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ABSTRACT.

This tutorial and expository paper considers linear dynamical
systems X = Fx + Gu, y = Hx, or, x(t+1) = Fx(t) + Gu(t), y(t) = Hx(t);
more precisely it is really concerned with families of such, i.e.,
roughly speaking, with systems like the above where now the matrices
F,G,H depend on some extra parameters O. After discussing some
motivation for studying families (delay systems, systems over rings,

n-d systems, perturbed systems, identification, parameter uncertainty)

we discuss the classifying of families (fine moduli spaces). This is
followed by two straightforward applications: realization with parameters
and the nonexistence of global continuous canonical forms. More applications,
especially to feedback will be discussed in Chris Byrnes' talks at this
conference and similar problems as in these talks for networks will be
discussed by Tyrone Duncan. The classifying fine moduli space cannot

readily be extended and the concluding sections are devoted to this

observation and a few more related results.
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1. INTRODUCTION.

The basic object of study in these lectures (as in many others at this

conference) is a constant linear dynamical system, that is a system of

equations
(1.1) % = Fx + Gu x(t+1) = Fx(t) + Gu(t)
y = Hx ) y(t) = Hx(t)
(a): continuous time (b): discrete time

with x € kK* = space space, u € K" = input or control space, y € kP = output-
space, and F,G,H matrices with coefficients in k of the appropriate sizes;
that is, there are m inputs and p outputs and the dimension of the state
space, also called the dimension of the system L and denoted dim(Z), is n.
Here k is an appropriate field (or possibly ring). In the continuous time
case of course k should be such that differentiation makes sense for (enough)
functionsR + k, e.g. k =R or L. Often one adds a direct feedthrough term
Ju, giving y = Hx + Ju in case (a) and y(t) = Hx(t) + Ju(t) in case (b)
instead of y = Hx and y(t) = Hx(t) respectivelys forthe mathematical problems
to be discussed below the presence or absence of J is essentially irrelevant.

More precisely what we are really interested in are families of objects
(1.1), that is sets of equations (1,1) where now the matrices F,G,H depend
on some extra parameters 0. As people have found out by now in virtually
all parts of mathematics and its applications, even if one is basically
interested only in single objects, it pays and is important to study families
of such objects depending on a small parameter € (deformation and perturbation
considerations). This could be already enough motivation to study families,
but, as it turns out, in the case of (linear) systems theory there are many
more circumstances where families turn up naturally. Some of these can be
briefly summed up as delay-differential systems, systems over rings, continuous
canonical forms, 2-d and n~d systems, parameter uncertainty, (singularly)
perturbed systems. We discuss these in some detail below in section 2.

To return to single systems for the moment. The equations (1.1) define

input/output maps fZ : u(t)— y(t) given respectively by
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where we have assumed that the system starts in x(0) = 0 at time 0. In both
cases the input/output operator is uniquely determined by the sequence of
matrices A], AZ’ «+. . Inversely, realization theory studies when a g%ven
sequence A], A2’ ... is such that there exist F,G,H such that Ai = HFlij
for all i. Realization with parameters is now the question: given a sequence
of matrices A](O), Az(o), Ag(U)? ... depending polynomially (resp. continuously,
resp. analytically, resp. ...) on parameters o, when do there exist matrices
F,G,H depending polynomially (resp. continuously, resp. analytically, resp....)
on the parameters ¢ such that Ai(c) = H(O)Fi-](O)G(O) for all i. And to what
extend are such realizations unique? Which brings us to the next group of
questions one likes to answer for families.

A single system L given by the triple of matrices F,G,H is completely
reachable if the matrix R(F,G) consisting of the blocks G, FG, ..., i

(1.3) R(Z) = R(F,G) = (G! FG! ... |F'G)
has full rank n. (This means that any state x can besteered to any other

state x' by means of a suitable input). Dually the system I is said to be

completely observable if the matrix Q(F,G) consisting of the bloeks

H, HF, ..., HF"
H
HF
(1.4) QD) = QE,H) = | ;
HF"

has full rank n. (This means that two different states x(t) and x'(t) of the
system can be distinguished 'on the basis of the output y(1) for all T > t).

As is very well known if A], A2’ ... can be realized then it can be realized
by a co and cr system and any two such realizations are the same up to

base change in state space. That is, if £ = (F,G,H) and Z'= (F',G',H') both

realize A], A2’ ... and both are cr and co then dim(Z) = dim(Z') = n and

there is an invertible n X n matrix S such that F' = SFS—], G' = SG,

H' = HS_]. (It is obvious that if Z and Z' are related in this way then
they give the same input/output map). This transformation

(1.5) 5 = (F,G,H)— I° = (F,G,H)> = (SFS—I,SG,HS~])

corresponds of course to the base change in state space x' = Sx. This argues
that at least one good notion of isomorphism of systems is: two systems Z, 2'

over k are isomorphic iff dim(Z) = dim(Z') and there is an S € GLn(k), the



group of invertible matrices with coefficients in k, such that I' = ZS

A corresponding notion of homomorphism is: a homomorphism from

I = (F,G,H), dimZ = n, to L' = (F',G',H"), dimf = n', is an n x n' matrix
B (with coefficients in k) such that BG = G', BF = F'B, H'B = H.

Or, in other words, it is a linear map from the state space of I to the

state space of I' such that the diagram below commutes.

(1.6) o l . l& kP

The obvious corresponding notion of isomorphism for families
S(o
@ _ 5o,

where, of course, S(0) should depend polynomially, resp. continuously,

L(o), £Z'(0) is a family of matrices S(0) such that XZ(0)

resp. analytically, resp... on ¢ if I and I' are polynomial, resp.
continuous, resp. analytical, resp...,families. One way to look at the
results of section 3 below is as a classification result for families,
or, even, as the construction of canonical forms for families, under the
notion of isomorphism just described. As it happens the classification
goes in terms of a universal family, that is, a family from which,
roughly speaking, all other families (up to isomorphism) can be uniquely
obtained via a transformation in the parameters.

Let Lm 0 p(k) be the space of all triples of matrices (F,G,H) of

. co,cr

dimensions nxn, nxm, pxn, and let L be the subspace of cr and co

E Rl ]
triples. Then the parameter space for the universal family is the quotient
space L;O;C;(k)/GLn(k), which turns out to be a very nice space.
E Rl |

The next question we shall take up is the existence or nonexistence

of continuous canonical forms. A continuous canonical form on L;?;f;
is a continuous map (F,G,H)~ c(F,G,H) such that c(F,G,H) is isomorphic
to (F,G,H) for all (F,G,H) € L;?;f; and such that (F,G,H) and (F',G',H')
are isomorphic if and only if c¢(¥,G,H) = c¢(F',G',H') for all (F,G,H),

co,Ccr

(F',G',H') € Lm . Obviously if one wants to use canonical forms to

get rid of supe;fiuous parameters in an identification problem the
canonical form had better be continuous. This does not mean that
(discontinuous) canonical forms are not useful. On the contrary, witness
e.g. the Jordan canonical form for square matrices under similarily. On the
other hand, being discontinuous, it also has very serious drawbacks; cf.

e.g. [GWi] for a discussion of some of these. In our case it turns out that
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there exists a continuous canonical form on all of L°’ST if and only if

9n’
m=1or p =1,

Now let, again, X be a single system. Then there is a canonical
(r)
z

subsystem which is completely reachable and a canonical quotient

system £°° which is completely observable. Combining these two constructions
one finds a canonical subguotient (or quotient sub) which is both cr and

co. The question arises naturally whether (under some obvious necessary
conditions) these constructions can be carried out for families as well

and also for single time varying systems. This is very much related

to the question of whether these constructions are continuous. In the:

last sections we discuss these questions and related topics like: given

two families I and I' such that Z(0) and I'(0) are isomorphic for all

(resp. almost all) values of the parameters 0; what can be said about

the relation between I and I' as families (resp. about L(0) and I'(0)

for the remaining values of o).

2. WHY SHOULD ONE STUDY FAMILIES OF SYSTEMS.

For the moment we shall keep to the intuitive first approximation of
a family of systems as a family of triples of matrices of fixed size
depending in some continuous manner on a parameter ¢. This is the

definition which we also used in the introduction.

2.1. (Singular) perturbation, deformation, approximation.

This bit of motivation for studying families of objects, rather than
just the objects themselves, is almost as old as mathematics itself.
Certainly (singular) perturbations are a familiar topic in the theory
of boundary value problems for ordinary and partial differential equations
and more recently also in optimal control, cf. e.g. [OMal.

For instance in [OMal, chapter VI,0'Malley discusses the singularly
perturbed regulator problem which consists of the following set of
equations, initial conditions and quadratic cost functional which is to be

minimized for a control which drives the state x = (Z) to zero at time t =

§ = A (©)y + Ay(e)z + By (e)u y(0,6) = y°(e)
(2.1.1) ez = A%(e)y + A, ()z + B,(e)u 2(0,6) = 2°(¢)
J(e) = x (1,e)m(e)x(l,e) + J (x (t,e)Q(e)x(t,e) + ul (£,€)R(E)u(t,e))dt

o

with positive definite R(g), and Q(g),m(e) positive semidefinite. Here the

upper T denotes transposes. The matrices Ai(e), i=1,2,3,4, Bi(ﬁ), i=1,2,



n(+), Q(), R(:+) may also depend on t. For fixed small ¢ > O there is a
unique optimal solution. Here one is interested, however, in the
asymptotic solution of the problem as € tends to zero, which is, still
quoting from [OMa] a problem of considerable practical importance, in
particular in view of an example of Hadlock et al.[HJK] where the
asymptotic results are far superior to the physically unacceptable
results obtained by setting € = 0 directly.

Another interesting problem arises maybe when we have a system

(2.1.2) x = Fx + Glu + sz, y = Hx

where v 1s noise, and where F, G H depend on a parameter €,

1> G2
Suppose we can solve the disturbance decoupling problem for € = 0. I.e.
we can find a feedback matrix L such that in the system with state feedback
loop L
x = (F+GL)x + G]u + sz, y = Hx
the disturbances v do not show up any more in the output y, (for € = 0).
Is it possible to find a disturbance discoupler L(e) by "perturbation"
methods, i.e. as a power series in € which converges (uniformly) for €
small enough, and such that L(0) = L.

In this paper we shall not really pay much more attention to
singular perturbation phenomena. For some more systems oriented material

on singular perturbations cf. [KKU] and also [Haz 4].

2.2. Systems over rings.

Let R be an arbitrary commutative ring with unit element. A linear
system over R is simply a triple of matrices (F,G,H) of sizes n x n, n x m,
p X n respectively with coefficients in R. Such a triple defines a linear

machine

(2.2.1)  =x(t+1) = Fx(t) + Gu(t), t = 0,1,2,..., x € R*, u € R"
y(t) = Hx(t), vy € RP

which transformes input sequences (u(0),u(1),u(2),...) into output sequences
(y(1),y(2),y(3),...) according to the convolution formula (1.2.b).
It is now absolutely standard algebraic geometry to consider these

data as a family over Spec(R), the space of all prime ideals of R with the



Zariski topology. This goes as follows. For each prime ideal p let
ir : R~ Q(R/P) be the canonical map of R into the quotient field
Q(R/p) of the integral domain R/f). Let (F(P), G(r), H(p)) be the triple
of matrices_over Q(Rﬁp) obtained by applying iT to the entries of
F,G,H. Then ZCP) = (F(P),G(P),H(r)) is a family of systems parametrized
by Spec(R).

Let me stress that, mathematically, there is no difference between
a system over R as in (2.2.1) and the family Z(r) . As far as intuition
goes there is quite a bit of difference, and the present author e.g.
has found it helpful to think about families of systems over Spec(R)
rather then single systems over R. Of course such families over Spec(R)
do not quite correspond to families as one intuitively thinks about them.
For instance if R = Z = the integers, then Spec(Z ) consists of (0)
and the prime ideals (p), p a prime number, so that a system over Z
gives rise to a certain collection of systems: one over ) = rational
numbers, and one each over every finite fieldIFp = Z /(p). Still the
intuition one gleans from thinking about families as families parametrized

continuously by real numbers seems to work well also in these cases.

2.3. Delay-differential systems.

Consider for example the following delay~differential system

i](t) x](t—2) + xz(t—a) + u(t=1) + u(t)

(2.3.1) kz(t) = xl(t) + xz(t—l) + u(t-a)

y(t) = xl(t) + xz(t—2u)

where 00 is some real number incommensurable with 1. Introduce the delay
operators Oy» 02 by G]B(t) = B(t-1), 028(t) = RB(t-0). Then we can rewrite

(2.3.1) formally as

(2.3.2) x(t) = Fx(t) + Gu(t), y(t) = Hx(t)
with .
02 o 1 + 01
1 2 2
(2.3.3) F = , G = , H= (1 02)
1 g ag



and, forgetting so to speak where (2.3.2), (2.3.3) came from, we can view
this set of equations as a linear dynamical system over the ring m[ul,ny],
and then using 2.2 above also as a family of systems parametrized by the

(complex) parameters O 02 , a point of view which has proved fruitfull

]’
e.g. in [By 4)]. This idea has been around for some time now,

[ZW, An, Yo , RMY], though originally the tendency was tou cunsider -these
systems as systems over the fields]R(ol,...,oz); the idea to consider

them over the ringsim[ol,...,cz] instead is of more recent vintage([Mo,Kam]).

There are, as far as I know no relations between the solutions of
(2.3.1) and the solutions of the family of systems (2.3.2), (2.3.3). Still
many of the interesting properties and constructions for (2.3.1) have their
counterpart for (2.3.2), (2.3.3) and vice versa. For example to construct
a stabilizing state feedback loop for the family (2.3.2) - (2.3.3)
depending polynomially on the parameters o

0y that is finding a

s
stabilizing state feedback loop for the syitem over]R[Gl,Oz],means finding
an m X n matrix L(OI,OZ) with entries iniR{Gl,Oz] such that for all complex
0,59, det(s-(F+GL)) has its roots in the left half plane. Reinterpreting
9y and 0, as delays so that L(Ul,cz) becomes a feedback matrix with delays
one finds a stabilizing feedback loop for (the infinite dimensional)
system (2.3.1). (cf. [BC], cf. also [Kam ], which works out in some
detail some of the relations between (2.3.1) and (2.3.2) - (2.3.3) viewed
as a system over the ring]R[Ol,OZJ)

As another example a natural notion of isomorphism for systems
L = (F,G,H), Z' = (F',G',H') over a ring R is: I and I' are isomorphic if
there exists an n x n matrix S over R, which is invertible over R, i.e.
such that det(S) is a unit of R, such that f' = ZS. Taking R =1RIO],02]
and reinterpreting the o, as delays we see that the corresponding notion
for the delay-differential systems is coordinate transformations with
time delayswhichis precisely the right notion of isomorphism for studying
for instance degeneracy phenomena, cf[Kap].

