF. Observe that in case (a) Proposition 20.8 and in case (b) Proposition
20.9 are applicable since the assumptions hold (with r = 3+ a), by Lemmas
20.11 and 20.13.
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PROOF OF THEOREM 20.7. Let 1 < r, s < » be given. Choose o such that

1>a> max(%— 1,0) and consider the sequence {x_} = {Itl_a cos nt}. Fix
i 1 1 1 -1/r
1 — - -—— - o=
r' so that a > 7 5 > 773 and put Bn :=n (

]
{8} ¢ 2¥, it follows from Corollary 20.14 (a) that X:=

n=1,2,...). Since
1 ann diverges. On

the other hand {Bn} e 25 since r > r'.

Next let a' # O be such that —% < o' < é— % and consider {x;} :=
-y ! -
{|t] %" cos nt}. Fix s' so that o' jr -1 < 1.1 and put a_ :=n 1/8.
s 2 s 2 n

Since {an} € ls', Corollary 20.14 (b) implies that Z:=1 a x' converges.
On the other hand {an} ¢ 25,

Finally put H := (H1 ® Hz)QZ where H; and H, are the closed linear sub-
spaces of L2[—ﬂ,ﬂ] spanned by {xn} and {xé}, respectively. It is easily

verified that the sequence x,,x!,%X,,x!,...,x ,x',... is a seminormalized
1771772772 n

n
basis for H and from what we have already proved it is obvious that this

basis satisfies the requirements of Theorem 20.7. [J

Another natural question is suggested by Theorem 20.1: what happens
if we dispense with the uniformity condition altogether and simply require
that for any normalized basic sequence {xn} there exist constants A,B > O,
1 < r, s < o (dependent on {xn}) such that (20.1) holds? Does this still
imply superreflexivity? It bertainly implies reflexivity as the following

result shows.

PROPOSITION 20.15. Let X be a Banach space and suppose that for any nor-

malized basic sequence {xn} there exist constants A,B > 0, and 1 < r, s < =

such that

) s 1/s ® r 1/r
(20.16)  a( ) lo_I7) <lxl <B( ] la_|7)

n n

n=1 n=1

whenever ©
x = Z @ X € [xn].
n=1

Then X is reflexive.

PROOF. By Theorem 6.12 it suffices to show that an arbitrary normalized
basic sequence {xn} is boundedly complete. Suppose not. Then there exists

an € > 0, an increasing sequence of integers O = m, < m, < ... m_ < ...

0 1 n
and a real sequence {an} such that for the block basic sequence {yn}, with
"n
Yn= ) X aixi (n=1,2,...),
i=m +1
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we have

n
“yn" 2e (n=1,2,...) and { ) yk} bounded.
k=1

By assumption there exist A > 0, 1 < s < » such that the first inequality
Y

in (20.16) holds for the normalized basic sequence {“—EW&. Thus, for each
Yn

ne€ N

n 1/s n Y. n
an'Pe sa( ] 1y %) < |V w SEld =11 vl
k=1 k=1 Y k=1

contradicting the boundedness of {) 1.

n
k=1 Yk

REMARK 20.16. As in the proof of the "if" part of Theorem 20.1, we have used
only the first inequality of (20.16) to prove reflexivity. If we assume only
the second inequality of (20.16) then it follows similarly that each (nor-
malized) basic sequence is shrinking, so that X is reflexive by Theorem
6.12.

REMARK 20.17. The problem whether the assumptions of Proposition 20.15 imply
superreflexivity is open as far as we know. The answer is yes if X is iso-
morphic to a subspace of a Banach space with an unconditional basis, or more
generally, if X has local unconditional structure. This follows from the re-
sults of [60].

We now proceed to the promised example of a reflexive space which con-

tains no &F. First let us give a

DEFINITION 20.18. A sequence {xn} is called an unconditionally monotone

basis for a Banach space X iff it is an unconditional basis with uncondi-
. u . . ©
tional norm v =1, i.e. for all convergent series z o x_ and
{x,} n=1 “n’°n

00
2n=1 ann we have

o .

