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Abstract

We establish the first hardness results for the problem ofpeimg the value of one-round games
played by a verifier and a team of provers who can share quasitamglement. In particular, we show
that it is NP-hard to approximate within an inverse polynalrttie value of a one-round game with (i)
quantum verifier and two entangled provers or (ii) classiegifier and three entangled provers. Previ-
ously it was not even known if computing the value exactly B-Nard. We also describe a mathematical
conjecture, which, if true, would imply hardness of appmeation to within a constant.

We start our proof by describing two ways to modify classitallti-prover games to make them
resistant to entangled provers. We then show that a strédethye modified game that uses entanglement
can be “rounded” to one that does not. The results then fdllom classical inapproximability bounds.
Our work implies that, unless B NP, the values of entangled-prover games cannot be compuwted
semidefinite programs that are polynomial in the size of wgfier's system, a method that has been
successful for more restricted quantum games.
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1 Introduction

Multi-prover games have played a tremendous role in thisatetomputer science over the last two decades.
In this setting, several provers, who are not allowed to comoate with each other during the game,
exchange messages with a verifier according to a prescritmédcpl and try to convince him to accept.
Thevalueof a game is the maximum probability with which the provens aahieve this, averaged over all
the verifier's questions and possibly over the shared randsmof the provers. The Cook-Levin Theorem
implies that it is NP-complete to compute the value of suchrag where the input is an explicit description
of the game, i.e., a set of possible questions, possibleerssw distribution on questions and acceptance
predicates for the verifier. A lot of research effort wenbimletermining how hard it is tapproximate
the value of such games, culminating in the celebrated PG#rém [ALMT 98, AS98], which shows
that the value of a two-prover one-round game with a congtantber of possible answers is NP-hard to
approximate to within some constant. This result has haewanging applications, most notably in the
field of hardness of approximation, where it is the basis afyr@ptimal results.

When considering multi-prover games in the quantum wofté, laws of quantum mechanics allow
for a fascinating new effect: namely, the provers can shararhitrary entangledstate, on which they
may perform any local measurements they like to help therwanthe verifier's questions. The fact that
entanglement can cause non-classical correlations is gigdaiea in quantum physics, introduced in a
seminal 1964 paper by Bell [Bel64]. Most importantly, theseo physical way to prevent provers from
sharing entanglement or to limit how much they have. Comftasdo the restriction that the provers cannot
communicate during the game, which can be enforced phjsioalseparating the provers in space so that
there is no time for a message to travel from one to the othes. thus a natural and important question
to ask how shared entanglement between the provers inflaémeealue of the game, as entanglement can
allow for new strategies of the provers. Notice that entamgint can potentially either make it easier or
harder to approximate the value of a game, and it is a wide gpestion which of these two effects actually
takes place. For example, no algorithm—of any complexigflatis known to approximate the value of an
arbitrary entangled-prover game. One of the most impodaastions in this field, which we answer in this
paper, has been to determine if it is hard or easy to compatediue of entangled-prover games.

Two recent results give evidence that entangled-proveregamight actually be computationally much
easierthan their classical counterparts. First, Cleve et al. [@A] showed that in the case of a particular
class of two-prover one-round games, XOR-games, the vahsmprovers are entangled can be computed
(to exponential precision) in polynomial time. In contraldtistad [Has01] showed that for these games
withoutentanglement it is NP-hard to approximate the value to wisloime constant. To prove their result,
Cleve et al. show that the maximization problem of the twospre can be written as a semidefinite program
(SDP) of polynomial size. Itis well known that there are padynial time algorithms to find the optimum of
such SDPs up to exponential precision, and hence there igropoial time algorithm to compute the value
of this game. More precisely, Cleve et al. show that thersiSBP relaxation for the value of the game
with the property that its solution can be translated battkaprotocol of the provers. This is possible using
an inner-product preserving embedding of vectors into datizome observables due to Tsirelson [Tsi87],
which works in the particular case of XOR-games. It has besra@r open question whether this result
generalizes beyond XOR-games.

In a second recent result giving evidence that entangledeprgames are easy, Kempe, Regev and
Toner [KRTQT7] show that even for the classwfiguegames (which contains the class of XOR-games), an
SDP-relaxation of the game gives a good approximation taabse. Hence, for unique games there is a
polynomial time algorithm t@pproximatethe value of the game to within a constant.

An SDP-relaxation is not specific to XOR-games or unique gaamel can be written for all entangled



two-prover game@. If the SDP is tight (as in the case of XOR-games) or close ftut figs in the case of
unique games) there is a polynomial time algorithm to commutapproximate the value of the game. It
was speculated that perhaps SDPs can compute or at leaskiapgte well the value of an entangled game
for more general games. The semidefinite programming apprbas been widely successful whenever
guantum communication is involved: for example Kitaev anathus [KWO0] have shown that SDPs can
exactly compute the value sfngleprover quantum games, Gutoski and Watrous proved thatate of
guantum refereed games is as hard to compute as the valwssicel refereed games again via semidefinite
programming([GWO0F7], and Kitaev showed that the cheatindpglodity for quantum coin-flipping protocols
[Kit] can be computed by SDPs. Moreover, Navascues et alANIPrecently gave a hierarchy of SDP
relaxations to approximate the value of an entangled twwgsrgame; yet no bounds on the quality of
approximation have been proved and these SDPs are in geotia polynomial size.

The major open question is thus to determine if it is easy mit tmcompute or even to approximate the
value of general entangled-prover games. In particulagldvit be possible that the value of such games
could be computed or approximated by an SDP?

Our results. In this paper we resolve the open question above by showintipédfirst time that it is NP-
hard to compute the value of entangled multi-prover gamélsdrmquantum world. We need to distinguish
between two types of entangled games: on one hand one damstiict the (possibly entangled) provers
to classical communication; we call such gamkssical entangled game®n the other hand one can also
allow the provers to communicatgiantummessages with quantum verifierwe call these gamegiantum
entangled gameslin both cases the hardness of computing the value of the gatheentangled provers
was previously not knovx@,and we show NP-hardness in two cases: for two-prover onedrquantum
entangled game@n the first part of the paper) and for three-prover one-tbelassical entangled gamés
the second part). Then we proceed to show that appnoximatingthe value of these two types of games is
NP-hard, thus giving the first hardness of approximatioulte@ Our main result can be stated as follows:

Theorem 1. There exists a polynomialsuch that it isNP-hard to decide, for an explicitly given
1. two prover one-round quantum entangled gather
2. three prover one-round classical entangled gakhe

whether its value ig or 1 — 1/p(]G!)H

This theorem implies that no polynomial-time algorithm campute the value of an entangled game
to within polynomial precision. Given the importance of SOR results on entangled games, the following
immediate corollary is of interest:

Corollary 2. The success probability of classical entangbegrover or guantum entangleztprover games
cannot be computed by SDPs of polynomial size, uitesaNP.

The results above leave open the casewafprover one-rounalassicalentangled games. In the third
part of this paper we give a hardness result for this type ofegahich is stated precisely in Sectldn 5 in the
setting ofsuccinctgames and interactive proofs; here we just give a brief ag@rvThis third result has a

In particular it will also be a relaxation for the value of ttiassical game (which is not tight in this case, unless RP).

2Kobayashi and Matsumotd [KM03] showed that when the compaiitin and the verifier are quantum, but the provers do
not share any entanglement, then the resulting games bdikavelassical games without entanglement, i.e., it is N#dhto
approximate their value to within a constant.

0Obviously the hardness of computation result is impliedhgyhardness of approximation result. We include it nonettsein
Sec[3.] for the quantum entangled games to illustrate the ioheas.

“See Sectiof]2 for a precise definition of the digéof G.



slightly different flavor: we scale up to games with expor@mumber of questions and answers, but given
succinctly (i.e. the game is given by a description of theudtrof the verifier of size polynomial itog |Q|,

the length of the questions). For these games we show thaprexdmate the value to within an inverse
polynomial (inlog |@Q]) is at least as hard as to approximate to within a constanvetiue of classicasingle
provermulti-roundgames with polynomial rounds. Note that this is a better @ppration than in the first
two results of our paper (where the approximation was arrsevpolynomial in@|), but our hardness in
this case is weaker than in the previous two results. Inqadati, combining this with an adapted version of
Shamir’s result[Sha92] that IR PSPACE, our result implies PSPACEMIP*(2, 1) 1. Again,

no such result was previously known for these games.

All three results turn out to have something in common—inahalysis of all three of them we show
that by enforcing certain tests we obtain sets of projediwisch characterize the strategy of the provers)
which pairwisé‘almost commute” From this condition we need to derive a classical strategthk original
classical game, and we do this in a similar fashion in alletoases.

1,1—poly ™

Proof ideas and new techniques.

Reduction: We prove our NP-hardness results by a reduction from thenkasdof approximation
result for classical (hon-entangled) games, as impliechbyPICP Theorem, which we state in the language
of games:

Theorem (PCP Theorem [ALM 98,/AS98]) There is a constant < 1 such that it isNP-hard to decide,
given a two-prover one-round game with a constant numbensivars, whether its value isor < s.