Finally applying the Laplace transform to (2.3.1) we find a transfe:

s o0Sy

. - . . . . -s -0
function T(s,e ~,e which is rational in s,e ~ and e ®. It can also

be obtained by taking the family of transfer functions TO 5 (s) =
1272

_] —
H(O],Uz)(s—F(Ol,oz)) G(OI’U2) and then substituting e ° for 9, and e

for Oy- Inversely given a transfer function T(s) which is rational in

-0 s

as . . .
s,e ,e one way ask whether it can be realized as a system with delays

which are multiples of 1 and a. Because the functions s, e °, e %% are

algebraically independant (if a is incommensurable with 1), there is a unique



rational function %(3,01,02) such that T(s) = %(s,e_s,e_as) and the
realizability of T(s) by means of a delay system, say a system with trans-
mission lines, is now mathematically equivalent with realizing the two
parameter family of transfer functions T(s,ol,dz) by a family of systems
which depends polynomally on Oys Oye
2.4. 2-d and n - d systems.

Consider a linear discrete time system with direct feed-through term
(2.4.1) x(t+1) = Fx(t) + Gu(t), y(t) = Hx(t) + Ju(t)

The associated input/output operator is a convolution operator, viz.
(cf.(1.2.b))

t
(2.4.2) y(t) = iEoAiu(t—l), A0 =J, Ai = HF

%_]G for 1 =1,2, ...
Now there is an obvious (north—east causal) more dimensional,
generalization of the convolution operator (2.4.2), viz.

k

A, .u(b=ik=j), hk = 0,1,2,...
i=0 j=o +J

[heli=n

(2.4.3) y(h,k) =

A (Givone-Roesser) realization of such an operator is a ''2-d system"
x](h+],k) = Fllxl(h’k) + F]2x2(h,k) + Glu(h,k)
(2.4.4) xz(h,k+1) = F2]x](h,k) + F22x2(h,k) + qu(h,k)

y(h,k) = H]x](h,k) + Hzxz(h,k) + Ju(h, k)

which yields an input/output operator of the form (2.4.3) with the Ai .
. ’
determined by the power series development of the 2-d transfer function

T(SI’SZ)

-1 -3 _ - NS ‘
(2.4.5) .Z.Ai,jsl 5,7 = T(sl,sz) (H] HZ) H
1,] 0

where Ir is the r x r unit matrix and n, and n, are the dimensions of the
state vectors x, and X, - There are obvious generalisations to n-d systems,
n > 3. The question now arises whether every proper 2-d matrix tramnsfer
function can indeed be so realized. (cf.[ Eis] or [So2] for a definition

of proper. A way to approach this is to treat one of the s; as a parameter,
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giving us a realization with parameters problem.

More precisely let R be the ring of all proper rational functions in
s)- In the 2-d case this is a principal ideal domain which simnlifies
things counsiderably. Now consider T(s],sz) as a proper rational function

2
giving us a discrete time system over Rg defined by the quadruple of

in s, with coefficients in Rg’ This transfer function can be realized

matrices (F(Sl), G(s]), H(s]), J(Sl))' Each of these matrices is proper

as a function of e and hence can be realized by a quadruple of constant

matrices. Suppose that

(FF,GF,HF,JF) realizes F(sl)
(Fg Gg Hg ,J ) realizes G(s])

(F J..) realizes H(s])

H’ H H’

(FJ J ) realizes J(Sl)

J? J’

Then, as is easily checked, a realization in the sense of (2.4.4) is defined
by

J
T e R o | |0
11 12 G, i F 0 0 0O 1
_— _|F,F G = =| ¢,
o ,0 F, 0O 0| G
F F ‘ G 2 0
21 22 GH , 0 FH 0 O C
i J
o1 o 0 0 FJ
= = ! =
H (H1 H2) (JH‘ 0 O HH HJ), J JJ

This is the procedure followed in [Eisl ; a somewhat different approach,
with essentially the same initial step (i.e. realization with parameters,

or realization over a ring) is followed in [So2].

2.5. Parameter Uncertainty.

Suppose that we have a system I = (F,G,H) but that we are uncertain about
some of its parameters, i.e. we are uncertain about the precise value of
some of the entries of F,G or H. That is,what we really have is a family of
systems Z(B), where B runs through some set B of parameter values, which
we assume compact. For simplicity assume that we have a one input-one output
system. Let the transfer function of Z(R) be TB(s) = fB(s)/gB(s). Now

suppose we want to stabilize I by a dynamic output feedback loop with
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transfer function P(s) = ¢(s)/P(s), still being uncertain about the value of
B. The transferfunction of the resulting total system is T(s)/(1-T(s)P(s)).
So we shall have succeeded if we can find polynomials ¢(s) amd Y(8) such

that for all B € B all roots of

gg(s)(s) + £4(0(s)

are in the left halfplane, possibly with the extra requirement that P(s)
be also stable. The same mathematical question arises from what has been
named the blending problem, cf [Tal].,It cannot always be solved. In the
special but important case where the uncertainty is just a gain factor,
i.e. in the case that B is an interval [bl,bz],b2 >b, > 0 and

TB(S) = BT(s), where T(s) is a fixed transforfunction, the problem is

solved completely in [Tal].

3. THE CLASSIFICATION OF FAMILIES. FINE MODULI SPACES.

3.1. Introductory and Motivational Remarks.

(Why classifying families is essentially more difficult than
classifying systems and why the set of isomorphism classes of (single)
systems should be topologized).

Obviously the first thing to do when trying to classify families up
to isomorphism is to obtain a good description of the set of isomorphism
classes of (single) systems over a field k, that is to obtain a good
description of the sets Lm,n,p(k)/GLn(k) = Mm,n,p(k) and of the quotient

map L (k) > M (k). This will be done below in section 3.2
m,n,p m,n,p

for the subset of isomorphism classes (or sets of orbits) of completely
reachable systems. This is not particularly difficult (and also well known)
nor is it overly complicated to extend this to a description of all of

Mm,n,p(k) = Lm ’p(k)/GLn(k), cf. [Haz6]. Though, as we shall see, there

o7

are, for the moment, good mathematical reasons, to limit ourselves to

cr systems and families of cr systems, or,dually,to limit ourselves to co systems.
Now let us consider the classification problem for families of systems.

For definiteness sake suppose we are interested (cf. 2.1 and 2.3 above e.g.)

in real families of systems Z(0) = (F(o), G(0), H(0)) which depend

continuously on a real parameter o € R. The obvious, straightforward and

in fact right thing to do is to proceed as follows. For each o € R we have
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a system L(0), and hence a point ¢(0) € Mm,n,qu) = m n’pCIR)/GL ®),

the set of isomorphism classes or, equivalently, the set of orbits in

Lm’n’pCIR) uhder the action (I,S)+ 55 of GL_(R) on Lm’n’paR). This defines

a map ¢(Z): R » Mm n pGR), and one's first guess would be that two families
b H]
£,Z' are isomorphic iff their associated maps ¢(Z), ¢(Z') are equal.
However, things are not that simple as the following example in L, ]GR)
’ H]

shows.

(3.1.1) Example. (o) = (C ', 9,0, (.2,
1

0 1
D (s (1,200

Q —~Q

(o) = («(

For each 0 € R, Z(0) and L'(0) are isomorphic via T(o) = (] 9]) if g# 0
0 o

and via T(0g) = (é ?) if 0 = 0. Yet they are not isomorphic as continuous

families, meaning that there exists no continuous map R + GL GR),
g+ T(o), such that L'(o) = Z(G)T(O) for all o €R. One mlght guess that
part of the problem is topological. Indeed,it is 1in any case sort of
obvious that one should give Mm n p(IR) as much structure as possible.

b e ]

Otherwise the map ¢(Z): R ~> Mm,n,pGR) does not tell us whether it could
have come from a continuous family. (Of course if Z(0) is a continuous
family over R giving rise to ¢(Z) and S € GL GR) is such that E(O) # Z(O)
then the discontinuous family I'(g), I'(0) = Z(o) for o # 0, £'(0) = Z(O)
gives rise to the same map). Similarly we would like to have ¢(Z) analytic
if I is an analytic family, polynomial if I is polynomial, differentiable
if I 1is differentiable, ...

One reason to limit oneselve to cr systems is now that the natural
topology (which is the quotient topology for m: Lm,n, R) - Mm,n,pcR)) will
not be Hausdorff unless we limit ourselves to cr systems. (It is clear that
one wants to put in at least all co,cr systems).

There are more reasons to topologize M (R) and more generally

n,p

Mm a p(k), where k is any field. For one th1ng it would be nice if
3 b

n pGR) had a topology such that the isomorphism classes of two systems I
’ ’

and I' were close together if and only if their associated input/output maps
were close together (in some suitable operator topology; say the weak
topology); a requirement which is also relevant to the consistency
requirement of maximum likelyhood identification of systems , cf.

[ De,DDH,DH,DS,Han].



Jet topologizing Mm n p(lR) does not remove the problem posed by example
9ty

(3.1.1). Indeed, giving Mm a pCIR) the quotient topology inherited from
> ’

o PGR) the maps defined by the families I and L' of example (3.1.1)
H] b

are both continuous.

Restricting ourselves to families consisting of cr systems (or dually
to families of co systems), however, will solve the problem posed by
example (3.1.1). This same restriction will also see to it that the
quotient topology is Hausdorff and it will turn out that M;fn,pGR)/GLnGR)
is naturally a smooth differentiable manifold. From the algebraic geometric
point of view we shall see that the quotient L;':n’p/GLn exists as a smooth
scheme defined over Z . It is also pleasant to notice that for pairs of
matrices (F,G) the prestable ones (in the sense of [Mul) are precisely
the completely reachable ones ([Ta2]) and they are also the semi-stable
points of weight one, [BH!.

Ideally it would also be true that every continuous, differentiable,
polynomial,... map ¢ : R - Mt (R) comes from a continuous, differentiable,

m,n,p

polynomial,... family. This requires assigning to each point of M;rn pGR)
E Bk 4

a system represented by that point and to do this in an analytic manner.
This now really requires a slightly more sophisticated definition of
family then we have used up to now, cf. 3.4. below. And indeed to obtain

e.g. all continuous maps of say the circle into Mm pGR) as maps associated

’n’
to a family one also needs the same more general conceptof families of system

over the circle.

3.2. Description of the quotient set (or set of orbits) L°T (k)/6L (k).
- m,n, p-————n——"—

b

Let k be any field, and fix n,m,p € WN. Let

(3.2.) 3 = {0,1),(0,2), ..., (O,m); (1,1), .oo, (1,5 .en

n,
(n,1), ..., (nsm)}’

lexicographically ordered (which is the order in which we have written down

the (n+1)m elements of Jn m). We use Jn o to label the columns of the matrix
b E)

R(F,G), F € knxn’ G € knxm’ cf. 1.3 above, by assigning the label (i,j)
to the j-th column of the block F'G.
A subset o < Jn is called nice if (i,j) € a = (i-1,j) € v or 1 = 0

’
for all i,j. A nice subset with precisely n elements is called a nice selection.




Given a nice selection 0, a successor index of o is an element (i,j) € J

n,m

such that o U {(i,j)} is nice. For every j0 € {1,...,m} there is precisely

one successor index (i,j) of o with j

denoted s(a,jo).

= j, . This successor index will be

Pictorially these definitions look as follows. We write down the

elements of J
n,m

(0,1)
(0,2)
(0,3)
(0,4)

Using dots to represent elements of Jn

b

(1,1
(1,2)
(1,3)
(1,4)

(2,1)
(2,2)
(2,3)
(2,4)

3,1
(3,2
(3,3
(3,4)

(4,1)
(4,2)
(4,3)
(4,4)

£

in a square as follows (m=4,n=5)

(5,1)
(5,2)
(5,3)
(5,4)

and x's to represent elements of

o the following pictures represent respectively a nice subset, a not nice

subset and a nice selection.

X X X .

The successor indices of the nice selection o

are indicated by *'s in the picture below

(3.2.2)

£ oo e
XX 4 »
x -

X xx ¥

.

of the third picture above

We shall use Lm n(k) to denote the set of all pairs of matrices (F,G)

. : . cr
over k of sizes n x n and n x m respectively; Lm n(k) denotes the subset of
2

s

completely reachable pairs (cf. 1.3

and each (F,G) € Lm n(k) we shall use R(F,G)B to denote the matrix obtained
s
from R(F,G) by removing all columns whose index is not in R.

With this terminology and notation we have the following lemma,

3.2.3. Nice Selection Lemma.

above). For each subset B € J

n,m

Let (F,G) € L;rn(k). Then there is a nice selection o, such that’
b

det (R(F,G) ) #

0.

N
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Proof. Let o0 be a nice subset of Jn o such that the columns of R(F’G)a

2
are linearly independant and such that o is maximal with respect to this

property.
Let o = {(0,5), «.vp (i1,37)5 (0,35), ..., (1953505 «ov 5 (0530, «vvy (15,310

By the maximality of o we know that the successor indices s(a,j), J=1, ..., m
are linearly dependant on the columns of R(F,G)u. I.e. the columns with

indices (ifﬂ,jl), vees (is+1,js) and (0,t), t € {1,...,m} ~ {jl""’js}

are linearly dependant on the columns of R(F,G)a. Suppose now that with
induction we have proved that all columns with indices (ir+£,jr), r=1,
and (2-1,t), t € {1,...,m} ~ {jl,...,js} are linearly dependant on the
columns of R(F,G)a, £ > 1. This gives us certain relations

0-1 i +2

F''G. = T a(i,j)FlGj, FT ¢. = 3 b(i,j)Fch.

t oG, e Jr (i,)e€a

(where Gt denotes the t-th column of G). Multiplying on the left with F

we find expressions

1 +2+1
r

PG = I a(i,j)Fl+]Gj, F 6, = I b(i,j)Fl+1Gj
(i’j)EO" r (i,J)Ga
3 ir+£+1
expressing F Gt and F G. as linear combination of those columns of

r
R(F,G) whose indices are either in o or a successor index of o. The latter

are in turn linear combinations of the columns of R(F,G)a, so that we have
proved that all columns of R(F,G) are linear combinations of the columns

of R(F,G)a. Now (F,G) is cr so that rank(R(F,G)) = n, so that o must have had
n elements, proving the lemma.

For each nice selection o we define

(3.2.4) U, (k) = {(F,G,H) € Lm’n,p(k)ldet(R(F,G)a) # 0}
Recall that GL_(k) acts on L (k) by (F,G,H)S = (SFS—],SG,HS-]).
n m,n,p
3.2.5. Lemma. U_ is stable under the action of GL (k) under L (k). For
== *u n m,n,p

each Z € (F,G,H) € Ua there is precisely one S € GLn(k) such that

R(E®) = R(SFS™',86) = I_, the n x n identity matrix.

Proof. We have

(3.2.6) R(zs) = R(sFs~!,86) = SR(F,G) = S R(I)
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It follows that R(ZS) = SR(Z) o’ whlch proves the first statement. It also
follows that if we take S = R(F G) then R(Z ) = I and this 1s also
the only S which does this because in the equatlon S R(Z) = R(Z ) R(Z)a has

rank n.

3.2.7. Lemma. Let Xis cees X be an arbitrary m—tuple of n-vectors over k,
and let o be a nice selection. Then there is precisely one pair (F,G) € L;rn(k)

b
such that R(F,G)a = In’ R(F,G) = x > =1, ..,, m

s(a, j)

Proof (by sufficiently complicated example). Suppose m = 4, n = 5 and that
G is the nice selection of (3.2.2) above. Then we can simply read off the
desired F,G. In fact we find G] = Xy, G2 = e, G3 = x3, G4 = e, F] = eg,
F2 = e, F3 = X, F4 = eg, F5 = x,. Writing down a fully general proof is a
bit tedious and notationally a bit cumbersome and it should now be trivial

exercise.