(20.17) "n£1 unxnﬂ < HZ:=1 ann" whenever ]anl < IBnI (n=1,2,...).
Recall that (20.17) implies in particular that the associated projec-

tions PF (F € F, the collection of finite subsets of IN) all have norm 1.
Let X be the space of all real sequences which are eventually 0. If

x € X and F € F, then Fx will be short for PFx, i.e. the sequence whose n-th

coordinate is that of x or 0 according as n is in F or in IN\F. We shall

consider unconditionally monotone norms on X, by which we mean norms with the
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property that the unit vectors {en} form an unconditionally monotone basis
for (the completion of) (X,l I'). Thus IFxl < Ixl for any such norm (F € F).

For F,,F, ¢ F we write F1 < F2 iff max F1 < min F2. A finite sequence

1772
{F.}F c F is called admissible provided F, < F, (i =1,...,k-1) and
i‘i=1 i i+l
{k} < F,. We now define inductively a sequence of norms I "n on X as follows:
Il = = Uxl
0 =)
k
.= 1 ‘ :
(20.18) "x"n+1 : max[||x||n, 3 max{.z "Fix"n k € N and
i=1
k
{F.},_, is admissible} (n=0,1,2,...) .
i“i=1

It is routine to verify that these are indeed norms. Moreover, all these
norms are unconditionally monotone (use induction) and form a non-decreasing
sequence. It is also easily checked that "ek"n = 1 for all k,n € N. In
particular it follows that for each x € X the non-decreasing sequence

{Hx"n} is bounded, so that we can define the limit norm by
(20.19) Il := %&g Hx"n (x € X).
Observe that -l is again unconditionally monotone.

LEMMA 20.19. Il is the unique norm on X satisfying

k
(20.20) Il = max["x"c , 3 max{ Z "Fix": k € N and {Fi}];__1 admissiblel}].
0 boi=t g

PROOF. Let us first check the validity of (20.20). It is an immediate con-
sequence of (20.18), (20.19) and the increasing nature of {"-"n} that for

every X € X we have

k
Ixl > max[lxl , Imax{ z lr. xl: k € N and {F.}k admissiblel}].
=) 121 i i“i=1 .
Let us assume for contradiction that for some x € X we have
X k
Ixl > max(lxl , 3max{ z IF.xl: k € W and {F,}, , admissible}].
c0 im1 i i‘i=1

Then for all sufficiently large n we have
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k
k
I I I issi
x> %max{.z “Fix : ke N and {Fi}i=1 admissible},

i=1
and consequently, by (20.18), "xﬂn = "x"n+1. Let n, be the smallest index
such that "x"no =zl .4 = "x"n0+2 = ... = Ixl. Note that n, # 0, since by
the assumption Ixl = lIxl, < lIixl. Now, using (20.18) again, we arrive at
0 co

a contradiction:

0

k
k admissible}] < max[llxlln —1 imax{ z "FixH;
0 i=1

. k
Ixl = Il = max{lxl g émax{iglllFix"no_l: k € N and

{F,}

i“i=1

k € N and {Fi}];=1 admissible}] < lxl,

where the last inequality follows from the choice of n0 and from the assump-

tion.

Suppose that lll+|ll is another norm on X satisfying (20.20), i.e.

k
Yo F.xlll: k ¢ N and

i=1 }k
i'i=1

Wxlll = maxChxd , 3max{
(20.21) 0

{F admissiblel}].

First of all HenH = "lenul =1 for allne W, so ll I and Il Il coincide on
all x with supp x (= {n € IN: n-th coordinate of x non-zerol}) consisting of
at most one element. Observe next that in (20.20) and (20.21) we may obvious-
ly assume that, for a given x € X, the max is taken over all admissible

k k
{Fi}i=1 such that .21 Fi c supp x and k 2 2. Induction on the cardinality

i
of supp x now shows that ll[+lll = Il on x. O

Let T be X with the norm defined by (20.20) and T its completion. As
we have already observed {en} is an unconditionally monotone basis for T.

Furthermore,

THEOREM 20.20. T is reflexive and contains no infinite-dimensional super-
, , ~ , 1
reflexive subspaces. In particular T contains none of the spaces o L7, WP

(1 < p < ») isomorphically.