We start with an instance of such a classical two-proverroned game and modify it to a two-prover
one-round guantum entangled game (or a three-prover cdggitangled game, in the second part of this
paper) with the property that the value of the new entangédegis at least as big as the value of the original
game. In other words, if the value of the original gamg, ithe value of the new game is still To show that
it is NP-hard tocomputethe value of the entangled game we need to show that if the adlthe original
game is belows then the value of the new entangled gamensllerthan1. In particular, it suffices to
show that if the value of the new entangled gamg ithen the value of the original game is alisoTo show
this, we use a successful strategy of the entangled provexsristruct a strategy in the original game that
achieves a large value (sBeundingbelow).

Because we only need to show this when the new valexagtly 1 our task is fairly easy once we
have established how to modify the game. It requires sutiglignmore work to prove the hardness of
approximation result. We perform the same reduction asdreitact case, but now we need to show that if
the value of the original game is at masthen the value of the new entangled game is bounded away from
1 by an inverse polynomial. Equivalently, we have to show thtte value of the new entangled game is
abovel — ¢ for some inverse polynomially smal| then the value of the original classical gaméaiger
thans.

Modify the game to “immunize” against entanglement: An essential novel technique in our paper
is the design of the new games used in our reduction. We désggnew games in a way that limits the
cheating power of entangled provers. To this end—and thasasicial difference to previous attempts to
upper bound the value of entangled games—we add an extreotdst game. This new test, which can
be added generically anytwo-prover one-round game, significantly limits the usermbaglement by the
provers beyond its quality as shared randomness. We hopé¢hibdechnique of “immunizing” a game
against entanglement can be extracted to serve a widergaimp@ther contexts where we want to limit the
power of entanglement, possibly with cryptographic aggians.

In hindsight the fact that we need to modify the games come®asirprise. Several classical games
have been analyzed in the past to show that without modificadf the game, entanglement drastically
increases their value. One striking example is given by tlagiM Square game [AraD2]: Two classical
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players can win this game with probability at magy18. However, when given entanglement, the players
can winperfectly i.e., they have a strategy that wins with probability

Our next novel element is the actual design of the new tese difficulty is to show that entangle-
ment does not help the provers to coordinate their repligsctease the success probability. In the case of
guantum games (in the first part of this paper) our idea is titelg usequantummessages anguantum
tests, and in particular a version of the SWAP-test, to eafdapproximately) that the provers do not en-
tangle the message register with the entangled state thaeg.shhis allows us to get conditions that involve
the provers’ operators (describing their strategies) amdifferentquestions. For this it is crucial that the
messages are quantum; we do not see any way to achieve titdoeslassical messages.

When we analyze classical entangled games (in the seconhdfar paper) we design a different test:
we modify the game by introducingthird player. We use the extra player to introduce a consistersty te
that forces two of the provers to give tkameanswer. As a result, to pass this test, the two original ptaye
can only use an entangled state of a specific form; it mustfr¢aimately)extendablei.e., it must be the
density matrix of a symmetric tripartite state. There aierpesults pointing to the potential usefulness of
a third player to limit the cheating power of entanglememt: &ample, two entangled provers can cheat in
the Odd Cycle game of Ref. [CHTWD4], but if we add a third proween entangled provers can perform
no better than classical onés [Toh06]. Moreover, after trapdetion of this work we have learned from
A. Yao [Yad] about a way to add a third player to the Magic Squgame such that as a result the winning
probability of entangled provers ig 0.94.

For our third result on two-prover classical entangled garoer reduction has the same spirit and similar
analysis as in the previous two cases: here we start wihgle-prover multi-round game and modify it
to a one-round game by introducing a second prover to pretierfirst prover to entangle the answers of
subsequent rounds. Our modification here mimics a consiruof [CCL94] used to prove that PSPACE
has (non-entangled) two-prover one-round sys@ms.

Rounding: The extra quantum test (resp., the extra player) allows asttact a mathematical condition
on the operations of the entangled players. More precisélyris out that the projectors corresponding to
the various questions of the verifier pairwise “almost cortehiin some sense or “almost do not disturb”
the entangled state. This means that the provers’ actien&®bmnost classical”, in the sense that they allow
us to take any strategy in the entangled game and converkttba strategy in the original classical game.
We call this conversiomundingfrom a quantum solution to a classical solution, in analagghe rounding
schemes used to convert a solution to an SDP relaxation ttutosoof the game. To explain the idea of
our new rounding scheme, assume that the provers, whewiregai question from the verifier, perform a
projective measurement on their share of the entangled degdending on the question, and answer with
the outcome they get (it will turn out that this is essenjialhat the provers can do, even when the game
involves quantum communication). In tegactcase, when the value of the entangled quantum garhe is
the measurements corresponding to different questiomsnuteexactly. Hence, there is a common basis in
which the projectors corresponding to different answeesadirdiagonal for all questions. In other words,
for each question, the projectors simply define a partitibthe basis vectors. The probability that the
provers give a certain pair of answers just correspondseiaite of the overlap of the supports of the two
corresponding projectors, i.e., to the number of basisovedhat are contained in both of them. We can now
construct a classical strategy for the original game, whigeeprovers use shared randomness to sample a
basis vector, check which projector/partition containarid output the corresponding answer. This classical
strategy achieves exactly the same probability distrdoutn the answers, and hence the same value of the
game.

Matters complicate in the case where the value of the erddrgame id — . Now, the provers’ mea-

®In fact, we show that th& [CCL94] construction still remasosind even with entangled provers, albeit with a weakerdmess
than in the classical case.



surements corresponding to different questions “almostroate”. To exploit this property in a rounding
scheme, imagine the following pre-processing step to aktei entanglement from the strategy: Before the
game starts, the provers apply in sequence all possibleumrsgasnts, corresponding to all possible ques-
tions, on a share of the entangled state, and write downcf kdtthe answers they obta{ﬁﬂhen, during the
game, when they receive a question from the verifier, thgyores with the corresponding answer in their
list. Because the measurements almost commute, the arsaRy bne particular question in this sequen-
tial measurement scheme are similarly distributed to tle@ato in the entangled game, where the prover
only performs the one measurement corresponding to thatiqne This can be seen by “commuting” the
corresponding projectors through the list of projectorthim measurement, where each time we commute
two operators we loose anin precision. As a result, also the success probability isf tlew unentangled
strategy is similar to the one in the entangled game, or at teat too low.

A new mathematical challenge:As mentioned above, our tests enforce an almost-commuabinditon
on the operators of the provers. If they would commute eyattéy would be diagonal in a common basis,
which means that the strategy is essentially classical aed dot use entanglement. If one could conclude
that the operators amearly diagonalin some basis, one could again extract a classical strateqy the
exact case. Hence we reduce provaupstanthardness of approximation to the question whether one can
approximate our operators by commuting ones. This touchens & deep question in operator algelida:
almost commuting matrices nearly commuté€realmost commutingneans that the commutator is small
in some norm, and nearly commuting means that the matricebeapproximated by matrices that are
diagonal in some common basis. This famous question wasl dskéwvo Hermitianmatrices by Halmos
back in 1976 [Hal76m It was shown subsequently [Voi8[§]using methods from algebraic topology, that
this conjecture is false for twanitary matrices. Then, Halmos’ conjecture was disproved in the céds
three Hermitian matrices. Finally Halmos’ conjecture wasvpd [Lin97] by a “long tortuous argument”
[DS01] using von Neumann algebras, alm2&tyears after the conjecture had been publicized. In our case
we reduce proving hardness of approximation of the valuenardangled game to the conjecture for a set
of pairwise almost commutingrojectors where the norm is the Frobenius nofid||3 = Tr(ATA) (see

Sec[3.1):

Conjecture. LetWWy, ..., W, bed-dimensional projectors such that for some 0 forall i, j € {1,~. ..,n}
§||Win — W;W;||3 < e. Then there exists & > 0, and pairwise commuting projectof’, ... W,, such
that 3| W; — W;[|2 < éforalli e {1,...,n}.

Our proof shows that the conjecture with a constaimplies hardness of approximation of the value of
entangled games to within@nstant i.e., best possible. For two, three or a constant numberopégtors
the conjecture is easy to prove for a constantVe do not know if it is true in general.

Related work. A subset of the authors has obtained weaker results on lsaofiegpproximation of the
value of entangled two-proveruantumgames, posted to the arXiv earlier [KMO06]; the present paper
cludes and supersedes these results. Since this paper ¢éraanlagle public, our techniques have already
been applied byl [IKP07] to show similar results fobinary three-player one-round classical entangled
games. [[IKP07] also give a new upper-bound for the value of these gamesisooften called in this
context, they gave a new tripartite Tsirelson-inequalifter the completion of this work Cleve, Gavinsky
and Jain[[CGJQ7] use a connection to private informatioriengtl schemes to show that succinctly given
binary entangled classical games can not be approximatedlynomial time. Their result does not apply

50Obviously, the provers do not really need any entanglentedothis: all they have to do is sample from the joint distrido
that corresponds to the distribution of all the answersimsbquence of measurements.

"For the operator norm.

8For a simpler, elegant proof sée [EL89].



for explicitly given games, as it is based on an exponentiphasion of the message length. It uses very
different techniques, and is not comparable to ours.