3.2.8. Corollary. The set of orbits U (k)/GL (k) is in bijective correspondence
with k™ kpn, and U (k) -~ GL (k) X (k xkp ) (as sets with GL (k)—actlon,
where GLn(k) acts on GLn(k) x (k .kpn) by multiplication on the left on the

first factor).

Proof. This follows immediately from lemma 3.2.5 together with lemma 3.2,6.
Indeed given I = (F,G,H) € Ua' Take S = R(F,G);1 and let (F',G',H') = ZS.
Now define ¢ : Ua(k) - GLn(k) x (KMxkP™ by assigning to (F,G,H) the matrix
S'l, the m n-vectors R(I )s(a,j)’ j=1, ..., m and the p x n matrix H'.
Inversely given a T € GLn(k), m n-vectors xj, j = ],...., mand a p x n
matrix y. Let (F',G') € L;fn(k) be the unique pair such that R(F',G')a =1
R(F',G")

s(a,J) x » J =1, ..., m. Take H' = y and define

b r GL () X (k kan) > U_() by W(T, (x,)) = (F',6',HNT. It is trivial
to check that Y¢ = id, ¢y = id. It is also easy to check that ¢ commutes wit!
the GLn(k)—actions.

3.2.9, The C#a (local) canonical forms. For each L € Ua(k) we denote
with C#G(Z) the triple:

(3.2.10) ¢, (D) = £3 with s = R(E);]

i.e. c#a(Z) is the unique triple I' in the orbit of I such that



R(Z') = I_. Further if z € K™ x k™ then we let (F,(2), G (2), H (2))
be the triple w(In,z); that is if z = ((x], ey xm), y)
(Fa(z), Ga(z), Ha(z)) is the unique triple such that:

(3.2.11) R(Fa(z), Ga(z))u==1n’ R(Fa(z), Ga(z))s(a,j) = xj, Ha(z) =y

2 € (x5 +eey x), y) € K™ x 1P°

3.2.12. Remark. Let T : Ua(k) > k™ x kPP pe equal to Y: Ua(k)
- GLn(k) x (K™ x kP™) followed by the projection on the second factor.
Then T 27 (Fa(Z), Ga(z), Ha(z)) is a section of T (meaning that

Ty = id), and E%(Ta) : Ty Of course, m induces a bijection
U, (0 /GL (1) » k™™ x kPP,

cr
Lm,n,p(k)/GLn(k)' Order the

set of all nice selections from J in some way. For each I € L

n,m m,n,p
let a(Z) be the first nice selection in this ordening. Now assign to £ the
LCT
M, 0N,
well defined clement in its orbit and this hence gives complete

.. .. . CT
description of the set of orbltSLm’n’p(k)éLn(k).

3.2.13. Description of the set of orbits

triple C#a(Z)(Z)' This assigns to each I € p(k)/GLn(k) one particular

.. cr = M°T
3.3. Topologizing Lm,n,p(k)/GLn(k) = Mm,n,p(k)

3.3.1. A more "homogeneous" description of M;r p(k). The description of the
»

set of orbits of GL_(k) acting on LY (k) given in 2.3.13 is highly
n m,n,p

lopsized in the various possible nice selectionsC. A more symmetric
. . c . . .
description of M r (k) is obtained as follows. For each nice
oy

selection o, let Va(k) = k™ x kP™ and let for each second nice selection

R
(3.3.2) Vep(®) = {z € Valdet(R(Fa(z), Gy (2))g) # 0}

That is, under the section Tyt Va(k)'> Ua(k) of 3.2 above which picks out
precisely one element of each orbit in Ua(k) VaB(k) corresponds to those
orbits which are also in UB(k); or, equivalently VaB(k) = ﬂa(Ua(k)(\UB(k)).
We now glue the Va(k), o nice ,together along the VaB(k) by means of the

identifications:
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byat Voug(©) > Vg (W), dg(2) = 2" o
(3.3.3)

S _ v 1 ' = -1
(F,(2), Gy (2), H (2))° = (Fg(z"), Ggz"), Ha(z'), § = R(F,(2),Gy(2))g

Then, as should be clear from the remarks made just above,Mcr p(k) is
9 bl
the union of the Va(k) with for each pair of nice selections

a, B, VuB(k) identified with VBa(k) according to (3.3.3).

3.3.4. The analytic varieties M;rn (R) and M;rn p(E). Now let k =R or T
sily I s il
and give Vu(k) = for knm x kP its usual (real) analytic structure. The

subsets VaB(k) c Va(k) are then open subsets and the ¢aB(k) are analytic
diffeomorphisms. It follows that Mt P(IO and M°T p(E) will be

sty m’n,
respectively a real analytic (hence certainly Cf) manifold and a complex

analytic manifold, provided we can show that they are Hausdorff.

First notice that if we give L R) and L ) the topolo of
8 mansp( ) m’n’p( ) P By

mn+n2+np n2+nm+np

R

cr

Lm n p(k), k =R, T the induced topology, then the quotient topology
b B |

for L Ua(k)‘*Va(k) is precisely the topology resulting from the

identification Va(k) ~ k™ x kP®, It follows that the topology of
c

r . . cr cr cr
M k) 1is the otient topolo of L k) ~>L k)/GL (k) = M k).
0, p ) qu pology m,n,p 8 Tl g, p (K /CL () =M (k)

Now let Gn,m(n+])(k) be the Grassmann variety of n-planes in m(n+1)-

and T respectively and the open subsets Ua(k) and

space. For each (F, G), R(F,G) is an n x m(n+l) matrix of rank n which

hence defines a unique point of Gn m(n+1)(k)‘ Because R(SFS-], SG) = SR(F, G)
’
we have that (F, G) and (F, G)S

define the same point in Grassmann space.
It follows that by forgetting H we have defined a map:

- .cr
(3.3.5) Rr: Mﬁ,n,p(k) - Gn,m(n+1)(k)’ (F, G) » subspace spanned by the

rows of R(F,G).

2
In addition we let h: M;r p(k) > k(n+1) P be the map induced by:

’n,
A TS
A2 .
~ . - . i.—l .
(3.3.6) h(F,G,H) = , A =HFlG, i= 1, L., 204l
bAn+] . . . A2n+1-




It is not particularly difficult to show ([ Haz 1-3], cf. also the realization

algorithm in 5.2 below) that the combined map (ﬁ,h):Mcr (k) -+
G (n+l)2mp ,1,P

n,m(n+1)(k) x k is injective. By the quotient topology remarks

above it is then a topological embedding,proving that M;rn p(k) is a
E Rt ]
Hausdorff topological space. So we have:

3.3.7. Theorem, Mcr
— m,n,

p(IU and M;r (C) are smooth analytic manifolds.
’

n,p

The sets Mcr’co(IO and Mcr,co(m) are analytic open sub-manifolds. (These

m’n’p m’n’p
are the sets of orbits of the cr and co systems, or equivalently, the

. cr,co cr cr
images of L ? k) under m: L k) » M k k=R, 0I0.
g m’n;P( ) m,n,p( ) m9n:P( )’ ? )

3.3.8. Remark. A completely different way of showing that the quotient
space M;rn p(IO is a differentiable manifold is due to Martin and
b b
Krishnaprasad, [MK]. They show that with respect to a suitable invariant metric
on LET>CO (%), GL_(k) acts properly discontinuously.

m’n’p
3.3.9. The algebraic varieties M;rn (k).zNow let k be any algebrai-
s
0 p(k) = KPTP ve Zariski topology
E Rt ]
and Ua(k) the induced topology for each nice selection a. Then Ua(k) =

GLn(k) X Va(k)’ Va(k) = k"™ 2150 as algebraic varieties. The VaB(k)

cally closed field. Giving Lm

are open subvarieties and the ¢aB(k): VGB(k) -+ VBa(k) are isomorphisms
of algebraic varieties. The map (R,h) is still injective and it follows

that M;r (k) has a natural structure of a smooth algebraic variety, with

cr,co,’.’ .
M "?""(k) an open subvariety,
m,n,p P 7

3.3.10. The scheme M;rn . As a matter of fact, the defining pieces of

b Bt ]
the algebraic varieties M;rn p(k), that is the Vu(k), and the glueing

’ b
isomorphisms ¢a8(k) are all defined over Z. So there exists a scheme

cr

D1 . cr .

are precisely the orbits of GLn(k) acting on Lm 0 p(k). For details
3t

over Z such that for all fields k the rational points over k'Mcr

(k3
m,n,p g

cf. section 4 below.
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3.4, A universal family of linear dynamical systems

3.4.1. As has been remarked above it would be nice if we could attach

in a continuous way to each point of Mm,n,p(k) a system over k represen-
ting that point. Also it would be pleasant if every appropriate map

from a parameter space V to M;fn,p came from a family over V. Recalling
from 2.2 above that systems over a ring R can be reinterpreted as
families over Spec(R), this would mean that the isomorphism classes

of systems over R would correspond bijectively with the R-rational
points M;fn,p(R) of the scheme M;f , over Z, cf. 3.3.10.

Both wishes, if they are to be fulfilled require a slightly more
general definition of system then we have used up to now. In the case
of systems over a ring R the extra generality means that instead of
considering three matrices F, G, H over R, that is three homomorphisms
G: R" » Rn, F: R" > Rn, H: R > RP we now generalize to the definition:
a projective system over R consists of a projective module X as state
module together with three homomorphisms G: R - X, F: X+ X, H: X » RrP,
Thus the extra generality sits in the fact that the state R-module X
is not required to be free, but only projective. The geometric counter-
part of this is a vectorbundle, cf. below in 3.4.2 for the precise
definition of a family and the role the vectorbundle plays.

In some circumstances it appears to be natural, in any case as an
intermediate step to consider even more general families. Thus over 3 ring
R it makes perfect sense to consider arbitrary modules as state modules,
and indeed these turn up naturally when doing "canonical" realization
theory, cf. [Eil, Ch. XVI], which in terms of families means that one
may need to consider more general fibrations by vector spaces thén

locally trivial ones.

3.4,2, Families of linear dynamical systems (over a topological space).

Let V be a topological space. A continuous family I of real linear
dynamical stystems over V (or parametrized by V) consists of:

(a) a vectorbundle E over V

(b) a vectorbundle endomorphism F: E + E

(c) a vectorbundle morphism G: V x R™ > E

(d) a vectorbundle morphism H: E + V x rP



For each v € V let E(v) be the fibre of E over v. Then we have homo-
morphisms of vector spaces G(v):{v}x R™ + E(v), F(v): E(v) * E(v),
H(v): E(v) » {n} «x RP. Thus choosing a basis in E(v), and taking
the obvious bases in {v} x K" and {v} x RP we find a triple of
matrices f(v), §(v), H(v). Thus the data listed above do define a
family over V in the sense that they assign to each v € V a linear
system. Note however that there is no natural basis for E(v) so that
the system is really only defined up to base change, i.e. up to the
GLn(IU action, so that what the data (a)-(d) really do is assign a

point of Mm n’p(IO to each point v € V.

As E is ; vectorbundle we can find for each v € V an open neighbor-
hood W and n-sections Sys eeer S 3 W E|w such that s](w), ey
sn(w) € E(w) are linearly independent for all w € W. Writing out
matrices for F(w), G(w), H(w) with respect to the basis
sl(w), ooy sn(w) (and the obvious bases in {w} x R" and {w} X?RPL
we see that over W the family I can indeed be described as a triple of
matrices depending continuously on parameters. Inversely if (F, 6, H)
is a triple of matrices depending continuously on a parameter v € V,
then E = V x Egz F(v,x) = (v, f(v)x), F(v,u) = (V,E(v)u),
H(v,x) = (v,H(v)x) define a family as described above. Thus locally the
new definition agrees (up to isomorphism) with the old intuitive one we

have been using up to now; globally it does not.

Here the appropriate notion of isomorphism is of course: two families
L=1(E; F, G, H) and X' = (E'; F', G', H') over V are isomorphic if there

exists a vectorbundle isomorphism ¢: E - E' such that F'¢ = ¢F, ¢G = G',

H = H'0.

3.4.3. Other kinds of families of systems. The appropriate definitions of

other kinds of families are obtained from the one above by means of minor

and obvious adjustments., For instance, if V is a differentiable (resp.

real analytic) manifold then a differentiable (resp. real analytic) family

21

of systems consists of a differentiable vector bundle E with differentiable

morphisms F, G, H (resp. ananalytic vectorbundle with analytic morphisms

F, G, H). And of course isomorphisms are supposed to be differentiable

(resp. analytic).
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Similarly if V is a scheme (over k) then an algebraic family consists
of an algebraic vectorbundle E over V together with morphisms of
algebraic vectorbundles F: E > E, G: vxa® > E, H: E > V x AP,
where A" is the (vectorspace) schemelﬁr(R) = rF (with the obvious
R-module structure).

Still more variations are possible. E.g. a complex analytic family
(or holomorphic family) over a complex analytic space V would consist
of a complex analytic vectorbundle E with complex analytic vectorbundle

homomorphisms F: E ~ E, G: V x C° + E, H: E > V x €P,

3.4.4. Convention. From now one whenever we speak about a family of

systems it will be a family in the sense of (3.4.2) and (3.4.3) above.

3.4.5, The canonical bundle over Gn r(k). Let Gn r(k) be the Grassmann

’ ’

manifold of n-planes in r—space (r > n). Let E(k) » G (k) be the

fibre bundle whose fibre over x € G (k) is the n-plane 1n k represented
,

by the point x., If k = R or T this is an analytic vector bundle over
Gn r(k)' More generally this defines an algebraic vectorbundle E

b
over the scheme G .

n,r

In terms of trivial pieces and glueing data this bundle can be

described as follows. Let Mnxr(k) be the space of all n x r matrices of

n ;(k) - n (k) be the map which associates to each

rank n and let T: M
n x r matrix of rank n, the n-space in k"F spanned by its row vectors.
Then the fibre over E(x) of E over xeG (k) is prec1se1y the vector
space of all linear combinations of any’element in T (x) From this
there results the following local pieces and glueing data description of
(k) and E(k). For each subset o of size n of {1,2, eee, T} let U&(k)
be the set of all n x r matrices A such that A is invertible, let
Va(k) n(r n) and for each z € Va(k)’ z = (z 1o cees 2o R z; €
let Ad(z) be the unique n x r matrix such that (Aa(z))u n and
Aa(z)t(j) =z where t(j) runs through the elements of {1,2, ..., rl}-a
in the natural order, j =1, ..., r-n. Then G (k) consists of the
V&(k) glued together along the V&B(k) {z € V (k)IA (z)B is invertible}

by means of the isomorphisms:
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(344.7) g ()t Vig() > V3 (1), 2« 2 o (& (2) )"

Ba AOL(Z) = AB(Z')

B

(Note how very similar this is to the pieces and patching data description

c . .
of M rn (k) given in 3.3, above; the reason is understandable if one

3 )
observes that the map R: L ( ) - MnX(n+l)m

R: Mm,n, (k) » n,(n+l)m( ), whlch is compatlble with the local pieces
and patching data for the two spaces).