We need two auxiliary results for the proof of Theorem 20.20. The first

one gives some more information on the norm of T and the second one (needed
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to prove that T does not contain 21) asserts roughly, that if 21 is isomor-
phically contained in any Banach space, then it is "almost isometrically"”

contained in it.

PROPOSITION 20.21. For every o > 1 there exists a B < 2 (in fact B= %(3+0L_1)

will do) such that
_1 m
(20.22)  Ixg+m [ ox0 <8 max Ixl,
i=1 0<i<m
whenever k,m ¢ IN and XoreeerX € T satisfy

(20.23) supp X, < [1,k] < supp X, < ... <supp x and m z k.

PROOF. Let k,m € IN and xo,...,xm e T satisfy (20.23). Since

m

“xo + m—1 Z Xi"é < max x| < max "Xi"’
i=1 0 O<ic<m 0 0<ism
it suffices, in view of (20.20), to show that, for B = %(3+a_1),
n |
. . < Il
(20.24) P IF, (x5 +m _Z x )l < 28 max x|
j=1 i=1 0<iz<m

whenever {Fj}?=1 is admissible. (20.24) holds with any B 2 1 if n 2 k.

Indeed, in this case supp Xq < Fl' by the admissibility of {Fj}?=1' so that

ijo =0 for all j = 1,...,n. Hence
n 4 D n 4 [
Z IF, (x,+m Z x )l = z IF. (m Z x )
j 7o NP ¢ . J . i
3=1 i=1 =1 i=1
_1 m
< 2lm z xi" <2 max Ix.I.
i=1 0<i<m

So assume that n < k. Let us put
A:={ie{1,...,m}: "iji“ # 0 for at least two values of j}

B:={ie{l,...,m}: "iji" # 0 for at most one value of j}.



257

For each i € A pick two Fj's such that iji # 0. Obviously the cardinality
of the set of Fj's so chosen is at least |A| + 1. Therefore |A| < n-1.
Using this, (20.20), the fact that at most one term of Z?=1Hiji" is non-

zero whenever i € B, and the assumptions n < k, m 2 ok, we obtain

No~—s

) Ly
IF. (x - +m x. I < e x I +
=1 370 1= g3 30
-1 n n
+m (.Z .Z HijiH + _z .Z‘HijiH)
ieA j=1 ieB j=1
-1
< 2HxOH4-m (2.2 I I + .z "xi")
ieA i€eB
< 2Hx0ﬂ1-m_1[2(n—1)+-m—n+-1] max lx. 1
1<i<m
<

2"x0“4-m_1(m—1+k) max Ix,l < 2"x0”+-(1+m—1k) max lIx, I
© 1<i<m 1<i<m

(3+a”1) max Ix 1.
0<i<m

IA

Thus (20.24) holds with B = %(3+a—1) and the proof is complete. [

PROPOSITION 20.22. Suppose that a Banach space X contains a subspace iso-

morphic to 21. Then for any 0 < € < 1 there exists a sequence {zn} c Sx such

that for all k € N and al,...,ak € IR,
k k k
(20.25) (1-¢) } la | <1} ozl < ) la_I.
n=1 n=1 n=1

, 1 ,

Thus {zn} is I:Eu-equ1valent to the standard basis of zl.

PROOF. Let Y be a subspace of X isomorphic to ll. Let {xn} be the sequence
1 . .

in Y which corresponds to the standard basis of %  under an isomorphism.

Then there are constants MI’M > 0 such that for all k ¢ IN and al,,..,a € IR

2 k
k k k
|
M, ) ]an[ ) anxnﬂ < m, ) lanl.
n=1 n=1 n=1
For each m € IN set
k k
K := inf{l ) anxn": ke N and ) la | = 1}.
n=m n=m

Then {Km} is a non-decreasing sequence bounded below and above by M1 and M2,
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respectively. Hence M1 <K := lim Km < M2. Let € > 0 be given and choose
m