Structure: The structure of this paper is as follows: In Secfibn 2 wepitice the necessary definitions
and notations we use. In Sectibh 3 we prove our results on fddtdness of quantum entangled two-
prover games. To flash out the ideas, we first prove hardnessngbutingthe value of such games, before
showing hardness of approximation. In Secfidn 4 we show Hieifess of approximation for the value
of three-prover classical entangled games, and in Selctiae §ive our hardness results for two-prover
classical entangled games. We discuss our results and opstiaqs in Section 6.

2 Preliminaries

We assume basic knowledge of quantum computation [NCOO].

Games. In this paper we study multi-prover games, or cooperativamagwith imperfect information
(henceforthgame}. We will only deal with one-round games played Bycooperative provers against a
verifier. For an integek’, denote{1, ..., K} by [K].

Definition 3. LetQ and A be integers. A gam@ = G (N, r, V) is given by a sef) = 1@y iy i in)el@)
of questions andl = {@iy.in Y ir...in €4 OF @answerstogether with a distributionr QN — [0,1], and
afunctionV : [A]Y x [Q]Y — {0, 1} The value of the gamé'fs

w(G) = sup Z (i1, ..y iN) Z Pr(aj,..jy)V(aj jylix - in), 1)
W WGy ivel@)™ Jredn €AY

where thelV; are the prover’s strategies, and the probabilRy(a;,...;, ) = Pr(Wi(i1,r) - Wi (in,r) =

aj,...jy ) is taken over the randomness of the provers.

The gameG is played as follows: The verifier samplés ..., iy from [Q]"V according tor, and
prepares a questiap,..;, € Q. He sends thé-th part of the question to provérfor 1 < £ < N and
receives the answer;, ..., € A from the provers. The provers win the gamé/ifa;, ...j, i1 - -~ in) = 1;
otherwise the verifier wins. Thealue of a game is the maximum winning probability of the proverfieT
provers can agree on a strategy before the game starts ghubtgpermitted to communicate after receiving
questions.

We distinguish three different kinds of games, based on lesical or quantum nature of the verifier,
the provers, and the question and answer sets. A gamil be called

e classicalif the verifier, the prover, and the question and answer setslassical. In this casg, ...;, =
(q1,-..,qn) @anda;, ..., = (a1,...,an) are N-tuples, i.e., the verifier simply sends to the k-th
prover and receives;, from him. We identifyQ with [Q]V, A with [A]Y, i}, with gz, andj; with ay,
and often writeQ) for [Q] and A for [A]. The strategie$V; are simply functiondV; : @ x R — A
whereR is some arbitrary domain (“shared randomness”). In fact areassume the strategies to be
deterministic there is always somec R that maximizes the winning probability and we can fix it in
advance.

e classical entangledf the verifier, and the question and answer sets are clds$icathe provers
are quantum, and are allowed to share an a priori entangidel|§t) of arbitrary dimension. This

*We write V (-, -) asV (-|-) to clarify the role of the inputs.
10We use a supremum because the optimal strategies might fioitben the case of entangled provers.



increases the set of possible strategies to quantum apesgierformed on the prover’s share of the
entangled state. By standard purification techniques é&ge[CHTWO04]) one can assume that each
prover performs a projective measuremgwf = {W¢ },c4 with outcomes inA (i.e., > ., Wi =

Id and(W;)T = W = (W$)?), where we adopt the same notational identifications asléssical
games. We will use a superscripto indicate entangled-prover games. The valtiéG) of such a
game is given by EqL{1) where the probabilRy(a; ldots, an) = (¥|(W1)g} @ --- @ (WN)GN | ).

e quantum entangledf both the verifier and the provers are quantum, and they angd quantum
messages. We usually denote such a gamé pyin that casey;, ..., € Q is a joint density matrix
and the verifier sends its-th part to thek-th prover forl < k& < N using a quantum channel,
possibly keeping a part in his own private register. Afterefeing as answer aiv-register quantum
stateaj,..;, € A, where thek-th prover sends thé-th register, the verifier performs a quantum
operationV’ (which might depend on the questions[@]") on the answer and his private space,
followed by a measuremesftl,.., II,.;} of his first qubit. By purification we can assume that the
kth prover performs a unitary transformatioéi on the message register and his part of the entangled
state|¥) and then sends the message register back to the verifier. allne of an entangled-prover
quantum gamey;, is given by Eq.[(IL) where

> Pr(aj, i )V (@ gylis - in) = Ti([Taee V(UL @ -+ @ Un) (g @ [¥)(T))).

J1seenJN

Input size. A game is described b§, A, = andV, and hence our complexity parameter, the size of the
input, is polynomial in) and AH we will always assume that the description of the distriuti is

of polynomial size inQ. In the case of quantum games we also have to take into actioaiisize of a
description of the question;, ;,, and the verification proceduré’, and the dimension of the answer
aj,..jx. We always assume that the dimensiong;of ;. anda;, .. ;,, are polynomial in and A and hence
there is a (classical) description @f._;,, and of V' (which can be assumed to be a unitary of polynomial
dimension) of polynomial size iy, A

Symmetric games. For convenience we will work with symmetric distributions The next lemma shows
why this poses no restriction (we only need the casembvers).

Lemma 4. For every gamé&z = G(2, 7, V) there is agamé&’ = G(2, 7', V') of the same value and twice
as many questions, such thdtand V'’ are symmetric under permutation of variables. Moreovereligan
optimal symmetric strategy fa@s’.

Proof. The verifierVV’ in gameG’ samples;, ¢’ from 7. He adds an extra bit register to the questions and
with probability 1/2 he send$gq, 1) to proverl and(¢’, 2) to prover2, otherwise he swaps the two questions.
In the second case he swaps the received answers and in bethagaplies the predicaté For the lower
bound observe that if, Ss is a strategy fo(, then the strategy fo&’ where each prover applies if his
second message bitidares as well a$, S5 (and is symmetric). For the upper bound note that from any
strategySa, Sp for G’ we can construct a strategy f6fthat fares at least as well, by choosing the better
of eitherS4(-,1),Sp(+,2) or Sg(-,1),S4(-,2). Moreover,V' is obviously symmetric under permutation of
guestion-answer pairs. O

In the case where the provers are allowed to share entanglewe can assume thatifandl” have some
symmetry, it is mirrored in the optimal prover’s strategies

Here we always assume thitis a constant.
2In fact all games we consider also have a circuit of gialy log Q to preparey, ., fromii, ... ix.
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Lemmab. LetG = G(N,w, V) be a(classical or quantum) entangled-prover game, sudhthia, . .., iy)
is symmetric inq, ..., andV is symmetric under simultaneous permutation of the registe. . k of the
questionsy;, ...;, and of the answers;, ...;, for & < N. Then given any strateg¥, . .., Py with entan-
gled state| W) that wins with probabilityp, there exists a strateg, . . . , P;, with entangled statél’) and
winning probabilityp such thatP] = ... = P/ and|¥’) is symmetric with respect to the provers. . , k.

Proof. Let &, be the set of permutations §i, ..., k} and assume, by appropriately padding with extra
qubits, that the firsk registers off ¥') have the same dimension. Define strated¥s .., P}, as follows:
the provers share the entangled stdt¢ =3 s [0(1))...|o(k)) ® [¥7), where the register containing
|o (7)) is given to provei and|¥?) is obtained from¥) by swapping the first registers according t@. For

i < k proveri measures the register containiagi)) and applies?, ;). Fori > k, P{ = P;. By symmetry

of m andV this new strategy achieves the same winning probahilignd|¥’) has the required symmetry
properties. O

3 Hardness of two-prover entangled quantum games

In this section we prove Theordm 1 for the case of two-provantum entangled games. To better quantify
the dependence on the input size, we restate it as a sepasate r

Theorem 6. There is a constant¢, > 0 such that it isNP-hard to decide, given an two-prover quantum
entangled game, whether its valuelisr less thanl — ¢ for e = @ﬁ.

As mentioned in the introduction, we will prove this by a retion from the PCP Theorem. However,
to more clearly and cleanly expose the ideas in this proofywlidirst prove the simpler statement about
NP-hardness afomputingthe value.

3.1 NP-hardness of computing the value of entangled quantugames
Theorem 7. It is NP-hard to decide, given an two-prover quantum entangled gavhether its value ig.

We first describe how to modify a two-prover classical gamhe2, , V') with questiong)) and answers
A to a two-proverquantumgame of equal or higher value. We assume that the distribouti@, ¢') is
symmetric (as per Lemnid 4, at the expense of doubling the euoflquestions) and also that there is a
non-zero probability for each question to be asked (otrswie remove it fron@) without affecting the
value of the game).

The modified quantum game. In the constructed quantum gartg the verifier sends quantum registers
lg,0)4 and|q’,0) 5 to proversA and B. We call the first part of this register tlypiestion registeand the
second part thanswer registerThe answer register is initially in some designated statand the provers
are expected to write the answerg A to the questiory € () into this register and then send both registers
back. The verifier performs one of two tests, with equal phdltig:

Classical Test:The verifier sampleég, ¢') according to the distribution (g, ¢'), and sendsg, 0) to prover

A and|q’,0) to prover B. Upon receiving these registers from the provers, he meashem and accepts
if the results of the measurement of the question registers;f and the results of the measurement of the
answer registers, ' would win the game...