(k), induces a map

The bundle E(k) over Gn r(k) can now be described as follows. Over

?

each V&(k) c Gn r(k) we can trivialize E(k) as follows:
b

1 x n 3 > T
(3.4.8) Vu(k) k E(k)h&(k), (z,x) X Au(z).

It follows that the bundle E(k) over Gn,r(k) admits the following local
pieces and patching data description which is compatible with the

local pieces and patching data description given above for Gn,r(k)°

The bundle E(k) consists of the local pieces Eu(k) = V&(k) x kK glued

together along the EaB(k) = V&B(k) x k" by means of the isomorphisms:

(3.4.9) 5&8: Vig (k) X = Vi (K X k™

(2,%) = (815(2), (a,(2)) ")

The bundle which is really of interest to us is the dual bundle Ed to E
described by the local pieces Ei(k) = V&(k) x k" glued together by the

patching data:

(3.4.10) 528: Ul () x K3 vy () x K"

(2,3 > (@l(2), (B ()7 %)

(Note that the glueing isomorphisms ¢ B are compatible with the projections

E (k) > V (k) and the glueing isomorphisms ¢' for G r(k); note also

’
that all three sets of glueing data ¢'8, ¢ B’ ¢ B are transitive in the

sense that ¢B o ¢ B $gy are similarly for the &' and ¢').
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3.4.11. The underlying vector bundle of the universal family over

cr cr nX(n+1)m ~ .
: G,H) »~ R(F,G) induces
Mm’n’p(k). The map R: Lm,n’p(k) > Mreg (x), (F,G,H) (F,G)
a map.

= .Cr
(3.4.12) R: Mm,n,p(k) - Gn,(n+l)m

(k)

(because R(Z>) = SR(Z), S € GL_(K).

If k =R or T, (3.4.12) is a morphism between analytic manifolds. In

general (3.4.12) defines a morphism between the schemes M n,p and
’ ’
c . Now let E¥ = R'EY, the pullback by means of R of the
n, (n+1)m d
"canonical" bundle E  described above in (3.4.5).
Now recall that Mcrn (k) was obtained by glueing the various pieces
t ]

Va(k) = K™ x kPR together, where o runs through all nice selections
from Jn,m' In terms of this description Eu(k) can be described as follows:
Eu(k) consists of pieces Eu(k) = V (k) x k= k™ x kP" x kn, one for
each nice selection a. For each pair of nice selections E B(k)
B(k) x kKt eV (k) x k". Now for each pair of nice selections a, B

let ¢a8(k)' aB(k) - EBa(k) be the isomorphism:
(3.4:13) () (2,%) = (4,4(2), REL(2), G ()7 ®)

where ¢d3: VaB(k) -> VBa(k) is the isomorphism of 3.3 above (which
describes how the Va(k) should be glued together to give M ., (k), and
V (k) ~ U (k), z = (F (z), G (z), H (z)) is the section Tu described
above in (3 2.12, Then.E (k) is obtalned by glueing together the E (k)

along the E (k) by means of the isomorphisms (3.4.13).

3.4.14, Construction of a universal family of cr systems. Let Eu(k) over
MCT

m,n,p
patching data (3.4.13). Recall also that, cf.(3.3.3) above:

(k) be the bundle described above and view it as obtained via the

(3.4.15) dog(2) = 2' & (7 (2), G (2), B (2)° = (Fy(2), Gy(z"), Hy(2")

with § = R(F_(z), Ga(z))é]



For each nice selection o we now define a bundle endomorphism

u u
Fa(k) of Ea(k)

m u
Va(k) x ko > Ea

follows:
u
Fa(k)
u
(3.4.16) Ga(k)

u
Ha(k)

= Va(k) x k" and bundle morphisms G;(k):
(k), H;(k)t E;(k) >V (k) x kP. These are defined as

(z,x) = (z, Fa(Z)X)
(z,u) = (z, GG(Z)X)
(z,x) = (z, Ha(Z)X)

We now claim that these bundle morphisms are compatible with the glueing

isomorphisms (3.4.13), which means that we must prove the commutativity

of the diagram below for each pair of nice selections a, B.

V ¥k

afB

(3.4.17) i¢a8

Bo

¢ F B
a u o u a . P
— EaB —_— EaB —_— VuBXk
. P i~ ' )
X !
ud Pag %08 Pag
u v u $ u v
G F H
B, gu B u B <1 P
> EBG EB& VBa k

where we have abbreviated various notations in obvious ways. Now

CRONCRVIE Byg(2s Gy(2) W) by (3.4.16)
= (0,42, R(EL(2), G () G (2) w) by (3.4.13)
= (¢a8(z), GB(Z') u) by (3.4.15)

= Gu(%sx id(z, u))

proving the commutativity of the left most square of (3.4.17). Similarly:

~

$usqg(z,x> = Gyg(zs F (2) %) by (3.4.16)
= (b,5(2)5 R(E (), G (@) () ®) by (3.4.13)
= (byg(2), FB(Z') R(F,(2), 6 (2))g %) by (3.4.15)

u -~
= FB ¢a8(z,X)

proving the commutativity of the middle square of (3.4.17). And finally,

and completely analogously:



e
H,h
l’,iu[

(0, X id) (H,(z, )

proving the commutativity of the last square of (3.4.17).
u

. u u
Thus the F;, Ga’ H; combine to define bundle morphisms F (k): E (k) -

u u cr m u u u cr P
: : E(k)> M k) x k¥,
E"(k), G: Mm’n’p(k) x k =+ E (k), H (k) (k) m,n,p( )

If k=R or T, Fu(k), Gu(k), Hu(k) are morphisms of analytic vector
bundles. Algebraically speaking the F(k), Gu(k), ' (k) for varying k

are part of a morphism of algebraic vector bundles over the scheme
cr

, which are defined over Z .
m’n’p

3.4.18., The pullback construction. Let V be a topological space and
d: V> M;rn p(R) a continuous map. Let oY = (Eu; Fu, Gu, Hu) be the
b b

universal family of systems constructed above. Then associated to &

_I .
) = n'[_',l(«[,u“u), ROP (2), G (2)) " %) by (3.4.1

(bg(2), Hg(2) RE (2), Ga(z))—] %) by (3.4.1

26

1

6)

(cbuB(z), Hoc(z) x) by (3.4.15)

1
we have an induced family ¢°Z" over V (obtained by pullback). The precise

formulas are as follows:
Tu u u cr .
- ¢'E = {(v,x) €EV X E |¢(v) = m(x)}, where m: E- - Mm 0 p(IU is the
1 3ty
bundle projection; the bundle projection of ¢'Eu is defined by

(v,x) » v;
- ¢!Fu= (v,x) » (v, F'%) € ¢!Eu
- ¢!Gu: (v,u) + (v, G%) € ¢-E"
- ouYs (v,x) = (v, ') € ¢!(M;]:n,p(]R) x (RP) = v x RP

Obivously ¢!Eu is (up to isomorphism) the family of systems over V such
that the system over v € V is (up to isomorphism) the system over ¢(v)
in the family £,

If V and ¢ are differentiable (resp. real analytic) there results a
differentiable (resp. real analytic) family over V., If ¢: V » M;rn p(E)
is a morphism of complex analytic manifolds there results a compie;
analytic family and on the algebraic-geometric side of things if
¢: V > Mcrn . is a morphism of schemes one finds thus an algebraic

3 b
family over the scheme V.



3.4.19. The topological fine moduli theorem. Let V be a topological space

and I a continuous family of completely reachable systems over V. Then

there exists a unique continuous map ¢: V - M;r (R) such that I is
isomorphic to ¢!Zu (as continuous families; i.;.,there is a bijective
correspondence between continuocus maps V - M;rn pﬂdmﬁ isomorphism classes
of continuous families over V). Y

3.4.20. The algebraic-geometric fine moduli theorem. Let V be a scheme

and Z an algebraic family of cr systems over V. Then there exists a unique

A}
morphism of schemes ¢: V » Mcrn such that I is isomorphic to ¢'Zu over V,
b »

3.4.21. On the proof of theorem 3.4.19. First consider the topological case. The map ¢

associated to I is defined as follows. For each v € V we have a system
Z(v), which uniquely determines an isomorphism class of linear dynamical

systems (cf. (3.4.2)) ; that is ,it uniquely defines a point ¢(v) of
M;rn p(EU which is the space of all isomorphism classes of cr systems
b b
(of the dimensions under consideration). This ¢ is obviously continuous.
Now Zu(z) for all z € M°F
m’n’
are two continuous families of cr systems over V such that for all v € V,

\
p(m) respresents z. So, by 3.4.18, ¥ and ¢'Eu

\]
Z(v) and ¢'Eu(v) are isomorphic. It follows that the families I and
\
$' = ¢°5" are isomorphic as continuous families. The reason is the following

rigidity property: if (F, G, H), (F', G', H') € L;rn p(KU are isomorphic
b

then the isomorphism is unique. Indeed, if S is an isomorphism then we must

have SR(F, G) = R(F', G') so that if o is a nice selection such that R?F,G) ‘is

S = R(F', G')a (R(F, G)u)—]’ The statement that I and L' over V are i;ﬁyertlblc’thtn

morphic if they are pointwise isomorphic results as follows. For every

v € V there is a V' 3 v such that the bundles E and E' of I and L' are

trivial over V' so that over V' the families I and L' are simply (up to
isomorphism) continuously varying triples of matrices (F(v'), G(v'), H(v")),
(F'(v"), G'(v"), H'(v'),v' € V', Let a be a nice selection such that R(F(v),G(v];d
is 1invertible. . Restricting V' a bit more if necessary we can assume

that R(F(v'),G(v'))a is invertible for all v' € V'. Then S(v') = R(F'(v'),G‘(v')}ﬂ
REH"Y, G(V'))a)—l is a continuous family of invertible matrices taking

I(v') into Z(v') for all v' € V'. Thus L and L' are isomorphic over some

small neighborhood of every point of V. The isomgrphisms in question must

agree on the intersections of these neighborhoodé, again by the rigidity

property. It follows that these local isomorphisms combine to define a

global isomorphism over all of V from Z to I'.



A more formal and also more formuls bascd version of this argument
can be found in [Hazl]. The scheme theoretic version (theorem 3.4.20)

is based on the same rigidity property, cf section 4 below for some details.

3.4.22. Remark. In [HK] I claimed that the underlying bundle E" of the
universal family £ was the pullback by means of R (cf. (3.3.5)) of the
bundle E over Gn,(n+])m whose fibre over zuwas the n-plane represented
by z. As we have seen it is not; instead E  is the pullback of the dual
bundle Ed of E. Now the determinant bundle of Ed is a very ample line
bundle (rather then the determinant bundle of E) so that the argument

in [HK] to prove that Mm n is not quasi affine is correct modulo two

b ]
errors which cancel each other.

4, THE CLASSIFYING "SPACE" Mcrn IS DEFINED OVER Z
b b

AND CLASSIFIES OVER Z .

Mainly for completeness and tutorisl reasons I give in this section
the details algebraic-geometric details of the remarks 3.3.10 and 3.4.20
that there exists a scheme Mcrn over Z of which the varieties MEr p(k),
cf. 3.3.9k an algebraically ;1;sed field, are obtained by base chang;
and that this scheme is classifying for algebraic families of cr systems,
and thus in particular classifyingfor crsystems over rings (with possibly
a projective module as state module).

Those who are not particularly interested in the algebraic-geometric
details can skip this section without consequences for their understanding
of the remainder of this paper. There is in any case nothing difficult
about what follows below and anyone who has once seen, say, the construction
of the Grassmann schemes or projective spaces over Z , will have no difficult
in supplying all details for himself from what has been said in section 3
above. All we are really doing below is rewriting a number of formulas of
section 3 above using capital letters instead of small ones. This does take
a certain number of pages, though. It seemed desirable to include these, as,
judging from the audience's remarks during the oral presentation of these
lectures, there is, perhaps rightly so, a distinct unwillingness in accepting
without further proof a statement on the part of the lecturer like "the

algebraic-geometric version of this theorem is proved similarly".

6]



. .. cr . .
4.1. Definition g£ the scheme M . For each nice selectiongc J

m,n,p n,m

let

(4.1.1) V= Spec(Z[X?J.,Y?S; i=1, ..., n, j=1,

Let Hu(Y) be the p X n matrix (Y?S), and let (Fu(x)’Ga(X)) be the unique

pair of matrices over ZZ[ng] such that

(4.1.2)  R(FL(0,6,(0), = T , R(FL(0,6,(0) (o = |

(where the s(,j) are the m successor indices of a, cf. 3.2). Finally

for each pair of nice selections o, let daB(X) € ZZ[X?j] be the

element
(4.1.3) daB(x) = det(R(Fa(X) ,Ga(X))B)

and let VaB be the open subscheme of Va obtained by localizing with
respect to daB(X)’i'e'

1

(4.1.4) vV = Spec(Z[ng,YO‘ d (07D

o rs’ af
Now for each pair of nice selections q,B write down the formulas

1

SaB(X) Fa(X)Sae(X) = FB(X)
(4.1.5)
-1 _ -
SaB(X) Ga(X) = GB(X) s HaCY)SaB(X) HB(Y)
where
(4.1.6) saB(x) = R(FOL(X),Ga(X))B

Because the entries of FB(X) and GB(X) are equal to zero, 1 or X%i
for some i,j and because the (r,s)-th entry of H_(Y) is ¥P , the formuia.

B

(4.1.5) provide us with certain expressions for the ng and YE . in
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terms of the X. ., Yrs’ which by (4.1.6), (4.1.5) and (4.1.3) (and
1]

the usual formula for matrix inversion) can be written as polynomials

. Qo -1
X , Sa
in xcij’ Yrs’ dOLB( ) y

.. -1 _ -1 o
(4.1.7) x‘g‘j = %B(l,n(x?j,das(x) ), YES = ¢a8<r,s)<x;*j,da8<x) Y7 Q)
Then
¥ . 4B . B & y%
(4.1.8) bog * Xij™ %B(l,J)(x"), Yoo Gy (Ts8) (X5,Y0)

defines an isomorphism of rings.

o

g B -17 . o
Z X x) 1= Z[Xij,Yrs,

-1
ij ’Yrs’dsoc dOLB(x) ]

It follows from 4.1.5 that (with the obvious notations)

1

3 -
8o gR(Fg(X),65(0) = 5, (07 'R(F(X),6, (X))

(4.1.9)
*
$oatlg(D) = B, (05, (3]

*
and these formulae describe ¢0LB completely. It follows that

1 1

% * - -
%0pdpe (X = ¢a8det(R(F8(X)’GB(X))a) = det(SaB(X)) = dyp(X)

* . -1 . o SO -1
so that (baB does indeed map dBoc(X) into Z [Xij’Yrs’daB(X) 1.