§ > 0 such that 1l-g < § and

1-8
148 0
using the definition of the Km' we now select an increasing sequence

€ N such that Kmo 2 (1-§)K. Inductively,

m < m, < m, < ... in N and a (block basic) sequence {yn} of the form

m m

n n
(20.26) y_= ] o"x,  with J lajl=1and Iy I < (1+8)x
i=m__+1 * % i=m_ 41
n-1 n-1
(n=1,2,...).
Yn
Putting z  := WSTW-(n =1,2,...), we have {z } < Sy and we claim that this

n
sequence satisfies the requirements. Indeed, the second inequality in
(20.25) is obvious. For the first one, observe that for all k € N and all

Ogreeer0y € IR we have, by the choice of m, and (20.26),

0
k k n N k oy n
1y ayl=1 7 I eoixl=x ] I loogl 2
n=1 n=1 i=m +1 0 n=1 i=m +1
. n-1 n-1
k
> -
> (1-8)K Z ]anl,
n=1
whence
k © q k k
1-§)K
||zazn=||z D |sd Y Jol 2 (1-e) ) Jal. O
n=1 7 n=1uyn]I n (1+8)K n=1 n n=1 n

One more remark should be made before the proof of Theorem 20.20.

REMARK 20.23. If {en} denotes the standard basis of 21 or ¢y, then any nor-
malized block basic sequence {yn} with respect to {en} (so in particular

every subsequence of {en}) is l-equivalent to {en}. Indeed, let

m
n
y_ = Z ae,  (n=1,2,...)
with l=mn--1+1
By
"yn" = Z ]ail (respectively, sup lai|) =1 (n=1,2,...).
i=m +1 m <ism
n-1 n-1 n
Then
k k
I z Byl = z IB_| (respectively, sup [B_|) for all k ¢ N and
n*n n n
n=1 n=1 1<n<k

all Bl""’Bk € IR.

We are now prepared for the
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' k k
PROOF OF THEOREM 20.20. a) Let {xi}i=1 c T be given such that {supp xi}i=1

is increasing, "Xi" =1 (i=1,...,k) and {k} < supp X. Then {supp xi}]i(.=1

is admissible and it follows from (20.20) that for all Ogrescsly € R,

k

k

k
".Z aixiﬂ > 3 .z Iail,
i=1 i=1

thus {xi}?=1 is 2-equivalent to the standard basis for 21 This observation

Xk
implies that any normalized block basic sequence with respect to the standard
basis {en} of T has, for each k, subsequences of length k which are 2-equiv-

alent to the standard basis for li.

b) Suppose now that Y is an infinite-dimensional superreflexive subspace of
T. Select a normalized basic sequence {yn} in Y. Then the coefficient func=
tionals {y*} form a basis for Y*, so that every y* € Y can be written as

y* = 2;=1 <yn,y*>Z:. It foll:ws immediately that %ig <yn,y*> = 0 for every

y € Y , since “yn" > |<yn,yn>| = 1 for all n € N. (This argument in fact
shows, more generally, that any bounded basic sequence in a reflexive space
is a weak null sequence.) In particular %ig <yn,e;> =0 for all k € N
({e:}is the sequence of coefficient functionals associated to {en}), so that
the assumptions of Proposition 8.6 hold with X and {xn} replaced by T and
{en}, respectively. Hence there exists for every € > 0 a subsequence {ypn}
which is (1+e)-equivalent to a block basic sequence with respect to {en}

(e > 0 arbitrary). A bit more care in the proof of Proposition 8.6 shows
that this latter block basic sequence may be assumed normalized. By the
observation made under a), {yPn} therefore contains, for any k € IN, sub-
sequences of length k which are 2(1+e)-equivalent to the standard basis of
Zi. Since the standard basis for k;k forms a (k,2)-tree (Remark i4.2), it
follows thatY has Pl' contradicting its superreflexivity. Thus T contains no
non-trivial (i.e. infinite-dimensional) superreflexive subspaces, in par-

ticular no &F for 1 < p < «,

c) An analogous argument will show that T contains no subspace isomorphic

to c,. Indeed, suppose Y < T is isomorphic to c,. Let {yn} be the normaliza-

tion of the basis for Y corresponding to the stgndard basis of o under an
isomorphism. Since the standard basis of o trivially forms a weak null
sequence, so does {yn}. Again Proposition 8.6 and part a) of the present
proof now show, for every € > 0, the existence of a subsequence {ypn} which
contains, for any k € IN, subsequences of length k which are 2(1+¢)-equiva-