Quantum Test: The verifier samplesq, ¢’) according to the distributiomr(¢)7(¢’), wheren(q) is the
marginal ofrr(q, ¢') and prepares the state
1

NG (10)lg,0)4l¢",0) 5 + [1)]¢',0) alg, 0) ) - @)



He keeps the first qubit and sends question and answer rsgisterovers4A and B. Upon receiving these
registers from the provers, he performs a controlled-SWARegistersA and B conditioned on the first
qubit being|1) (he swaps both the question and the answer register). Themehsures his qubit in the
basis{|+), |—> and the question registers. He accepts iff the results ofsesurement of the question
registers isy, ¢’ and the outcome of the measurement of the first qubit-is “

Remarks:Note that the valuev; (G, ) of the constructed gam@, is obviously at least the value of
G.: If the entangled quantum provers, controlled on the qaessimply write the answer that the classical
unentangled provers would have given into the answer exgibiey always pass the quantum test, and hence
wi(Gy) 2 w(Ge)/2 +1/2 > w(Ge).

Moreover the description of the quantum game has essgrtiedl same size as the description of the
classical game, i.e. the complexity parameter is the sanbetim cases. The dimension of question and
answer registers i$)| and|A| and the SWAP test only requires extra space that is no morelitiear in
the number of qubits swapped.

Note that it is only the SWAP-test that is genuinely quantamg allows us to show that the provers
cannot entangle too much the questions they receive witlentengled state they share, by relating their
actions on two different messages. This test has been usedidus settings in the past. In its most simple
form it was used in[[BCWdW0Q1] to give a protocol for quantungénprinting. However, the test that we
perform here is a little more sophisticated, since it immats only apartial SWAP on the two message
registers, which might be entangled with the prover’s ge\spaces and entanglement, on which the verifier
in unable to perform the swapping. This partial swap has lsed in [KWOQOO0] to show parallelization for
QIP, and in[[KMY03] to prove the inclusion QM&) CQMA(2), where the2 and3 refer to the number of
Merlins.

A last remark concerns the two different probability dimfitions used in the two tests. We really need
to change the distribution in the quantum test, becausgdsgis a commutation condition fall operators
of the provers, corresponding to all different questionghe@wise, we would only obtain it for pairs of
questionsy, ¢’ corresponding to a non-zerdq, ¢'), which is not sufficient to round to a classical strategy.

Existence of a good classical strategy. We now show that if the value of the quantum gamae,ishen
there is a strategy for the classical game that wins withgdooiby 1.

Lemma 8. If wy(G,) = 1 thenw(G,.) = 1.

This implies that if the value of the classical game was Ikag1, then the value of the quantum game
is less thari. Since itis NP-hard to distinguish whether the value of thesical game i$ or not, it follows
that it is NP-hard to decide whether the value of the quantamegis1.

Proof of Lemmal8:Consider a maximizing strategy, which in particular pagkesquantum test with cer-
tain Note that if it were not for the controlled-SWAP the game vibbke essentially an entangled
classicalgame, because question and answer registers are preparethssical state and are immediately
measured when received by the verifier. We first show thatttheegy of the provers is indeed essentially a
classical entangled strategy.

Claim 9. There is a shared bipartite stat&) 15 and for each question € Q a set of projectord W }4c 4
acting on each prover's half aft) with . W¢ = Id such that each provers’ transformation can be

130r, equivalently, he performs a Hadamard transform and umeasis qubit in the standard basis.

Hstrictly speaking it could be that such a strategy existy @mthe limit of infinite entanglement, so we would have to ase
strategy that achieves success probability arbitraribpgeltol. Since in this part we only give the ideas of the rigorous pino
Sectiorf 3.2, we ignore this issue.



written as|q)|0)|¥) — |q) >_, |a)W|¥) and the probability that the verifier measures:’ in the answer
registers given he sampledq’ in the classical test is

pe(a,d'la,q') = W5 © W |®) ap|*.

Proof. At the beginning of the protocol the provers share some gigdrstatg¥’) (including their private
workspace). From Lemnid 5 we can assume that the strategike uantum game are symmetric, i.e.,
that A and B apply the same unitary transformatiéh Since the provers pass the quantum test perfectly
it means that they do not change the question register. Heixceasy to see thdf is block-diagonal and
can be written aé/ = 3°_|q)(¢q| ® U, whereU, acts on the answer register and half'éf). Define the
operatorsVT/; = (a|U,4|0), where|0) and|a) only act on the answer register, not (i), i.e. U,|0)|¥’) =

> )W), Then it follows thaty~, (W2)!W¢ = Id, meaning thati’s are superoperators acting on a
part of |[¥’). By standard arguments we can now enlarge the system toedBjasuch that we can replace
the Wg by projectorsiV which give exactly the same outcome probabilities. O

We now derive the crucial condition that allows us to defin@adiclassical strategy.

Claim 10.
Yq,q, a,d W, @ Wi V) =Wi @ W)

Proof. After the controlled-SWAP and the measurement of the guestgisters ag, ¢/, the remaining
state of the entire system can be described as

% > lala’) (10) (W & W)l w) + 1) (We @ Wi)|w))
=2 S la)le) ()W @ W + Wy © W) + ) (W @ W — W & W)|w))

and hence the probability to measure™in the extra qubit is} >°, ., [|(W¢ @ Wq%' - Wq%' ® W|0)|2
which must bé) since the provers pass the quantum test with certainty. O

Rounding: This property of the projectors can be expressed in a diffdieshion. Assume for simplicity
that the shared state is maximally entangled, [¥&),= % S>% | i) alé)5, and that all projectors are real.
Then for any such projector®’, W’ we have|W @ W/|0)||> = L|WW’||%, where||A||% = Tr(ATA)

is the Frobenius norm. The condition in Claim 10 can be reemigs) |WeWs — W We|p = 0, ie.
the two projectorcommute Hence, in some basie;)}¢_,, all W are diagonal matrices with only
and0 on the diagonal. In other words, each projector simply defengartition of the basis vectors, and
p(ad’|qq’) = %HW;W;,’H% just measures the relativerlap of the two partitions. With this in mind we
can easily design a classical randomized strategy=fowith the same success probability. The provers
sample a shared random numbet {1,...,d}. When receiving question they answer withu such that
the basis vectofe;) is in the support ofV/.

This proof can be generalized to an arbitrary shared $igteand general projectors. We will not give
the full details (in any case Thrh] 7 follows from Thid. 6), bog tvay to prove this is to define a diagonal
real positive matrixD with the Schmidt-coefficients ofl') in the diagonal. TherdW & W'|¥)||? =
|WDW'T||2, where the elements on the diagonal/otan be thought of as weights, and the condition in
Claim[10 become§ W D(Wa )" — Wa D(WH)T | = 0. Moreover, following the same ideas as used
in Claim[I2 to show Eq.[(3b), we obtaifiV?D — D(W¢)T||p = 0. Together these conditions imply
W;W;'D = W;'W;D, i.e. the two projectors commute over the space wligre non-zero. The classical
strategy is now a weighted version of the strategy outlimethé case of a maximally entangled shared
state. O

10



3.2 NP-hardness of approximating the value of entangled qudum games

With the intuitions obtained so far we can now tackle the Bamhse of hardness of approximation. First a
quick overview. We modify the game in exactly the same wayedsrk. To prove Theorefd 6 we now need
to show, fors from the PCP Theorem:

Lemma 11. If w;(Gy) > 1 — e thenw(G,) > s.

This implies that if the value of the classical game was lear4, then the value of the quantum game is
less tharl — ¢. Since, from the PCP Theorem it is NP-hard to distinguishthdrethe value of the classical
game isl or less thars, it follows that it is NP-hard to decide whether the valuelad entangled quantum
game isl or below1 — e.

To prove Lemma 11, we first show that the strategies of thegusoare essentially projective measure-
ments (Clain{IR). We then extract the “almost commuting”ditons on the operators of the provers
(Claim[14), which allow us to give a good strategy for the imdd game.

Proof of Lemmal1 Consider a maximizing strate@. It must pass each of the two tests with probability
at leastl — 2¢. Again it is (approximately) true that the strategy of thevars is essentially an entangled
classicalstrategy.

Claim 12. There is a shared bipartite stat&) 4z and for each questiog € ) a set of projectord W' },c 4
acting on each prover's half o) with 3 ° ., W¢ = Id such that if we replace each prover’s transforma-
tion by|[q)|0)|¥) — |g) >, |a)W[¥) then the probability to pass each of the tests is at l@ast6e and
the probability distribution on the answers in the classiest is given by

pelad’lqd’) = Wi @ Wg [¥)|.