*
The ¢OLB induce isomorphisms of open subschemes

(4.1.10) ¢0LB:V0LB+V

Ro

cr . . .
and M n,p 1s now the scheme obtained by glueing together the schemes

’ i
Vi for all nice selections a, by means of the isomorphisms (bocB'

As in section 3 above one can now embed M;r b into a product of
E] b
a Grassmannian over Z and an affine space over Z to see that M"F is
m,n,p
a separated scheme.
For each nice selection o let Vao be the open subscheme of V
o

defined by
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. -1
(4.1.11) v&o =y Spec(ﬂl[X?j,Yis,Q(FQ(X),Hd(YHY 1

Y
where y runs through all the nice selections of the set of row indices

JP 0 of Q(Fa(X),HdW»,Then the ¢d8 restrict to give isomorphisms

b

co co co
(4.1.12) ¢GB : VaB - VBa
co co . co co
= . \Y h
where VuB Va n VaB Glueing together the o by means of the ¢a8 we
obtain the open subscheme MEF2 S0 of MCT .
m’n’p m,n,p

To see how all these abstract formulas look in comncreto consider
the case m = 2, n = 2, p = 1. In this case, there are three nice selections

a,B,Y J2 99 viz.

(4.1.13) a {(,n, 0,2}, p=1{©,nH, (0,0}, v =1{0©,1, (1,2)}

We have

Q QL
o %2 1 0
S I AR e B M= (L))
1 % °
/o X7 1 X?z
F (%) = | G, = , Y- «fvh
Ky 22/
Y Y
0 X}, X 1 | .
FL(0 = . 6,0 = o HelY)= vy
1 x! X! 0
22 21
Thus
. . _ BB B B B _ B B[
dyg(®) = X5y 5 4 (X Xigs dg (X = XX0) + X%, %, ~ X1%0%,
- B - _ Y S Y OJY oY Y Y Y
dgo (X = X5y 5 d [ (X) Xorr dyg = XXy + XXX~ XX %



Thus for example

and one checks without trouble that indeed dBa(X)—l = (X
. o O -1 -
mapped into Z [Xij’Yr’(XZI) ] and duB(X)

Z [x?.,Y
1]

o

ObC{.

B

By

B

o

(X)

(X)

~ a / B
!l "(H i 1 X]Z\'
= S (X) = Y
i ’ \ B
oo X9, B \0 Xzz/
Y \
o %) {Xn ! \‘
‘\,\I = > S X = EY
( TR O/
] X227 X2
1B LB B ‘ Y
2 Ak sy
=i b, S (X)) =
! ) YB '
L B B BB/ VY
R RSP RV IRITY RS

. B B , B \~1 o 0 ,.0 =1
B g0 T la B N
Kjgh —(X5)) Xy XKoo (Kop)

O I D NN S

1 X% T X pXggs X Xyt Xy
B o B a -l o -l o
Yy Y, e X)) Y, -(Xy) XY

Q Qo

B

. o BTN B B -1
P2 YL 05T > Z XL (R )T

1]

0]
xllk+ (X

B
22

-1,8 o B -1
) X Xy (X5))

BB _ BB _ B \-1.B _B
Ko X[ Xy = X%y (X9) X[,Xp5

B \-1,8 B
Ko (Xy,) X, + X1

o B o B -1.B B ~-1,B8.8
T I Iy (X)) Yy - (X)) YX,

Q 1 -

a

-1

Y LY
X19%9)
Y Y oY
X111 %99% 010

* * .
the two isomorphisms ¢GB and ¢B& are given by

B —1
22)
into

gets

B -1 . x ok % x
r’(XZZ) ] and that indeed ¢a80¢6a= ld’¢8a o ¢a8= id. (The

32

. . *
formuias are not always so simple; for instance the formulas for ¢B
Y

and ¢YS are a good deal more complicated).
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4.2. Small Intermezzo: Completely reachable systems over a ring.

A system I=(F,G,H) over a ring R is said to be completely
reachable if R(F,G): RE - Rn, r = (n+l)m is a surjective map, cf.
e.g. [Sol]l or [Roul. This is equivalent to each element of the family
Z(p) = (F(}),G(f),H(})), F € Spec(R) being completely reachable. Indeed
R(F,G): R > rR" is surjective if it is surjective mod every maximal

ideal [Bou, Ch.II, §3.3,Prop.l1] and the statement follows.

4.3. The algebraic geometric version of the nice selection lemma.

The next thing to do is to discuss the algebraic-geometric version of
the nice selection lemma, 3.2.3. Recall that this lemma says that if
the system (F,G,H) over a field k is cr then there is a nice selection
o such that R(F,G)a is invertible. Now let (F,G,H) be a cr system over
a ring R, which per definition means that R(F,G): RY ~ Rn, r (n+l)m,
is surjective, which in turn is equivalent to condition that the systems
Z(p) = (F(r),G(p),H(r) over kér), the quotient field of R/T’ are cr
for all prime ideals p. Then of course one does not expect the existence
of a nice selection o such that R(F,G)a is an invertible matrix over R;
after all £ = (F,G,H) should be interpreted as a family and not as a
single system.

For a continuous topological family I(0) over a topological space M
the nice selection lemma implies that there is a finite covering
M=U Ua such that for all g € Uu’R(F(G)’G(O))a is invertible. And this

property generalizes nicely.

4.3.1. Lemma. Let £ = (F,G,H) be a cr system over a ring R. For each
nice selection o let da = det(R(F,G)a). Then the ideal generated by the
da is the whole ring R. (This means of course that the U, = Spec(R[d&]])
cover all of Spec(R)).
Proof. Let I be the ideal generated by the da’ 0 nice. Suppose that I # K.
Then there is a maximal ideal M such that I € m. Consider
I(m) = (F(m),G(m) ,H(m)). Then det(R(ZOm))a) = 0 in R/m for all &, showing
that Z(m) is not cr(by the old nice selection lemma 3.2.3 over the field
R/m) which contradicts the assumption that I was cr.

To state the more global version of this lemma we need a bit of notation
Let L be a family of cr systems over a scheme V. For each nice selection ¢

we define

(4.3.2) v, = v € V]det(R(X(v))a) # 0}
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This definition seems a bit ambiguous at first because R(Z(v)) depends
ot what basis we choose in the state space of I(v) and hetice is only
defined up to multiplication on the left by an n x n invertible matrix
with coefficients in k(v). This matrix being invertible, however, means
that the whole symbol group det(R(Z(v))u) # 0 makes perfectly good sense

so that Uy is welldefined. Of course U, is an open subscheme of V.

4.3.3. Lemma. Let I be a family of cr systems over a scheme V. For each

nice selection o let Ua be as in (4.3.2). Then agice Ua = V.

This follows immediately from lemma 4.3.1 because V can be covered with
affine schemes Spec(Ri) (such that moreover the underlying bundle of }
is trivial over each Spec(Ri)).

4.4. The universal bundle E" over MST . The universal bundle E" over
cr b} b

0, p is constructed just as in 3.4.11 above. Writing things out in
’ b

relentness detail one obtains the following algebraic-geometric local

pieces and patching data description.

For each nice selection ¢ let

4.4, = o o %1y = n
(4.4.1) E, 5pec(z[x‘i‘J,YrS] @ zlz),....,20) =V, x A

o GO q . . L O GO0y _
where Z[Xij,Yrs] is as in 4.1.1; i.e. Spec Z [Xij’Y S] = V_ . Let

(4.4.2) T :E >V
o o 04

be the projection induced by the natural inclusion
rorz Y Te z v 2
o ij’>’r,s 131°7r,s’ 7t

Define for each pair of nice selections a,B.

(4.4.3) Byg = Spec Z X}, ¥} 22,4 07D = Vo * A”
and let

(4.4.4) $ug t By > By

be the isomorphism given by the ring isomorphism

(4.4.5) 3538 : z[xfj,st,zE,dBd(x)"‘] > z[x?.,ygs,z%,dag(x)'ll
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given by
B ;s B B B a .,
(4.4.6) X7, (‘baB(l’J)(Xa)’Yr,sH %B(r,s)(x",Y ) 25w 'gkas(t)(x ,2%)

where the %as(t)(XQ,Zu) are defined by the equality

Ql . Q

RiuB(x)(x“,z ) 20

4.4.7) . -s '
® U'B .

n, o L0 [0}

¢a8(n)(X »Z7) z

The $&B are compatible (by their definition) with the ¢dB
in that the following diagram commutes for each pair of nice selections

s

(4.4.8)

PR
= Q
Q ™

Q <
ko>)

< € @
= o)
fo~) Q

It follows that by glueing the Ea together by means of the $&B we

obtain a vectorbundle EU.

(4.4.9) ' T : EY » M°T
et m,n,p

5. The_merphism jnko M associated to an alpebraic family of cr syster:s.
i f mn,p g Y Y

We start with the case that the underlying vectorbundle E of the family ¥
is trivial and that the parametrizing scheme V is affine.l is then
described by a ring R, V = Spec(R), E = Spec(R[Z],...,Zn], T:E->V
induced by the natural inclusion R + R[Z],...,Zn], and vectorbundle
homomorphisms F: E ~ E, G: Spec(R[Ul,...,Um]) + E, H: E ~» Spec(R[Y!,.hu,E
The fact that these morphisms are vectorbundle homomorphisms is reflected
by the fact that the associated homomorphisms of rings

F*: R[Z,...,2 ]~ R[Zl,...,Zn], G*: R[Z,,...,2 1 ~ R[U},...,U ],

H*: R[Yl,...,Y] - R[Zl""’zn] are firstly R-algebra homomorphisms and

further of the form

(4.5.1) F*(z,) =
1

[ ae =]
Hh
N
(o}
*
~
N

e

N

]

nm~s

4]
]
as
*
~
]

|
~
1]

HW™Mmp
=
N
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where the .., .., h.. are elements of R. This defines a triple of

ij? ®ijr i _ ) .

i F = G = . = ..). For each nice selection o
matrices F = (flJ), (giJ), H (hlj)

- -1
let S = R(F,G)a,dulet(s ) €R, let U, = Spec(Rld 1) » and let
o

V= spec(z [X%.,Y" ]) be "the nice- selectlon-a—plece of crn " of
Q P 1] m,n,p
4.1 above. Now deflne
(4.5.2) wa : Ua > Vu
by the morphism of rings
a SO -1
* .
(4.5.3) Pr o Z [Xij’Yrs] > R[doc ]
given by
o . -1 —_ -
= F,G .
Xijv+ i-th entry of the column vector Sa R(F, )s(a,J)
(4.5.4)

Yisk* r-th entry of the column s of the matrix ﬁSa

where s(0,j) is the j-th successor index of the nice selection «,
cf. 3.2 above.

Or, using the obvious notation, w; is defined by

* _ ol o= * _
(4.5.5) wa(R(Fa(X),Ga(X)) = Sa R(F,G), wa Ha(Y) = Sa

Now let B be a second nlce selectlon. We claim that the w and wB

agree on U n UB Spec(R[d ,d B ]). In view of how the V , VB are

glued together to obtain Mm a,p this means that we must prove the

>ty

commutativity of the diagram

ij>"rs’ aB *
\V‘“
(4.5.6) Y ™ ralath
B > o B
B B 1,
z [Xij’Yrs’dBa(x) ]
Note first that
(4.5.7) *(S X = Pk v = -l o= = -1
Vg (540 (X)) d)u(R(Fa(X),Ga(L)B) Sy REF,G) g = 5, Sg
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N a L
SO it wu does indeed map daB(x) l into R[dai,dﬁﬂj. Now ¢g is described

by
P P -
(4.5.8) wg(R(FB(X),GS(X)) = Sg R(F,G), ngB(Y) = HS4

and on the other hand

-1
wa¢;8 R(FB(X),GB(X)) wa(SaB(X) R(FQ(X),Ga(X)) (by (4.1.9))

-1
B

S sas;‘R(F,é) (by (4.5.7) and (4.5.5))

-1
B

S, R(F,G)
which fits perfectly with (4.5.8). Similarly wa¢;BHB(X) = w&Ha(Y)SaB(X)

= ﬁSas;]SB = ESB = ngB(Y)’ so that (4.5.6) indeed commutative. Thus

the wa: Ua > Vu are compatible, and because U U_ = Spec(R) we obtain

gnice @
a morphism of schemes

.U = cr
by 2V Spec(R) > Mh,n,p
4.5.9. Lemma. The morphism wz depends only on the isomorphism class

of ¥ (so in particular wz does not depend on how E is trivialized).

Proof. Let I' be a second family of cr systems over V = Spec(R) with
trivial underlying vectorbundle E' = Spec(R[Z;,Zé,...,Z;J). Suppose
%' 1is isomorphic to I and let the isomorphism be py : E > E'. Because

p is a morphism of vectorbundles over V = Spec(R) its ring homomorphism
wk @ R[Z},Z),...,2'] > R[Z},Z,,...,2]
is an R-algebra homomorphism of the form

n
*(Z2!) = ..Z. ..
U (Zl) z leZJ, 513 €R
i=1
Let S be the matrix (sij)' Then S is invertible (over R) because pu is
an isomorphism. Now because p defines an isomorphism L' = I we have
F'y=pF, puG = G', H = H'y which in terms of the matrices f,é,ﬁ

associated to £ (cf. (4.5.1) above) and the analogous matrices
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LG of 2 means that

SF = F'S, SG =G', H=H'S

, U

a a
LI [ LI 3 =

thef Ea S?a'_da _dET(S)da so that Ua qxanddh wa all because

SR(F,G) = R(F',G'), HS

It follows that if d&, S&, U& are defined analogously to da’ S

= H', which proves the lemma.

4.5.10. Construction of w. for families whose underlying bundle is not

necessarily trivial.

Now let I = (E; F,G,H) be a family of cr systems over a scheme V. We can
cover V with affine pieces Ui = Spec(Ri) such that E is trivializable
over Ui' By the construction above and lemma 4.5.9 this gives us

morphisms (independant of the trivialization chosen)

P.: U, > M°F
it i m,n,p

Now on Ui n Uj the wi and wj must agree, because by lemma 4.5.9 again
wi and wj agree on all affine pieces Spec(R) « Ui n Uj' Hence the wi

combine to define a morphism

. cr
wz HEAARS Mm,n,p

which, again by lemma 4.5.9 depends only on the isomorphism class of I.

. . u
4.6. The universal family %X~ of cr systems over Mgrn . Let E" be the
b b
vectorbundle over Mcrn constructed in 4.4 above. In this section I
b b
. . . c .
describe a (universal) family of cr systems over M rn whose underlying
bl b

bundle is E". (That this family is indeed universal will be proved in 4.7
below).
Recall that E" was constructed out of affine pleces

E, = SpeC(Zi[i?j,YiS’Z%]) glued together by means of certain isomorphisis

$a8’ cf. 4.b. Let AT = Spec(Z “H""’Ur])‘ To define I" = (Eu;FU,Gu,Hu7

it suffices to define vectorbundle homomorphisms

m P
4 o - sV > o >V X
( .6.1) F : E E Py G : X A E > H : E A
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which are compatible with the identifications

Yoo s 3. m m - P P
¢uB. EuB - EB&’ ¢GBX id: VaB x A > VBa x A, ¢QB x id: V&B x AY ~ VBu x A

inh the sense that the following diagram must be commutative

m Ga Fa Ha P
VaB X A —— EaB - EOLB VaB x A
(4.6.2) . " "
¢an1d VGB l¢a6 ¢&BX1d
G F H v
m B B B8 p
VBa X AT /> EBa > EBOC VBa x A

(cf. also (3.4.17)). We now describe Fa’Ga’H as those morphisms which

on the ring level are given by the Z:[X?j,Yis] - algebra homomorphisms

. a Lo 0 R ' a o
(4.6.3) F*: z [xij,Yrs,zt] - Z [Xij’Yrs’Zt]’ Z'~ F (X)Z

*. a Lo 0 a0 a . .
(4.6.4) G*: Z [Xij’Yrs’Zt] > Z [Xij,Yrs,Ul,...,Um], 2"~ 6, (U

(4.6.5) H*: z [x%.,Y% ,v
o ij

o o o o
e 1,...,Vp] > zZ X[, Y 2], Ve H (V)2

j’rs’t

ot

M

. o
where Za, U, V are respectively the column vectors (Z],...,Z

t t
(U],...,Um) , (Vl""’vp) .