1
lent to the standard basis of Rk. This is obviously impossible, since any
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such subsequence is also K-equivalent to the standard basis of (co)k for

some K independent of k, by Remark 20.24.

d) Since % has an unconditional basis {en},Nit suffices (by The?rem 6.20)

for the proof of reflexivity, to show that T does not contain &  isomorphic-
ally. Suppose it does and let € > 0 be arbitrary. Then, by Proposition 20.22,
S? contains a sequence {zn} which is (1+€)-equivalent to the standard basis
of 2. It is not difficult to see that there exists a normalized block basic
sequence {yn} with respect to {zn} which satisfies %3g <yn,e;> = 0 for each

k. Indeed, suppose that for some k € IN Y, 1 93Zs0 "yn" =1

=3

- i——lnn_1+ i7i

(n=1,...,k) have been chosen so that |<yn,ez>| < 1/n for all 1<%<n<k.
k+1

N . Aed * . _
Now pick y) 4 in [zi]i n (igl ker ei) with "yk+1" = 1, truncate and

=mn+1

normalize this y in such a careful way that |[<y ,e*>| for
k+1 k+1'72

2 =1,...,k+t1. It is not hard to see, using Remark 20.23, that the so defin-
ed normalized sequence {yn} is (1+e)3—equivalent to the normalization of the
corresponding block basic sequence of the standard basis of 21. The latter,
in turn, is l-equivalent to the standard basis of 21, by Remark 20.23. The
upshot of all this is that we have now found a normalized basic sequence
{yn}, (1+s)3—equivalent to the standard basis of 21 and satisfying the
assumption of Proposition 8.6 (with T and {en} instead of X and {xn}). Hence
application of Proposition 8.6 yields a normalized block basic sequence with
respect to {en}, say {xn}, which is (1+e)4—equivalent to the standard basis

of 21. Now, finally, let us apply Proposition 20.21 to {xn}. Suppose .
1

supp x, © [1,k] < supp X,. Then, taking a =2, m = 2k, B = 1(3+a ) = %, we
obtain
2k+1
-1 7
Ix, + (2k) 'Z x, I <z
i=2
For sufficiently small € > O this contradicts the (1+e)4—equivalence of
{xn} to the standard Zl—basis, since
2k+1 -1
1+ ) (2k) 7 = 2. ' 0
i=2

The Tsirelson space T thus disproves the old conjecture that every

Banach space must contain an isomorph of c, or of some Zp, 1 £ p < », Re-

0
treating a little, it is quite natural to ask whether every Banach space

must contain either a reflexive subspace (infinite-dimensional, of course)
or an isomorph of ¢y OF 21. As far as we know this question is still open

today. Another positive result one might still hope for, would be that every
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superreflexive space contains some Rp, 1 < p < », isomorphically. In par-
ticular Theorem 20.1, which shows a close connection between superreflexive
and 2P spaces, is suggestive in this direction. However, recently T. Figiel
and W.B. Johnson have shown that this is not true. By an ingenious convexi-
fication procedure they have modified the norm of the Tsirelson space so
that it becomes uniformly convex, while at the same time preserving the
property that the space contains no Qp. The details are rather complicated

and we do not give them here. Let us at least state the result formally.

THEOREM 20.24. There exists a uniformly convex space containing no isomorph

of any QP, 1 <p <o,

NOTES. The "only if" part of Theorem 20.1 is due to V.I. & N.I. GURARIT
([38]) for spaces which have uniformly convex and uniformly smooth norm.
R.C. JAMES ([55]) derived an even stronger result for superreflexive spaces
(which at the time were not yet known to be uniformly convexifiable). He
also proved the "if" part, modulo ENFLO's result ([33]). For the "only if"
part we have followed [38], since the proofs there seem more natural. The
example of Theorem 20.7 is due to N.I. GURARII ([37]), while Proposition
20.15 is from [55]. The original paper of B.S. TSIRELSON giving a reflexive
space containing no 2P is [101]. Our account follows that of T. FIGIEL &
W.B. JOHNSON ([35]) to whom the entire second half of this section is due.