Proof. As in the proof of Claini B the provers apply the same unitaapgformation/, which now is not
exactly block-diagonal, but in general can be writterlas: 3 - 14)(q| ® Uqg. Because the verifier in
both the classical and the quantum test measurgsn the answer register with probability at ledst 2e,
this implies that

Etq) | D2 D 1Uaz ® Uz |0)4]0)5¥') 45| | < 2¢,
G#q ¢ #4q
for both when(q, ¢') is sampled according te(q,¢’) (from the classical test) or according #dq)=(q’)
(from the quantum test), where we have used symmetrj@of for H\/%(\qug ® Ugq + |1)Usq ®
Ug)|0)al0) 51 %) a5 = |Usg ® Uzq10)410) 51 ¥") a1
We approximatd/ by a block-diagonal unitary operataél;; as follows: extend each prover’s private
space by registerd’ and B’ of dimension Q| +1, initialized t0|0) 4 and|0) g and letOy = > |q){q|®T,,
where the unitary matrif;, acts on half of the entangled state and the answer registgetfter shortened
as|-)) and A’ as

Ty )10)ar = Ugg|)0) s + > Usgl)]d) a
a#q
and is extended to a unitary matrix on the other states. Observe that

since it could be that the value of the game is only achievebdrimit of infinite entanglement we in fact consider a siggt
with finite entanglement that has success probalbilitye — § for some arbitrarily smald. We will not write thisé in what follows,
but the proof goes through for small enougtfor instanced = O(e).

11



E¢) [I(Ov ® Oy — (U®Id a) @ (U@ 1d ))]q,0)4lq’, 0)5|¥")|0) ar|0) 5 ||]

=B |2 D, U ®Uypg|0)al0)s¥)|?| < 4e,
(4,4)#(a:9")

again for both wher{q, ¢’) is sampled according t@(q, ¢’) or according tor(¢)m(¢’). This means that
for purposes of analysis we can replace Alice and Bob’s toamation U by Oy, thereby replacing the
transformatiorl/ @ U on the message registers afd by the transformatio®;; ® Oy on the message space
and|®¥) = |¥)|0) 4/|0) 5/, at the expense of an erra in statistical distance on the answer probabilities
of the classical test and the outcome probabilities in thentpm test. Sinc@)y; is block-diagonal, the
remainder of this claim follows exactly as in the proof of iGi&. O

The SWAP-test now allows us to establish a set of inequslitieich capture the “almost commuting”
property of the operators. In what follows we will repeayedse the following easy to verify fact.

Fact 13. Let W, ..., W* be projectors such tha}, W¢ = Id. Then}_, |[W¢|®)||2 = |||¥)|? for any
vector| ).

Claim 14.
Q|
> wlam(ay) Y N(Wet @ Wy = Wy @ Wi |W)|* < 24e, (3a)
i,j=1 a;,a
Q|
> w(@) Y (W @1d —1d @WgH)|®)|* <924 -¢. (3b)
i=1 a;

Proof. As in the proof of Claini_10, the left-hand side 6f13a) is foumés the probability to measure the
first qubit in “—" in the quantum test. Fof (8b), using Fact 13, for any figethe following holds

|(Wet ©1d —1d oW W) |2 = S [(Wel W @ Wa! — W2 @ W, W) 0|

al,aff
270

a’ . a’f al__af .
<3 (W wer @ Wy - Wi wy! @ We|w)|

A/
a’..a
33

- . . af__ al
(Wl Wa? @ Wt — Wit @ Wy W )| D)
. a’/ a/v a/v a’/ . 2
(W @ Wl Wy = W) @ Wyl Wat) 0]

We can bound the square of the sum of the three norm3 fiimes the sum of the norms squared, and
summing ovew;, averaging ove;, ¢;, and usingW;Wq“' = g, W for the second norm and Facil 13 for
the two others, we get three terms that are each bounded @&hgoncluding the proof of (3b). O

Rounding to a classical strategy: Order the questions iy such thatr(q1) > 7(q2) > ... > 7(qn).
Define a joint distribution on answets, . .., a, as

D(ay,...,ap) = |[(Wir - W @1d)[¥)||.

Fact 13 shows thab is a probability distributiony”, , D(a1,...,a,) = 1.

12



We can interpret the distributiof as follows: Before the game starts, the provers producenaljst
of answersuy, ..., a, as follows: They take the first part &) and perform the projective measurement
corresponding to questiopy. They obtain an outcome;, which they record. They then take the post-
measurement state and perform on it the measurement comdieg to questiony,, and so on, each time
using the post-measurement state of one measurement agpthiesiate of the next measurement. The
probability that the provers record answess. . . , a,, is preciselyD(ay, . . ., a).

Obviously neither quantum states nor measurements areséetmplement this constructed classical
strategy. Before the game starts, the provers simply caaipdior all inputs and sample frormy using their
shared randomness. When presented with questions they give the answed;, a;, ignoring all other
answers in their sample. Hence the probability to answer; in this case is given by the marginal of
with respect tai; anda;, which we denote byqss(aia;]qiq;).

Lemma 15. The (weighted) statistical distance between,, andp, is

A(petass: Pqg) = Y _7(0:0') > |Petass(a,dla,q") = pq(a,d’lq,q")| < 70-|Q] - /%,

! /
q,9 a,a

Let us first show how this proves Lemral 11. Since the quantuategly of the provers passes the
classical test with probability at least— 6¢, this means that the classical strategy wins the originalega
with probability at least — 6 — A (peass, Pq) (WhereA is the dominating term), which we want to be larger
thans. This is achieved for = ‘ggﬁ for a sufficiently small constany,. O

Proof of Lemma5Let ¢;,¢; be two questions. For convenience, let us introduce thetionta , to
denote summing over, ..., a, andzaﬁi ; to denote summing over atl, . .., a,, excepta; anda;. Then

the probability of answeringu;, a;) 10 (¢i, ¢;) S petass (aia;laiq;) = Yo, |(Wer - Wt @1d)|@)[|* in
the classical strategy, apg(a;, a;lqi, q;) = [[Wi @ W47 |¥)||? in the quantum strategy. We wish to bound

> |petass(@iajlaigy) — polai, azlai ap)| = D | D I(Wen - Wt @1d)[ W) ||* — W @ We? [)]%].

a;g,aj A5,a5  A—jj

We now use a hybrid argument to go from the classical to thatquaprobability. The point is to eliminate

the exces$Vy' in p.qss With the help of Fadt 13, which allows to eliminate a sum avénat involves avy

on theleft side of all other operators - ||2. To get all unwantedV to be on the left, we move matrices
from one register to the other whenever they are orritie, closest to¥), at the expense of some error
which we can bound using Eds.(3). More precisely we use itiegie inequality for matriced, W, B, W’

[[(AW @ BW')[@)|| — (AW’ @ BW)[D)|| < [[(A® B)[W @ W — W' @ W][P)], (4)

whereA and B will be sequences df/* andW or W' are either one of th&/? or the identity.

To describe the sequence along which we move the matricesdyrtet us use the shorthand notation
Wy, for Wik, At each step we will interchange eith#r, © Id < Id @W, or W; @ Wy, < Wy @ W;
whenever they are on the right.ilt> j we proceed according to the sequence

Wo- W1 @Id =W, --- WoW), =W, - W3 W Weg — .- =Wy - Wy W, @ Wy - W4
= Wy WipaWia @ Wy - Wi oWy — Wy oo Wit Wi i W @ Wy - - Wi
— Wy Wit Wi Wi o @ Wi - - WisWi — oo = Woo o e Wiy Wy o Wi Wi @ Wy - - W3

Note that the last term in the sequence, when summedaoyer equalsp,(a;a;|giq;) because of Fagt13,
ie. Eaﬂ_’j (W -+ Wi W @ Wy - W5 0|12 = ||[W; @ W5 |0) || = py(aiaj|qiqs). Now we can write a
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telescopic sum according to this sequence as

Y [petass(@iajlaia) — polaiazlaig)l = ( Do AWa- Wi @Id [B)[F = Y [Wi - Wo © Wi D)

ag,aj a;,a5 A—j 5 a5

+ Z Wi+ W @ Wi |)||* — Z HWn"'W3®W1W2"I’>”2+”"

A-i,j a5

<Y W W @Td [O)|2 = [ Wy - W @ WA )2+ ]|+

where we used the triangle inequality. Usiag — b%| = |a — b| - |a + b|, and the triangle inequality as in
(), the first term is bounded by

S W Wal Wy @ 1d —1d @W[0)| - ([ Wi+ Wy @ 1 [0) | + [ Wy - - Wy @ W3 |[0)])
a

< ¢Z Wi WolW ©1d —1d ®Wm\v>u2¢z<uwn~-wl S 14 [V + [ W -- - W @ W3 |02,

where we used Cauchy-Schwarz for the inequality. We obiaiilas expressions for all other terms. We
can bound the second square root®/ + 2 = 2, using(a + b)? < 2a? + 2b and FactI3. Assembling all
the terms, and using Fdct]13 to eliminate all the matricekddeft of the square brackets, we obtain

i—1
> |pctass(aiag|aias) — polaiaglaig)] < 2> D [Wy @ Id —1d @W;]| D)2
;,a; i'=1 a,s

+2(i -4+ 1), 1 @W; — Wi @ 1d]|W)]|2
i—1
+2 ) DWWy = We @ W[B)[2. (5)

i'=j+1 i,

Forj > i we obtain exactly the same sequence and the same bounds B)&jth : andj interchanged.
The only difference is that now the last term in the sequenben summed over.; ; gives||W; @ W;|¥)||2,
so we need to use symmetry|df) to conclude that this equals (®V; @ W;|¥)||%. Fori = j we follow the
sequence untiW,, - - - W, .1 W, @ Wy - - - W;_; and then us&V/; = Wf to continue as$v,, - - - W, .1 W;W; ®
Wi Wiy — Wy - W; @ Wy --- W;_1Wj;, so we just get the first term in Ed.] (5), but summed until