It remains to check that the diagram (4.6.2) is indeed commutative,

which is done by checking that the dual diagram of rings homomorphisms

is commutative.

This comes down to precisely the same calculations as in 3.4.14. As

an example we check that the diagram

*
F
o ol o -1 o o a o -1
Zi Xij’Yrs’Zt’duB(X) ] —— Z[ Xij’Yrs’Zt’daB(x) 1
v % aVE"
¢a8 ¢a8
F*
B B B -1 B B B LB =1
Z[ Xij’Yrs’Zt’dBa(X) ] ~—— ZJ Xij’Yrs’Zt’dBa(X) 1

; . % B B -1,
1s commutat . ;s
ative. Because ¢aB maps Z[ XlJ’Yrs’dBa(X) ] into

z[x‘i‘.,y"‘ ,d

- ¥ * .
i trs UB(X) ] and because F_ and F; are respectively

B

O GO R R . . .
/A L. - . - 5 it oS oy
[le’Yrs ] -algebra and ZZ[le,YrS] algebra homomorphisms it suffic

to check that
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&%, FEZD) = F;¢;B(Zt), t=1, ..., n

By the definitions (4.4.7), (4.6.3) and using the definition of
¢§B, cf. 4.1, we have

e B _ < -1.0 - -1 o
Froo(Z7) = FA(S o(X) 727) = 8 ,(X) F (X)zZ
Brars ) = b5y (070 = o5, (7 (035 62"
_ =1 =10 _ -1 o
= Sup® F IS (XS G(X) 27 =5 (X)) F (X)Z

The remaining two squares of diagram (4.6.2) are similarly shown to be

commutative.

4.7. A rigidity lemma.

The key to the proof of theorem 3.4.20 (the algebraic—geometric
classifying theorem) is (as was remarked before) a rigidity property

which in this context takes the following form.

4.7.1. Proposition. Let I, L' be two families of cr systems over a
scheme V. Suppose that there is a covering by open subschemes (Ui)
of V such that the two families ¥ and L' restricted to Ui are isomorphic
for all i. Then ¥ and I' are isomorphic as algebraic families over V.

We note that no such proposition holds for arbitrary families

of systems cf. [HP] for a counterexample.

Proof. We can assume that the underlying vectorbundles E and E' have been
obtained by glueing together trivial pieces over affine subschemes of V.
Refining the covering (Ui) if necessary (this does not change the
validity of the hypothesis of the proposition) we can therefore assume
that E and E' have been obtained by glueing together trivial bundles
Ui x A" over affine schemes Ui'

Our data are then as follows. We have for each i an affine scheme

Ui = Spec(Ri) and for each i,j isomorphisms of (trivial) bundles

L.,bt. s (U, nuUL) x AT (U, noUL) x A"
150055 ¢+ Uy 5) (U, N U x A
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which respectively define the bundles E and E'. The remaining ingredients

of the two families of systems I and I' are then given by vectorbundle
homomorphisms

1., n n ', m n
Fi’Fi’ Ui x AV ~» Ui X A, Gi’Gi‘ Ui X AT > Ui X A
(4.7.1)

H.,H': U, x A" = u, x &P
1 1 1 1

such that the following diagrams are commutative for all i,j (where
U.. is short for U. N U.)
1] 1 ]

F.,F!
(4.7.2) ;v U, A" i1 U, A" H,,H!
i*7i 1] 3o~ 1
m ! ! > P
UlJXA ¢1J’¢ij d)ijsq)lj v Ul x4
~._ G.,G! i n Fi’F' n T HpH
O — U, A I

Finally the fact that Zand I' are isomorphic over each Ui means that

there are vectorbundle isomorphisms ¢i: Ui X,An *'Ui X An such that the

following diagram is commutative for all i

F.
UixAn_-——l—> U.xA"
G%/z ‘ ~ Hl
Y
(4.7.3) U.xA™ ‘b, ¢ U.x AP
G \ F! ,/’/ﬁ?
i n 1 n i

We now claim that the ¢i are compatible and combine to define an

isomorphism ¢: E +E' (it then follows, because this is locally true,

that ¢F = F'¢, ¢G = G', H'¢ = H). To prove this we must show that for
each Spec(R) = U < Uij = Ui n Uj the following diagram commutes

¢ij
U x A" ———— g x A"
i !
i
(4.7.4) ¢, "bj
o . b

1j
U x A" ————— y x A"
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Now vectorbundle homomorphisms of trivial vectorbuundles over an affine
scheme U = Spec(R) are given by matrices with coefficients in R as we
explained en passant in the first few paragraphs of 4.5 above. Let
G.,G!,F.,F! H.,0!,8..,8..,5.,S. be the matrices of the morphisms of

PR T R T S T B R 1 R S

! ! V0. ,00 ., 0. i . T

vectorbundles Gi,Gi,Fi,Fi,Hi,Hi,¢lJ,¢1J,¢1,¢J restricted to U he
commutativity relations (4.7.2) and (4.7.3) then imply for these matrices

with coefficients in R that

and the matrices Si’sj’ S.., Sij are all invertible because they come from

i]
vectorbundle isomorphisms.

It follows that
$.S..R(F.,G.) = S.R(F.,G.) = R(F',G!'
3545 (F,G;) 3 ( ; J) ( I J)
(4.7.6)
= at TU ANy - Q! T O
Sin(Fi,Gi) SijSiR(Fi,Gi)

Now I is a family of cr systems and hence so is its restriction to
U

Spec(R). It follows (cf. 4.2 above) that R(fi,ai): RF > Rn,

r = (n+l)myis a surjective map. Hence (4.7.6) implies that
Sjsij = S'ijSi proving the commutativity of (4.7.4) and hence the
proposition.

4.8. On the pullback construction. Let § = (E; F,G,H) be a family

of systems over a scheme M and let ) : V' + M be a morphism of schemes.
Assume that everything is given in terms of local affine pieces and

patching data; i.e. I is given by trivial bundles Ui x A" & Ui = SPGC(RiL S
with vectorbundle isomorphisms ¢i.: Uij x A" > Uij x A" and vector

bundle morphisms F.: U, X A" > U, x A", G.: U, x A" U, » A",
it i i i* i i

Hi: Ui x A"+ Ui x AP such the nonprime diagram (4.7.2) is commutative,
and ¥ is given by affine morphisms1pi: Ui-+ Ui,Ui = Spec(Ri). Let
w;: Ri'+ Ri be the ring homomorphism ofxpi. Let, as before, ?i,éi,ﬁi

be the matrices of the vectorbundle morphisms Fi’Gi’Hi'



i~
2

i
Then the local pieces of the pullback family $°L = L' are:

the trivial bundles Ui x A" > Ui with the vectorbundle homcmorphisms
Flo ul x A" > Ul x A", 6l: Ul x A" > Ul x A", H!: Ul x A" > U! x AP

i i i i° i i it i i

. . -"= * '= % L. * .
given by the matrices Fi wiFi, Gi wiGi’ Hi wiHi. The patching data
are defined as follows. If U' = Spec{(R') < Ui n U3 maps into U = Spec(R)

Ui n Uj under  and wT: R > R' is the associated map homomorphism of

rings, then over Spec(R') the isomorphism ¢£j: U' x A" > Ut x A" is

given by the matrix Sij = w7sij if Sij is the matrix of

Cbij:UXAn—»UX/An. '
This can be taken as the definition of the pullback family { I.

It agrees of course with the more informal description given in section

3 above.

4.9. The classifying theorem for algebraic families of cr systems over
schemes.

c . e . .
(Mmrn b is classifying over Z ). We can now prove the algebraic-geometric
b 2

classifying theorem for families of cr systems, i.e. theorem 3.4.20.

Stated more precisely this theorem says

4.9.1. Theorem. Let I be an algebraic family of cr systems over a
scheme V. Then there exists a unique morphism of schemes
! . BRI

Yo: V ~» Mcr (defined in 4.5 above) such that w'Zut ¢ where 5" is the

z m,n,p z
universal family constructed in section 4.6 above. That is the map

1
X H'wzzand the map Y+~ w'Zu (of 4.8 above) set up a bijective correspondence
. c . .
between the set of stcheme morphisms V - Mmrn b and isomorphism classes
b b .

of families of cr systems over V. Moreover this isomorphism is functorial.

|l

Proof. First let yY: V ~ M;rn P be a morphism of schemes, let I = ¢°%
b b

Then we must show that wz = Z. To do this it suffices to show that

ua

wz and Y agree on all elements of some affine covering (Ui) of V. We can
take this covering to be finer than the covering (w—l(Va),drﬁce) where
cr

V. <M is the piece belonging to the nice selection &, cf. 4.1.
a m’n’p

Let therefore U = Spec(R) be such that Y(U) < Va’ and let

be the associated ring homomorphism. Then according to 4.8 above and
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the definition of IV, cf. 4.6, the family I over U is described by the

three matrices

F = G = U* H = P*
(4.9.2) F = w*Fa(X), G=1y Ga(X), H U] Ha(Y)
. o Lo . . .
By 4.5 above the morphism WE : Z:[Xij,Yrs] + R associated to this family

is characterized by

]

(4.9.3) VEREF (D), 6, (X)) = s; R(F,G), VEE (V) = ﬁsa

1

where Sa = R(F,G)a. Because R(Fa(X), Ga(X))a = In’ Sa
(cf. (4.9.2)) so that indeed (comparing (4.9.2) and (4.9.3)) ¢§ = *,

In in this case

Now let X oVer V be a family of cr systems and let wzz v - M;fn,p
be the associated morphism as defined in 4.5. We have to show that
wéz“ i? isomorphic to IZ. By the rigidity result 4.7.1 it suffices to show
that wéz“ and I are isomorphic over each element of some affine covering
(Ui) of V, which we can take fine enough so that the underlying bundle
E of £ is trivial over each Ui' Let therefore U = Spec(R) be such that I
over U is described by the triple of matrices F,G,H.
Let da = det(R(f,a)u) for each nice selection 0. Then U in turn is covered
by the Ua = Spec(R[d;]]) (by the nice selection lemma). So taking a still
finer covering (if necessary) we can assume that U = Spec(R) is such that

for a certain nice selection o we have that Su = R(F,a)a is invertible

over R. Then by 4.5 wz is given on U by the ring homomorphism
* . o Lo
Uk 2 Z [Xij’Yr,s] -+ R

characterized by

..-] [ —
4.9.4 *R = * =
( ) 15 (Fa(x)’Ga(X)) S, R(F,C), y*H_(Y) HS

1
By 4.8 the family of cr systems ?iz? is defined by the matrices
(4.9.5) F' = V¥ (X)), G' = VG, (X)), "' = P*E (X)
Comparing (4.9.4) and (4.9.5) we see that over U the families defined
by F,G,H and by F',G',H' are indeed isomorphic with the isomorphism being

defined by Su (which is invertible over R). This concludes the proof
of the theorem.
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4,10. On cr systems over rings. The classsifying theorem 4.9.1 of

course also applies to systems over rings R. Such a system {with
finitely generated projective state module X) gives rise to a family
of cr systems over R iff R(F,G): rRE ~ X, r = (n+t1)m,is surjective
(cf. 4.2). If R is such that all finitely generated projective
modules are free (which happens e.g. if R is a ring of polynomials
over a field by the Quillen Suslin theorem [Qu,gug]),then theorem 4.9.1
says that the R-rational points of M°T are precisely the GLn(R)

9 b
orbits in L°F  (R), i.e.
m,n,p

b

(eh o ~ Cr . . . .
M R)= L R)/GL (R 1f R is projective free
SRS LT ®/eL ®) proj )

In general the theorem gives a canonical injection

LCI’

cr
o p® /L R T ()

b bl

with the remaining points of M;rn p(R) corresponding to systems over R
I bd

whose state module is projective but not free.

4.11. A few final remarks. There is a completely dual theory from the

co instead of cr point of view. Also the open subscheme M;r;c; is of
A4 >

course classifying for families of co and cr systems. This scheme is

(n+1)mp

embeddable (over Z ) in an affine scheme A as a locally closed

subscheme.
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5 . EXISTENCE AND NONEXISTENCE OF GLOBAL CONTINUOUS CANONICAL
FORMS.

As a first application of the fine moduli spaces of section 3 and 4 above we
discuss existence and nonexistence of global continuous canonical forms

for linear dynamical systems.

5.1. The topological case.

Let L' be a GL_(R)-invariant subspace of L @®). A canonical
n m5n9p

form for GLnGR) acting on L' is a mapping c: L' - L' such that the

following three properties hold

(5.1.1) c(z%) = () for all T € L', S € GL (R)

T
(5.1.2) for all £ € L' there is an S € GLnGR) such that c(}%) = ZS
(5.1.3) e(f) = (') = S € CL_(R) such that I' = 55

(Note that (5.1.3) is implied by (5.1.2).

Thus a canonical form selects precisely one element out of each
orbit of GLnGR) acting on L'. We speak of a continuous canonical form
if ¢ is continuous.

Of course there exist (many) canonical forms. E.g. order the sct
of all nice selections o in Jn o in some way. For each I € i ®)

’ m,n,p
let a(Z) be the first o such that R(Z)a is nonsingular. Then

— S —
(5.].4) ZHC@(Z)(Z) = 3 Py S"R<Z)u(z)

. . cr . - ‘
is a canonical form on Lm n (R) (Luenberger canonical forms a la Bryson).
b ’

mapping is not continuous, however, except when m = | (in which case thov
is only one nice selection), which entails a number of drawbacks e.g. in

numerical calculations and in identification procedures, cf.[GWi] for =«

discussion in the similar case of Jordan canonical forms.

. . . cr,Cco
5.1.5. Theorem. There is a continuous canonical form on Lq1 ; D
- sigily

R if

and only if p=1 orm = 1.

Proof. If m = 1 let ¢ J1 n = {0,1),,1), ..., (n,1)} be the unique
b

nice selection {(0,1), ..., (n-1,1)}. Then

S

-1
(501'6) C‘#x: g C#OL(Z) =3 , 5= R(Z)d
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is a4 conlinuous canonical form, because R(}j)u is always invertible for

). Cr.

Similarly if p = 1, let B <« Jn,]’ be the unique nice row selection.
‘Then I # ZS, S = Q(Z);1 is a continuous canonical form because Q(Z)B is
invertible for all co I (if p = 1).

It remains to show that there cannot be a continuous canonical form

‘ cr,co . s N
¢ on all of Lm,n,pGR) if both m 1, p 1.