An exception is Proposition 20.22 which was proved by R.C. JAMES in [52].
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Absolutely convex, 1
absolutely convex hull, 1
absorbing, 1

adjoint operator, 11
admissible, 254
algebraic direct sum, 17
A-matrix, 231

annihilator, 12

Balanced, 1

balanced hull, 1

Banach-Saks (B.S.) property, 223
basic sequence, 57

basis, 49, 65

basis constant, 54

bilinear form, 3

biofthogonal system, 51
bipolar (set), 6

block basic sequence, 59
boundedly complete, 64

branch (of a tree), 119
branch point (of a tree), 119
Cyr 13

(co)n, 14

c,—-sum, 14

0
C(K), 14

characteristic, 43

choxd set, 203

closed absolutely convex hull, 2
closed operator, 17

coefficient functional, 50
compact operator, 17

compact topological space, 21
comparable, 10

compatible, 6

complete biorthogonal system, 51
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conjugate function, 159

conjugate space, 7
convergence-preserving method, 222
convex, 1

convex hull, 1

countably compact, 21

crudely finitely representable, 165

curve, 195

Dentability, 147
derived partition, 170
derived tree, 144

dual norm, 17

dual pair, 4

dual space, 3

Eberlein compact, 28

ecart, 171

endpoint, 195

e-net, 22

equivalent basic sequence, 98
ergodic (for isometries), 230
e-tree, 143

extremal, 18

extreme point, 18

Finite rank operator, 17

finite supported tree property
(FSTP), 216

finite tree property (Pl)' 169
finitely representable, 163
flat, 197

Gauge, 2
girth, 196
girth curve, 197

Initial point, 195
(°,e)-tree, 143
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infinite supported tree propérty
(IsTP), 198

infinite tree property (PT), 144
invariant under spreading, 236
isometric, 9

isomorphic, 3,9

isomorphism, 9

To Thr In,0

James function space, 129

, 207

James space (J), 80

James tree space, 119
Krein-Milman (K.M.) property, 221

2P, 13

!

2l-problem, 194

2P-sum, 14

length, 195

local reflexivity, 33
locally convex space, 2

lower semicontinuous, 17

Minimal subspace, 89
Minkowski functional, 2
modulus of convexity, 149
modulus of smoothness, 152
monotone basis, 81

m(x), 196

m(X), 196

(n,e)-partition, 170
(n,e)-tree, 143

norm of a basic sequence, 57
norm of a basis, 54

norm of a tree, 143

Open map, 18

Py, 169

pT, 144
P,,P3,P,,P] (€) P (e),PF(e), 179
P3,P3,Py, 131

parametrization, 195

polar (set), 6

Quasi-reflexive, 89

Radon-Nikodym (R.N.) property, 147

rectifiable, 196
reflexive, 7
relatively compact, 24

relatively countably compact, 24

relatively sequentially compact, 24

representation, 195
R-ergodic (for isometries), 230

R-matrix, 222

Schauder basis, 49,65
segment, 119

self-dual, 184

seminorm, 1
seminormalized, 246
sequentially compact, 21
shift operator, 233
shrinking, 64

simple curve, 195

somewhat reflexive, 103

standard representation (in terms of

arc length), 196
subreflexive, 29
super B.S., 230
super ergodic, 230
super K.M., 221
super non-flat, 221
superproperty, 221

superreflexive, 180



super R-ergodic, 230

super R.N., 221

Topological direct sum, 18
topological isomorphism, 9
topological vector space, 2
topologically isomorphic, 3
total, 24

Unconditional basis (basic
sequence), 74

unconditional basis constant, 77

unconditional norm of a basis,

unconditionally convergent, 72

77

unconditionally monotone basis, 253
unconditionally monotone norm, 253
uniformly convex (rotund), 149
uniformly convexifiable, 163
uniformly non-octahedral, 194
uniformly non-square, 188

uniformly smooth, 151

Weak topology, 8
w*-basic sequence, 104

*
weak topology, 8
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