Now A(peass, Pq) is bounded by the average ovet, ¢;) picked according to the distribution of the
sum of the three terms appearinglih (5). We show how to bouckl @athem. For the first term

Q| i
2> wgig) Y, [ I(We @1d —1d @Wey)|¥)|2
i,j=1 =11\ ay
Q| i

=2 w(q) Y D (Wei @1d —1d @Wgi' )| D)|2
i=1 i'=1\ ay

QI 1Q|
<23 N wlar) [ I(Wei @1d —1d @Wei )| )|
i=1i'=1 ay
Q] 12
<21QI( Y 7(ar) Y I (We @1d —1d @Wg )W) %) < 21Q|V0 - 24e,
=1 a;r
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where the first equality uses the fact that the inner sum doedepend ory, the second inequality uses
m(q;) < m(qy), the third inequality uses the fact that the square of theetgtion is not greater than the
expectation of the square, and the last inequality uses3E). The second term can be bounded in a similar
fashion

Q|
23 g g)(li — 41 + 1>\/Zu<m SWg — Wi & 1) )|

1,j=1 a;

Q|

<21Q1> w(gi), /> I(Id @W — W @ 1d)|¥) |12 < 2|Q|V9 - 24e.
i=1

aj

Finally the last term, using again that the inner sum doeslepénd ory, that the square of the expectation
is bounded by the expectation of the square and Cauchy-$ztiarahe sum ovei’, can be bounded by

Q] i—1
2> () Y [ (W @ Wai — Wi @ W) |[w)|2
=1 o= a;,a;r
QI - — : o\ 1/2
(Z qz(z > IWa @ Wy = wWal @ Wi WP ))
=1 a;,a;r
|Q| i—1 1/2
<2VIRI(X wla) X 3 107 @ Wiy = Wi @ Wil 7). ©)
i'=1ai,a;

We decompose the sum inside the square root in the last lif@) @fto two parts withr(¢;) > 1/h and
7(g;) < 1/h (with h to be determined later). (q;) > 1/h, thenw(g;) > 1/hfor i’ < isol < hm(g;).
Therefore, usind_(3a), the term in parenthesi$ in (6) is dedrby

i—1
Yoo D halanwla) Y (We @ Wei = Wei @ Wei)|w)|?

wm(gi)>1/hi'=1 a;,a;

1 a; a;r a;r a;
+ E > E > (W @ Wat' — Wet' @ Wei)|B)||* < 24he +4|Q[*/h,
7(g;)<1/hi'=1a;,a;

where we have bounded the first part using (3a) and the se@hdiping triangle inequality and Facfi 13

Do I Wei @ Wail = Wail @ Wen)[)[I> < D ([(Wi © Wai )IW)I| + [[(We © Weh)[W)]])? < 4

A5 ,Qy1 Qs ,Q51

The optimalh is |Q|/+/6¢, which gives a bound of - 241/4|Q|e!/* for the third (dominant) term in
A(pelass, pq) (after taking the square root). Hend&p s, py) < 70/Q|e'/4. O

4 Hardness of three-prover entangled classical games

In this section we prove Theordm 1 for three-prover entahglassical games, which we now state as:

Theorem 16. There is a constanis > 0 such that it iSNP-hard to decide, given an entangled three -prover
classical game with a constant number of answers, whetherite isl or less thanl — ¢ for ¢ = |Q|2
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As in the case of quantum games, we will prove this by a redndtiom the PCP Theorem. This time,
however, we will essentially preserve the number of ansirettse modified game.

We begin by describing how to modify any two-prover cladsggameG(2, 7, V') (which is assumed to
be symmetric per Lemnid 4) to a three-prover classical gahwf equal or higher value.

The modified three-prover game. In the constructed gam@’ the verifier chooses one of the provers
uniformly at random. Rename the chosen prover Alice andthallother provers Bob and Cleve. The
verifier samples questionsand¢’ according tor(q,¢’). He sends questiopto Alice, and question’ to
both Bob and Cleve. He receives answera’, anda”, respectively, and accepts iff the following are both
true:

Classical Test:The answers of Alice and Bob would win the gafigi.e.,V (ad’|qq") = 1.
Consistency:Bob and Cleve give the same answer, a5 a”.

Remarks: Note that unlike the quantum case, the verifier performs bedls at the same time. The
consistency test plays the role of the SWAP test, limitirgyadvantage gained by sharing entanglement.

Againitis clear that the value of the constructed game ieaatlas large as the value of the original game
G: if the provers reply according to an optimal classicaltsfyg (which can be assumed to be symmetric per
Lemma4) they always pass the consistency-test. Also, ie@ in this case that the size of the description
of the constructed game is linearly related to the size ofldseription of the original game, hence we have
the same complexity parameter.

To prove Theorern 16, we need to show the following.

Lemma 17. If w*(G’) > 1 — e thenw(G) > s.

Proof. Consider a quantum strategy f6f that succeeds with probability — 4 since the gamé&’ is
symmetric, we can assume that this strategy is symmetricl.gm@malh. Suppose that the provers share
a symmetric staté¥) € H®3. Let p"B = try, |¥)(¥| be the reduced density matrix pF)(¥| on Alice
and Bob. When asked questign each prover measures their part|@f. Following standard arguments
(extending the private space of the provers) we can assuahéhth measurement is projective. L&t be

the projector corresponding to questigrand answew;. This defines the quantum strategy &, it passes
the classical test with probability

T = Z 7(q,q" )V (ad'|qq )py(ad|qq),
aa’qq’
where

py(ad'laq) = tr (W @ W o®) = (0| & Wy @ 1d |w), )

It passes the consistency test with probabiity= 3" _7(q)m2(q), wheren(g) is the marginal ofr(q, q')
and

ma(q) =) tr (We @ Wep®) =) (I o Wi o1d |¥), (8)

a

where we made use of the symmetry. Note thatr, > 1 — e.
Egs. [T) andL(8) clarify the role of the third prover, Cleves bhain purpose isot to allow the two tests
to be performed at the same time: Indeed, itis possible tafyntied protocol so that the verifier chooses two

8Again, as in Section 312, we in fact consider a strategy wititefientanglement that has success probabilitye — & for some
0 = O(e), which we will not write.
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of the provers at random (say Alice and Bob) and only sendstiuns to them, not interacting with the third
prover at al Cleve's presence would not be important if the provers weeeing a classical strategy,
but it can (and does) make a difference if their strategyiregentanglement. Indeed, if there were only two
provers, then they could share any si#t&, whereas here we require thd€ beextendablgi.e., it must be
the reduced density matrix of a symmetric tripartite stategive a concrete example, it is not possible for
p"B to be the maximally entangled state~) (¥ ~|. This is termednonogamy of entanglemefersd].

Rounding to a classical strategy: We construct a classical strategy f@rfrom the quantum strategy for
G’ in a similar fashion as in the case of quantum games, with

D(ay,...,an,d},... a,) = [[War - WS @ Wir - Wgl @ 1d [)|1%. 9)

whereqs, . . ., g, is an ordering of the questions ¢ such thatr(¢;) > 7(g2) > ... > W(qn) As before,
we definep.qss(a;, a;\qi, ¢;) to be the marginal oD ona;, a;.. The structure of our proof that this strategy
is a good one is very similar to the quantum case. The delailgever, are a little different.

Lemma 18. The (weighted) statistical distance between,, andp, is

A(petass:Pg) = »_m(0:4) > _ |Petass(a,@'|g,q") — pq(a,a’lq, ¢')| < 12|Q|vE.
a,a’

0,9

We first show how this Lemma proves Lemind 17. Since the siratethe entangled game passes
the classical test with probability at lealst- ¢, the classical strategy succeeds in the original game with
probability at least — e — A > 1 — ¢ — 12|Q|/e. Fore = ‘5% for sufficiently small constangs, this
probability is larger tham. O

This Lemma is the corresponding version of Lenimh 15. Whytisi#? Rather than showing that the
order of measurements is not important as we did in the qoanase (although it will turn out in hindsight
that this is true), we show that each measurement does notlig® very much. The key observation is
as follows. Assume the provers pass the consistency teastwgh probability. If a particular measurement
result occurs with certainty, the quantum state cannot bagdd by the measurement. We use this fact
in the following way: suppose Cleve were to perform the mesasent corresponding to questigrand
assume he obtains an outcomeThen, if Bob is asked questian he must also give answerwith high
probability. So his measurement does not change the quastater much. But, since quantum theory is
no-signalling, it cannot matter who measured first. It faticthat Bob’s measurement does not chapftfe
much. Note that only the bipartite stgi€® is approximately unchanged—Bob’s measurement can change
the tri-parite state¥) (V| considerably. We then use a hybrid argument to show thaoeirig all the
measurements one after the other also leaf€sapproximately unchanged. This part of the proof mirrors
the proof of Lemma15.

Proof of Lemma_I8Let W, be the superoperator corresponding to the projective memsutgq, i.e.,
Wy(o) :== >, Wio(W)Tis the post-measurement state after perforrdifig'} on states.
To quantify how much a measurement changes a state we user@/megntle measurement lemma.

