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Campbell and moment measures for finite sequential
spatial processes

ABSTRACT
We define moment and Campbell measures for sequential spatial processes, prove a
Campbell-Mecke theorem, and relate the results to their counterparts in the theory of point
processes. In particular, we show that any finite sequential spatial process model can be
derived as the vector obtained by sorting the points in a suitably chosen (unordered) spatio-
temporal point process by increasing time mark. The measures are used to formally define the
dual concepts of interior and exterior conditioning through Palm distributions and Papangelou
conditional intensities.
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�`]qb � ] � hlb�no]�]q£�gw]qb`_`]f_�u`b`|�z{u`]qp��¢gwe�acbc|�gw]
d�]fhlt(uLvw]ft1e#b�gw�`]
h�m`m`vwelm`vw|�h�gw]�éo~Zhlp��#]qn`vUhltq�
� x��{¤}vwelmoe#t(|�gw|�e#b�­���Ö��{gw�`]�XUµ¦Ï/Åcµ¦Âo²	ÂCT?´}Ã)Rq²��NVüRüT2µ�Vw¶I²üVWÏ$µ¦Ï�²	ÂcT2W¦Âo¶ © W¦ÏWÅ¦Qw²�Ä«ÄiÏ$²UW�R�Á�Vw²SRl���x�ócÎ�|�t/t
�Ld�d�]qg(vw| � �ù Þ`�#��� É acÎ\d¬Þ òSÎ ú Î$Õ r"s Ñ Ë�Ðt�Luq× É

ù
Ë��#���! Þ g ËcÎYd�Ë òqÎ ú Î r"s Ñ Ë/Ðt�Lu

|�t/_`] � vw]fhlt(|rb`��|rb�gw�`] � eld�moe#b`]fbIg/|rb`_`]S£o� :�`]�b`]S£�g�vw]ft(u`p�g�]S£�m`vw]ft(t(]qt�gw�`]�d�e#d�]qb{g
hlb`_�ikhld�m`no]fp�p�d�]fhlt(uLvw]qt
hlt�gw�`]�t(u`d e#x
gw�`]q|�v � e#d�moe#b`]qb{g��/|�t(]�t(|�t
gw]qvwtq�²L³
´3µm´3¶�·«¸
·«´º¹Øö>½#"&½ Õ Vwµ¦Ó�Ã3¶I²U¶ ù �ðï��/ÃyR$�}ÂHÃ?TZ²�É ù �#��� É ë aÞ�d�Ë

ù Þ`�#���-Ôqµ�V�W¦Âc³L� Ã«Â�T�ÆL²Å�Vwµ�¶¦ÁcXqTké}ÎðW�Ä �{²fQSVwW4µ�Ô�êsñ�W¦Âo¶9êsëmÊ
%;µ�V-W�Ä«Ä*� ÃUÂ�T�ÆL²LÅ�VUµ�¶¦ÁcXqTkémÎ
W�Ä �{²fQSVwW4µ�Ô�ê2ñWÉkêsë-É
W¦Â�¶/v7Ç�É-Ù��#��� É ë aÞSd�Ë Ù�Þ��#���UÍÕ VUµ�µ�Ô	Ê/ ;e�m`vwe��#]�gw�c]1a`vwt
g/]�zIuCh�pr|�g��#�celnct(]qv(�#]�gw�ch�g

acÞ�d�Ë
ù Þ��#��� É acÞSd�Ë acÎ\d&Þ òqÎ ú Î$Õ r�s Ñ Þ
Ð �Luf× É acÎYd�Ë òqÎ ÎcÞ�dNË ú Î$Õ r"s Ñ Þ�Ðt�Luf×