To do this we construct two families of linear dynamical systems
as follows for all a €ER, b € R (We assume n > 2; if n =1 the examples

must be modified somewhat).

a 11o.. i'/] b 0. ..
1 1 ) 11 0 . 0
G, (a) =| 2 1 L G, (b)=l 2 1 l,
1 ’ 2 : {
. | } . :
. 1 B ; B /'

1 0O . 0
0 2 .
Fi@ = ] = E)

. 0

0 o O n
vy 1]2... 2 () 1] 2. .. 2)
yz(a) 1 1 .. . 1 zxz(b) 1 1 .. IE
i
H](a)= 0 0 , H2(b) =il 0 0 :

I

. C . C
: ; V:
° { " * : i
0 0 / L0 0 /

where C is some (constant) real (p-2) x (n-2) matrix. Here the

continuous functions.

yl(a), yz(a), x](b), xz(b) are e.g. yl(a) = a for lal.i 1,

y,(a) = a~! for |a|.i 1, yy(a) = exp(—az), xl(b) = 1 for |b| f.l’
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xl(b) = b ¢ for |b| > 1, xz(b) =b exp(-b-z) for b # 0, XZ(O) = 0,

The precise form of these functions is not important. What is important
is that they are continuous, that xl(b) = b—Jy](b-J), xz(b) = b_]yz(b—])
for all b # 0 and that y,(a) # O for all a and xl(b) # 0 for all b.

For all b # 0 let T(b) be the matrix

PR

(5.1.7) T(b) =

e o o

(@]
(@]
—

Let Z](a) = (F] {a), G, (a), H](a)), zz(b) = (Fz(b), G?_(b), Hz(b)). Then

one easily checks that

T(b)

(51.8) ab =1= Z](a) = Zz(b)

Note also that Zl(a), Zz(b) € 1.59°¢r

m,n,pGR) for all a,b € R; in fact

(5.1.9) Z](a) € Ua’ a ((0,2), (1,2), ..., (n-1,2)) for all a € R

(5.1.10)  I,(b) € Uy, 8= ((0,1), (1,1, ..., (n-1,1)) for all b €R

B,
which proves the complete reachability. The complete observability is

seen similarly.

. . . co,Cr
Now suppose that ¢ is a continuous canonical form on L °

m’n’paR) )

Let c(Z;(a)) = (F(a),G,(a),H (), c(Z,(8)) = (F,(b),G,(b),H,(b)).

S(a)

Let S(a) be such that c(Zl(a)) = Z](a) and let §(b) be such that

e(z, (b)) = Zz(b)s(b).

It follows from (5.1.9) and (5.1.10) that

s(@ = R(F, (), (@) R(F, (a),6, (@)
(5.1.11)

S(b)

]

= = -1
R(E,(b), §, (b)) gR(F, (b),6,(5))

Consequently S(a) and S(b) are (unique and are) continuous functions
of a and b.
Now take a = b = 1. Then ab =1 and T(b) = In so that (ecf. (5.1.7),

(5.1.8) and (5.1.11) S(1) = S(1), It follows from this and the
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continuity of S(a) and §(b) that we must have
(5.1.12) sign(det S(a)) = sign(det S(b)) for all a,b € R
Now take a = b = -1. Then ab = 1 and we have, using (5.1.8),

Z](*I)S(—I)T(‘l) - (Zl(_])T(—J))qu)

-0 = ez 1))

S(-1)

[

C(Z](-l)) = Zl(—l)
It follows that S(-1) = S(-1)T(-1), and hence by (5.1.7), that
det(S(-1)) = - det(S(-1))

which contradicts (5.1.12). This proves that there does not exists a

. . co,cr .
continuous canonical form on Lm ; pClR) ifm > 2, and p > 2.
stls - -

5.1.13. Remark. By choosing the matrices B, C in Gl(a), Gz(b), Hl(a), HZ(b)
judiciously we can also see to it that rank Gl(a) = m = rank Gz(b),

rank Hl(a) = p = rank Hz(b) if p < n and m < n. Note also that F in the
example above has n distinct real eigenvalues so that a restriction like

'F must be semi simple'also does not help much.

5.1.14. Discussion of the proof of theorem 5.1.5. The proof given above,

though definitely a proof,is perhaps not very enlightening. What is behind it

is the following. Consider the natural projection.

5.1.1 © . 1CT»CO cr,co
( >) T LmsnspGR) ” Mm,n,PGR)

Let ¢ be a continuous canonical form. Because c is constant on all orbits

cr,co

c induces a continuous map T: M C° ®) » L (R) which clearly is a

m,n,p m,n,p ) ) .
section of m, (cf. (5.1.1) = (5.1.3)). Inversely if T is a contilnuous section

Co,Cr co,Cr
L2 T R) » 1.
m’n,p m’n’p

Now (5-1.15) is (fairly easily at this stage, cf. [Haz .1]), seen
to be a PrinCiPa1~GLnGR) fibre bundle. Such a bundle is trivial iff it admits

of ™ then TOT : (R) is a continuous canonical form.

a continuous section. The mappings
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a Z](a), b~ Zz(b)

of the proof above now combine to define a continuous map ofiEIGR) = circle
into Mcr;cgaR) such that the pullback of the fibre bundle (5.1.15) is
? b

nontrivial. In fact the associated determinant GLIGR) fibre bundle is the

Mobius band (minus zero section) over the circle.

5.2. The algebraic-geometric case.

The result corresponding to theorem 5.1.5 in the algebraic geometric
case is the following. For simplicity we state it for varieties (over

algebraically closed fields).

5.2.1. Theorem. Let k be an algebraically closed field. Then there exists

. cr,co cr,co
a canonical form c: L 2 (k) >~ L
m,n,p m,n,p

varieties if and only if m= 1 or p = 1.

(k) which is a morphism of algebraic

Here of course a canonical form is defined just as in 5.1 above;
simply replace R with k everywhere in (5.1.1) = (5.1.3) and replace the
word "continuous" with'morphism of algebraic varieties’, which means that
locally c is given by - rational expressions in the coordinates.

The proof is rather similar to the one briefly indicated in 5.1.14

. cr,co
above. In this case Lcr’co(k) > M
m,n,p m,n,p

GLn(k) bundle and one again shows that it is trivial if and only if m = 1

(k) is an algebraic principal

or p = 1. The only difference is the example used to prove nontriviality.
The map used in 5.1.14 is non—algebraic, nor is there an algebraic injective

morphismi?l(k) > M;OQC;(k). Instead one defines a three dimensional manifold
E b

much related to the families Z](a), Zz(b) together with an injection into

MCE €O

m’n!p

to be nontrivial. Cf. [Haz 2] for details.

(k) such that the pullback of this principed bundle is easily seen



6. REALIZATION WITH PARAMETERS AND REALIZING DELAY-
DIFFERENTIAL SYSTEMS.

As a second application of the existence of fine moduli spaces for
cr systems we discuss realization with parameters (cf. also [By]) and
realization of delay-differential systems. A preliminary step for this is

the following bit of realization theory.

6.1. Resumé_g£ some realization theory.

Let T(s) be a proper rational matrix—valued function of s with the
formal) power series expansion (around s = )
‘ -1 -2 pxm
(6.1.1) T{(s) = AIS + Azs + ..., Ai € k
One says that T(s) is realizable by a linear system of dimension < mn,
if T(s) is the Laplace transform (resp. z-transform) of a linear
differentiable (resp. difference) system I = (F,G,H) € Lm 0 p(k). This

2 Ed
means that

(6.1.2) T(s) = H(sTn—F)-lG

or, equivalently

(6.1.3) a, =BG, i=1,2,3,...
A necessary and sufficient condition that T(s) be realizable by a system of

dimension n is that the associated Hankel matrix h(A) of the sequence

A = (A],Az, A3,...) be of rank < n. Here h@) is the block Hankel matrix
Al Ay 4
Ay By
he) = | A,

More precisely we have the partial realization result which says that there
co,cr

exist F,G,H € L (k) such that Ai = HFl—lG iff rank hnéﬂ) = rank hn+1Gﬁ) =1,

m,n,p
where hiﬁﬂ) is the block matrix consisting of the first i block rows and then

first 1 block-columns of h@4).
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Now suppose that rank h@) is precisely n, and let F,G,H realize A.
We have

H
h@) = | HF (G{FGszc;‘...)

HF2

and it follows by the Cayley-Hamilton theorem that R(F,G) and Q(F,H)
are both of rank n so that L = (F,G,H) is in this case both cr and co.
Finally we recall that if T and I' are both cr and co and both
realizec4, then ¥ and I' are isomorphic, i.e. there is an S € GLn(k)
such that I' = ZS
For all these facts,cf. e.g. [KFA] or [Haz3].

6.2. A realization algorithm.

Now let»“ be such that rank h(d‘) = n. We describe a method for

calculating a ¥ = (F,G,H) € L;rt’lc;(k) which realizes . By the above
] H
we know that there exist a nice selection a, < Jm n the set of column
L]

indices of

A] A2 . . An+1
6.2.
(6.2.1) A,
hn+1(A) = ‘ ‘
An+l i A2'r1+l

and a nice selection a < Jp iy the set of row indices of hn+](¢4), such

H

that the trix h d . 1 ix
n n matrix n+1( )O‘r’o‘c has rank n. Here hn+l (4)@1:’ . is the matr

obtained from hn_H'(ah by removing all YowsS whose index is not in o
and all columns whose index is not in OLC. We now describe a method for

. s - cr,co
finding a £ (F,G,H) € Lm,n,p

R(F,G)u = In. (Such a £ is unique).
c

(k) such that T realizes# and such that



(2l
~~

Let v be the subset of J of the first p row indices, so that
2

hn+1Q*)Y consists of the first row of blocks in (6.2.1). Now let

(6.2.2) H = h“*‘@*)yr’“c
Now let
(6.2.3) S=nh @

n+l
QypsCe

-1

and define R' = S " (h (d)a ). Them (R') = I_and we let F,G be the

c

n+l r
unique nXn and nxXm matrices such that

(6.2.4) R(F,G) = R'

Recall, cf.3.2.7above that the columns of F and G can be simply read of
from the columns of R', being equal to either a standard basis vector or
equal to a column of R'.

For every field k and each pair of nice selections

o, C:Jm,n’ o c:Jp’n let W(ur,ac)(k) be the space of all sequence of
pxm matr1ces;4 = (Al’ ey A2n+1) such that rank(hn+]64)) = n and
rank(hn+]¢4)a . ) = n. Then the above defines a map
r’c
. er,co
(6.2.5) T(ar,ac). w(ar,ac)(k) -+ Lm,n,p(k)

6.2.6. Lemma. If k =R or £ the map T(ar,ac) is analytic, and algebraic-
geometrically speaking the T(ar,aé) define a morphism of schemes from

the affine scheme W(o_,a ) into the quasi affine scheme L7209,
r . c m,n,p

6.2.7. Lemma. Let W(k) be the space of all sequences of pxm matrices

A = (A)sAys-.sA, ) such that rank(h_, éh)) = n = rank h @h. Let

2
h: L;rr’lcg(k) + W(k) be the map h(F,G,H) = (HG,HFG,...,HF""G). Then
’ ’

ho'r(ar,ac) is equal to the natural embedding of W(ar,ac)(k) in W(k).
(I.e. ho‘r(ar,ac) is the identity on W(ar,ac)(k)-

Proof. Let o € W(ar,ué)(k). By partial realization theory (cf. 6.1 above)
we know that o is realizable, say by ' = (F',G',H'). Then because

e W(ar,ac)(k) we have that S = R(F',G')a is invertible. Let
c
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-1
L= (F,G,H) = S . (s ]F'S, S JG',H'S)_. Then T also realizesof and
R(F,G)a =I. Now observe that the realization algorithm described above

simply fecalculates precisely these F,G,H from .

6.2.8. Corollary. Let k =R or I and let h: M;r;cg(k) + W(k) be the map
- £ ’

induced by h: Lm n p(k) + W(k). Then h is an isomorphism of analytic
3 s

manifolds.
6.2.9. Corollary. More generally h: L;OAC; + W induces an isomorphism of
- b ’
schemes M P + W. In particular if k is an algebraically closed field
bl ’

then we have an isomorphism of the algebraic varieties Mm

w(k).

n,p(k) and

9

6.3. Realization with parameters.

6.3.1. The topological case. Let Ta(s), a €V be a family of transfer

functions depending continuously on a parameter a € V. For each a € V
write a(s) = A](a)c—] + Az(a)s_2 + ... and for each a let n(a) be

the rank of the block Hankel matrix of Z(a) = (Al(a),Az(a),...). The
question we ask is: does there exist a continuous family of systems

t(a) = (F(a),G(a),H(a)) such that the transfer functionof % (a) is

Ta(s) for all a. The answer to this is definitely yes provided n(a) is
bounded as a function of a. Simply take a long enough chunk of the of (a)
for all a and do the usual realization construction by means of block
companion matrices and observe that this is continuous in the Ai(a).*>
The question becomes much more delicate if we ask for a continuous family
of realizations which are all cr and co. This obviously reauires that n(a)
is constant and provided that the space V is such that all n = n(a)
dimensional bundles are trivial this condition is also sufficient.

Indeed if n(a) is constant then‘thecﬂ(a) determine a continuous map

V > WR) and hence by Corollary 5.2.8 a continuous map V -+ M;f;fgam .
Pulling back the universal family over M;f;f;GR) to a family over V

gives us a family (E;F,G,H) over V such that the transfer function of the
system over a € V is Ta(s) for all a. The bundle E is trivial by hypothesi:,
so there are continuous sections €5 wnes @1 V - E such that
{e](a),...,en(a)} is a basis for E(a) for all a € V. Now write out the
matrices of F,G,H with respect to these bases to find a continuous family

%(a), which realizes Ta(s) and such that X(a) is cr and co for all a.

*) TFue if V is paracompact and normal, one needs partitions of unity
(in any case, I do) to find continuous T, (a) such that B =T B +...+T_B
where B, is the i-th block column of heAS . o+l I'n a

i



6.3.2. The polynomial case. Let k be a field and k its algebraic closure,

e.g. k =R and k = L. Let Tx(s) be a transferfunction with coefficients
in k[xl,...,xq], where x,, ..., xq are indeterminates. We ask whether
there exists a realization of T(s) over k[xl,...,xq], that is a triple of

matrices (F,G,H) with coefficients in k[x],...,xq] such that

Tx(s) = H(sI—F)-]G. Again the answer is obviously yes if we do not require

any minimality conditions on the realization (provided n(x .,x ) the

.
degree of the Hankel matrix of T(s) is bounded for all (x i.. ,x ) e k4.
Now assume that n(xl, .. ,xq) is constant for all (x e ,x ) € k4.
Then (x],...,x )P+d4(x ,...,x ) defines a morphism of algebralc varletles
-~ W(k) and hence by Corollary 6.2.9 a morphism x9d - Mcr Co(k) Pulling
back the universal family by means of this morphism we fl;d,a family
(E;F,G,H) over k4 whlch is defined over k because the morphism ke W(k)

cr,co

and the 1somorphlsm\Mm (k) are defined over k. Thus L is defined over k

and by the Qulllen—Susii; theorem E is trivializable over k. Taking the
corresponding sections and writing out the matrices of F,G,H with respect
to the resulting bases we find an F,G,H with coefficients in kEx ..,x ]
which realize T, (s) for all x € k%, i.e. such that Tx(s) H(sI-F) G
Moreover this system (F,G,H) is cr over k[} ...,xq] (meaning that

R(F,G): k[x],...,xq](n+])m > kix ],...,xq] is surjective); it is also co
and even stronger its dual system is also cr (i.e. (F,G,H) is split

in the terminology of [So 3].