Lemma 19(Lemma 1.4 [Win99]) Letp be a state and{ be a positive matrix witt < Id and0 < TrpX.
Then,

Hp_ ﬁpﬁul <31 —Trxp.

with probabilityp, he sends them different questions and performs the cissat; with probabilityl — p, he sends the same
question and performs the consistency test—this modificatbes not materially change our conclusions, but it doeskerethe
bounds in Theorein 16.

8Note thatD differs slightly from Sed_312. Here each prover gets a s#pdist of answers. This form is more convenient here.
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The following simple corollary quantifies how much the measientV, @ Id changes”B:

Claim 20. The trace distance betweét, © Id (p*®) and p*B is bounded by

W, @1d (") — p™Bll1 < 64/1 — ma(q).

Proof. UsingW, @ Id (p*®) = try, (W, ® Id @ Id (|)(¥|)) and p”® = try, (Id @ Id @W,(|¥)(¥])),
by monotonicity of the trace distance under partial trace,

Wy @1 (0"8) = p"B|l1 < Wy @ 1d @ 1d (|W)(¥]) — 1d @ Id @W,(|¥)(P])]s
< W, @1d @1d (JUNT]) — Y W@ 1d @WI e (U |We @ 1d @Weh
HIDY W @Id @WE)(B|We @ 1d @W — 1d @ 1d @W,([¥) ()|l

<2 WP eId @W U (T|Wy @ Id @W —1d @ 1d @W,(|®)(¥))||x

< 64/1—ma(q),

by the triangle inequality, symmetry, and then taking= P, W, ® Id @ Id [¥)(V|We @ Id ® Id and
X =@,Id ®Id @W7 in Lemma_19. O

Forl <i,j7 <mn,let
pAB(imj) = (WQi—l 00 Wlh) ® (W‘Ij—l 00 Wlh)pAB

Then
. YN
pclass(aia;‘QiQ;’) = tr <(W(ZZ ® Wq/,] )p(z,y))
J

Hence if we can boun(ll(i, j) —p||1, then we can bounl’ , ./ [Peiass(aid;|¢iq;) —pq(aia’|qiq})|, since the
trace distance between two states is an upper bound on fatiomudistance of the probability distribution
resulting from making any measurement on those two states.

The following technique was introduced by Ambainis, Nayai;Shma, and U. Vazirani [ANTV02]
and has been used extensively by Aaronson [Aar05, Aar06].

Claim 21. The trace distance betweeft®(i, j) and p"® is bounded by

i—1 7j—1
P78, 5) = PPl < 6> /1T —mala) +6 Y /1= ma(gy).
i=1 =1

Proof. Proof by induction. The claim is clearly true far, j) = (1,1). Given itis true for a particular value
of (i,7), we show it is also true fofi + 1, 7). In view of the symmetry, this is sufficient to establish the
claim. We have

178 (i +1,5) — "Bl < 11078 (i +1,5) — Wy, @ 1d (9"B) |1 + [ Wy, @ 1d (p*8) — o8|
< Wy, @1d (p™B(i,5) — p™B) |1 + 64/1 — ma(qs)
< |Ip*B @, 5) — p"Bll1 +6/1 — m2(q:),

where we used the triangle inequality, Cldim 20, and monoityrof the trace distance. O
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Putting everything together, it follows that

n

Apetasspa) < > 7(ai, ) 198G ) — 7B
ij=1

n i—1 Jj—1
<6y w(aind;) | D V1—mlar) + Y \/1—malgy)
1 j'=1

ij=1 i'=

n i—1

< 122277(%) 1 —ma(gy)

1=14¢=1

< 12|Q| Zw(qi/) 1 —ma(q)

i'=1

< 12|Q|v1 — 12 < 12Q|Ve,
sincemy = m(q)ma(q) > 1 — ¢ andy/1 — x is concave. O

5 Hardness for two-prover classical entangled games

In this section we prove our main theorem for two-prover egled classical games. It shows that it is
PSPACE-hard to decide, given a succinct entangled twoeprolassical game, whether its valuelisr
less tharl — ¢ fore = ﬁ(\x)' To state the result, we need some further definitions tafgldre notion of
succinctly given games and state the connection betweeA®ERNd multi-round single-prover games.

Definition 22. A languageL is in MIP? ((N, 1) if, for all x € L, there is a polynomial time (ifx|) mapping
from x to classical one-round gamés, (N, 7., V,.), such that it is possible to sample from in polynomial
time and compute the predicatg in polynomial time and

e Completeness: for alt € L, the entangled value*(G,) > ¢, and
e Soundness: for alt ¢ L, the entangled value*(G,) < s.

Note that in this scenario the game is giwerccinctly it is given by a description of (as a polynomial
time circuit, for instance, which implies th&|, |A| = 2r°¥(#)) and a polynomial size description of
which can be sampled in polynomial time. Hence the complepdrameter here ig:|, and|Q| and|A| are
exponential.

We also require the notion of single-prover games with rpldtrounds. We modify Definitiohl 3 to
account for games with multiple rounds. Here we will only sidler non-adaptivegames: the probability
distribution on questions i€ for each round: does not depend on the answers received in previous rounds,
which is sufficient for PSPACE (see Theorem 23). However, Nesveor the possibility that the questions
asked in each round depend on the questions asked in preulﬂmf@ In other words a one-playerround
gameG(1, ., V,) is given by a joint distributionr : Q™ — [0, 1], and a predicat®,. : A” x Q" — {0,1}
(i.e. the verifier accepts or rejects as a function of all thensers received in all rounds). The strategy is
now a set of- functionsy, where thekth function can depend on the previous questions and ansiuees
class IRr) is given by Definitio 22 when the game is a single-prover Atolind game with- rounds. We
omit reference to and write |P when the number of rounds is polynomialin

1%Note that this is equivalent to having a joint distributianthe questions, where we obtain the distribution onithejuestion
as the corresponding marginal.
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Theorem 23. [Sha92] There is a constar;p > 0 such thatPSPACE= IP, ,,,.. Moreover there are
“public-coin non-adaptive”lP-protocols forPSPACE i.e. such that in each round the distribution on the
guestions is independent of the answers of the prover anthef munds [GS89, She9?2].

With these notions in place we can state our main result forgvover classical entangled games.

Theorem 24. PSPACEC MIP*(2,1);,_. fore = , Where|z| is the input size.

_ 1
poly([z])

We note that if a parallel repetition theorem could be eihbt for classical two-prover entangled
games, then the containment in Theorfem 24 could be imprav@SPACEC MIP*(2,1), , with con-
stant or even exponentially small This is a particularly interesting direction to pursue light of the
perfect parallel repetition theorem for entangled XOR gamkCleve et al.[[CSUUQ7] (which uses the
SDP-description on the value of these games).

To prove Theorern 24 we use the PSPACE-characterizationeor€hi 28 and show the following.

Lemma 25. There is a constant, > 0 such that for every succinctly given single-proveround non-
adaptive game~(1, 7, V;), of valuew(G) with questions) and answers4, there is a two-prover one-
round classical gamér.(2, m, V') with questions)” and answersA” with entangled value*(G.) > w(G)
such that ifw*(G.) > 1 — e thenw(G) > s;p for e = 7. Moreover, a succinct description 6f. can
be computed from a description 6fin polynomial time, and sampling and computing’” can be done in
polynomial time.

Lemmd 25 shows 18) C MIP(2,1)], _s,, and combined with Theoreim 23 gives Theofern 24.
) 2

The rest of this section is dedicated to theTproof of Lerhmal2fllows the main traits of the proofs
of the previous two hardness results. Our construction @two-prover one-round game uses a protocol
of [CCL94] used to prove that PSPACE has two-prover onedosystems. We show that this protocol
remains sound even against entangled provers, albeit avijled soundness. To prove this we again use the
consistency test with the extra prover to extract almostnating conditions on the operators of the provers.
This allows us to round in a similar fashion from a good styati®r the entangled game to a strategy for the
single prover game which succeeds with relatively largdabdity.

1,srp

The modified two-prover game. In the constructed gam@,, the verifier samples a series of questions
q1, - - -, qr according to the distribution, (¢1, . . ., ¢-). He picks & uniformly at random in{1,...,r}, and
sends questiong,, ¢o, . . ., g to Alice andq, ¢2, . . ., g t0o Bob. He receives answetis= aq, ..., a, from
Alice anda’ = a7, ..., aj, from Bob. He accepts if and only if the following are both true

Classical TestThe answers Alice gives would win the ga@e V (a; ... anlq1 .- . qn) = 1.
Consistency TesFor alli in {1,...,k}, a; = al.

(2

Remark:lt is again obvious that the value of the new game is lower Hedrby the value of the original
game: If both provers reply according to an optimal clagstrategy, then they will always give consistent
answers, so their acceptance probability is exactl§f).

It is also easy to see that the constructed game has the sanpdexiy as the original game. The new
verifier essentially implements the original verifier and tonsistency test, which can be described in linear
time in A”. The sampling procedure also has the same complexity adiagnmom the originalr,.. And
obviously it is possible to compute the new game from theimaiggame in polynomial time.