É acÎ\dNË òSÎ ú Î$Õ Æ��#���Z× É
ù
�#���

n{��~CuLnc|rb`|?� � |rd�|�p�h�vwp��I�cxyelv�hlbI�-è:elvw]qp*t(uLnCt(]SgW�òñ7Ó æ¢à7h�bc_t` Ð�v7ÇU�
acÞ�d�Ë Ù%Þ`�#� æt`�� É acÞ�d�Ë acÎ\d¬Þ òSÎ ú Î�Õ r"s Ñ Þ�Ðt�Lu r"s � Ñ ËqÌqÍfÍqÍqÌ Ñ ÎC��Ðt`�uf×

É acÎ\d�Ë òSÎ ú Î 	 ÎcÞ�d�Ë r�s Ñ Þ�Ðt�Lu r"s � Ñ ËqÌfÍqÍqÍqÌ Ñ ÎC�kÐt`�u�

É acÎ\d�Ë òSÎ ú Î�Õ Æj�#��� r"s � Ñ ËqÌqÍfÍqÍqÌ Ñ ÎC��Ðt`�uf× É Ù$�#� æ `��UÍ� |�b � ]¡noelgw� Ù h�bc_ ë Þ Ù%Þ^moe#t(t(]ft(t�ucb`|rz{u`]^éo~3acb`|�gw]¡]q£{gw]fb`t(|relbct�e#b�gw�`]�m`vwe�_`u � g0é�~h�pr�#]Sn`vUhL� ë Þ Ù�Þ��#��� É Ù$�#����x)elv�hlbI�t�$�



� E����} xI�¡¢¡*E
£3¤^¥�N
��I�£3MD¥�I�E
RSG¦C	I�R�§¨N�C"©*T¢£xT¨MOILKxISªxGYI�£3M#TUE�¡mK¦�&EJM#T«E
¡¬BDC	NYPSI�R:R�I�R &
' ççÂ�¿è�wé¡¼�½f½)(+* ¼/�D�
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ikh�d�m`n*]qprp�d�]�hlt(uLvw]qt�h�vw]�|�d�moelv(gUhlbIg9gwe�elprt9|�b&gw�`]0gw�`]qelv(�7e#x�t(]fz{u`]fbIgw|�h�p�t
mCh�gw|rhlp�m`vwel~
� ]qt(t(]ftq�s��bc_`]q]f_*�`t(u`m`moe#t(]�gw�Ch�g/d�]fhlt(uLvw]qd�]fbIgwt�h�vw]�d�hl_`]�h�g/]fh � � � e#d�moe#b`]fbIg/e#x�h�_ch�gUht(]fz{u`]qb � ]l�Im*elt(t(|�ncp���_c]Smo]fb`_`|rb`��e#b�gw�`] � e#d�moe#b`]qb{g2|rb`_`]q£�hlt}�k]qprpCh�t2elgw�`]qv � e#d�moe#b`]qb{gwtq�è���gw�`] © W¦Ï/Å¦QU²�Ä«Ä�, § ²UX	Ð�²kgw�`]fe�vw]fd�t
gUh�gw]f_9no]qpre����Lgw�`]1]S£�mo] � gw]f_9t(u`d�e#xAd�]�hlt(uLvw]qd�]qb{gwt
d�hf�0no]�]S£�m`vw]qt(t(]f_�|�b0gw]qvwd�t�e#x}|rbIgw]q�lvUhlp�t��/|�gw�0vw]qt
mo] � g�gwe$gw�c] � e#d�moe#b`]fbIg��/|�t(]$ikhld�m`~no]qprp}d�]fhlt(uLvw]qtq�� :�c|�t�|�bIgw]f�lvUh�pNvw]qm`vw]qt(]fbIgUh�gw|�e#b¡�/|�prp}xye�vwd gw�`]
gw�c]qelvw]Sgw| � hlp�n�h�t(|rt�xye�v�gw�`]
� e#b`_`|�gw|�e#bchlp¦|rbIgw]fb`t(|�gw|r]qt gwe�no]�_c|�t � u`t(t(]q_0|rb-gw�`]�b`]S£�g/t(] � gw|�e#b*�²L³
´3µm´3¶�·«¸
·«´º¹-"&½ r ½W¾ ²ST�ÄÅ QU²1W�Rq²�À�ÁC²�ÂCT�ÃÝW�Ä¦Åcµ¦ÃUÂCTxÅ�Vwµ�Xw²SRUR/µ¦Â0W
XUµ¦Ï/ÅCWIXSTAR�ÁcQSRS²qToÓ µ�Ô/T�ÆL²ÅºÄ�W¦Âo²�´}ÃyT�ÆwÏ�W�V�Ð�R�Ã«Â6T�ÆL²�XUµ¦Ï/ÅºÄ�²qTZ²�Rq²OÅcW�VwWIQ�Ä�²�Ï$²qT?V�ÃÝX�R¨ÅcWIXU²�à%ÉDÙ%Þ�Ã?T?R�XUµ¦ÏWÅcµ¦Âo²�ÂCT?´}ÃyRq²
© W¦ÏWÅ¦Qw²�Ä«ÄiÏ$²UW�R�Á�Vw²SR�Ê ¾ ²ST�ÉpÔqµ�V%á9Ð-Ñ�ÉD]
Þ
�C�3Óßæ�àk�;æ�Æ0Ç � ØçQU²WÏ$²UW�R�Á�VwWIQ�Ä�²mÔåÁpÂ�XqT�ÃÝµ¦Â`R
T�ÆLWlT:W�Vw²
²�Ã?T�ÆL²SV
W�Ä«Ä>Âoµ¦ÂiÎ¨Âo².�{WlT�Ã«Ól²�µ�VLÃUÂcTZ².�lVwWIQ�Ä�²SÊ�Ë-ÆL²�Â