6.3.3. Realization by means of delay-differentiable systems.
Let 2 = (F(c],...,oq), G(cl,..

differential system with q incommensurable delays. Here o stands for

.,Oq), H(O],...,Oq)) be a delay

the delay operator Gif(t) = f(t—ai), cf. 2.3 above for this notation.

The transfer function of I is then

-a;s -a_s -a;s -a s | Ta;s a8
(6.3.4) T(s) = G(e = ,...ye TY(GI-F(e = ,.uvye TN THGE T ,..,e 1)

which is a rational function in s whose coefficients are polynomials in

-a.s -a_s
q

Now inversely suppose we have a transfer function T(s) like (6.3.4)
and we ask whether it can be realized by means of a delay-differential
system 5 (g). Now if the a. are incommensurable then the functions
s,e—al Sz e e—aqs are ;lgebraically independant and there is precisely

one transfer function T(s;ol,...,qq) whose coefficients are polynomials
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-a,s -a_s

cees Oy such that T(s) = T'(s,e ! yerest 9 ). Thus the problem is

mathematically identical with the one treated just above 6.3.2. In passing

ino 1
let us remark that complete reachability for delay-systems in the sense of
that the associated system over the ringimlcl,...,aq] is required to be cr

seems often a reasonable requirement, e.g. in connection with pole placement,

cf. [So.1] and [Mo ].

7. THE '"CANONICAL" COMPLETELY REACHABLE SUBSYSTEM.

7.1. 5% for systems over fields. Let I = (F,G,H) be a system over a field

k. Let X°F be the image of R(F,G): k' - kn, r = m(n+1). Then obviously

FX) < 57, ck™ < X°F, so that there is an induced subsystem
£°F = (Xcr;F',G',H') which is called the canonical cr subsystem of Z. In

. . S
terms of matrices this means that there is an S € GLn(k) such that I
has the form

(7.1.1) r = ’ s (H] HZ))

with (Fll’Gl’Hl) = Zcr, the "canonical" c¢r subsystem. The words Kalman
"decomposition" are also used in this context. There is a dual construction
relating to co and combining these two constructions "decomposes' the
system into four parts.

In this section we examine whether this construction can be
globalized, i.e. we ask whether this construction is continuous, and

we ask whether something similar can be done for time varying linear

dynamical systems.

7.2. 2% for time varying systems. Now let I = (F,G,H) be a time varying
system, i.e. the coefficients of the matrices F,G,H are allowed to vary,
say continuously, with time. For time varying systems the controlability
matrix R(Z) = R(F,G) must be redefined as follows

(7.2.1) R(F,G) = (G(0O)! G(1)} ... !G(n))

where

(7.2.2) G(0) = G; F(i) = FG(i-1) - &(i-1)
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where the ° denotes differentiation with respect to time, as usual. Note
that this gives back the old R(F,G) if F,G do not depend on time., The
system is said to be cr if this matrix R(Z) has full rank. These seem

to be the appropriate notions for time varying systems; cf. e.g. [We, Haz5]
for some supporting results for this claim.

A time variable base change x' = Sx (with S = S(t) invertible for all t)
changes I to 15 with

(7.2.3) 55 = (srs™ 148571 s6,m87
Note that R(I) hence transforms as

S
(7.2.4) R(E") = SR(Z)

7.2.5. Theorem. Let I be a time varying system with continuously varying
parameters. Suppose that rank R(I) is constant as a function of t. Then
there exists a continuous time varying matrix S, invertible for all t,

such that ZS has the form (7.1.1) with (Fl],G],H]) cr.

Proof. Consider the subbundle of the trivial (n+!)m dimensional bundle
over the real line generated by the rows of R(I). This is a vectorbundle
because of the rank assumption. This bundle is trivial. It follows that
there exist r sections of the bundle, where r = rank R(I), which are
linearly independant everywhere. The continuous sections of the bundle are
of the form Zai(t)zi(t), where z](t), ooy zn(t) are the rows of R(I) and
the ai(t) are continuous functions of t. Let bl(t)’ cens br(t) be the

r everywhere linearly independant sections and let

bj(t) = Zaji(t)zi(t), ij=1, «.., r3 i =1, ..., n.

Let E' be the r dimensional subbundle of the trivial bundle E of
dimension n over the real line generated by the r row vectors
aj(t) = (aj](t), cees ajn(t». Because the quotient bundle E/E' is trivial
we can complete the r vectors a](t), cees ar(t) to a system set of n
vectors al(t), cees an(t) such that the determinant of the matrix formed
by these vectors is nonzero for all t. Let Sl(t) be the matrix formed by
these vectors, then SIR(Z) has the property that for all t its first r

rows are linearly independant and that it is of ramk r for all t. It follows

that there are unique continuous functions cki(t) s k=1r+l, ..., n; i=1, ...,



such that z&(t) =1 Cki(t)zi(t)’ where zé(t) is the j-th row of SIR(Z).
Now let

§,(t) =

-C(t) In_r

Then S(t) = Sz(t)Sl(t) is the desired transformation matrix (as follows
from the transformation formula (7.2.4)).

Virtually the same arguments give a smoothly varying S(t) if the
coefficients of I vary smoothly in time, and give a polynomial S(t) if
the coefficients of I are polynomials in t (where in the latter case we
need the constancy of the rank also for all complex values of t and use

that projective modules over a principal ideal ring are free).

7.3. Z°F for families. For families of systems these techniques give

7.3.1. Theorem. Let I be a continuous family parametrized by a contractible
topological space (resp. a differentiable family parametrized by a contractible
manifold; resp. a polynomial family). Suppose that the rank of R(I) is

constant as a function of the parameters. Then there exists a continuous

(resp. differentiable; resp. polynomial) family of invertible matrices

S such that ZS has the form (7.1.1) with (Fll’Gl’Hl) a family of cr systems.

The proof is virtually the same as the one given above of theorem
7.2.5; in the polynomial case one of course relies on the Quillen-Suslin
theorem [ Qu; Sus] to conclude that the appropriate bundles are trivial.
Note also that, inversely, the existence of an S as in the theorem implies
that the rank of R(I) is constant.

For delay-differential systems this gives a "Kalman decomposition?provided
the relevant, obviously necessary, rank condition is met.

Another way of proving theorem 7.3.1 for systems over certain rings rests
on the following lemma which is also a basic tool in the study of isomorphisms
of families in [HP] and which implies a generalization of the main lemma

of [0S] concerning the solvability of sets of linear equations over rings.

7.3.2, Lemma. Let R be a reduced ring (i.e. there are no nilpotents # 0)
and let A be a matrix over R. Suppose that the rank of ACr) over the quotient
field of R/r is constant as a function of p for all prime ideals‘r. Then

Im(A) and Coker(A) are projective modules.
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Now let Z over R be such that rank R(Zér)) is constant, and let R
be projective free (i.e. all finitely generated projective modules over R
are free). Then Im R(I) = R" is projective and hence free. Taking a basis
of Im R(Z) and extending it to a basis of all of Rn, which can be done

because R"/Im R(Z) = Coker R(Z) is projective and hence free, now gives the

desired matrix S.

There is a complete set of dual theorems concerning co.

7.4. v°F for delay differential systems. Now let L(o) = (F(o), G(o), H(O))

be a delay differential system. Then of course we can interpret I as a pol-
ynomial system over R[g] =im[ol,...,cr] and apply theorem 7.3.1. The

hypothesis that rank R(Z(g)) be constant as a function of Oys =ees O
(including complex and negative values of the delays) is rather strong

though.

Now if we assume that all functions involved in
(7.4.1) %(t) = F(o)x(t) + G(o)u(t), y(t) = H(o)x(t)

are zero sufficiently far in the past, an assumption which is not unreasonable

and even customary in this context, then it makes perfect sense to talk about

base changes of the form
(7.4.2) x' = S(o)x

where S(g) is a matrix whose coefficients are power series in the delays
Oys ++vs O, and which is invertible over the ring of power series
]R[[O],...,cr]]. Indeed if Ola(t) = a(t—a]), a

zero for t < =Ng

i > 0 and the function R(t) 1is

1 then

o i N+N'
(.Z bicl)@(t) = Z b.B(t-iay)
1=0 1=0

where N' is such that t < N'a].

Allowing such basis changes one has
7.4.3. Theorem. Let I(0) be a delay-differential system. Suppose that
rank R(Z(0)) considered as a matrix over the quotient field k(gl,...,Or)
is equal to rank R(3(0)) (over R) where $(0) is the system obtained from
(o) by setting all o; equal to zero. Then there exists a power series

base change matrix S € GLnGR[[O]]) such that ZS has the form (7.1.1)
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with (Fll’

The proof is again similar where now of course one uses that a

GI’HI) a cr system (over R[[c]]).

projective module over a local ring is free.

Note that £(0) is not the system obtained from Z(c) by setting
all delays equal to zero. For example if Z(o) is the one dimensional,
one delay system x(t) = x(t) + 2x(t-1) + u(t) + u(t-2),

y(t) 2x(t) - x(t-1), then I(0) is the system x(t) = x(t) + u(t),
y(t)

2x(t) obtained by removing all delay terms.

8. CONCLUDING REMARKS ON FAMILIES OF SYSTEMS AS
OPPOSED TO SINGLE SYSTEMS.

Mcr and McO . One
m,n,p —— m,n,p

aspect of the study of families of systems rather than single systems

8.1. Non extendability of the moduli spaces

is the systematic investigation of which of the many constructions
and algorithms of systems and control theory are continuous in the
system parameters (or more precisely to determine,so to speak, the
domains of continuity of these constructions). This is obviously
important if one wants e.g. to execute these algorithms numerically.
Intimately (and obviously) related to this continuity problem
is the question of how a given single system can sit in a family of
systems (deformation (perturbation) theory). The fine moduli spaces
M;fn,p and M;(,)n,p answer precisely this question (for a system which
is cr or co): for a given cr (resp. co) system the local structure of
M;rn @®) (resp. Mc°e (@®)) around the point represented by the given
s, P m,N, P
system describe exactly the most complicated family in which the given
system can occur (all other families can up to isomorphism be uniquely
obtained from this one by a change of parameters). Thus one may well be
interested to see whether these mo&uli spaces can be extended a bit,
In particular one could expect that M;f ,PC[R) and Mc? ’p(IR) could be

combined in some way to give a moduli space for all systems which are

cr or co. The following example shows that this is a bit optimistic.

8.1.1. Example. Let I and I' be the two families over € (or R) given

by the triples of matrices

2= (; :)
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I is co everywhere and cr everywhere but in 0 = 0, and &' is cr everywhere
and co everywhere but in g = 0. The systems Z(0) and I'(0) are isomorphic
for all o # 0, but $(0) and $'(0) are definitely not isomorphic. This
kills all chances of having a fine moduli space for families which
consist of systems which are co or cr. There cannot even be a coarse
moduli space for such families.

Indeed let ¥ be the functor which assigns to every space the set of
all isomorphism classes of families of cr or co systems. Then a course
moduli space for F(cf.[Mu] for a precise definition) consists of a
space M together with a functor transformation %(-) + Mor(-,M) which is
an isomorphism if - = pt and which also enjoys an additional universality

property. Now consider the commutative diagram

F(C\ {o}) » Mor(€\{o},M)

L]

F(€) — Mor (C,M)

1 l

%F ({o}) == Mor({o},M)

Consider the elements of %(C) represented by I and I'. Because I and I'
are isomorphic as families restricted to €\ {0} we see by continuity

(of the elements of Mor(€,M)) that a(Z) = a(X'). Because I(0) and

L' (0) are not isomorphic this gives a contradiction with the injectivity
of K{0}) - Mor({0},M).

Coarse moduli spaces represent one possible weakening of the fine
moduli space property. Another, better adapted to the idea of studying
families by studying a maximally complicated example,is that of a versal
deformation. Roughly a versal holomorphic deformation of a system I over
C is a family of systems Z(0) over a small neighbourhood U of 0 (in
some parameter space) such that Z(0) = I and such that for every family
%' over V such that L'(0) = I there is some (not necessarily unique)
holomorphic map ¢(i.e. a holomorphic change in parameters) such that
¢:Z = L' is a neighbourhood of O.

For square matrices depending holomorphically a parameters (with

similarity as isomorphism) Arnol'd, [Ar], has constructed versal deformations
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and the same ideas work for systems (in any case for pairs of matrices
(F,G), cf. [Ta 2]).

cr,co

8.2. On the geometry of M.m n,p’ From the identification of systems point
3+t

of view not only the local structure of M;O;C;
5 e
its global structure cf. also [BrK] and [Haz 8]. Thus for example if

m=1=p, Mc°

(R) is important put also

) gcfaR) = Rat(n) decomposes into (n+1) components, and

2 b

some of these components are of rather complicated topological type,
[Br], which argues ill for the linearization tricks which are at the

back of many identification procedures. One way to view identification

. .. . . co,cr
is as finding a sequence of points in M ; (R) as more and more data come
b4 b
in. Ideally this sequence of points will then converge to something.
co,cr

Thus the question comes up of whether M @) is compact, or

b 9
compactifiable in such a way that the extra points can be interpreted

as some kind of systems. Now MCO2 ¢
. . . . m’n,p 3
compactification question. There does exist a partial compactification
. . . ~ cr,co
such that the extra points, i.e. the points of M ~M
m’nQP m’n,P m’n’p
correspond to systems of the form

(R) is never compact. As to the

(8.2.1) Xx=Fx + Gu, y = Hg + J(D)u

where D is the differentiation operator and J is a polynomial in D. This
seems to give still more motivation for studying systems more general
than %X = Fx + Gu, y = Hx [Ros]. This partial compactification is also
maximal in the sense that if a family of systems converges in the sense
that the associated family of input/output operators converges (in the
weak topology) then the limit input/output operator is the input/output
operator of a system of the form (8.2.1). Cf. [Haz 4] for details.

8.3. Pointwise-local-global isomorphism theorems. One perennial question

which always turns up when one studies families rather than single objects
is: to what extent does the pointwise or local structure of a family
determine its global properties. Thus for square matrices one has e.g.
the question studied by Wasov [Wa], cf. also [0S]: given two families of
matrices A(z), A'(z) depending holomorphically on some parameters z.
Suppose that for each separate value of z, A(z) and A'(z) are similar;
does it follow that A(z) and A'(z) are similar as holomorphic families.
For families of systems the corresponding question is: let I(0)

and %'(0) be two families of systems and suppose that L(g) and I'(o) are
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isomorphic for all values of 0. Does it follow that £ and L' are
isomorphic as families (globally or locally in a neighbourhood of every
parameter value o).

Here there are (exactly as in the holomorphic-matrices—under—
similarity-case) positive results provided the dimension of the

stabilization subgroups {S € GLnGR)IZ(o’)s = Z(g)} 1s constant as a
function of o, cf. [HP].
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