To prove Lemma 25 we need to show the following.

Lemma 26. If w*(G.) > 1 — e thenw(G) > srp.
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Proof. Consider a quantum strategy f6f that succeeds with probability — P9 For any sequence of

questionsyy, . . ., ¢ we defineqy to be the sequeneg, . . ., qx. Similarly, for any sequence = a4, ..., a,
of possible answers we will denote its prefix . . . , a; by a;. Note that when we writa;, anda; for some
1 < k,1 < r we refer to substrings of tteamestringa = ay, . . ., a,, whereas we will writea;, anda; if we

refer todifferentstringsa anda’.
Let |¥) be the entangled state shared by Alice and Bob and define espording density matrix

p=[U)(T]. Let Wy, = {Wa} andW,, = (W%} be the measurements that they perform when asked
questionsy, resp.qy, giving answers, resp.a;.. As in Sec[4 we can assume that these measurements are
projective.

The provers pass the consistency test with probabiljty= % > r—q m2(k), where

ST (Wg; @ W p>]

is the probability that the two provers give consistent aarswhen the verifier has pickéds the separation
point. Conditioned on the fact that they gave consistentvarss they succeed in the classical test with
probabilityw; = 1 3™}, 1 (k) where

w1 (k) = Eq,

qu(ar|(1mk)v(ar|(17")]

andp,(ar|q,, k) = Tr <Wg’;‘;‘ ® Wf;,fp) is the probability that Alice answets. and Bob answers consis-
tently, given that the verifier picked index

Rounding to a classical strategy: Given a strategy for the constructed entangled-prover gameve
define a strategy for the classical prover of the original @&hin the following way. In roundk, given the
guestions to the prover so far agjg and the prover gave answeig 1, he answerg,, to questiong;, with
probability
Tr (Id @WarWes =) -+ Waip)

T aWa, - Waip)

(recall that allay, a;_1,...,a; refer to substrings of the same string). Note t@gk Delass (K |k, Ak—1)
could be less thaih (we will see from its operational definition that it is alwaysunded byl). To complete
it to a probability distribution we add a special symbol “abithat the prover can send in any round making
him lose the ga

This probability distribution has the following interpagion. For any operatod, denoteA(p) = ApAT.
In the first round the prover in the classical game receivaseatipng;, and applies the measuremeny,,
on Bob’s part ofp, answeringa; with probability Tr(Id QWg! p) = peaass(@i]qr). He is then left with

Id @Wgl (p

(p) . P :
the statem. Upon receiving a questiop in the second round, he measures this state With,

pclass(ak ’q1c7 ak—l) =

Tr(1d @We2Walp)
Tr(1d ewglp)
obtains a sequence, = ajas consistent with ther; he had measured in the first round, and an abort

answeringay with probability = Pelass(a2|qe,a) if as a result of his measurement he

Again, as in Section 312, we in fact consider a strategy wititefientanglement that has success probabilitys — 6 for some
0 = O(e), which we will not write.

ZTechnically speaking the extra symbol makes it a differemhg. We could also have the prover send a random answer
whenever sampling from the complement of the distributidhis can at most increase the prover’s winning probabitibyboth
games have winning probability boundeddby
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symbol in case the sequence he measures ha$ @ a,. The resulting state in case of non-abortion is
14 &We2 Wai (o) _ 4 ewswal(p)

Petass(azlaz,an) TT(Id @Walp) — Tr(id @Wazwalp)
In other words the prover sequentially performs all the messent9V,, , and answers according to the
resulting distribution, aborting in case the answers hesores in round: contradict the answers that he
has already given in previous rounds.

What is the probability that a fixed sequence of answerss given by the prover? We have that
pclass(ar|q7‘) = pclass(ar|qr>a7"—1) tre pclass(a2|q2>al) . pclass(al|q1)- Because of Cance”ationa we
obtain

. The prover proceeds similarly at the subsequent rounds.

pclass(aT|q7") =Tr (Id ®Wg: e W(Ellllp) :

We will show that this classical strategy is a good one bytir&ap.;qss(a-|q-) to py(a,|q,, ) as per
the following lemma.

Lemma 27. The (weighted) statistical distance between,s andp, is

>

ar

A (pclass> pq) = EqT

pclass(ar|qr) _pq(ar|QT7T)‘] <7r \/E

This lemma is the analogue of Lemnias 15 18, and its pro@frissimilar. Before proceeding to
its proof, we first show how it implies Lemnial26. For the totateptance probability of the entangled
provers we have — e < 1/r>,_,min(m (k), m2(k)) because for any indek that is picked by the
verifier, we require the provers to succeed in both the Glak3est and the Consistency Test. This implies
that 7 (r) > 1 — re, so Bob’s answers can be used to give correct answers to #esi€dl Test with
probability at leasti — re, and by Lemma_ 27 this implies that the Classical Test hasessqgarobability at
leastl — re — Try/e. Fore = 2% for a sufficiently small constant; this is more thar; p, which implies
Lemmd26. O

Proof of Lemma&_27 As in the case of three-prover classical entangled gamefaththat Alice’s and Bob'’s
answers must be consistent means that Alice’s answers aaselego predict Bob’s, so Bob cannot use his
share of the entanglement too much if they are to succeed Bansistency Test. This means that the action
of Bob’s operatord/V on the entangled stajeis close to the identity, at least when the first prover agplie
the correspondin@V on his share op. The following Claim makes this explicit and will be used &ate

the classical and quantum strategies.

Claim 28. Let the projecto/2* = S _War. The following hold for every € {1,...,7}:

Bay | 32 1 oWt - v 0w <P>Hl] < 3v/1—mlk), (10)

Eq, _Z V2 @ 1d (p) — V2 ®W§‘,§<p)H1] < 3v/T— mak), (12)

Eq | |Var " @ Wak(p) — V3 @ Wk (p)HJ <1 —mo(k). (12)
L ag

Proof. Egs. (10) and(11) are a direct application of Lenimia 19, caetbivith the definition ofry(k). To
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prove Eq.[(IR), note that sindé&;* ' @ Wk (p) > Vg @ Wgk(p), we have that
[Var= @ Wax(o) = Var 0 Wik ()|, = Tr(Var=" © Wik() — Tr(Vak @ Wik (p))

=3 T g W),

! !
ak;éak,akJrl,...,a’T

Sincey’, o Tr(War ® Wakp) =1,

1 — (k) = Eq, Z Tr(I/T/;T ® W;va) > Eq, Z Tr(W;T ® W;:ﬂ,agcp)

ar,aj Fay ar,aj #ag
which concludes the proof. O

Observe that for any set of orthogonal projectpB®} we have thad _, ||V o W* — Wea, W4 ||; <
lo1 — o2l|1 for any two matricesr;, 0. Using this successively for the s€td/g2}q,, ..., {W3 }a,, from
Eq. (10) withk = 1 we get

Eflr

3 HId SWE - W2 (p) — VA @ War - ngl(p)M <31 - m().
Similarly, from Eq. [11),

E qar

> |Varewar - wae) - Ve e wa - Wéi‘j(p)HJ <3yI-m(l)
ar
and from Eq.[(IR) withk = 2

E qar

2

S| e war - waz) - Ve e war - Wg2(p)H1] <1-m(2)
Repeating these operations for eacladding the equations and using triangle inequality fingilyds

S [aewswae) - vere Wg;(p)M <63 VT—mk) + 3 (1 —m(k)
ar k=1 k=2
< 77”\/1 — 79

using concavity of the functioR/1 — x. SinceV(;r = Wg;, the lemma follows because the trace dis-
tance is an upper bound on the variation distance of the piiitigadistribution resulting from making any
measurement on these two states. O

EQr

6 Conclusions and Open Questions

We have established that it is NP-hard to approximate theevaf both two-prover quantum entangled
games and three-prover classical entangled games. Thadesreave open the case twfo-prover one-
roundclassicalentangled games. Can our techniques be extended to thiz case

The other obvious question is whether we can improve thepmejmability ratio to better than an
inverse polynomial in the number of questions. Are therdtemichl tests that further limit the advantage
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provers can obtain by sharing entanglement? For exampieeioase of classical entangled games, does it
help to add more than three provers? In particular, if theeeaa many provers as there are questions, then
sharing entanglement does not help, even if the verifier kg to two provers chosen at random.

In very recent work[[KKMVO07] a subset of the authors obtainghialization results for the case of
quantum multi-round entangled games, showing that any gaofre withk provers and- rounds can be
parallelized to &-turn game withk provers at the expense ofpaly(r) factor in the value of the game.
Moreover, such a game can be parallelized toessages, drround, by adding &: + 1)-st prover. We do
not know whether it is possible to parallelize quantum egitethgames from three to two messages without
adding an additional prover.

There are a number of other important questions that our woes not address. Can we praygper
bounds on the hardness of computing the value of entanglegsg It is instructive here to compare to
the case where the provers share no-signalling correfgtishere there is an efficient linear-programming
algorithm to compute the value of a game_|Fre]ln the quantum case, it is still not known whether the
decision problem corresponding to finding the value of aarmgied-prover game is recursive! The issue is
that we are not currently able to prove any bounds on the ataflentanglement required to play a game
optimally, even approximately.
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