ú0/1 cí Ü6î$23 ]�ãw�?ÊCã
Ì*ÄÅ ��45 É acÞSd�Ë n n ]¦ÞL�?Ê;Ì ÄÈ �ðäJÙ%ÞL�?Ê;Ì ÄÈ �UÍ �¨­I�
Õ VUµ�µ�Ô	Ê�y;]Sg�]
ÞL�?Ê;Ì ÄÈ �W� É r"s Ê0Ðw�(Þ�æt��Þ{Û ÄÈ Ðt`mÞ\u�xyelvL�(Þ-Ð^êsñ1�&�(Þ-Ð^êsëA�;hlb`_�`mÞ-Ðv Ç �2 :�`]qb-gw�c]�pr]qx)g/�chlb`_¢t(|�_`]�e#x:�¨­I�2]fz{uchlprt

ú0/1 cïDÜ6î$23 r�s Ñ ãsÐt��ã}æt��ã1u rLý ÄÅ Ðt`}Þxþ645 ÉacÎ\d�Ë òqÎ ÎcÞ�d�Ë ú Î$Õ r"s Ñ Þ
Ðt�(Þ
æt�(Þ{Û�� Ñ ËfÌqÍqÍfÍqÌ Ñ ÎC��Ðt`mÞ\uf× É
acÞ�dNË acÎYd¬Þ òqÎ ú Î�Õ r"s Ñ Þ�Ðt�(Þ
æt�(Þ{Û�� Ñ ËSÌfÍqÍfÍSÌ Ñ ÎC��Ðt`}ÞZuf× É acÞ�d�Ë Ù�Þ��(�#�(Þ
æt�(Þ#�kæt`mÞl�

n{��~cu`nc|�bc|?��gw�`]}vw|r�l�{gA�chlb`_�t(|�_c]se#x¦�¨­#�U��è:] � hlu`t(]sm`vwe�_`u � gAt(]qgwt;�#]qb`]qvUh�gw]}gw�`]2éo~Zhlp��#]SncvUh:e#b�3Ó æ�àk�*æ�Æ�Çw�o�¨­I���`e#p�_ctsxyelvf]¦ÞL�?Ê;Ì ÄÈ � É r"s �?Ê;Ì ÄÈ ��ÐwÙ%ÞYu/xye�vkh�b{��xyhld�|�p��¢�¨Ù%Þ#��Þ î87 |rb�gw�`]m`vwe�_`u � g1é�~Zhlpr�l]qn`vUh�n{�-gw�c]�d�e#b`elgwe#b`] � e#bI�I]Svw�#]qb � ]�gw�`]fe�vw]fd��: :�`]�m`vwe�e#xN|�t � e#d�mcpr]Sgw]f_n{�$gw�`]�u`t(uchlp*d�]�hlt(uLvw]�gw�c]qelvw]Sgw| � vwe#uLgw]�x�vwe#d�|rb`_`| � h�gwelv:xyu`b � gw|re#b`t��L|�h�t
gw]Sm�x)ucb � gw|re#b`t�gweh�v(nC|�g(vUh�v(�-e#b`]qt/e#x;gw�`]�_`]qt(|�vw]q_¢xyelvwd-�� ]q�#]qvUhlp¦t
mo] � |rhlp � hlt(]qt�h�vw]�e#x�|rbIgw]Svw]ft
gS�9 |�xNhlprp-]¦Þ � ]�h�vw]�]fz{uchlp3�
ú0/1 cí î$23 ]A�?Ê;ÌoÄÅ ��45 É n n ]��?Ê;Ì ÄÈ �ðäJÙ��?Ê;Ì ÄÈ � É acÞSd�Ë n n ]A�?Ê;Ì ÄÈ �ðäJÙ%ÞL�?Ê;Ì ÄÈ �UÛ
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9 |�x

ù
�ðï��}|rt�acbc|�gw]1h�bc_t]¦ÞL�?Ê;Ì ÄÈ � É ]A�?Ê*�}_`e�]ft�b`elgk_`]qmo]qbc_�e#b9|�gwt�t(] � e#b`_-h�vw�#u`d�]qb{gf�

ú0/1 cí î 23 ]��?Ê*��45 É n ]A�?Ê*�ðä
ù
�?Ê*� É acÞ�d*Ò n ]��?Ê*�ðä

ù ÞL�?Ê*�UÍ
; <;Á��N¼�ºs¾���º Â�Áw� ¼>=��N¼�ºs¾���º �%�
Áw�¢¾��}¾��
Á0¾fÁ@?
��b-gw�`|rt t(] � gw|relb¦�L�k]�_`]Sacbc] � e�elvw_`|rbch�gw]S�/|rt(]�¤}hlp�dì_`|rt
g(vw|�ncu`gw|�e#b`t�hlb`_ � e#b`_c|�gw|re#bchlp¦|�b{gw]qbL~t(|�gw|r]qt1|rb�gw�`]
t(]fz{u`]fbIgw|�h�pNt(]Sg(gw|rb`�`�� :�`] � e#b`_`|�gw|�e#bchlpN|�b{gw]qb`t(|�g���z{uchlbIgw|�ac]qt1gw�`]�no]f�chf�L|�e#uLvelx*h�t(]fz{u`]qb{gw|rhlpct
mCh�gw|rhlp`m`vwe � ]ft(t2h�g�h�m�h�v(gw| � ucprh�v2d$h�v � ]q_�m*el|rbIg2�#|��I]qb$hlp�pcelgw�`]Sv�p�e � h�gw|re#b`th�bc_�d�h�v � t$hlt
�k]fp�p/hlt
gw�c]q|�v�elvw_`]Svw|rb`�7�?]S£�gw]Svw|relv � elbc_`|�gw|re#b`|rb`���U��hlb`_�|rt�|�d�moelv(gUhlbIg�|rbgw�`]�_c]Sacb`|�gw|relb0e#x}��h�v � e��L|�h�bc|�g��6Õ Ö�×Ý�k��b{gw]Svw|re�v � e#b`_`|�gw|�e#b`|rb`�`��|rb � e#bIg(vUhlt
gf� � elbct(|�_`]qvwt/gw�`]
� e#b`_`|�gw|�e#bchlpC_`|rt
g(vw|�ncuLgw|relb�e#x�gw�`] �/�`e#pr]/t(]fz{u`]fb � ]/t(]f]qb$x)vwe#dçh�a`£L]q_$pre � h�gw|�e#b�hlb`_$d$h�v � �~`vwe#dìb`e�� e#b*�chlt(t(u`d�]�gw�`]1acvwt
g/elvw_`]qv/d�e#d�]qb{g/d�]fhlt(uLvw]�|rt acb`|�gw]l�2 :�`]fbÙ$�(�#� æ ����æw`�� Éûú÷ü Æj�#�»æ ��� r�ý ÄÅ Ðt`^þHÿA� ù �#� æt���
x)elv�]q�#]qv(�¢a`£L]f_�` Ðtv7Ç/hlb`_��ßæ�� Ð^êsñ æ0êsëA�B��]qb � ]l�*x)elv1ac£�]f_à`��-Ù��ðïoæ�`�� ÝLÝù
�ðï��U�st(e�gw�`]^±�hl_`e#b��Y|�| � e�_L�Ld gw�`]qelvw]qd |rd�mcp�|r]qt�]S£L|�t
gw]fb � ]9e#x�h0bcelb`~Ýb`]q�Ih�gw|��I]-è:elvw]qpd�]�hlt(uLvUh�ncp�]�hlb`_

ù
~Ý|rbIgw]q�lvUh�ncpr]�x)ucb � gw|re#bDC í �#`��U�`Ê�Ð¢Ó,æ�à �ct(e�gw�ch�gÙ$�(�#� æt���kæt`�� É n�E o�F C í �#`��ðä ù �?Ê*�UÍ

|�e�gw]�gw�ch�gGC í �#`��U�*�/�c| � �¡t(�chlprpNn*] � hlp�pr]q_ Õ W�Ä�Ï ¶¦Ã)RüT?V�ÃÝQ�Á`T�Ã3µ¦Â��;|rt�_`]Sacbc]q_4u`b`|�zIuc]qp���uLm
gwe$Ê�|rb0t(eld�]

ù
~Ýb{u`prpAt(]qgf�:Þ�bchlprel�#e#u`t(p���Ù%ÞL�ðï�æt`�� ÝLÝ ù ÞL�ðï��kxyelv�hlbI�¢�#|��I]fb�` Ð�v Ç �

t(e�gw�ch�g
XUµ¦Ï/ÅCµ¦Â�²	ÂCT?´}Ã)Rq² Õ W�Ä�Ï ¶¦Ã)RüT?V�ÃÝQ�Á`T�Ã3µ¦ÂcRGC íÞ �#`��2d$hf�9no]�_`]SaCb`]q_�n{�Ù�ÞL�#� æt`�� É n�E C íÞ �#`���ä ù Þ`�?Ê*�UÍ
��b�elvw_`]qv�gwe�_`]SaCb`] � e#b`_`|�gw|relbCh�p�|rbIgw]qb`t(|�gw|r]qtq���k]�b`]f]q_$gw�`] � e#b � ]qm`g�e#x}Vw²U¶¦ÁcXU²U¶ © W¦Ï/ÅºÎQw²�Ä«Ä¬Ï$²UW�R�Á�VU²�_`]qacb`]q_�n{�

ÙIH��(�#� æ ���kæt`��!� É ú /1 cí Ü6î 23KJ j E o�F-k r ý ÄÅ j g ã«k Ðt` þ�45
x)elvD� Ð�ê2ñ��\� Ð¢êsëA�Ihlb`_�` Ð�v7ÇU����]Svw]#�lgw�`]:b`elgUh�gw|�e#b7ÄÅ j g ã«k |�t}uct(]q_�xyelvNgw�`]:t(]fz{u`]fb � ]e�ncgUh�|rb`]f_�x)vwe#dÀÄÅ n{�-_`]fp�]qgw|�e#b�e#xAgw�`] � ~3gw� � e#d
m*elbc]qbIgf� � |rd�|�p�h�vwp��I�Cx)elv(á É ÜlÌUÖ�ÌqÍfÍqÍqÌÙ HÞ �(�#�9æD����æ}`��!� É acÎYd¬Þ òqÎ ú Î$Õ r"s Ñ Þ�Ðt� æt��u r"s � Ñ ËqÌfÍqÍqÍfÌ Ñ Þ g ËqÌ Ñ ÞIÌfÍqÍfÍSÌ Ñ ÎC��Ðt`�uf×#Í
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��bIgw]q�lvUhlp*vw]qp�h�gw|�e#b`t/t(|rd�|rp�h�v/gwe0�¨­I���`e#p�_*�Cx)elv/]S£`hld�mcpr]

ú /1 cí Ü6î 23 ]fãU�?ÊCãðÌ ÄÅ j g ã«k � 45 É acÞ�dNË n n ]¦ÞL�?Ê;Ì ÄÈ �ðäJÙ HÞ �?Ê;Ì ÄÈ �UÍ
x)elv¢d�]fhlt(uLvUh�ncpr]l��b`e#bL~Ýb`]f�Ih�gw|��I]¡elv¢|rbIgw]f��vUh�ncpr]4x)u`b � gw|relbct�]¦Þì�$�3Ó�æ�àk�
æjÆ�Ç � Ø �á�Ð7Ñ/�j��b^m�h�v(gw| � ucprh�vf�}|rxW]�ã � ­�]S£ � ]qm`g
x)elv � É ác�}gw�c]$vw|��#�Ig��Ch�bc_jt(|�_c]$vw]f_`u � ]qt�gweMNM ]
Þ`�?Ê;Û ÄÈ �NäYÙ HÞ �?Ê;Ì ÄÈ �U�`�/�`| � � � hlb-no]�u`t(]q_0hlt�h�b0hlp�gw]Svwbch�gw|��#]�_`]qacb`|�gw|�e#b¢e#xmÙ HÞ �ó^ôJõ}¹-·«¸
·«´º¹POº½ r ½ y;]Sg ÄÅ no]1h�t(]fz{u`]qb{gw|rhlpCmoe#|�bIg�mcvwe � ]qt(t�e#b9h � e#d�mCh � gkt(uLnct(]qg:Ó�e#xogw�`]
mcprhlb`]��/|�gw�¡d$h�v � t1|rb�gw�`] � e#d
mCp�]qgw]
t(]qmCh�vUh�nCp�]�d�]Sg(vw| � t
m�h � ]�à��/|�gw��acbc|�gw]
a`vwt
g�elvw_`]Svd�e#d�]qb{g�d�]�h�t(u`vw]

ù
�ðï���hlb`_ � e#d�moe#b`]qb{g��/|�t(]-vw]f_`u � ]q_7ikhld�m`no]fp�p:d�]fhlt(uLvw]ft�Ù HÞ t(u � �gw�ch�gWÙ HÞ �(�#� æt���kæ¡ï�� ÝLÝ Cßx)elv�hlp�p-� Ð�êsñ1�H��Ð�êsëA�2 :�`]fbÙ HÞ �(�#� æ ����æt`�� Éûú÷ü rLý ÄÅ Ð `^þRQ%ÞL�#� æ ��ÛoÄÅ �6ÿ

x)elv/hlprp>` Ð�v7ÇU�L�/|�gw��±�hl_`e#b��Y|�| � e�_L�Ld�_`]qvw|��#h�gw|��I]qtSQ%ÞL�#�"æ^��Ûqï��2_`]qacb`]q_�uLm�gwe�h
b{u`prp
t(]Sgf�`gw�`] Õ W�ÅcW¦ÂT�I²�Ä�µ¦ÁtÐ�²SV�Âo²	Ä�Rw�

 :�`]qvw]
]S£L|�t
g�vw]f�#u`prh�v1�I]qvwt(|�e#b`t$Õ�Ül�om¦�}Üf¬#¬�×Nxyelv��/�`| � �UQ%ÞL�#�ßæ��$Ûfï��/|�t�h$d�]�h�t(u`vUh�nCp�]
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